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I. INTRODUCTION

The problem of determining the natural frequencies of the free vibra -
tion of a rotating, beam-connected space station is considered by developing a
mathematical model of the system which represents the general three-
dimensional motion of the various components of the space station. The con-
figuration studied is composed of two space modules connected by a flexible
beam where the system is made to spin in the plane of its orbit in order to
produce an artificial gravity environment within the space modules. The

orbital configuration of the space station is shown in Figure 1.

The kinetic energy and potential energy of the space station are
formulated in terms of a set of generalized coordinates, and a Lagrangian
function is developed for the system. Hamilton's principle is applied to
determine the governing equations for the motion of the rotating space station.
Boundary conditions representing the clamped-clamped attachment of the beam
to each space module are applied to the ends of the beam. Thus the mixed
problem of a continuous beam with two large end masses is reduced to the
problem of a continuous beam with nonhomogeneous boundary conditions.

The vibration of the space station is considered to be limited to small angular
and linear displacements from the motion corresponding to steady rotation as

a rigid body. Within the limits of this small deflection approximation, the



x|

FIG. 1. ORBITAL CONFIGURATION OF THE SPACE STATION



motion of the space station in the plane of rotation is shown to be uncoupled

from the motion of the space station out cf the plane of rotation.

An exact solution is obtained for the beam deflection in the plane of
rotation. This solution is substituted into the appropriate boundary equations,
and a characteristic determinant is developed. In addition, the behavior of
the characteristic determinant as the frequency parameter takes on negative
values is investigated with five special cases in which the form of the exact

solution for the beam deflection is modified.

A procedure to solve for the zeros of the characteristic determinant is
programmed for digital solution on the IBM 7094. Numerical results of the

analysis for a given space station configuration are presented in Appendix III.



II. REVIEW OF THE LITERATURE

During the last decade a considerable amount of emphasis has been
placed upon creating an artificial gravity environment within a rotating space
station. Suddath [1]1, Kurzhals and Keckler [2], Krause [3], Polstorff [4],
and others have studied various single body problems, while such authors as
Chobotov [5], Fowler [6], Pengelley [7], Tai and Loh [8], and Targoff [9]

have discussed the problem of rotation of cable-connected space stations.

The concept of compression-member-connected compartments has been
examined by Tai, Andrew, Loh, and Kamrath [10] in a paper in which the
stability and response of thirteen rotating space station configurations was
investigated. The configurations studied included single -cable -connected com -
partments, multiple-cable-connected compartments, and compartments

connected by compression members to a central hub.

A recent paper by Liu [11] presents an analysis of two cable-connected
space stations rotating about an axis normal to their orbital plane. By using a
concept of concentrated fictitious masses and a Galerkin approach, a solution

was obtained for the free vibration of the rotating system.

L[] refers to references on page 74



III. DEVELOPMENT OF THE MATHEMATICAL MODEL

1. Motion of the Stages

In order to study the motion of the rotating space station, the motion of
each of the two stages of the station is described independently. The position
of the center of mass of the ith stage at any time is given by

ﬁ’:T 3’ K» :12 —————— 1
; Xi+yi+zi (i , 2) (1)

as shown in Figure 2. The motion of each stage is considered to have three
translation components such that

R, = xIL +yJd + zK i=1.92) .
i xi +yi +zi (i , 2) (2)

The rotational motion of each stage is represented by the vector sum of
five independent angular velocities shown in Figure 3.
J.:.OT—F 2/)1_<>+[.3,;+'a,; +%/ie—> (i=1,2) ------ (3)

i it¢ 1ec, S,
i i

where 0 represents the rate of change of the attitude angle of the

space station in the plane of the orbit

) represents the rate of change of the elevation angle of the

space station from the plane of the orbit
[3 is the rate of pitch of the ith stage about its center of mass
o, is the rate of yaw of the ith stage about its center of mass

v. is the rate of roll of the ith stage about its center of mass



e1i,e21, 3, Are Body- Fixed Principal Axes

y Uy Are Inertia Space Axes at the Center of The Earth

FIG. 2. POSITION OF THE ith STAGE



ith STAGE

FIG. 3. ROTATIONAL MOTION OF THE



Transformations from each of the five sets of axes to inertia space axes are

given by

(o)

[T4]

[T,]

[T3]

(T3],

[To]

[T321]i

[T4321]i

[ Ts4321] ;

=

!

=

&

(i=1,2)

(i=1,2)

(i=1,2)



where

and

[Ty]

[T,]

[T3]i

[T5]i=

[Tyy] =

cosy
-siny

0

1

)

H

’

0 , cosf

0 , -sing

, siny , 0

, cosy , 0

o, c:osBi , sinB

sinozi , 0

cosai , O

b

i i

sing

)

, Ccosf

o , 1

, cosf

(cosfsiny)

(cosfcosy) ,

( 0 ) , ( -sing ) ,(cose)J

(i=1,2)

(i=1,2)

(i=1,2)
(sinesinzp)—|
(sinfcosy)
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(Tai], = [ (cos?) . (cosfsind) e 7]
(—sinzpcosBi) , (cosecoszpcosﬁi - sin9sin,8i) N
(sinwsinﬁi) , (—c:os@coszpsinﬁi - sinecosﬁi) e

., (singsin®)

. (sin(?coszl)c:osﬁi + cos@sinﬁi)

N { —sin@coszpsinﬁi + cosecosﬁi)

(i=1,2)
[ . . —
[T4321]i = | (cosiycosc, - s1nzl)cosﬁismozi) e
i
(—coswsinozi - sinzL’cos,Bicosai) N
(sinz//sinﬁi) Gawesses

- ,<cos9sinzpcosazi + cos@cosqbcos,Bisinozi>

-siné)sin,B_sinozi iie a s
i
e -cosesinzpsinai+ cos@coszpcosﬁicosai
-siné)sin,é:icoswi s s ..
v ( -cosé)cosz,l)sinBi - sinBcosBi) yeee e

- < Sin(?sinz,bcosozi + sinecoswcosﬁisinai>

+ cosesinﬁisina,
1

. < -sinesind)sinozi + sinecoszpcosﬁicosoz.>
1

+ cosf sin,Bicosozi

. (-sinecoszpsinﬁi + cosf)cosﬁi)

(i=1,2)
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[T54321]i = (cosz/)cosaicosyi - sind)cosﬁisinozicosyi - sinqbsinﬁisiny_), N
1
(-coszpsinozi - sinzpcosBiCOSai)

(coszpcosozisinyi - sinzpcosﬁisinozisinyi + sinysinB cosy,), ..
i i

s COSGSinl,DCOSOziCOS'yi+ cosfcosycosf . sinw, cosy,
1 1 1

—SinQSinBiSinaiCOS'yi + cosfcosysing siny,

i i

+sin900sﬁisiny,
i

o ,<-cos9sin¢sinai + cochoszpcosBicosoz_
1

-sinfsinf cosq,
1 1

. cos()sinzpcos(yisinyi + cosé)cosz/)cosﬁisinozisim)/i
—sin()sin,Bisinoz.sinyi - cosecoszpsinﬁicoSyi
i

—SinGCOSBiCOS—yi

PR sin@sinwcosozicosVi + sinecoswcosﬁisinaicos%
+ cosf)sinﬁisinaicosvi + sinGcosz/)sin,Bisinyi

- cosf cosﬁisim/i

-

<-sin9 sinysing, + sinfcosycosp . cose,
i i i

+cos6sinﬁicosai

i sinGsinzpcosaisinyi+ sinecoszpcosﬁisino[isinyi
+COSQSin,B,Sina,Sin'yi - sin@coswsinﬁicosyi
i i

+cos(9cosﬁicosyi

(i=1,2)
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The components of the angular velocity about a set of body-fixes principal axes

of each stage (g; 5 32 . _e>3) are determined from
i i i
—_— _ é? ._l;. —_— . -g * —p _ —_— — —
W, + ¢ +Bi§+aic_+yies, wi_e1'+w2.e2+w3e3
i i ii i’i i
(i=1,2) ------ (4)

Using the transformation equations to write T{: g;, g; , eS { 9 3
i i i i i

terms of the inertia space axes f :f, K, we solve equation (4) to obtain

w = f.)(cosil)cosaeicosn/i = sin%bcosﬁisinaicosyi - sinll)sinﬁisinyi)
i " : .
+¥ (sinB sing.cosy, - cosB siny.) + B.cosa.cosy. - ¢ .Si
( nB1 ,COsY, Bl 'yl) Bl osq.cosy; - & siny,
(i=1,2)  ------ (5)
= -0(sin¥cosB cosy, + cos¥sing, Jsi - B.si .

wzi (sin¥ B1 Y P no) + lPsmBicosazi Bismozi + Y
(i=1,2)  ------ (6)

wg = é(sinzPsinBicosy, - sinz/)cosBisinozisinyi + coszpcosaisinyi)

i

+¥ (cosB cosy, + sing sina siny,) + B_cosa.siny, + d,cos—y_
i i i i i i i i i i

(i=1,8 == (7)

2. Configuration of the Space Station

The position of the space station at a given time is shown in Figure 4,
where the origin of the inertia space axes is fixed at the center of the earth.
Points 1 and 2 represent the centers of mass of the stages while points P; and
P, represent the ends of the beam connecting the two stations. Vector 71; is

the directed distance from the center of mass of Stage 1 to the connection point
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FIG. 4. POSITION OF THE SPACE STATION
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of the beam and vector H} is the directed distance from the center of mass of
Stage 2 to the point where the beam is connected to Stage 2. The unit vector

e_;) is along the line from the center of mass of Stage 1 to the center of mass of
Stage 2. The unit vector e is along the line drawn from P;to P,. Thus

P1P2

we have

ﬁp = 1_3':1 + E} = (x4 - djcos¥sing - disindcosp cosozi)_f
1
+( y1 - dicosOsinysinag + dicost cosPcospicosay\J

- dysinfsinBicoswy

+( zy - disinfsin¥sina+ dysinfcosicospicosa; \K

+ djcosfsingjcosa

R = Ry+dy=(xy+dycos¥sinay, + dysindcosfycosay) I

+ yo + dycosOsinysingy - dycosfcosycosfscosay \J

+ dysinfsinfycosay

~

+[ z9 + d, sinfsinysina, - dysinfdcosycosBycosay

- dycosfsinBycosay

a]zzdizq?: Ry -Ri=(x5-x)T + (y2-y0)J + (23 -2)K

?f e_> ZI_{. —ﬁ :d12+d2—d1
P1P2 P1P2 P1P2 P2 P1

=[ Xy - Xy + dycosysinay, + dysinycosfscosay \ I

+ djcosysine; + dysinycospicosay

+[yy -y1 + dycosfsinysina, - dycoshcosycospycosay\J
+ dysinfsinBycosay + djcosfsinysing

- djcosfcosycosficosq; + disinfsinBicoswcy
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+ /2y -2y + dysinfsinysing - dysinfcosycosBycosay \ K
- dycosfsinBscosay, + disinfsinysingy
- dysinfcosiycospicosey - djcosfsinBicosq;

The unit vectors (;, ;
V. Pib2

Vector é:v lies in the plane of the orbit and defines the direction of the beam

, é:v) describe the beam orientation.

deflection w(r,t), while vector e is orthogonal to e and e  and
v PiPs w

defines the direction of the beam deflection v(r,t) out of the orbit plane.

These vectors are derived in Appendix I, from which we write

e =1
v

Xy - Xy + dycosysina, + dysinycosfacosay

r‘w| o~

+ djcosysine; + djsinycosficosqy
—
y2 - y1 + dycosOsinysina, - dycosfcosycosBarcosay

+

dysinfsinfscosay + djcosfsindsingy

- dicosOcosycosficosa; + disinfsinBicosy

—

K
12

X9 -Xq + dscosysinay + dysinycosfBycosay

+ dycosysingy + dysinycospicosqy
-
( Zs - 21 + dysinfsinysinay - dysinfcosiycosBscosay

- dycosfsinBycosay, + disinfsinysing;

- dysinfcosycosp cosqey - djcosfsinBicosq

—

|
=)

ep 5 Xy - X4 + dycos¥sinay + dysinycosfycosay
1P2
+ djcosysing; + disinygcospicosyy



+

+
—
e = -
w

+

16

y2 - y1 + dycosfsinysinay, - dycosfcosydcosBacosay
+ dysinfsinBscosay + djcosfsinysingy

- dycosbcosycosBf cose; + disinfsinBicosoy

e -

ps —

Zy - 2y + dysinfsinysinay - dysindcosycospBscosay

- dycosbsinBy cosay, + disinfsinysing

- djsinfcosycosBicosa; - djcosfsinBicosq _

Zy - 21 + dysinfsinysingy - dzsinecosz/)cosﬁzcosaﬂ
- dycosfsinBacosay + disinfsinysingy

- dysinfcosycosBicosqey - djcosfsinfBicosq
——

y2 - y1 + dycosfsinysinay - dycosfcosydcosBrcosay

H dysinfsinBacosay + dijcosfsinysing

- djcosfcosycospicosay + disinfsinBicosqy

3. Motion of the Beam

The position of a point on the beam at any time is given by

ﬁ(r,t) = Ry+d +re. +wr,t;+vr,te—; ______
c 1+dy 510y (r,t)e +v(r,t)e

where r

w(r,t)

is the position along the beam longitudinal axes measured

from Py

is the deflection of the beam in the direction of E:N ,

measured from the vector e

P1P2
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v(r,t) is the deflection of the beam in the direction of E‘; ,

measured from the vector ;
PiP2

Using the vector identities of the previous article, we write

RC = [ x4 + dy( -cos¥siney - sin¥cosBicosa;) I
r . .
| e - X+ dycos¥sinay + dysingcosBicosay| + v

+ djcosy¥siney + dysin¥cosBicosqy

|

+/y1 + dyf -cosfsinysina; + cosfcosiPcosficosy

-sinf sinBcosoy

—

y2 - y1 + dycosfsinysinay - dycosfcosicosBycosay

=

+ dysinfsinBscosay + djcosfsindsingy

- dycosfcosycospicosay + disinfsinficosoy

Fzz - 21 + dysinfsinysiney - dysinfcosycosfycosay

==

- dycosfsinBycosay, + dysinfsinysingy

| - disinfcosycospicosey; - dijcosfsinfjcosq

v . .
- 73| X9 - X4 + dycosysinay, + dysinydcosBicosay

o

+ djcosysinag; + disinydcospcosy

Vo - V1 + dycos@sinydsinay, - dscosfcosicosBscosay
« | + dysingsinfy,cosay + dijcosfsinysinoy

- djcosgcosycospB cosey + disinfsing cosqy
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+/zy + dyf -sinfgsinysing; + sinfcosycosSicosy

+cosfsinBicosqy

z3 -z + dysinfsinysiney - dysinfcosycosBycosay
- dycosfsinB,cosay + disingsinysing

- disinfcosycosp cosey - djcosfsinfBicosqy

B . ;
Yo - y1 + dycosgsinysiney - dycosgcosycosp,cosay,

+ dysinfsinBscosay + djcosfsinysing

- djcosfcosycosBicosa; + d;sinfsinfBicosoy

Xy - X1 + dycosysinay + dysinycosp,cosay

+ djcosysingy + dysinycosPicosy
-

zy - 21 + dysingsinysingy - dysingcosycosp,cosay

- dycosfsinBacosay + disinfsinysingy

- djysinfcosycosB;cosq; - djcosfsinBcosy

Using small motion approximations for ¥, 8y, B3 04, &, Vv, W and neglecting

3rd order and higher terms, the position vector Rc(r, t) becomes

— r r r\)+
= - d dis— - dy— - dy— |/ I
R, X{ z/)< 1+ dpT - di7 - d L>

+ oz1<d1% - d1> + o dzi + Vv

i i 1 » T -

+| y1 + djcosf (1 - Eqbz - —2—Bf - 50 - ¢a1><1 - ~I__-.> J
1 i 1 T

- o(1 - =2 - =p2 _ = _ —_
dycos < 2zp 252 502 ZPoz2> L

r . r < a K
- d1zCOSGE - dyBisind <1 - —-> dyB2sinb 53

=

~
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=

I:(d12 -dy -dy)sind - (dyBy + dzﬁ’z)COSQ:l

r‘|<

- 2 [—d/(dlz = d1 - dZ) + (d1a1 + dgaz):l (d12 - d1 - d2) coso

1 1 1 9 r
+ zqy + disin9<1 - gzpz - Eﬁ% - R0 - Zpa1><1 -—I:>

. 1 - 1 2 i 2 T ., T
- d281n0<1— El,l) - -2',32 - 5012 - Z[)a2>z + dyysinf L

r r
+ d;Bicos0 (1 - E> - dyBcos0 T

+ 'Wi[(dlg -d1 —dz)COSQ + (dlﬁl + dQBZ)SiHG}

o)<

-
L-Zp(dm -dy -dy) + (djoy + dzaz)](dn - dy - dy) sing

Thus the vector velocity of a point on the beam is

e F r r r . r R r
Rc(r,t) = )Xy - ¢(d1 + d12€ = d1‘£ - dzI) - ¢d12—l-l + d1a1<—i . 1>

. I‘ .
+ d2a2i+v

+[y1 + dicost (<P - BBy - oyoy - Yoy - yd) (1 - £>

L

: ., 1 2 1 - 1 2 r

- _o— g2 . =R% _ =2 _ 1 - —
d,0sin0 <1 SV - SPT - Sd 1P011>< L>

- dycosf( Yy - Bsz - on0y - Yoy - OZZ"P)LL

Y R SO R L 5 z -
+ d2081n9<1 - EZ’D - E,B% - 50 - Yo .- dys6sing

. r - T s T
+ dlzcosez - d131900s6<1 - I) -d4B1sind <1 - I)

. r . T
+ dzﬁzecosf)z + dyBysind =

Xz
L

K

—_

I
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_% ’_(dm . d1 - dz)éCOSG + alzsin() + (dlﬁl + d2‘32) ésine
-(d4B1 + dyB,) cosh
W [ .
_‘i: (d12 - d1 —dz) sinf - (dlﬁl + dZBZ) cos@]
\'A
__17 —Zp(dlz - d1 - d2) + (d1a1 + d2a2):|

L-‘l< r—1

[ dyp¥ -9 (dyp - dy - dy) + (dyoy + dzaz)]

(d12 - d1 - d2) COS@]

A

- ‘%2‘ [-w(diz - dq -dg) + (diey + dzaZ)] (diz - dy - dg) cosd

(d12 - d1 - dz)@SIIle + diZCOSG:l >

zy + disine(-ll)lz) -BiB1 -0y - Yoy - oyd) <1 ) %) K

+ dyfcosd (1 - ézpz = %Bf = ';-af - ¢a1> <1 - “E)
_ dysind( -9¥ - BoBy - onay - Yay - az‘p)%
L

* 1 9 1 2 1 2 L
- dyfcosf (1 - —2—11) - -2-32 - 502" ¢a2>

. . r . .
+ dwecose% + dyy sinez - dyB46sind <1 -

k!

)

‘ r ¢ r 2 r
+ d4B cosb <1 - I) + dzﬁzesme—l-‘ - dzﬁgcosei
+ r--(dlz -dy - dz)ésine + dlzcose

L+(d161 + dyBy) Hcosh + (dyBy + dyBy) sing

+% (dyg - dy - dy)cost + (dyBg + dzﬁz)sine]
L
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|: -¥(dyg - dy - dy) + (dyoy + dzaz):l

dyy - dg - dz)ecose + d1zsm9J

L'LI<

I

L-‘N|<

I: dygd - Pdyy - dy - dy) + (dyoy + dzazil

1

(d12 - d1 - dz) SIDB]

[ lp(dlz - d1 - dz) + (d1a1 + dz&z)} (d12 - d1 - dz) sinf

t*Nl<:

4. Constraint Equation for the Configuration

The vector from the center of mass of Stage 1 to the center of mass of
Stage 2 has been previously identified as 5;2. Consider the plane formed by 5;2

and k as shown in Figure 5.

The angle between the beam longitudinal axis and the plane of 5;2, K is

o, where
- - - i dssi d + d
sing ~ o - dusinay + dosiney  dioy . 200
P1P2
) 1-» 1 2
and cosa «~ 1 - PR =-1- ﬁ(dial + dyoy)

so the projection of the beam onto the 5;2, k plane is LDcos& . LD

represents the deflected length of the beam.

Similarly, the angle formed by the line of length LDcos& with the line

drawn between points 1 and 2 is B, where
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dp cos ap cos B,

L, cos @ cos B_

d, cos a,cos B,

FIG. 5. THE PLANE FORMED BY d,,, k SHOWING THE
PROJECTED LENGTHS OF THE CONFIGURATION
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- _ s .
sing & B = djcosa;sinB; + Clzcosazsmﬁ2
LDcosa

1 1
d,ﬂ1<1 - 5a§> - d7ﬁ2<1 - §a§>

~ diBy + dp,
{ L
LD[} -—m(dlal + dyay) 2]
(neglecting higher order terms)

. 129 1 2
and cosf = 1 - zﬁ = 1 -E}(diﬁl + dgfBy)
Thus we have

diy(t) = djcoseycosB; + L_cosacosf + dycosaycosps

D
1 i
=~ dy <i - 59 - 53?)

1 1
+L[1 -Z—Lz(d1a1 + doay)? - Ez‘(ddﬁ + dﬁz){l

L 2 2
- —;— fk%) + (%) :l dr + d2<1 - %Oé = %B%) """ (11)
0

which is the constraint equation of the configuration.

5. Kinetic Energy of the Space Station

The total kinetic energy of the space station is composed of the kinetic

energies of Stages 1 and 2 plus the kinetic energy of the beam. Therefore
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_ 1 2 1 2 i R 1 .
Total = 2MaR1 * g(A) 1wy + SUIA) ez + S(1A) 03
+ 5 MoRE + E(IB)lwlz + E(IB)ZW?.Z + E(m)awgz
1 L
- me de o ____ (12)
2 0

where 1_{1 and 1_2; are given in equation (2)

9 Wg are given in equations (5), (6) and (7)
i i i

ITC is given in equation (10).

6. Potential Energy of the Space Station

For an orbiting space station the gravity field of the earth is associated
with the centripetal acceleration of the mass center of the space station in its
rotation about the center of the earth. We wish to study only the motion of the
space station superimposed on the translation of its center of mass and neglect
the small effect of the gravity gradient. Therefore we consider that the poten-
tial energy of the space station is the internal bending energy of the connecting

beam, written as

L L
1 92w\ 2 1 0%
2 { (8r2> T {El<ar2 o i

and for the beam used in the analysis Iw = IV =1



IV. DERIVATION OF THE GOVERNING EQUATIONS

1. Development of the Lagrangian Function

We now have the kinetic energy and potential energy of the space station

given in equations (12) and (13). We write the Lagrangian K = T - V to obtain

1 1 1
K::5M1R§+—4mhwﬂ+-EuAnwg4-EuAmwg

1. = 1 1 1
+ SMRE + S(IB)jwf, + S(IB)w}, + 5(IB);0),

L L
1 pfw)2 . L <a%>
= {EI<W> ;[ B\sp) @ (14)

2. Hamilton's Principle

By application of Hamilton's Principle in accordance with The Calculus of

Variations we obtain, after substituting the constraint equation and neglecting

second order terms,

t
5fdet:0
ty
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X - MB('><':1 . )
L

2
0

. ;s 1 1. .. 1. .. s
_mL|:x1 - ¥(dy + L) - Ediai + -z—dza{I + f -mvdr

as 1. s R 1., y
-mL{y; - Ediozcose - §d19sm9 + Edzezcose + Edzesine

1~ 1~ { oo 1
- g L0°coso - SLosing + Ediﬁig sing - —dyFfcos

» 1 - .
- dyBi0cosh - Ed1/3151n9 - é—dzﬁgezsine

1 - - ..
+ Edzﬁzo cosf + dyBs0cosh + %dzﬁzsinf)

L

+ f—m(wézsine - whcosf - 2wlcosf - wsing) dr
0

-M

+

i o® > . ~e.
A2 - MB(21 - Lo"sing + Locoso)

T S 1. .. 1. . . 1, a
-mL|Z; - Ed102s1n6+ Ed190030+ Edzezsme - Edzecose

1~ 1~.. 1 . 1 ..
- ELezsinGJr ELecosf) - Ediﬁﬂzcose - —2—d1319s1n0

<. i .. 1 .
- dy840sin0 + 5‘11510059 + Edzﬁzezcose

1 . .. 1 -
-+ -2—d2829sin9+ dsz@Sine - -z-dzﬁzcose

L
f -m( -whcos0 - wosing - 2wesing + wcosf) dr

0

—

6X1dt

6y 1dt

5Z1dt
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v+ f ML (Zycosd - yysing + L) - (IA) (6 +By)

- (IB)4(6 +Bs)

ty
ty
1
-mL 3
+
+
+
L
+ f -m
0
ty N
v [ ML
ty

b (IA) 0 (00 + By - vg) - (IA) 3By + 07y + oy + )

+ (IB) y(0yq + Ovz - 0% - 0%ap) + (IB),0(00 + 6y - v2)

dfé' +

L |-

1..~ i.. i..
EyiLSIIle = Eyldiﬁicose + EyleBZCOSG

i.. oo 1..~
Ezidlcose - %ZidQCOSG + EziLcose

2

1

1 5., e 2 ~.. 1 o i ..
gdfﬁl - gd1d232 - §d2L9 - Ed1d231 + gdgﬁz

1
6

i

diLBI - §d2L32

-y;wcosg - z;wsing - diiﬁ(—E - 1> dr
r

o I e
- dyw Lt LwL

SLY) + (TA) (671 + Bve - 6% - 9P ery)

- (IB) 3(0yy + Oys + ay + ¥)

d%@ + ELZG - Ey1d18in6 + -;—y1d2s1n9

1'Z.1d1[3151119 + é.z.1dgﬁgsin9 - %dldz'é+ é—d1L'0'

66dt

Sydt
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0

—

2

—

e

. 1 i 1 1 .. i
2 2
-mL ¢<d1 +dL+ oL > X1<d1 + §L>+ §d1a1<d1 + -3—L>

—
+ f -m [-(dy + r)V + y cos0v + Z;sinfv + dﬁﬂ(% - 1>v dr
. r ~ . T
452 Lo _ 2 T
90 A Lo Lv

ty
. d 1 an -
MBd1 <1 + —LL>61 + _I'JZBZ + Edeim (yicosb + zysing)
1 d d
+ —mLd, <1 + —L>[31 + "iz,Bg
m 3L
L
1 . .
- ~2—de1(zicose - yising)
a2 4 ST SRR PR § 29
- MBd1L9 + omLd{L6% + 6de19 - 3de1d26

[/ d d ce e 1 ..
- <1+—Ll>31+—562 - (IA)(8 +By) - FmLdify

28

o f 1
d2a2<§d1 + §L> - Eyidlcose(d) + o)

i.. i..

—Z-yidzcoso(qb + ) - Ezidisiné(w + 0y)

| TR 1 9.9 1900

5 21028100 (¥ + ) + Td10°(¥ + o) + Td0°(¥ + o)
1 .9 1 ot 9

410" ¥+ o + ap) + Fdi LO%(Y + o)

1 ~.
§d2L02(¢ + 0p)

d

L

wdr

3

8B 4t



+ lmmidzﬁ.g - mL(é—df + ‘;’

6 d1L> .6. - é—dei(di : L)ézﬁi

- Amiddt, - m3 f]‘[—(r S L)w -diézw:’dr
6 L

1l

+ -;-dez('z'icose - yysing) - (IB) (8 + B)

~ ~, . 1 o
. MBdZLOZ + %dezLez + émmldze2 - gdeéez]

-
d d 1 9°: 1 -
. <1+ —ﬁ)ﬁz + 81| - mldf, + gmldidyBy
1 1 . 1 1 1 .
+mL (—2'd1d2 + §d2L> o + mL<Ed1d2 + 'gdzL + '3—d%>92,32

L
- —1-mm1d2é251 —m& [ (xw - d6%w) dr
6 L

M dy <1 + Li;L)ai + Ezaz (¥icos0 + z;sing)

vdr + %dei(d) + o)

+
=]
e e
o,

M d, <1+ %)32 + —4131 - %dezﬁz (y1c086 + zsing)| 6B,dt

(5021dt
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~e 1 ~. 1 . 1 .
2 2 2
N [MBd1L6 + 3mL4LO% - SmLdd,0° + gmmfez]
. _@1_ gz- .. .o .2 .2
1+ L o + La2 + (IA) 1(0v4 + 0y - 0°Y - 0°yy)
+ (IA) (0% +0%y - Oyy) - (IA) 3(éy1 + 0y + ¥+ )
1 oo 1 .o 1 .o 1 1 .o
= —3—de% Q4 + Emmixi - 'z—deIZP (il + gL) + gdeidz (%]
- mLd (%di + 1L>(zp T ay) 0?
d L .o . .
- m—ﬁ f [(r - L)v+d162v+r62V:| dr
- 0 —
N T
M_df{1 + 4 Qy + —diof1 (.3/.’10089 +'z.1sin9)
B L L

1
- omLdy (¥ + ap)

1 d d
+ ';dez <1 + _2'>012 +—£“a1

L
d L
dy, 7
+ m— Jvdr
0
1 1 2 1 252
L() + "gdezLG + m]'_.d1d29 - -3-de29

[( >0£2 + %oz{\ + (IB)l(é’.yz-Fb.’)/z = Qzl,b - ézOlz)

4 2020 + 0%y - Oyy) - (IB) 3(0yq + Oyy + ¥+ ap)
1 5t 1 1

- :deZOQ - 3de2X1 = dezd) dl + §L
[>]

(5012dt
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1 . 1 1 .
+ Emldidza1+ de2<-2-d1 + §L>(zp + o) 6°

L
-m —(Iif f (rV + d;6% + r6%) dr
0

Lr : AP g2 28 mn  ww e |
+ [ | -(TA) 10 vy + 0% + 6cy) + (IA)5(0 + 6oy + OY + Bay - Vy) Oyydt
ty
L_+(IA)3(49.2y1+6'z'p +éc;z1)
tzr o5 vE  aa ct e e e e T
+ | -(IB) (6%, + 0% + Oop) + (IB) (0% +00y +0% + 6ay - v2) | Oypdt
ty
+(IB) 3(0%y2 + 0% + 6ay) i
t2 L B 2 2
otw | f(d . dy ) 1 o%w
+ f - MB_Tar +m< L A1+ T B+ oL 53 owdrdt
t, 0| L
.+ |yjcosb + zlsin9:| - m(z;cosf - y;sinf)
~ 1 1 . 82w .o .
< =1.)1l62 - m(w - wo?
+ MBL+mL(zd1+ 3L> -—5;7 (w - wo?)
. N o
-m(dy +1)0 + mdi By T - 1) + mdyBy T
d . d <9 a"'W
+ md1 <1 + —f:>92ﬁ1 + mdi—fe ﬁz - EI—-B—IT
t)
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ty L 2 )
o°v d d 1 9°v
- Y+ —L — . ovdrdt
+ { ({ |:MB_—281‘ +m<¢+ La1+ La2> 2mL—§8rj| vdr
1
-['yicos@ +'z'isin9]
~ 1 1 ‘9 BZV e -
+ |:MBL+mL<2d1+ 3 >:‘6 a1t - mv - mx,

+ m.z/;(dl +7T) - md1'o.z1 <% - > - mdyory %

- mé2(-d)+ %‘:al+ %a2>(d1+r) -EI-?)iV;

L
4 [[ EI———26<ZI>:| a (15)
r =0

Now we note that x;, y;, z; are independent generalized coordinates,

so we have three equations associated with the coordinates, written as

MBL + mL<d1 + -1—L>

.o 2 . IJd .o
T T T
m L
— vdr
M f ------ (16)
M_L M_ -
. .2 B S
Vi = Ty f°cosfH + M Losing
T T
m L .o
- — (wi?sing - whcosd - 2whcosd - wsinf) dr
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L . .o .
- 2% (L + 2dy) 6%osd + (L + 2d;)6 sind + (dyf, - dyB,) 6 %sing
T
- (dBy - dyBy) 6cosg + (dy By - dafy) sing
+ 2(d1i31 - dyBs) 6 cosp
...... (17)
e MBL . MBL..
Z1 = M 6%sing - M fcosb
T T

L
L f(-wé 2cosh - wosind - 2whsing + wecosf) dr
MT 0

L . .. .
oar | (L + 2dy) 0%sing - (L + 2dy) Gcoso - (dyB - dyBy) 67cosd

+

H

- (d2B;y - dyBy) 9sind - (.d1;8'1 - dzﬁz) cosf

e 2(d1i‘31 - dzbz) ésinG

Combining equations (17) and (18), we may write

.o .o MBL mL .o mL )
z,cosf - y;sinf = - + (L+2d))|6 - === (dyB, - d;B8,)6*
M 2M 2M
T T T
mL .o . m L s ..
- opp(GiB1 - doBy) + 3= [ (wo® - w)dr
T T 0
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and

mL

.ilsinO + '3;1cos9 = +
2M
MT T

Loy, s 2d,) |62 + dyB4) 0

L
+ L (diBy - dzBy)0 +M£ f (w@ +2w9 dr
T T 0

We also have 0, ¥, v4, v, as independent generalized coordinates with

associated equations given by
~ 1 .o
|:MBLL + (IA) 4 + (IB)4 + mL<d12 + §L2 % d1L>] 0

; [MBL i —;-mL(L N 2d1)] (2,080 - y,sing)

L L
- L—Z_mL diBy - dyBy) +m f wdr](ylcose + z48inf) + m f (dy + r) wdr
0 0

+ {(IA) 4 + de1<%d1 + %L):lﬁi + [( IB){ - mLd, <-;—d1 + %L)}ﬁz = 0

~

MBL(;éi - Ly (IA)1(é3"1 +'9‘V1 0% - ézai)
b O(TA)0(0% + 00y - yy) - (IA)3(0yy + Oyy + &+ o)

+ (IB) 1(0ys + Oyy - 020 - 0%ap) + (IB)20(O% + Oy - V)

= (IB) 5(0yq + 0y + U + an)
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I_.. 1 .. 1 1 e 1
-mL ‘P(d% +d;L + §L2> = X1<d1 + ‘2‘L>+ Edi% <d1 + §L>

.o . 1 1 1
- d2a2<§d1 + %L) + 0% <%df - Sdidy + gL - d2L>

2 )
. 1 1 ; 1 1
+ d192011 (Ed]_ + EL> - d292a2<—2'd1 + §L>
1 L .o .o
+ EmL[d1(¢’+ o )-dy(¥+ )] -m f vdr] (y;cosf + z;8in0)
0

L
+ fm(d1+r)(v+62v)dr = 0
0

(TA)gyy + (TA) 0% + (IA)g80cy + [ - (IA)y + (IA)y + (IA)310 (¥ + o)

+

[-(IA); + (IA)3]10%; = 0

(IB)yyy + (IB)y03 + (IB)y8ay + [ -(IB);+ (IB)y+ (IB)3]8 (¢ + o)

+ [ - (IB)y + (IB)318%, = 0

3. Boundary Conditions of the Beam

The boundary conditions represent a fixed attachment point at each end
of the beam. That is, the beam deflection and slope at each end are considered
to be consistent with the motion of the respective stages. The derivation of

these boundary conditions is shown in Appendix II, from which we write

By = [-dyw,{(L,t) + (L+dyw,y(0,t)] ------ (25)

L"‘ZI»—-
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By = —[(L+dy)w,y(Lt) - dw,((0,8)] oo (26)
L

4 = — [d,;(L,t) - (L+dg)v,1(0,8)]  —eoee (27)
L

o = % [- (L+dy) vy (L,t) + dyv,q(0,t)]  —-eee- (28)
L

4. The Governing Equations

By substituting equations (16), (19), (20), (25), (26), (27), (28)
into equations (21), (22), (23), (24) and the remaining terms in equation
(15) and by neglecting second order terms, we obtain a set of six independent
coordinates (0, ¥, v4, vy, W, v) which yield six governing equations and

eight associated boundary conditions. The equations are shown below as

L L
Ci) + Caw, (0,t) + Caw,y(L,t) + C; [ wdr+m [rwdr = 0
0 0

...... (29)

S L~ Cudy  Celdy+ L) |

Co¥ - Cyllyy - Celiya - C0%¥ - = ( " ) 6%, (L,t)
L L
) —Cﬁ(dj + L) + Nﬁd] ézV,l(O,t) _ —Cif)’d2 Cu(di+ L) .\;,1(L,t)
L L L L

[ o (dy+ L)  Cydy |- : .. o
S| = Sy (e,t) - Crlyy - Cybys - Cp deI‘

L L L 0
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L.. N. L 3 L
-m frvdr - C792 f vdr - mg? frvdr = 0 e (30)
0 0

(I1A)yy; - (IA),69 - (_Iéz)zf_lz 0v,q (L, t) + (I_A)z(‘f;dﬂévq (0,t)
L L

v Cobpr gy, (L - SUEEDGY (0,1 4+ Ciftyy = 0
L L

(IB)y Yy - (IB), 6% - LIElegl'év,i(o,t) + wév,l(ht)
L L

d L d . .
+ Cy Y+ =6y, (0,t) - —Qﬂ(——f——-‘)—ev,i(L,t) + Celyy = 0
L L

292

L
> . ~ - m?2 .
mw + EIw, 44y - mow - 02492w,11+ fwdr "M fwdr
0

T

2
T M

~ .o 2
+ (Cy+mr)o - %[Czo(L—*‘dz) + m Ldd, + mdlr:I w,,(0,t)
T

2M

2
[—-Czodz - M‘(L +d1 + mdgr] ’i(L t)
T

By =

[Cia(L +dg) +.Casdy] ézW,i (0,t)

o =

[Cydy + Cog(L +d)] 02w, (L,t) = 0  =-eoe- (33)

ol



~ . 2 L.- e
mv + EIv, 111 - Cp0%,11 - -1\%1-— f vdr - (Cyy + mr)¥
T 0

2
- : d ..
- (C7+mr)92d) - —1~— Coo(L +dy) + _r_nz_ML_sz_ +md1r]v,1(0,t)
L T
2 .
+ 71\/ C20d2+ %N?_dL(L + dl) - mdzr .V.,l (L,t)-"qi‘(c'z + mr) GZV, 1(O,t)
L T T
-gl ~ .
- =% (Cy+mr) 0%, (L,t) = 0 o (34)
L
and w(o,t) =0 (35)
w(L,t) =0 (36)
EIw, ;;(0,t) + D;6 + Dyw, (0,t) + Dgw, (L, t) + D40%, {(0,1)
. . L L.. d L .o
+ D592w,1(L,t) + Dg? fwdr+D7 fwdr + 2% frwdr = 0
0 0 L 0
...... (37)
EIw, ;; (L,t) + Dgh - Dagw,;(0,t) + Dyow,; (L,t) - Dsa2w, { (0, t)
® * L L.- md L .
+ Dyy0°w, (L, t) + D302 [ wdr + Dy [ wdr - —% [rwdr = 0
0 0 L 0
______ (38)
v(o,t)y = 0 (39)
v(L,t) = 0
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EIv, 3y (0,t) - ‘2292 gy Qxceg v, - e
L L L

792

+ :‘LCBQ'YZ - D15ZP- D1662¢ 4 D17V, 1 (O,t) + D18V, 1 (L,t)

L
. . d ~ . L d . L
+ Dyy0%v, 1 (0,t) + Dyyo?v,; (L,t) + —NLC792 fvdr+ —Lmp? frvdr
L 0 L 0
L d L
+ Dy fvdr+ —Lm fr'\'fdr
0 L o T (41)

d ) L + d, o d .- L +d "y
EIV,H(L,t) - _'3056‘}/1 + ( = )CGBVZ - —2'079‘)/1 + ( ~ )Cge')/z

~

L L L L

- Dyy¥ - Dy3b% - Dygv, 1 (0,t) - Dogv,; (L,t) - Dyyf%,4 (0, t)

) do~ - L L L
- D2792v,1(L t) - —Nz 792 fv - m62 frvdr+D28 fvdr
L 0 L 0
d L.
-=*m [rvdr = 0o (42)
L 0

where the C's, C's and D's are combinations of physical constants given

below

~ 1
C, = MBL + -z-mL(L+2d1)

Q
)
Il

MBEL + (IA); + (IB); + mL(d}+ %L2+d1L)

Q
w0
I

(IA); + mLdy( d1+ L)
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(IB); - mLd, ( %di + %L)

(IA); - (IA);
(IB); - (IB)3
(IA); - (IA); - (IA)g

(IB)y - (IB); - (IB)3

+
o

(IA); + (IB); + mL(d} + d,L + %LZ) + MBi2 -

=

(IA)s + SmLdy(d,+ tr) . BIC
2 3 2M,

(IB); - mLdy( —1-d1+ Lyy 5 SBLEG
2 3 2M,

MT
d i d
=1 i —1
d, MB(1+ L> + sz <2+ L>
too G
d1(MB + sz) L
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%dei(dl + L)

md; /1 )
M ( mL MT>

(IA)3 + %dei <d1 + %L)

(IA)3 + —def

1 1
(IB); - dez(zd1+ 3L>
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(IB)3 + é—de%

1 i
(IB)1 - (IB)Z - de2<5d1+ §L>

M_L + mL(%d1+ 1L>

B 3
2
T
Ca(]i+ d,) CimI:di (L + 24y
L 2M, L

Cyd
L

_C’idz + CimLiz (L N 2d1) + Cg(l;-f- dj!

L 2MTL

~(IA); + (IA); - (IB)y + (IB), - mL(

mLC
+ o (% - do)
T

C3 + (IA)y + 3‘5—‘1\—‘;191

1
2

L

df -

1
2

1 1
did; + 4L - 3d,

)
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20 212
d
XZML - C17
T
2: 2
Cyp - m41]\_;1dd
T
CiCy3 m?1.%4?
i M - Ci5 - Cy
T T
C1014 mszdidi C C
M 4AM - 16 ~ 18
T T
Cq4 mL (dy + L)
md,
L
MT 2MT L
21 242
m“L“d
M - Cos
T
0,0 m?1.2d3
M. " am, - Cz+ Cu
T T
mLd,C
o, - O
T
de101
oM - Cy
T
27232
m“L“d
T
C,Cia
M - Cy5 - Cy
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M

C33 - _C‘L<MB + %mL)
T

{1 ~ ~
—I[Cs(L +dy) - (IA)p(L+dy - Cedy + (IB)ydy]

L
1 ~y ~ ~

- [Ce(L +dy)? - 2Cydy(L+dy) + Cyed?]

L

7}— [-Cy(L + dg)dy + Ca(L? + d4L + dyL + 2d;dy) - Gy3(L + dy)dy]
L2

1 ~y ~y ~

pon [Cio(L +dp)? - 2C4(L +dy)dy + Cyud?]

L

[-Cio(L + dy)dy + Cyg(L? + dyL + doL + 2d,dy) - Cy4(L + dy) dy]

2 |-
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[Cia (L +dy) - Cysdy]

e =

[Czo(L + d2) + C26d1]

AN

1 ~ ~
= _[C5d2 - (IA)2d2 - CG(L+d1) + (IB)z(L + dl)]

el

1 ~ ~ ~
= 1-Cads + 2Cg(L+dpdy - Cpg(L+dy’]
L

[-Ciod} + 2Cy(L +dy) dy - Cyy(L +dy)?2]

1
T2

[Cpdy - Cys(L+dy)]

= =

[Cody + Coe(L +dy)]

b Loy

[C15(L + dz) + 619d1]

ot B L

1 ~ ~
= - [C16(L + dz) + Cgod1]

~

.

1 ~ ~ ~
- = [Ci(L+dy)? - 2Cy(L+dy) dy + Cypd?]
L

"j— [—617(11 + dz) d2 + 69(L2 + dlL =+ dzL + 2d1d2) - 621( L + dl)dI]
L2
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1 ~ ~ ~ ~
= —N—z[cw(L+d2)2 - 2(Cyy + Cg) (L +dg) dy + Cppd?]
L

1 ~ ~ ~
= —— | -Cyg(L +dy)dy + (Cyq+ Cy) (L®+ dyL + dpL + 2d4dy)
L2
-Caa(L + dy) dy
1 ~ ~
= : [Czo(L + dz) + C26d1]
L
1 ~ ~
i[cisdz + C19(L+d1)]
L
1 ~ ~
= N_[C16d2 + C20(L+d1)]
L
- L [Cudd - 28,(L+dydy + Co(L+dy?]
EZ
§ e - ~ oxa
= ",\’_ [C18d§ - 2(C11+C9) (L+d1)d2 + C22(L+d1)2]
L

1,
= :’[Czodz + C26(L+d1)]
L



V. SOLUTION OF THE GOVERNING EQUATIONS

FOR THE MOTION OF THE SPACE STATION IN THE PLANE OF ROTATION

1.  The Uncoupled Motion of the Space Station

The governing equations derived in the preceding chapter are seen to
be uncoupled into two types of motion. Equations (29) and (33) represent the
in-plane motion of the station with boundary conditions given by equations
(35) - (38). Equations (30), (31), (32), (34) describe the out-of-plane
motion of the station with associated boundary conditions given by equations
(3%) - (42). We may now treat the in-plane motion of the space station
independently from the out-of-plane motion and determine a solution for the

bending motion of the beam in the plane of rotation.

2. The Beam Deflection Equation

We assume that 0, the angle of rotation of the space station in the

plane of the orbit, is given by
0(t) = Qt + T(t)

where € is a constant and 1(t) is a small quantity representing the time
dependent perturbation of 9. Then the time derivatives are
0 = Q + 1(1)

0 = T(t)

47
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Substituting the above identities into equations (24), (33), (35) - (38) and

neglecting non-linear terms, we obtain

~.u s .o ~ .. o Lo- L .
Cit+Cyw, (0,t) + Caw, (L, t) + Cy fwdr+m frwdr = 0
0 o (43)

. o 262 L m? L

mw + EIw, 4441 - mQ?w - Coa%w, 14+ f wdr - — fwdr
T ¢ T ©

~ s 2 s

+(Cq+ mr)r - —i—, Co(L +dy) + m Lady + mdyp [w,(0,t)
2M
L T
2 -

- ,—1\, -Cydy - -I%ML-QZ—(L+d1) + mdyr| w, (L, t)

L T

1 N ~
- =I[Cya(L +dy + Cy3dyl Q%w,(0,1)

L
=+ —1,:[612(12 =+ 823(L+d1)] QZW,1(L,t) = 0

L (44)
w(0,ty = o (45)
w(L,t)y = 0 (46)

EIW, ;1 (0,t) + DT + Dyw,(0,t) + Dyw, , (L, t) + D,Q%, {(0,1t)

L L L
+D592w,1(L,t) +D692fwdr+D7 fwdr+ Y_IiQL frwdr = 0
0 0 L 0
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EIw, 1y (L,t) + Dg7 - Dgw,; (0,t) + Dyow,; (L, t) - DsQ%,,(0,1)

L L

+ DypQ%w, (L, t) + D, 50 fwdr + Dyy f{)\}dr - :
0 0

L
fr\'a;dr = 0
0

t“llf

By solving equation (43) for T and substituting into equation (44), we have

the governing equation of the beam deflection in the plane of rotation, given by

) N m?g? L
mw+ EIW, ;111 - mQ%W - CpqQ%W, 44+ f wdr
MT 0

_mz Cy o~ L. m ~ L
o BT %(C7+mr) fwdr- — (C7 + mr) frwdr
| T Cy 0 Cy 0
2 c o~ .e
- ENZQ(LerZ) + defz + e + £2-(C7+mr) w, 4 (0,t)
| L 2M,_ L L C,
2 ~
- d - .
Cudy WD gy o+ 29 S | W,y (LY
L 2MTL L Cy

- {[512(L+d2) + Caydy 1Q%W, { (0, t)

L
1, ~ ~
¢ = [Cydy + Cos(L+dlQ%w,  (L,t) = 0
P e e i T (49)
L
With the assumption w(r,t) = 7(t)R(r), the governing equation

becomes
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~ 202
m7R(r) + EInRN(r) - mQ*MR(r) - CyQ*nR''(1) + mMQ i f R(r)dr
T 0
m2 62 * % L E L mN L
-3+ —L [n fR(r)dr - —Imry f R(r)dr - -Tl er(r)dr
T C 0 Cy 0 C;, 0
- =17 [rR(r)dr - |2 (L+dy) + =2, 2221 5R1(0)
01 0 L 2M, L Cy .
~y 2 ~ o~
(2, G gy - |- Sk I g g, SRy
L Cy L 2M,_ L Cy
md, maa e 1~ et 9
- | =% + = |rnRY(L) - Z[Cqa(L +dy) + Capgdq] QMR (0)]
L Cy L
1 ~ ~
+ = [Cpdy+ Cog(L +dp] @"R(L) = 0 oo (50)

L

Dividing by 7 and rearranging terms, we write

P m? C? L c 3
1 {mR(r) - T =L fR(r)dr - —Lmr fR'(r)dr
n T ¢ |0 C; 0
it L 2 L
-m < [rR(r)dr -

~ o~

2
S (1 4 qy » 2D GO g
T oM, L S,
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~

2 ~
22.092_ _ E—L-d—E',(Ldel) + C3Cp R'(L)

L 2M, L G,
- n~1d1 + m~C3 rR'(0) - m}? N m~C3 rR'(L)
L C, L G,
2602 L
Q ~ ~
- - [R(r)dr + L €L+ dy + Cpld,] Q2R(0)
Mpr % L

i iN[cN:izd2 + Cos(L +dy)] QR(L) - ERY (r) + mR(r)

L
+ CyQ@®R'"'(ry (51)
ipt
We now assume 7n(t) = noelp and take two time derivatives to obtain
" ipt
n(t) = ‘pznoelp = -pzn(t). Substituting this value, we remove the time

dependence from the governing equation and write

EIR' (1) - Co4@R''(x) - m(2%+ pYR(r)
E L m L d E

+ rmp° | =t fR(r)dr+ — er(r)err —L 4 =2 | R'(0)
c, 0 c, 0 L C,

2 2.2 2 2
_p.._S_ZQ_(L+d2) + mpLdle n pCLCI _ Q~C12 (L+d2) R'(O)




, o
i Q
CiC , 2Cudy | oy,

L
—— —
202 2.2 o2 | L ~ L
Q
+ HI\:[ + rll\l/[p + ETC—Z fR(r)dr+ mpz-g—l er(r)dr = 0
T T Cq 0 Cy 0
...... (52)
To simplify the algebra we make two identities, where
o L m L
Cwi = mp —f—er(r)dr + er(r)dr
Cy 0 C; 0
d C C.
R Y [y o
L C L ) e (53)
;% m?%p?Ld,d. pC(”:_T
L C
L ZMT 1
~ 2
__S_z._C_JZ_(L+d2) _ _Q_CZ}(_iL
L L
e —
2 2 o x|
. mp Ldj(L +dy) + p°C3Cy R'(L)
2M, L Cy




% s 2.2 g L ~ L
+ EQ + nl\jlp + P C: fR(r)dr+mpZ—C~‘—7— er(r)dr
T T Cy 0 Cy 6

Thus equation (52) may be written

v N o2o1 2 2
EIR " (r) - CyQR'"(r) - m( Q" +p°) R(r) + Cwir + Cw2 = 0
------ (55)
An exact solution to this differential equation is
R(r) = cysinha;r + cycosha;r + cgsina,r + cycosa,r
n Cwir N Cw2
m(Q° + p°) m(Q°+p) e (56)
~ ~ 1
Cyy Q° +chz4 Q' + 4Em(Q’+p?h) |2
where ay = o . (57)
~ . 1
-Cyy@? +Jc§494 + 4EIm(Q*+p% |*
a2 =\ - == =—smemes (58)

2EI

The constants CW and sz are now expressed in terms of the arbitrary

1

constants Cj (j =1 - 4) of the solution by substituting equation (56) into

equations (53) and (54). Carrying out this substitution, we obtain

AC - AZCW = Agcy + Agcy + AgCg + AgCy 00 —----- (59)

wi 2



and

where
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-B1CW1 + BZCWZ = B301 + B4Cz + B503 + BGC4 ------ (60)
1 ~ ~ ~ ~ ~ ~ 1 ~ ~
Ay = —— [, Le*+p? |C/L - éC7L2L - =mL3L - d,C,
L(2* + p?) NN
A ___T__Tmsz iq— + L
27 (@+p) | m 2
2
{ ~~ i~
A; = p — LCq(coshayL - 1) + l~mL LcoshaL - -1—sinha1L>
I':' ay Q4 aq
+ (d151 + iéz) aj + (d261 + i63) ajcosha;L
2 ~
Ay = Ll LC7sinha1L + im L<LsinhalL - -}—coshalL + —1—>
1. aq B oy
d261 + 553) ajsinha;L
2
1
Ay = = — 7(cosa2L -1)+ ——mL <—-1 sina,L - Lcosa2L>
~ Cay a :
L
(d1C1 + LC2) a, + (dyCy+ LCj3) aycosa,L

2

1 1

Ag = =B 7sma2L + —1—mL ——cosayl - —— + LsinayL.

~ g Ay Ay
(d C1 + LC 3) assina,L
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1 2Cpl. m?p’Lid 28y o~ w. |
B, = Y p~20 P ~2 PN7( 5 + Cs)
L oM, L C,
QCuL @8CyuL miLd
ek, =23 - (22 + pY)
L L T
p2 (~3J2L2 mp2 87L3
9C, 3C,
1 2, 2 mL 5 p?CiL p’C,L
Bz—m (Q°+pY) - 3 (@749 - ~
b T C;m 2C4
4 2.2 ~
By - [HEEN (1,qy) o MRRLAL L, 20000
L 2M, L C,
a,Q%C 39263d m2(522+p2)
B .__1____12.(L + d2) 1 2341 =Y
L L T
p?C? mp?C
- —=L _ ginha;L ——
aicl a%Ci
[ ap’Cyd,  am’p’Ld, ]
+ cosha,L (L +dy)
2 L
L MT
ap’CyC; | 2;,0°Cpdy,  mLp’Cy
C1 L a1C1
g e 2,52, 2 Yot
. a9 CZ3(L+d1) N 121(\/[9 +Pp9) L P C;
| L ™t a;Cy




2 2 2
B, - |[sinha,L |. 2RCude amplLdy. 4,
L 2M__L
T
ap?CyCqy . 23;0°Cypdy mLp?C;
C1 L 3.1C1
2,2%Cy; m?(@®+ pb) p’C}
- (L + dl) + - M + =
L o a1 Cy
~ 2~
- cosha L 1 + mchl
2 2
arty ajy
a p2C2 a mzszd d 32p2(N3 5
Bs _JN_(L(L +dy) 2 ~1 2 " ~ YA
L 2MTL Cy
a QZN 32925 « p252
_ JT_LZ_(L +dy) ~2 1 . ~7
L L 3201
2,062 2 2~
MAS +p) + sinazL——Zmp =
2Ly
[ . 2 2 )
cosa,L aop Szodz a,m pNLdl (L +d,)
L 2M__L
T
a;p?CiCr | 3,02 Cypd, ) mLp®Cy
61 I’\JI 3261
2~ 2,02 2 22
X azQNCZ?*(L+d1) ] ma(ﬁ +p9) P Cy
L 2 T azcl




and

where

2 2.2
Bg - | sina,L | 2 Cudz , 2P Ldy iy 4,

Solving equations (59) and (60) simultaneously, we write

CWi = chl + KZCZ + K3C3 + K4C4 ______ (61)
CW2 = §101 + ngz + 5303 + §4C4 _______ (62)
Z _ Ang + A2B3
. AB, - A,B,
K A4B2 + A2B4
2 =
K _ A5B2 + A2B5
5 7 AB, - A,B
K _ ASBZ 4= ALBG
. AB, - A,B,
~ B A
B, = _B_L:_BJ_J_
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3. Development of the Characteristic Determinant

ipt
By making the substitutions for 6 = Qt+ 7(t) and w = noelp R(r)
and substituting T from equation (43) into the boundary condition equations
given by equations (45) - (48), we have, after algebraic simplification and

neglecting non-linear terms,

R(0) = 0 L (63)

R(L) = © (64)
N N L L
EIR"(0) + D{R'(0) + D,R'(L) + D3 [R(r)dr - D, [rR(x)dr = 0
0 0
...... (65)
N N L L
EIR"(L) + DsR'(0) + DgR'(L) + Dy [R(r)dr + Dy [ rR(r)dr = 0
0 0
...... (66)

The identities ﬁl through 58 are given below as

~ DN
D; = Dy@* - p?|Dy - —192—
Cy
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62 = Dsﬂz - p2 D3 - _D_1~""‘3‘C }
i o
~ D i~
D; = Dg@* - p* [D; - ”JNEL
a Cy
Dy = mp Tdf - ‘]%1
L ¢
]35 = —Dsﬂz - p2 —D3 - P"&Ngz‘
Cy
~ D, C
Dg = Dp@® - p* | Dy - =%
Cy
~ Dy Oy
D; = Dy3Q° - p® |Dy - —&
Cy |
58 = mp2 %2' + _gﬁ'
L C,

The solution for R(r) given in equations (56), (61), (62) is

substituted into equations (63) - (66) to give a set of four simultaneous

homogeneous equations in the unknown pz, written as

|
()

a11Cy + a4pCy + a413C3 + aAyCy

|
o

A91Cy + QpCp + aAp3C3 + ApyCy
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|
(=]

a3yCy + a3Cy + agz3Cz + aAyCy
34101 + 3.4202 + 3.4303 + a44c4 = ¢
from which we obtain an associated characteristic determinant
2
D(p%) = aj;y a4y ay3  ay

Ay Agp A3 Ay

a3y adgzy Azz Ay

aqy A4 A4z Ay

The elements aij of the determinant are defined as
ay = __2_'15;2_
= m® + p9

312=“(—2—BJ—2‘+1

m(2° + p°)

B
a1s=“—(32—‘°‘—'r

m + p9)

a14=——r]'3'L“r+1

m(Q° + p°

A, + B
a, = sinha,L + -L(—Jz—“f—g—

m(Q° + p°

K ~
A9y = CoshaiL + _‘I:,_"22+_li§'5'

m(Q° + p

as3 = sina,L + —L—A—Q;EZL
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A B
cosa,L + —L——%—L—ﬁ—

daa - m(Q° + p9
~ s D B,L(2D; - D,L)
as; = | D18y + DjajcoshayL + —;;"- (coshayL - 1) + om (2 4 pg)
_ PA<Lcosha1L -LsinhaiL> + (8D, + 6D, +—7D3L2 )
a, aq 6m(Q° + p%)
‘ F mnd o e D; ]
agy = Elaj + Djaysinha;L + 2, sinha; L
D 1 1 B,L(2D; - D,L
.= Lsinha;L - —cosha;L + — ] + 2 (S 32 42)
ay ay ay 2m(Q° + p°)
N A,(6Dy + 6D, + 3D5L2 - 2D,L3)
| 6m(Q° + p?) -
~ ~ B §3L(253 - ]5414)
ag3 = | Dyay + DoascosayLl. - —8132— (cosayL - 1) + om(2 7 p))
D, /1 A4(6D; + 6D, + 3D4L? - 2D,L3)
a1 . _ 3 1 2 3 4
2, <a2s1na2L LcosazL> + em (22 + p)f
™~ ETa? . Don.si D3 7]
agy =| - EIa2 - DzazsmaQL + a, smagL
D, (1 1 , B,L(2D; - D,L)
=4 (= = 4 3 4
v <a2 cosayL - 2, + Lsma2L> + Zm (9l + p))

Ay (6D + 6D, + 3D,L% - 2D, L?)
6m(Q° + pz)




ayy

ay

ays3

Ay

62

~
s —

Ela!sinha,L + Dga; + Dgajcosha,L + %(coshalL -1)
1

~

D £ B,L(2D; + DyL)
=8 (L ha:L - —sinha.L 1 7 8
+ a, < cosha, alsm a; L) + om (22 & py)

A(6D; + 6Dg + 3D;L? + 2D,L3)
| 6m(§?+ pz)

~

~ D . —
EIa%coshaiL + Dgaysinha L + —L cinha, L
g

D 1 1 B,L(2D; + DgLL
+ —&( Lsinha,L - —cosha;L + — | + 2L 31+ 7= )
aq ay ay 2m(Q° + p°)

A,(6Ds + 6D + 3D;L* + 2D,L%)

| 6m(Q° + p?) _J

~
oy

~ ~ D
-Eladsina,L + Dsa, + Dgajcosayl - _aJ (cosa,L - 1)
2
D 1
+ —a—<—sina2L - Lcosa,L
az \

% B3L(2D'{ = DBL)
2m(Q°% + p%)

As(6D: + 6D, + 3D,L% + 2D;L3)

+
| 6m(Q° + p2)

~

= . D; .
_Elajcosa,L. - Dg,sina,L + —Lsina,L
az

~

D 1 1 . B,L(2D; +
+ —a-*: <a—zcosazL — ;—2 + LsmazL> + 42m($7?

~

L)
%)

8
+P

Ay(6D5 + 6Dg + 3D;L% + 2D,L3)

_ 6m(Q° + p%)
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The characteristic determinant has been programmed for solution
on the IBM 7094 digital computer. The values of p2 for which D(pz) =0
are the natural frequencies of the in-plane motion of the space station, with
associated mode shapes. Numerical results of this analysis for a particular

space station design are presented in Appendix III, Section 1.

4. Special Cases for Values of p2 =_Q?

In order to investigate the behavior of the characteristic determinant
when p? takes on negative values of magnitude exceeding Q% , we recognize
five regions where the general solution obtained in the previous article is not

valid. Discussion of these regions follows.

N2 o4 2
a. The Case Where p2 Is Between p2 = -Q% and Pz = ~Cu 4_E;L£Imﬂ

Within this region the governing equation is unchanged from equation

(55), but the solution is written more conveniently as:

R(r) = cysinhayr + cycosha;r + cgsinhagr + cycoshasr
T
Cwi N CW2
m(Q* + p°) m(Q°+pY) e (67)

where a; is given by equation (57) and

(S

Cyy? - \/53494 + 4EIm(Q%+ pd)
43 = 2EI
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The procedure of Section 3 again leads to a characteristic determinant valid
within the stated region. Numerical results of the analysis of this case are

presented in Section 2 of Appendix III.

b. The Case Where p2 = _Q?

For this case the governing equation becomes

v ~ 21 _
EIR" (r) - CyQ°R"(r) + Cwir + sz I (69)

for which the solution is

R(r) = cysinhagr + cycoshayr + cgr + ¢4 + +
6C 24022 2C 5, 0*

1
where a, = [—ng—i‘

Following the procedure of Section 3 we obtain a characteristic determinant
valid for the case p? = -Q® . Numerical results of the analysis for this case

are presented in Section 3 of Appendix III.

c. The Case Where p® Takes on Negative Values Larger

_C40* - 4EImQ?
4EIm

than p2 =

The governing equation for this region is given by equation (55), but

the solution will now be written as:
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R(r) = cysinhagrsinagr + cjysinhagrcosagr + cgcoshagrsinagr

Cwir w2

m(527+pr) * m(§22+[?)

+ cycoshagrcosagr +

~

C oyl -m(Q% + p?
— 245 i WL AL -2
where ag = AEI + 4 Y ______ (73)
B 7z

a - | Cu2 [ [-om(2’+p?
. 4EI 481 | s (74)

The procedure of Section 3 leads to a characteristic determinant valid within
the stated region. Numerical results of the analysis for this case are
presented in Section 4 of Appendix III.

_C3,Q" - 4EIm@?
4EIm

d. The Case Where p? =

The governing equation for this case is

v ~ C2,0
EIR ' (r) - CoQ°R"(r) + —&%R(r) +C T+C , = 0

for which the solution is

R(r) = cysinha;r + cocosha;r + cgrsinhar + c4rcoshaqr

4EIC  r 4EIC
\ w

1 2

S0t Gt ()
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~

C
where a; = -—2% ______ (77)

Following the procedure of Section 3 we obtain a characteristic determinant

~2 od 2
- - 4E
valid for the case p2 = €82 AEIm Im§ . Numerical results of the

analysis for this case are presented in Section 5 of Appendix III.

e. The Region Where A;B, - A,B; Is Identically Zero

This region gives rise to a singularity in calculating the value of the
characteristic determinant ; therefore the simultaneous colution of equations
(59) and (60) must be modified. In order to simplify the discussion of this
point of singularity, the physical constants of the space station design given

in Appendix III are used as an example.

For the given data A, = 0. Therefore the equation AB, - AyB; =0
becomes A;B; =0, and since B # 0 we must have A; =0. From the

definition of A; on page 54 we solve for the p? for which A; = 0. Thus

2 - - C,LQ?
S C,L - %E7sz ; émL?’E - dCy - d,Cq - LCy - LCy

which falls within the region discussed in paragraph a of this section. For

this value of p? equations (59) and (60) become

0 = Agey + Agcy + Ageg + Ay aeee- (78)
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Bscy + Bycy + Bgcg + Bgey + BICW

1
and - Cy, = B, (79)

The identity of equation (79) is used with the solution for R(r) of equation
(67) and substituted into the boundary equations given by equations (63) - (66)

to obtain four simultaneous equations, written as

€41C1 + €99C9 + €43C3 + €44Cy + €5 —2——"‘2'( = 0

+

€91C1 + €93Cy €23C3 + €uCqy + €y Lor —Tm = 0

€31C{ + €3Cy + €33C3 + €g3Cy + €35 ————2———2—( ) = 0

+

€44Cy + €43Cy + €43C3 + eyCy + €45 —or 3 = 0
m(Q

+p%)

and a fifth equation is obtained from equation (78), rewritten as

Cwi

€51C4 + €5Cy + €53C3 + €54Cy + €55 ——g——g—m(g ) = 0

Thus the characteristic determinant for this case becomes

2
D(ps) = €1 €32 €13 €y €y
€91 €9 €23 €4 €5
€31 €32 €33 €34 €35

€4 €42 €43 €44 ©y5

€51 €52 €53 €54 €55




where the elements e_.

€11

€12

€13

€14

€15

€21

€22

€23

€24

€25

€31
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1]

B;
m(Q° + pi)Bz

By
m(92+p;)B2 e
Bs
m(Q% + pg)Bz
Bg
m(92+p;)B2 e
B
B,
sinha; L+ B;

cosha;L. +

sinha,L.  +

cosha,L +

L+—]§L
B,

~

B o~ D
Dja; + Djoajcosha;L + 3—3— (cosha L
1

~

aq

of the determinant are defined as

D.B,L

-1+ m(Q° +p:)B2

D,B,L°

1
e 3 <Lcosha1L _— sinha1L> -
1

2m(Q° + p;)Bz



€32

€33

€34

€35

€44

69

— -~
~ D D-B,L
Ela? + Dsa;sinha;L + —sinha,L + 174
1 21 1 3.1 1 m( Qz + pZ) B2
D 1 1 D,B, L
o=t Lsinha;L. - —cosha;L + — | - e
L ay ay a 2m(Q° + p%) By
S —

Djay + Djaycosha,L + —a-i— (coshayL - 1) + m(Q +5 p;) B,

~

D 1 D,;B,L?
. =4 _ =i _ 424
<Lcosha4L ay s1nha4L> Tm(Ql + p;)Bz

| ™ _

g —

EIai + 52a4sinha4L + %‘f sinha4L + m( ;2)23?6;;) B2
= D B,L>

ay

Dy 1 1
— 1 - — - —
a <Ls1nha4L oy cosha,L: + > 2m (92 + pjzs) B,

Elalsinha,L + Dgsa, + DgajcoshaL + —aj—(coshalL - 1)
1

~ ~

D;BsL N Dy
m(Q° + p;)Bz ay

<Lcosha1L - ai sinha1L>
1

DgB,L’
2m (9% + p;) B,




€43

€44

€45

€51

€52

€54

€55
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e
~

D,B,L
m(Q° + pi) B,

Elajcosha,L + 5Ca1sinha1L + —2—7— sinha L +
1

~

g 2
+ Dy LsinhaL - icoshalL + L + D8B24L 7
aq ay a4 2m(Q° + Ps) B,

L -

pr— g

~

EIaZsinha,iL + 55a4 + 56a4cosha4L + %—7— (cosha,L - 1)
4

D;B;L Dy 1.
m(Q° + Pi)Bz + » <Lcosha4L - a4smha4L

DyB;L>
2m ( Q%+ pé) B,

-

e
~ ~

iy D D.B.L
Ela?cosha,L + D.a,sinha,L + —sinha,L + ek
4 4 g4 4 a, 4 m(Q2+p2S)B2

DyB, L’
2m(S22 + pZ) B,

+ —12&-<Lsinha4L - —1—cosha4L + i>+
ay ay ay

——
e

~ o~ L2 D) BL [~  DyL
Dy + Dg + 5 + 3 + B, D; + 9

—
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The characteristic determinant has been programmed for solution on
the IBM 7094 digital computer. Numerical results of the analysis are

presented in Section 6 of Appendix III.



VI. DISCUSSION

The results of this analysis of the free vibration of a rotating beam -
connected space station have shown that the motion of the system can be
considered to be divided into motion in the plane of rotation which is uncoupled
from the motion of the system in the plane perpendicular to the plane of
rotation. For motion in the plane of rotation an exact solution for the beam
deflection has been obtained, and a set of nonhomogeneous boundary conditions
representing a fixed-fixed attachment of the beam to the space modules has
been used to give a characteristic determinant. Computer programs have
been developed to solve for the zeros of the characteristic determinant and to

calculate the natural modes of vibration of the rotating system.

An exact solution for the beam deflection for motion of the system in
the plane perpendicular to the plane of rotation can be obtained using similar
methods, but was not included in this study because of the length of the

algebraic forms and computer programs.

A particular space station made up of two manned space modules
connected by a flexible beam has been studied to provide an example giving

numerical results of the analysis.

The natural frequencies and mode shapes for the six lowest modes

have been calculated for spin rates varying from ¢ to 3.5 rev/min. The
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effect of the spin rate has been shown to be an increase in the natural
frequencies corresponding to an "apparent' increase in beam stiffness due

to rotation.

As discussed in Section 4, Chapter V, analyses have been made to
investigate the behavior of the characteristic determinant when p? is less
than or equal to -Q?. The numerical results for these special cases
demonstrate the existence of two rigid body modes with non-zero frequencies

_C4Q! - 4EImQ?
4EIm

p2 = _Q® and p? = respectively. For these frequen -

cies the value of the characteristic determinant has been shown to approach

_CAQ* - 4EImQ?
4EIm

zero as p’—-Q% and as p® — , while D(p%?=_-Q?) # 0

e S 2
and D{(p? = gl - Shl # 0 . Therefore for each of these
4EIm

frequencies we have the rigid body mode R(r) = since the arbitrary

constants cj (j=1 -4) of the solution must vanish in order to satisfy the
boundary condition equations.
Frequency sweeps have been conducted for negative values of p?,

and no instabilities for the motion of the rotating system in the plane of the

orbit have been found.
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APPENDIX I

DERIVATION OF THE BEAM ORIENTATION VECTORS

In order to describe the motion of the point on the beam, we identify

an orthogonal set of unit vectors (eV , € , ew) as shown in Figure 4.

P1P2

We define the unit vector E:N from the vector equation

I x d = d sinug
PiP2 P1P2 w

|
|

—
= -J | zy - 24+ dysinfsinysinay - dysindcosicosfycosay

- dycosfsinfycosay + dysingsinysingy

- dysinfcosycosBicosa; - djcosfsinB cosay

—-[
+K [ yg - y1+ dycosfsinysina, - dycosfcosycos fcosay

+ dysinfsinfycosay + dycoshsinysinay

- dycosfcosycos ficosay + dysinfsinBcosa;

-

where the angle p is shown in Figure 6. Taking the dot product of the vector

with itself, we obtain the scalar equation

(dp 5 sinp)? = (z4 - Zq) 25 {py - Y1)2 + d%sinzz/)sin%zg
1P2

+ dicos?ycos?Bycos’ay + disin?Bycos’a,

+ disin®ysin’e, + dfcoszzpcoszmcoszal

+ disin®B,cos’ey
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FIG. 6. THE ANGLE u BETWEEN ‘epp, AND I



+ 2(29 - z4)

+ 2(y2 - y1)

+

+
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— ey

dysinfsinysina, - dysinfcosycosBycosay
- dycosfsinfB,ycosay + dysinfsinysina
- dysinfcosycos B cosay

- dycosfsinp cosay

N —

rd-zcosesinz/)sinaz - dycosfcosPcos Bycosay
+ dysinfsingBycosay + dicosfsinysina,
- djcosfcosycos gicosa

+ dysinfsing cosa,

| -

2d3sinycosPcos Bysinascosay + 2d,dysin®ysing 1Sina,
2d,dysinjcosycos B;cosa (Sinay

2d;dysinycosycos Bysinacosay
2d,d,cos?ycos B;cos Bycosa COSA,

2dydysinBsinBycosqCOSQy

- 2disinycosycos g sina;cosay

We now identify the angles Ak (k =1, 2, 3) which the vector :1.12

makes with the inertia space axes shown in Figure 7a. From Figure 7b we

see that
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X _X
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\
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FIG. 7. ORIENTATION OF -&.12 IN INERTIA SPACE
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Ay =~ 6 when ¥ is assumed to be a small angle

From the sum of the direction cosines we have, neglecting higher order terms,

Taking the dot product of 5[2 with each of the inertia axes, we write
dp » T = dgcoshy = Xp - X; = -dpp¥

—_—

d12 ¢ 3 = d1200S7\2 = Y2-V1 - d120059

—

djs ¢+ K = dpcosry = z9 - zy = dyysinf

Substituting these identities into the equation for (dp " siny) & , we have
1P2

(d sinu)2 = d}, + d%z/)zsinzoz + dcos’a +dzzpzsin2a + d?cos’a
p1ps 12 2 2 2 1 1 1 1

+

2dy, [dzwsinaz - dycosBycosay + dlz/)sinal:l

- dycosBjcosay

2d3ycos Bysinascosa, + 2d,dy¥Psina sina,

2d,dy¥cos Bicosasinay - 2dydyPcosBrsina cosay

+

2d,dycosa cosaycos(By - Ba) - 2diYcos Bysina,cosa,
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We assume «y, aj, B4, B are small angles and neglect higher order terms

to obtain

(dp1pzsinu) ? = dlp+dj+d} - 2dpdy - 2dppdy + 2did; = (dyp - dy - dy)?

Thus dp b sinp = (dy3 -dy -dy) =~ L for small deflection theory. We note
1P2

that a similar procedure can be used to show that

= d° ~ L? for small deflection theory.

d . d
P1P2 P1P2 P1P2

The equations for e and e may now be written as
w P1P2
—
— J —
eW = -7 |Z2-721+ dysinfsinysina, - dysinfcosycos fycosay

- dycosfsinfycosay+ disinfsinysingy

- djsinfcosycos Bicosay - djcosfsin B cosa;

K s P -
| Y- Vit dycosfsinysina, - dycosfcosycos fycosay
+ dysinfsinBycosay + djcosfsinysina;
- djcosfcosycos Bcosay + d;sinfsinB cosa,
T
e = = [x, - x4 + dycos¥sina, + dysinycos ycosay
PiP2 L
+ dycosysinay + dysinycos B,cosa
J r o e
N RARR S dycosfsinysinay - dycoshcosyPcos B5cosay

+ dysinfsinp,cosay + djcosfsinysina

- dycosfcosycos B cosay + disinfsinp cosa
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K
+ X
L

zy - Z4 + dysinfsinysina, - dysinfcosycospcosay
- dycosfsinfycosay + dysinfsinysinay

- dysinfcosycosp cosa, - djcoshsinfcosay

From the orthogonality of the unit vectors it can be shown by algebraic

manipulation that the third vector of the triad is given by

e =1
v
J A .
- 1T Xy - Xy + dycosysinay + dysinydcospcosay
+ dycosysingy + dysinicosB cosa;
Y2 - yi +dycosfsinysinay - dycosdcosycospcosay
* | + djsinfsinfycosay+ dicosfsinysing,
- djcosfcosycos B cosa, + dysingsinpB cosa,
K - ’
- 17 X9 - Xy + dycosysinay + dysinygcospycosay

+ djcosysinay 4+ dysinycosfcosa,

zy - 2y +d,singsinysinay - dysinfcosycosfcosay
. - dycosfsinBscosay + dysindsinysinay

- dysinfcosycosB cosa, - djcosfsinfcosa;



APPENDIX II

DERIVATION OF THE BOUNDARY CONDITIONS

The relationship between the slope of the beam at the end points and
the rotation angles of the respective stages is established for the fixed-fixed
boundary conditions by the following derivation:

The orthogonal set of unit vectors g , E;) Dy’ g;v has been described

1P2
in Appendix I. From Figure 8 we identify the angles uv , ur , “w made

| 1 1

by the vector e. with ;, e , e respectively, where
24 V. pipy W

e2 . eV = cosuV = (-cosysina, - sinycosp cosay)

1 . .
-1z | X2 -®t dycosysinay + dysindcos fycosay

+ dycosy¥sina, + dysindcos B cosay

. (y2 - y1) |- cosfsinysina, + cosfcosycosf cosa
- sinfsinfBjcosay
+ (29 - 24) | - sin@sinysine + coshsinBcosa;

+ sinfcosycos B cosa;

- dysin®ysina sina, + dysingcosycos Bysinacosay

- d;sin’ysin’e, + d;singcosycos f;sina cosay
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Projection of ?21 in the
: Plane of €p,p, and ey

/Proiection of ?21 in the
Plane of -e.p1p2 and ey

o

FIG. 8. ORIENTATION OF ‘¢,

-

WITH THE TRIAD ‘e, 'e’,,1,,2, ey
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dysingcosycos B cosa sina, - d;sin®Bcos’a,

+

d,sinBsinBcose;cosay, - dicos®dcos?B cos’a,

dycos?Pcos B cos Bycosa cosay

+

d;sinycosycos Bysina cosay

e = cosu = (—XLLXQ (-cosysina, - sinycosp cosa;)

- B . . =
+ o =30 [ cosfsinysina; + cosfcosycos B cosay

L
- sinfsinpBicosoy
(2o -29) = ., o . . .
+ L - sinfsinysina + sinfcosycos B cosa,
+ cosfsinf cosa,
L -
1 : .
+ T |- dysina,sinay - dyg
- dycosacosaycos(By - B 9)
e . e =cosy = -y [ singsinysina + cosfsinB cosa;
2 w w L
1 1 ]
+ sinfcosiycos B cosa,
(zy - z4) _
+ I cosfsinysinay - cosfcosycos B cosa

+ sinfsinpcosay

dy, . . . . .
+ f siny (sinB;cosw sinay, - sinBysina;cosay)

+ %Zcoswcosalcosazsin(ﬁz - By)
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Using small deflection theory and neglecting higher order terms, we write

d d
B 1) _ 2
cosl.tVi ~ <1 + L> oz2< I >

COSM ~ 1
Ty

d d
~ —1 =2
COSH 1— B1<1+ > + B2< >

Now the angle Hop made by the projection of E; on the plane formed by

1 1
e , e is related to v, (0,t) with the equation
Vo pipe
d d
cos;uVi - a4 <1 +—Ll> - a2<—f>
ta. = = =
n kg, ] cosu 1 v.1(0,%)
i r1

SO v,1(0,t) = -oy <1+%1-> - a2<gﬁ‘>

and similarly we have for the other end of the beam

d d
V,1(L,t) = -0 <1+—LZ> - 04 <Z‘L>
Also the angle - made by the projection of E; on the plane formed by
1 1

—_—

e , e is related to W, 1(0,t) with the equation
PP W
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d d

=1 =2

coslxWi B1 <1+ L> + BZ<L>

tan[l"twr ] = cosu = 1 - W,1(0,t)
1 r

S0 w,1(0,t) = B4 <1+%1:> + Bz(%)

and similarly for the other end of the beam
d d
W,l(L,t) = BZ <1+—:LZ> + '81<—IJL>

From the equations for w,(0,t) and w,{(L,t) we solve for g

and B, , written as

:81 = [—dzw,i(L,t) + (L+d2)W,1(O,t)]

B =

[(L+d1)W,1(L,t) - d1w,1(0,t)]

F‘ZI’*

and from the equations for v, (0,t) and v, (L,t) we write

oy = [sz,i(L,t) - (L+d2)V,1(0,t)]

e =

[-(L+dyv, (L, t) + dyv,(0,t)]

i l"‘



APPENDIX III-

NUMERICAL RESULTS OF THE ANALYSIS

1. The Basic Solution

A program has been written in Fortran IV for the IBM 7094 digital
computer to solve for the zeros of the characteristic determinant described
in Section 3, Chapter V. This program utilizes an iteration procedure to
conduct a frequency sweep for incremental values of p2 . When the value
of the determinant changes sign, the increment is progressively decreased
to converge to the value of p2 for which D(pz) ~ (0. This value of p2 is

listed as pJ? (j=1,2,...N), the jth natural frequency of the system,

and an associated eigenvector representing the mode shape of the jth mode

is calculated. A subroutine is then utilized to calculate the value of Rj(r)

for incremental values of r from 0 to L, and the results are plotted to

give the jth mode shape of the beam.

The data given in Table I are used for input data to the computer
program. These data represent two manned space modules launched by
Saturn-type launch vehicles and then connected by a flexible tunnel. The
tunnel is 4 feet in diameter with thin wall construction of a steel wire grid

sealed with a soft polymer membrane. The grid provides bending stiffness

89



Table I.

Physical Constants of the Space Station

Component Mass Principal Moments of Inertia Associated EI
(slug - ft? Distance (Ib - ft?)

Stage 1 M, = 1552.8 slugs | (IA); = 5(10% | (IA), = 1(10%) | (IA)5 = 9(10%) d, = 46 ft

Stage 2 M, = 1552.8 slugs | (IB); = 9(10% | (IB), = 1(10% | (IB)5= 9(10% d, = 46 ft
Beam m=.1242 slug/ft |  ---———= |  -—-e= | ----- L =47 ft |.184(10%

06
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and astronaut protective structure while the membrane serves as a micro-

meteorite shield and as closure for a shirt-sleeve atmosphere.

A spin rate Q varying from 0 to 3.5 rev/min has been studied.
The maximum  of 3.5 rev/min is such that the gravity level is approx -
imately .1 g at the tunnel end (approximately .3 g in the crew quarters).
For each spin rate the natural frequencies of the six lowest modes are
tabulated in Table II. Mode shapes for these frequencies are shown in Graphs
1 - 6. The effect of the spin rate is seen to be a slight increase in the natural
frequencies corresponding to an '"apparent' increase in stiffness of the beam

due to rotation, reference Hurty and Rubinstein [12].

In addition, the value of the characteristic determinant has been
shown to approach zero as p2 approaches -Q?% . Since the basic solution
is not valid for values of p2 <-Q® due to changes in the governing equation
or the solution, as discussed in Section 4 of Chapter V, we consider the

special cases in the following sections.

CHQ* - 4EImQ?
4EIm

2. p2 Between p2: -Q% and p2 =

As shown in paragraph a, Section 4, Chapter V, the solution is given
by equation (67). The characteristic determinant for this solution has been

programmed, and a frequency sweep for incremental values of p? within



Table II. Natural Frequencies of the System

p; Qt =0 Q% = .01343 | 0% = . 02656 | =.04029 |Q* =.05372 | Q? = .06715 | Q* =.08038 | 0% = .09401 | % = .10744 | @° = .12087 | Q® = .13430
lode (rad sec)?|| (rad/sec)? (rad/sec)? | (rad/sec)? | (rad/sec)® | (rad/sec)?® | (rad/sec)?® | (rad 'sec)? (rad 'sec)? (rad ‘sec;? | (rad/sec)® | (rad/sec)?
1. pi .361857(10Y) | .R70433(10% | . %79009( 10N | . 837533(10N |.596159(10Y) | . 904732(10% | .913305(10Y) | . 921878(10Y) | . 930449(1uY) | . 939020(10Y) | . 947590¢ 10
2, 3 L143452010%) | . 143631010% | . 143810010% | . 143990010% |.144169(10% | .144345010% | .144528(10% | .144707(10% | . 144886(10%) |.145065(10% | . 145244(10°
3. p} .153237(10% | .153302(10%) | . 132365(10%) | .153433(10°% |.13534v9(10% | .133564(10%) | .153630(10%) | .133695(10% | .153760(10% | .133826(10°) | .153891(10%)
1. p L115365(107) | .115590(10°) | . 115614(10") | .115638(10%) |.115662(107) | .115687(10°) | .115711(10°) | .115735(10°) | .115759(10°) | . 115784010 | .115808(10")

2 2 - - : 7 - - : - : -
5. P; L 4444110107) | . 444435(107) | . 4444K7(107) | . 444539(10°) | . 444631(10°) | . 444644(107) | . +44699(107) | . 444749(107) | . +44802(107) |.444853(10°) | . 444906( 10"
6. I .121260010% | . 121300(10%) | . 121309108 | . 121318(10% |.121327(10% | .121336(108) | .121345(10% | .121354(10% | .121363(10%) | .121372(10% | .121381(10%)

c6
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this region has been conducted. The results indicate that D(p% — 0 at

both end points and that there are no values of p? within this region for
which D( p2) = 0. However, a singularity exists within this region, as
discussed in paragraph e, Section 4, Chapter V. The value of D(p?
becomes large on both sides of this singularity, which is evaluated in Section

6 of this chapter.

As shown in paragraph b, Section 4, Chapter V, the governing
equation and solution are given by equations (69) and (70) when p2 = .02,
The characteristic determinant for this case has been programmed and the
value of D(p2 = -Qz) found to be non-zero. However, the numerical results
obtained from the basic solution and the numerical results of the analysis for

_CZ0* - 4dEIm@?

AEIm indicate that

the special case of p2 between -£° and

there is a natural mode at p2 = _Q°.

Therefore since D(p®=-0% # 0 we
must have R(r) =0 for all r, which is the rigid body mode with associated
frequency p?= -Q%. Thus we find that the rigid body frequency is not the

usual p? =0 for a non-rotating body, but rather a finite number equal to

the negative spin rate.
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-C4Q* - 4EIm@?
4EIm

4. p? With Negative Values Larger than p? =

As shown in paragraph c, Section 4, Chapter V, the solution for p2
within this region is given by equation (72). The characteristic determinant
for this region has been programmed, and a frequency sweep for incremental
values of p2 has been conducted. The results indicate that D(pz) — 0 as

2 _, -622494 - 413]:1‘1192
p 4EIm

and that there are no values of p? within this

region for which D(pz) = 0.

_C4Q! - 4EIm@?
4EIm

The governing equation and solution for this point are given by

equations (75) and (76). The characteristic determinant for this case has

O 2 oh 2
been programmed and the value of D<p2 = Cul 4I;In‘fEImQ > found

to be non-zero. However, the numerical results in Sections 2 and 4 of this

2ok 2
chapter indicate that there is a natural mode at p? = U8 - Sl
4EIm
G20t _ 4E 2
Therefore, since D p2 = Cal i) # 0, we must have
4EIm
R(r) = 0 for all r. Thus we have another rigid body mode with associated

~2 o4 2
frequency p2 = _C24Q4E_Im4EImQ as in Section 3 of this chapter.
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6. The Singularity Where A;B, - A,B; = 0

As shown in paragraph c, Section 4, Chapter V, a singularity exists
in the calculation of the characteristic determinant. A computer program has

been written to study this singularity, and the results indicate that D(pé) #0.

Thus, since the numerical results of the analysis in the neighborhood of the

singularity do not indicate a natural mode at the singularity, we conclude that

p; is not a natural frequency of the system.



FREE VIBRATION OF A ROTATING BEAM-CONNECTED SPACE STATION

James LaMar Milner

Abstract

The free vibration of a rotating beam-connected space station is
analyzed with a mathematical model of the space station which represents the
general three-dimensional motion of the various components of the system.
The space station is composed of two space modules connected by a flexible
beam, and the system is caused to spin in the plane of its orbit in order to

produce an artificial gravity environment within the space modules.

The kinetic energy and potential energy of the space station are used
to develop a Lagrangian function of the system. Hamilton's principle is used
to determine a set of governing equations, and a set of boundary conditions
representing a clamped-clamped attachment of the beam to each space module
is applied to the ends of the beam. Within the limits of small deflection
theory the motion of the space station is shown to be uncoupled into two
separate types of motion, one in the plane of rotation and the other perpen-

dicular to the plane of rotation.

An exact solution is obtained for the beam deflection in the plane of

rotation. The application of the nonhomogeneous boundary conditions leads



to a set of simultaneous equations in the frequency p2 , from which a
characteristic determinant is developed. A procedure to solve for the zeros
of the characteristic determinant is programmed for digital solution on the

IBM 7094.

Results of the analysis for a given space station design are presented
in the form of tables showing the natural frequencies of free vibration of the
space station for various spin rates. The effect of the spin rate is shown to
be an "apparent' increase in the stiffness of the beam. Mode shapes showing
the normalized bending deflection of the beam in its six lowest modes of
vibration are presented. By analysis of five special cases of negative values
of p2 the existence of two rigid body modes with non-zero values of p? is
demonstrated, and it is shown that the configuration studied has no instabilities

for motion in the plane of the orbit.
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