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Electrical Engineering 

(ABSTRACT) 

Basic PWM de-to-de converter structure is examined wherein a basic substructure 

of converters, known as a converter cell, is identified. Converter cells can be used in 

generation and classification of basic PWM de-to-de converters. A large number of new 

converters are generated. 

Converter analysis, whereby the nonlinear response of the system to perturbations in 

the control or the input, is determined by two different methods. 

A classical approach to nonlinear systems analysis is first used wherein the system is 

represented by a Volterra functional series. The alternative approach presented 

concentrates on deriving circuit models for the PWM switch. The PWM switch 

represents the static nonlinear substructure of the vast majority of converter cells. 

Analysis of converters then proceeds in an analogous fashion to ordinary transistor 

circuit analysis whereby the nonlinear device is replaced by its circuit model. 

Topological considerations of single-phase dc-to-ac inverters are discussed. A number 

of zero-current switching quasi-resonant inverter topologies are derived. Schemes that 

permit these topologies to handle reactive loads are identified. 
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Chapter 1: INTRODUCTION AND OVERVIEW 

1.1 Power Conversion 

1.1.1 Topologies 

Power electronics is primarily concerned with the efficient conversion and 

conditioning of power. The four main areas of power conversion are: 

I. Conversion (de-to-de) 

2. Inversion ( dc-to-ac) 

3. Rectification (ac-to-dc) 

4. Cycloconversion (ac-to-ac) 

Power conversion can be from one voltage level to another, such as in de-to-de 

conversion or from one form to another, such as in dc-to-ac or ac-to-dc conversion or 

from one frequency to another, such as in ac-to-ac conversion. 
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In this thesis we are mainly concerned with the areas of de-to-de conversion and 

dc-to-ac inversion. 

In each of the four types of power conversion listed above, three key areas can be 

identified [9]: 

1. Topologies 

2. Magnetics 

3. Control 

By topologies we mean those arrangements of inductors, capacitors and switches 

which form a working converter. In practical realizations of these converters, the 

semiconductor devices are almost invariably operated as switches, as this results in the 

most efficient processing of power. Inductive components, such as inductors or 

transformers, used in these topologies play an important part in the conversion process 

and thus the second key area of magnetics is identified. In order to guarantee converter 

performance in the face of uncertainty the aspect of control and, in particular, feedback 

control is identified as the third key area. 

In this thesis it is the topological aspect of conversion which is addressed. 

Specifically, topologies that are useful for de-to-de conversion and dc-to-ac inversion are 

derived. 

Within the area of topologies of different power conversion systems one can identity 

different conversion techniques, such as the three listed below. 

1. Pulse-Width Modulated (PWM) 
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2. Resonant 

3. Quasi-Resonant 

Typical in PWM conversion systems are switching waveforms that are trapezoidal in 

shape. The non-zero switch voltage/current overlap during switching transitions causes 

large power dissipation for operation at high frequencies. In order to reduce the 

switching stress due to voltage/current overlap, the resonant and quasi-resonant 

topologies introduce resonant elements which reduce the rate of rise of switching 

waveforms. The recently introduced quasi-resonant [19,20,21] converters are derived 

from PWM converters by placing resonant components around the switching elements 

of a PWM converter. In fact, as the resonant components can be placed in a number 

of ways [45], a large number of quasi-resonant topologies can be derived from a single 

PWM topology. 

PWM converter topologies play an important role since, as we've just seen, we can 

derive quasi-resonant converter counterparts through a rather straight-forward 

procedure. Moreover, de-to-de converter topologies form the basis for single-phase 

dc-to-ac inverter topologies. 

The quasi-resonant waveform shaping techniques have, so far, been applit:d 

exclusively in the area of de-to-de conversion. Application of these techniques in the area 

of dc-to-ac inversion is presented for the first time in this thesis. 

Therefore, in this thesis we are concerned with PWM de-to-de converter topologies 

and also quasi-resonant single-phase dc-to-ac inverter topologies. 
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1.1.2 Analysis 

Along with addressing the issue of topologies comes the task of analysis of these 

topologies to determine steady-state, small-signal and large-signal performances. In this 

thesis, particular emphasis is given to the analysis of PWM converters and 

amplifiers/inverters and, in particular, in determining their large-signal models. A 

first-order approximation of this model gives the small-signal model. Two different 

analysis procedures are presented. In the first, the Volterra/Wiener approach to 

modelling nonlinear systems is used wherein the Volterra kernels are determined for 

PWM amplifiers/inverters. The second analysis procedure is, in fact, motivated by the 

PWM topology generation procedure given in this thesis. This analysis method 

determines circuit models of an important converter substructure (the one containing the 

nonlinear elements of the converter), known as the PWM switch. This substructure is 

present in almost all PWM converters and amplifiers/inverters and its derived models 

can then be used in analysis in an analogous fashion to ordinary transistor circuit 

analysis. 

1.2 Objectives of the Research 

The research into topologies and their analysis, presented in this thesis, resulted in the 

following areas of study in power conversion, inversion and analysis: 

• The examination of basic PWM de-to-de converter structure with the aim of 

discovering fundamental properties and relationships between different converters 
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which would lead to a better understanding of converter functioning and 

performance. Basic converters, that is, converters that are devoid of transformers 

and tapped or coupled inductors, are of particular interest since from these 

converters a (usually) large number of converters can be derived. 

• The detennination of a classification scheme which more adequately classifies 

existing converters. Present classification schemes [7,8) do not account for the 

existence of a number of converters. 

• The determination of whether there are still some undiscovered converters which 

have useful properties. To this end we would like to present a converter generation 

scheme with the hope that such a scheme is simple and will result in the generation 

of a large number of basic converters. 

• The presentation of new analysis methods for the detennination of the steady-state, 

small-signal and large-signal performances of converters and inverters. As previously 

mentioned, two different analysis approaches are presented in this thesis. 

• The examination of basic single-phase inversion schemes and the assessment of their 

suitability for implementing quasi-resonant inverters. And then the derivation of a 

number of suitable quasi-resonant inverter topologies. Recall that the single-phase 

topologies we wish to derive can be done so from de-to-de converter topologies. 
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1.3 Thesis Outline 

In the next chapter a generation and classification scheme for PWM de-to-de 

converter topologies is presented. In Chapter 3 the first of two analysis approaches is 

given, wherein nonlinear analysis is approached via the Volterra functional series. In 

Chapter 4 an alternative analysis approach is described which represents a considerable 

simplification to the Volterra series approach. The derivation of single-phase dc-to-ac 

inverter topologies using quasi-resonant techniques is presented in Chapter 5. Chapter 

6 presents a summary which concludes the thesis. 
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Chapter 2: GENERATION AND 

CLASSIFICATION OF PWM DC-TO-DC 

CONVERTER TOPOLOGIES 

2.1 Introduction 

Over the past decade a number of different Pulse-Width M adulated (PWM) de-to-de 

converter topologies have appeared in the literature [1-6]. The methods used in deriving 

these converters do not, however, indicate any unifying connection between them. 

Whilst it would seem clear that there exists a basic set of converters from which others 

may be derived, a satisfactory enumeration of this basic set is yet to be determined. The 

present classification of basic converter topologies [7 ,8] does not account for the 

existence of several converters, for example, the well known Sepic converter [2,3]. In this 

chapter it will be seen that, in fact, the Sepic along with its dual/bilateral inversion 

counterpart and four other converters form the members of one particular family of 
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basic converters. Thus a unifying connection between seemingly unrelated converters is 

established. 

Furthermore the "down" and "up" converters when first introduced by Landsman 

[10] were seen to be simply "topological transformations" of the buck and boost 

converters. We will see in a later section that these converters are the two other members 

of the family of converters of which the Cuk converter is a member. 

Through the concept of a "canonical switching cell" Landsman was able to indicate 

the simple relationship between the buck, the boost and the buck-boost converters. 

Subsequently, a somewhat similar approach was taken by Rao [11] in the generation of 

converters. However, for the generation of basic converters Rao's approach suffers in 

that he considers a switching cell that includes a transformer and moreover he considers 

only one switching cell, as did Landsman. 

An analytical approach to the generation of converters with specified properties or 

attributes is given by Erickson [5]. The two classes considered in [5] are (I) the class of 

single-inductor two-topology converters and (2) the class of converters featuring 

non-pulsating port currents. Converters in these two categories, not considered as 

distinct according to [5], are listed here because they have different electrical properties. 

Also, converter classes with conversion ratios which are not bilinear functions of the 

duty ratio, D and D' ( = 1 - D), are considered here as well. 

For the generation of converter topologies the approach taken in this chapter is as 

follows; ( 1) given a converter we may identify a fundamental block hereafter referred to 

as the "converter cell", (2) with this cell one can generate other converters. This 
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approach is similar to that of Landsman [10] and Rao [11]. However, in contrast to 

previous work many different converter cells are considered from which different families 

of converters are derived. As a consequence of considering a large number of converter 

cells a more adequate classification of basic converter topologies than previously 

presented is proposed. 

However, with the task of having to identify different converter cells comes the 

requirement of having to impose a certain structure on the converter cell. This is done 

also in an effort to present a more systematic basic converter topology generation 

scheme. Thus, to this end, only three-terminal converter cells devoid of transformers are 

considered. This contrasts Rao's work where the cell he considers is of a four terminal 

configuration which included a transformer. Whilst imposing a three-terminal structure 

on the converter cell seems restrictive at first, it is in fact quite efficacious, since for each 

three-terminal converter cell a family of three or six distinct members (depending on the 

symmetry of the cell) can be derived. 

In the next section a formal definition of the term "converter cell" is given along with 

its relationship with basic converter structure. A number of different converter cells are 

subsequently used in the generation of converter-cell families. A classification of basic 

converter topologies is then proposed based on classification of converter cells. In 

Section 2.3 some selected converter properties and applications are examined. In 

particular some additions to the sets of two classes of converters previously considered 

by Erickson are made. 
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2.2 Generation and Classification of Converter-Cell 

Families 

2.2.1 Basic Converter Structure 

In this thesis only two-switch interval, alternatively, two-switched network or two 

topology, (for continuous inductor current conduction) and three-switch interval, 

alternatively, three-switched network or three topology, (for discontinuous conduction) 

basic PWM converters are considered. Moreover the general structure of de-to-de 

converters is assumed to be as shown in Fig. 2.1 where we see that a converter may be 

represented as consisting of three main parts: 

I. the input voltage source 

2. the converter cell 

3. the output voltage sink, which consists of the parallel combination 

of the load resistance and output capacitor. 

The converter cell is defined as the network remaining when the input source and 

output sink are removed. Alternatively, the converter cell may be defined as a 

topological combination of reactive elements {L's and C's) and switches arranged such 

that when an input voltage source and output voltage sink are connected the duty cycle 

has control of the output voltage. As we are interested in only basic converters, only 

converters devoid of transformers are considered. Thus the generic converter of Fig. 2.1 
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CONVERTER 
CELL 

INPUT 

~ +~ 
OUTPUT 

SOURCE 7 2 SINK 

ilNPtJT OUTPUT' 
J 

COMMON 

Fig. 2.1 General structure of basic DC-to-DC converters. 
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appears as an non-isolated converter with the further constraint of a common 

input/output line which prevents the load from floating. 

A converter cell is now seen as a three-terminal device which can be connected in six 

different possible ways to the input source and output sink to generate different 

converters while preserving the general structure shown in Fig. 2.1. If we denote, 

arbitrarily, the three terminals of the cell as terminals 1 to 3 as shown in Fig. 2.2, the six 

ways of connection, designated as configurations 1 to 6, are listed in Table 2.1. Thus it 

is seen that the converter, as shown in Fig. 2.1, is connected in the configuration 

corresponding to configuration 5 in Table 2.1. Note that configurations 5 and 6 are 

bilateral inversions of each other, as are configurations I and 2 and also 3 and 4. 

Bilateral inversions are simply generated by the inversion of input source and output 

sink connections of a converter. 

By using the terms input source and output sink we have tacitly assumed the property 

of unidirectional power flow in the converter from left to right. This is necessary, for the 

converter, in general, will feature different conversion properties when processing power 

in different directions, as will be seen later. Take for example the battery 

charger/discharger application. Power may flow in different directions at different times. 

Therefore a converter, for example, in configuration 5 which is processing power from 

left to right during some interval in time will need to be viewed as operating in 

configuration 6 when the direction of power flow reverses. 
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1 CONVERTER 2 

\ CELL I 
V13 13 V23 

~ ~ 
J 

Fig. 2.2 A three-terminal converter cell with designated 
terminal voltages and currents. 

Table 2.1 The six ways of configuring a three-terminal 
converter cell to the input source and output sink. 
The table entries represent the terminal number of 
the converter cell. 

CONFIGURATION I 2 3 4 5 6 
NUMBER 

COMMON I I 2 2 3 3 

INPUT 2 3 I 3 I 2 

OUTPUT 3 2 3 I 2 I 

Chapter 2: GENERATION AND CLASSIFICATION OF PWM DC-TO-DC CONVERTER 
TOPOLOGIES 13 



2.2.2 Converter-Cell Generated Families - A Classification Scheme 

It is evident from the six possible connections that, given a particular converter cell, 

a family of six converters may be derived. If however, for any of these configurations the 

converter cell is symmetric the number of distinct members of the family reduces to 

three. It is thus clear that a number of distinct converters may be generated from 

different converter cells. A classification scheme for these converters based on 

classification of converter cells is now proposed. These converter cells are classified 

according to their order, which indicates the number of storage elements used, and 

according to the number of single pole/single throw switches used. In this thesis only 

four classes of converter cells are considered and although higher order converter cells 

can be considered their usefulness becomes questionable. The four categories considered 

are: 

I. I st. order - 2 switch: converter cell A 

(1 family) 

2. 1st. order - 4 switch: converter cell B 

(l family) 

3. 3rd. order - 2 switch: converter cells C to G 

( 5 families) 

4. 3rd. order - 4 switch: converter cells H to N 

(7 families) 

These converter cells are shown in Table 2.2 along with their corresponding derived 

converters. No formal synthesis procedure is given for the derivation of these cells and 
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Table 2.2 The converter-cell generated families of converters. See the 
text for an explanation of the active switch/conversion gain 
(M) entries in the table. 
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D' 

cs 

THE SAME 

AS I ABOVE 

THE SAME 

AS Z ABOVE 

THE SAME 

AS 5 ABOVE 
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M=-1-D' 

SI: 

M= _ _Q_ 
D' 

TOPOLOGIES IS 



c 
0 
N 
F 
I 
G. 

l 

2 

3 

4 

5 

6 

01 

03 

S2: 

S2: 

M~-1-
D' 

SI: 
.M=D 

SI: 

M=-1-
D' 

S2: 
M=D 

Table 2.2 (cont'd). 

El 

CELL E ,o--<rr2 
tJ 

SI: 

M~-1-
D' 

S2: 
M=D 

SI: 

M= _ _Q_ 

SI: 
M=D 

S2: 

M=-1-
D' 

D' 

• The LC branch connected 
from source to ground or from 
sink to ground is redundant in 
these converters. 

Fl 

SI s> 

F 

* 

* 

S2: 
M=D 

SI: 

M=-1-
D' 

SI: 
M=D 

S2: 

M=-1-
D' 

SI: 
D M= - D' 

S2: 

M = - D 
D' 
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c 
0 
N 
F 
I 
G. 

7 

2 

3 

4 

5 

6 

CELL 7J 

Gl 

Table 2.2 (cont'd). 

G 
s2'"'° 2 

I) S2 (D<0.5): Hl I) S2,S4: 

2) SI (D>0.5): 

M=W-1 
D 

SI: 

M = _Q_ 
D' 

S2: 

M= _Q_ 
D' 

t 
Sl 52 

2) Sl,S4: 

M=-·-
L.-.--"-----'--' I + D' 

I) Sl,S3: 

2) S2,S3: 
M= I+ D 

J) Sl,S3: 

2) Sl.S4: 

M=-D_'_ 
L---'-----'--' I + D' 

I) S2,S4: 

2) Sl,S4: 

L_ __ .._s_+ -~-'-' M = I + D' 
- D' 

I) Sl,S3: 

M= _Ji. 
D' 

2) Sl,S4: 

'--~--'----'--.1......J M = - D' 

I) S2,S4: 

M= _ _Q_ 
D'2 

2) Sl,S4: 
M= _ _J_ 

L-.--'---'---'---'--' D' 

11 I) Sl,S3: 

...-J--~-~~~ M =_I_ 
I - D2 

2) Sl,S4: 

Jl=--l-
L-.-...l..----.1-...J I - DD' 

I) S2,S4: 

M=l-D'2 

2) Sl,S4: 
M =I - DD' 

I) Sl,S3: 

~-- M=__!i_ 
D 2 - I 

2) Sl,S4: 

M=-D_D_'_ 
L-.--L---J_J DD'- I 

I) S2,S4: 

D'2 - I M=--
D'2 

2) Sl,S4: 

M =DD' - I 
..._ __ _,_ __ ..L......J DD' 

I) Sl,S3: 

M = D2 

2)Sl,S4: 
M= DD' 

I) S2,S4: IT M=-1-

s+S!l 5 :

1 T 2) Sl,~.l 
M=-1-

'---'---'--'--..L......J DD' 
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Table 2.2 (cont'd). 

c CELL J CELL K CELL L 
0 1w-2 ,~rr2 ,~w-2 N 
F qr I 
G. J 

Kl I) Sl,SJ(D<0.5) Ll I) S2,S4(0 < 0.5) 
Jl 

~ - - D2 ,., D' M-W-1 

7 oo:·~L f L:.•J. ' SJ 
M= 1-W 

r~ J.,. .... 52 II- ~ 

82 . D' + D2 SI S2 ::: ::: ~ 2) S 1.SJ(D < 0.5) 2) S2,S4(D < 0.5 
51 

M=-1>_ ~51 D'2 

2J) - I M= 1-W 

K2 I) Sl,SJ(D>0.5, L2 I) Sl,S3(D> 0.5) 
J2 

~ ~ M= I -2D - ,., M= 1-W 

1+~~= 
... Sl,S3: t' !SJ J:J D' 

+ 
~&I ... D'2 

2 D + D'2 
: :: M=-- ~2 59 n: Hi , 52 :;: 

D.2 2) S2.S4(0 > 0.5] 2) S2,S4(D > 0.5) 

M=W;;I ~51 M=W-1 
D2 

J3 ,., 

J 
I+ F Sl,S3: THE SAME THE SAME 

M=-D- AS I ABOVE AS I ABOVE 
== D+ D.2 .. 

J"t 
~ 

I+~: 
'S2,S4: THE SAME THE SAME 4 • D'+ D2 AS 2 ABOVE AS 1 ABOVE ::: M=---

D' 

JS KS LS 

lf·T 
~ lfT ..,,._ ... f -r~ SJ,S3: s+ 

5 Sl,S3: Sl,SJ: 

=:: M= _..JL 
51 T 'H :: : 

M = JL. ::: M = (g. )2 D'2 D' 

J6 

6 If Ar·,, S2,S4: THE SAME THE SAME 
D2 AS5 ABOVE AS 5 ABOVE M=--
D' 
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c 
0 
N 
F 
I 
G. 

7 

2 

3 

4 

5 

6 

Table 2.2 (cont'd). 

CELL M 

~w-·~ .... 
2 

Ml 

"E 
S+ SS 

M2 

ff S2 Sl 

THE SAME 

AS I ABOVE 

THE SAME 

AS 2 ABOVE 

MS 
s~; 

J52 l JS3 

THE SAME 

AS 5 ABOVE 

I) S 1,SJ(D < 0.5) 

,\f=-n-
2D - I 

2) S2.S4(D < 0.5) 
D' 

M= 1-W 

I) S2,S4(D > 0.5) 

M= W-1 
D 

2) Sl,SJ(D>0.5) 

M=l-2D 

SI.SJ: 

,\f = _!!__ 
D' 

D' 

Nl 

N2 

N3 

N4 

NS 

N6 

CELL N 

irr 
J 

s+ 

2 

SI.SJ (D < 0.5): 

M = ..Q_ 
D' 

S2,S4 (D > 0.5): 

M = ..Q_ 
D' 

S2,S4 (D > 0.5): 

M=2D-I 
D 

SI ,SJ (D < 0.5): 

D' 
M=l-2D 

S2,S4 (D > 0.5): 

M= 1-W 
D' 

SI ,SJ (D < 0.5): 

M - D 
- 2D - I 
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they are simply obtained from known converters. However, several new converter 

topologies are obtained by connecting these cells in the six different possible ways as 

explained earlier. These new converters include the following; DI to D4, El to E4, Fl 

to F4, Gl to G4, HI to H4, 11 to I4, J1 to J4, Kl and K2, LI and L2, Ml and M2, and 

also Nl to N4. An alternative derivation of converters G 1 to G4, to that given here, 

has subsequently appeared in [6]. In Chapter 5, converter G4, referred to there as the 

Sepic-variant converter, will be used in the synthesis of quasi-resonant inverters. 

A few words about the format of Table 2.2 are now in order. In Table 2.2, for each 

cell considered, the family of converters which is generated from the different 

configurations, (as enumerated in Table 2.1), is given. An active switch assignment is 

also given along with the corresponding voltage conversion ratio (M). An active switch 

is defined as a switch in a converter which is controlled directly by the external control 

input. In a practical realization, this switch would be implemented by any of a variety 

of three-terminal semiconductor switches, such as a bipolar or a field effect transistor. 

Other switches, not considered active switches, can be indirectly controlled by the state 

of the active switch and other circuit conditions. These switches can be simply 

implemented as diodes. In terms of an active switch assignment it can be seen from 

Table 2.2 that for converter B 1 of converter-cell B family, for example, two sets of active 

switch assignments can be made. First, switches S2 and S4 need to be the active switches 

for duty ratios (referred to these switches) ofless than a half. The resulting voltage gain 

is M = D/(2D- 1). A second active switch assignment is given with Sl and S3 as the 

active switches for operation with duty ratios (referred to these switches) of also less 

than a half. The resulting voltage gain is M = D' /(1 - 2D), where D' = l - D. 
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It can be seen from the family of converter-cell A that the buck, boost, and 

buck-boost belong to the same family. Also, the Cuk converter is seen to be one of the 

three members of converter-cell C family. Hence the classification of basic converter 

topologies given in [7,8] as Buck, Boost, Buck-boost and Cuk is not complete. 

The classification and choice of converter cells given above is not arbitrary and is 

now explained. It is seen in this classification that three-switch cells are not considered 

because they correspond to three-switched intervals in continuous conduction mode as 

is the case of the converters considered in [12] and [13]. Three-switched interval mode 

of operation is not specifically considered in this thesis although the four-switch 

converter cell families can provide this mode of operation. For example, in converter B5 

of converter-cell B family if SI is turned off while S3 is on the inductor current will idle 

through S2 and S3. After this idling period S3 is opened giving rise to three-switched 

intervals in continuous conduction mode of operation. The motivation for eliminating 

cells with three switches has thus been explained. Next we consider the order of the cell. 

It is seen that the storage element in the first order cells is an inductor and not a 

capacitor. This is explained by requiring all ports of the converter cells considered to be 

voltage ports rather than current ports. This requirement is imposed since at the input a 

voltage source will be connected and at the output we wish to derive a voltage. Those 

ports which can be considered current ports will be redundant as current ports because 

the inductor of the source will combine with the inductor of the switch( es). For example, 

for cell A if port 3-1 is considered as a current port the inductor of the cell will be 

redundant. Therefore, since current ports are not considered here, a first-order cell with 

a capacitor as shown in Fig. 2.3 is not considered. It should be noted that no converters 

are lost or unaccounted for because of this restriction because converter-cell C 
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Fig. 2.3 A first-order two-switch converter cell with current 
ports. 
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automatically will include these cases. The choice of the first-order two-switch cell and 

also the first-order four-switch cell is now entirely explained. 

It is seen that second-order two-switch cells are not considered either. This is easily 

explained by the choice of port characterization. To obtain a second-order cell from the 

first-order cell we would require a capacitor to be connected in parallel with any port 

which would be redundant since all ports are required to be voltage ports. This 

eliminates the choice of second-order two-switch cells. Since second-order three-switch 

cells are eliminated the next higher category considered is the third-order two-switch cell, 

of which all possible configurations with voltage port requirements give rise to converter 

cells C to G. Except for converter-cell N, the third-order four-switch cells are arrived 

at by cascading lower order cells. All possible cascade connections are given by converter 

cells H to M. 

Note that the capacitor present in cells H to M are shown in Table 2.2 with a 

connection to terminal 3. In fact, this connection can be made to any of the three 

terminals of the cell without altering the conversion gain of any of the converters 

generated by the cells. Interestingly, if the cell capacitor connection of converter KS, for 

example, is moved from ground to the input we find that the topologies of the resultant 

converter are identical to that of converter G6. Alternatively, if this connection is made 

instead to the output, we find that the resulting converter topologies are identical to that 

of converter GS. Similar statements can be made showing the relationships between 

converters K 1 and K2 and converters G 1 to G4. 

Switch reduction can be achieved in a number of the third-order four-switch cells. 

For cells J, K, and L the capacitor of the cell can be placed across the series connection 
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of switches S2 and S3. These switches can then be removed as they no longer serve any 

purpose and a reduction of switch number is effected. The resulting cells are identical to 

cells G, C, and the cell shown in Fig. 2.4c, respectively. All converters derived from cells 

J, K, L, G, and C are electrically distinct, however, and are thus included in Table 2.2. 

The cell of Fig. 2.4c along with other cells, such as those of Fig. 2.4a and 2.4b, have not 

been included in Table 2.2 nor in any of the four converter cell categories listed as they 

are not considered as basic. If we consider the cells of Fig. 2.4a and 2.4b, for example, 

it can be readily appreciated that the series LC branch in the cells do not alter the basic 

behavior of the cell without these extra elements. It is interesting to note in passing, 

however, that by implementing suitable coupling between the two inductors of the cell, 

zero current ripple in terminal 3 (which may represent the input or output ripple current 

of a converter) may be achieved, to a first order. 

2.3 Selected Converter Properties and Applications 

Having now generated a plethora of converters from fourteen different converter cells 

let us now look at some converter properties and applications. 

2.3.1 The Class of Two-Topology Single-Inductor Converters 

Members of converter-cell families A and B belong to the class of two-topology 

single-inductor converters. Tapped inductors can be used in family B to reduce the 

number of switches required. The converter of Fig. 2.5 may be derived from converter 
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a) ••-:i:....--o 2 

b) 

c) e-o 2 

Fig. 2.4 These converter cells are examples of cells which 
have not been considered as basic and, as such, are 
not included in the categorisation of basic 
converters. 
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Fig. 2.5 

• 
D Af=-D' 

A member of the class of single-inductor, 
two-topology converters. 
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BS in this way. These converters have the same M but are electrically distinct. A simple 

permutation of the cell in Fig. 2.5 will generate the Watkins-Johnson converter and its 

inverse as considered in (5). 

2.3.2 The Oass of Converters Featuring Non-pulsating Port Currents 

Erickson [ 5) has listed seven converters as being the distinct members of this class. 

Thirteen other converters which belong to this class, not considered as distinct in (5), are 

listed here because they have different electrical properties. For example, converters Cl 

and 06, considered identical by Erickson [ 16], have different average currents in one of 

the inductors. 

Let us now examine a port current property of a converter cell. With reference to Fig. 

- - -2.2 we see that i1 + i2 = i3 , where i1, i2 and i3, denote the instantaneous current levels 

flowing in terminals l, 2 and 3, respectively. Therefore if the input and output currents 

- - -i1 and i2, respectively, are non-pulsating, so i3 will also be non-pulsating. Therefore, if 

one converter of a particular family features non-pulsating port currents then all 

converters of this family will feature the same property. It is seen then, that converters 

derived from converter cells C, D, K and Nall feature non-pulsating port currents and 

it is from these converter cells that the thirteen extra members of this class may be 

derived. 
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2.3.3 Converter Applications 

From the plethora of converters generated from the fourteen converter-cells 

considered we find some new and peculiar and useful de conversion ratios emerge. For 

example, converters featuring de conversion ratios that allow an output voltage of either 

polarity to be achieved may prove to be useful in dc-to-ac applications. Converters with 

the following conversion ratios allow either polarity of output voltage: (2D - l)/D, 

(1 - 2D)/D', (2D- l)/D2 and (1 - 2D)/D'2 where D' = 1 - D. These conversion ratios 

are featured by converters in the following converter-cell families: B, G, K, L, M and 

N. As previously stated, converter G4 will be of special interest in Chapter 5 where a 

number of inverter topologies will be derived. Note also that the above listed conversion 

ratios achieve a large voltage step-down without requiring a very small duty ratio (and 

without a transformer). In fact, for duty ratios very close to D = 0.5 extremely large 

step-downs may be achieved and also at these values of duty ratios operation at very 

high frequencies is feasible. In conjunction, these properties are desirable for some 

applications [14]. 

Whilst all switches so far have been considered as ideal bidirectional switches, it is 

more cost effective and convenient in actual implementations (and if the application 

permits) to use unidirectional switches. This leads to the task of active switch 

assignment. From an appreciation of the function of an active switch one can make this 

assignment. For every pair of switches in a converter there is an associated inductor. 

An active switch provides a path for an increasing current in this inductor. This clearly 

must be the case as an active switch can tum off this increasing current, whereas, an 

inactive switch could not do so. A procedure for active switch assignment is given in the 
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following. Initially the active switch(es) can be arbitrarily assigned. A steady-state 

analysis is then performed on the converter from which positive inductor current 

directions and capacitor voltage polarities can be indicated. Given the direction of 

inductor current flow, an increasing current in an inductor implies a certain voltage 

polarity across the inductor. For the active switch assignment under consideration to be 

satisfactory, the voltage polarities across the inductor(s) (found from the steady-state 

analysis) during the interval when the active switch is on, must be consistent with the 

implied voltage direction of an increasing current in the inductor during this interval of 

the switching cycle. If there is a conflict an alternative switch assignment is made and 

the procedure is repeated until a satisfactory assignment is achieved. 

2.4 Collverter Allalysis 

In this chapter the concept of a converter cell has been utilized solely for the purposes 

of generation and classification of converter topologies. The concept, however, is even 

more versatile as converter cells can also be used most effectively in the analysis of the 

converters they generate. Each converter cell can be treated as a three-terminal device 

for which circuit models can be derived obviating the need to rederive these models for 

each of the converters of a particular family. The cell model can then be substituted 

point-by-point for the cell in any of the converters derived by the cell to give the 

converter model which can then be solved. 

This approach to converter analysis is analogous to ordinary transistor circuit 

analysis. A converter cell and a transistor are both nonlinear three-terminal devices. 
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Operation of these devices for small excursions about a de operating point allows one 

to derive small-signal models, for example, the hybrid-pi model of a transistor. Once 

these models have been derived the nonlinear device itself, be it the converter cell or a 

transistor, in a particular circuit may be replaced point-by-point by its linearized model. 

This allows ordinary linear circuit analysis techniques to be used to analyze the circuit 

within which the nonlinear device was imbedded, be it a converter or a transistor circuit. 

With this analogy with ordinary transistor circuits we can see the analogy between 

the configurations of a converter cell in a family corresponding to the different 

configurations of a transistor in a circuit e.g. common base or common emitter 

configurations. 

More detail on this approach to analysis is given in Chapter 4, where circuit models 

of the PWM switch, the nonlinear subcircuit of the converter-cell, are derived. These 

models can then be used in the de, small-signal and large-signal analyses of PWM 

conversion systems. For the present, the relationship between the de voltage gain ratios 

of different members of a converter-cell family, used in finding the conversion gains, M, 

given in Table 2.2, will be derived. 

2.4.1 General de Conversion Ratio Relationships Between Converter-Cell 

Family Members 

As we have seen, a family of converters may be derived from one converter cell. Thus 

there exists a general relationship between the terminal voltages and currents between 

the different members of a family. In the following the general relationship between the 
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de voltage conversion ratios of different family members will be derived (for the 

particular case of continuous inductor current conduction). 

With reference to Fig. 2.2 let us denote the voltages between terminals 1 and 2, 2 and 

3, and also 1 and 3 of the converter cell as v12, v23 and v13, respectively. Now, if we 

consider the converter cell in configuration 5 we have, as indicated in Table 2.1, terminal 

3 as the common terminal, the input source being connected across terminals 1 and 2, 

and the output is taken across terminals 2 and 3. Let us now denote the voltage gain in 

continuous conduction mode from the input to the output as some function, f, of the 

duty cycle, D. Thus we have, 

output voltage 
input voltage Lon.fig. 5 -

= j{D) (2.1) 

So given (2.1) we may now derive the converter de voltage gain relationship of any 

of the other configurations. For example, let us find the de gain of a converter in 

configuration 4. Thus we would like to find 

output voltage 
input voltage Icon.fig. 4 -

= g(D) 

where g is some function of D. Given (2.1) we can find how g(D) is related to./{D): 

g(D) = j{D) - 1 
j{D) 

(2.2) 

(2.3) 

A summary of the de voltage gains, M, for all the six different configurations is given 

in Table 2.3 in terms of the voltage gain of the converter in configuration 5, i.e. in terms 
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Table 2.3 Relationship of the DC voltage conversion ratios 
( M) for the different members of a family. 

CONFIG. I 2 3 4 5 6 
NUMBER 

M 1 1 - f(D) f(D) f(D) - 1 f(D) 1 
1 - f(D) f(D) - I f(D) f(D) 
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of f{D). Note that the voltage gain entries given in Table 2.3 hold if the active switch 

position in the converter cell is invariant for the different configurations. In practice 

we find that the active switch position changes. This happens, in particular, for family 

members which are bilateral inversions of each other. If the active switch position 

changes the relevant entry in Table 2.3 for the conversion ratio also changes by the 

simple replacement of 1 - D for D. 

2.5 Summary 

From consideration of the structure of basic converter topologies one can identify 

three fundamental component blocks: (I) the input source, (2) the converter cell, and, 

(3) the output sink. Whilst the input source and output sink are invariant in structure, 

the converter cell, in contrast, may be either variant or invariant in structure. It is also 

variant in configuration to the input source and output sink. The converter-cell structure 

considered is of a three-terminal arrangement. The variations in configuration, of a 

particular converter cell, between input source and output sink, lead to the generation 

of a family of converters derived from this cell. Depending on the symmetry of the cell, 

three or six different converters may be generated. Different converter-cell structures will 

generate different converter families. Fourteen distinct basic converter cells have been 

considered in this chapter. A classification of basic converter topologies has been 

proposed based on classification of converter cells which are categorized according to 

their order and switch number. The fourteen cells considered have been categorized into 

four different classes. A number of new basic converter topologies have been generated. 

From these basic topologies, isolated versions may be derived. For an illustration of how 
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isolation may be introduced into basic topologies see, for example, [15]. By increasing 

the order and/or the switch number a greater number of converter cells may be 

considered. However, the usefulness of the resulting converters would be dubious. 
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Chapter 3: NONLINEAR ANALYSIS VIA THE 

VOLTERRA FUNCTIONAL SERIES 

3 .1 llltroduction 

Of particular importance in the design of converters is the derivation of converter 

models to assess small-signal and large-signal performances. Small-signal models 

provide a means of assessing local stability and are of great importance in the design of 

the feedback loop in regulated converters. On the other hand, large-signal models are 

obtained mainly in assessing the spectral purity of waveforms in systems where the 

integrity of the waveshape is important. Such systems include amplifiers, inverters and 

input-current-shaping ac-to-dc converters. This latter category, however, is not dealt 

with specifically in this thesis. 

Small-signal analysis is synonymous to finding the response of the fundamental 

frequency component of the signal of interest (which is usually the output) to a 
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sinusoidal input excitation. Only in the case of de-to-de converters will the response 

actually be "small-signal," thus the standard terminology of "small-signal" can 

sometimes be somewhat of a misnomer. For dc-to-ac inverters or amplifiers and 

input-current-shaping ac-to-dc converters the fundamental frequency component of the 

signal of interest is large consequently the harmonic frequency output is usually no 

longer negligible. A large-signal analysis entails not only finding the response of the 

fundamental frequency component by using the small-signal model but also involves 

determining the harmonic frequency content. Thus the large-signal analysis provides an 

assessment of the harmonic distortion performance of the system. 

In this chapter the control-to-output response of PWM de-to-de converters and 

dc-to-ac amplifiers/inverters is characterized via the Volterra functional series. As the 

use of this approach to nonlinear analysis has not, in the author's knowledge, appeared 

anywhere previously in the power electronics literature, a brief overview ofthis approach 

is given in this chapter. 

Volterra first proposed this series in some of his work dated around 1910. Some of 

this work is presented in English in [23). The original application of the Volterra series 

to the analysis of nonlinear circuits is due to Wiener [22) in 1942. Since then the Volterra 

series has been successfully applied in the analysis of a diverse variety of systems (for 

examples, see [24] and [25) and references therein). 

The application of the Volterra series is restricted to systems which are "mildly" 

nonlinear as are the systems discussed in this thesis. Recent work [25] has been aimed 

at extending the classical Volterra series to handle highly nonlinear systems such as 

those featuring a saturation nonlinearity. Other recent work [26] has centered on 

applying rigor and consolidating some of the mathematical theory behind the series. 
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In this chapter, in applying the Volterra-Wiener theory, as it is known [27,30,31), to 

the nonlinear analysis of PWM conversion circuits, we first approximate what are 

essentially nonlinear time-varying sampled-data systems by a nonlinear time-invariant 

continuous-time model. This approach considerably simplifies the subsequent analysis. 

This model, which gives an internal representation of the system, is derived in Section 

3.4. The Volterra series, characterizing an input/output representation of the PWM 

converter systems, is derived from this model in Section 3.5. But first, an overview of 

the Volterra series is presented in Section 3.2. In Section 3.3 the utility of the Volterra 

series approach in determining the nonlinear output response to a sinusoidal input is 

shown. 

3.2 Nonlinear Systems Analysis 

A system can be defined in a mathematical sense as a rule by which an input u is 

transformed into an output y. The rule can be expressed symbolically as 

y(t) =I [u(t)] (3.1) 

In this chapter, an operator is denoted by an under bar. In the following discussion, 

we will restrict ourselves to time-invariant systems. These are systems in which the 

operator I does not vary with time. Thus, if y(t) =I [u(t)], then for a time-invariant 

system, y(t + -r) =I [u(t + -r)] for any value of -r since the rule by which an input time 

function is transformed into an output time function does not change with time. If a 

system is linear and time invariant {LTI), then the output y(t) can be expressed as the 

convolution of the input u(t) with the system unit impulse response h(t): 

Chapter 3: NONLINEAR ANALYSIS VIA THE VOLTERRA FUNCTIONAL SERIES 37 



y(t) = f 00 h(-r)u(t - T)dr 
-00 

(3.2) 

The system unit impulse response h(t) completely characterizes the LTI system since, 

once known, the response to any input can be determined from (3.2). 

We also note from (3.2) that the contribution of the value of the input t' seconds in 

the past to the present value of the output is determined by h(t'). In this sense, the unit 

impulse response represents the memory of the L TI system. If the L TI system has no 

memory, then h(t) = cb(t) in which b(t) is the unit impulse and the system response is 

y(t) = cu(t). The graph of y(t) versus u(t) for this case is a straight line. 

If a no-memory system is nonlinear, then the graph of y(t) versus u(t) is a curve 

which, provided certain conditions are satisfied, can be expressed in a Taylor series 

00 

y(t) = ,Lcnun(t) (3.3) 
n=O 

The extension of (3.3) to nonlinear time-invariant systems with memory is the Volterra 

series 

y(t) =ho+ J00 h1(7:)u(t- t)d7: +Joo Joo hi(T1, 7:2)u(t- 7:1)u(t- 7:2)d7:1d7:2 
-oo -oo -oo 

+ f 00 f 00 J00 h3(7:1t 7:2, 7:3)u(t - 7:1)u(t - 7:2)u(t - 7:3)d7:1dri<fr3 + . . . (3.4) 
-oo -00 -oo 
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The function hn(•1, ••• , •n) is called the nth order Volterra kernel or the nth order 

impulse response of the system. The multiple Laplace transform of the nth order impulse 

response 

n=O 

(3.5) 

n = 1,2,3, ... 

is called the nth order transfer function of the system. Observe that the nth order kernel, 

and hence also its transform, is not unique in the sense that several distinct nth order 

kernels may give the same nth order output for the same input. However, the 

symmetrized kernel and its associated symmetrized transform defined by (3.6) and (3.7), 

respectively, below are unique. 

(3.6) 

(3.7) 

where n(.) denotes any permutation of the integers l, ... ,n, and where the summations are 

over all n! permutations of these integers. 
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As a L TI system is completely characterized by its unit impulse response, so a 

nonlinear system which can be represented by a Volterra series is completely 

characterized by its Volterra kernels. 

Another way of expressing (3.4) is 

y(t) =ho+ H1[u(t)] + H2[u(t)] + ... + ll,[u(t)] + ... (3.8) 

in which 

Ji,[u(t)] = J00 
••• J00 h,,(•1 ' ... '•n)u(t - •1) ... u(t - •n)d•1 ... d•n (3.9) 

-oo -oo 

In this representation the symbol H.,,, which represents the multi-dimensional 

convolution, is called an nth order Volterra operator or functional. Figure 3.1 is a 

schematic representation of (3.8) as the sum of the outputs of the systems with the 

operators H.,,. 

The Volterra series is a power series with memory. This can be seen by changing the 

input by a gain factor c so that the new input is cu(t). By use of (3.8) and (3.9), the new 

output is then 

00 

y(t) =ho+ LHn[cu(t)] 
n=I 

00 

=ho+ Icn.H,.[u(t)] (3.10) 
n=l 
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Yo(t) 

u(t) 

Fig. 3.1 A nonlinear system partitioned into integer order Volterra 
systems. 
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which is a power series in the amplitude factor c. It is a series with memory since the 

integrals for .lln[u(t)] given in (3.9) are convolutions. 

3.3 Nonlinear Response 

Having characterized the nonlinear system by a Volterra series we can now determine 

the response of the system to any input. For harmonic distortion analysis the input is 

a sinusoid. 

u(t) = U cos w0t (3.lla) 

= .JL eiw0t + .JL e -j<»0t 
2 2 (3.llb) 

By substituting (3.llb) into the first-order Volterra operator, and using (3.5), the 

response, y1 ( t), due to the linear part of the system to a sinusoidal input can be found. 

Y1(t) = H1[ U cos w0t] 
= UI H1Uw0) I cos(w0t + arg[HiUw0)]) 

(3.12) 

Similarly it can be found that the response, y2(t), of the second-order Volterra operator 

is given by 

Y2(t) = H2[ U cos w0t] 

= ~2 I Hi(jw0,jw0) I cos(2wot + arg[H2Uwo.iwo)]) 
2 

+ ~ I H2Uwo, - jwo) I cos( arg[H2Uw0, -jw0)]) 
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Thus, we see that the second harmonic and de frequency components appear at the 

output due to this operator. 

The output, y3(t), of the third-order Volterra operator is given by 

y3(t) = H3[ U cos ro0t] 
3 

= ~ I H3'Jro0,jroo,jro0) I cos(3ro0t + arg[H3Uro0,jroojroo)J) 
3 

+ 3 ~ I H3Uw0,jw0, - jro0) I cos(ro0t + arg[HlJro0,jw0, - jw0)]) 

(3.14) 

Thus the third harmonic and fundamental frequencies result. It should be noted that the 

higher order contributions to the output are usually of negligible amplitude when 

compared with the lowest order contribution at a particular frequency. Thus, for 

example, the contribution at the fundamental frequency from the third-order operator 

as given in (3.14) can generally be neglected as the response of the first-order operator 

given in (3.12) dominates. 

Therefore, one can assess second harmonic distortion (HD2) and third harmonic 

distortion (HD3) relative to fundamental frequency output as follows. 

u HD2=-2 

ui 
HD3=-

4 

I HiUwo,jroo) I 
I H1Uroo)I 

I HlJroo,jroo,jroo) I 
I H1Uwo)I 

(3.15) 

(3.16) 

From the foregoing we see that to determine the distortion performance of a system 

we need knowledge of the Volterra kernels and in particular their form in the transform 

domain. That is, we require the nth order transfer functions, Hn• n = 1,2,3, ... , of the 
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system. These transfer functions can be determined from an internal state-space 

description of the system. The derivation of such a description for PWM converters is 

given next. And subsequently the Volterra kernels are determined in a later section. 

3.4 Co11verte1· Nonlinear State Model 

In this section, the nonlinear state equations which describe PWM converters 

operating in the continuous conduction mode are derived. By using the "linear-ripple 

approximation" the nonlinear sampled-data system exemplified by the PWM converter 

is well aproximated by a nonlinear continuous-time model (32]. 

The first step in deriving this model is to write the linear state equations of the 

converter during the two switched intervals dTs and d' Ts, where dis the duty ratio and 

d' = I - d and Ts is the switching period. 

x(t) = A;x(t) + b; Vg , i = 1,2 (3.17a) 

(3.17b) 

where i =I during dTs and i = 2 during d'Ts, and xis the state vector, Vg is the input, y 

is the output. 

The "variation of parameters" solution of (3. l 7a) is 
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x( 1) = eAI<- <o) x( lo) + r eAI<-<) b, V ,dT 
to (3.18) 

= eA;(t- to> x( lo) + A,-1 [ eA,{t- to> - I J b, V, ' i= 1,2 

provided Aj l, i = 1,2 exist. 

The difference equation describing the propagation of the initial state vector from 

cycle to cycle can be formed by simply "connecting" the solutions (3.18) at the 

subinterval boundaries. 

x[(n + l)T,] = eA~T.eA1dT'x(nTs) 

+ eA~T•Al1(eA1dT, - l)b1 V, + A2'(eA~T•- l)b2V, 
(3.19) 

Equation (3.19) describes the propagation of the initial state vector exactly, however, the 

subsequent analysis is greatly simplified by invoking the "linear-ripple approximation" 

which approximates the matrix exponentials appearing in (3.19) by the first two terms 

of their Taylor series expansions. This approximation is valid when the natural 

frequencies of the converter are all well below the switching frequency such that the 

solutions (3.18) are approximately linear. This is the case for a well designed PWM 

converter. Invoking this approximation in (3.19) and eliminating second order terms 

results in 

x[(n + l)T,] =[I+ (dA 1 + d' A2)T,]x(nT,) + (db1 + d'b2)T,V1 (3.20) 

Equation (3.20) is the simplified difference equation which describes the response of the 

system. A continuous time model can be derived by using the Euler forward-differencing 
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approximation to estimate the continuous-time derivative of the state-vector, as shown 

below. 

dx(t) 
dt 

:::::: 
x[(n + l)TJ - x(nTs) 

(3.21) 

This approximation is valid if all the natural frequencies of the converter are much lower 

than the switching frequency. 

Applying (3.21) to (3.20) results in the continuous-time model. 

(3.22) 

Perturbation of the duty ratio about a steady-state operating point will result m 

perturbation of the state vector and the output, so that 

/\ 

d=D+d (3.23a) 

x=X+x (3.23b) 

y= Y+y (3.23c) 

where capitalized quantities represent steady-state values and perturbed quantities are 

indicated with a caret. 

Substituting (3.23) into (3.22) and also (3. l 7b) and dropping steady-state terms we 

arrive at the final nonlinear continuous-time incremental model of the converter. 

d i\ I\ I\ 

2.. =Ax+ Nxd + bd dt 
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I\ I\ (3.24b) y=cx 

where 

A= DA 1 + D'A2 (3.25a) 

N=A 1 -A2 (3.25b) 

b = (A 1 -A2)X + (b1 - b2)V, (3.25c) 

Equations (3.24) represents a set of nonlinear state equations due to the presence of 
/\ 

the N~d product term. Note, however, that this term vanishes when A1 = A2, which is 

the case for the buck converter. More will be said about the distortionless amplification 

property of the buck converter in the next chapter. 

3.5 Volterra Kernels for PWM Converters 

Having obtained a nonlinear differential equation description of the converter, we 

now have a number of different approaches at our disposal which can be used to 

determine the Volterra kernels. A popular and perhaps the simplest method to apply for 

the problem at hand is the "growing exponential approach" (30], also known as the 

"harmonic input probing method" [28,29]. This approach determines symmetric kernels 

in the transform domain and is suitable only for time-invariant systems. The method 

may be briefly stated as follows (30]. 

Chapter 3: NONLINEAR ANALYSIS VIA THE VOLTERRA FUNCTIONAL SERIES 47 



Given the nonlinear system described by the general time-invariant state equations 

dx(t) -;fl= a(x(t),u(t)) x(O) = 0 (3.26a) 

y(t) = cx(t) , t ~ 0 (3.26b) 

where a(O,O) = 0 and a(x,u) is analytic in x and u, the first K symmetric transfer functions 

corresponding to (3.26) are computed as follows. First replace a(x,u) by a power series 

in x and u. Then assume an input of the form 

() A1t + + Agt ut=e ... e (3.27) 

and assume a solution of the form 

(3.28) 

where the vector coefficients are undetermined. Substituting into the differential 

equation, solve for 

by equating coefficients of like exponentials. Then since the output is a linear functional 

of x, 
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(3.29) 

Therefore, to determine the first three kernels for the system described by (3.24) we 

assume an input of the form 

(3.30) 

and dropping arguments for simplicity, a solution of the form 

(3.31) 

The terms hidden in the ellipsis in (3.31) do not contribute to the terms of interest and 

can be dropped. 

Substituting (3.31) into (3.24a) and equating the coefficients of elit, e(li + l2)t and 

e(li + ..l2 + ..l3)t and using (3.29) the symmetric kernels can be determined. The asymmetric 

form of these kernels is given below. 

(3.32a) 

(3.32b) 

(3.32c) 

From (3.32) the pattern for higher-order kernels is clear. 
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Using (3.32) the distortion performance of an amplifier can be assessed. We are 

primarily interested in this thesis in harmonic distortion evaluation, however, it should 

be pointed out that the kernels given in (3.32) can also be directly used in evaluating 

intermodulation and cross-modulation distortion products in PWM conversion systems. 

3.6 Summary 

In this chapter, the nonlinear control-to-output response of PWM conversion 

systems has been approached via the Volterra functional series. A brief overview of the 

series has been presented. It was seen that the Volterra series is a power series with 

memory. Each term in the series represents a convolution integral. The nonlinear 

response of the system, for any input, can thus be determined from a knowledge of the 

multidimensional Volterra kernels or impulse responses. The general system response 

was determined for the particular case of a single tone excitation, and it was seen that 

the magnitude and phase of the dominant component of the nth harmonic in the system 

output is given by taking the magnitude (with an appropriate scaling factor) and phase 

of the Laplace transform of the nth order Volterra kernel; which was also referred to as 

the nth order nonlinear transfer function. 

PWM conversion systems are nonlinear time-varying sampled-data systems. To 

simplify the analysis, approximations were made which led to a nonlinear time-invariant 

continuous-time model. The Volterra kernels were determined using this model. The 

"harmonic input probing method" was used to determine the kernels iil the transform 

domain. These kernels completely characterize the system, and, as such, not only can 
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they be used to determine harmonic distortion but also other forms of distortion, such 

as, intermodulation and cross-modulation distortions resulting from multi-tone inputs. 
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Chapter 4: NONLINEAR MODELLING OF THE 

PWMSWITCH 

4.1 Introduction 

In this chapter a new modelling approach is described which can be used in the 

analysis of de-to-de converters, dc-to-ac inverters or amplifiers and 

input-current-shaping ac-to-dc converters. Like the modelling approach of state-space 

averaging [34,35], the concept of averaging is used. In contrast, however, to obtain a 

converter model the new modelling approach simply replaces the PWM switch (the 

nonlinear substructure of a converter cell which is common to almost all converter cells 

and therefore also converters) by its (average) model valid at the particular frequency 

of interest. Replacement of the PWM switch with its fundamental frequency model for 

the given de operating point results in a small-signal model of the converter. Higher 

frequency models for the PWM switch replace the switch to obtain higher frequency 
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models of the converter under analysis; thus permitting a large-signal analysis which 

provides an assessment of the harmonic distortion performance of the system. 

It is the purpose of this chapter to derive the various harmonic frequency models of 

the PWM switch and to also demonstrate their use and application. 

In this chapter, the converter is assumed to operate with continuous inductor current 

conduction. For converter operation with discontinuous inductor current the PWM 

switch along with its associated inductor need to be considered in the modelling process. 

Thus, in this case, the basic three-terminal structure for which circuits models are derived 

is that of converter-cell A shown in Table 2.2. In Appendix A the steady-state and 

small-signal models of this cell are derived and used in an illustrative example in the 

analysis of a boost converter operating with discontinuous inductor current. 

It is readily seen that the proposed converter analysis approach is analogous to 

ordinary transistor circuit analysis whereby the nonlinear device is replaced by its circuit 

model. This approach has the a~vantage in that a converter model is much more easily 

obtained by replacement of the switch with its model than by performing an analysis on 

the converter as a whole which then yields a converter model. 

In the next section the concept of the PWM switch is introduced and a general 

approach to nonlinear analysis is given as a precursor to the analysis of the PWM switch 

presented in Section 4.3. Use and application of the PWM switch models are 

demonstrated in a few examples in Section 4.4. 

Chapter 4: NONLINEAR MODELLING OF THE PWM SWITCH 53 



4.2 Nonlinear Analysis 

4.2.1 The PWM Switch 

PWM converters are nonlinear systems due to their inherent switching operation. 

Switching is accomplished by an active/passive switch pair which form a single-pole 

double-throw (SPDT) switch. It is this SPDT switch in PWM converters which is 

referred to in this thesis as the PWM switch. Figure 4.1 shows the buck, boost, 

buck-boost and Cuk converters with the PWM switch identified. The three terminals 

of the switch have been numbered 1, 2 and 3. Terminals 1 and 2 have been arbitrarily 

designated as the terminals connected to the active and passive switches, respectively. 

Terminal 3 is the common connection between the switches. Figure 4.2a shows the 

PWM switch where the average terminal currents i1 , i2 and i3 and average terminal 
-voltages v12 , v13 and v23 are indicated. The instantaneous currents ;1 , i2 and i3 , along 

with their respective average values i1 , i2 and i3 are shown in Fig. 4.2b. 

The PWM switch represents the total nonlinearity present in PWM converters. This 

nonlinearity has been separated from the remaining linear components of the converter 

and it has been conveniently lumped into a single three-terminal structure which now 

can be treated on its own as a three-terminal device for which equivalent circuit models 

can be found. It is the purpose of this chapter to derive the large-signal model of the 

three-terminal device represented by the PWM switch decomposed into the various 

harmonic frequency models. A first-order approximation of this model results in the 

small-signal model which is simply the fundamental frequency model for a given de 

operating point. 
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Fig. 4.1 

a) 

b} J 

c) 

d) 

1 2 r J 

J 

Typical PWM converters: 
(a) buck, (b) boost, (c) buck-boost, (d) Cuk. 
The nonlinear three-terminal device, which contains 
all the switching elements, is termed the PWM 
switch. 
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Fig. 4.2 

a) 

b) ... 
i1 

i1 ./ 
0 

... 
i2 """ 

i2 ~ 0 .. 
i3 

i3 

0 

dTs d'Ts 

(a) The PW M switch showing designated terminal 
voltages and currents 
( b) Typica~ {nstantan_eous, terminal current 
waveforms, i1, i2 and i3, and average terminal 
currents i" i2 and i3• 
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It should be pointed out that this separation of the nonlinear element from the linear 

part of the overall system is an approximation. The validity of this and other 

approximations performed in the ensuing analysis are established upon confirmation of 

the analytical predictions with simulation (or experimental) results. 

4.2.2 General Theory 

Before deriving the large-signal model of the PWM switch, it is useful to first look, 

in a general way, at the analysis of static nonlinearity as exemplified by the PWM switch, 

in contrast to the analysis of dynamic nonlinear systems treated in the previous chapter. 

This will aid in bringing out a few points which need to be made. 

Consider the nonlinear system in Fig. 4.3a which is excited by a single input x(t) . 

The output y(t) of this system is some nonlinear function of the input y(t) = f[x(t)] . 

For ease of discussion, the nonlinear response is assumed to be dependent on only a 

single variable which in this case is the input x(t) . Since a static nonlinear system does 

not possess memory, the value of the output at any instant of time is dependent on the 

value of the input only at that instant. A procedure to analyze such nonlinear systems 

involves decomposing the system into integer-order subsystems, the sum of whose 

outputs Yn(t) gives the overall desired response of the system as shown in Fig. 4.3b. 

Thus, 

00 

y(t) = ljn(r) (4.1) 
n=O 
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a) 

x(t) 

b) 

x(t) 

STATIC 

NONLINEARITY 

ao 

x(t) 
a1 

a2 

y(t) = f[x(t)J 

Y2(t) 

= f[x(t)J 

Fig. 4.3 (a) General static nonlinear system, showing 
input/ output relationship. 
( b) The nonlinear system partitioned into different 
integer-order subsystems. 
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These subsystems are of nth order in the sense that multiplication of the input by a 

constant A results in multiplication of the output by a constant An. Therefore, in this 

case, 

Yn(t) oc [x(t)r n = 0,1,2, ... (4.2) 

where we see that the output of the nth order subsystem is linearly related to the nth 

power of the input. Hence, the nonlinear system of Fig. 4.3a has been broken into an 

infinite number of coupled linear subsystems. The nonlinearity, of course, is now in the 

coupling between these linear subsystems. Clearly, if such an approach to the analysis 

of the nonlinear system is to be practical, the contribution of the higher order 

subsystems to the output must rapidly diminish, that is, the system must be "mildly" 

nonlinear. 

Introducing the constant of proportionality in ( 4.2) we have 

n = 0,1,2,. .. (4.3) 

00 

y(t) = Ia..xn(t) (4.4) 
n=O 

The nonlinear response of the system to an input x(t) is given by 

y(t) =f[x(t)] (4.5) 

A comparison of ( 4.4) and ( 4.5) suggests that ( 4.4) is the Taylor series expansion of the 

function/(·). For mildly nonlinear systems the number of terms required in (4.4), to 

accurately represent the system, is few. 
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Let us now briefly consider the case when the nonlinear system contains reactive 

elements so that its response is frequency dependent. In this case the outputs of the 

linear subsystems will not be simple scaled versions of their respective inputs as in ( 4.4), 

but will be convolution integrals, as pointed out in the previous chapter. Consequently, 

the resultant Taylor series will become the more general Volterra functional series in 

which treatment is considerably more difficult than the Taylor series. Hence, analyzing 

the PWM switch as opposed to the overall converter, as undertaken in the previous 

chapter, is a much less involved endeavor. 

The following simple example will illustrate some of the points made so far. Let a 

static nonlinear system have a Taylor series expansion as in (4.4). If this system is 

excited with an input 

x(t) = b cos rot lbl < 1 (4.6) 

then the output will contain all the harmonics of the fundamental. The even harmonics 

will be generated from the even powers in (4.4) while the odd harmonics will be 

generated from the odd powers. By substituting ( 4.6) into ( 4.4) and using simple 

trigonometric relations it can be easily verified that the coefficients of the first three 

harmonics are given by 

y(t) = B0 + B1 cos rot+ B2 cos 2rot + B3 cos 3rot + ... (4.7) 

where 

(4.8a) 

(4.8b) 
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(4.8c) 

From these equations the contributions of the different subsystems to the various 

harmonics via an are clear. In many practical situations the contributions of the higher 

order terms, which represent beat products, are negligible when I b I < I . Hence, a 

solution of the form given by (4.4), (4.7) and (4.8) can be obtained whereby it is seen that 

the contribution of the higher order subsystems to the first few harmonics becomes 

rapidly negligible and that the higher harmonics themselves become rapidly smaller than 

the first few harmonics. 

4.3 Analysis of tlze PWM Switch 

The aim of the analysis presented in this section is to provide circuit models for the 

PWM switch which are valid at different harmonics of the excitation frequency. These 

models can be subsequently used in determining the small-signal as well as the 

large-signal response of converters to sinusoidal excitations in the duty ratio and in the 

input voltage. From Fig. 4.2a the average terminal voltages and currents are related by 

the following equations. 

(4.9) 

(4.10) 

-Note that (4.9) holds only if i3 is continuous throughout the switching period as shown 

in Fig. 4.2b. A circuit model corresponding to (4.9) and (4.10) is shown in Fig. 4.4a. 
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Fig. 4.4 (a) A large-signal average model of the PWM 
switch. 
( b) An alternative large-signal average model of the 
PWM switch. 
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This model is simply an average circuit model of the PWM switch in which the average 

quantities are allowed to have slow time variations. This model is not unique since two 

other models can be obtained by considering two additional permutations of the 

orientation of the switch. Hence, if the current gain from terminal 1 to terminal 2 is 

considered, then 

. d . 
'1 =-;r 12 (4.11) 

(4.12) 

An average circuit model corresponding to ( 4.11) and ( 4.12) is given in Fig. 4.4b. Since 

the model of Fig. 4.4a is simpler to work with, we will continue the analysis using this 

model only. Perturbation of the duty ratio will result in perturbation of terminal 

currents and voltages so that 

f\ 

d=D+d (4.13a) 

(4.13b) 

(4.13c) 

where capitalized quantities represent steady-state values and perturbed quantities or 

contributions from these perturbed quantities are indicated with a caret. Expanding 

(4.9) and (4.10) in a two-dimensional Taylor series around their de operating point, 

f\ f\ f\ f\ 

i1 = D/3 + /3d + Di3 + i3d (4.14) 

(4.15) 
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For sinusoidal modulation of the duty ratio we have 

d(t) = rf1> cos wt . 
' (4.16) 

/\ 
The terms i3 and t12 in (4.13) can each be represented in a Fourier cosine series as 

follows. 

00 

4Ct) = Li~n> cos(nwt + <pJ (4.17) 
n=O 

00 

vii(t) = l:vf~> cos(nwt +On) (4.18) 
n=O 

Substitution of (4.16) and (4.17) into (4.14) gives 

00 

i1(t) = D/3 + /3rf1> cos wt+ D Li~"> cos(nwt + <pn) 
n=O 

00 (4.19) 
+ rf1> cos wtLi~n) cos(nwt + <l'n) 

n=O 

Using the trigonometric identity 

cos a cos b = 1/2[ cos( a - b) +cos( a+ b)] 

the terms in ( 4.19) are grouped in order of increasing harmonics, i1(k) , k = 0, 1,2, ... , so 

that i1 (t) now has the following form. 

• 0 (0) .(I) .(2) .(n) 
'1 = '1 + '1 + '1 + .... + '1 + ... (4.20) 

where 
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,(J) .(I) 
.(O) .(O) a· 13 
11 = D/3 + D13 + 2 cos <p 1 

ir> = /3d(l) cos wt+ Di~I) cos( wt+ 'P1) 
JO -(2) 

+ 4°>d<1> cos wt+ 213 cos( wt+ cp2) 

.(n) 
11 = 

,II) ·(n-1) a· 13 
2 cos(nwt + 'Pn-i) 

+ Di~n> cos(nwt + 'Pn) 
,II) .(n+I) a· 13 + 2 cos(nwt + 'Pn+i) ; n = 2,3, ... 

(4.21a) 

(4.21b) 

(4.21c) 

Equations (4.21a-c) can be simplified by realizing that the last term in each of these 

equations represents contributions to that harmonic from higher frequencies beating 

down. These beat products are generally negligible, as are the terms containing i~O) in 

(21a-b), compared to the dominant terms in the expressions. Neglecting these terms, 

(4.21a-c) reduce to 

·<0> DI I 11 = 3= I 

i~nl = Di~n> cos(nwt + cpJ 
,II) .(n-1) a· 13 + 2 cos(nwt + 'Pn-i) ; n = 2,3, ... 

A similar procedure for v32 in (4.15) using (4.16) and (4.18) gives 

V<0>-DV - V 32 - 12 - 32 

(I) V d(l) (I) ( 8 ) v32 = 12 cos wt+ Dv12 cos wt + 1 
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v1~1 = Dv[~> cos(nrot + On) 
,(I) (n-1) a· V12 + 2 cos(nrot + on-1) ; n = 2,3,. .. 

(4.23c) 

Thus the model of Fig. 4.4a is decomposed into linear circuit models corresponding 

to each harmonic frequency as derived from (4.22) and (4.23). These harmonic-frequency 

circuit models are shown in Fig. 4.5 for the de, fundamental and the nth harmonic, 

(n = 2,3 ... ). The magnitude and phase of a particular harmonic in a dc-to-ac inverter or 

amplifier, for example, can be determined simply by substituting these circuit models 

point-by-point for the PWM switch and analyzing the resultant linear circuits. The 

process begins by substituting the de model and then solving for the de operating point. 

These de quantities are then used as an input to the fundamental frequency model which 

is next substituted point-by-point for the PWM switch. This circuit is then solved 

yielding values which are used as input to the next higher harmonic frequency model. 

At each stage only linear circuits are solved resulting in generator values which are used 

in the subsequent stage. 

4.4 Applications of the PWM Switch Models 

To illustrate the use of the PWM switch model, three examples are given in this 

section. The first example illustrates that a first-order approximation of the nonlinear 

analysis of the PWM switch results in the small-signal analysis. Thus, in the first 

example use of only the de and the fundamental frequency models are made to perform 

the small-signal analysis of a de-to-de boost converter whereby the control-to-output 
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Fig. 4.5 
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(a) DC model, 
( b) fundamental frequency model, 
(c) nth harmonic (n = 2, 3, .. . ) frequency model 
of the PW M switch. 
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transfer function is determined. In the second example the boost converter is used as a 

dc-to-ac inverter or amplifier which requires large-signal duty-ratio modulation. In this 

case the large-signal PWM switch models are used to predict the magnitude and phase 

of the various frequency components in the output spectrum. In the third and final 

example we examine the distortionless amplification property of the buck converter. 

4.4.1 Example 1: DC and Small-Signal Modelling of a de-to-de Boost 

Converter 

In this example the de and small-signal performance of the boost converter in Fig. 

4.6 is determined by the use of the PWM switch models obtained in the previous section. 

After determination of the de operating point the control-to-output transfer function is 

determined. 

Substitution of the de model of the PWM switch s iown in Fig. 4.5a into the boost 

converter circuit of Fig. 4.6 results in the circuit of Fig. 4. 7a where all the reactive 

elements have been shorted or opened as required at zero frequency. Inspection of this 

circuit shows that 

V12 =- V (4.24a) 

(4.24b) 

Solving the circuit we find the de conversion ratio 

D'R V= 2 V, 
rL + D' R 

(4.25a) 
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Fig. 4.6 Boost converter showing the three-terminal PWM 
switch with inductor ESR included. 
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Fig. 4. 7 (a) DC model, 
( b) fundamental frequency model 
of the boost converter of Fig. 4.6. 
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and 

I = I V. 2 g 
'L + D' R 

(4.25b) 

The de operating point found in ( 4.25) is used as input for the fundamental frequency 

model of Fig. 4. 7b which has been arrived at by substitution of the fundamental 

frequency model of the PWM switch into the boost converter of Fig. 4.6. Since we are 

only considering perturbations in the duty ratio, the de input voltage has no contribution 

to the control-to-output transfer function and, hence, is shorted as shown in Fig. 4. 7b. 

Solution of the circuit of Fig. 4. 7b may be approached by writing state equations. 

D' 
c 

D' --L 

I ---RC 

[ ;Cil] + 

v<Il 

v 
L 

I --c 
(4.26) 

The control-to-output transfer function is now determined simply by taking the Laplace 

transform of ( 4.26) and inverting. The result, after making use of ( 4.25), is 

v11 >(s) (I+ s/s11) ---G .tll(s) - od 2 a· 1 +-s-+_!_ 
woQ w~ 

(4.27) 

where 

(4.28a) 

w = I I D'2 +!..!:... 
o jIE'\/ R (4.28b) 
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(4.28c) 

(4.28d) 

These results agree with those of state-space averaging given in [35]. Further 

comparison with the results of state-space analysis are given in [33] where it is shown 

that if the esr of the capacitor, C, is included, slight discrepancies between the results of 

the two methods arise. These discrepancies are attributed to the approximation involved 

in separating the nonlinear part from the linear part of the circuit, which the method of 

state-space averaging does not perform. 

4.4.2 Example 2: Large-Signal Modelling of a dc-to-ac Boost Amplifier 

Let us now use the boost converter of Fig. 4.6 as an amplifier. This is done by 

translating input signal perturbations into duty-ratio modulations which can result in 

large-signal voltage excursions at the converter output. To assess the purity of the 

output waveform of this amplifier the harmonic content in the output is determined by 

using the derived PWM switch models. 

The response of the amplifier at the fundamental frequency has already been obtained 

in the previous example. We need now obtain the response at the nth harmonic 

(n = 2, 3, ... ) frequencies. This is done by substituting the nth harmonic frequency model 

of the PWM switch given in Fig. 4.5c into the circuit of the boost converter as shown 
} 

in Fig. 4.8. The state equations for this circuit are given by 
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Fig. 4.8 The nth harmonic (n = 2, 3, .. . ) frequency model 
of the boost converter of Fig. 4.6. 
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.i!_ [;(n)] = 
dt (n) v 

rL --L 

D' 
c 

D' -y 
1 ---RC 

[;W]+ 
v<n-1) 

L tfll 
.(n-1) 2 ; n = 2,3, ... 

v<n) -l 

c 
(4.29) 

Equation (4.29) may be solved as before. Note, however, that in order to compute the 

nth harmonic we must compute all lower harmonics since the input vector in ( 4.29) for 

the nth harmonic is dependent on the (n - I)th harmonic. 

Adopting the following component values (taken from [36]): 

we compute 

L = 530µH ; C= IOµF ; 'L = 2.4Q 
R=64Q ; Vg= 16V 

w0 = 2n(l l 72)rad/s Q = 1.21 

The large-signal modulation in the duty ratio was chosen as 

d(t) = 0.5 + 0.15 cos[2n(575)t] 

(4.30) 

(4.31) 

(4.32) 

For illustrative purposes the excitation frequency was chosen to be around 575Hz 

because the distortion of the converter was seen to be worst at this frequency. A simple 

explanation for this behavior of the distortion can be easily given by noting that the 

second harmonic gets amplified by the Q of the second-order circuit corresponding to 

the fundamental when the frequency of the second harmonic becomes coincident with 

w0 = 2n(l l 72)rad/s of this circuit. Hence, for excitation frequencies around 550 to 600Hz 

the observed distortion is worst. The output waveform of the amplifier for an excitation 
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frequency of 575Hz is shown in Fig. 4.9. This waveform was produced using the 

COSMIR [37] computer simulation program. Shown in Table 4.1 are the magnitudes 

and phases of the fundamental and the first few harmonics obtained by the application 

of an FFT to the output waveform and also the corresponding results obtained by 

prediction using the analysis procedure given above. The FFT results match those of 

the prediction reasonably well. Beginning at about the fifth harmonic the level of the 

FFT output becomes immersed in the "noise" of the spectral leakage of the switching 

ripple produced by the FFT. Therefore, results at frequencies higher than the fifth 

harmonic are not included in Table 4.1. 

Shown in Fig. 4.10 is the simulated output waveform for an excitation frequency of 

300Hz. The predicted and FFT results at this frequency are given in Table 4.2 where we 

see again that the agreement is good. 

4.4.3 Example 3: Distortionless Amplification - The Buck Amplifier 

In this last example we see how the buck converter of Fig. 4.la can be used as a 

distortionless amplifier even though it contains the PWM switch which is considered a 

nonlinear device. 

Substitution of the de, fundamental frequency and nth harmonic (n = 2, 3, ... ) 

frequency models of the PWM switch into Fig. 4.la results in the converter models of 

Fig. 4.11 where, as before, the reactive components are either shorted or opened in the 

de model and the input source is shorted in the remaining models. Also, now a 

nondissipative impedance, Zs , has been included in the converter models of Fig. 4.11. 

This impedance might represent the Thevenin impedance of an input filter, for example. 
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8 

Fig. 4.9 Simulated output waveform for an excitation 
frequency of 575Hz. 

Table 4.1 Harmonic output of the boost amplifier of Fig. 4.6 
for an excitation frequency of 575Hz. Maximum 
distortion occured at this frequency. 

FREQUENCY PREDICTED FFT 

MAGNITUDE PHASE (deg.) MAGNITUDE PHASE (deg.) 

v dB rel. to f'und. v dB rel. to f'und. 

pk. rel. to f'und. at output pk. rel. to fund. at output 

FUNDAMENTAL 7.24 0 0 6.65 0 0 

2ND HARMONIC 1.97 -11.3 -84 1.79 -11.4 -82 

3RD HARMONIC 0.436 -24.4 -189 0.400 -24.4 -183 

4TH HARMONIC 0.0526 -42.8 -310 0.0476 -42.9 -293 

STH HARMONIC 0.00469 -63.8 -439 0.00885 -57.5 -466 
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Fig. 4.10 Simulated output waveform for an excitation 
frequency of 300Hz. 

Table 4.2 Harmonic output of the boost amplifier of Fig. 4.6 
for an excitation frequency of 300Hz. 

FREQUENCY PREDICTED FFT 

MAGNITUDE PHASE (deg.) MAGNITUDE PHASE (deg.) 

v dB rel. to fund. v dB rel. to fund. 

pk. rel. to fund. at output pk. rel. to fund. at output 

FUNDAMENTAL 6.46 0 0 6.35 0 0 

2ND HARMONIC 0.995 -16.3 -44 0.934 -16.7 -49 

3RD HARMONIC 0.351 -25.3 -110 0.317 -26.0 -113 

4TH HARMONIC 0.121 -34.6 -195 0.101 -36.0 -192 

5TH HARMONIC 0.0303 -46.6 -309 0.0283 -47.0 -294 
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Fig. 4.11 (a) DC model, 
( b) fundamental frequency model, 
(c) nth harmonic (n = 2, 3, .. . ) frequency model 
of a buck converter with nondissipative source 
impedance, Z,, included. 
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Solving the de model results in values used in the fundamental frequency model. 

Inspection of the fundamental frequency model reveals that condition Zs= 0 results in 

v{9 = 0 and, consequently, only one of the two voltage sources in the output circuit 

contributes to the output signal. For the nth harmonic frequency model we see that if 

Zs= 0 then we also have, v,'2 = 0, (n = 2, 3, ... ). Thus, there is no harmonic content in 

the output signal; consequently, the fundamental is amplified in a distortionless fashion. 

However, with the condition Zs ::f: 0 we can similarly surmise from the models of Fig. 

4.11 that interaction between the input and output circuits will occur producing 

distortion. Therefore it is of great importance in the design of buck amplifiers to 

minimize Zs in relation to other circuit impedances in order to minimize distortion. This 

problem has been tackled elegantly by Erickson [36). 

4.5 Summary 

The active/passive switch pair(s) in PWM converters represent the total nonlinearity 

in these converters. This switch pair can usually be combined into a three-terminal 

structure which excludes all linear elements of the converter. This structure has been 

termed the PW M switch. 

An approach to modelling of PWM converters for both small and large signals has 

been given whereby the nonlinearity in these converters, the PWM switch, is treated 

directly, resulting in a simpler method of converter analysis. Equivalent circuit models 

of the PWM switch, now treated as a three-terminal device, are derived which are valid 

at different harmonics of the excitation frequency. These models are substituted for the 
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PWM switch in the converter being analyzed, be it a de-to-de converter, dc-to-ac 

inverter or amplifier or an input-current-shaping ac-to-dc converter. Solving the de and 

fundamental frequency models results in a small-signal analysis. Continuing the analysis 

for the second and higher harmonics allows one to construct the nonlinear response of 

the converter. At each stage of the analysis only linear circuits are solved. 

This approach to converter analysis is analogous to ordinary transistor circuit 

analysis. A number of examples have been given illustrating the approach. 
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Chapter 5: DC-TO-AC INVERSION USING 

QUASI-RESONANT TECHNIQUES 

5 .1 Introduction 

The zero-current and zero-voltage quasi-resonant switching techniques (19,20,21] 

were proposed as a solution to achieving a significant reduction in the size and weight 

of power conversion circuits. By employing the concept of the resonant switch a 

significant increase in switching frequency can be achieved without incurring a large 

switching loss. Increase in the magnitude of switching frequency also has the added 

benefit of producing a fast transient response. 

The quasi-resonant techniques, until now, have been applied almost exclusively in the 

area of de-to-de conversion. Use of these techniques, at the present time, is limited to 

power levels of up to several hundred watts. In this range, a number of applications 
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exist for dc-to-ac amplifiers/inverters, where use of quasi-resonant techniques would 

bring the added benefits stated above. 

In the range of 25VA to lOOVA, inverters are used as telephone ringing-tone 

generators [38,39]. Use of inverters that feature high-frequency waveshaping techniques 

are also becoming popular in uninterruptible power supply (UPS) systems for computers 

[40,41), where use at power levels of lOOVA to 3000VA have been reported [41]. 

Paralleling of several modules [42] to obtain greater output power or a level of 

redundancy for increased reliability is also becoming popular. For power levels above 

lkVA, inverters are used in photovoltaic/utility interfaces [43,44]. However, perhaps the 

most demanding of applications, throughout the full range of power levels, might be in 

applications of audio, switching, power amplifiers which require a high level of purity in 

the output signal and the ability to reproduce an almost arbitrary waveshape at various 

signal levels. 

These are just some of the many applications which could benefit with the use of 

quasi-resonant techniques, in particular, the zero-current switching technique. The large 

voltage stress of the zero-voltage quasi-resonant technique would limit its application in 

this area. Fortunately, the switch current stress in the zero-current technique presents 

less of a problem. 

An important issue regarding inverters is how they handle reactive loads. The degree 

to which inverters need to supply reactive power varies from not at all or very little, as 

exemplified by utility-interactive interfaces [43] and low power computer peripheral 

UPSs [41), to the other extreme of supplying all power requirements of a load with a 

poor power factor, as exemplified by some stand-alone photovoltaic inverter/load 

combinations. 
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In Section 5.4 a number of different quasi-resonant amplifier/inverter topologies are 

presented. In the subsequent section various schemes are described which allow these 

inverters to handle reactive loads. But first, a review of basics and some of the problems 

encountered are given in Sections 5.2 and 5.3. 

5.2 Amplifier/ Inverter Basics 

A schematic representation of an amplifier/inverter system is shown in Fig. 5.1. The 

purpose of such a system is to drive a load reproducing, at a higher power level, a 

frequency band-limited reference signal. Without loss of generality, the reference input 

is considered to be a sine wave, thus, ideally, a sine-wave output voltage is developed 

across the load. The load may be purely resistive, reactive, or even nonlinear. The 

ensuing discussion, however, will specifically focus on linear loads and, in particular, on 

resistive or series resistive-inductive (RL) loads. 

The type of load imposes on the inverter different operating conditions dependent on 

the load power factor. This can be seen clearly in Fig. 5.2 which shows the 

voltage-current (v-i) waveforms for a resistive load (Fig. 5.2a) and also an RL load (Fig. 

5.2b). One can divide the output v-i plane into four quadrants depending on the polarity 

of the output voltage and current, as shown in Fig. 5.3. Thus, from Fig. 5.2, we see that 

an inverter driving a resistive load need only operate in two quadrants, namely, 

quadrants I and III. However, for a reactive load, such as an RL load, four-quadrant 

operation is required. This complicates the design of the inverter. In particular, the 

number of switches required increases significantly. As seen in Fig. 5.2b, for part of the 
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a) 

b) 

I III I III 

Fig. 5.2 Load voltage (v) and current (i) waveforms 
indicating inverter quadrant operation 
(a) Resistive load 
( b) Resistive-inductive load 
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Fig. 5.3 Inverter quadrant operation in the output v-i plane 
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cycle (i.e. during operation in quadrants II and IV) power is returned to the inverter 

from a reactive load. Ideally, the inverter then returns this power to the source. Let us 

now review how bidirectional power flow may be achieved in PWM converters. Figure 

5.4a shows a basic bidirectional buck converter which pennits operation in quadrants I 

and IV. Figures 5.4b and 5.4c show which switches are used for the different directions 

of power flow. In the forward power direction (Fig. 5.4b), the converter looks like a 

one-quadrant buck converter. However, in the reverse power direction (Fig. 5.4c) the 

active switch position in the converter changes and it takes on the appearance of a boost 

converter. Note that the change of topology, due to change of current (power) flow, is 

done automatically using this bidirectional switch implementation. 

An attempt to achieve bidirectional power flow for a buck zero-current-switched 

quasi-resonant converter (ZCS-QRC) (19,20) by augmentation of switches by a parallel 

transistor and diode, as shown in Fig. 5.5a, is not too successful. As we can see from 

the topologies during forward power flow (Fig. 5.5b) and reverse power flow (Fig. 5.5c), 

the basic mode of operation changes. During forward power flow, the topology looks 

like a full-wave, buck ZCS converter. However, during reverse power flow, instead of 

looking like a full-wave boost ZCS converter, it looks like a half-wave, boost 

zero-voltage switched (ZVS) converter [21]. This occurs as the positions of the resonant 

components have remained invariant in the topology. Thus, these components need to 

switch positions when the topology changes. Note also that topology changes are not 

automatic and they must occur by sensing power flow. 

Figure 5.6a shows a bidirectional buck ZCS-QRC. Two complete resonant switches 

are used in this converter. During forward power flow (Fig. 5.6b ), the resonant switch 

comprising {QI, Dl, D3, LI, Cl} is used with the other switch inoperative. During 
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Fig. 5.4 (a) Basic bidirectional PWM buck converter 
(b) Active topology during forward power flow: 
buck converter 
( c) Active topology during reverse power flow: 
boost converter 
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Fig. 5.5 (a) An initial all empt to implement a bidirectional 
ZCS buck coverter 
(b) Active topology during forward power flow: 
buck ZCS (full-wave) converter 
( c) Active topology during reverse power flow: 
boost ZVS (half-wave) converter 
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Fig. 5.6 (a) A bidirectional buck ZCS converter 
(b) Active topology during forward power flow: 
buck ZCS (full-wave) converter 
( c) Active topology during reverse power flow: 
boost ZCS (full-wave) converter 
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reverse power flow the reverse situation is true. The resonant frequencies of the switches 

should be made the same by making LI = L2 and CI = C2. The active resonant switch 

is selected by sensing the direction of power flow. Note also that the drive signals to the 

two resonant switches are not the same. If the switching frequency of drive during 

forward power flow is fs, then the drive frequency of the other switch at the instant of 

changeover to reverse power flow should be lo- fs (where lo denotes the resonant 

frequency) so the output voltage does not change. 

The converter of Fig. 5.6a uses two square-wave resonant switches (45]. Diodes 05 

and 06 prevent interaction of the these switches. Sine-wave resonant switches [45] seem 

to be unsuited as interaction between the switches cannot be prevented. 

5.3 Basic Approaches to Achieving dc-to-ac Inversion 

5.3.1 Differential Load Excitation 

Let us consider two basic approaches to achieving dc-to-ac inversion. Figure 5.7 

shows one basic scheme which has been termed the Differential Load Excitation (OLE) 

scheme. In this figure the voltage sources represent control-variable modulated de-to-de 

converters. These converters produce a de-biased sine wave output, such that each 

source only produces a unipolar voltage. The modulations of each source are 180° out 

of phase with the other, so as to maximize the voltage excursion across the load. The 

load is connected differentially across the sources. Thus, whereas a de bias appears at 
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Fig. 5.7 One basic approach to achieving dc-to-ac inversion: 
Differential Load Excitation ( DLE) scheme 
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each end of the load with respect to ground, the differential de voltage across the load 

is zero (for equal de-biased source voltages). As each of the converters, represented by 

the sources, does not need to produce a zero output voltage, voltage-crossover distortion 

problems do not exist. We can see from Fig. 5.7 that this push-pull arrangement of 

sources requires that one acts as a source, while the other as a sink. Thus, converter 

realizations need to be current bidirectional even when feeding only a purely resistive 

load. In this case, operation of each converter is restricted to quadrants I and IV. A 

circuit implementation of the OLE scheme is shown by the example of a buck-derived 

PWM inverter in Fig. 5.8a. A quasi-resonant counterpart, using the bidirectional switch 

implementation of Fig. 5.6, is shown in Fig. 5.8b. Considering the large number of 

components needed in Fig. 5.8b, one wonders wht:::ther a simpler solution exists. 

Fortunately, one does exist and is based on a different, basic inverter scheme which is 

explained next. 

5.3.2 Switched Source Excitation 

Figure 5.9 shows two ways of implementing an alternative basic scheme to achieving 

inversion. This scheme has been termed the Switched Source Excitation (SSE) scheme. 

In Fig. 5.9a two sources are used which, as before, may represent control-variable 

modulated de-to-de converters. Each source produces a unipolar voltage which varies 

from zero to some finite value. Switch SI switches the appropriate source at the 

appropriate time to the load to produce a bipolar voltage output. If the load is purely 

resistive, each converter, represented by the sources, need only operate in one quadrant, 

thus reducing the number of switches required. This contrasts with the OLE scheme 
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a) 

b) 

Fig. 5.8 (a) PW M dc-to-ac inverter circuit implementation 
based on the DLE scheme of Fig. 5.7 
( b) Quasi-resonant four-quadrant dc-to-ac 
buck-derived inverter based on the DLE scheme 
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Fig. 5.9 An alternative basic approach to achieving dc-to-ac 
inversion: Switched Source Excitation (SSE) 
scheme 
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where two-quadrant operation is required even for resistive loads. Another advantage 

of the SSE scheme of Fig. 5.9a is that one side of the load is always grounded. 

Figure 5.9b shows an extension of the basic scheme. Here, only one unipolar source 

(converter) is required producing a bipolar voltage across the load by suitably switching 

Sl and S2. 

A disadvantage of the SSE approaches of Figs. 5.9a and 5.9b is that, in practice, 

when the output of a converter swings down to zero, we find performance aberrations 

occur which produce crossover distortion. Whilst this problem does exist, solutions also 

exist. As will be seen, even when required to drive a reactive load, inverters based on the 

SSE approach have the advantage of a reduced number of switches as compared to 

inverters based on the DLE approach. Therefore, let us take a closer look at the SSE 

scheme. 

In the SSE scheme, we can identify two basic functions that need to be performed: 

l. active waveshaping 

2. polarity switching 

Active waveshaping is performed by the converter(s) and, as indicated in Fig. 5.9, to 

synthesize a sine-wave output each converter must produce a half-sine waveform. For 

quasi-resonant converters, two different means of control can be used to effect control 

of the output voltage: 

1. Switching-Frequency Modulation (FM) 
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2. Integral Pulse-Width-Modulation (IPWM) 

Frequency modulation is the usual control method for quasi-resonant converters. 

The SSE scheme generally requires the switching frequency to be brought down to zero 

in order to bring the output voltage to zero. When this happens the output ripple 

performance deteriorates. However, in inverter applications where large output voltage 

excursions are required, the output of the converter spends little time near zero thus 

minimizing the ripple problem. 

In a later section, two quasi-resonant converters, derived from converters generated 

in Chapter 1, will be presented that produce a zero output voltage when the switching 

frequency equals half the resonant frequency which can be quite a high value; thus, these 

converters do not exhibit the above problem. 

The IPWM method of control is an alternative approach to controlling 

quasi-resonant converters. This control method basically entails operating the QRC at 

a fixed switching frequency and varying the output by pulsing the QRC on for varying 

duty cycles, which consist of an integral number of switching cycles. This scheme, at 

present has not been investigated and, therefore, attention will be directed toward FM 

control of QR Cs. Note that the quasi-resonant topologies that will be presented below 

can operate with either control scheme. 

The second function of the SSE scheme is polarity switching. This is done using S 1 

in Fig. 5.9a and SI and S2 in Fig. 5.9b. Operating conditions for these switches are 

favorable as they switch at the much lower inversion-frequency rate. Moreover, for 

output-switched inverters (this terminology is explained below), switching occurs at 
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zero-voltage crossings and, for input-switched inverters (explained below), the switching 

devices switch at zero current. Thus, in both cases switching losses are eliminated. 

These switches and others operating at the inversion frequency will be referred to 

collectively as inversion (IN) switches. Whereas switches operating to excite the 

resonant tank will be referred to as high-frequency (HF) switches. 

In the following sections a number of different quasi-resonant inverter topologies will 

be presented based on the SSE approach. Extensions to this approach will also be given 

to show how reactive loads can be handled while using a one-quadrant converter. 

5.4 Quasi-Resonant Inverter Topologies 

In this section a number of different inverter topologies are presented based on 

full-wave, quasi-resonant de-to-de converters. Full-wave operation is desirable as the 

voltage-conversion ratio is virtually load independent. While the topologies proposed 

are really only suited to handling resistive loads, we will see how these basic topologies 

can be used to handle reactive loads, in a subsequent section. 

Attention will be focused on two broad categories of inverters: 

1. buck-derived 

a. output switched 

b. input switched 
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2. sepic-variant-derived (output switched) 

The buck-derived inverters are of particular interest as their gain characteristics are 

a linear function of switching frequency thus minimizing harmonic distortion in the 

output. Sepic-variant-derived inverters are of interest because operation down to a zero 

output voltage with a high value of switching frequency is possible, thus minimizing 

output ripple and, also, because the output voltage can be swept over its full range with 

a minimal sweep of the switching frequency. 

5.4.1 Buck-Derived Output-Switched Inverters 

As previously mentioned, one function required by inverters using the SSE scheme 

is that of polarity switching. This may be done either at the output or input of the 

converter. Figure 5.10 shows an output-switched buck-derived inverter based on the 

SSE scheme of Fig. 5.9a. Transistors QI and Q2 are the high frequency switches, while 

Q3 and Q4 are the inversion switches. When Q3 is on, QI is modulated, producing 

positive voltage excursions across the load. During this time Q2 and Q4 are off. During 

negative voltage excursions the reverse situation is true with Q2 being modulated while 

Q4 is on and Q l and Q3 are off. Figure 5. I l shows two oscillograms of the output 

voltage produced by this inverter. Evident from these oscillograms is the undistorted 

nature of the output signal except near zero crossings where ripple performance 

deteriorates, as previously discussed. 

Figure 5.I2 shows a buck-derived output-switched inverter based on the SSE scheme 

of Fig. 5.9b. Transistor QI is the high frequency switch while Q2-Q5 are the inversion 

switches. Whilst a unipolar voltage output is produced by the front end converter, the 
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HF Q3 
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Fig. 5.10 An output-switched buck-derived quasi-resonant 
inverter based on the SSE scheme of Fig. 5.9a 
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a) 

b) 

Fig. 5.11 Output voltage waveforms of the inverter of Fig. 5./0 
(a) lnversionfrequency = 300/lz, JOV/div., 500µS/div. 
(b) Inversion frequency = JOOOHz, JOV/div .• 200µS/div. 
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Fig. 5.12 Buck-derived output-switched inverter based on the 
SSE scheme of Fig. 5.9b 
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inversion switches invert the polarity across the load. When Q2 and Q4 are on (Q3 and 

Q5 are off), one polarity is impressed on the load; similarly, when Q3 and Q5 are on (Q2 

and Q4 are off) the reverse polarity appears across the load. 

As we can see, implementation of this inverter has resulted in a large, overall 

reduction in the number of components. The number of high-frequency switches has 

been reduced by one but at the expense of an increase of inversion switches. However, 

the requirements for these switches are much reduced due to slower switching-frequency 

operation. 

5.4.2 Buck-Derived Input-Switched Inverters 

To obtain a bipolar output voltage, one can switch the polarity of the output, as in 

Fig. 5.12, or alternatively, the polarity may be switched at the input, as in the inverter 

of Fig. 5.13. This buck-derived inverter might be considered a hybrid implementation 

of the two schemes shown in Fig. 5.9. For this inverter, a positive output voltage is 

derived by switching Q4 and Q5 on, with Q2, Q3 and Q6 off, and modulating Q 1. A 

negative output voltage may be derived by modulating Q2, with Q3 and Q6 on, and QI, 

Q4 and Q5 off. As shown, the inverter of Fig. 5.13 presents a square-wave voltage to 

the output inductor (this is also true of the inverters of Figs. IO and 12) which minimizes 

the current ripple in the inductor [45]. If one wishes, the resonant inductor may be 

repositioned to present a sine-wave voltage [45] across the filter inductor. This, however, 

increases the inductor current ripple. 

A large reduction of the number of switches used in the inverter of Fig. 5.13 may be 

achieved by altering the topology to that shown in Fig. 5.14. In this topology, there is 
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Fig. 5.13 Buck-derived input-switched quasi-resonant inverter 
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QJ 

Fig. 5.14 Buck-derived input-switched quasi-resonant inverter 
with a reduced number of switches 
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still a bridge of transistors around the voltage source, but their function has changed. 

Transistors Q2 and Q4 are now the inversion switches with QI and Q3 functioning as 

the high-frequency switches. Note that this inverter impresses a sine-wave voltage {45) 

across the output inductor; a square-wave counterpart for this topology does not exist. 

During the positive half cycle of the output voltage, Q 1 is modulated while Q4 is on, and 

Q2 and Q3 are off. Negative half cycles are derived by modulating Q3 with Q2 on and 

Q 1 and Q4 off during that half cycle. Figure 5.15 shows simulated output waveforms at 

two different inversion frequencies. The rippling near zero crossings is quite evident at 

an inversion frequency of lkHz (Fig. 5.15a), but the overall waveshape is quite good. 

At 20kHz (Fig. 5.15b), no rippling is seen as the regions near the zero crossings represent 

a much shorter time period. The overall waveshape is also seen to be quite good at this 

inversion frequency. 

5.4.3 Sepic-V ariant Inverters 

As previously stated, a problem with the proposed inverter topologies is that ripple 

performance deteriorates near zero crossings. It is, therefore, of interest to search for 

topologies which achieve a zero output voltage while operating at a high switching 

frequency. Figure 5.16 shows two such de-to-de converter topologies. The resonant 

components in this figure have been denoted as Lo and Co. These converters, generated 

in Chapter 1 and denoted there as converter G4 in Table 2.2, have been named the 

Sepic-variant converters as they are derived from the Sepic converter (converter GS in 

Table 2.2). The converters of Fig. 5.16 are essentially the same; the only difference is the 

position of the active switch. With the active switch in the bottom leg, as shown in Fig. 
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Fig. 5.15 Simulated output voltage waveform of the inverter 
of Fig. 5.14 
(a) Inversion frequency = 1 kHz 
(b) /nversionfrequency = 20kHz 
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Sepic-variant de-to-de converter topologies 
(a) inverting 
( b) non-inverting 
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5. l 6a, and for switching frequencies (fs) greater than half the resonant frequency (fo), 

the converter functions in an inverting mode. If, however, the active switch is placed in 

the top leg, as shown in Fig. 5.16b, then for fs> I/2fo the converter operates in a 

non-inverting mode. For both converters, ideally, atfs = 1/2/0 the output voltage is zero. 

The gain characteristics of these converters are shown in Fig. 5. I 7 for full-wave 

operation for different values of the normalized load parameter Q, (where normalization 

is with respect to the resonant tank characteristic impedance). It is interesting to note 

that the feature of zero output voltage for a nonzero switching frequency is lost when 

these converters operate in half-wave mode. Depending on the positions of the resonant 

components, a number of different variations of topologies may be achieved. In fact, 

each converter of Fig. 5.16 has I 5 variations. 

Figure 5.18 shows how output switching can be used with an inverting sepic-variant 

converter, similar to that shown in Fig. 5.16a (the resonant capacitor now appears in 

parallel with the freewheeling diode), in arriving at a sepic-variant inverter topology. 

The performance of this inverter is shown by the simulation in Fig. 5. I 9. Gone are the 

waveform deviations near zero crossings caused by ripple. Crossover distortion, 

however, still occurs and, as stated earlier, this is one of the shortcomings of the SSE 

scheme of Fig. 5.9 as implemented here. Despite the nonlinear gain characteristic shown 

in Fig. 5. I 6a, visibly absent from the simulation is distortion due to this characteristic. 

An FFT applied to the simulated waveform indicated a total harmonic distortion figure 

of only 2.85%. 
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Fig. 5.17 DC gain characteristics of the sepic-variant 
converters of 
(a) Fig. 5.16a 
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Fig. 5.18 A sepic-variant quasi-resonant inverter 
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Fig. 5.19 Simulated output voltage waveform of the inverter 
of Fig. 5.18 at an inversion frequency of JOOOHz 
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5.5 Reactive Load Handling 

The inverter topologies presented do not perform well when feeding a reactive load 

since a path is not provided for reverse load current, unless a capacitance is placed across 

the load. In the topologies presented a capacitor does appear across the load as part 

of the output filter. In these cases, reverse current from the load feeds into the capacitor 

thus charging it with a consequential deviation from that desired in the output 

waveform. The situation may be further aggravated by waveform rippling which occurs 

due to the resonance of the capacitor and an inductive load. This problem may be 

somewhat ameliorated by an increase in the value of the output capacitor thus lowering 

the resonant frequency; however, this limits the range of inversion frequencies that the 

inverter can handle. 

In the following, three solutions to the problem of the handling of reactive loads are 

given. The first two schemes show how the reverse power from the load can be returned 

to the source thus maintaining high efficiency. In the third solution, the reverse power 

is dissipated; thus, inverter efficiency suffers. However, the degree to which efficiency is 

compromised is dependent on the load power factor and may be tolerable, especially, 

as this scheme has a number of major advantages. 

Before presenting the three schemes for reactive load handling, it is of interest to 

consider the power level involved in reverse power flow from reactive loads. In the 

Appendix B we see that the ratio of the maximum, average, reverse power flow from a 

reactive load to the VA rating of the inverter is given by 
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:~ = - ! (sin q, - q, cos <P) 

where 

where PF is the load power factor. 

For a power factor of 0.8, for example, the reverse power represents a mere 2. 7% of 

the inverter VA rating. For a purely inductive load (PF= 0), the reverse power rises to 

31.8% of the VA rating. In general, we can see that for loads that present a 

high-to-medium power factor, the amount of reverse power that needs to be handled is, 

in fact, quite small. This is an important factor, particularly, for the first scheme for 

handling reactive loads, which is presented next. 

5.5.1 Regenerative Converter Scheme 

This scheme [46,41,38] relies on providing a path for reactive current to flow back to 

the source via a regenerative converter, as shown in Fig. 5.20. During forward power 

transfer, that is, during operation in quadrants I and III as depicted in Fig. 5.2b, the 

main inverter is operating and waveshaping the output. During this time the regenerative 

converter is off. However, during operation in quadrants II and IV, as depicted in Fig. 

5.2b, the main inverter is turned off and the regenerative converter is turned on directing 

power back to the source while, simultaneously, waveshaping the output. The power 
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Fig. 5.20 A basic scheme for reactive load handling by the use 
of a separate low-power regenerative converter 
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rating of the regenerative converter need only be small as the reverse power delivered 

by the load is small. 

This scheme for reactive load handling is a general scheme and can be applied to any 

of the inverters previously shown. The next two schemes are not as widely applicable; 

nevertheless, given this constraint, these schemes do have merit. 

5.5.2 Modified Output Bridge Scheme 

This second scheme [47) is mainly applicable to buck-derived inverters. The general 

scheme is shown in Fig. 5.21. The modified bridge that feeds the load performs two 

functions: I) polarity switching and 2) reactive load handling. The operation of the 

inverter can best be understood by referring to the four load current paths the bridge 

provides, shown in Fig. 5.22, during operation in each of the four quadrants shown in 

Fig. 5.2b. 

With quadrant I operation power from the QRC flows to the load via QI, Dl and 

Q4 (Fig. 5.22a). All other switches in the modified bridge are off. The voltage across the 

load (v1) is that appearing at the output of the QRC and ground (i.e., v0 , neglecting 

switch voltage drops). In quadrant II operation the load voltage is negative while 

positive current still flows through it (Fig. 5.2b). This constitutes reverse power flow 

which is directed back to the source via QI, Dl and D4 (Fig. 5.22b). However, now the 

voltage across the load is vg - v0 • It is thus apparent that the control of the QRC must 

change so the desired voltage across the load can be attained during operation in this 

quadrant. During operation in quadrants I and III when the voltage across the load 

(v1) is that which appears between the output of the QRC and ground (v0 ) the inverter 
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Fig. 5.21 Reactive load handling by using a modified output 
bridge 
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Fig. 5.22 The four load current paths of the modified bridge 
for four quadrant operation 
(a) Quadrant I 
( b) Quadrant I I 
(c) Quadrant III 
( d) Quadrant IV 
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voltage gain, q1 [·], is a particular function of the normalized switching frequency (/n) 

so 

where the f subscript on the normalized switching-frequency function refers to the 

particular input present during operation in quadrants I and III. When operating in 

quadrants II and IV, the load voltage is taken from across the output of the QRC and 

input source (v1 = vg- v0 ) so the inverter gain q,[·] is 

where the r subscript on the normalized switching frequency function refers to the 

particular input present during operation in quadrants II and IV. Maintaining the 

output voltage at a desired level, while load current changes polarity, is easily done for 

buck-derived inverters since 

During operation in quadrants II and IV, the input[,, (t) can be simply changed to , 

f,.,(t) = 1 - In, (t) 

resulting in 

and the output follows the desired waveshape. For inverter applications 
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fn,(t) = I sin rod 

would produce a sinusoidal output. 

Operation of the modified bridge during quadrants III and IV (Figs. 22c and 22d) 

occurs in a way analogous to that in quadrants I and II and need not be discussed. 

Figure 5.23 shows a buck inverter using the modified bridge. Comparison with the 

inverter of Fig. 5.8b, which is based on the OLE scheme, shows a much reduced parts 

count. 

5.5.3 Composite Amplifier Scheme 

The third, and final, scheme that may be used to handle reactive loads is the 

composite amplifier approach [48,53]. This scheme has been discussed in the literature 

[49,50,38] as a means of improving the quality of the output waveform in switching 

amplifiers. However, it also presents a way of handling reverse load current. References 

[48] and [53] give an excellent overview and generalizations of the composite amplifier 

approach, of which only one of four possible schemes will be discussed here. In its 

generalized form, the series-voltage composite amplifier approach is shown in Fig. 5.24. 

The voltage source vm supplies most of the power needed in controlling the output 

voltage v0 , in fact, it produces a "rough" version of the output voltage. Source vm may 

represent a switching amplifier. Voltage source ve corrects the errors in the waveform 

presented by vm thus producing a high-quality output waveform. Source ve may represent 

a linear amplifier stage. The load current flows through both vm and ve, but as ve only 
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Fig. 5.23 Buck inverter with modified output bridge 
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Fig. 5.24 Series-voltage composite amplifier approach. Main 
power is supplied by vm while vc corrects for errors 
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Fig. 5.25 General schematic of a quasi-resonant 
amplifier/inverter using the series-voltage composite 
amplifier approach 
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needs to be large enough to take up the difference between vm and the desired 110 , the 

power dissipated in ve is small. 

Clearly, this scheme presents a way of achieving nearly the efficiency of a switching 

amplifier and at the same time producing an output waveform nearly the quality of a 

linear amplifier. Figure 5.25 shows, in a general way, how this approach can be applied 

to quasi-resonant amplifiers/inverters. The QRCs in this figure represent the vm sources; 

whereas QI and Q2 represent ve sources. Let us consider the positive half cycle of 

operation; Ql collector and base terminals are modulated with positive half-sine 

excursions. The modulation at the collector has a slight de offset of one or two volts 

greater than at its base terminal, therefore, QI is always operated in its linear region but 

the voltage differential is small enough not to cause much dissipation in the device. 

Similar operating characteristics apply for negative half cycles. If QI and Q2 together 

operate in a class AB mode, neither transistor turns off. Let us now consider the reactive 

load handling capability of this circuit. Due to symmetry, we need only consider one 

half cycle of operation. Assume that Ql is being modulated so that a positive voltage 

appears across the load. At some part of this half cycle, for a reactive load, current flow 

will reverse direction. Now, as Q2 is always on, a path exists for this current to flow 

through Q2 to the negative power source. The reactive power is therefore dissipated in 

Q2. Thus, this approach shows a decrease in overall efficiency, dependent on the load 

power factor, but a marked improvement in the quality of the output waveform is 

achieved while furnishing the ability to handle a reactive load. 

Crossover distortion is also minimized as crossover is now taken over by QI and Q2 

where it is more easily handled than by the QRCs. Further distortion reduction can be 

achieved by applying feedback or the current dumping technique [5I,52], (which is a 
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combination of feedforward and feedback control}, to this circuit. However, this matter 

will not be discussed here. 

Figure 5.10, in fact, shows one implementation of the principle shown in Fig. 5.25. 

If Q3 and Q4 are operated in their linear regions instead as switches as previously 

discussed, a high quality buck-derived quasi-resonant amplifier/inverter results. The 

ripple problem occuring at zero crossings previously associated with this inverter is now 

overcome using this approach. The offset voltage between the signals applied to the 

collector and base terminals of Q3 and also those associated with Q4 (needed to operate 

these transistors in their linear regions}, now need to be large enough so that ripple 

voltage excursions do not saturate these transistors. Note, however, that the output of 

each buck QRC need not drop to zero for a zero output voltage as the de offset must 

be maintained. Thus a lower, nonzero limit on the switching frequency excursions is set 

such that the maximum ripple voltages at the collectors of Q3 and Q4 are greatly 

minimized. 

Figure 5.26 illustrates the operation of a breadboarded composite amplifier, the 

schematic of which is shown in Fig. 5.10 (with Q3 and Q4 operating in their active 

regions). The load voltage, v/t and load current, i1, are shown in Fig. 5.26a for an RL 

load. Clearly, the four quadrant operation of this inverter is evident, as is the high 

quality of the output voltage waveform. In Fig. 5.26b is shown the load voltage, v1, and 

the voltages at the collectors, v+ and v-, of Q3 and Q4 (see Fig. 5.10). 
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(a) 

(b) 

Fig. 5.26 Composite-amplifier operation a{ /OOOHz using the 
circuit of Fig. 5.10 
(a) Load voltage, vb and load current, i1 
( b) Load voltage, vb and collector voltages. v+ and 
v-, of Q3 and Q4 (see Fig. 5.10) 
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5.6 Summary 

Two basic approaches may be taken to achieve dc-to-ac inversion. The first, the 

Differential Load Excitation (DLE) scheme, relies on having two converters, driven out 

of phase, drive a load differentially. This scheme, unfortunately, requires a large number 

of components when implemented using quasi-resonant techniques. A more component 

effective approach uses the Switched Source Excitation (SSE) schemes. One SSE 

approach relies on having two converters where each handles one polarity of the signal. 

By appropriate switching, an amplified signal is reconstructed at the output. The second 

SSE approach entails only one converter but with a slightly more involved switching 

requirement. This second SSE approach allows for a significant overall reduction in the 

number of components needed and reduced performance requirements on most of the 

switches since most switch at the lower inversion-frequency rate. 

A number of quasi-resonant inverter topologies, from two broad categories, were 

presented. The category of buck-derived inverters can be further subdivided into the two 

classes of output-switched and input-switched inverters. The buck-derived inverters are 

of particular interest as they display a linear control characteristic. The 

sepic-variant-derived inverters represent the second category discussed. These inverters 

permit operation down to zero output voltage with a high switching frequency and afoo 

provide a wide variation in output voltage with minimal control variation. 

For applications which require inverters to supply reactive power, three schemes were 

discussed which can be applied to various inverters thus affording them reactive load 

handling capability. 
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The regenerative converter scheme provides a reverse path back to the source for 

reactive load power via a converter of a much smaller power capacity than that needed 

in the forward power path. 

The modified output bridge scheme combines the functions of output voltage 

switching needed to reconstruct the output waveform and output current switching 

needed to handle reactive loads. 

The composite amplifier scheme furnishes reactive load handling capability while 

simultaneously improving the output waveform quality and other performance 

measures. However, the efficiency of the overall inverter suffers at varying degrees 

depending on the load power factor. 
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Chapter 6: CONCLUSION 

The area of topology forms a very important part of the field of power electronics. 

In this study into the topological aspects of power conversion and inversion, a number 

of different topologies have been presented. 

In Chapter 2, PWM de-to-de converter topologies were examined. The structure of 

basic converters was identified. A basic converter was seen to consist of three basic 

substructures: 

I. input source 

2. converter cell 

3. output sink 

Particular attention was directed towards the converter cell which was seen to be a 

three-terminal structure which contains inductors, capacitors and switches connected in 

various arrangements. Given a particular converter-cell structure, it was found that 

either three or six different converters can be generated simply by permuting the 

connections of the converter cell to the input source and output sink. If the cell features 
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a symmetric structure, three different converters are generated, otherwise six different 

converters can be generated. A classification scheme of converters was proposed based 

on the order of the cell (i.e. the number of storage elements) and number of (single 

pole/single throw) switches present in the parent converter cell. Four categories of 

converter cells were considered: 

I. 1st. order - 2 switch 

2. 1st. order - 4 switch 

3. 3rd. order - 2 switch 

4. 3rd. order - 4 switch 

A total of fourteen families of converters were identified in these categories. This led to 

the discovery of a large number of new converters. One, which was termed the 

Sepic-Variant converter, was found to be of particular use in inverter applications dealt 

with in Chapter 5. 

Given the large number of generated converters the complete sets of two important 

classes of converters were enumerated. These converter classes were: 1) the class of 

two-topology single-inductor converters, and, 2) the class of converters featuring 

non-pulsating port currents. 

The analysis of PWM converters was undertaken by two different approaches in 

Chapters 3 and 4. In Chapter 3, a classical approach to the analysis of nonlinear systems 

was adopted through use of Volterra/Wiener theory. The result of this analysis were 

mathematical models which describe the response of a particular harmonic of the 

excitation frequency which perturbs the control input. The analysis commenced by 

approximating PWM conversion systems, which are nonlinear time-varying 
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sampled-data systems, by a nonlinear time-invariant continuous-time model. This model 

represents an internal description of the system. Volterra kernels were then determined 

using this model, which then characterized an input/output description of the system 

which permits determination of the harmonic distortion performance. 

The analogy between the different configurations of a converter cell in a 

converter-cell family and that of the different configurations of a transistor in a circuit, 

e.g. common base or common emitter configurations, is clear and, as such, motivates a 

new approach to converter analysis. Treating the converter cell, or alternatively, the 

PWM switch, as a nonlinear three-terminal device, circuit models were derived. These 

models can then be used in an analogous way in ordinary transistor circuit analysis 

whereby the nonlinear three terminal device is replaced by its model. 

The PWM switch (i.e. the two single pole/single throw switches forming a single 

pole/double throw switch) represents the nonlinear substructure of a vast majority of 

converter cells. In Chapter 4, a nonlinear analysis of the PWM switch was performed. 

Equivalent circuit models were derived which are valid at different harmonics of the 

excitation frequency. A number of examples were given illustrating the use of these 

models. 

The advantages of the PWM switch analysis approach of Chapter 4 over the Volterra 

series approach of Chapter 3 may be seen to be twofold: 

I. A switch model is more versatile in that a converter model is much 

more easily obtained by replacement of the switch with its model than 

by performing an analysis on the converter as a whole which then 

yields a converter model. Moreover, as the PWM switch is present in 

Chapter 6: CONCLUSION 129 



a vast number of PWM converters, once the switch model is 

obtained, it is trivial to obtain the converter model of a vast number 

of converters. 

2. The PWM switch represents a static nonlinearity which is easily 

described by a Taylor series. In contrast, a PWM converter is a 

nonlinear system with dynamics which has a more involved 

mathematical description, such as that given by a Volterra series. 

The area of topology was further pursued in Chapter 5 where a number of dc-to-ac 

inverter topologies, which use quasi-resonant techniques, were derived. After a 

discussion of amplifier/inverter basics, two basic approaches to inversion were identified. 

These approaches were termed the Differential Load Excitation (D LE) and the Switched 

Source Excitation (SSE) schemes. The means by which these approaches derive a zero 

de-offset sinusoidal voltage across a load forms the essential difference between them. 

The SSE scheme was found to be more component effective and so use of this scheme 

was made in deriving a number of inverters. Buck and Sepic-Variant de-to-de converter 

topologies formed a basis for these inverters. The buck topologies feature a linear gain 

characteristic but suffer from an increased ripple content in the output voltage waveform 

near zero crossings. The Sepic-Variant topologies, on the other hand, do not suffer from 

ripple problems, however, their gain characteristics are somewhat nonlinear. 

Three schemes which permit reactive load handling were identified. The regenerative 

converter scheme was seen to be the most generally applicable scheme. The composite 

amplifier scheme improves waveform quality at the expense of efficiency. The modified 

output bridge scheme was seen to be mainly applicable to buck derived inverters. 
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Both simulation and breadboarded prototypes have demonstrated the feasibility of 

the proposed approaches discussed above. 
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Appendix A. MODEL FOR CONVERTER-CELL 

A IN DISCONTINUOUS INDUCTOR 

CURRENT OPERATION 

The de and ac small-signal models of any converter cell can be derived and used in 

analyzing the converters comprising the members of the family generated by the cell. 

In the following the de and ac small-signal models of converter-cell A will be derived for 

discontinuous inductor current operation. This converter cell, shown in Table 2.2, 

consists of the PWM switch (as defined in Chapter 4) and an associated inductor which 

forms a fundamental substructure of a large number of converter cells shown in Table 

2.2. The derived model of converter-cell A can then be used to determine the de 

operating conditions and the control-to-output transfer function as illustrated here for 

the specific case of the boost converter. 
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A.1 Derivation of Model for Converter-Cell A 

Figure A.la shows converter-cell A with the designated terminal voltages and 

currents and switch on-times for the cell operating in discontinuous conduction. Typical 

terminal current waveforms, for this mode, are shown in Fig. A.lb. Note there exists a 

subinterval, d3Ts, when both switches are off. From the instantaneous waveforms we 

can find the average currents. Thus 

(A.la) 

(A.lb) 

where d2, defined in Fig. A.1 b, will next be determined. From volt-second balance 

considerations on the inductor we find 

Thus (A. I b) becomes 

From (A.la) and (A.3) the de averaged model is given by 
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a) b) 

Fig. A. I a) Converter-cell A showing designated terminal 
voltages and currents and switch on-times for 
discontinuous conduction. During the d3 Ts 
sub-interval both switches are open. 
b) Typical instantaneous terminal currents, -ii i2 and i3 and average terminal currents, 
ii: i2 and i3' for converter-cell A in discontinuous 
inductor current operation. 
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and 

(A.4b) 

To find the ac small-signal averaged model we perturb and linearize (A.la) and (A.3) 

which gives 

(A.Sa) 

(A.Sb) 

From (A.4) and (A.S) a de and ac small-signal averaged circuit model can be drawn. 

This model is given in Fig. A.2. One should note that in this model R13 is a de and ac 

resistance whereas r23 is an ac-only resistance. 

A .2 Example - Boost Converter in Discontinuous 

Conduction 

In a similar fashion to that for continuous conduction, a de and ac small-signal 

analysis for discontinuous conduction will now be performed on the boost converter 

shown as converter A2 in Table 2.2 and now also shown in Fig. A.3. 
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I V.l 21, • 211 V13 d. 
,- -V V13 

V,...2l __ 23-r---D...,V ..... n_.__._n2 

J 

Fig. A.2 de and ac small-signal averaged model for 
converter-cell A operating in discontinuous 
conduction. 

Appendix A. MODEL FOR CONVERTER-CELL A IN DISCONTINUOUS INDUCTOR 
CURRENT OPERATION 136 



J L 2 

R 
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7 

Fig. A.3 The boost converter with converter-cell A terminals 
identified. 
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de Analysis 

Replacing converter-cell A in Fig. A.3 point-by-point by its de model in 

discontinuous conduction leads to the model of Fig. A.4. From this model we see that 

Also from Fig. A.4 we see, 

V13 =- V1 

V23 =Vo- V, 

V1 D2Ts 
I =--=---V 

I R13 . 2L g 

Substituting (A. 7) into (A.6) leads to 

D=JKM(M-1) 

Vo 2L 
where M=y- and K= RT. 

g s 

Solving the quadratic in M in {A.8) gives the de voltage conversion ratio: 

(A.6) 

(A.7) 

(A.8) 

1 +J1 +4D2/K 
M= 2 (A.9) 
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J 2 

R11 I,t =_lb_ 
R + 

D2T 
Vo 

1 I 

Fig. A.4 de model of the boost converter in discontinuous 
conduction. 

Fig. A.5 

R.l.+ .. 
Vo 

r23 sC 

ac small-signal model of the boost converter in 
discontinuous conduction used in deriving the 
control-to-output transfer function. 
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ac Small-Signal Analysis 

The ac model of the boost converter in discontinuous conduction used to derive the 

control-to-output transfer function is shown in Fig. A.5 and is given by substituting 

point-by-point the converter-cell model of Fig. A.2 into the boost converter of Fig. A.3. 

ac resistance r23, as specified in the model of Fig. A.2, is given by 

(A.10) 

where (A. 7) and (A.8) have been used in deriving (A.10). 

The circuit model of Fig. A.5 gives the required result: 

00 = 2Vo JM- I 
d 2M- l KM 

I (A.11) M-1 
I + s ( 2M _ I )RC 
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Appendix B. REACTIVE LOAD POWER 

In this appendix the ratio of the maximum average reverse power, delivered by a 

reactive load, to the overall inverter VA rating, given a particular load power factor, is 

calculated. Without loss of generality, we will consider a resistive-inductive load for 

which voltage and current waveforms are given in Fig. 5.2b. 

These waveforms may be expressed as follows: 

V = Vm sin WI 

i =Im sin(wl- </>) 

where V m and Im are the maximum peak values of the voltage and current waveforms, 

respectively; w represents the inversion angular frequency and</> represents the lag angle 

between voltage and current waveforms. The load power factor (PF) is simply 

PF= cos</> 
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From Fig. 5.2b we see that, for one inversion cycle, reverse power flows during 

operation in quadrants II and IV. The maximum average reverse power is given by 

Due to half-cycle odd symmetry the above expression can be reduced to 

The inverter's VA rating is simply 

Therefore, 

:A = - ! c sin "' - "' cos "') 
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