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I. INTRODUCTION 

Unexpected failures of high strength materials at nominal stress 

levels well below the yield stress of the material have plagued design 

engineers for many years. Investigations of such structural failures 

have traced the cause of failure to the presence of small cracks or 

crack-like flaws in the material. Thus, some knowledge of the effects 

of crack size and shape on structural strength must be obtained to ef- 

fectively design a component. This need is enhanced by current govern- 

ment specifications which require that the integrity of a design not 

be degraded by the presence of assumed flaws in the structure. 

The study of fracture mechanics originated in 1920 when Griffith 

[1], in his now much quoted work, published his concept of crack propa- 

gation based on an energy-rate analysis of the equilibrium of cracks. 

The ideas of Griffith were not utilized for metals until 1948 when 

Irwin [2] restated the energy concept. Nine years later Irwin [3] 

presented equations describing the distribution of stresses and dis- 

placements in the vicinity of a crack tip and demonstrated that the 

energy concept is equivalent to a "stress intensity" approach to the 

problem. The parameter of interest, defined by Irwin as the stress 

intensity factor (SIF), controls the intensity but not the distribu- 

tion of the stress field surrounding a crack tip. The stress distri- 

bution in the region surrounding all crack tips is described by the 

same functional form for a prescribed local mode of loading. The 

stress intensity factor is a function of the magnitude of the loading



and the geometry of the problem. Moreover, unstable crack extension 

occurs when the stress intensity factor reaches a critical value, 

which is a constant for a given material and prescribed local con- 

straint condition; and in addition, stable crack growth due to cyclic 

loading has been shown [4] to be related to the stress intensity factor 

and material properties in many cases. 

Thus, the performance of successful fracture mechanics analyses 

by the design engineer is dependent upon the availability of the 

functional relationships between the stress intensity factor and the 

parameters describing loading and geometry. Progress in recent years 

has led to the development of elasticity solutions and stress intensity 

factor expressions for a great number of two dimensional problems [5-7]. — 

However, due to the complexity of the three dimensional problem, 

characterized by the variation of the stress intensity factor along the 

flaw border and crack front curvature, only limited elasticity solu- 

tions are available [8, 9]. A number of approximate, numerical and 

empirical techniques have been proposed for obtaining solutions to 

various three dimensional problems. A common approach underlying these 

attempts is to estimate a correction factor to a known solution of the 

stress intensity factor. Other formulations require the imposition of 

many assumptions and simplifications upon the original problem. In 

view of these limitations, experimental verification of stress intensity 

factor results obtained by the above mentioned procedures are highly 

desirable.



A procedure to determine values of the stress intensity factor 

from photoelastic data was first proposed by Irwin [10] in 1958 after 

observing the photoelastic fringe pattern surrounding a crack tip ob- 

tained by Post [11] and Wells and Post [12]. Several approaches for 

achieving results were described by Marloff and his associates [13] 

and the technique recommended by Irwin was utilized by Smith and his 

associates [14-17] and by Kobayashi and his associates [18-21]. How- 

ever, extensive application of the photoelastic method has been slow 

to develop. This may have been due to the lack of correlation between 

values of the stress intensity factor obtained from photoelastic 

studies and accurate two dimensional analytical results. 

As a consequence of these studies and others [22-25], the author 

[26-35] has contributed to the development of a technique for extract- 

ing values of the stress intensity factor from photoelastic data for 

both two and three dimensional problems. It is the purpose of this 

dissertation to describe the current technique and to demonstrate its 

accuracy and applicability to several three dimensional problems of 

practical interest. In particular, Chapter II describes the develop- 

ment of the procedure for obtaining values of the stress intensity 

factor from photoelastic data for the Mode I (crack opening) problem. 

Chapter III outlines the experimental procedure. Chapter IV assesses 

the accuracy of the technique and discusses the effects of using 

artificial cracks in the experiments and the effects of Poisson's ratio. 

Chapters V-VII apply the technique to obtain stress intensity factors 

for some three dimensional problems. Chapter VIII describes a



procedure for obtaining values of the stress intensity factor from 

photoelastic data for the combined Mode I - Mode II (in-plane shear) 

problem. Chapter IX applies this technique and Chapter X contains 

some closing remarks.



II. ANALYTICAL FOUNDATIONS FOR THE MODE I PROBLEM 

Irwin [10] described the general form of the stress field sur- 

rounding the tip of a crack subjected to in-plane loads symmetric about 

the plane of the crack (Mode I loading) as: 

Ky sf . 0 os 32 ° 
o = ——— cos = ] -~ Sin = sin => - a 
XX (2nr) '/2 2 2 2 XX 

Ky g 9 30 
Oo = ——— cos ~ {1 + sin + sin —— (2.1) 
YY (2nr)'/2 2 2 2 

Txy rye {sin 5 COS ay 

for the two dimensional problem, where the notation is described in 

Figure 2.1. The parameter Kz is the stress intensity factor for Mode I 

loading and is associated with the singular part of the elastic stress 

field. The second parameter, Oxy » is related to the regular part of 

the elastic stress field. It is the regular part of the normal stress 

in the direction of crack extension at any point in the body. Since 

the isochromatic fringes obtained by the photoelastic method are pro- 

portional to the maximum in-plane shear stress (t,,,), it is desirable 

to compute that quantity. This is achieved through the use of 

equation (2.1) together with the familiar relation 

2 1/2 
tos { [uy = Sx) a (2.2)
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Figure 2.1 Crack Tip Stress Notation for the Two Dimensional Problem.



and results in an expression which predicts the shape of the iso- 

chromatic fringes 

= Kr a, Ktoxx . . 36 Oxy Me 
Tmax = igs e+ (ery 2 8 e sin 5+ “2 | (2.3) 

Figure 2.2 shows the expected shape of a single isochromatic loop. 

Note that if the quantity ox X = 0, the fringes would tend to spread 

symmetrically along 6 = x Thus, folding of the stress fringes where 

On # x (see Figure 2.2), is caused only by the contribution of the 

regular part of the stress field. 

Irwin's approach for obtaining values of the stress intensity 

factor relies upon the measurement of three quantities for a single 

fringe loop. For a given isochromatic, the position which is the 

farthest from the crack tip is located. The (r,6) coordinate of this 

point is referred to as (rm, Om). (See Figure 2.2.) It should be 

noted that the condition describing this location is 

a 
etmax = 9 (2.4) 

08 

By combining equations (2.3) and (2.4) one may obtain expressions for 

o 

Ky and cyy in terms of the measured quantities Ym, %m and tmax as 

38m 2 -1/2 

Ky = Tmax’ 8™ é tan 2 * + ~—__*_ + |= —__ 
Sin 6, 3 tan ep 3 tan 6,



Figure 2.2 Notation for Stress Fringe Measurements.
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The maximum in-plane shear stress is determined from the stress optic 

Taw 

. nif 
Tmax _ ot! (2.6) 

where n' is the fringe order of the isochromatic under observation, f 

is the material fringe constant and t' is the thickness of the specimen. 

The method, although both simple and direct, is not without draw- 

backs. As noted by Wells and Post in their closure to reference [10], 

the determination of Kz is extremely sensitive to the measurement of 

the angle 6m. An error of + 2 degrees in the measurement of a typical 

value of 6m of 80 degrees results in an error of + 9 percent in the 

calculation of Ky. | 

Marloff, et al., [13] eliminated the problem of determining Oxy 

by utilizing only values of oyy Stresses along the line 6 = 0 to calcu- 

late Ky. Three procedures were presented for achieving the result. 

The values of the Oyy Stresses are obtained by "stress separation" of 

the photoelastic data. Stress separation is a tedious numerical pro- 

cedure which is highly subject to inaccuracies. This could explain 

the scatter of + 19% in the stress intensity factor values obtained by 

the three methods for a sample problem. 

Subsequently, Kobayashi and his associates [18, 19] refined 

Irwin's technique by adopting the philosophy that since Oxy is due to
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the regular part of the stress field, the quantity may be prescribed 

based upon the remote loading conditions. In the absence of a full 

Field solution, the value of oxy would be estimated. However, Smith 

and his associates [14, 15] demonstrated that an error of as much as 

20 percent may occur in the determination of the stress intensity 

factor due to an inaccurate value of the remote stress component Oxy 

Their suggestion helped to alleviate the difficulties of Irwin's 

technique (i.e., the accurate measurement of the angle 6,) and the 

approach of Kobayashi, et al. (i.e., the determination of oyy) 

The procedure suggested by Smith, et al., consisted of measuring 

the distance from the crack tip to two isochromatic fringes along the 

line 6 = (See Figure 2.3.) Expressions for Ky and oxy may be ob- a 
2° . 

tained by solving equation (2.3) at two coordinates (rj, 5) and 

(rj. 5) as 
-1 

Ky = v8mr; (tmax; - Tmax) ‘ - (ry/r5)1/?} 

3° = vB ( r,t! - tmaxshj) (r,1/? _ V2) 

As noted previously, the maximum in-plane shear stress is determined 

from the stress optic law, equation (2.6). 

The technique for extracting values of the stress intensity fac- 

tor from photoelastic data which is in current practice and is to be 

described and utilized in subsequent chapters of this paper is 

believed to be an improvement over all of the above mentioned 

approaches to the problem. In addition to overcoming the difficulties
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Figure 2.3 Stress Fringe Notation for the Two Fringe Technique.
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and inaccuracies previously described, the technique utilizes the full 

field of photoelastic data together with a least squares analysis to 

obtain values of the stress intensity factor. Beginning as Irwin sug- 

gested, equation (2.3) may be obtained. However, observation of a 

typical stress fringe pattern around a crack tip under Mode I loading 

(see Figure 2.4) reveals that the fringes tend to spread in a direction 

normal to the crack line. - Thus, fringe measurements may be most 

readily discriminated along this line. Data are taken only along 

9 = 3 reducing equation (2.3) to the form 

o 09) 1/2 
_ Kr® Kyoxy Tyxe 

Tmax Sar * 4(ar)t/2 +4 (2.8) 

Expanding equation (2.8) in series form and truncating the series to 

the same order as the original stress field equations we have 

kt xx (2.9) 
max — (Snr) 1/2 (g) 1/2 
  

T 

If we define an apparent stress intensity factor as 

Kap = tmax (8mr)/? (2.10) 

equation (2.9) may be rewritten as 

° 1/2 Kap = Ky + (ogg /? ye! (2.11) 

Since it is often convenient to present values of the stress intensity 

factor in a normalized form, the above equation may be divided by the 

factor o(na)!/* where G is a parameter describing the remote loading
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Figure 2.4 Typical Fringe Pattern for Mode I Loading.
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and a is the crack length. A normalized form of equation (2.11) may 

then be written as 

  

Kap _ Ky Oxx r Ve (2 12) 

Sina) /2 S(mayl/2 ssa 

It is important to note that if we are utilizing data taken in 

the region where the stress field is defined by equation (2.1), then 

a graph of the normalized apparent stress intensity factor versus the 

Square root of the normalized distance from the crack tip must exhibit 

linear behavior. Thus, if we construct such a graph from the experi- 

mental data, and can locate a region where the data is linear, a least 

squares analysis will provide a straight line which can be extrapolated 

back to (r/a) !/2 = 0 to determine the normalized Mode I stress intensity 

factor. Figure 2.5 shows the result of such a plot for the Westergaard 

solution [36] (a through crack in an infinite plate) corrected for 

uniaxial tension and reveals that a linear representation is valid out 

to an (r/a)!/¢ of about 0.5. 

The ideas utilized to derive the above technique may also be ex- 

tended to establish a procedure to extract stress intensity factor 

values for the three dimensional problem. Kassir and Sih [37] have 

demonstrated that for the case of an embedded elliptical flaw, the 

singular stresses can be written in the same functional form as the 

Irwin field equations for the two dimensional problem by using a set 

of local coordinate axes (Figure 2.6). Sih and Liebowitz [38] have 

pointed out that by varying the ellipticity of such a crack, a wide 

variety of crack geometries of realistic shape may be achieved.
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Figure 2.5 Linear Region from the Westergaard Solution.
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Using these ideas, the local elastic stress field equations in the 

nz plane may be written as 

K] 6 . 68 2. 36 ° = —<d]- andl wy ek Cnn (ary 172 COS 5 { sin 5 sin 5 | Onn 

Kr 9 . 8 4. 38 0 O77 = ——azm COS $f + sin > sin 35 - 6 (2.13) 
(2nr) '/2 2 2 2 ZZ 

Ky 0 Jos, 9 331 ° 
= ——, COS 5 1S1N 5 COS -5? - 

"nz (2nr) 1/2 2 { 2 2 "nz 

With the notation referring to the local axes in Figure 2.6, 

equation (2.13) is functionally in the form of equation (2.1) but there 

are important differences in their interpretation. In equation (2.13), 

the functional expression for the stress intensity factor Ky will, in 

general, show that it varies along the crack border. Moreover, the 

values of onns O77 and Ong: which represent the contribution of the 

regular part of the stress field to the components of stress near the 

crack tip, will also vary as one moves along the crack border, although 

they are treated as constants at any given point on the flaw border. 

Proceeding exactly as before, we can obtain an expression for 

the maximum shearing stress in the nz plane from 

- 2 1/2 
_ J f9zz 7 Fnn 2 

Tmax — {| 2 | + Tz } (2.14) 

The above equation may be expanded in series form and truncated to the 

same order of the crack tip stress field equations to obtain
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A 
T = 75 + B (2.15) max pl/2 

Evaluating this expression along the line 6 = * the coefficients be- 2 

come 

Kt 
A =— 7 (81) 72 

(2.16) 

° o ° 

B = Bonn, Szz> Tz) 

The introduction of the apparent stress intensity factor defined by 

equation (2.10) and normalization of the subsequent equation, as in 

the two dimensional analysis, results in an equation similar to 

equation (2.12) 

a 
    

Kap ssi B(g)!/2 (ee (2.17) 
s(na)'/2 GS (na) 1/2 eS 

Again, use of the photoelastic data to obtain a graph of the 

normalized apparent stress intensity factor versus the square root of 

the normalized distance from the crack tip, should reveal linear data 

if the data are taken in the singular stress region described by equa- 

tion (2.13). By taking the full field of photoelastic data, this 

singular zone can be experimentally located, and, after obtaining a 

least squares straight line for the data in the singular zone, this 

line is extrapolated to (r/a)!/@ = 0. At this location, the value of 

the normalized apparent stress intensity factor becomes the normalized 

Mode I stress intensity factor as can be noted from equation (2.17).
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Thus, if one wishes to obtain the stress intensity factor at 

some point along the border of an arbitrarily shaped plane crack, one 

may prepare a photoelastic model of the geometry of interest, "freeze" 

into the model the stress fringes under appropriate loads, and remove 

a slice of material containing the nz plane which can be photo- 

elastically analyzed to determine the value of the stress intensity 

factor. The experimental technique is more fully described in 

Chapter III. 

For all problems studied to date, including those presented in 

subsequent chapters of this paper, a linear data region (singular zone) 

could be located and thus the technique described above was applied to 

obtain stress intensity factor values. For some three dimensional 

problems, it is possible that non-uniform stress states, boundaries 

other than the crack surfaces, or crack front curvature may severely 

constrict the size of the singular zone, causing almost all of the 

experimental data to lie outside the linear data region described by 

equation (2.17). In order to accommodate such data, the maximum shear- 

ing stress in the nz plane may be expressed as the sum of a singular 

term plus a series expansion to describe the regular stress field, as 

  

>
 

t
o
n
s
 

ByrN/¢ (2.18) 
0 

with A = Ky/(8n) 1/4, Note that equation (2.18) reduces to equation 

(2.15) for the case M= 0. A suitable truncation criterion must be 

established for the successful application of this method.



III. EXPERIMENTAL PROCEDURE 

Stress freezing photoelasticity, an experimental technique which 

dates back to the studies of Oppel [39], utilizes the diphase property 

of certain transparent materials. At room temperatures, the material 

exhibits viscoelastic behavior in response to loads. If one heats the 

material above a certain critical temperature, the material deforms 

elastically under load. If cooled to room temperature while under 

load, the load may be removed and the material may be cut into pieces 

without altering the stress fringes and deformations produced in the 

model under load at elevated temperature. By studying the photoelastic 

fringe patterns in appropriate slices, data can be obtained from three 

dimensional problems for the calculation of the stress intensity factor 

as outlined in the previous chapter. 

There are two basic limitations in the stress freezing photo- 

elastic method as applied to cracked bodies. The method applies only 

to linear elastic behavior and thus neglects nonlinearity or plasticity 

very near the crack tip. However, it has been found that accurate 

crack growth predictions can be achieved by ignoring these effects and 

relying on the magnitude of the elastic stress field. In addition, 

all stress freezing materials are incompressible (v = 0.5) above the 

critical temperature and thus, in this respect, do not model the basic 

design materials where v = 0.3. The effect of the elevated value of 

Poisson's ratio is discussed in Chapter IV. 

20
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The materials used in the experiments to be presented in this 

paper are Hysol 4290 (Hysol Corp.), PLM-4B (Photolastic, Inc.) and 

PSM-8F (Photolastic, Inc.). Although each material was, in general, 

satisfactory, the Hysol 4290 specimens were sometimes marred by 

mottling and the PLM-4B specimens required additional machining to 

remove a surface tension effect. PSM-8F, a recently developed material, 

has several advantages over the remaining two materials. PSM-8F 

exhibits good machinability, is free from time-edge and surface ten- 

sion effects, and has a relatively low material fringe constant above 

the critical temperature. This is the material used exclusively in 

the later experiments and is the one recommended for all future work. 

The stress freezing cycle generally involves the heating of the 

material at a moderate rate until above the critical temperature, 

maintaining a constant temperature for a given time period to insure 

uniform heating throughout the specimen, applying the load and slowly 

cooling to room temperature while the model is under the application 

of the prescribed load. Details of the thermal cycle for each material 

is presented in Figure 3.1. After completion of the stress freezing 

cycle, slices are taken mutually perpendicular to the plane of the 

flaw and the flaw border at desired locations. Slice thicknesses are 

on the order of 2 mm. The surfaces of the slice are then sanded and 

coated with an oil of the same index of refraction as the model 

material. The slice is then viewed in a circular polariscope and the 

necessary data are obtained.
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Figure 3.1 Details of the Stress Freezing Cycle. 
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Models were constructed from plates cut from cast sheets of the 

photoelastic material or by glueing sections of the model which were 

cast according to the specifications of the geometry. The plate 

tests involved loading by a string supported dead weight loading 

system. The cast specimens were subjected to an internal pressure as 

the mode of loading. The specimen geometries and particulars of the 

loading and experimental procedure are discussed in the latter chapters 

as appropriate. 

Cracks are introduced into the models in either of two ways. A 

Starter flaw is produced by tapping a thin blade against the material 

surface. The specimen is then heated to above the critical tempera- 

ture and a load sufficient to produce crack growth is applied. The 

rate of crack growth is usually quite slow since the materials exhibit 

rubbery behavior above the critical temperature. A limitation of this 

method is that the shape of the flaw cannot be controlled and, in 

general, cannot be predicted. However, one dimension is specified to 

control the crack growth procedure. Flaws produced in this fashion are 

referred to as "natural cracks." 

It is sometimes advantageous to prescribe flaw shape and dimen- 

sions; in these cases "artificial cracks" are used. Artificial cracks 

are obtained by machining a narrow slot into the material with a 

circular saw blade. A coolant should be used during the cutting opera- 

tion to prevent unwanted residual machining stresses. Through the 

thickness cracks, flat-bottom surface flaws and part-circular surface 

flaws may be obtained in this manner. Two types of saw blades have
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been used in the experiments to be presented. The first produces a 

rectangular slot 152 um in width. The second produces a 1.59 mm wide 

slot terminating in a triangular tip, or "V-notch", with an included 

angle of 30 degrees and the tip rounded to a root radius of 25 um. 

The effects of using artificial cracks in the experimental work are 

assessed in the next chapter.



TV. CONSIDERATIONS FOR APPLYING THE METHOD 

As mentioned previously, the technique described in this paper 

is both a clarification and an improvement over earlier methods for 

obtaining stress intensity factor values. However, an assessment of 

the technique is required in order to: 

i) demonstrate the accuracy with which the stress intensity 

factor may be extracted from the photoelastic data; 

ii) account for the influence upon local constraint of the 

high value of Poisson's ratio encountered in stress freezing work; 

iii) determine the effects of using artificial cracks on the 

stress field surrounding the crack tip. 

In order to accomplish this, a series of experiments were de- 

Signed using an edge cracked strip as the test model. This model was 

selected because, due to bending effects and lack of gross constraint, 

it is very sensitive to small load changes and because accurate 

analytical solutions such as that of Gross and Srawley [40] are 

available. The basic specimen geometry and loading is pictured in 

Figure 4.1 together with the three types of cracks studied. 

Stress freezing tests, with numerous replications, were conducted 

on each of the geometries pictured in Figure 4.1. In addition to the 

stress freezing tests, experiments were performed on v-notched and 

naturally cracked specimens at room temperature at which the material's 

Poisson's ratio is 0.36. 
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A set of data from one of the v-notched tests is plotted in 

Figure 4.2 and may be regarded as typical for all the tests. This 

plot of the normalized apparent stress intensity factor versus the 

square root of the normalized distance from the crack tip is used to 

interpret the data and to extrapolate the portion of the data located 

in the singular zone to obtain the stress intensity factor. It is 

apparent, from observation of Figure 4.2, that the data may be divided 

into three distinct regions. In Zone I, located farthest away from 

the crack tip, the effects of the regular stress field are signifi- 

cant. In Zone III, located very close to the crack tip, a stress re- 

laxation produces a non-linear region. The exact nature of this 

disturbance is not clear; it may be due to finite deformations, non- 

linear constitutive relations, a non-linear strain-optic law for the 

material or a combination of these effects. Zone II is what has been 

called the singular zone and is the region in which the data should 

exhibit a linear behavior as described by equation (2.17). In general, 

the inner boundary of the singular zone occurs in the neighborhood of 

(r/a)!/2 = 0.2. The outer boundary of this zone tends to extend much 

further out from the crack tip in problems with slowly varying effects 

along the flaw border. This implies a constriction of the linear zone 

in problems with strong three dimensional effects, and suggests a need 

to apply the method to several tests of a given class of problems in 

order to verify that the singular zone can be located experimentally 

for a particular problem.
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A summary of the results obtained for the edge cracked plate 

tests is presented in Table 4.1. From a study of the average values 

Ky 
KTH 

experimental results were higher than predicted by the two dimensional 

of for the stress freezing tests, it is demonstrated that the 

theory. The v-notched and naturally cracked specimens yielded 

essentially the same results to within the experimental reproducibility 

of + 4%. The stress intensity factor values associated with the 

rectangular notches were greater than 20% above the analytical results. 

It may also be noted that the experiments conducted at room temperature 

produced results only slightly higher than the analytical solution. 

From these observations, it may be concluded that the increased values 

of the stress intensity factor obtained in the stress freezing tests 

is due to the elevated value of Poisson's ratio and that the rectanqular 

notch alters the stress field surrounding the crack tip to produce 

errors in the calculation of the stress intensity factor. A further 

discussion of these aspects follows. 

For a cracked plate of finite thickness, such as the specimen 

geometry under discussion in this chapter, a state of plane strain 

exists near the crack tip. However, remote from the crack tip the 

stress field and deformation field are well characterized by generalized 

plane stress. Since a zone of transition must lie between these 

extremes [41], the problem becomes three dimensional and thus dependent 

upon Poisson's ratio. In order to utilize two dimensional analytical 

solutions for comparison with stress intensity factors obtained from 

the inherently three dimensional experiments, Brown and Srawley [42]
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TABLE 4.1 

TEST RESULTS FOR EDGE CRACKED PLATES 

  

Room Temperature 

  

  

Type of Test Stress Freezing (v = 0.5) (v = 0.36) 

Rectangular Natural Natural 
Type of Flaw Notch V-Notch Crack V-Notch Crack 

Number of Tests 6 7 3 2 ] 

K] 
Average Ry 1.24 1.13 1.10 1.02 ].03 

K 
Avg. Gq Corrected) 1.07 0.98 0.95 0.97 0.98 

 



3] 

and Irwin [43] have suggested multiplying the two dimensional solution 

by the factor (1 - yey tle, A rationale for this conversion can be 

constructed as follows: 

Consider the Mode I traction loaded cracked plate of Figure 4.3. 

Rice [44] has identified an integral: 

dU4 
J = 6 rr - 04 = ds| (4.1) 

r 

where U = | O75 deij, the strain energy density, and o; and uj repre- 

sent, respectively, the stress and displacement vector components. 

Moreover, the value of the integral is independent of path for a two 

dimensional displacement field and is identical to the strain energy 

release rate g if the strain energy density is a quadratic function of 

the strains. 

If we compute Jy for path A, which is located at distances sub- 

stantially larger than the plate thickness from the crack tip, the 

result will be approximately the strain energy release rate related to 

the stress intensity factor by the plane stress result calculated by 

Paris and Sih [45]. Thus, 
2 

AT, 

Jr = 7 = -E (4.2) 

On the other hand, locating the path B within the constrained 

region close to the crack tip, we would expect our result to be related 

to the stress intensity factor by the plane strain equation 

Ky 9 
_ _ +B (1 - vS) 

up = 9, = _ EO (4.3)
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Figure 4.3 Generalized Plate Specimen.
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For J; to be path independent, it follows that 

= 2\-1/2 Kip = Kr, - vy) (4.4) 

A comparison of the experimental results with the analytical 

solution corrected by the application of equation (4.4) is shown in 

Table 4.1. 

In a similar manner, the value of the stress intensity factor 

obtained experimentally may be corrected to account for the fact that 

the Poisson's ratio of the test material is different than for the 

prototype structural material. As an example, we may recall that in 

stress freezing work Poisson's ratio v = 0.5. In order to obtain the 

test result that would correspond to v = 0.3, the stress intensity fac- 

tor value from the stress freezing experiment may first be converted 

to the two dimensional result by using the inverse of equation (4.4) 

and then converted back to a test result with v = 0.3 by applying the 

equation (4.4). The complete conversion factor is then 

(1 - (0.5)2]'/2 area , 
[1 - (0.3)e]!72 = 0.91. Thus, the stress intensity factor observed in   

a test specimen with a Poisson's ratio v = 0.3 is 9% lower than that 

observed in a stress freezing photoelastic experiment. 

The effect of the elevated value of Poisson's ratio must also be 

accounted for when comparison is made between values of the stress in- 

tensity factor calculated from stress freezing photoelastic data for 

three dimensional problems and values presented in three dimensional 

analyses of the problems. However, since the analytical work is three 

dimensional, the solution is a function of Poisson's ratio and the
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necessary conversion factor may be derived from the analysis. 

An extensive photoelastic investigation of crack-like notches was 

conducted by Dixon and Strannigan [46] some years ago. However, the 

thrust of this work was not directed toward stress intensity factor 

determination. The recent analytical work of Gross and Mendelson [47] 

Shows that v-notches with an included angle of 30 degrees or less pro- 

duce a crack tip stress field which leads values of the stress intensity 

factor to within 2% agreement with values of natural cracks. The 

experimental results presented here tend to confirm that statement. 

The rectangular notch has been studied analytically by Schroed] 

and Smith [48]. Using their computer program for Savin's solution [49], 

Figure 4.4 was constructed. From this graph it is clear that, if the 

data in the range of (r/a)'/@ between 0.2 and 0.4 is linearly extrapo- 

lated to the vertical axis, the rectangular notch (b/a = 0.006) pro- 

duces a normalized stress intensity factor which 1s about 5% greater 

than for the line crack. After applying this result to the rectangular 

notch experiments presented in Table 4.1, the stress intensity factor 

is less than 2% above the corrected analytical value. 

In addition, after accounting for the rectangular notch effects, 

the experimental values of the stress intensity factor average 1.3% 

below the corrected analytical results. 

It may be concluded from this work that: 

i) 1.59 mm wide slots terminating in a 30 degree triangular 

tip rounded to a root radius of 25 um yield essentially the same stress 

intensity factor values as natural cracks.
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ii) Rectangular slots 152 um wide tend to give stress intensity 

factor values which are higher than v-notch or natural crack results. 

iii) The effect of Poisson's ratio in a stress freezing plate 

test is significant (approximately 15%) and should be accounted for 

when comparing results with two dimensional solutions. 

iv) Test results can be replicated to within + 4%. 

v) The average experimental results compared well (to within 

1.3%) with the expected stress intensity factor values. 

Thus, the technique has been assessed as being a reliable experi- 

mental method for determining the value of the stress intensity factor. 

The application of the procedure to various three dimensional problems 

is presented in the following chapters.



V. APPLICATION T0 SURFACE FLAWS IN PLATES 

Although recognized as an important part of fatique fracture for 

many years, the surface flaw was not characterized analytically until 

1962, when Irwin [50], using crack opening displacements obtained by 

Green and Sneddon [51] for the embedded elliptical flaw, constructed 

an approximate expression for a semi-elliptical flaw in a half space. 

The stress intensity factors from this solution have been found to be 

accurate for shallow flaws in plates, but when the flaw penetrates to 

and beyond the midthickness of the plate, it becomes increasingly in- 

accurate due to the influence of the back surface of the plate. 

Inclusion of the back surface effect has been achieved through a number 

of approximate techniques including finite element, boundary integral, 

alternating, and line spring model methods, all of which are described 

in reference [52]. However, the problem has remained intractable to 

closed form solution. Moreover, while all of these methods tend towards 

coalescing stress intensity factor values at points of maximum flaw 

penetration for very shallow flaws, they yield somewhat divergent 

results for moderate to deep flaws in finite thickness plates. 

Due to the absence of a closed form solution to the problem, one 

is led to consider experimental means for assessing the several ap- 

proximate analytical theories. A series of stress freezing photoelastic 

experiments was conducted to examine the problem for a limited range 

of geometrical parameters. Part circular flaws (see Figure 5.1) were 

machined into cast plates of PSM-8F and PLM-4B. A v-notch crack tip 

37
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geometry, discussed in the previous chapter and diagrammed in Figure 

5.2, was used. Crack lengths were kept below one fourth of the plate 

width to eliminate plate edge effects. Plate lengths were about three 

times the plate widths to insure a uniform load field above and below 

the flaw plane. 

The test specimens were suspended in a dead weight remote tension 

loading rig in the stress freezing oven. After completion of the 

stress freezing cycle as described in Chapter 3, slices approximately 

1.25 mm thick were removed from the model as indicated in Figure 5.3. 

Observation of the slices in a circular polariscope reveals a fringe 

pattern such as that shown in Figure 5.4. A typical set of data 

extracted from the photoelastic fringe pattern is presented in 

Figure 5.5 following the procedures outlined in the Appendix. 

The test geometries studied and the results are given in Table 

5.1. The influence of the relative crack depth a/T was studied at 

d/A = 0.6. The results presented for group II represent the average 

of three tests. The values of the stress intensity factor were repli- 

cated to within + 3%. Figure 5.6 presents a comparison of the experi- 

mental results with the Smith theory described in reference [53]. In 

computing the stress intensity factor values, the theory was adjusted 

to v = 0.5 by using a linear extrapolation of values presented for 

v = 0.25 and v = 0.39. For v = 0.5, this results in an increase in 

stress intensity factor values of about 6% above the values at v = 0.25. 

This order of increase in the stress intensity factor is also predicted 

by the theories of Shah and Kobayashi [54] and Rice and Levy [55].
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Figure 5.2 Surface Flaw Test Configuration and Crack Tip Geometry.
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Figure 5.3 Slice Locations for the Surface Flaw Problem.
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Figure 5.4 Typical Surface Flaw Fringe Pattern.
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TABLE 5.1 

TEST GEOMETRIES AND SIF VALUES FOR SURFACE FLAWS IN PLATES 

  

  

  
  

  

  

  

  

  

  

  

GROUP It II! 

Flaw depth (a) mm 10.2 10.2, 11.2 
Flaw length (2c) mm 41.4 41.4 42.7 

Plate thickness (T) mm 22.1 13.9 13.1 

Remote stress (c) kPa 72.4 58.9 46.0 

d/A 0.60 0.60 0.56 

a/T 0.46 0.73 0.86 

a/2c 0.25 0.25 0.26 

KT at —= (Experiments) 
o(na)!/2 Oma x 

0 0.92 1.00 1.13 

1/6 0.89 1.01 1.15 

2/6 0.84 1.07 1.23 

3/6 0.91 1.03 1.19 

4/6 0.85 1.04 1.16 

5/6 0.82 0.89 1.01 

6/6 0.54 0.58 0.71 

K 

Sea aay 0 8 08 
Experimenta | 0.92 1.00 1.13 

Shah-Kobayashi 0.89 1.00 1.10 

Rice-Levy 1.12 * * 

Newman 1.00 1.17 1.30 

Smith-Sorensen 0.96 1.07 1.17 

All tests: Radius of penetrating circle, A, mm 25.4 
Plate width, w, mm 177. 

+ This group represents the average of three tests. 

* These geometries are outside the range of this theory.
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Figure 5.6 shows that the Smith analysis overestimates the stress 

intensity factor values significantly at points near where the flaws 

intersect the front surface of the plates. However, near points of 

maximum flaw penetration, agreement with experimental results to with- 

in 5% was observed for a/T = 0.46 and 0.73. For a/T = 0.86, the theory 

underestimates the stress intensity factor at points of maximum flaw 

penetration by about 10%. 

In addition to the above comparisons with Smith's work, the 

experimental values of the stress intensity factor at the point of 

maximum flaw penetration were compared with several semi-elliptical 

surface flaw theories [54-57] by matching flaw depth and length. The 

results are shown in the lower part of Table 5.1. The best agreement 

for the geometries studied here is found with the Shah and Kobayashi 

analysis where the results compared to within 4%.



VI. APPLICATION TO FLAWED REACTOR VESSEL-NOZZLE INTERSECTIONS 

The incidence of cracks at the juncture of pipes with reactor 

vessel housings has been a persistent problem in the pressure vessel 

and piping industry for many years. Experience has shown, however, that 

such cracks can be tolerated without rendering the structure inoperative 

provided adequate estimates of the stress fields surrounding the crack 

tip, characterized by the stress intensity factor, can be made. Stress 

freezing photoelastic models of nuclear reactor pressure vessels 

were constructed containing a crack at the intersection of the nozzle 

wall and vessel wall to conduct an experimental program to obtain such 

information. The test procedure involved: 

i) Using PSM-8F as the specimen material, cast sections of the 

model to the required geometric specifications. 

ii) Introduce a natural crack into the inside corner of the 

juncture of the nozzle wall with the vessel wall. 

iii) Assemble the entire model as pictured in Figure 6.1. 

iv) Heat to above the critical temperature, apply an internal 

pressure and grow the crack to the desired size, reduce the pressure 

to a level to insure no further crack growth and cool to room temperature. 

v) Obtain slices mutually orthogonal to the flaw surface and 

flaw border at appropriate locations. 

The notation adopted for the current problem is presented in 

Figure 6.2. The four tests conducted cover a range of a/T of 0.15 to 

0.71. The crack dimensions are outlined in Table 6.1. It should be 

47
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Figure 6.1 Reactor Vessel Model.
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“TABLE 6.1 

FLAW GEOMETRIES FOR THE REACTOR VESSEL TESTS 

  

  

Test Number ] 2 3 4 

Vessel wall crack length (ay) mm 5.6 14.0 18.3 36.3 

Nozzle wall crack length (ay) mm 5.6 14.0 18.5 26.6 

Crack depth (a) mm 4.8 11.9 15.5 22.4 

a/T 0.15 0.37 0.48 0.7) 

  

All tests: T = 31.8 mm.
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noted that although the flaw borders remain normal to the vessel and 

nozzle walls, their shape changes from quarter-circular for the 

shallow flaws to a shape with very little curvature of the flaw border 

in the central region of the flaw border as the crack depth increases. 

Viewing a slice in a circular polariscope, one would observe a 

fringe pattern such as that pictured in Figure 6.3. Utilization of the 

photoelastic data for the determination of the stress intensity factor 

is demonstrated in Figure 6.4. 

It is difficult to quantitatively compare the results of the 

experiments with current finite element solutions due to differences 

in nozzle geometries. However, qualitative comparisons of stress 

intensity factor distributions along the flaw border would seem to be 

appropriate. Fiqure 6.5 shows the normalized stress intensity factor 

distributions along the flaw borders. Upon comparing these trends with 

those presented in references [58] and [59], the finite element solu- 

tions predict an increase in the stress intensity factor near the 

points of intersection of the flaw border with the vessel or nozzle 

wall while the experiments clearly show a decrease in the stress in- 

tensity factor at these locations. 

Quantitative comparisons may be made between the present results 

and previous experimental work conducted by Derby [60], since the two 

reactor vessel models are virtually the same geometry. Derby also 

used plastic models, in which he extended his cracks from initial slots 

by fatiguing. This process was followed by residual static strength 

tests. Since Derby was able to report only one value of the stress
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Figure 6.3 Typical Fringe Pattern for Reactor Vessel Crack.
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intensity factor, the value at the crack border midpoint in the present 

tests was used for comparison with his results. Figure 6.6 shows 

remarkable agreement with Derby's results except for the shallow flaw 

where the present stress intensity factor values are 15% below the 

results of Derby. However, Derby indicated a scatter in his data of 

about + 10% in this region.
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VII. APPLICATION TO HOLE CRACKS 

Problems associated with flaws emanating from the edge of inter- 

section between a cylindrical hole and a free surface of a finite 

thickness plate have become those of major technological importance in 

the aerospace industry. Approximate theories [61-63] have been 

developed for use by design engineers, but due to the mathematical 

complexity of the problem, one is led to consider experimental means 

for obtaining stress intensity factors to assess the accuracy of the 

approximate theories. 

A series of stress freezing photoelastic experiments was 

designed for the purpose of obtaining values of the stress intensity 

factor for regions near the intersection of the flaw border and the 

hole, point H (see Figure 7.1), the intersection of the flaw border and 

the plate surface, point S, and the intermediate regions IS and IH. 

The specimens were cast plates of PLM-4B for tests 1-8 and PSM-8F for 

tests 9-15. Specimen preparation consisted of the following procedure: 

i) Drill and ream a circular hole in the center of a plate. 

ii) Mount a sharp blade in a special guide and tap a starter 

flaw into the hole surface-plate surface intersection edge. 

iii) For tests 1-8, mount the test specimen in the stress freez- 

ing oven, heat to above the critical temperature, grow the crack to the 

desired size by the application of remote tension, reduce the load to 

below the threshold value for crack growth, and cool to room tempera- 

ture. A diagram of the test configuration is presented in Figure 7.2. 
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Figure 7.1] Hole Crack Problem Geometry and Notation.
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iv) For tests 9-15, mount the test specimen in the stress 

freezing oven in a special flexing rig, heat to above the critical 

temperature, flex the plate to grow the crack to the desired size, and 

cool to room temperature in a slightly flexed position to avoid crack 

closure. Remount the specimen in a vertical position for dead weight 

tension normal to the flaw surface through a string loaded system, heat 

to above the critical temperature, apply a load, and cool to room 

temperature. 

v) Obtain slices normal to the flaw border and the flaw sur- 

faces in the regions H and S for tests 1-8, and in the regions H, IH, 

TS and S for tests 9-15. 

Observation of the slices in a circular polariscope reveals 

fringe patterns such as one pictured in Figure 7.3. A set of data from 

one of the tests is presented in Figure 7.4 showing only the data con- 

tained in the singular zone which corresponds to a linear data region 

on a plot of the normalized apparent stress intensity factor versus the 

square root of the normalized distance from the crack tip. The results 

shown in Figure 7.4 may be regarded as typical of all tests. 

The results of the first eight tests are summarized in Table 7.1 

together with comparisons with the theories of Hall and Finger, Newman, 

and Shah. Since the first two theories predict only one value of the 

stress intensity factor, they are compared with the average of the 

values obtained at points S and H. Agreement was found to be within 

about 15% for the Hall and Finger theory and to within about 25% for 

the Newman theory. Individual values of Kj at points S and H were
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Figure 7.3 Typical Fringe Pattern for the Hole Crack.
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computed from Shah's analysis. Near the plate surface, Shah's results 

were about 15% above the experimental values for a/T < 0.25, and within 

10% for a/t > 0.25. Shah's values of the stress intensity factor near 

the hole surface agreed with the experimental results to within 10% for 

a/T < 0.25, and generally within 20% for a/T > 0.25. 

Results from the latter seven tests are found in Table 7.2. 

Direct comparisons are made with Shah's theory which appears to over- 

estimate the stress intensity factor near the hole by about 3% to 50%. 

For the shallower flaws (a/T < 0.40) Shah underestimates the value of 

the stress intensity factor near the surface while for a/T > 0.40, the 

theory produces values higher than those observed in the experiments. 

There is noted agreement between Shah's analysis and the experimental 

results at a = 26° from the hole (point IH). From Table 7.2 one can 

observe that at point IH Shah agrees with the experimental value of Ky 

to within 10%, except for test 10, the only case where c = r, where it 

overestimates the experimental result by about 30%. 

The Hall and Finger theory is found to agree with the average of 

the stress intensity values at point H and IH to within 10% except for 

the very deep flaws (tests 14 and 15) where it underestimates Ky by 

about 30%. Newman's analysis, intended to yield an average stress 

intensity factor over the entire flaw border, agreed with the average 

of the experimental values at points S and H to within 10% for all 

tests except for test 15 where it overestimates Kz by about 15%. 

From the results contained in this chapter it may be concluded 

that:
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TABLE 7.2 

TEST GEOMETRIES AND SIF VALUES FOR HOLE CRACKS--PHASE II 

  

  
  

  

  

  

  

  

Test Number 9 10 11 12 13 14 15 

Hole Radius (r) mm 3.18 6.35 3.18 3.18 3.18 6.35 6.35 

Plate Depth (T) mm 13.84 13.03 13.41 13.97 13.34 12.95 13.39 

Crack Length (c) mm 5.08 6.35 25.40 19.81 12.45 25.40 38.86 

Crack Depth (a) mm 5.08 5.08 7.87 8.64 8.89 11.43 12.45 

Remote Stress (o) kPa 58.59 62.54 51.30 58.26 70.60 43.68 32.47 

a/T 0.37 0.39 O.59 0.62 0.67 0.88 £0.93 

a/c 1.00 0.80 0.31 O.44 O.71 0.45 0.32 

c/r 1.60 1.00 8.00 6.24 3.92 4.00 6.12 

2r/T 0.46 0.98 0.47 0.46 0.48 0.98 0.95 

Stress Intensity Factors (Experimental ) _ ‘Kr 
a(na)!/@ 

At Point S 0.61 0.70 0.67 0.73 0.79 0.57 © 

At Point IS * * * 0.45 0.50 0.92 0.61 

At Point IH 0.95 0.93 0.97 0.92 0.85 1.44 1.54 

At Point H 1.05 1.25 1.17 0.96 0.83 1.45 1.81 

Average Points H and IH 1.00 17.09 1.07 QO.94 O.84 1.45 1.68 

Average Points S and H 0.83 0.98 * 0.82 0.78 1.12 #21.19 

Stress Intensity Factors (Analytical) _ Kr 
o(na)!/2 

Hall-Finger 0.87 1.20 1.10 0.98 0.84 1.10 1.21 

Newman 0.77. 1.01 O.96 0.84 0.72 1.16 1.35 

Shah (at S) 0.84 0.95 0.48 0.54 0.64 0.59 0.48 

Shah (at IS) 0.83 0.97 0.84 0.76 0.68 0.93 1.06 

Shah (at IH) 0.96 1.28 1.04 0.97 0.89 1.35 1.44 

Shah (at H) 1.12 1.63 1.32 1.34 #+%21.25 21.80 1.87 
  

* Insufficient fringes for full spectrum of data.
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i) The relative crack depth a/T appears to be the most sig- 

nificant geometric parameter. The second most significant geometric 

parameter appears to be the crack shape a/c. 

ii) The Shah analysis generally provides reasonable values (to 

within 20%) of the stress intensity factor near points S and H for 

flaws of a/c > 1.0 but yields greater errors for lower values of a/c. 

Excellent agreement is obtained between the experimental results and 

the values from Shah for the stress intensity factor at the interior 

region near the hole (point IH) for flaws of a/c < 1.0. 

iii) The Hall and Finger theory agrees with averages of experi- 

mental stress intensity factor values to within 15% for shallow to 

moderately deep flaws (a/T < 0.80). 

iv) The Newman theory differs from the average experimental 

stress intensity factor at points S and H by less than 25% for a/c > 1.0 

and generally by less than 15% for lower values of a/c.



VIII. ANALYTICAL. FOUNDATIONS FOR THE COMBINED 

MODE I ~ MODE II PROBLEM 

The technique described for the determination of values of the 

stress intensity factor has been demonstrated to be a valid procedure 

through its successful application to several three dimensional problems 

as described in the preceeding three chapters. The thrust of the 

previous work was for the solution of problems of Mode I loading. It 

is now desired to extend the ideas used in the formulation of the 

analysis described in Chapter II to develop a technique for obtaining 

values of the Mode I stress intensity factor and the Mode II stress 

intensity factor from photoelastic data when the problem involves com- 

bined loading. 

When a cracked body is subjected to mixed mode loadings, one can 

write, following equation (2.13), 

__*I 8 oy 2 can 38 Sonn = (2ar) 1/2 cos 5 ] - sin 7 Sin 5 

KIT 8 @. 3el_ ” (np) 72 sin 57 42 + cos 7 COS Ff - Onn 

__ i‘ 8 fy 4 cin 2 cin 32 
S57 = (2nr) 172 cos 9 sin 9 sin 9 

,_—*u.. 5 { 8 go} ° 
(2nr) 172 sin 9 cos 9 cos 9 - O77 

Ky 8 { . 8 3 
T = — ~~ COS = 48S1N wz COS z— 
nz (2nr)l/2 2 2 2 

Kry ° 
+ ——755 COS g ] - sin 8 sin 38 - T (2nr) 1/2 2 2 2 NZ 
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where the notation again refers to Figure 2.6 for the problem at hand. 

In the three dimensional problem, the values of the stress intensity 

factors, Ky and Kyz, will, in general, vary along the crack border. 
° 9 ° 

The terms ony, O77 and t,, are added to the singular expressions to z 

account for the contribution of the regular part of the stress field 

to the components of stress near the crack tip. Although treated as 

constants in a plane perpendicular to any point along the flaw border, 

the values of these terms will also usually vary as one moves along the 

crack border. 

If we use the above equations to obtain an expression for the 

maximum shear stress in the nz plane (as before with equation (2.14)), 

we can expand this expression, and truncating to the same order as the 

crack tip stress field equations (8.1), write 

A 
= + B (8.2) “172   

Tmax 

The coefficients of the above expansion reduce to 

1/2 
A = 1 ir (K sin 6 + 2 Kry cos @)2 + (Kr7 sin 0)2] / Str J IT II (8.3) 

3 oO ° 

B(Ky, KIT» 9» Omns Szz> Thz) 

wo il 

It is important to note here that, in contrast to the pure Mode I case, 

no value for 0 has been specified in equations (8.2) and (8.3). 

Now, in general, the effects of the regular stress field 

components involve both a folding and a change in eccentricity of the 

fringe loops [17]. If folding occurs, O,, the angle along which the 

distance to a fringe from the crack tip is greatest, will vary with the
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fringe order n' (see Figure 8.1). In this case, one must plot the 

angle 0, versus the normalized distance r/a and extrapolate to the 

crack tip (r/a = 0) in order to obtain On the value of 0, at the 

crack tip and that which is associated with Ky; and Kyy;. Observation 

of a typical fringe pattern as shown in Figure 8.2 indicates that in 

the vicinity of the crack tip, which corresponds to the region in which 

the photoelastic data is gathered, the angle 0, approaches a constant. 

This trend is shown qualitatively in Figure 8.1. It may be noted, how- 

ever, that this trend is not a prerequisite to the application of the 

technique. 

Upon computing 

  

OT . max ° 0 oO 
lim {(aer)"/2 J (Ky sKrT9758s0n' 9079 tna) = 0 (8.4) 

r0, 

On Om 

one obtains the relation 

Krr}* 4 (Kir o 1. KIT}© _ 4 {SII} cot 20, - L = 0 8.5 
| | 3 {Rp} or om 3 (8.5) 

By inserting the measured value of Om into equation (8.5), the 

quantity (Kzz/Ky) can be computed. Then, by defining a combined mode 

apparent stress intensity factor, 

* KAP = tay (8mr)!/é (8.6) 

and using the stress optic law (equation (2.6)) to obtain the values of 

tax» We can solve for the individual values of the normalized Mode I 

and Mode II stress intensity factors, Ky /o(ma)!/4 and Kry/a(na)!/2,
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Figure 8.2 Fringe Pattern for Combined Mode I - Mode II Loading.
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In order to do this we obtain the normalized combined mode stress 

intensity factor 

2 
—k 2 f/_ sing’ +2 _ “I cos On 
o(na)!/2 tr m o(na)!/2 m 

9\1/2 

_ Ki sin 0. + Ana)? in (8.7) 

by plotting a normalized combined mode apparent stress intensity factor 

versus the square root of the normalized distance from the crack tip, 

Kip/a(na)!/2 versus (r/a)!/2, identifying the linear region of the 

plot, which corresponds to the singular zone, and extrapolating to an 

(r/a)!/2 = 0, as was done for the Mode I case. 

This technique is utilized in the analysis of the problem of the 

following chapter.



IX. APPLICATION TO FASTENER LOADED HOLE CRACKS 

The problem of cracks emanating from open holes in plates loaded 

by remote tension was addressed in Chapter VI. As mentioned at that 

time, the three dimensional complexities of the problem have prevented 

the accomplishment of extensive analytical work. The determination of 

stress intensity factors along the border of a flaw emanating from the 

corner formed by the intersection of the surface of a flat plate with 

the boundary of a neat fit, rigid pin loaded hole presents additional 

difficulties. Any analytical work undertaken, even that of an approxi- 

mate nature, requires first the solution to the contact problem of the 

pin loaded hole and then the analysis of the crack problem. Only one 

such combined attempt has been reported in the literature [63]. 

A series of stress freezing photoelastic experiments were con- 

ducted to investigate this important technological problem. Models 

were constructed from cast plates of PSM-8F. The model making procedure 

consisted of: 

7) Drill and ream a circular hole in the center of a plate. 

ii) Tap in a starter crack at the hole-plate surface interface. 

iii) Insert a neat fit aluminum pin into the hole and mount the 

model in a dead loading rig in the stress freezing oven. 

iv) Heat to above the critical temperature, apply remote tension 

normal to the flaw surface, grow the natural crack to the desired 

size, remove the load and cool to room temperature. 
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v) Heat to above the critical temperature, apply a live load 

through the pin and cool to room temperature. 

vi) Obtain appropriate slices as indicated in Figure 9.1. 

The geometries tested are shown in the upper part of Table 9.1. 

Fringe patterns typical of those observed when viewing the slices 

in a circular polariscope are presented in Figure 9.2. The data 

extracted from fringe patterns such as those in Figure 9.2 is shown in 

Figure 9.3. Results are tabulated in the middle of Table 9.1. 

The dysymmetry of the fringes around the crack plane in Figure 

9.2a reveals the presence of mixed mode behavior near point S while 

the symmetric fringe geometry in Figure 9.2b reveals only Mode I load- 

ing near point H. Values of the Mode II stress intensity factor Ky 

were found to be from 11% to 22% of the Ky values as noted in Table 

9.1. 

Values of the Mode I stress intensity factor at point H were 

significantly larger than values of Ky] at point S for all geometries 

tested. Tests 4 and 5 were for nearly identical geometries, and results 

are seen to differ by about 10%. 

Chapter 7 contains tests on geometries similar to those of tests 

1P, 6P and 7P of this chapter. Comparing the results of these pin 

loaded hole tests with the experiments of remote tensile loading and 

an open hole, it was found that at point S, Ky for the pin loaded tests 

was about two to four times the value of the stress intensity factor 

for the open hole; at point H, the stress intensity factor for the pin 

loaded tests was two to five times the value of Ky without the pin.
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TABLE 9.1 

TEST GEOMETRIES AND SIF VALUES FOR THE PIN LOADED HOLE CRACKS 

  

  

  

  

  

  

  

  

  

  

Test Number 1P 2P 3P 4p 5P 6P 7P 8P 

Hole Radius 
(r) mm 6.67 6.67 3.18 3.18 3.18 6.67 3.18 £6.67 

Plate Depth 
(T) mm 13.21 12.95 13.21 12.95 13.46 12.85 13.72 12.95 

Crack Length 
(c) mm 2.29 3.30 2.79 2.79 2.79 #+.4.57 5.33 6.60 

Crack Depth 
(a) mm 2.54 3.56 4.83 5.59 5.84 7.11 10.92 11.43 

Bearing Stress 
(oh) kPa 265. 270. 557. 568. 547. 273. 536. 193. 

a/T 0.19 0.28 0.37 0.43 £40.43 0.55 0.80 0.88 

a/c 1.1] 1.08 1.69 2.00 2.08 1.56 2.04 1.73 

c/r 0.34 0.50 0.88 0.88 0.88 0.69 1.68 0.99 

2r/T 1.01 1.03 0.48 0.49 0.47 1.04 0.46 1.03 

Stress Intensity Factors at S (Experiments) 

K 
1 0.181 0.129 0.165 0.156 0.132 0.181 0.091 0.211 

1/2 op (1a) 

Ar 0.020 0.029 0.034 0.026 * 0.030 0.017 0.036 
on(na) 72 

Stress Intensity Factors at H (Experiments) 

K 
——17 0.376 0.386 0.243 0.225 0.205 0.215 0.117 0.285 
op (ra) 

Stress Intensity Factors (Shah Theory) 

(At S) 

__<l__ 9.355 0.289 0.198 0.190 0.188 0.237 0.123 0.182 
1/2 

op (7a) 

(At H) K 

__ “E0474 0.442 0.289 0.240 0.256 0.312 0.254 0.305 
1/2 

op(ma) 

* Tests 4P and 5P were intended as approximate replications. However, 
the crack growth in 5P was small and at an angle to the initial flaw, 
invalidating the data for Kj].



  a | ime 2S 

Figure 9.2a Typical Fringe Pattern for Pin Loaded Hole Crack at 
Point S. 

  
Figure 9.2b Typical Fringe Pattern for Pin Loaded Hole Crack at 

Point H.
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Comparisons are made with the approximate theory constructed by 

Shah in Table 9.1. In making the comparisons, results from the 

analytical work were computed at the midthickness of each specimen 

Slice. At point S, Shah overestimated Kr by 20% to 125% except for 

the deep flaw in test 8 (a/T = 0.88) where the experimental result was 

greater than the value determined from the analytical work. At point 

H, Shah's theory again overestimates the experimental Mode I stress 

intensity factor values by 10% to 110%. However, the larger dis- 

crepancies occurred only for the deep flaws (a/T > 0.5). Shah did not 

present results for Mode II stress intensity factors for the problem. 

On the basis of the studies described in this chapter it is con- 

cluded that: 

i) Stress intensity factors for cracks emanating from neat 

fit, rigid pin loaded holes are several hundred percent higher than 

those obtained for remote tensile loading of open holes. 

ii) The available design theory generally overestimates the 

stress intensity factors for the pin loaded holes with cracks. 

iii) Mixed mode effects are present near point S.



X. SUMMARY AND CONCLUSIONS 

Solutions providing values of the stress intensity factor for 

finite three dimensional cracked body problems are required for the 

design process. Although solutions to several such problems exist, 

most of these involve approximations or are obtained through numerical 

techniques, and thus their accuracy must be assessed. 

An experimental technique is described involving stress freezing 

photoelasticity to obtain information concerning the stress field 

around a crack tip which allows the determination of the stress in- 

tensity factor. The major advantages of the method over previous photo- 

elastic techniques are that stress separation of the photoelastic data 

is not required and the approach utilizes the full field of photo- 

elastic data in a least squares analysis for the evaluation of stress 

intensity factor values. 

The limitations of the method are that the materials used for the 

experimental models are incompressible above the critical temperature 

and that a linear data region must be located on a graph of the 

normalized apparent stress intensity factor versus the square root of 

the normalized distance from the crack tip for the stress intensity 

factor determination. The problem of the elevated value of Poisson's 

ratio can be accounted for as discussed in Chapter 3. The linear zone 

on the apparent stress intensity factor graph was found to exist for 

all problems studied to date. 
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The technique is applied to several three dimensional cracked 

body problems of current technological interest. Comparisons are made 

between the experimentally determined stress intensity factors and 

values obtained from appropriate analytical work. 

Replications of identical test geometries indicate a scatter in 

the results of less than + 5%. 

It is concluded that, with adequate replications for data assess- 

ment and proper accounting of the influence of the elevated value of 

Poisson's ratio, a reasonable degree of accuracy can be achieved so 

that the method may be regarded as a viable means for independent 

determination of values of the stress intensity factor in three 

dimensional cracked body problems.
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APPENDIX 

Since there are many excellent references which present the details 

of the photoelastic method such as [64-66] it is not the intention of the 

author to dwell upon the details here. However, a brief overview of 

photoelasticity and its application to the current problem of stress 

intensity determination does seem appropriate. 

Many transparent materials which are ordinarily optically isotropic 

become optically anisotropic when they are stressed. This effect normal- 

ly persists only while the loads are maintained but may be permanently 

induced through the stress freezing process. The phenomenon is known 

as double refraction and is the basis of the photoelastic method. 

When a photoelastic material is stressed and a ray of light enters 

along one of the directions of principal stress the light is divided into 

two component waves, each with its plane of vibration or polarization 

parallel to one of the principal planes of stress. The light travels 

along these two paths with different speeds, which depend upon the 

magnitudes of the principal stresses in the material. 

If the two waves are brought together in a crossed circular polari- 

scope an interference pattern can be observed. With monochromatic light 

the interference pattern is a series of dark and light bands as can be 

seen in Figure 5.4 and are called stress fringes. The dark fringes are 

assigned an integral fringe order n', beginning with n' = 0, and are 

proportional to the maximum in-plane shear stress as noted in equation 

(2.6). 

If white light is used as the source for the polariscope, the 
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resulting interference pattern appears as a spectrum of colors. The 

border between bands of rose pink and pale green corresponds to the 

exact center of the dark fringes observed with monochromatic light. It 

is thus possible to accurately determine the center of fringes such as 

those pictured in Figure 5.4. 

When the number of fringes is such that the photoelastic pattern 

does not form a satisfactory basis for obtaining a sufficient quantity 

of data points, it becomes necessary to measure fractional fringe orders. 

In this case the Tardy Method is applied. A plane polariscope is used 

to determine the directions of the principal planes of stress at the 

locations where data is desired. The model is then oriented such that 

the principal planes of stress are parallel to the polarizing axes of 

the polaroids of the crossed circular polariscope. If the second pol- 

aroid (the analyzer) is rotated clockwise an angle & degrees from its 

initial orientation, the fringe orders decrease by a quantity 6/180 [67]. 

It is through the application of this procedure that many more data 

points appear in Figure 5.5 than the number of fringes which may be 

observed in Figure 5.4. 

The preceding brief introduction to photoelasticity will simplify 

an explanation of the details of the data taking process. After obtain- 

ing a slice of material at a desired location along the flaw border, the 

slice is viewed in a plane polariscope. The directions of the principal 

planes of stress along the line corresponding to the direction of fringe 

spreading (9 = 3 for Mode I loading) are determined. For all slices 

studied it was found that the principal direction was a constant along
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the direction of fringe spreading on one side of the crack in the 

region where data were obtained. 

The slice is then oriented in the proper manner in a crossed circu- 

lar polariscope for the application of the Tardy Method. The data needed 

for the determination of the stress intensity factor reduces to the 

fringe order, n', and the distance from the crack tip to the fringe along 

the direction of fringe spreading, r. These quantitites are measured for 

the highest integral order fringe which corresponds to the one closest to 

the crack tip. The analyzer is then rotated clockwise 18 degrees so that 

the fringe order is reduced by 0.1. The distance from the crack tip to 

this fringe is then measured and the process is repeated until about two 

dozen sets of measurements are obtained. 

From the data, the normalized apparent stress intensity factor may 

be calculated from equations (2.6) and (2.10) and their corresponding 

values of the square root of the normalized distance from the crack tip 

may be used to construct a graph such as Figure 5.5. Data at an (r/a)? 

less than approximately 0.2 is generally ignored due to the effects dis- 

cussed in Chapter IV. A least squares analysis is used to fit a straight 

line through the data outside of (r/a)? = 0.2, which corresponds to the 

region in which the data exhibit linear behavior. The straight line is 

then extrapolated to (r/a)? = 0 and the normalized stress intensity fac- 

tor is obtained as discussed in Chapter II.
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A PHOTOELASTIC TECHNIQUE FOR THE 

DETERMINATION OF STRESS INTENSITY FACTORS 

by 

Mitchell Jolles 

(ABSTRACT) 

A technique for obtaining values of the stress intensity factor 

from photoelastic data for three dimensional cracked body problems is 

described. The stress intensity determination is accomplished without 

resorting to stress separation methods through employing an expression 

for the maximum in-plane shearing stress consisting of a singular term 

which is related to the stress intensity factor and a constant term 

which is related to the regular stress field. The technique itself 

identifies the zone dominated by the singular stresses. 

The effects of using artificial cracks and a model material which 

exhibits a Poisson's ratio v = 0.5 are assessed. The application of 

the technique to a variety of technologically important three dimen- 

sional problems is illustrated for Mode I loading and combined Mode I - 

Mode II loading. The major advantages and limitations of the technique 

are discussed. 

Replications of identical test geometries indicate a scatter of 

the stress intensity factor determination of less than + 5%. It is 

concluded that the method is a valid means for the independent deter- 

mination of values of the stress intensity factor.


