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ABSTRACT

In the online metric bipartite matching problem, we are given a set S of server locations in a metric
space. Locations of the requests are revealed one at a time and when a request is revealed, we
have to immediately and irrevocably match this request to a free server at a cost that is equal to the
distance between the server and the request. An a-competitive online algorithm will assign these
requests to free servers so that the total cost, for any request sequence R, is at most « times the
cost of the minimum matching between S and R. In an adversarial model of request generation,
we assume that there is an adversary who has complete knowledge of the online algorithm and its
decisions for each request and generates a request sequence that will maximize the competitive
ratio . Note that, at the start, the algorithm has full knowledge of the metric space Ml = (X, d) and
the server locations S, whereas the request locations R are revealed by an adversary. Therefore,
ideally, we would like to pick an algorithm that will achieve the best competitive ratio for this input

instance (M, S) in the adversarial model.

A recently discovered robust deterministic online algorithm (which we refer to as the robust
matching or RM-Algorithm) works for any arbitrary metric and has been shown to simultaneously
achieve a worst-case optimal competitive ratio of 2n — 1 in the adversarial model and 2H,, — 1
in the relatively weaker random arrival model. In this thesis, we show that the RM-Algorithm
in the adversarial model will perform near-optimally with respect to every input instance (M, 5).
To help with the analysis, we define the stretch of a point set P C X, denoted by juy(P) to be
the ratio of the traveling salesman tour and the diameter of P. We also define the stretch of a
metric space to be the maximum stretch of any set of n points in the metric space M. We will
show that, for any input instance (M, S) and a set 5" C .S, the RM-Algorithm has a competitive
ratio of O(g(S”) log? n) in the adversarial model. There is also a straight-forward lower bound of
Q(un(S")) on the competitive ratio of any algorithm for the input instance (M, S), implying that

the RM-Algorithm is near optimal with respect to each input instance. As consequences, we obtain



the following results for the special case where M is the d-dimensional Euclidean space:

e Suppose the server locations are points on a line in R?. Since the stretch of any set of points

on a line is 2, the competitive ratio of the RM-Algorithm will be O(log® n),

e Suppose the server location set S is a subset of k-dimensional linear subspace in R?. Since
the stretch of any set of n points in a k-dimensional linear subspace of R? is ©(n!~1/%), the

competitive ratio of the RM-Algorithm will be O(n'~/*log® n).

For the input sensitive analysis, we replace each request with a small and a large ball. The radius of
the small ball is based on the dual weight assigned to each processed request. We express the cost of
the online matching as a sum of the radii of the smaller balls. We also relate the cost of the optimal
matching to the radius of the larger ball. We then use a novel and simple variant of the well-known

Vitali’s lemma to partition and relate the radii of these balls to the stretch of the server locations.
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GENERAL AUDIENCE ABSTRACT

In various business and military settings, there is an expectation of on-demand delivery of supplies
and services. Typically, several delivery vehicles (also called servers) carry these supplies. Requests
arrive one at a time and when a request arrives, a server is assigned to this request at a cost that is
proportional to the distance between the server and the request. Bad assignments will not only lead
to larger costs but will also create bottlenecks by increasing delivery time. There is, therefore, a
need to design decision-making algorithms that produce cost-effective assignments of servers to

requests in real-time.

In this thesis, we consider the online bipartite matching problem where each server can serve exactly
one request. In the online minimum metric bipartite matching problem, we are provided with a
set of server locations in a metric space. Requests arrive one at a time that have to be immediately
and irrevocably matched to a free server. The total cost of matching all the requests to servers, also
known as the online matching is the sum of the cost of all the edges in the matching. There are
many well-studied models for request generation. We study the problem in the adversarial model
where an adversary who knows the decisions made by the algorithm generates a request sequence
to maximize ratio of the cost of the online matching and the minimum-cost matching (also called
the competitive ratio). An algorithm is a-competitive if the cost of online matching is at most «

times the minimum cost.

A recently discovered robust and deterministic online algorithm (we refer to this as the robust
matching or the RM-Algorithm) was shown to have optimal competitive ratios in the adversarial
model and a relatively weaker random arrival model. We extend the analysis of the RM-Algorithm
in the adversarial model and show that the competitive ratio of the algorithm is sensitive to the input,
i.e., for “nice” input metric spaces or “nice” server placements, the performance guarantees of the

RM-Algorithm is significantly better. In fact, we show that the performance is almost optimal for



any fixed metric space and server locations.
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Chapter 1

Introduction

Driven by consumer demand for quick access to products, business ventures schedule their delivery
of goods and services in real-time, often without complete knowledge of future request locations
or their order of arrival. Due to this lack of complete information, decisions made tend to be
sub-optimal. Also, these decisions must be made immediately and irrevocably. Therefore, there is a
need for robust and competitive online algorithms that allocate resources to requests in real-time at

minimal cost.

These resources are servers placed in various locations S with |S| = n in any arbitrary metric space.
Each server has a capacity that restricts how many requests it can serve. When a new request r € R
arrives, one of the servers s € S that has a positive residual capacity to serve is matched to this
request. After this request is served, the capacity of the server reduces by one. The cost associated
with this assignment is a metric cost represented by d(s, r); for instance, it could be the minimum

distance traveled by the server to reach the request.

The case where the capacity of every server is oo is the celebrated k-server problem. The case
where every server has a capacity of 1 is the metric bipartite matching problem. In this case, we
are given an input instance of server location S in the metric space M. Requests are generated by

an adversary and revealed one at a time. We assume |S| = |R| = n. When a request is revealed,
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we have to immediately and irrevocably match it to a free server. The resulting assignment is a
matching and is referred to as an online matching. Finding a minimum-cost matching is impossible
as the adversary can easily fill up the remaining request locations in such a way that our current
assignment becomes sub-optimal. Therefore, we want our algorithm to compute an online matching
M that is a good approximation. The cost of this online matching is given by w(M). Given an
input server location set S and metric space M, suppose the adversary chooses a set of requests
R and their arrival order. Let Mo, be the minimum-cost matching of S and R. We say that our
algorithm is a-competitive, for « > 1, when the cost of the online matching M is at most o times
the cost of Mopr, 1.€.,

w(M) < aw(Mopr).

There are several well-studied models for request generation. In the adversarial model, there is an
adversary who knows the server locations and the assignments made by the algorithm and generates
a sequence to maximize «. Another popular model is the random arrival model [10] where the
adversary chooses the set of request locations R before the algorithm executes but the arrival order
is a permutation chosen uniformly at random from the set of all possible permutations of R. In
practical situations, it may be useful to assume that the request locations are independently and
identically distributed (i.i.d.) from a known or an unknown distribution D. Known and Unknown
distribution models are weaker than the random arrival model. This is because the arrival order for
any set of n requests generated in these models is a random permutation. Therefore, the competitive
ratio of an algorithm in the random arrival model is an upper bound on the competitive ratio in the
known and the unknown distribution models; see [[6] for an algorithm in these models. Another
model of theoretical interest is the oblivious adversary model. In this model, the adversary knows the
algorithm and decides the request locations and their arrival order. However, the online algorithm is
a randomized algorithm and the adversary does not know the random choices made by the algorithm.
This model is weaker than the adversarial model but stronger than the random arrival model. It
is an open question whether one can design online algorithms for the k-server and the minimum
metric bipartite matching problems that simultaneously achieve optimal performance under each of

these models. Such algorithms will not only be theoretically superior but may actually be robust
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and practically useful for making real time decisions for many business ventures and minimizing

the overhead costs.

We would also like to note the role of the input instance, i.e., the metric space from which the
request and server locations are chosen and the set of server locations S. The existing algorithms
that are designed to work for every input instance (M, S) are considered optimal if their worst
case performance among all possible inputs is minimized. However, in practical scenarios, the
input metric and/or the initial server location may be “nice” and may admit online algorithms that
produce substantially superior solutions. Therefore, it is desirable to have an algorithm that works
optimally for every input instance. In this thesis, we present such an algorithm for the minimum
metric bipartite matching problem that simultaneously achieves a near-optimal performance for

every input instance (M, ).

1.1 Preliminaries

In this section, we introduce some of the basic definitions and notations related to this problem.

Consider a metric space M = (X, d) and let S, R C X. Consider the complete bipartite graph
G = (V, E) of two disjoint vertex sets S, R where V' = SURand E = S x R, see Figure[l.1] A

Figure 1.1. Bipartite graph with set of servers S and requests R.

matching M C S x R is any set of vertex-disjoint edges of the bipartite graph G(S, R). We denote
the cost of server s serving a request by d(s, ). For any subset K C S x R, we define the sum

of the cost of its individual edges as its cost and denote it by w(K) = >_, .o d(s, 7). A perfect
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matching is a matching where every server in S is serving exactly one request in R, i.e., |M| = n.

A minimum-cost perfect matching denoted by Mo,y is a perfect matching with the minimum cost

Chapter 1. Introduction

which is also known as the optimal matching.

1.1.1 Primal and Dual Linear Programs for Minimum-Cost Matching

The minimum-cost matching problem for any bipartite graph G = (S U R, S X R) can be written

as a linear program in terms of edge-costs. Let §(v) represent the set of edges entering any vertex v.

Using Linear Program(LP) Duality, we can write the dual of this LP as follows. We assign dual
weights to each of the vertices in the bipartite graph G which is called the vertex labelling. The
dual weight of any vertex v is represented by y(v) where y(v) is always a real value. For any vertex
s € Sand r € R, the edge (s, ) in the bipartite graph should have the feasible labelling, given by

the following equation:

min Z T(u0)d(u, v)

(u,)eG

1, if (u,v) € M;
St Tiuw) =

0, otherwise.

Z T(uw) = 1;,Yve SUR
(u,v)€d(v)
0 < T(uw); V(u,v) € S X R

y(s) +y(r) < d(s,r).

Hence, the dual LP of the minimum-cost matching for bipartite graph GG can be written as:

S.t.

y(s) +y(r) <d(s,r);Ve = (s,7);Vs € S,Vr € R
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We use a similar dual LP in Chapter [2|for the RM-Algorithm.

1.2 Previous Work

Solutions for the k-server problem and the online bipartite matching problem use similar math-
ematical tools and methodologies. Both of these problems have been extensively studied in the
adversarial model and the oblivious model [3l 7, [9, [11]]. In the random arrival model, there is an
online algorithm for the metric bipartite matching problem that was presented recently [[12]. We do

not know any existing work for the k-server problem in the random arrival model.

The k-server problem is central to the theory of online algorithms. The problem was first proposed
by Manasse et al. [11]. In the adversarial model, the best-known deterministic algorithm for this
problem is the (2k — 1)-competitive work function algorithm [9]]. It is known that no deterministic
algorithm can achieve a competitive ratio better than k. It is conjectured that in fact there is
a k-competitive algorithm for this problem. This conjecture is popularly called the k-server

conjecture [11]].

For the online metric bipartite matching problem, in the adversarial model, there is a (2n — 1)-
competitive deterministic algorithm by Khuller ez al. [7] and by Kalyanasundaram and Pruhs [3].
They also show that there are metric spaces where no online algorithm can achieve a better
competitive ratio in the adversarial model. In the special case of the line metric, it is possible to
achieve a sub-linear competitive ratio of O(n°??) [1]] . Khuller et al. [7] point to the possibility of

better online algorithms in d-dimensional Euclidean spaces but leave this problem as open.

For an oblivious adversary, there are logo(l) n-competitive algorithms for both the k-server problem
and the online metric bipartite matching problem. Bansal et al. [3] achieve an O (log® n)-competitive
algorithm for the metric bipartite matching problem. For the k-server problem, Bansal et al. [2]

oW p log k)-competitive algorithm. There is also an online algorithm [12] for

presented an O(log
the metric matching problem that simultaneously achieves optimal competitive ratio of 2n — 1

and 2/, — 1 under the adversarial and the random arrival model respectively. Interestingly, the
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algorithm relies on a parameter ¢ > 0, and the competitive ratio approaches optimality as ¢ tends to

0o. In this paper, we will improve the analysis of this algorithm in the adversarial model.

Note that for a d-dimensional metric space, there is an O(d logn)-competitive algorithm in the
oblivious model [4]; here d is the doubling dimension of the metric space. In the adversarial model,
the question of finding a deterministic O(1)-competitive online algorithm for the line metric is an

important open question; see [1, 8] for results on this special case.

1.3 Our Contributions

We begin by describing our results in Section [[.3.1]and our technical contributions in Section [I.3.2]

1.3.1 Our Results

In this thesis, we provide a new analysis of the deterministic online algorithm of [12] (which we
refer to as the Robust Matching or RM-Algorithm) in the adversarial model. To help with the
analysis, we define the stretch of a point set P C M, denoted by p(P) to be the ratio of the
traveling salesman tour and the diameter of P. We also define the stretch of a metric space to be the
maximum stretch of any set of n points in the metric space M. We will show that, for any input
instance (M, S) and a set S’ C S, the RM-Algorithm has a competitive ratio of O(pu(S’) log® n)
in the adversarial model. We also provide a straight-forward lower bound of (y(S”)) on the
competitive ratio of any algorithm for the input instance (M, S) implying that the RM-Algorithm is
near optimal with respect to each input instance. It is easy to see that the stretch of the d-dimensional
Euclidean space is G(nl_l/ ) for all d > 1. Therefore, if (SUR) C R?, we will prove a competitive

ratio of O(n'~'/?log® n) for the RM-Algorithm. We generalize the result to the following:

e Suppose the server locations S are points on a line in R but the adversary is at a liberty
to choose the requests R from R?. Since the stretch of any set of points on a line is 2, the

competitive ratio of the RM-Algorithm will be O(log®n), and,
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e Suppose the server location set S is a subset of k-dimensional linear subspace in R? and
the adversary chooses requests R from R?. Since the stretch of any set of n points in a
k-dimensional linear subspace of R is ©(n'~'/¥), the competitive ratio of RM-Algorithm

will be O(n'~/*1og®n).
We also provide the following lower bounds to contrast with our upper bounds:

e There is a lower bound of Q(u(S’)) on the performance of any algorithm for the input
(M, S) where S = maxgrcgs pn(S”). This establishes that the RM-Algorithm performs
near-optimally under (M, S).

e There exists an input server configuration S on a line and a request sequence R such that the
ratio of the cost of the online algorithm to the cost of the optimal matching is 2(log n). There-

fore, it is impossible to achieve an (g (S”))-competitive analysis of the RM-Algorithm.

1.3.2 Technical Contribution

We replace each request with a ball (referred to as an “inner ball”’) of an appropriate radius and
show that the cost of the online matching can be expressed as the sum of the radii of these inner
balls. For each request, we also generate a larger ball called the “outer ball” that contains a high
density of the edges from the optimal matching. Consider the special case where the inner ball of
each request is disjoint from that of any other request and suppose the outer ball covers the request
set. In this case, due to the disjointness of inner balls, we can easily bound the sum of the radii of
the inner balls by the cost of the traveling salesman tour that visits all the requests. Since outer
balls have a high density of edges from the optimal matching, we can also easily relate the optimal
matching to the diameter of the request set. However, the radius of the inner balls and outer balls

may not satisfy these conditions.

To overcome this challenge, we partition requests into “well-separated” clusters and carefully create

an inner ball and outer ball for each such cluster. We then introduce a simple and novel variant of



Krati Nayyar Chapter 1. Introduction 8

the well-known Vitali’s covering lemma that selects a set of disjoint outer balls that partition the

requests into subsets of small diameter . We obtain our result by analyzing each such set separately.

1.4 Thesis Outline

The rest of the thesis is organized as follows; We introduce background, notations, and the RM-
Algorithm in Chapter 2] We present the input sensitive analysis of the RM-Algorithm in Chapter
Bl In Chapter 4] we provide the lower bounds on the competitive ratio of the RM-Algorithm. We

conclude and state future work in Chapter [5]



Chapter 2

Background of the RM-Algorithm

In this chapter, we will reintroduce the relevant definitions, describe the algorithm and present some

of its relevant details from [[12].

Let S and R be the set of server and request locations. A matching M C S x R is any set of
vertex-disjoint edges of the complete bipartite graph G(S U R, S x R) such that the cost of the

matching M is given by w(M) = 3_ e d(s, 7).

Given a matching M* on G(S U R, S x R), an alternating path (or cycle) is a simple path (resp.
cycle) whose edges alternate between those in M* and those not in M*. We refer to any vertex
that is not matched in M* as a free vertex. An alternating tree is a tree rooted at a free request in
which every path is an alternating path. An augmenting path P is an alternating path between a
free request and a free server. We can augment M* by one edge along P if we remove the edges
of PN M* from M* and add the edges of P\ M* to M*. After augmenting, the new matching is

precisely given by M* @& P, where @ is the symmetric difference operator.

Notations of the RM-Algorithm For a parameter ¢ > 1, we define the ¢-net-cost of any augment-

ing path P to be:
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& (P) =t Z d(s,r) | — Z d(s,r).

(s,r)eP\M* (s,r)eEPNM*

The parameter ¢ is fixed at the beginning of the RM-Algorithm. Using these notations, we will now
describe the algorithm. It maintains two matchings: an online matching M and an offline matching
M* both of which are initialized to (). After processing ¢ — 1 requests, the matchings M and M*
will match each of the 7 — 1 requests to servers in .S such that the set of unmatched servers Sy is the
same for both the online matching M and the offline matching M*. To process the i*" request r;,

the algorithm does the following

1. Compute the minimum ?¢-net-cost augmenting path P; with respect to the offline matching

M*. Let P; be this path starting from r; and ending at some server s; € Sp.
2. Update the offline matching M* by augmenting it along F;, i.e., M* < M* & P,.

3. Update the online matching by matching r; to s;. M « M U {(s;,7;)}.

We refer to the steps taken by the algorithm to process request r; as phase 7 of the algorithm. We
assume that in Step 1, if the algorithm has multiple minimum ¢-net-cost augmenting paths, it simply
selects the one with the smallest length; where length of an augmenting path is defined as sum
of the cost of the edges in the respective path. There is an O(n?)-time primal-dual algorithm to
compute such a minimum ¢-net-cost path in Step 1 of any phase ¢ [[12]]. This algorithm maintains
the dual weights for all servers and requests. These dual weights will play an important role in
the metric-sensitive analysis of the algorithm. The offline matching M* that is maintained by our

algorithm is always a t-feasible matching which we define next.

For every vertex v in the graph G(S, R), let y(v) represent its dual weight. The offline matching

M* along with the set of dual weights y(-) will be ¢-feasible if the following conditions hold for
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any request 7 € R and any server s € S

y(s) +y(r) < td(s,r), (2.1)
y(s)+y(r) = d(s,r) for(s,r)e M*. (2.2)

Initially, at the start of phase 1, every request and server will have a dual weight of 0 and the empty
matching M* along with these dual weights forms a ¢-feasible matching. We assign a dual weight
of 0 for those requests of R that have not yet arrived. Also, we refer to an edge (r, s) € S X R to be

eligible if it satisfies the following conditions:

y(s)+y(r) = td(s,r), if(s,r)¢ M" (2.3)

y(s) +y(r) = d(s,r) if(s,r) € M. 2.4)

During phase 7, we process the request 7; in two sub-phases. The first sub-phase is similar to the
Hungarian Search procedure where we compute the shortest ¢-net-cost path P; with respect to M*
by growing an alternating tree consisting only of eligible edges. In this tree, there is an alternating
path from 7; to every server and request participating in this tree. To grow this tree, we adjust the
dual weights of every server and request until at least one more edge becomes eligible and a new
vertex enters the tree. This search procedure ends when an augmenting path P; consisting only of
eligible edges is found. Let A; (resp. B;) be the set of requests (resp. servers) that participated in
this alternating tree for request ;. We would like to note that during this sub-phase, the dual weights

of requests in A; will only increase whereas the dual weights of servers in B; will only reduce.

The second sub-phase begins once the augmenting path P; is found. We augment the matching M*
along this path. Note that, the edges that newly enter the offline matching A/* satisfy (2.3). To
ensure that any such newly entered edge (s, r) satisfies and therefore the matching remains
t-feasible, we will reduce the dual weight of the request by the quantity (¢ — 1)d(s, r). Both phases
can be implemented in O(n?) time. Details of the running time and correctness proof for this
algorithm can be found in the paper by Raghvendra [[12]]. In addition, it is also shown that the

algorithm maintains the following three invariants where Sy represents the set of free servers:

(I1) M* and the dual weights y(-) form a ¢-feasible matching,
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(I2) For every server s € S, y(s) < 0, and, if s € Sp, y(s) = 0 and for every request € R,

y(r) > 0 and if r has not yet arrived, y(r) = 0.

(I3) When a request r; is processed and an augmenting path P; is found, the dual weight y(r;) is

equal to the t-net-cost ¢;(P;).

Throughout the rest of this thesis, we will use the following notations. We will set ¢ to be an
approximately chosen large constant. We will index the requests in the order of their arrival, i.e., let r;
be the ith request to arrive. Let R; be the set of first i request locations. Let 0(R) = (11, ..., T4, ..., T'n)
be this sequence of all the n requests where r; arrived before r; if © < j. For any request r, let
h(r) be the index of this request in o(R). For any subset of requests R’ C R, we can define the
sequence o (R') = (1, ..., 7|g) in a similar fashion where r; appears before ’; in o (') if and only
if h(r;) < h(r}). While processing a request r; from (), our algorithm will compute a minimum
t-net-cost augmenting path P;. Let the ¢t-net-cost of P, be ¢;(= ¢4(P;)). Let o(P) = (P, ..., P,)
be this sequence of augmenting paths generated by the algorithm. We denote the free server at the
other end of the P; by s;. Let M be the offline matching after the ith request has been processed;
i.e., the matching obtained after augmenting the matching M;" | along P;. Note that M} is an empty
matching and M = M™ is the final matching after all the n requests have been processed. The
matching M; will denote the online matching produced by the algorithm for the first ¢ requests. M;
consists of edges Uj‘:1(3j’ r;). Let S} be the free servers with respect to matchings M and M*

after processing ¢ requests. For any path P, recollect that w(P) = >~ ,cp d(s,7) is its cost.

The following properties of the algorithm will be useful in the analysis:

(P1) The cost of any offline matching w(M;") is at most tw(Mopr) , and

(P2) For any augmenting path P; computed by our algorithm, ¢,(FP;) < tw(Mopr)

The following Lemma from [[12] establishes that we can bound the cost of the online matching with

the sum of the ¢-net-cost of all augmenting paths generated by the algorithm.
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Lemma 1l Lett > 1. Let P, ..., P, be the augmenting paths computed by our algorithm in that
order. Then, the t-net-cost of these paths relate to the cost of the online matching in the following
way:

Z¢t(Pi) > ((t = 1)/2)w(M) + ((t + 1)/2)w(Mopr).

2.1 Properties of the Algorithm

The following properties of the RM-Algorithm will be useful in the analysis:

(P1) The offline matching M* maintained by the algorithm is at most tw(Mopr) ,

(P2) For any augmenting path P; computed by our algorithm, the ¢-net-cost of the augmenting

path P; is at most tw(Mopr).
We include the proof of these properties below:

Lemma 2 For any augmenting path P; computed by our algorithm, the t-net-cost of the augmenting

path P is at most tw(Mopr).

Proof: Let us assume that Mqp; is an optimal matching of the sets S and R. For the ith request
r;, let M ; be the offline matching maintained by the algorithm just before request 7 is processed.
Consider the graph G(S U R, Mopr @& M ;). Since Mopr is a perfect matching, graph G contains a
set of n — ¢ + 1 vertex disjoint augmenting paths, each with one of the n — ¢ + 1 remaining requests
as an end vertex. Let P’ be the augmenting path in G that has r; as one of its end vertex and let its
t-net-cost be ¢’. By the definition of ¢-net-cost of the augmenting path,

o=t Z d(s,r) — Z d(s,r) <t Z d(s,r) < tw(Mopr).

(s,r)€ MoprNP’ (s,r)eP'nM;_ (s,r)E€MoprNP’

Note that the augmenting path P, computed by our algorithm while processing request 7; is a

minimum ¢-net-cost augmenting path with a ¢-net-cost of ¢;. Therefore,

¢z‘ < Qb/ < tw(MOPT)
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as desired. O
Lemma 3 The cost of offline matching M* maintained by the algorithm is at most tw(Mopr).

Proof: Let M* to be the offline matching computed by the algorithm after all the requests in set R
have been processed. Let Mqgpr be the optimal matching for the set S and R. Note that both the
matching M* and Moy, are perfect matchings. Consider the graph G(S U R, Mopr & M*). This

graph will consist of alternating cycles. For any such alternating cycle C, the ¢-net-cost is given by

SC)= [t D drs)| - D drs) =0

(r,s)eC\M* (r,s)eCNM*

Z d(r,s) < |t Z d(r, s)

(r,s)ECNM* (r,s)eCNMopr
w(M*) < t(w(Mopr)),

as desired. ]



Chapter 3

Input Sensitive Analysis

In this chapter, we will analyze the RM-Algorithm for any given input instance, i.e., metric space
and server locations. For the input sensitive analysis, we will consider the value of ¢ as a constant
with respect to number of servers and requests. In Chapter 4] we also provide the lower bound

constructions which show the affect of value of ¢ on the performance of the algorithm.

For the analysis, we say that any request or server that is unmatched at the current time step is
considered to be a free vertex. We also consider that any path is a sequence of nodes where any two
adjacent nodes are connected by an edge, i.e, if P is a path denoted by P = (vq, v, ..., v,), then

every pair of vertices v; and v;, is connected by an edge for 1 <7 <p — 1.

Next, we begin by describing a variant of the Vitali’s Covering Lemma that we use for the analysis

of the RM-Algorithm.

3.1 A variant of Vitali’s Covering Lemma

In order to bound the competitive ratio of our algorithm, we introduce a variant of Vitali’s Covering
Lemma [[13]]. Given a ball B with a center ¢ and radius r , let 3B denote the 3-expansion of ball B

which is a ball with center ¢ and radius 3r. Given a set of balls B, Vitali’s covering lemma states

15
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that it is possible to select a subset B’ C B of disjoint balls such that the union of their 3-expansion

covers every ball in B.

In our setting, we consider a set B = {By, ..., B, } of weighted balls, all with the same radius r.
The weight of any ball B; € B is given by some 3; > 0. We present a greedy procedure to select a
set B' = {Bs,, Bs,, ..., B, } where B’ C B and has the following properties (Lemma {4)):

(V1) Foranyi,j, B, N By, =0,

(V2) (B1UByU..UB,) C (3B, U...U3By,,), and,

(V3) For every ball B; € B with weight j3;, there exists a ball B, € B’ with a weight s, such
that 3,, > (; and B; N B, # 0.

Figure 3.1. An example of the variant of Vitali’'s covering lemma. Every ball has the same radius; highlighted

balls are selected by the procedure.

Selection Procedure. Initialize B to B and B’ to (). We select the subset of balls B’ =
{Bs,,...,Bs, } in an iterative fashion as follows: At the start of iteration i, let B’ = {B,,, ...,
B, .} be the set of disjoint balls computed by the algorithm. Let B, be the ball with the largest
weight in B. We add B, to B'. Let B; C B be the largest set of balls such that every ball in this set
has a non-empty intersection with B, . We set B« B \ B; and repeat this procedure until B=0.
We call the set of balls B; as the intersecting set of B, and denote it by JS,. Property (V1) follows

from this selection procedure in a straightforward way. The next lemma will establish property (V2)

and (V3) for the set B’ computed by this procedure.
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Lemma 4 Given a set of weighted balls B, the set B' computed by the selection procedure described
above will satisfy (V2) and (V3).

Proof: For every ball B; € B, we will show that there is a ball B, € B’ such that B; C 3B, and
(V2) immediately follows. Recollect that the radius of every ball B € B is r. Also note that B=B
at the start of the algorithm and B = 0 at the end. Therefore, there is a ball B, selected by the
algorithm such that B; € J§,;. Since every ball in the intersecting set including B; intersects B,
there is at least one common point to both B; and B,,. As B, and B, have the same radius r, the
farthest point in B; from the common point is at most a distance 2r. Similarly, the common point
is at most at a distance r from the center of the ball B,;. From the triangle inequality, the farthest

point in B; is at most 3r from the centre of B, and we have B; C 3B,,.

To prove (V3), let B, be the ball selected in some iteration j such that the ball B; € JS,,. At the
start of this iteration, B; was in the set B. Since the ball st was chosen in iteration 7, it had the

largest weight among all balls of B including B;. Therefore, 3; < [, . U

3.2 Analysis of the algorithm

For a point set 1V, let TSP(WW) denote the cost of the minimum length tour that starts and ends
at the same point s € W and visits every other point in W exactly once; here the cost of a
tour is the sum of the costs of the individual edges that participate in the tour. Let the distance
between the farthest pair of points in IV be the diameter of W, and denote it by DiamM(W), i.e.,
DIAM(W) = max,, ;ew d(p, q). Let the stretch of point set 1V, denoted by /4y (W), be the ratio of
Tsp(W) and DiaM(W) for the point set 1.

~ Tsp(W)
pna(W) = DIAM(IT)’

For a given metric space M and any positive integer n, we define the stretch of the metric space M,

denoted by py(n), to be the largest stretch of any n-point set W from this metric space.

pan(n) = max pua(W).
[Wl=n
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TSP(W)

14

DIAM(W)

A
Y

Figure 3.2. The figure shows Tsp(1W') and DIAM(W) of the point set

In this section, we will show that, for some set 5" C .S, the RM-Algorithm achieves a competitive

ratio of O((log® n) e (S")).

3.2.1 Overview of the Input Sensitive Analysis

For each request r;, we place a ball which we refer to as the inner-ball IB;, centered at this request
and having a radius that is proportional to the ¢-net-cost ¢;(P;). We also construct an outer-ball OB;
which is also a ball centered at the request and that has a radius larger than the inner ball. Any outer
ball is carefully constructed to contain a high density of edges from the optimal matching Mqp;. To
obtain an upper bound on the online cost, we have to estimate the sum of the radii of the inner balls
(Lemmal[I). To obtain a lower bound on the optimal matching Mq,r, we can add the edges of Mopr
belonging to any set of disjoint outer balls such as the one produced by Vitali’s Lemma. Therefore,

the problem of computing the competitive ratio reduces to relating the inner and outer balls.

We partition the requests R into O(logn) “inner groups” such that any two requests in the same

group have a similar inner ball radius. We analyze each such group.

For an inner group J§ C R, let every request have an inner ball radius that is approximately r. We
present an intuition for the special case where every pair of requests of the same group JG have a
distance of at least r/c, for some constant c. We apply Vitali’s covering lemma on the set of outer
balls of the requests in JG and identify a set of disjoint outer balls and an intersecting set for each

outer ball of this set. We switch the outer balls in every intersecting set with the corresponding inner
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Figure 3.3. For every request shown, there is an inner ball and an outer ball. Note that the sum of the radii of

the inner balls is bounded by the cost of the traveling salesman tour.

balls. Due to the large separation between their centers, we can bound the sum of the inner ball
radius in the intersecting set by the cost of a traveling salesman tour on its centers. We establish a
lower bound on the optimal matching by relating the radius of the outer ball and the diameter of
the intersecting set (by Vitali’s Lemma) and relating the radius of the outer ball with the optimal

matching.

However, the assumption of large separation between requests is not true. We overcome this by
carefully clustering the requests such that their centers have a large separation. Such clusters create
challenges in defining outer balls. We also partition requests based on their outer ball radius into
O(log n) “outer groups”, two requests with roughly equal outer-ball radius will belong to the same
outer group. We then apply the variant of Vitali’s covering lemma for all requests that have the
same inner group and outer group. Since there are O(log® n) combinations of inner groups and

outer groups, we get an additional factor of log” n in our analysis.

3.2.2 Inner groups, Clusters, and Outer groups

Fix an optimal matching Mg, of the requests R and servers S. For any point v € S U R, we
define Mopr(v) to be the edge of Moy that is incident on the vertex v. For any subset S” C S (resp,

R’ C R), we define Mopr(S”) (resp, Mopr(R')) to be the set of edges of Mq,r incident on vertices
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of S’ (resp, R'). Also, we denote the sequence of any set by o(.). For our analysis, we partition all
the requests into O(logn) inner groups and into O(log n) outer groups. We partition requests into

an inner group as follows:

w(

e For any request r;, if ¢; < #ﬂ) or if ¢; < 16tw(Mopr(r;)), then the request is assigned

to inner group JG,

w(Mopr) and 2i_lw(MOPT) <
n n —

e For the requests that are not assigned to inner group JSGy, if ¢; >

o < %, then the request is assigned to inner group JG;.

In this way, we partition all the requests of R into m + 1 non-empty groups JG,,JG,...,JG,,. In
Lemmal5] we show that number of groups so formed is O(log n). In our analysis of the algorithm,
we deal with the inner group 0 separately. In the following, we describe the construction of inner

balls for every inner group. However, we construct outer balls only for groups JG; ... JG,,.

Fori > 1, let JG; C R be the set of requests that belong to the inner group ¢ with |JG;| = n;. Next,
we will partition the requests of JG; into clusters such that the separation between their centers is
proportional to their ¢-net-costs. For each cluster C' C JG;, we will designate one request as the
representative of this cluster and denote it by rc¢(C'). We will construct these clusters by processing
the requests of 0(J9;) = (r{, ..., 7,,.) in the order in which they appear in this sequence: Suppose we
have already partitioned requests (r{, ..., }) into clusters (C}, ..., C}}). For the next request r;_,, let
k =argmin;— __, d(rc(C’j’:), ri 1) i.e., k is the index of the cluster with the representative request
that is closest to r;, and r’ = rc(C}).

fd(r 27 w(Mow) 4y ion th i ] Ci
o Ifd(r',r},,) < -, then we assign the request 77, to cluster C},

e Otherwise, we create a new cluster | = {r},,} to C’ and set its representative r¢(C, ;)

i
to be 77, ;.

Let k; be the number of clusters formed for all the requests in o(R;). Let n} be the number of

requests in the cluster Cf i.e., |Ci| =n}. For simplicity of notation, we will denote the representative
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request rc(CY) by rc(i, k). For any request 7 € C}, we denote it by (i, k, j) if r is the jth request
in the sequence o (C}). Let rc(i, k) appear at time step h i.e., h = h(rc(i, k)). We denote M (i, k)
to be the offline matching maintained by the algorithm right before the request rc(i, k) is processed
i.e., M (i, k) = M;_,. From the construction of the clusters and the observation that rc(i, k) is the

first request in the sequence J(C,i), we observe (C1) and (C2):

(C1) For any cluster C}, the distance of any request r € C} to its representative is d(r, rc(C})) <

2i_2w(MOPT)

™ ,and

(C2) Every request in Cf is free with respect to the matching M (7, k).

Recollect that we need to construct outer balls that contain a high density of edges from the optimal
matching Mqopr. We do so for all requests in inner groups JG,, ..., JG,,. To assist in defining outer
balls, for every request 7, € R\ JG,, we associate an optimal path (), which is an alternating path
containing edges from the optimal matching. Fix any request r, € R. Let r, belong to cluster
k of group i, i.e., C . We define the optimal path Q, for r, as follows: Consider the graph
G = G(SUR, Mopr @ M(i, k)). Since every request of C%. is free in the matching M (i, k)(from
(C2)) and since Moy 1s a perfect matching, G will have a vertex-disjoint augmenting path for
request r,. We set this path as the optimal path (), of request r,. For request r,, we pick J, to be
the largest distance between the representative of cluster C}, 7c(i, k) and any vertex on the optimal
path @, i.e.,
dy = maxd(rc(i, k),v).

vVEQRy

Next, we partition the requests of R \ I, into O(log n) outer groups. For any request , € R\ JG,
we assign it to an outer group i represented by O; if:

<dy <
nt nt

vV o 1<i<m 3.1

Let R(i, j) denote the requests that belong to inner group ¢ and to outer group j. For any cluster

Cj, let R(i, j, k) denote the requests of R(7, ) that belong to the cluster C} and let 3(i, j, k)=
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Figure 3.4. The optimal paths for the set of requests in any cluster C' with representative request rc.

|R(%, j, k)|. We define an inner ball and an outer ball for each R(i, j, k). An inner ball IB (i, j, k)
for the set R(i, j, k) is centered at the representative request of the cluster Cf, i.e., rc(i, k) and has

2 Ly (M
a radius %

. Note that the inner radius of any R(i, j, k) depends only the inner group 1.
Therefore, we denote the radius of the inner ball as the inner radius and represented it by ry (7).
We also define inner ball for each request in inner group JG, as follows: For each request r € JG,,
we define an inner ball centered at r and with a radius ¢tT(T) For R(i, j, k), we define its outer ball,
OB (i, j, k) to be a ball centered at rc(i, k) with a radius % Note that the radius of the outer
ball, which we refer to as the outer radius, depends only on the outer group and therefore, we

represent its radius by ros(j). Note that for any request r, € R(3, j, k), by its construction, the

optimal path (), is contained inside its outer ball OB (i, j, k).

We say that an edge uv intersects a ball B if both its end points are contained inside B. We define
the intersection of the outer ball OB with any matching M’, denoted by OB N M’ , as those edges

of the matching M’ that intersect OB.

Next, we will show some properties of the inner and outer groups. The following lemma will

establish that there are O(logn) inner groups and O(logn) outer groups.
Lemma 5 The number of inner groups is O(logn).

Proof: From Lemma 2] we know that the ¢-net-cost of every augmenting path computed by the
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algorithm is at most tw(Mopr). By construction, JG,, (where m is the maximum index for inner
groups) is non-empty and therefore there will be a request r; € JG,, with a minimum ¢-net-cost

augmenting path of value ¢; such that,

2m_1w(MOPT>

0 < ¢j < tw(MOPT)a
implying that

m < log (nt)

and the number of inner groups is O(logn). O
Lemma 6 The number of outer groups is O(logn).

Proof: To bound the number of outer groups, consider any request 7, € R(7,j, k). We know
that (), is an augmenting path that contains edges from M (i, k) and Mopr. From (P1), we know
that the cost of the offline matching is at most ¢ times the cost of the optimal matching i.e.,

w(M (i, k)) < tw(Mopr) and therefore w(Q,) < (t + 1)w(Mopr).

Since 7, is in inner group ¢, property (Cl) implies that the distance of any request r, to its
representative request rc(7, k) can be written as

2i—2
< w(MOPT)
tn

< tw<MOPT) .

d(ry,rc(i, k)) 5

< %
-2
The last inequality follows from (P2). Let §, be the distance from the representative request rc(%, k)

to the farthest vertex of the path ,. By the triangle inequality,
59 S d(rc(i, k’), rg) + w(Qg) S (t/2)w(MOPT) + (t + 1)w(MOPT)-

Using this inequality in (3.1), we obtain
lew (MOPT)
nt

orm’ < O(log (nt)) as desired. O

< O<w(MOPT))7

The following lemma shows that the total ¢-net-costs of the requests in inner group J9G, is at most

O(w(Mopr)).-
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Lemma 7 The sum of the t-net cost of all requests r € JG satisfies

> dul(r) < (16t + 1)w(Mopr).

r€IGg

Proof: According to the definition of inner groups, we know that for any r € JG, either ¢ < %

or ¢ < 16tw(Mopr(r;)). We bound the sum of the ¢-net cost of the requests following each condition
separately. For every request r; in R C JG, let ¢; < MOPT) . Then, we know that |R'| < n and,

hence

Z ¢z < w<MOPT)-

TjER/
Next, for any request ; in R” C JG, let ¢; < 16tw(Mopr(7;)). Then

Z ¢; < Z 16tw(Mopr(r5))

/! /!
27 ER rj/GR

Hence,

> ¢ < (16t + D)w(Mopr),

r€IGy
as desired. 0

3.2.3 Properties of inner and outer ball

In this section, we will present several useful properties of inner and outer balls that will help us
in the analysis. The following lemma relates the inner radius to both the online matching and the

traveling salesman tour.

Lemma 8 Let the request set R\ IS, be partitioned into m inner groups and m' outer groups. Let
R(i, ) be the requests that have an inner group i and an outer group j. Let the radius of the inner
ball IB(i, j, k) for the request be denoted by ryz(i). Suppose M is the online matching produced
by our algorithm. Then, the following properties hold:
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(a) IB(i,j, k) N Sp = 0, where Sg is the set of free servers with respect to the matching M (i, k),

M t—1
€35, k=0 j=1 i=1

(¢c) Fori>1, let R be any subset of representative requests for the clusters in inner group JG;

and let S be the servers that match to the requests of R in Mogpr . Then |R)| r”%(i) < Tsp(9).

Proof:

(a) Let 1’ be the representative request rc(i, k) of cluster C?. For the sake of contradiction, let us

assume that the inner ball contains a free server s € Sr N IB(1, j, k) i.e, distance between

representative request 7’ and s is d(s,r’) < 2i_1wéf\4 o) < d’tgfl) < y(:/). Here y(r') is the dual
weight of 7 when the algorithm processes 7’ and computes an augmenting path (from (13)).
Therefore,

y(r') > td(s,r’").

By the feasibility condition (2.1)), we know that y(r’)+y(s) < td(s,r’) implying that y(s) < 0

contradicting invariant (12).

(b) By the definition of inner group JG;, for ¢ > 1, we know that ¢, < w

, where ¢, is the
t-net-cost of the augmenting path for the request r, computed by the algorithm. Dividing

both the sides of the above equation by 2¢,

ﬁ 21_1w(MOPT)

<
2t tn
q;—i < r9p(7)

Since every request that is not in inner group J§G, belongs to a unique inner group ¢ > 1, outer
group j and cluster k, and every request in R(i, j, k) has the same inner radius, we get

ki m' m

rg€R\ISG0 k=0 j=1 i=1
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Also, from Lemmal I} we know that

t—1 t+1
Tw(M)—l—%w(M*) < > g (3.3)
rg€R

t—1
—w(M) < > oy (3.4)
rg€R
< D dt > 4 (3.5)
rg€J50 rg€R\IGo

Hence, from equations (3.2)) and (3.5)),

as desired.

(c) Let the smallest cost tour that visits every representative request of RbeT = (T1, T, ..., )

71). By the construction of our clusters, the distance between any two representative requests

2i_2w(MOPT)

o , since otherwise we would place the two requests in the

is at least d(7;, ;) >
same cluster. Hence,

TSP(R) = d(fh fz) + ...+ d<7:|1:2\7 7:1), (3.6)
 9i—2 B ~
> ‘mM > |R‘M_ (3.7)
tn 2

From the definition of inner group 7, for any r, € JG; we know that,

by < w,and ¢y > 16tw(Mopr(ry))
16tw(Mop(,)) %
i—1
8w (Mopr(ry)) < w < ron)
Z Sw(Mopr(rg)) < Z rys (1)
TQER TgGR

Sw(Mopr(R)) < |R|rss ()

Also, we can say that

Tsp(R) < Tsp(S) + 2w(Mopr(R)) (3.8)
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From equations (3.7) and (3.8)), we have

|R|r”32(i) < TSP(S) + 2w(Mop(R)) < TsP(S) + ,mrﬂi(i)
!ﬁf\% < Tsp(9),

as desired.

Lemma9 Fori,j > 1, let R(i, ], k) be the subset of requests that have inner group i and outer
group j and belong to the cluster C}. Let Q be the set of optimal paths of requests in R(i, j, k).
Then:

(a) Q is a set of vertex-disjoint augmenting paths,

(b) ForQ € Q, ((Q) > w, and

tn

(c) For any optimal path () € Q, % > tJ%l
Proof: For (a), let R(i, k) be the requests of inner group ¢ and cluster k. By our construction,
M (i, k) is the matching before we processes any request in R(i, k), and hence every request of
R(i,j, k) C R(i, k) is free with respect to the matching M (i, k). Therefore, there is a vertex-
disjoint augmenting path for each request of R(7, j, k) in G = G(S U R, Mopr ® M (i, k)). This, by

construction, is precisely the set of vertex-disjoint augmenting path in Q.

For (b), let the optimal path for request r € C}, be Q and let rc = rc(i, k) be the representative
request for the cluster C}. Let § be the distance from rc to the farthest vertex on (. By the triangle
inequality, we know that

0 <w(Q)+d(re,r).

2= 24p(Mopr)
nt :

Also by the definition of outer radius, % <dandd(rec,r) <
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We can write the above equation as,

2j71w(M0pT) B 2i72w<MOpT) < w(Q)

nt nt

In Lemma |10} we show that the inner group 7 of a request is strictly smaller than its outer group j.

Therefore,

nt nt

Y

nt

as desired.

For (c), let () be any optimal path for the request r € C} . Note that () is an augmenting path with
respect to the matching M (i, k) and contains edges of Mopr. Let s be the free server at the other

end of (). For the sake of contradiction, let us assume

w(Q N MOPT) 1
w@ T ot
(t+1)w(QN Mopr) < w(Q)

tw(@\ M(i k) < w(@)—w(@N Mopr) =w(QNM(k))
Hw(Q\ M(i, k) — w(Q N M(@i,k) < 0,

implying that ¢,(Q) < 0. Using dual weights, we can express ¢;((Q)) as

(bt(Q) S t Z d(slvrl)_ Z d(‘slﬂrl)

(s',r"YEQ\M (i,k) (s',r"YeQNM (i,k)
< Yoo W +ur) - D> ) +()
(s',r")eQ\M (i,k) (s',r"YeQNM (i,k)

The first inequality follows from the ¢ feasibility conditions [2.T]and [2.2]. Every vertex of () except s
and r cancel each other in the last inequality, and, since y(r) = 0, we obtain y(s) < 0 contradicting

(12). 0

Lemma 10 For any request r, if v belongs to inner group i > 1 and outer group | > 1, then | > 1

and the inner ball radius of r is strictly smaller than its outer ball radius.
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Proof: Let us assume that the request 7; € Cj has the inner ball centered at representative
request rc with radius ryp and the outer ball centered at representative request rc with radius
ros. Let ¢; be the distance of farthest vertex on its optimal path ();. The optimal path will start

at r; and end at any server s; € Sp. As per the definition of inner ball, if ¢; lies in the given

i_lw(MOPT)

2 24w (M, . 20— Loy (M,
range < ¢; < ZwMor) and ryg is set to 2—2@Morr) - From Lemma [8(a), we know
n — ) n

nt
20~ lw(MOPT)

that s; lies outside the inner ball and therefore J; > ™

. The outer group of r; is [ if

-1 1 . ) .. ) )
an—(tMO"T) <65 < % holds, and therefore [ > 7 . By its definition, the outer radius rysg is set

2w (Mopr)
nt

to > Tryp . O

Lemma 11 Let r be a request in cluster k, outer group j and inner group i. Let (5(i, j, k) be the
number of requests in cluster k and outer group j and inner group i. Let OB be the outer ball of

request r with radius roz. Then w(OB N Mopr) > ﬁﬁ(i, J, k)ros.

Proof: Let () be the optimal path for request  in outer group ;7 and inner group 7. We know that

rop = w for any outer group j. From Lemma @b), we can say that w(Q) > W

which implies

w(Q) Z 4[‘@3
(t + 1)w(MOPT N Q) Z 4[‘@3
4
w(Mopr N Q) > o R

The second to last inequality holds from Lemma [9(c). By construction ) is contained inside OB.
Since optimal path of each of the 3(i, j, k) requests in R(i, j, k) is vertex-disjoint and contained
inside OB. Therefore, we can bound the edges of the optimal matching inside OB by

4

w(MoPT N OB) Z P

6(27 .ju ]{I)I'og,

as desired. O
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3.2.4 Analysis

To bound the competitive ratio of the algorithm, we will first provide the following bound for the

request set R(,7):

>y B, g k)rss (i)
(MOPT>

where S; ; is some subset of S. We add (3.9) for each inner group and outer group and use Lemma §]

< O(UM(SM’))’ (39)

and Lemma [/|to obtain the following bound on the competitive ratio of our algorithm.

wM) At Ye, %+ 5 N X A, K)es ()

w(Mopr) — t—1 (MOPT)
. M 5t w(Mopr) + Z] L 0 oy B, s ks (i)
- t—-1 w(MOPT)

32t + 2 4t SN & ,
= t—1 + t—1 ZZO(MM(SM)) < O(u(5") log®n),

where 5" = arg max; ; i (S; ;).
Therefore, we prove (3.9) to complete our argument.

Lemma 12 Let R(i, j) be the requests in any inner group i and outer group j for i > 1. Then, for

some S; ; C S,

I 1ij\j(;PT§rsg(z> < O(pa(Siy)).
Proof: Note that all requests of R(i,j) belong to one of the clusters in {Cf,...,C} }. Also, by
our construction, every cluster has a unique inner ball and an unique outer ball. Let B be the set
of outer balls of every cluster for which (i, j, k) > 1. Using (i, j, k) values as the weights, we
apply our procedure described in the variant of Vitali’s covering Lemma, i.e., Lemma ] to obtain a
set B'of disjoint outer balls. By property (V1), every ball in B’ is disjoint and from Lemma[I1] we

know that every such ball B;, with weight 3,, will intersect edges of the optimal matching with
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w(Mopr N Bs,) > s, ros. Therefore, we can relate the radius of the outer ball to the total cost

t-‘rl

of the optimal matching

w(Mopr) > Z . i > e (3.10)

oo DT

Here kg, = ﬁ Bs;ros. The procedure for the variant of Vitali’s Lemma also partitions B into
intersecting sets, one set IS, for every selected ball B;, € B’. Consider one such selected ball
Bs, € B'. Consider its intersecting set. Let K, be the index of all the clusters whose outer ball

participates in JS,,. Let 0, = >, - B(i, j, k)rys(i). Therefore, we can express

ki

B(i, 7, k)rop (i Z Z (1,7, k)rop (i) = Z 0s,.
k=1

B, €B’ keK,, B, EB’

Using the above equation and (3.10), we can rewrite (3.9) as

S Bl Rres () 2senOs ( e, >9
Bs.€B’

w(MOPT) - ZB%EB/ Ks; B ZBSj e fisj | Rs;

09 . . . .
Therefore, st eg is simply a weighted average of % To complete the proof, we will bound
s; €B Fsi Rs;
the ratio Sl by p(Si,;). Let R* be the representative requests of every cluster whose outer ball is

in J8;;,. From (V3), we know that 3, = maxycr, ((i, 7, k) and from (V2) and triangle inequality,
we know that 6rps > DIAM(R®). Consider the edges of the optimal matching Mo, that are
incident on R*. We call these edges M,.. Let S* be the set of servers at the other end of the

orT*
MG

orT*

For every edge u,v € Mg, d(u,v) < % As all the edges from R* to S® in the
optimal matching are contained inside the inner ball, we can say that 6rog > DIAM(S®) . Also

from Lemma [8[c), we know that I8, |rys (i) < 2TSP(S*). Also,

2ker, B3 BT (@) B, ZkeKs 0

0,

7

4
Ks; mﬁsir()% t+1) 5511'(’)3

[98sless(i)  OWTSRE™) _ - gony)

T @mptos  Diam(S) ~
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We set S; ; = argmaxgs; g, ep pm(S*). From this choice, we have

Chapter 3. Input Sensitive Analysis

0s

i
Ks;

< O(um(Siy )
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Chapter 4

Lower Bounds

In this chapter, we prove lower bounds on the competitive ratio of the RM-Algorithm. It is
known that the optimal performance of the online algorithm for Random Arrival Model and for
the Adversarial Model are 2H,, — 1 and 2n — 1 respectively and was achieved when ¢t — oo [12].
However, in the input sensitive analysis, we need to choose ¢ = O(1) to achieve the best competitive
ratio. In Section 4.1 we show that when ¢t — oo, the competitive ratio of RM-Algorithm is at least

2n — 1 even for the line metric and therefore a finite ¢ is necessary for the input sensitive analysis.

In Section for the line metric, we construct a set of initial server locations, a set of request
locations and its arrival order so that the online matching produced by the RM-Algorithm is at
least (2(log n) times the cost of an optimal offline matching. This lower bound suggests that the

dependence of the input sensitive competitive ratio on log n may be necessary.

Finally in Section 4.3 we show that the competitive ratio of any online algorithm for an input

instance (M, S) is at least Q(un(S”)), where S" = arg maxgr g p(S”).

33
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4.1 Choiceof ¢

Let us assume that the set of servers S and requests R are points on a line where the locations of
servers are as follows: s; = —land s; = (i — 1)(1 —€), forevery2 < i < nande — 0, i.e.,
d(0,s1) = 1;d(0, s2) = d(s;, si+1) = 1 — ¢, forevery 2 < i < n — 1. The arrival order of requests
isgivenby r; = 0andr; = s;, = (i — 1)(1 — ¢), forevery 2 < ¢ < n. The optimal matching
Moy for the following configuration of servers and requests will be (s;,7;), forevery 1 <i <n

and w(Mopr) = 1. To compute the online matching M, when the request r; arrives, our algorithm

- -
i -

sy 0 s S3 S4 S5 Sg St Sg
Il T

(3] (8]

T3 T4 Ts 76 rT s
Figure 4.1. Example for proving the bound with larger value of .

computes the minimum ¢-net-cost augmenting path from 7 to s, and hence adds (s2,7) to the
matching after the first request 1. If ¢ > f(€), where f(¢) = w, then for any request r;, the
respective minimum ¢-net-cost augmenting path P; calculated by the algorithm will be from r; to
si41 With ¢(P;) = t(1—¢), for every 2 < i < n—1. The edges in the online matching are therefore,
(Siy1,7;), forevery 1 <i < n—1and(r,,s;)and w(M) ~ 2n—1 according to the construction and
as shown in Figure 4.1l The competitive ratio « in this example is v = w(M) /w(Mopr) = 2n — 1.
This shows that for a large value of ¢, the algorithm does not perform exceptionally well and hence

the value of ¢ has to be chosen carefully in order to achieve a better competitive ratio.

4.2 Optimal Analysis of RM-Algorithm

In this section, we show that the RM-Algorithm cannot achieve a competitive ratio better than

Q(logn) for the line metric. Let us assume that the locations of the servers are s; = 2i — 1 and the
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492/&1;\8(\//—\1\(\ mmmk

0 3 4 5 6 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

Ti4 81 T1 S2 T2 S3 Tio S4 T3 S5 T4 S Ti1 St Ts5 S8 Te SS9 Ti13 S0 Tt S11 T8 S12 Ti2 S13 T S14
Figure 4.2. Example for proving the (logn) bound of RM-Algorithm.

locations of the requests are r; = 2¢ — 2 for every 1 < ¢ < n. The weight of optimal matching Mopr
in this setting is w(Mopr) = n with the edges of the matching being (s;,7;) for every 1 < i < n.
We describe the first 2n/3 requests all of which match ata cost 1. Letry = 2, r; = r;_; + 4 if i is
even and r; = 1,1 + 2 if ¢ is odd. When r; arrives, the choices of the algorithm guarantee that both
adjacent servers are present and form the minimum ¢-net cost paths. The algorithm chooses the
server at location r; — 1 if 7 is even, otherwise it chooses the server at r; + 1 when ¢ is odd. After
processing these 2n/3 requests, we incur a cost of 2n/3 and have n/3 servers and requests each
at a distance 3 from both the server on its left and right. Therefore the remaining n /3 servers and
requests can be seen as a scaled (by 3) version of the initial input with fewer servers and requests.
We repeat the same construction and match 27 /9 requests at a cost of 3 each. We define requests to
be classified in different levels where every request which matched with the servers with same edge
cost are classified into same level i.e., first 2n/3 fraction of requests are level 1 requests, next 2n/3

fraction of requests are level 2 requests and so on.

In the end, we have for every level j, j > 0, a total of (3)’n servers and requests. We match 2(5)7n
of these requests to servers and incur a cost of 3/ for each request. Therefore the total cost for each
level j is 2(5)’n x 37 = 2. There are €)(logs n) levels and therefore the total cost of the online

matching is (n logn) or wl(“ﬁgi) = Q(logn).
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4.3 Lower Bound for Online Bipartite Matching

The following section shows that given any metric space M and the initial server configurations
S, any online algorithm A has a competitive ratio of at least O(un(S’)), where S” C S such that

S" = arg maxgrcg pm(S”).

Let the set of server locations be S = {si,...,s,} and the set of request locations be R =
{r1,...,rn}. Let us assume that S’ = {s},...,s/,}. For servers in the set S \ S’, we place
the requests at their locations so that they match to these servers at a cost of zero. If this is not
the case, then the cost of online matching will only increase. Next, for the set S’, we generate
ry at location sj. Then, the algorithm A assigns s} to 7]. For 2 < i < n’, we generate 7}
at the location of the server s;_,. When all the requests have arrived, the online matching M

consists of edges (11, s}), (15, $5), ..., (1), s.,). Since r; = s;_,, the edges of M can be defined

nsy “n’/

as (s}, 85),...,(s,,_,s,) which is equal to the cost of the path (s, s5,...,s/,). The optimal

Figure 4.3. The online matching edges(denoted by the solid lines) and the optimal matching edge(denoted

by dashed line) for the subset S’ as per the lower bound construction.

matching Mopr will match 7. to s, for every 2 < i < n with 0-cost edges and | = s; to s,,.
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Therefore, the competitive ratio is given by:

wM) S sl )

w(MOPT> - d(slla 5;1/)
(X7 d(s), 8,,)) + d(sh, L)

z 2d(sh, s!))
Tsp(S’)
2D1AM(S")
= Qu(S").
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Chapter 5

Conclusions and Future Work

In this thesis, we provided a novel input sensitive analysis of the RM-Algorithm in the adversarial
model. For a given metric space M, we showed that this algorithm achieves a competitive ratio
of O(pup(S")1og?n), where S’ C S. While the RM-Algorithm is oblivious to the underlying
metric space M, it nevertheless performs near-optimally under M. It is possible to construct a
1-dimensional example for which the competitive ratio of this algorithm is €2(log n). Therefore, this
algorithm cannot simultaneously achieve a competitive ratio of © (1 (S”)) for the line metric. We

conclude by stating the following open problem.

e [s there an input-sensitive online algorithm for bipartite matching that achieves a competitive

ratio of O(u(S”)) for any metric space?

e For Random Arrival Model, is it possible to show an input sensitive analysis for the RM-

Algorithm?
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Glossary

adversarial model Adversary generates a request sequence to maximize the competitive ratio. 2

alternating path Path whose edges alternate between the edges in the matching and those not in

the matching. 9

augmenting path Alternating path which starts at a free request and ends a at free server. 9

bipartite graph Consists of set of vertices which can be partitioned into two vertex sets such that

edges link vertices from one vertex set to the other. 3

clusters Requests from each inner group are divided into clusters based on their order of arrival

and distance from other clusters. 19
free vertex Vertex which is not matched in the current matching. 9

inner groups Requests are partitioned into O(logn) inner groups based on their minimum ¢-net

cost augmenting paths. 18
matching Vertex-disjoint set of edges in a bipartite graph. 3

oblivious adversary model Adversary generates the the request locations and the arrival order but

does not know the random choices of the algorithm. 2

optimal matching Minimum-cost perfect matching. 4

39
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optimal path Augmenting path formed for each request by taking the symmetric difference of
the optimal matching to the offline matching with respect to the representative request of its

cluster. 21

outer groups Requests are partitioned into O(logn) outer groups based on the distance of the

farthest vertex on their optimal paths from the representative request of their clusters. 19

random arrival model Adversary generates the request locations but not the arrival order. 2

representative request It is the centre of the cluster and the first request which came in the cluster.

20



Symbols

C} Represents cluster k in inner group 7. 20

M (i, k) Offline matching maintained by the algorithm right before rc(i, k). 21
(), Represents the optimal path for any request r,. 21

R(i,j) Setof requests that have inner group 7 and outer group j. 21

R(i, 7, k) Requests of R(i, ) that belong to cluster k. 21

IB(i, 7, k) Inner ball for the set R(i, j, k). 22

OB(i, 7, k) Outer ball for the set R(3, j, k). 22

B, g, k) B, j, k) = |R(, j, k)]. 21

6, Forr, € C}, distance between rc(i, k) and the farthest vertex on @,. 21

JG; Represents inner group i. 20

v (W) Stretch of a point set W in the metric space M. 17

¢; t-net cost of the augmenting path computed by the algorithm for request r;=¢;(P;). 12
ryz(7) Inner radius for inner group i. 22

ros(j) Outer radius for outer group 7. 22

41
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0G, Represents outer group . 21

ni Number of requests in cluster Cf. 20

rc(i, k) Representative request for cluster £ in inner group 7. 21
y(-) Dual weight of any vertex. 10

Mopr Optimal Matching. 4
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