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I. INTRODUCTION

Composite materials have existed for centuries. They have been
used in a wide variety of man-made structures, from houses and
bridges to furniture, Taminated tennis rackets, and skis. However,
the idea of designing a composite for a specific purpose is compar-
atively recent.

In the past, the engineer was forced to choose from available
materials to design a particular structure. Soon, however, he may
be in a position to prescribe material properties in the expectation
that an appropriate composite will be fabricated. For example,
consider the case of a proposed Taminated composite for future
building applications. It has been suggested that such a composite
might have an outside layer comprising a structural and insulating
sandwich covered with a weather-resistant film. In addition, it
could have an inside skin consisting of a metallic sheet to provide
either radiant heat or cooling along with a fluorescent material
for internal lighting. The task of fabricating such a composite
is formidable,

The main structural problems that have been solved by these
materials are those involving strength, weight, and stiffness.
Thus, they have been used in the construction of ships, submarines,
aircraft radomes, wing and empennage structures, and helicopter

blades. The use of composites increases the capacity of a commercial



plane for passengers and cargo. Composite helicopter blades provide
Tower inertial loads while maintaining stiffness and providing good
damping and fatigue properties.

Materials that can provide strength and are at the same time
corrosion-resistant, rot-proof, thermally insulating, and nonmagnetic
are obviously desirable in ship construction. Materials like GRP
(glass fiber reinforced plastic composites) have been used in the
sonardome, master fairing, and superstructures of submarines and in
the mast, cutaway rudder, and ventilation system of surface ships.
In aircraft, these materials have been used in the honeycomb sandwich,
nose radome, fuselage, wings, and even the jet engfne compressor
blades.

Composites have not been utilized to great extent in space
vehicles. However, they have potential structural application as
propellant tanks, payload shrouds, and rocket nozzles of launch
vehicles; pressure vessels, antennas, meteoroid shields, and trusses
of spacecraft; thermal shields, aeroshells, and deployable decele-
rators for entry vehicles; and energy absorbers, framework, and
cabin walls of landing craft. Hence, bright prospects are antici-
pated for the broad application of these materials in space vehicles
and a]lied fields. The present obstacles are results of the
relative newness of the technology, limited design methods, and
occasional Tow reliability. AA]] these are characteristic of an
immature technology; future research and development will overcome

them.



The objectives of this dissertation are to investigate the
distribution of stresses around holes in composite plates under
pure bending and to calculate the stress concentration factor, which
plays an important role in structural design. The analysis is also
intended to provide information that is especially important in such
engineering problems as the fatigue and fracture of these materials.
At this point, a review of some current theories that may be apposite
to the ana]ysis will be reviewed.

The lamination theory, first introduced by Smith and further
developed by many authors, was capable of describing the gross
responses of laminated composite plates. This theory, based on the
classical plate assumptions, took the structural geometry and the
anticipated deformation characteristics into account in order to
arrive at simplified governing equations, which were appropriate
- for the analysis of a larger class of plate configurations.

Modified Tamination theory, also called high-order theory, has
been introduced by releasing some assumptions of classical plate
theory. 1In this way, the effects of transverse shear deformation
and rotary inertia can be included. This approach is applicable
for thick laminates and sandwich construction for which classical
lamination theory fails to give accurate gross responses because of
the relatively soft interlaminar shear modulus in high performance
composites.

The continuum theory of homogeneous materials has also been

developed for the laminate analysis. However, it obviously cannot



be used for determining local stress or strain fields at discontin-
uities because it represents a heterogeneous composite possessing
discontinuous materials as an equivalent homogeneity.

Of all the aforementioned theories, modified Tamination theory
is appropriate for analyzing the stress concentration around a hole
in a Taminated composite plate since this approach takes into
account the contribution of shear deformations and provides the
interlaminar shear stresses that are especiaiiy important in the
neighborhood of the free edge of a hole in a composite plate. To
familiarize the reader with the theory and the assumptions on which
it is based, derivations of the governing differential equations
and their boundary conditions are discussed in Chapter III. This
discussion reveals the nature of the problem: solving the governing
differential equations with appropriate boundary conditions.
Unfortunately, until now no general form of solution for these
general differential equations has been presented. However, the
scope of this dissertation is limited to the case of laminated
heterogeneous composites; hence, the governing differential equations
may be solved with the techniques presented here.

In the theoretical treatment of classical two-dimensional
problems, the application of the method of complex stress functions
was very successful. This fruitful method was developed primarily
by the Russian mathematician Muskhelishvili and his followers. With
the application of conformal mapping, it was possible to solve many

important problems involving stress concentrations. In reviewing



its past history, this technique has been used to solve for the
stress distribution in infinite composite plates with a hole under
pure bending; the method is discussed in Chapter IV. The application
cf the technique for a circular and an elliptical ho]e is described
in Chapter V, and for general curvilinear holes in Chapter VI.
However, significant mathematical difficulties will be encountered,
especially for the establishment of suitable conformal mappings;

and therefore, one is not able to solve all problems of arbitrary
cases of stress concentration even in this way.

It must be stated that numerical analytical techniques are also
very important in the investigation of stress concentration problems.
Some cases of two- and three-dimensional stress concentration
problems have been investigated by the finite element method. The
accuracy of this method, however, is limited. But for many engin-
eering and design problems, the finite element method is of great
importance. In view of these facts, the finite element analysis is
presented in Chapter VII. The solutions have been compared with the
results obtained from the analytical method. It can be seen that the

two methods generally agree.



IT. LITERATURE REVIEW

The classical lamination theory for the bending of composite
plates laminated of thin orthotropic plates, or plies, was first
introduced by Smith [1]1%in 1953. He investigated plates that
possessed two perpendicular axes of elastic symmetry. A1l plies
were assumed to be identical in thickness and elastic properties.
Kirchhoff's approximations and the assumptions of small deflections
and displacement gradients were used to formulate the governing
differential equations. In 1959, Pister and Dong [2] studied the
problem of nonlinear bending of plates comprising two or more
bonded, thin isotropic layers. Their results showed that for
large deflections, the transverse and in-plane deflections were
coupled; however, this coupling disappeared when the deflections
were small. Therefore, for the latter case, solutions may be
obtained directly from corresponding single-layer plate problems
by transposing composite plate parameters,

Reissner and Stravsky [3] were the first to recognize the
coupling phenomenon between in-plane stretching and transverse
bending for non-symmetric laminated plates. Stravsky [4] also
showed that, even for the small deflection theory of Pister and
Dong [2], no simple transposition of single-layer plate solutions

was possible because stretching and bending are still coupled

*Numbers in brackets [ ] refer to references listed in REFERENCES.



through the boundary conditions, even though the differential
equations were uncoupled. The coupling phenomenon does not occur
in the theory of homogeneous plates and thus had been overlooked
by earlier authors.

A general small deflection theory for the elastostatic
extension and flexure of thin, laminated anisotropic shells and
plates was formulated by Dong, Pister, and Taylor [5]. The multi-
layered composite was composed of an arbitrary number of bonded
layers, each of a different thickness, orientation, and/or‘anisotropic
elastic properties. In their theory, the Kirchhoff-Love assumptions
were retained, the effects of transverse shear deformations were
neglected, and the interlamina shear stresses were derived from the
equilibrium equations.

The previously described theory, called the classical
laminated plate theory, CLT, is clearly outlined and discussed in
detail in references [6] through [9]. Numerous example problems
are presented in references [8] and [9].

Currently, with wider application of advanced composite
materials, there is increasing use of thick Taminates and sandwich
construction, In these applications, because of the relatively
soft interlaminar shear modulus used in high performance composites,
the classical laminated plate theory is not accurate for determining
such gross responses as plate deflection and the -internal stress
distribution. Also, the CLT fails to predict the interlaminar

shear stresses at the intersection of the interfaces and free edges,



where the stress gradients are very steep. Therefore, a theory for
laminated plates analogous to that presented by Reissner [10] and
Mindlin [11] for isotropic plates assumes greater importance. The
introduction of shear deformation into laminated plate theory was
evidently first accomplished by Stravsky [12] for isotropic layers
having identical Poisson's ratios. Ambartsumyan [13] developed a
slightly different approach, in which the transverse shear stresses
were defined to satisfy the required continuity conditions at the
layer interfaces. This bending theory allowed for the specification
of three boundary conditions per edge. Whitney [14] recently
extended Ambartsumyan's approach to solve certain specific boundary
value problems involving more general material and geometric proper-
ties than those considered by Ambartsumyan [13].

The most general linear laminate theory is attributed to Yang,
Norris, and Stravsky [15], who extended Mindlin's theory [11] for
homogeneous p]étes to laminates consisting of an arbitrary number of
bonded anisotropic layers. Although this approach is much less
cumbersome than thét of Ambartsumyan [13], its consequences have
not been explored becauserf a lack of solutions to specific boundary
value problems. They only solved the frequency equations for the
propagation of harmonic waves in a two-layer isotropic plate of
infinite extent.

Recently, Sun, Achenbach, and Herrmann [16] proposed a continuum
theory called the effective stiffness theory, in which they treated

the problem of a laminated system comprising a large number of



alternating layers of two different isotropic materials. This theory
has exhibited reasonable agreement with éxact elasticity solutions
for dispersion curves. However, the theory is not intended for
determining internal stresses in more complex composite systems,
which is the goal of the study presented herein.

Owing to the rapid development of modern high-speed electronic
computers, matrix techniques and finite element methods have received
much attention by engineers. Pryor [17] recently presented a finite
element method for Taminated anisotropic plates consisting of rec-
tangular 28 DOFd(degrees of freedomf element, which was employed in the
analysis of rectangular anisotropic laminated plates. Later, Lin [18]
presented an improved version of this element, which wasban isopara-
metric, 72 DOF element developed for the three-dimensional analysis
of lTaminated composites. The results of Pryor and Lin were in good
agreement with éxact elasticity solutions. Application of the 72 DOF
element for determining stress concentration factors near holes in
laminated composites under uniform in-plane tension was described
by Barker, Dana, and Pryor [19]. The good results of these investi-
gators provided the motivation for using similar finite element |
methods in the present work.

Because of the complicated geometry and boundary conditions,
analytical solutions for the stress distributions around holes in
laminated composite plates have not been presented in general form
in the Titerature. Solutions obtained by classical plate theory,

as given in references [20] through [22], provided inaccurate
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internal stress distributions near the edge of the hole. To date,
only one three-dimensional finite element analysis [19] has been
presented for the state of stress around a circular hole in a
Taminated composite under uniform tension. Several experimental
investigations were made, as reported in references [23], [24] and
[25]; however, these techniques are basically two-dimensional in
nature.

This study presents a detailed investigation of the stress
distributions around holes in laminated plates composed of an
arbitrary number of bonded anisotropic layers, each having one plane
of material symmetry parallel to the central plane of the plate.

The theory developed in references [13] and [14] is employed for
formulating the governing equations. General solutions for the

system of governing equaticns are generally not available owing to

the considerable difficulties in the mathematical analysis. However,
techniques for obtaining exact solutions, as developed in references
[22], [10], and [20] for circular and elliptical holes and in
references [26], [27], and [28] for general curvilinear holes, are

used to obtain solutions for the case of isotropic, laminated composite

plates.



III. FORMULATION OF GOVERNING EQUATIONS

3.1. Introduction

The basic equations presented in this dissertation to describe
the behavior of composite materials were originally derived by
Ambartsumyan [13j. These equations, together with the assﬁmptions
on which they are based, form a theory of thick elastic plates,
which is commonly referred to as Reissner's shearing deformation
theory. To allow for as much understanding as possible, the deri-
vation of the theory is carried out in this chapter. It proceeds
by first describing the underlying assumptions of the theory. This
is followed by derivations of the expressions which relate stresses
and displacements in a composite, the equations of motion of a
plate element, and the boundary conditions that are to be used with
the theory.

Before proceeding to the aforementioned topics, the laminated
composite plates to be studied are described. The composite plate
is to be a thin, multi-layered plate consisting of an odd number
(2m + 1) of uniform anisotropic layers arranged symmetrically with
respect to the plate middle plane xoy (see Figures 1 and é). In
general, a rectangular cartesian coordinate system is used with its
origin located in the middle plane and with its positive z axis
downward normal to the plane. The layers are bonded to each other
and numbered in a sequence as shown in Figure 2, It is also assumed

that each layer possesses a plane of elastic symmetry parallel to

11
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xoy plane and obeys the generalized Hooke's law. In addition, all
layers remain elastically bonded together and do not slip against
each other during deformation, nor are there traction forces on

the top and bottom boundaries of the composite plate. These boundary

conditions are expressed as
TXY(X’ Y, % h/2) =0, Tyz(x: Y, * h/2) =0, (3-])
o,(x, ¥y, £h/2) =0 . (3.2)

3.2. Basic Assumptions

The theory is based on the following postulates:

(i) The displacement w normal to plate middle plane does
not depend on the z coordinate.

(ii) The deflections, slopes, and rotations of the plate are
small.,

(iii) The shear stresses Ty, and Ty, OF the corresponding strains
and Yyz change according %o a postulated law with
régpect to the z coordinate.
As mentioned in section 3.1, certain continuity conditions must
be satisfied at each interface of layers. According to reference

[30] this task is fulfilled when the following expressions hold:

ui(xs Ys hi+]) U]+](X, Y hi+]) ’

i i+l
V(X, .y’ hi"']) v (X’ .ys h-i+") 9

witl(x, y, h (3.3)

i
w (X, y’ hi+]) i+])

and
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i - i+l
sz(xs Y, h'l""]) = sz (xs Yy, h1+]) s

i+l

i

. .+
ol (x, ¥4 hyyy) = 0b %y ¥, hiyy) (3.4)
where

i=1,2,3, ..., ml,

u,v,w = displacement components in the x, y, and z direction,
respectively ,

Tog = shear stress components ,
a, B =X, ¥, 2,
Oy = normal stress ,
a=X, Y, Z,
h = thickness of the composite plate ,
and index i stands for the ith layer.
In assumption (iii), the selection of the function that governs
the relation of Ty and T 2 to the coordinate should preferably be

Z Y

based on the analysis of the shear stress distribution t__ and t,_,

Xz yz
using the sufficiently accurate theories for the bending of thick

plates [10,29]. This analysis shows that shear stresses Txi and

Tyz for the case of thick as well as thin plates have a parabolic
distribution., Therefore, for each layer the stresses Tiz and T;z

can be expressed as

o = [Blaly - #2) ¢ ilutn
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Ti = [1Bi (%?- 22) + A?]w(x, y) (3.5)

where ¢(x, y) and ¢(x, y) are two arbitrary undetermined functions,
and Bgs and 814 are the comﬁonents of stiffness matrix for ith layer.
They are discussed later. The constants A? and A? are parameters
for ith layer. They are used for making the shear stresses satisfy
the continuity condition equations (3.4) as well as the boundary
condition Eqs. (3.1). By considering the symmetry condition with
respect to the middle plane of the plate, expressions for A? and A?

are obtained as follows:

izl .2
5. § Mh™_ 2 e _ g
Aj azl 2~ Mogy J(B55 - Bg5 )
i-1 1,2
4 _ I(h°_ 2 o _ potl
Ai a}, (4 hoﬁ-])(BM Bag ) »
o _ L0 a_ & -
Ai = Pomez-i» A1 = Aopey = 05 o = 4,5,
and i=1,2,3, ..., ml . (3.6)

Assumption (iii) permits reference of all derivations and
calculations to the original configuration of the plate and, together
with Hooke's law, assures that the resulting theory will be linear,
elastic one.

The assumption that the displacement w does not depend on the
z coordinate implies no transverse normal strain., It is expected

that this assumption will be generally valid for thin plates except
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in the vicinity of highly transverse concentrated loads. As a
consequence of the first and second postulates, the strain-displace-

ment equations for the arbitrary ith layer can be expressed as

i ou i_oavio i =’§E? + §!j
X x> Y 3y’ xy oy &

. i ’
S LA UL LA LA (3.7)

3.3. Displacement Functions

As stated in previous sections, each uniform anisotropic layer
possesses a plane of elastic symmetry parallel to the xoy plane;
thereby, the constitutive equations of the anisotropic material

having such an elastic symmetric plane for the ith layer can be

shown as
4 - - ()
ex a” a~|2 a'|3 a]6 Ux
€y A12 %p 3 g o
< r = < }
Yxy 216 326 236 266 %
e a a a a T (3.8)
z | 13 "23 "33 736 |. .
LT L a1 txxn
Yz ag5 5 Tyz
sz 345 644 Tyz i (3.9)
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where the 255 values are the elastic constants with symmetric

properties, aij = In general, thirteen independent elastic

a...
i
constants are needej in this system. However, if a given layer is
a fiber-reinforced composite material, it can be treated as an
orthotropic sheet. The axes of material symmetry are parallel and
normal to the fiber direction; thus, only nine rather than thirteen

coefficients are independent in this case,

In terms of the elastic stiffnesses, Eqs. (3.8) and (3.9)

become
Cx . B.I.I 812 B]G ex 313
9% | = | B2 B2 B (|8 |- |%3| %z¢
™y | 4 B16 B26 Pe6|, || Ty asg , @.10)
L . L _ \l. n L - y
JTXJ_ Bs5  Bas Yz
B, B j .
vihere the Bij values are the components of the elastic stiffness
matrix. They relate elastic constants 335 in the following relations:
- - - T - - - - -
B, %266 | | 16 2126  |Baa a5
B = l a~ \ 4 B = l 5 B = l a
%227 " a S Ne6( 260 T x YM2167 \°55 0D § Yaa P
B12| 1266 | | P66 3122) | Bas =25 |

(3.12)
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and

k1 T 45% T 2k (3.13)

) 2
b= (2,355 = ay5816)a16 * (215316 = apq3p6)ay *+ (21739, - 215366

D=a (3.14)

44%55 - 325 :
Now the displacement functions ui and vi can be derived in terms of
w and two unknown functions, ¢ and y, by integrating the last two
equations of Eq. (3.7) with respect to z. It should also be noted
that the strains yi and Y;z are given by Eq. (3.9) while the shear
stresses 11 and Tyz are given as assumed in Eq. 3.5. After some
manipulation, the expressions for the displacement functions are

obtained as

i i i i a8
u —Zé——'*' (J555 555 + Za55A )d)(x,)') + (J445 + R445 + Za45A])‘P(X,)’)

(3.15)
Ty (gl
vi= -zt (Jgqq * R444 + za )w(x,y) + (J545 + R+ za45A )o(x,y)
(3.16)

where JYaB and RyaB are funct1o?s designed to guarantee that the
displacement functions u' and v' are continuous across the interface
between the layers. By substituting Egs. (3.15) and (3.16) into (3.3)

the values for JYaB and RYaB are obtained as follows:

Z i hz Z2
Yyas = ?'aaBBYY(ﬂ" 5')
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and
m-i+1 . .
i i+1 _ i i+l _ Al
RYaB 151 [J ( 1+]) JYGB(h1+1) ¥ 1+1(a A +1 aaBAi)]
R™1 =0, y=4,5, o,8=4,5. (3.17)

YoB

Knowing the displacement functions, the strains can be calculated

from Eq. (3.7) and stresses from Eq. (3.10). As can be seen, the
strains and stresses are linearly distributed across the thickness

of the plate. Because the thickness is small, it is convenient to
integrate the stress distributions through the thickness of the

plate and to replace the usual consideration of stresses with a
consideration of statically equivalent stress resultants and stress
couples. In this way, the variations with respect to z are completely
eliminated thereby giving a two-dimensional theory.

3.4. Stress Resultants and Stress Couples

As normally defined in plate theory, the stress resultants and

stress couples are given by

h/2 :
(Mx, My, Mxy) = -hfz (o » Oy Oy ) zdz , (3.18)
h/2
(N, N, N )= [ (o, 0 ,voxy)dz

X y?* xy /2 Xy

h/2
(st Qy) = -r{/z(szs TyZ)idZ (3.]9)
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It should be noted that the stress resultants and stress couples
are defined per unit of length 6n the middle piane. Notice, in
these"equationé, that the in-plane stress resultants Nx’ Ny, and
ny disappear because df the nature of the symmetric property of
the plate with respect to the middle plane. This result can also

be justified immediately since the stresses o;, o, and T; are an

y Y
odd function in the z variable.

The stress resultants are to be found by integrating the
stresses given by Egs. (3.10) across the plate. However, this
integration cannot be completed yet since the value of 0; has not
yet been determined.

The normal stress o; for each layer can be determined by

examining the third equation of stress equilibrium, which is given

by

=0, B=X,Y, Z . (3.20a)

Eq. (3.20a) holds true at every point in the composite plate, and
for each individual layer. Therefore, for the ith layer it can be
rewritten as

ol

T ,
Xy yz zZ _
5 + oy * = 0. (3.20b)

To solve Eq. (3.20b) for o;, it is first necessary to substitute
for the shear stresses T;z and T;Z from Eq. (3.5) and then to inte-
grate with respect to the z coordinate. The final result is in the

following.
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. 2 2. .
io _[Z(h] 27! 5 _ i |20 _ z(h._ z.) ! 4 o1 3w
ol {2(1 2 Jogs + 28 555]8)( [24 % JBag + 27 - 1
(3.21)
where Saa(a = 4, 5) are integration constants designed to ensure
that the normal stress is continuous across the interface between
the layers. In view of the last equation in the continuity Eqs.
(3.4), the value of S, is given by
Si = EE-B] + 121 [_i(h )(B - BJ']) + (Aa - Aq Yh ] (3.22)
ao 24 0 52, |2 \4 J oo Jj -1 ’
i=1,2,3, ..., ml, a=4,5,

Having the displacements u' and v' and normal stress o; in terms
of three unknown functions w, ¢, and y, the expressions for the
stresses can be determined through Eq. (3.10) and strains through
(3.7) in terms of these unknown functions. In the interest of

brevity, the intermediate steps are not presented; instead, the

o . -i
final expression for the stresses a;, q;, and Txy are given by
. 2 2 . 2 j *;
i i oW i dw 1T 3w i ~i i
oy = <B12 2 Pogxay * P2z ayg) + (B34 Bogqqs * B2 )
. * . K N
0 1 -~ e 1
+ (8] + 8] J’ 122 @' gt wglal o+ Bich)L

B
22 545 26 5557 3y 12 555 26 545 2 5 93x

iYL\ ow
+ =
(812 a5+ B269044)5% (3.23)
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2 2 2 . x,
i i 9w iow LA igi, .42
o = 2 o2 Pieoxay ¢ B1zay2> (B 9355 * 16045 * 1 )
BT e i 96
1 ;1 1
+ + + G
(311 a5 * B6laaa)5y *(8) %4 516%553y
. *. 1. *. 1 .I M
T 41 1 e
+ +
(B1294g4 ¥ Biglaas * BrCa)yy - (3.24)
. . a2 . N2 . 2 * .ok,
i i %y i 9% T 3%w 141 430
= - —— —— —_— +
Txy Z(Blﬁaxz * PBeeaway 8268y2) * (B5g9fgs * Bze? 54575y
K Vo0, (pi i P Yoy
i )
+ v
¥ (866 145 " B26‘]444 + B, ) + (B 66J444 B16%4457 5%
*s * i 494
i i L
+ (Bggdogs * Blgless * B6Co)ox * (3.25)
where
*.
1 = + +
JnaB (z) za BA RnaB’
. . 2 i
1 _ 1,1 (h 2
G = EBnn<?f ) ) + A S’nn’
a, B = 43 5,
n =4, 5,

Now the stress resultants and stress couples may be obtained
in terms of the unknown functions w, ¢, and y. By substituting
Eqs. (3.23) through (3.25) into (3.18) the relationships between
the stress couples and the three unknown functions are obtained

in the following way.



2 5 4

W =5 =4 T
M i P2 Pis) [ 2 P1116 Pr216 1216 1116\ |3
?

_ 52w 5 4 =5 =4 |lay
|77 iz P2 P26 || 3 | Przes Paazs Pazes T1226 |3y
3¢
92 5 4 55 w4 [l37
Mey D16 D26 D66 ) \%3x0y Pl666 Pa666 2666 1666 a*
Yy
W

(3.26)

The expressions for the resultant shear forces Qx and Qy can
also be calculated by substituting Eq. (3.5) into Eq. (3.19). This

results in the following:

Q) |0 K \v], (3.27)

where the constants Dij’ Pijk]’ P 1 and Ki’ respectively, have

ijk
been defined as

_ 2|,mt 3 m .3 .3 .S
ij 3{Bij hop * SZ](hs - hs+])31j] (3.28)

n _ T omt mElsmtl | smd] Al n o 30 o ~0 ~0 a]
Pigkl = Z[Bij Inmn * Bt nas ¥ B G+ L (By5Innn * Biadnas * Biln)

(3.29)

a=

- . - m -
n 2{ m+1Jm+’| + Bmﬂqu + o ~0

o 0 '
Pisk1 = 2Bi5 Jnas ¥ By Jnnn aZ](BijJn45 * Blinnn)J (3.30)
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express the equilibrium of a fundamental element of a composite

plate.

It is now appropriate to establish the relationships that

For linear static elasticity without body forces, the

stress equations of motion at any point are given in

90 3T arx

X Xy y -
. + 3y + 5 0 (3.38a)
9T do0. 9

o _Yu =0 (3.38b)

3x  dy oz

2
2 h o
©_ odpmtl h®  “mh n n . }
K = z{snn hmﬂ(4 - T> +A m+1 2 [B J + Ay(h = h )] (3.31)
n=4,5; i, 3,k 1=1,2,6, and where
h
. 2 3. 2 i-1
1 i 3/h 2 i ,n, 7z pi
JnaB [Bnnaaez ( 3-0-) _'6"& BA1 2 naBJ hs (3‘32)
i
“mt] m1 § .3 h2 hz h3 m1.n hi+] m+1
Tns = B 2aalyer (17 - ~SoL) + Tagg A 5 Tnag  (3:3%)
o . Bﬁnz3 h2_ Z‘2> . Z.3An ) 5250‘ ] -1 (3.30)
n 6 (4 5 3@ 2755, '
o
m+1 2 3 2
B 2 h h h .
m+1 nm .3 (h m+1 m+l AN mt1 1
= —_— A —S 3.35
C" 6 hm+1(4 5 ) 3 mt1 2 55 ( )
~ o .
Bk = Bk] 13 + Bk2323 + Bk5a63’ k=1,2,6 (3.36)
h
~ 2 .2 o-1
~a h™ 2z n =
Jn [Z(K" §-) + zAa} " ,h=4,5 (3.37)
o
3.5. Equations of Equilibrium
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T 3T 90
X2y Y24 _Z-9 (3.38¢)

ox 3y oz

These equations hold everywhere in the domain of interest.
However, since by means of integrations through the thickness, the
consideration of stresses has replaced consideration of stress
resultants and couples, it is appropriate to alter the definition
of the fundamental element of a composite plate accordingly. As
shown in Figure 4 such an element extending throughout the thickness
is acted upon by the internal stress resultants and couples defined
in the preceding section. Therefore, the equilibrium equations of
this element should be in terms of stress resultants and couples.

Of the many procedures available for the derivation of the force
equations of motion of a composite plate, the approach of direct
integration of Eqs. (3.38) is chosen. By multiplying Eqs. (3.38a)
and (3.38b) by the z coordinate and integrating them, respectively,
accross the plate thickness, the two force equations of motion as
given in Egs. (3.39a) and (3.39b) are obtained. To derive the last
equation, the evaluation of o, from the previous section is recalled.
By integrating either Eq. (3.38c) or (3.20b) across the plate thick-
ness and noting the condition that was stated in Eq. (3.1), the

third equation of motion is obtained. Following these procedures,

the results are

X+ XY _q =0, ~ (3.39a)
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Figure 3. Boundary Element and Boundary
Conditions
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/‘_‘ dx 7' X

Figure 4. Nomenclature for Stress Resultants
and Stress Couples



oM oM
¥+ L_.q =0, (3.39)
ax Ay ¥ |
3. 20
X+ Y=-9, (3.40)
90X oy

This completes the derivation of the differential equations of
motion in terms of stress resultants and couples. In fact, however,
Egs. (3.39) and (3.40) are not used directly, since it is desirable
to obtain the solution in terms of the unknown functions w, ¢, and y.
Thus, the whole problem can be reduced to the solution of the
governing equations for these three unknown functions. For this
purpose, the stress resultants and couples given by Eqs. (3.26) and
(3.27) are substituted into Eqs. (3.39) and (3.40). After some
algebraic combinations and reductions the following governing

differential equations are obtained.

3 3 3 3 2
oW oW o w W 5
D, —5 + 3D, —%—+ (D, + 2D..) + D, —-P
1.3 16 3x2 3y 12 66 axay° 26 3 1116 .
S+ ) 24 - P ) -t Pl
1666 1216° aXay 2666 5,2 1116 542

. ] ) )
- (P4 + P4 ) 2 pt 2V, Ko = 0

1666 1216° X3y 2666 22
3 3 3 3 2
oW 9w 0 %y W 5 3¢
Dyg —— + (Dq, + 2D__) ———+ 3D + D,y = - P
16 127 77667 2n T 26 o Z T 22 37 11666 2
2 . 2. 2
S +p0 )2 26 _p4 3w
2666 1226° 3xdy 2226 ..,2 1666 axz

oy
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2 2
I S GO
- (56 * Praze) iy oxay ~ 2226 2t 4P
39 Py
Ke ox t Kgzy=0- (3.41)

Now the problem has been reduced to the solution of the system
of equations above for three functions w, ¢, and ¢, which must also
satisfy the appropriate boundary conditions.

- 3.6. Boundary Conditions

In addition to the governing dffferentia] equations, it is
necessary to specify the boundary conditions in order to pkescribe
the problem fully. For convenience in later derivations, an
arbitrary curvilinear boundary shape is considered as shown in
Figure 3. The arc length s is measured along a neutral line from
initial point s = 0 to a general point s, and its unit normal at
that point is m. In general, either the displacements of the
stresses on the boundaries can be specified. For the case of
force-specified boundary conditions an infinitesimal element P,
which is just above the point s, is considered. Acting on it is

the state of stress: Oy and 1,.. If the specified

y’ Txy, TXZ, yz

infinitesimal forces per unit length f, fs, fz act on the element,
then the force equilibrium conditions for this element can be
written as

fnds = [oxx cos(n, x) + Ty cos(n, y)]ldsdz (3.42a)
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fods = [rxy cos(n, x) + oy cos(n, y)]dsdz (3.42b)
f,ds = [sz cos(n, x) + Tyz cos(n, y)ldsdz (3.42c)

As mentioned in the previous section, the consideration of
stresses has been replaced with the consideration of stress resul-
tants and couples. Therefore, it is appropriate to alter the form

of Eqs. (3.42), If the integrals below are examined

h/2 h/2 h/2
S fjzdz, S fizdz, and i) fzdz,
-h/2 -h/2 -h/2

it is quite obvious that the first integral becomes the applied
normal moment Mn’ the second becomes the applied shear moment ﬁns’
and the last becomes the shear force ﬁn. In light of these conse-
quences, the boundary conditions in terms of stress resultants

and couples can be derived by the integration of Eq. (3.42c) as well
as Egs. (3.42a and 3.42b) across the plate thickness after multiplying
by the z coordinate. The definitions of stress resultants and

couples given in Eq. (3.18 and Eq. (3.19) should also be recalled.

These final considerations lead to the following

M, = Mx cos(n, x) + Mxy cos(n, y) , (3.43a)
Mg = Mxycos(n, x) + My cos(n, y) , (3.43b)

G = Q, cos(n, x) +Q cos(n, y) . (3.43c)
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It should be noted that three boundary conditions as contrasted with
two in classical laminated plate theory are required in the present

theory.



IV. COMPLEX VARIABLE METHOD

4,1. Introduction

Eqs. (3.41) are recognized as the governing differential
equations for multiple-layer, laminated plates. The coefficients
Dij and P?jk] are constants but vary with different materials and
geometries. Egs. (3.41) are more general than those given in ref-
erence [13]. They include the normal stress and consider anisotropic
rather than orthotropic materials.

No general solution of Eq. (3.41) is available at present,
but some special problems have been solved, e.q., a simply Supported
plate undergoihg cylindrical bending and the buckling of such a
plate. The frequency equations for certain wave propagation
problems have also been solved and are given in references [13],
[14] and [8]. The problem of stress distribution near a hole has
not been solved because it is a more complicated boundary value
problem and requires a more general solution. Mathematical ana1ysis
to obtain a general solution is very difficult. Ambartsumyan
attempted to solve these equations following the Lekhnitsky [21]
approach of solving the generalized plane stress problem by intro-
ducing an auxiliary function (also called a generalized function).
Thereby, the system of equations can be reduced and described by

a single equation of higher order. In classical plate theory,

this single differential equation is in the form of

33
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j+kF
Yas ,
Jk Sy dgxK

xJox

with j + k = 4, Its solution is shown to be a poly-

harmonic function. In the shear deformation theory, this reduced
single differential equation becomes a sixth-order irreducible
equation in the form of Zajk —i;fgi-, with j + k = 6. This causes
‘the problem to be very difficult to solve. Little data are given
in the literature for the characteristics of this differential
equation., So far, insufficient mathematical techniques are available
to solve this equation. Further studies in this aspect are
necessary. To date, only approximate numerical solutions of these
equations have been obtained. |

For the case of heterogeneous, isotropic laminated composite
plates, the coefficients Dij and P?jk] can be reduced to a simple
form in terms of the Young's modulus, Poission's ratio, and thickness
of the plate. Thus, the system of Eqs. (3.41) can be reduced and

simplified to a biharmonic equation and a Helmholtz equation.
These, in turn, can be solved by analytical methods. At this point,
instead of solving the general Eqs. (3.41), attention will be
limited to the solution of the special equations for heterogencus :
isotropic medium since such a medium will provide a clear picture
of the way stresses are transfered between the layers,

4,2, Heterogeneous Isotropic Composites

In the case of isotropic laminates, the stress-strain

equations of the ith layer given in Eq. (3.10) are simply expressed
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in the following form:

r o r _E VE 0 1 e, T
X W 1-v2 102 X
vE E
< O S = p 0 e >
y T-ve  1-2 y
Ty | 0 0 E It
-y 2(THo) i - 07y (4.1)

. =
E
[TYZJ> 0 A .nyz.[. .

-1

By recalling Egs. (3.21), (3.22), and (3.36) as well as the defin-

itions of K4 and K5 in the case of a heterogeneous isotropic

composite plate, it can be seen that o; vanishes automatically.

Thus o; does not appear in Eq. (4.1). Comparing Eq. (4.1) with

(3.10) the following correlations are obtained:

= = = = - E = \)E
B16 = B26 = Bys = 0> B =B = Bpp = s
- - _E _1
B5 = Bag = Bee = 30700y " @ (4.2)

where G is shear modulus and in association with the vanishing
of o, ;C4 = C5 = 0,

.i

. . . n i
For an isotropic medium, the values of Ai’ JYaB’ and RYaB

defined in Eqs. (3.6) and (3.7) become
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= i
Jd = 1 = Z (.h_z_ Z.z)
o oo 2 \4 3 /°
IR RNLE V. % gotl
Ai-Ai-Z§<_'h ) " Ty |
a=1 2V otV 1p(140%)  2(140%H)
: : m=i+]
1 = L = ! " i+] - 'i =
R = Romn 151 [hJ+1(a Ai+] a'A;)]l, n=4,5 (4.3)

where al = aZ4 = a%s = 1/Gi. In the consideration of Eq. (4.3),
the displacement functions u' and v' in Egs. (3.15) and (3.16)

are changed to the following forms:

. ‘ 2 2 A, O
u' = 291+[£<2—-%>+2-L+R1 b,

oxX 2 G1 i

2 2 A. .

L [ [Z_ h" oz 4, 4 p
V= iy 2(4 3) zg TR (4.4)

Now, the expressions for the stress resultants and couples

for this case yield the following:

2 \

.o o 1)

M |==| Dy, Dy; O 12_"1 +/P.. P.. 0 O )
y 12 Y11 2y 12 ' 3y
M o 0 D 232‘”’ o o0 p., P 39
Xy 66" “oxay 66 ' 66 By
P

Lg-;k (4.5)
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Q, (K 0 (qs
Qy 0 K ] (4.6)

where the constant D;. is still in the form given in Eq. (3.26).

J
However, the other expressions change as indicated below.

-
1

~ ~ m ~ -
= Pl = Py = 2(8?}‘ Jmtl 4 §]B$j 3, (8.7)
a"—'

E™Th o2
! = = = m+] (b_ - ____HT*"I
K=K, = K =2 {f.._._“_ﬂ h ) +A_h

4 2(]+Vm+l) +1 mtl
m o o
% 2
+ ] |———J +A(h -h )| (4.8)
21 [2(1+v%) o"a ot }}
2 3 2
yﬁ1=yw1 amﬂ_ yﬁT h3 @E_hmﬂ>+mm1ﬁm1+hmhﬂ”
4 5  nnn m+1\12 30 3 ghtl 2

2 2. 3A .2 7 a1 (4.9)

a-
3o = B(Q__L + L4 Z J .
[Z 50t 3 w20 (4.10)

]
o

In view of Egs. (4.7) through (4.10) and (4.2), relationships
between the material constants Dij and Pij can be determined as

follows:

Dyq = Dy, = 2, (4.11a)

and

(4.11b)

11 " "12 7 “Tep ¢
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With the aid of the results given above, the system of Egs. (3.41)

become
2 2 2 2 2
3 3w 2w Lo ) p Y _
8 (p, 2%, p 23AM)_p - P - (P4 P )2+ kg =0,
ax( M52 N ayZ) 1 2 6652 7 V66 12 ax?i o
o ¥ a
2 2,0 2 2 2
3 v awy 3¢ _ 3V _ iy .
ay([’n + Dy 2) (Peg * Prodoway = P 2 - Pin 2t kY
(4.12b)
9 + A = g (4.12¢)

Eqs. (4.12) are simpler than those of (3.41). These sets can be
solved in several ways one of which, the complex variable method,
is used for Eqs. (4.12). 1In order to do this, they must be reduced
to such a form that the complex variable method can be employed.

4,3. Complex Variable Method

From Eq. (4.12c) note that a function y can be defined such

that it is satisfied identically.

¢ ='%§,(‘» ‘I’ 5% (4-]3)

This new function is known as the stress function. Now, by

substituting Eq. (4.13) and the relationships between the Dij and
Pij given in Eq. (4.11), Eqs. (4.12a) and (4.12b) are altered

to the forms
3 3
5;(0”‘72\4) G P66V2x) =0, (4.14a)
_..(D-”V 2y - 3-7( Ky + P66\72x) =0, (4.14b)
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where V2 is the two-dimensional Laplacian operator defined as

V= —§§-+ —Q;-.

oxX P\

In Eqs. (4.14), the quantities D]]vzw and -Ky + P66V2X satisfy the
Cauchy-Reimann conditions. Therefore, these two quantities are
harmonic functions and conjugate to each other. Of several available
ways to solve Eqs. (4.14), the complex variable analysis based on
conformal mapping techniques will be used. Let the function X be

separated into two parts in such a way that

X 9
. o, 00 x_ o a0 (4.15)

— ——— " ——

x aax o ¥ W X

where ¢ is a harmonic function that satisfies the Laplacian
equation V2¢ = 0, and the function Xo is chosen to satisfy the

Helmholtz equation below,

2
1% -=x.=0. ’ (4.16)
Xo ~ Pee %o
It follows from Eqs. (4.15) and (4.16) that Eqs. (4.14) are
separated into two parts; one is Eq. (4.16) and the other is given

in the following form:

by 2.\ _ ., 00
W(D]]VW)-—K;)Z’

3 2y = p 00

Obviously, Eq. (4.17) can be further simplified and reduced to @

harmonic equation by eliminating the function ¢, The result is



40

VZ(D Vzw) =0, (4.18)
11

Now the problem is reduced to the solution of the beharmonic Eq. -
(4,18) and the Helmholtz Eq. (4.16), as well as the harmonic
function ¢ through Eqs. (4.17). Therefore, the problem is solvable
as long as solutions may be found for the biharmonic and Helmholtz
equations. The biharmonic equation has been solved and its solution
is given in the references [22], [31], and [20]. Expressed in

terms of general functions the solution.for w has the form
w=ZIZ) + 2 HZ) + w(Z) + w(i) (4.19)

where Z is a complex variahle defined as x + iy and the E.is the
conjugate of Z. (Note: the complex variable Z should not be
confused with the coordinate 7 in the x, y, z.) The functions Q(7)
and w(Z) are harmonic functions of a complex variabie Z, and Q(Z)
and ;(2) are the conjugate functions of 2(Z) and w(Z), respectively.
From Eqs. (4.17) and (4.19), the function & can be obtained in
terms of Q(Z). The result is

¢ = - ﬂ;-]l{fz'(i) + 9'(2)} (4.20)

where Q'(2) is defined as ggézl and Q'(Z) is defined as ddgz) .
Recalling the identities

3 _ (9 a) d _.(
—= =+ =] and — =i

QL
;e
[}
|Q)
~——
-
L)
-
L]
N
a—r
S
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Eqs. (4.15) can be modified in terms of complex coordinates (Z and 7)

as follows.

g-x:.a_x.o_-l-i—a—g’

oL 37 YA

o, 9

_‘5_;.&=__X_0__.'_a_?. (4.22)
37 92 o7

Integrating Eqs. (4.22) along with the value of ¢ given in Eq. (4.20),
the final results are obtained as follows,

N I
X=X+ 15— 2'(2)- (7)1 . (4.23)

For convenience later in employing tensor notation, the complex

coordinates (Z, 2) are denoted as (Z], Zz).

2

I=x+iy=27, I=x-1iy=1°. (4.24)

The Cartesian coordinates x, y, and z will be denoted by x], x2 and

x3, respectively. In this way, the stress resultants and stress

2

couples in complex coordinates (Z], =, X3) may be evaluated from

the stress resultants and stress couples in Cartesian coordinates

(X1, X2, X3) by the tensor transformation formula

s = §_Z_': §_Zi MmN

, myn, r,S=1,2,3 (4.25)
3™ ax" ’

where Trsare contravariant stress resultant components. Recall that

in Cartesian coordinates covariant and contravariant tensor components

an =

are identical. Thefefore, = Mun> and an are also the physical
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stress resultants. Eq. (4.25) can also be written in expanded

form as follows.

T - Mg = Mop * 2iM,y = Moy = My + 2iM,,
122y - My - 2iMy
Tl2 = Mex * Myy
113 - Q, *+ iQy
23 Q - 10, (4.26)

Now with the help of Eqs. (4.5), (4.6),(4.13), (4.19) and (4.23),
Eqs. (4.26) can be written in terms of the complex potential functions

2(Z) and w(Z) and function Xo in the following way.
2
)

11 2 : XO n T -, _33_ i y
TV =8 {1P66 Eig_ - 066[29 (7) + m(Z)]} - X D11Pee® (9,
22 azi > 32
- . 0 " " 2¢ Ve
T = 8{l1P66 v Del20" (D) + w (Z)]} - 1 D11Pee? (2),
T2 = (D, +D,.)[2'(2) + 2(D)]
1" Y2 ’
13 . Mo “u 7
T = 2ki — - 800" (9),
ol
723 = _2ki 359.-‘80 Q" (1) (4.27)
57 1 * *
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| .
T+ iv' can also be expressed in

As for the displacements, u
terms of w(Z) and X through Eqs. (4.4) and (4.13), leading to the

following results:

. . 2 .2 A, .
j . ow z (h 2 ) i il. 9x
= =27 M 4 o2 (B, L X
u + iv Yi + 2[2 5" 3 + z K + R ]1 57 (4.29a)

With the help of Eqs.'(4.19) and (4.21), Eq. (4.29a) can be expressed

in terms of Q(Z), w(Z), and X, follows:

*

| 2
u o+ iy = 2Z[R(Z) + YD) + @'(D)] + 2"[25(2“ -3 )

A. . oYX 4D, _ .
+ 7 4+ R‘]{ 04 i —1lg (z)] (4.29b)
G oz K

Up to this point, stress resultants and couples as well as the
displacements have been expressed in the basic complex variable
formulation. The conformal transformation is employed to extend
the basic complex variable formulation to the transformed problem,

4.4, Conformal Transformation

The curvilinear coordinate system (£, n, ) with the &-curve
and n-curve form an orthogonal system. Let its complex variables

be defined as follows:
r=g+in, ¢=¢- in. (4.30)

Consider the transformation Z = F(g) which maps the points
(£, n, 2) of region RC in the g-plane into points (x], x2, x3) of

a region Ry in the Z-plane of a rectangular cartesian coordinate
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system. How assume that

dZ . geie (4.31)
dg

where J and € are real values. For convenience in later work,

the coordinate system (£, n, z) is replaced by (e], 8y x3), and

. . . 2
its complex coordinate system (z, z, x3) is replaced by (c], T s x3).

Then the square of a general line element in space is expressed as

3,3

} 3
ds? = dzdZ + dx3dxS = J2(dEdE + dndn) + dx3dx . (4.32)

Therefore, the metric tensors 933 and gij corresponding to B, -Curves

are obtained as

991 = 922 = Iz, 9o = g2 =0, andg'l = ¢? = 1/0% (4.33)

Now Eq. (4.25) can be expressed as

r S
rrs - 3L L ymn (4.34)

n
a0™ 236

where the FrS is denoted as the contravariant stress tensor in

complex coordinates (z, Z, z).

Mnm

In the system (e], 92) the contravariant tensor is not

equal to M the physical stress tensor, but they are related

nm?®
by the following formula:

M ngn/g”" M my,n=1,2, 3., (4.35)

mn -
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From Eq. (4.33), Eq. (4.35) can be rewritten in expanded form as

follows:
1 = 12mEE = 12yN - 12yn& N 3 = 30N
Mgg JM==, Mrm JMT, M JM >, Qg JQ’, Qn JqQ',
(4.36)

The transformation from I'™ in coordinates (gl, cz, x3) to the

2

ng

TY’S

in coordinates (Z], =, x3) can be formulated by the tensor

transformation Taw; it is given in the following form:

oS
™S = L 3L pm (4.37)
" ar

By means of Eq. (4.31), Eq. (4.37) becomes
T 2 g2e2iep1l  q22  g20-21ep22 12 2012
T3 = gefer!3, 123 - ge-ier23 . (4.38)
Now from Eqs, (4.34) and (4.36) the I™ in terms of the physical

stress resultant component referred to &, n-curves are given as

follows:
11 _ (w88 _ ym MENY = 12 :
r- = (M> -M" + 2iM =J"M__-M + 2iM

22 . 12 wm . o:
ref = 9, - M- 20N, )
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12 _ -2
r'e =4 (MEE + Mnn) .

r'? = a7, + g,

—
I

23 _ J"‘(QE - 10,) (4.39)

Comparing Eqs. (4.38) and (4.39) yields the following useful
expressions, which transform the stress components in Cartesian
coordinates (x, y, z) to the curvilinear coordinates (&, n, 2).

These transformation equations are

My = M+ 2l e'21e{Mxx - M,k 2iM ),

EE ' mn Yy
Mep = Mo = 2iM = 218 (M - M - 2iM ),
MEE * Mnn - Mxx * Myy ’
Qp + 10, = e7'5qq, + Q) ,
Qp - 10, = '€ {0, - 10} . (4.40)
Now the stress components Mgg’ Mnn’ MEn’ Qg’ and Qn in curvilinear

coordinates (£, n, z) can be expressed in terms of complex potential

functions ©(Z), w(Z) and function Xo by substituting Egs. (4.27)
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into (4.40) and noting the definition of z and Z given in Eq. (4.30);

the results are

M__ - M ‘+ 2iM, = e'Zie{s Lir o _ Deglza" (2) + w" (2)1]]
EE nn &n 66 852 66 =

32 Sy
- & D11Peg? (Z)}

N U 012)[9FfC) + QEfC)J

o Mo ==
QE + 1Qn = ZK-, ;Z—— - 8D'”Q (Z) (4.4])

where F' is defined as dF/dz and F' is a conjugate function of F',

MEE - Mnn - 21MEn and QE - 1Qn are the conjugate functions of
- + 2i + i i . s W" R
MEE Mnn 21MEn and Qg 1Qn, respectively (2), w" (Z), and

Q  (Z) are defined as

Q" (z) = " (c)(%%)z + 9'(:)(5;%)(%%) ’
S () =0 (%) + 9"(5)<§°§%)(%>’

| 2
Q'''(7) = 9"'(c)<%%)3 + 3 (C)(§§%><%%)Z

: 2
+2' () (g-g)[(gz_g.) + (;i;g) ] (4.42)
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4,5. Boundary Conditions

In the preceding chapter the boundary conditions on an arbitrary
curve S are given by Eq. (3.40) or (3.39). However, in this analysis
it is preferable to express them in terms of complex coordinates
(z, 2). Suppose that an infinitesimal elehent is cut off from the
edge contour S, and the shear forces QX, Qy and stress couples Mx’
My, and Mxy are acting on this element in positive directions as

shown in Figure 4. Then the moment about the x- and y-axes can be

written as

dL = -Mydx - Mxydy + ydeX + nydy
di = Mdy + My dX - xQ,dy - xQudx (4.43)

where L and L' are the components of the couple M about the x-

and y-axes, respectively. dL and dL' represent the differential
quantities. x and y are the coordinates of an arbitrary point on
the contour, which is considered a function of the arc length s
taken from a certain initial point to that point. The integral

of Eq. (4.43) with respect to the arc length s from a certain
initial point (say s = 0) to the variable point s has the following

form:

L= [{-Mdx-M, dy+ yQ,dx+ yQ.dy} ,
J'S Yy Xy Yy X
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Lt = [ Oy + Mt - Xy - Q) . (4.44)

Let ey and e, be the base vectors in coordinates (x, y) and a

-—

1

and a, be the base vectors in complex coordinates (Z, f); therefore,

2

the ‘transformation between the'Ei and'ﬁi is

~ g o~ . _ oL o7
ay = o e + 7 €y dp = v ey + 5§'e2 . (4.45)

From Eqs. (4.24) and (4.45),'3] and e, can be evaluated in

2

terms of-31 andja‘2 as

- ] - - i —*I
e; = 3(a) +3,), &=-3F +3,) . (4.46)

As usual, the couple M can be expressed either in Cartesian
coordinates (x, y) or in complex coordinates (Z, Z) through Eq.

(4.46). That is,

M= Loy - Loy = 2L + 4L Jag + L - iL' ),
(4.47)
By using Eq. (4.44) and the expressions for 5 in Eq. (4.26),
after some algebraic combinations andvreductions Eq. (4.47) is
transformed to the following expression

M = may + ﬁaz,
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and where

[Im2 2 7123yqz - (7Y - 21'3)az7  (4.48)
s

!\)]-'

where m is the conjugate function of m, If the boundary is along
the contour where 7 is a constant line and the moment along this

edge is denoted by Mes then

m, %-‘é[(T12 - 7123)dz - (T - z113)dz]. (4.49)
Thus, Eqs. (3.43a) and (3.43b) are then replaced by one Eq. (4.49)
in the present analysis. Similarly, the last Eq. (3.43c) can also
be expressed in terms of x or X, and function (Z), by substituting
Q, and Qy given in Eqs. (4.6) and (4.13), and by writing cos(n, x)
and cos(n, y) in terms of the arc length s of the contour in the

following form:

Ly
cos(n, x) is

cos(n, y) = %g .

This leads to

QpdS = -Kdy (4.50a)
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The integral of Eq. (4.50a) along the arc length s, as with the

moment, is given by
Fy = -Kx = =Kx, - 4Dp,i[2'(2) - 2'(2)1  (4.50)

where FZ is the specified shear force on the boundary. Similarly,
m. can be expressed in terms of functions Q(z) and x(z) by substi-
tuting the Eq. (4.27) into Eq. (4.49). After some manipulations

the final form is obtained as follows:

m, = -2(307 + Dy,)Z) + 4D, w "(Z) + 401722 (2) - 2(Dyy + D,,)20'(Z)
+ 80 P G0(Z) + iKZy - 4P, i o (4.51)
* 3 DiPes Xo 66' 53 '

gs. (4.50) and (4.51) are the two boundary conditions in this

analysis in contrast to the one boundary condition for classical

plate theory [5].[21] when the complex variable method is uséd.
Now consider a composite plate containing an unstressed hole

loaded by uniform force or moment on the boundary, then the shear

force Fz and moment me vanish at the hole boundary. For this case,

then Eq. (4.50b) becomes

Xo +1—Ku[s-2 @) -9'@)1=0. (4.52)
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Multiplying Eq. (4.52) by iKZ and replacing the term iKZy, in
Eq. (4.51) with 40112[5'(2) - 9'(2)], an expression of Eq. (4.51)

is obtained as follows:

-2(3Dy7 + D;,)0(7) + 40ggl' (2) + 22'(2)] + :-(-6- Dy1Pg" (7)

9X
-4p_ i 9=0, (4.%3)

66 57
Now the problem has been reduced to simply seeking harmonic functions
(Z) and w(Z), and a function Xo Which satisfies the Helmholtz
Eq. (4.16). These functions must satisfy the boundary conditions
(4,52) and (4.53) at the hole edge as well as (4.50) and (4.51) at
the outer boundary.

In addition to the aforementioned requirements, these functions
should provide single-valued stresses and displacements within the
deformed region. In the following section the properties of the
complex potential functions 2(z) and w(z) and the function Xo®
which will ensure meeting the criterion mentioned above are discussed.

4,6. Complex Functions 2(Z) and w(Z)

If the complex function 2(Z) is replaced by Q(z) + icz + o + iB,
and w(Z) is replaced by w(Z) + (o' + iB')Z + o" + iR", where a, o',
B,B', a", B" and c are real constants, then the stress system given
by Eq. (4.27) is unaltered, but from (4.19) and (4.29), the displace-

ments W and U + iv become
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w=original w (o + o' - i+ iB')Z - (a+ o' + iB - 1‘3')2 - 24"
(4.54)

and

TLEFRRL original (ul + vi) +2(a+ o + iB - iB') .
(4.55)

The additional displacement represents a rigid body motion of the
whole plate. Excluding the terms which represent rigid-body motion,.
it is discovered that the constants c and B" can be chosen arbi-
trarily since they do not affect the stresses and displacements.
Usually these constants are considered to be zero.

From references [22 ] and [31] it is seen that any holomorphic
function (a function that is analytic at every point of a region R
is called a holomorphic function in R) is a solution of the Laplacian
equation, Therefore, in nature numerous forms of the holomorphic
function may be chosen. However, the selection of the function
is based completely on the boundary conditions, loading conditions,
and the geometric shape of the plate. If an infinite plate containing
an unstressed hole bent by a uniform moment at infinity is considered,
then the selected complex potential functions Q(Z) and w(Z), as
suggested in references [22] and [31], are given in the following
form:

Q(Z) = BZ""“D:FZ——"' O(]/Z )s
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+ iB
oZ) = %(02 + 1'32)22 + K'InZ + fﬂ.__.__.zi,u 0(1/2).  (4.56)

In Eq. (4.56) the rigid-body motion has already been excluded., If
M], M, are the applied principal stress couples at infinity and q

is the angle between M] and the x-axis, then %o and its derivatives
vanish at infinity. From Eqs. (4.50b) and (4.51) at infinity, the

constants B and (02 - isz) are obtained in the .following form:

My + M, = -8(Dyy + D)8,

(M] - Mz)éZia = -4(0” - 012)((12 - 'iBz) . (4.57)

Thus, Eq. (4.56) becomes

(M, + M) Z+(B1 + iB,) ’
8(Dyq + Dy2) D11 £

az) = -

(My - M, )e-2ic (%, + ig,)
- 1 2 Zz + KinZ + ___L._é_i_.
8(Dy7 - Dyp) D1yt

0l) =

(4.58)

The remaining constants are determined from the inner boundary
condition at the hole edge and are discussed later,

Examining Eq. (4.56), it is seen that the complex potential
function consists of two parts: the first will provide the stresses

at infinity through the terms BZ in 9(Z) and %(az + iBZ)Z2 in w(Z),
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and the others will provide zero stresses at infinity. The terms
that will provide bounded stresses at infinity will be denoted

by f%(Z), “b(Z)’ respectively. Taking Z) = ﬁ%(Z) and (Z) = ub(z)
and resubstituting these new functions into Eq. (4.27) a result

is obtained that is the same as the plate under bending stresses
without a hole. Therefore, functions 95(2) and “b(z) are referred
to as the bending state of stress of the plate. The remaining
terms in Eq. (4.58) are referred to as the local stress state due
to the presence of a hole of any shape in the plate,

Generally, in Eq. (4.58) terms to any high order may be used.
However, from the function Xo and the boundary conditions, it is
discovered that only the constants K', B], By, 0y and ) have
non-zero values. Therefore, the form given in Eq. (4.58) does not
lose its generality.

4,7. Function Xo

As mentioned in section 4.5, the function %o is a solution of
the Helmholtz equation. Upon examining the Helmholtz Eq. (4.16),
it is seen that a different type of function Xo Will be obtained
for different coordinate systems. Therefore, the basic difficulty
of this problem in comparison with the corresponding problem of
the classical Kirchhoff theory, is the necessity of solving the
Helmholtz equation in which the variables are separated for dif-
ferent coordinate systems. Fof the sake of convenience in analysis,
the following three cases are considered: circular hole, elliptical

hole, and an arbitrarily shaped hole,



V. SOLUTIONS FOR CIRCULAR AND ELLIPTICAL HOLES

5.1. Circular Hole Case

In this section, consider the case of a circular hole extending
through a laminated, composite plate of infinite extent with the
hole located at the origin of rectangular coordinates (xoy). A
uniform bending moment is applied on the edge of the plate away
from the hole. For the analysis in the vicinity of the circular
hole a polar coordinate system (R, 6) is used. Its origin is chosen,
as indicated in Fiqure 5, at the same origin as the rectangular
coordinates - xoy. By using the conventional coordinate transfor-
mations Eq. (4.16) may be expressed in the polar coordinates in

the following form:

(5.1)

R2302

Eq. (5.1) is a second-order partial differential equation. Its

solution is given as follows:

Xo = [(C] +1C)e?™ + (cf - icy)e21OI[ak,(AR) + d'1,(AR)]
(5.2)

where A = (K/P66)]/2’ and C!, Cé, d and d' all are real constants.

Kz(lR) and IZ(XR)are modified Bessel functions of the second kind.
IZ(AR) is bounded but Ky(AR) tends to be infinity as R+ 0. On the

56
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Figure 5. Configuration of Laminated Composite Plate
With Circular Hole



other hand, IZ(AR) tends to be infinite and KZ(AR) tends to be zero
as R =, In order to satisfy the boundary conditions at infinity,
the function IZ(AR) must be dropped. This is done by choosing the

constant d' to be zero. Eq. (5.2) then becomes

x, = [(Cy + 1606”0+ (¢) - ic))e?TOI (M) (5.3)
where cid and céd are absorbed in new real constants Cy and CZ’
respectively. These two constants will be determined from the

boundary conditions.

From Figure 5 the complex coordinates (Z, 2) and polar coor-

dinates (R, 6) are related by Z = x + iy = Reie, and Z = x - iy = Re'ie.
Their differential operators, %z-and 2%3 then have the following forms.
)

L:l.&_'ﬂ'._a__)‘i 3_::.1(_8_._'3_..) -.ie
=7 Z(aR Tk i e . (5.4)
In addition, the recurrence relations for Kn(AR) which will be used

in later calculations are given as

KIOR) = -k (AR) - ;—R—Kn(AR)

where
dKn(AR)

K'(AR) ——t— .
n(AR) e

(5.5)

Obviously, once the functions Xo> Q(Z) and w(Z) are determined,
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the problem is solved. Then there remains the task of determining
the constants C], Cz, B], BZ’ s 84, and K' from the boundary
condition,

Substituting the function x, as given in Eq. (5.3) and
functions Q(Z) and w(Z) as given in Eq. (4.58) into the boundary
conditions (4.52) and (4.53) at the hole edge (R = a), the following

algebraic equations are obtained:

Ky(Aa) (C; + iC,) - g%E(B] - iBy) =0,  (5.6a)

2 -
(M] + Mz)a + 4(D]] - D]Z)K' =0, (5.6b)
2(3Dyq + Dy,) (My = M,) .
- 11 12 (B] + 152) - 1 2 e21a
Dy7a? 2
+ iK(C, - iCz)[KZ(Aa) - Ko(xa)] =0, (5.6¢)
4(Dyq - Dyp) 32D,;, 4Dgg, By - B,
) 4'] (ag - 18y) + < 2 ;] °D a) Ka
KD”a A"a 11

8

# 16y + 16 [ 00 + Kyaa) - 0a)] =0 (5.60)

Replacing "i" in the expressions above with "-i", there arises

three conjugate expressions for Eqs. (5.6a), (5.6b) and (5.6d),
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respectively. Therefore the system of Eqs. (5.6) represent seven
equations for seven constants - C], C2, B], Bz, 05 64, and K',

Solving these seven equations for the seven constants gives

M+ M, »

K' = - a
4(Dyq - Dyp)

Dyy(My - My)a%e? %K, (ha)

B] + iBz - s
4[(011 + Dlz)Kz(Aa) + ZD]]KO(Aa)]

) 1Dy (My - Mz)e'Zia
K[(D]] + DIZ)KZ(AG) + ZDI]KO(AB)]

C] + iC2

(M, = M )a3e'2i“

+ 3 = ] 2

% 184 =
2(Dyq = Dy, [(Dyy + Dyp)K,(2a) + 2Dy .K (2a)]

[8766017 (1 + Dy1)Ky(%a) - 4a’K(Dyy + Dgg)Ky(ra) + aKDy %K (Aa)] (5.7)

From Eqs. (4.41) and (4.29) with functions Xg» 2(z), and w(Z)
given by Eqs. (4.58) and (5.3), and the constants given by Egs. (5.7),
the solutions for the displacements and stresses are sought. However,
for this problem, of primary interest is the distribution of stresses

around a hole edge. This information may be obtained directly from
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Eqs. (4.27). That is, T'2 = M+ M = Mg + M. Since the quantity
MR at the hole edge is equal to zero, the only non-zero term is Me.
Therefore, by calculating the T]2 term and setting R = a, gives Me

at a hole edge as follows:

(Dy7 + Dyp)Ka(2a) + 203K (2a)

M = (M

o 1 cos2(o - o).

(5.8)

+ MZ) -

Also from Eqs. (4.27), the shear forces Qg and Qe can be calculated,
The results are given in the following form,
4D]](M] - MZ)

2 |
R [(Dyy + Dyp)Kp(2a) + 2DyyKp(2a)] [n3 1A = g2 - ljos 0 -a

4D1,(My = M,) '
Q = 12 [QEKZ(Aa) - L k0R) - %.Kl(xk)]

sin2(e - a). (5.10)
Setting R = a in Eq. (5.10) gives the shear force, Qe, distribution
around the edge of a circular hole as

] 20,1 (M) - M,) K, (2a)
[(D]] + D1])K2(Aa) + ZD]]KO(AG)]

sin2(6 - a)
(5.11)

O
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By different combinations of bending moments My and M, and angle a,
several types of loading are specified. Several examples follow.
(Case 1) - taking a = 0 = M, = 0 and My = MO, gives the case of a
uniform bending moment acting along the edge x = constant. (Case 2) =
taking o = 0 = M] =0, M2 = M, gives the case of uniform bending
moment acting along the edge y = constant. (Case 3) - takinga = 0,

My = -M M2 = MO gives the case of uniform twisting of the plate

0’
along rectangular edges. Here for brevity, case 1 is selected as
an illustrative example. Letting o = M, = 0, M, = M in Egs. (5.8)
and (5.11) and defining Mg/M, as SCF*, Qe/Mo as SCQ**; yields the

following for SCF and SCQ.

2(D77 + Dy9)Ko(2a)
SCF =1 - n -2l cos26,  (5.12a)
(Dyq * D1)Kp(2a) + 203K (%a)

2D17 XK (2a)
SCQ = - ' sin26. (5.12b)

Examining Eqs. (5.12) it is seen that the SCF will have a maximum
value when the angle 6 is 90°; however, the SCQ will have a maximum
value when the angle 6 is 45°. For future reference, the maximum

values for SCF and SCQ are given as follows:

* SCF is a stress concentration factor for the bending moment.

**SCF is a stress concentration factor for the transverse shear force,



63

M.(a, 90°) 2(Dyq + Dyo)K,(2a)
6 - -1+ 1 12772 (5.13)
and
hig
Qe(a’ ﬂ) e L (5.14)
My (Dn + DIZ)KZ(Aa) + ZD“KO()\a)

To compare the results with Reissner's solutions, the laminated
composite plate is degenerated to a single-layer plate. Thus, the
values of Dyys Dy2s and A for this case may be evaluated from Egs.
(4.7), (4.8), (4.9) and (3.24). The final results are given as

follows:

2Eh3 2vER° 10 1/2
= and A = (——-) (5.15)

Dyg = ——— ) Dy m e,
T30 238 12 30 42

¥

With the values of Dyy, D,, and A given in Eqs. (5.15) Egs. (5.12)

reduce to the following expressions:

2(1 + v)K2< “r_—)
SCF = cos29 , (5.16)
(1 + v)K ( F) (%fTG)
SCQ = - %' 10 K‘(%”[“‘) sin2g . (5.17)

= oo 7)ol T
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Eqs. (5.16) and (5.17) are exactly the same as Reissner's
solutions for a homogeneous isotropic plate including the effects
of transverse shear deformation.

By examining the value of A in Eqs. (5.15), it is seen that
the dimension of X is reciprocal of length. Upon examining the
dimensions of Pij and K in Eqs. (4.7) and (4.8), the same conclusion
is obtained. However, the value of A is not only a function of
plate thickness but is also a function of the constitution of the
material, stacking sequence, and volume fraction of laminated
composite plate. Therefore, the constant A can be expressed as
A = AMh, where A is a real number which is constant once the
laminated composite plate is specified. Table I indicates the
variation of A for a sandwich composite plate of 2-inch thickness
with different volume fractions and stacking sequences. Now, upon
specifying the stacking sequences and volume fractions of the
composites, the constant A is specified, For the case of a thin
plate (h << a), Aa(= %ﬂ) becomes very large. Then Eq, (5,13) can
be viewed as a thin plate solution by using the asymptotic

expressions for Kz(xa) and Ko(la) as given in reference [31]; that is,

U X + _...___4n2 - 1) =
K (a) v /2Aa e (1 E)n=0,1,2 ... (5.18)
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TABLE I.  VALUES OF D]Z/Dll AND ) FOR VARIOUS CONFIGURATIONS OF A
LAMINATED PLATE '

No. of Young's Poisson's Thick-
1?y§rs Modu;us €at;o ( ?ess
n (E), v h ), in, A,
. n n D/D}, in,1 A
10~ psi
1 28 0.30 1.0
0.309 1.317 2.634
2 10 0.32 0.9
1 28 0.30 1.0
0.301 1,086 2.172
2 10 0.32 0.5
1 28 0.30 1.0
0.300 1.749 3.498
2 10 0.32 0.1
1 10 0.32 1.0
0.302 1.724 3.448
2 28 0.30 0.5
1 10 0.32 1.0
0.315 2,073 4,146
2 28 0.30 0.5
1 10 0.32 1.0
0.319 1.857 3.714
2 28 0.30 0.1
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After some manipulation the final form of Eq. (5.13) for thin

plates is
™
Mla, = Dy; + 3D
6( 2)=§.+l._ll___._]g_, aa > (5.19)

Eq. (5.19), which is the same form as that derived from the

classical plate theory by Lekhnitsky [21], is referred to as a thin

plate solution. When the composite plate degenerates to a single

layer, Eq. (5.19) is reduced to a familiar form; i.e.,

M (a “>
o\"*Z)_3,11+3v o
__W%“_m__ §.+ T >, (5.20)

This solution is given in the well known book by WOinonky-Kriger
and Timoshenko [32] on plates and shells.

The other extreme case, which is opposite to the previous one,
occurs when Aa + 0, In this case the functions Kz(xa) and K (}a)
approach.infinity.A However, the function Kz(Aa) becomes infinite
to a higher order than the function Ko(xa), and consequently Eq. (5.13)

becomes

(., %)

=3, xa-0. (5.21)
Mo
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This case corresponds to the limit of vanishing hole diameter,

Eqs. (5.13) and (5.19) are plotted with respect to D/h (D is the
diameter of the hole) for different material combinations as
indicated in Figures 6, 7, and 8. It is.clear that hole size does
affect the stress concentration factor, and that the stress concen-
tration factor increases as D/h decreases. When D/h goes to zero,
the stress concentration factor converges to the value of 3, Figure
7 indicates that, even for a hole five times as wide as the plate
thickness, the value of Me/Mo’ according to the theory studied
herein, is still more than 2% greater than the value obtained by
application of the classical plate thedry. Figures 6, 7, and 8
illustrate Me(a, SJ/MO versus D/h for different material combinations.
In Figures 6 and 8 it is seen that not only Poisson's ratio but
also Young's modulus will influence the stress concentration factor,
This phenomenon does not hold for a single-layer isotropic plate.
The same results can also be found by comparing Eqs. (5.12) with
(5.16) and (5.17) for the same Poisson's ratio. In computing the
shear force, it is seen that when the value of )a (= ﬁa) becomes
very large, the first of the asymptotic expressions of Kz(xa) and
Ko(Aa) may be used. Therefore, Eq. (5.9) and (5.10) are reduced

to

R
QR o 40]]M° [(9)2 - ~V%?e-ka<5.- ])] c0s20, (5.22)

R
R(D;, + 30q9)
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Figure 7. Mg/My Vs D/h for (St/Al)g and (A1/St)g Laminated
Composite Plate With Circular Hole
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Figure 8. Mg/M_ Vs D/h for Laminated Composite Plates With Constant Poisson's
Ratids but Different Stacking Sequences
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R

(1 + §5>e-xa<5'+ ])}sinZG. (5.23)

Qg =

R(D]2 + 3D

R

|

]1)

If we Tet R = a + nh where n is a real constant, then the exponential,

R.
a
thin plate at a distance of the order of magnitude of the plate

- Aa( ) = (-An) is obtained, Thus it follows that for a very
thickness away from the edge of the hole, the second terms in
Eq. (5.22) and (5.23) vanish. Hence the shear resultants have the

following form:

4D, .M '
Q9 e o (%>Zsin26,
R(D]2 + 3011)

4D, .M
1170 2cosZe . (5.24)

~

0n 2
R(D]2 + 3011)
Eqs. (5.24) are exactly those obtained by solving the classical
thin plate theory. In comparing Eqs. (5.22) and (5.23) with
Eqs. (5.24), it is seen that the resultant QR increases from its

value of zero at ihe hole edge rapidly to the edge value of
4Dy4M
11"

aDy + 3017)
Figure 9 corresponds to either a very thin plate or a very large

of thin plate theory. The case for D/h » « in

hole. Figure 9 shows that classical lamination theory fails to

apply in the region very close to the hole edge.
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Also noteworthy is the behavior of the function representing
Q6 in Eq. (5.23). Upon examining the case for h << a in Eq. (5.23),

the following expression arises:

20y
(D1 + 3Dyy)

&

sin26 (5.25)

Qg

This shows that, for theory presented herein, the edge value of Qg
is of opposite sign from the value according to Eq. (5.24).
Therefore, for thin plates, Qg according to the theory of this study
is of an entirely different order of magnitude than that given by
the classical plate theory. For a given p]ate'thickness, its vaiue
no lTonger decreases with increasing hole diameter. This shows that,
with transverse-shearing deformation taken into account, there are
portions of the plate where the transverse shear force is the same
order of magnitude as the primary bending moment, no matter how thin
the plate may be.

Therefore, a boundary layer phenomenon exists in the region near
the hole edge. Figures 10, 11, and 12 give the variation of QG/M0
versus £ (=R - D/2) for (A]/St/A]/St)S and (St/A]/St/A])S laminated
composite plates with different hole diameters. Figures 13; 14 and
15 give the variation of QR/M0 versus £. They show that at the hole
edge the value of Qe/Mo’ as well as the boundary layer thickness,
will increase wifh increasing D/h. Also, as can be seen in TablelI,

as D/h becomes very large with constant plate thickness, the value



TABLE II. BOUNDARY LAYER EFFECT IN (AL}ST/AL/ST) LAMINATED COMPOSITE
PLATES NEAR EDGE OF APPROXIMATELY ZERO®CURVATURE

H=0.8in D/h = 12,500 D/h = 1875 D/h = 1250
2 0g % 0g 0o 0 0o

0.000 0.0000 -2.4120 0.0000 -2.4120 0.0000 -2.4120
0.080 0.0000 -1.7631 0.0002 -1.7508 0.0003 -1.7507
0.160 0.0001 -1.2887 0.0004 -1.2696 0.0006 -1.2693
0.240 0.0001 -0.9273 0.0005 -0.9205 0.0007 -0,9202
0.320 0.0001 -0.6778 0.0006 -0.6680 0.0009 -0.6677
0.400 0.0001 -0.4877 0.0006 -0.4843 0.0010 -0.4839
0.480 0.0001 -0.3565 0.0007 -0.3510 0.0010 -0.3506
0.560 0.0001 -0.2565 0.0007 -0.2546 0.0011 -0.2542
0.640 0.0001 -0.1875 0.0007 -0.1844 0.0011 -0.1840
0.720 0.0001 -0.1349 0.0008 -0.1335 0.00M -0.1331
0.800 0.0001 -0.0986 0.0008 -0.0967 0.0012 -0.0963
0.880 0.0001 -0.0709 0.0008 -0.0699 0.0012 -0.0695
0.960 0.0001 -0.0518 0.0008 -0.0505 0.0012 -0.0501
1.040 0.0001 -0.0372 0.0008 -0.0364 0.0012 -0.0360
1.120 0.0001 -0.0272 0.0008 -0.0262 0.0012 -0.0258
1.200 0.0001 -0.0195 0.0008 -0.0188 0.0012 -0.0184
1.280 0.0001 -0.0142 0.0008 -0.0134 0.0012 -0.0130
1.360 0.0001 -0.0102 0.0008 -0.0095 0.0012 -0.0091
1.440 0.0001 -0.0074 0.0008 -0.0067 0.0012 -0.0063
1.520 0.0001 -0.0053 0.0008 -0.0046 0.0012 -0.0042
1.600 0.0001 -0.0039 0.0008 -0.0031 0.0012 -0.0027
1.680 0.0001 -0.0027 0.0008 -0.0021 0.0012 -0.0017
1.760 0.0001 -0.0020 0.0008 -0.0013 0.0012 -0.0009
1.840 0.0001 -0.0014 0.0008 -0.0007 0.0012 -0.0003
1.920 0.0001 -0.0010 0.0008 -0.0003 0.0012 0.0001
2.000 0.0001 -0.0007 0.0008 0.0000 0.0012 0.0004
2.080 0.0001 -0.0005 0.0008 0.0002 0.0012 0.0006
2.160 0.0001 -0.0003 0.0008 0.0004 0.0012 0.0008
2.240 0.0001 -0.0002 0.0008 0.0005 0.0012 0.0009
2.320 0.0001 -0.0001 0.0008 0.0006 0.0012 0.0010
2.400 0.0001 ~-0.0000 0.0008 0.0006 0.0012 0.0010
2.480 0.0001 0.0000 0.0008 0.0007 0.0012 0,001
2.560 0.0001 0.0000 0.0008 0.0007 0.0012 0.00M1
2.640 0.000T 0.0001 0.0008 0.0007 0.0012 0.0011
2.720 0.0001 0.0001 0.0008 0.0008 0.0012 0.0011
2.800 0.0001 0.0001 0.0008 0.0008 0.0012 0.0012
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of Qe/M0 at the hole edge will be a constant. For example, from
Table II for a (A1/St/A1/St)s laminated composite plate, this constant
at the hole edge has the value 2.4120, Therefore, as the curvature of
the free edge becomes small and nears zero, the value of Qe/M0 for

a specified Taminated composite will be constant, This indicates

a discrepancy in the singularity phenomena, which was found by Pipes
and Pagano [38] [33] for a straight free edge., Figure 16 compares
Qe/Mo versus ¢ for a (A1/St/A1/St), composite with hole diameters of
0.5, 1.0, 2.2, and infinity., The boundary layer thickness for very
large D/h is approximately equal to the plate thickness. Figure 9
gives a similar plot for QR/MO'

In comparing Eq. (5.12) with Reissner's solution given by Eq.
(5.16), it is seen that for a homogeneous, sihg]e-]ayer plate the
stress concentration factor is strongly influenced by Poisson's
ratjo and the ratio a/h; however, for a laminated composite plate,
two parameters, D]Z/D11 and )a, play essential roles instead of
Poisson's ratio and a/h. Also, it should be kept in mind that
D]Z’ D11, and ) are functions of Poisson's ratio, Young's modulus,
and the volume fraction of each layer of the laminated compbsite
plate. Tables I and III give values of Dy2/01q and ) for different
combinations of composite plates. Figure 7 gives values of MelM0
for different D/h values for (A1/St)_, and (St‘/Al)s sandwich plates.
It shows that at the same values of D/h and volume fraction, the
soft-core sandwich plate will produce a higher stress concentration

factor than that of a hard-core sandwich plate., The values of
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Figure 16. Length of Boundary Layer for Qg/My Along
o = 45° for Circular Hole



TABLE III. VALUES OF D]Z/Dll AND X FOR DIFFERENT THICKNESSES IN (ST/AL)S LAMINATED COMPOSITE

PLATES WITH 0.5% VOL, 2.5-INCH-DIAMETER HOLE

h, in. 20 10 4 2 1.6 1. 0.4 0.2 0.02 0.002
D]Z/D]] 0.329 0.330 0.328 0.329 0.331 0.330 0.328 0.329 0.329 0.329
A 0.10 0.23 0.57 1.14 1.43 2.28 5.71 11.42 119.8 1142.
D/h 0.125 0.250 0.625 1.25 1.56 2.50 6.25 12.5 125. 1250.

A= 2,284

€8
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Dy2/Dyq and A for (St/A'l)S sandwich plates are 0.324 and 4.036,
respectively; and for (A1/St)s sandwich plates are 0.329 and 2.282,
respectively. Table III gives values for different thicknesses
for (St/A'l)s sandwich plates for a given hole diameter and volume
fraction, |

The distributions of Me/M0 and Qe/Mo around a hole are given
in Figures 17 and 18 for different constituents, stackina
sequences, and volume fractions. The pronounced influence of
~ these factors on the stress distributions can be observed.

It is also worthwhile to examine the transfer of stress from
one layer to another. By examining the stress distribution through
the plate thickness, the mechanism for the transfer of stress can

be understood. From Eqs. (3.21), (4.2), and (4.19),

. . i -
ol +0l = -2 -5£—¢-[Q'(Z) + Q' (Z) . (5.26)
X y ] \)'l .

Eq. (5.26) can also be rewritten in a polar coordinate system through

the use of Eqs. (4.40). Obviously, from Eqs. (4.40), it should be

i i i
= +
Oy oy. Therefore, the value of oe/Mo at hole

)
edge for the case of M]

noted that o; ‘o

Mo’ a = 0 is given as

i in 2EizK2(Aa)cosze

o =

(ro>R=a (1 - vi)(D]1 + D]Z) (1 - vi)BD]1 + DIZ)KZ(Aa) + ZD]]KO(Aa)]

(5.27)

=
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M_/M . D/h = 1.0
- - - - Qe/M » h = 1.0 inch
hz/hl = 3.0
EZ/EI = 25
\
|
[
/
1.0

Figure 17. Distribution of Mg/M_ and Qg/M_. Around Circular
Hole Evaluated From Equations B-16 and 5-17
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D/h = 1.25 3.0 T Ao (St/Al/St/A])S

A8 M /M - : A O (A1/St/A1/St)
0eq./M,

Figure 18. Distribution of Mg/My and Qg/M, Around Circular Hole
for (St/A1/St/A1) and (A]/St/R]/St)S Laminated
‘Composite Plates
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i i
Similarly, shear stresses TRy and t__ can be derived from Eqs. (4.40)

$74
and expressed in the following form:

f;z 40”[31'(%3 - 2) + A J

Yo KI(Dyy + D)k, () + 20K (2a)]

2
{R3 2(xan) -5 KZ(J\R)}COSZO,

(5.28)
~and
. i, 2
o fS0E 40
oz - 40"[2 (-7 As
,2
2. Ky(2a) - = K,(AR) -%‘—K]()\R) sin2e.  (5.29)
RS | .

. i i .
At the hole edge, expressions for TRz/Mo and Tez/Mo are obtained

by substituting R = a in Egs. (5.28) and (5.29) as follows.

6i/ne »
Tez(a’o) 2 11[ (7 - 22)+ A']"
= . / J Kl(xa)sinZe.

(5.30)

Note that T (a 9)/M vanishes at the hole edge.

Numer]ca] examples for laminated composite plates of
(St/A]/St/A])S and (A1/St/A1/St)S stacking sequences are shown in
Figures 19 and 20. Results for (St/A'I)S and (Al/St)S sandwich

composite plates are given in Figures 21 and 22, It should be
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Figure 19. Normal Stress og/M; Distribution Through Thickness for (A1/St/A1/St)g
and (St/A1/St/AT)g Laminated Composite Plates
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—©—O— D/h = 3.13
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Figure 20. Shear Stress T_,/M, Distribution Through Thickness

for (A1/St/A1/8%) and (St/A1/St/A1) Laminated
Composite Plates )
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Figure 22. Shear Stress t, /M, Around Circular Hole for (A]/St)S and
(St/Al)S Laminated Composite Plate
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noted that the stress distribution patterns through the thickness
are completely different for different stacking sequences and for
different numbers of layers in a laminated composite plate.

5.2. Elliptical Hole Case

The previous section presented a study of the case of a
circular hole, In this section a laminated, infinite composite
plate containing an unstressed elliptical hole, under a uniform
bending moment at infinity is considered. The origin of the coor-
dinate system, for convenience in analysis, is located at the
center of the elliptical hole as shown in Figure 23. The elliptical
coordinate system (£, n, z), as shown in Figure 23, is the appropriate
coordinate system for this study. The basic complex variable
formulation given in the previous section can be extended to the
transformed problem by choosing a proper conformal mapping function.

This is
Z=F(z) =7 cosh ¢ (5.31)

where ¢ is a complex variable defined as ¢ = £ + in. The function
F(z) maps points in a region in the g-plane into points in a region
in the Z-plane. As usual, it is assumed that the transformation
between a region fn the z-plane and a region in the Z-plane is
one-to-one and invertible, so that by selecting a particular branch

of the inverse transformation ¢ = F'](Z), the corresponding one-to-one
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0f = Focal Length
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Figure 23. Elliptical Coordinates (&, n, z)
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mapping from Z-plane to Z-plane may be defined. Now,'to preserve
the basic complex variable formulation, it is assumed, in addition,
that F(z) is holomorphic in the z-plane and that F'(z) # 0 for
all ¢ belonging to regions in the z-plane,

Therefore, the new potential functions Q(z) and w(z), which
are holomorphic, single valued in the region of interest in ,

and give bounded stresses as ¢ + « can be chosen as shown below,

C(M, + M) -
olg) = ! 2 (e% + ef) +
16(D]] +D

2((11 + '331)

cD

et, (5.32)
12) ¥

2
Co(My = M) L. -

(5.33)

In these equations C is the focal length of the elliptical hole,
which is used to mandate the size of the hole and s B] K',
o

4
conditions.

, and 64 are constants which will be determined from boundary

Now one important problem still remaining.is finding a
solution to the Helmholtz equation in elliptical coordinate system.
The basic difficulty here is that the solution of the Helmholtz
equation in a region of y-plane cannot be obtained from a region of
Z-plane by the usual conformal mapping techniques. Therefore, it

is necessary to solve the Helmholtz equation directly in the elliptical
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coordinate system. From Eq. (5.31) it follows that

3

Now the Helmholtz Eq. (4.16) can be expressed in terms of
elliptical coordinates by using Eq. (5.34) and the mapping function
of Eq. (5.31). After some manipulations, the final results expressed

in the following form are obtained:

Xy = 92
20 ;0 - 2q(cosh 2t - cosZn)xo =0, (5.35)
pe2  an
kc? .
where q = g Eq. (5.35) can be solved by the technique of
separation of variables in terms of Mathieu equations, which have
the form
2
Q“figl_+ (a + 29 cos2n)y(n) = 0, (5.36)
dn
d%e(z)
-EE?——-- (a + 2q cosh2g)¢(E) = 0, (5.37)
and
X, = vin)e(c) . (5.38)

The constant a in Egs.(5.36) and (5.37) is often referred to as a

separation constant; in general it is a function of q. For some
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physically important solutions, the function w(n) must be periodic,
of period 7 or 2n. It can be shown that there exists a countably
infinite set of characteristic values ar(q), which yield even
periodic‘solutions to Eq. (5.36); and another countably infinite
sequence of characteristic values br(q) exists, which yield odd

periodic solutions to Eq. (5.36). These characteristic values are
of basic importance in obtaining the general solution of the differ-
ential equation for arbitrary parameters a and q.

Eq. (5.36) is called Mathieu's equation, and Eq, (5.37) is
called the modified Mathieu's equation. Solutions for both eqda-
tions can be derived as indicated in reference [35]. In the interest
of brevity the theory of these differential equations and the
procedures to derive their solutions are not presented. Instead,

the final solution of Eq. (5.35) is given as

8

X0=

I o~

E;Fekn(a, -q)Cqp(n, -q) + nZ] EnGekn(g, -q)Seq(n, -q)  (5.39)

n=0

where EA and En are arbitrany constants, The functions Cen(n, -q)
and Sen(n, -q) are called Mathieu functions of the first kind akin
to trigonometric cosine and sine functions. The functions;Fekn(s,_-q)
and Gekn(g, -q) are called Mathieu functions of second kind and
are akin to Bessel functions.

The functions Cen(n, -q) and Sen(n, -q) will decay to become

cos(nn) and sin(nn), respectively, when q approaches zero, The
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functions Fekn(E, -q) and Gekn(g, -q) become proportional to modified
Bessel functions In and K, depending on whether q is positive or
negative as £ tends to infinity. However, when £ becomes a small
value, the functions Fekn(S, -q) will remain finite, while Gekn(E, -q)
becomes infinite. For convenience in future analysis, Eq. (5.29)

is rewritten as

® F.k (&, -q) 3 G k (&, -q)
=) ¢l =T C.(n,-q) +1 Cp —"———s_(n, -q)
%o G 2N Fok (5o, -q) en 7 “2n Bokn(Es -0) en

(5.40)

where Eo is the value of £ at the edge of the hole. Again, Cp,
and Cén are arbitrary real constants that are determined from the
boundary conditions. Now the boundary conditions at the hole edge
given in Eqs, (4.53) and (4.52) can be expressed in terms of the

complex variable ¢ as

Cnfed) e
(o) + 1= {F"(E) "ol (5.41)
=1 (5 < (=] 16Dq1P
i + o) + g E8 « 0 B2 T
ey - ez - ]
[F(D2"(0) - 2 (DF(D)] - apgi = L_-0, (5.2
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By substituting as indicated into Eq. (5.41), the following

algebraic equation is obtained:

C'C 2(n, ~q) + C ez(n, -q) - ;E~ rg e (B] cos2rn - a]s1n2rn) = 0.
(5.43)

As in reference [36], Sez(n, -q) and Cez(n, -q) are expressed as

Sep(ns -q) = rgo (-1)'8

2Mzsm(.?\r- + 2)n,

Coolns -q) = riﬂ (-1)”A§r+2cos(2r +2)n  (5.44)

2 . . . . .
where 82r+2 and A2r+2 are called normalized Fourier coefficients in
the series expansions of Sez(n, -q) and Cez(n, -q) in terms of the
functions sin(2r + 2)n and cos(2r + 2)n, respectively. Taking
advantage of the orthogonality properties of Sez(n, -q) and Cez(”’ -q),

the coefficients Cé and C, are obtained as follows:

2
o -(2r+2)¢
32a, 1 (A)'e 0
1 g 2r+2
C, = X ,
2 7 82 )
K Ly Bara
0 -(2r+2)¢
r 0,2
328, rZO (2)’e ort2
Cé = (5.45)
2 2 2
ke™ 1 (R

r=0
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Or, upon simplifying, they become

-2 2
32e 5682r+2“1

> )2 (5.46)

Now the remaining constants o> Bys ogs Bgs and K' are determined
from the boundary condition Eq. (5.42) by substituting Eqs. (5.32)
and (5.33) and the mapping function given in Eq. (5.31) into Eq.
(5.42). After some tedious manipulations and reductions, the values
of these constants are finally obtained as

3Dyy + D,  APgp -2 Gk
32[ 11" 02 P Eo(z , G 2)}
4Dy4 ke

,B-|=0,

Gek2

CZ(M] + My)
K= -1 2 <inh 2t
8(Dqy - Dyp) °

-2¢ .
CZ(D]] + D]Z)[(M] + Mz)e 0 (M]‘- Mz)e21a}

16D]]P66 G_k

2t i
= e )

9

16(Dyy - 912)[(3911 +Dyp)
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4
D,,C +2¢& :

. 11" 0 2ia
o, - iB [-(M] + Mz)e + (M] - Mz)e J

4 4" n
128(D, 1 - D)

2.

4 2% €D, P

~|Ce ", 18 _(2+&2)h, (547
256 16k(Dyy - D) 2

with

Goks _ Gekzl(go’ -a)

Gek2 = Geﬁé(go, -q) .

Now, with these constants given as stated in Eqs. (5.47), the
function x, and complex potential functions (z) and wl(z) for
elliptical holes are determined. Then the stresses and displace-
ments of the problem are found through Egs. (4.41) and (4.29b)
given in the previous chapter. However, for this problem, the
stresses.near the edge of the hole are more important than those
elsewhere. As stated in ChapterVIV the stress couple around

the edge of the hole is given as

M= -8(D; + Dyt (2)/F (z) + @'(2)/F (D)1, with € = &
(5.48)

With the known potential function Q(z) and mapping function F(z),

Eq. (5.48) for this case can be expressed as follows:
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M (£, n) = (M +M>+--2.U__D”w‘2
n o’ 1 2 n
M+ M M, -M, 2 . -2&
( 1 2 .1 2 o Eoe21°)(c052n -e 9
2 2 ' ‘
5.49)
3D,, + D 4p -2& G ki (
11 12 66 0 e 2
[ W + kc2 e (2 + G;FE)](COSh Zgo - cos 2n)

Considering the case of My = Mo’ M2 = 0, and o = 0, the following

is obtained:

'2£o ak
Mn(gos l"l) (D‘” + D-lz)(cos 2n - e )Az
0 201](cosh 2E - cos 2n)
xk
where A2 is defined as
2¢
1 0
%, s1-¢ ) .
301y * D12, Pes e'zgo(2 . Gékz)
4Dy kCZ R

Eq. (5.50) gives the moment distribution around an elliptical
hole in an infinite composite plate under pure bending along the
edge of x = constant. When the laminated composite plate reduces
to a single-layer of homogeneous material, the previous relation
given in Eq. (5.15) holds. Consequently, for this case Eq. (5.50)

becomes
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2E -2&
1 0 0
M (£ ,n) {1 -e “)(cos2n -e )
.I%ﬂjl_._~ =141 ; v 23 PR Goko (
+ e 2+ o1 } cosh2g_ - cos2n)
[ 4 5 ( e 2) 0

(5.51)

Note that Eq. (5.51) is the solution given by Naghdi [34]. In
comparing the solution for a single-layer plate with that for a
laminated composite plate, it should be noted that the same results
as stated in the previous section hold; the Young's modulus as well
as the Poisson's ratio affect the stress distribution. The expres-
sions for the shear forces, Qn and QE can also be calculated from
Eqs. (4.40) and (4.41). Around the perimeter of the hole edge,
the shear force Qn is more significant than QE; therefore, only
the expression for Q, is calculated. From Egs. (5.47), (5.40),
(5.32), and (5.33) and Eqs. (4.40) and (4.41), the final expression

for Qn is obtained as

28 -2¢ Gek

1 0 0 e .

Q 1-e e (2 + TK5/sin 2n
4047 kC? Gek2

where J is defined as C% sinhz sinh .
Again, for a single-layer composite plate, the shear force Qn
around the hole edge is obtained by degenerating Eq. (5.52) through

the use of Eq. (5.15). The final expression is
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28 -2E 6.k
1(1 -e 0)e 0(2 + —§—g>sin2n
Q 2 Boks
T 2 -2t Gk (5.53)
0 {3 tv, 2, °f + e 2ﬂ‘1g
- o7 Tk,
4 5C2 e 2

Again, this agrees with the solution given by Naghdi [34].

For the following discussion and comparative study, Eqs. (5.50)
and (5.52) are rewritten in terms of the parameters of the major
and minor axes of the elliptical hole. Suppose that o and B are the
ratios of h/a and b/a, respectively; where a'is a semi-major axis
and b is a semi-minor axis. They are related to the parameter Eo

through
a = € cosh Eos b = C sinh €y (5.54)

Then Egs. (5.50) and (5.52) can be expressed in terms of o and B

as follows:
D.. +D

11" 2
BL(1 = B) = (1 + B)cos2n
M (**zﬁ;;-—-) [(1-8) - (1+B)cos2n]
i
0 [3011+012 Yooy 1 6, k5 \ )
+ 2+ & }[(1 +82) - (1 - 8)coszn]
“0n <kA2 )(1+8)2< Gekz)
(5.55)
G k.
ED. /_EB(Z + gﬁg;) sin2n
M- —
0 [3011 + 0, WP Goks } ) o
a + 2+ === )|(1+ B)L(T + 8%) - (1 - B%)cos2n] 2
a 4Dy4 ka2(1+s)2< Ge 2>

(5.56)
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gs. (5.55) and (5.56) are much more convenient than Egs. (5.50)
and (5.52) for studying the following special cases:

Case a - the case where £y * that is, the case where the
elliptical hole tends to be a circular hole (see Figure 23), From
reference [39], the functions below behave as indicated:

S S5
ky(£, -q) +—-K(qe ) =“—K(AP)

G k>(gs -q) » = qegK'( qef) = Zarky(ar) as € > w,
e m

where Sé is a constant defined in referencés [36] and [35]. Now for
£ -£
this case, a = gke +e0), L —{e -e9) ro 8 g5 =+

Therefore,

Gkl ) Klry)

where K, is a modified Bessel function of second kind, and Ké is
the derivative of K2 with respect to its argument. For this case,

the value of g is equal to one. Then Eqs. (5.55) and (5.56) become

(D]] + D]Z)KZ( )\V‘o)
(Dyq + Dy,)Ky(arg) + 2D, Ko (ar )

cos2n

M
_Il=]+
0

O

201 Ar oK, (Ar )

?_25 ) (D + DIZ)KZ(”O) + ZD”KO(M‘O)

sin2n  (5.57)
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Recalling Eq. (5.12), it can be seen that Eq. (5.57) is exactly
the same expression as‘(5.12).

Case b - the classical laminated composite plate solution can
also be derived from Eqs. (5.55) and (5.56). From Table III note
that the value of 3 (i.e., kaZ/PGG) increases in magnitude of order
(2/h) with decreasing plate thickness. Therefore, if the hole
dimension is specified for the case of h << 1, then the term P66/ka2
in Eq. (5.55) and (5.56) will approach zero. For this case, Eq.
(5.55) then becomes

+ Z(D]] + 012)6[(1 - B) = (] + B)COSZTIJ

> 5 (5.58)
(3047 + D]Z)[(] +g°) - (1 - B%)cos2n]

M
_.Il='|
0

Eq. (5.58) is a solution of classical lamination theory. In order
to make a comparison with the solution for a homogeneous single-
layer classical plate given in reference [20] (page 231), a new
parameter ¢ is introduced, defined as

p cosh & - sinh & -2¢&

a- o_1-28
= = = e S ge—— .(5.59)
at+tb o5 &y sinh £ T+B

Introducing the parameter ¢ and the relationship in Eq. (5.15) for

a single-layer composite plate, Eq. (5.58) becomes

2(1 + v)(1 ; e)(e - cos 2n)

+ > (5.60)
(3 + v)(e“ - 2 cos2n + 1)

=1

=|5=
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This solution was given by Savin [20] for a single-layer
classical plate., Notice from either Eq. (5.58) or (5.60) that
the effects of the plate thickness are not included. Hence, as
long as the eccentricity of the ellipse is specified, the stress
distribution given by classical lamination theory is not influenced
by the size of the hole. Figure 24 compares the deviation between
the classical lamination theory and the present theory. Unlike the
circular hole case, for the elliptical hole the limiting case of
vanishing hole size is not provided. This case is difficult to
obtain from the expression presented because of the lack of inform-
ation in the recurrence relation on the Mathieu function Gek2‘

Figure 24 shows Mn(go, m/2)/M, versus a/h for St/A1/St and
A1/St/A1 laminated composite plates. The result is the same as
that for the circular hole case - that is, the hard-core sandwich
plate has a lower stress concentration factor than the soft-core
sandwich. This fiqgure also presents the solution by classical
lamination theory for a A1/St/Al1 sandwich plate. Note that the
deviation of Eq, (5.50) from Eq. (5.58) is vast since the value
of a/h is less than one. Figures 25 through 30 present the distrib-
utions of Mn(go, n)/Mo around a hole with the same eccentricity but
of different hole sizes. The solid line is for a (St/A1/St)
sandwich plate, and the broken 1ine is for a (A1/St/Al1) sandwich
plate. The applied moment in Figures 25 through 26 is along the
edge which is perpendicular to the major axis of the elliptical

hole, whereas for Figures 29 through 30 it is along the edge that
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is parallel to the major axis of the hole, It is also noteworthy
to examine the stress distribution through the plate thickness.
It provides information on the mechanism for transferring stress
from layer to layer. Using the procedure employed for the case
of the circular hole, the normal and shear stresses at the hole

edge are calculated as

'i N Tk _25
<0n > = Y4 E1 M] + M2 . A2 . COSZn -e 0 (5 6])
£ D17 + Dy 2077 cosh2g, - cosZn |

ﬁ; 1 - vi
and
% -ZEO
Tng Ae  lgip2 2) } Geky
— = - — - 21+ A; (|2 + ——sin2n.
( 0)50 72, |2 (1"' i ( Gekz)

The numerical results of Eq. (5.61) for a (St/A1/St) laminated
composite plate with a 0.5% volume fraction are given in Figure 31.
The ratio of the major axis to the minor axis is 1.22, The
stress was computed at the point n = 90°, It may be noted that the

finite element solution and analytical results agree.
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VI. CURVILINEAR HOLE CASE

6.1. Introduction

It is obvious from Chapter V that the solution of the
Helmholtz equation depends on the coordinate system selected.

For the case of a circular hole, é polar coordinate system was
used, and the Helmholtz equation in the polar coordinates was
transformed to a modified Bessel equation. This equation, its
solution, and properties are well known and have been widely
reported, However, for the case of an elliptical hole, an
elliptical coordinate system was used because of its convenience;
and the Helmholtz equation in this coordinate system was separated
into Mathieu and modified Mathieu functions as shown in Egs.
(5.95) and (5.96). Therefore, the basic difficulty in using
theory presented herein compared to the corresponding classical
Kirchhoff theory, is the necessity of solving the Helmholtz
equation by the method of separation of variables for different
coordinate systems.

In view of this, for a simply connected region the solution
of Eqs. (4.14) can be obtained only for circular and elliptical
holes. However, in the latter case an infinite system of alge- ’
braic equations arise and it is necessary to expand the Mathieu
functions in terms bf trigonometric functions in order to match

the solution of the biharmonic equation on the boundary. Therefore,

116
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it is more profitable, when solving Eqs. (4.14) for curvilinear
holes, including elliptical holes, to use the method of "boundary
shape perturbation." This method was proposed earlier by Lekhnitky
[21] and was continuously extended by Savin [20],[37]. The method
to be used here will be the same as that used by Savin on the stress
concentrations near an arbitrary hole whose contours have no
angular points,

By using the boundary shape perturbation method, the difficulty
mentioned above can be avoided. The solution of the system of
Eqs. (4.14) for a curvilinear hole can be obtained approximately
by the series of solutions for circular holes by selecting an
appropriate mapping function.

6.2, Methods of Analysis

Next, a mapping function (transformation equation) is intro-
duced that will conformally map the exterior of the unit circle
into a region representing the exterior of the hole under consid-

eration., This mapping function is given in the form

Z = Az) (6.1)

. i . i€ . .
with Z = Re‘e, Z =x+ 1y, and ¢ = pe O. For convenience in later

analysis, a dimensionless quantity is introduced as follows:

z, = %r'= x_ + iy = re (6.2a)
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and

z, = wlc) = ¢ + ef(z) (6.2b)
where r = R/r,, The function wl(z) wés given by Savin [38] and
Muskelishnili [31]. The function f(z) is a holonomic function
at infinity. The parameter ¢ is assumed to be a real constant;
its value is within the range 0 < ¢ << 1, and it is designed to
characterize the degree of deviation of the examined hole from
a circular hole. Using the equations above, Eq. (6.2) can be

rewritten in the parametric form as
€
Xg = cos @+ {(f+7F),

o ﬁn@-i%f—ﬂ (6.3)

<
i

where T is the conjugate function of f(z). Eqs. (6.3) represent
a curvilinear, orthogonal coordinate system with coordinate curves
of p = constant and © = constant, as shown in Figure 32. The

angle 6 can be found from Eq. (6.3), expressed as

. ie
y sino - &£ (f - F)
6 = tan~! ;9-= tan”] 2p (6.4)

0 cos 0+ E- (f+F)
2p

As for the angle o shown in Figure 32, it is found by the following
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Figure 32. Curvilinear Coordinates (p, 0, z)
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procedure. First, differentiate Eq. (6.2) along the curve

© = constant; thus, an expression for dzois obtained as
dz, = w'(z)e'%dp. (6.5)

Then, from the relation dz = lngeia, with the value of dQ)given

by Eq. (6.5), the following expression of e'® is obtained:

. "(¢)
e]a_ Tw \Z

Y A (6.6)
olw' (2]

where the |w'(Zz)| is the absolute value of the function w'(z),
which is equal to [w'(c)w'lcil]/z. Obviously, the expression for

the angle B8 may now be obtained. It is written as

iB _ _zw'(g)u(z) (6.7)

S e (e ()17

6.3. Perturbation Expansion

So far the angles a, 8, and 6 have been presented in terms
of a mapping function. It can be inferred from these results
that all magnitudes which depend on r and 6 can be expanded in
powers of the small parameter €. Before proceeding with the ana-
lysis, the coordinates r and 6 must be expressed in terms of the
small parameter €. From Eq, (6.3), by taking the square root of

2 2

the sum of x~ and y“, an expression for y may be obtained in the form
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v = [o2 + e(ZF + cf) + 26 /2 (6.8)

By expanding the right-hand side of Eq. (6.8) in a binomial series
and collecting terms which have the same power of e, the following

expression for y is obtained:
_ 2 3
v = ol1 + Yie t ype * 0(e”)] (6.9a)
For the g coordinate, by expanding the right-hand side of Eq. (6.4)
and using the properties of the trigonometric functions given in

the Appendix (page 188) an expression for g is obtained in the

form
_ 2 3
8=0%eb) teo,t 0(e™). (6.9b)

The various quantities in Eqs. (6.9) are defined as follows:

= 1 o F = _J_._ -f - )2
Y1 'é“é"(l;f"'cf)s Yo -84(Cf ),
p : o
6, = - [(f+7F) sino+ i(f - F) cos 0] ,
T 2
2 -
0, =._l_[(f2 + ) sin 20 + i(f2 - fz)cos ol.

2
4p
(6.10)



122

Since cos B and sin B will be used later, their expansions are also
presented here for convenience. From Eq. (6.7) it is known that
eiB can be expressed in terms of ¢, f(z), and € by substituting
w(z) and w'(z) from Eq. (6.2). The resultant expression has the
following form:

e =1+ epy + el + 0(eD) (6.11)

where

By = —1—2— [cF - of +gz(f' - 7)),
2p

-2 —
By = -%(2 i r,i* #2420 F - 372 o L. 2f-f').
5 o

Then expansions for sin g and cos g are obtained by using Euler's

formula and Eq. (6.11):

2
cos § = 1+ - |(FF- 17 + 2227 - 22T cF-E0) (F1-61) | + 0(e),
tL
2 ' .
fsin g = oy - S 277 - B+ 2R -T2 4 0leh),
ez

(6.13)

It can now be shown that all of the pertinent quantities and functions

depend on r, © and B can be expanded in.powers of.a small

parameter ¢. For example, the general arbitrary function G(r, 8, €)

.can also be rewritten as
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2 2

G{é[] terp + ety + 0(33)], [0 + ee] + € 62 + 0(e3)]},
When € = 0, the function G becomes G(p, ©). Therefore, the

function G(r, 6, €) can be expanded in Taylor series around the

function G(p, 0) as follows:

G(r,e,e) = G(p,0) *+ [D(EP] + ezrg + ...)%§-+ (ee] + €292 + ...)gg}

2
+ )2 ) G

N‘—l

2
[ (eY] + €2Y2 + Zo(ey] + 0 Yo * ..

2 a2 2 2 aze]
+ o 0 0 + EO + E G + e o 0 S +
Y2 ) 9030 (€9, 2 ) 902

(6.14)
Substituting Eq. (6.10) into (6.14), and then collecting terms

(eY] te

that have the same power of €, the following expression is obtained:

9
G(Y‘, 0> E) = G(ps (')) + E(I] 3—0_+ 12 g‘e‘)e(pa O)

2 2 2 2

d ] 9_
+ €~( 9_ 4 + + 1 + , + ...
2! 13 ap2 214 903p 15 302 6 3p by ao)G(p )
(6.15)

‘where the quantities g“(m =1,2,3, ..., 7) are defined as

1 - S - 2
= 55tef + ¢fl, 13-;;2(42“:?)
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I. =

-1 = 2
1 [i(F - f)cos 0 - (f + F)sin 0], I = (T - )",
2 2p | 6 403

1, = Eiliéﬁf-- [i(f - f)cos © - (f + F) sin 0],
2p

— -2
I = —15{(f2 + ?2)cos 20 - 2ff - i(fz - f)sin 20],
4p

2
I_= fl—{(f2 + ?z)sin 20 + i(f - ?z)cos 20] .
7 9.7
44
The pattern of Eq. (6.15) may also extend to derivatives. For
example, 826/8y2 may be expanded in the same form as shown in Eq.
326(p,0)
6.15) b i , 0) with 2=~ . The stre 1t
( ) by replacing G(p, 0) wit -—5;7?——- e stress resultants
and couples given in Chapter IV may be expanded in terms of the
small parameter € also. However, the coordinates employed in this
section are dimensionless quantities. For consistency, Eos. (4.5)

and (4.6) are rewritten in terms of the dimensionless polar coor-

dinate (r, 0):

2 2 2
_ o w W oW 9 3
M, = =D 250, + B 4 opgg (D . DL
r 3Y2 12 2382 rar 56<r3rae r286)
M = -D( oW 4 3&.) -D fiii - 2p (.QEX_ - _QK_)
) Plagl  TOr 12 2 66\raroe 1.2,
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2 2

2, 9 oy
M. = -2p, (¥ _ _ 3w ) +p (9 X _9 X, 3
rg 66(rar86 250 66<r2392 51l rar)
= k _a.x_, = - §X 6.
b=k %7 *ar (6.17)

where Mr’ Me, M , and Q6 are related to MR’ ME’ MRE’ QR’ and QRE

ro
in the following way:

(Mo, M_, !

=L =1
Rs = 4R5) = rz (Qr’ QB)’ (QR’ QE) ro (Qrs Qe)a
0 (6.18)

2 2

In Eqs. (6.17), each term such as azw/ar . 32w/r239 , ow/rar,
azx/rarae, azx/rarae, azx/arz, and 3x/rdr may be expanded in a
Taylor series in the same way as indicated in Eq. (6.15). Using

the relations stated in Eq. (6.18) the final form can be expressed

as
MR
M= .
= 2 2
3 9 e( 9 3 3
| o= + ) S —+ —_— 1
MR= [] E(Il op 12 80) 2 I3 802 214 9p90 I5 302
QR
Qz
i
Mo
9 ) ) ”
+ — + — - (6.19
st 17 % ] "o0 - (6.19)
%
Q

o)
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where
oK x o K ax
Qp YOOBO’ Q@ ?oap’
. 2 2 2
_1[ aw 3w, W (a X
M = |-D D1o( 5 * )+ 2p (- S,
P a2 12\Z502 00 66%03030 %30

=
1]

1 [ 32w . oW 32w 52 3
L -0( + --) - Dy, 2 L op ( X_ . X
0 rg o2aet PP 12,2 66103030 0230) ’

- 2
1 3w v % %% , X >
= 5| - - — | + - + L
Moe rz[ 2066<0803@ 080) PGG( Z. 2 2 pap ] )
0

The components of the stress resultants and couples in curvi-
linear coordinates (p, 0) may be derived from the stress resultants
and couples in the polar coordinates (R, =) by the stress tensor
transformation law mentioned in Chapter IV. For simplicity, the

transformation equations are written in the form:

sin B cos B,

M =M coszs + M:,sinzs + MR:

o R
M =M sinzs + M c0523 - M, sin g cos B
p0 R g R= ’

) . 2 . 2
Mp@ = (ME - MR)s1n g cos B + MRE(cos g - sin“g),
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Qp = QR cos B + Qg sinB, Q,-= -Qp sin B + Q_ cos 8.
(6.21)

The deflection function W and stress function y may also be

expanded in terms of the small parameter ¢,

W= ] €M, andx= | e'x. (6.22)

i=0 ! i

e~ 8

0

Equations (6.22) indicate that, when i = 0, the terms W, and X,
provide the solution for the circular hole case. In addition,

the higher order terms provide the solution for the hole which
deviates from circular hole, Substitution of Eqs. (6.19), (6.20),
(6.22), and (6.13) into Eq. (6.21) yields a highly complicated
set of expressions for the stress resultants and couples. In

the interest of brevity, the intermediate steps are not presented.

Instead, the final expression is written in the form:
(Ms Moo Mogs Qoo Q) = L& TM(5)5 Moi)» Moo(i)» Qogi)» Qo(i)?
(6.23)

where

~e 1“"] o ° ~ ~ . ~
=m! 1-mgm 1-mg,Mm _ MM 1-m,,M
Mp(i) Mo ¥ m:-Z-O[L1 mﬁp tL (Mp Mg) + L Mogd»
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- 1 -m>
oL m(rp Mm) M hols

Mo(i) = M + z [L >

~' . ] - ~ . -~ ~
i- m i-mm T=mgpm m

= + + MoA+ L (MY - M
"ooti) ™ oo azo[L Moo ¥ 2o Moo (Mg = M)y

. =1 . .
s i-mxm . 1, i-mZm i-mzm
Qo(i) =05 * méb (L1 QG+t ly QG -L3 )

=i i-mm
o + y (L o+

i=m~m
Qo(i) ot Lth + L Qp). (6.24)

The quantities L:(n =1, 2, 3) are differential operators. The

zero, first and second order operators L: are given as

1_ 1= B 1p.
H-#Hﬁ%f§M-ﬂmouujgw]w

1 — — - -
Ly = 0, Ly = Z=liE(f' - T) + ¢F - T71,

3 LT
2 2 2
2 ) ) ) 9 3
LE =d S5+ ——+Jd, —+ J, —+ J, -,
1 3 ap2 4 3pd0 5 502 6 3p 7 30

e (= S )L L DL 122 (= S < [ I DO

452
I e R AR ORI AR ~E AR
3 41C z 19 30

(6.25)
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The notations J] J,, J,, J J6’ and J_ are given in the

2’ 3* "4 57 7

following form:

4——2:2{CT- of + gg(f' - F)1Tf + ¢7),
itz

Jp m{cf- of + cz(f' - F)IL(f' - f) cos 0 - (f + F) sin 0],

- 2
J, = 1 (TF +
3 82;Zr(zz zf)” ,

- (FF + V(T - :
Jy = 4CE.(cf + ¢F)[i(F - f) cos 0 - (f + F) sin 0],

Jg = _ 1 [2iFF - i(f2 + ?2) cos 20 - (f2 - ?2) sin 20],

8irg
1 — 2
J = s f - f 9
6 &mp(c zf)
=2 2 —2
J —_ f + S 20 + —— (f - s 20.
7 = 4CC ( ) sin 4 — ) co

. vE TS TS B | pt N
Expressions for Mp, Mo, MpO’ Qp, and QO in Eq. (6.24) have the
same form as in Eq. (6.20), but ¥ and y are replaced by W, and X; s
respectively, For future reference, expressions of ﬁ;, Mé, M;@’
6;, and 6; are stated in the form
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~e 2 2w. BWo 82 . 8)(.
0= 10 - 0[5 ) e i = )
P Yﬁ 3p2 pc30° P3P PaPIO 1259
2 2 2
lei_l[D(aWi,raWi) D Wy op (’azx- X1 )]
Yg 02002 P3P 12 302 66 papﬁé 0230 i
wio= l“[fZD (azwi oMy >+ 5 (Bxi ) X . 3xi)
PO Ys 66\p3p30 p2ap 66 p2802 3p2 P30
Pl
P Yo p30°
~. X4
Tl 20
QO Yq k 5 (6.27)

6.4, Conformal Transformation

Some properties of conformal transformation have already been
mentioned in Chapter V., This section treats some detailed properties
and ways to choose the appropriate mapping function for the problem
under study. Recall Eq. (6.1), the conformal mapping function
Z = 9(z) is a single-valued analytic function relating every noint
r of & plane to some definite point Z in the Z plane. These
latter points will cover some region S in the Z plane. Conversely,
let it be assumed that each point Z of S, by the Eq. (6.1), corresponds
to some definite point of L. It may then be noted that Eq. (6.1)
determines an inevitable single-valued conformal transformation of

the region S into the region I (or the converse).
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The transformatioﬁ is called conformal because, under the
transformation Z = Q(z), the angle between any two curves passing
through any point Z at which dZ/dz # 0 is preserved, and its
seﬁse remains unchanged. As is well known, a transformation from
T to Z is conformal when Q(z) is holomorphic and dz/dz # 0 for
all ¢ in L, In light of these considerations, a holomorphic func-
tion is the function beihg sought.

The regions I and S may be finite or infinite (and, in
particular, one of them may be finite while the other is infinite).
If, for example, the region I is finite and S is infinite, the
function Q(z) must become infinite at some point of I ( since other-
wise there would be no point of I corresponding to the point at
infinity in S). Thus, it can be easily proved that Q(z) must have
- a simple pole at that point; i.e., assuming for simplicity that

Z = » corresponds to £ = 0, then

Q(z) =

o

+ holomorphic function (6.28)

where C is a constant. No othér singularities can occur in Z;
otherwise the transformation would not be reversible and single-
valued. If ¢ and S are both infinite and the points at infinity
correspond to each other, the function Q(z) must, for the same

reason, have the form
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w(z) = Rz + a holomorphic function (6.29)

where R is a constant., Recall that a function, holomorphic in an
infinite region, is understood to be one that is holomorphic in
any finite part of this region and which, ‘for sufficiently large

|z|, may be represented by a series of the form
a +a/r+a © (6.30)
0 'l 2 . (] . .

Further, it may be shown that the derivative Q'(r) cannot become
zero in g; otherwise, the transformation would not be reversible
and single-valued.

Consider now the case where two regions are simply connected
and bounded by simple contours., The transformation of Eq. (6.1) maps
the exterior of the circle onto the exterior of an examined hole.

In light of the preceding arquments, the function Q(z) is assumed
in the form

a 32

Md=k+i+7 e e (6.31)
<

Generally, Eq. (6.31) can be used to transfer any shape of contour
in the z plane to a circular contour in the ¢ plane by choosing
proper values of R and a, (i=1,2,3,...). Obviously, if only a fi-

nite number of terms of the series in Eq. (6.31) is considered,
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the shape of the hole that will be obtained is not the precise one
examined but will be a hole with curvilinear sides and rounded-off
angles. The degree of deviation of the contour may serve as a
criterion for the accuracy of the function constructed.
Muskhelishvili [31] and Savin [20] cave a function of the
two terms for mapping elliptical, rectangular, and equilateral
triangle contours. They showed that mapping functions are very
accurate, Because of its simplicity this is clearly practical.
For this study the simple mapping function, which is given in the

form below, will be selected

2z) = r (g + e/2")
or

wlz) = ¢ +eg™N . (6.32)

By properly selecting the values of € and N, mapping functions

for different holes are obtained: (a) for elliptical holes,
e=a-b/(a+b), N=1, and ry = (a + b)/2, where a and b are

the semi-axis of an elliptical hole, respectively, along the x and
y axes., When ¢ > 0, the major axis of the ellipse is on the x-axis,
while when ¢ < 0, the ellipse rotates 90°, and its major axis is
then on the y axis. Since the |e| << 1, the elliptical hole is

very close to a circular hole. (b) For an equilateral triangular
hole, N = 2, and the value of € = + 1/3 or + 1/4. (c) For a

square hole, N = 3, and the valuz of ¢ = + 1/6 or + 1/9, The
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magnitude, or the size, of the hole depends on the value of ro.

An understanding of the criterion for choosing the type of
function f(;) given.in Eq. (6.2) was presented in the previous
paragraph. As noted earlier, in this analysis the function f(z)
is chosen to be ;'N. As a summary of all derivations presented
in this section, it is clear that as long as the function f(Z)
is obtained, the perturbation expansions of the problem are accom-
plished by substituting f(z) = ¢™ into Eqs. (6.21), (6.24), (6.25),
and (6.26). The remaining tasks are those of repeating the steps
of Chapter V and computing the highly complicated set of algebraic
expressions. In general, any desired order of solution may be
obtained. However, for brevity, only the zero and first-order
N

solutions are presented. For reference, Ea. (6.25) for f(z) = -

is expressed in the following form:

1 _ -N 3 _ . o
L] =p [cos(] + N)o 5o sin(1 + N)oO DBGJ'

1N+ 1
Ly = ey sin(1 + N)o, L2 =0,
2 1 2 52 . 2 1
= — . + 7 -2 (-~
L] ZOZN[FOS (1 + N)e 802 sin 2(1 + N)o 5030 (p)

. 2 2
4 sin"(1 + N)o (2, 0 3 ]’
p2 (362 30)_
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2 -
,_2 = -p Z(N"‘)(] + N)2 sin2(1 + NJo,

208 - Dsin2ieme, (N4 1) sin2(0+m) 3
3 2,22 2,2NF1 30

(P sinf1+ Mo s
p2N+2 30 °

(6.33)

The zero and first-order solutions for the stress resultants
and couples associated with the function f(z) = c'N may be obtained

from Eq. (6.24). They are expressed in the form
0(e®)

1. m(0) &(0) =(0) ~(0) £(0)
=M Mg Mg s QT Qg

5 0
0(e)
, Mp(1) | (ﬁ; \
o |
Y Moy [ ° 4 &le p %N[é°s(] + M0 2 - sin(1 + Mo 535]
o o)
\.Q@(l) , 6;
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SR ( ~0 h
m° M
o poO
MO °
0 pQ

¢ Mdsin 1+ e (- 1) b (6.35)

+
pO pN 1 0
~o ~5
Q° o3
~ ~0
Q° -Q
0 L o)
\ J S

: ; . MO WO ¥ =0
Equation (6.35) is a general expression. Ap, MO, Mpe, Qp

and 62 are the stress resultants and couples corresponding to the
1 41

p’ Me’ MDO,
from Eq. (6.27), and they also relate to the circular hole solution.

circular hole case. The terms M Qg and Q] are calculated
Therefore, as long as the solution for the circular hole is provided,
the perturbation solution for any hole shape may be obtained., Note
that the expressions obtained in Chapter Vv are not convenient for
the analysis in this section. The work of ChapterV will not be
repeated in Section 6.5; instead, Eq. (4.14) is solved directly

to obtain the appropriate expressions fqr the displacement function

W and stress function y in terms of dimensionless quantities.
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6.5. Functions W and x

The system of Eqs. (4.14) in the dimensionless polar coordinates

(r, g) can be expressed as

v =
62(62 - ~2)X =0, (6.36)

or as

3 (220M) = - B (vPKky - P o2
3r(v W) o6 (rokx - PegV x) s

_ =2
2 (w00 = 2 (P - pger) (6.37)

where 62 is a dimensionless Laplacian operator deféned as
a2 3 82 ~ 0.2 (" k

+ + ,» and \“ is defined as roX (p—~>. The
arz ror r2362 66

solution of the system Eqs. (6.36) and (6.37) can be taken

from Chapter V. They are given in the following form:

An C .7cos no
W(r, o) = Ay Tn r+ 2 { n( >+'€w&r4w2<nﬂ
h=] By Dn sin né
(6.38)

x(r, @) = O(Ar) + z][% (Ar)( ) ﬂggl_:_ﬂ)(D )}Sin no

F kplpn cos nb
n
° n (6.39)
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where A, F , A ,B ,C,D,E ,and F_are all constants and will
0 0’ N "n® "n’® "’ n n
be determined from the boundary conditions. The functions W(p, ©)
and x(p, 0) can be calculated directly from Eqs. (6.38) and (6.39)
by changing (r, 8) to (p, ©). Referring to Eq. (5.22), Ni(p, 0)

and x;(p, 0) are obtained and expressed as follows:

. © Ai Ci cos nb
1 -n -n/ N -n+2/°n
wi(p, 0) Ao Inp+ Z [ro 0 ( i) try < i] .
n=1 Bn

i .
Dn sin no®

.~ © ~ Ei ¢! 4sin no
= F) n), 400 -n) /N
Xi(o» 0 = Fiko0) + T [knGo)( §) £ )
1 00 n=1L " F;) krp" <DA cos no
)

(6.40)
where K (o) is a modified Bessel function. Substituting Eq. (6.40)
into (6.27) yields a complicated set of algebraic expressions.
After simplification and combination, the final expression for Eq.

(6.27) becomes

v Al A I 12. 7 {_ 2Dggn(n + 1)
0= " 23 L TR
roP o n=1 o

cl £l 0
)+ (- ) () 2 (3]

D! '/ Jsinne’
n n
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o 22 o 2 & n ntZ
roP ro N=1L ree
Al t; t3 C; - 1 En cos nod
<?> * (ot nn+2)(i>+2*Nn<i> ’
By ro o v, D; Fr’ Jsin no
~ w . 2Dzen(n + 1)
i, -t e 5 T
o Yo ro N=1 roP
Al Ci Ei. .
()7 o ezl ) o (1)
Bn Yo P roP Dn Fn cos nod

i i
-7 [; LU (Er)‘) + 4001 - n) (er )TOS no ,
, W T N F; rg Ipn ! D; sin no

. . . w [T ~ El ¢l \Jsin no
k T Ak n)i 40n(1 - n) (m

0 = - S WKy 00)F - z[ KiOo) ( 7)F 4 ')

© Yo © °© n=1lfo " (F;) rot N+ < +/Jcos no

(6.47)
+ -
— = - +.
where t2 2(n 1)[(011 + D]Z) -nDGGJ .
8P

' D
t3 = _._.6..6__.]_]..”(] - nz)’ P* = P66
k
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t4 = D66n(n -1, D=0Dy
1% oy 1 ~
N3 5 Kn(xp) ;Z'Kn (x0),
N3 = X2[K (xp) - 2K"(3p)] (6.42)
n n\Ap n\AR/ e .

K;(ip) is defined as the derivative of the ?od;f1ed Bessel with
dK_(Ap
respect to its argument, i.e., Kﬁ(xp) = -?=—;~ .
d)\p
In Eq. (6.41), by letting the superscript i equal zero,

~

expressions for M° M° m° s QO, and Q are obtained, When i 1s

p0O
set equal to 1, express1ons for M] ﬁé, M;e, Q], and Qe are obtained

in a similar way. To avoid the ted1ous work of writing them,
the expressions for these quantities are not presented in this
dissertation. With expressions obtained for'ﬁg, ﬁg, ﬁge, 63, ag,
ﬁ], ﬁé, M;O’ 6;, and ﬁé, the zero and first-order expressions for

the stress resultants and couples are obtained and given below:

D-D o [2Den(n + 1) A
12 404 § [ 66 (n
n=1

Mp(O) “‘7?“‘ Wt 2 ntZ \,0
r p B
0 n
t, t ot E cos nod
¥ ( nzn i n+23n+2) ( 2) g l ( 0) (6.43a)
r D F sin n@
0 0 n 0
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o 0
6(0) rp2 n=1| p"2pnt2 g°
t; ts (Cﬁ) - 2np* 1 Eg cos no
+ (r" n o n+2 n+2) 00 ¥ ——g—-Nn(FO> i (6.43b)

000 rO P n Y‘O n A inn
. 0

M = NOp* o + f ¥ 2066n(n +1) (An)
r9(0) rﬁ 0 5 r2+2p“+2 B

2 0 3 0 . 3
¥ (r:4n + n:g n+2) (gg) + Efgg_(ig);151n no 6430

0% "o P X 5 cos no
0 - - S - § [ (35 i om (BN
A 2K (Ao pt = > .
o(0) ro 0 =T M Fg r2+ o D%/ Jcos no
| (6.43d)
~ o [~ g0 c®, Jsin n®
_ kx T \gO Ak N n\- 4pn(1 - n) (N
Qo) = = K:(ap)F) = 1 |==K! (o) Erve e N ]
«0) ro © 0 21lYe N (Fg) rg+1 n+1 (D°> cos nd
(6.43e)
In 0(€) form, they are
a4 2(0-0p,) o p*(N + 1)N
Mp(O) = M -:3§;$E§——— A cos(1 + N)o + —~§—N;T——-—- F° sin(1 + N)o
0
= [(1-Nt A =21+ Nt 1-Nt,
+]§ ) n+2_n+N+3 (2) t Lo r(1+2 n+N+§ ( g)
n=1 r, o By rgp ro © D
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: 2K <Eg)1cos(n -N-1)0 : (2n + N+ 3)t, (Ag)
+ =
r2 \E0 Jsin(n SN -1)0 2 =] R NS BO
0 n n
0 -1 .o
2(1 + N)t4 - 2nt2 . (2n + N + 3)t3 (Cn> : 2Hn <En) X
rn n+N+] r"+2 n+N+3 Do r2 Fo
o° o P < “n o 'n
cos(n + N + 1)o
s (6.443)
sin(n + N + 1)0
o, 2( - Dy,) 0 pr(1 + NN .
b(1) = M, ’;2“N¢3“"“‘ ; cos(1 + N)o - ——;2;N;T-— Fo sin(1 + N)o
0 0
o (1 - N)t, A° 2(1 + Mt, (1 - Nt c?
+lZ - P TINTS N+](n)+ ¥N+4- 7 +3 (2)
2 021 rg pn+ 3 Bg 2 n+N+1 rg+apn NF3 Dn

0
3 Eﬂﬂ_(E"> cos(n - N - 1)o L1
Fg sin(n - N - 1)o 2

ne—g

(1)
rn+zpn N+3 Bo

0
{ (N3 <An
1 0 n

r

[2(1 + M)ty + 2ty (20 + 3+ N)t3} <cg> 2H;‘(Eﬂ) cos(n + N + 1)o
0 Fn

+ - —iL
N+ ¥2 NENF3IT
rgpn‘N v rg 0 Dﬂ 2 sin(n + N + 1)0

(6.44b)
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a1 P, o 2(0 - D) (V4 N)
Mpe(]) = Mp@ + ;2;N49—-F0 cos(1 + N)o - r20N+3 Aos1n(] + N)o
0 o

R SE 2(n + N + 2)t, <A3) ; fn(n - 1)(1 + N)Dge  2(2+ n + N)t
2 03 2 n+n+3

. 3}
(o] n+2 n+N+3
o P B, o e

<cg) . E;f_(Eg) }sin(n -N-To

0
'l © - 4066n(n + ])N An
7 L * (o)
cos(n - N - 1)o

T
rn+20n N+3 Bﬂ

C[4Deen(n - 1)(1 +n + N)  2(2 +n + N)ta] 2 HZEO
7 [*Ps6 . 3 ( n) TR
n nFNFT n+2 n+i+3 p° ;?‘(Fo)
"oP re n 0
sin(1 + n + N)o
’ R (6.44c)
cos(1 + n + N)o
. kK (%p) o ) 0, K3
Wy = ¢ ON¥$"'F8 sin(1+ Mo + 3 | 422§]n+N2%N ( o)
o P reo n=1| r. p D2 0
o 3
(Eg)\ICOS(n -N-To L] f {j40n(1 -n)(2 + 2n +N) (Cn) 5 fh__x
. 2 1 nti+2 0
Fg ‘Js1n(n -N-1o 2 n21 rg ]pn D, Fg

E2 lcos (n+ N+ 1)0
(o)

(6.44d)
sin (n + N + 1)0
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- 3KK*(r) - [ ©
- 0 0 1 4Dn(1 - n)N n
= Q - FOcos(1+ Mo+~ ) |- )
Qe(]) Q@ ropN 0 2 p21 |t r2+1pn+N+2 (Dﬁ
+4 Lo . . o
Yo ‘F°/Jcos(n - N - 1)o 2=y | rﬁ;T-"+N;ZV n°
n ) n
H;4 EQ 7 sin(n + N + 1)o
- ?—( 0) (6.44e)
0 Fn cos(n + N + 1)o
where
t1 = 2D66"(n +1)
1 2,1 3
[ P, o g 2 - (10 Wt
n ¥ >
ol p 2p :
| n *N3
Hf_z = ﬁN ¥ P I 4p*n(1 + N) N]
n pN Nsp pN+] pN+] n:2
' Hi3-n£(§_'§r1_5u) p % 5 O+ g
n pN p p2 N+2 n N+1 n?
~2 ~
4 ki nAk = n(1 + Nk
H=' = ;N"'K; ;ﬁ*T'Kﬁ + _._;?qu.. K, - (6.45)
dNn
The notation Nn, o signifies & From the preceding chapter, it

is seen that the solution given in Eqs. (6.38) and (6.39) corresponds
to the local effect since, when p goes into infinity, the solution
of Eqs. (6.38) and (6.39) will vanish. Therefore, the stress

resultants and couples given in Eqs. (6.43) and (6.44) are the
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local stress distributions and vanish at infinity. As mentioned
before, the entire stress field includes the local and plate

bending states of stress. The bending states of stress are denoted
O’
expressed as follows:

by M:, M M:e, Q:, and Q;; therefore, the complete stress field is

.
Mo M: Mon)
T 00
Mg M M)
T - 0o v n
Mol = | Mol * n-ZOe M o(n)
T -
Q) G| 0 ()
Q0 Q. Q (6.46)
| 9] | 9 ] | eln) | |

where the superscript T in the left-hand side of Eq. (6.46) represents
the quantities for the total field.

Now consider the case of an infinite p]ateksubject to the
bending moment M; along the edge where x = constant and bending
moment M2 along the edge where y = constant. The hole is located
in the center of the p]ate and is free from loading on its edge.
Before applying the boundary conditions at infinity, the applicable
bending moments M] and M2 in the rectangular Cartesian coordinate
arevtransformed to curvilinear coordinates (p, 0) using the

transformation laws.
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=4

1 1
—(M] + Mz) + E(M1 - MZ) cos 2o,

p 2
1 ] _
M; = E(M] + MZ) E(M] Mz) cos 2o,

7 )
M’;O = E{Mz - M]) sin 20,

Q: =0. (6.47)

By using Eq. (6.6), Eq. (6.47) takes the following form:

N(My = M,)
M = l{M + M) + l(M - M,) cos 20 + —~——l————g—{cos(1 + N}O - cos(N-1)6]
p 21 2 2° 1 2 20N+1

20 1h
€ N(M] - Mz)

+ e Tcos 2(N + 2)0 - cos 26] + 0(e),
2p

)
My - MZ) sin 20 - ————Tﬁj-—g—{sin (N+ 3)o+ sin (N - 1)0]
2p

]

—~00
o

N/L_'

A - M) 3
- N [sin 2(N + 2)0 - sin 20] - 0(¢"),
2p

§=o. (6.48)

6.6, Boundary Conditions

From the boundary conditions of Eq. (3.43), the boundary

conditions at infinity and on the hole edge>are given below,
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At infinity, p >z M =W, M =W

T- (o]
o= Fos Mo =M Qp = Q;.(6.49)

T_owT _o o
At the hole edge: M =0, Mo =0,0Q,=0 . (6.50)

Note that the second parenthesis in Eq. (6.46) vanishes when p goes
into infinity. Eq. (6.49) may then be rewritten as follows:

00

M =W, M =", Q"= 6.5

p’ 00 ¢@© Qp Q:’ (6.51)
If the second boundary condition Eq. (6.50) is applied along

with Eqs. (6.51), (6.48), and (6.46), the following equations are

obtained for the zero and first orders of e:

0(e°):
1 ‘ 1 -
Mp(o) + §(M] + M2) + E{M] - MZ) cos 20 = 0,
1 . _
Mpe(o) - §(M1 - MZ) sin 20 = 0,
Q =0 (6.52)
°(0)
0(e)
N : -
Mp(]) + E(M] - Mz){ cos(N + 3)o - cos(N - 1)o)}= 0,
M N

o) - §(M] - Mz){ sin(N + 3)o + sin(N - 1)6} = 0,
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Qp =0, (6.53)
(1)
From Eqs. (6.52) and (6.43) the following non-zero coefficients are

obtained:
(M, + M_)r? 2(M; - M.)D
] 2 0 0 = ] ‘2 ]]

PP=- L 20

’ 2 - 9
ERACTI Y KL(Dyy + Dyp)Kp + 209K ]

2
Cg _ (M] - M2)K2ro
20(Dyq + Dyp)Ky + 204K ]
4
r.k
o] 0 0
1166

Similarly, the following expressions are obtained from

Eqs. (6.44) and (6.53):

~1 4D66
Mp -
rO

1
AD cos(1 + M)0 + 3 1 cos(N - 1)0 + 2

5 cos(N + 3)0

0
N+3

+ g(M] - MZ)[cos(N + 3)0 - cos(N - 1)0] = 0,

- 4D, (1 + N)
1 66 0 .. Lo o
MOO - ~--—-é--———-—~-A0 sin(1 + N)o - 2VN_1 sin(N - 1)o

Yo

- 50 - m)[sin(h + 3) + sin(n - 1)e] = 0,
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al . %-wg_1 cos(l - 1)0 + 3 R 5 cos(N + 3)0 = 0, (6.55)

where the quantities U?, V?, and Ng(i = N-1, N+3) are defined as

(1 - M)t 201 +M)t, (1 - Nt Mo
Ug = - 1 A0 4 [ 4, 3] o, “"2 _o

4 2 2 q 2 2 2°
s o "o "
A -1
o - (N + 7)1:] 20 + 2(1 + N)t4 - 4t, . (N + 7)1:3 © 4 2H, o
N+3 "‘r'4 2 2 8 2 2 £2s
' 0 0 0 0
2(N + 4)t 8(1 + N)D.. 2Nt e
VO _ 1 A0 66 3 @ 4+ 2 O
N-T - 7 27 7 I |2 2 "2°
r r r r
0] 0 . 0 0
, -2
Vo ) 24D66N 20 8066(3 + N) . 2(4 + N)t3 CO . EZ_.EO
N+3 o4 2 2 r4 2 2 2°
0 0 0 0
0 8DN 1y
- o, o
Ma=-"3G* v
r o}
0
o  8D(6+N) ﬂéf' o
e (6.56)
0
The quantities o ﬁ] 6] and 6] are obtained from Eq. (6.41)
p’ DO, 0’ p, O . . . e

when i = 1, Substituting these quantities into Eq. (6.55) yields

the following:
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266 41, 5 { 2Dggnin + 1) 1 [Z(m - 1) + Dy,) - mDgg]

2+m m
o o o

r

8p*Dm(1 - mz)} 1 Zp*mN]
0

mpll T =0
krm+2 Cm + —-—2-.wa’cos mo - Um cos mo = 0,
0 .

2

; j 2Dgem(m + 1) A] [2066m(m -1) . 8p*Dm(1 - m ?JC] . p*Nm E]:}x
- - B m+2 m

m | rg%Z m vl kr? r2

sin mp - VE sinmo = 0,

km o T vl 4Dm(m - 1) , 0 _
%{F;.Km(xp)[m - -—Eﬁj——-——— 1n cos mo + ”m cos mo =0
o (6.57)
wherem=N-1, N+ 1, and N + 3 and U?, V?, i=N-1,N+1,

0 .
N + 3, and wN+] are defined as

4D

N 10 -0 66 (¢}

ot =t = M) - SUnars Ty = 2 Y2
0

33

o N 1,.0
Upes = = oM = M) - Upss

4Dgs(1 + )
1,0 o _ 66

Mot e Y T
0

Y =
N-1

N’LZ

o _N 1,0
ez = 2 M) - Vg
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0

ey =

0. (6.58)

By solving the algebraic equations, the constants in Eq, (6.57) are

obtained as follows:

20(T° - V° Pt D or )
el - m__m " 2Dm m'o AM 2o
m 9 0 9
k[(D + D]Z)Km + 2m<m_2]
o mtl m
C] _ ero , + kr'OKm E?
= _mo '
M 4bm(m + 1)  4D(m - 1)
*
Al e 1 @2(m - DD + yp) - 2m0eIr2 - L22n(1 - w)3c)
m 4Dgem(m + 1) :

T, 3! + m+2
+ prel(2mly + NIED - 20 V:'H (6.59)

with m # 0.

Now consider the case for N = 1, which corresponds to the
elliptical hole case. The value of m for this case will be zero;
hence Eq., (6.58) cannot be applied directly. However, the solution
for this case can be calculated by directly inserting the value of
m=0, 2, 4 into Eq. (6.57). By calculating this set of algebraic
equations, it is found that the results have the same formula as
Eq. (6.59) but the m will now stand for N+ 1 and N + 3 only and

the value of Al will no longer be zero.
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Substituting the non-zero coefficient into Eqs. (6.46), (6.44),
and (6.43), the solution for the complete problem is obtained. In
most cases, only the stress around the hole edge is of interest.

This problem can be solved by directly setting o = 1 in Eq. (6.46),
However, the simplest way to calculate Mg around the hole edge is to
evaluate the sum of Mg and Mg and then set p = 1 on the hole edge

since the value of Mg is zero when p = 1. In this way, the expres-

sion for Mg around the hole edge can be obtained as follows:

4(D]] + D12)

T
= (M, +M,) + €O cos 20
q T T

Mg

0=

8(D,, + D,,) 4(m - 1)(Dy7 + Dy,)
+ e[- ”2 12 €9 cos(N + 3)0 + | . n__i2 c; cos mo
r m r
0 (o]
+ 0(52) . (6.60)

The resultant shear stress, Q;, can be evaluated directly from EQ.

(6.46) in the form

T _ Ak , o, 8 .0 _. J
Q| = '[;‘KZ(X)Ez + =30y sin 20 + e4-
p=1 Y ro .

+4

- H
2K el L 4bmim - 1) o1 e 1(29_0 2 Oin(] -
[ K,;,(A)Em + ( ) Cmi‘51n mo - 5 + 3 CZ + v EZ)S"\(] N)@

r
0 To Y‘O 0
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-4
H
118D 0 2 0| . 2
—_—| - —_— +
* s 3 (6 + N)C2 r EZJ sin(3 + N)?} 0(e”) (6.61)
o .

where the m is equal to N -1, N+ 1, and N + 3 when N # 1. For
N=1, the mwill be N+ 1 and N + 3 only.

In Eq. (6.60), when only the zero-order term is retained and
the coefficient Cg in Eq. (6.54) is used, the zero-order solution
of Mg with p = 1 is obtained as
2(Dyq + Do) (M = My)Kp(R)

— — cos 20 + 0(g).
[(Dy7 + Dy2)Ky(X) + 2D39K ()]

(6.62)

T
MO q = M] + M2 -
0=

Eq. (6.62) is exactly the same expression as Eq. (5.8) for the
circular hole case. This is the expected result, Similarly, for
‘the resultant shear Qg, the following expression applies for zero

order:

T M - M)k ()

o = - —— sin 20 + 0(¢).
p=1  [(Dyy + Dyp)Ky(2) + 204K (X)]

Q

(6.63)

Eq. (6.63) is the same expression as Eq. (5.11) for the circular
hole case.

In conclusion, the zero-order solutions of Eqs. (6.60) and
(6.61) are the solutions for the circular hole case; however, their

higher order solutions are the modified terms that indicate solutions
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for deviations from a circular hole, These modified terms depend

on the values of € and N, which vary for the different types of
hole examined, In order to avoid the tedious expressions, M; and Qg
at p = 1 for different hole shapes-(elliptical, diamond-shaped,

and triangular) are not presented in this dissertation, Instead,
the numerical solutions for different cases are given by the curves
indicated in Fiqures

6.7. Numerical Results

Several numerical examples are presented in this investigation.
Most are given for St/A1/St laminated composite plates. Figure 33
gives plots of Eq. (6.60) around the hole for € = 1/9 and N = 3;

Figure 34 gives Mg/M0 for ¢ = 1/4 and N = 2; and Figure 35 is for

e =1/6 and N = 3, All1 these cases have the same hole size

R

1.25 inch. = As expected, the diamond-shaped hole case has the
highest stress concentration factor. As the size of hole decreases,
the stress distribution pattern for Mg around the hole changes;
however, the stress concentration factor increases, This is
indicated in Figures 35 and 36 for the same e and N but with a
different value for R, The deviations between the one-term and
two-term solutions are given in Figures 36 through 38 for different
hole types. From Figures 38 it is seen that the perturbation solu-
tion is very close to the exact solution given by Eq. (5.50).

Figure 39 shows the one-term and two-term solutions for the ellip-

tical hole as well as the exact solution given in Eq, (5.52).
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From both figures it is seen that the perturbation solution of the
first order only will give a higher value than the exact one,
However, these solutions do agree quite well. This may also be
justified because the elliptical hole is very close to the circular
hole, If we examine the diamond-shaped hole in Fiqure 36, the
deviation between the one-term and two-term solutions is considerable.
Therefore, it is suspected that the two-term solution is not
sufficiently accurate.

In order to investigate the effect of € in the perturbation
solution, comparisons of Egs. (5.50) and (6.60) at © = 90° with
N =1 are studied for different values of . Table VI gives the
results. It may be seen that, since the value of € is less than
0.1, the accuracy of the perturbation solution is less than +3%.
This value is acceptable for both mathematicians and engineers.
However, when the € value is greater than 0.1, the percentage of
accuracy drops drastically.

A comparison of the perturbation solution with the finite

element solution is discussed in Chapter 7,
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Figure 33. Distribution of M /M, Around Square Hole
in ('St/A])S Sandwich Plate, R = 1.25
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Figure 34. Distribution of Mg/My Around Triangular
Hole in (St/A1)¢ Sandwich Plate,
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1/6

Figure 35. Distribution of Mg/M, Around Diamond-Shaped Hole
in (St/A1)s Sandwich Plate, R = 1.25
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R One-Term Solution
Two-Term Solution

1/6 4.0
0.1

™
n

Figure 36. Distribution of M,/My Around Diamond-Shaped
Hole in (St/A1) Sandwich Plate, R = 0.1,
for Perturbation Solution
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"Figure 37. Distribution of Mg/My Around Triangular Hole in
(St/A1)s Sandwich Plate, R = 0.1
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© Finite E]ément Solution

é?'*~~\ Zero-Order Solution
\ ~
=~ First-Order Solution
2.0 /
N
) B N e = 0.1
T Analytical— ’
Solution = 1.22
R =0.1
1.0
0.—
—o— : +
0 1.0 2.0
Mn/M0

Figure 38. Distribution of M n/Mo Around Elliptical Hole
in (St/A1)s Sandwich Plate for Perturbation,
Finite E]ement, and Analytical Solutions
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————— Zero-Order Solution

Two-Term Solution
— - - — Analytical Solution
® Finite Element Solution
e =0.1 a/b = 1.22 R=0.1

Figure 39. Distribution of Qn/Mg Around Elliptical Hole in
(St/A1/St) Sandwich Plate for Perturbation,
Finite Element, and Analytical Solutions
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TABLE IV, EFFECT OF ¢ IN THE PERTURBATION SOLUTION

Mi/M,
> Eq. (5.50) Eq. (6.60) a/b %
0.2 2.03 2.431 1.50 19.8
0.1 2.27 2.332 1.22 3.1
0.05 2.39 2.432 1.1 1.7
0.01 2.50 2.513 1.02 0.5

where a = semi-major axis, b = semi-minor axis

P P




VII. FINITE ELEMENT SOLUTION

As mentioned in Chapter II,the three-dimensional finite
element analysis for the state of stress around a circular hole iﬁ
a laminated composite plate under uniform tension, has been studied
by Barker, Dana, and Pryor [19]; that work has also been extended
by Dana [28]. They used a curved, isoparametric cubic, three
dimensional element (see reference [28] Figure 2, or [18] Figure 12)
with 24 nodal points and 72 degrees of freedom (DOF) to model the
individual layers of the laminate. This element initially was coded
by Lin [18] and tested by him for a A1-St laminate undergoing
cylindrical bending by a sinusoidal load in comparison with results
of Pagario [38]. Their results show that the finite element analysis
for a three-ply laminate agreed well with the exact elasticity
solution. A most efficient FORTRAN coded computer program was
developed by Dana using the conjugate gradient iterative method.
The great advantage of this technique is that it does not require
the global stiffness matrix but only the unique element stiffness
matrices., The nodal displacements are then determined by minimizing
the total potential energy of the system at the element level. In
doing this, the storage requirements are greatly reduced, and the
roundoff errors will not accumulate during the iterative process.

The three nodal displacements (r, v, w) at each node obtained
from the minimization technfque are used in conjunction with the

shape function to give the six stress components at each node, In

164
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this section, the same element is used to study the laminated
composite plate under pure bending with a hole. For convenient
discussion, this section is divided into two parts. One is for

the isotropic homogeneous laminated composite plate with a hole,

Its solutions are employed to compare with the analytical solutions
obtained in Chapters Y and VI. The second part describes orthotropic
homogeneous laminated composites with a circular hole. Four
different types of stacking sequences are investigated. They are
(90/0)3, (0/90)5, (—45/45)S and (45/-45)S fiber orientations. Since
there are at present no analytical solutions associated with these
types, only the finite element solutions are given in this section.
Fortunately, the classic solution for single-layer orthotropic

and orthotropic anisotropic plates has been given by Lekhnitskii
[21]. A comparative investigation between the finite element
solution and the classical solutions for single-layer plates may
then be studied.

The geometry of the finite e]emeht mesh for the Taminated
composite plate is shown in Figure 40, The specimen has a length
2a, width 2b, thickness h, and a hole diameter D. The plate
comprises three layers or laminas, each with a thickness t, and
it is subjected to a pure rotation by applying rotational dis-
placements at x = + a,

Two types of laminates are idealized with a finite element
mesh. The first mesh type (Figure 40-I) is the model for the

first group of laminated composites and orthotropic Taminated



Figure 40. Finite Element Meshes, Types

I and II

991
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composites with the laminates pierced by a hole. There are two
planes of symmetry, so that only a quarter of the laminate is
modeled. Two elements are used through the thickness of each
lamina. The laminate dimensions are a = 1 inéh, b =1 inch, and
h = 0.3 inch. Therefore, each element thickness is 0,05 inch;
the diameter of the hole is 0.2 inch, Thirty elements are used,
six of which are unique. The mesh has 287 nodal points and 861
degrees of freedom,

The second mesh type (see Figure 40-II) is the model for
angle-ply laminates. From Pagano's analysis [38], it can be seen
that for the pure bending case, there are no planes of symmetry;
therefore, the entire laminate must be mbde]ed. As a result, four
times more elements are required for modeling an angle-ply laminate
than for the cross-ply laminate, For the sake of computing time,
only one element is used to model the thickness of each lamina.
This type of mesh has 80 elements, of which 18 are unique. There
are 680 nodal points with 2040 DOF.

In the analytical solution, the stresses were expressed in
terms of stress resultants and couples. To compare the finite
element solution with the analytical values, the stresses given
by the finite element solution must be converted to stress
resultants and couples by Eqs. (3.18) and (3.19) The integration
is performed numerically by using the trapezoidal rule through

the thickness of each element. Stresses from the finite element
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program may be displayed in either rectangular or polar coordinates.
However, since the stresses around the hole are of interest the
stress must be expressed as a function of the hole edge coordinate,
Therefore, a modified subroutine was added to transform the stresses
to the hole edge coordinates.

The stress Mo, as seen in Chapters ¥ and yI is known as
an applied moment at the far ends of plate. In this analysis,
the value of M, is evaluated by averaging the far-end moments
in the laminate.

Experience shows that it is very difficult to specify the
boundary condition to produce pure bending by applying in-plane
loading on the ends of laminated plate because it is difficult to
obtain a convergent solution. In the present analysis the pure
bending is provided by specifying pure initial rotation at the ends
of laminates with respect to the center of the plate thickness.

The maximum initial displacements on the far end boundaries at
x=+1,0 for z =0 and 0.3 were taken to be equal to + 0.0006
inch,

The material properties of aluminum and steel were taken as

m
1]

30 x 108 psi, v = 0.33, 6 = 11.25 x 10° psi for steel (St),

0.32, G

10 x 108 psi, v 3.788 x 10° psi for aluminum (A1).

m
n

For the orthotropic material the properties were taken as follows:

Eyp = 20 x 10° psi, Epp = 2.1 x 105 psi

Vip = V13 = vp3 = 0.21, 612 = 623 = Gy3 = 8.5 x 10° psi.
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The comparative study of the finite element and analytical
solutions is given in Figures 38-39 and 41-46. Figures 38 and 39
are for the elliptical hole case; the solutions calculated using
three different techniques agree well. Figures 41 and 42 are for
square holes and diamond-shaped holes, respectively. They show
the two-term perturbation and finite element solutions. It can
be seen that the finite element solution will have a higher value
than the two-term perturbation solution. This is not surprising
since the accuracy of the two-term perturbation solution for this
case suffered considerably. The higher the order of the terms
included in the solution, the more accurate the perturbation
solutions become, and the black dots in Figures 41 and 42 will be
closer to the finite element solution.

Figure 45 shows the finite element and exact solutions.

The finite element solution is quite accurate. The normal stress
distribution through the plate thickness is given in Figures 43

and 31 for circular and elliptical holes, respectively. Upon
examination of Figure 44, it is seen that the finite element method
gives poor accuracy for the shear stresses. This is due to two
reasons: (1) a coarse mesh is used through the plate thickness in
the model and (2) the 72DOF three-dimensional element has a linear
shape function in the thickness. Therefore, due to the latter,

a finer mesh may be required in the plate thickness in order to

achieve more accurate results. However, unfortunately, that would
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Figure 41. Variation of Mg/Mgy Around Square Hole
in (St/A1)g Sandwich Plate for Finite

Element and Perturbation Solutions
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Figure 42. Distribution of Mg/My Around Diamond-Shaped Hole in

(St/A1)g Sandwich Plate, R = 0.09, for Perturbation
and Finite Element Solutions
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A Finite Element Solution at
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© Finite Element Solution at
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Figure 43. Distribution of o?/Mo Through Plate Thickness at

Circular Hole in (St/A1)s Sandwich Plate for
Finite Element and Analytical Solutions
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Figure 44. Distribution of 7,,/M, Through Plate Thickness at
Circular Hole in {5t/R1)s Sandwich Plate for
Finite Element and Analytical Solutions
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A o Finite Element Solution D/h = 0.667
Analytical Solution hp/hy = 3.0
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Figure 45. Distribution of Mg/My and Qg/Mg Around Cir-
cular Hole in (St/A1)s Sandwich Plate for
Finite Element and Analytical Solutions
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Figure 46.

Distribution of Mg/M, and Qq/Mg Around
Circular Hole in ?0° 90°)g and (90°/0°)s
Sandwich Plates for Finite Element
Solution
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increase the computing time and the required computer storage.
It would creatc a difficulty in the program.

A comparison of the finite element solution with Reissner's
solution for a single-layer isotropic plate under pure bending
is shown in Figures 47 through 49. From Figure 49 the same
éonclusion can be drawn - the shear stress distribution in the
plate thickness definitely deviates from the Reissner's Theory.

A comparison of the finite e]ément solution with Lekhnitskii's
classical solution for orthotropic plates is shown in Figure 50.
In Figure 46, the orthotropic laminated sandwich plate is studied.
Sandwich plates having two different stacking sequences, (0°/90°)S
and (90°/0°)s, are illustrated. The distinct deviation between
these two plates can be observed.

In order to study the angle-ply laminated composite plate,
the results for (45°/~45°)S and (-45°/45°)S sandwich plates are
presented.

The stress distributions for My /M, and Qa_/M0 around the hole
for these two plates are shown in Figures 51 and 52. The point
at which the maximum MO occurs will shift ahead or behind the 90°
point depending on the stacking sequence of the composite. It is
clear that the influence of stacking sequence on the stress

distribution is pronounced.



177

—

© A Finite Element Solution
O A Reissner's Solution
40T h = 0.3 inch, D/h = 0.67
Me/M0

3'04, //
(
2.0 -

Figure 47. Distribution of Mg/M, and Qg/My Around Circular Hole
in Single-Layer, ?sotropic 81ate for Finite Element
and Reissner's Theory Solutions
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0.15 T
Reissner's Theory Solution
~ "® Finite Element Solution for
0.12 + Stress Expressed in Average ©
Value
O Finite Element Solution for
Stress Expressed at Nodal o
0.09 + Point
N D/h = 0.67
0.06 T
0.03 T
01 t T +—t ::11'

oe/MO

Figure 48. Distribution of 94/M; at Circular Hole Through Plate
Thickness in Single-Layer, Isotropic Plate for
Finite Element and Reissner's Theory Solutions



179

0.157
Reissner's Theory
Solution
O Finite Element Solution
0.12T Expressed in Average °
Value
D/h = 0.67
0.09T
N
0.06-
0.034
0 } i } i i {
0 4.0 8.0 12.0 16.0 20.0 24.0

26’0

Figure 49. Distribution of t,4/M, at Circular Hole Through Plate
Thickness in Single-Layer, Isotropic Plate for Finite
Element and Reissner's Theory Solutions



180

T4.0

Plate Thickness = 0.31"

Figure 50.

} }
1.0 1.0
© Finite Element Solution Eyo = 20 x 106 psi
O Lekhnitskii's Solution Erp = 2.1 x 108 psi

Poisson's Ratio = 0.21 G = 8.5 x 105 psi

0.67

o

~

=
1]

Distribution of Mg/My Around Circular Hole
in Single-Layer, Orthotropic Plate for
Finite Element and Lekhnitskii's Theory
Solutions
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O (45°/-45°) \ h=0.3inch

@ (-45°/45°)

\ D/h = 0.67

Figure 51. Distribution of Qg/My Around Circular Hole in
(45°/-45°)g and (-45°/45°)¢ Sandwich Plates
for Finite Element Solution
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10 2.0 30 40 5.0°

h = 0.3 inch O (45°/-45°)¢
D/h = 0.67 - (-45°/45°)

Figure 52. Distribution of Mg/M, Around Circular Hole in (45°/-45°)
and (-45°/45°)¢ Sandwich Plates for Finite Element
Solution



8. CONCLUSIONS

The shear deformation lamination theory has been used to
investigate the stress distribution around a hole in laminated
composites under pure bending. The analysis shows that the stress
coup]és in the tangential direction and the shear resultants have
the same order of magnitude at the hole edge. The ahalysis also
presents the deviation between the classic lamination theony and
the theory presented. The results indicate that the stress result-
ants and couples are influenced by the quantity D/h. The stress
resultants and couples decrease and approach the classical lamin-
ation solution as the quantity D/h increases to a very large value,

With a higher-order lamination theory, the existence of a
so-called boundary layer near the free boundary of the hole is
demonstrated. The thickness of the boundary layer depends strongly
on the value of D/h. For specified Taminated composite plates,
the peak value of Qe/M0 at the hole edge increases as D/h dincreases,
while the peak value of QR/MO decreases. When the curvature of the
hole edge approaches zero (D/h + «), the peak value of Qe/M0 reaches
a maximum value, and the boundary layer thickness for this case
is approximately the plate thickness., The D/h value as well as the
stacking sequence affect the boundary layer. For example, the
peak value of Qe/M0 for (A]/St/m/St)S laminates is 2.412, whereas,
for (St/l\]/St/A])S laminates, it is 1,93,
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The boundary form perturbation technique is used to investigate
elliptical, square, and diamond-shaped holes., Owing to the alge-
braic complications, only the zero- and first-order solutions are
presented. Comparative studies of the exact and perturbation
solutions for elliptical holes indicate that the two-term pertur-
batioh solution gives fairly good accuracy. A comparative invest-
igation of the finite element method and the perturbation solution
for square and diamond-shaped holes shows that the results agree
with each other,

The 72 DOF finite element solution gives good accuracy in
predicting the stress distribution for Me/Mo’ Qa/Mo around the
hole and the ratio oe/M0 through the plate thickness. However,
it gives poor results for the distribution of TGZ/M0 through the
plate thickness, Therefore, in order to achieve better results
for Tez/Mo, additional elements must be used in the thickness
direction. Unfortunately, this extension will create difficulties
in handling the computer program on the IBM 360 computer because
of the requirements for wider band width and larger storage

capacity.
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APPENDIX

1. Derivation of Eq. (C.9a) from (6.8):

- - -_1/2
[02 + e(cf + ¢f) + esz] /

-
i

- - - 1/2
o[1 + (2 + 2F)/o° + €2FF/0%]

- - 2 -
{1 + %{E(cf + c:f)/p2 + € ff/02]

1 - =2 2-2
- g[e(cf +¢f)/p + € ff/fp + . ..

2p 8p

2. Derivation of Eq. (€.9b):

let 8 =0 + ee] + 6292 + . . .3 then

] 2
tan 0 + = (tan 6)(59] + e 62 +...)
2
1 93 2 A2
+_2~:!—'a?e'2‘(tan 0)(89] + € 92 + . o) + o o o
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o[1 + &f +2Cf € - (cf i,Cf) ez +.. .
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Since
1 32 2 sin o
_(tan 0) = , — (tan 0) =
R c0s’0. 0% cos 0
Hence,
1 2
tan 6 = tan O + — (ee] teo, .. .)
cos 0
i O 2
+ g—--5-1-’3--—-(529 + 2539 By * . . 1 I S
2! ¢os30 1 1
0] 6 s A
= tan O + ]2 + ( 22 + s1n30 9?)32 + ... (A7)
cos O cos @ cos 0O
From Eq. (6.4),
_ f(z) - f(z)
sino+ @ ——m 8o
2p,
tan 6 = LI
f(z) + f(z)
cos o+ -—-——2‘0——‘-‘—
- - 2 22
=tano(1+c¢ f-f f+f ez f - f

- - € -
ZQi sin O 2p €OS O 402 sin © cos 0

2

+€2f +2f‘F+f+'..)

4p2 cos2 0
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e £ 7 Fef
= 0+ 0 ——mm 0 - sin ©
tan tan © 300 cos © (—23;-cos 20 ) )
2 2 =2 2, % p
+ tan 0 —E (- -f +tamof * f+ff ) + ...
sin 0 cos 0 42 402 |
1 (A.2)

Comparing Eqs. (a.1) and (A.2), the following is obtained:

e] = fzgif cos O - f2+ fsino (A.3)
and
2 =2 2 =2 =
0, + tanop. = - - F 4 tan O -+ f+ 2ff (A.4)
2 1 402 402
i
Using (A.3) and (A.4), we have
2 . 22 2 =2 : .
=-_.-___.—.f +f 1 _f -f
0, 402 sin 20 _Zgz___.cos 20. (A.5)
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STRESS DISTRIBUTION AROUND HOLES IN
LAMINATED COMPOSITE PLATES
by
Chi-Hung Huang

(ABSTRACT)

A solution is presented for the stress distribution around
holes in laminated composite plates under pure bending. The shear
deformation, Tamination theory is derived and employed for the
analysis of circular, elliptical, square, and diamond-shaped holes
piercing the laminated composite plate, Each layer of the
laminate is assumed to be homogeneous and to have isotropic pro-
perties. Functional analysis employing complex variable methods
is used to solve the governing equations. Using conformal mapping
and boundary form perturbation techniques, the circular hole
solution has been extended to the solution of the curvilinear hole
case. |

These analytical solutions are compared with the solution
obtained from a 72 DOF finite element method. The stress resultants
and stress couples around the hole, the interlaminar stresses,
as well as the tangential stress through thé plate thickness are
studied. In addition, the boundéry Tayer phenomenon in the vicinity

of the hole is presented.
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