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Jing Cui

ABSTRACT

The dissertation focuses on the nonlinear Schrodinger equation
iy + Uy + Klul*u =0,

for the complex-valued function v = w(z,t) with domain ¢ > 0, 0 < x < L, where the
parameter s is any non-zero real number. It is shown that the problem is locally and
globally well-posed for appropriate initial data and the solution exponentially decays to zero
as t — oo under the boundary conditions

u(0,t) = Bu(L,t), Pug(0,t) — ugy(L,t) = iau(0,1),

where L > 0, and « and [ are any real numbers satisfying a5 < 0 and § # +1.

Moreover, the numerical study of controllability problem for the nonlinear Schrodinger
equations is given. It is proved that the finite-difference scheme for the linear Schrodinger
equation is uniformly boundary controllable and the boundary controls converge as the step
sizes approach to zero. It is then shown that the discrete version of the nonlinear case is
boundary null-controllable by applying the fixed point method. From the new results, some
open questions are presented.
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GENERAL AUDIENCE ABSTRACT

The dissertation concerns the solutions of nonlinear Schrodinger (NLS) equation, which
arises in many applications of physics and applied mathematics and models the propagation
of light waves in fiber optics cables, surface water-waves, Langmuir waves in a hot plasma,
oceanic and optical rogue waves, etc. Under certain dissipative boundary conditions, it is
shown that for given initial data, the solutions of NLS equation always exist for a finite
time, and for small initial data, the solutions exist for all the time and decay exponentially
to zero as time goes to infinity. Moreover, by applying a boundary control at one end of
the boundary, it is shown using a finite-difference approximation scheme that the linear
Schrodinger equation is uniformly controllable. It is proved using fixed point method that
the discrete version of the NLS equation is also boundary controllable. The results obtained
may be applicable to design boundary controls to eliminate unwanted waves generated by
noises as well as create the wave propagation that is important in applications.
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Chapter 1

Introduction

The Schrodinger equations are partial differential equations (PDEs) arising in quantum me-
chanics as a model to describe the performance of the quantum state when time changes.
Over the past decades, the nonlinear Schrodinger equations played important roles in the
fields of physics and applied mathematics. It can be derived as models for many physical
phenomena such as propagation of light in fiber optics cables, deep surface water waves, Lang-
muir waves in a hot plasma, oceanic rogue waves, and optical rogue waves (see [1, 2, 4, 25]).
In this dissertation, we study the nonlinear Schrodinger equation

Uy + Uy + Klu|*u =0 (1.0.1)

for the complex-valued function v = w(x,t) with domain t > 0, 0 < 2 < L, where the
parameter x is any non-zero real number. In optics, the function u represents a wave, the
term wu,, represents the dispersion, and the equation (1.0.1) describes the propagation of the
wave in nonlinear fiber optics. For water waves, equation (1.0.1) can model the evolution of
the envelope of modulated wave groups.

The local and global well-posedness of the initial-boundary-value problem for (1.0.1)
posed either on a half line RT or on a bounded interval (0, L) with nonhomogeneous boundary
conditions has been discussed in [3]. One type of control problems for the KdV equation
with periodic boundary conditions was introduced in [30, 31]. The first part of this thesis
uses the methods in [30, 31] to discuss the controllability, stabilizability and well-posedness
of equation (1.0.1) with boundary conditions

u(0,t) = pu(L,t),  Buy(0,t) —uy (L, 1) =iou(0,1), (1.0.2)
where L > 0, and a and § are any real numbers satisfying a8 < 0 and § # +1.
Applying the boundary conditions (1.0.2) to (1.0.1) yields

d L
%/ lu (1) [2de < 0
0

1
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when the nonlinear term in (1.0.1) is absent. Thus, (1.0.2) can be considered as a dissipation
mechanism, from which, if there is no nonlinear term in (1.0.1), we have the solution of
(1.0.1)-(1.0.2) exponentially decaying to zero as ¢ goes to infinity.

Theorem 1.0.1. The linear operator A defined by
Au =iu" (z)
with the domain
72 (A)={ue H*(0,L) | u(0)=pu(L), pu'(0)—u (L)=iou(0)},

generates a strongly continuous semigroup S (t) ,t > 0, of bounded operators on L*(0,L). In
addition, there exist positive numbers & and n such that

IS <&e™  t=0.

We also show that the operator A is a discrete spectral operator and all but a finite

number of its eigenvalues A correspond to one-dimensional projections. The asymptotic
form of the eigenvalues can be obtained as

—4rm (2km + O(1))?

M=~ —i e ,

k — o0,

where
—afL
T = —
27(p%2 4+ 1)
If we denote A* as the adjoint of A, then

>0.

Proposition 1.0.2. The operators A, A* have compact resolvents and their eigenvectors,
{p] — 00 <k <400}, {Yg] —00 <k < +o0},

satisfying
Vidn = Ox;
are complete and form dual Riesz bases for L* (0, L).
Several types of properties for the Schrédinger operator can be obtained from the above
spectral analysis. They are used to derive the existence and uniqueness results of the solution

of (1.0.1)-(1.0.2) with initial condition u (x,0) = ug through contraction mapping principle.
Let us define a Banach space H.'; as

HY = {w = > ade; >, (14 k[P el < OO}

k=—o0 k=—o0
with norm
oo
loll2p = Nwllen = o (L [EP) fexl?
’ k=—00

for any s > 0 and p > 1. When p = 2, we denote H}'; by H, 5 and its norm as || - ||.
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Theorem 1.0.3. Let % <s<l1.
(i) Define

Xr:=C(0,T;H, 3) NL>(0,T; H ).
There exists a T = T (||ug|ls) > 0 such that the IVP (1.0.1)-(1.0.2) with initial condition
u (x,0) = ug has a unique solution v € Xg for any ug € H}, 5, where T — oo as ||ugl|s — 0.
In addition, there exists a neighborhood U of ug in H;, 5 such that the map from U to Xz,

G:uyg—v(x,t),

is Lipschitz continuous for any T < T.
(it) Let 8" > & + s and define

Xr:=C(0,T;L*) N L°(0,T; H 4) .

There ezists a T = T (||uo||ls6) > 0 such that the IVP (1.0.1)-(1.0.2) with initial condi-
tion u (x,0) = ug has a unique solution v € Xr for any ug € Hif, where T — 400 as

sup |luollz2 + ||uolls6 — 0. In addition, there exists a neighborhood U of ug in H(‘jg such
0<t<T ’

that the map from U to Xy,
G:ug—v(z,t),

is Lipschitz continuous for any T < T.

Both parts of Theorem 1.0.3 are local well-posedness results. We also prove the global
well-posedness property that there exists a unique solution in C' (0, oo; HY, B)HLOO (O, oo; HY, 5)
when ||uo||, is small enough for any s € (3, 1). Moreover, by the Lyapounov’s second method,
we have that the solution exponentially decays to zero as t — oo.

In recent years, the numerical approximations of controllability problems for PDEs have
attracted a lot of attention. While important progress has been made for the wave and
heat equations (cf.[7, 17, 20, 21, 22, 34], e.g.,), there are only a few results for the lin-
ear Schrodinger equations. The exact controllability of the linear Schrodinger equation in
bounded domains with the Dirichlet boundary conditions was studied in [19]. The exact
boundary controllability of (1.0.1) posed on a bounded domain in R™ with either the Dirich-
let boundary conditions or the Neumann boundary conditions was discussed in [26]. The
local exact controllability and stabilizability of (1.0.1) on a bounded interval, with an inter-
nal or boundary control, have been studied in [27]. The results of [27] were extended to any
dimension in [28]. Thus, it is natural for us to start the study of numerical approximation of
the linear Schrodinger equation with boundary control problems and think whether we can
obtain the controls of the linear Schrodinger equation as limits of controls from the numerical
approximation schemes. In the second part of this thesis, we use the finite-difference ap-
proximation scheme and apply the methods introduced in [33, 34] to prove some new results
for the linear and nonlinear Schrodinger equations, and present a number of open questions
and future directions of research.
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Let us consider the nonlinear Schrédinger equation with boundary control v (¢) which
enters into the system through the boundary at x = L:

iU + Uy + K|uPu = 0, re(0,L), 0<t<T,
uw(0,t) =0, u(L,t)=v(t), 0<t<T, (1.0.3)
u(x,0) =u’ (7)), ze (0,L).

System (1.0.3) is known to be controllable if there exists a control v(t) € L*(0,T) such
that, for all «%(z) € L*(0,L) and u'(z) € L*(0, L), the solution u(z,t) of (1.0.3) satisfies
u(z, T) = u'(z).

We introduce the partition {x; = jh};—o. . n+1 of the interval (0,L) with =y = 0,
rn+1 = L and h = NLH for an integer N € N. Then the conservative finite-difference
semi-discretization of (1.0.3) can be derived as

) Wit — 205 + Wiy
v+ h2

Vi1 — 20 + V1
W — Y J J

+ k(v?

‘wi+w)) =0, j=1,...,N,0<t<T,

—/i(wf-vj—i—v?)zo, j=1,...,N, 0<t<T,

h? (1.0.4)
'Uo(t):O, wo(t):O, 0<t<T,
UN+1 (t) = ap (t) , WN41 (t) = by, (t) , O0<t<T,
v; (0) = v?, wj(O)—w;], j=0,....,N+1,

where ’ denotes derivative with respect to time ¢, v;(t) 4+ iw;(t) = u;(t) is the approximation
of u(z,t) at the node x;, a;(t) and by(t) are controls dependent on the size of h. By Hilbert
Uniqueness Method (HUM) [16] and Ingham’s Theorem [11, 12, 23], we deduce that, in the
absence of nonlinear terms, the system (1.0.4) is uniformly controllable in time 7" and the
control of (1.0.3) can be achieved as the limit of ay(t) + ibs(t) as h — 0. The controllability
of (1.0.4) can be also obtained by the method introduced in [27].

Theorem 1.0.4. Let T > 0. In the absence of nonlinear terms, system (1.0. 4) s uniformly
contmllable as h — 0. More precisely, for any initial states {’U =1 {w i1, Jinal states
{oj L), {wj}, and h > 0, there exist controls ay, (t) and by, (t) € L? (0 T) such that the
solutwns of the system satisfy

v; (T) =v;, wj(T)=w;, j=1,---,N.

5 R
Moreover, there exists a constant C' > 0, independent of h, such that
N
llan (6) 1220, + 1160 (&) 2207y < Chzl (1071 + [wg1? =+ [oj * + [wj]?)
J:
Jor all {09} {wIH,, {vi Y, {wj L, and h > 0. Finally,
ap (t) = a(t), by(t)—b(t) in L*(0,T) as h — 0,

where a (t) + ib(t) is a control of (1.0.3) such that u(x,T) = u'(x), in the absence of the
nonlinear term.
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Figure 1.1: Graphs of controls and simulations of solutions for the semi-discrete linear Schrédinger
equatlon L=1h=

0, 7=1,---,N.

21 v? and w?, j =1,---,N, are random numbers in (0, 1). v} = w} =

J J

Through the algorithm used in the proof of Theorem 1.0.4, in Figure 1.1 and Figure 1.2,
we give the graphs of controls a,(t), by(t) and simulate the solutions {v;} 4!, {w;}24" of
the semi-discrete Schrodinger system (1.0.4) when vjzwj + w? and w?v; + v} are not present.
The end states are null and any given data in Figure 1.1 and Figure 1.2, respectively. From
IIT and IV of those graphs, it is easy to see that the solutions of (1.0.4) go to the given final
states as t — 7" which implies (1.0.4) is controllable (when v?w; +w? and w}v; + v} are not
present). I and II of the figures are the controls of (1.0.4), as h — 0, which converge to the
real and imaginary parts of the control of (1.0.3).

Based on the result of Theorem 1.0.4, we deduce the null controllability of system (1.0.4)
by a standard fixed point argument. We introduce any semi-discrete function 7 = Z (t) =
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Figure 1.2: Graphs of controls and s1mu1at10ns of solutions for the semi-discrete linear Schrodinger
equation. L = 1,h = i v] and wj, j = 1,--- N, are random numbers in (0, 1). vjl- and
1 _
wj, j=1,---, N, are any given data.

(z0(t),...,2n41 (1) €C (O, T; CN+2) to linearize the nonlinear terms in system (1.0.4), and
then convert v?w; + w? and w?v; + v§ to |z;[*w; and |z;|*v;, respectively. It can be proved
that the nonlinear mappmg T(Z) (vo + iwg, v +iwy, ..., UN41 + szH) has a fixed point
which implies |2;[*w; = viw;+w?, |2;]*v; = wiv; 40} for all j=1,...,N, and, consequently,
the solution of the lmearlzed system is the solutlon of (1.0.4).

Theorem 1.0.5. The semi-discrete nonlinear Schrodinger system (1.0.4) is null controllable.
More precisely, if h > 0 is fived, for all initial states {v9},, {w?}, € L? (0,75 RN) there
exist controls a(t) and by(t) € L*(0,T) such that the solutions of (1.0.4) satisfy

U](T):(], U)J(T):(], jzl,,N

In order to observe the tendency of map T approaching to its fixed point, we give the
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graphs of z;,7 =0,...,N 4+ 1 at t = T for each iteration. In view of Figure 1.3, it is clear
that the fixed point exists.

Graphs of Y for all interations Graphs of w; for all interations
T T T T T T T T T T

L L L L L L L L L L L L L L L L L L
0 0.1 02 03 0.4 0.5 0.6 07 0.8 0.9 1 0 0.1 02 0.3 0.4 0.5 06 0.7 0.8 0.9 1

Figure 1.3: Graphs of z;,j = 0,1,...N + 1 for each iteration until the map T (Z) reaches a
fixed point. I is the real part and II is the imaginary part of z;. & = 0.5,L = 1,h = ﬁ,
t = T and the given initial values of z; are zeros. After 6 iterations, max (|Re(z;) — v;|) and

max (|Im (z;) —w;]) <107°, j =0,...,N + 1.

After the map Y (Z) achieves its fixed point, i.e. the number of the iterations is 6 shown
in Figure 1.3, the corresponding controls ay(t), b,(t) and the simulations of the solutions for
the linearized system of (1.0.4) can be obtained as Figure 1.4. Figure 1.4 is also the graph
of the controls and solutions of the semi-discrete system (1.0.4). As h — 0, they give the
control v () and solution wu (x,t) for the continuous nonlinear Schrédinger system (1.0.3)
such that u(z,T) = 0 (i.e. system (1.0.3) is null controllable). But in order to prove the
convergence, we need to show the uniform null controllability of (1.0.4), i.e. Theorem 1.0.5
holds for any h, which is an open problem that we will study in the future.

The outline of this dissertation is as follows. In Chapter 2, we study the stabilization of
the linear Schrodinger equation. In Chapter 3, we analyze the spectral problem of the linear
Schrodinger equation which is the preparation of the properties to be proved in Chapter 4.
Based on the results of Chapter 4, the local well-posedness of the nonlinear Schrodinger sys-
tem will be established in Chapter 5. Chapter 6 derives the global existence and exponential
decay of the small amplitude solutions. In Chapter 7, we consider the boundary control
and numerical approximation of solution for the linear Schrédinger equation using two dif-
ferent methods. Finally, Chapter 8 discusses the controllability of the nonlinear system with
boundary control by the fixed point method and gives some open problems related to it.
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Figure 1.4: Graphs of controls and simulations of solutions for the linearized Schrédinger equation

system of (8.0.4) when the map Y(Z) achieves its fixed point. x = 0.5,L = 1,h =

0
- Uj and

w?, j=1,---,N, are any random numbers in (0, 0.5). v} = w]l =0,j5=1,---,N.
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Chapter 2

Stability of the Linear Schrodinger
Equation with Boundary Dissipation

Before we derive the main results of the nonlinear Schrédinger system (1.0.1)-(1.0.2), it is
necessary to study the related linear equation

WUy + Ugy = 0 (2.0.1)
on the same domain with the same boundary conditions. The conjugate of (2.0.1) is
— 14Uy + Ugy = 0. (2.0.2)
Then (2.0.1) and (2.0.2) give us
0 = (i + Ugy) U — (—0U + Uga) u
= Ul + Uy U + UL — Uy
=i (ut), + (upt), — Uply — (Ully), + Uyl
=i (|ul?), + (ualt — uity), - (2.0.3)
From (2.0.3) we have, for appropriately smooth solutions of (2.0.1) and (1.0.2),

jt/oL Ju(2,t) [Pde = /OL gtw(%t) [*dx
:/0 i (g (2,8) @ (2, 1) — u (2, 1) Uy (2, 1)), do

) (), (2, 1) |

L.t)—u(L,t)u, (L,t) —u, (0,t) Bu(L,t) + fu(L,t)u, (0,t)]
— U, (0,¢) B] + iu (L, t) [Bug (0, 1) — s (L, 1)]

0, (2.0.4)
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which implies that the energy is non-increasing as ¢ increases. Therefore, the boundary
conditions (1.0.2) can be considered as a dissipation mechanism for (2.0.1) and it is reasonable
to suspect that the solution u (z,t) of (2.0.1) with boundary conditions (1.0.2) goes to zero
as t — +o0o. In the rest of this chapter, we will prove this conjecture holds, that means
u (z,t) exponentially decays to zero with respect to the norm in L? (0.L).

Let us define a linear operator A by
Au =iu" (z) (2.0.5)
with the domain

2(A)={ue H*(0,L) | u(0)=pu(L), Bu (0)—u (L)=iau(0)}. (2.0.6)

Lemma 2.0.1. The operator A is dissipative and the resolvent (A — A)f1 of A exists and
its operator norm is bounded by A\=* for any real X > 0.

Proof. Let Re (u, Au) denote the real part of (u, Au). By definition, A is dissipative if and
only if Re (u, Au) < 0 for every u € Z (A). From (2.0.4), it is straightward to check that

2Re (u, Au) = (u, Au) + (u, Au)
L L
= / wAudzr + / wAudz
0 0
L L
:/ —iﬁ”uda:+/ i udz
0 0
L
= —z'/ wi” — v udz
0

L L
= — {/ udi' — / udu'}
0 0

L L ! =1/ !
—/ wu'dr — uu
0

L L /!
+/ wu'dx
0 0
Y >
= (u'u—ut) ‘0

=2apf|u(L)]* <0, (2.0.7)

/

uu

= —i

i.e. Ais dissipative. Let R (X, A) = (A\] — A)~". Using (2.0.7) we have
L
I — A)ul)? = / N — i 2 d
0

L
= / N ul? + i) (ua” — au) + |u”|*dx
0

= Nlul® + [lu"|* — 22aBlu (L) |*
> N, (2.0.8)



Jing Cui Chapter 2. Stability of the Linear Schrodinger Equation with Boundary Dissipation 11

then
(AT = A)ull* > N[ (M — A)~ (M = A)ul]?,

which implies
17— )7 (1 - Ay < LA AT

i.e. for any f in the range of \I — A and XA > 0, || (A — A)™" f|| < ”L)\H Hence

1R A) ] <

> =

]

Theorem 2.0.2. The operator A generates a strongly continuous semigroup S (t),t >0, of
bounded operators on L* (0, L).

Proof. By the Lumer-Phillips theorem [18] and Lemma 2.0.1, A generates a strongly con-
tinuous semigroup on L? (0, L) if the range of (A — A), denoted by R (X — A), is all of
L?(0,L). Thus, we need to prove that there exists u € 2 (A — A), the domain of \I — A,
such that (A\] — A)u = f for any f € L?(0, L), i.e. we need to find u € Z (A — A) satisfying
u”" + i u = if. For A # 0, we denote two square roots of —i\ by uo and puq, respectively.
Denote u' = z and rewrite uv” + iAu = if to a system of first-order differential equations:

u =z
2 =" = —idu+if,

which is equivalent to

TV =FNT+9, (2.0.9)
where W = (u, 2)", 3 = (0,if)", and
0 1
F = <—¢A 0> '
Diagonalize the system with the transformation using p = (po, p1),
1 1 v
U = (Mo m) (w> = M (), (2.0.10)
and plug (2.0.10) into (2.0.9) to obtain
T = Q)T+ 0, (2.0.11)
where
Q) =M FOME =g 0). TS (20.12)
1
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The solution of (2.0.11) can be written by
T (2) = 20T (0) + / @90 (5) ds. (2.0.13)
0

Then, the boundary conditions (2.0.6) are changed to

7 (L) = (_/lfm 2) (ZESD = B(a,8) W (0),

or, by the relationship (2.0.10) between o and ¥,
T (L) = M ()" B () M (1) 7 (0). (2.0.14)

Substituting (2.0.13) into (2.0.14) at = L yields

M (6) B (e B) M (1) 7 (0) = 21002 (0) 4 [ eI () s,
which implies

[B (a0 6) M () = M (1) 2] T (0) = M () [ =90 (s) ds.

To show no positive A satisfying det (B (o, 8) M (1) — M () e"¥W) = 0, we let @ (u, o, B) =
B (a, B) M (1) —M () ¥ and assume that there exists A with det (® (11, @, 8)) = 0. Then,
any nonzero solution ¥ (0) of ® (11, ar, 8) ¥ (0) = 0 gives an eigenfunction

U (1, o, B,3) = "MW (0)

for A, which corresponds to the value of A associated with p by —iA = ,u?, 7 =0,1. For this
U (i, @, B, x), there is a nonzero solution u of u” + idu = 0 (ie. || (A — A)ul| = 0), which
contradicts to (2.0.8). Hence, (® (u, «v, 8)) is invertible for any A > 0 and

T (0)=® (0 5 M () [ (5)ds.
From (2.0.13) we have

Y (x) = WP (u, o, B) T M (1) /OL e(L_w)Q(“)ﬁ (x)dx + /Ox e(x_s)ﬂ(“)$ (s)ds. (2.0.15)

Therefore, for any f € L? (0, L), we can find u = (A\] — A)~" f, which means that the range
of A\I — A is all functions in L? (0, L) for any A > 0. Thus, A generates a strongly continuous
semigroup on L? (0, L). O

Now, we study the resolvent of A for A\ on the imaginary axis.
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Lemma 2.0.3. For any A on the imaginary azis, R (A, A) = (A — A)™" eaists on L? (0, L).

Proof. Let A\ = iw and assume that there is a 4 (iw,a,f,2) = 1 € Z(A) satisfying
(A—A)u=(A—iwl)a=0. By the identity

@ (L) = 0 follows from (2.0.7). Thus, by the boundary conditions (1.0.2), & € Z (A) satisfies
@ =wii, with @(0)=a(L)=0, Biy(0)—iy(L)=0. (2.0.16)
If w # 0, we have
U = coe!®® + c1eM® U, = coppe!®® + et

where po and p, are two different square roots of —iA = w. Applying the boundary conditions
(2.0.16) yields

7:6(0) =co+c=0=c = —c,

i (L) = coe" + et = ¢ (e“OL — e’“L) =0=c¢=0=¢ =0,

which implies that @ = 0 and (A — AI) @ = 0 has only trivial solution for w # 0. Similarly,
the case for w = 0 also implies u = 0. Indeed, if w = 0,

U =cy+cix, Uy =cCy,
then
fb(()) = Cy = 0

= =c =0.
a(L):c0+c1L:0:>c1L:0} =

Since A has only discrete spectrum, we conclude that for any A\ on the imaginary axis,

R () A) exists. O
The following is the resolvent estimate for large A on the imaginary axis.

Lemma 2.0.4. ||R (iw,A) || = O (w‘é) as |lw| — oco.

Proof. First, we find the solution u of (\] — A) u = f with boundary conditions (1.0.2) using
Green’s function. If we define G (\, z, () by

AG (N, z,0) —iG" (N, x,{) =0 (x — (),
G (A,0,¢) =BG (N L, C), (2.0.17)
BG' (A, 0,¢) — G (A L, ¢) = iaG (A, 0,), (2.0.18)
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where ¢ € [0, L] and 9§ is the Dirac delta function, then the solution w is given by

L
uva B = [ GO0 F(Odc. (2.0.19)

The Green’s function G (A, z, () can be found as follows. We have G takes the form
G\ z,¢) = coet@ ) e @0 L H (1 — () [606“0(”0 + 616’“(”3’0] , (2.0.20)

where the Heaviside function

1, x> (,

H(x_o:{o r<C.

From the homogeneous equation (Al — A)u = 0, it is obtained that

Gl()‘ax7C)v ZE>C7

G(A7‘I7C)Z{G2<)\7$’C)7 xSC?

(Co -+ ég) 6“0(:0_0 -+ (Cl + él) e,ul(z—g)’ T > C, 90.21
o Coeuo(fv*C) _|_Cleu1(sz)’ z <, ( o )
and
G (N, 2,¢) = (co + o) poe ™) + (e + ¢1) e =9, x> (, (2.0.22)
Gh (A, 2, ) = copoe® ™) + ¢y py et 9, z < (. -
The conditions at x = (,
Gl ()‘7 C? C) - G2 <)\7 Ca C) = 07
Gll ()‘7 C? C) - GIQ ()\a Ca C) = 17
give us
Co+éo+01+él—(60+01) :éo—i-él :O,
(co + Co) pto + (c1 + ¢1) . — (copto + c1pn) = Copto + Erpr = 1,
thus it is deduced that ) )
Co = , ¢ = ) (2.0.23)
Ho — M1 M1 — Ho
From (2.0.21) we have
G (N 0,() = coe H0C 4 ¢pemC x <,

G ()\, L, C) = (Co + éo) 6“0([/7() + (Cl + 61) eul(Lio, x > C,
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then the boundary condition (2.0.17) implies
COG*NOC + clefulg = B (co + &) eho(L=C) 4 B (c1+ é1) em(L*C)’
hence

coe HoS (; _ euoL> + cpe ¢ (; _ eu1L> _ éoeuo(L*C) + élem(L*C). (2.0.24)

Similarly, from (2.0.22)

G/ ()\7 07 C) = CO,uoeiuOC + Clﬂleiulga z g C?
G (N, L, ) = (co+ ) poet® ") 4 (c1 + &) e F7), x> .

Then the boundary condition (2.0.18) yields
560#06—#0( +501N1€_“1C —(co + &) uoeuo(L—C) — (1 + ¢&4) ,ule’“(L_C) — iacoe_“(’c + iacle_’“c,
which implies

Coe—MOC (ﬁﬂo _ MOQ#OL _ iOé) + Cle—ulC (6#1 _ MlemL _ iOz) _ éllublem(L_C) + éOMOG#O(L Q.
(2.0.25)

From the definitions in the proof of Theorem 2.0.2, we have that for ¢ = (co,c1)" ,¢ =
(60761)T7

® (p,a, 8) = B (o, B) M (1) — M () e"®)
0

% > )~ 1) w)
—ta B \Jo Mo 1

% 5 )_(1 1)((3#@ 0)

a+ Bupo —ia+ B fo  H 0 emk
% % ) B ( etoL et L )
+ po —ia+ By proetot pyertt

GUOL é 6//41 L )

—ia + Buo — poe’t —ia 4 By — pyet

and

® (1, a, B) e~ Wec

_ % — eHol % — el e HoC o
-~ \—ia+ Buo — poett —ia+ By — e )\ 0 e ) e

_ Co (% — €“°L> e HOS + ¢ (% — e‘“L) e~td
a Co (—iOé + B — [IJQGMOL) e HoC c1 (—ia + Buy — NlemL) e~
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with
1 1 e(L=C)po 0 é
QL= a 0
M{p)e ‘ <N0 m) ( 0 e(L_O’“) (Cl)
o éoe(Lfc)/"‘O _I_ éle(L7<)/J'1
- éﬂﬂoe(L_C)'LLo _I_ éllule(L_C)/Jfl :
Thus, if

P (1,0) = M () e®WE9e and ¢ (u,¢) = e W, (2.0.26)
we can rewrite (2.0.24) and (2.0.25) by

D (0, 8) 7 (1,0) =T (1. €).-

From the Cramer’s rule, ¢ (11, ¢) can be solved as follows,

T (w0
?(%C) ~ det (@ (1,0, B))’

where the two components ry and r; of 7( i, ) are the determinants of the matrices obtained
by replacing the first or second column of ®(u, ov, 8) by T (u, ¢).

Let us assume w > 0 and take w = p? with p > 0. Then, the square roots of —i\ =
—i (iw) = w = p? are p and —p. Let g = p and p; = —p. Hence, as p — oo,

A o(L=Qpuo 4 p o(L—=C)p1 1 _ omlL
ro(u,C):det<A ‘o ac F e ) (2.0.27)

COMOG(Lic)uO _|_ élule(Lfc)'ul _ZO{ _|_ /BMI — Mle/"lL

1wl
~ EoeE=OM0 det 1 B et .
po —ia+ By — pyet

1
= Goelbmmo <—i06 + Bun — et — po— + MOG”IL)

5
~ coelb=or {—z’a —p (6 + ;)} ,

2.0.28
—ia + g — poe"  Copoe T 4 ¢ pyelmOm ( )

1 L
~ GpeL=Om det B ekt . 1
—ia + Bpo — poe*” o

1 _ epol éoe(L—C)HO + éle(L—C)M >

r (11,) =det( g

N (L— 1 ,
= ¢oelFm o <BM0 — ety +io— Bug + lﬁoeuoL)

i+ (5-5) ]

— éoe(L*C)p
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= (; - e“OL) (—icc+ Bug — met) — (; - 6“1L> (—ia + B — ,uoe“OL> (2.0.29)
B ; (—28p + pe?" + pe) + iae" — Buie" + py — po — ice " + Buoet”

~ ; (=28p + pe") + ice™ + Bpe’” —2p

= —dp+eft (Z +pB+ ia)

~ el (g+p5+ia>,

which imply that as p — oo

T (0
7 (1,¢) = det (® (1, o, B))

—ia—p(B+B1)
~ p o L=CQp | erL(p/B+pBtic)
~ o€ ia+(ﬁ_1—ﬁ)#o

ePL(p/B+pB+ic)

Let the row vector ¢ = (1,1). Then, from (2.0.20) and (2.0.26),
G\ z,¢) =€ [¢"WF (1, ¢) + H (z — ¢) ™MD ()]
For x < (,ie. H(x—() =0,
G\ w, Q) =€ [P0 (1, Q)]

ot —ia—p(B+87")

~ ePE(p/B+pB+ic) | & (L—C)p

N(l 1) (O e~rr ia+(8~1-8)p co¢
erL(p/B+pB+ic)

ferlio—p(@ap) ot (5= Blal) ; unc
e’t (p/B + pB + i) e’ (p/B+ pB+ia) |
:éep(x—C)_i&_p(ﬁ—i_ﬁ_l) ¢ Z()é—l—(ﬁ_l—ﬁ)p
plB+pB+ia " eret I (p/B + pf + i)
— —pe?"9) as p — o0,

where e/(*=¢) is uniformly bounded for # < ¢. From (2.0.23), |é| ~ p~* as p — oo. Thus,
we conclude that for any given r > 0, there is a constant C,. independent of p such that for
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r<Cand p>r, |G\ x,{)|<Copt. Ifz>( ie. H(x—() =1,

G\ z,Q) =€ [ (1, ¢) + e2WE=O¢ ()]
:éoep(a:—C)_ia_p(ﬁ—i_ﬁ_l) AO ZOé—F(ﬁ_l—B)p
p/B+ pB +ia et (p/B + pB + i)
— —6peP O 4 el 4 p emPl@—0)

+ CoeP @O 4 g e =0

= ¢e9 as p— 0.

Similar to the case z < ¢, e ?@¢) is uniformly bounded for > ¢ and (2.0.23) implies
|é1] & p~! as p — oo. Thus, we obtain that for any given r > 0, there is a constant C,
independent of p such that for z > ¢ and p > r, |G (\,2,{) | < C.p~ L.

When w < 0, we let w = —p? with p > 0. Thus, the square roots of —i\ = —p? are ip
and —ip, and py = ip and py = —ip. From (2.0.23) we have ¢; = —¢, then (2.0.27)-(2.0.29)
give us, as p — 00,

. _ R _ . 1 R B ) )
7o (1, Q) = (oel ™0 4 &elt=m) (—iav + By — puet) — (B - em) (oo™ 4 &y elE=Om)
1
= Co (i + Bpuo) (e_(L_C)#O - e(L_C)W) B Eéoﬂo <6_(L_C)“° + e(L_C)#O) + 26 pu0e”

1
~ Co3 1o (6—(L—C)uo _ e(L—C)uo) _ B@O#O (e—(L—C)uo + e(L—C)uo) i Zéo,uoe_c"o,

1 R - R - - - ,
rr (w, C) = (ﬂ _ euoL> (Coptoet™0 4 ¢y iy eE=0m) — (gyeli=mo 1 ¢ eB=0m (Zjo + Bpug — prgeto)

1
_ 4 (ioz B ﬁMO) <€(L—C)uo . 6—(L—C)uo) + BGONO <6—(L—C)uo + 6(L—C)uo) _ 260#06@0

~ —éof Lo (G(L—C)uo _ e—(L—C)uo) + ;AONO (6—(L—C)MO + 6(L—C)uo> — 280p0eH0,

(
(elffOL + e*#OL) )

det (@ (11, v, B)) = —dpto + (; - ﬁ) po (€M + e70) fia (etoh — emrot)
5) Ko

e
Thus,
G (2. Q)] = | 097G (u,¢) + H (x — ) X0z ()]

= [emomro/ det [ (1, , )] + €1y / det [@ (1, , B)] + H (x = ) (G 4 ¢ye1@=9))|

(pisin[(L — ) gl + 26" cos [(L— ) pl| 42
< lé ( 2+ (5 + B cos (L) “)

S C’r|60| ~ Crp_l
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as p — oo, for some constant C) independent of p.

From above discussion, it is found that |G (\,z,) | < C.p~! for p > r. Because of w = p?,
(2.0.19) yields || R (iw, A) || = O (w%), as |w| = oo. 0

Corollary 2.0.5. The semigroup S (t) generated by the operator A is also a strongly differ-
entiable semigroup on L* (0, L).

Proof. From Lemma 2.0.4 we have
Jim_sup log [w]| 7 (i, A) |
w|—00

= lim suplog |w|O (w_%)
|w|—00

~ fim sup log |w|
Jw| =00 o@%)
o SRl
w00 O (;wﬁ)
1
= lim SupO(sz)

\w\%oo ‘(JJ‘

=0.

Then, S (t) is a strongly differentiable semigroup by Cor.4.10 in [24]. O

The following gives the exponential decay of the semi-group for the linear Schrodinger
operator (2.0.5) with boundary conditions given by (2.0.6).

Theorem 2.0.6. There exists positive numbers & and n such that

IS <&e™,  t=0.
Proof. By Lemmas 2.0.3 and 2.0.4, it is obtained that for all A on the imaginary axis, R (), A)
exists and is uniformly bounded for large A\. Thus, to derive the uniform exponential decay

property of S (¢) using the result by Huang [10], we only need to prove that R (A, A) is
bounded as A — 0. From (2.0.10), (2.0.12) and (2.0.15) it is deduced that

T = M () |0 (1,0,8) M () [0 () do [0 () s
= M (1) 00 (. 5) [ M () eI () G () + /0 M (1) =920 (1)
= M () XM ()7 M (1) @ (1,0, ) / LG (@) da+ [ eI (5) ds
= M () ® (0,8) " [ EIOG (@)t [Tl (5)ds,
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where

M (p) @ (p, o, B)”
(1) — M (1) ") M (1)1
p) M ()™ = M () "M ()7

= [B(a, ) LF”}_I. (2.0.30)

-1

[<I> e ﬁ W
= [(B(
= [B(a,

Using Taylor expansion of e“*'™ for small X, we find
1 1
B(a,p) — "™ = B(a, ) — {1 +LF(\) + 5L?F (A + 6LSF A+ FN) G\

1 1
=B(a,B) —1—LF(\)+ 5MLQI + 6i>\L3F (\) + 212G ()

L — 14 §iAL? LN} — L
B 2 6 2
AL (60 + AL2) — i B —1+ ;ML2> + O (]AP)

5__L1> +O (AP

det(é_,l _L>:<;—1>(5—1)—mL¢o.

Therefore, the matrix (2.0.30) is uniformly bounded in a neighborhood of A = 0 and R (A, A)
is bounded as A — 0. []

and



Chapter 3

Spectral Analysis of Linear
Schrodinger Operator and Function
Spaces

In this chapter, we will discuss the spectral properties of A in (2.0.5)-(2.0.6) together with
its semi-group S (t). Since

L L /
/ wvdx = —i/ vdu
0 0

= —i (v’ — ') 'OL + OL u(—w")dx
where
(v’ — ') \(f =v(L)u' (L) =v' (L) u(L) = [v(0) @ (0) =" (0) @ (0)]
= v (L) [Bu (0) + iaw (0)] — v (L) u (L) — v (0)@ (0) + v (0) Bu (L)
=[v(L) B — v (0)] @ (0) +iapu(L)v (L) =o' (L)u(L) + ' (0) Bu (L)
=[v(L) B — v (0)] @ (0) + [iafv (L) =" (L) + o' (0) Bl u (L)

it is obtained that the adjoint operator A* of A in L? = L?(0, L) is
(A*) (z) = —iv" ()

21



Jing Cui Chapter 3. Spectral Analysis of Linear Schrodinger Operator and Function Spaces 22

with domain
72(A") ={ve H*(0,L) |v(0) = Bu(L), Bv'(0)—v (L) = —iav(0)}. (3.0.1)

Proposition 3.0.1. The operator A is a discrete spectral operator, all but a finite number
of whose eigenvalues \ correspond to one-dimensional projections E (X\;T).

Proof. The results can be obtained from Theorem 8 of Dunford’s book [5] on p.2334, if the
hypotheses are verified. Using the notations there, we let

By (u) =u(0) — pu (L), By (u) = pu' (0) — o' (L) — iau (0) .

Also,p=mi+ms=0+1=1landn=2withn=2vandv=1. wy=1,w, =w; =—1and
or (z, 1) = " with k = 0,1. Then, o} (z, ) = iue®, o (z,u) = —ipe=**. Moreover,

M; (#’) = B; (Uk (M))? i=1,2, k=01,

and

Bl(O'()) B1 (0'1)
VG0 =dr (5 o)

~ det ( 00 (0) — Bog (L) 01 (0) = Bo1 (L) )
Bog(0) = og (L) —iaoy (0)  foy (0) — o1 (L) — iaoy (0)

- 1 — Betrk 1 — Be ik

= det (z‘,uﬂ —ipett —ia —ipB + ipe Mt — ia)

= (1 — ﬁei“L) (—i,uﬁ + ipe " — z'oz) — (1 — Be_i“L) (i,uﬁ — ipet — ia)
= —dipf + ipe M 4 ippte™ 4+ iaBet + ipe™ 4+ ipfte M — jafeME
= el [w (52 + 1) + iaﬁ] + ek [i,u (52 + 1) — iaﬁ] — dipp.

Thus, the coefficients are

0y () = ip (62 +1) +iap, Ty (p) =ip (B2 +1) —iaf, s (p) = —4ipp,

with the leading order parts in terms of u as
a,=1i(8>+1), b,=i(°+1), c¢,=—4B.

It is obtained that k = a,e™ = —bye ™. If €' = s, then s = +i and k = F (82 + 1), which
implies that
_ &% 4B 2P

=P = =+ +1.
2k F2(B2+1) 2 +1 7

Hence, the hypotheses in Theorem 8 of Dunford’s book [5] on p.2334 are satisfied. ]
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In the following, for 1 € L?, we denote 1* as the corresponding adjoint vector of ¢ in
the Hilbert space L?, i.e., for any ¢ in L?,

Vo= (0, ¢)r2

Proposition 3.0.2. The operators A, A* with the corresponding domains have compact re-
solvents and their eigenvectors,

{p] — 00 <k <400}, {Yp] —o00 <k < +o0},
satisfying
Vi = O
are complete and form dual Riesz bases in L? [0, L]. The eigenvalues X of A satisfy Re\ <
—v < 0, for some constant v > 0, and have the asymptotic form

—4rm (2km + O(1))?
T

Ae = k — oo, (3.0.2)

where

—afL

T:m>0

Proof. By Lemmas 2.0.1 and 2.0.3, it is obvious that any A with Re A > 0 is not an eigenvalue
of operator A or A*. Thus, the eigenvalues must satisfy ReA < 0. For Im A > 0, the
eigenfunction ¢ satisfies

G FiNe=0,  6(0)=Bo(L), B (0) — ¢ (L) = iag(0). (3.0.3)
The general solution of (3.0.3) is
¢ (x) = coe"” 4 c1e!"”. (3.0.4)
Substituting (3.0.4) into the boundary conditions in (3.0.3), we have
co +¢1 = Peoe™" + Beret,
Boco + Bracr — (pocoe” + pere*) =ia(co + 1),
which give a system of equations
— BRetoL _ A L
<5uo 1— uoiioL —ia B 1— ulﬁeilL - ia) (2) -0 (305)
Setting the determinant of the above matrix equal to zero gives us
(1= Bet) (B — met —ia) = (1= Be™) (Buo — poe" — ia)
= By — met — i — (B g — Berot ettt — erotiaf) — (Buo — poet*" — ia)
+ B2 g — Bet P et — etiag
= Bu1 — met —io — B2y + Bet ot ettt + e tiaf — Bug + poett + i

+ 526“1L,u0 _ ﬁe‘“Luoe“OL _ e‘“Liaﬂ
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= —2Bpuo + poe " + B2 g + e iaB — 2B + poett + Bre 0 g — e i
= —4Bug + etk (ﬂQMO + a8 + No) + e Mol (B2u0 + g — iaﬁ) =0. (3.0.6)

If the real part of py — oo, (3.0.6) implies (32 4+ 1) = 0, which does not hold. Thus, the real
part of yo must be bounded. Dividing (3.0.6) by po gives

_ 4B 4 ool B2 + 1o + o o—HoL 3o + po — i3

0 +
Ho Ho ‘ Ho ‘
= —4f + er {(52 +1)+ wﬂ + e Hok {(52 +1) - wep
Ho Ho

= —AB+ "t (B2 + 1) +e " (B2 +1)+0(1/po) as |po| — oo (3.0.7)

Hence,
48 = (et + e *8) (B2 + 1) + O(1/po) = cosh(uoL) = (ﬁffl) +0(1/po) -

If o = a + bi, then

cosh(aL) cos(bL) = ﬁff—l + O(1/up), sinh(aL)sin(bL) = O(1/up) .

Since coshx > 1 and [28/(8% + 1)| < 1 for B # +1, | cos(bL)| cannot approach to one for
large b or sin(bL) cannot go to zero. Thus, sinh(aL) = O(1/p),cosh(aL) = O(1), and

2p 62 — 1
52 + 1 62 + 1
If >0, let § = sin™* 521 and if b <0, let 0 =m— sin~! 2= Therefore, bL. =

52+1 ) /824‘1 .
2km 4+ 60+ O(1/po) and poL = i(2km + 60 + O(1/p0)) = i(2km + 0 + ). (3.0.6) gives

cos(bL) = + O(1/ o) , sin(bL) = +

+0(1/po) -

0= —4Bi(2km + 0+ &) /L + (57 +1) (ei(%”@“’“) + e*i(2kw+9+sk)) i(2km + 0 +¢r)/L
+iaf (ei(2k7r+9+sk) _ e—i(2k7r+9+6k))

=i ((2km + 0 +ep)/L) (—48 4+ 2(8% + 1) cos(6 + e1)) — 2aBsin(6 + &) .

Since
cos(f 4 £;) = cosf cosey — sinfsing, = cosf — e, sinf + O(£3)

and sin( + ) = sinf + O(gg), it is obtained that
2(8% + 1)eysin = —(aBL/ikm)sin 6 + O(1/k?),
where cos = 23/(3* + 1) has been used. Thus,

er = — ((@BL)/(2ikn(8* + 1)) + O(1/k*) or L = i(2km +0) + (1/k) + O(1/k?),
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where 7 = (—afL)/(2(6% + 1)7) > 0. Hence,

e = dpg =i (% +i(2km + 9))2 L+ 0(1/k)
=i (4rir — (2kw +0)*) L7* + O(1/k)

4 i(2km + 0)? 1
T I +O<k>'

Using Rouché’s theorem, the one to one relationship between the eigenvalues A\ and the
indices k with £ = 0,+1,+2,... can be established. Therefore, there is a v > 0 such that
Re)\, < —v < 0. A similar argument gives that )\, the complex conjugate of \;, is the
eigenvalue of adjoint operator A*. We see now that the eigenfunctions of A corresponding
to A, take the form

o (;p) — CO,kG”O’kx + Cl’keﬂl,kx'

(3.0.5) implies that

1 — Betok

1— 56“1LCO

and ¢ is uniformly bounded relative to co as |k| — oco. The eigenfunctions o (z) of
adjoint operator A* take the form

Ui (2) = ¢ (x), —o0 <k < o0,

ClL — —

then
(i) = [ vnisie = [ Gudyde = [ ouosdr
By the boundary conditions (2.0.6), it is obtained that

L L L
| dkosde = [T oidei = oi6ilf ~ [ oholda
— . /L_/L /d(b _¢'¢I|L_¢I¢ ’L+/L¢’/¢d
—¢J¢k‘0 O¢j k= PiPklo i Pklo 0 i PrAT
L
= ; (L) 6} () = 9 (0) ¢4, (0) = &} (L) 61 (L) + ¢} (0) 64 (0) + | &éncr
= 0, ()64 (L) ~ 56, () 6, (0) — 6 (1) 9x (1) + 6 0) 6 (1) + [ 6pd
= 03 (1) 04, (1) — 664, (0)] = on (1) [6} (1) = 505, 0)] + [ onc
= 0, (L) [y (0)] + 0x (L) i 0) + [ oy
= —iaiox (L) 6; (L) + iadi (L) 605 (1) + [ ond
— /L ¢;’¢kdx
0
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Hence,

[ onosdr == [ ottodn = - [ ostar = [T 62000 = [ gy,
o RV T\ Jo TR _)\kokj _)\kokij _)\kokj7

AN _
(1 - Ak> /0 Sridz = 0,

When j # k that implies A\, # A;, we have that fOL orojdr = 0 and (¢x, ¢;) = 0. When
J = k, an appropriate choice of the coefficients ¢y and ¢; makes (¢, ¢;) = 1. Therefore, we
arrive at the formula

which implies

. 0, j#k, .
¢j¢kz(¢ka¢j)L2:5kj:{1 Pk — 00 < k,j < oo. (3.0.8)

Now, we show that {1} and {¢x} form Riesz bases. Based on the Carleson theory [9],
since both A and A* are discrete spectral operators, the {¢x} and {u} sequences have the
uniform [2-convergence property, i.e., for any square-summable complex coefficient sequence
{fi} € 1? or {g;} € 2, there is some number D > 0 independent of {f;} and {g;} such that

2
‘ Y. futw| < D* XS (3.0.9)
k=—o0 L2 k=—00
o 2 o
9| <D* Y gl (3.0.10)
j=—00 L2 j=—00

Replacing g; in inequality (3.0.10) by f;,

2
<D* > Ifil

j=—o0

53 fi;

j=—o00

and applying (3.0.8) we have

2 2
<Z ’fk|2> = < S fubr, Y fj%)
k=—o00 k=—00 Jj=—00 L2

2 2

53 fi;

j=—o00

S b

k=—o00 L2
2

o ofwok| D* YD ISP

k=—o00 1,2 Jj=—00

IN

L2

IN
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which implies

2
D72 3 AP < X fedn (3.0.11)
k=—o00 k=—00 L2
A similar argument gives
2
D Z ‘9j|2 < Z 9iv; (3.0.12)
Jj=—00 j=—00 .2

From (3.0.11) and (3.0.12), it is shown that the sequences {¢x} and {¢} also have the
uniform /2—independent property. Thus, from Proposition 3.0.1, we showed that both of
{¢r} and {9} are complete in L? (0, L), which yields that {¢;} and {1} are two Riesz
bases in L?. ]

Next, we derive the relations between Sobolev norms and the norms obtained from those
Riesz bases. It has been shown that the eigenfunctions {¢;} and {1} possess the uniform
[>-convergence property (3.0.9)-(3.0.10) and [*-independent property (3.0.11)-(3.0.12), we

(n) (n)
will extend them to the functions {%} and { i } ,n>1.

Proposition 3.0.3. There exists some number D,, such that

2
o] n o] . ¢(n) [e’¢) .
> hal| = X KA <DL Y AP
k=—o00 L2 k=—00,k#0 .2 k=—00
for any complex sequence {fi} € 12, where

2={a: Y |K'a’ <o}, n>1.

k=—o0

Proof. In the proof of Proposition 3.0.2, it is known that Re (10) ~ (é) is bounded, which

Re(uo,k)x RE(m,k)w

gives that |co e

‘ y |C1,k€

' are uniformly bounded by some constant b, with

respect to k. Thus, by the Ingham-Komornik result in [13] and the forms of Im g s, Im gy
derived from Proposition 3.0.2, we have

2 2

2 o Yo fr (Corpty €8 + g et )
k=—o00 L2 k=—00 12
S( Z fkk’nco,keRe(“O”“)zelm(“ov’“ﬁ + Z fkkncl,keRe(“17’“)””@Im(#1,k)‘c
k=00 L2 k=—o00

Z fkknbkelm (ul,k):c

k=—o00

+

< ( > fkk?nbkelm(“o’k)x

k=—00

2
L2)

L2

<D3 Y WP

k=—o00

2
L2>
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A similar proof works for

> iy Iin

j==00,j#0

2
> gl

J=—0o0 L2

<DQZ:|jg]|2 —o0 < k < o0,

j=—00

(n)
and {w } are uniformly [2-convergent in L? (0, L).

(n) ) 0
for any {g;} € [2. Thus, {%} e
O]

k=00

(n)
Proposition 3.0.4. {¢ } is also uniform 12-independent in L? (0, L) forn > 1, i.e.

kn
=—00
there exists D, such that for any sequence of complex numbers {fi.} € 2,

o0 (n) 5 00
> k' kkn Z fk¢k > D2 > K" il
k=—00,k#0 1,2 k=—o0 .2 k=—o00

Proof. The case n = 0 was proved in Proposition 3.0.2. For n = 1, from the boundary
conditions (3.0.1), we have an identity,

~ (h ) /ask da:—/ O (2) di; (x)

= (89}, (0) — iy (0)] ¥ <L>—¢k ) B (L /¢

= —iagy, (0)¢; (L) +i/0L i (x) ¥ (z) dw
= —iagy (0) I/EJ (L) +1 (“b V;)
= —iagy, (0)1; (L) + i (Ady, ;)
= —iady (O) 1% (L) +1 ()\k¢ka wj)
= —1aQy (O) _j (L) + Z)\k(;k,]7
which implies that
() +as ()3 (1)
k.j )\k
B o, VU kj ¢ (0) ¥ (L)
_Z)\k<k )—i—a)\k k jT
()

A J7* ok (0) ¥
Z&( '>+“& ko
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From (3.0.2) we have the magnitude of )\ is proportional to k? as k — oco. Then, by the
Sobolev embedding theorem, it is obtained that

S kfil? = < S kfedn > jfjwj> =SS kifTibn

k=—o00 k=—00 j=—00 k=—00 j=—00

_ % 3 O ¥; 7% & (0) ¥; (L)

=—00,k7£0 j=—00,j#0 J

-y ¥ kyfkfu(ii% I S

k=—00,k#0 j=—00,j#0 k=—00,k#0 j=—00,j7#0

00 / 00 2 / 00 00 2
_ (l Z k?fkiz Z f] 1/’) Z k?fk¢kk(0) Z jlfjaiw];L)

k=—00,k#0 j=—00,j7#0 J k=—00,k#0 j=—00,j7#0
< > futy Z ng o —re1 Z frdr (0 Z f])\ ¥; (L)
k=—o00 12 ||J=—00 L2 k=—00 j=—00
k=—o00 12 ||7=—0© L2
volol| g |3 sal |5 fjw] S h ’“7
k=—o00 12 ||[kf=—00 L2 ||[j=—0o0 ] 12 ||[j=—00 J .2
k=—o00 12 ||[j=—00
flal| S fo] | S Aet| el S fut iy S pt
k=—00 1.2 ||k=—0c0 L2 j=—00 L2 ||[j=—00 J L2
D1( > |k‘fk|2> { Z el +lalll Do fror| + e Z fg% }
k=—00 k=—o00 L2 k=—o00 .2 j=—00 L2
which implies
2
D2 Z |k fil® < Z vt +lal Z Jedrl|  + el Z fﬂ/h}\
1 k=—0c0 k=—o00 L2 k=—o00 L2 j=—o00 J L2
2 2 2
< (1+2[af) Z frdl|  +lal (1 +2]al) Z fror|  +lal (1+2]af) Z fﬂ/fy)\
k=—0c0 12 k=—00 L2 j=—00 J L2
oo 2 oo 2 00
< (@+20al)| Yo fidh| Flal@+20a)|[ Yo fudn| +lal(X+2la) D* Y0 Sl
k=—0oc0 L2 k=—00 L2 k=—00
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and

D2 Z |k fil*~lal (1+ 2]al) D* Z £l < (1+2]al)

Z frdi,

+|a| 1+ 2|al)

1 k=—00 k=—o00 k=—00 1.2
Using (3.0.11) we have
2 Z |k fel* = lal (1 4 2|a]) D! Z fk<bk
1 k=—00 k=—00 2
< (1+2[af) Z fk¢k + laf (1 +2[al) Z fk¢k
k=—00 L2 k=—o00 .2
D% > kAl < (1+2lal) | 3 fkcbk Flal (14 20al) (14 DY) | 3 fmk
k=—oc0 k=—oc0 2 k=—o00
thus
> frtn o o fwtk|| =D7 > |kfil
k=—00 L2 k=—o00 L2 k=—00

For n = 2, since

i =20 = S fuidl= S fdwdn,

k=—o0 k=—0oc0
it is deduced that
2 2
oo o0 1
> et S Mefvtr| > =5 Z Ak fil? = D2 Z K2 [l
k=—o00 L2 k=—o00 L2 2 k= 2 k=—00
and
oo 2 o
> ol Z fk¢k > Dy > |E il
k=—00 L2 k=—o00 L2 k=—oc0
For n = 3,
oo oo 2
" =\ = Z fuidy = > fudedp = Z fkéf)m > Nefvd
k=—00 k=—o00 k=—o00 2 k=—o00 .2
Then,
- 2
Z fk¢m Z szcbk; > Aefudy, Z szcbk
k=—o00 L2 k=—o00 L2 k=—00 L2 k=—o00 L2
- 2
> D} Y |kfudel? - Z JrAe Pk Z fk¢k
k=—oc0 k=—00 L2 k=—o00 L2
> D? ST kfedl> =D Y [ fe i+ Z Jro
k=—o00 k=—00 k=—o00 .2

> fk¢k

k=—00

L2

Y
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=D? 3 ki = D* Y |AK + Z fk¢k
k=—00 k=—o0 k=—00 L2
-~ - 2
> D} N |kfidl?+ D? |- Z fednll — Z e Z fk¢k
k=—00 L 2 k=—o00 L2 2 k=—00 .2 k=—o00 L2
N2 — 2 D2 = "
=Dy Z | fe Al 2 Z fk¢k Z fk¢k + Z fk¢k )
k=—00 2 ||k=—00 L2 2 k=—o00 L2 k=—o00 L2
which implies
D2 [ee) 2 o]
Z fkcb"/ + Z fetr +~72 o fedk|| =D > |kfudl
k=—o00 L2 2 k=—o00 D2 k=—00 .2 k=—o00
Hence, by the Sobolev interpolation inequality
oo o 2
> fetw Z fk¢m > fudh
k=—o00 L2 k=—o00 L2 k=—o00 L2

for any small € > 0, it is obtained that

2 _ o)

Z fk¢m +c(e) = Z fk¢k +€~ Z fk¢m + Z fk¢k > D3 Z |k fe e
k=—o00 .2 D k=—00 .2 2 k=—o00 L2 2 k=—o00 2 k=—o00

<1 + €= ) Z fk¢/,/ + (1 + C Z fk¢k > [)% z |kfk/\k:|2

k=—o00 L2 k=—o00 .2 k=—o00
2
Z fk¢m Z frorl| > D3 > K2 f] .
k=—o00 .2 k=—0o0 .2 k=—o0

The cases for n > 4 can be handled similarly. The same proof works for {z/;]i"’} with n > 1,
thus we also have

2 2
> g Y9l =Dh Y il
j=—00,j#0 T e == 2 j=—o00

Now, we can define the spaces to be used for the nonlinear problem.

Definition 3.0.5. We define the Hilbert space
Hi s = {w € H'(0, L] [ w®(0) = pu®)(L), fu®0(0) —w* (L) = iaw®)(0)}

with 2j +1 <n —1. The norm in H] 5 is || ||, inherited from H™ [0, L].
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o0

Corollary 3.0.6. Let w = Y cpoy € L, then w € H} 5 if and only if Z k™ |* < o0.
k=—o00 k=—00
In addition,
lwllZm = >0 [(1+ K" Jerl?] (3.0.13)
' k=—00

Proof. It is easy to get the sufficient and necessary conditions from Propositions 3.0.3 and
3.0.4. In order to prove (3.0.13), we need to find two positive numbers denoted by e,, F,
(may depend on «, 3) such that, uniformly for w € H g,

6721 Z “Ck‘Q + |/{;nck|2] S ||w|’%125 S EEL Z <‘Ck:|2 + |]{;”Ck|2> .
k=—oc0 ’ k=—o0
Since ||f™12, < c(e) | fII22 + €|l f™]]2,, for m = 1,2,3,--+ ,n — 1, Propositions 3.0.2 and
3.0.3 imply that
- 2
el z [ =3 | S e
7=0 ||[k=—00 L2
<ea | Y adn| +ef D Ckﬁbgqn)
k=—00 L2 k=—o00 L2
<E DY |alP+EXDYD |Kral
k=—oc0 k=—o00
From Propositions 3.0.2 and 3.0.4, we have
> fk¢;(gn) Z fk¢k > D2 N Kl + Z fk¢k
k=—00 L2 k=—00 2 k=—o00 k=—00 L2
>D2 S |k filP+ D Z | fel?,
k=—o00 k=—0o0
which implies
2 o0
Z frol” Z fk¢k >er > (K" ful? + | fi?) -
k=—o00 2 k=—o00 2 k=—o0
Thus,
el =l 2 add| 2| X ad| +| X as”
’ 7=0 |[k=—00 2 k=—o00 2 k=—o00 L2
> e2 Z (]ckIQ + \k”ck|2) )
k=—oc0

The proof is completed. n
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Let {¢x (z)} be the eigenvectors of operator A defined in Proposition 3.0.2. By Corollary
3.0.6, we define a class of Banach spaces

o = {w = D adk D (L+ kM) lal < oo}

k=—o00 k=—00
with norm
o0
[l = 3 (4 P el
“ k=—00

for any s > 0 and p > 1. This space will be used to study some important properties of the
Schrodinger operator discussed. Because of the space 7 is continuously imbedded into ¢4,
denoted as P — (4, for any ¢ > p > 2, it is easy to show that

SR HIEB s <,
HY% — HYS q>p>2.
If p = 2, we denote H}'; by H ;5. H 4 is an interpolation space when s is not an integer,
hence Hy, 5 is a subspace of H* for any s > 0. In the next three chapters, we denote || - ||,
as the norm of Hj ;. Moreover, if s = n is an integer and p = 2, the space H, j% is same as
o5 defined by Definition 3.0.5.



Chapter 4

Properties of Semi-groups Generated
by Linear Schrodinger Operators

From the discussion of Chapter 3, if
P.=¢pr: L* - L* —oo<k< oo,

where {¢r} and {¢} are the eigenvectors of operators A and its adjoint A*, then we can
obtain that the resolution of the identity associated with the operator A is

=Y p,

k=—o0

which is strongly convergent in % (L% L?). The corresponding strongly convergent semi-
group generated by A is

St)y= > o= Y NP
k=—o00 k=—o00
Hence, the solution of the nonhomogeneous problem
Up — Uy = [, re(0,L), t>0,
u(x,0) = ug (), (4.0.1)
u(0,t) = Pu(L,t), Buy (0,t) —u, (L, t) =iou(0,t), L >0,

is given by .
w(t) = S(t)uo(a:)+/0 S(t—71)f(7)dr
Notice that
u(t) =S (t)uo (z)

34
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is the solution of the initial value problem
w = Au, u(z,0) =uo(z), uwe Z(A)),
and u (t) = [y S(t —7) f (-,7) d7 is the solution of the system (4.0.1) with ug (x) = 0.

From Proposition 3.0.2 we have there exists some positive number v > 0 such that
Re A\ < —v < 0. We will use this fact to prove the following propositions in this chapter.

Proposition 4.0.1. For any giwen s > 0 and T'> 0. If wy € H; g,
IS (t) wolls < e [|uolls, t>0. (4.0.2)

T
118 (@ woll2at < (29) 7 ol

Proof. 1f uy = Z Crpr, then

k=—o00
Stug= Y Moy (4.0.3)
k=—0c0

Since Re A\, < —y < 0, the definition of H; 4 gives

luollZ = > el (1 + [K[*),

k=—00
and

1S (O uoll2 = D lexl? (1 + [E[>) e

k=—o00
)

— Z |Ck|2 (1+ ‘k’|28) BQRG)\kt

k=—00

S 6—2'yt Z ’Ck|2 (1+ |k‘|25)
k=—0o0

= e~ "[Juolf7.

From (4.0.2) we have

r 2 r 29t 2
LIS @uoliZar < [ e fuo 2t

= ||2L0||2*7 (1—e7)

I
1
5
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The following propositions will be used for the estimates of solutions corresponding to
the nonhomogeneous terms.

Proposition 4.0.2. For any given s >0 and T > 0. If f € L* (O,T;H;ﬁ),

sup
0<t<T

e ([ 1 o )

/OtS(t—T)f(JZ,T)dT <

Proof. Since

S fi(t) ¢r (), (4.0.4)
k=—00
we have
2
oi?f:r/os(t_ﬂf(x’ﬂd S:OE?ET/()kZme =) £, (1) ép () dr S
2
- a2 ([ raora )]

2

t
/ M) £ (1)dr
0

= su 1+ |k|*
0<t£Tk;OO( ‘ ‘ >
2
< 3 s ([INA @ ldr) (1 k)
00 0<t<T

<
g sup </ || dT/ | fi (1) | dT) (14 |k>)
(4

00 0T
= % sup ([ RN [ (o) Par ) (1 k)

00 0<t<T

< Z sup (/0 (- T)dr/ | fi (7) dT) (1+ |k|2s)

oo 0<E<T

oo

= Y sup —(1—e ™) / | fio (7) [Pd7 (14 |K[**)
k= oo 05T 7

< su 7/ dr (1 + [k

N k; 0<t£T 27y ()P < i )

§27k2 [ 1@y par (1 1)
:27/0 > 1fer)P (1+!/€!25)de(27)_1/2/0T||f(x,7') |dr.

k=—o00
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Proposition 4.0.3. If f € L™ (O, o0; Hjﬂ), then there exists a number By > 0 such that

< B, sup ||f (z,1) [ls

0<t<o0

sup
0<t<oo

/OtS(t—T)f(x,T)dT

for any s > 0.
Proof. Define t = max{t — 1,0}. Then,
/tS(t—T)f(T)dT:/tS(t—T)f(T)dT—i—/ES(t—T)f(T)dT
0 t 0
=h(t)+h(t). (4.0.5)

By Proposition 4.0.2 and t — i< 1, there is a B > 0 such that

I G012 < B2 [ 15 ) e

< B? sup If 02 / ldr
— B sup |[f (1)1 (t—1)
0<t<o0o
< B sup |[f (1) |3 (4.0.6)
0<t<oo
Ift <1,ie t =0, wehave h(-,t) = [1S(t—7)f(-,7)dr = 0. Thus, from (4.0.5)-(4.0.6)

the proof is completed. If t > 1, i.e. t = t —1, by (4.0.4),

h(z,t)= Z/tl (t—71)f(x,7)dr

]7—00

When 7 € [0,t — 1], it is obtained that

D (L) @ = X (L1 [N 1 ()
Jj=—00 Jj=—00
— Z (1 + ‘]|2s> eRe)\j(t—T) |fj <T>|2
Jj=—00
< e T (1P 1 ()P
J=—0

= e f (2, 7) |12
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which implies
2

2= 3 [ My () dro; ()

j—foo

s

t—1
/ e)‘j(t_T)fj (1)dr
0
t—1
/ ‘exj(t—T)
0
R t—1
:/ e)\tTdT/ Z (1+|]|25)
t—1 —1
< [etar [ é“HWﬂ%ﬂMW
2
<([ 7 eerar) s @)
0

o0

= > (1+1*)

j=—00

o0

-1
S Z (1+|j|25) /Ot ‘e)v(t_

j*oo

|f3 (7)[* dr

Aj(t= T)fj (T)‘dT

<7<

<A™ sup ||f (x,) |12
0<t<oo

Therefore,
t
sup /S(t—T)f(x,T)dT = sup Hh (x,t)+ h(x, t)H
0<t<oo ||/0 s 0<t<oco
< sup |h(x,t)|| + sup [|b(x,0)],
0<t<oo 0<t<oo
< B sw |[f (@ t)ll, +y7e™ suwp |1 (@),
<t<oo 0<t<o0o
:Bs sup [|f (z, 1)l
0<t<oo
with B, = B+~ le™. [

Proposition 4.0.4. Assume that s > 0 and s’ > s+%. Ifug € Hi’g, then there is a constant
By > 0 such that, for any T > 0,

T
1S (@) woll 2t < Boluolls,
where By — +00,8 — s+ %

Proof. According to S (t) up which has already been defined in (4.0.3), it is obtained that

IS (£) uoll? = ( i (1 + [%[*) IeA’“tCkP)

k=—00

= ( i (14 [B[) e el (1 + K] (1 + Ikle)”)

k=—o00
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293

<§3 1+ |k|€>—3>

= Co 32 (1 IRP) RO (14 K1)’

k=—oc0

ol

<

( i (14 [[>) e ey (1+ !kle)?’)

k=—00

where
Cy = ( i (1+ |k|€)‘3> (4.0.7)

k=—o00

with e =2(s' — s) > 2 and Cy — 400 as € — 2. Since

T 1
GRe)\ktdt _ 1 — SRent)
/0 ¢ 6Re \e (1-e ) <

4 6 r o~ _6Rexit|. 6 25)3 6\3
LIS @uoliat = [T o S0 RN a® (14 k) 1+ k1 at

k=—o0
< O

< 30 el (14 k) (L IRl

k=—o00

< Bs’ i |Ck|6 (1+|k|6(s+e/2))

k=—o00

= By lluol3 6,

where s’ = s+ £ > s+ 5. Then, from (4.0.7), we have By — +00 as s’ — s+ 3. O



Chapter 5

Local Well-Posedness of the Nonlinear
Problem

In this chapter, we consider the local well-posedness of the IVP for the nonlinear Schrodinger
equation
iUy + Ugy + Klul?u =0, O<ax<L,t>0

u(x,0) = ug (z), (5.0.1)
u(0,t) = pu(L,t), Pu, (0,t) —u, (L,t) =iau(0,t),
where u = u (z,t) is complex-valued function, parameter x is a non-zero real number, and

a and [ are any real numbers satisfying a8 < 0 and § # £1. By comparing to (4.0.1), the
inhomogeneous term f is ix|u|*u and the solution of (5.0.1) is

u(z,t) =S5 (t)ug+ /Ot S (t—7) (ikul*u) (z,7) dr. (5.0.2)

We will study the solution of (5.0.2) using a fixed-point theorem for the mapping F' :
v (x,t) = u(x,t) defined by

t
u(x,t) = (Fo)(x,t) =S (t) uo —|—/ S(t—r) (i/{|v|2v> (x,7)dT, (5.0.3)
0
here uy will be considered as a fixed parameter.

The following lemma gives that the Sobolev norm in H*® for s > 1/2 is an algebra.

Lemma 5.0.1. Let s > 5. There exists some constant C > 0 such that || fg|s < C|If||sllglls
for any functions f and g in H*.

Proof. Since

1D* (f9) lls < ID° Fllzallglloo + DGl 2]l f oo
< A Nslglloe + llgllsl flloo
< 27| fllsNglls,

40



Jing Cui Chapter 5. Local Well-Posedness of the Nonlinear Problem 41

for some positive number ¢, and

1

Ifolse = ([ rolaz)" = ([ 1sPloPer)’
(supl /P ([ loar)”

<
< [ fllsllglls,

we have

1£911Z = 11£glIZ> + 1D* (f9) 12> < I IZNglZ + 4 FI2lgls = (1 + 4¢) [1FI g2

Therefore,
1fglls < Cllfllsllglls-
O

Remark 5.0.2. From Lemma 5.0.1 we have, if s > %, there exists some constant ¢ > 0 such
that
. _ _ 3
oo = [[loPo], = I5vol, < cliall, o], ol = el

for any function v € H?.

Now, we prove that the IVP of (5.0.1) is well-posed in the space Hy; 5 for $<s<l
Theorem 5.0.3. Let % < s < 1. We define
Xp:=C(0,T; HS 3) N L (0, T; HS 5) .

There ezists a T = T (||ug||s) > 0 such that the IVP (5.0.1) has a unique solution v € Xr
for any ug € H, 5, where T — oo as |lug||s — 0. In addition, there exists a neighborhood U
of ug in H, 5 such that the map from U to X,

G:uyg— v(x,t),

is Lipschitz continuous for any T < T.

Proof. Define
YTJ, = {U € Xr

sup ||v (z,t) ||s < b} ,

0<t<T

here b > 0 and 7' > 0 will be chosen appropriately such that the map defined by (5.0.3) is a
contraction from Yr, to Y.
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Applying Propositions 4.0.1 and 4.0.2 to (5.0.3) yields

sup ||Fv|ls = sup
0<t<T 0<t<T

Hs () o + /Ot S (t — 1) (infof*0) (z,7) dr

S

Sur /Ot S(t—r) (m|v|2v> (x,7)dr

1
< cllugll, + ¢ (/T Hm\vFvHQ dT) ’
0 S

1 . 2 12
<cllugl|l, + T2 | sup Hm!v[ UH
0<t<T s

< sup IS (¢) up|l, + sup
T 0<t<T

S

=

= c|luol|, +¢T2 sup Hz’m\v[%”
0<t<T s
1
< cllugl, + cloIT? sup Jlol? (5.0.4)
0<t<T

for some positive number ¢ independent of 7" and v. Choose
b= 2c||uol|, (5.0.5)
and 7" > 0 such that

. 1. b 1
c|K|T26 < 3c|k|T2b? < 5 = 3clAlT < (5.0.6)

DN | —

Then, by (5.0.4)-(5.0.6) and the definition of Y7,

S

b
su Foll < -4 —==0.
ogthH s < 5135

Thus, F' is a map defined on Y7;. Next, we show that F' is a contraction on Y7,. For any
v1, U2 € Y1y, let v = vy — vy. Then, from Proposition 4.0.2 and (5.0.6),

sup ||[Fvy — Fuol|,
0<t<T

t t
= S (t — 1) (ik|v,|? T)dr — | S (t—71) (ik|vs|? . 7)d
oiltlg:r /0 (t—1) (m|v1| vl) (x,7)dT /0 (t—7) (m|vg| Ug) (x,7)dr 5
t
= sup / S(t—71)ik (|vl|2111 - |U2|2U2> (x,7)dr
o<t<T ||/0 5

T 2 %
<c (/ Hm (|v1|2v1 — |v2|2v2)H dT)
0 S

1
2\ 2
< T§c< sup Hm (|v1|21}1 — |UQ|2U2>H )
0<t<T B
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= T2c|k| sup H|v1|21)1 — ]vg|202”
0<t<T S
= T2c|k| sup H|vl|21j+|v2|2v+vlv2@H
0<t<T s
< T2c|k| sup (H\vﬂQUH —i—H|v2|2vH +||1)1v217||s>
0<t<T s s
1
< Tacls| sup ([loall2lolls + llozllZllvlls + lorllslvzllsllvlls)
0<t<T
) 2 2
< rlnl |, ol )+ (sup, Meal )+ sup Bk s, ool sup ol
0<t<T 0<t<T 0<t<T 0<t<T 0<t<T
§3T%c]/<;]b2 sup ||v]|s
0<t<T
1
< 5 sup [ug — velfs.
2 o<t<T

Therefore, the map defined by (5.0.3) has a unique fixed point which is the desired solution
of the IVP (5.0.1). Using (5.0.5)-(5.0.6), we have

1 1 - -
BT8R < 5 = T < (6eb|w]) ™ = (24| uoll?)

Thus, T can be chosen as (24]x|c3||uo|2) "> which goes to oo as ||ug||s — 0.

It is obvious that there exists a neighborhood U of ug in H; 5 such that the map G from
U to X7 is well-defined for any 77 < T'. For any ui,us € U, let v; = Guy, vy = Gus, then
Proposition 4.0.1 and the contraction property of F' yield

sup |lvy — val|s = sup
0<t<T" 0<t<T"

S(8) (w1 — ua) + /Ot S(t — 7)ir (|os oy — |ooen) (2, 7) dr

S

t
/ S (t = 7)in (o Py — Jvaf?s) (2, 7) dr

< sup [IS(t) (ur —up)l, + sup | |

0<t<T’ 0<t<T’

S

< cllug —ugll,+p sup |jvr — vy,
0<t<T”

where p = 3 (T’)% cb?|k| < 3, which implies

su V] — U < Uy — Ual|, -
ogtng/H 1 o < 1—p [ |l
Thus, G is Lipschitz continuous from U to Xp. O]

The following theorem gives a local well-posedness of the nonlinear problem in another
space.
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Theorem 5.0.4. Let % <s<1ands > %—l— s. We define
Xr:=C(0,T;L*) N L°(0,T; H; ) .

There ezists a T =T (||uo||s6) > 0 such that the IVP (5.0.1) has a unique solution v € Xr
for any uy € Hjibﬁ, where T — +00 as sup |ugl|;2 + |wolls6 — 0. In addition, there exists
0<t<T

a neighborhood U of ugy in Hi’ﬁﬁ such that the map from U to X,
G :uyg — v(x,t),

is Lipschitz continuous for any T < T.

Proof. Similar with the proof of Theorem 5.0.3, here we define

YTJ, = {U € XT

1
T 3
folles = sup oot o+ ([ ooty 2t < b} .
0<t<T 0
From Proposition 4.0.1, for some constant ¢ > 0,

sup [[Fvf| . = sup

S () up + /Ots (t = ) (iwfol20) (w,7) dr

0

0<t<T 0<t<T 12
¢

< sup ||S (t) uoll 2 + sup /S(t—r) (ire|v[2v) (z,7) d7

0<t<T o<t<T ||/0 12

¢

< sup ||ugl|[;2 + sup H/ S(t—7) (iclv[*v) (z,7)dr

0<t<T o<t<T ||/0 12

T
2

< Z?ET wol| ;2 —i—/o HS(t —7) (islv[*v) (z, 7) 47

T
< sup ||u0||L2—|—/ HiH|U|QU A7
0<t<T 0

T
< sup [luollx + el [ ulddr
0<t<T 0

T 3/ T 412 3
sup ol + clel ([ 1ae) " ([ (1ol)*ar)
0<t<T 0 0

1 £ 6 %
— sup. ol el ([ o)
0<t<T 0

Using Propositions 4.0.2 and 4.0.4, it is obtained that

</OT ||Fv||fdt>é _ (/Ot Hs(t) U —l—/OtS(t — ) (in]o[>v) (2, 7) dr

< ([ 1swwita) ([

IN

6 \@
dt)

/Ot S(t—r) (MMQU) (x,7)dr

6 \©
dt)
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/t S (t — 1) (islo?) (e, 7) dr

< cllunlly g+ 7% sup ||

0<t<T

S

1 T.QZ% 1 T 6
< eluollyg+The ([ [imtolo]] dt )" < cluollg +Thelwl ([ ol at

=

Thus,

T 6 \©
sup [ Foll,a+ ([ 1Felld)
0<t<T 0
1

A T 3 A Too\?
< swp ol + el (o) ellull g+ helsl ([ o1t ae)
0<t<T 0 0

1 1 T 6 %
< c((sup Mol + ol ) + el (72 +78) (o)
0<t<T 0

<b
if we choose
b= 2 sup fuolye + ol (5.0.7)
0<t<T
and T such that ;
T3 +T5) b < —. 5.0.8
el (T2 +T5) b < (5.0.8)

Therefore, Fv € Ypy, i.e. Fisamap from Yr, into Yry. Let v = v1—ve, 0 = max{||v1 ||, ||val|s}
for any vy, v2 € Y. Then, by Propositions 4.0.1 and 4.0.2,

sup ||[Fvy — Fugl| 2
<t<T

0
t
= sup /S(t—7)im(|v1|2v+|vg\2v+vlv26> (x,7)dr
0<t<T ||/0 L2
t
< sup / HS(t—r)m (Jo1[*v + [v2]?v + v1020) 47
0

0<t<T

< /THS(t—T) ili(|01|20+ |U2|2U—|—U11}2T)) dr
0

L2

dr

L2

T
g/ Hm (Jo1*v + [v2]v + v1v20)
0

T
< C!%I/O o3 1ol + leally ol + llodlls ezl ol dr

T T 5/ T 5 3/ T 6 5
§c]/<c|/ 352 |[v]], d7 < clx| (/ 12dt> (/ (#?) dt) (/ HvHSdt>
0 0 0 0
s 5/ T . &
— ¢|x|T* (/ @%s) (/ ||v||sdt>
0 0

) T s
< e|x|TH0? (/ ||v||§dt) (5.0.9)
0
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and

: N
(/ HFvl—FngSdt)
0
T
-(
T
<Ilq [
0

= C|I€|T%

-

¢
/ S (t —7) ik (|v1|*v + [vaf*v + v1v20) dT
0

6 3
dt)
’ 1
6

T >\
B, (/0 H|vl|20 + |vg|?v + vlvgz’)Hs dT) ] dt

2 2
H|U1|QU + Jua] v + U1U217HS dT)

|=

2

[V

T
(/
1 T
< c|s|T's </0 ol 105 + lloalls 1115 + oS ozl HvﬂidT)
, T 7 . T, oo 13[ /T, .3 13 :
< c|k|T* (3/ ||v|]8174d7'> < c|k|Ts {/ (lol1%) dt} {/ (64>2dt}
0 0 0
RN A 3 . T NG
— ¢|x|T# (/ ||v\|sdt> </ 176dt> < T51|x| (/ ||v\|sdt> (5.0.10)
0 0 0

for some positive constant c. Thus, using (5.0.8), we have

1
T 6
HF'Ul — FUQHXT = Sup HFUl — F/UQHLQ + (/ ”FUl — FUQ”?dt)
0<t<T 0

1 1
T 6 T 6
< bl ([ ollSa)” + bl ([ ol at) "
0 0
1 1 T §
= ¢ (T% +T%) 12w (/ ||v||§dt)6
0

1
< 5 ||vr — U2HXT < |lvr — UZHXT

which implies F' is a contraction from Y7, to Yr,. From (5.0.7) - (5.0.8),

1 1 1 1 -2
T2 4+Ts < — ,
R 2cb?|k|  8c3|K| (OZ?ET [uoll 2 4 luoll, 7(5)

where T — +o00 as sup ||ugl|;2 + [Juolly g — 0.
0<t<T :
For any wy,ws € U, let u; = Gwy,us = Gwy and v = uy — us, then

w =S (t) (wn — wy) + /Ots (t ) i (Jur P — JualPus) (2, 7) dr
= S (t) (w1 — we) + Fuy — Fus.
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By Propositions 4.0.1 and 4.0.4, and (5.0.9) - (5.0.10) with 7" substituted by 77,

s fulla = sup 1S(2) (wr — ) + Fs — Fug;
t<

< sup [|S(t) (w1 —wo)|| 2 + sup |[Fup — Fuyll,»
0<t<T” o<t<T’

/

1
1 s
< clhwn — wallys -+ T30l ([ s = el )

and

(AR g T 6 §
(/O ||u]|sdt) :(/0 1S (#) (wl—w2)+Fu1—Fu2||sdt>
1 1
T 6) ¢ T 6 6
< ([ s —wi)" + ([ 17w - Pusl ar)
1
x T 6 6 2
< elfwr —wsllg + Tl ([ o= wofSat) 02,
for some positive constant ¢, which give us that
1
o\
lull,, = sup e+ ([ i) < e (lur = wall s + o = sl ) +
0<t<T’ 0

with p = cb? (T’% +T’é) k] < 3 < 1. Hence,

(L= p)llullx,, < e (lhwor = wal g2 + [lwr = wal, 4)
c
||U||XT, > Tp (||w1 - w2||L2 + Jwy — w2||sg6) .
Therefore, the map G is Lipschitz continuous from U to Xpv. [

From the proof of Theorem 5.0.3, we have the solution u (x,t) of the IVP (5.0.1) belongs
to H, 5 if its initial state ug € H; 4 for £ 5 < s < 1. Since S (t)ug is the solution of the IVP
in the absence of the nonlinear term, From Proposition 4.0.1, it is easy to conclude that
S(t)ug € H; 5 for any s > 0 and ug € H; 5. Now, we consider the regularity of solutions
for the nonlinear problem (5.0.1), i.e. whether the solution u(-,t) € HJ, 5 if its initial state
ug € Hy, 5 for any given positive integer n > 1. The answer is negative, since u is defined in a
special space H,, 5 which is a Hilbert space inherited from Sobolev space H" with boundary
conditions (1.0.2), which implies that

ueﬂgﬂ = uzGHgél n>1.

Thus, we cannot apply the properties established in Chapter 4 directly to obtain the existence
of the solution in the space Hj 5, n > 1, as Theorem 5.0.3. However, it is easy to see
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that dyu and 9?u are in the same space H™ and Oyu satisfies the boundary conditions in
(5.0.1). Therefore, we may be able to establish the regularity of the solution by obtaining
the regularity of O,u first.

To this end, consider the estimates for f(-,¢) = 9,f(-,1).

Lemma 5.0.5. For s > 0, assume that f € C [O,T;H;ﬂ] and O, f (z,t) € L? [O,T;H;ﬁ].

Then,
) </0t5(t—7)f(x,7)d7) :S(t)f(x,O)+/0tS(t—T)f(x,T)dT
satisfying
sup |0, [ S () f (2.7) dr SCIIf(%U)||s+0(/T||f(fC7T)||§dt>§
0<t<T 0 s 0

for some constant ¢ > 0 (independent of T'). Moreover,

sup
0<t<oo

8t/0t5(t—7)f(x,7')d7'

<cllf (z,0) s +c sup |If (2,7) ..
0<t<oo

Proof. Consider the initial boundary value problem
Up — WUy = f, O<z<L,t>0
u(z,0) =0,
u(0,t) = pu(L,t),
Bug (0,t) —uy (L, t) = iau (0,1),
which has a solution .
u :/ S(t —7) f (x,7)dr. (5.0.11)
0
Let v = O;u. Then,

v(z,t) = aat/otS(t—T)f(:U,T)dT:S(t—t)f(a:,t) =5(0) f(z,t) = f(x,1)
which implies v (x,0) = f (z,0). Also,

OV — gy = O<x<L,t>0,
v (z,0) = f(z,0),

0 (0,6) = o (L.1),

B, (0,t) — v, (L, t) =iaw (0,t),

has a solution

v(2,1) = S (b) f (2,0) + /Ot S(t—7) f (2,7)dr (5.0.12)
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From (5.0.11) and (5.0.12), we can get

9w = 9 OtS(t—T)f(a:,T)dT:S(t)f(a:,O)+/0t5(t—7)f(3377)d7-

Then, by Propositions 4.0.1 and 4.0.2,

at/OtS(t—T)f@,T)dT

sup
0<t<T

= sup
0<t<T

S(t)f(a;,O)+/0tS(t—T)f(a;,T)dr

S S

< sup [|S(t) f (z,0)[l, + sup

0<t<T 0<t<T

<cllf ol + ([ | @nflar).

/Otsos—T)f(x,T)dT

S

and by Propositions 4.0.1 and 4.0.3,

t t .
sup Gt/ S({t—7)f(x,7)dr| = sup HS(t)f(x,O) +/ S({t—71)f(x,7)dr
0<t<o0 0 s 0<t<oo 0 s
t :
< suwp S f(@0),+ swp | [ =) f(er)dr
0<t<o0 0<t<oo ||/0 s
<cllf @0, +c sup [f 7).
0<t<o0o
The proof of Lemma 5.0.5 is completed. O]

Theorem 5.0.6. Let % < s< 1. We define

X={pec H"2NH2, | it +ilo]6 € H,}

and a Banach space Y7 as
Yr = {U € C'(0,T; HS 5) ’ sup |lv(t)||s < oo, sup [0 (t)|ls < oo}
0<t<T 0<t<T

with the norm

2
lollyy = ( sup [Jo]> + sup Hw)Hi) ~ sup |lofls + sup (9]
0<t<T 0<t<T o<t<T 0<t<T

There exists a T = T (||uo||x) > 0 such that the IVP (5.0.1) has a unique solution v € Yr
for any uy € X. In addition, there exists a neighborhood U of uy in X such that the map
from U to Yru,

G:ug—v(x,t),

is Lipschitz continuous for any 0 < T' < T.
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Proof. Let

Yr, = {v eYr | |v]lvy <bv(x,0) =1 (:p)}

for some T" > 0 and b > 0 to be determined. First, we want to show that the map F' defined
by (5.0.3) is well defined on Y7, i.e. for any v € Yy, ||[Fv|ly, < b. According to the proof
of Theorem 5.0.3, from Propositions 4.0.1 and 4.0.2, we have for some constant ¢ > 0,

S(t)uo—l—/otS(t—T) (iH|U|2U> (:L‘,T) dr

sup ||Fv|ls = sup
0<t<T 0<t<T

s

< cl|uolls + T2 || sup |v|*. (5.0.13)
0<t<T

We know that u = S (t) ug is the solution of
Up — WUgy = 0,
u(z,0) = ug (),
u(0,t) = Pu (L, 1),
Bug (0,t) —uy (L, t) = iau (0,1).
Let z = Oyu, which implies that z = iu,, and 2z (0, ) = iug, (0,2). Thus, z is the solution of
2t — 120 = 0,
2 (2,0) = iUy, (x,0),
2(0,t) = Bz (L,t),
Pz (0,t) — 2z, (L, t) = iz (0,¢).

Therefore,

8 a . ./
&S (t)up = T AT S (1) ittea (2,0) = S (t) iug (z) .

By Lemma 5.0.5 and v (z,0) = ug (),
t ¢
gt/ S(t—7) (ik|v[*v) (z,7) dr = S (t) iK|uo|*ug —I—/ S(t—r) 8675 (iklv|*v) dr.  (5.0.14)
0 0
Then, Propositions 4.0.1 and 4.0.2 give

25 (ot 5 [ 80— 7) (islef0) (2, 7) dr

sup ||[0,Fv||s = sup
0<t<T 0<t<T

S

t
S (t) duy + S (t) i|uo|*uo + /0 S(t—r) 9 (ik|v|*v) dr

= su
ogth ot 5
. " 2 t a . 2
< sup HS ()i (ug + Kluo|*uo)|| + sup / S(t—7) = (ik|v[*v) dr
0<t<T s o<t<T||/0 ot i
T 9 2 3
< c(llunll + ualla) + ¢ ( [ | 5imtoto] ar)
o ||Ot i
<

e (Islluoll2 + luollos=) + T =[xl sup [ (ifof*v)],
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<c (|/i|||u0||‘;’ + ||u0||5+2) + CT%|I€| oiltlgT Hz (21}2’)17 + U%)Hs

1 . s
< e (Ikllluoll? + lluollss2) + cT=|x] (2 sup [|vlZl[0]ls + sup ||v||§||v||s>
0<t<T 0<t<T

1 .
= ¢ (|sllluoll? + lluollsra) + 3¢T2|x] sup [v]|2[|o]]s
0<t<T

1 .
@WWﬁWMmHJ%(wwﬁmwM@~ (5.0.15)
0<t<T 0<t<T

Combing (5.0.13) and (5.0.15), it is obtained that

|Follyy < sup [|Foll, + sup [,Fol,
0<t<T 0<t<T

1 :
< ¢ (lluolls + 18l lluoll? + lluolls+2) + 72| ( sup [v[|3 + sup [|v][{+ sup Hv\|§>
0<t<T 0<t<T 0<t<T

< ¢ (Jfuolls + sllluolld + lluollss2) + T2 x| (b* + b* + ).
If we choose

b

e (luolls + sllluoll? + lluollss2) = 5

and T' > 0 such that
C‘H‘T% (b* +b' 4+ %) < g,
then || Fvlly, <b.
Define v = v; — vy for any vy, v2 € Y. Then,
Fvy — Foy = /Ot S(t—rT)ik (]U1|201 — |U2’2U2> (x,7)drT.

Similar to the proof of Theorem 5.0.3, we have

1
swwwwwéam(WMM+mmm%wwu
0<t<T 0<t<T 0<t<T 0<t<T

By v; (2,0) = vg (2,0) = ug (z) and (5.0.14),

0
sup ||= (F'v1 — Fo
ogth (375( ! 2) 5
= sup /tS’(t—T)a (ilv1[Pv1 = i|ve]*vs) kT
o<t<T ||/0 ot 5
! 9 2 2
= sup / S(t—r71) =i (|v1| v+ |vg] v+vlvgﬁ) KdT
o<t<T ||/0 ot 5

2 3
dT)

0
< ¢Tz|k| sup H (Jo1 v + [v2]*v + v1v20)
0<t<T

ot

T\o
< c|k| </0 H(?t (Jo1*v + [v2]*v + v1v20)

S
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SCT%|I{| sup ”'l’}l@lv‘f—vlff)lv‘f—fUlT)lQ‘)"‘1‘}2@2?}+0262/U‘1"1)2172/0+1‘)1/U2@+U1/[]2@+1)1U26||8

0<t<T

1 . . . .

< T[] sup 2fonlsl[oalls + 2[02llsllvalls + o1 llsllvalls + [[ollsllozlls) [[o]]s

0<t<T

1 .
+ T2 ]k| sup ([lodllZ + [vall? + lJosllszlls) 9]
0<t<T

Hence,
1 . 1
|For — Pually, < cTH2|x] ( sup [lols + sup HvHs) < Liollys.
0<t<T 0<t<T 2

Therefore, F' is a contraction on Y7;. As a consequence, the map F' has a fixed point
v € Yr which is the unique solution of the IVP (5.0.1). Since u;, € C(0,T; H;ﬁ) and
U = Tge + i|ul?u, we have u € C (0,T; H**t?). Moreover, the boundary conditions require
ue C(0,T;H2 ;). Thus, u € C(0,T; H2 N HZ 5).

To prove the map G is Lipschitz continuous, let u; = Gwy, us = Gws, for any wq,w; € U,
and u = u; — us. Then,
[ullyy = (IS () (w1 — wa) + Fur — Fuslly,
< IS (8) (w1 —w2)ly, + [[Fur — Fualy,

0
= sup [|S(¢) (w1 —wy)|, + sup ||5-S(t) (w1 —wa)|| + [[Fuy — Fuslly,

0<t<T o<t<r || O s
= sup ||S(t) (w1 —ws)||, + sup HS ()i0% (w1 — wy)|| + [|[Fuy — Fuyy,
0<t<T 0<t<T s

< c(llwy — walls + |lwr — wal[s12) + pllur — uzllys-

Thus,
[ur — uzlly; < c([fwr —walls + [Jwr — wallsy2) + pllur — ua|ly;

which implies

&
Jur = uallyy < -, (llwr = walls + flwr — wal[s+2)

with p = cT%b2]/<a] < 1. The proof is completed. O

Using the method in the proof of Theorem 5.0.6, we can obtain the following property.

Define a series of differential operators { P}, k =0,...,n as
PO <¢) = ¢7
0? .
P (8) = ig 5 +inlol’s,
v (5.0.16)
0*P,_ ,
Pn (¢) =1 O ! +ZK|Pn_1|2Pn_1,

for any ¢ € H>"3.



Jing Cui Chapter 5. Local Well-Posedness of the Nonlinear Problem 53

Theorem 5.0.7. Letn > 1 and % <s<l1.1If
Py (ug) € H2 y N H* P | =0,...,n—1,
and
for any ug € HZ 30 H>"**, then there exists a T =T (luoll2(n—t)+s) > O such that (5.0.1)

has a unique solution
. 2 2n—+s
uwe C(0,T;H. ;N H™ ).
In addition,
Ofue C(0,T;H2 ;N HX " HT) - k=0,...,n—1,

and
due C(0,T;HS ).



Chapter 6

Global Results and Exponential
Decay of Small Amplitude Solutions

In Chapter 5, we only proved the local existence of the unique solution u of (5.0.1), because
u exists in a finite time interval [0, 7") with 7" depends on the size of initial value ug. In this
chapter, we discuss the global well-posedness i.e. whether T' can be infinite.

Theorem 6.0.1. Let 5 < s < 1. Forug € HS 4, either the IVP (5.0.1) has a unique solution
ueC (O, oo;Hgﬁ) or there exists a finite T* (called the lifespan of the solution) such that
uwe C(0,T% H 4) and tlir%l |u(z,t) ||s = oo.

b % *

Proof. Following Theorem 5.0.3, for any given ug € H; 5, there exists a T" = T'(||ugl[s) > 0
such that (5.0.1) has a unique solution u on (0,7"). We can extend the time interval of
existence for the solution as long as ||u||s is bounded. Thus, either u exists for all time ¢ > 0
or |Jul|s blows up at some 7% > 0. O

Theorem 6.0.2. Let % < s < 1. Define
X =C (O, 00; Hjﬁ) N L™ (0, 00; Hjéﬁ) .

There exist positive numbers o and b such that for any ug € H} 5 with ||luolls < p, the IVP
(5.0.1) has a unique solution v € X satisfying sup |jv(x,t)|s <b.
0<t<oo

Proof. Define
Yoo,b = {'U € Xoo

sup ||v (z,t) ||s < b}

0<t<o0o

with b > 0 to be determined. Consider the map F' defined by (5.0.3). For any v € Yo,

o4



Jing Cui Chapter 6. Global Results and Exponential Decay of Small Amplitude Solutions 55

Propositions 4.0.1 and 4.0.3 imply that

sup ||Fv|ls = sup ”S (t) up + /Ot S(t—r) (ili|v|2v> (x,7)dr

0<t<oo 0<t<o0

s

< sup [IS (¢)uoll, + sup

0<t<o0o 0<t<oco

/Ot S(t—r) (i/{|v|2v) (x,7)dr

< clluoll, +clx| sup [ilo[*|
0<t<oo s

s

3
< ellull, + el su_Jlol) -
0<t<oo
Choosing b > 0 and @ > 0 such that

1
cb3\m|§§b and cp < =b, (6.0.1)

N | —

we have that sup |[Fv|ls < bif ||ug||s < . Thus, F' is a mapping defined on Y.
0<t<oo

Let v = vy — vy for any vy, vy € Yoo, Proposition 4.0.3 and (6.0.1) yield

t
sup |[For = Fuall, = sup || |5 (¢ = )i (ju[Per = Jof0s) (2,7) dr

0<t<oo 0<t< oo

s

t
/ S (t—7)in (Jna[2v + [0a]20 + v1097) (z, 7) dr
0

= sup
0<t<o0o

s

< c|k| sup H]v1|21) + v [P + vlvgﬁH
0<t<oo s

< cb?|k| sup o],
0<t<oo
1
< - sup |lvr —we,.
0<t<o0o

Thus, the contraction property of the map F' is obtained, which gives a desired solution.
The proof is completed. O

Similar to Theorem 5.0.7, we also have the general result for any ¢ > 0, that is

Theorem 6.0.3. Let £ < s < 1. Assume the differential operators { Py} defined by (5.0.16)
satisfies the hypothesis in Theorem 5.0.7, then for n > 1 be given, there exists a p(n) > 0
such that (5.0.1) has a unique solution

ueC (0, o0; Hiﬁ N H2"+8) N L™ (0, 0; H2”+S) ,

if ug € HZ 5 NV H* with |[ug||anss < g (n). Moreover,

Ofu € C (0,00, H2 5N H>™M¥) 1 k=0,...,n—1,

and
OjueC (O,oo; H;ﬂ) N L> (0, 00; Hjﬁ) .
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We proved that when the size of the initial value wug is small enough, the solution of
(5.0.1) exists for all time ¢ > 0. Next we will use the Lyapounov’s second method [15, 29, 32]
to show the small amplitude solution exponentially decays to zero as t — oc.

Theorem 6.0.4. Let % < s < 1. There exists a n > 0 such that the unique solution of
(5.0.1) satisfies
u (z,t) |2 < cre™ug||p2, t >0,

for any uo € H; 5 with |luglls < n, where ¢; and cy are positive constants (independent of

up).

Proof. Define the operator Y : L? — L? as
Y = Z Yk7 Yk = 1/)1471/)]:7
k=—o00
where 1y, is the normalized eigenvector of A* (introduced in Chapter 3) and Y is a strongly

convergent series. Let w € L? and w = Y ¢;¢;, applying (3.0.8) and (3.0.9), we have

j=—o0

wYw = < > Cj¢j) > ¢k¢2< > Cj¢j) = X Goiies;

j=—o00 k=—o00 Jj=—00 Jj=—00
(o.0] o 2
=Y el =c| Y o = clwllie, (6.0.2)
j=—00 j=—00 L2

for some constant ¢ > 0. Hence, Y is bounded and positive defined on L?. Define another
operator S : L? — L? by
1 1

>—>0
2Re Ay — 2y

S = i Yk, QG =—

k=—o00

where —v > Re A\, > —cg with ¢, v > 0. Hence, it is obtained that

A'S+SA+Y = Y (AGYr + GYrA+Y))

k=—o00
00

= > (GA Gy + GUrp A+ i)

k=—0o0
= 20 G (A™) U+ Gy (A™n)" + ]
k=—o0

= > {G [Arw) vy, + e (Njabr) T + ey}

k=—o00
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= 3 {0 NG () + () M) + )

k=—o00

= > (GO + M) + 1] ity
k=—o00

=3 [G (2ReM) + 1] byt
k=—o00

-0,

which gives

Zf (u*Su) = (;tu)* Su+u*S (C;itu)
= (Au+ |u|2u)>k Su+ u*S (Au + |ul*u)
=u"A"Su+u*SAu + (|u|2u)* Su + u*S|ul*u
= u" (A*S + SA)u + (Jul*u)” Su+ u*S|ulu
= —uYu+ (|u|2u)* Su + u*S|ul*u.
Let w = |ul*u. For any constant d > 0,

1
w*Su + u* Sw — d*u*Su — ﬁw*Sw

= — (du — gw > (dSu - dSw)
1 1

<0

Y

and

(|u|2u)>k Su+ u*S (Julu) < d*u*Su + d12 (|u|2u)* S (|u*u).

Choose d > 0 so that in the sense of quadratic forms on L2,
P2 <ty
— 2 *
From Theorem 6.0.2 we have the unique solution u of (5.0.1) satisfies that sup |julls < b if

0<t<oo
|uol|s < . Using (6.0.2), for some constant ¢ > 0, we have

1 x 1 o
= (ulu)" S (juPu) = 2 (ufu)” 32 Gt (jul)

k=—o00

1 & %
=Y G uPu) i ()

k=—o00
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< 2
~ 2¢ d2 '/ [l uwkda:

IN

2c0d2 H|u|2u
cD?
e e

D (s HuHL2>2
2cod? \o<t<oo  °

cD?b?

D

1

< Zu*Yu

IN

IN

I/\

where b is given in Theorem 6.0.2 and satisfies ¢D2b* (2cd?) ™"

d
dt

< —u*Yu + d*u*Su + L (|u|2u>* S

d2
1
< —u'Yu+ d*utSu + ZU*YU

3
< —u*Yu+ Zu*Yu
1

- —Zu'Yu
4u u

Since 4

d 1
* < T
(I+8)u] < 7 (u*Su) < 2% Yu

dt[

2
uuHLz)

< Then,

1
I

(u*Su) = —u*Yu+ (|u|2u)* Su + u*S|ul*u

(Jul*u)

% (u*Tu) < 0 where [ is the identity map on L?. By the Gronwall’s inequality,

t1
:u*([—l—S)ug—/ Zu*Yuds—i—u(’;(I—l—S)uo,
0

t1
= ulu+u"Su < —/ Zu*Yuds + uglug + ug S,
0

t1
= u"Su < —/ Zu*YudS + uglug + ug S,
0

t
= [lu () 172 < CilluollZ2 —/0 Collu (-, ) [72ds,

= [lu ()72 < Cilluol7e™,

where (', Cy are positive constants. The proof is completed.



Chapter 7

Control and Numerical
Approximation of Linear Schrodinger
Equation

Starting from this chapter, we will discuss the boundary control and numerical approximation
problems of Schrodinger equations. Here we consider the 1 — d linear Schrodinger equation
with boundary control:

WU + Ugy = 0, re(0,L), 0<t<T,
w(0,t) =0, u(L,t)=v({), 0<t<T, (7.0.1)
u(,0) = (z) re.1),

where v (t) is the control which enters into the system through the boundary at « = L. The
energy of solution of system (7.0.1) is given by

B(t) = [ et Pde 702)
when v (t) = 0. By (2.0.3),
;i/OL lu (x,t) |Pde =i (u, (2,8) @ (2,t) — u (z,t) 4, (2,1)) [§ = 0.

Thus, the energy is conserved along time, i.e.

E()=FE(0), VOo<t<T.

29
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7.1 Hilbert Uniqueness Method (HUM)

Let u (z,t) = v (z,t) +iw (x,t),v (t) = a(t)+1b(t), where all of v(z,t), w(x,t),a(t),b(t) are
real functions. Then, the system (7.0.1) can be rewritten as

iUy + Upy = — (W — Vap) + (0 + W) 4, xe(0,L), 0<t<T,

v (0,t) + 4w (0,t) =0, 0<t<T,
v(L,t)+iw (L,t) =a(t)+ib(t), 0<t<T,
v (z,0) + 1w (z,0) = 0° (z) + i’ (z), z € (0,L),

which is equivalent to

Uy + Wy = 0, re(0,L), 0<t<T,

Wy — VUgp = 0, re(0,L), 0<t<T,

v(0,8) =0, w(0,) =0, 0<t<T, (7.1.1)
v(L,t)=a(t), w(L,t)=0b(t), 0<t<T,

v (z,0) =" (2), w(r,0)=w’(z), x€(0,L).

We introduce the partition {x; = jh};—o . w41 of the interval (0, L) with g =0, xy41 = L
and h = NLH for an integer N € N, and consider the finite-difference space semi-discretization
of (7.1.1):

R, YN .
o) 4 2t ;;walzo, j=12... N 0<t<T,

L — Q0. .
w)— BT 2 g j=1,2,.. N, 0<t<T,

h (7.1.2)

’Uo(t):O, ZU()(t):O, 0<t<T,
unin (8) = a(t), wnsat () =b(t), 0<t<T,
U](O):’U;)7 w](O):w;), 7=0,...,N+1,

where " denotes derivative with respect to time ¢. The system (7.1.2) has 2N linear differential
equations with 2N unknowns vy (t) ,--- ,vn (t), w1 (¢),- -+ ,wy (t), where v; (t) and w, (t) are
approximations of v (x,t) and w (z,t) for (7.1.1) at the node z;.

Since (7.1.2) depends on the size of h, we will denote the controls of it as ay, (t) and by, (¢).

Corresponding to the energy of continuous version (7.0.2), the energy of system (7.1.2) with
ayp (t) = by, (t) = 0 takes the form

Eh (t) -

o s

N+1
2 2
Z (Uj (t) + w; (t)) .
7=0
It is easy to see that the energy Ej satisfies

Eh<t>:Eh<O), VOo<t<T,



Jing Cui Chapter 7. Control and Numerical Approximation of Linear Schrédinger Equation 61

i.e. it is also conserved along time for the solutions of (7.1.2).

The goal of this section is to analyze whether the system (7.1.2) is controllable and the
controls of it converge to those of (7.1.1). We rewrite the system (7.1.2) as
Y'+AY =BH, 0<t<T,
Y (0) =Y,
where Y = (ny(t)a"'ayfl (t) » Y1 (t)w"ayN (t))T = (Ul (t),...,UN (t> wy (t)a-"awN<t>)T

represents the vector whose elements are the 2N unknowns of (7.1.2), H (t) = (b, (t), as ()"
is the 2-dimensional control,

(0 AN L, 1
A_<—A1 0)VVIthA41—h2

NxN

is the 2N x 2N matrix containing the real coefficients of (7.1.2) which determines the dy-
namics of (7.1.3), and the matrix

0 0
0 0
B=| - 0 :
0
L0
U - R

whose N1 and (2N)2%" elements are —;5 and 55, respectively, models the way controls

ay, (t) and by, (t) act on it. Consider the adjoint system of (7.1.3)

-+ AP=0, 0<t<T,
0 (7.1.4)
o (T) =2,
which is equivalent to
R, 19 .
5;-+"”1 h@+"]1=o, j=1,2,....N,0<t<T,
Y .
774—5]“ ngrng:0, j=1,2,...,N,0<t<T,
’ h? (7.1.5)
£0<t)207 770(t):07 0<t<T7
€N+1(t):(), 77N+1(t):0, 0<t<T,
(M) =&, 0 (T)=nj, j=01...,N+1,
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with ® = (¢_ny..os 1,015, 08) = (&1, En, 1, nn) . Tt is easy to get that

A* = —A = AT, Now, we analyze the spectral problem associated with the adjoint system
(7.1.4):
—Ad = \D. (7.1.6)
We known that the eigenvalues of the following matrix [6]
p—r 29 T
2 p 2q r
r 29 p 2 r
M =
,
P2
ro2 p—r) .
are
1
—2r) = = (¢* = (¢ — 2r cos k)?
(p—2r) =~ (¢ = (¢ — 2rcos kf)’)
T
=p—2r—4 kO — > ko 6 =
p—2r (qcos rcos” kb)), ——
=p—4qcoskl + 2rcos2kl, k=12 ..., n. (7.1.7)
Since the eigenvalues of (7.1.6) satisfying A2 — A\2I = 0 and
5 —4 1
-4 6 -4 1
1 -4 6 -4 1
A= L
17— 14 )
h 1
6 —4
L =4 5/~
from formula (7.1.7), it is obtained that
1 kmh 2kmh
—\7 = 71 (6—}—80052—1—2005 2 )
1 kmh krh
=1 <4+860S2 + 4 cos® z>

= i <1+Cosk7rh>2
A L

16 4((N+1—k)7rh>
2L ’
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where N+1—-k=1,2,..., N for k=1,2,...,N. Thus,

16 . kmh
—)\i—h481n4<211>7 k:1,27...,N.
Then, the 2N eigenvalues, A_n, ..., A_1, A1, ..., Ay, of (7.1.6) are —iuy (h), -+, —iug (h),ipg (),
- yipy (h) with
4 ., (krmh
Mk:ﬁ81n (2_L>’ k:1,2,...7N,

which is increasing as k increases. The corresponding eigenvectors are

¢k (h) = (¢k‘,—N7 R ¢k’,—17 ¢k,17 s 7¢k,N)T
{ (Tir (B) -+ 7o (B) iTes (B) -+ imew (W), k=1,2,... N,

o (iTk,l (h) T 7i7—k,N (h) ) Tk,1 (h) » 0y Th,N (h>>T7 k=-N,...,—1,
where -
ny=sin (7)., j =Lz (7.18)
Lemma 7.1.1.
3T

foranyk=1,2,--- /N —1.

Proof.
4 1. 5 ((k+1)mh . o (kTh
— U = — [sin” | ———— | —sin” | —
Hhk+1 — Mk 72 S 5L S 5L
_ 2 kmh (k+1)7h
=73 |08 Co8 —————
2 { (k+1)mh kwh}
—— |cOS ———— — Ccos ——
h? L L
2T
= (€)
for some ¢ € {’“LL", W], which implies pg11 — pr > %Sin (%) Since i—}isin (%h) is the
decreasing function of A on the domain (O, %}, we can get the smallest value, which is %’; by
setting h = % Thus Lemma 7.1.1 holds. O
N

Proposition 7.1.2. ZTlvamd =0, where l,m = —N,--- N withl,m # 0 and | < m.
j=1
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Proof. From (7.1.8),

g: j\f: sin <j7rlh) sin <j7rmh>
T1iTm. =
= Lj )] L L

j=1l<m

1 X { ( wh mh
== > |eos|j—(I— )) — COS (](l—i—m))}

2 Jj=1l<m L L

1 g: ejTh(l—m)z + e—jf(l—m)i (I4+m)i +e T (I4+m)

2 j=1ll<m 2 2

1 [ N - h - N -mh . N - h . N
_ = Z ejf(lfm)z + Z e*]f(lfm)l _ Z e]f(l+m)l o T (1 4m)i

4 Li=1,l<m j=Ll<m j=1l<m j= ll<m

1= (e’%h(l—m)i)N—H 1— (6—%(l—m)i>N+l 1 — (e’%h(l-l-m)z)N—"_l 1 (7 z+m>z~>N+1
= mh . + mh : - - s

4 1 — ef(l—m)z 1— G—T(l—m)z 1—e L (l+m)z 1—e¢ T(l—i—m)z

1 - 1 — er(l—m)i 1 — e~ m(l—m)i 1 — er(+m)i 1 — e~ m(I+m)i

4 1 —e = (l m)i 1— e*f(lfm)z 1—e o (l+m)l 1— e*f(l+m)z

If both of [ and m are even or odd integers, it is obvious that (7.1.9) equals zero. If one of [
and m is even integer and the other one is odd integer,

% 1 2 2 2 2
= T,jTm,j = 4 1—¢ = h(1—m)i 1— e—fh(l—m)z 1 — e (I+m) 1—¢ %(H—m)
1 1 n 1 1 1
o 2 1 —e = h(1—m)i 1— efﬂ—h(lfm)z 1 e"L—h(l+m)l 1 e (I4+m)
1 2 — e Umm)i _ =T =m)i o _ TP (Am)i _ o= T (m)i
- 5 2 _¢ = (l m)i __ e—%h(l—m)z o 9 _ eﬂfh(l—i-m)z o e—%h(l—i-m)z
1
=—-(1-1
Sa-1)
=0
N
Therefore, Z 7,;Tm,; = 0 for any {,m = —N,--- /N with [,m # 0 and | < m. O
j=1
imhk L
Proposition 7.1.3. hz 17 4|° = thm (jWL ) =3 for any k=1,2,---,N.

7=1

Proof. We know that

1_In+1

l4+z+2°+- 42" =
1l—x
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Then,

N N mhk
jmhk 1—cos< )
hZ|T;”|2—hjzlsm< >_hz 5 L
h& h & 2jmhk
L=g 2 cos s (7)
N

7j=1

N E QJthZ/L + e—?ﬁrhk@/L

2 2

hS~ oy /L _ N hki/L

4 Z JThi Ze jmhki

453

b h[1— 2 hN+Dki/L | _ p=2rh(N+1)ki/L
N+ —+ ( : - — )

2 4 1 — e2mhki/L 1 — e—2mhki/L

4 \ 1 — e2rhki/L 1 — e—2mhki/L

T2
_h
2
_ iy
2
_h
2
1 — 27ki 1— —2mki
;L(N—l—l) h( c __ 4 = )
_L
2

O

Theorem 7.1.4. If N > 1, there ezists a constant C = C (T') > 0 (independent of h) such
that
2

h

2

N 2
h S ey (T)|2gc/0T‘¢f‘Ll + dt (7.1.10)

J=—N,j#0
for all solution ® of (7.1.4).

Proof. The solution of (7.1.4) can be developed in Fourier series as

N

¢ (ht) = 3 eI 06, (h).

k=—N,k+£0

In view of Lemma 7.1.1 and according to Ingham’s inequality [11, 12, 23], there exist some
constants C7, Cy > 0 such that

2

(¢ CbN m1 al —Ap(T—t) Al =M (T—t)
T h dt = / ﬁ Z Cr€ k ¢k,—1 (h) + Z Cr€ k qbk’]v (h)
0 k=—N,k#0 k=—N,k0
C N C N
> }TQI Yoo lelloral + 1722 Yoo lelPlonl?
k=—N k0 k=—N,k#0

O o . o (Nkwh\ Co & o . o [kThN
=— Y |al’sin ( >+ > exl*sin ( >
h? k=—N,k#0 L h? k=—N,k#0 L

2
>dt
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N
O e ()
h k=—N, k0
c X o . o (kTh (N +1)—krh
— Wk:§k¢o|0k| sin ( 7 )
N knL — krh
h? k=—N k0 L
c X knh
=— Y |c/*sin® (k7r - )
h? =—N, k%0 L
N krmh
=— Y |sin® ()
h? k=—N k=0 L
n\ ¢ X
> sin? (W) — Z |Ck;|2
L) h? k=—N,k+#0
C N
> T3 Z ’%‘2
=—N, k0

for N > 1, where C' is a positive constant (independent of h). Then, by Propositions 7.1.2
and 7.1.3, it is obtained that

2

N N N
2
h > o, (M))P=h > > rdry(h)
j=—N,j#0 J=—N,j#0 |k=—N,k#0
N N N B
=h > > adry(h) Y. ey (h)
j=—Nj#0 \ k=—N k0 k=—N,k#0
N N N B B
<h > Yoo lalloniP+ Y. (GemPridmy + n®ridm.;)
J=—Nj#0 | k=—N,k0 lm=—N
Il,m#0,l<m
N N N N B -
=h Y oo laPlowP+h > Yo (Cem®riOm + 1lmbriOm.;)
]=7N,j750 k:*N,k;ﬁO ]=7N,j750 lvmsz
I,m#0,l<m
N N N N
=h Y el D AewiPHR D] G@cm D uidmy
l,m#0,l<m

N N
+ h Z Clém Z ¢l,j¢m,j
l,m=—N j=—N,j#0
Il,m#0,l<m
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N N
=2 Z ’Ck’ hz‘¢k]‘2+2h Z Clcmz¢l,j¢m,j
k=—N,k£0 j=1 Lm—— j=1
lm;é() l<m
N —
+ 2h Z Clém Z ¢l,j¢m,j
l{mw;é_() I<m =
N
=L Y ol
k=—N, k40
T 2
< C’/ -1 oN dt,
0 h
where C'is a positive constant (independent of k). Thus (7.1.10) holds. O

From Theorem 7.1.4 we can say the adjoint system (7.1.4) is observable in time 7.

Theorem 7.1.5. System (7.1.3) is uniformly controllable in time T, i.e. for any initial
datum YO € RN and final datum Y' € R2 | there exists a control H (t) € (L2(0,T))* such
that the solution Y of (7.1.3) satisfies

Y (T)=Y"

Proof. Define the quadratic functional J : R*¥ — R :

h2

T
J (8°) = 2/0 IB*® () |?dt —h < Y1, 8% > +h < YO, & (0) >,

where B* = BT is the transpose of matrix B defined in (7.1.3). Here and in the sequel - or
< -,- > represents the scalar product in the Euclidean space. The general solution of the
adjoint system (7.1.4) is

®(t) = L (t) ®° with L (t) = D),

It is straightforward to get that

h? P N
B (t / S R
5 | (t )| dt = 2 + N dt
From the proof of Theorem 7.1.4 we have
2 e
h Z 6 (O =C | dt
—N,j#0 h

as well, for some positive constant C' (independent of h). Therefore, the property

lim J (9°) =

|®0] =00
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holds, which gives us the functional J is coercive. It is easy to check that the functional J
which is defined in a finite dimensional Euclidean space is also continuous, quadratic. Since
for any ®7, ®9 € R*N and € € [0,1], J (e®) + (1 — €)®Y) < T (DY) + (1 —€) T (PY). J is also
convex. Thus, through the Direct Method of the Calculus of Variations (DMCV), we can
obtain that the functional J has a minimizer, denoted by CTDO, such that DJ (@0) = 0. Let

® be the solution of (7.1.4) with ® (T) = &°. Then,
7() <7 ()
for any ®° € R*V, which implies
T (@°) < T (8% +eT)
for any I' € R*N ¢ € R. Define F : (—00,+00) — R by
Fe)=J (Cf)O + 5P)
- fi OT |B* (L (t) (®° +T)) |Pdt —h <Y, ®° + el > +h <Y, L(0) (®° +<T') > .

Since F (0) = J (@DO) <J (@0 +el') = F (e) for any & € (—00, +00), F (¢) has a minimum
on (—oo,400) at € = 0. By Leibniz’s Formula, taking the derivative of F' (¢) with respect
to € and setting € to 0 yields

TF©) o

0=%
:/OT<hB* (L) ®°) ,hB*(L(H)T) >dt —h <Y I >+h <Y° L(0)L > .
Replacing I' by ®° gives
oz/OT <hB* (L(t)®°),hB* (L) ®°) >dt —h <Y, ®" > +h < Y°, L(0)®° >
:/OThB*Ci)-hB*®dt—h<Y1,<I>O > 4h <Y, 3 (0) >
for all ®° € R?V. In other words,
/OT BH - ®dt =< Y1, 0% > — <Y, & (0) >, (7.1.11)

if the control H (t) is chosen as A
H(t) = hB*5. (7.1.12)

Next, we multiply the state equation (7.1.3) by any solution ® of the adjoint system (7.1.4).
Then

T T
/ BH - ®dt = / V' (1) + AY ()] - ®dt
0 0
T
:/ Y [-® + AD|di+ < Y,® [T
0
=<Y(T),®" > - <Y" ®(0) >. (7.1.13)
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Combining (7.1.11) and (7.1.13) yields
<Y (T)-Y'®">=0

for all @ € R?N. Thus, the control condition Y (T') = Y is achieved. The constant C' in
(7.1.10) is independent of h, and hence (7.1.3) is uniformly controllable. O

From Theorem 7.1.5 we have, for T > 0, system (7.1.2) is uniformly controllable as
h — 0, i.e. for any initial states {09}, {w?}}L,, final states {vj}}L,,{wj}L, and h > 0,
there exist controls ay (t) and by, (t) € L? (0 T) such that the solutions of system (7.1. 2)
satisfy

vj(T):v;, w; (T) :wjl-, j=12---, N.

Remark 7.1.6. The controllability of the finite-difference scheme is false for the wave equa-
tion [11], because the semi-discrete system presents spurious high frequency oscillations. This
problem can be solved by using the two-grid scheme [8, 34]. However, our Schridinger equa-
tion system can damp out the spurious modes which is similar to the case of heat equation.

In view of the observability inequality (7.1.10), we can obtain the uniform bound on the
controls of (7.1.2).
Corollary 7.1.7. There exists a constant C' > 0, independent of h, such that
1H (1) B2y < Ch (YO + [Y'P), (7.1.14)
1.e.

N
llan (8) 1220,y + 1100 (8) 720y < CR Y- (072 + [wf? + [vf [P + |w)[?)
j=1

for all {v9}0 {w) i, {vj 1l {w;}, and h > 0.

Proof. Since the functional J (@0> < 0 with @ is the minimizer of J (@Y),

h2

5 |B () Pdt <|h <Y, > —h <Y d(0) > |

< SR (1902 + [ (0) [2) /B (V12 + [YOP2)

< Jcm [ B /n (YR VOP)
0

which implies
T
h2/ B*® (t) [2dt < ACH ([Y']2 + |YOP2). (7.1.15)
0
By (7.1.15) we can obtain (7.1.14), because (7.1.12) gives us

T
n 1B 0 (1) Pat = | H ()13



Jing Cui Chapter 7. Control and Numerical Approximation of Linear Schrédinger Equation 70

Corollary 7.1.8. The controls ay(t) and by(t) of (7.1.2) are such that
ap (t) = a(t), by(t)—=b(t) in L*(0,T) ash — 0, (7.1.16)
where a (t) and b(t) are controls such that the solutions of (7.1.1) satisfy

v(z,T) =" (1), w(z, T) =w'(x).

Proof. Let H*(0,L) be the discrete version of Sobolev space with s > 0. By the interpo-
lation arguments, Corollary 7.1.7 also holds for H(t) € H*(0,T) and Y°, Y € H*(0, L),

IH () 50y < C (HYO] toony T 1Y e .n) ) for some constant C' mdependent of h.
Thus the controls a,(t) and b,(t) are uniformly bounded and, by the well-posedness of
(7.1.3), the solution Y is also uniformly bounded in L*°(0, 7, HS(O, L)). Then, ap(t),by(t) —
a(t),b(t) weakly in H*(0,T) and Y — y weakly in L?*(0,7T, H*(0, L)), where a(t),b(t) and
y = (v(x,t),w(x,t)) are controls and solutions of the continuous Schrodinger system (7.1.2).
Consequently, Corollary (7.1.8) holds. O

 Following the proof of Theorem 7.1.5, we can set an algorithm to find the minimizer
®° and the corresponding control H (t) of (7.1.3). To be consistent with the index of ma-

trix, we redefine Y and ® as Y = (yl,...,ygN)T = (vl,...,vN,wl,...,wN)T and & =
((bh s 7¢2N)T = (517 cee 7€N77]17 s 77]N)T7 respectively. Then
h @—N dt—h<Y'®" > +h <Y ®(0) >
1 T 2 2N 2 2N 2N 2N
= o2 /0 (ZQS?LM <t>> +<Z¢?Lm (t)) dt —hy yiol +hd_yl ( X éjLi; (0) ).
i=1 i=1 i=1 i=1 j=1

Taking the derivative of J (®°) with respect to ¢? for any k = 1,...,2N yields

0 2N N oN
0T (¥) _ L /T (Z ¢y Ly (ﬂ) Ly, + <Z @9 Lon; (ﬂ) Lonydt — hyy + 1> y) L (0) .

0 2

0
Let ajagﬁ ) =0forany k=1,...,2N. Then,
k
Z-9Y=Q, (7.1.17)
where the it (i,7 = 1,...,2N) element of matrix = is

1 /T
] /0 Lyi (t) L (t) + Lani (t) Lan; (t) dt,

and the k" (k =1,...,2N) element of vector € is

2N
hye =Yy Lix (0)
i=1
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The solution ®° of system (7.1.17) is the minimizer ®° of 7 (#°) and the control of system
(7.1.3) is

H(t)=hB"(L(t)d°). (7.1.18)
T YO R TYRRY
W ),lmmw MWIMM W M oy IWM
il “‘” l‘“ ““IMW W | il m ,"Wm W 'M“ Mm
& \ g W'*““ ) h W W "\
w ’.MWN) “W\W \ !
I 11
111 v
Figure 7.1: Graphs of Controls and Slmulatlons of solutions for the semi-discrete linear Schrodinger
system (7.1.2). L=1, h = ;. v? and w?, j =1,---, N, are random numbers in (0, 1). v} = w} =

07 .]:175N

Applying (7.1.18) to (7.1.3) and using the Euler method, the solutions of (7.1.2) can be
simulated. The graphs of controls and solutions of (7.1.2) are shown in Figure 7.1 and 7.2
(see appendix A for the MATLAB code). The end states are null and any given data in
Figure 7.1 and Figure 7.2, respectively. From III and IV of those graphs, it is easy to see
that the solutions of (7.1.2) go to the given final states as ¢ — 7" which implies (7.1.2) is
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controllable. T and IT of the figures are the controls of (7.1.2) which converge to the controls
of (7.1.1) as h — 0.

‘omrol a‘(l) 04 i i i Graph of c‘omrol b(t)

'MWWW ,,m,w ~!WVIWM Zﬁi “WMN% » M WW'“N
Y’ o
\ w“ﬂ”m M* J W | MWW t
mw | T W

L
. WW

I II

111 v
Figure 7.2: Graphs of Controls and 81mulat10ns of solutions for the semi-discrete linear Schrodinger
system (7.1.2). L =1, h = 5. v and wf, j =1,---, N, are random numbers in (0, 1). v and

wjl-, j=1,---,N, are any given data.

7.2 Transformation Method

By the same finite-difference scheme mentloned in the previous section, we divide the interval

(0, L) into N + 1 sub-intervals with h = TH and x; = jh,j =0,1,...,N,N + 1. Then the
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semi-discretized version of (7.0.1) is

Uj1 + Uj—1 — 2

iy + 7 =0, j=1...,N,0<t<T,
up (t) =0, unyr (t) =v(t), 0<t<T, (7.2.1)
u; (0) = uf, 0<z<L,

here u; is the complex function in term of ¢, which approximates the value of u (z,t) at node
x;. Comparing (7.2.1) with system (7.1.2), we have u; = v; + ‘w;. In this section we will
prove (7.2.1) is controllable using the Fourier expansion of its solution.

The associated eigenvalue problem of (7.2.1) is

©j+1+ pi—1 — 2¢; -
_ hfz L =Xp;, j=1,...,N, (7.2.2)
with o = 0, pn4+1 = 0, thus

-2 1 0

2 ! !
—3 =\
1 -2 1 : :
0 1 -2 PN ¥YN

According to formula in [14] we have

km kr
AP =-2-2 =-2|1
cos( ) { +COS<N+1>}

N

km kmh
:—4 2 e —— :—4 2 _—
o8 <2(N+1)> €08 <2L>

kmh

= —dsin® (g_27TL>

, N+1—-k)mh
——T 2 (
(W01

kmh
= —4sin? [ —
St <2L>

which implies that there are N eigenvalues

_|_
—_

0< A (h) <X(h)<---<An(h)

with
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From (7.2.2) we have the corresponding eigenvectors,

T . (jkhm ,
o = (e, o) wfzsm<L>, kj=1,2,...,N.

N
The inner product in the space CV is A a;b;. If we let U () = (uq,- - Juy)’, then
7j=1

N
:de( ©" where dj, (t —hZu]
k=1

Now, we multiply (7.2.1) by h@j and sum these up to get

N

1 _
0= thu]goj + 7 > (ujpr +ujor — 2uy) <P?
=1
al 1 ol k k k k k
= @hZuy% o | 22w (Pl + P51 = 26)) +unna Py + vl
=1

= @hZu;-@? T h Zu]hQ + un-1Py + oy
j=1
N 1 N

_thuJ +E Zu]hQ — k) goj—i—l/()gpﬁ,

which gives
idj, (t) — Ardi (t) = —v (t) @i/ h- (7.2.3)
Multiplying (7.2.3) by e®**! we have

EMidy, (1) — e N\dy (t) = =™ v (1) gy /b

which implies
/

[ (1)) = —e™ (1) @y,
and

€Mktdk( ) C + h/ z)\ks )QONdS
When ¢t = 0 we get C' = dj, (0). Thus,

. o
e”‘ktdk (t) = dk (0) + E/ 62)\’“51/ (8) (ﬁlf\,ds
0
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Then, for any given initial and end conditions U (0 Z di, (0)@" and U (T) = U' =

> " dy, (T) @, the control v () must be determined by

T . h )
/ Moy (s) ds = —— (e”\’“Tdk (T) — dg (O)) : (7.2.4)
0 Q%
Since e* k = 1,2,..., N, form a Riesz basis on the span of these functions over (0,7,

there exists a dual basis py (t) ,k =1,2,..., N. Let
N
= Z vk (1), v,k =1,2,..., N, are constants. (7.2.5)

Then, there exists constants C; and C5 such that
N N
Ci) wl? < v (t) "%2(01) <Oy v, (7.2.6)

k=1 k=1

By (7.2.4) and (7.2.5) we have

N
<My >=< ™ Ny (t) >= v = o (e™dy (T) — di, (0)) . (7.2.7)
i

k=1

To get the estimates of vy, we need to analyze \W%| using the form of ¢%. Since
N

. (Nk;fm) B m((N+1)kh7r—kh7r>
S I = IS I

) khr
= |sin <k:7r - L)
e khm
= [S1n <L>‘
. khr
= sin (L ) )

If 1 <k <[N/2], then there exists some fixed constant C’ such that sin (kh”) > C"ET which
= 1/ (Ckr) < C for some fixed constant C. If [N/2] +1 < k; < N,

h
igh < Ckhw

implies

L
o

similarly < C. Thus, from (7.2.7) we obtain that

vl < C (Idi (T) [P + |di (0) ).
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Combining (7.2.6) and (7.2.7) we have

HV()HLQOT)<CZ(’dk )P+ 1di (0)[7) < CR(JU°P + [U')

for all U°, U' and h > 0. The continuous dependence of v (t) in terms of u° (z) ,u (z,T) can
be obtained similarly. This is also true for U, U' € H* (0, L) and v € H* (0,T) Wlth s> 0.
Here H* (0, L) is denoted as the discrete version of Sobolev space.

Therefore, for (7.2.1), if U% U' are given in H* (0, L), then there is a control v (t) €

H?(0,T). We can denote a bounded map P with v = P (U°, U") from H*(0,L) x H* (0, L)
to H* (0, 7).



Chapter 8

Null-Controllability for the Nonlinear
Schrodinger Equation

In this chapter we are going to discuss the 1 — d semilinear Schrodinger equation with
boundary control:

iy + Uge + Klul*u = 0, ze(0,L), 0<t<T,
uw(0,t) =0, u(L,t)=v(t), 0<t<T, (8.0.1)
u(z,0) = u’(z), xz € (0,L).

Similar with the linear case, we split (8.0.1) into real and imaginary parts, i.e.

iy 4 Uy + |uPu = i(v + wi) + (0 + wi) e + K| + wil* (v + wi)
= (U — Wy + Vg + Wy + £(V2 + w?) (v 4 wi)

= —W¢ + Vge + Kv® + kv + (Ut + Wep + kv2w + mu3)z.

Then, the system (8.0.1) is equivalent to

Uy + Wap + k(02w + w?) =0, re€(0,L), 0<t<T,

Wy — Vg — k(w0 +0) = 0, re(0,L), 0<t<T,

v(0,t) =0, w(0,t) =0, 0<t<T, (8.0.2)
v(L,t) = a(t), w(L,t) =b(t), 0<t<T,

v(x,0) = v°(z), w(z,0) =w’(z), =€ (0,L).

7
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Consider the conservative finite-difference semi-discretization of (8.0.2) as follows:
Wit — 2w, + wj_q .
v+ 2 h; = 4+ k(0w +wd) =0, j=1,...,N, 0<t<T,
R W .
, v T;J+Ujl—m(w]2-vj+v§?):0, j=1,...,N, 0<t<T,
h (8.0.3)
Uo(t) = 0, wg(t) =0, O0<t< T,
on+1(t) = a(t), wy(t) = b(t), 0<t<T,
'UJ<O):’U§), wJ(O):w?, J=0,..., N+ 1

For the linear case, we analyzed the controls of L?(0, T)-norm which are given by the Hilbert
Uniqueness Method (HUM) [16]. In this chapter, we will discuss the null-controllability of
(8.0.3) through fixed point argument [35]. Since (8.0.3) depends on h, we shall also denote
the controls of it as ay(t) and by(1).

Theorem 8.0.1. The semi-discrete nonlinear Schrodinger system (8.0.3) is null controllable.
More precisely, if h > 0 is fived, for all initial states {0}, {w)}, € L*(0,T; RN) there
exists controls ay(t) and by (t) € L*(0,T) such that the solutions of (8.0.3) satisfy

N.

’Uj(T):O, U}J(T)—O, j:1,...,
Proof. Let us introduce a semi-discrete function Z = Z(t) = (20(t), ..., zy+1(t)) € C([0,T];

CN+2) and linearize (8.0.3) to

Wj41 — ij + Wj—1

v;(0) = vj, w;(0) = wyj,

v+ 3 + K|z *w; =0, j=1,....,N, 0<t<T,
R W .
Y U]+U]1—/i|z»|2v-20, j=1,....,N, 0<t<T,
7 h? Y (8.0.4)
Ug(t) =0, wo(t> =0, 0<t<T,
on+1(t) = an(t), wn(t) = ba(t), 0<t<T,

j=0,...,N+1.

On the basis of the HUM controls for the linearized system (8.0.4), Theorem 8.0.1 can be
obtained by the standard fixed point argument [35]. To be more precise, for each fixed h,
following the same idea used to prove the controllability of the linear Schrodinger equation
in Chapter 7, we can find the control of minimal L?(0,T)-norm Hz(t) = (bn(t),an(t)).
We use Hz to represent the 2-dimensional control of (8.0.4), in order to underline the
fact that the controls depend on Z. The control is unique, which gives that the solution
Yz = (vo,v1,. ., UNt1, Wo, W1, - .., Wxy1)! of system (8.0.4) is uniquely determined. Thus
the nonlinear map Y (Z) = (vg + twg, v1 + twy, . .., uys1 + iwy1) is well defined. If the map
T has a fixed point, i.e. Z =Y, we can have |z;[*w; = viw; +w?, |2;|*v; = wiv; + v} for all
j=1,...,N. Consequently, Yz is the solution of (8.0.3) and the controls can be achieved
as well.
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Let us start from the adjoint system of (8.0.4):

=90, .
p;+qj+1 hq2j+qjl+'%’2j‘2QJ':O7 j:17"'aN70<t<T7
1= 2p; + P
C]’-—pﬁl b+ Py 1—/<e|zj|2pj:0, j=1,...,N, 0<t<T,
J h? (8.0.5)
po(t) = qo(t) =0, 0<t<T,
pn+1(t) = gnia(t) =0, 0<t<T,
pi(T) =13, ¢;(T) =g, j=1,...,N.

In Chapter 7, it was proved that, when Z = 0, the observability inequality (7.1.10) holds
for all solutions of (8.0.5) and, consequently, (8.0.4) is controllable. For the perturbed case,
if we can also have that there exists at least one constant C' > 0 such that the solutions of
(8.0.5) satisfy

h|U(T |2<C/‘ ‘+'

where U = (1, %9, ..., Yon)T = (p1,. .., PN, @1, - - -, qn) T, for any Z € C([0,T]; CV*+2), then
the controllability of (8.0.4) will be obtained.

t, (8.0.6)

Since (8.0.5) is a finite-dimensional system when h is fixed, we can obtain the following
unique continuation property for all Z:

() =0 if py(t)=gn(t) =0, 0<t<T. (8.0.7)

Indeed, if we rewrite the equations in (8.0.5) for j = N to

n-1 _ N+l — 2N lzx|2qy = 0
o PN Tz RIZNT N = U,
PN-1 _ ,  PNf1—2pN zx[2pn = 0
72 =dn iz RIZN| PN = U,

then the boundary conditions pyi1 = qni+1 = 0 and the fact py = g = 0 can help us to find
out that py_1 = qnv_1 = 0. Repeating this argument and by induction we deduce ¢ = 0.
Next, we will prove the observability inequality (8.0.6) holds for any solution ¥ of (8.0.5) by
contradiction. Assume (8.0.6) fails, i.e. for any constant C,

pN2 an
h|U(T C/ PN ‘
LD > nl T

2

dt.

If we pick C' = n, then

T
w1 |

The left hand side of (8.0.8) will go to zero as n — oo which implies py = gn = 0. Then,
from (8.0.7) we have W = 0 which is a contradiction. Thus, (8.0.6) holds and (8.0.4) is
controllable. Note that the constant C' in (8.0.6) depends on h.

(8.0.8)
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It is proved that the solution Y of (8.0.4) is bounded by some constant C', which depends
on the mesh-size h, the norm of the given initial data and the time of control 7', but is
independent of Z. Then, the map Y is compact from L%(0,T; CN*2) into itself which allows
us to apply the Schauder’s fixed point theorem to deduce the existence of its fixed point. At
the end, we can conclude that the system (8.0.3) is controllable for any fixed h > 0.

For the completeness, we will find the controls of (8.0.4) by the HUM. Similar with the
proof of Theorem 7.1.5, let us introduce the continuous, quadratic and convex function 7,
as

| 7 2 2 )
Tn(00) = f/ UNTON < V(0), 5(0) >
2Jo | h h
where Y = (41,92, ... 92n)T = (v1,02, ..., 05, w1, Wa, ..., wy)T is the solution of (8.0.4).

A

The observability inequality (8.0.6) yields 7}, is also coercivity. Thus, the minimizer W exists
and satisfies R
DJ,(¥°) = 0.

Then,

0 =< DJ,(¥°), 0 >

_ e ¢N> (@w ¢2N> 2N
_ (I 42y By S [5;(0)%5(0
(h I G IO S AU

j=1
T T 2N
_ /0 ah(t)%hth _ /0 bh(t)dzvdt + h;[g)j(())wj(())] (8.0.9)
if we choose the controls . )
ah(t) = ,QD;LN, bh(t) = —%ZZV. (8010)

On the other hand, using (8.0.10) as controls in (8.0.4), from (8.0.4) and (8.0.5) we deduce
that

r X T wiy — 2w, +wj r
0= /0 Zp]”l};dt + /0 Z i+ h2] J lpjdt -+ /ﬁ?/o Z |Zj’2'LUjpjdt
=1 =1 i=1

N T N TN
T Pi+1 — 2p; +pj—1
= E pjvj‘o —/0 E p;vjdtjt/o E: J+ h2j J w;dt
i=1 i=1 i=1

T T N
+/ wN+1p1;sz+ wopodt+m/ Z|Zj|2wjpjdt
0 0 i=1

N . TN TN 1 /T
= ijvj‘o —/0 ijvjdt +/0 Zijjdt + h2/0 by (t)pdt. (8.0.11)
i=1 i=1 i=1
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Similarly,
N T T N T N 1 T
0= quwj‘o —/0 > qwdt —i—/o > pludt — h2/o ap(t)gndt. (8.0.12)
i=1 i=1 i=1
Then, (8.0.9), (8.0.11) and (8.0.12) imply the solutions of (8.0.4) satisfy
1 /T 1 /T
0= thﬂ]] + th]wj + h/o b (D)t — h/o an(t)qndt
T q N T N T
= / by (t —dt —/ ah(t)%dt+ thjvj’() + thjwj’(J
; —
T T
-/ bh<t>1ifdt [ a2 + hz Uy (T) ~ 55(0)e5(0)]

I

>
N
2

[9;(0 +hz 7;(0)¢;(0)]

<.
Il
-

I
ME

[9;(T) ()]

<.
Il
—

which gives us Y (T') = 0. Thus, (8.0.4) is null controllable and the controls are functions in
(8.0.10). O

Graphs of v| for all interations Graphs of wl for all interations
T T T T T T T T T

L L L L L L L L L 0. L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X

Figure 8.1: Graphs of z;,j = 0,1,... N + 1 for each iteration until the map Y (Z) achieves a
fixed point. I is the real part and II is the imaginary part of z;. & = 0.5,L = 1,h = ﬁ,
t = T and the given initial values of z; are zeros. After 6 iterations, max (|Re(z;) — v;|) and
max (|Im (z;) —w;|) <107°, j =0,...,N + 1.
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In order to find the minimizer U9, we take the derivative of 7 (¥°) with respect to 4 for
any k=1,...,2N. Then

w2N

2
; dt+h <Y° ¥(0) >

Y|
3 +

-1 f

) 21h2/0T Céw?zm(t)er <§¢?Z2m(t)>2dt+h2§]§ﬂ? <2§¢?Lj(0))

i=1 j=1

and

0 T /2N B N 2N ~ ~ IN 3
(5U3<%j) = hlz / (Z ¢?LNi(t)> Lk + (Z %U?LQNi(t)) Longdt + 1" 59 Lix(0).
O O \i=i i=1 i—1

s . T
where the matrix L = e "+, PO)% i the solution of (8.0.4) with

0 |21(8)]?
_ |2 |(2)?
PO=R1 1z
2n (8)[? 0 INX2N
Letting 8%((;}20) =0forany k=1,...,2N, we have
=00 =Q, (8.0.13)
where the ij"(i,j = 1,...,2N) element of matrix = is

1
h?
and the k”(k =1,...,2N) element of vector Q is

/OT Lvi(t)Lj(t) + Loni(t) Lan; (t)dt,

2N
=1

Then, the solution ¥° of system (8.0.13) is the minimizer ¥° of J(¥°). (see appendix B for
the MATLAB code)

We draw the graphs of z;,7 = 0,..., N+1 at t = T for each iteration, in order to observe
the tendency of map YT approaching to its fixed point. In view of Figure 8.1, it is clear that
the fixed point exists. After the map Y (Z) achieves its fixed point, i.e. the number of the
iterations is 6 shown in Figure 8.1, the corresponding controls ay(t), by (t) and the simulations
of the solutions for (8.0.4) can be obtained as Figure 8.2. Figure 8.2 is also the graph of the
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Graph of control a(t) Graph of control b(t)
T T T T T T
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Figure 8.2: Graphs of controls and simulations of solutions for the linearized Schrédinger equation
system (8.0.4) when the map Y(Z) achieves its fixed point. x = 0.5,L = 1,h = . v;-) and
w?, j=1,--- N, are any random numbers in (0, 0.5). vjl- = w]l =0,j5=1,---,N.

controls and solutions of (8.0.3). As h — 0, they approach to the controls a(t) and b(t), and
solutions v(z,t) and w(z,t) for the continuous nonlinear Schrédinger system (8.0.2). But in
order to prove the convergence, we need to show the uniformly null controllable of (8.0.3),
i.e. Theorem 8.0.1 holds for any h, which is an open problem we will study in the future.

The main idea is to prove that the observability inequality (7.1.10) holds for (8.0.5), with
a constant C' which is independent of h. We can decompose the solution ¥ of (8.0.5) as ¥ =
¢ + 32, where @ solves the unperturbed system (7.1.4) with the same initial data as W itself,
ie. ® = WO The remainder ¥ = (o_y,...,0_1,01,...,08)" = (G1,...,Sn, 01, -, 0n)F
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solves _—
<;+QJ+1 hQ; QJ—1:_|Z]"2qj7 j=1,... N, 0<t<T,
L 9c .
Q;_§J+1 h§;+§g1:|2j|2pj’ j=1,... N, 0<t<T,
(8.0.14)

So(t) = 0o(t) =0, 0<t<T,

snt1(t) = onya(t) =0, 0<t<T,

(T) = 0;(T) =0, j=1,...,N.

® satisfying (7.1.10) has been proved in Chapter 7. We only need to consider the observability
inequality for (8.0.14), which is not easy.
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Appendix A

MATLAB Code for Numerical
Approximation of Linear Schrodinger
Equation

format long

L =1,

Np = 20; %number of interior points

Nx = 2xNp;

h = L/(Np—|—1) %width of subinterval on (0,1), x.0=0, x_(N+1)=L
x_interval = 0:h:L; %all of the points on x—axis

%%define matrix A
PA = zeros (Nx, Nx);
for i = 1:Np—1;

PA(i, Npt+i) = —2;
PA(1+1 Npt+i) = 1;
PA(i, Npti+l) = 1;
(Np+1, i) = 2;
PA(Nptri+1, i) = —1;
PA(Np+i, i41) = —1;
end
PA(Np, Nx) = —2;
PA(Nx, Np) = 2;
A =PA/(h"2);

%%initial and end states
Y0 = rand (Nx,1) ’;
Y1l = zeros (1,Nx); %null end states

88
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%given end states
%x = linspace (0,1 ,Nx);
%Y1 = —(x—0.5)."240.5;

%time

T=1;

dt = 0.0000001; % the step size of time
t = 0:dt:T;

Nt = length(t);

%%the right hand side Omega of equation 7.1.17
L_zero = expm(—A’sT); %L when t=0, which is expm(—A’%T)
Omega = zeros (Nx,1); %we need Omega to be vector
for i = 1:Nx
Omega(i) = hx(Y1(i)—sum(YO0 .* L_zero(:,i)));
end

%/the left hand side Xi of equation 7.1.17

a = L_zero(Np,:);

b = L_zero(Nx,:);

LT = eye(Nx);

al = L.T(Np,:);

bl = L.T(Nx,:);

lhs_sum = zeros (Nx,Nx);

for j = 1:Nt
L =expm(A’*(t(j)-T)); % L for one fixed time
LN = L(Np,:)

Y

L2N = L(Nx,:);
lhs_element = (L.N’*L.N)+(L2N’%L._2N);
lhs_sum = lhs_element + lhs_sum;

end
lhs_integral = (dt)*(lhs_.sum—(a’sxa+b’xb)/2—(al’*xal+bl’xbl)/2);
lhs = lhs_integral /(h"2);

%Y%minimizer varphi0
varphi0 = lhs\Omega;

Y%define Matrix B
B = zeros(Nx, 2);
B(Np,1) = ~1/(h"2);
B(Nx.2) = 1/(h"2);



Jing Cui Appendix A. MATLAB Code for Numerical Approximation of Linear Schrodinger Equation 90

%%control H(t) = hxB_starx(Lxvarphi0)
for i = 1:Nt

control (:,1) = hxBx(expm(A’x(t(1)—T))*varphi0);
end

%%the values of controls at t=0,T/2 and T
Gcontrol (1,:) = control(:,1)7;

Gcontrol (2,:) = control (:,(Nt—1)/2+1)7;
Gceontrol (3,:) = control (:,Nt)’;

Y%%container to draw graphs
Gv = zeros (4 ,Np+2);
Gw = zeros (4,Np+2);

Y%solve Y by forward Euler method
Y _start = Y0';
for i = 1:(Nt—1)
Y = Y_start+dt«(—AxY _start+Bxcontrol (:,1));
if i = (Nt—1)/2
Gv(2,2:Np+1) = Y(1:Np)~’
Gw(2,2:Np+1) = Y(Np+1:2«Np)’
end
Y _start =Y,
end

Y%Jdraw the graphs of controls and solutions
Gv(1:3,Np+2) = Geontrol (:,2);

Gw(1:3,Np+2) = Gceontrol (:,1);
Gv(1,2:Np+1) = YO(1:Np);
Gw(1,2:Np+1) = YO(Np+1:2%Np);
Gv(3,2:Np+1) = Y(1:Np) ’;
Gw(3,2:Np+1) = Y(Np+1:2«Np) 7;
Gv(4,2:Np+1) = YI(1:Np);
Gw(4,2:Np+1) = Y1(Np+1:2«Np);
Gv(4 ,Np+2) = Gcontrol (3,2);
Gw(4 ,Np+2) = Gcontrol (3,1);

Y%graphs of controls a(t) and b(t)
figure

plot (t,control (2,:))

title (’Graph of control a(t)’)
xlabel (7 t )
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ylabel (’The value of a(t)’)
figure

plot (t,control (1,:))

title ("Graph of control b(t)’)
xlabel (7 t 7)

ylabel (’The value of b(t)’)

%graphs of v and w
figure; hold on

X = X_interval;
vl = Gv(1,:);
v2 = Gv(2,:);
v3 = Gv(3,:);
vd = Gv(4,:);

Y

plot(x, vl,’—g’, x,v2,)—=b’ ;x,v3,’—.k’, x,vd,’ —17)
legend (" Initial datum’,’v(x,T/2)’,’v(x,T)’,’ Final datum’)
title (’Simulation of v(x,t)”)

xlabel (7 x )

ylabel ("The value of v(x,t)’)

gtext ({’Initial datum’; ’v(x,T/2)7’;’v(x,T)’;  Final datum’})
figure; hold on

X = x_interval;
wl = Gw(1l,:);
w2 = Gw(2,:);
w3 = Gw(3,:);
wd = Gw(4,:);

plot (x, wl,’—g’, x,w2,’——b’ x,w3,"—.k’, x,wd,’—1r")

legend (’Initial datum’,’w(x,T/2)’,’w(x,T)’,  Final datum’)
title (’Simulation of w(x,t)’)

xlabel (7 x 7)

ylabel (’The value of w(x,t)")

gtext ({’Initial datum’; w(x,T/2)’;’w(x,T)’; Final datum’})
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MATLAB Code for Numerical
Approximation of Nonlinear
Schrodinger Equation

format long

L =1,

Np = 10; %number of interior points

Nx = 2xNp;

h = L/(Np—|—1) %width of subinterval on (0,1), x_.0=0, x_(Np+1)=L
x_interval = 0:h:L; %all of the points on x—axis

kappa = 0.5;

Y%%define matrix A
PA = zeros (Nx, Nx);
for i = 1:Np—1;
PA( ) Np—l—i) =
PA(i+1, Npt+i)
PA(i, Np+1+1)
(Np—l—l7 i)
PA(Np+i+1, 1)
A(Np+i, i+1)

2.

5 |
o

|
—_

I
e Il

end

PA(Np, Nx) = —2;
PA(Nx, Np) = 2;
A =PA/(h"2);

Y%%initial and end states
Y0 = rand (Nx,1) 7./ 2;

92
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Y1l = zeros(1,Nx);

%/define the coefficient matrix of [z_j|"2
matrixcz = zeros (Nx,Nx);
for i = 1:Np;
matrixcz (i, Np+i) = 1;
matrixcz (Np+i, i) = —1;
end

Y%%define time

T = 1;
dt = 0.0000001; % the step size of time
t = 0:dt:T;

Nt = length(t);

%%find fixed point
Z_full = zeros(Nx, Nt); %intial data of z_]
YCompare = 7Z _full;

maxerror = le—5; %error boundary of z_j and u_j
error_fixpoint = 1;
iteration = 0; %intial data for number of iterations

while maxerror < error_fixpoint
%find the vector Omega on the right have side of equation 8.0.13
D.sum = zeros(Nx, Nx);
for i = 1:Nt
D = kappaxdiag(Z_full (:,1))*matrixcz;
D_sum = (D)’+D_sum;
end
Dp_sum = D_sum;
D _zero = (kappaxdiag(Z_full (:,1))*matrixcz)’;
DT = (kappaxdiag(Z_full (: ,Nt))*matrixcz) ’;
Dp.T = D.T;
L_zero = expm(—A’s«T—dt*(D_sum—D zero/2-D.T/2));
Omega = zeros (Nx,1); %we need Omega to be vector
for i = 1:Nx
Omega(i) = hx(—sum (Y0 .x L_zero(:,i))); %zero end status
end

%find the matrix Xi on the left hand side of equation 8.0.13
a = L_zero(Np,:);
b = L_zero(Nx,:);
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LT = eye(Nx);

al = L,T(Np,i),
bl = L.T(Nx,:);
lhs_sum = zeros (Nx,Nx);

for j = 1:Nt
D_j = (kappaxdiag(Z_full (:,j))*matrixcz) ’;
integral_sum = dt*(D_sum—D_j/2—D.T/2);
L = expm(A’*(t(j)-T)—integral_sum ); %L for one fixed time
LN = L(Np,:);
L 2N = L(Nx,:);% temporary matrix
lhs_element = (L.N’«L.N)+(L2N’«L_2N);
lhs_sum = lhs_element + lhs_sum;
Dsum = Dsum — D_j;
end
lhs_integral = (dt)x(lhs_sum —(a’xa+b’xb)/2—(al’xal+bl’xbl)/2);
lhs = lhs_integral /(h"2);

%solve the minimizer
varphi0 = lhs \ Omega

%define Matrix B
B = zeros(Nx, 2);
B(Np,1) = —1/(h"2);
B(Nx,2) = 1/(h"2);

%control H(t)=h*B _star*(Lxvarphi0)

for i = 1:Nt
Dp.i = (kappaxdiag(Z_full (:,i))*matrixcz) ’;
integralp_sum = dt*(Dp_sum—Dp_i/—Dp.T/2);
Lp = expm(A’*(t(i)—T)—integralp_sum );
control (:,i) = h x B’ % Lp * varphi0;
Dp_sum = Dpsum — Dp_i;

end

%simulate the solution Y by backward Euler method
Y(:,1) = Y0,
for 1 = 1:(Nt—1)
Y(:,i+1) = ((eye(Nx)+Axdt) " (—=1))*(Y(:,1)+Bxcontrol (:,i+1)*xdt);
end

error_fixpoint = norm(Y-=YCompare, Inf);
YCompare = Y;
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for
). 2—|—Y(1—|—Np ) R
Y(i,:). " 24Y(i+Np,:)." 2;

NN""

)= Y (i
end -

GV (:,iteration+1) = Y(1:Np, Nt);

GW(:,iteration+1) = Y(14+Np:Nx, Nt);
GVC(1,iteration+1) = control (2,Nt);
GWC(1,iteration+1) = control (1,Nt);

controla_Z (:,iteration+1) = control (2,:)’;
controlb_Z (:,iteration+1) = control (1 ,:)’;

iteration = iteration + 1
end

%Jdraw graphs

G_Vtotal = zeros (Np+2, iteration+
G_Wtotal = zeros (Np+2, iteration+
G_Vtotal (2:Np+1, 2:iteration+1) = G.V(:,1l:iteration );
G_Wtotal (2:Np+1, 2:iteration+1) = GW(:,1l:iteration );
G_Vtotal (Np+2, 2:iteration+1) = GVC(1,1: 1terat10n)7
G_Wtotal (Np+2, 2:iteration+1) =G

—_ =

)i
);

Gceontrol (1,:) = control(:,1)7;

Gcontrol (2,:) = control (:,(Nt—1)/2+1)7;
Gceontrol (3,:) = control (:,Nt)’;

Gv = zeros (4 ,Np+2);

Gw = zeros (4,Np+2);

Gv(2,2:Np+1) = Y(1:Np,(Nt—1)/2+1)";
Gw(2,2:Np+1) = Y(Np+1:2«Np, (Nt—1)/2+1)7;
Gv(1:3,Np+2) = Geceontrol (:,2);
Gw(1:3,Np+2) = Gceontrol (:,1);
Gv(1,2:Np+1) = YO(1:Np);

Gw(1,2:Np+1) = YO(Np+1:2%Np);
Gv(3,2:Np+1) = Y(1:Np,Nt)’

Gw(3,2:Np+1) = Y(Np+1:2+Np, Nt )’

Gv(4 ,Np+2) = Geceontrol (3,2);

Gw(4 ,Np+2) = Gceontrol(3,1);

%Graphs of v_j for all interations
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figure;
for i = l:iteration+l1
plot (x_interval , G_Vtotal (:,1))
hold on
legendInfo{i} = [’Iteration = ’ num2str(i—1)];
end
legend (legendInfo)
hold off
title (*Graphs of v_j for all interations ’)
xlabel (7 x )

%Graphs of w_j for all interations
figure;
for i = l:iteration+l1

plot (x_interval ;, G_Wtotal (:,1))

hold on

legendInfo{i} = [’Iteration = ’ num2str(i—1)];
end
legend (legendInfo)
hold off
title (*Graphs of w_j for all interations ’)
xlabel (7 x )

Y%graph of controls a(t) and b(t)
figure

plot (t,control(2,:))

title (’Graph of control a(t)’)
xlabel (7 t 7)

ylabel (’The value of a(t)’)
figure

plot (t,control (1,:))

title (’Graph of control b(t)’)
xlabel (7 t 7)

ylabel (’The value of b(t)’)

%graph of v and w
figure; hold on

X = x_interval;
vl = Gv(1,:);
v2 = Gv(2,:);
v3 = Gv(3,:);
vd = Gv(4,:);
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)

plot(x, vl,’—g’, x,v2,’—=b’ ;x,v3,"—.k’, x,v4d,’—1r")

legend (’Initial datum’,’v(x,T/2)’,’v(x,T)’,’ Final datum’)

hold off

title (’Simulation of v(x,t)”)

xlabel (7 x )

ylabel (’The value of v(x,t)’)

gtext ({’Initial datum’;’v(x,T/2)’;’v(x,T)’;  Final datum’})
figure; hold on

X = X_interval;
wl = Gw(1l,:);
w2 = Gw(2,:);
w3 = Gw(3,:);
wd = Gw(4 ,:);

plot (x, wl,’—g’, x,w2,’—=b’ x,w3,"—.k’, x,wd,’—1")
legend (’ Initial datum’, 'w(x,T/2)’,'w(x,T)’,  Final datum’)
hold off

title (’Simulation of w(x,t)”)

xlabel (7 x )

ylabel ("The value of w(x,t)’)

gtext ({’Initial datum’; 'w(x,T/2)’; ’w(x,T)’;  Final datum’})



