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I.INTRODUCTION

Inmany avenue:ofresearchoneancounterstheproblem

ofanalyziugresultswhicharsclausifiadaccordingtotwcdifferent

¤r1tcr1a• Thesecritariaarcuauallyreferradtcasblocksand

trcatmauts.Ablackisagroupoffairlyhomcganaousexperimental

units,whileatreatmentrafarstnanycombinationoffactorsimposad

ouaninglcexperimentalpnit. When thenumberofexperimentalunits

ineachblockisequaltoth•numberoftreatment:beinginvestigaced,

andchazraazmencsareassignadatrandomtocheexperimentalunits

ineachblockiudapeudantly,theexperimentallayoutincalleda

randomizadblockdesign. Inthistypeofdesignthetotalvariation

amnngchenbsarvedvaluesmay baaubdividadintothreeparts:

(1)variatiouamongblocku,(11)variationamongtreatmsuts,and

(iii)experimentalerror. Thinproperty,whichiscquivalautcothe

completescparabilityoftheclassesoffactoreffects,iaknownas

orthogcnality, Block!andtreatment:aresaidtcbaotthogona1•

Inexperimentalworkitsomctimaahappensthattheresults

ofonecrmore observationsarelast.Animalsmay becomesickordie,

fieldplocsmay baravagadbysomepast,erlabelsmay bamialaid.

On uccasinustheremay bcsoundexternalevidencefortherajaction

ofavalueanunrcliabladuetoacauuanataff•ctingchactherva1u¢¤•

Forexample,theyialdofaplotwhichhasbeentxampladbyanimals

arpartiallywashedoutmay notbeconsideredcoparablawiththatof

thentharplot:. Daspiteaxtramscareincouductiugth!experiment,
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whenthedataaresummarizedtheremay beblankcelleindlcating

missing observations,

When theoriginaldesignisaccidentallyupset,themethods

ofanalysiswhichareordinarilyapplicablsmust bemodified, lf

thereare·mlastngvalues,theorthogonslitypropertyofthedesign

disappesrs, Theprocedureoftheanalysisofvarianteapplicableto

orthogonalaxperlmentscannotbeuseddirectlyonnon•orthogonal

data, Theadditivityofthesumsofsquarescomputedintheusual

fashiondoesnothold,

Themethods ofanalysiswhichhavebeenproposedfordealing

withthecaseinwhichafewvaluesaremissing fromanotherwise

orthogonalexperimentdependontheestlmationoftheyieldsofmissing

plate, Amethod ofdoingthisonastrictlystatisticalbasiswas

„ firstdevelopedbyAllanandWishart (1930),Theyderivedformulas

fortheestimatiönofasinglemissingyieldinarandomlzedblock

andinaLatinsquareexperiment, Theirmethods wereextendedby

Yates (1933)tocoverseveral·missingplotsinagivenexperiment,

He usedthetechniqueofminimising theerrorvarianteobtainedwhen

unknownsareeubstltutedforthemissingyields,theextensiontothe

caseofseveralmissingplotsbeingbasedonaniterativeprocedure,

Healsoshowedthatinacompleteanalysisofvarianteusingestimated

valuesforthemissing plots,thetreatmentsumofsquaresisovar•

estlmatsdbutmay becorrectedbysubtractingthebiss,forwhichhe

gaveageneralizedformale,
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Thisthesiswilldealwiththeestimationofseveralmissing

valuesintherandomlzedblockdesign,byminlmising theerrorsumof

squares. Explicitequationsforeachvaluemissingwillbedsrived

forcertaincases. Aprocedurewillbegivenforthecompletely

generalcasewhichmay provetobelesstediouainapplicationthan

theiterativemethodofYates. Adirectmethod ofanalysisnotre-

quiringacorrectlonforbissinthetreatmentsumofsquareswillbe

demnetrated, Formulaswillbegivenforthebissintroducedlfan

analysisofvarianteiscarrledoutontheaugmenteddata. These,

thoughequivalenttothatofYates,willbefoundtodifferfromthe

lettersllghtlyinform.

Itshouldbepointedoutthattheeatimationofmissing

yieldsdoesnotrecoverlostinformation.Thelossofseveralplots

fromarandomisedblockexperimentresultsineproportionsteloss

ofinformationplannedinthedesign. Theonlyobjectlveofthe

techniquesdescribedhereinistheealvagingofasmuch aspossible

fromthatwhichremelns.



Y 6

II.THEORETIGALBACKGROUND

2.1 RandmizedBlockDeslgg.

Considerdatapresentedinthefollowingarray,inwhichit

isassumedthateachyijlsobtainedlndependentlyofallothery's:

Tabl]2.1

NotationforRandomlzedBlockDesign

• Blocks •
• 1 2 . J • q •Totale

1: 1' 'reatments • yll ylz , ylj , ylq ’Y1_

2
’

. '1• y21 yzz ' y2j y2q • 2•
O
·

O O O Q Q Q
'

O
I I

1' '2• yil yi2 • yij
· ylq *

i•

O
Q

O C C O O O

•

O
I I

P 'Y Y • Y • Y 'Y

' Pl P2 PJ Pa ' P·
Totale

:
Y_1 Y_2 . Y_j . Y•q

I
Y__

where yij
·
observationintheithtreatmentandjthblock,

Y ··Z;v .Y ·· P" äi•
1-
ij•j £'1

{j'

ana r__
· rh··Z;

¥_j.i
“

1-1
j•

Theusualanalyaisofverlaneeaasumptlonsforthistypeof

designmay besummarizedinthefollowingway: Itleassumedthatan

obeervationmay berepresentedbythemathematieelmodel
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YU"[1"Ä"ßJ"

€U§ 1"1•••••P• (2,1)

J'
1••••sq•

where rgYiandßjareconstantsauchthat

P Q

E Y1"2ßj
“°•

1-1 5-1

/¤representstheoverallmean effect,while
’Yi
repreeentethetrue

effectoftheimtreatmentmsasured aaedeviationfromthemean, and

ßjrepresentethetrueeffectofthe
jthblackmsasured esadeviation

fromthemean, The 611,representingrandomerroreffect,are

independentlyandnormallydistributedwithmean 0andvariante0*2,

Ifxn,tandb rspreaenttherespectiveeatimatesof ,1 5 P
’7’

and ,theapplicationofstandardleastaquaresprocedures1 .1
leadstothefollowing:

Y¤ "...2:.5
PQ

ti

·},}_:·I¤I•
1
·
1g•••gp{

Q

Y
bj°,:,1"

ms j°1•••••q•

P

Itmay alsobeshownthatthesumofsquaresassociated

withthesourcesofvariationinthistypeofdesignaregivenby

T
·•
totalsumofsquarcs

P Q
2 2 t

.
••E
;YU

•1,,, (2,2)
1*1J" va
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B*blocksumofsquare:

.
‘* YZ .YZ
..:.1 ...2.• (2.3)

J" p pa

A
•
treatmentsumofaquarea

2 2
'iizé:.

”
3.:.:.. (2.6)

1*1 q pq

E=experimentalerroraumofsquare:

1*11*1 J q v pa
•T•B·

A. (2.5)

Inordertotestthehypotheaisthatthereisnosignifioant

effectduetotreatment:(HGs WV! •0, 1
-
1,...,9)atableis

usuallysetupinthefollowingform:

Tabl:2,2

AnalysisofVariante

Sourceof Degreeeof Sumof Mean F
Var1ation Fraedem Square: Square

Blocks qel a B/(q.1)

Treatment: p•l A A/(p„l) e

Error (p•1)(q•1) E E/(p•l)(q«1) ‘

Total pq•1 T

ThetestofH0 ieeffectedbycomparingtheratioofmean equarefor

treatmentatomean squareforexperimentalerror(enteredinthetable



esshown:*)withthetabularvalueoftheFdistributionwith

(p-l)and(p„l}(Q•1)degreesoffreedomatachosensigniflcance

level,anddrawingtheappropriateconclusion.

2.2 MissingObservations.

ConsiderdataaspresentedinTable2.1withtheexception

thatafew(oneormore) oftheyijvaluesaremissing. Thecasesin

whichacompleteblockoracompletetreatmentismissing arcnot

beingconsideredheresincetheypresentnocomputationaldifficul-

ties.When afewobssrvationsaremissing twoapproachesareavslle

abletotheresearchworker: (a)thestandardleastsquarssprocedure

appliedtotheknowndataor(b)thesstimationofvaluestoreplace

themissingobservationsfollowedbytheanalysisofSection2.1

appliedtotheaugmenteddata,withsdjustmentstothedegrsssof

freedomandtreatmentsu ofsquareswhichwillbedescribedbelow.

While (e)isthecorrectprocedure,theleastsquaresnormalequations

whichresultwilllacksynmetryduetotheabsenceoftermscorrespond•

lngtomissingvalues. Attentionisthunturnedto(b)ssanapproach

whichissimplertoapply. Itisdesired,ofcourse,thattheappli„

catlonof(b)reprcducetheresultswhichwouldbegivenby(a).

In(a)valuesofm, ttandbjaresochosenastominimise

a• (2.6)
ali?

wheretheprimaonE' distinguishesthiserrortermfromEinSection

2.1where nodataare·missing. Supposenowthatunknownsxi}are

insertedforthemissingvalues. Ayieldvaluewillthusbe
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repreeentedbyyijifpresent,andbyxijifabsent. Thecriterlonto

beusedindeterminlngthevaluesofthexi}lathatofmintmizlng the

experimentalerroraumofsquarestakenoveralldata,obaervedand

estimated. Thistechniquewas propoeedbyYates (1933),followinga

suggestlonfromR.A.Fisher,andiecurrentlyfavoredbystatietlcians.

LetE*repreaenttheexperimentalerrorsumofsquareewhen thedata

areaugmentedhytheinsertionofthevaluesofthexi}.
Letm*, ti

andbgbetheleastequaresestimeteswhichmlnimize E*, Then

13** (yu·•m*•F:·
b‘§)2

*
•¤*··1:*; ··

bt;)2.(2.7)
known missing
data plota

Differentiating(2.7)withrespecttoanyxijgivee

e
'

•H*•Ü:•1.1

whichiethenequatedtozerotoyield

,e e e

clearlycorreepondingtoeminimumof8*. When thevalueofxi}from

(2.8)leinsertedin(2.7)theletterbecomes

8*° •*1**··Ü;
•·b°§)2• (2.9)

known
data

Comparisoncf(2.9)and(2.6)showsthatmF, tgandbgwhich.mln1mlze

E*andm, ttandbjwhichmlnimise E' aresuchthat
m* •mg tg•ti;hä•bj, (2.10)

Itleconcludedfrom(2.10).(2.9)and(2.6)that

a*··
2• (2.11)

—
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TheseresultswerefirstestablishedbyYates. Theymay

‘

bestatedesfollows:lfvaluesoftheunknownobservatlonssat1sfy~

ing(2.8)areinserted,andtheaugmenteddataanalyredlnthemanner

ofSection2.1,thenthefollowingpropertieshold:(l)theestlmates

oftreatmentandblockeffectsarsthesameasthoseobtalnedbythe

correctleastsquaresprocedureand(li)theerrorsumofsqusresls

thesameasgivenbythecorrectprocedure.

Ifnobservationsareabsentthenumberofindependent

valuesinthedataisnlessthaniftherewerenonemissing. Thus

thetotalnumberofdegreesoffreedomlsreducedbyn. Unlessone

ormore completeblocksortreatmentsismissing, thenumberof

parwmetersrequiredtodescribetheseeffectswillnotbechanged.

ltfollowsthatthemissing degreesoffreedomallcomefromthe

errorsu ofsquares. Thereforeinmaking atestofsignlfleance

usingaugmenteddatathedegrsesoffreedomfortotalanderror

must eachbereducedbythenuberofvaluesinsertsd.

TheformulaforasinglemissingvaluegivenbyYates

followsfrom(2.8),Supposethattheobservationfortreatmenth,

blockklsmissing. Let

¥ä·
•
totalofobservedvaluesintreatmenth,

Yzk•totalofobservedvaluesinblockk

end Y:_•totalofallobservedvalues.

Thenrepresentlngthemissing observatlonbyxhkandapplylngthe

theoryofSection2.1totheaugmenteddataoneobtains

I

I
— ——
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a*·· "nn, "nn-m*, "nn.e*.
PQ Q P

Ineertionofthesevaluesin(2.8)yields

Q P PQ

whichisthensolvedforxhktogive

nu-·"Y1Ä•
””qyln'YY·• , (2.122—'”G>7·T7T€1”·?°YY””

inagreementwithYates'result.

2.3 BissintheTreaggentSumofSgusres.

Inoneimportantrespectthemethod ofinstrtingavalueor

valuesandanalyzingthecempleteddatagivesaresultwhichfallsto

agreewiththatcfthecorrectleastsquare:procedure. Thetreatment

sumefsquare:obtainedintheanalysisoftheaugmenteddataisalways

largerthanthecorrecttreatmentaumcfsquares. Thisbiastendsto

enhancetheappattntaignificanceintheFtest.

Theexistenteofthebla:may beeetabllahedbyshowingthat

thevarianteofthemean ofanytreatmentinwhich anaugmentingvalue

satisfylng(2.8)hasbeenlnsertedexceedsthevarianteexpectedlf

alldatearepresent. Thisexpectedvalueis<¥2/qsincethereareq

tolumns,
($2havingbeendefinedinSection2.1. Suppesethatobser•

vation(h,k)ismissing andthevaluegivenby(2.12)isinsertedfor

it.Inerdertofindv(Yh_/q),thevarianteofthemean oftreatment

h,firstwrite
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Bysubstitutionfrom(2.12)thismay bewrittenas

vb:Y1;}
PY}i•'°'‘!Yik‘·Yi,,,from

whichitisseenthatthevarianteofYh·isgivenby

V(Yh,)*'<12(1¤·U2(q-U62*
(q·1)2(p·l)62+(p-1)(q-l)62.

[(p·l)(q·1>]2

Aftersomealgebraicmanipulation oneobtains

V(Yh,)•= 4262 (p•1)+_l „q62 1+ ,

Thusthevarianteofthemean oftreatmenthisgivenby

<1 Ta ”(1?:ÜT<i:-Ü

Sincep/(p•1)(q•l)must bepositive,thevarianteoftheaugmented

treatmentmean exceedeitsexpectationofG2/q,orthetreatment

mean equarewhen anaugmentingvaluehasbeeninsertedisgreater

thanthecorrecttreatmentmean square.

Yateshasetatedtheprocedureforfindingthecorrecttreat•

ment sumofsquaresinarandomizedblockexperimentwithmissing

plots. One takesthedifferenceofthesumofsquaresremovedbythe

fittingofconstantscorrespondingtobothblocksandtreatments

andthatremovedbyconstantsforblocksonly. Thesumofsquare:

removedbyblockandtreatmentconatantsisfoundbycalculating

thetotalsumofsquaresoftheoriginalyieldswithoutmissing

values(lesscorrectionforthemean) anddeductingtheresidual
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sumofsquaresfoundbyanalysisoftheaugmenteddata. Theletterwas

shown(2.11)tobeequlvalenttothereaidualsumof

squaresobtainedinthecorrectleastsquaresprocedure. Thesumofsquares

removedbyblocksonlyisobtaineddirectlyfromtheoriginalblock

totalebyfollowingtheprocedureoftheanalysisofvarianteforthe

oneewayclassificationwithunequalnumbersintheclasses(blocks).

LetT*,8*,A*andE*refertosumsofsqusres(corrected

forthemean) associatedwithtotal,blocks,treatment:anderror

respectivelywhen theprocedureofSection2.1iscarriedoutonthe

sugmenteddata. LetT',B',A'and
E•
refertothecorrespondlngquan-

titieswhenthecorrectleastequaresprocedureiscarriedoutonthe

knowndata. LetYi',Yzk,Y1,representtotalsofactuallyobserved

values,aeinSection2.2. Theprocedureoutlinedabovemay beex-

pressedinthisnotation. One calculatesfromtheaugmenteddata

E"-···r*„s*-a*

~
E•
by(2.11)

andT'fromtheoriginaldata,toobtainbysubtraction

B'+A'•T'•E'•‘l"·T*+B*+A*.

CalculatingB' fromtheoriginalblocktotaleandaubtractingitfrom

theabove,oneobtains
A• •

T'•T*+8*+A*
•.B• (2,13)

asanexpressionforthecorrecttreatmentsumofaqusrea.Aformula

forthebissinA*may beobtslnedfrom(2.13)es

Biss•A*•A'
•
T*•T'+B* •8*. (2.14)
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Inusing(2.14)toexpressthebissintermsofquentitiesinthedate
N

table,itiseonvenienttodistinguishbetweenthefollowingtwocases:

(s)whennotwoofthemissingvaluesersinthesameblockend

(b)whenmore thenonevalueismissing inagivenblock.

Case Se).
Supposethatnvaluesaremissing, notwnbeinginthesame

block. Letxi}representsstimstessstisfying(2.8)where
1,3takeon

thevaluescorrespondingtothemissingplots. Thenonehas

Y' + XXX
2

3*nown missing Blots ,
data plots pq

2 2
kllßwn pq,n
data

BEI: Iii:
2 2

B.
~ 3-2:-1 + °,„,,,R•O
known p m1ss1ng‘E:l pq•n
data plots 2Y2 (Y, , 2 [*1.+X25,]

x ) missing1* -2;..:.1+ XX.....;a.........2.1...- ,1.,;,
known p missing p ·———-·~—•————*———~——*date plots PQ

Combining theseinaccordwith(2.14)oneobtsins
2 2r• <Y· + >Biss •- xij4- __;3_

·· *3
xi} ,

missing p-1 p
plots

Aftersomeslgebraicmanipulstlonthisisexpressedes

1Mas• •3
·· 13 (2.15)

P P•1 missing
plots
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Gase Sb).

Supposethatnvaluesaremissing, allinthekthblock,

Letxu.representestimstessstlsfylng(2.8)where 1takesonvalues

correspondingtothemissing plots. Thenonehas

P- Y!.+ °‘1. 2
‘I*• + Zqxik•-[ missingilknown J missing Elots ,data plate pq
r•
·ZZ

y2 .. rf
known U Pq_¤

°
data

2 2 2
¤· -Ä:1:.; + ".}.¤=.. — LL.

jfkv 1>··¤ eq-¤
2 2

2 V-Yzk *Z:B*
„ Y. ,, missing _ missing

......*1. plots plots .
Jfk P p es

Bombiningtheseinaocordwith(2.14)oneobtaine

2Y' + E 3:
Mß "‘

Z:P Ä;. *Ylä ·
°k mies!-ng ik] (2,16)

missing "'*"* plots ,
pots P

clearlythisformulaholdsonly1fn(p,whichisreasonablesince

ifnwereequaltoptheentire
kthblockwouldbemissing.

Formulas(2.15)and(2,16)incombinationareeasilyshown

tobeequivalenttothegeneralisedllomulagivenby1'ates. The

termswhichtheyinvolvearereadilyavailable1nthedatatablewhen

ananalysisisbeingperformed. Forasinglemissingvalueeither

oneofthemreducestotheformulscoveringthatparticularcase.

Todeterminethebissinageneralcaseoneshouldprooeed
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asfollowsz Using (2.15)sumoverallblockswithonemissingvalue;

apply(2.16)withn
•2toallblockshavingtwomissingvalues;apply

(2,16)withn·
3tcallblockshavingthreemissingvalues,andsoon,

Thetotalbiasinthesumofthetermsthun0btai¤•d•

2,4 ADirectMethodofAua1Z•1••

Thedirectcalculationcftheblaumay baavoidedbyusinga

method basedanthetheoryofSection2.3. Theastimatenfcrthemi¤s„

ingyialds(detarminatiouofwhichiscoveredlate:inthischeats)are

firstantaradinthetable.Thaanalysisoftheaugmautaddatainchen

carriadoutasinSection2.1, However, inrecordingtheaum;of

squarasfortotalandblocks(beforecorrecciouforthemean) aaapara•

tinaintetunpartsismade fo:laterreference. Inchacaseoftotal

numofsquaraeunspartcorrcspondstuvaluesariginallypresent,the

otherpartccvaluesin¤¢r:¤d•Inchecaseofblncksunapartgives

theeumcfsquare:forcompleteblocks,whiletheotherpartarisas

fromblnaksinwhichvalueswarein••xt•d•No sapaxationinnecessary

inthetreatmentsumofsquar¢•• Ataut¤faignificancanftreatment

effectmay bamade ontheaugmeutaddataincharegularmannex, degracs

offreedombeingadjustedesinSuction2.2. Shouldthisapproximata

testpzova¤on•s1gu1£1caut,onemay stoptherewithoutfearofhaving

drawuawrongconclusion. Thisisba¢ausathebiasalwayseuhancesthe

apparencnignificance,anshowninSection2•3•

If,however,theapproximatctestindicacessignificauaa,

oneproceedstofindthecorrecttreatmentnu ofsquarestobetested\

\

l
\
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againsterror. Thisisaccomplishedbydeletingtheinsertedvalues

andtreatingthedataasaone-wayclassificationwithunequalnumbers

intheblocks. Theworklsfacilltatedbyreferringtotheaeparation

insumsofsqusresmentioned above. Thetotalaumofsquares(before

correctionforthemean) hasbeencalculatedasthepartcorresponding

tovaluesoriginallypresent. Theblocksu ofsquareslsfoundby

addlngtothevaluealreadyobtainedforcompleteblocksthepartcorre-

spondlngtoblockshavingmissing plots. Notemust betakenofthe

actualnumberintheblockinperformingthedivisions. Theappropri-

atecorrectionfactorforthemean basedondataoriginallypresentis

thensubtractedfromeachoftheabove. Thecorrecttreatmentsumof

squaresisfoundbyeubtractingfromthetotalsumofsquaresforthe

one•wayclassificationtheblocksumofsquaresfortheone•wsyclassi-

ficationandtheerrorsumofsquaresobtainsdfromtheaugmenteddata.

ForthiscalculationYateshasueedatableoftheformshownbelow.

ThenotationisthatofSection2.3.

Table2.3

GalculstionofCorrectTreatmentSu ofSquares

Total(basedonknowndata): T'

Error(fromsugmenteddata): 8*¤E'

Dlfference¤Blocks+Treatmentst T'
-
E'¤B'+A'

Blocks (basedonknowndata): B'

Difference*CorrectTreatmentSumofSquaress A'
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III,ESTIMATIONOF SEVERALMISSING VALUES

3,0 Introduction,

Fortheestimationofseveralmissingvaluesinarandos

izedblockexperiment(orotherstandarddesign)Yates(1933)has

proposedaniterativeprocedure, Firstofall,spproximatevalues

(suchesthemean ofallrecordedobservations)areinsertedforall

exceptoneofthemissingyields, Thisoneisthenestimatedwith

theformula(2,12)forasinglemissingobservation, One atatime

insuccessientheapproximatevalueeareremoved,treatment,block

andgrandtotalesdjusted,and(2,12)usedtosstimateavaluefor

eachinturnuntilacompletesetisobtained, Theentireprocessis

repested,usingestheapproxlmatevaluestheestimatesohtainedon

thepreviousiteration,Thisiscontinueduntilthevaluesobtained

onagiveniterationarerespectivelythesameasthoseofthestage

before, When auchistheoasethedesiredvalueshavebeenfound,

Yatsshaspointedbutthatthismethod isequivalenttothesolution

byiteratlonsofthesystemoflinearequstionsobtainedbypsrtially

differentiatingtheerrorsumofsqusreswithrespecttotheunknowns

representingmissingyields,andsettingthederivativesequaltozero,

Thecriterionofminimising theerrorsumofsquareswhen

ananalysisofvarianteisperformedontheaugmenteddatahasresulted

inequation(2,8),Theconditionisseentobesatisfiedifone

inaertsforeachmissingvaluethequantitytorrespondingtoits

expectationunderleastsqusresanalysis, Otherwisestated,thevalue

e
>
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\
insertedisauchastomake azerocontributiontotheerrorsumof

squeres,accountingforthepropertyexpressedin(2.11).

'

Ifn.valueaaremissing andtheunknownforeachonelsset v

equaltoitsownexpectedvalue,asystemofsimultsneouslinearequa~

tionsresults•Incertaincasesthesystemleadstoageneralsolution

forallpermissiblevaluesofn, Thesecasesarewhennotwoofthe

valuesmissing areinthesameblockortreatmentandwhenallofthe

missing valuesareinasingleblockortreatment,tobecoveredinthe

sectionsbelow. AdiscussionofthegeneralcasewillhegiveninIV.

3,1 CaseofnMissingValues,noTwolntheSameBlockorTreatment.

Letthemissingvaluesberepresentedbyxcd,xßf,xgu,...,

ninall,wherec{e{g{•...andd{f{u{...•.Letnotrsata

ment subacrlptexceedpandnoblocksubscriptexceedq. Replacing

eachxbyitsexpectedvaluegivenby(2.8),applyingthetheoryof

Section2.1totheaugmenteddataandusingnotatlonintroducedin

Section2.2oneobtalns

xcd
_Y;.+xgd

*
Yzd+xcd_Y:_ +xcd+xaf+xu*......

·Q P PQ

ref··
Yl·"'xef+Yi:

’xef.YL*xcd*xef
"“
*ga"····•·,

Q P PQ

xgu
_Y" x r _Y{_ +xcdLqxef*

xAftercollectingthe:°sandmultlplyingthroughbypqineachequation,

oneexpressesthesystemlntheform

\

b
\

_. __„________________________________________________________________________________
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xef xgu +
°°Q

Q
•8

'

Y •

M "
M‘*’mq

"
" M "·

q’“'..*‘*’If
YZ. ·

M
“’

M *
"g„‘*"mq*"

*··"P"g•*‘="§.,·
YZ.

·

Definlngthequantityzasfollowsz

ei} •pY;• + qY:j •Y:_ , (3.1)

onemay expresstheabovesysteminmatrixnotationae

(p•1)(q•1) l • l Xcd Zcd
‘ ‘P"mq‘” •

· M .Ms .<s.2>
• • • • X Z

gu gu

Thesymmetricnxnmatrix appearingin(3.2)laseentohave

(p•1)(q•l)aaeachdiagonalelementandoneselsewhere. Itsinverse

isreadtlyfoundtobethesymmetrienxnmatrix auchthateach

diagonalelementie

Q

2 2 . .
(p·l)(q•l)+(n•22(p·l)(q•l)•(n—l)

andeveryotherelementie

#1 •

.2 2(p~l)(q•l}*(n•2)(p·l)(q—1)~(n•l)

Thesalutionof(3.2)lsthusgivenby

(P-U(q•·l)'*(l’l•2) 8 •
2: E:z[ Jhk missingplateU

xhk • lfb;jfk • (3.3)
(p•1)2(q•1)2+(¤•2)(p-1)(q-1)•(n-1)
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I
whereh,ktakeonsuccessivelythepairsofvaluescorrespondingto

missingplots. Thesummationinthenumerstorreferstothesumof

zvaluesforallmissing plotsexcepthk.

3.2 CaseofnMissingValues!AllinsSingleBlockorTreatment.

Considerfirsttheesseinwhichnvaluesaremissing in

treatmentrwheren·<.q,sothatthereisatleastonevaluepresentin

thetreatment.Letthemissingvaluesberepresentedbyxrc,xtd,

xte,....wherenoblocksubscriptexeeedsqandrdoesnotsxoeedp.

AsinSection3.1ssystemoflinearsquationsisobtained. This

systemisexpressedinmatrixnotationes

(3ab
. . . . xre * sta

(l-?) . . (p•1)(q•l) ... ..•

Thesymmetrlcnxnmatrixsppearingin(3.4)has(p•l)(q•l)eseach

diagonalelementand(1-p)elsewhere. Itsinverseisreadilyfound

tobethesymmetricnxnmatrixsuchthateachdiagonalelementis

q•n+ 1

gandeveryotherelementis

..,.....,.............,„......}...............................
(p•1)[:(q-1):

·(n-2)(q•1)
•(n.-1):]

Theformulafortheestimationofnmissing values!allintreatmentr

(n<.q)istherefore

I
I
I
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Xrk ""
, (3.5)

(p-l)[:(q•l)2•(n••2)(q·-l)·
(n-1):]

wherektakesonsuccessivelythevaluescorrespondingtomissing plots

intreatmentr.Thesummatloninthenumeratorreferstothesumofz

valuesforallmissing plotsintreatmentrotherthenrk•

Inthesamemanner oneobtainstheformalefortheestimation

ofnmissingvalues,allinblocka (n<p)es

(p•n+l)zh·+ Z: zu
missing plots

xha •· Uh , (3.6)

(q-1)[(p-1)2— (n-2)(p-1)··(:1-1)]

wherehtakesonsuccessivelythevaluescorrespondingtomissing plots

inblocks. Thesummationinthenumeratorreferstotheaumofa

valuesforallmissing plotsinblockeotherthan
hs• Inderivlng

(3•6)itiafoundthatthematrixintheequatloncorreepondingto

(3•4)dlffersfromthematrixintheletteronlyinthefactthatp

endqareinterchanged.

Inthesetwocasestherestrlctionsn(qandn(pare

lntroducedsinceforn
•·q(3•5)breaksdownandsimilarly(3.6)for

n
•p, Thismeans thattheremust beatleastonevaluepresentin

thetreatmentorblocktowhichoneproposestoapplytheseformulas•

Itisclear,however,thatifonlyonetreatmentappearedinablock

theblockshouldbedropped,sincetheoneplotcanconveyno

informationontreatmentdifferencen

I
I
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3.3 EstimstlonofTwoMissingValues.

Ifonlytwovaluesaremissing, theymust necessarilyfall

intooneofthethreecategoriesdiscussedinSections3.land3.2,

Theappropriateformulasareobtslnedfrom(3.3},(3.5)end(3,6)

respectively.

Iftwovaluesaremissing, notinthesameblockertreat-

ment, letthemberepresentedhyxcdandrefwhere efe,d$f,

thelargerofcandedoesnotexceedp,andthelargerofdendf

doesnotexceedq. Then(3.3)gives

zur·
(p··1)(q•1)zcd•zaf‘ xaf

_ (p·1)(q•1)ze£•zcd•
(p-1)2(q•1)2

-1
(p-1)2(q•1)2•1

Iftwbvaluesaremissing, bothintreatmentr,letthembe

representedbyxrcandard,wherethelargerofcandddoesnot

exceedqendrdoesnotexceedp. Then(3.5)gives

gc
(9-1)[:(q•l)2•l:]

Iftwovaluesaremissing, bothinblocks,letthembe

representedbyresandxda,where thelargerofcandddoesnot

exceedpandsdoesnotexeeedq. Then(3.6)gives

(q-1)[(p•1)2•1] (q·1)[(p-l)2-1:]

3.h EstlmationofThreeMissing Values.

When threevaluesaremissing inarandomizedblockdesign,
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theymust occurinoneofthefollowingarrangements:

Case 1:notwointhesameblockortreatment,

Case 2:allthreeinthesameblockortreatment,

Case 3:valueramissing, togetherwithanothervaluefromtreatmentr,

andanotherfromblocks,

Case 4:twovaluesmissing intreatmentr,togetherwithathirdnot

intreatmentr,norinthesameblockaseitherofthetwo,

Case 5:twovaluesmissing inblocks,togetherwithathirdnotin

blocks,norinthesametreatmentaseitherofthetwo.

Cases 1and2arecoveredbyformulas(3.3),(3.5)and(3.6)withn¤3.

Formulasarederlvedbelowforeachoftheothercases.

ForCase 3letthemissingvaluesberepreaentedhysrc,ars

andxdawheredfr,cfs,notreatmentsubscriptexceeds_pandno

blockaubscriptexceedaq. Replacingeachxbyitsexpectationgiven

by(2.8),applyingthetheoryofSection2.1totheaugmenteddataand

usingnotatlonintroducedinSection2.2,oneobtelna

x •Yr•+xrc+xrs+Yzc+xrc •Yt•+xrc+xrs+xda,

"°
“""””"&'”“”””'“““'¤?“'““ “""“"'“°"“'“""'i·'<'i°"““""'“““""'

Y' +x +x Y' +x +r Y' +x +x +x
xr. ¤ t• rc rs+ •s rs de• •• rc ra de,

Q P PQ

xd‘ •Yd•*xda +Yzs*xrs+xda•Y:•+xrc+xra+xda.
Q P PQ

Aftercollectingthex°eandmultiplying throughbypqineach

equation,oneobtalnsesystemofequatlonswhichmay beexpresaedin

matrixnotationes

.
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[(p··l)(q-1) <1,p> 1 Vail
(1-p) (p•1)(q•l) (1-q) xn gzw1

(l-q) (p·•1)(q•l) xda zda
wherezuhenbeendefinedin(3,1),Itwillbeconvenientto

introducethefollowingnotetion:

v•1-p, 11•1-q, (3,8)

intermsofwhich(3,7)assumestheform
vw v 1 xu am
V W U xrs • zrs , (3,9)
l w vw xd• zds

Theinvereeofthesymmetric3x3matrixin(3,9)iefoundtobe

1 112(112-1) •w(v2-1) 0w(v2°1)(°2°1)[-•w(v2•-l) vzwz-1 -v(w2··1)],
0 •v(w2-1) v2(w2•l)

Thesolutionof(3,9)iethuegivenby

zu•· ware°zu,
1
(3,10)

v(w2-1)

xu ¤· (vzvkuzre• src
-

xda (3,11)
vw(v2-1)(112-1) v(w2-1) w(v2-1)

end xda
•· Vida"zrs, (3,12)

«<+2.1>
In(3.10),(3,11)and(3,12)enehasthesolutionforGase 3expressed

intermsofnotationintrodueedin(3,1)and(3,8),When applylng

theseformulaeoneshouldnotethat(3,11)referstothevaluexu
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while(3.10)referstothemissing valueinthesametreatmentae

x end(3.12)tothemissingvalueinthesameblockesxr8•
rs

ForCase 4letthemissingvaluesbex ,x andx where
rc rd ef

e{r,c{d{f,notreatmentaubseriptexceedepandnoblock

subaeriptexceedsq. Proceedlnginamanner similartothatforGase

3oneobtainsthefollowingsystemofequations:

arc•Yr•+xre+xrd+Yin+xre•Y:•+xre+xrd+gef,
Q P PQ

xrd·-
Yi-. ‘*"„*Qu+Yia

‘*
he.Yi.*

°‘„*M**.1:,
Q P PQ

xrcQ
P PQ

PerformingthesamestmplifyingoperationsasinCase 3oneexpressee

theabovesysteminmatrixformes

(p..1><q.1> (1-p) 1 am zu

(1•p) {p·-1)(q•1) 1 ard__1

1 (p•1)(q•1) ref ref

Intermsofthenotationintrodueedin(3.8)theaboveessumeatheform

vw v 1 x zre ro

"
""’ ‘ xrd

·· he . <a.1a>
1 1 ve_ ref ref

Theinverseofthesymmetric3x3matrix in(3.14)iefoundtobe

I
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vzwz-1 1-vzw-13

1-vw vw-1 -1 .

-1 -1 v(w+l)

Thesolutionof(3.14)isthusgivenby

1 vzwz-1z 1-vzws z pzum * re+;-{-;:15-rd-ef , (3.15)
vw +vzw-2

1 8 1••\;\f2 8

D

a
VW ‘*V'W•2

In(3.15),(3.16)and(3.17)onehasthesolutionforCase4expressed
A

lntermsofnotatlonintroducedin(3.1)and(3.8),When applying

theseformularitshouldbenotedthat(3.15)and(3.16)refertothe

missingvaluesintreatmentr,while(3.17)referstothevaluenetin

“ thesameblackortreatmentaseitherofthefirsttwo.

Inesse5letthemissingvaluesberepresentedbyxu,xda

andx wheref71s,cfd7*e,notreatmentsubseriptexceedspandef
noblocksubseriptexceedsq. ProceedingasinCase3,oneobtainsa

system ofequationswhich,whensimpllfledasinpreviouseaeea

assumetheform

(p-1)(Q-1) (I-q) 1 xu sc,
(LQ) (pd)(CPU 1 xda == xda .(3.18)

l 1 (p•1)(q·1) x·f zef

(
(

(
(
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Intermsofthenotationintroducedin(3.8)theaboveaaaumestheform
1

vw w 1 xu zu

{3.19)
1 1 vw xaf ref

Thecoefficientmatrixin(3.18)differafromthatin(3.13)only

inthefactthattheroleeofpandqareinterchanged.Similarly

thematrixln(3.19)isohtainedfromthatin(3.14)byinterchanglng

theroleeofvandw. Itfollowethatthesolutionof(3.19)is

givenby

22 2

·• zds*
zcs•gef] (3.21)

and x •
·-··-··—··-·--L-·—···--["(v+1)‘e£°has

+‘ds)]• (3.22)
ef wzvz +wzv-·2

ThesolutionforGase 5iathunexpressedintermsofnotation

introducedin(3.1)and(3.8).When applyingtheseformulasltshould

benotedthat(3.20)end(3.21)refertothemissingvaluesinblock

s,while(3.22)referetothevaluenotinthesameblockortreatment

aseitherofthefirsttwo.
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IV.GENERALCASEWhen
nmissing valuesinarandomizedblockdesignaredis-

tributedarbitrarilyovertheblocksandtreatments,itisnotpossible

togiveanexpllcitequationforeachvaluemissing, coverlngallper.

missiblevaluesofn, ThedertvationsinIIIandtheresultsobtained

forthecasesconsideredtheremake thisfactevldent. However,itls

possibletosetdowncertainfeatureswhichapplyingeneral.

When thecriterlonofminimizing theerrorsumofsquarssis

applied,theunknowns(x's)representlngmissingvaluesareobtained

asthesolutionsofssystemoflinearequattonswhichmay beexpressed

inmatrixnotationas

ux··z
(4.1)

where U isannxnmatrixtobedescribedbelow,Xisannxlcolumn

vectorofunknownsrspresentingmissingvaluesandZisannxl

, colunvectorofcorrespondingavaluesesdefinedby(3,1),Thecases

discussedinIIIhaveIllustratedthis.Inthecasesconsideredthere

thesolutionwaseffectedbyinvertingtheUmatrixtogivearesult

oftheform

x-u"z. <¢.2>
TheparticularstructureoftheUmatrix dependsonthe

manner inwhichthemissing valuesaredistributedrelativetoone•·

anotherovertheblocksandtreatments.Tofacllitatediscussionof

this,considerthecaseofnmissingvaluesandletthevacantplot:

benumberedinanyorderfrom1ton. Lettheunknownrepresenting
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theithmissingvalueinthisnumberingsystembext.Thisxiplays

thesamepartasthepreviousxij,ofcourse,butthes1ngle•subscr1pt

designetionismore convenientforpresentpurposes. Thenxlcolumn

vectorX 1sthusmade upofelementsxiwhere 1takesonintegral

valuesfrom1ton. Thisenablesthegivingofacompletedescription

ofthenxnmatrixU, whichisalwayssymmetric. Thenatureofthe

equationsfromwhichitresultsindicatesthat(1)everydiagonal

elementis(p•l)(q•l);(li)ifxiendxjarenotinthesameblockor

treatment,elementijis1;(iii)ifxiandxjareinthesametreat—

ment, elementijls(l•p);(iv)ifxiendxjareinthesameblock,

elementijis(l•q).HavingwrittenthecolumnvectorX,onemay

constructthematrixUfromtheabovepropertiesbyreferringtothe

datatable.ThecolumnvectorZ,consistingofelementsdetermined

from(3.1)foreachvacantplot,must bewrittenintheorderwhich

correspondstothatofthex1's. Thesystem(4.1)iathusobtained.
A

Inordertoputthesystem(4.1)inthesolvedform(4.2)

itisnecessarytoinvertthematrixU. Theprocedurepropoeedby

Ystes (1933)hasbeendescribedsebeingequivalenttosolvingthe

systembyiterstione.However, eincethematrixU issymmetric,its

inversionbyamethod suchesthesbbrevistedDoolittlemaywellprove

tobelesstroubleaomethantheiterstivemethod. Thetwomethods

willgivepreciselythesameresults,onconditionthattheiterative

procedureiscarriedthroughaeufficientnumberofetages.

\
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V. EXAMPLES

Illustrations,givenbelow,oftheapplicationofthe

techniquesdescribedabovearebasedonarendomizedblockexperiment

conductedbyG. D. JonesatOrange, Virginiain1955. Theexperiment

was concernedwiththeinvestigationofphosphoruefertilizationfor

alfalfa. TheyieldsarepresentedinTable5.1.

Table5.1

TotalAnnualYieldofAlfalfainPounds ofA£r•driedHey

1 Blocks _
•

' 1 2 3 4 5 6 • Totale

Treatment: 1 :13.75 18.30 22.39 23.72 21.86 23.60I123.62
2:13.05 22.69 21.73 24.29 23.27 23.23• 128.26

3:18.67 17.51 18.38 22.83 23.84 23.611 124.84

4:
15.36 17.45 18.39 20.97 21.31 23.861 117.34

5:19.13 22.16 23.42 26.12 20.75 28.521 140.10

6° 21.87 21.34 23.73 23.53 27.84 21.931 140.24

Totals :101.83 119.45 128.04 141.46 138.87 144.751 774.40

Thesixtreatment:were describedasfollowsx

1.500poundsofP205ontheplowsole,

2.500pound:ofP205 plowed
under,

3.500poundaofP205topdressed,

4.100poundsofP205topdressedannually,
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5.500poundsofPZOS onthe
plowsoletogetherwith

100poundaofP205 topdressedannually,

6.1000poundsofPZOS ontheplowsole.

Allplot:received50poundsofPZOSatseedlngin1952,and100

poundaofK20annually, Theplotsizewas 150squarefeet.

TheresultsofanalyzingthedataofTable5.1inthemanner

ofSection2.1arepresentedinTable5.2. Theealculatedvalueof

F•3.03iacomparedwiththetabularvalueoftheFdistributionwith

(5,25)degree:offreedomat,say,the.05level,Sincetheletteria

2.60,onerejectsthehypotheeisthatthereisnoeignificanteffect

duetotreatments,theTypeIerrorbeing5%.

Table5.2

AnalysisofVarianteforDatainTable5.1

Sourceof Degree:of Sumof Mean F
Variation Freedom Square: Square

Blocks 5 221.8396 44.3679

Treatment: 5 72.0457 14.4091 3.03

Error 25 119.0381 4.7615

Total 35 412.9234

Considernowtheappropriateprecedurewhencertainofthe

yieldvaluesofTable5.1areabeent. Forexample,suppoeathatthe

observationsfortreatment5,block1,treatment5,block4andtreat-

ment 6,block4aremissing. Thiaiaimmediatelyidentifiedaean

I
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exampleofCase 3consideredinSection3.4. Accordinglyletthe \

missingvaluesherepreaentedbyxsl,:5hund:64.Itisevidentfrmm

Table5.1that,inthenotationofSection2.2

Y;.•94.85,Yé_•116.71,Y:1
•82.70,Yza•91.81,Y:•

•705.62.

Usingtheabovewithp
•q•6in(3.1)yields

:51
•359.68,:54•414.34and:64•545.50.

Accordingto(3.8)

4 v•w••5.

Thusoneobtainsfrom(3.10)

xsl=•5(359.68)•414.34=18.44,

from(3.11)

xsk¤(624)(414.34)+359.68+545.50•25.5025(24)(24) 120 120

andfrom(3.12)

:64
••5(545.50)

‘414.34•26.18,
•5(24$

Thesevaluesareinsertedintheirpositionsinthetable

andtheanalysisoftheaugmenteddataisesrriedoutinthemannerof

Section2.1.°Indoingtheesloulationstheseparstionofsum:of

square:explainedinSection2.4isobserved. Theresultsare

2
Z;;·

(775.74)2
·
16,715.904l,

an 36

T* •15,469.2556+1675.6760
•16,715.904l¤429.0275,

9

3*
·
70,899.9835+$0,818.6797•16,715.904l

•237.2064,6 6
t
k

4\
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A*¤100,766,4494•16,715,904l
•78,5041

6

2*···x·*
,2*.A*-113,3170,

TheapproxtmatetestdescribedinSection2,4issetupaashownin

Table5,3, Sincethreevalueshavebeeninaertedthedegreesof

freedomfortotalanderrorhaveeachbeenreducedbythreeinaccord

withthetheoryofSection2,2,

Table5,3

ApproximateAnalysisofVariante

Sourceof Degreesof Sumof Mean F
Variation Freedo Squares Square

Blocks 5 237,2064 47,4413

Treatments 5 78,5041 15,7008 3,05

Error 22 113,3170 5,1508

· Total 32 429,0275

Sincetheapproximatetestindicatessignificenceatthe5%

level,theappropriatetsbularvalueofFbeing2,66,oneproceedsto

findthecorrecttreatmentsumofsquarestobetestedagainsterror,

Deletingtheinsertedvaluesandtreatlngthedataasaone•way

classificationwithnnequalnubersintheblocksonecalculates

Z$ä_¤g705,62)2•15,087,8662,
pq•3 33

T' •l5,469,2556·l5,087,8662
•381.3894,

I
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B' ¤70,899.983S+6839.2900+8429.0761-
15,087.866Z

·
203.9247,

6 5 4

A'
·
T'•B'•E*

•381.3894
-
203.9247-113.3170

•64.1477.

Intheaboveitmay benotedthatingettingTlusewasmade of

15,469.2556previouslycalculatedinconnectionwithT*. Slmilarly

70,899.983S,thesumofsquare:relatedtocompleteblocksusedin

getting8*appearedalsoinB'. Theanalyst:iscompletedbysetting

uptheexactanalysisofvarianteappearinginTable5.4.

Table5.4

ExactAnalysisofVariante

Sourceof Degree:of Sumof Mean F
Variation Freedom Squares Square

Blocks 5 203.9247 40.7849

Treatment: 5 64.1477 12.8295 2.49

Error 22 113.3170 5.1508

Total 32 381.3894

When theabovecalculatedFiscomparedwith2.66,the

appropriatetabularvalueatthe5% level,itlsconcludedthatthe

effectduetotreatment:isnotsigniflcant. Thismeans thatthe

lossoftheparticularthreevaluesinthisexamplehaschangedthe

conclusionintheFtestfrosignificancetonon-significance. It

isfurthernotedthatthebiasinthiscaseissufflcienttechange

theconclusionfromsignificanceintheapproximatetesttonon-

significanceintheexacttest.
I
L
L

L L
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Theabovemethod ofanalysisavoidsthedirectuseofa
l

formulaforthebiss. However, shouldonewishtocalculatethebiss

separately,itmay beobtelnedbytheuseofformulas(2.15)and

(2.16),Use of(2.15)forblocklyields

Ma,
_[:82.70-5(l8.44):]

2_
3.0083.

6(S)

whileuseof(2.16)withn
•2forblock4yields

Blas·<2s.so>2
+(26.l8)2+(91.8l)2-(l43.49)2·11.2660.4 6

Takingthesumofthesegivesthetotalbissas14.3563. ltisnoted

thatthisagreeswiththedifferencebetweentheaugmsntedandcorrect

treatmentsumsofsquares,apartfromaroundingerrorofoneunitin

thefourthdecimalplace.

ItisofinteresttoconsidertheextenttowhichtheFratio

may beaffectedwheneatimatesarcinsertedformissingvalues. In

} ordertoillustratethis,csrtalnvaluesinTable5.1havebeendeleted

andestimatesinsertedbytheproceduresdescribedabove. Pertlnent

detailsoftheresultsarepresentedinTable5.5. Thefirstcolumn

indicatesthevalueswhichwereconsideredmissing andestimated. The

secondcolumngivestheresultingbissinthetreatmentsumofsquares,

whilethethirdcolumngivesthecorrecttreatmentsumofsquares. The

fourthandfifthcolumnsgivethecalculatedFratlosonthebasisof

theapproximateandexacttestsreapectively.Ineachcasethreevalues

wereconsideredmissing. TheappropriatecomparisonvaluesfromtheF

tablefor(5,22)degreesoffreedmare2.66atthe5% leveland

i „
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3,99atthe1% level,

Table5,5

ResultsoftheEstimationofCertainMissingValues

Values Blas Correct FRatioon FRatioon
Estimated Treatment Approximate ExactTest

SumofSquares Test

x14,x2a·x35 2,5054 76,4835 3,07 2,97

x54,x56,x65 5,9974 36,5828 1,93 1,66

x“1,x56,x65 8,7784 39,4865 2,15 1,76

x&6,x56,x66 15,1166 77,6263 4,64 3,88

x62,x64,x66 57,5040 104,5170 9,10 5,87

ThefirstsetintheabovetablelsanexampleofCase5,

consideredinSection3,4, Thevaluesdeletedwere fromtreatments

whosemeans didnotdifferslgniflcantly, Thebississmallandthe

} testofsignificanceisnotseriouslyaffected, ThesecondBatisan

exampleofCase4ofSection3,4,whilethethirdisofthetype

consideredinSection3,1, Inbothofthesecasesthevaluesdeleted

camefromthetreatmentswhichhadthemost marked effectinproducing

‘ theslgnificantdifferenceoriginally, Lossofthesevaluesisseento

havehadtheeffectofconelderablyreducingthetreatmentaumof

squares,whiletheerrormean squarewas foundtohavedroppedonly

slightlyascomparedtothevaluewhichithadwhenalldatawere

present,resultinginareducedFratio,Thefourthandfifthsets

areexamplesofthetypeconsideredinSection3,2, Inthefourth
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arelatlvelysmallerrormean squareaccountedforthehigherFratio. ;

Itlenotedinthiscasethataconclusionofalgnificanceatthe1%

levelcouldbedrawnlfoneweretorelysolelyontheapproximate

test,butauchisnotthecasefortheexacttest.Inthefifthcase

threevaluesweredeletedfromthetreatmentwiththehighestmean.

Theresultwas emarkedly reducederrormean squareandanenhanced

treatmentmean square,accountingforthelargecalculatedFratlos.

Thebissinthiscaseamount:to35%oftheaugmentedtreatment

sumofsquare:.

l
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Theestlmationofseveralmissingvaluesinarandomized

blockdesignlsconsidered. Themethod usedlsthatofminlmlzing

theerrorsumofsquares,proposedoriginallybyYates (1933).

Explicitequationaforeachabsentvaluearederivedforallcases

inwhichnotmore thanthreevaluesaremissing. Ageneralformula

validforanypermlssiblenumberofmissing observationslsgiven

forthecaseinwhichnotwovaluesaremissinginthesameblockor

treatment,andalsoforthecaseinwhichallofthevaluesmissing

areinasingleblockortreatment.Aprocedureforthecompletely

generalcaseisproposed. This,althoughrequiringthelnversionof

ssymmetricmatrixoforderequaltothenumberofmissingohserva„

tlons,may provetohelesstediousinapplicationthanthelterative

method proposedbyYates.

Adirectmethodofanalysisnotrequiringatorrettlonfor

bissinthetreatmentsumofsquareslsdiscussedanddemonstrated.

Formulasaregivenforthebissintrodutedwhen ananalysisof

variantelstarriedoutontheaugmenteddate. These,thoughequiv-

alenttothegenerallzedformulagivenbyYates,arefoundtodlffer

fromthelatterslightlyinform.

Examplesoftheapplicationofthetechniquesdescribed

aregiven. One oftheseisshownindetail,whileforothers,the I
generalprocedurebeingthesame,onlythepertinentconclualons

arepresented.
I
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