
RESPONSE OF A CRACKED ROTATING SHAFT WITH A DISK 

DURING PASSAGE THROUGH A CRITICAL SPEED 

by 

Surjani Suherman 

Thesis submitted to the Faculty of the 

Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 

MASTER OF SCIENCE 

in 

Civil Engineering 

APPROVED 

Raymond H. Plaut, Chairman 

Pela 
le, (eet bis 

de 

R. Gordon Kirk Alfred L. Wicks 

December, 1992 

Blacksburg, Virginia



Cd 

cy 
SOS 
yVéss 

1992 
sory 

Cia 

 



RESPONSE OF A CRACKED ROTATING SHAFT WITH A DISK 

DURING PASSAGE THROUGH A CRITICAL SPEED 

by 

Surjani Suherman 

Raymond H. Plaut, Chairman 

Civil Engineering 

(ABSTRACT) 

Non-stationary motion of a cracked rotating shaft with accelerating or 

decelerating angular velocity 9 through a critical speed is studied. The shaft has a 

breathing transverse crack and a disk. There are two parts, which are the 

investigation of flexural response, neglecting the torsional vibrations, and the 

investigation of flexural-torsional response. In both studies the longitudinal 

vibration and the influence of shear deformation are neglected. The boundary 

conditions of the supports are simply supported for the transverse displacements 

and fixed-free in relation to torsion (for the flexural-torsional response only). 

The transverse surface crack, which causes a geometric discontinuity, is 

replaced by generalized moments at the crack location. The equations of motion 

follow the formulation of Wauer. Galerkin’s method and numerical integration are 

used to obtain approximate solutions. The maximum responses are determined. 

The effects of the acceleration and deceleration rate and the different 

parameters of the breathing cracked rotating shaft, such as crack depth, crack
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location, disk location, disk eccentricity, disk eccentricity angle, and disk mass, 

are studied. The influence of internal damping, external damping, and torsional 

external damping, are investigated. Comparisons with an open cracked rotating 

shaft and an uncracked rotating shaft are also presented. The influence of 

torsional deformation is analyzed. The results are presented in tables and figures.
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NOMENCLATURE 

a: crack height 

b : crack location 

b : nondimensional crack location 

c: disk location 

€ : nondimensional disk location 

C44, C55, Cg : reciprocals of stiffness coefficients k4,, ks5, keg 

€44, Css, Egg : MONdimensional reciprocals of stiffness coefficients k44, ks5, keg 

dc : crack damping coefficient 

d¢ : nondimensional crack damping coefficient 

de : external damping coefficient 

de : nondimensional external damping coefficient 

: internal damping coefficient 

: nondimensional internal damping coefficient 

dy; : torsional external damping coefficient 

d; : nondimensional torsional external damping coefficient 

D : shaft diameter 

€m : disk eccentricity 

€m : nondimensional disk eccentricity 

E : Young’s modulus 

g: gravity 

G : shear modulus of shaft 

X1



Nomenclature X11 

I, : moment of inertia of shaft with respect to the 1 - principal axis 

I, : moment of inertia of shaft with respect to the 2 - principal axis 

Ip : polar mass moment of inertia of disk 

J : torsional constant of shaft 

L : length of shaft 

m : mass of disk 

m : nondimensional disk mass 

Tj, 2: radii of gyration of shaft 

rg : radius of shaft 

Rq : radius of disk 

t : time 

v : transverse displacement in 7-direction 

¥ : nondimensional transverse displacement in 7-direction 

w : transverse displacement in the ¢-direction 

W : nondimensional transverse displacement in ¢-direction 

x : location of measurement 

X : nondimensional location of measurement 

z : nondimensional transverse displacement in vertical direction 

Zmax,w : nondimensional maximum z-transverse displacement over the whole 

length 

Zmax,x : nondimensional maximum z-transverse displacement at * = 0.7 

I’ : ratio between I, and I, 

6m: disk eccentricity angle 

e : crack width parameter 

6 : rotational angle (in radians)



Nomenclature Xi11 

: nondimensional rotational acceleration /deceleration 

> 
> 

: crack condition parameter; A = 1 for open crack, A = 0 for closed crack 

pe: mass of shaft per unit length 

: nondimensional shaft mass -_ 

v : Poisson’s ratio 

p: density of shaft 

7 : nondimensional time 

Teri, : nOndimensional time when the angular velocity passes the critical speed 

Tmax : nondimensional time when the maximum response occurs 

@ : torsional deformation 

P max f: Maximum ¢-torsional deformation after transient response 

? ping: Minimum ¢-torsional deformation after transient response 

P ampl ;: maximum amplitude of ¢-torsional deformation after transient response 

® neanf: mean amplitude of ¢-torsional deformation after transient response 

w : natural frequency 

Q : nondimensional angular velocity 

Q crit : lirst critical speed 

Note: in the figures of time history, all parameters are nondimensional (tilde is 

left off).



Chapter 1 

Introduction 

1.1. Scope 

Cracks in rotating shafts can cause problems. It is important to understand 

the behavior of cracked rotating shafts, so that cracks can be detected as early as 

possible. Transverse surface cracks cause geometric discontinuities on the rotating 

shaft. Therefore, there are non-linearities in the stiffness and damping of the 

system. 

In this present study, the behavior of a cracked rotating shaft with a disk is 

investigated analytically. The shaft is accelerated or decelerated and the angular 

velocity 0, a function of time, passes through a critical speed. When the shaft is 

rotating, the crack is assumed to be either completely open or completely closed 

at any one time, called a breathing condition, depending on the curvature of the 

shaft at the cracked cross section. 

The mathematical formulation of this system is derived following the 

previous work of Wauer. Galerkin’s method is used to obtain approximate 

solutions of the equations. The parameters in the equations are non- 

dimensionalized. Then, the approximate solutions of the non-dimensionalized 

responses are calculated numerically, using the Adams-Moulton method. 

In the first part of this study, the flexural response neglecting torsional
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vibration is considered. In the second part, the interaction between flexural and 

torsional responses is studied. In both studies, the longitudinal vibration and the 

shear deformation are neglected. The boundary conditions of the shaft are simply 

supported on transverse displacements and fixed-free in relation to torsion (for the 

second part of the study). The influence of torsional deformation is analyzed. 

There are four types of damping, i.e., internal damping, external damping, 

torsional external damping, and crack damping. The influence of the dampings is 

studied. Also, the relation between the internal damping and the external 

damping for instability under constant angular velocity is determined. 

The relationships of various parameters, i.e., crack depth, crack location, disk 

location, disk eccentricity, disk eccentricity angle, and disk mass under certain 

acceleration and deceleration rates are investigated. The influence of the 

acceleration and deceleration rate is analyzed. The responses under various crack 

conditions, i.e., breathing crack, open crack, and no crack, are also evaluated. The 

maximum responses are determined. 

The results are illustrated in graphs and tables. Based on those results, the 

conclusions are drawn. Finally, suggestions for future research are presented. 

1.2. Literature Review 

Many investigations on rotating shafts with a transverse crack have been 

published. In a paper by Muszynskal*3l, asymmetrical shafts with a heavy 

unbalanced disk in the center, and with gaping or breathing cracks, were analyzed 

and the results were compared with experimental results. The crack was modelled 

by local changes in stiffness. Yingl*!] also studied the transient whirling of a 

rotating shaft with an unbalanced disk. He showed for low damping cases of
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rotating shafts with low acceleration that the maximum responses decrease as the 

acceleration increases. Using the finite element method, Bachschmid, Diana, and 

B) investigated the effects of unbalance on a cracked rotor. The unbalance Pizzigoni 

reduced the vibration of the cracked rotor when passing through a critical speed. 

They also determined the vibrations in the case of different crack depths. 

There are many models for replacing the crack in an analytical method to 

obtain the equations of motion. Gasch!!) who analyzed the dynamic behavior of a 

simple rotor with a disk and a cross-sectional crack, replaced the crack by a 

simple mechanism that described the breathing action. In another paper, Gasch, 

Person, and Weitz!!?] made a comparison of crack models with regard to the 

behavior of a Laval rotor with a cracked hollow shaft. 

Mayes and Davies!?#] described analytical and experimental work on the 

coupled behavior of a rotating shaft with a transverse crack. They used finite 

element computer programs to calculate the vibrations of the shaft, and they 

developed a method of successive approximations. Likewise, Nelson and Nataraj 25) 

analyzed the dynamics of a rotor system with a cracked shaft by using a finite 

element methodology and a time-varying crack together with a series expansion of 

the solution. The presence of a crack was taken into account by a rotating 

stiffness variation represented by a Fourier series expansion. Schmied and 

Kramer 4] calculated the vibrational behavior of a rotor with a crack, including 

unbalance response, transient vibration, and the control of stability for a rotor 

with an arbitrary number of degrees of freedom. They described the opening and 

closing of the crack by a certain function. 

The effect of cracks on cylindrical shells was studied by Petroski and 

Glazik?")_ The presence of cracks in cylindrical shells increases the bending 

deformations. Moreover, Petroski®" considered simple beams with cracks and
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modeled the effect of a crack by a pair of concentrated moments acting at the 

location of the crack. 

Gudmundson!"4! discussed a dynamic model for beams with cross-sectional 

cracks that remain open. The crack was represented by a consistent, static 

flexibility matrix. Papadopoulos and Dimarogonas!?7,293°] investigated coupled 

longitudinal and bending vibration of a cracked shaft. The crack was described by 

a local flexibility matrix, whose dimension depended on the number of degrees of 

freedom considered. Jun, Lee, and co-workersl!”!%2°l developed the equation of 

motion for a simple rotor with a breathing crack based on fracture mechanics. 

They simplified the breathing crack model to a switching crack model having two 

different stiffnesses. 

The effects of acceleration and deceleration through a critical speed on the 

vibration of a shaft is one of the interesting subjects to be discussed. Lewis!?" gave 

an exact solution for a single degree of freedom system with linear damping during 

acceleration through a critical speed. Baker!4l investigated the vibration of an 

unbalanced rotor under different rates of constant angular acceleration and 

deceleration. He also discussed the effect of the spring constant, damping, and 

mass. 

An energy approach was used by Bodger!®! to solve the problem of a single- 

degree-of-freedom rotor decelerating slowly through a critical speed; the approach 

gave a closed solution. Aibal!] considered a rotating shaft under angular 

acceleration passing through the critical speed and included the gyroscopic effect 

in the problem. He solved the equations of motion by using Runge-Kutta-Gill’s 

numerical method. Naveh and Brach"4! studied the behavior of an eccentric 

rotating shaft and disk with an exponential transition of the angular velocity 

through a critical speed. The results gave higher amplitudes than the results
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under a linear transition of the angular velocity. 

Gasch, Markert, and Pfiitzner!'! investigated the bending vibrational 

behavior of a flexible rotor passing its critical speed under a driving torque. They 

showed that the effect of the torsional flexibility of the shaft on the bending 

vibrational behavior was negligible. Tsuchiya4l worked on the oscillations of a 

rotor passing through a critical speed. His analysis was based on the method of 

multiple scales and the method of matched asymptotic expansions. Zobnin, 

Kelzon, and Neigebauer |?! analyzed the influence of gyroscopic effects on 

resonance avoidance during acceleration of unbalanced flexible rotors. Ishida, 

Ikeda, Yamamoto and Murakami"*! dealt with the vibration of a flexible rotating 

shaft with nonlinear spring characteristics during constant acceleration and 

deceleration through a critical speed. They examined the influence of the angular 

acceleration and the angular position of the unbalance at the start of the 

acceleration. They compared the theoretical results to experiments. Wang, Duan , 

Huang, and Wen!" discussed the responses of a simple rotor with a transverse 

surface crack. They also showed the transitional response of the rotor passing 

through a subcritical speed. 

Collins, Plaut, and Wauer'®l discussed detection of cracks of a rotating 

Timoshenko shaft by using axial impulses at a constant angular speed. 

Generalized forces and moments represented the open and closed conditions. They 

also investigated free and forced longitudinal vibrations of a cantilever bar with a 

transverse crack", Andruet! studied the behavior of a rotating Euler-Bernoulli 

shaft with a breathing crack under acceleration and deceleration through a critical 

speed. He neglected torsional and longitudinal vibrations. 

The effect of torsional vibration of a cracked shaft has been investigated by 

several researchers. Christides and Barr!’! derived the equation of motion and
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associated boundary conditions for a cracked beam subjected to torsional 

vibration. The beam was uniform with non-circular cross section, and contained 

one or more pairs of symmetric cracks. They used the Hu-Washizu variational 

principle. Papadopoulos and Dimarogonas !?8! analyzed a non-rotating cracked 

Timoshenko shaft with coupling of bending and torsional vibrations. They showed 

the influence of the bending vibration on the torsional vibration spectrum, and 

vice-versa. They derived the equations of motion of the shaft with three degrees of 

freedom and the relation of the eigenvalues of the system to the crack depth and 

[16] investigated the slenderness ratio of the shaft. Iwatsubo, Yamamoto, and Kawai 

the torsional vibration of a rotating machine due to the interaction between 

electrical and mechanical systems. 

Wauer 9! presented a literature survey on the dynamics of cracked rotors, 

including descriptions of crack models and detection procedures. Then Wauer!“® 

derived the equation of motion for a cracked, rotating, Timoshenko shaft 

including extension and torsion. He formulated the open-close condition and 

replaced the crack with a load discontinuity at the crack location. Furthermore, to 

simulate an open crack, he reduced the stiffness and the damping. In another 

paper, Wauer'**! showed the secondary effects in transient vibrations of rotating 

shafts during passage through a critical speeds. He also considered non-symmetry, 

torsional motion of the shaft, and gyroscopic effects. 

A recent paper dealing with torsional vibration is by Ostachowicz and 

Krawezuk!4) They considered the influence of transverse cracks, considered to be 

open, on the coupled torsional and bending vibrations of a rotor. They also 

calculated the stiffness matrix for a beam finite element containing a single-sided 

open crack.
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Flexural Response of 

Cracked Rotating Shaft with a Disk 

2.1. Physical Model 

The physical model of a cracked shaft with a disk is shown in Fig. 2.1. The 

idealized model consists of a uniform non-circular shaft of length L with mass per 

unit length p, flexural rigidities EI, and EI, (E: Young’s modulus; I, and I,: 

moments of inertia with respect to the principal directions 1,2), and mass of disk 

m, rotating at an angular velocity 9, a function of time. The shaft is assumed to 

be homogeneous and linearly elastic. Both ends of the shaft are simply supported. 

The crack is located at a distance b from the left support, and the disk is at a 

distance c from the same reference point. 

Two coordinate systems are used to define the model (Fig. 2.2), i.e., fixed 

coordinates (x,y,z) and shaft coordinates (&,7,¢). The x-axis coincides with the 

axial direction of the shaft (¢-axis). The slope between the x-axis and a horizontal 

plane is the angle +; therefore, if - is zero the shaft lies in a horizontal position 

and the z-axis is in the gravitational direction. The -axis is parallel to the 2- 

principal axis and the (¢-axis is parallel to the 1-principal axis. The 1- and 2- 

principal axes divide the cross section of the shaft symmetrically. The x,y,z 

coordinate system is stationary, but the £,7,C coordinate system rotates with the
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Fig. 2.1 Model of Cracked Shaft 

(Non-Specified Boundary Conditions)
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Fig. 2.2 Coordinate Systems and 

Cracked Cross-Sectional Area
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same angular velocity as the shaft. 

The coordinates of motion (u,v,w) are the space- and time- dependent 

displacements and are measured in the shaft coordinates (€,7,¢), with u(x,t) in the 

axial direction (€-axis), and v(x,t), w(x,t) in the transverse direction (7-, ¢- axes, 

respectively). In this study, the longitudinal displacement is neglected; only 

transverse displacements (v and w) are taken into account. Additionally, the shear 

deformation is also neglected; therefore, the model is based on the Euler-Bernoulli 

theory. The transverse displacements (v and w) are continuous along the shaft, 

including at the crack location. 

Other parameters of the shaft are also shown in Fig. 2.2. The crack depth of 

the shaft is ’ a’ , measured parallel to the 2- principal axis. The distance from the 

center of geometry of the uncracked cross section to the perimeter of the shaft 

parallel to the 2- principal axis is called h,; similarly, the distance parallel to the 

1- principal axis is called hy. I, and I, are the moments of inertia related to the 1- 

and 2- principal axes, and r, and ry, are the radii of gyration, respectively. It is 

assumed that I, is less than or equal to I,, so hy is less than or equal to hy. 

The geometrical center of the cross section is the same as the center of mass. 

As a result, there is no eccentricity for the shaft. However, there is unbalance in 

the disk. As is shown in Fig. 2.3, the distance ey is the eccentricity of the disk 

and 6, is the angle of the center of mass of the disk from the 2- principal axis. 

In this chapter, it is assumed that there are three types of damping in the 

shaft, i.e., external damping with coefficient de, internal damping with coefficient 

d;, and damping at the crack when the crack is closed with coefficient de. It is 

assumed that the external and crack damping act only on the shaft, not on the 

disk.
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Fig. 2.3 Disk Cross-Sectional Area 
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The transverse surface crack causes a geometric discontinuity on the shaft. 

To avoid the complexity of this discontinuity, the crack is replaced by two 

generalized moments (M and m) at the crack location, i.e., x=b_ and x=b, (Fig. 

2.4). The quantity € is the crack width parameter, where e=b,-b_ and ¢ — 0. 

There is a local reduction of the shaft stiffness and damping when the crack is 

open. The replacement of the concentrated geometric discontinuity at the 

transverse surface crack by loads at the crack location was previously used by 

Kirmser!!®], Thomsonl**!, Petroski and Glazik!?), Petroski®", and Chang and 

Petroski!®), 

2.2. Mathematical Model 

The governing equations of motion were derived by Wauer'*°l. They include 

gyroscopic effects and neglect the influence of shear, longitudinal vibrations, and 

torsional vibrations in this first part of the study. Euler-Bernoulli theory is 

applied. The equations of motion for a cracked rotating shaft with a disk, as 

Wauer formulated in his paper!*%l, are as follows: 

EL Vxxxx + [ue + m6(x-c)] ve - 26w, - ov - éw| + de p (vy - Ow) + El, divixxxx 

+ (1-A) de pt (vy - Bw) 5(x-b) + A[6(x-by) - 6(x-b.)| (Mg + my) 

= lH + m6(x-c)| gsin@ + m em 6(x-c) la” cos 6m + 6 sin bal (2.1) 

TET, Wxxxx + jet m6(x-c)| Wis + 20v, - bw + év| + de p(w, + Ov) 

+ TEL djwigexx + (1-A) de o (wy + bv) 6(x-b) - A [6(x-b4) - 6(x-b_)] (My + mp) 

=| + m 6(x-c)]g cos 8 + m em 6(x-c) la” sin dm - 6 cos bm| (2.2)
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Fig. 2.4 Generalized Forces M and m 

(Non-Specified Boundary Conditions)
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In these equations, the crack has to be either completely open or completely 

closed; this condition is called breathing. A is the parameter defining the 

breathing condition, where A = 1 if the crack is open, A = 0 if the crack is closed. 

The subscripts x and t on displacements v and w represent partial derivatives 

with respect to x and t, respectively. 6(x-c) and 6(x-b) denote the Dirac delta 

function. The parameter IT is the ratio of the 2- principal axis moment of inertia 

(I,) to the 1- principal axis moment of inertia (1,). # is the rotational angle. 

To establish the load discontinuity, as shown in the equations, generalized 

loads are defined: 

rr]
 

— (Me, Mn)’ 

f = (mg, my)" (2.3) 

At the edges of the crack, x=b=b-§ and x=bp=b+§. 

Based on the static calculation, the deformation at the crack location can be 

defined as 

Au(b) =eSF 

M¢ 
Vx (b,,t) - Vx (b_,t) —=E El, 

and 

M 
Wx (bt) - wx (b.,t) = -e EI, (2.4) 

and its time derivative 

Au,(b) = e ef 

me Vix (b4,t) - Vix (b_,t) = €  
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and 

byt b.,t) =-e +2! 2.5 Wex (bast) - Wes (bot) =-€ Tap (2.5) 

Combining equations 2.4 and 2.5 gives 

Au(b) + d; Au,(b) = € S (F + f) (2.6) 

The transition conditions at the crack location for an open crack at time t are 

P (b.) =P (by) 
P (by) =K[ Au(b) + 4; Am(b) | (2.7) 

where 

P= EL, (vxx + dj Vexx) _K= ky, 0 (2.8) 

EI, (wxx + d; Wixx) 0 kss 

The relation of the deformation and the transition condition follows: 

eS (F+£) = K'P (by) 

K" is the inverse stiffness matrix or compliance matrix. Therefore, the relations 

become 

EI)’ 
(Me + m¢) = C44 ( Z ) (Vx + di Vixx) / 

x=b 

  

EI,)’ 
(Mn + My) = -Css (EL) (Wax + d; Wexx) / (2.9) 

x=b 

The compliances c,, and cs, are the reciprocals of the stiffness coefficients k,, and 

kss, respectively. They can be obtained from the work of Papadopoulos and 

Dimarogonas!?”], and are functions of the relative crack depth, i.e., the ratio of the 

crack depth and the shaft diameter. 

Finally, the equations of motion can be written as follows:
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: -2 + 
Eli Vaxxx + [ue + m6(x-c)] Es - 20w,-@v- éw| 

+ de lt (Vt ~ bw) + EI, d; Vexxxx + (1-A) d. be (Vt ~ bw) 6(x-b) 

  

2 

+ A [5’(x-b4) - 5'(x-b.)| C44 (El) (Vicx + d; Vexx) / 

x=b 

= [ye + m6(x-c)| gsin@ + m em 6(x-c) [3 cos 6m + 6 sin bal (2.10) 

TEL Wxxxx + [ue + m6(x-c)| Wit + 26v, - bw + bv| 

+ de pe (wy + Ov) + TET dj Wexxxx + (1-A) de # (wy + Ov) 6(x-b) 

  

2 

+ A[6/ex-b4) - 60.) cos ED (we + dj Wenn) / 
x=b 

= [ye +m d(x-c)| gcos# + m ey 6(x-c) [8° sin 6m - 6 cos Ex (2.11) 

The crack condition, either completely open or completely closed at any given 

time t, depends on the curvature of the shaft, where 

Wxx (b,t) < 0 for an open crack, wxx (b,t) > 0 for aclosed crack (2.12)
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2.3. Solution 

Galerkin’s approximation method is used to solve the equations. Both ends of 

the shaft are simply supported. The boundary conditions are 

v(0,t) = w(0,t) = v(L,t) = w(L,t) = 0 

EI], vxx(0,t) = El, w.x(0,t) = 0, El, vix(L,t) = El, wxx(L,t) = 0 (2.13) 

The approximate solutions, satisfying the boundary conditions, are 

v(x,t) = sv .(t) sin ATX 
k=1 

w(x,t) = So wy(t) sin Ke (2.14) 
k=1 

The quantities v, and w, are functions of time, and the sines are the assumed 

spatial functions. Using the approximate solutions, the governing equation (2.10) 

becomes 

ka)4 Kax - EI, x vi CF )vsin SPE 4 [pw + mé(x-c)]. 

| > ¥, sin KX 20 x Ww, sin REX 5 x Vv, sin AEX 6 > Wi sin XTX 
k=1 k=1 

N * 

+ de al 3 >} Vv, sin KAX 8 x Ww, sin = + El, d; ms VE (§2)* sin KaX 

+ (1-A) do ps x v, sin knx _ x Wk sin K™X 6(x-b) 
Lo k=1 L
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(Eh)   - A [5'(x-by) - 6(x-b.)] cag 

N ka)2 .. kab NX. km... kab S VE CT) sin “T + dj 2 VE (+) sin L )   

= [ye + mé(x-c)| gsin@ + m em 6(x-c) le” cos 6m + § sin Sal (2.15) 

naAX By multiplying equation (2.15) with sin “Tr and integrating over the length 

of the shaft, the equation becomes dependent only on time: 

jens 2 Vi (AX) sin == REX + [w+ mé(x-c)]. 

2 s> ¥, sin KIX 26 x W), sin Kx a” > Vv, sin KX 6 x w) sin kp 
k=1 k=1 

+ a. a) % > vy, sin ATX 0 x Ww, sin kp | + EI, d; x Vy (4a) sin Kx 
=1 

+ (1-A) de p > ue vy, sin KIX 8 > Ww, sin ke 6(x-b) 
k=1 

  

2 

- A|6'(x-b4) - '(x-b.)] cag (EL) 

| > Vi (5)? sin Kb +d; x vy, (Kt)? sin krb }} sin “T dx 

{ [u + m6(x-c)| g sin 0 | 
O
T
 

+ Mm em 6(x-c) ts cos 6m + 6 sin mal} sin a dx (2.16)
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Based on the formulas 

f(x) 6(x-é) dx = f(é)  (a<é<b) 

o
o
 

0 ifkf#n 

sin Krx sin 27* dx = 
Lo 

O
m
e
 

ifk=n 
N
i
t
 

0 if nis even 
L 

J sin “T dx = 

0 2L if n is odd 

L 
fe (x-b,) sin a. dx - [o(eb.) sin a dx = 

0 

L 
= [6(x-by) sin BT* aia 5 f x-b4) 7 BT cos “T dx 

0 

6(x-b-_) T cos BI* dx 
L 

- |6(x-b- ) sin a) + 

o
N
 

  

nib ne — _07 1.9 ay, BAD =- i |.9 sin L sin ure| 

nt nzb n7e 
= - 80-2 sin BED. age 

= (42)* ¢ sin BFP (2.17)
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equation 2.16 becomes 

EI; va ¥ (BE)* + pth 26 pwr be vn §- pO wad 

+m sin 2Z¢ z ¥, sin kc 9m sin BE > W),, sin kre L “L “L &, “L 

x W,, sin ve kre n7c x Vv, sin “L. -m 6 sin Tr. - i” m sin 24C 
L 

+ dep ink -dep Owe + El; dj vm @2)* § 

+ (A) dew sin BEB | 5 i sin KE. @ 5 wy sin Kb 
k=1 

- A C44 (EI,)’ (42) sin ath, > ( Vv; + d; Vi) (52)? sin kek 

nave = pesing & 4. (1-(-1)") + mg sin @ sin BZ T 

+ Mem le cos bm + 6 sin in| sin “T (2.18) 

Similarly, equation (2.11) becomes 

El, wa ¥ (42) + He Wn +20 pimh- pd wn f+ pO mF 

+m sin “T~ x Wy), sin kre. 26m sin “T x v,, sin kee 

nic kre n7c kre -§ m sin “lL > w, sin “L +m 6 sin T x Vv, sin “L 
k=1
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Ni
t 

+ dep Wn 4 de pO vn + EI, dj wa (§*)" 

+ (1-A) d, bt sin BED x Wi sin Ktb oy Vv sin Kt 

Tt? dM sm Ty 

N - Mess (El)” GZ)? sin "EP (wat di wy) (HE)’ sin FP 

= pgcosd x (1-(-1)") + mg cos @ sin 77° 

-2 es TC 
+ Mem E sin 6m - 8 cos S| sin “T (2.19) 

Calculations are carried out in non-dimensionalized form. The non-dimensio- 

nalized form for each parameter is defined as follows: 

  

o =m yi ™ 
~ ET? LT 

p—-b cack ¢_x b=y7, C=7, X=f 

_ 7 Bly pak 

LU? VF I, 

én = 

~ _ 2m _  2L° ug 

m= "ul? © ~ EL, 

3-P@ (EL, g-Paq ged di= 72 \ LE d; , e 7) \ET, de , Cc 12 \ET, d. 
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Then equation (2.18) becomes 

n4 tn + Yn - 2 - NF - An 

~ os Noy & 2~ ~ : 
+ MSiN Oy 2 (x - 20w, - O'R, - AW,) sin ay, 

+ de (Wn - Win) + dj Hp n4 

+ (1-A) d, sin Vn > (¥, - QW,) sin V, 
k=1 

N ~ 
~ ° 2 ~ ~ . 2A€qq n? sin 7, > k" (% + dj¥,) sin 7, 

  

_ | (1-(-1)") 1 A + 1 F sin aa] fisin 6 

~~ ~ 

+ ém SIN On [ cos 6m + Asin Sma 

22 

(2.20) 

(2.21) 

where overdots denote differentiation with respect to 7. Similarly, equation (2.19) 

becomes 

~ ww 2 2~ ~ 
Tn4w, + Wn t+ 200 - OW, + An
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N 
~ . 7 ~ 2~ ~ ° 

+M sin a, > (WW, + 20¥, - OW, + A) sin a, 
k=1 

7. N : . 
+ (1-A) de sin ¥,, D0 (Wy + N%,) sin ¥, 

k=1 

Qar . N 2 wy 3 2 . 
- 2 AGs5 n? sin ¥,, >) k” (Wy + djw,) sin 7, 

k=1 

m 5 sin a ju cos 8 

+ m&, sin Q, Key sin dm - A cos Sma (2.22) 

The solutions of these two equations are obtained by numerical integration 

that calculates the approximate values of the time-dependent functions v, and wy. 

A Fortran program for IBM/PC was written to obtain the solution of the ordinary 

differential equations (ODE’s). In this thesis, the DIVPAG subroutine from IMSL 

(International Mathematics and Statistics Library) is used. The DIVPAG 

subroutine offers two numerical integration method options, i.e., Adams-Moulton 

Method and Gear’s Stiff Method. In this case, the Adams-Moulton Method is 

used. 

The DIVPAG subroutine is applicable for first order differential equations, 

either explicit ODE (y= f (x,y)) or implicit ODE (Ay= f (x,y)). Because of that, 

the second order differential equations in v, and wy, have to be transformed to 

first order differential equations. The second order system can be transformed to 

the first order system by these definitions:
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  ~ _ d¥y, » _ dWr 
Yon-1 Vn ; Yond ~ qr? Yon Wn » Yon dr? 

dv d*¥ din dr 
YM+2n-1 dr > YM+on1 ~ dr? > YM+2n ~ dr 1 YM+2n — dr? - (2.23) 

Hence, 

Yona = YM+2n-1 

Yon = YuM+on 

where M = 2N 

N = the highest mode considered 

n = the number of the mode corresponding to the equations, 

ranging between 1 and N 

Then equations (2.21) and (2.22) can be written in the form 

Ay = F(t.y) (2.24) 

where A is a constant matrix of order 2M x 2M, y is a vector of order 2M, and 

F(t,y) is a vector of order 2M. Equation (2.24) is in a form suitable for solution by 

DIVPAG.
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Results of Flexural Response 

3.1. Introduction 

In order to make a comparison between the analytical study and a planned 

experimental study of a cracked rotating shaft, the shaft parameters are based on 

those that will be used in the experiments. In this study, the shaft and the disk 

are assumed to be circular. Therefore, the moments of inertia for both principal 

axes (I, and I,) are the same. 

The physical data of the shaft and the disk are: 

- Length of the shaft: L = 15 in 

- Radius of the shaft: rg = * in 

- Radius of the disk: Rg = sf in 

- Density of the shaft: pg = 0.283 lb/in3 

- Weight of the disk: mg = 1.788 lb 

- Young’s modulus: E = 29x10° Ib/in2 

For the standard case in this study, it is assumed that: 

Location of the crack: b = 0.4 L 

Location of the disk: c = 0.5 L 

Crack depth: a = 0.075 in 

Eccentricity of the disk: en = 0.015 in (about a of the disk radius) 

25
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- Angle of the mass center of the disk: 6 = 0.75 7 

- Poisson’s ratio: v = 0.3 

Based on the above data, the non-dimensionalized shaft data for the standard 

case are as follows: 

b=2=04;¢=£=05 

j
a
 b 

L 

. R 
fs = 72 = 0.0125 ; Ry = +4 = 0.0958 

Gn = 2 = 0.001 ; bm = 0.75 © 

  

L 

jt = ue = 2.45x10° 

mh = - = 7.63 

a/D = 0.2 (3.1) 

The compliances €,, and é;, related to the relative crack depth (a/D) of the 

shaft are calculated based on the work of Papadopoulos and Dimarogonas!2’]. 

From their work, the dimensional compliances c,, and cs; are determined from 

the following formulas: 

(1-v?) C44 
“4 ~ TB r,3 

(1-v?) 55 
“55 ~ 7 B r,3 

(3.2)
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The non-dimensionalized compliances ¢,, and ¢;; can be obtained as follows : 

P EI — 
C44 = Tr C44 = it (1-v?) C44 

by
 

. _ EL 
C55 = TL C55 = 

be}
 

T (1-2) G55 (3.3) |
 

For the standard case, the relative crack depth (a/D) of the shaft is 0.2 and 

the ratio of the shaft radius to the shaft length (r,/L) is 30° so the compliance ¢,, 

is 0.00059 and the compliance ¢;, is 0.0080. The other parameters, i.e., internal 

damping d;, external damping de, and crack damping dc¢, are assumed as follows: 

de = 0.1 

d; = 0.1 

de = 0 (3.4) 

The shaft rotates under the rotational acceleration 4 = 0.001 until it reaches the 

maximum angular velocity 2 = 0.7, in this standard case. 

Based on equation (2.21) and equation (2.22) and all of the shaft parameters, 

the behavior of the cracked rotating shaft for the standard case can be 

determined. From those results, the transverse displacements (v and w) in the 

shaft coordinates can be calculated for any time and any location. The z- 

displacement in the fixed coordinates, which in this case is the displacement in 

the gravitational direction, is calculated by the following formula: 

Z = 0(X,7T) sin O(7) + W(X,r) cos A(T) (3.5) 

(see Fig. 2.2). 

It is interesting to know the behavior of the breathing cracked rotating shaft 

around the critical speed. Therefore the time histories of the z-displacement under 

acceleration and deceleration are given. Also, the influence of different parameters
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is also presented. The breathing crack in the time histories is shown by different 

types of lines, a solid line for a closed crack and a dashed line for an open crack. 

3.2. Natural Frequencies 

To find the natural frequencies of the uncracked rotating shaft with a disk, 

equation (2.21) and equation (2.22) are used with no damping, no eccentricity, 

and no acceleration. In that case, the following parameters are set to be zero: 

C44 = 0 Css = 0 ém = 0 

A=0 jz =0 

Also, = 1. Therefore, the equations of motion become 

. ; N . : oi, 
m4 ty + Vy - 20%, - We, + sin ag 2 (%, - 2NW, - '%,) sina,=0 (3.6) 

k=1 

ss : No, : oY 
M4Wn + Wn + 20% - On +1 sin an DY (W, + 2N%, - OW) sina, =0 (3.7) 

k=1 

By assuming ta = Vn eit and Wy = wy eit , the first natural frequency can be 

obtained. With n=1 and a,= 7 é = 5 , equation (3.6) becomes 

. . . . 2 . 
V1 elt - w2 v, eit - 2 1 iw w, eivt - Nv, eit 

+1 sin 5 (- w2 vy eit - 2 1 iw w, eimt- 0? v, eit) sin 5 = 0 (3.8) 

which leads to 

(1-97 - w2) v,-20iww,+ m(- w? v,-2Niww, - 0 v,) =0 (3.9) 

If the angular velocity (QQ) is zero, the first natural frequency can be determined
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as follows: 0Q=0 

(1 - 8.63 w2) v; = 0 

w, = 0.3404 (3.10) 

The corresponding dimensional value for w, is 278.6 rad/sec. In the opposite way, 

if the first natural frequency becomes zero, the first critical speed (Q.,i;) can also 

be determined, as follows: 

w= 0 

(1 - 8.63 97) v, =0 

Qerit = 0.3404 (3.11) cri 

The corresponding dimensional value for 0.,;; is 278.6 rad/sec. The same value 

can also be found from equation (3.7) in the same way. Because the compliances 

C44 and css only give a small effect, the critical speed of the breathing crack shaft 

is assumed to be the same as the uncracked shaft. 

To get the other natural frequencies, the angular velocity is set to be zero and 

the equations of motions are 

. Nw, 
n4v¥, + Va + hsindy, >> V, sina, =0 (3.12) 

k=1 

~ Sw. ~ . N “we . 

n4Wyp + Wn +m sin dy, > W, sin a, = 0 (3.13) 
k=1 

If n = 5, mh = 7.63, and sin a, = sin 5 , five natural frequencies can be 

calculated, 1.e.: 

Ww, = 0.3385, wy = 4, ws = 6.4908, w, = 16, and w, = 20.9523 (3.14) 

The corresponding dimensional values are 277.0 rad/sec, 3273.2 rad/sec, 5311.5 

rad/sec, 13092.9 rad/sec, and 17145.4 rad/sec.
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3.3. Convergency 

In order to get accurate results using the approximate solutions, at first it is 

necessary to know the influence of each term (mode). After that, the number of 

modes to include in the approximate solutions can be determined. 

In Fig. 3.1, the time history of the z-displacement for the standard case at 

the location = 0.7 is shown. As stated earlier, the dashed part of the curve 

indicates when the crack is open. The contribution of each of the five terms is 

shown with solid curves in Fig. 3.2.a-e. From those graphs, it is clear that the first 

mode gives the most dominant contribution to the final result. The other modes 

only give a small portion to the final result, because their amplitudes are less than 

iw of that of the first mode. The odd modes have similar characteristics, as do 

the even modes. Higher modes give smaller contributions. 

The time when the angular velocity passes the critical speed is defined as 

Teri: Right after the system passes 7 the z-displacement becomes larger and crit) 

reaches its maximum. The maximum z-displacement, in this case, is called Zmax 

and the time corresponding to Zmax is called Tmax. 

Table 3.1 and Fig. 3.3 give values of the maximum z-displacement at the 

location X = 0.7 based on different numbers of modes. From Table 3.1, it can be 

calculated that the difference between that for one mode and seven modes is only 

0.42% and the difference between that for 5 modes and 7 modes is only 0.02%. 

Therefore, based on these facts, five modes are sufficient to get accurate results. In 

this chapter, five modes are used to calculate the approximate solutions.
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Table 3.1 Relation between number of modes and zmax,x 

  

  

Number of modes Zmax,x 

1 9.363x10° 

2 9.364x10°3 

3 9.338x10°° 

4 9.343x10°3 

5 9.325x10°3 

6 9.331x103 

7 9.323x10°         

3.4. Influence of Acceleration and Deceleration 

The behavior of the cracked rotating shaft under acceleration and 

deceleration passing through the critical speed is investigated. For the 

acceleration, based on linear acceleration beginning from rest and ending when the 

angular velocity ({1) reaches 0.7 (or about 2 times the first critical speed), one can 

write 

O0O<7r< Ty: DAT, 6=0.5X72 

T>T,: N=0.7, 0=0.77- 0.35 Ty (3.15) 

where T, is the time when the angular velocity reaches 0.7 under constant 

acceleration (A). For linear deceleration with the initial angular velocity 2 = 0.7, 

it can be formulated as
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O< fr < Ty: QN=0.74A7, 6=0.77 40.5, 72 

T>T,; OQ=0, O= 0.35 T, (3.16) 

where T, is the time when the angular velocity reaches zero under constant 

deceleration (A). The initial conditions for deceleration are taken as v, = 0.001 

and w, = 0.001. The corresponding dimensional values for 9, 4, and 7 are given 

by 818.31 2 rad/sec, 6.70x10° A rad/sec?, and 1.22x10° 7 sec. 

Table 3.2 Relation between acceleration/deceleration and 7 ,,;; 

  

  

A Ty T exit Cert 
Accekagatae Be cake uh on 

+ 0.0001 7000 3404 3596 

+ 0.0005 1400 680.8 719.2 

+ 0.0010 700 340.4 359.6 

+ 0.0020 350 170.2 179. 8 

+ 0.0030 233.33 113.47 19, 8S         
  

Figures 3.4 and 3.5 show graphically the different rates of acceleration and 

deceleration, respectively, that are used in this study. There are 5 different rates 

of acceleration, i.e., 4 = 0.0001, 0.0005, 0.001, 0.002, and 0.003. Also, there are 5 

different rates of deceleration, i.e., 4 = -0.0001, -0.0005, -0.001, -0.002, and -0.003. 

The quantities T, and 7,,;, are given in Table 3.2. Figures 3.6.a-e and 3.7.a-e 

show the time histories of the z displacement at the location ¥ = 0.7 under 

different acceleration and deceleration rates based on the standard parameters. 

From the results, the maximum z-displacement is always reached after 7T = Ty , 

that is, after the angular velocity passes the critical speed. Note that the abscissa
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in part a and part b does not begin at r=0. 

The z-displacement for 7 < 3800 in Fig. 3.6.a increases very slowly from zero 

initial conditions until it reaches its maximum and, as in most cases, the shaft is 

open during this time. In Fig. 3.6.b, the z-displacement for tr < 300 is very small, 

almost zero. After 7 ~ 350 the z-displacement increases and reaches its maximum 

at T = 765.8. 

Under linear acceleration with zero initial conditions, the shaft is open all or 

most of the time before the z-displacement reaches its maximum value. In all the 

cases under linear acceleration, after the shaft passes the velocity 2 = 0.7 the z- 

displacement is not constant but it fluctuates up and down as_ shown in Fig. 

3.6.d. For the low acceleration \ = 0.0001 in Fig. 3.6.a, after the maximum z- 

displacement is reached, there is a beat phenomenon, the condition when the 

modal amplitudes tend to reinforce each other at one time and tend to cancel 

each other at another time. The peak-to-peak amplitude at 7 ~ 3800 during the 

first beat after Zmax is reached is approximately 38% of the maximum amplitude. 

After that, the amplitude become smaller and smaller. In other figures, Fig. 3.6.b- 

e, there is no beat phenomenon, but there is still a decay condition after the 

amplitude reaches the maximum. The decay condition is stronger for lower 

acceleration. It can be seen in Fig. 3.6.b (A = 0.0005) that the peak-to-peak 

amplitude at rT + 1500 is only 22% of the maximum amplitude. However, in Fig. 

3.6.e (A=0.003) the peak-to-peak amplitude at 7250 is about 80% of the 

maximum amplitude. For the standard condition (Fig. 3.6.c), the difference 

between the amplitude at 7 ~ 800 and the maximum amplitude is about 47%. 

Figure 3.8 presents the relation between the rate of acceleration and both the 

maximum z-displacement at location * = 0.7 (Zmax,x) and the maximum z- 

displacement over the whole length of the cracked shaft (Zmax,w). The shaft
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rotating under a lower acceleration has a larger z-displacement. The reason is that 

the shaft motion has more time to build itself up from the beginning until the 

shaft reaches the critical speed. 

Under deceleration, when the shaft reaches the maximum z-displacement in 

Fig. 3.7.a-e, the crack is open. It is clear under deceleration in Fig. 3.7.a-e that the 

z-displacement still increases as T passes 7,,;, until it reaches a maximum. After 

the z-displacement reaches the maximum, it decreases quickly. The beat 

phenomenon for low deceleration A=-0.0001 (Fig. 3.7.a) still occurs. The 

amplitude at +4030 during the first beat is about 30% of the maximum 

amplitude. Compared to the low acceleration A=0.0001, the difference of the 

amplitudes in this case is larger. For other deceleration cases (Fig. 3.7.b-e), the 

amplitude after zmax becomes smaller and smaller. The relation between the rate 

of deceleration and the maximum z-displacement is shown in Fig. 3.9. The 

characteristic of that relation is similar to the previous one under acceleration. In 

Fig. 3.9, the maximum z-displacement under deceleration is always less than that 

under acceleration with the same rate, because deceleration tends to reduce the 

amplitude. 

In Fig. 3.10.a-b and Fig. 3.11.a-b, the time histories of the z-displacement at 

location * = 0.7 for the open crack shaft and the uncracked shaft under 

acceleration and deceleration, respectively, are presented with the standard 

parameters. The forms of the time histories of the z-displacement for the 

breathing crack, open crack, and uncracked conditions are the same. Table 3.3 

shows the maximum z-displacement for the breathing crack, open crack, and 

uncracked shaft. For these cases, the breathing crack gives the biggest Zmax.
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Table 3.3 Maximum z-displacement for acceleration and deceleration 

  

  

  

Acceleration Deceleration 

Zmax X = 0.7 over the x = 0.7 over the 

whole length whole length 

Breathing Crack 9.33x10°3 1.17x1073 8.33x10°3 1.05x10°° 

Open Crack 9.32x10°3 1.17x10°3 8.05x103 1.02x10°3 

No Crack 8.98x10°3 1.13x10°3 8.10x10°3 1.02x10°3               
3.5. Influence of Crack Location 

Based on the standard parameters and A = 0.001 for acceleration, various 

locations of the crack (b) on the shaft were considered. The relation between the 

crack location and the maximum z-displacement (Zmax,x for X = 0.7 and Zmax,w 

over the whole length) is presented in Fig. 3.12. The boundary conditions for both 

ends are the same and the disk is located at the middle of the shaft. Therefore the 

curve for Zmax,;w must be symmetric, and the curve for Zmax,x is almost symmetric. 

The maximum z-displacement over the whole length occurs when the crack is at 

the middle of the shaft. If the crack is located near the ends, the maximum 2z- 

displacement for the cracked shaft is almost the same as that for the uncracked 

shaft.
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3.6. Influence of Disk Location 

In order to know the effect of the location of a disk on the shaft, several cases 

have been examined with different disk locations (¢) between 0.1 and 0.9, and the 

other parameters are based on the standard parameters. A comparison between 

the breathing crack shaft and uncracked shaft also has been made. 

Figure 3.13 shows the time history of the z-displacement at location * = 0.7 

when the disk is located at ¢ = 0.1. The time history for ¢ = 0.9 is similar to the 

time history for ¢ = 0.1. Also, the time histories for ¢ between 0.2 and 0.8 are 

similar to the time history for ¢ = 0.5, which is presented in Fig. 3.6.c. The time 

histories of the z-displacement for ¢ = 0.1 and ¢ = 0.9 are totally different from 

those for € between 0.2 and 0.8; the amplitude of the z-displacement does not 

decrease significantly after reaching its maximum value, which occurs much later 

in Fig. 3.13 than in Fig. 3.6.c. After the shaft velocity is constant, the z- 

displacement amplitude becomes constant. 

The relation between the disk location and the maximum z-displacement is 

shown in Fig. 3.14. There are two curves, i.€., Zmax,x for Zmax at X = 0.7 and Zmax,w 

for Zmax over the whole length of the shaft. The graph of zmax,x is not symmetric, 

because of the crack location b = 0.4 and the distance between the disk location 

and the location of the measurement of Zmax. The largest value occurs when ¢ = 

0.8. However, the curve of the maximum z-displacement over the whole length of 

the shaft, Zmax,w , is almost symmetric. For both curves, the z-displacement if 

the disk is located at € = 0.2 or € = 0.8 is larger than that if the disk is located at 

the middle of the shaft. 

The comparison of Zmax,w between the breathing crack shaft and uncracked 

shaft is presented in Fig. 3.15. The symmetry condition is satisfied exactly if there
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is no crack in the shaft. For all cases of different disk locations computed for Fig. 

3.15, Zmax for the shaft with a breathing crack is greater than Zmax for the shaft 

without a crack. 

3.7. Influence of Crack Depth 

The crack depth (a) affects the transverse displacements of the cracked 

rotating shaft. To determine the magnitude of this effect, cases of different 

relative crack depths (a/D) have been investigated. 

The compliances €,, and ¢s,; are functions of the crack depth. Table 3.4 

contains the data of the compliances ¢,, and €;,; based on the work of 

Papadopoulos and Dimarogonasl?”], 

Table 3.4 Nondimensional compliances C44 and ¢s5 

  

  

a/D C44 C55 

0 0 0 

0.10 0.00004 0.0012 

0.20 0.00059 0.0080 

0.25 0.0012 0.01292 

0.30 0.00215 0.02153          
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Figure 3.16 displays the relation between the crack depth (a/D) and the 

maximum z-displacement at location x = 0.7. If the crack depth (a/D) is 0.1, the 

shaft almost gives the same Zmax as the shaft without a crack; the difference is less 

than 0.5 %. If the crack depth becomes larger, Zmax becomes much larger. The 

difference of Zmax between a/D = 0.2 and a/D=0.3 is about twice as much as the 

difference of Zmax between a/D=0.1 and a/D=0.2. 

3.8. Influence of Disk Eccentricity 

The effect of disk eccentricity (én) is shown in Fig. 3.17. Six cases were 

computed, i.e., ém = 0, 0.001, 0.005, 0.01, 0.05, 0.10. The cases with é,, = 0.05 and 

€ém= 0.10 are extreme conditions. From this graph, the maximum z-displacement 

at location X = 0.7 is approximately proportional to the disk eccentricity. The 

complete results of zmax with different disk eccentricities are written in Table 3.5. 

Table 3.5 Influence of disk eccentricity 

  

Em Zmax at Zmax over the 

Pa
r i = 

~
]
 whole length 

  

      
0.000 5.34x104 6.69x104 

0.001 9.33x10°° 1.17x10? 

0.005 4.58x107 5.76x10°7 

0.010 9.18x10°? 1.16x10"} 

0.050 4.60x10! 5.79x107! 

0.100 9.20x107 1.16 
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3.9. Influence of Disk Eccentricity Angle 

Figure 3.18 shows the relation between the disk eccentricity angle 6, (see 

Fig. 2.3) and the maximum z-displacement at location * = 0.7 for three cases of 

crack conditions, i.e., breathing crack, open crack, and no crack. The results are 

interesting, because the effect of the crack conditions is not always the same. 

Sometime the breathing crack gives the largest zmax, and other times the 

uncracked shaft gives the largest Zmax. 

There are three basic ranges of 6, with respect to the largest zmax. First, if 

dm is between 0 and 0.97, the breathing crack shaft gives the largest Zmax. Second, 

if dm is between 0.97 and 1.67, the uncracked shaft gives the largest Zmax. Last, if 

dm is between 1.67 and 27, the open crack shaft gives the largest Zmax. 

The values of Zmax for the breathing crack shaft and open crack shaft are the 

same if 6, is between 0.757 and 97/8. If 6m is close to zero, the breathing crack 

shaft gives the same result as the uncracked shaft. In other words, the effect of the 

breathing crack on zmax does not exist in this case. Another interesting result is 

that if 6, is between 97/8 and 27, the uncracked shaft gives a larger Zmax than 

the breathing crack shaft. 

In Fig. 3.19, the effects of the disk eccentricity angle together with the mass 

of the shaft (ji = 2.45x10°° and ji = 0) are presented for the uncracked shaft. The 

mass of the shaft causes 6, to have a larger influence on the z-displacement. In 

the case of no gravitation (or no mass of the shaft), the z-displacement is always 

the same at every 7 radians. This condition does not occur for the other case.
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3.10. Influence of Disk Mass 

The relation between disk mass and the maximum z-displacement is 

presented in Fig. 3.20. The non-dimensionalized mass of the disk varies from 1 to 

10 and the other parameters are based on the standard case. The difference of 

Zmax,x between i = 1 and m=2 is almost 20%. The difference becomes smaller 

when the disk mass becomes larger. After mh = 5 the influence of the disk mass is 

small, less than 1%. After m = 6 there is a tendency for a smaller zmax,x as m 

increases. 

3.11. Transverse Displacement at Certain Points 

It is of interest to see the maximum z-displacement along the shaft. 

Therefore, based on the standard parameters, points along the shaft between 0.1 

and 0.9 are considered. The result is shown in Fig. 3.21. From that figure, the 

maximum z-displacement over the whole length of the shaft occurs at the middle 

of the shaft. This is not surprising, since both ends are simply supported and the 

disk is located at the middle. The z-displacement is almost symmetric about the 

middle of the shaft; the difference between values of zmax on opposite sides of the 

center is less than 0.1%.
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Chapter 4 

Flexural - Torsional Response of 

Cracked Rotating Shaft with a Disk 

4.1. Physical Model 

Basically, the physical model of a cracked shaft with a disk under flexural - 

torsional conditions (Fig. 4.1) is the same as that under flexural condition only 

(see chapter 2) with some additions. Calculating the torsional vibrations, it is 

necessary to know the torsional stiffness GJ (G: shear modulus; J: torsional 

constant) and the polar mass moment of inertia Ip for the disk. 

The simply supported case, neglecting longitudinal displacement and shear 

deformation, is investigated, so the results can be compared with the previous 

ones. The fixed coordinate system (x,y,z) and the shaft coordinate system (€,7,C) 

in Fig. 2.2 are still used in this second part of the study. Besides the 

displacements v(x,t), w(x,t) in the transverse direction, the torsional deformation 

$(x,t) is also included (see Fig. 4.2). 

The shaft has four types of damping, i.e., external damping de, internal 

damping d;, crack damping dc when the crack is closed, and torsional damping 

d;. The external damping, crack damping, and torsional damping are assumed to 

act on the shaft only, not on the disk. 

The geometric discontinuity caused by the transverse surface crack is 

63
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Fig. 4.1 Model of Cracked Shaft with Torsion 

(Non-Specified Boundary Conditions) 

  

64



Chapter 4 - Flexural - Torsional Response 

  

  
SHAFT ° _—— 

P(t) 

Fig. 4.2 Coordinate Systems and 

Disk Cross-Sectional Area with Torsion 
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replaced by generalized moments (M and m) at the crack location, i.e., x=b_ and 

x=b, (see Fig. 2.4). The external torque T is assumed to be located at a distance 

x=h from the left support. 

4.2. Mathematical Model 

Based on Wauer’s formulation [#°l, the equations of motion for the flexural - 

torsional response of a cracked rotating shaft can be written as follows: 

Elyvexee + [je + m6(x-c)]| vig - 20w, - Ov - Ow] + dep (ve - dw) + Elidivinexx 

+ (1-A) de ue (vi - Ow) 6(x-b) + A[5(x-by) - /(x-b-)] (Mc + mp) 

=|u + mé(x-c)]g sin 9 + m em 6(x-c) (0 + 204, + 64) cos dm 

+ mem 6(x-c) (6+ ¢,,- ¢) sin 5m (4.1) 

DELWrxex + [+ mé6(x-c)] wee + 200, - Ow + Ov] + dew Ow + bv) 

+ TED dWeeeee + (I-A) de p (we + 8v) 6(x-b) - A [6'(x-b4) - 6(x-b_)] (My + mp) 

=|u + m 6(x-c)] g cos 8 + mem 6(x-c) (8 + 264, + 66) sin bm 

- mem 6(x-c) (6+ 6, - 8¢) cos bm (4.2) 

Ip 6(x-c) (6 4+¢,) + # (nm? + 2)(04+ 6.) - GI(¢,, + 44.) 

+ dy (ty? + 1p?) (44 d,) - A [5(x-b4)- 5(x-b.)] ( Mx + mx) 

= T 6(x-h) + memg 6(x-c) | cos’ 6.4 sin(6'] | 

+ M €m 6(X-C) (Ve - 20w, - Ov - Ow) sin bn 

- m em 6(x-c) (wy + 26v,- 6° w + bv ) cos bm (4.3)
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The subscripts x and t on displacements v and w and on the torsional deformation 

@ represent partial derivatives with respect to x and t, respectively. 

At the crack location, x = b. = b- 5 and x= by =b+ 5° the generalized 

moments including torsional effect are 

F = (M¢, Mn, Mx)’ 

f= (me, My); mx)" (4.4) 

The transition conditions are derived by the same approach as for transverse 

deformation (see eqs. 2.3 - 2.9). Based on equation (2.4) and equation (2.5), 

Au(b) =eSEF 

  

b (bast) - 6 (bt) =e GF (4.5) 

and the time derivatives satisfy 

Au,(b) = € if 

b, (bast) - 4 (bt) =€ FAG (4.6) 
1 

The complete transition conditions at the crack location for an open crack at 

time t for this case are 

P (b.) = P (b+) 

P (b4) = K | Au(b) + d; Au(b) | (4.7) 

where
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El, (Vix + d; Vixx) 

P =|EL,(Wax+ dj Wexx)], K= 0 ks; 0 (4.8) 

GJ(¢, + d; d,..) 

    
As a result, the final transition conditions become 

  

2 
Me + m¢ = C44 (Ely) (Vx + d; Vixx) / 

x=b 

  

2 

Mn + Mp = -C55 (EL) (Wxx + d; Wexx) / 

x=b 

  Mx + mx = Ce (GJ) (¢, + d; .«) / (4.9) 

x=b 

The compliance cgg, like cy, and css, is the reciprocal of the stiffness coefficient 

keg. The value of cgg can also be determined from the graph of Papadopoulos and 

Dimarogonas??"], 

Now the equations of motion become 

. -2 es 
EL, Vixxx + [u + mé(x-c)] Ee - 20w,-Ov- bw 

+ de (ve - Ow) + EL di Vixxxx + (I-A) de pt (ve - Ow) 5(x-b) 

  

2 | afecd-docrsfea 2 fread / 
x=b 

= [ye + mé(x-c)| gsin@ + m ey 6(x-c) ( a + 286, + 66) cos dm
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+ mM em 6(x-c) (64 Due 6°¢ ) sin 6m (4.10) 

TED Wxxxx + [ue + m6(x-c)] Wie + 26v, - 6° w + év| 

+ de Ut (We + bv) + PE, d; Wtxxxx + (1-A) de i (We + bv) 6(x-b) 

  

2 
tA [5"(x-b4.) _ §'(x-b.)| Css (EL) (Wxx + di Wexx) / 

x=b 

= lM + m 6(x-c)|g cos 8 + m em 6(x-c) ( 5° + 26¢, + 6¢) sin bm 

- m em 6(x-c) (04 Dur 63 ) cos 6m (4.11) 

Ip 5(x-c) (04+ %.) + w(m? + m2) (8+ O) 

- GI (bn + Udy) + dre (n? + 22) (8 + 4) 

  

2 

A [6-b4) - 6b.) ] coo FP (4, + 4; ¢,) / 
x=b 

= T é(x-h) + meng 6(x-c) [ cos 6- sin 6 | 
% 

t PRey Fm Lee cur dt thay 

+ M em 6(x-c) (vi, - 2Owy - 6° - bw ) sin 6m
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- mM €m 6(x-c) (wy + 26, - bw + bv ) cos bm (4.12) 

2.3. Solution 

In this second part of the study, the shaft and the disk are assumed to be 

circular with Rg the radius of the disk and rg the radius of the shaft. So pure 

torsion (Saint-Venant’s torsion) can be assumed, in which a cross-sectional plane 

remains plane during torsional motion. In other words, in pure torsion there is no 

warping. 

It is assumed that the beam is fixed at one end (x=0) and free at the other 

end (x=L) with respect to torsion, so the torsional deformation at the fixed end 

can be defined as zero and the torsional moment at the free end is assumed to be 

zero. As a result, the boundary conditions become 

v(0,t) = w(0,t) = v(L,t) = w(L,t) = 0 

EI, vxx(0,t) = EL, wxx(0,t) = 0, El, vxx(L,t) = El, wix(L,t) = 0 

4(0,t) = 0, 6,(L,t) = 0 (4.13) 

In order to satisfy the boundary conditions, the approximation solutions can be 

chosen as follows:
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d(x,t) = > #,(t) sin AO (4.14) 

The quantities v,, w,, and ¢, are functions of time, and the sines are the assumed 

spatial functions. 

Analogous with equation (2.18) and equation (2.19), by using the aproximate 

solutions, multiplying with sin “T and integrating over the length of shaft, 

equation (4.10) and equation (4.11) become 

EI, va ¥ (A) + Hin - 2b pwn pd vn FH O wad 

+m sin BC > ¥,, sin kme _9@m sin BEC x W,, sin ke 
L k=1 Lo Lo k=1 L 

8” nrc kac 6 nace kre m sin Tr x Vv, sin [7m sin “L x WwW, sin “Tr 

+de pin} -dowOwa¥ + Ely dj vn (@2)* & 

+ (1-A) de p sin BED P V;, sin KtB _ 8 > W, sin kerb 

k=1 k=1 

- Aca (EI,)’ (47) sin nah 2 (v,+ d; %;) (At)? sin Ktb 

= pgsin 6 a (1-(-1)") + mg sin @ sin ia 

+ men | @ cos bm + 6 sin ba] sin “T° 

N - . . (2k-1 
+ Me, Sin “TL >» ( 264, + 06, ) cos 6m sin een
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Noe; - 
+ Mem sin T 2 ( 4, - a, ) sin 6m sin (here (4.15) 

El, wn § 2)‘ + jt win +20 pinh- pb wa b+ pb vd 

+m sin FS = W), sin KES 26m sin “ x Vv, sin kre 

nac kac nc krc - 6 m sin L 2 win “L +m 6 sin TL > Vv, sin “L 

+ de pwn t+ de 18 vy ¥ + El, d; wa @2)* § 

+ (LA) de ps sin BED [om sin kab a> Vy sin Kb 
k=-1 

- A EL)? (2%) sin 2zb $ d.w,) (2)? sin kab 
C55 (EI,) Cr) sin L De (Wet iW) CT) sin, 

= ug cos 6 az (1-(-1)") + mg cos 6 sin BFS 

+ Men | 6 sin bm - 6 cos bal sin “FS 

N “ “3 ; _ (2k-1)r 
+ Mem sin T »» ( 206, + 6¢, ) sin dm sin ( ) -   

Ne 
- Mem sin “Tr ( ¢, - Od, ) cos bm sin ee (4.16)   

Using the approximate solutions, equation (4.12) becomes
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Ip 6(x-c) ( 64 2 d, sin CO )   

1 
+ fb (1? +r) (8+ O4, sin OO) 

  

N (2k-1)*x? 2 ok 1)7x 
+ GJ = 4L? 2L 

  (. (Qk-1)?n2. (2k-1) 4x + GI 4,4, 13, ED si x 

2k- + dew (r? + 27)(8+ Yd, sin SP") 

  

2 

- A [ 0-4) - 6b.) ] eae GY 
N (2k-1)z (2k-1)rb Onn we (2k-1)rb 
m 4, ay, 608 5 +d; d, ee   

= T é(x-h) + m emg 6(x-c) cos 6+ 5-. 

-M €m g 6(x-c) > d, sin Cm sin 07 Se.) 

- N 
+ M em 6(x-c) sin bn ( ot sin REX 20 > Wy, sin KEX 

k=1 

-o uv sin REX 6 Uy sin KIX ) 

AX TX - mM em 6(x-c) cos bm ( si sin Kex + 20 ot sin KIX 
k=1 

_o omy sin Kix +6 oY sin “+ kx ) (4.17)
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Equation (4.17) is multiplied by sin (Cn m and integrated over the length of the   

shaft, and the following formulas are used: 

  

  

0 ifkf#n 
L 
[si sin n CRU sin Cn a dx = 

0 L : 

9 if k =n 

(2n-1)7x dx = —2L 
/ 2L ~~ (2n-1)r 
0 

4 (2n-1)7x 
/ [ 5(x-b4) - 6(x-b.) sin —>E dx 

0 

» al \rb4. ny (2a 1)rb- 
2L 2L 

~ 2¢0 , (2B Qn-lj)rb | nl (2n-1)7e 

  

oO "2 oL 

_ , 2n-l)ab 1 (2n-1)7e 

= 2 cos “or * 5° OL 

Cnr E os Ca (4.18)   

Then equation (4.17) becomes 

2n-1 “ . 1 (2k-1 Ip sin ( (enn o » 4, in | 

raat) Ogi + Bd, |  
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+ GJ (2n-1)"r? (¢,+ d; ¢, ) 

  
  

    

  

8L 

+ dp fe (ry? + 192) (6 + £9.) Geis “De 2 78 

on 1)x 2k-1 . 2k-1)ab 2n-1)ab 
- A cee (GJ)? ( 2 pa Jn (d+ d;¢,) cos $ > cos $ = 

-T sin n Com + mMe€mgcos 8 sin Gare 

N (2k-1)mc . (2n-1)re 
-Memg Ke sin 9 sin 5, sin “7 

. . (2n-l)rce N kre 
+ Mem sin dm sin 51. (Hie ~ 2h Ov 6 w, ) sin OL, 

- N . w 
- mem cos dm sin (2n-1)ne YS (Wy, + 26%, - w, + 9 w,) sin ke (4.19) 

2L k=1 2L 

In this study, some assumptions are used, 1.e.: 

1. The external torque (T) is zero. 

2. The shaft and the disk are circular: [ = 1. 

3. Poisson’s ratio (v) of the shaft is 0.3. 

Also, some formulas that are used are as follows: 

- Shear modulus of the shaft : G = E 
2(1+v) 
  

. T Tg4 
- Torsional constant of the shaft : J = 5   

T To4 

4 
  - Moments of inertia of the shaft : I, = I, =
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- Radii of gyration of the shaft : r, =r. = { a = 5 Tg 

m Rq 
- Polar mass moment of inertia of the disk : Ip = 5   

Based on the above formulas, equation (4.19) can be written as follows: 

Ne, eee 
+ UO sin “or     

Ry’ - om 
ad 5 d_ sin Cons 6 

  
FED Lt (Qn-1)r * 2 é, | 

EE mrgt (2n-1)?x? . 

Hie) 2 8L~ 6 Pnt Gon)   

  
2 . . 

+ dy p = |? aye * 8 4s | 

      
A Coe E Trg ] (2n-1)x (2n-1)zb 

  

  

    

  

2(l4v) 2 1 8S —oL 

x (2k-1)7 (d, + d; d) cos Cae 

=M emg cos 8 6 sin Gnas 

-M emg ind 6 2 dy sin AO Con Gn-ire 

+ mem sin Om sin rT 3 Xu (¥,, - 26, -6 v,- 6 w, ) sin SL 

Cn vrs 
  2 (Ww, + 20%, - g° w, + 9 w,) sin ge (4.20) - me, cos 6m sin
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To put the equations into non-dimensionalized form, equation (2.20) and the 

following non-dimensionalized quantities are used: 

  

~ L? fe 

dp = 25 {ET dy 

~ E r,3 
66 An (14v)?? 66 

_ (2k-l)rb _ (2k-1)r ¢ _ (2k-l)re _ (2k-1)m 
Mm = ap BL EB (4.21)     

Then equation (4.15), equation (4.16), and equation (4.20) become 

. Nw, oo, ae 
Yn + Msin a, D> V, sin a, - M Ep SIN Oy sin om ue, sin B,. 

k=1 k=1 

=-ni¢,4+ 20W, + 07%, + AWn 

~ os N x 2~ ~ : 
+ Msin a D> ( 2NW, + 0°, + AW,) sin a, 

k=1 

~ NN. 
- (1-A) d, sin 9, 0 (% - QW) sin 7, 

k=1 

N ~ ~ : 2 2 : 
+ 2A€,n? sin y, > k” (% + dj%,) sin 7, 

k=1
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nl
s (eo , m sin caf sin 8 

+ mé, sin an | 9? cos ém + Asin Sma 

+ mMén sin dy, cos bm s ( 226, + Ag, ) sin J, 
k=1 

N 
- m6, sin a, sin dm > p, sin B, (4.22) 

k=1 

Nu, te ran 
Wn+ Mm sin Qn > W, Sin a, + M ém Sin Gp cos bm Le, sin B,. 

k=1 k=1 

~ . N ~ 2 ~ ae * 

-m sin a > ( 20, - OW, + A¥,) sin a4, 
k=1 

5 . N Z ~ . 

- (1-A) d, sin ¥, 2 (Wx + Q¥,) sin +, 

Q2axr . N 2 yw 7 2 . 
+ 21 Aés5 n? sin y, SY k” (W, + diw,) sin 7, 

k=1 

+ acu") + fi B sin | i cos 6 

~ ~~ * 2 7 

+ mMé, SiD Qn [a sin dm - A cos Sma
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~ . . N . . 
+ mMén sin ay sin dm D) ( 2N¢, + AP, ) sin B, 

k=1 

N 
+i ém © sin ay cos bm Y ¢, sin B, (4.23) 

k=1 

~ 

m Ry * sin B. » 4 sin B. + fg 2g 

woes . Now, 
-2m ém sin dm sin 8, ) Vy sin ay, 

k=1 

Nw, 
+2mén cos dm sin B, Yo W, sin a, 

k=1 

. 4 4 
(2n-1)zx 

N ~ 
+ A &&g@ fs (2n-1) cos mm SO (2k-1) (¢, + dj ¢,) cos y, 

k=1 

G+ hn 

+7 €m ji cos 6 sin f 

whe Se N 

-rmén fi sin @ sin B, >) ¢, sin B 
k=1 

. . N L ~ ~ . 
-2mém sinédmsin B, > (20W, + 0 +, + AW, ) sin a, 

k=1
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N : 
-2mém cosdmsin BB, YO (20%, - 0? 4 A%, ) sin a, (4.24) 

k=1 

To solve these equations, the same approach is used as in chapter 2. The 

relations to transform this second order system of equations to a first order system 

  

are 

_ + ; _ d¥n _ «x ; _ dWn 
Yan-2 —~ ‘n> Vana 7 Gr > Vana ~ Wn Vena = Gp? 

-3.3 _ dé, dw, _ de 
Yan — Pn> Van = Gz > YM43n-2 ~ G7? YmM+3n-2 ~ G72? 

_ di, _ da, _ dé, _ do, 1.95 
YMtsn-1 ~ “qr? YM43n-1 ~ “qr2.? YM+¢3n —~ G7? YM+3n — G72 ° (4.25) 

Therefore, 

Yon2 = Yo4sn-2? Yana = YM43n1? Yan = Yodan 

where M = 3N 

N = the highest mode considered 

n = the number of the mode corresponding to the equations, 

ranging between 1 and N 

Then equations (4.22), (4.23), and (4.24) can also be written in the form 

Ay = F(t,y) (4.26) 

where A is a constant matrix of order 3M x 3M, y is a vector of order 3M, and 

F(t,y) is a vector of order 3M. The DIVPAG subroutine for IBM/PC is used to
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solve these equations. 
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Chapter 5 

Results of Flexural - Torsional Response 

5.1. Introduction 

The parameters for the standard case of flexural-torsional response, basically, 

are the same as those for the standard case of flexural response (see section 3.1). 

However, there are some additional parameters for computing the flexural- 

torsional response, which are the torsional external damping dp and the 

compliance €gg. For the standard case, the torsional external damping dy is 

assumed to be zero. The compliance gg, like the compliances €4, and ¢;, , is also 

calculated based on the work of Papadopoulos and Dimarogonas!?"). The 

dimensional compliance cgg is determined as follows: 

(1-v2) C66 (5.1) C64. = 
66 mE rg3 

and the non-dimensionalized compliance ég, becomes 

@.. = E rg cgg _ _(1-) Coe 
8 An(14v)? 40? (14 v) 
  (5.2) 

Based on the relative crack depth for the standard case (a/D=0.2), the non- 

dimensionalized compliance é¢, is 0.00156. 
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In this chapter, the influence of acceleration, deceleration, and different 

parameters is investigated. Also, the cases of linear acceleration and linear 

deceleration are compared to the cases of exponential acceleration and exponential 

deceleration. The different types of lines are still used to show the breathing crack 

in the time histories, i.e., a solid line for a closed crack and a dashed line for an 

open crack. 

5.2. Convergency 

The time histories of the z-displacement and the ¢-torsional deformation for 

the standard case at the location X=0.7 are shown in Fig. 5.1l.a and Fig. 5.1.b, 

respectively. The time related to the maximum z-displacement in the z-time 

histories is called tax and the maximum z-displacement is called Zmax. Also, for 

the ¢-time histories, ¢_,. is the maximum ¢-torsional deformation, including the 

transient response, in this case, and the time related to @,, is called Tmax. Tait 18 

the time when the angular velocity passes the critical speed. 

The influence of each term (mode) in the approximate solutions is given in 

Fig. 5.2.a-j with solid lines. From those figures, it can be concluded that the first 

mode is the most dominant for the z-displacement as well as the ¢-torsional 

deformation. The contribution of the other modes is very small, only less than im 

of that of the first mode. The odd modes of the z-time history have similar 

characteristics and give more contribution than the even modes. All of the modes 

of the ¢-time histories have similar characteristics except differences in sign. 

Higher modes give smaller contributions in both the z-time history and the ¢-time 

history. 

Table 5.1 gives a comparison of values using different total numbers of
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modes, related to the maximum z-displacement (zmax,x) and the torsional 

deformation (¢) at the location x=0.7. 

Table 5.1 Convergency of different numbers of modes 

  

  

            

Modes Zmax,x ?max Pmax,f ?min,f Pamplf | %mean,f 

1 9.362x10°? | 2.07x10°% | -9.18x10°4 | -1.42x10°? | 2.49x10°4 | -1.17x10°3 

2 9.363x10°> | 2.04x10°3 | -9.00x10* | -1.39x10°? | 2.44x10* | -1.14x103 

3 9.338x10°3 | 2.11x10°3 | -9.34x104 | -1.43x10°? | 2.48x104 | -1.18x103 

4 9.344x10°? | 2.06x10°3 | -9.14x104 | -1.40x10°3 | 2.42x10°4 | -1.16x10°° 

5 9.325x10° | 2.05x10°3 | -9.07x104 | -1.39x10°3 | 2.41x104 | -1.15x10°3     
  

There are five different calculations of torsional deformation in Table 5.1, 1.e.: 

1. 

2. 

Pmax 

Prax f° 

Ping 

P amplf : 

response 

_1 
P amplf ~~ 9 (Puraxt ~ Print) 

Pmean.f : 

response 

Prmeand — 5 (Praxf + Penint) 

: the maximum ¢-torsional deformation including transient response 

: the maximum ¢-torsional deformation after transient response 

: the minimum ¢-torsional deformation after transient response 

the maximum amplitude of the ¢-torsional deformation after transient 

the mean amplitude of the ¢-torsional deformation after transient
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From Table 5.1, the difference of zmax between one mode and five modes is 

about 0.40% and the difference of zmax between three modes and five modes is 

only 0.14%. The difference of P smpht between one mode and five modes is about 

3.1% and the difference of Pamplt between three modes and five modes is about 

2.8%. Figure 5.3.a shows the relation between the maximum z-displacement at 

location x=0.7 and the number of modes, and Fig. 5.3.b shows the relation 

and the number of modes. The difference of the responses between between P ampl : 

three modes and five modes is not so significant and the computer time is almost 

three times longer using five modes. Therefore, in this chapter, the approximate 

solutions are calculated based on the first three modes. 

5.3. Influence of Acceleration 

The flexural-torsional response of the cracked rotating shaft under linear 

acceleration and exponential acceleration passing through the critical speed is 

studied in this chapter. For the linear acceleration, the formulas of the angular 

velocity and the rotational angle are the same as those in equation (3.15). For the 

exponential acceleration, the initial condition begins from the rest condition and 

the initial acceleration is the same as the linear acceleration A’. The angular 

velocity 2 in this study approaches 0.7 (or about 2 times the first critical speed) 

as Toc. Therefore, the formula of the angular velocity, the rotational 

acceleration, and the rotational angle can be defined as follows: 

Q = 0.7 (1- ea7) 

A= 0.7 a eat 

6=0.7 74 0.7 ear - 0.7 (5.3) 

where a is a constant that is determined by choosing the initial acceleration ,,:4:41



Chapter 5 - Results of Flexural - Torsional Response 

9.60E-03 

9.55E-03 

9.50E-03 

9.45E-03 

9.40E-03 

Z 
ma

x,
x 

9.30E-03 | - - 

9.20E-03 ' 

3.00E-04 

2.90E-04 

2.80E-04 

2.70E-04 

gp 
am
pl
,f
 

2.30E-04 

2.20E-04 

2.10E-04 F 

2.00E-04 ' 

2.40E-04 F 

  

T
R
E
 
P
T
 

ai 
r
n
 

  

my
 

rr
 

LL pod 

  

  
  

a. Number of Modes vs. Z max,x 

  

a
 

r
p
r
r
e
r
y
 

r
y
p
u
e
r
 

"T   

r
y
p
r
e
r
 

peo dd 

  

  
  

b. Number of Modes vs. Pampl,f 

Fig. 5.3 Influence of Number of Modes 

92



Chapter 5 - Results of Flerural - Torsional Response 93 

— ; _ initial at T=0, 1.e.,a = “07° 

Five different rates of linear acceleration from chapter 3.4, 1.e., 4 = 0.0001, 

0.0005, 0.001, 0.002, and 0.003, are still used. For the exponential case, three 

= 0.0005, 0.001, different rates of initial acceleration \,,::4, are used, i.e., Ainitial 

and 0.002. Table 5.2 gives the relation between the initial acceleration );, i134) and 

Terit | also, it gives the values of the constant a. 

  

  

Table 5.2 7,3, for exponential acceleration 

Xinitial a T crit 

0.0005 7.143x1074 932.50 

0.0010 1.429x10°3 466.12 

0.0020 2.857x1073 233.14           

Figures 5.4.a-j} show the time histories of the z-displacement and the ¢- 

torsional deformation, respectively, at location x=0.7 for the standard case and 

zero initial conditions under different rates of linear acceleration. From Fig. 5.4.a, 

c, e, g, and i, the characteristics of the time histories of the z-displacement in the 

case of flexural-torsional response are similar to those in the case of the flexural 

response (see Fig. 3.6.a-e). Therefore, in this case, inclusion of torsional motion 

does not have much effect on the transverse displacements. Figures 5.4.b, d, f, h, 

and j show the time histories of the ¢-torsional deformation. From those figures, it 

is clear that a smaller linear acceleration gives larger ¢-torsional deformation 

frequencies. The 4¢-torsional deformation begins vibrating around T=T.,i:,
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neglecting the transient response. In Fig. 5.4.f, h, and j, there is a sudden change 

in the ¢-torsional deformation when the angular velocity becomes constant. This 

occurs because from equation (4.24) there is a constant value in the equation when 

there is non-zero acceleration that suddenly becomes zero when i suddenly 

becomes zero. 

Figure 5.5.a shows the relation between the linear acceleration and the 

maximum z-displacement (Zmax,x at location *=0.7 and zmax,w over the whole 

length) with the standard parameters. Lower acceleration gives a larger maximum 

z-displacement. Figure 5.5.b shows the relation between the linear acceleration 

and the maximum amplitude of the ¢-torsional deformation after transient 

The values of response at location x=0.7. Lower acceleration gives a larger Pampl r 

the linear acceleration, the maximum z-displacement and the ¢-torsional 

deformation at location x=0.7 are given in Table 5.3. 

Table 5.3 Influence of linear acceleration 

  

  

              

X Zmax,x Pmax Pmax,f Pmin,f Pamplf ?mean,f 

0.0001 | 1.86x10°* | 7.15x10°4 | 1.08x10°* | -7.15x10* | 4.11x10* | -3.04x104 

0.0005 | 1.19x10°? | 1.04x10°% | -3.20x104 | -9.37x104 | 3.08104 | -6.29x104 

0.0010 | 9.34x10°3 | 2.11x10°3 | -9.34x104 | -1.43x10°3 | 2.48x104 | -1.18x10% 

0.0020 | 7.48x10°3 | 4.25x10°% | -2.12x10°3 | -2.51x10°3 | 1.95x10™4 | -2.32x10°% 

0.0030 | 6.35x10°3 | 6.38x10% | -3.28x10°? | -3.64x10°? | 1.76x10™4 | -3.46x10°3 
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Figures 5.6.a-b present the time histories of the z-displacement and ¢- 

torsional deformation for the standard case of the uncracked shaft. Figures 5.7.a-b 

give the time histories of the z-displacement and ¢-torsional deformation for the 

standard case of the open-cracked shaft. The values of the z-displacement and ¢- 

torsional deformation for the breathing crack, no crack, and open crack are given 

in Table 5.4. From this table, the breathing crack has the biggest influence on 

Pamplt The difference of Zmax,x between the breathing crack and open crack is so 

small that it can be assumed the same. These properties are not necessarily true 

for other cases. 

Table 5.4 Influence of crack condition 

  

  

Zmax,x Pmax Pmax,f Pain f Pamplf ?mean,f 

Breathing Crack | 9.34x10°3 | 2.11x10°3 | -9.34x10°* | -1.43x10°3 | 2.48x1074 | -1.18x107% 

No Crack 9.01x10°3 | 2.11x10°> | -9.39x10"4 | -1.42x10°3 | 2.43x10°4 | -1.18x1073 

Open Crack | 9.34x10°% | 2.11x10°? | -9.38x10* | -1.43x10°3 | 2.46x104 | -1.18x10°                   
The influence of the internal damping d; on the ¢-torsional deformation 

under different rates of linear acceleration can be seen in Fig. 5.8.a-e. These curves 

show the time histories of the ¢-torsional deformation at location x=0.7 for d:=0. 

From Fig. 5.4.b, d, f, h, j and 5.8.a-e, there are differences in the time histories of 

the ¢-torsional deformation. In the case of zero internal damping, the torsional 

deformation vibrates more than in the case of internal damping d;=0.1. Also, the 

vibration of the torsional deformation in the zero internal damping case starts
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from the beginning of the ¢-time history and keeps almost constant amplitude 

with varying mean until 7 is near 7T,,,. After a sudden change when the angular crit: 

velocity {“ becomes constant, the ¢-torsional deformation has another almost- 

constant amplitude. The time histories of the z-displacement in this zero internal 

damping case do not change very much. The difference of zmax,x between the case 

of d; =0.1 and the case of d; = 0 is indicated in Table 5.5. The result is 

interesting, because the addition of internal damping gives a larger maximum z- 

displacement. Further discussion of the internal damping d; is presented in section 

5.6. 

Table 5.5 Influence of internal damping for linear acceleration 

  

  

d Zmax,x - di=0.1 Zmax,x - 4;=0 

0.0001 1.86x10°2 1.83x10°? 

0.0005 1.19x10° 1.16x10°? 

0.0010 9.34x10°3 9.16x10°3 

0.0020 7.48x10°3 7.34x10°3 

0.0030 6.35x10°3 6.14x10°3           
The time histories of the z-displacement and ¢-torsional deformation under 

exponential acceleration at location x=0.7 with the standard parameters are 

shown in Fig. 5.9.a-f with different rates of initial acceleration. The time histories 

of the z-displacement in Fig. 5.9.a, c, and e have different characteristics from 

those in Fig. 5.4.c, e, and g. They have the same acceleration in the beginning
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only. In Fig. 5.9.b, d, and f there is no sudden change because the acceleration is 

continuous; 2) approaches the angular velocity 2=0.7 but never becomes constant 

as in the linear acceleration case (see Fig. 5.4.d, f, and h). After the transient 

response, the value of the ¢-torsional deformation tends to increase gradually 

toward zero. 

5.4. Influence of Deceleration 

As in the acceleration case, the linear deceleration and the exponential 

deceleration are investigated in this section. The formulas for the angular velocity 

and the rotational angle under linear deceleration are shown in equation (3.16). 

The initial angular velocity 22 under exponential deceleration is 0.7, the same as 

that under linear deceleration. The initial deceleration A;,;,;,; under exponential 

deceleration is taken the same as the linear deceleration A. In this case, the 

angular velocity approaches zero as too. The formulas to calculate the angular 

velocity, the rotational deceleration and the rotational angle for exponential 

deceleration are defined as follows: 

Q = 0.7 eaT 

A= -0.7 aeaT 

g=- UF ear 4 OF (5.4) 

where a is a constant that is determined by a = — Ainitial Table 5.6 gives the 
0.7 

values of the initial exponential deceleration A;,i:4, 7 and the ’a’ constant. crit? 

The initial conditions for linear and exponential deceleration are v,=0.001, 

w,=0.001, and ¢, is taken from the acceleration case just before the angular 

velocity becomes constant.



Chapter 5 - Results of Flerural - Torsional Response 112 

  

  

Table 5.6 7,,;, for exponential deceleration 

Xinitial a T crit 

-0.0005 7.143x104 1009.3 

-0.0010 1.429x10°3 504.52 

-0.0020 2.857x10°3 252.35           

The different rates of linear deceleration give different time histories of the z- 

displacement and the ¢-torsional deformation as shown in Fig. 5.10.a-j at location 

x=0.7. The time histories of the z-displacement for the flexural-torsional response 

(Fig. 5.10.a, c, e, g, and i) have almost the same characteristics as those for 

flexural response only (Fig. 3.7.a-e). Following initial transient motion, the ¢- 

torsional deformation under linear deceleration begins vibrating around T=7,,;,; 

after that, the ¢-torsional deformation reaches a maximum amplitude and then 

decreases gradually. When the linear deceleration \ reaches zero, there is a sudden 

change in the ¢-time histories (see Fig. 5.10.h and 5.10.j). Then, the ¢-torsional 

deformation vibrates as in the beginning for a while, decreasing and approaching 

zero. 

The relation between the linear deceleration and the maximum z- 

displacement (Zmax,x at location X = 0.7 and Zmax,w over the whole length) is shown 

in Fig. 5.11.a. Larger deceleration gives smaller maximum z-displacement. This 

relation is similar to the relation between the linear deceleration and the 

maximum amplitude of the ¢-torsional deformation at location x = 0.7 in Fig.
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5.11.b. 

Figures 5.12.a-f show the time histories of the z-displacement and ¢-torsional 

deformation at location x=0.7 under the exponential deceleration. The torsional 

deformation in Fig. 5.12.b, d, and f decreases gradually from positive values, 

approaching zero. This is the opposite of the case of the exponential acceleration 

(Fig. 5.9.b, d, and f) where ¢ increases gradually, approaching zero from negative 

values. 

5.5. Influence of External Damping 

In this section, the influence of the external torsional damping dy and 

external damping de for the standard case is investigated. Figures 5.4.f and 5.13.a- 

c show the influence of different torsional dampings dp, i.e., dp = 0, 0.5, 1.0, and 

1.5, on the ¢-time histories at location x=0.7. The amplitudes of the ¢-torsional 

deformation in those curves have similar characteristics except for differences in 

P meant For dy=0, P meant is constant, and for dy > 0, Pmean.f decreases gradually. 

Larger dy causes more decrease in Pmean.f" If dy becomes twice as large, P meant 

decreases almost twice also. The time histories of the z-displacement for different 

values of the external torsional damping dy; almost do not change anything in 

their characteristics and values. All of the cases give similar z-time histories to 

that in Fig. 5.4.e. 

In Fig. 5.4.e and 5.14.a-d, the time histories of the z-displacement are 

displayed for the standard case at location x=0.7 with different values of external 

damping de, i.e., de = 0.1, 0, 0.5, 1.0, and 1.5. Figures 5.4.f and 5.15.a-b show the 

time histories of the ¢-torsional deformation with different external dampings de, 

i.e., de = 0.1, 0, and 0.5. From those figures, it can be seen the external damping
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de has much influence on the z-displacement and the ¢-torsional deformation. In 

the case of no external damping (Fig. 5.14.a and 5.15.a), the z-displacement and 

g-torsional deformation for large rt do not decrease but increase. However, in the 

other cases, with de > 0 (Fig. 5.4.e and 5.14.b-d), the external damping de makes 

the z-displacement decrease after reaching its maximum. The external damping de 

also reduces the maximum z-displacement (see Table 5.7). For external damping 

de > 0, the crack on the rotating shaft is closed most of the time after the 

maximum z-displacement is reached. For the case of no external damping, the 

crack always exhibits a breathing condition. 

Table 5.7 Influence of external damping 

  

  

de Zmax,x zmax,W 

0.00 2.95x10°2 3.69x10°2 

0.10 9.34x103 1.17x10°? 

0.50 4.34x10°% 5.45x10°3 

1.00 2.53x10°3 3.17x10°3 

1.50 1.80x107 2.25x10°3           

As shown in Fig. 5.4.f and 5.15.a-b, greater external damping causes smaller 

vibration of the ¢-torsional deformation. The time histories of the ¢-torsional 

deformation for de = 1.0 and de = 1.5 have similar characteristics to the case with 

de = 0.5, but with smaller vibration.
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5.6. Infuence of Internal Damping 

Based on the standard case of flexural-torsional deformation, the influence of 

internal damping d; is studied in this section. Table 5.8 shows the relation 

between the internal damping d; and the maximum z-displacement (Zmax,x at 

location X=0.7 and Zmax,w over the whole length). There are 6 different internal 

dampings, i.e., d; = 0, 0.025, 0.050, 0.075, 0.10, 0.125. 

Table 5.8 Influence of internal damping 

  

  

d; Zmax,x Zmax,w 

0 9.159x1073 1.150x10°? 

0.025 9.204x10°3 1.155x10°? 

0.050 9.249x10°> 1.160x10°? 

0.075 9.294x10°3 1.166x10°? 

0.100 9.338x1073 1.172x10°2 

0.125 9.382x10° 1.177x10°2           
As mentioned in section 5.3, larger internal damping gives larger maximum 

z-displacement. If the internal damping is sufficiently large, the system becomes 

unstable after passing the critical speed, as shown in Fig. 5.16 for d;=0.2. This 

was discussed for the constant angular velocity condition by Plaut), internal 

damping increases the possibility of instability of the system. Huseyin!4l stated in 

his book that the unstable condition can be stabilized with the addition of
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external damping. It is interesting to know the relation between the internal 

damping and the external damping for stable conditions. Therefore, in the 

following paragraphs, this relation is derived using the procedure from Huseyin!"4], 

page 162 (except the equations 5.149 and 5.150 in that reference contain errors). 

Based on equations (4.22) and (4.23), the transition between stable and 

unstable conditions is determined for constant angular velocity 2 and no crack. It 

is also assumed that 

- torsional external damping dy = 0 

- eccentricity of disk é, = 0 

- gravity g = 0 

- circular cross section T = 1 

In this case, the torsional deformation does not have an influence on the 

transverse motion. 

Based on these assumptions, equations (4.22) and (4.23) for the first term 

only become 

w ~ os s ~ a ~ ~ os x 2 ~ : 
¥14 msin2a,¥, =-%,4 20%, + YH 4 m sin a, (20 w,+ 0° %,) sin ay 

-de( ¥,- QW, )- 4%, (5.5) 

‘s ~ os “S ~ 2 2 ~ os 2 2 ~ : 
W,+ Msin? a, W, =-W,-20%, + OW, - mMsin a, (20 4,- O' W,) sin a, 

-d.(wW, +24, )- dw, (5.6) 

Let: a = dtd, c=1+ m’sin2a, 

b= 1-%-mMsin2a,, d=d 

Then, equations (5.5) and (5.6) can be written as follows:
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c¥,+a¥,-2Ncw,+ bt,-dNwW,=0 (5.7) 

CW, + aw, 4+2Qct,4+ bwW,4dN47,=0 (5.8) 

With the complex displacement y = 4, + i W, , the equations (5.7) and (5.8) can 

be combined into one complex equation: 

cytay+2Nciy+e by+ ANI y=O (5.9) 

Asumming y = z eT, equation (5.9) becomes 

-wic+aiw-2Ncw+b+dNi=0 (5.10) 

At the onset of instability (w real) there are two conditions that have to be 

satisfied, i.e., 

-w2ce-2Ncw+b=0 (5.11) 

aw+dN=0 (5.12) 

By eliminating w using equation (5.12), equation (5.11) becomes a quadratic 

d equation in % as follows: 
2 

@ 29-5 = 0 (5.13) 

From this result, the relation between the internal damping and external 

damping depends on the angular velocity 9, the disk location €, and the mass of 

the disk mm. By using the Routh-Hurwitz conditions ( Huseyin!4], page 51), the 

system is stable if 

(2)< ¢ < (4), (5.14) 
For example, let th = 7.63, 2 = 0.7, and € = 0.5. The transition points can be
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determined to be 

( ¢) = 1.4863 (2), = 0.5137 

With the external damping de = 0.1, the system is stable if the internal damping 

d; is between 0 and 0.0947. 

For the standard case, the angular velocity is a function of time. Also, there 

is a breathing crack, more than one mode is used, gravity is not neglected, and 

eccentricity is present. Therefore, this result can not be used directly. With 

de=0.1, the shaft becomes unstable for values of d; larger than approximately 0.15 

(see Fig. 5.16). 

The percentage of the damping ratio (di+de relative to critical damping) for 

the transverse displacement of the first mode for the standard case with angular 

velocity N=0 is 3.40%, and the logarithmic decrement is 0.214. The percentage of 

the damping ratio (involving d; and d,) for the torsional deformation for the same 

conditions is 5.26% and the logarithmic decrement is 0.331. 

5.7. Influence of Crack Location 

The influence of the crack location on flexural-torsional response is 

investigated. Figure 5.17.a presents the relation between the crack location and 

the maximum z-displacement (Zmax,x for X=0.7 and Zmax,w over the whole length). 

The crack location gives an almost symmetric condition about the middle of the 

shaft for Zmax,x. Compared to the flexural response (Fig. 3.12), the results are 

almost the same, so the torsional motion does not have much influence in this 

case. 

The relation between the crack location b and the maximum amplitude of 

the ¢-torsional deformation, ¢,_),, is shown in Fig. 5.17.b. The largest computed 
pl?
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P amphf occurs if the crack is located at the middle of the shaft, like the z- 

displacement. The curve for ¢,__,, does not give a symmetric condition about the 
amp, 

middle of the shaft, because the boundary conditions for the ¢-torsional 

deformation are not the same (fixed-free ends). 

5.8. Influence of Disk Location 

Based on the standard parameters and the linear acceleration A=0.001, 

various locations of the disk (¢) on the shaft are considered. Figure 5.18.a shows 

the relation between the disk location and the maximum z-displacement (Zmax,x at 

location X=0.7 and Zmax,w over the whole length of the shaft). This relationship 

does not give a symmetric condition for Zmax,x. Compared to Fig. 3.14, the graphs 

are almost similar. The z-time histories for €=0.1 and ¢=0.9 are similar to Fig. 

3.13 and the z-time histories for ¢ between 0.2 and 0.8 are similar to Fig. 5.4.e. 

The ¢-time history for ¢=0.1 is shown in Fig. 5.19. This curve is similar to 

that for ¢=0.9. Both curves are different from the curves for ¢ between 0.2 and 

0.8, which are similar to Fig. 5.4.f. Because the curves are so different, the 

relation between P ampli and the disk location is only shown for ¢ between 0.2 and 

0.8 in Fig. 5.18.b. From that figure, it can be seen that P ampli increases if the disk 

location moves closer to the right end where ¢ is ”free”. 

5.9. Influence of Crack Depth 

Five different relative crack depths (a/D) are studied, i.e., a/D=0, 0.1, 0.2, 

0.25, and 0.30. The compliances €4,, €55, and €gg, functions of the crack depth, are 

calculated based on the work of Papadopoulos and Dimarogonasl?’l, They are
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shown in Table 5.9 (expanded Table 3.4) 

The relation between the crack depth (a/D) and the maximum z- 

displacement at location x=0.7 is presented in Fig. 5.20.a. This relation is similar 

to the relation for the case without torsion (see Fig. 3.16). This means that the 

torsional motion does not have much influence on the transverse displacements. 

Figure 5.20.b shows the relation between the crack depth (a/D) and the 

maximum amplitude of the ¢-torsional deformation after transient response 

(Pampig)* Phe difference of ¢,..1), between a/D=0.2 and 0.3 is about three times as 

much as the difference of P amplit between a/D=0.1 and 0.2. However, the 

difference of zmax,x between a/D=0.2 and 0.3 is about two times as much as the 

difference of zmax,x between a/D=0.1 and 0.2. Table 5.10 gives the values of zmax,x 

and P ampl , related to the crack depth. 

Table 5.9 Nondimensional compliances ¢€44, ¢55, and Cgg 

  

a/D C44 C55 C66 

  

0 0 0 0 

0.10 0.00004 0.0012 0.00014 

0.20 0.00059 0.0080 0.00156 

0.25 0.00120 0.01292 0.0030 

0.30 0.00215 0.02153 0.0054            
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Table 5.10 Influence of crack depth 

  

  

a/D Zmax,x Pampl,f 

0.00 9.01x10-% 2.43x1074 

0.10 9.05x1073 2.43x1074 

0.20 9.34x10°3 2.48x1074 

0.25 9.58x1073 9.54x1074 

0.30 9.92x10°3 2.64x10°4           

5.10. Influence of Disk Eccentricity Angle 

Three cases of crack conditions, that is breathing crack, open crack, and no 

crack, are investigated in relation to the influence of the disk eccentricity angle 

6m. Figure 5.21.a shows the relation between 6, and the maximum z-displacement 

at location X= 0.7 for the standard case. The result is similar to the result for the 

case of no torsion (see Fig. 3.17). 

Figure 5.21.b gives the relation between the disk eccentricity angle and P amplf 

for the breathing crack, open crack and no crack. For the no-crack case, Pampl , is 

almost constant for all conditions of the disk eccentricity angle; the difference is 

very small (less than 0.5%). For the other cases, Pampi¢ HAS a greater variation for 

different values of the disk eccentricity angle. There are two basic ranges of dm for 

breathing crack and open crack conditions. First, the breathing crack gives a 

7 larger P ampli than the open crack if 6, is between 0 and 1dr and between lan and
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2x. Second, the open crack gives a larger Pamplt if dm is between lin and dn. 

The breathing crack condition gives a larger ¢ compared to the no-crack ampl,f? 

condition, if 6, 1s located only between in and fr. If dm is located between Sn 

and ign, or between 13 and lige, the open crack condition gives a larger Pamplt 

than the no-crack condition. 

5.11. Influence of Disk Mass 

The influence of the disk mass is presented in this section for mh between 1 

and 10. If the disk is located at ¢=0.1, the z-time history and ¢-time history have 

the same characteristics for all values of mm in this range as for n=1 (see Fig. 3.13 

and 5.19). The disk in this case only has a small influence on the system. The 

other cases have the same characteristics as Fig. 5.4.e and 5.4.f. 

Figures 5.22.a shows the relation between the disk mass and the maximum z- 

displacement at location X=0.7. The difference of Zmax,x between m=1 and m=2 

is almost 20% and the difference of zmax,x between m=2 and m=3 is about 12%. 

However, the difference of Zmax,x for the other consecutive disk mass cases is less 

than 5%. There is a tendency for Zmax,x to decrease as m increases past m=6. 

Figure 5.22.b presents the relation between the disk mass and P amplf" In this 

relation, the variations of the disk mass are only between 2 and 10, because the ¢- 

time history of m=1 is different from the other cases of the disk mass. With an 

increase of the disk mass, ¢,__,, tends to increase also. 
ampl
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5.12. Transverse Displacements and Torsional Deformation at Certain Points 

Based on the standard parameters, points along the shaft between 0.1 and 0.9 

are studied in relation to the transverse displacements and torsional deformation. 

Figure 5.23.a shows the maximum z-displacement at points along the shaft. From 

this figure, the relation is almost symmetric about the middle of the shaft. The 

maximum z-displacement over the whole length occurs at the middle of the shaft. 

Figure 5.23.b displays the maximum amplitude of the ¢-torsional deformation 

after transient response (¢,_.,) at points along the shaft. In this curve, there is 

no symmetric condition because the shaft is fixed at one end (x=0) and free at the 

other end (X=1) in relation to torsion. From this figure, Pampif Mecreases until 

x=0.7 and then decreases. The decreasing condition is due to the simply 

supported boundary conditions on the transverse displacements and _ the 

interaction between the displacements.
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Chapter 6 

Conclusions and 

Suggestions for Future Research 

6.1. Conclusions 

This study has investigated non-stationary motions of cracked rotating shafts 

with a disk under accelerating and decelerating angular velocity ( passing 

through a critical speed. The first part of this study considered the flexural 

response of the cracked rotating shaft, and the second part considered the 

interaction between flexural and torsional responses. The effects of different 

parameters on the cracked rotating shaft was analyzed for the flexural response as 

well as the flexural-torsional response. 

The general conclusions are as follows: 

e The inclusion of torsional motion does not have much effect on the transverse 

displacements. 

e Lower acceleration and lower deceleration give higher maximum z-displacement 

(transverse motion in the vertical direction) and higher maximum amplitude of 

¢-torsional deformation around the critical speed. 

e The largest z-displacement and the largest maximum amplitude of the ¢- 

torsional deformation occur if the crack is located at the middle of the shaft. 

However, if the disk is located at the middle of the shaft, the largest z- 

146
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displacement does not occur. The ¢-torsional deformation increases if the disk is 

moved closer to the right end where ¢ is ”free” until x=0.7 and then decreases. 

e The variation of crack depth yields a non-linear result for the maximum z- 

displacement and the maximum amplitude of the ¢-torsional deformation. 

e A linear result for the maximum z-displacement is exhibited in the case of 

variation of the disk eccentricity. 

e Different disk eccentricity angles give different maximum z-displacement and 

maximum amplitude of the ¢-torsional deformation. Also, different disk 

eccentricity angles under different crack conditions give different effects on both 

responses: the largest response may occur for the shaft with a breathing crack, 

or an open crack, or no crack. 

e Variations of the external torsional damping coefficient dy do not change the 

characteristics of the ¢-time history and the z-time history, except for 

differences in the mean torsional deformation Pmmeant? which decreases gradually 

as dp increases. 

e Large internal damping d; can cause instability of the system at angular 

velocities above the first critical speed. A relation between the external 

damping and the internal damping determines the stability of the system. 

6.2. Suggestions for Future Research 

Many aspects of the behavior of a cracked rotating shaft have not been 

studied. 

eln this study, the cracked rotating shaft only has a single disk and a single 

crack. For future research, it is suggested that multiple disks and multiple 

cracks be considered.
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elt would be interesting to know the behavior of a cracked rotating shaft under 

different boundary conditions, including flexible supports. 

e A circular cross section has been used in this study. A non-circular cross section, 

compared to a circular cross section, might give significant changes in 

behavior. 

e The frequency domain of the transverse displacement and torsional deformation 

should be analyzed. Also, cascade plots of a cracked shaft can be made to 

examine the effect of the change of the angular velocity (non-stationary 

motions). 

e Using Euler-Bernoulli theory is different from using Timoshenko theory. 

Timoshenko theory includes shear deformation and rotatory inertia. It would be 

interesting to know how these would influence the behavior of a cracked 

rotating shaft. 

e After appropiate experiments are conducted, the analytical results should be 

compared to the experimental results for verification.
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