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Ḃ

r r

r >> r

V (t) =
μ0NA

2πr

∂I(t)

∂t



μ0 N

A r

I(t)

θ

θ



θ

θ

Ḃ
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Line emission refers to the spontaneous emission of photons when an electron de-excites 
from a higher energy shell of an atom.  When an atom gains energy (for example through a collision 
or photon absorption), its electrons can become “excited” and occupy a higher-level energy state.  
The excited state tends to be unstable and the electron will “de-excite,” transitioning to a lower 
energy shell and emitting a photon in the process.  Figure 1 displays an example of two commonly 
observed transitions, the Hydrogen-  and Hydrogen-  (parts of the Balmer series) transitions.   

 
Figure 1:  Basic diagram of hydrogen energy shells 

 The emitted photon energy is equal to the change in energy of the electron as it transitions 
to a lower energy state.  For a hydrogen (or deuterium) plasma, the ratio of intensities of these two 
colors of emission can be analyzed to determine electron temperature in a plasma, provided the 
assumption of Partial Local Thermodynamic Equilibrium (PLTE) within the plasma is valid, which 
will be defined later. 

 It is also worth reviewing basic electron structure terminology so as to easier understand 
contemporary charts of information that must be used in the calculation of the electron 
temperature.  First reviewed is the basic configuration of electron shells in an atom which will 
provide a context for understanding the “quantum numbers” of an electron.  Recall the standard 
shell description as shown in figure 2 below.  1s represents the lowest energy state, 2s and 2p 
represent the next highest energy state, and so on.  The letters s, p, and d (f not shown in diagram) 
represent the “sub-shells” within each shell.  



 
Figure 2:  Standard definition of energy shells for electron configuration 

Quantum numbers are used to specify an electron’s state when bound to an atom and there are 
four of them in total.  The first one is the “principal quantum number,” which defines the energy 
level an electron is bound to and it is usually represented as “n”.  In figure 2, the principal quantum 
number is equivalent to the shell’s energy level so that for the 1s shell n=1, for the 2s/2p shell n=2, 
and so on.  The second quantum number is the is referred to as the “azimuthal quantum number” 
and is represented as .  The number defines the subshell that an electron is in, so that for an 
electron in the s sub-shell , for an electron in the p sub-shell , for an electron in the d sub-
shell , and so on.  Under certain conditions this spin value can a ect the emitted photon 
energy and will be discussed a bit later.   The third quantum number is the “magnetic quantum 
number” and is represented as .  This quantum number will not be relevant to the models used in 
this analysis.  Finally, the fourth quantum number is the “spin magnetic quantum number” which 
defines the spin angular momentum of an electron and has the value of either , or .  Like the 
azimuthal quantum number, the spin value can also a ect the emitted photon energy under certain 
conditions and will be discussed a bit later next. 

 So as to avoid confusion with external literature it is worth noting the “fine-structure” model 
of a hydrogen atom.  Let it be noted here that this model is not necessary for the temperature 
estimations performed here but due to its prevalence in literature on the topic it is worth defining 
here so that the reader is clear when reading other literature.  This becomes especially important 
when determining the statistical weight of an electron’s energy state.  When the emission spectrum 
of a specific transition is closely observed, the spectrum actually has the shape of a doublet.  This 
is because the energy of the transition has a dependence on the spin of an electron.  As such, the 
fine-structure shell model of the hydrogen atom is modified as shown in figure 3 below.  The 
subshells are now given by the “total angular momentum quantum number” which is defined as  

 

 
Figure 3:  Diagram of subshells in the Hydrogen fine structure model 

Note that the subscripts in the subshell designations correlates to the total angular momentum 
quantum number and electrons bound to di erent subshells in this model actually have slightly 



di erent energies.  This model is commonly assumed in much literature regarding emission spectra 
so the reader should be aware of which model between the two shown above the material is using.   

For a plasma that is in Local Thermodynamic Equilibrium (LTE), the relative population of 
two energetic electron states can be assumed to be thermally distributed (see section on 
“ionization equilibrium ratios” in the chapter on “thermodynamic equilibrium relations” in Griem1), 
so that  

 

 

Where  is the population of the i’th energy state,  represents the statistical weight of that energy 
state (this will be discussed in more detail later),  is the energy associated with that electron 
state,  is the Boltzmann constant and  is the electron temperature.  LTE in a plasma requires that 
the plasma be dominated by collisions and that radiative absorption in the plasma is negligible.  
This is valid for plasmas of  and  (see Griem2) which is close to values 
being explored on the MTX machine (note that for LTE, the assumption that  is valid) but not 
always true.  However, the relation can still hold accurate to better than 10% for plasmas in Partial 
Local Thermodynamic Equilibrium (PLTE).  The energy di erence between various excited states is 
small when compared to the energy di erence between ground level and higher energy states.  
These excited states are more likely to be validly described by a thermal distribution and in this 
state a plasma can be said to be PLTE (this e ectively means that ion temperatures and electron 
temperatures are allowed to di er) (see Kroesen3). 

 The plasma parameters and electron energy states for which PLTE can be assumed have 
been studied intensively and thus the range of validity for PLTE is relatively well understood.  In 
general, the higher the electron density and the lower the principal quantum number, the more 
valid a PLTE assumption is for a plasma, as demonstrated by Fujimoto and McWhirter4 (see figure 6 
of their publication).  Using Fujimoto’s plot, it becomes apparent that for electron densities greater 
than 1015 cm-3 and temperatures less than 10 eV, PLTE should be valid for comparison of H-  and H-

 lines and any higher energy level transitions.  Therefore, equation 1 above may be used to 
represent energetic electron state populations. 

Now that the validity of equation 1 has been established (within 10% accuracy), note that 
emission intensity of a given energetic electron population in a plasma can be determined as (see 
section on “relative intensities of lines of the same atom or ion” in the chapter on “spectroscopic 
temperature measurements” in Griem1) 

 

 

Where  is the total intensity produced by a line emission of an electron transitioning from state 
 to  and integrated over spectral length of ,  is the reduced Planck’s constant,  is the 



frequency of the emitted radiation (assumed constant over spectral integration, i.e. line spectrum is 
narrow),  is the Einstein coe icient for the transition, and  is the population of the given 
energetic state.  Direct substitution for two arbitrary energized states of equation 2 into equation 1 
will yield 

 

Where the lefthand side represents the ratio of two spectrally integrated line intensities and the 
other variables are consistent with those specified in equations 2 and 3.  If the emission 
wavelength, Einstein coe icients of the transitions, statistical weight, and bound energy of both 
transition types are known, then electron temperature can be calculated as  

 

Do note that a method using a linear fit that increases accuracy by using multiple line ratios (useful 
for heaver gases) is outlined in the supplemental materials of Chu’s publication5.  For a single ratio, 
error can also be estimated using the method suggested by Griem1 so that 

 

Where  represents the value in the natural logarithm of equation 4.  If it is assumed that the error 
in the emission frequency, Einstein coe icients, and statistical weights is negligible compared to 
the intensity ratio measurement (a likely scenario for this situation), then the time independent 
error of the estimate will be equal to the uncertainty in the intensity ratio measurement plus 
another 10% due to the PLTE model.  It must also be noted that when using fast time resolution 
photodiodes, one must also take into account the statistical decay time (inverse of the Einstein 
coe icient) and account for error in time-varying measurements as well.  For example, the Einstein 
coe icient for H-  for hydrogen is given by NIST as , the inverse of which 
means on average it takes  for the emission event to occur.  This means that changes in 
intensity occurring on timescales faster than this are subject to additional error proportional to the 
rate of change of intensity and the Einstein coe icient.  This can be modeled by dividing the rate of 
change of intensity by the Einstein coe icient and the instantaneous intensity value.  Since there 
are two events being measured, each one is calculated separately and contributes to the total error 
in intensity ratio.  Finally, bit noise tends to add an additional 1% overall uncertainty.  Therefore, the 
overall error can be estimated as  

 

 

 



 

 

Temperature comparisons here could only be performed within a very specific range, due to two 
primary factors.  Two perform a line-ratio calculations, two detectable intensities of line emission 
are required.  In many cases H-  emission could not be detected with the diagnostics at hand.  This 
implies that the plasma temperatures in these tests are generally very cold.  Additionally, using the 
ratios of H-  to H-  generally only work up to approximately 10 eV.  This is because once the 
electron temperature reaches this value, the emission of H-  tends to cease as the majority of 
electrons in hydrogen orbitals are in the n=4 shell.  However, some analysis of electron temperature 
can still be performed in the pre-ionization studies.   

Figure 4 below shows the camera images taken from a ringing-  discharge in 50 mTorr of deuterium 
gas. The image shows a much brighter spot on the 4th frame (7.55-7.65us) which directly coincides 
with the temperature going o -scale what this method can measure as shown in figure 5.  It’s worth 
noting that the average temperature increased by ~0.1 eV from before vs. after the compression, 
implying  a small degree of shock heating.  

 

Figure 4:  Images taken of  a ringing-  discharge in 50 mTorr of deuterium. 

 
Figure 5:  Line ratio temperature of a ringing-  discharge in 50 mTorr of deuterium gas. 

 



Temperature measurements in the biased-dipole configuration could be performed over a longer 
span of time due to the fact that the maximum variation of line intensity was not as high as seen in 
the ringing-  configuration due to the plasma compression.  Figure 6 displays the measured 
temperature of a biased-dipole discharge in 100 mTorr of deuterium gas.  The temperature tends to 
stay consistent of the timescale shown at ~0.4 eV.  However, by the time the reversal field would be 
fired for formation (~50 s), H-  emission is no longer detectable, implying a very cold plasma. 

 

 
Figure 6: Line ratio temperature of a biased-dipole discharge in 100 mTorr of deuterium gas. 
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