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CHAPTER I 

INTRODUCTION 

Traditionally engineers have lumped the mass of a structure at a 

discrete number of points based solely on experience. Then with the in-

troduction of consistent mass approximations for continuous systems, it 

appeared that a proper discretization procedure had evolved. Now, how-

ever, there seems to be a trend to return to the lumped or diagonal mass 

approach, as researchers find that the use of consistent mass matrices 

does not always lead to improved accuracy in frequency prediction and al-

ways involves additional computations (12, 19, 20, 23, 28, 35, 36, 41, 

49, 51, 82, 92, 93, 101). 

The purpose of this investigation is to present a literature study 

pertaining to mass matrices and their role in structural analysis and 

to conduct a comparison study on different types of mass matrices on the 

basis of frequency prediction. In order to perform the comparison study, 

a FORTRA.i.'J code was developed using beam-column elements to assemble the 

system mass matrix and calculate the eigenvalues and eigenvectors. This 

code was then added to the code developed in CE4002-~atrix Structural 

Analysis and CE5980-Computer Aided Structural Design. 

The formulation of the mass matrix has not been as thoroughly inves-

tigated as the stiffness matrix. This is probably because it is required 

for only a limited class of problems. However, as structures become ligh-

ter and more sophisticated, vibration analysis~ and consequently the mass 

matrix, becomes critical to a complete structural analysis. 

In the same way that the stiffness matrix relates the nodal displace-

ments to the strain energy of an element, the mass matrix relates the no-
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dal velocities to the kinetic energy. Let p = the mass per unit volume 

of the element and N = the interpolation matrix containing functions used 

to discretize the velocity field of the continuum. The mass matrix, m, 

can be written as 

m = Jf J T 
p N N dV 

v 

where V = the volume of the element. The selection of these interpola-

tion functions is arbitrary, but one obvious possibility is to use the 

same functions that were used to discretize the displacement field. If 

this is done, the kinetic energy of the elements will be consistent with 

the strain energy, and the resulting mass matrix is called a consistent 

mass matrix. Using a mass matrix of this type can at times lead to in-

creased accuracy in frequency prediction; however, there is always an ac-

companying increase in computational effort (3, 5, 14, 16, 54, 88). 

A lumped diagonal mass matrix is, as the name implies, a diagonal 

matrix containing the structural mass of a system lumped at a discrete 

number of points. This lumping is_ normally achieved by ascribing the 

mass of a certain portion of the structure to each of the discrete 

points approximating the continuum. There are other methods of forming 

diagonal mass matrices (24, 26, 35, 36, 49, 82, 86), which will be intro-

duced in Chapter II and examined in greater detail in Chapter III. A 

diagonal system, formed by any method, leads to a relatively simple and 

efficient solution process. The computed frequencies and mode shapes, 

however, may differ from the exact, especially in the higher modes (6, 

14, 41, 51, 54, 62, 67, 88). 



CHAPTER II 

LITERATURE STUDY ON MASS MATRICES AND RELATED STRUCTURAL CHARACTERISTICS 

This chapter contains a literature study on mass matrices and re-

lated structural characteristics. Element models, solution procedures, 

and mass matrix types were investigated to determine possible corre-

lations between them and accurate frequency predictions. Also included 

in the study were methods for reducing the size, and consequently the 

solution time, of complex eigenproblems. Therefore, the role of the 

mass matrix in the current state of the art of dynamic structural analy-

sis can be determined. 

The information derived from this study is presented in Table 1. 

The symbols used in Table 1 are defined, in some detail, in Tables 2 - 6. 

Following these tables are brief summaries of key point. 

The study contains information from various books and conference 

proceedings; however, the major sources were articles found in journals 

dealing with numerical methods, computers, and structures. Most of 

these were published since 1963. 

3 
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The symbol; X; denotes that the general topic is discussed in the arti-
cle. All other symbols, denoting specific topics discussed in the ar-
ticle, are defined in Tables 2 - 6. 
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Table 2 

Mass Matrix Type 

Definition of Symbols 

DM - Distributed mass approach examined by Coull and Mukherjee (21) 

HCH - Lumping procedure identical to KB except a is selected to allow a 
larger time step without upsetting convergence (42) 

HRZ - Lumping procedure which scales diagonal terms of the consistent 
mass matrix to preserve the total mass of the system developed and 
used by Hinton, Rock and Zienkiewicz (35) 

KB - Lumping procedure developed by Key and Beisenger (49) based on the 
consistent mass matrix and a gradient inertia scaling factor, a, 
selected on the basis of the maximum frequency 

ML Complementary energy representation of mass is used in conjunction 
with the potential energy representation to yield a modified non-
diagonal "consistent" mass matrix (56) 

NI - Numerical integration technique to form a diagonal lumped mass 
matrix studied by Fried and Malkus (26) 

SCH - Consistent diagonal mass matrix determined using orthogonal base 
functions and mixed variational formulation developed by Schreyer 
(86) 

VKC - Truncated mass matrix with only one degree of freedom per node and 
no coupling determined from the consistent mass matrix (97) 
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Table 3 

Finite Element Model 

Definition of Symbols 

1 - Two-Dimensional Beam 

2 - Two-Dimensional Beam including shear deformation and rotary inertia 
effects 

3 - Three-Dimensional Beam 

4 - Sandwich Beam 

5 - Thin-Walled Beam 

6 - Curved Beam 

7 - Triangular Membrane 

8 - Triangular Plate 

9 - Plate Bending 

10 - Axisyrnrnetric Plate 

11 - Triangular Shell 

12 - Flat Quadrilateral Shell 

13 - Isoparametric Shell 

14 - Axisyrnrnetric Shell 

15 - Thin Shell 

16 - Sandwich Shell 

17 - Curved Shell 

18 - Finite Dynamic Element developed by Gupta (29) 

NES - No Element Specified 
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Table 4 

Continuum Model 

Definition of Symbols 

CAB - Cantilever Beam 

CAC - Cantilever Channel Beam 

CAP - Cantilever Plate 

CB - Continuous Beam 

CC - Circular Cylinder 

CCB - Clamped-Clamped Beam 

CCP - Clamped-Clamped Plate 

COL - Column 

CR - Clamped Ring 

FFB - Free-Free Beam 

FM - Fixed Membrane 

HS - Hyperboloidal Shell 

NP - No Example Problems 

PCB - Pre-Tuisted Cantilever Beam on a Rotating Disk 

PF - Plane Frame 

RD - Rotating Disk 

SC - Spherical Cap 

SCP - Simply-Supported Cylindrical Panel 

SF - Space Frame 

SSB - Simply-Supported Beam 

SSC - Simply-Supported Channel Beam 

SSC - Simply-Supported Grid 
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Table 4 

Continuum Model 

Definition of Symbols 

SSM - Simply-Supported Square Membrane 

SSP - Simply-Supported Plate 

SST - Simply-Supported Thin-Walled Beam 

SWB - Y-Shaped Shear Wall Building 

TP - Thick Square Plate 
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Table 5 

Solution Process 

Definition of Symbols 

BAT - Solution Methods Discussed by Bathe and Wilson (10) 

DU - Direct Integration Methods were used; However, a Specific Type 
was not Discussed 

ECD - Explicit Central Difference Time Integration 

HQRI - Householder Reduction, QR Eigenvalue Solution and Inverse Iteration 
to Find Eigenvectors 

JAC - Jacobi Solution Method 

NB - Newmark-$ Method 

ND - Solution Process Not Discussed 

RL - Ritz Method using Lagrange Functions (3) 

RQ - Rayleigh Quotient Minimization Method 

WO - Wilson-8 Method 
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Table 6 

Matrix Reduction Method 

Definition of Symbols 

ASH - Reduction method proposed by Appa, Smith and Hughes (4) where de-
gree~1of freedom producing the highest norms of vectors generated 
by K M are retained 

FRI - Reduction method based on the Finite Element, Rayleigh-Ritz, and 
Power Methods discussed by Fried (27) 

GUY - Reduction method discussed by Guyan (32) involving combinations of 
K and M elements in the elimination of degrees of freedom 

HO - Reduction method where degrees of freedom are eliminated based on 
the lowest frequencies determined neglecting coupling effects (34) 

RNU - Reduction method not used 
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Summary 

There appears to be no clear cut preference in the literature for 

any one form of mass matrix. Although ten different types of mass 

matrices were mentioned, only four were discussed in more than one 

article: the consistent mass matrix, lumped diagonal nass matrix, a-

factor diagonal mass matrix introduced by Key and Beisinger (49), and 

the scaled diagonal mass matrix formulated by Hinton, Rock, and 

Zienkiewicz (35). 

The most commonly studied mass matrices were the lumped diagonal 

mass matrix and the consistent mass matrix. The most comrr.on element 

model used in their examination was the beam. For frames, the lumped 

diagonal mass matrix was used twice as often as the consistent mass 

matrix, while for structures composed of plate elements, the consistent 

mass matrix was more often used. When a direct integration solution 

scheme was employed, some form of diagonal mass matrix was usually used. 

Accurate frequencies were determined for certain problems by all methods. 



CHAPTER III 

DEVELOPMENT OF THE MASS MATRICES FOR THE COMPARISON STUDY 

The four types of mass matrices discussed by more than one article 

in the literature study are included in the comparison study: the con-

sistent mass matrix, lumped diagonal mass matrix, a-factor diagonal mass 

matrix (49), and the scaled diagonal mass matrix (35). Following an 

examination of each matrix's development is a discussion of its possible 

advantages and disadvantages in natural frequency estimation. 

Consistent Mass Matrix 

The consistent mass matrix can be derived using the kinetic energy, 

T. In Fig. 1, P is the reference state relative to which the motion of 
·l; 

the element is defined, and P the location of P at time t. w is the 

displacement vector of P and V the volume of the element. If p is the 

mass per unit volume (the mass density) of the element, the kinetic ener-

gy of the differential volume can be written as 

dT = -! p dV w•w = -T p dV (~ 2 + ~ 2 + ~ 2) 1 2 3 
(1) 

Eq. 1 can be rewritten in matrix notation as 

1 • T • dT = 7 p w w dV (2) 

Both sides of Eq. 2 are integrated to determine the kinetic energy of the 

continuum model: 

T t JJJ 
• T • 

p w w dV (3) 
v 

To discretize the continuum, let 

w N u 
(4) 

where w is the velocity vector, a function of x, y, z, and t. N is the 

17 
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Displacement Vector of P 

w. w.(x,y,z;t) 
l. l. 

P(x,y,z) 

Differential 
Volume 

"'"--~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~----":> 

x 

FIGURE 1 - KINETIC ENERGY FORMULATION OF A DIFFERENTIAL VOLUME 
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interpolation matrix, composed of interpolation functions, which are 

functions of x, y, and z. u is a function of t. Then, by definition, 

·T w •T T 
u N 

Applying Eqs. 4 and 5 to Eq. 3 gives 

or 

where 

T = t ~T [ff j P NT N dV] ~ 
v 

m 

T L •T • -z u mu 

f jj P NTN dV 
v 

(5) 

(6) 

m is a consistent mass matrix if the interpolation functions used to dis-

cretize the velocity and displacement fields are identical. 

The beam-colunm element, shown in Fig. 2, is used in modeling the 

test problems for the comparison study. Its consistent mass matrix de-

rived using Lagrange and Hennite interpolation functions (39) is 
r-

140 14 7 21L 70 63 -14L 

14 7 156 22L 63 54 -131 

pA1 211 221 4L 2 14L 13L -3L2 
m 420 (7) 

70 63 141 140 14 7 -211 

63 54 13L 14 7 156 -221 I 
-14L -131 -31 2 . -211 -221 41 2 J 

where A is the area and L the length of the element. 

When studying the natural frequencies and _mode shapes of structures 

with finite element analysis, using a consistent mass matrix often pro-

duces more accurate results (3, 5, 6, 14, 16, 54, 88). A consistent mass 

matrix has the advantage that it provides a mathematical approximation of 
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L 

FIGURE 2 - BEA.l-1-COLUMN ELEMENT USED IN THE COMPARISON STUDY 
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the exact inertia force associated with each degree of freedom rather 

than some arbitrary lumped value, and accounts for coupling between de-

grees of freedom. Another advantage is that when using a consistent mass 

matrix with compatible elements, the computed natural frequencies of the 

structure will always be upper bounds to the exact frequencies (6, 16, 

19, 20, 23). 

According to the literature, the primary disadvantage in using the 

consistent mass matrix is the increased complexity of the matrix compu-

tations, that is, the inversion or triangularization of a full or banded 

matrix rather than a diagonal one. 

Lumped Diagonal Mass Matrix 

The interpolation functions, N, ·used in the evaluation of the con-

sistent mass matrix, do not have to be exactly the same as those which 

discretize the displacement field. Other mass matrices can be derived 

by using different interpolation functions. 

The lumped diagonal mass matrix for the beam element shown in Fig. 

3(a) can be calculated from Eq. 6, if the interpolation functions are 

determined by assuming that half of the element acts like a rigid body 

unaffected by the remaining half (19, 77). The interpolation functions 

determined in this manner are 

1 

x 

1 

x 

and the resulting mass matrix is 
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L3 
96 
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2 

~:J 
Observe that the rotational terms are equal to the mass moments of iner-

tia of each half about its center. However, if this method is used to 

calculate the interpolation functions for the beam element shown in Fig. 

3(b), the type used in Test Problem 1, the resulting mass matrix is not 

diagonal. The interpolation functions remain 

Nl 1 

N2 x 

N3 1 

N4 = x 

but the mass matrix becomes 

L L2 
0 0 2 8 

12 13 
0 0 8 24 

m P A 
I L L2 I 0 0 2 8 
I 

l 0 0 
L2 13 J 8 24 

For this element, the rotational terms are equal to the mass momen~ of in-

ertia of each half about its end. Although the diagonal terms are car-

rect, some coupling between degrees of freedom·is retained, that is, some 

off-diagonal terms are non-zero. Therefore, it appears that to guarantee 

the correct determination by this method of the lumped diagonal mass rria-
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trix for an element, each half of the element should be symmetric about 

its generalized displacements. 

In a more popular method of forming a lumped diagonal mass matrix, 

the mass of contiguous regions surrounding a node are considered concen-

trated at that node. For example, a beam is divided in half and ascribed 

a rotational mass equal to the mass moment of inertia of the adjacent 

half segment about the node, and a translational mass equal to the mass 

of the half segment. The lumped diagonal mass matrix for the beam-col-

umn element, used in the test problems, is determined in this manner and 

shown in Eq. 8. 

m p A 

L 
2 

L 
2 

1 L 3 
-( ) 3 2 

L 
2 

L 
2 

1 L 3 
3< 2 ) 

(8) 

J 
Diagonal mass matrices, formed by any method, require less storage 

space and are easily inverted. The fundamental frequencies determined 

are usually accurate, and may actually at times be better than the fre-

quencies determined using the consistent mass system (1, 9, 19, 20, 23, 

28, 35). If a diagonal mass system is used, the calculated frequencies 

may be above or below the actual frequencies. Also, since the mass is 

concentrated at a point rather than distributeq throughout the system, 

the lumping of the mass overestimates the flexibility of the structure, 

while the structural model inherently overestimates the stiffness. These 

could be reasons why in some cases diagonal mass results approximate the 
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actual frequencies more closely than the consistent mass results. There-

fore, the lack of bounding frequencies may not be a great disadvantage to 

a diagonal mass approach. Also, unless the finite element is conforming, 

the bounding frequency property of the consistent mass approach does not 

hold. 

The mode shapes determined by a diagonal mass method are less reli-

able and frequencies are usually less accurate than when using the con-

sistent mass system, although only slightly so in the lower modes. In 

general, the errors induced by lumping increase as the complexity of the 

element increases (23, 41, 51, 62, 67, 88, 101). 

a-Factor Diagonal Mass Matrix 

This method for forming a diagonal mass matrix, described in a paper 

by Key and Beisinger (49), is an approach which generates a diagonal mass 

matrix from the non-diagonal consistent mass matrix. Consider the con-

sistent mass matrix terms, from Eq. 7, corresponding to the translational 

displacements of the beam-column element. The non-zero elements of the 

a-factor diagonal mass matrix are formed by adding the diagonal terms of 

the consistent mass matrix to the appropriate off-diagonal terms: 

m44 

m55 

The same technique is 

pAL ( 420 140 + 70 ) 

ML ( 156 + 54 ) 
420 

pAL 
( 70 + 140 ) 420 

PAL ( 54 + 156 ) 420 

then applied to the 

= 

PAL 
2 

pAL 
2 

PAL 
2 

pAL 
2 

rotational inertia terms 
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pA1 ( 412 - 312 ) 
420 

pAL 
420 

pA1 ( -312 + 412 ) = pA1 
m66 = 420 420 

The diagonal mass matrix formed according to the a-factor method is 

m = pA1 
420 

210 

210 
l 

210 

210 

where a is the gradient inertia scaling factor. a is selected so that 

the maximum eigenvalue for the diagonal mass system is equal to the max-

imum eigenvalue of the consistent mass system. The a value specified by 

Krieg and Key (51) for a beam-column element is 17.5. Interestingly 

enough, using this value for a produces a mass matrix equivalent to the 

lumped diagonal mass matrix defined in Eq. 8. In the comparison study 

of Chapter IV, the maximum frequency determined using the consistent 

mass matrix does not coincide with the maximum frequency determined using 

the a-factor diagonal mass matrix, with a = 17.5. Additional study is 

needed to determine if the given a value is correct. 

The advantages and disadvantages of using this type of mass matrix 

for natural frequency prediction of structures are those discussed pre-

viously for a diagonal mass matrix. 

Scaled Diagonal Mass Matrix 

For this mass matrix, described in papers by Hinton, Rock and 
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Zienkiewicz (35) and by Rock and Hinton (82), the diagonal terms of the 

consistent mass matrix are computed and then scaled so as to preserve the 

total overall mass of the element. 

In mathematical notation, the non-zero elements of the scaled diag-

onal mass matrix are 

( ff f p N N dV ) ( ff f p dV ) r = 1, 2, •.• , 6 
v r r v m 5 (9) rr 

( f ff l p N. N. dV ) j :f 3 
v j=l J J 

Eqs. 7 and 9 are used to compute the non-zero elements of the scaled diag-

onal mass matrix for the beam-column element 

( 14~~~1 ) pAL 
pAL ( 140 + 156 + ll10 + 156 ) 420 

( 156pAL ) AL 
420 ° 

pAL ( 140 + 156 + 140 + 156 ) 420 

( 4L2PAL ) AL 
420 p 

m66 = pAL ( 140 + 156 + 140 + 156 ) 
420 

140pAL 
592 

156pAL 
592 

So the diagonal mass matrix formed according to this scaling method is 

156 l 140 

pAL 
m = --420 140 

. 156 

Since the overall mass of the structure is retained, this appears to be 
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a more rational method of forming a diagonal mass matrix from the con-

sistent mass matrix than the method proposed by Key and Beisinger. 

Again, the advantages and disadvantages pertaining to the use of 

this type of mass matrix in frequency estimation are those discussed pre-

viously for a diagonal mass matrix. 



CHAPTER IV 

COMPARISON STUDY 

A comparison study was conducted in order to determine the accuracy 

of frequency estimation for different types of mass matrices. Originally 

the study was to be composed of the four types of mass matrices referred 

to more than once in the literature study; however, it was reduced to 

three types after the a-factor diagonal mass matrix was shown to be iden-

tical to the lumped diagonal mass matrix for the beam-column element. 

Three test problems were used in the study: a simply-supported beam 

(6), a three member frame (102), and a three story single bay frame (17). 

Natural frequencies were determined using the computer code listed in 

Appendix B. Comparisons were made with results presented in the source 

of the test problem, and to exact results when available. 

Description of Analysis Process 

The accuracy of a solution and the validity of the results are de-

pendent on the solution process used to obtain them. There is no one 

best solution method for all types of eigenproblems. The method used in 

this comparison study was selected after discussions with Dr. Meirovitch 

and a limited amount of research into the characteristics of various other 

types of solution routines. 

The generalized form of the eigenproblem is 

K ¢ = w2 M ¢ (10) 

where K and M are the stiffness and mass matrices respectively. ¢ is an 

eigenvector or mode shape, and w is a natural frequency of the system. 

Tnen for this solution procedure the generalized eigenproblem must be 

29 
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transformed into a standard eigenproblem of the form 

K ¢ = w2 ¢ 
- -where K is the matrix resulting from the transformation and ¢ is an eigen-

-vector for the K system. The transformation is performed using a symmet-

ric Choleski decomposition. M is transformed into a matrix product of a 

triangular matrix and its transpose 

(11) 

Then, letting 

- -T ¢ = L ¢ (12) 

and applying Eqs. 11 and 12 to Eq. 10 gives 

K ¢ = w2 ¢ 
where 

- --1 --1 T 
K = L K (L ) 

This decomposition is only applicable if M is positive definite. A con-

sistent mass matrix is always positive definite; however, when using a 

diagonal mass matrix all elements must be greater than zero. (For a more 

detailed discussion of this decomposition, see Bathe and Wilson (10) pp. 

258, 381-382.) 

-After the decomposition is performed, the resulting K matrix is re-

duced to tridiagonal form using a Householder reduction transformation 

and the eigenvalues are obtained by QR iteration. A tridiagonal matrix 

is one in which all elements except those on the main diagonal, and the 

two diagonals adjacent to the main diagonal, are zero. In the QR iter-

ative solution method, K is decomposed into the form 

where Q1 is an orthogonal and R1 an upper triangular matrix. Then, let-
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ting 

begins the iterative cycle. The eigenvalues are determined through re-

peated calculations of RQ, while the eigenvectors are determined by in-

verse iteration. (For a more detailed discussion of this solution tech-

nique (HQRI) see Bathe and Wilson (10) p. 461.) Then, using the same 

transformations as before, the eigenvectors for the original generalized 

eigenproblem are determined from those of the tridiagonalized system. 

This solution procedure works well for symmetric, positive definite, 

banded matrices. However, if M is ill-conditioned with respect to in-

version, the transformation process will also be ill-conditioned and could 

result in the inaccurate calculation of eigenvalues and eigenvectors (10). 

Another disadvantage is that when a banded mass matrix is used in the 

generalized eigenproblem, a full matrix is obtained from the transforma-

tion to the standard eigenproblem. Therefore, bandedness cannot be used 

to simplify the solution of the standard eigenproblem. Also, since this 

technique solves for all eigenvalues andeigenvectors, another solution 

process may be more efficient if all are not required. 

Along with the calculation of frequencies and mode shapes, the pro-

gram listed in Appendix B has the capacity to compute fully stressed de-

signs, responses to member loadings and internal member responses for var-

ious loading conditions. If a consistent mass matrix is to be used, it 

is generated internally and assembled for the system in the same manner 

as the stiffness matrix. For a diagonal mass matrix, all system mass 

values must be input. 
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Test Problem 1 - Simply-Supported Beam 

This problem, taken from Archer (6), is a simply-supported beam di-

vided into six elements as shown in Fig. 4. The twelve degrees of free-

dom considered include a translational and rotational degree of freedom 

at each interior node and a rotational degree of freedom at each end. The 

mass matrices are developed as described in Chapter III with the exception 

of the scaled diagonal mass matrix. The use of beam elements rather than 

beam-column elements causes only a deletion of the first and fourth rows 

and columns in the consistent mass matrix and the lumped diagonal mass 

matrix; however, the scaled diagonal mass matrix becomes 

156 

pAL 
m = --312 156 

The member properties, shown in Fig. 4, are consistent throughout the 

structure and were chosen so that .the output frequencies would correspond 

directly to those determined by Archer (6). All frequencies were then 

non-dimensionalized and compared to the exact frequencies for a simply-

supported beam (44, 81, 104), as shown in Table 7. The percentage dif-

ferences between the computed and exact frequencies are shown in Table 8. 

An examination of Tables 7 and 8 shows that the computed consistent 

mass matrix frequencies are verified by the results of the consistent mass 

study by Archer (6). As expected, the consist~nt mass matrix frequencies 

are always higher than the exact frequencies; they are accurate to more 

than 3% in the first five modes with a maximum error of 38% in the elev-

enth mode. 
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~- Member Number 

@- Node Number 

J- 60"--- 60"-t- 60"-.-- 60"-l- 6 0"~~,~1 - 60 'Y 
~-----------------360"----------------------

Cross Sectional Area - 10.0 in 2 

Modulus of Elasticity - 30000.0 ksi 

Moment of Inertia - 40.0 in 4 

kips-sec 2 
Mass Density - 0.0060014 _.__ __ 

in4 

FIGURE 4 - TEST PROBLEM 1 - SIMPLY-SUPPORTED BEAM 
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4 1 

TABL2 7 - NATURAL FR;£QUii:NCI.:i:S, w ( PAL · )2 OF A Sifl'".iPLY-SUPPORT~D B~Iv! n .ti:I ' 

Mode Archer Consistent Lumped Scaled 

Number i£xact Consistent Mass Mass Diagonal· Diagonal 
study Matrix Mass Hatrix Mass 1"iatrix 

1 9.8696 9,8703 9.8801 9.7647 9,8307 

2 39.478 39 • .511 39.519 37. 7.59 38.896 

3 88.826 89.177 89.184 80 • .573 . 8.5.697 

4 157.91 159.78 159 .• 78 133,50 146.78 

.5 246.74 253.29 2.53.29 191.41 212.66 

6 355.31 394.37 394.37 249.42 449.64 

7 48J.61 533,30 .533.30 JOJ.23 492.01 

8 631.65 733.28 733.28 349.49 573.04 

9 799.44 991.28 991.28 386.05 654.30 

10 986.96 1312.1 1312.1 411.88 720. 75 

11 1194.2 1645.2 1645.2 427. OJ 76J.88 

12 1421.2 1807.2 1807.2 432.01 778,79 
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TABLE 8 - Ph.'RCJ!:NTAGE DIFF.IB..!!NC~ Bt"TW~N. ~XACT AND COMPUT.i!!D FR~QUt,;NCI.ti:S 

Mode Consistent Lumped Scaled 
Number Mass Diagonal· Diagonal 

Matrix Mass i'ia tr ix J't:ass Matrix . 

1 • 106 -1.06 -.J94 

2 .104 -4.J.5 -1.47 

J .40J -9.29 -J • .52 

4 1.18 -15 • .5 -7. 05 . 

.5 2.6.5 -22.4 -1J.8 

6 11.0 -29.8 26.5 

7 10.J -J?.J 1.74 

8 16.1 -1.Jl+. 7 -9.28 

9 24.o -51.7 -18.2 

10 J2.9 -58.J -27.0 
' 

11 J?.8 -64.J -J6.o 

12 27.2 -69.6 -4.5.2 
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The lumped diagonal mass matrix results are consistently lower than 

the exact frequencies with an error of more than 20% by the fifth mode. 

The maximum error was approximately 70% in the twelfth mode. 

The scaled diagonal mass matrix frequencies were lower than the exact 

frequencies in all modes except the sixth and seventh. These computed 

frequencies were consistently more accurate than the lumped diagonal mass 

matrix frequencies, and in the higher modes, seven through eleven, were 

more accurate than the consistent mass matrix frequencies. The error was 

less than 10% through the first four modes and in modes seven and eight. 

The maximum error was approximately 45% in the twelfth mode. 

Test Problem 2 - Three Member Frame 

This problem, taken from Warburton (102), is the three member frame 

shown in Fig. 5. Joint rotation and lateral translation were allowed at 

each joint for a total of four degrees of freedom. The mass matrices 

were developed for the beam-column elements as described in Chapter III. 

The member properties, included in Fig. 5, are again consistent through-

out the structure and chosen so that the output frequencies correspond 

directly with the Warburton results. The fundamental frequency was deter-

mined in the source using two methods, a frame analysis procedure and a 

single degree of freedom lumped mass model. These frequencies and the 

computed results are shown in Table 9. The approximate mode shapes were 

also determined for this problem and are shown in Fig. 6. 

The frame analysis procedure is described in detail by Warburton 

(102). It is essentially a trial and error procedure in which the frame 

is divided into a number of beams whose displacements and rotations are 
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PALI+ 1 
TABL3 9 - NATURAL FR8QU.t!:NCI~S, w ( ) 2 , OF A THR~J.!: M.::MB~ FRAN~ n .!!I . 

;.Jarburton 
Mode Lumped Single Consistent Lumped Scaled 

Number Frame Degree of Nass Diagonal .Diagonal 
Analysis Freedom System Matrix ii;ass ~iatrix Nass Eatrix 

1 J.17 J.46 J.118 2.85) 1+.079 

2 -- -- 18. 01 8.479 21.06 

J -- -- 35.35 11. lJ 27.34 

4 -- -- 1J9.9 69.37 98.10 



First Mode 

.l 
Third Mode 

I \I ,I 
Ii 
l 
1 

v 
'I 
I 

i 
J_ 

39 

FIGURE 6 - MODE SHAPES FOR TEST PROBLEM 2 

l 
Second ~1ode 

v 
A 

/! 
\I 
J_ 

Fourth ;1ode 



40 

expressed in terms of end forces and moments. Continuity is ensured by 

equating the appropriate displacements. 

The fundamental frequency determined using the consistent mass 

matrix is within 1% of the fundamental frequency determined using the 

frame analysis procedure. However, frequencies determined using either 

of the diagonal mass matrix schemes vary from these by 10% or more. The 

lumped diagonal mass matrix frequencies are the lowest in all modes. The 

consistent mass matrix frequencies are the largest in the higher modes, 

while the scaled diagonal mass matrix frequencies are the largest in the 

lower modes. The fact that the scaled diagonal mass matrix frequencies 

could be greater than the consistent mass matrix frequencies was not seen 

in Test Problem 1. 

Test Problem 3 - Three Story Single Bay Frame 

This problem, taken from Cheng (17), is the three story single bay 

frame shown in Fig. 6. Rotation and lateral translation were again al-

lowed at each joint for a total of twelve degrees of freedom. The mass 

matrices are as described in Chapter III; the given member properties (17) 

varied throughout the structure and are shown in Table 10. Cheng deter-

mined the frequencies for the first three modes using a three degree of 

freedom lumped mass model. These frequencies and the computed results 

are shown in Table 11. 

Since there were no exact frequencies available for this problem, 

general comparisons to the lumped mass results· of Cheng are all that can 

be made. As expected, the lumped diagonal mass matrix frequencies are 

lowest in all modes and closest to the frequencies determined by Cheng. 
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TABLE 10 - MEMBER PROPERTIES FOR TEST PROBLEM 3 - THREE STORY SINGLE 
BAY FRAME 

Member Cross-Sectional Moment of Modulus of Mass Density 
k' 2 

Number Area (in 2) Inertia (in4) Elasticity (ksi) ( ips-sec ) 
in4 

1 10.0 340. 0 30000.0 7.3386(10)- 7 

2 9. 13 239.0 30000.0 7.3386(10)-7 

3 9.13 239.0 I 30000.0 7.3386(10)-7 

4 10.0 340.0 I 30000.0 7. 3386 (10)-7 

5 13.2 351. 0 30000.0 I 7.3386(10)- 7 

6 13.2 351. 0 30000.0 7.3386(10)-7 

I I 7.3386(10)-7 7 I 10.0 340.0 30000.0 

8 25.0 723.0 
' 

30000.0 I 7.3386(10)- 7 

9 25.0 723.0 30000.0 7.3386(10)-7 
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AT4 .!.. 
TABL;!! 11 - NATURAL FRJ!~U8NCI~3, wn( p ~t )2 , OF A THR~V.: STORY SINGLE 

BAY FRAMi:;. 

Chene- Consistent Lumped Scaled !-:ode Lumped Three Mass Diagonal Diagonal Number Degree of 
Freedom System Matrix Mass Matrix Kass Matrix 

1 32.270 34.365 33.486 47.833 

2 96. 927 103.87 93.263 137.41 

3 168.94 185.48 159,44 236.95 

4 -- 399.58 173.64 431.10 

5 -- 471. 01 232,76 571.80 

6 -- 602.84 243.81 577 .45 

7 -- 657.66 286.J7 681.47 

8 -- 908.?J 286.53 '111.27 

9 -- 10H3.J 316.03 777.04 

10 -- 1226.?. 841.75 1178.5 

11 -- 1Li·?B. 8 994.34 1400.4 

12 -- 2506.1 122J.2 1742.9 
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Again, as in Test Problem 2, the consistent mass matrix frequencies are 

the largest in the higher modes, while the scaled diagonal mass matrix 

frequencies are the largest in the lower modes. 

Time and Cost Comparison 

For each test problem, comparisons were made between the time re-

quired to reach a solution when using a banded consistent mass matrix and 

that required when using a diagonal one. These execution times and the 

corresponding costs are shown in Table 12. 

Although the execution times in all cases were slightly less when 

using a diagonal mass matrix scheme, the corresponding costs were un-

affected. Therefore, any economic incentive for using a diagonal mass 

matrix was not evident in this study. 
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TABL.:!: 12 - ~XBCtJI'ION TIMl!.!S MID CORH~SPONDING COSTS FOR CONSIST~NT AND 
DIAGONAL MASS SYSTG!•1S 

Test Problem 1 Test Problem 2 Test Problem J 

Consistent 
Viass 4.80 3.J5 4.99 

~xecution System 
Times 
(CPU) Diagonal 

Mass 4.68 J.32 4.88 
System 

Conslstent 
rr;ass 10 6 10 

Cost System 
(Cents) Diagonal 

Nass 10 6 10 
System 



CHAPTER V 

SUMMARY AND CONCLUSIONS 

A major conclusion resulting from this study is that there is no 

clear cut preference in the literature for any one type of mass matrix; 

however, based on the results of the comparison study, the frequencies 

determined using the consistent mass matrix were more accurate, and com-

puted with no significant increase in solution time or cost, than those 

determined using a diagonal mass system. Additional research is needed 

to determine if this contradiction of the literature can be substantiated 

for larger problems. 

In Test Problem 1, where direct comparisons with the exact frequen-

cies could be made, the consistent mass matrix frequencies were more 

accurate through the first six modes than those determined using either 

diagonal mass matrix. Therefore, since these lower modes are critical 

for most civil engineering structures, the consistent mass matrix is 

superior in frequency prediction to the diagonal systems. In the higher 

modes, the scaled diagonal mass matrix frequencies more closely approxi-

mated the exact frequencies; however, in most cases the error was 10% or 

more. Therefore, the value of frequency estimation for the higher modes 

is questionable. Although the exact frequencies for the structures in 

Test Problems 2 and 3 were not available, these problems were useful for 

frequency and time comparisons between mass matrix types. The exact re-

sults could be determined with further study to provide an additional 

basis for accuracy comparisons. 

The results of the time and cost comparisons showed that there were 

no additional costs incurred when using a consistent mass matrix. There-

46 
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fore, there is little reason to use a diagonal mass matrix. 

It is hoped that the fairly extensive literature study, presented 

in Chapter II, will aid the person interested in discovering more about 

the role of the mass matrix in dynamic structural analysis; although 

the mass matrix is infrequently the major topic of an article, it is 

often considered as important within the article. The literature study 

is perhaps the most valuable and useful part of this thesis. 

Included in the literature study were several methods for reducing 

the size of eigenproblems by a reduction in the number of degrees of 

freedom. Perhaps, in a later work, an automated degree of freedom re-

duction method could be incorporated into the program listed in Appendix 

B, and a study could be done to determine the effects of reduction on 

frequency estimation. 
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APPENDIX A 

USERS GUIDE FOR COMPUTER CODE 

The computer code listed in Appendix B is an analysis and/or design 

program with the capability of determining the natural frequencies and 

mode shapes of beams and of plane frames composed of beam-column elements. 

Structures are limited to ten members, ten joints, twenty degrees of 

freedom and four loading conditions. If more complex structures are to 

be considered the COMMON statements and storage allocations must be ad-

justed accordingly. The units used internally in the program are inches, 

kips, seconds and radians. These must also be used in the input data. 

A description of the data deck is as follows: 

FIRST CARD 

NDS 

NDS - number of data sets, problems, contained in the data deck 

DATA SET CARDS 

Structure Information Card 

.NM, NJ, NDOF, MB, NLC 

·mt total number .of members in the structure 

NJ - total number of joints in the structure 

NDOF - number of degrees of freedom considered in the analysis 

MB - bandwidth of the stiffness matrix and consistent mass matrix if it 

is used, equal to the maximum difference between the MCODE values of 

each element excluding zeros plus one 

NLC - number of loading conditions in data set 
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Function Calling Card 

INFOC,IFSDC,ITTCON,INFOP,ILDAP,IGENCL,MASTYP 

INFOC - SUBROUTINE INTFOR calling flag: if greater than zero, internal 

member forces are calculated 

IFSDC - SUBROUTINE FSD calling flag: if greater than zero, a fully 

stressed design is determined 

ITTCON - iteration control value: maximum number of iterations allowed to 

reach a fully stressed design; if IFSDC equals zero ITTCON should 

be set equal to zero 

INFOP - if greater than zero, internal member forces are printed; must be 

set equal to zero if INFOC and IFSDC are zero 

ILDAP - if greater than zero, the tilda force matrix is printed 

IGENCL - SUBROUTINE EIGEN calling flag: if equal to zero, frequencies and 

mode shapes are not determined; if equal to one, frequencies and 

mode shapes are determined but no other analysis and/or design 

is performed; if equal to two, frequencies and mode shapes are 

determined along with other analysis and/or design 

MASTYP - calling flag for mass matrix selection: if equal to zero, a con-

sistent mass matrix is generated and assembled internally; if 

equal to one, system diagonal mass matrix values must be read in 

while non-diagonal values are set equal to zero internally 

Member Loading Total Card - not required if IGENCL equals one 

NXA(I) I = 1, NLC 

NMA(I) - total number of member loadings in each loading case 

Member Property Cards 

INC(I,l),INC(I,2),A(I),XI(I),E(I),DENS(I) I 1, NM 
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INC(I,l), INC(I,2) - beginning, ending joint of element I 

A(I), Xl(I), E(I), DENS(I) - area, moment of inertia, modulus of elasti-

city, mass density for each element I 

Use one card for each member 

Joint Coordinates Cards 

X(I,l),X(I,2) I l,NJ 

X(I,l), X(I,2) - X or 1, Y or 2 coordinate of joint I 

Use one card for each joint 

Member Action Index Card - not required if IGENCL equals one 

MA(N,I) I = l,NLC and N = l,NM 

MA(N,I) - number of member loads on member N in load case I 

Start a new card for each loading case 

Member Action Information Cards - not required if IGENCL equals one or if 

all NMA(I)'s equal zero 

MNUM(I,J),LDTYP(I,J),WON(I,J),WTW(I,J),WTH(I,J),WFO(I,J) 

J = l,NLC and I = l,NMA(J) 

MNUM(I,J) - member number; members must be read in sequentially lowest to 

highest 

LDTYP(I,J) - types of loading, values explained below 

WON(I,J), WTW(I,J), WTH(I,J), WFO(I,J) - loading parameters, values ex-

plained below, all zeros must 

be read in 

Input all member loadings for load case one and then continue for other 

loading cases. 

Explanation of LDTYP and Loading Parameters 

LDTYP = 1 Uniform Distributed Load 
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WON, WTW - starting, ending position of load from the a-end of the 

member as a fraction of L 

WTH - load value 

WFO - set equal to zero 

LDTYP = 2 Concentrated Transverse Load 

WON - load value 

WTW - position of load in inches from a-end of the member 

WTH, WFO - set equal to zero 

LDTYP = 3 Concentrated Axial Load 

WON - load value 

WTW - position of load in inches from a-end of the member 

WTH, WFO - set equal to zero 

LDTYP = 4 Uniform Temperature Increase 

WON - amount of temperature increase 

WTW - coefficient of thermal expansion 

WTH, WFO - set equal to zero 

LDTYP = 5 Linearly Varying Distributed Load 

WON, WTW - starting, ending position of load from the a-end of the 

member as a fraction of L 

WTH, WFO - starting, ending value of load 

LDTYP = 6 Fabrication Error 

WON - inches too long, (-) if too short 

WTW, WTH, WFO - set equal to zero 

LDTYP = 7 Linearly Varying Temperature Increase - Used in Conjunction 

with LDTYP = 4 

WON - linear variation in temperature, 0 to WON, or if used with 
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LDTYP = 4 it is the difference between the beginning and ending 

temperature values 

WTW - coefficient of thermal expansion 

WTH - depth of section 

WFO - set equal to zero 

Nodal Loading Cards - not required if IGENCL equals one 

PSTOR(L,K) K = l,NLC and L = l,NDOF 

PSTOR(L,K) - load applied to degree of freedom L during loading case K 

A new card must be started for each loading case and all zeros must be 

read in. 

Yield Strength Card - not required if IGENCL equals one or if IFSDC equals 

zero 

FY 

FY - yield strength of member material 

MCODE Matrix Cards 

MCODE(L,M) L = 1,NM and M = 1,6 

MCODE(L,M) - relates system degrees of freedom to element degrees of free-

dom; if no system degree of freedom corresponds to degree of 

freedom M of element L a zero is input, otherwise the corre-

sponding system degree of freedom number is input; for each 

element, each successive number excluding zeros must be 

greater than all previous ones 

Diagonal Mass Values Card - not required if IGENCL equals zero or if 

MASTYP equals zero 

SM(I,1) I = 1,NDOF 

SM(I,l) - system diagonal mass matrix values 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

MAIN PROGRAM MAIN 10 
--------------------------------------------------MAIN 20 
THIS IS A MULTIPURPOSE PLANE FRAME PROGRAM UTILIZING BEAM-CGLUMN MAIN 30 
ELEMENTS. MEMBER ANO JOINT FORCES, NATURAL FREQUENCIES AND MODE MAIN 40 
SHAPES AND FULLY STRESSED DESIGNS CAN BE DETERMINED FOR STRUCTURESMAlN 50 
WITH A MAXIMUM OF 10 MEMBERS AND/OR JOINTS AND 20 DEGREES OF FREE-MAIN 60 
OOM OR LESS. LARGER STRUCTURES MAY BE ANALYZED BUT THE COMMON MAIN 70 
STATEMENTS AND STORAGE ALLOCATIONS MUST THEN BE MODIFIED. MAIN 80 

MAIN 90 
MAIN 100 

MAJOR VARIABLES ARE DEFINED AS FOLLOWS: MAIN 110 
MAIN 120 

NM,NJ-NU~BER OF MEMBERS, NUMBER OF JOINTS MAIN 130 
NDOF-NUMBER OF DEGREES OF FREEDOM OF THE STRUCTURE MAIN 140 
MB-HALF BAND WIDTH OF THE STIFFNESS AND MASS MATRICES MAIN 150 
NOS-NUMBER CF DATA SETS MAKING UP DATA DECK MAIN 160 
NLC-NUMBER Of LOADING CONDITIONS MAIN 170 
INFOC-CAlLING FLAG FOR CALCULATION OF INTERNAL MEMBER FORCES MAIN 180 
IFSDC-CALLING FLAG FOR CALCULATION OF FULLY STRESSED DESIGN MAIN 190 
ITTCON-MAXIMUM ALLOWABLE NUMBER OF ITERATIONS, DESIGN CHANGES, TO MAIN 200 

~EACH A FULLY STRESSED DESIGN MAIN 210 
INFOP-FLAG FCR PRINTING INTERNAL MEMBER FORCES MAIN 220 
ILDAP-FLAG FOR PRINTING MEMBER FORCES DUE TO MEMBER LOADS, MAIN 230 

F-TILDAS MAIN 235 
IGENCL-FLAG FOR CALCULATION Of EIGENVALUES AND EIGENVECTORS MAIN 240 
X-JOINT COORDINATE MATRIX, TWO COGROINATES PER JOINT MAIN 250 
INC-MEMBER INCIDENCE MATRIX, CONNECTIVITY BETWEEN MEMBERS MAIN 260 
A-CROSS-SECTIONAL AREA Uf EACH MEMBER MAIN 270 
XI-MOMENT OF INERTIA OF EACH MEMBER MAIN 280 
E-YOUNG'S MODULUS OF ELASTICITY OF EACH MEMBER MAIN 290 
XL-LENGTH OF EACH MEMBER MAIN 300 
C-COSINE OF THE ANGLE BETWEE~ THE MEMBER AND THE CORRESPONDING MAIN 310 
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c 
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c 
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c 
c 
c 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
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GLOBAL AXIS MAIN 320 
S-SINE OF THE ANGLE BET~EEN THE MEMBER AND THE CORRESPONDING MAIN 330 

GLOBAL AXIS MAIN 340 
MASTYP-CALLING FLAG FOR MASS MATRIX TYPE DESIRED MAIN 350 
ALPH, BETA-STIFFNESS MATRIX PARAMETERS MAIN 360 
DENS-MASS DENSITY Of ELEMENT MAIN 370 
WEIGHT-WEIGHT OF MEMBER MAIN 380 
FY-YIELD STRENGTH Of MEMBER MATERIAL MAIN 390 
TWEIHT-TOTAL WEIGHT Of THE STRUCTURE MAIN 400 
MCUDE-MATRlX RELATING ELEMENT TO SYSTEM DEGREES OF FREEDOM MAIN 410 
AK-UPPER TRIANGULAR BANDED PORTION OF THE STIFFNESS MATRIX MAIN 420 
SM-UPPER TRIANGULAR BANDED PORTION Of THE MASS MATRIX MAIN 430 
NMA-NUMBER OF MEMBER ACTIONS IN LOADING CASE MAIN 440 
MA-MEMBER ACTION INDEX CONT"4iNING THE NUMBER Of MEMBER ACTIONS MAIN 450 

APPLIED TO EACH MEMBER MAIN 460 
MNUM-1'1EMBER NUMBER OF MEMBER TO WHICH A MEMBER LOAD IS APPLIED MAIN 470 
LDTYP-TYPE Of MEMBER LOAD APPLIED MAIN 480 
WON, wrw, WTH, WfO-MEMBER lOAD PARA:'-tETERS DEPENDENT ON LOAD TYPE MAIN 490 
PSTOR-APPLlED CONCENTRATED LOAD AT EACH DEGREE OF FREEDOM MAIN 500 
FLOC-MEMBER FORCES IN LOCAL COORDINATES MAIN 510 
PP-JOINT FORCES JN GLOBAL COORDINATES MAIN 520 
DISP-DISPLACEMENTS FOR EACH DEGREE OF FREEDOM MAIN 530 
XXX-LOCATION OF PANEL PGINTS IN EACH MEMBER WHERE INTERNAL MEMBER MAIN 540 

RESPONSES ARE CALCULATED MAIN 550 
V-SHEAR FORCE AT EACH PANEL POINT FOR EACH MEMBER MAIN 560 
BM-INTERNAL BENDING MOMENT AT EACH PANfl POINT FOR EACH MEMBER MAIN 570 
BMM-MAXIMUM INTERNAL BE~DING ~OMENT FOR EACH MEMBER MAIN 580 
FBALLr FTALLr FCALL-ALLOWABLE BENDING, TENSILE, COMPRESSIVE STRESSMAIN 590 
SECMOD-SECTION MODULUS FOR ~ACH MEMBER MAIN 600 
ELM-EFFECT I VE LENG TH OF EACl-t MEMBER MA IN 610 
FBACT, fAXACT-ACTUAL BENDING, AXIAL STRESS MAIN 620 
SF-SCALING FACTOR FOR EACH MEMBER USED TO MODIFY DESIGN IN DETER- MAIN 630 
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MINING A FULLY STRESSED DESIGN MAIN 640 
M-SKYLINE VALUES OF MASS ~ATRIX MAIN 650 
DD, AZ-EIGENVALUES, EIGENVECTORS OF STRUCTURE MAIN 660 
I-EIGENVECTORS Of MODIFIED STRUCTURAL SYSTEM MAIN 670 
D, G, TLINV, TILDAK, SSKTIL-MOOIFIEO MASS-STIFFNESS MATRICES USED MAIN 680 

EIGENVALUE, EIGENVECTOR CALCULATIONS MAIN 690 
MAIN 700 
MAIN 710 

LATEST REVISION - OCTOBER 1978 MAIN 720 
MAIN 730 
MAIN 740 

------------------------------------------------------------------MAIN 750 
COMMON X(l0,2),A(l0),Xl(l0) 1 EC10),XL(10),CC10) 1SC10),AlPH(l0),BETAMAIN 760 

lll0),SSKTIL(210J,WON(l014)1WTWCl014>1WlH(l014)1WfO(l014),pp(30,4J,MAIN 770 
2FLOCCl0,6,4),8MCl0,7,4J,PSTORC20,4),PDUPC20,4),&MMC10,4),XXX(l0,7,MAIN 780 
34),V(l0,7,4),DlSPC20,4),WEIGHTCl0),0(20,20),Gl20,20),TLINVC20,20J,MAIN 790 
4TILOAK(20,20),AZ(20,20),0ENS(lOJ,MCODE(l0r6),INC(l0,2),MNUM(l0,4),MAIN 800 
5MA(l0,4l,LDTYPC10,4),NMA(4),FY,NM,NJ1NDOF,MB,INFOC,IFSOC,ITTCON,NLMAIN 810 
6C,INFOP,ILDAP 1 lGENCL,MASTYP MAIN 820 

DIMENSION TC1000) MAIN 830 
MAIN 840 

READ NUMBER OF DATA SETS MAIN 850 
MAIN 860 

READ (5,*) NOS MAIN 870 
00 2 JJJ=l,NOS MAIN 880 

MAIN 890 
READ CALLS FOR INTERNAL FORCES, FULLY STRESSED DESIGNS, ALLOWABLE MAIN 900 
ITERATIONS ANO CALLS FO~ PR!NTING THE f-TILOA 1 S ANO INTERNAL MAIN 910 
MEM8ER FORCES MAIN 915 

MAIN 920 
READ (5,*) INFOC,IFSOC,ITTCON,INFOP,ILOAP,IGENCL,MASTYP MAIN 930 

MAIN 940 
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c 
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c 
c 
c 
c 
l 

2 

c 
3 

READ NUMBER OF MEMBERS, NUMBER OF JOINTS, NUMBER OF DEGREES OF 
FREEDOM, BANDWIDTH AND NUMBER Of LOADING CONDITIONS 

READ (5,*} NM,NJ,NDOF,MB,NLC 
If lIGENCL.EQ.l) GO TO l 

READ TOTAL NUMBER OF MEMBER ACTIONS IN EACH LOADING CASE 

READ (5,*) (NMA(l),l=l,NLC) 

SET UP DYNAMIC DIMENSIONING 

Nl=l 
N2=l+NDOF*MB 
N3= l +N2+NOOF 
N4=l+N3+NM*6*NLC 
CALL EXEC (T(NlJ,TIN2l,TlN3J,TCN4)) 
WR I TE ( 6, 3 i 
CONTINUE 
STOP 

FORMAT 11 H-) 
END 

MAIN 950 
MAIN 960 
MAIN 970 
MAIN 980 
MAIN 990 
MAINlOOO 
MAIN1010 
MAIN1020 
MAIN1030 
MAIN1040 
MAIN1050 
MAIN1060 
MAINl070 
MAIN1080 
MAIN1090 
MAINllOO 
MAINlllO 
MAIN1120 
MAIN1130 
MAIN1140 
l"iAIN1150 
MAIN1160 
MAIN1170 

CJ' 
CJ' 
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1 

SUBROUTINE EXEC (AK,P,FTIL,SM> EXEC 10 
----------------~-----------------------------------------------EXEC 20 

EXEC 30 
EXEC 40 

THIS SUBROUTINE IS THE EXECUTIVE SUBROUTINE WHICH CALLS All SUB- EXEC 50 
ROUTINES SPECIFIED BY USER UPTIONS. ALSO DISPLACEMENTS AT EACH EXEC 60 
DEGREE OF FREEDOM AND MEMBER ANO JOINT FORCES FOR EACH LOADING EXEC 70 
CONDITION ARE OUTPUT. TILDA FORCES AND INTERNAL MEMBER RESPONSES EXEC 80 
MAY ALSO BE OUTPUT. EXEC 90 

EXEC 100 
EXEC 110 

--~----------------------------- ----~-----------EXEC 120 
COMMON X(l0,2),A(lOJ,Xl(lO),E(lO),XL(lO),C(lOJ,S(lO),AlPH(lOJ,BETAEXEC 130 

l(lOJ,SSKTll(2lOJ,WON(l0,4),WTW(l0,4),WJH(l0,4),Wf0(10 1 4),PP(30 1 4J,EXEC 140 
2FLOC(l0,6,4),BMll0,7,4),PSTORl20,4J,POUP(20,4),8MM(l0,4J,XXX(l0,7,EXEC 150 
34),V(l0,7,4),0lSP(20,4),WEIGHT(lOJ,0(20,20),G(20,20),TLINV(20,20),EXEC 160 
4TILDAKC2J,20),AZC20,20),DENSllOJ,MCOOE(l0,6),(NC(l0,2),~NUMtl0,4),EXEC 170 
5MAl10,4),LDTYP(l0,4),NMAC4J,fY,NM,NJ,NOOF,MB,INFOC,IFSOC,ITTCON,NLEXEC 180 
6C,INFOP,ILDAP,IGENCL,MASTYP EXEC 190 
DI~ENSION AKCNDOF,MBa, P(NOOF), FTILCNM,6,NLC), SM(NOOF,MB) EXEC 200 

EXEC 210 
CALL All OTHER SUBROUTINES DEPENDING ON USER FLAGS EXEC 220 

EXEC 230 
CALL INPUT CAK) EXEC 240 
CALL MPROP EXEC 250 
IF (IGENCL.EQ.OJ GO TO 1 EXEC 260 
CALL STIFF lAK) EXEC 270 
CALL AMASS (AK,P,FTIL,SMa EXEC 280 
CALL EIGEN (AK,P,FTIL,SM) EXEC 290 
IF (IGENCL.EQ.lJ GO TO 15 EXEC 300 
CALL MACT IAK,P,FTIL) EXEC 310 
IF CIGENCL.EQ.2) GO TO 2 EXEC 320 
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c 
c 

6 
7 
c 
c 
c 
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8 
c 
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c 

CALL STIFF (AK) 
CALL SOLVE CAK,P) 
CAll FORCE (AK,P,FTIL) 
IF (INFOC.EQ.01 GO TO 3 
CALL INTFOR 
IF CIFSDC.EQ.0) GC TO 5 
IF (INFOC.GT.O) GO TO 4 
CALL INTFOR 
CAlL FSD CAK,P,FTIL) 
DO 14 11=1,NLC 
WRITE ( 6, lo) II 
lf CILDAP.EQ.0) GO TO 7 
If lNMACil).EQ.O) GO TO 1 
WRITE (6,17) 

WRITE THE MEMBER TILDA FORCES FOR EACH LOADING CASE IF REQUESTED 

DO 6 l=l,NM 
WRITE (6,18) J,(Flll(l,J,11),J=l,6) 
WRITE (6 1 19) 

WRITE DISPLACEMENTS AT EACH DEGREE OF FREEDOM FOR EACH LOADING 
CASE 

DO 8 l=l, NDOF 
WRITE (6,20) l,OISP(l,11) 
CONTINUE 

WRITE MEMBER FORCES FOR EACH LOADING CASE 

WRITE (6,2lJ 
DO 9 l=l, NM 

EXEC 330 
EXEC 340 
EXEC 350 
EXEC 360 
EXEC 370 
EXEC 380 
EXEC 390 
EXEC 400 
EXEC 410 
EXEC 420 
EXEC 430 
EXEC 440 
EXEC 450 
EXEC 460 
EXEC 470 
EXEC 480 
EXEC 490 
EXEC 500 
EXEC 510 
EXEC 520 
EXEC 530 
EXEC 540 
EXEC 550 
EXEC 560 
EXEC 570 
EXEC 580 
EXEC 590 
EXEC 600 
EXEC 610 
EXEC 620 
EXEC 630 
EXEC 640 
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c 
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12 

c 
c 
c 
c 

13 
14 
15 
c 
16 
17 
18 
19 
20 

WRITE (6,22) I,FLCC(l,ltlll,FLOC(l,4,Ilt,FLOCCI,2,11),FLOCCI,5,Il)EXEC 650 
l,FLOC(I,3,11),FLOCII,6,II) EXEC 660 

CONTINUE EXEC 670 
EXEC 680 

WRITE JOINT FORCES FOR EACH LOADING CASE EXEC 690 
EXEC 700 

WRITE (6,23) EXEC 710 
DO 10 I=l,NJ EXEC 720 
WRITE (6,24) I,PPC3*1-2,Il),PPl3*1-l,11),PP(3*1,ll) EXEC 730 
CONTINUE EXEC 740 
IF llNFOC.EQ.0) GO TO 11 EXEC 750 
GO TO 12 EXEC 760 
IF (lfSOC.EQ.0) GO TO 14 EXEC 770 
IF (INFOP.EQ.0) GO TO 14 EXEC 780 
WRITE (6,25) EXEC 790 

EXEC 800 
WRITE THE INTERNAL MEMBER RESPONSES, SHEAR ANO BENDING MOMENTS, EXEC 810 
FOR EACh LOADING CASE IF REQUESTED EXEC 820 

EXEC 830 
00 13 M=l,NM EXEC 840 
WRITE (6,26) M,(XXX(M,1,11),l=l,7) EXEC 850 
WRITE (6,27) (V(M,l,II),l=l,7) EXEC 860 
WRITE (6,28) (BMCM,I,11) 1 1=1,7) EXEC 870 
CONTINUE EXEC 880 
CONTINUE EXEC 890 
RETURN EXEC 900 

EXEC 910 
FORMAT ClHO,///,lOX,17HLOADING CONOITION,12) EXEC 920 
FORMAT (//40X,31HT1LDE FORCE MATRIX (TRANSPOSED)/) EXEC 930 
FORMAT (8X,6HMEMBER,I3 7 6(5X,fl2.5)/) EXEC 940 
FORMAT (lH-,3HOOF,5X,4HDISPl EXEC 950 
FORMAT llHO,lX,12,4X,Fl0.6) EXEC 960 



21 FORMAT (1H-,6HMEMBER,5X,12HA-END FORCES,5X,l2HB-ENO FORCES> EXEC 970 
22 FORMAT (lH0,2X,I2,7X,Fl0.4,7X1fl0.41/1llX,Fl0.4 17X,Fl0.4 1 /1llX,FlOEXEC 980 

l.4,7X,Fl0.4) EXEC 990 
23 FORMAT tlH-,5HJOINT,5X,7Hl-fORCE,5X,7H2-FORCE,5X,6HMOMENT) EXEClOOO 
24 FORMAT (lH0,1x,12,5x,F9.3,3X,F9.3,3X,F9.3) EXEC1010 
25 FORMAT (lH0,///,40X,29H**INTERNAL MEMBER RESPONSES**•//) EXEC1020 
26 FORMAT (/,lX,7HMEMBER ,I2,7(4X,2HX=,F8.3),/) EXEC1030 
27 FORMAT (5X,SHSHEAR,7C2X,El2.4)) EXEC1040 
28 FORMAT '4X,6HMOMENJ,7(2X,El2.4)) EXEClOSO 

END EXEC1060 



c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

SUBROUTINE INPUT (AK) INPT 10 
-----------------------------------------------------~-----INPT 20 

INPT 30 
INPT 40 

THIS SUBROUTINE READS, STORES ANO OUTPUTS THE INFORMATION INPT 50 
SUPPLIED BY THE USER INPT 60 

INPT 70 
INPT 80 

--------------------------------------------------lNPT 90 
COMMON X(l0,2J,A(l0),Xl(l0),EC10),XLClOJ,C(l0),SC10),ALPHC10),BETAINPT 100 

1Cl0),SSKTIL(210),W0N(l0,4),WTW(l0,4>,WTHC10,4),Wf0(10,4),PPt30,4),INPT 110 
2FLOC(l0,6,4),8Mll0,7,4) 1 PSTORl20 1 4),POUPl20,4),BMM(l0,4),XXX(l0,71INPT 120 
34) 1 V(l0,7 1 4),0ISP(20,4),WEIGHT(l0),0(20,20),GC20,20),TLINV(20,20),INPT 130 
4TILDAK(20,20),Al(20,20),DENSC10),MCOOE(l0,o),lNC(10,2)1MNUMCl0,4),INPT 140 
5MAll0 1 4),LOTYP(l0,4J,NMA(4),FY,NM,NJ,NDOF,MB,INFOC,1FSOC,ITTCON,NLINPT 150 
6C,INFOP,llOAP,iGENCL,MASTYP INPT 160 

DIMENSION AK(NDOF,MS) INPT 170 
INPT 180 

WRITE THE NUMBER Of MEMBERS AND JOINTS INPT 190 
lNPT 200 

WRITE (6,19) NM,NJ INPT 210 
WRITE (6,20) INPT 220 
WRITE (6 1 21) INPT 230 

INPT 240 
READ JOINT COORDINATES, MEMeER PROPERTIES ANO CONNECTIVITY INPl 250 

INPT 260 
READ (5,•) (INC(N,l),INC(N,2J,ACN),Xl(NJ,E(NJ,OENS(N),N=l,NMJ INPT 270 
READ cs,•> (X(J,l),X(J,2J.J=l,NJ) INPT 280 
If (IGENCL.EQ.l) GO TO 5 INPT zqo 

1NPT 300 
READ THE MEMBER ACTION INDEX INPT 310 

I NPT 320 

....... 

...... 
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c 
c 
c 
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c 
c 
c 
c 
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DO l I=l,NLC 
READ C5,*) (MA(N,IJ,N=l,NM> 
CONTINUE 
00 2 J=l,NLC 
NMALC=NMA(J) 
If CNMALC.EQ.0) GO TO 2 

READ MEMBER ACTlON LOADING AND APPLIED NODAL LOADING 

FOR LOAD CASE l - UNIFORM DISTRIBUTED LOAD 
Wl, W2 ARE STARTING, ENDING FRACTION Of l FROM A-END 
W3 IS LOADING VALUE 

FOR LOAD CASE 2 - CONCENTRATED LOAD 
Wl IS LOADING VALUE 
W2 IS DISTANCE FROM A-ENO IN INCHES 

FOR LOAD CASE 3 - CONCENTRATED AXIAL LOAD 
Wl IS LOADING VALUE 
W2 IS DISTANCE FRGM A-END IN INCHES 

FOR LOAD CASE 4 - UNIFORM TEMPERATURE INCREASE 
Wl IS UNIFORM INCREASE IN TEMPERATURE 
W2 IS COEFFICIENT OF THERMAL EXPANSION 

FOR LOAD CASE 5 - LINEARLY VARYING DISTRIBUTED LOAD 
Wl, W2 ARE STARTING, ENDING FRACTIONS Of L FROM THE A-END 
W3, W4 ARE STARTlNG, ENDING VALUES Of LOAD 

FOR LOAD CASE 6 - FABRICATIG~ ERROR 
Wl IS INCHES TOO LONG 

I NPT 330 
INPT 340 
INPT 350 
INPT 360 
INPT 370 
INPT 380 
INPT 390 
INPT 400 
INPT 410 
INPT 420 
INPT 430 
INPT 440 
INPT 450 
INPT 460 
INPT 470 
INPT 480 
INPT 4qo 
INPT 500 
lNPT 510 
I NPT 520 
INPT 530 
INPT 540 
1NPT 550 
INPT 560 
INPT 570 
INPT 580 
INPT 590 
INPT 600 
INPT 610 
INPT 620 
INPT 630 
INPT 640 



c 
c 
c 
c 
c 
c 
c 

2 
c 
c 
c 

3 
4 

c 
c 
c 

c 
c 
c 
5 

6 

INPT 650 
FOR LOAD CASE 7 - LINEA~LY VARYING TEMPERATURE INCREASE USED IN INPT 660 

CONJUNCTION WITH LOAD CASE 4 INPT 670 
Wl IS THE LINEAR VAR1ATION IN TEMPERATURE, 0 TO Wl INPT 680 
W2 IS THE COEFFICIENT OF THERMAL EXPANSION INPT 690 
W3 IS THE DEPTH OF THE SECTION INPT 700 

INPT 710 
READ (5,*) (MNUM(l,J),LOTYP(l,J),WON(l,J),WTW(I,J>,WTH(l,J),WfO(l,INPT 720 

lJ),I=l,NMALCJ INPT 730 
CONTINUE INPT 740 

INPT 750 
READ APPLIED LOADS AT EACH DEGREE OF FREEDOM INPT 760 

INPT 770 
DO 4 K=l,NlC INPT 780 
READ (5,*) (PSTOR(L,Kl,L=l,NDOF) INPT 790 
DO 3 J=l,NDOF INPT 800 
POUP(J,K)=PSTOR(J,K) INPT 810 
CONTINUE INPT 820 
IF CIFSDC.EQ.0) GO TO 5 INPT 630 

INPT 840 
READ THE YIELD STRENGTH Of MEMBER MATERIAL INPT 850 

INPT 860 
REAO (5,*) FY INPT 870 

INPT 880 
WRITE THE NODAL COORDINATES AND MEMBER PROPERTIES INPT 890 

INPT 900 
00 6 M=l,NJ INPT 910 
WRITE (6,22) M,XCM,l),X(M,2) INPT 920 
CONTINUE INPT 930 
WRITE (6,23) INPT 940 
WRITE (6,24) (N,INC(N,l),INC(N,2),A(N),Xl(NJ,ECNJ,OENS(N),N=l,NM) INPT 950 
WRITE (6,25) INPT 960 

'-I 
w 
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c 
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c 
c 
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q 

10 

READ AND WRITE THE MCODE MATRIX RELATING ELEMENT TO SYSTEM 
OF FREEDOM 

DO 7 ll=l,NM 
READ (5 9 *) (MCODE(Ll,MM),MM=l,o) 
WRITE (6,26) lMCOOEfll,MM),MM=l,6) 
CONT l NUE 
IF (JGENCL.EQ.l) GO TO 18 
DO 17 L=l,NLC 
WRITE (6,27) L 

WRITE LOADING INFORMATION FOR EACH LOADING CONDITION 

WR I TE ( 6, 28 ) 
DO 8 l=l,NOOF 
WRITE (6,29) l,POUP(I,L) 
CONTINUE 
NMALC=NMA(LJ 
lf CNMALC.EQ.O) GO TO 17 
DO 16 J=l,NMALC 
MNO=MNUM l J, U 
LOOTYP=LOTYP(J,L) 
Wl=WONCJ,U 
W2=WT W( J, U 
W 3= WT H ( J , l ) 
W4=Wf0(J,l) 
GO TO (9,10,ll,!2,13,l4tl5), LOOTYP 
WRITE (6,30) MNO,W3,Wl,W2 
GO TO 16 
WRITE (6,31) MN0,w1,w2 
GC TO 16 

INPT 970 
OEGREESINPT 980 

INPT 990 
INPTlOOO 
INPT1010 
INPT1020 
INPT1030 
INPT1040 
INPT1050 
INPT1060 
INPT1070 
INPT1080 
INPT1090 
INPTllOO 
INPT 1110 
INPT1120 
INPT1130 
I NPTl 140 
INPT1150 
INPT1160 
INPT1170 
INPT1180 
INPT1190 
INPT1200 
INPT1210 
INPT1220 
INPT1230 
INPT1240 
INPT1250 
INPT1260 
INPT1270 
INPT1280 

........ 
+:-. 
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12 
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16 
17 
18 
c 
19 
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22 
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24 

25 
26 
21 
28 
29 
30 

31 

WRITE (6,32) MN0,w1,w2 
GO TO 16 
WRITE (6,33) MNU,~l,W2 
GO TO 16 
WRlTE (6,34) MNO,W3,Wl,W4,W2 
GO TO 16 
WRITE (6,35) MNG,kl 
GO TO 16 
WRITE (6,36) MN0,w1,w2 
wRITE (6,37) W3 
CONTINUE 
CONTINUE 
RETURN 

INPT1290 
INPT1300 
INPT1310 
INPT1320 
INPT1330 
INPT1340 
INPT1350 
INPT1360 
INPT1370 
INPT1380 
INPT1390 
INPT1400 
INPT1410 
INPT1420 

FORMAT (lH1,1ax,12,29x,12> INPT1430 
FORMAT (1H+,17HNUMBER OF MEMBERS,15X,16HNUMBER Of JOINTS,// 1 1X,35HINPT1440 

llNPUT UNITS: INCHES, KIPS, RADIANS,///t INPT1450 
FORMAT (lH-,5HJOINT,3X,6HCOOR-lr3Xr6HCOOR-2) INPT1460 
FORMAT (lHo,1x,12,2f10.2,11• INPT1470 
FORMAT {lH-,6HMEMBER,3X,7HFROM JJ,3X,5HTO JT,3X,8HC/S AREA,6X,1HI,INPT1480 

l9X,1HE,9X,7HDENSITY) INPT1490 
FORMAT (lHo,2x,12,1x,12,1x,12,5x,r6.2,4x,F1.2,3x,Fa.1,3x,F10.1,///INPTl500 

l> INPT1510 
FORMAT (1H-,12HMCOOE MATRIX) INPT1520 
FORMAT (lH0,615) lNPT1530 
FORMAT (lHO,///,lOX,17HLOADING CONDITION,12) 1NPT1540 
FORMAT llH-,3HOOF,5X,7HlOADINGl INPT1550 
FORMAT (lH0,1x,12,4x,F8.2) INPT1560 
FORMAT (/20X,6HMEMBER,12,34H IS SUBJECTED TO A UNIFORM LOAD OF,F8.INPT1570 

l5,9HKIPS/INCH/20X,8HSTARTING,F5.2,12HL AND ENDING,F5.2,30Hl FROM TINPT1580 
2HE A-ENO OF THE MEMBER) INPT1590 

FORMAT (/20X,6HMEMBER,12,37H IS SUBJECTED TO A TRANSVERSE LOAD OF,INPT1600 

-i 
V1 



32 

33 

34 

35 

36 

37 

lf8.3,5H KIPS,F9.5,36H INCHES FROM THE A-ENO OF THE MEMBER) INPT1610 
FORMAT C/20X,6HMEMBER,I2,32HIS SUBJECTED TO AN AXIAL LOAD OF,F8.5,1NPT1620 

14HKIPS,F9.5 1 35HINCHES FROM THE A-END OF THE MEMBER) INPT1630 
FORMAT C/20X,6HMEMBER,I2,52HIS SUBJECTED TO A UNIFORM INCREASE IN INPT1640 

lTEMPERATURE OF,F7.4,10HOEGREES F./45X,40HTHE COEFFICIENT OF THERMAINPT1650 
2L EX-PANSION IS,Fl0.8) INPT1660 

FORMAT (/20X,6HMEMBER,I2,32HIS SUBJECTED TO A LINEAR LOAD OF,F8.5,INPT1670 
19HKIPS/INCH/2X,8HSTARTING,F5.2,52HL FRCM THE A-END OF THE MEMBER AINPT1680 
2ND VARYING LINERALY,/20X,2HTO,F8.5,23HKIPS/INCH AT A DISTANCE,F5.INPT1690 
32,30HLFROM THE A-ENO Of THE MEMBER.) INPT1700 

FORMAT (/20X,6HMEMBER,J2,2HIS,f8.5,42HINCHES TOO LONG DUE TO FABRIINPT1710 
lCA-TION ERRORS) INPT1720 

FORMAT C/20X,6HMEMBER,I2,52HIS SUBJECTED TO A LINEAR VARIATION IN INPT1730 
!TEMPERATURE OF,f7.4,10HOEGREES F./45X,39HTHE COEFFICIENT OF THERMAINPT1740 
2L EXPANSION IS,fl0.8) INPT1750 

FORMAT C45X 1 19HDEPTH OF SECTION 1S,F9.6,6HINCHES) INPT1760 
ENO INPT1770 
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SUBROUTINE MPROP MPRP 10 
----------------------------------------------MPRP 20 

MPRP 30 
MPRP 40 

THIS SUBROUTINE CALCULATES THE MEMBER PROPERTIES - LENGTH, MPRP 50 
ORIENTATION COSINE AND SINE AND THE ALPHA ANO BETA PARAMETERS FOR MPRP 60 
EACH MEMBER MPRP 65 

MPRP 70 
MPRP 80 

------------------------------------------------- -------MPRP 90 
COMMON X(l0,2),A(lOJ,Xl(lO),E(lOJ,Xl(lOJ,C(lO),S(lOt,AlPHClO),BETAMPRP 100 

ltlOJ,SSKTIL(210),W0N(l0,4),WTWC10,4),WTHC10,4),Wf0(10,4J,pp(3Q,4),MPRP 110 
2flOCCl0,6,4),BM(l0,7,4),PSTOR(20,4),POUP(20,4),BMM(l0,4J,XXXCl0,7,HPRP 120 
34),V{l0,7,4),0ISP(20,4),WEIGHT(l0),0(20,20),G(20,20),TLINVC20,20),MPRP 130 
4TILOAK(20,20i,AZC20,20),0ENSClOJ,MCOOE(l0,6),INC(l0,2),MNUMCl0,4J,MPRP 140 
5MA(l0 1 4),LOTYP(l0,4),NMAC4),FY,NM,NJ,NDOF,MB,JNFOC,IFSDC,JTTCON,NLMPRP 150 
6C,INFOP,ILDAP,IGENCL,NASTYP MPRP 160 

MPRP 170 
CALCULATE ANO STORE MEMBER PROPERTIES MPRP 180 

MPRP 190 
DO l l=l,NM MPRP 200 
J=INCCI,l) MPRP 210 
K=INCCl 1 2) MPRP 220 
OXl=X(K,1)-X(J,l) MPRP 230 
OX2=X(K,2)-X(J 1 2) MPRP 240 
XLEN=SQRTIDX1**2+0X2**2) MPRP 250 
Xl(l)=XLEN MPRP 260 
CCll=OXl/XlEN MPRP 270 
SCli=DX2/XlEN MPRP 280 
ALPH(l)=ECl>*XI(l)/XLEN**3 MPRP 290 
8ETA(l)=A(l)*XlEN**2/XICJ) MPRP 300 
CONTINUE MPRP 310 

...... 

...... 
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SUBROUTINE MACT (AK,P,FTIL) MACT 10 
-----~~------~-------------------------------------~---------MACT 20 

MACT 30 
MACT 40 

THIS SUBROUTINE CALCULATES AND STORES THE MEMBER FORCES RESULTING MACT 50 
FROM MEMBER LOADS. THESE TILDA FORCES ARE THEN TRANSFORMED TO HACT 60 
GLOBAL COORDINATES ANO, IF THEY ARE CONCENTRATED AT SYSTEM DEGREESMACT 70 
OF FREEDOM, SUBTRACTED FROM ANY APPLIED LOADS CONCENTRATED THERE. MACT 80 

MACT 90 
MACT 100 

--------------------------------------------MACT 110 
COMMON X(l0,2),A(l0),Xlll0),E(l0),Xlll0),C(l0),S(l0),ALPH(l0),BETAMACT 120 

lllOJ,SSKl"lll210),WON(l0,4),WlW(l0,4),WTH(l0,4J,Wf0(10,4),PP(30 1 4),MACT 130 
2FLOC(l0,6,4),8Mll0,7,4J,PSTORl20,4),POUP(20,4) 1 8MM(l0 1 4) 1 XXX(l0 1 7,MACT 140 
34),V(l0,7,4J,DISPt20,4),WEIGHTll0),0(20,20),G(20 1 20J,TL1NV(20,20),MACT 150 
4TILDAK(20,20l,AZl20,20J,OENSllOJ,MCODE(l0,6)1iNC(l0,2),MNUMC10,4),MACT 160 
5MAC10,4),LDTYPC10,4),NMA(4),FY,NM,NJ,NDOf,MB,JNFOC 1 1FSDC,ITTCON,NLHACT 170 
6C,INFOP,IlDAP,IGENCL,MASTYP MACT 180 

DIMENSION AK(NOOF,MBJ, P(NOOf), FTIL(NM,6,NLC), GTIL(l0,6) MACT lqO 
MACT 200 

INITIALIZE TILDA FORCE SYSTEM TO ZERO MACT 210 
MACT 220 

00 l I=l,NM MACJ 230 
DO l J=l,6 MACT 240 
GTIL(l,Jl=O.O MACT 250 
DO l K=l,NLC MACT 260 
FTll(l,J,K)=O.O MACT 270 
CONTINUE MACT 280 
DO 11 N=l,NLC MACT 290 
IF lNMA(N).EQ.0) GO TO 11 MACT 300 
K=l MACT 310 
DO 10 I=l,NM MACT 320 



c 
c 
c 
c 
c 
c 
c 
c 
c 
2 

L=MA(l,NJ MACT 330 
If {L.EQ.0) GO TO 10 MACT 340 
M=K+L-1 MACT 350 
KK=K MACT 360 
DU 9 J=KK,M MACT 370 
K=K+l MACT 380 
MNO=MNUM(J,N) MACT 390 
LOOTYP=LDTYP(J,N) MACT 400 
Wl=WON(J,N) MACT 410 
W2=WTW(J,N) MACT 420 
W3=wTH(J,N) MACT 430 
W4=Wf0(J,N) MACT 440 

MACT 450 
DETERMINE TYPE Of MEMBER LOADING MACT 460 

MACT 470 
GG TO (2,3,4,5,6,7,8), LODTYP MACT 480 

MACT 490 
CALCULATE ANO STORE f-TILOAS MACT 500 

MACT 510 
MACT 520 

LOAD TYPE l UNIFORM LOAD MACT 530 
MACT 540 

Al=W2**2/2.0 MACT 550 
A2=W2**3/3.0 MACT 560 
A3=W2**4/4.0 MACT 570 
A4=Wl**2/2.0 MACT 580 
A5=Wl**3/3.0 MACT 590 
A6=Wl**4/4.0 MACT 600 
FTlL(MN0,2,N)=fTIL(MN0,2,N>-CW2-A2*3.0+A3*2.0-Wl+A5*3.0-A6*2.0)*W3MACT 610 

l*XL(MNO) MACT 620 
Flll(MN0,3,N>=FTIL(MN0,3,N)-(Al-A2*2.0+A3-A4+A5*2.0-A6)*W3*XL(MNO)MACT 630 

1**2 MACT 640 

00 
0 



FTIL(MN0,5,N)=FTIL(MN0,5,N)-(A2*3•0-A3*2•0-A5*3•0+A6*2.0)*W3*Xl(MNMACT 650 
10) MACT 660 

FTILCMN0,6,N)=FTILCMN0,6,N)+CA2-A3-A5+A6)*W3*XLCMN0>**2 MACT 670 
GO TO 9 MACT 680 

c MACT 690 
c LOAD TYPE 2 SINGLE CONCENTRATED LOAD MACT 700 
c MACT 710 
3 S=XLCMN0)-1'.12 MACT 720 

All= XU MNO) MACT 730 
FTILCMN0,2,N)=fTJL(MN0,2,NJ-Wl*B**2/CALI**3)*(3.0*W2+6) MACT 740 
FTllCMN0,3,N)=flll(MN0,3,N)-Wl*W2*B**2/tAll**2) MACT 750 
FTIL(MN0,5,N)=flll(MN0,5,N)-Wl*W2**2*(W2+3.0*B)/(All**3) MACT 760 
FTIL(MN0,6,N)=FTILlMN0,6,N)+Wl*B*W2**2/(All**2) MACT 770 
GO TO 9 MACT 780 

c HACT 790 00 c LOAO TYPE 3 AXIAL LOAD MACT 800 ...... 
c MACT 810 
4 FTILCMNO,l,N)=FTIL(MNO,l,N)-Wl*CXLCMNOJ-~2)/XL(MNO) MACT 820 

FTIL(MN0,4,N)=flll(MN0,4,N)-Wl*W2/XL(MNOJ MACT 830 
GO TO 9 MACT 840 

c MACT 850 
c LOAD TYPE 4 UNIFORM INCREASE IN TEMPERATURE HACT 860 
c MACT 870 
5 FTIL(MNO,l,N)=FTIL(MNO,l,N)+AIMNO)*E(MNOl*Wl*W2 MACT 880 

FTIL(MN0,4,N)=FTll(MN0,4,N)-A(MNO)*ECMNO>*Wl*W2 MACT 890 
GO TO 9 MACT qoo 

c MACT 910 
c LOAD TYPE 5 l1NEAR LOAD MACT 920 
c MACT 930 
6 XM=(W4-W3)/lW2-Wl) MACT 940 

Ql=-X M*Wl +W3 MACT 950 
Al=W2••212.0 MACT 960 



c 
c 
c 
7 

c 
c 
c 
8 

9 
10 
11 

A2=W2**3/3.0 
A3=W2**4/4.0 
A4=w"1** 2/ 2. 0 
AS=~H **3/ 3. O 
A6=Wl**4/4.0 
A7=W2**5/5.0 
A8=Wl **5/ 5. 0 
Bl=W2-A2*3.0+A3*2.0-Wl+A5*3.0-A6*2.0 
B2=Al-A3•3.0+A7•2.0-A4+A6*3.0-A8*2.0 
FTJL(MN0,2 1 N)=FT1L(MN0,2,N)-(Ql*Bl+XM*B2)*XLCMNO) 
B2=A2-A3*2.0+A7-AS+A6*2.0-A8 
Bl=Al-A2•2.0+A3-A4+A5*2.0-A6 
FTIL(MN0,3,N)=fTJl(MN0,3,N)-(Ql*Sl+XM*B2)*XL(MN0)**2 
Bl=A2*3.0-A3*2.0-A5*3.0+A6*2.0 
B2=A3*3.0-A7*2.0-A6*3.0+A8*2.0 
FTIL(MN0,5,N)=FTJL(MN0,5,N)-(Ql*Bl+XM*B2)*XL(MN0) 
FTIL(MN0,6,N)=fTIL{MN0,6,N)-(Ql*Bl+XM*B2)*XLCMN0)**2 
GO TO 9 

LOAD TYPE 6 FABRICATION ERROR-- + MEANS MEMBER TOO LONG 

FTlllMNC,l,N)=FTll(MNO,l,N)+A(MNOJ*Wl*E(MNO)/XL(MNOJ 
FTll(MN0,4,N)=flll(MN0,4,N)-A(MNOl*Wl*E(MNO)/XL(MNO) 
GO TO 9 

LOAD TYPE 7 LINEAR VARIATION JN TEMPERATURE-USED WITH TYPE 4 

FTILCMN0,3,N)=FTIL(MN0,3,Nl+Xl(MNO)*E(MNO)*Wl*W2/W3 
FTll(MN0,6,N)=fTIL(MN0,6,NJ-XI(MNG)*E(MNO)*Wl*w2/h3 
CONT I NUE 
CONTINUE 
CONTINUE 

MACT 970 
MACT 980 
MACT 990 
MACTlOOO 
MACTlOlO 
MACT1020 
MACT1030 
MACT1040 
MACT1050 
MACT1060 
MACT1070 
MACT1080 
MACT1090 
MACTllOO 
MAC Tl 110 
MACT1120 
MACT1130 
MACT1140 
MACT 1150 
MACT1160 
MACT1170 
MACT1180 
MACT1190 
MACT1200 
MACT1210 
MACT1220 
MACT1230 
MACT1240 
MACT1250 
MACTL260 
MACT1270 
MAC T 1280 

00 
N 



c 
c 
c 

c 
c 
c 
c 

12 
13 
14 

DO 14 l=l,NLC 
IF (NMA(l).EQ.0) GO TO 14 

TRANSFORM TILDA FORCES TO GLOBAL COORDINATES 

DO 13 I=l,NM 
If (MACl,L).EQ.0) GO TO 13 
Cl=C(I) 
S I=S( l) 
GTILCl,l)=Cl*FTll(l,l,L)-Sl*fTll(I,2,L) 
GTlL(I,2)=Sl*FTILlI,l,L)+Cl*FTll(I,2,L) 
GTll(l,3)=fTIL(l,3,l) 
GTIL(l,4)=FTILII,4,l)*CI-Sl*FTIL(J,5,l) 
GTILCl,5)=FTIL(I,4,L)*Sl+Cl*FTILCI,5,L) 
GTIL(i,6)=fTIL(l,6,L) 

IF F-TILOA IS CONCENTRATED AT A SYSTEM DEGREE OF FREEDOM SUBTRACT 
IT FROM THE APPLIED LOAD THERE. 

DO 12 JJ= lt 6 
IF (MCODE{l,JJ).EQ.01 GO TO 12 
KK=MCODEC I,JJ) 
PSTOR(KK,L)=PSTOR(KK,L)-GTIL(l,JJ) 
CONTINUE 
CONTINUE 
CONTINUE 
RETURN 
END 

MACT1290 
MACT1300 
MACT1310 
MACT1320 
MACT1330 
MACT1340 
MACT1350 
MACT1360 
MACT1370 
MACT1380 
MACT1390 
MACT1400 
MACTl410 
MACT1420 
MACT1430 
MACT1440 
MACT1450 
MACT1460 
MACT1470 
MACT1480 
MACT1490 
MACT1500 
MACT1510 
MACT1520 
MACT1530 
MACT1540 
MACT1550 
MACT1560 

CX> 
w 



c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

1 

SUBROUTINE STIFF IAK) STIF 10 
------------------------------------------------------------------STIF 20 

STIF 30 
STIF 40 

THIS SUBROUTINE CALCULATES THE STIFFNESS MATRIX Of THE SYSTEM. STIF 50 
THE MEMBER STIFFNESS MATRICES ARE CALCULATED ANO THEN ASSEMBLED STIF 60 
INTO A SYSTEM STIFFNESS MATRIX Of THE SIZE CNOOF,MB). STIF 70 

STIF 80 
STIF 90 

---------------------------------------------------------- --STIF 100 
COMMON X(l0,2),AC10),XIC10),EC10),XLC10),CC10),SC10),ALPHC10),BETASTIF 110 

1(10),SSKTIL(210),WON,10,4),WTW(l0,4) ,WTH(l0,4),WF0(10,4),PPC30,4f,STIF 120 
2FLOCC101614) 1BM(l0,7,4),PSTOR(20,4),POUP(20,4),8MMC10,4),XXXCl0,7,STIF 130 
34J,Vll0,7,4),DlSP(20,4J,WEIGHTC10),D(20,20),G(20,20),TLINVf20,20),STIF 140 
4TILOAK(20,20),Al(20,20),0ENS(l0),MCODEll0,6),INCC10,2),HNUMC1014),STIF 150 
5MAC10,4),LDTYP(l014),NHA(4),FY,NM,NJ,NOOF,MB,INFOC,IFSDC,ITTCON,NLSTIF 160 
6C,INFOP,llOAP,lGENCL,MASTYP STIF 170 

DIMENSION AK(NDOF,MBl 1 AA(7), INDEX(6,6) STIF 180 
DATA INOEX/1,2,3,-1,-2,3,2,4,5,-2,-4,5,3,5,6,-3,-5,7,-1,-2,-3,1,2,STIF 190 

1-3,-2,-4,-5,2,4,-5,3,5,7,-3,-5,6/ STIF 200 
Sllf 210 

INITIALIZE STIFFNESS MATRIX VALUES TO ZERO STIF 220 
STIF 230 

00 1 J=l,NOOF STIF 240 
DO l K=l,MB STIF 250 
AKCJ,K)=O.O STIF 260 
00 5 l=l,NM STIF 270 
Cl=C(l) STIF 280 
SI=S( I) STif 290 
AI=ALPH(I) STIF 300 
BI=BETA(I) STIF 310 
Xll=Xl(J) STIF 320 



c STIF 330 
c VALUES WHICH MAKE UP THE INDIVIDUAL MEMBER STIFFNESS MATRICES ARE STIF 340 
c CALCULATED STIF 350 
c STIF 360 

AACl)=AI*(Bl*Cl**2+12.0*Sl**2) STIF 370 
AA(2)=AI*Cl*Sl*CBl-12.0) STIF 380 
AA(3)=-Al*6.0*XLl*SI STIF 3qo 
AA(4)=Al*(aI*Sl**2+12.0*CI**2) ST1F 400 
AA(5)=AI*6.0*Xll*CI STIF 410 
AA(6)=Al*4.0*Xll**2 ST IF 420 
AA(7)=AA(6)/2.0 STIF 430 

c STIF 440 
c ASSEMBLE THE STIFFNESS MATRIX STIF 450 
c STIF 460 

DO 4 JM=l,6 STlf 470 00 
J=MCODElI,JM) STIF 480 Vl 

IF (J.EQ.0) GO TO 4 STIF 490 
DO 3 KM=JM,6 STlf 500 
K=MCODEI I ,KMI STIF 510 
If (K.EQ.O) GO TO 3 STIF 520 
KB=K-J+l STIF 530 
L=INDEX(JM,KM) STIF 540 
IF (L.LT.0) GO TO 2 STIF,550 
AK(J,KB)=AK{J,KB)+AA(l) STIF 560 
GO TO 3 STIF 570 

2 L=-L STIF 580 
AKCJ,KB)=AK{J,KBJ-AA(L) STIF 590 

3 CONTINUE STIF 600 
4 CONT I NUE STlf 610 
5 CONTINUE ST IF 620 

RETURN STIF 630 
END STIF 640 



c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

SUBROUTINE SOLVE (AK,P) SOLV 10 
------------------- ----------------SOLV 20 

SOLV 30 
SOLV 40 

THIS SUBROUTINE DECOMPOSES AND TRIANGUlARlZES AK AND THEN SOLVES SOLV 50 
FOR THE DISPLACEMENTS USING A GAUSSIAN ELIMINATION TECHNIQUE SOLV 60 

SOLV 70 
SOLV 80 

----------------------------------------------SOLV 90 
COMMON X(l0,2),AC10),XIC10),EC10),XLC10),C(l0),S(l0),ALPHC10),8ETASOLV 100 
1(10),SSKTILl210),w0N(l0,4),WTWC10,4),WJH(l0,4),~FOC10,4),PPC30,4),SOLV 110 
2flOCCl0,6,4),BMll0,7,4),PSTORl20,4),pouP(20,4),BMMC10,4),XXX(l0,7,SOLV 120 
34),V(l0,7,4),0ISP(20,4),WEIGHT(l0),0(20,20),GC20,20),TLINV(20,20),SOLV 130 
4TILDAK(2~,20),AZC20,20),0ENS(l0),MC00Ell0,6),INC(l0,2),MNUMC10,4),SOLV 140 
5MA(l0,4),LOTYP(l0,4),NMA(4),FY,NM,NJ,NOOF 1 MB,INFOC,IFSDC,JTTCON 1 NLSOLV 150 
6C,INFOP,ILDAP,IGENCL,MASTYP SOLV 160 

DIMENSION AKCNDOF,MBj, PCNOOF> SOLV 170 
SOLV 180 

AK IS DECOMPOSED ANO TRIANGULARIZEO SGLV 190 
SOLV 200 

NE=NDOF SOlV 210 
NRS=NE-1 SOLV 220 
DO 2 N=l,NRS SOLV 230 
M=N-1 SOLV 240 
MR=NE-M SOLV 250 
IF (MB.LT.MR) MR=MB SOlV 260 
PIVOT=AK(N,l) SOLV 270 
DO 2 L=2,MR SOLV 280 
C~=AK(N,Lt/PIVOT SOLV 290 
I=M+l SOLV 300 
J=O SOLV 310 
00 l K=L,MR SOLV 320 



J=J+l SOLV 330 
1 AK(l,J)=AKCl,J)-CP•AKCN,K) SOLV 340 
2 AK(N,L)=CP SOLV 350 
c SOLV 360 
c BACK SUBSTITUTION IS USED TO SOLVE FOR DISPLACEMENTS SOlV 370 
c SOLV 380 

DO 7 11=1,NlC SOLV 390 
00 3 JJ=l,NDOF SOlV 400 

3 PCJJ)=PSTORCJJ,11) SOLV 410 
DO 4 N= l, NRS SOLV 420 
M=N-1 SOLV 430 
MR=NE-M SOLV 440 
IF CMS.LT.MR) MR=MB SOLV 450 
CP:P C N) SOLV 460 
?CN)=CP/AK(N,l) SOLV 470 00 
DO 4 L=2t MR SOLV 480 -...J 

l=M+l SGLV 490 
4 P(l)=P(l)-AKCN,L>*CP SOLV 500 

PCNEJ=PCNE)/AKCNE,l) SOLV 510 
DO 5 I=l,NRS SOLV 520 
N=NE-I SOLV 530 
M-=N-1 SOLV 540 
MR=NE-M SOLV 550 
IF urn.LT .MR) MR=MB SCLV 560 
00 5 K=2,MR SOLV 570 
L=H+K SOLV 580 

5 P(N)=PCN)-AKlN,K)*PCL) SOLV 590 
DO 6 KK=l ,NDOF SOLV 600 

6 DISPCKK,llJ=P(KK) SOLV 610 
7 CONTINUE SOLV 620 

RETURN SOLV 630 
END SOLV 640 



c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

l 

c 
c 
c 

SUBROUTINE FORCE (AK,P,FTll) FORC 10 
----------------------------------------------------FORC 20 

FORC 30 
FORC 40 

THIS SUBROUTINE CALCULATES BOTH MEMBER AND JOINT FORCES. FORC 50 
FORC 60 
FORC 70 

-----------------------------------------------FORC 80 
COMMON X(l0,2),A(l0),Xl(l0),E(l0),XLl10),C(l0),S(l0),AlPH(l0),8ETAFORC 90 

l(l0),SSKTlLC2lOJ,WONll0,4lrWTW(l0,4),WTHtl0,4),wFO(l0,4),PPC30,4j,FORC 100 
2FLOC(l0,6,4),BMClOr7,4),PSTORC20,4),PDUP(20,4),BMM(l0,4),XXX(l0,7,FORC 110 
3 4) , \I ( l 0 , 7 , 4 ) , D I S P ( 2 0 , 4 ) , w E I G HT ( l 0 ) , D ( 2 0 , 2 0 ) , G ( 2 0 , 2 0 ) , TL INV ( 20 , 2 0 ) , FOR C 12 0 
4TILDAK(20,20),AZC20,20),0ENSC10),MCOOE(l0,6),INC(l0,2),MNUM(l0t4),FORC 130 
~MA(l0,4),LDTYP(l0,4),NMA(4),FY,NM,NJ,NOOF,MB,INFOC,IFSDC,ITTCON,NLFORC 140 
6C,INFOP,IlDAP,IGENCL,MASTYP FORC 150 

DIMENSION AK(NDOF,~B), P(NOOF), FTILCNM,6,NlC), OTOT(l0,6) fORC 160 
FORC 170 

INITIALIZE JOINT FORCES TO ZERO FORC 180 
FORC 190 

DO l N=l,NLC FORC 200 
NJF=3*NJ FORC 210 
DO 1 J=l,NJF FORC 220 
PP(J,N)=O.O FCRC 230 
DO 6 II=l,NLC FORC 240 
DO 5 l=l,NM FORC 250 

FORC 260 
DETERMINE JOINT DISPLACEMENTS FORC 270 

FORC 280 
DO 3 L=l,6 FORC 290 
IF CMCODECl,LJ.EQ.0) GO TO 2 FORC 300 
M=MCODE(l,L) FORC 310 
DTOT( I,L)=OISPCM,Ill FGRC 320 

00 
00 



GO TO 3 FORC 330 
2 DTOT(l,L)=O.O FORC 340 
3 CONTINUE FORC 350 

J=INC(l,1) FORC 360 
K=iNCCJ,2) FORC 370 
Jl=3•J-2 FORC 380 
J2=Jl+l FORC 390 
J3=J2+1 FORC 400 
Kl=3*K-2 FORC 410 
K2=Kl+l FORC 420 
K3=K2+1 FORC 430 
Cl=CCI> FORC 440 
SI=SC I> FORC 450 
Al=ALPH(I) FORC 460 
Bl=BETAU) FORC 470 00 XLEN=XL(I) FORC 480 '° c FORC 490 

c DISPLACE~ENTS ARE TRANSFORMED FROM LOCAL TO GLOBAL COORDINATES FORC. 500 c FORC 510 
Ul=CI*DTOT(l,l>+Sl*OTOTCl,2) FORC 520 
U2=-SI*DTOTCJ,l)+Cl*DJOTll,2) FORC 530 
U3= OT OT ( I , 3) FORC 540 
U4=Cl*DTOT(J,4)+Sl*DTOTCl,5) FORC 550 
U5=-Sl*DTOT(l,4l+Cl*DTOT(l,5) FORC 560 
U6=0TOTCl,6) f ORC 570 

c FORC 580 
c CALCULATE ELEMENT FORCES FORC 590 c FORC 600 

Fl=Al*Bl*CU1-U4l FORC 610 
f 2=Al*C 12.0*U2+6. O*XLEN•U3-12. O*U5•6. O*XLEN*U6) FORC 620 
F3=Al*l6.0*XLEN*U2+4.0*XLEN**2*U3-6.0*XLEN*U5+2.0*XLEN**2*U6) FORC 630 
F4=-F 1 FORC 640 



F5=-F2 FORC 650 
f6=-F3+XLEN*F2 FORC 660 
IF {NMA( II> .EQ.O) GG TO 4 FORC 670 
Fl=fl+FTIL(l,l,Jl) fORC 680 
F2=F2+FTIL(J,2,IJ) FORC 690 
F3=f3+FTIU 1,3,II) FORC 700 
F4=F4+FTIL(l,4,ll) FORC 710 
F5=F5+FTIL(l,5,ll) FORC 720 
F 6: f 6 +FT I U I, 6, I I ) FORC 730 

c fORC 740 
c MEMBER FORCES ARE TRANSFORMED FROM LOCAL TO GLOBAL COORDINATES FGRC 150 
c FORC 760 
4 GF 1-=C I* F 1-S l*F2 FORC 770 

GF2=S I•F 1 +C l*F 2 FORC 780 
GF3=F3 FORC 790 
GF4=Cl*f4-Sl*F5 FORC 800 \0 
GF5=S I*F4+C I*F5 FORC 810 0 

GF6=F6 FORC 820 
c FORC 830 
c MEMBER FORCES ARE STORED IN LOCAL COORDINATES FORC 840 
c FORC 850 

Fl0C(1,1 1 ll)=Fl FORC 860 
FLOC( I,2, II >=F2 FORC 870 
FLOC ( J ,3, II )=f3 FORC 880 
FLOC( l,4,Il)=F4 FORC 890 
Fl0C(J,5,Ill=f5 FORC 900 
FLOC( 1,6, II l=F6 FORC 910 

c FORC 920 
c JOINT FCRCES ARE CALCULATED FORC 930 
c FORC 940 

PP(Jl,ll)=PPlJl,Ill+GFl FORC 950 
PP(J2,IJ)=PP(J2,JI)+GF2 FORC 960 



5 
6 

PP(J3,IIJ=PP(J3,IIJ+Gf3 
PP(Kl,ll)=PP(Kl,Il)+GF4 
PP(K2,ll)=PP(K2,ll)+Gf5 
PP(K3,Ill=PPCK3,IIJ+Gf6 
CONTINUE 
CONTINUE 
RETURN 
ENO 

f ORC 970 
FORC 980 
fORC 990 
fORClOOO 
FORC1010 
FORC1020 
FORC1030 
FORC1040 

\0 ...... 



c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
1 

SUBROUTINE INTFOR INFO ----------------- -----------------------1 NFO 
INFO 
INFO 

THIS SUBROUTINE CALCULATES SHEAR ANO MOMENT VALUES AT PANEL POINTSINFO 
ALONG A MEMBER BY APPLICATION Of NEWMARK 1 S METHOD. INFO 

INFO 
INFO 

----------------------------------------------------INFO 
COMMON X(l0,2J,A(l0),Xl(l0),E(l0> 1XLl10),CC10),S(l0) 1ALPH(10) 18ETAINFO 

1110) ,SSKTlll210),WQN(l0,4),WTWl10,4),WJH(l0,4),WF0(10,4),PP(30,4),INFO 
2FLOCC1016,4),BM(l0,7,4l,PSJCR(20,4),POUP(20,4),B~M(l0,4),XXX(l0,7,lNFO 

34),V(l0,7,4),D15P(20,4),WEIGHT(l0),0(20,20),G(20,20),TLINV(20,20J,INFO 
4TILOAK(20,20J,Al(20,20J,OENSC10l,MCOOE(l0,6),INC(l0 1 2),MNUM(l0,4),JNfO 
5MA{l0,4),LDTYP(l0,4),NMA(4),fY,NM,NJ,NDOf,MB,INFOC,IFSDC,ITTCON,NLINFO 
6C,INFOP,ILDAP,IGENCL,MASTYP INFO 

DIMENSION Q(9), R(9) INFO 
DO 17 KK=l,NLC INFO 
ILOAD=O INFO 

INFO 
FOR EACH MEMBER, CONVERT APPLIED MEMBER LOADING TC A SET OF STATICINFO 
EQUIVALENT LOADS AT PANEL POINTS. INFO 

INFO 
DO 16 M=l ,NM 

INITIALIZE EQUIVALENT PANEL POINT LOADS TO ZERO, ESTABLISH HOW 
MANY MEMBER ACTIONS THE ELEMENTS FEELS. IF NONE, GO STRAIGHT TO 
V-M CALCULATIONS 

DO l l=l, 7 
R(l)=O.O 
H=Xl(M)/6. 

INFO 
INFO 
INFO 
INFO 
INFO 
INFO 
INFO 
INFO 
INFO 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
275 
280 
290 
300 
310 



c 
c 
c 
c 

c 
c 
c 
2 

c 
c 
c 
3 

c 
c 
c 

c 
c 

NLOAD=HACM,KK) 
If CNLOAD.EQ.0) GO TO 14 

ASSEMBLE EQUIVALENT PANEL POINT LOADS RESULTING FROM All ACTIONS 
ON THE MEMBER 

DO 13 JJ=l,NLOAD 
ILOAD=ILOAD+l 
ID=LOTYPCILOAD,KKt 
GO TO (4,2,13,13,4,13,13), iU 

CONCENTRATED TRANSVERSE LOADS 

XX=O. 0 
I I= l 
XLOC=WT~{lLOAO,KK) 

XLOAO=WON(ILOAD,KK) 

LOCATE PANEL WHERE LOAD ACTS 

XX=XX+H 
ll=ll+l 
If (XLOC.GT.XX) GO TO 3 

REDUCE CONCENTRATED LOAD TO TWO PANEL POINT LOADS 

CC=XLOC+n-XX 
R(ll-l)=RCII-lJ+XLOAD*(l.-CC/H) 
RCll)=RCll)+XlOAD*CC/H 
GO TO 13 

DISTINGUISH BETWEEN UNIFORM AND LINEAR LGAO 

INFO 320 
INFO 330 
INFO 340 
INFO 350 
INFO 360 
INFO 370 
INFO 380 
INFO 390 
INFO 400 
INFO 410 
INFO 420 
INFO 430 
INFO 440 
INFO 450 
INFO 460 
INFO 470 
INFO 480 
1 NFO 490 
INFO 500 
INFO 510 
INFO 520 
INFO 530 
INFO 540 
INFO 550 
INFO 560 
I NfO 570 
INFO 580 
INFO 590 
INFO 600 
INFO 610 
INFO 620 
INFO 630 



c 
4 

5 

c 
c 
c 
6 
c 
c 
c 

7 

c 
c 
c 

c 
( 

IF ( ID.EQ.l) GO TO 5 
XBEGIN=WONCILOAO,KK)*XLCMJ 
XEND=WTWlILOAO,KK)*XL(M) 
QBEGIN=WTH( llOAD,KK) 
QENO=WFO(ILOAD,KKt 
GO TO 6 
XBEGIN=WON(ILOAD 1 KK)*XL(M) 
XENO=WTW(ILOAD,KK)*XL(MJ 
QBEGIN=WTH(!LOAO,KK) 
QENO=QBEGIN 

DISTRIBUTED TRANSVERSE LOAD (UNIFORM OR LINEAR) 

SLOPE=(QEND-QBEGIN)/(XEND-XBEGIN) 

LGCATE FIRST PANEL POINT INSIDE LOADED AREA (FROM A-ENO) 

XX=O.O 
11=1 
XX=XX+H 
ll=II+l 
If (XBEGIN.GT.XX) GO TO 1 
I l= I I 
AA=XX-XBEGIN 

IF LOAD STARTS AND ENDS IN ONE PANEL, HANDLE AS A SEPARATE CASE 

IF (XEND.LT.XX) GO TO 12 
Q(lll=QBEGIN+AA*SLOPE 

LOCATE FIRST PANEL POINT INSIDE LOADED AREA (FROM 8-END) 

INFO 640 
INFO 650 
INFO 660 
INFO 670 
INFO 680 
INFO 690 
INFO 700 
INFO 710 
INFO 720 
INFO 730 
INFO 740 
INFO 750 
INFO 760 
INFO 770 
INFO 780 
INFO 790 
INFO 800 
INFO 810 
INFO 820 
INFO 830 
INFO 840 
INFO 850 
INFO 860 
INFO 870 
INFO 880 
INFO 890 
INFO 900 
INFO 910 
INFO 920 
INFO 930 
INFO 940 
INFO 950 

'° ~ 



c 
8 

c 
c 
c 
c 
c 
c 
9 

c 
c 
c 
c 
c 

c 
c 
c 
10 

XX=XX+H 
II=II+l 
IF (XEND.GT.XX) GO TO 8 
12=11-1 
BB=XENO+H-XX 

If LOAD COVERS ONLY ONE PANEL POINT, HA~DLE SPECIALLY 

IF lll.EQ.12) GO TO 10 

EVALUATE DISTRIBUTED LOAD AT INTERMtOIATE PANEL POINTS 

II=Il 
II=ll+l 
Qllll=Qlll-l)+H*SLOPE 
IF (II.LT.12) GO TO 9 

IF THERE ARE PANELS BETWEEN THE FIRST AND LAST PANELS, ADD THEIR 
EFFECTS TO THE INSIDE PANEL POINT LOAD Of THE OUTER TWO LOADED 
PANELS 

R(lll=RCll)+H/6.*(2.*Qlll)+Q(ll+l)) 
Rll2)=R(l2)~H/6.~(2.*Qll2)+Q(l2-l)) 

COMPUTE EFFECTIVE LOADS AT PANEL POINTS DUE TO TWO OUTSIDE LOADED 

R2=(AA/(2.*H))*((H-2.*AA/3.)*0BEGIN+lH-AA/3.)*Qlll)) 
Rl=(QBEGIN+Qlll))*AA/2.-R2 
K3= ( B6/(2.*H) )*( (H-2.*BB/3. )*QENO+(H-AA/3. )*QU21) 
R4=(QENO+Q(l2))~BB/2.-R3 

R ( I U =R ( I 1) +R 2 

INFO 960 
INFO 970 
INFO 980 
INFO 990 
INFOlOOO 
INFOlOlO 
INF01020 
INF01030 
INF01040 
INF01050 
INF01060 
INF01070 
INF01060 
INF01090 
INFOllOO 
INFOlllO 
INF01120 
1NF01130 
INFO 1140 
INF01150 
INF01155 
INF01160 
INF01170 
INFOll80 
I NF01190 
INF01200 
INF01210 
INF01220 
INF01230 
INf01240 
INF01250 
INF01260 



c 
c 
c 
c 

11 

c 
c 
c 
12 

13 
c 
c 
c 
14 

c 
c 
c 

R Cl 1- U=R ( 11- U +R l 
RU 2) =R ( 12) +R3 
R'I2+l>=R(l2+l)+k4 

IF INTERMEDIATE PANEL POINTS BETWEEN "Il" ANO "12" ARE PRESENT, 
CALCULATE THEIR EQUIVALENT LOAD BY RECURSIVE FORMULA 

IF ((12-Ill.LT.2> GO TO 13 
llPl=Il+l 
12Ml=12-l 
DO 11 I= I lP L , I 2M 1 
R(l1=R(l)+H/6.*(Q(I-1J+Q(l+l)+4.*Q(J)) 
GO TO 13 

HANDLE SPECIAL CASE WHERE LOAD STARTS AND ENOS IN ONE PANEL 

AA=XB EGIN +H-XX 
BB= XE ND- X BEGIN 
Rll=SB/12.*Hl*((AA+BB/3.l*QBEGIN+(AA+2.•BB/3.)*QEND) 
R ( 11 ) =R ( 11 ) +R 11 
R(ll-l)=Rtll-l>+BB/2.*(QBEGIN+QEND>-Rll 
CONTINUE 

COMPUTE SHEAR ANO BENDING MOMENT AT PANEL POINTS 

BM(M,l,KK)=(-1.0)*flOC(M,3,KK) 
V(M,l,KK)=FLOC(M,2,KK)+R(l) 
XXX (M, l 1KK)=O.O 

DETERMINE AND STORE MAXIMUM BENDING MOMENT FOR EACH MEMBER 

BMM(M,KK)=ABS(BM(M,l,KK)) 

INF01270 
INF01280 
INF01290 
INF01300 
INF01310 
INF01320 
1NF01330 
INF01340 
1NF01350 
INF01360 
INF01370 
INF01380 
INF01390 
1Nf01400 
INF01410 
INF01420 
INF01430 
INF01440 
INF01450 
INF01460 
INF01470 
INF01480 
INF01490 
INFO 1500 
INF01510 
INF01520 
INF01530 
INF01540 
INFO 1550 
1Nf01560 
INF01570 
INF01580 



15 
16 
17 

DO 15 1=2,7 
V(M,I,KK)=VCM,I-1,KKt+Rll) 
BM(M,I,KK)=BM(M,l-1 1 KK)+V(M 1 1-l,KK)*H 
CHECK=AtiS(BM(M,J,KKJ) 
IF tCHECK.GT.BMMCM,KKl) BMM(M,KK)=CHECK 
XXX(M,I.KK)=XXX(M,I-1,KK)+H 
CONTINUE 
CONTINUE 
RETURN 
END 

INF01590 
INF01600 
INF01610 
JNF01620 
INF01630 
iNF01640 
INFO 1650 
1Nf01660 
INF01670 
INFOl680 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 
l 

SUBROUTINE FSO (AK,P,FTIL) FSDR 10 
-----------------------------------------------FSOR 20 

FSOR 30 
FSDR 40 

THIS SUBROUTINE DETERMINES A FULLY STRESSED DESIGN BASED ON FSOR 50 
RESTRICTIONS SET BY THE AISC CODE. THE DESIGN REACHED MUST BE FSOR 60 
WITHIN l~O PERCENT OF THE CODE LIMITATIGNS. AFTER THE DESIGN, OR FSOR 70 
THE MAXIMUM NUMBER OF ITERATIONS, ITTCON, IS REACHED, MOMENTS Of FSDR 80 
INERTIA, AREAS ANO SCALING FACTORS ARE OUTPUT FOR EACH MEMBER, FSDR 90 
ALONG WITH THE TOTAL WEIGHT Of THE STRUCTURE. FSDR 100 

FSDR 110 
FSOR 120 

-----------------------------------------------------F SOR 130 
COMMON xc10,2),A(l0),XJ(l0),E(l0),XL(l0),C(l0),S(l0),ALPH(l0),BETAfSDR 140 
1Cl0),SSKTIL,210),W0N(l0,4),WTW(l0,4) 1 WTH(l0r4) 1 ~F0(10,4),PP(30,4),FSDR 150 
2fLOC(l0,614>,BMll0,7,4) 1PSTCRl20,4),PDUP(20,4),BMM(l014),XXX(l0,7,FSDR 160 
34),V(l0,7,4),0ISP(20,4),WEIGHT(l0),0(20,20),G(20,20),TLJNVl20r20),FSOR 170 
4TllDAKl20 1 20),AZl20,20),0ENSll0),MCOOE(l0 1 6),1NC<l0,2),MNUM(l014),FSOR 180 
5MAll0 1 4),LOTYP(l0,4),NMA(4},FY,NM1NJ,NDOF,MB,INFOC,IFSOC,ITTCON,NLFSOR 190 
6C,INFOP,ILDAP,IGENCL,MASTYP fSDR 200 

01MENSION AKlNDOF,M8) 1 PCNDGF) 1 FTIL(NM 1 6,NLC>, SFllO) FSOR 210 
FSOR 220 

DETERMINE ALLOWABLE STRESSES IN TENSION AND BENDING FSDR 230 
FSDR 240 

FBALl=0.66*FY FSOR 250 
FTALL=0.6*FY FSOR 260 
ITCONT=O FSDR 270 

FSDR 280 
CHECK ITERATION COUNT FSDR 290 

FSOR 300 
IF (lTCONT.EQ.JTTCON) GO TO 20 FSOR 310 
ITCONT=ITCONT+l fSDR 320 



c FSDR 330 c INITIAllZE SCALING FACTORS TO ZERO FSOR 340 
c FSDR 350 

DO 2 ~=l ,NM FSDR 360 
2 SF(M)=O.O FSOR 370 

OMAX=O.O FSDR 380 
DO 14 L=l, NLC FSDR 390 c FSOR 400 

c DETERMINE KL/R RATIO FOR EACH MEMBER FSDR 410 c FSDR 420 
DO 13 l=l,N1'.1 fSOR 430 
IA=MCODE(J,3) FSDR 440 
I B=MCODE ( lt 6) FSDR 450 
If f IA.EQ.0) GO TO 3 f SOR 460 
IF CI 8. EQ.O) GO TO 4 FSOR 470 \0 EK=l.O FSOR 480 \0 

GO TO 6 FSDR 490 
3 IF (I B. EQ.O) GO TO 5 FSDR 500 
4 EK=2.0 FSOR 510 

GO TO 6 FSDR 520 
5 EK=l. 2 FSDR 530 
6 R=SQRTCXICl)/ACI)) FSDR 540 

ElM=EK*Xl (I )/R fSDR 550 
c FSDR 560 
c DETERMINE ACTUAL STRESSES IN EACH MEMBER FSDR 570 
c FSDR 580 

FAXACT=flOCCI,l,L)/A(l) FSDR 590 
SECMOD=0.58*Xl(l)**0.75 fSDR 600 
FBACT=BMM(l,L)/SECMOD FSDR 610 
IF lFAXACT.GT.0.0) GO TO 1 FSOR 620 
SFAX=-FAXACT/FTALL FSDR 630 
SF8EN=FBACT/FBALL FSOR 640 



c 
c 
c 
7 

8 
9 

10 

11 
c 
c 
c 
12 
13 
14 

SFLC=SFAX+SFBEN 
GO TO 12 

DETERMINE ALLOWABLE STRESS IN COMPRESSION 

PI=3. l415926 
CC=SQRT(2.0*Pl**2*E(l)/fY) 
If (ELM.GT.CC) GO TO 8 
FNUMER=FY*ll.O-ELM**2/2.0/CC**2) 
FDENOM=5.0/3.0+3.0*ELM/8.0/CC-ELM**3/8.0/CC**3 
FCALL=fNUMER/FOENGM 
GG TO 9 
FCALL=l2.0*Pl**2*E(l)/(23.0*ELM**2) 
SFAX=FAXACT/FCALL 
IF (SfAX.LE.0.15) GO TO 11 
CM=O. 85 
FPRIME=l2.0*Pl**2*E(l)/(23.0*ELM**2) 
SFBEN=CM*FBACT/FSALL/ll.O-FAXACT/FPRIME) 
Sfl=SFAX+SFBEN 
SF2=FAXACT/(0.6*FYl+FBACT/FBAll 
If lSF2.GT.Sfl) GO TO 10 
SFLC=Sfl 
GO TO 12 
SFLC=SF2 
GO TO 12 
SFLC=FAXACT/FCALL~fBACT/FBALL 

DETERMINE AND STORE THE LARGEST SCALING FACTOR FOR EACH MEMBER 

IF lSFLC.GT.Sfll)l Sfll)=SFLC 
CONTINUE 
CONT I NUE 

FSDR 650 
FSOR 660 
FSDR 670 
FSOR 680 
FSDR 690 
FSDR 700 
FSOR 710 
FSDR 720 
FSDR 730 
FSDR 740 
FSDR 750 
FSDR 760 
fSDR 770 
FSDR 780 
FSDR 790 
f SDR 800 
FSDR 810 
FSDR 820 
FSDR 830 
f SDR 840 
FSDR 850 
FSDR 860 
FSOR 870 
FSOR 880 
FSDR 890 
f SDR 900 
FSDR 910 
FSDR 920 
FSDR 930 
FSDR 940 
FSOR 950 
FSDR 960 

...... 
0 
0 



15 
c 
c 
c 
c 

c 
c 
c 
c 
(. 
c 
c 
16 
c 
c 
c 
17 

18 

19 

DO 15 I=l,NM 
TEST=ABS(Sf(I)-0.99) 
IF (JEST.GT.OMAX) DMAX=TEST 
CONTINUE 

IF SUFFICIENT PRECISION IS REACHED WRITE FSD REACHED AND MEMBER 
PROPERTIES 

IF (OMAX.LE.0.01) GO TO 21 
T WEI HT=O.O 

IF SUFFICIENT PRECISION IS NOT REACHED, DETERMINE IF THE OVER-
RELAXATION FACTOR SHOULD BE APPllED 

IF (OMAX.LE.0.05) GO TO 17 

APPLY OVER-RELAXATION FACTOR IF APPLICABLE 

DO 16 K=l ,NM 
SF(K)=Sff K)**l.2 

SCALE MEMBER PROPERTIES ANO DETERMINE NEW TOTAL STRUCTURAL WEIGHT 

DO 18 J=l,NM 
XllJ)=SF(J)*Xl(J)/0.99 
A(J)=SQRT(Xl(J))*0.58 
WE1GHT(J)=XL(J)*A(J)*32.17*0ENS(J)*l2.0 
TWEIHT=TWEIHT+WEJGHT(J) 
CONTINUE 
DO 19 JJ=l,NLC 
DO 19 K=l ,NDOF 
PSTOR(K,JJ)=POUP(K,JJ) 

FSDR 970 
FSDR 980 
FSDR 990 
f SORlOOO 
FSDR1010 
FSDR1020 
FSDR1030 
FSDR1040 
FSDR1050 
FSDR1060 
FSDR1070 
FSDR1080 
FSOR1090 
FSDRllOO 
FSDRlllO 
FSOR1120 
FSDR1130 
FSORl 140 
FSDR1150 
FSDR1160 
FSDRll 70 
FSDR1180 
FSDRll90 
FSDR1200 
FSDR1210 
FSDR1220 
FSDR1230 
FSDR1240 
FSDR1250 
FSDR1260 
FSDR1270 
FSDR1280 

...... 
0 ...... 



c 
c 
c 

c 
c 
c 
c 
20 

21 
22 

23 

c 
24 

25 

26 
27 

REPEAT ANALYSIS PROCEDURE 

CALL MPROP 
CALL MACT IAK,P,FTIL) 
CALL STIFF (AK) 
CALL SOLVE CAK,P) 
CALL FORCE (AK,P,FTIL) 
CALL INTFOR 
GO TO 1 

IF SUFFICIENT PRECISION IS NOT REACHEC WRITE FSD NOT REACHED AND 
MEMBER PROPERTIES AT FINAL ITERATION 

WRITE (6 1 24) ITTCON 
IF (ITCONT.EQ.ITTCON) GO TO 22 
WRITE (6,25) ITCONT 
WRITE (6, 26) 
DO 23 M=l,NM 
WRITE (6,271 M,Xl(M),A(M),Sf,M) 
CONTINUE 
WRITE (6,28) TWEIHT 
RETURN 

FSDR1290 
FSDR1300 
FSDR1310 
FSDR1320 
FSOR1330 
fSDR1340 
FSDR1350 
fSDR 1360 
FSDR1370 
FSOR1380 
FSDR1390 
FSDR1400 
FSDR1410 
f SDR1420 
FSDR 1430 
FSDR1440 
FSOR1450 
fSDRl460 
FSDR1470 
FSDR1480 
FSDR1490 
FSDR1500 
FSDR1510 
FSDR1520 

FORMAT (1H0,//19H FSD NOT REACHED IN113 1 12H ITERATIONS //72H THE MFSOR1530 
lEMBERPROPERTIES ANO SAFETY FACTORS FOR EACH McMBER ARE AS FOLLOWS:FSDR1540 
2///) FSOR1550 

FORMAT tlH0 1 //,15H FSO REACHED IN 1 13,13H ITERATIONS. //80H THE MEMFSDR1560 
lBER PROPERTIES AND SAFETY FACTOR RATIOS FOR EACH MEMBER ARE AS FOFSDR1570 
2LLOWS:///) FSOR1580 

FORMAT (lH0,6HMEMBER,5X,lHI,llX 1 iHA,llX 1 2HSf) FSDRl590 
FORMAT (lH0,2x,I2,3x,fl0.4,2X,fl0.4,2X,fl0.4) FSDR1600 

..... 
0 
N 



28 FORMAT ClH0,5X 1 15HTOTAL WEIGHT IS,F8.4,5H KIPS) 
END 

FSDR1610 
FSDR1620 

...... 
0 
w 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

1 
c 
c 
c 

SUBROUTINE AMASS (AK,P,FTIL,SM> AMAS 10 
---------------------------------------~-----------------------AMAS 20 

AMAS 30 
AMAS 40 

THIS SUBROUTINE DETERMINES THE MASS MATRIX OF THE SYSTEM. IF A AMAS 50 
CONSISTENT MASS MATRIX IS USED, THE MEMBER MASS MATRICES ARE AMAS 60 
CALCULATED AND THEN ASSEMBLED INTO A SYSTEM MASS MATRIX OF THE AMAS 70 
SIZE INDOF,MB). If A DIAGONAL MASS MATRIX JS USED, SYSTEM VALUES AMAS 80 
ARE INPUT. AMAS 90 

AMAS 100 
AMAS 110 

------------------------------------------------------------------AMAS 120 
COMMGN XC10,2),A(l0),Xl(l0),E(l0),XL(l0),C(l0),S(l0),ALPH(l0),BETAAMAS 130 

lllOJ,SSKTIL(210),w0N(l0,4),WlW(l0,4J,wTH(l0,4),WFOll0,4),PP(30,4),AMAS 140 
2FLOC(l0,6,4J,BMCl0,7,4),PSTOR(20t41,POUP(20,4),BMMll0,4),XXX(l0,7,AMAS 150 
34),V(l0,7 1 4),0lSP(20,4),WEIGHT(l0),0(20,20),GC20,20~,TLiNV(20,20),AMAS 160 
4TILOAKC20,20t,AZC20,20),0ENSC10),MCODE(l0,6),JNC(l0,2),MNUMC10,4),AMAS 170 
5MACl0 9 4) 1 LOTYP(l0,4),NMA(4),FY,NM,NJ,NDOF,MB,INFOC,IFSDC,ITTCON,NLAMAS 180 
6C 1 1NfOP,ILDAP,IGENCL,MASTYP AMAS 190 

DIMENSION AKCNDOF,MB), P(NDOF), FTIL(NM,6,NLC), SMCNOOF,MB), NEEOEAMAS 200 
1Dl6,6), SSC12) AMAS 210 

DATA NEEDE0/1,2,3,4,5,6,2,1,a,5,9,10,3,a,11,-6,-lo,12,4,5,-6,1,2,-AMAS 220 
13,5,9,-lo,2,1,-B,6,l0,12,-3,-a,111 AMAS 230 

AMAS 240 
INITIALIZE MASS MATRIX VALUES TO ZERO AMAS 250 

AMAS 260 
DO 1 l=l,NOOF AMAS 270 
DO 1 J=l,MB AMAS 280 
SM(l,J)=O.O AMAS 290 

AMAS 300 
CHECK IF A CONSISTENT OR DIAGONAL MASS MATRIX IS TO BE USED AMAS 310 

AMAS 320 

...... 
0 
.!" 



c 
c 
c 
c 

c 
c 
c 

If lMASTYP.EQ.l) GO TO 6 

IF USING A CONSISTENT MASS MATRIX, VALUES WHICH MAKE UP THE INDI-
VIDUAL MEMBER MASS MATRICES ARE CALCULATED. 

DO 5 l=l,NM 
XLI=Xl(I) 
Cl=CCI) 
Sl=SCI> 
XMU=ACI>*Xll*DENS(I) 
SSll)=XMu*ll40.0*Cl**2-294.0•SI•Cl+l56.0*Sl**2)/420.0 
SS(2)=XMU*(l47.0•Cl**2-16.0*Sl*CI-147.0*Sl**2)/420.0 
SSC3)=XMU*XLl*l2l.O*CI-22.0*Sl)/420.0 
SS(4)=XMU*(70.0*Cl**2-l26.0*Sl*Cl+54.0*Sl**2)/420.0 
SS(5)=XMU*l63.0*Cl**2+16.0*SI*Cl-63.0*Sl**2)/420.0 
SSC6)=XMU*Xll*ll3.0*Sl-14.0*Cl)/420.0 
SS(7)=XMU*(l56.0*Cl**2+294.0*Sl*Cl+l40.0*Sl**2)/420.0 
SS(8)=XMU*XLl*l21.0*Sl+22.0*Cl)/420.0 
SS{9)=XMU*(54.0*CI**2+126.0*SI*Cl+70.0*Sl**2)/420.0 
SS(l0)=-XMU*XLI*(l4.0*Sl+l3.0*Cl)/420.0 
SS(ll)=XMU*4.0*XLl**2/420.0 
SS(l2)=-XMU*3.0*Xll**2/420.0 

ASSEMBLE SYSTEM MASS MATRIX 

00 4 JM=l ,6 
J=MCOOE(l,JMJ 
If (J.EQ.0) GO TO 4 
DO 3 KM=JM,6 
K=MCODE (I ,KM) 
IF (K.EQ.0) GO TO 3 
KB=K-J+ 1 

AMAS 330 
AMAS 340 
AMAS 350 
AMAS 360 
AMAS 370 
AMAS 380 
AMAS 3qo 
AMAS 400 
AMAS 410 
AMAS 420 
AMAS 430 
AMAS 440 
AMAS 450 
AMAS 460 
AMAS 470 
ANAS 480 
AMAS 490 
AMAS 500 
AMAS 510 
AMAS 520 
AMAS 530 
AMAS 540 
AMAS 550 
AMAS 560 
AMAS 570 
AMAS 580 
AMAS 5qo 
AMAS 600 
AMAS 610 
AMAS 620 
AMAS 630 
AMAS 640 

...... 
0 
Vl 



L=NEEDEO(JM,KM) AMAS 650 
IF (L.LT.O) GO TO 2 AMAS 660 
SM(J,KB•=SM(J,KB)+SSIL) AMAS 670 
GO TO 3 AMAS 680 

2 L=-L AMAS 690 
SM(J,kB)=SM(J,KB•-SS(L) AMAS 700 

3 CONTINUE AMAS 710 
4 CONTINUE AMAS 720 
5 CONTINUE AMAS 730 

GO TO 1 AMAS 740 
c AMAS 750 
c READ SYSTEM MASS MATRIX VALUES IF A DIAGONAL MASS MATRIX IS TO BE AMAS 760 
c USED AMAS 110 
c AMAS 780 
6 READ ( 5 •*, (SMf I,lJ,I=l,NOOF) AMAS 790 
7 RETURN AMAS 800 ...... 

0 END AMAS 810 (j\ 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 

SUBROUTINE EJGEN (AK,P,FTJL,SM) EIGN 10 
-------------------------------------------------------EI GN 2 0 

EIGN 30 
EIGN 40 

THIS SUBROUTINE DETERMINES THE EIGENVALUES AND EIGENVECTORS OF THEEIGN 50 
GENERALIZED EIGENVALUE PROBLEM INVOLVING THE K AND M MATRICES. EIGN 60 
A CHOLESKI DECOMPOSITICN IS USED TO TRANSFORM THE MASS MATRIX INTOEIGN 70 
TWO TRIANGULAR MATRICES, THAT IS, M=l*L-TRANSPOSE. THEN THE TRI- EIGN 80 
ANGULAR MATP.IX IS INVERTED ~NO A NEW K-TILDA MATRIX IS FORMED EIGN 90 
WHERE K-TILOA=L-INVERSE*AK*L-TRANSPOSE-INVERSE. THE K-TILDA EIGN 100 
MATRIX IS THEN STORED IN THE SYMMETRIC MODE SUITABLE FOR USING THEEIGN 110 
IMSL SUBROUTINE EIGRS. THJS SUBROUTINE TRIDIAGONALIZES THE K- EIGN 120 
TILDA MATRIX BY A HOUSEHOLDER TRANSFORMATION AND SOLVES FOR THE EIGN 130 
EIGENVALUES USING THE QL METHOD. THE EIGENVECTORS, FOR THE TRI- EIGN 140 
DIAGONAL SYSTEM ARE THEN DETERMINED BY INVERSE ITERATION. THESE EIGN 150 
ARE THEN TRANSFORMED INTO THE EIGENVECTORS FOR THE ORIGINAL EIGN 160 
SYSTEM. OTHER REQUIRED SUBROUTINES ARE CHODEC, SYMST ANO THE IMSLEIGN 170 
SUBROUTINE EIGRS WHlCH REQUIRES THE OTHER IMSL SUBROUTINES EHOBKS,EIGN 180 
EHOUSS, EQRT2S, ANO UERTST. EIGN 190 

EIGN 200 
EIGN 210 

---------------------------------------------EI GN 220 
CO~MON X(l0,2),A(l0),XJ(l0),E(l0) 1 XLC10),C(l01,S(l0),ALPH(l0) 1 8ETAEIGN 230 

1(10),SSKTIL(210),WONC1C,4),WTW(l0,4),WTHC10,4) 1 WFO(l014),pp(30,4),EIGN 240 
2FLOC(l0,6,4),BM(l0,7,4),?STORC20,4),PDUP(20,4),8MM(l0,4),XXX(l0,7,EIGN 250 
34),V(l0,7,4),DISPC20,4),WEIGHT(l0),0(20120),G(20,20) 1 TLINVC20,20),ElGN 260 
4TlLDAK(20,20),AZC20,20),DENS(lO>,MCOOEC10,6),INC(l0,2),MNUM(l0,4),EIGN 270 
5MA(l0,4),LDTYPC10,4),NMA(4),FY,NM,NJ,NDOF,MB,INFOC,IFSDC,ITTCON,NLEIGN 280 
6C,INFOP,ILOAP,1GENCL,MASTYP EIGN 290 

DIMENSION AK(NOOF,MB), P(NOOF), FTILCNM,6,NLC), SMCNOOF,MB), M(20)EIGN 300 
l, 00(20), Z(400,l) 1 WK(20) EIGN 310 

EIGN 320 

...-
0 
-...J 



c 
c 

1 

2 
3 
c 
c 
c 

4 

c 
c 
c 
c 

5 

INITIALIZE THE EIGENVECTORS TO ZERO 

DO l l=l,NDOF 
OG 1 J=l,NDOF 
AZ'1,J)=O.O 
CALL CHODEC (AK,P,FTIL,SM) 
CALL SYMST 
IJOB=l 
CALL EIGRS (SSKTIL,NDOF,IJOB,DO,Z,NDOF,WK,IER) 
If (MASTYP.LT.l) GO TO 2 
WRITE (6,8) 
GO TO 3 
WRITE (6,9) 
WRITE (6, 10) 

WRITE THE EIGENVALUES 

DC 4 l=l,NDOF 
WRl TE '6, l U DD ( I ) 
CONTINUE 
IF (IJOB.EQ.0) GO TO 7 

DETERMINE THE EIGENVECTORS FOR THE ORIGINAL SYSTEM FROM THE 
EIGENVECTORS OF THE K-TILDA SYSTEM 

00 5 l=lrNDOF 
JCOR=O 
DO 5 K= 1, NDOF 
JCOR=JCOR+l 
DO 5 J=l,NDOF 
JJ=J+lJCOR-l)*NDOF 
AZCl,K)=TLINV(I,Jl*Z(JJ,l)+AZ(l,K) 

EIGN 330 
EIGN 340 
E1GN 350 
EIGN 360 
EIGN 370 
EIGN 380 
EIGN 390 
EIGN 400 
EIGN 410 
EIGN 420 
EIGN 430 
EIGN 440 
EIGN 450 
EIGN 460 
ElGN 470 
EIGN 480 
EIGN 490 
EIGN 500 
EIGN 510 
EIGN 520 
EIGN 530 
EIGN 540 
EIGN 550 
EIGN 560 
EIGN 570 
EIGN 580 
EIGN 590 
EIGN 600 
EIGN 610 
E IGN 620 
EIGN 630 
EIGN 640 

...... 
0 
CX> 



WRITE (6, 12) EIGN 650 
c EIGN 660 
c WRITE THE EIGENVECTORS EIGN 670 
c EIGN 680 

DO 6 I=l,NDOF EIGN 690 
WRITE (b,13) CAZCl,J),J=l,NOOF) EIGN 700 

6 CONTINUE EIGN 710 
1 RETURN EIGN 120 
c EIGN 730 
8 fORMAT (1H0,5X,31HA DIAGONAL MASS MATRIX WAS USED) EIGN 740 
9 FORMAT llH0,5Xr33HA CONSISTENT MASS MATRIX WAS USED) EIGN 750 
10 FORMAT (1H0,///,12H E:IGENVALUES) EIGN 760 
11 FORMAT ( l HO , f 2 0. 7 ) EIGN 770 
12 FORMAT (lHOr///,13H EIGENVECTORS) EIGN 780 
13 FORMAT (1H0,10(f9.4,3X)) EIGN 790 ...... 

0 
END EIGN 800 l.O 



c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

l 
c 
c 
c 

SUBROUTINE CHODEC lAK,P,FTIL,SM) CHOO 10 
--------------------------------------------------------~~-------CHOO 20 

CHOO 30 
CHOO 40 

THIS SUBROUTINE DETERMINES THE SKYLINE VALUES GF THE MASS MATRIX. CHOO 50 
A CHOLESKI DECOMPOSITION IS THEN PERFORMED. THE RESULTING CHOO 60 
TRIANGULAR MATRIX l IS INVERTEO ANO THE K-TILDA MATRIX IS FORMED. CHOO 70 

CHOD 80 
CHOO 90 

--------------- ----~-- ------------------------CHOO 100 
COMMON X{l0,2),All0),Xlll0),E(l0),XL(l0),C(l0),Sll0),ALPHll0),BETACHOD 110 

lll0),SSKTIL(210),W0Nll0,4),WTW(l0,4),WTH(l0,4),Wf0(10,4),PP(30,4),CHOO 120 
2FLOC(l0,6,4),BM(l0,7,4),PSTOR(20,4),PDUP(20,4),8MM(l0,4) 1 XXX(l0,7,CHOO 130 
34),V(l0,7,4),0ISPCZ0,4),WEIGHTClO) ,0(20,20),G(20,20),TllNV(20,20),CHOO 140 
4TllDAK(20,20),AZl20,20),DENS(l0),MCODE(l0,6),INCll0,2),MNUM(l0,4),CHOO 150 
5MA(l0,4),LOTYP(l0,4),NMA(4),FY,NM,NJ,NOOF,MB,INFOC,lFSOC,ITTCON,NLCHOD 160 
bC,1NFOP,ILDAP,IGENCL,MASTYP CHOO 170 

DIMENSION AKCNOUF,MB), P(NOOF), FTILINM,6,NLC), SMCNOOF,MB), M(20}CHOD 180 
1, PARTK(20) CHOO 190 

CHOO 200 
INITIALIZE K-TllDA AND l VALUES TO ZERO CHOO 210 

CHOO 220 
DO 1 I=l,NDOf CHOO 230 
DO l J=l,NDOF CHOO 240 
DCl,J)=O.O CHOO 250 
TILOAKll,J)=O.O CHOO 260 
TLINV(l,Jl=O.O CHOO 270 
G(l,J)=O.O CHOD 280 

CHOO 290 
INITIALIZE SKYLINE VALUES TO THE MAXIMUM POSSIBLE, NDOF CHOO 300 

CHOO 310 
DO 2 L=l,NOOF CHOO 320 



2 M(l)=NDOF CHOO 330 
c CHOO 340 
c DETERMINE SKYLINE VALUES CHOO 350 
c CHOO 360 

DO 5 I=l,NM CHOO 370 
LEAST=NDOF CHOO 380 
DO 3 J=l,6 CHOO 390 
K=i'1COOE(l,J) CHOO 400 
IF (K.EQ.O) GO TO 3 CHOO 410 
IF CK.LT.LEAST) LEAST=K CHOO 420 

3 CONTINUE CHOO 430 
00 4 JJ=l,6 CHOO 440 
KK=MCOOE(l,JJ) CHOO 450 
IF CKK.EQ.0) GO TO 4 CHOO 460 
MM=11H KK) CHOO 470 ,..... ,..... 
IF (LEAST.LT.MM) M~=LEAST CHOO 480 ,..... 

M(KK)=MM CHOO 490 
4 CONTINUE CHOO 500 
5 CONTINUE CHOO 510 
c CHOO 520 
c PERFORM A CHOLESKI DECOMPOSITION CHOO 530 
c CHOO 540 

0 ( 1, 1 ) =SM ( l, U CHOO 550 
IF <NDOf.EQ.l) GO TO 11 CHOO 560 
00 10 J=2,NDOF CHOO 570 
K=MC J) CHOO 580 
MCC=K-1 CHOO 590 
JN=J-MCC CtlOD 600 
G(K,J)=SM(K,JN) CHOO 610 
L=J-1 CHOO 620 
IF (J.EQ.2) GO TO 8 CHOO 630 
I=K+l CHOO 640 



6 

7 
8 

9 
10 
l.l 

12 
c 
c 
c 
13 
c 
c 
c 

14 

DO 7 Ml= I, L 
SUBG=O.O 
I BR=M (MI) 
If (K.GT.IBR) IBR=K 
I ER"=M 1- l 
DO 6 MR=I BR, IER 
SUOG=SUBG+OlMR,MI>*GlMR,J) 
MCC=M 1-l 
JN=J-MCC 
GtMl.J)=SMlMl,JN)-SUBG 
SUBO=O.O 
DO 9 LR=K,L 
D(LR,J)=G(LR,J)/O(LR,lR) 
SUBD=SUBO+O(LR,J)*G(LR,J) 
D(J,J)=~M(J,lt-SU80 

DO 13 J=l,NDOF 
O(J,J)=SQRT(O(J,J)) 
IF (J.EQ.NDGF) GO TO 13 
KB=J+l 
DG 12 K=KB,NDOF 
DtJ,K)=OiJ,K)*O(J,J) 

D IS NOW THE TRIANGULAR MATRIX L 

CONTINUE 

INVERT THE TRIANGULAR MATRIX l (0) 

DO 18 l=l ,NOOF 
IF (1-1) 17,17,14 
ILSS=I-1 
DO 16 K=l,ILSS 

CHOO 650 
CHOO 660 
CHOO 670 
CHOO 680 
CHOO 690 
CHOO 700 
CHOO 710 
CHOO 720 
CHOO 730 
CHOO 740 
CHOO 750 
CHOO 760 
CHOO 770 
CHOO 780 
CHOO 790 
CHOO 800 
CHOO 810 
CHUO 82 0 
CHOO 830 
CHOO 840 
CHOO 850 
CHOO 860 
CHOO 870 
CHOO 880 
CHOO 890 
CHOO 900 
CHOO 910 
CHOO 920 
CHOO 930 
CHOO 940 
CHOO 950 
CHOO 960 

...... 

...... 
N 



15 

16 
17 
18 
c 
c 
c 

19 

20 

21 
22 

SUM=O.O 
00 15 J=K,ILSS 
SUM=SUM+O(J,l)*TLINV(K,J) 
CONTINUE 
TllNV(K,l)=-SUM/O(J,Il 
CONTINUE 
TLINV(I ,I l=l.O/D( I,J) 
CONTINUE 

DETERMINE THE K-TILDA MATRIX 

DO 22 l=l,NDOF 
DC 20 K=l,NDCF 
PARTKCK)=O.O 
DO 20 J=l,J 
MCC=J-1 
KN=K-MCC 
IF (J.GT.K) GO TO 19 
IF (KN.GT.MB) GO TO 20 
PARTK(Kl=TLINVCJ,ll*AKCJ,KN)+PARTK(K) 
GO TO 20 
MC=K-1 
JN=J-MC 
IF (JN.GT.MB) GO TO 20 
PARTK(K)=TLINVCJ,l)*AK(K,JN)+PARTK(K) 
CONTINUE 
DO 21 KK= 1, NOOF 
DO 21 J J= l , KK 
TllDAKll,KK)=PARTK{JJ)*TLINV(JJ,KK)+TILOAKCl,KK) 
CONTINUE 
RETURN 
END 

CHOO 970 
CHOO 980 
CHOO 990 
CHODlOOO 
CHODlOlO 
CHOD1020 
CHOD1030 
CH001040 
CHOD1050 
CHOD1060 
CHOD1070 
CHOD1080 
CHOD1090 
CHODllOO 
CHODlllO 
CHOD1120 
CHOD1130 
CH001140 
CH001150 
CHOO 1160 
CHODll 70 
CH001180 
CHOD1190 
CHOD1200 
CHOD1210 
CHOD1220 
CHOD1230 
CHOD1240 
CH001250 
CHOD1260 
CHOD1270 
CHOD1280 

...-...-
w 
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SUBROUTINE SYMST SYMS 10 
--------------------------------------------S YM S 20 

SYMS 30 
SYMS 40 

THIS SUBROUTINE TRANSFORMS THE K-TILOA MATRIX TO THE SYMMETRIC SYMS 50 
STORAGE MOOE USED BY THE IMSL SUBROUTINE EIGRS. SYMS 60 

SYMS 70 
SYMS 80 

------------------------------------------------SYMS 90 
COMMON X(l0,2),A(l0),Xl(l0),E(l01,XLC10),C(l0),SC10),ALPH(l0),6ETASYMS 100 

l(l0),SSKTILl210),WONC10,4J,WTW(l0,4),WTH(l0,4J,WFOll0,4),PP(30,4),SYMS 110 
2FLOC(l0,6,4),8M(l0,7,4),PSTOR(20,4),P0UP(20,4),BMMC10,4),XXXC10,7,SYMS 120 
34),V(l0,7,4),DISP(20,4J,wElGHT(l0),0(20,20),GC20,20J,TLINVl20,20),SYMS 130 
4TILDAK(20,20J,AZ(20,20),0ENS(l0),MCOOE(l0,6),INC(l0,2),MNUM(l0,4),SYMS 140 
5MA(l0,4),LDTYP(l0,4),NMA(4),FY,NM,NJ,NOOF,MB,INFOC,IFSOC,ITTCON,NLSYMS 150 
6C,INFOP,ILDAP,IGENCL,MASTYP SYMS 160 

K=l SYMS 170 
DO 2 I=l,NDOF SYMS 180 
DO l J=l,J SYMS 190 
SSKTIL(K)=TILDAK(J,J) SYMS 200 
K=K+l SYMS 210 
CONTINUE SYMS 220 
CONTINUE SYMS 230 
RETURN SVMS 240 
END SYMS 250 
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SUBROUTINE EIGRS (A.N,IJOB,o,z,1z,wK,IER) EIRS 10 
------------------------------------------------------------------EIRS 20 

EIRS 30 
EIRS 40 

THIS SUBROUTINE AND All REMAINING SUBROUTINES ARE USED IN THE EIRS 50 
CALCULATIONS OF EIGENVALUES AND EIGENVECTORS. THEY ARE A PART OF EIRS 60 
THE INTERNATIONAL MATHEMATICAL AND STATISTICAL LIBRARIES, INC. EIRS 70 
(IMSL) IN HOUSTON, TEXAS. THEY ARE REPRODUCED HERE WITH THE EIRS 80 
PERMISSION OF IMSl ANO MAY NOT BE EXTRACTED AS A BASIS FOR ANY EIRS 90 
SOFTWARE DEVELOPMENT. EIRS 100 

EIRS 110 
EIRS 120 

-EIGRS---------S/D-----LIBRARY 1-----------------------~-------EIRS 130 
FUNCTION - TO CALCULATE EIGENVALUES AND (OPTIONALLY) EIRS 140 

EIGENVECTORS Of A REAL SYMMETRIC MATRIX. EIRS 150 
USAGE - CALL EIGRS (A,N,IJOB,o,z,1z,wK,IER) EIRS 160 
PARAMETfRS A - THE INPUT REAL SYMMETRIC MATRIX OF ORDER N• EIRS 170 

STORED IN SYMMETRIC STORAGE MOOE, EIRS 180 
WHOSE EIGENVALUES ANO EIGENVECTORS EJRS 190 
ARE TO BE COMPUTED. INPUT A IS EIRS 200 
DESTROYED If IJOB IS EQUAL TOO OR 1. EIRS 210 

N - THE ORDER OF THE MATRIX A.f INPUT) EIRS 220 
IJOB - INPUT OPTION PARAMETER, WHEN EIRS 230 

IJOB = Ot COMPUTE EIGENVALUES ONLY EIRS 240 
IJOB = 1, COMPUTE EIGENVALUES AND EIGEN- EIRS 250 

VECTORS. EIRS 260 
IJOB = 2, COMPUTE EIGENVALUES, EIGENVECTORS EIRS 270 

ANO PERFORMANCE INOEX. EIRS 280 
IJOB = 3, COMPUTE PERFORMANCE INDEX ONLY. EIRS 290 
IF THE PERFORMANCE INDEX IS COMPUTED, IT IS EIRS 300 
RETURNED IN WKlll. THE ROUTINES HAVE EIRS 310 
PERFORMED CWELL, SATISFACTORILY, POORLY) If EIRS 320 
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D 

l 

IZ 

WK 

IER 

WKCl) IS CLESS THAN 1, BETWEEN 1 ANO 100, 
GREATER THAN lOOJ. 

- THE OUTPUT VECTOR Of LENGTH Nt 
CONTAINING THE EIGENVALUES OF A. 

- THE OUTPUT N BY N MATRIX CONTAINING 
THE EIGENVECTORS OF A. 
THE EIGENVECTOR IN COLUMN J OF l CORRES-
PONDS TO THE EIGENVALUE OCJ). 
If IJOB = o, Z IS NOT USED. 

- THE ROW DIMENSION CF THE MATRIX l IN THE 
CALLING PROGRAM. IZ MUST BE GREATER THAN 
OR EQUAL TO N If IJOB IS NOT EQUAL TO ZERO. 

- WORK AREA, THE LENGTH Of WK DEPENDS 
ON THE VALUE OF IJOB, WHEN 
IJOB = O, THE LENGTH OF WK IS AT LEAST N. 
IJOB = 1, THE LENGTH Of WK IS AT LEAST N. 
IJOB = 2, THE LENGTH OF WK IS AT LEAST 

NCN+U/2+N. 
IJOB = 3, THE LENGTH Of WK IS AT LEAST 1. 

- ERROR PARAMETER 
TERMINAL ERROR 

IER = 128+J, INDICATES THAT EQRT2S FAILED 
TO CONVERGE ON EIGENVALUE J. EIGENVALUES 
ANO EIGENVECTORS l, ••• ,J-1 HAVE BEEN 
COMPUTED CORRECTLY, BUT THE EIGENVALUES 
ARE UNORDERED. THE PERFORMANCE INDEX 
IS SET TO 1000.0 

WARNING ERROR (WITH FIX) 
IER = 66, INDICATES IJOB IS LESS THAN 0 OR 

IJOB IS GREATER THAN 3. IJOB SET TO 1. 
IER = 67, INDICATES IJOB IS NOT EQUAL TO 

ZERO, AND IZ IS LESS THAN THE ORDER OF 

EIRS 330 
EIRS 340 
EIRS 350 
E1RS 360 
EIRS 370 
EIRS 380 
EIRS 390 
E IRS 400 
EIRS 410 
EIRS 420 
EIRS 430 
EIRS 440 
EJRS 450 
EIRS 460 
EIRS 470 
EIRS 480 
EIRS 490 
EIRS 500 
EIRS !>10 
EIRS 520 
EIRS 530 
EIRS 540 
E IRS 550 
EIRS 560 
EIRS 570 
EIRS 580 
EIRS 590 
EIRS 600 
EIRS 610 
EIRS 620 
EIRS 630 
EIRS 640 

--a-
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MATRIX A. IJOB IS SET TO ZERO. EIRS 650 
PRECISION - SINGLE/DOUBLE EIRS 660 
REQD. IMSL ROUTINES - EHOBKS,EHO~SS,EQRT2S,UERTST EIRS 670 
LANGUAGE - FORTRAf\I EIRS 680 
-------------------------------------------E IRS 690 
LATEST REVISION - MARCH 9, 1977 EIRS 700 

EIRS 710 
EIRS 720 

DIMENSION A(l), 0(1), WK(l), Z(IZ,l) EIRS 730 
DOUBLE PRECISION A101wK 1Z,ANORM,ASUM,Pl,SUMZ,SUMR,AN,S EIRS 740 
DOUBLE PRECISlGN TEN,RDELP,ZERO,ONE,THOUS EIRS 750 
DATA RDELP/Z3410000000000000/ EIRS 760 
2 DATA ZERO,ONE,TEN,THOUS/O.OD0,1.ooo,10.ooo,1oooe1RS 770 
OATA RDELP/Z3Cl00000/ EIRS 780 
DATA ZERO,ONE/0.0 1 1.0/,TEN/10.0/,THOUS/1000.0/ EIRS 790 

INITIALIZE ERROR PARAMETERS EIRS 800 
IER=O 
JER=O 
IF CIJOB.GE.O.AND.IJOB.LE.3) GO TO l 

WARNING 
RANGE 

ERROR - IJOB IS NOT IN THE 

IER=66 
I JOB= 1 
GO TO 2 
IF (IJOB.EQ.O) GO TO 4 
If (IZ.GE.NJ GO TO 3 

IER=67 
IJOB=O 
If (lJOB.EQ.3) GO 10 12 

WARNING ERROR - IZ IS LESS THAN N 
EIGENVECTORS CAN NOT SE COMPUTED, 
lJOB SET TO ZERO 

EIRS 810 
E IRS 820 
EIRS 830 
EIRS 840 
E1RS 850 
EIRS 860 
EIRS 870 
EIRS 880 
EIRS 8<}0 
EIRS 900 
ElRS 910 
EIRS 920 
EIRS 930 
EIRS 940 
EIRS 950 
EIRS 960 

...... ...... 
-...J 
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5 
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c 
c 
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8 
c 
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c 
10 
c 

11 

NA: ( N * ( N+ 1) ) / 2 
IF (IJOB.NE.2) GC TO 6 
DO 5 I= lt NA 
WK( I )=ACI) 
CONT I NUE 

ND=l 
if (IJOB.EQ.2) ND=NA+l 

SAVE INPUT A IF !JOB = 2 

REOUCE A TO SYMMETRIC TRIDIAGONAL 
FORM 

CALL EHOUSS CA,N,O,WK(NO),WK(NO)I 
IIZ=O 
If (JJOB.GT.O) llZ=IZ 
IF CIIZ.EQ.0) GO TO 9 

DO 8 I=l, N 
DO 7 J=l,N 
Z(l,J)=ZERO 
CCNTINUE 
Z( I,U=CNE 
CONTINUE 

SET Z TO THE IDENTITY MATRIX 

COMPUTE EIGENVALUES ANO EIGENVECTORS 
CALL EQRT2S (0,WK(NO),N,Z,llZ,JER) 
IF (IJOB.EQ.O) GO TO 18 
IF CJER.GT.128) GO TO 10 

CALL EHOBKS CA,N,ltNtZtlZ) 
If (IJOB.LE.l) GO TO 18 

DO 11 I= 11 NA 
Afl)=WK(I) 
CONTINUE 

BACK TRANSFORM EIGENVECTORS 

MOVE INPUT MATRIX BACK TO A 

EIRS 970 
EIRS 980 
EIRS 990 
EIRSlOOO 
EIRS1010 
EIRS1020 
EIRS1030 
EIRS1040 
EIRS1050 
EIRS1060 
ElRS1070 
EIRSlOSO 
EIRS1090 
EIRSllOO 
EIRSlllO 
EIRS1120 
EIRS1130 
EIRS1140 
EIRS1150 
EIRS1160 
EIRS1170 
ElRSll80 
EIRS1190 
EIRS1200 
EIRS1210 
ElRS1220 
EIRS1230 
EIRS1240 
EIRS1250 
EIRS1260 
EIRS1270 
EIRS1280 

...... ...... 
00 



c 
12 

c 

13 
c 

14 

c 

c 

WK( U=THOUS 
IF (JER.NE.OJ Gu TO 18 

ANORM=ZERO 
I BEG= 1 
DO 14 I= 1, N 
ASU1"1=ZERil 
IL=IBEG 
KK=l 
DO 13 L=l ,N 

COMPUTE 1 - NORM OF A 

1 ASUM =ASUM+OABS(A(ILJI 
ASUM=ASUM•ABS(A(IL)) 
IF Cl.GE.I) KK=l 
ll=IL+KK 
CONTINUE 
1 ANORM = DMAXltANORM,ASUM) 
ANORM=AMAXl(ANGRM,ASUM) 
I BEG= IBEG+l 
CONTINUE 
IF CANORM.EQ.ZERO) ANORM=ONE 

PI=ZERO 
DO 17 l=l,N 
I BEG=l 
S-=ZERO 
SUMZ=ZERO 
DO 16 L=l,N 
LK=IBEG 
KK=l 

COMPUTE PERFORMANCE INDEX 

1 SUMZ = SUMl+DABSCZCL,J)) 
SUMZ=SUMZ+ABS(Z(L,l)J 
SUMR=-Oll)*ZCL,I) 

EIRS1290 
EIRS1300 
EIRS1310 
EIRS1320 
EIRS1330 
EIRS1340 
EIRS1350 
EIRS1360 
EIRS1370 
EIRS1380 
EIRS1390 
EIRS1400 
EIRS1410 
EIP.51420 
EIRS1430 
EIRS1440 
EIRS1450 
EIRS1460 
ElRSl470 
EIRS1480 
EIRS1490 
EIRS1500 
EIRS1510 
EIRS1520 
EIRS1530 
EIRS1540 
EIRS1550 
EIRS1560 
EIRS1570 
EIRS1580 
E IRS 1590 
EIRS1600 

--l.O 



DO 15 K=l,N EIRS1610 
SUMR=SUMR+A(LKl*Z(K,Il EIRS1620 
IF lK.GE.U KK=K E IRS 16.30 
LK=LK+KK EIRS1640 

15 CONTINUE EIRS1650 
c 1 s = S+OABS(SUMR) EIRS1660 

S=S+ABS(SUMRJ EIRS1670 
I BEG= IBEG+L EIRS1680 

16 CONTINUE EIRS1690 
IF tSUMZ.EQ.ZERO) GO TO 17 EIRS1700 

c 1 PI = DMAXllPI.S/SUMl) EIRS1710 
Pl=AMAXlCPI,S/SUMZl EIRS1720 

17 CONTINUE EIRS1730 
AN=N EIRS1740 
Pl=PI/CANORM*TEN*AN*RDELP) EIRS1750 
WK(l)=PI EIRS1760 -N 18 CONTlNUE EIRS1770 0 

If CIER.NE.0) CALL UERTST (JER,6HEIGPS I EIRS1780 
IF (JER.EQ.0) GO TO 19 EIRS1790 
IER=JER EIRS1800 
CALL UERTST CIER,6HEIGRS ) EIRS1810 

19 RETURN EIRS1820 
ENO EIRS1830 
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SUBROUTI~E EHOBKS (A,N,Ml1M2,z,1z> EH08 10 
-EHOBKS--------S/0-----LIBRARY 1----------------------------------EHOB 20 

EHOB 30 
FUNCTION - PERFORM A BACK TRANSFORMATION TO FORM THE EHOB 40 

EIGENVECTORS Of THE ORIGINAL SYMMETRIC EHOB 50 
MATRIX FROM THE EIGENVECTORS OF THE EHOB 60 
TRIDIAGONAL MATRIX. EHOB 70 

USAGE - CALL EHOBKS CA,N,Ml,M2,Z,IZ> EHOB 80 
PARAMETERS A - THE ARRAY CONTAINS THE DETAILS OF THE HOUSE EHOB 90 

HOLDER REDUCTION Of THE ORIGINAL MATRIX A ASEHOB 100 
GENERATED BY J~Sl ROUTINE 1 EHOUSS 1 • EHOB 110 

N - ORDER OF THE REAL SYMMETRIC MATRIX. EHOB 120 
Ml - Ml AND M2 ARE TWO INPUT SCALARS SUCH THAT EHOO 130 

EIGENVECTORS Ml TO M2 OF THE TRIDIAGONAL EHOB 140 
MATRIX A HAVE BEEN FOUND ANO NORMALIZED EHOB 150 
ACCORDING TG THE EUCLIDEAN NORM. EHOB 160 

M2 - SEE ABOVE - Ml EHOB 170 
l - A T~O DIMENSIONAL ARRAY Of SIZE N X (M2-Ml+l) EHOB 180 

WHICH CONTAINS EIGENVECTORS Ml TO M2 OF EHOB 190 
TRIDIAGONAL MATRIX T, NORMALIZED ACCORDING EHOB 200 
TO EUCLIDEAN NORM. INPUT Z CAN BE PRODUCED EHOB 210 
SY IMSL ROUTINE 1 EQRT2S 1 , THE RESULTANT EHOB 220 
MATRIX OVERWRITES THE INPUT z. EHOB 230 

IZ - ROW DIMENSION OF l IN CALLING PROGRAM. EHOB 240 
PRECISION - SINGLE/DOUBLE EHOB 250 
LANGUAGE - FORTRAN EHOB 260 
--------------------------- ------~--- EHOB 270 
LATEST REVISION - JULY 21, 1972 EHOB 280 

EHOB 290 
EHOB 300 

DIMENSION ACl), Z(IZ,l) EHOB 310 
DOUBLE PRECISION A,Z,H,S EHOB 320 



IF (N.EQ.l) GO TO 5 EHOB 330 
DO 4 1=2,N EHOB 340 
L=l-1 EHOB 350 
IA=l*L/2 EHOB 360 
H=A(IA+I) EHOB 370 
If (H.EQ.0.) GO TO 4 EHOB 380 

c DERIVES EIGENVECTORS Ml TO M2 OF EHOB 390 
c THE ORIGINAL MATRIX FROM EIGENV~CTORSEHOB 400 
c Ml TO M2 OF THE SYMMETRIC EHOB 410 
c TRIDIAGONAL MATRIX EHOB 420 

DO 3 J=Ml ,M2 EHOB 430 
S=O.O EHOB 440 
DO 1 K= l, L EHOB 450 
S=S+A(IA+K)*ZlK,J) EHOB 460 

l CONTINUE EHOB 470 
S=S/H EHOB 480 ,..... 

N 
DO 2 K=l, L EHOB 490 N 

Z(K,J)=Z(K,J)-S*ACIA+K) EHOB 500 
2 CONTINUE EHOB 510 
3 CONTINUE EHOB 520 
4 CONTINUE EHOB 530 
5 RETURN EHOB 540 

END EHOB 550 
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SUBROUTINE EHOUSS CA,N,O,E,E2) EHOU 10 
-EHOUSS--------S/0-----LIBRARY 1----~-~-----------------------EHOU 20 

EHOU 30 
fUNCTION - REDUCE A SYMMETRIC MATRIX A TO SYMMETRIC EHOU 40 

TRIDIAGONAL FORM USING HOUSEHOLDER'S EHOU 50 
REDUCTION. EHOU 60 

USAGE - CALL EHOUSStA,N,O,E,E2> EHOU 70 
PARAMETERS A - THE GIVEN N X N, REAL SYMMETRIC MATRIX A, EHOU 80 

WHERE A IS STORED IN SYMMETRIC STORAGE MOOE.EHOU 90 
THE INPUT A IS REPLACED BY EHOU 100 
THE DETAILS OF THE HOUSEHOLDER EHOU 110 
REDUCTION OF A. EHOU 120 

N - ORDER OF A ANO THE LENGTH OF O,E, ANO E2 EHOU 130 
D - THE OUTPUT ARRAY Of LENGTH N, GIVING THE EHOU 140 

DIAGONAL ELEMENTS OF THE TRIDIAGONAL MATRIX.EHOU 150 
E - THE OUTPUT ARRAY Of LENGTH N, GIVING THE SUB- EHOU 160 

DIAGONAL IN THE LAST CN-1) ELEMENTS, E(l) ISEHOU 170 
SET TO ZERO. EHOU 180 

E2 - OUTPUT ARRAY OF LENGTH N. E2(1) = E(l)**2• EHOU 190 
PRECISION - SINGLE/DOUBLE EHOU 200 
LANGUAGE - FORTRAN EHOU 210 
-----------~------------------------------------------- --EHOU 220 
LATEST REVISION - APRIL 11 1 1975 EHOU 230 

EHOU 240 
EHOU 250 

DIMENSION A(l), OCN>, E(N), E2(N) EHOU 260 
1 DOUBLE PRECISION A,O,E,E2,ZERO,H,SCALE,ONE,SCALE1,F,G,HH EHOU 270 
REAL A,O,E,E2,ZERO,H,SCALE,ONE,SCALEl,F,G,HH EHOU 280 
1 DATA ZERO/O.ODO/,ONE/l.000/ EHOU 290 
DATA ZERO/O.O/,ONE/1.0/ EHOU 300 
NPl=N+l EHOU 310 
NN-=f N*NPl )/ 2-1 EHOU 320 

...... 
N 
w 



NBEG=NN+l-N EHOU 330 
DO 14 II=l,N EHOU 340 
l=NPl-Il EHOU 350 
L=l-1 EHOU 360 
H=ZERO EHOU 370 
SCALE=ZERO EHOU 380 
IF (L.LT.l) GO TO 2 EHOU 390 

c SCALE ROW (ALGOL TOL THEN NOT NEEDEO)EHOU 400 
NK.=NN EHOU 410 
DO 1 K=l,l EHOU 420 

c 1 SCALE = SCALE+DABS{A(NKJ) EHOU 430 
SCALE=SCALE+ABS(A(NK)) EHOU 440 
NK=NK-1 EHOU 450 

1 CONTINUE EHOU 460 
IF (SCALE.NE.ZERO) GO TO 3 EHOU 470 

2 Ell)=ZERO EHOU 480 ...... 
N E2(l)=ZERO EHOU 490 +=' 

GO TO 13 EHOU 500 
3 NK=NN EHOU 510 

SCALEl=ONE/SCALE EHOU 520 
DO 4 K=l, l EHOU 530 
ACNK)=A(NKl*SCALEl EHOU 540 
H=H+A(NK)*A(NKt EHOU 550 
NK=NK-1 EHOU 560 

4 CONTINUE EHOU 570 
E2lll=SCALE*SCALE*H EHOU 580 
F=AtNN) EHOU 590 

c 1 G = -DSIGNCOSQRT{H),f) EHOU 600 
G=-SIGNlSQRT{H),FJ EHOU 610 
E ( I ) =SCALE* G EHOU 620 
H=H-f*G EHGU 630 
AlNNl-=F-G EHOU 640 



IF (L.EQ.lt GO TO 11 EHOU 650 
F=ZERO EHOU 660 
JKl=l EHOU 670 
DO 8 J=ltl EHOU 680 
G=ZERO EHOU 690 
IK=NBEG+l EHOU 700 
JK=JK l EHOU 710 

c FORM ELEMENT OF A*U EHOU 720 
DO 5 K=l,J EHOU 730 
G=G+A(JK) *A( IKl EHOU 740 
JK=JK+l EHOU 750 
lK=IK+l EHOU 760 

5 CONTINUE EHOU 770 
JPl=J+l EHOU 780 
IF (L.LT.JPl) GO TO 1 EHOU 790 ~ 

N 
JK=JK+J-1 EHOU 800 V1 

DO 6 K=JPl,l EHOU 810 
G=G+A(JKl*A(lK) EHOU 820 
JK=JK+K EHOU 830 
lK=lK+l EHOU 640 

6 CONTINUE EHOU 850 
c FORM ELEMENT Of P EHOU 860 
1 E ( J )= G/H EHOU 870 

f=F+E(J)*A(NBEG+J) EHOU 680 
JKl=JKl+J EHOU 890 

8 CONTINUE EHOU 900 
HH=f/(H+H) EHOU 910 

c FORM REDUCED A EHOU 920 
JK= l EHOU 930 
DO LO J=l,l EHOU 940 
F=A(NBEG+J) EHOU 950 
G=E(J)-HH*f EHOU 960 



9 
10 
11 

12 
13 

14 

E(J)=G 
00 9 K=l,J 
A(JK)=A(JK)-f*E(K)-G*A(NBEG+K) 
JK=JK+ l 
CONTINUE 
CONTl NUE 
DO 12 K=l,L 
A(NBEG+K)=SCALE*A(NBEG+KJ 
CONTINUE 
O(l)=A(NBEG+I) 
ACNBEG+I>=H*SCALE*SCALE 
NBEG=NBEG-1+1 
NN=NN-1 
CONTINUE 
RETURN 
ENO 

EHOU 970 
EHOU 980 
EHOU 990 
EHOUl 000 
EHOU1010 
EHOU1020 
EHOU1030 
EHOU1040 
EHOU1050 
EHOU1060 
EHOU1070 
EHOU1080 
EHOU1090 
EHOUllOO 
EHOUl 110 
EHOUl 120 ...... 

N 

"' 
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SUBROUTINE EQRT2S {O,E,~,z,1z,1ER) EQRT 10 
-EQRT2S--------S/D-----LIBRARY 1---~-----------~--------------EQRT 20 

EQRT 30 
FUNCTION - FIND THE EIGENVALUES AND {OPTIONALLY) EQRT 40 

EIGENVECTORS OF A TRIDIAGONAL MATRIX, T, EQRT 50 
USING THE Ql METHOD. EQRT 60 

USAGE - CALL EQRT2S {O,E,N,Z,IZ,IER) EQRT 70 
PARAMETERS 0 - ON INPUT, THE VECTOR 0 Of LENGTH N CONTAINS EQRT 80 

THE DIAGONAL ELEMENTS OF THE TRIDIAGONAL EQRT 90 
MATRIX T. EQRT 100 
ON OUTPUT, D CONTAINS THE EIGENVALUES OF EQRT 110 
T IN ASCENDING ORDER. EQRT 120 

E - ON INPUT, THE VECTOR E OF LENGTH N CONTAINS EQRT 130 
THE SUB-DIAGONAL ELEMENTS OF T IN POSITION EQRT 140 
2, ••• ,N. ON OUTPUT, E IS DESTROYED. EQRT 150 

N - ORDER OF TRIDIAGONAL MATRIX T.<INPUT) EQRT 160 
l - ON INPUT, Z CONTAINS THE IDENTITY MATRIX OF EQRT 170 

ORDER N. EQRT 180 
ON OUT?UT, Z CONTAINS THE EIGENVECTORS EQRT 190 
OF T. THE EIGENVECTOR IN COLUMN J OF Z EQRT 200 
CORRESPONDS TO THE EIGENVALUE O{J). EQRT 210 

IZ - ROW DIMENSION OF l IN THE CALLING PROGRAM. EQRT 220 
IF ll IS LESS THAN N, THE EIGENVECTORS ARE EQRT 230 
NGT COMPUTED. IN THIS CASE l IS NOT USED. EQRT 240 

IER - ERROR PARAMETER EQRT 250 
TERMINAL ERROR EQRT 260 

IER = 128+J, INDICATES THAT EQRT2S FAILED EQRT 270 
TO CGNVERGE ON EIGENVALUE J. EIGENVALUES EQRT 280 
AND EIGENVECTORS l, ••• ,J-1 HAVE BEEN EQRT 290 
COMPUTED CORRECTLY, BUT THE EIGENVALUES EQRT 300 
ARE UNORDERED. EQRT 310 

PRECISION - SINGLE/DOUBLE EQRT 320 
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c 
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c 
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l 

c 

c 

c 

REQD. IMSL ROUTINES - UERTST EQRT 330 
LANGUAGE - FORTRAN EQRT 340 
----------------------------------------------EQRT 350 
LATEST REVISION MARCH 11, 1977 EQRT 360 

EQRT 370 
EQRT 380 

DIMENSION 0(1), E(l), l(ll,lJ EQRT 390 
DOUBLE PRECISION o,e,z,s,c,F,G,H,P,R,S,RDELP,ONE,ZERO EQRT 400 
l DATA ROELP/Z3410000000000000/ EQRT 410 
DATA RDELP/Z3Cl00000/ EQRT 420 
l DATA ZERO,ONE/O.OOO,l.000/ EQRT 430 
DATA ZERO,ONE/0.0,1.0/ EQRT 440 

MOVE THE LAST N-1 ELEMENTS EQRT 450 
OF E INTO THE FIRST N-1 LOCATIONS EQRT 460 

IER=O EQRT 470 
IF (N.EQ.l} GO TO 18 EQRT 480 
OD 1 1=2,N EQRT 490 
E<l-l)=E<Il EQRT 500 
CONTINUE EQRT 510 
E{N)=ZERO EQRT 520 
B=ZERO EQRT 530 
F=ZERO EQRT 540 
DO 12 L=l,N EQRT 550 
J=O EQRT 560 
l H = RDELP*CDABS(Dllt)+OABS(E(l))) EQRT 570 
U=RDcLP*IABS(O(L))+ABStE<L>>> EQRT 580 
IF (B.LT.H) B=H EQRT 590 

LOOK FOR SMALL SUB-DIAGONAL ELEMENT EQRT 600 
DO 2 M=l,N EQRT 610 
K=M EQRT 620 
1 IF (DABS(E(K)) .LE. 8) GO TO 15 EQRT 630 
IF CABS(E(K)).LE.B) GO TO J EQRT 640 

...... 
N 
00 



2 
3 

4 

c 
c 

5 

c 

c 

c 

CONTINUE 
M=K 
IF (M.EQ.U GO TO 11 
If (J.EQ.30) GO TO 17 
J=J+l 
L l=L+ l 
G=D(L) 
P=tD(ll)-GJ/(ECl)+E(l)) 

R = DSQRT(P*P+ONE) 
2 O(l) = E(L)/(P+DSIGN<R,P)) 
R=SQRT ( P* P+ONE) 
D(l)=E(l)/(P+SIGNCR,P)) 
H=G-O(L) 
DO 5 I=Ll,N 
0(1)=0(1)-H 
CONTINUE 
f=F+H 

P=OlM) 
C=ONE 
S=ZERO 
MMl=M-1 
MMlPL=MMl+L 
IF (l.GT.MMl) GO TO 10 
DO 9 ll=L ,MMl 
l=MMlPL-l I 
G=C*Ell) 
H=C*P 

QL TRANSFORMATION 

l lf (OABS(P).lT.OABS(E(I))) GO TO 30 
IF lABS(P).lT.ABSlE(I))) GO TO 6 
C=ECl)/P 
l R = DSQRT<C*C+ONE> 

EQRT 650 
EQRT 660 
EQRT 670 
EQRT 680 
EQRT 690 
EQRT 700 
EQRT 710 
EQRT 720 
EQRT 730 
EQRT 740 
EQRT 750 
EQRT 760 
EQRT 770 
EQRT 780 
EQRT 790 
EQRT 800 
EQRT 810 
EQRT 820 
EQRT 830 
EQRT 840 
EQRT 850 
EQRT 860 
EQRT 870 
EQRT 880 
EQRT 890 
EQRT 900 
EQRT 910 
EQRT 920 
EQRT 930 
EQRT 940 
EQRT 950 
EQRT 960 

...... 
N 
\0 



6 
c 

7 

c 

8 
9 
10 

c 
11 
12 
c 

R=SQR T ( C* C+ONE) 
E(l+l)=S*P*R 
S=C/R 
C=ONE/R 
GO TO 7 
C=P/E(l) 
l R = OSQRT(C*C+ONE> 
R=SQR T (C-*C+ONEl 
E ( l+l >=S*E( I l*R 
S=ONE/R 
C=C*S 
P=C*D (I )-S*G 
D(l+l)=H+S*<C*G+S*D(I)) 
IF (IZ.LT.N) GO TO 9 

00 8 K=l,N 
H=Z(K,l+l) 
Z(K,l+l>=S*Z(K,I)+C*H 
Z(K,IJ=C*ZIK,I>-S*H 
CONTINUE 
CONT! NUE 
ECLJ=S*P 
O(L)=C*P 

FORM VECTOR 

1 IF (DABS(E(l)) .GT.8) GO TO 20 
IF IABSIE(l)).GT.B) GO TO 4 
O(Lt=DCU+F 
CONTINUE 

DO 16 1=1, N 
K=l 
P=D(I) 
IPl=I+l 

CRDER EIGENVALUES AND EIGENVECTORS 

EQRT 970 
EQRT 980 
EQRT 990 
EQRTlOOO 
EQRTlOlO 
EQRT1020 
EQRT1030 
EQRT1040 
EQRT1050 
EQRT1060 
EQRT1070 
£QRT1080 
EQRT1090 
EQRT 1100 
EQRT 1110 
EQRT1120 
EQRTll30 
EQRT1140 
EQRT 1150 
EQRTll60 
EQRT 1170 
EQRT1180 
EQRTll90 
EQRT1200 
EQRT1210 
EQRT1220 
EQRT1230 
EQRT1240 
EQRT1250 
EQRT1260 
EQRT1270 
EQRT1280 

...... 
w 
0 



IF (IPl.GT.N) GO TO 14 EQRT1290 
DO 13 J=IPl,N EQRI1300 
If (O(J).GE.P) GO TO 13 EQRT1310 
K=J EQRT1320 
P=O(J) EQRT1330 

13 CONT I NUE EQRT1340 
14 IF (K.EQ.I) GO TO 16 EQRT1350 

O(K)=D(I) EQRT1360 
D<IJ=P EQRT1370 
IF ( I Z. L T • N I GO TO 16 EQRT1380 
DO 15 J=l,N EQRT1390 
P=Z(J,I) EQRT1400 
Z(J., I )=Z( J,K) EQRT1410 
ZiJ,K)=P EQRT1420 

15 CCNTINUE EQRT1430 ...... 
w 

16 CONTINUE EQRT1440 ...... 

GO TO 18 EQRT1450 
17 I fR= l 28+l EQRT14b0 

CALL UERTST UER,6HEQRT2S) EQRT1470 
18 RETURN EQRT1480 

END EQRT1490 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 

l 

SUBROUTINE UERTST f lER,NA~E) UERT 10 
-UERTST--------------LIBRARY 1---------------------------------UERT 20 

UERT 30 
FUNCTION - ERROR MESSAGE GENERATION UERT 40 
USAGE - CALL UERTSllIER,NAME) UERT 50 
PARAMETERS IER - ERROR PARAMETER. TYPE + N WHERE UERT 60 

TYPE= 128 IMPLIES TERMINAL ERROR UERT 70 
64 IMPLIES WARNING WITH FIX UERT 80 
32 IMPLIES WARNING UERT 90 

N = ERROR CODE RELEVANT TO CALLING ROUTINEUERT 100 
NAME - INPUT VECTOR CONTAINING THE NAME OF THE UERT 110 

CALLING ROUTINE AS A SIX CHARACTER LITERAL UERT 120 
STRING. UERT 130 

LANGUAGE - FGRTRAN UERT 140 
---------------- ------------------------------UERT 150 
LATEST REVISION - JANUARY 18, 1974 UERT 160 

UERT 170 
UERT 180 

DIMENSION ITYP(5,4), IBIT(4) UERT 190 
INTEGER*2 NAME(3) UERT 195 
INTEGER WARN,wARF,TERM,PRINTR UERT 200 
EQUIVALENCE (181Tll),WARN), (IBIT(2),WARF), (IBIT(3J,TERM) UERT 210 
DATA ITYP/4HWARN,4HING ,4H ,4H ,4H 1 4HWARN,4HINGC,4HWITH,UERT 220 

l4H FIX,4H) ,4HTERM,4HINAL,4H ,4H r4H ,4HNOl'\l-,4HDEFl,4HNUERT 230 
2ED ,4H ,4H /,IBIT/32,64,128,0/ UERT 240 

DATA PRINTR/6/ UERT 250 
IER2=1ER UERT 260 
IF (IER2.GE.WARNJ GO TO 1 UERT 270 

NON-DEFINED UERT 280 
IER1=4 UERT 290 
GO TO 4 UERT 300 
IF CIER2.LT.TERM) GO TO 2 UERT 310 

...... 
w 
N 



c TERMINAL UERT 320 
IER1=3 UERT :no 
GO TO 4 UERT 340 

2 If (IER2.LT.WARF) GO TO 3 UEP. T 350 
c WARNING( WITH f1X) UERT 360 

I ER l= 2 UERT 370 
GG TO 4 UERT 380 

c WARNING UERT 390 
3 I ERl= 1 UERT 400 c EXTRACT 'N' UERT 410 
4 lER2=1ER2-IBIT<IERl) UERT 420 
c PRINT ERROR MESSAGE UERT 430 

kRITE (PRINTR,5) (ITYPtl,IERl),1=1 15),NAME,IER2,IER UERT 440 
RETURN UERT 450 

c UERT 460 ...... 
w 

5 FORMAT (2 6H *** I M S L(UERTST) *** r5A4,4X,3A2,4X,1218H '1ER = ,UERT 470 w 
113,lH)) UERT 480 

END UERT 490 
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TI1E MASS MATRIX IN DYNAMIC STRUCTURAL ANALYSIS 

by 

Thomas J. Enneking 

(ABSTRACT) 

This thesis is concerned with the use and development of mass ma-

trices. A literature study is performed to determine the role of the 

mass matrix in the current state of the art of dynamic structural anal-

ysis. For simplicity and efficiency, the information obtained from the 

literature study is presented in a tabular format. 

A comparison study of three different types of mass matrices on the 

basis of frequency prediction is conducted. In order to perform the 

comparison study, a computer code was developed using beam-column elements 

to assemble the system mass matrix and calculate the eigenvalues and 

eigenvectors. This code was then added to the code developed in CE4002 -

Matrix Structural Analysis and CE5980 - Computer Aided Structural Design. 

Test problems are presented and comparisons made with exact solutions and 

solutions from the literature. 


	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115
	0116
	0117
	0118
	0119
	0120
	0121
	0122
	0123
	0124
	0125
	0126
	0127
	0128
	0129
	0130
	0131
	0132
	0133
	0134
	0135
	0136
	0137
	0138
	0139
	0140

