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Abstract
This paper introduces a two-point topological derivative for elasticity and a cellular developmental method for layout
optimization of structures. The two-point derivative measures the change on a functional due to the addition of a thin ligament
between parts of the domain. It contrasts with the existing single-point topological derivatives that measure the change of a
functional due to the subtraction of material. Based on the two-point topological derivative, a cellular developmental method
is presented, which builds the layout of a structure in a sequence of cellular divisions and cellular dynamics developmental
cycles. The methodology introduced in this work can easily account for member sizes and angle constraints among members
of the frame, and the optimization can be performed in the free space or in a bounded domain. Benchmark problems are
solved to demonstrate the capability of the cellular developmental method to solve optimization problems in structural
mechanics.

Keywords Topological derivative · Topology optimization · Structural optimization · Cellular developmental method

1 Introduction

With the advancements in the area of additive manufac-
turing (AM) the design space for structural concepts has
exploded. Additive manufacturing has enabled the use of
functionally graded materials, multi-scale structures and
endless structural configurations or topologies. In order to
take full advantage of all the free design parameters that AM
offers, automated design processes must be used.

Structural optimization techniques date back to Michell
(1904) who developed techniques to determine the optimal

Responsible Editor: Seonho Cho

� Marcelo H. Kobayashi
marcelok@hawaii.edu

1 Department of Mechanical Engineering, University of Hawaii
at Manoa, 2540 Dole Street—Holmes Hall 302, Honolulu,
HI 96822, USA

2 Kevin T. Crofton Department of Aerospace and Ocean
Engineering, Virginia Polytechnic Institute and State
University, Randolph Hall, Rm. 214 460 Old Turner
St. (MC 0203), Blacksburg, VA 24061, USA

3 Air Force Research Laboratory Multidisciplinary Science
and Technology Center, 2210 8th Street, Bldg 146,
Room 218 WPAFB, OH 45433, USA

layout of truss structures with stress constraints. Fifty-six
years later Schmit (1960) posed the design problem as
a non-linear mathematical programming problem in the
context of finite elements for the structure, the genesis of
modern structural optimization. Structural optimization is
typically broken down into the following three areas, based
on what the independent design variables are: sizing, shape
and topology optimization. For sizing optimization the
independent parameters are geometric structural dimensions
or cross-sectional properties such as thickness, width, cross-
sectional area, moment of inertia or torsional constant. For
shape optimization the free design parameters are associated
with the boundary of the structure such as joint locations,
edges or surfaces. The independent parameters for topology
optimization are associated with the presence or absence of
structure within the domain of interest. With the addition
and subtraction of material, topology optimization, like
shape optimization, can move the structure’s boundary, but
unlike shape optimization it has the freedom to eliminate or
create voids within the structure. For this study the primary
interest is in topology optimization.

Topology optimization seeks the economical distribution
of material in a domain aiming to perform a set of
programmable tasks under physical and cost constraints. A
comprehensive review of topology optimization techniques
can be found in Deaton and Grandhi (2014). Topology
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optimization can be categorized into two basic classes.
Those methods that are based on primitive basic shapes and
those based on free-form shapes. The free form methods,
such as level set (Allaire et al. 2004) and the Solid Isotropic
Material with Penalization (SIMP) (Bendsøe and Sigmund
2003), are very efficient in developing solutions to problems
that, at the optimum, have moderate to high volume of
material. Methods based on basic shapes, such as cellular
based (Kobayashi et al. 2009; Bielefeldt et al. 2019) or
geometric projection based (Norato et al. 2015; Smith and
Norato 2019), on the other hand, are more efficient in
producing optimum solutions that have a low volume of
material, since in such cases the shape of each member in
the frame is relatively simple and easy to model.

Typical free-form topology optimization methods, such
as level set or SIMP, use a gradient-based method for the
search of an updated or improved layout. This search is
necessarily local in nature, since the gradient on which
this search is based conveys relevant information in a
neighborhood of its point of calculation only. In topol-
ogy optimization this local search is particularly limiting,
because the landscape of the space where the topology
optimization seeks the optimum is partitioned into equiva-
lence classes of objects that can be continuously deformed
into each other. In this landscape, the gradient of a func-
tional computed inside one connected component is isolated
from the landscape of the design space in other neigh-
boring components. Therefore in a technique such as the
level set method, this gradient cannot direct the search
to jump from one component to the next where a better
solution may be located. As a result, such methods tend
to be trapped in a component, as they converge towards
a local minimum in the component they started. Density-
based methods can generate holes and, therefore, can move
between components through these holes. Topology opti-
mization algorithms relying on Hadamard shape derivatives,
such as the level set method, cannot predict the change in
the objective function at topological changes. Such meth-
ods typically rely on a topological derivative, or topological
gradient, as it is also known, to create a hole, and thus
jump to a different topology that optimizes the reduction
of the functional due to the creation of a small hole in
the domain. The topological derivative was introduced in
the 1990s as the bubble method for topology optimiza-
tion of structures under compliance constraints (Eschenauer
et al. 1994). Later, it was rigorously defined and extended
in Sokolowski and Zochowski (1999). After its introduc-
tion, the topological derivative has seen exponential growth
in both scope and utility within mathematical and engi-
neering forums (see the book (Novotny and Sokolowski
2020), the recent review series (Novotny et al. 2019a, b,
c) and the papers cited therein). Despite its diversity in

formulation and application, nearly all existing topological
derivatives are subtractive in nature. That is, they look for
singular sets that identify areas of excess material within the
domain. Additive topological-derivatives are few, and the
existing ones have not yet been used for topology optimiza-
tion in the way that subtractive topological derivative has in
approaches such level set methods. Indeed, Nazarov et al.
(2004, 2005) developed a topological derivative for the
energy functional due to the addition of thin ligaments when
the state equation is a Poisson equation, Gangl (2020) devel-
oped a topological derivative for multi-material problems,
and for graphs, such as trusses, Leugering and Sokolowski
(2008) performed sensitivity analysis with respect to chang-
ing its topology—see also Lee (2008), which considers an
asymptotic expansion of the topological gradient for a hole
to decide whether an existing hole must be removed or not
in the design domain. Recently, an independent work by
Dapogny (2020, 2021) considered an additive approach in
a different context, where the bar can be a curve in two-
dimensional or three-dimensional space. That work uses
the material ersatz approximation to replace the linear elas-
ticity system on the frame with an approximate problem
on a design domain where the voids in the design domain
are filled with a smooth inhomogeneous material that coin-
cides with the frame properties at the frame domain, while
extending smoothly to a soft, artificial material at the
voids. The two formulations, namely, the formulation pro-
posed in Dapogny (2020, 2021) and the one introduced
in this work follow fundamentally different approaches
and entail different computations for the calculation of the
topological derivatives.

In this paper the additive topological derivative intro-
duced in Nazarov et al. (2004, 2005) is extended to lin-
ear elasticity. Furthermore, this topological derivative is
used for topology optimization of structures via a novel
cellular developmental method. The additive topological
derivative seeks to identify suitable pairs of points in the
domain that can be connected to improve the performance
of the design. To distinguish it from the existing topo-
logical derivatives and emphasize the pairing desired, we
call the topological derivative of ligaments the two-point
topological derivative.

2 Two-point topological derivative

The two-point topological derivative is considered for the
compliance functional. Let � be a bounded, open set of RN ,
N = 2, 3, and assume a shape functional J is given on a
convex, working domain D: RN ⊃ D ⊃ �. The two-point
topological derivative measures the change in the functional
J due to the addition of a thin ligament connecting two
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admissible points at the boundary ∂�. The set of admissible
pairs, A, is defined as follows:

A = {(p, q) ∈ ∂� × ∂�| the line pq lies outside of �

in a traction-free region} .

Given an admissible pair of points (p, q) ∈ A and a
small number t > 0, we consider the augmented domain,
�t , obtained by adding to � a thin ligament, It , of thickness
t connecting p to q (Fig. 1). The ligament is a thin quadrilat-
eral in the plane or a cylinder in three-dimensional space. If
the following limit exists,

T J (p, q)
def= lim

t↓0

J (� + It ) − J (�)

t
, (1)

analogously to the definition of the single-point topological
derivative (Sokolowski and Zochowski 1999), we call it the
two-point topological derivative of J at (p, q). Defining
the function J (t) = J (�t ), for a small parameter t ≥ 0, we
obtain the following asymptotic expansion

J (�t ) = J (�) + J ′(0+)t + o(t). (2)

Linear elasticity Let � ⊂ R
N , N = 2, 3 be a bounded

domain in R
N with a smooth, oriented boundary ∂� =

�D ∪ �N filled with a linear, homogeneous, isotropic and
elastic material satisfying Hooke’s constitutive law. The
elasticity tensor is defined by

Ae(u) = 2μe(u) + λ̂Tr(e(u))I, (3)

where I is the N × N identity matrix,

e(u) = ∇u + ∇uT

2
, (4)

is the small strain tensor, λ̂ = λ for three-dimensional and
plane strain problems, λ̂ = λ(1−2ν)/(1−ν) for plane stress
problems, and λ, μ are the Lamé constants of the material

λ = νE

(1 + ν)(1 − 2ν)
, (5)

μ = E

2(1 + ν)
, (6)

where ν is the material’s Poisson constant and E the
material’s Young’s modulus.

The displacement u in � is the solution of the linearized
elasticity equation

−∇.(Ae(u)) = f, in �, (7)

subject to the following Dirichlet and von Neumann bound-
ary conditions

u = 0, on �D, (8)

Ae(u).n = g, on �N, (9)

where n is the outward-pointing, unit-normal to ∂� and the
superscript T denotes the transpose of an operator. In the
extended domain, �t = � + It , the following system is
defined

− ∇.(Ae(u)) = f, in �t, (10)

ut = 0, on �D, (11)

Ae(ut ).n = g, on �N \ �t , (12)

Ae(ut ).n = 0, on �t , (13)

where �t = ∂It is the boundary of the ligament connecting
p to q.

The two-point topological derivative of the compliance
functional Jc between points p, q ∈A and for negligible body
forces is given by the following formula (cf. Appendix 1)

T Jc(p, q) = − Ê

|q − p|3 [(u(q) − u(p)).(q − p)]2. (14)

Note that, since Ê > 0, when searching for pairs p, q

that provides the smallest value of the two-point, topological
derivative T Jc(p, q), only the kinematic value of T Jc(p,q)

Ê
needs to be computed.

3 Cellular developmental method

The layout optimization method introduced in this work is
based on a cellular developmental approach for planar frame
structures. The frame structure is parameterized over a map,
and the developmental process itself is comprised of two stages:
a cellular division stage and a cellular dynamics stage.

A map is a finite set of regions, where a region is a
finite, circular sequence of edges that intersect at vertices.
Each edge has two vertices at its boundary and there are no
vertices without an incident edge. All edges are part of the
boundary of a region and no island can exist within a region
(Prusienkiewicz and Lindenmayer 2004). Given a map, a
two-step frame protocol is used to build the frame layout.
In the first step, each edge of the map is thickened according
to a thickness parameter assigned to each individual edge.

Fig. 1 Domains: unperturbed �

(left) and perturbed �t = � + It

(right). The ligament Ii is a thin
quadrilateral or cylinder
connecting two admissible
points p and q
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The result is a set of capped rectangles corresponding to
each edge of the map. In the second step, the union of these
capped rectangles is effected, thus defining the layout of the
frame (Fig. 2). The underlying map of the frame is called
the skeleton. According to this protocol, the frame layout
is defined by a small set of design variables, namely, the
pairs of coordinates of each vertex of the skeleton, and the
thicknesses of the edges.

With the frame protocol for building the structural
frame, the cellular developmental method optimizes the
layout through a sequence of cycles, each one comprising
a cellular division stage and a cellular dynamics stage.
In the cellular division stage, the two-point topological
derivative is computed at a finite set of sample pairs
connecting points along the edges of the skeleton. Then
all faces of the skeleton are surveyed, and for each face a
line is drawn connecting the pair of selected points with
minimum two-point topological derivative, and, therefore,
maximal reduction of compliance, among acceptable pairs.
In this way, the faces are divided and the frame topology
is modified. For simplicity, the two-point topological
derivative is computed for samples taken along the edges of
the skeleton, and, therefore, at the midline of the edges of
the frame.

Figure 3 illustrates the candidate edges and selected
edges for the frame depicted in Fig. 2. The load for this
illustrative problem corresponds to a downward pointing
vertical load applied at vertex 2 of the skeleton. The frame is
fixed at vertices 0 and 3, and three points are probed along
each edge of the skeleton.

Following the cellular division stage, the cellular
dynamics stage performs a shape optimization on the new
topology of the frame. The introduction of the new edges
in the frame causes a disruption in the stress distribution
within the frame, which requires an adaption of the shape

of the frame for optimal performance. For instance, the
new edges added in Fig. 3b cause bending, which induces
a transformation of the shape to reduce the bending (see
Fig. 5). In this work, the shape optimization is carried
out using four mathematical programming algorithms, with
compliance as the objective function, subject to area and
other constraints such as collision and containment into a
domain (cf. Section 4). To compute the sensitivities needed
by the shape optimizer, we choose a continuous-discrete
approach. This option provides greater flexibility in using
existing code, since no access is required to source code that
does not provide the discrete sensitivities.

Concretely, the gradient needed for the shape optimizer
is computed as follows. Given a general functional

J (�) =
∫

�

j +
∫

∂�

l, (15)

the sensitivity of J with respect to a shape parameter η,
∂ηJ , is computed using the chain rule

∂ηJ = J ′(�η)(∂η�η), (16)

where �η is the deformed domain obtained by changing the
parameter η, ∂η�η is the geometric sensitivity of the shape
with respect to the parameter η, and the shape derivative is
given by (cf. Allaire 2004)

J ′(�)(θ) =
∫

�N

[j (u) + Ae(u) : e(u) − ϑ .f − ∂n(g.ϑ)

− Hg.ϑ] θ .n

+
∫

�D

[j (u) − Ae(u) : e(ϑ)] θ .n

+
∫

∂�

(∂nl(u) + Hl(u)) , (17)

Fig. 2 Buildup of a frame: (a) the skeleton underlying the frame, with vertices labeled in red and edges labeled in gray; (b) the frame layout
resulting from the union of the thickened edges of the skeleton. The edges can have different thicknesses including zero thickness, as is the case
of edge 3 of the skeleton
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Fig. 3 Cellular division stage: (a) candidate edges generated by sampling all edges at three points along their extension and applying a constraint
on the minimum angle of 15◦, (b) selected edges for division, shown in red together with their associated values of T Jc(p,q)

Ê

θ ∈ W 1,∞(RN,RN). Here the adjoint state, ϑ , satisfies

− ∇.(Ae(ϑ)) = −j ′(u), in � (18)

(Ae(ϑ).n) = −l′(u), on �N (19)

ϑ = 0, on �D . (20)

For compliance, j (u) = f .u, l(u) = g.u on �N and l(u) =
0 on �D and ϑ = −u, since the problem is self-adjoint.
Finally, the geometric sensitivity is computed from the
parameterization of the thickened edges over the skeleton.
Specifically, with the geometry of the capped rectangle
defined by five parameters (x0, y0, x1, y1, h) shown in

Fig. 4a, a point at the boundary of the capped rectangle can
be identified by the following formulae

r(u) = r0 + u(r1 − r0) + sh

2
n, (21)

for the flat sides, where r = (x, y), ri = (xi, yi), i = 0, 1,
s = ±1, n is a unit normal to r1 − r0, and u ∈ [0, 1] is the
line parameter; while the half disk around (x1, y1) can be
parameterized as

r(θ) = r1 + h

2
R(θ)t, (22)

Fig. 4 Geometric sensitivities: (a) frame member parameterization; the geometry of a capped rectangle is defined by five parameters:
(x0, y0, x1, y1, h); (b) geometric sensitivity with respect to x0
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where t is the unit vector along r1 − r0, R(θ) is the rotation
matrix

R(θ) =
[

cos θ − sin θ

sin θ cos θ

]
, (23)

and θ ∈ [−π/2, π/2] is the line parameter. A similar param-
eterization is used for the cap around r0. The geometric
sensitivity is then computed by taking the derivative of the
parameterized curve with respect to the shape parameters
(x0, y0, x1, y1, h). For instance, the flat sides vary as follows
with respect to x0

∂x0r =
[

1 − u − hs(x0 − x1)(y0 − y1)

2
(
(x0 − x1)2 + (y0 − y1)2

)3/2

− hs(y0 − y1)
2

2
(
(x0 − x1)2 + (y0 − y1)2

)3/2

]T

. (24)

Figure 4(b) illustrates the computed geometric sensitivity
with respect to x0. The geometric sensitivity for the remain-
ing parts and parameters are computed analogously. After
the cellular dynamics stage, the frame in Fig. 3b is trans-
formed into the shape-optimized frame depicted in Fig. 5.
The full procedure of the cellular developmental method for
layout optimization is summarized in Algorithm 1 below.

Fig. 5 Frame structure after the shape optimization in the cellular
dynamics stage

4 Results and discussion

Compliance minimization for cantilever structures are clas-
sic benchmark problems in topology optimization (Bendsøe
and Sigmund 2003). Three such benchmarks were studied
in this work: a two load-cases, short cantilever problem;
a long, single-load cantilever problem, and the L-bracket
problem. Besides compliance as the objective function, the
area constraint was common to all problems. To compute
the sensitivity for the area constraint, the aforementioned
continuum-discrete approach to calculate the compliance
sensitivity was used again for the computation of the area
sensitivity (cf. Allaire et al. 2004)

A′(�)θ =
∫

�

θ(x).n(x)ds, (25)

where θ ∈ W 1,∞(RN,RN). In addition, a detection and
penalization of edge intersection was enforced via the surface-
sweep algorithm (de Berg et al. 2010). This algorithm has
a complexity of O((n + k) log n), where n is the number
of edges and k is the number of intersection points induced
by these edges. While this last constraint was not strictly
necessary, it allows for a logical organization of tasks: the
cellular division stage controls the topology of the skeleton,
while the cellular dynamics controls the shape and size of
the frame.

In all runs, the finite element computations were per-
formed using the open-source library FEniCS (Alnaes et al.
2015), with a cubic Lagrangian element and isoparamet-
ric formulation, and the mesh was generated using the
open-source library Gmsh (Geuzaine and Remacie 2009).
A mesh is generated for each intermediate shape in the
computation. In addition, four mathematical programming
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algorithms were employed in the computations below: Can-
field’s implementation of Schittkowski’s SQP method (Can-
field 2020; Schittkowski 1983), SciPy’s (Virtanen et al.
2020) trust region constrained algorithm, and MATLAB’s
implementation of the active set and interior point meth-
ods (MathWorks 2020). These four methods will hereafter
be referred to as follows: SQP, TRCA, AS and IP, respec-
tively. Unless mentioned to the contrary, the optimization
runs employed a tolerance of 0.001 and a maximum num-
ber of iterations of 100 for the first cycles and 500 for
the final cycle. In addition, the default options were used
with the four methods SQP, TRCA, and IP, except that line
search size of 0.1 was used with AS. Sampling of three
equally spaced points on each edge of the skeleton were
surveyed for cellular division. Finally, all design variables,
constraints and objective functions were normalized: the
objective function and area constraint values were normal-
ized by a reference value and the target area, respectively,
vertex coordinates were normalized by reference lengths
and the edge thicknesses were normalized by the minimum
and maximum thickness allowed. With the previous normal-
izations, the normalized parameters range in values [−1, 1].
For concreteness, new edges added in each cycle took a
normalized thickness of −0.75 or −0.95.

4.1 Short cantilever structure

Realistic structural design invariably involves multiple load
cases. As the first test case, we consider the two load-cases,
cantilever-problem reported in Andreassen et al. (2011).
Here, the clamped support is fixed at two points and the
square design domain is imposed on the vertices of the
skeleton, rather than the full frame. The material properties
for this example were E = 1 and ν = 0.3 (note that the
optimized topology does not depend on E).

The functional to be minimized in this example is the
sum of the compliance for each load-case (Andreassen
et al. 2011). Hence, the two-point topological derivative
quantifies the reduction of the aggregate compliance of all
load-cases. Alternatively, a minmax optimization problem
could be easily considered, but since the load and supports
are symmetric, that would lead to the same solution
presented here—generally, however, a minmax optimization
is preferable since they lead to more robust design. The two
load-cases correspond to (i) a unit upward pointing load at
the top right and (ii) a unit downward pointing load at the
bottom right (Fig. 6).

The initial skeleton was chosen as a minimal graph con-
taining the points of application of loads and the supports,
and no optimization of the initial frame was undertaken.
Two cellular division cycles were performed and the first
and second cycles apply an inequality area constraint: A ≤

0.4. A minimal angle of fifteen degrees between the candi-
date edges and existing edges and a cutoff limit of T Jc(p,q)

Ê
< −30 was also enforced for acceptability of new edges.
The latter corresponds to about 1/10,000 of the minimum
value in the survey of the candidate pairs after cycle 0.

The layouts, values of compliance and areas for the first
cycle obtained by all four optimizers are virtually identi-
cal. Therefore only the result for SQP is shown in Fig. 7
as a representative of the results for all four methods. As
can be seen from this figure, the optimized layout after the
first cycle compares well with that obtained in Andreassen
et al. (2011). For reference, the compliance of the optimized
solution obtained with SIMP is 68.8 using the code top88.m
(Andreassen et al. 2011) with all parameters used in that
work, namely, number of elements in x and y directions nx

= ny = 150, volume fraction, vf = 0.4, penalization factor,
p = 3, filter radius, rmin = 6, and filtering of the sensitivities;
except for the convergence tolerance, here set to 0.001 for
consistency with the tolerance set for the cellular develop-
mental method. A direct comparison of the values of the
compliance obtained with SIMP and the cellular develop-
mental method is not warranted. Indeed, some material in
the cellular division method lays outside of the unit square,
which would tend to reduce the compliance for the cellular
division method. By contrast, the volume constraint would
tend to increase the compliance of the cellular developmen-
tal method, since some material lay outside of the domain,
and, therefore, the actual volume fraction in the expanded
domain is smaller that the volume fraction in SIMP. Finally,
the gray material in the SIMP solution requires an inter-
pretation of the optimized solution to determine the true
value of the compliance optimized with SIMP. Qualitatively,
however, the topology obtained with SIMP and the cellular
developmental methods agree well.

The second cycle generated a small reduction in compli-
ance, about 1.5% of the value obtained in the first cycle.
For comparison, the reduction of the compliance computed
for the initial layout and that computed for the first cycle
is 99.1%. The two-point topological derivative provides
insight into these different gains. Indeed, in the survey after
cycle zero, the minimum value of T Jc(p,q)

Ê
was −4.53 ×

106. After cycle one, the same minimum was now a mere
T Jc(p,q)

Ê
= −396.13, or about 0.03% of the minimum

after cycle zero. These values of the two-point topological
derivative predict a smaller gain for the second cycle when
compared to the first cycle. This predictability of the gains
after the cellular division makes the two-point topological
derivative useful as a criterion for stopping the cellular divi-
sions, as well as to set a cutoff (used here) for T Jc(p,q)

Ê
of

candidate edges.
Despite the small reduction in the compliance, the opti-

mized topologies obtained by the gradient-based methods
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Fig. 6 Design domain for
skeleton, external loads and
support points (gray disks at left
boundary)

are remarkable: SQP and AS developed similar internal sub-
structures and reinforcement of the middle joint, while IP
also reinforced the middle joint, but combined the added
edges and existing edges to create a tapered shape for the
crossing edges. The best performing design, obtained with
TRCA, depicts a branched structure with more material
closer to the right boundary. The values of compliance of
all four methods are close, however, which suggests a flat
region in the graph of the objective function around a local
optimum (Fig. 8).

Regarding the performance of the four mathematical
programming algorithms, Fig. 9 shows the optimization his-
tories of both the compliance convergence and constraint
violation for all four methods. At the beginning of each
cycle, there is a dip in the compliance and an accompa-

nying increase in the mass and constraint violation due to
the addition of the new frame members. The SQP method
performed significantly better than the remaining meth-
ods, both with respect to the total number of iterations
as well as the total number of functions evaluations—
note that the number of function evaluations is equal to
the number of solutions of the linear system associated
with the finite element model of the structure. Compared
to SIMP, the cellular developmental method using SQP
requires less overall number of iterations or number of func-
tion evaluations for convergence, despite the increase in
the volume of the frame at the start of each cellular divi-
sion stage. It is expected that faster convergence of SQP be
enhanced with the tightening of the tolerances for conver-
gence, due to its super-linear convergence.

Fig. 7 Short cantilever. (a) Initial layout, (b) optimized layout after the first cycle, (c) optimized solution obtained with SIMP. The target area for
this problem is 0.4. The SIMP solution is obtained using the top88.m code listed in Andreassen et al. (2011)
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Fig. 8 Short cantilever.
Optimized layouts after two
cycles obtained with the
mathematical programming
algorithms SQP, AS, IP and
TRCA

Fig. 9 Compliance evolution
and history of constraint
violation for short cantilever.
The compliance evolution on the
left axis is plotted as solid lines,
whereas the constraint violation
on the right axis is plotted as
dashed lines using the same
color scheme as the compliance
evolution. Total number of
function evaluations: SQP: 35,
AS: 630, IP: 225, TRCA: 235,
SIMP: 127
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4.2 Long cantilever structure

The second benchmark problem corresponds to the long
cantilever problem studied in Norato et al. (2015). The
domain is rectangular with width of twenty and height of
five—see Fig. 10. A vertical, downward pointing load of ten
is applied at the top right of the domain and two support
points are applied at the bottom and top at the left side.
The Young modulus is E = 105 and the Poisson ratio
ν = 0.3. Again, the initial layout was a minimal graph
containing the two support points and the load. With the
larger aspect ratio (width/height = 4), this problem requires
more substructure to be developed along the width of the
domain. Thus, three cycles were developed for all four
mathematical programming algorithms. Figure 11 depicts
the initial layout and the optimized solution obtained with
SIMP. The SIMP solution was again computed using the
code top88.m with the following parameters: number of
elements in x and y directions nx = 600, ny = 150,
respectively, volume fraction, vf = 0.3, penalization factor,
p = 3, filter radius, rmin = 6, filtering of the sensitivities
and convergence tolerance of 0.001.

The optimized solutions at the end of the three cycles
obtained for each method are shown in Fig. 12. The
solutions obtained with the four mathematical programming
algorithms agree well with each other for this case, but
are markedly different than the optimized solution obtained
with SIMP. Again, a direct comparison of compliance
obtained with the cellular developmental method and SIMP
is not warranted. However, since the layout obtained with
the cellular developmental method was noticeably distinct
from that obtained with SIMP, we performed a shape
optimization starting from SIMP’s topology, but with a
simpler shape, to optimize the compliance of the frame.
The initial and final layouts resulting from this computation
are shown in Fig. 13. The layout of the optimized frame
agrees well with the layout obtained with SIMP (except for
the joints, which in the SIMP solution contain some gray
material, and a slight inclination of a lower edge in the frame
layout), and its optimized compliance is slightly higher,

Fig. 10 Design domain for skeleton, external loads and support points
(gray disks at left boundary)

about 1.4% higher, than the compliance obtained with the
cellular developmental method. Therefore, for this problem,
the optimized layout obtained by the cellular developmental
method performed slightly better than the optimized layout
obtained with SIMP in the same context. The proximity
of the compliance values suggests once again a flat region
around a local minimum.

Finally, the convergence history of the four mathemati-
cal programming algorithms is shown in Fig. 14. Note the
slow decrease in the objective function for SIMP and the
fact that for this problem the cellular developmental method
needs only a fraction of the number of function evalua-
tions of SIMP. The SQP algorithm again performed well,
and it is the chosen algorithm for the remaining computa-
tions.

4.3 Variations of the theme

The benchmark problems considered thus far demonstrate
the aptitude of the cellular developmental method to solve
classical problems in topology optimization of structures.
The purpose of this subsection is twofold: to explore some
features of the cellular developmental method in solving
problems that are challenging for conventional methods, and
to demonstrate the applicability of the method to problems
in complex domains. In this section, all shape optimizations
were performed using SQP.

4.3.1 Short cantilever problemwith angle constraint

One main advantage of the projection method (Norato et al.
2015) is its ability to handle manufacturing constraints,
such as constraints on the thickness of the frame members.
Similarly, the cellular developmental method can implement
such constraints and controls over the member thicknesses.
Another class of essential and challenging manufacturing
constraint is the class of constraints on angles associated
with the frame members (Garaigordobil et al. 2018).
The cellular developmental method provides a natural
framework to implement such a class of constraints, and as
an illustrative example we consider the constraint on the
angles between the members of the frame.

This test case revisits the short cantilever, but now with
an added constraint for the minimum angle between the
skeleton edges, namely, the angle between incident edges of
the skeleton must be greater or equal to 30◦ for this test case.
Compared to the benchmark Section 4.1 (Fig. 8), the layout
under the minimum angle constraint (Fig. 15) presented
a reduction in the amount of material closer to the right
boundary. The receded cross bars lead to the appearance
of substructure and an arching of the main bars close to
the right boundary. The compliance increased by 3.5% as a
result of the added angle constraint.
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Fig. 11 Long cantilever: (a)
initial layout defined as a
minimum graph containing the
support and load points, (b)
optimized solution obtained with
SIMP: Jc = 0.597, A = 30.0

Fig. 12 Long cantilever.
Optimized layouts after three
cycles obtained with the
mathematical programming
algorithms SQP, AS, IP and
TRCA

Fig. 13 Long cantilever: (a)
initial layout defined by SIMP’s
topology, (b) shape optimized
solution obtained with SQP:
Jc = 0.424, A = 30.0

Fig. 14 Compliance evolution
and history of constraint
violation for long cantilever. The
compliance evolution on the left
axis is plotted as solid lines,
whereas the constraint violation
on the right axis is plotted as
dashed lines. Total number of
function evaluations: SQP: 184,
AS: 1189, IP: 165, TRCA: 369,
SIMP: 1273
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Fig. 15 Frame member parameterization. The geometry of a capped
rectangle is defined by five parameters: Jc = 47.4, A = 0.4

4.3.2 Unbounded long cantilever problem

Besides the control of thickness and angle between mem-
bers of the frame, the cellular developmental method can
also trivially optimize layout on unbounded domains. In
methods such as SIMP, level-set or the projection method, a
design domain must be set a priori and the optimization can
only be operated inside that design domain. For some prob-
lems, the design domain may be unbounded and that poses
difficulties to the conventional methods, as such methods
would have to adopt a continuation approach to discover the
artificially bounded design domain that contains the opti-
mized solution, while concurrently optimizing the layout
within each design domain in the continuation process. In
the cellular developmental method, the unbounded domain
is the natural domain for all optimization problems, and
a boxed design domain, such as those considered in the
benchmark problems above, requires the addition of bounds

Fig. 16 Long cantilever:
development cycles of the
optimized solution. The initial
cycle is the same as in the
constrained problem (see
Fig. 11a)

on the design variables to fit within the box. In this section,
the long cantilever problem was reconsidered, but this time
without constraints on the size of the design domain.

In addition, we also explored the two-point topological
derivative capability of predicting the change in the compli-
ance of the structure. In Algorithm 1, the division of a cell
is performed along the pair minimizing the two-point topo-
logical derivative among acceptable pairs on the boundary
of a cell. Here additional divisions can be effected along
acceptable pairs whose magnitude of the two-point topolog-
ical derivative is within 25% of the minimizing, acceptable
pair.

The result of these modifications is a dramatic change
in both the layout and the performance of the optimized
solution and the cellular development. Figure 16 shows two
cycles of the cellular developmental method. The frame
of the cellular developmental method after each cycle
resembles the layouts of Michell trusses, and the compli-
ance of the final frame was reduced by 19.5% compared
to the compliance to the bounded domain (cf. Figs. 16 and
12). Finally, because of the acceptance of more edges, the
final frame was obtained after only two cellular develop-
mental cycles.

4.3.3 L-bracket problem

As mentioned, the design domain in the cellular devel-
opmental method is unbounded. In Sections 4.1 and 4.2,
the design domain is constrained to box domains. In this
section, we present an application of the method to a
more complex, non-convex domain, namely, an L-shaped
polygonal domain—see Fig. 17.

To implement this domain constraint, we used a signed,
forward Hausdorff distance function applied to the edges of
the skeleton. Concretely, given an edge, e, of the skeleton
and a polygonal domain L, the signed, forward Hausdorff
distance function is defined as

d(e → L) = smax
p∈e

min
q∈L

‖p − q‖, (26)

where the sign s is positive if the point, p, in e that
maximizes the distance from L lies outside of the domain
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Fig. 17 Design domain for
skeleton, external loads and
support points (gray disks at top
boundary)

L, negative if p lies inside the domain L and zero if p

lies on the boundary of L. The initial layout used for this
problem was a minimal graph containing the support and

load points and an additional barrier edge dividing the non-
convex domain L in two convex polygons (Fig. 18a). The
point at the re-entrant corner of the domain was kept fixed

Fig. 18 L-bracket problem: (a) initial layout depicting the bar-
rier edge splitting the L-bracket into two convex polygons, (b)
optimized layout after the first cycle, (c) optimized layout obtained

using the thermodynamic topology optimization method (TTOM)
reported in Jantos et al. (2019). The figure in (c) is adapted from Jantos
et al. (2019)
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Fig. 19 Optimized layout after cycle 2: Jc = 135.5, A = 0.256

during the optimization. The L-bracket is supported at two
points at the top of the bracket and a single load is applied
at the right tip of the bracket (Jantos et al. 2019) and the
target area is 0.256. The optimized layout obtained after the
first cycle is shown in Fig. 18b. This layout agrees well
with the reference layout obtained using the thermodynamic
topology optimization method (TOMM) reported in Jantos
et al. (2019). A second cycle is performed using the cellular
developmental method resulting in the layout shown in
Fig. 19. The final frame introduces novel branches in the
optimized frame and results in a reduction of 14.6% in the
compliance when compared to the optimized layout after the
first cycle.

5 Conclusions

A cellular developmental method for topology optimization
of structures was developed via the two-point topological-
derivative. The two-point topological derivative entails an
additive process, in contrast to the single-point topological
derivative that lends itself to a subtractive process. It
is expected, therefore, that these two concepts can play
complementary roles in the shape-topology optimization of
structures. The subtractive method seeks regions of excess
material that can be expunged from the layout, whereas the
additive method is used to answer two questions: should
a new member be added to the frame? If so, which frame
members can carry the load more efficiently?

Several optimization problems were considered that
demonstrate the aptitude of the method to perform topology
optimization of structures. Based on these results, the
following conclusions can be drawn.

1. The additive nature of the two-point topological deriva-
tive quantifies candidate pathways for load to be trans-
ferred within the frame. Because the traditional training
of structural engineers relies heavily on the concept
of load paths, the novel two-point topological deriva-
tive introduced here can provide novel insights into
structural design.

2. Methods that are based on basic shapes for modeling
the layout of the structure, such as Norato et al. (2015),
cannot use single-point topological derivatives, because
the basic shapes are not holed (shapes with a prede-
termined number of holes could be an option in such
cases). For the latter methods, the two-point topologi-
cal derivative is a natural option to avoid local minima
determined by connected components of mutually, con-
tinuously deforming shapes in the design landscape.

3. Similarly to shape gradients, the two-point topological
derivative can be used as a stopping criterion for
the cellular division process or serve as a metric for
acceptable new edges to be added to the frame.

4. Four mathematical programming algorithms, namely,
SQP, AS, IP and TRCA, performed well for the shape
optimization. For the problems studied, the SQP pro-
vided the overall best performance with respect to
both the number of iterations as well as the number
of function evaluations needed to meet a pre-defined
tolerance.

5. A minimal graph comprising the load and support
points sufficed to start the cellular developmental method,
with additional members being added as needed and
connecting pairs that maximize the decrease in com-
pliance computed with the two-point derivative. If the
domain is non-convex, then additional barrier edges that
partition the domain into convex subdomains can also
be used.

6. The frame protocol adopted in this work is flexible
and can be easily modified to parameterize the frame
with higher order models. For instance, the shape of
each member can be parameterized with Bezier curves
supported over the skeleton. This approach would be
especially suitable for problems where the stresses at
joints in the frame are significant.

7. The mesh in this work was automatically generated
for each shape and topology of the frame. We antic-
ipate that the use of an arbitrary Lagrangean-Eulerian
approach in conjunction with meshfree methods, such
as Lee and Yoon (2004), will speed up the computa-
tions.
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8. Compared to popular methods, such as SIMP and the
level-set method, the cellular developmental method
greatly reduces the number of design variables. The
latter also allows for easy control over the size of
the frame members and the angle between them. In
addition, the optimized frame does not need any post-
processing and does not require a priori setting of the
resolution of the frame features or size of the design
domain.

9. Finally, the projection method (Norato et al. 2015) and
the cellular developmental method share a number of
traits, most notably, the use of primitive shapes to model
the layout of the structure. Such choice not only allows
for the easy control of the size of the frame’s members,
but also greatly reduces the number of design variables
in the problem. Yet, the cellular division does not need
a post processing interpretation of the design, nor an

a priori choice of the number of members, and the
cellular developmental method can also easily constrain
the angle between the members of the topology.

Appendix 1. Two-point topological
derivative

Consider the compliance functional (Allaire et al. 2004)

Jc(�) =
∫

�

Ae(u) : e(u), (27)

where α ≥ 2, uω ∈ Lα and k ∈ L∞(D) is a non-negative
weighting function. Assume f ∈ H 1(�)N , g ∈ H 2(�)N

and u ∈ H 2(�)N . Then, given admissible p, q ∈ ∂�, the
two-point topological derivative of the compliance can be
written as

T Jc(p, q) = u⊥
0 (p) + u⊥

0 (q)

2

∫ l

0
f ⊥(x)dx +

u⊥
0 (p) − u⊥

0 (q)

2l

∫ l

0
(l − 2x)f ⊥(x)dx +

∫ l

0

f ‖(x)
{
x
∫ l

0

∫ η

0
f ‖(ξ)

Ê
dξdη − l

∫ x

0

∫ η

0
f ‖(ξ)

Ê
dξdη + [(l − x)u(p) + xu(q)]. q−p

l

}

l
dx −

(Ê)

2l2

∫ l

0

[
(u(p) − u(q)).(q − p)

l
− l

∫ x

0

f ‖(ξ)

(Ê)
dξ +

∫ l

0

∫ η

0

f ‖(ξ)

(Ê)
dξdη

]2

dx (A1.1)

where Ê = E/(1 − ν2) for plane strain, and Ê = E for
plane stress or three-dimensional problems, l = |p − q|,
x is the arc length coordinate along the line pq and the
superscript ‖ (resp. ⊥) denotes the component parallel (resp.
orthogonal) to pq oriented from p to q. Indeed, under the
hypotheses above, we can use Theorem 7 in Allaire et al.
(2004) to obtain

J ′
c(�t )(θ) =

∫
�t∪�N

[2

−Ae(ut ) : e(ut )] θ .n +∫
�D

[Ae(ut ) : e(ut )] θ .n, (A1.2)

where ∂n = ∂/∂n, H is the mean curvature of ∂� and
θ ∈ W 1,∞(RN,RN). Using the chain rule, it follows that

J ′
c(t) = J ′

c(�t )(∂t�t ), (A1.3)

where ∂t�t denotes the geometric sensitivity of the
extended domain �t with respect to the parameter t .

We consider first the problem in the plane and let It

denote a thin ligament connecting points p, q ∈ ∂�. Then

using (A1.2) and (A1.3), and the free traction boundary
conditions at the ligament boundary, we obtain:

J ′
c(t)=

∫
�̄t

(
f .ut − Ae(ut ) : e(ut )

2

)
=

∫
�̄t

(
f .ut − σ 2

xx

2Ê

)
,

(A1.4)

where �̄t are the ligament faces that move when changing
its thickness. Indeed, Ae(ut ) : e(ut ) = σxxεxx + σyyεyy +
2σxyεxy ; σyy = σxy = 0, on, �̄t , where y is a coordinate
right orthogonal to x and the traction free condition is
applied; εxx = 1

Ê
(σxx − νσyy); ∂t�t = n/2 in �̄t

and ∂t�t = 0, otherwise. Therefore, on, �̄t , where the

integration is computed, the equality: Ae(ut ) : e(ut ) = σ 2
xx

Ê
holds as claimed.

Here we present a formal derivation using an approach
akin to the derivation of plane stress equations can be
employed to approximate the integrand terms—a rigorous
(and difficult) approach to the asymptotic expansion of ut

around t = 0 for the Poisson problem can be found in
Nazarov et al. (2004, 2005). Indeed, taking coordinates
(x, y) in the plane with x along the mean line of the
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rectangular ligament, the equilibrium equation can be
written as follows:

∂xσxx + ∂yσyy + f = 0. (A1.5)

Integrating over y, using the traction-free boundary at y =
±t/2 and using the averages over the thickness σ̄xx =
1/t

∫ t/2
−t/2 σxx , f̄ = 1/t

∫ t/2
−t/2 f , we obtain:

∂xσ̄xx + f̄ = 0. (A1.6)

Finally, using the constitutive law

εxx = 1

Ê
(σxx − νσyy), (A1.7)

the kinematic relation

εxx = ∂xu, (A1.8)

and averaging over the thickness results in

Ê(ūd)′′ + f ‖ = 0, (A1.9)

within the domain, while at the boundaries

ūd (0) = u
‖
0(p), (A1.10)

ūd (l) = u
‖
0(q). (A1.11)

Here the average displacement in the ligament has been
decomposed as

ūt = (ūt + ūr )e⊥ + ūde‖, (A1.12)

where ūt represents the translation of the centroid of the
line pq by a displacement equal to arithmetic mean of the
components normal to the line pq at the ends p and q, ūr

is a rotation component around the centroid of the line pq

and ūd the mean deformation along the ligament around pq.
Symbolically,

ūt (x) = u⊥
0 (p) + u⊥

0 (q)

2
, (A1.13)

ūr (x) = u⊥
0 (p) − u⊥

0 (q)

2l
(l − 2x), (A1.14)

where x is the arc length coordinate along the line pq with
origin at p and l is the length of the line pq. Therefore,

ūd (x) = u
‖
0(p)− u

‖
0(q) + u

‖
0(p)

l
x− x

l

∫ l

0

∫ η

0

f ‖(ξ)

2μ + λ̂
dξdη

+
∫ x

0

∫ η

0

f ‖(ξ)

2μ + λ̂
dξdη. (A1.15)

Replacing (A1.13), (A1.14) and (A1.15) into (A1.12) and
the latter into (A1.4) and taking the limit as t → 0 yields
(A1.1) (after simplification and noting that the rigid motions
ūt and ūr do not create strain). The case of three-dimensions
is obtained analogously.

If the body forces are negligible, then

T Jc(p, q) = − Ê

|q − p|3 [(u(q)−u(p)).(q−p)]2. (A1.16)

We note in passing that in the absence of significant body
forces, the addition of a bar in a frame will never increase
the compliance of the frame, while increasing the mass
of the frame; and also the resemblance of (A1.9) to the
equilibrium equation on a truss member. The latter agrees
with the fact that truss equations are obtained from the
continuum equations under the assumption of thin members.

Appendix 2. Finite differences verification

To verify the correctness of the numerical implementation
of the topological derivative, a comparison was carried-
out between the results computed with the analytical
topological derivative in (14) against the following one
sided finite difference approximation:

TFDJ (p, q; t) = J (� + It ) − J (�)

t
. (A2.1)

The problem selected for the verification is the test case
Section 4.2, with the points selected for probing given by:

p = (5.75, 4.625), (A2.2)

q = (9.484611796797793, 2.7576941016011034). (A2.3)

These points correspond to boundary points along the line
connecting an approximation to the minimum pair for the
compliance derivative.

Figure 20 shows the error of the finite-difference approx-
imation as a function of the thickness of the ligament. A

Fig. 20 Single-load-case cantilever. Logarithmic plot of the absolute
error in the finite-difference approximation of the two-point topolog-
ical derivative as a function of the thickness of the ligament. Dots:
finite-difference error. Solid-line: degree one slope. Lagrangian P3
finite-elements are used in the analyses with adaptive mesh refinement
with compliance as target functional. The number of degrees-of-
freedom in each computation varies from 893,046 for the thickness
equal to 5 × 10−5, to 1,214,328 for the thickness equal to 8 × 10−4
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Table 1 Comparison of
estimated compliance and
actual compliance. Compliance
at �0:
Jc = 0.7321131267730081

Thickness Jc(�t ) Jc(�0) + T Jc(�0) × thickness δ [%]

8 × 10−4 0.7316465312091498 0.7315895678974905 89.12

4 × 10−4 0.7318664308138638 0.7318513473352494 94.2381

2 × 10−4 0.731986114928322 0.7319822370541287 97.0373

1 × 10−4 0.7320486713150742 0.7320476819135684 98.4882

5 × 10−5 0.7320806442001073 0.7320804043432882 99.267

Two point topological derivative at �0: T Jc = −0.654448594397. Accuracy of estimate δ = |T Jc(�0) ×
thickness/[Jc(�t ) − Jc(�0)]|

Fig. 21 Single-load-case cantilever. Distribution of strain-energy in the initial and deformed layouts. Isthmus thickness: 0.1. Lagrangian P3
finite-elements are used in the analyses with adaptive mesh refinement with compliance as target functional

linear decay of the error for the one-sided finite-difference
approximation is observed, which verifies the correctness
of the implementation. As shown in Table 1, the two-point
topological derivative can also be used to estimate the reduc-
tion of the compliance by the addition of the quadrilateral
bar with varying thicknesses. As expected, the accuracy of
the estimate improves with as the bar becomes thinner, but
it is still accurate for the thickest bar listed. Finally, Fig. 21
shows the distribution of strain energy on the initial lay-
out, and the topology of the deformed initial layout with an
ligament at the sample pair p, q. This figure shows that con-
necting the two points along their connecting line reduces
the compliance around those points enough to decrease the
compliance of the overall frame, despite the additional strain
energy generated in the new, connecting bar.
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