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Time Stepping Methods for Multiphysics Problems

Arash Sarshar

(ABSTRACT)

Mathematical modeling of physical processes often leads to systems of differential and alge-
braic equations involving quantities of interest. A computer model created based on these
equations can be numerically integrated to predict future states of the system and its evolu-
tion in time. This thesis investigates current methods in numerical time-stepping schemes,
identifying a number of important features needed to speed up and increase the accuracy of
the solutions. The focus is on developing new methods suitable for large-scale applications
with multiple physical processes, potentially with significant differences in their time-scales.
Various families of new methods are introduced with special attention to multirating, low
computational cost implicitness, high order of convergence, and robustness. For each family,
the order condition theory is discussed and a number of examples are derived. The accu-
racy and stability of the methods are investigated using standard analysis techniques and
numerical experiments are performed to verify the abilities of the new methods.



Time Stepping Methods for Multiphysics Problems

Arash Sarshar

(GENERAL AUDIENCE ABSTRACT)

Mathematical descriptions of physical processes are often in the form of systems of differ-
ential equations describing the time-evolution of a phenomenon. Computer simulations are
realizations of these equations using well-known discretization schemes. Numerical time-
stepping methods allow us to advance the state of a computer model using a sequence of
time-steps. This thesis investigates current methods in time-stepping schemes, identifying
a number of additional features needed to improve the speed and accuracy of simulations,
and devises new methods suitable for large-scale applications where multiple processes of
different physical nature drive the equations, potentially with significant differences in their
time-scales. Various families of new methods are introduced with proper mathematical for-
mulations provided for creating new ones on demand. The accuracy and stability of the
methods are investigated using standard analysis techniques. These methods are then used
in numerical experiments to investigate their abilities.
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Chapter 1

Introduction

Simulation of physical systems is an essential component of many engineering and scientific
fields. In many applications, numerical simulations of dynamical systems are used for design
verification and as a means to test ideas in different scenarios without paying the high costs
of prototyping. Simulations also generate predictions that inform domain scientists about
the state of a complex natural phenomenon by finding solutions to a mathematical model
constructed to represent the true dynamics. Forward integration is also an important step
in solving parameter estimation, optimization, and inverse problems.

This work is focused on developing new and efficient numerical methods for the solution of
Ordinary differential Equations (ODEs) arising from multi-physics problems. In many cases
the ODE system is a result of discretization methods applied to the differential equations
governing numerous physical processes. The resulting ODE system is large and integrating
it in time to find the solution at future times is a demanding task: Ideally a numerical
scheme offers high accuracy and low computational cost and robustness for a wide breadth of
applications. Traditional methods don’t provide all these features. While explicit methods
are computationally low-cost, they are limited by their small time-steps due to stability
issues. On the other hand, implicit methods are more stable but costly due to Newton
iterations. Furthermore, solving Newton iterations requires information about the state-
derivative of the system in the form of the Jacobian matrix, that may not be available. In
other cases an inexact but cheap Jacobian may be at hand, but many traditional methods
can not effectively use this approximate.

Classical Runge-Kutta methods, historically favored for solving initial value problems (IVPs)
suffer from a number deficiencies when applied to large systems:

e Creating high order methods is very challenging due to increasing and complicated
order conditions.

e The methods encounter order reduction when the ODE is stiff or when applied to
PDEs with time dependent or in-homogeneous boundary conditions.

o For complicated systems where the exact Jacobian is not available, working with ap-
proximate Jacobians reduces the numerical order of convergence.

Instead of black-box treatment of time-dependent ODEs, we set out to design time-stepping
methods that can provide better integration with multi-physics and multi-scale systems



2 CHAPTER 1. INTRODUCTION

by treating partitions of the system with appropriate methods. For example, linear and
nonlinear, or fast and slow processes can be identified and integrated accordingly. We will
also explore methods that can balance implicit treatment with efficiency while guaranteeing
accuracy for stiff problems.

In chapter 2 we will survey traditional Runge-Kutta methods and their application on large
systems with focus on computational efficiency of stiff problems. We will identify a number
of deficiencies with these methods that need to be addressed. We consider matrix-free imple-
mentations, a popular approach for time-stepping methods applied to large CFD applications
due to its adherence to scalable matrix-vector operations and a small memory footprint. We
compare explicit methods with matrix-free implementations of implicit, linearly-implicit, as
well as “lightly-implicit” Rosenbrock-Krylov methods. Based on the results of this chapter,
we set out to create new families of time-stepping methods improving one or more of the
issues we identified in traditional schemes.

Chapter 3 discusses a new approach to designing highly accurate multirate methods for multi-
physics problems. Here, the assumption is that the system contains multitudes of natural
time-scales differing significantly from each other, therefore, integrating partitions of the
system at different rates is computationally favorable. In essence, multirate methods apply
different step sizes to resolve different components of the system based on the local activity
levels. While the multirate idea has been around for decades, construction of multirate
schemes at high orders has not been studied profoundly due to difficult order conditions.
The focus of this chapter is on the design of practical high-order multirate methods using the
theoretical framework of generalized additive Runge-Kutta (MrGARK) methods. MrGARK
schemes of up to order four will be presented that are explicit-explicit (both the fast and
slow component are treated explicitly), implicit-explicit, and explicit-implicit. The variety
of the available methods is important in broadening their application in different fields when
the user has insight about the underlying physics involved.

In chapter 4 we will discuss the benefits of working with General Linear Methods (GLMs).
Specifically, we will show how to use GLMs for Alternating Directions Implicit (ADI) inte-
gration on parabolic problems. ADI integration is an operator splitting approach to solve
parabolic and elliptic partial differential equations in multiple dimensions. Instead of solving
high-dimensional Newton iterations, ADI schemes solve a sequence of related low-dimensional
equations. Classical ADI methods have order at most two, due to the splitting errors. More-
over, when the time discretization of stiff one-dimensional problems is based on Runge-Kutta
schemes, additional order reduction may occur. In chapter 4 a new ADI scheme based on the
partitioned General Linear Methods framework is proposed. This approach allows the con-
struction of high order ADI methods. Moreover, due to their high stage order, the proposed
methods can alleviate the order reduction phenomenon seen in other methods. Numerical
experiments are shown to provide further insight into the accuracy, stability, and application
of these new methods.

Chapter 5 proposes a new GLM framework for linearly implicit methods. Let us consider



the benefits of having such a framework: Linearly implicit methods are computationally
more cost-effective and we can create methods that allow arbitrary Jacobian approximations
in computing the stages. Unlike linearly implicit Runge-Kutta methods, we show that an
elegant order conditions theory extending to high orders is available here. Multiple new fam-
ilies of methods are created in this framework and numerically tested on stiff test problems
and ODE systems with sophisticated discretizations where calculating the exact Jacobian is
not feasible. The behavior of the global error of these methods when applied to DAEs and
singularly perturbed equations is also analyzed to show theoretical convergence rates in the
stiff case.

Finally, chapter 6 provides a summary of the work presented in thesis. Main outcomes of each
chapter are identified highlighting the achievements and results from numerical experiments.



Chapter 2

A survey of Runge—Kutta methods
for matrix-free integration

2.1 Introduction

Explicit time integration methods have been used for time-accurate solutions of unsteady flow
problems due to their low computational cost per step and moderate memory requirements.
For example, in [66] a number of embedded high-order explicit Runge-Kutta methods with
minimal memory storage have been developed for the compressible Navier-Stokes equations
based on van der Houwen’s technique [126] for stage memory storage reduction. However,
stability constraints restrict the maximum time steps that explicit methods can employ.
Sengupta et al. [111, 114] show that explicit Runge-Kutta methods restricted to small
time-steps can better predict physical instabilities of a flow problem than multistep Adams-
Bashforth methods. Bhaumik et al. [10] investigate numerical dispersion and phase-shift
errors associated with Runge-Kutta methods and different spatial discretizations. These
issues are addressed in [85, 110, 112, 113] by developing a class of explicit Runge-Kutta
methods that, when coupled with accurate spatial discretization schemes, optimize wave
properties in advection-dominated problems.

Due to their better stability, implicit time-stepping methods can use very large time steps,
however, the computational cost per step is also greater. The overall computational efficiency
of a method is determined by the trade off between the computational cost per step and the
total number of steps required to carry out the simulation.

The main cost of implicit methods is associated with solving a large system of nonlinear
equations at each step. Newton type methods for the solution of nonlinear systems are
commonly used in the literature in conjunction with preconditioned Krylov-based solvers for
the inherent linear systems. The popular Jacobian-free Newton Krylov (JENK) methods
employ finite difference approximations of the Jacobian-vector products required by Krylov
solvers [29]. Studies of JENK methods applied to Navier-Stokes equations [83] have shown
that error tolerances of Krylov space solvers need to be carefully optimized for performance
and accuracy. Interested readers may also refer to [8] for detailed experiments quantifying the
effects of Krylov solver tolerance on the convergence and efficiency of high order Rosenbrock
methods in CFD applications. Furthermore, Development of matrix-free space-time implicit
methods for DG discretizations are reported in [67, 120, 121].

4
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There is considerable interest in developing numerical schemes that provide a suitable level
of implicitness for time integration of stiff problems, such as to allow relatively large time
steps while keeping the cost per time step comparable to that of explicit methods.

This chapter studies the efficiency of matrix-free time stepping schemes. The remaining part
of this chapter is structured as follows. Section 2.2 reviews numerical methods accessible
for the time integration of large systems of ordinary differential equations. The numerical
methods investigated here and their implementation are presented in Section 2.3. Section
2.4 applies these methods to a number of test problems and studies their effectiveness in
terms of their numerical accuracy, stability, and computational efficiency in case of high
dimensional problems. Conclusions and future work directions are discussed in Section 2.5.

2.2 Runge-Kutta time integration methods
Consider the autonomous initial value problem:

Yo tw) sl =w. t<i<ir o)eRY [RY SRV (1)
In this chapter equation (2.1) represents the system of ODEs resulting from the spatial semi-
discretization of the governing equations in the method-of-lines framework. The system is
considered autonomous without loss of generality: any system can be written in autonomous
form by appending the time variable to the solution vector. With only time derivatives
remaining in equation (2.1), it is the choice of time-stepping method that determines the
stability, accuracy, and efficiency of the numerical solution as the solution is propagated in
time.

We next review several important classes of numerical time integration algorithms.

2.2.1 Runge-Kutta methods

The historically well-known time integration schemes attributed to Runge and Kutta are
well-studied [17, 37] and extensively utilized in flow applications [62, 65]. Let y, ~ y(t,)
be a numerical approximation of the solution of the system (2.1). An s-stage Runge-Kutta
method(advances the numerical solution to the next time step t¢,.; = ¢, + h as follows:

ki:f<yn+hzai,jkj), i=1,...,5 (2.2a)
j=1

Ynt+1 = Yn + hz bj k:j‘ (22b)

j=1
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The method coefficients

a = [ai,jhgi,jgs b= [bi]lgigs c= [Ci]lgigw

are determined such that the method (2.2) has the desired accuracy and stability properties
[52, I1.1]. If the right hand side function f has a time argument such that y' = f(¢,y) the
the stages are evaluated as:

k?z‘:f<tn—1+0ih, yn+hzai7jkj>, 1=1,...,s (2.3)

J=1

Explicit Runge-Kutta (ERK) methods are characterized by coefficients a;; = 0 for any
j < i. This means that each stage value k; (2.2a) depends only on previously stage vectors
k1, ..., k;_1. This leads to the convenient result that explicit Runge-Kutta methods need only
one ODE right-hand-side function evaluation per stage, and no linear or nonlinear systems
of equations are solved in the process. The stability requirements due to CFL conditions
limit the step size h, and therefore impact the efficiency of the method.

Singly Diagonally Implicit Runge-Kutta methods (SDIRK) [51, IV.6] are characterized by
coefficients a; ; = 0 for any j < ¢, and a;; = v > 0 for all stages i = 1,...,s. Solving for the
stage vector k; requires the solution of a nonlinear system of equations at each stage

which makes the computational cost per step significantly larger than for ERK. However,

this also leads to improved stability properties and the ability to use much larger time steps.
The nonlinear equation (2.4) is solved using Newton-type iterations:

-1
AR = — (%) F (kjf}) C RS B ARY =01, (2.5)
where
OF;
=1y —h~vJ,, 2.6
Ok N g (2.6)
and J,, is the Jacobian of the ODE right-hand-side function:
0
3, = W (2.7)
6y Y=Yn

The fact that a;; = 7 for all stages allows re-using the LU decomposition of (2.6) in the
solution of linear systems appearing in equation (2.5) for all stage vectors i = 1,...,s.
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2.2.2 Rosenbrock methods

Linearly implicit methods avoid the nonlinear systems (2.5) and solve only linear systems at
each stage. One step of a Rosenbrock (ROS) method [51, IV.7] reads:

i—1 i
Yi:yn+h2ai7jkj, k/’Z:f(}/;)—l—thZ’YZJkJ, izl,...,s; (28&)
j=1 7j=1
Un+l = Yn + h Z bjk’j. (28b)

=1

Therefore, the stage vectors k; are found in succession by solving linear systems of the form:
i—1

(Iv — hyiidn) ki = F (YD) + hI, > yigks,  i=1,...,s. (2.9)
j=1

As with SDIRK methods, choosing v;; = v > 0 for ¢« = 1,..., s helps reduce the computa-
tional costs by allowing to reuse the same LU factorization (2.6) for all stages.

Rosenbrock-Wanner methods

Rosenbrock methods simplify the computational effort necessary to solve the stage vector
equations by limiting the implicitness to linear terms containing the exact Jacobian right-
hand-side products [75]. As a consequence, the accuracy of the method depends on the
availability of the exact Jacobian. In many practical cases an exact Jacobian is difficult
to compute, however some approximation of the Jacobian may be available at reasonable
computational cost. The Rosenbrock-Wanner (ROW) methods are Rosenbrock schemes that
retain the order of accuracy for any matrix A, used in place of the exact Jacobian J, in
(2.8). The preservation of accuracy is possible by imposing additional order conditions on
the method coefficients [87]. Better approximations of the Jacobian A, ~ J, will ensure
better numerical stability. We note that while the formal definition for a ROW method is
the same as in equation (2.8), the method coefficients are different due to the additional
order conditions.

Rosenbrock-Krylov methods

The stage vectors in Rosenbrock-type methods are computed by solving the linear system
of dimension N in equation (2.9). For large problems the solutions of these linear systems
is best obtained via a Krylov-space iterative linear algebra solver such as GMRES [92].

Instead of using a Krylov-based iterative solver such as GMRES, Rosenbrock-Krylov (ROK)
methods developed in [122] reformulate the method (2.8) using implicitness only in the
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Krylov subspace of dimension M constructed using modified Arnoldi iteration [92]
’CM (Jm f(yn)) = range{Vn}, Vn S RNXM, VnT Vn = IM; VnT Jn Vn = Hn.

Here H and V are the upper Hessenberg and the orthogonal basis of the Krylov space,
respectively, and are results of Arnoldi process.

A single time step of a ROK method is constructed as follows [122]:

i1
F=7f (?Jn + Zai,jkj> ) (2.10a)
=1

¢i = Va' Fj, (2.10b)
Ni= Iy —hyHy) ™! (h ¢; + hH, i Vi Aj> : (2.10c)
=1
ki=VaXi+h(F,—Vaoy), j (2.10d)
Yn+1 = Yn + i bi k;. (2.10e)
=1

For M < N the linear system (2.10c) is easily solvable using direct methods, and the stage
vectors in full space can be recovered projecting the reduced space stage values back to full
space[122]. The minimum dimension of the Krylov space is determined by the desired order
of the numerical scheme. Readers interested in the derivation of the order conditions for
this method may refer to [122]. In the extreme case M = 0 the method (2.10) reduces to an
explicit Runge-Kutta method. In practice, however, we need the Krylov space to be large
enough to capture some of the dominant eigenvalues of the full Jacobian, corresponding to
fast-changing modes of (2.1), such as to alleviate the restrictions on step size of explicit
methods imposed by the stiffness of the problem. An important question is whether the
additional computational cost required by Arnoldi iteration can be compensated by the
increases in step size due to the implicit nature of the method. The numerical results in
Section 2.3 provide answers to this question.

2.2.3 Matrix-free implementations

As discussed in Sections 2.2.1 and 2.2.2, implicit time-stepping methods use the Jacobian
matrix (2.7) to solve linear or nonlinear systems of equations at each step. The dimension
of the state vector in (2.1) may become significantly large when a highly refined spatial
discretization is required, whether to capture fine details of flow in CFD applications or in
large data-driven models such as climate research. Computation and storage of Jacobian
matrices, even in sparse form, is not favorable in such scenarios.

In some cases the complexity of the spatial discretization scheme impedes construction of
analytic Jacobian matrices. In CFD applications the use of complex upwind flux schemes
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including Roe’s and Van Leer’s flux scheme in addition to MUSCL reconstruction with flux
limiters make the generation of an analytic Jacobian challenging. The framework of matrix-
free methods allows us to exploit the benefits of advanced time-stepping methods without
forming the Jacobian matrix directly.

Krylov space iterative methods for solving the stage equations (2.5) or (2.9) rely on comput-
ing Jacobian-vector products. Instead of computing the Jacobian matrix and then multiply-
ing, it is possible to approximate directly Jacobian-vector products using the finite-difference
approximation of a directional derivative:

3, 0= W) S te) = Flya) (2.11)

dy " €

The optimum ¢ is chosen considering the trade-off between truncation and round-off errors
[68]. Higher-order approximations are not favorable here as they require more right-hand-
side function evaluations, which, considering the large dimensions of the problem, are costly
to compute.

A more in-depth analysis of different strategies to compute Jacobian-vector products, and
their effects on convergence and efficiency of implicit time integration methods, can be found
in [125]. Of special interest is using exact Jacobian-vector products instead of finite difference
approximations. Numerical experiments applied to discretizations of PDEs in [125] indicate
that exact Jacobian-vector products provide more robustness in observed convergence orders,
and increased runtime efficiency over methods using approximate products (2.11).

2.3 The software infrastructure for numerical investi-
gations

Testing the various time-stepping schemes introduced in chapter 1 in matrix-free mode will
provide interesting results about the performance of each method as well some insight on
the features of successful time-stepping methods for large systems. In the following section
the software used for numerical experiments is described.

2.3.1 Time-stepping schemes and their implementation

The time integration software used in the numerical experiments is MaTLODE [101], a Matlab
library for integration of ODE systems including implicit and explicit Runge-Kutta methods,
Rosenbrock methods and Krylov based methods. The package also supports forward, adjoint,
and tangent linear models, enabling sensitivity analysis applications. Aside from the methods
available in MATLODE package, Matlab’s explicit time-stepping scheme based on Dormand and
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Prince [31] is also included in tests for comparison. Table 2.1 summarizes the methods used
in numerical experiments and their properties.

Table 2.1: Overview of time stepping methods used in numerical experiments.

Method Family Stages Order Stability
ERK Explicit Runge-Kutta 5 4 Conditionally stable
DOPRI5 Explicit Runge-Kutta 7 5 Conditionally stable
DOPRI853  Explicit Runge-Kutta 12 8 Conditionally stable
SDIRK Implicit Runge-Kutta 5 4 L-stable
ROS4 Rosenbrock 4 4 L-stable
ROW Rosenbrock-W 4 3 L-stable
ROK Rosenbrock-Krylov 5 4 Conditionally stable
ODEA45 Explicit Runge-Kutta 5 4 Conditionally stable

2.3.2 The fluid flow simulation code

SENSE-Lite, the CFD code employed in these experiments, can solve both the Euler and
Navier-Stokes equations for compressible flow [30]:

@ dpvy | Opvy 0
ot 0xry ory
dpvy  Opvi  dpuvywa  Op  Omy | OTia
ot 8951 8.1'2 6:1:1 N 8:61 81’2’
Opvy  Opvyvy  Opvs  Op  Omp 0T
875 8x1 8%2 8x2 N 8x1 8@’
OE, 0OpnE, 0OpvaE, 0Ouvp n Ouap
ot 8901 8952 8951 (9.1'2 N
0 0 0
k (8_;]:1 + 8_;]:22> + w <a—xl(vl7'11 + vaT12) + a—xQ(Ule + U2T22)>7
where
B oT
q; = axia

(%i
al'j

8vj
Ti,j = U 8x +

)—gu (V- ) dij.

3

(2.12a)
(2.12D)

(2.12¢)

(2.12d)

(2.12¢)

(2.12f)

SENSEI-Lite uses a curvilinear, structured-grid, finite volume method. Second-order spatial
accuracy is achieved through a standard total variation diminishing scheme consisting of
MUSCL reconstruction and selectable flux limiters [127]. The code is written in C++ and
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MEX interfaces are used to call it from within time integrators implemented in Matlab. The
primary function of the MEX code is to return the spatial residual for a given solution state;
this is returned as a vector that is independent of any temporal information and can be
used for building arbitrary time integration methods such as multi-stage ERK. This residual
vector can optionally be returned as multiple vectors split according to the underlying equa-
tions, e.g., viscous and inviscid contributions from the Navier-Stokes equations as shown in
(2.12); these vectors sum to the full residual and can also be used to integrate the equations
independently. The Matlab client code is responsible for storing multiple solution state and
update vectors as necessary, and can apply time-dependent source terms if desired.

2.4 Numerical experiments with a fluids code

2.4.1 Experimental setting

This section details the numerical experiments setup using matLope and SENSEI-Lite pack-
ages to study the performance of matrix-free time-stepping methods on unsteady flow prob-
lems. A reference solution is computed and stored by integrating the model using an explicit
method with tight tolerances (~ 107%) on errors. In each numerical experiment, the solution
at the final integration time is compared against this reference solution, and the error is
measured using the normalized £, norm:

Error = |lyx — yretl, ~ where  y = [p, pv, pu, B]"

Where yy and y,.r are numerical and reference state vectors at the final integration time
respectively. The error controller for adaptive time-step selection uses an embedded method
to estimate an scaled scalar error based on the tolerances AbsTol = RelTol requested in
the experiment. A detailed discussion of the error controller implementation can be found
in [52, p. 168]

All experiments use matrix-free time-stepping methods. For each test problem we evaluate
the eigenvalues of the Jacobian matrix in equation (2.7) to get information about the dynamic
modes of the state variable evolution. A wide spread of the eigenvalues indicates the existence
of both slow and fast dynamics, in other words, of “stiff” dynamics. The largest eigenvalue
gives an estimate of the largest stable step-size in explicit methods. Eigenvalues are computed
using Matlab’s implementation of the implicitly restarted Arnoldi method that estimates
the largest 1000 eigenvalues in magnitude for each test problem; this computation is also
performed in matrix-free form.
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2.4.2 Vortex-shedding cylinder test problem

The vortex-shedding cylinder test problem consists of a two-dimensional circular cylinder
in a low subsonic flow (Mach 0.1) using a gas model for air at 5,000 ft altitude standard
atmospheric conditions (278K, 84.31kPa). The viscosity for air is calculated based on local
flow conditions using Sutherland’s law. The model is a free-stream flow, using far-field
boundary conditions set at over 100 chord lengths away from the surface of the cylinder
to minimize interactions with the boundary. The default cylinder diameter is 8 x 107> m,
which yields a Reynolds number of approximately 200 and results in a steady and predictable
two-dimensional shedding of alternating vortices behind the cylinder. At this low Reynolds
number there are no sub-grid-scale turbulence effects, so all physically accurate spatial and
temporal scales in the solution can be directly modeled; therefore, the CFD code can solve
the laminar Navier-Stokes equations with no underlying turbulence model. For all test
problems, the flux scheme used is Roe’s approximate Riemann solver and no flux limiter is
employed in the MUSCL scheme as flux limiters were observed to be unnecessary and to
generally reduce the accuracy of the FVM reconstruction in the continuous and smooth flow
field around the cylinder. The parameters of this problem are modified to provide different
tests, as summarized in Table 2.2. Care is taken so that the qualitative solution behavior
(and appropriate Reynolds number) is maintained for all tests.

Table 2.2: Parameters of the vortex-shedding cylinder test problems.

Parameter Description Test problem 1 | Test problem 2
value value

p(kg/m3) | Reference fluid density | 1.0565 1.0565

S Sutherland’s coefficient | 1.45E-6 2.9E-6

T(K) Temperature 278 278

v(m/s) Reference velocity 340 340

L(m) Diameter 8E-5 8E-5

Re Reynold’s number 165.90 82.95

The first experiment is performed on the vortex-shedding cylinder test problem 1 with pa-
rameters given in Table 2.2. Figure 2.1 illustrates snapshots of the density component of the
flow for cylinder test problem 1 at different times, showing the cyclic development of vortices
behind the cylindrical object. This experiment uses fixed step sizes to study the temporal
orders of convergence for each method, and the results are plotted in Figure 2.2. Numerical
orders of convergence calculated for each method are reported in Table 2.3. One notable
observation is the significantly lower numerical order of convergence for SDIRK method as
a result of poor convergence of the Newton iteration, especially in the absence of precondi-
tioners for the solution of linear systems. Readers interested in numerical experiments on a
smaller problem that verify the theoretical order of convergence may consult the Appendix.
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FiGURE 2.1: Snapshots of density component of the flow for vortex-shedding cylinder test
problem 1 at different times.
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Ficure 2.2: Convergence diagrams for the matrix-free methods of Table 2.1 using fixed step
sizes over integration window T = [0,1077] second for cylinder test problem 1.

The cylinder test problem 2 with parameters given in Table 2.2, uses a different value for
Sutherland’s Law coefficient that translates into increased kinetic viscosity compared to
vortex-shedding cylinder test problem 1. Figure 2.3 shows the numerical approximation of
the first 1000 eigenvalues for the two test problems. The eigenvalues are computed using
Matlab’s eigs function that uses an iterative Krylov-based iteration to approximate eigen-
values[118]. As indicated in Figure 2.3 the more viscous test problem shows larger negative
eigenvalues, therefore, we expect stricter stability bounds on the step sizes for this test
problem. For both problems the cluster of eigenvalues with the largest negative real parts
consists of only a limited number of modes. This fact becomes relevant when we consider
ROK methods that use a reduced order Jacobian for implicit integration. Throughout the
numerical experiments the ROK method employs a reduced space of dimension four, unless
otherwise specified.

The stability of a method is related to its choice of timesteps in the adaptive time stepping
framework. Figure 2.4 compares the step sizes of fourth order explicit Runge-Kutta method
(ERK) to Rosenbrock-Krylov method of the same order for two different error tolerances.
We can verify that the step sizes for the explicit method quickly reaches the upper bound
set by the stability constraints regardless of the accuracy tolerance chosen for the method.
On the other hand, by implicitly treating some of the stiff modes, the ROK method is able
to achieve stable numerical integration for larger step sizes as is clear from Figures 2.4b and
2.4d. Furthermore, we notice that the step sizes scale well relative to the required accuracy.
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Table 2.3: Numerical orders of convergence for various methods applied to the cylinder test
problem 1.

Method Numerical order Theoretical order
ERK4 4.02 4
ERK5 (DOPRI5) 5.29 5
ERK5 (DOPRI853) 5.97 8
SDIRK 2.94 4
ROS4 3.11 4
ROW 2.96 3
ROK 3.85 4
ODE45 5.39 )

Figure 2.5 shows the Work-precision diagrams for the vortex-shedding cylinder test problems.
Integration is performed over time window 7 = [0,2 x 107%] seconds. These results lead to
the following conclusions:

o As the adaptive time stepping method uses tighter tolerances, the integrator takes
smaller steps leading to an increased number of total steps. This is the case for all
integration methods presented here. However, the total number of steps for explicit
methods does not change considerably for a wide range of tolerances, an effect ob-
servable in Figure 2.5 where the lines for explicit methods are nearly vertical. This
is a result of the fact that for stiff problems the adaptive time steps are bounded by
stability requirements rather than by accuracy constraints.

o Implicit methods are able to take fewer steps when the required solution tolerances are
low, due to their improved stability properties. This is the case for ROS, ROW and
SDIRK methods in Figure 2.5a and 2.5c. However, inspecting the runtime diagrams
on Figures 2.5b and 2.5d reveals that the the increased cost of these methods makes
them considerably less efficient.

o The effect of stiffness of the problem can also be seen in the timing reported in Figures
2.5b and 2.5d. We notice that while the explicit methods take about the same amount
of time to complete the integration for all choices of solution tolerance, the runtime
scales better with tolerances for implicit methods.

« ROK is the most efficient method for the cylinder test problems for error tolerances
below 107¢. This is an indication that ROK is able to capture sufficiently many stiff
components in its Krylov subspace, and that by treating them implicitly the method
is able to take larger time steps.
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Figure 2.3: Eigenvalue distribution of the Jacobians of the right-hand-side functions for
vortex-shedding cylinder test problems.

2.4.3 Flow over NACAOO12 wing test problem

An analysis of unsteady flow over a NACA0012 airfoil is performed in addition to the cylinder
test problem. Similar free-stream flow conditions are applied to this test problem, using
atmospheric conditions at 5,000 ft. The Mach number is increased to 0.25; however, this
flow is still within the subsonic flow regime. The chord length of this symmetric airfoil
geometry is set to 0.001 meters, producing flow with a Reynolds number close to 5,000.
Experimental analysis suggests that for the NACAO0012 airfoil, a free-stream flow at this
Reynolds number produces predominantly laminar flow over the airfoil and in its wake [55],
allowing for turbulent effects to be neglected in this analysis. At an angle of attack of 15
degrees, vortices shed into the wake due to laminar separation of the flow over the upper
surface of the airfoil generating an unsteady flow solution. As with the cylinder case, Roe’s
flux scheme is used with no flux limiter.

Figure 2.6 shows snapshots of the density field at different time moments. The distribution
of Jacobian eigenvalues is shown in Figure 2.7, and indicates that a large number of fast
eigenvalues are clustered together. The performance diagrams in Figure 2.8 indicate that
the fastest methods here are Rosenbrock and ROW methods, until ROK and SDIRK become
most efficient for errors below 10~#. This test problem converges to a steady state solution,
and this particular dynamics favors the implicit Rosenbrock methods, since the fast modes
need only to be only damped out and not to be accurately solved.
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2.4.4 Vortex shedding cylinder with iso-thermal conditions test
problem

The final test problem uses the vortex shedding cylinder problem 2, with iso-thermal condi-
tions at cylinder boundaries for a wall temperature of 33°/K. Among each class of explicit
and implicit integrators we have selected the fastest representative methods. We have also
chosen three variations of ROK method with 4, 8, and 12 Krylov basis vectors, respectively.
The results in Figure 2.9 demonstrate that Krylov methods retain their computational su-
periority for a wide range of error tolerances. Furthermore, we observe that adding more
basis vectors to the Krylov subspace requires extra cost (Figure 2.9b) and in turn increases
step sizes slightly (Figure 2.9a), but ultimately the most efficient method is the one with
minimum basis size, i.e. 4 vectors. Finally, it is worthwhile to point out that once the
adaptive error controller of the step size reaches the GMRES tolerance, the error of JFENK
methods does not decrease any further. This is seen in Figure 2.9 for the Rosenbrock-W
method where the error curve flattens at an error level of about HE-4.
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Ficure 2.9: Relative performance of different integration methods applied to cooled cylinder
test problem with Ty, = 33°K.

2.5 Beyond traditional methods

In the following chapters we will investigate a number of strategies that allow us to take
better advantage of both explicit and implicit methods when the physical system has suitable
components for each type of these methods.



Chapter 3

Multirate GARK methods

3.1 Introduction

Many applications in science and engineering require the simulation of dynamical systems
where different components evolve at different characteristic time scales. Clearly, these sys-
tems challenge traditional time discretizations that use a single time step for the entire
system: either the fast components are resolved inaccurately, or the slow components are
resolved with more accuracy than required, therefore increasing computational costs. Multi-
rate methods discretize the fast components of a partitioned system using smaller time-steps
and slow components with larger time-steps .

One can create multirate methods using traditional integrators along with different time
steps for different components, where the coupling between these components is carefully
constructed. Early efforts to develop multirate Runge-Kutta methods are due to Rice [88]
and Andrus [5, 6]. In the first discussion of “multirate methods” Gear and Wells [39] propose
pairing various linear multistep methods. This fundamental contribution already points to a
number of challenges facing multirate methods such as coupling, automatic step size selection,
and efficiency of the overall computational process. Other work to construct multirate linear
multistep schemes includes [63]. Giinther et al. [48, 50] developed multirate methods for
partitioned Runge-Kutta schemes, as well as Rosenbrock-W methods [46] of order three that
are well-suited for treatment of systems with both stiff and non-stiff variables. Similarly,
Kveerng and Rentrop [69, 70] constructed explicit multirate Runge-Kutta methods of order
three. Bartel et al. [7] propose one-step methods where internal stages are used to provide
the coupling between the fast and slow components. Constantinescu and Sandu developed
strong stability preserving (SSP) multirate methods of Runge-Kutta [26] and linear multistep
[96] type that are suited for solving hyperbolic partial differential equations (PDEs).

Another approach, tracing back to Engstler et al. [36], derives multirate methods using
Richardson extrapolation. Here, the solution is recursively improved on partitions of the
system until required tolerances are satisfied. An important advantage of such schemes
is the naturally available dynamic partitioning of the system. Constantinescu and Sandu
(27, 28, 95] considered explicit and implicit base methods for multirate extrapolation methods
and study their stability properties. Other multirate approaches include Galerkin [73], and
combined multiscale [35] methodologies.

22
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Giinther and Sandu [47] built a class of multirate methods in based on the General Additive
Runge-Kutta framework (GARK) [97]. Bremicker-Tritbelhorn and Ortleb [13] developed
third order multirate GARK (MrGARK) methods for fluid-structure interaction, and allowed
for non-uniform fast steps in the order conditions of the methods.

This study develops a systematic design approach for constructing multirate methods in
the MrGARK framework of Gunther and Sandu [47, 97]. Several high-order schemes are
constructed that combine implicit and explicit components for the fast and slow subsystems.

The chapter is organized as follows. Section 3.2 reviews the GARK framework and multirate
GARK family. We study order conditions for high order MrGARK methods in section 3.3,
and their scalar linear stability in section 3.4. Section 3.5 provides insight into fast-slow
coupling requirements. Section 3.6 discusses the design criteria for practical methods, and
section 3.7 studies error estimation and the adaptivity of both micro- and macro-steps.
Newly constructed methods are listed in section 3.8, and method coefficients are detailed in
section B.1. Numerical tests are performed on different test problems and the results are
reported in section 3.9.

3.2 Multirate generalized additive Runge—Kutta schemes
(MrGARK)

In this section we review some background on MrGARK methods.

3.2.1 GARK methods

The generalized additive Runge-Kutta (GARK) methods introduced in [49, 97] allow deriva-
tion of advanced multi-methods for solving additively partitioned systems of ordinary differ-
ential equations:

N

v =1 =Y "™, ylt) = o, (3.1)

m=1

where the right-hand side function f : R? — R? is split into N different partitions based
on properties such as stiffness, non-linearity, dynamical behavior, and evaluation cost. We
note that additive partitioning includes the case of component partitioning in which the state
vector is split into a number subsets.
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A GARK method advances the numerical solution as follows [97]:

N gim}

Vi = g b 30 S altn po (v) ey (3.20)

.....

m=1 j=1
N slad

Yot = g+ h D0 Dbl (v, (3.2b)

=1 i=1

We note that if the right hand side function accepts a time argument such as y' = f(¢,y)

the stages evaluations are also done at consistent arguments fi¢ (tn_l + c;-{q} h, Y;{Q}) .

3.2.2 Multirate GARK methods

In the case of a two-way partitioned system eq. (3.1) with slow component {s}, and fast
component {f} we have:

v =f) =+ M. ylt) =w. (3.3)

A multirate GARK method [97] integrates the slow component with a Runge-Kutta method
(Alesh i) and a large step size H, and the fast component with another Runge Kutta
method (A b11) and a small step size h = H/M. Here M > 1 represents the (integer)
number of fast steps that are executed for each of the slow steps. MrGARK methods are
formally derived in [47]. One step of the method utilizes s'*} slow stages, denoted by Yi{s} ,

and M st fast stages, denoted by Y;{M}:

(s}

V= 3l 1 (1)
J=1
[—— (3.4a)
RS S () 1
A=1 j=1
s(s}
A ~ 5,
VI = G+ H Y alle 10 ()
j=1
51} (3.4Db)
(5.0} {5} i1,
+hzam‘ f{f}(y} )’ ,\:11 ..... M>
j=1
s
Ynia/M = Unt(r-1)/M + D Z b;-{f}f{f} (Y;{f’)\})- (3.4¢)

i=1
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The full step is then formed with:

sis}
Yn+1 = Yn+m/m + H Z bi{s}f{s} (Yi{s}). (3.4d)

=1

Let the coupling between the two methods be described by AfFA and AthsA for A €
{1,2,---,M}. The GARK Butcher tableau for the method (3.4) is [47]:

%A{ﬂf} 0 . 0 Alfs1}
i | e L1pT LG L 0 Alis2)
Al | Alss) = : ; S (3.5)
v L1p T L1pT L LG | Alien

ﬁ Alsi1} % Alsi2b L. % Alsh M} | pAlss}

%b{f} T %b{f} T ... %b{f} T pis T

Remark 3.1 (Slow and fast stage numbers). The structure of the Butcher tableau implies
that the fast stage £ of the fast micro-step A corresponds to row (A — 1)s + ¢ in eq. (3.5),
and the slow stage j corresponds to row Msit + j in eq. (3.5).

Definition 3.2 (Telescopic MrGARK schemes). A telescopic MrGARK method [47] uses
the same base scheme for the slow and fast partitions:

AT = Alssh = 4 pit — plst — (3.6)

In this study we will focus on schemes with telescopic property since it allows a simple
extension of the MrGARK method to an arbitrary number of partitions (time scales) using
successively larger time steps, each an integer multiple of the previous one.

3.3 Order conditions for multirate GARK methods

We consider the following internal consistency conditions [47, 97] to ensure that fast and
slow right-hand side evaluations are performed at the same points in time:

A Z AL} s ol Al () = AT 3 = o) (3.7)

where 147} .= [1,1, -+, 1]T e R*'".
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Assume that the internal consistency conditions eq. (3.7) hold, and further assume that each
individual method (A{S’ﬁ}, b{s}) and (A{f’f},b{f}) has at least order 4. Then the MrGARK
scheme (3.4)—(3.5) has order four if and only if the following coupling conditions hold [47]:

é _ b T AL} ol (order 3) (3.8a)
é _ bl T Al i) (order 3) (3.8b)
é — b () x Al o)) (order 4) (3.8¢)
é =bT (¢t} x AlsT ) (order 4) (3.8d)
1_12 = b T Al (el x cfet) (order 4) (3.8¢)
1_12 = b T AR (o Y (order 4) (3.8f)
2_14 _ bl T Alss) AlsT} (order 4) (3.82)
2_14 _ bl T AL Al o5} (order 4) (3.8h)
2_14 _ bl T AL AGD (order 4) (3.81)
2_14 _ b T AL Al ole} (order 4) (3.8))
2_14 _ b} T Alis} Alss) oo} (order 4) (3.8K)
2_14 _ BT AL AL ol (order 4) (3.81)

Here “x” denotes component-wise multiplication of two vectors.

Without imposing any special structure on coupling matrices, we can rewrite eq. (3.8) using
the block structure shown in eq. (3.5). Considering the following intermediate simplifications:

1
= M [C{f} +(A-1) 1])\:1 ..... M (3.92)
1 ((A-1)?
AT ) = [_2 <¥1 40— 1) 4 AR C{f}>] 7 (3.9b)
2 A=1,..M
M
1
Al el = — S AR (A= 1)1+ ), (3.9¢)
A=1
A-1
1
AT Alie el — [ LT Alhek} oo} 4 AT Alhe ) c{ﬁ}] : (3.9d)
k=1 A=1,...,.M
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The order conditions eq. (3.8) can be written in terms of base methods and coupling coeffi-
cients as follows:

u M
- = > bt T Al fs (order 3)  (3.10a)
A=1
m? &
= Yo Atk <()\ 1)1+ c{f}) , (order 3)  (3.10b)
A=1
m2 &
v Z()\ — 1) i T AlhsA} oAs)
8
Iy (order 4) (3.10c¢)
+ Z b{f} T (C{f} X A{f757>‘} C{S}> ,
A=1
M? l
o = plst T Z st x (A{5 f’\}(()\ 1)1+ c{f}) ) (order 4) (3.10d)
A=1
u M
5= Z b T Alhs A} lsdx2, (order 4) (3.10e)
A=1
m3 &
—:Zb{s}TA{sf’\} {f}X2+Z 1)2p{3 T AlsiAl g
12
Aj\z (order 4) (3.10f)
+92 Z()\ — )bl T Alef A} (AT
A=1
m2 &
o= Z p{sd T plsst glsfA} (()\ -1+ c{f}) , (order 4) (3.10g)
A=1
u M
o= Z blst T AlsdAy g{FeA) (st (order 4) (3.10h)
A=1
3 M 2
ME_ s A=D1 7 glsfid) g
24 pwt 2 .
M " (order 4) (3.101)
+ Z()\ 1)[){5} T A{gva)‘} C{f} + Z b{ﬁ} T A{S,f,)\} A{f7f} C{f},
A=1 A=1
a2 Mo
i Z pit T pglisk} st Z b T AU glhsA} s} (order 4) (3.105)
S A=1
u M
5 = > BT AtheAY glosh ctel, (order 4)  (3.10k)
A=1
o MM
> = SO T AlsA) glerk) ((k ~ 1)1+ c{f}> . (order 4) (3.101)

A=1k=

—_
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Remark 3.3 (Design process). A practical design procedure for MrGARK schemes is to first
select the base slow and fast methods of desired order, and then solve the order conditions
eq. (3.10) for the coupling coefficients A{*} and Atsfh,

3.4 Linear stability analysis

Following [47, 97] we consider the following scalar model problem:
y = Ay 4 Aty (3.11)

where the ratio of the fast to the slow variable is M, the step size ratio. Denote 217t = H A7},
s = H At} and

2P0 st 0

0 Z{E}Is{s}Xs{s}

(3.12)

It was shown in [47, 97] that application of MrGARK method eq. (3.5) to eq. (3.11) leads
to the solution

Yn+1 = R (Z{f}a Z{s}) Yns

with the stability function:

R (z{f}, z{s}) =1+Dbl

GARK

-z - (Is><s - AGARK : Z)_l : :H-s><1‘ (313)
In order to visualize the stability region of a method, we choose:

A M pei0T s it g < ot glst < 37” (3.14)

Y

such that the ratio of the variable magnitudes matches the ratio of the step sizes. This
reduces eq. (3.13) to a function of three real variables by assuming the fast eigenvalue is M
times larger in magnitude than the slow eigenvalue. The stability region is the volume in
the {01} 615} p} space where the magnitude of the stability function (3.13) is less than or
equal to one. Stability regions for each method developed here are provided in section B.1.
For some of the methods the region decreases with increasing M. The plots for different
values of M correspond to different test problems: when M increases, the scale separation
of the test problem also increases (we apply smaller micro-steps to faster problems). The
increasing stiffness of the fast component restricts the macro-step, a phenomenon known as
stiffness leakage. Coupling coefficients whose magnitude increases rapidly with M can lead
to a degradation of stability.
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3.5 Decoupled MrGARK methods

We now discuss in detail the structure of the coupling coefficient matrices, and how this
structure defines the way the fast and slow stage computations eq. (3.4) are carried out,
and therefore determines the practicality of the MrGARK method. In order to construct
practical MrGARK methods we need to avoid complex couplings between multiple fast and
slow stages. To this end we define decoupled MrGARK methods.

Definition 3.4 (Decoupled MrGARK methods). An MrGARK method is decoupled if the
computation of its stages proceeds in sequence, such that each slow stage uses only informa-
tion from other slow stages and the already computed fast stages, and vice-versa. There is
no coupling that requires fast and slow stages to be solved together. Any form of implicitness
is entirely within the fast or within the slow system.

3.5.1 Structure of the slow-fast coupling (including fast informa-
tion into the slow stage calculations)

We first introduce a notation for the order of computation of the slow stages with respect to
the fast stages. Consider the j-th slow stage (3.4a) at abscissa c}s}, i.e., the row M s + 5 in
the Butcher tableau eq. (3.5). We denote its order of computation by (L;, I;), i.e., the j-th
slow stage is computed immediately after the ;-th stage of the L;-th micro-step is computed.
This means that the first L; — 1 micro-steps have been completed, and the L;-th micro-step
has partially progressed to compute stage I;, when the j-th slow stage is evaluated.

When the slow stage c;[»ﬁ} is evaluated after the last stage of micro-step A — 1, but before the

before the first stage of the A-th micro-step, we have (L;, I;) = (A — 1,s{). Equivalently,
this situation can be represented by (L;, I;) = (A,0).

In order to construct practical MrGARK methods we require that the evaluation of the
j-th slow stage depends only on those fast stages that have been completed; in the GARK
Butcher tableau eq. (3.5), the j-th slow stage depends only on the rows 1: (L; — 1)s + I;.

The j-th row of the slow-fast coupling matrix:
AR = 4ot A g g ot (3.152)

contains the coefficients that bring fast information into the computation of slow stage j. A
decoupled MrGARK scheme enjoys the following properties:

« The coupling matrices A1F} with the completed microsteps A = 1 : L; — 1 can have
full rows:

aflj”\} #0, for A=1:L;,—1.



30 CHAPTER 3. MULTIRATE GARK METHODS

« Rows of the coupling matrix A/} can have non-zero entries only in the first I;
positions:

a’_j;,sk,f’Lj}#O? k':l, ana
a}fk’f’Lﬂ'} =0, k=141, st

o The coupling matrices A"} with the future microsteps A = L; + 1 : M are zero:

a;‘.f,;f’/\} =0, for A=L;+1:M.

Consequently, for decoupled MrGARK schemes, the slow-fast coupling matrix is lower block
triangular:

(AP) =0, for 1<j<s® (L =1)sT+ 141 <k < M (3.15b)

where we used the fact that the fast stage I; of micro-step L; has GARK stage number
(L; — 1)s 4 I, in the Butcher tableau eq. (3.5).

3.5.2 Structure of the fast-slow coupling (including slow informa-
tion into the fast stage calculations)

We next introduce a notation for the order of computation of the fast stages with respect to
the slow stages. We denote by J,, the index of the last slow stage computed before starting
the fast stage ¢ of micro-step L. Specifically, the fast stage ¢ at micro-step L is computed
after the slow stage J,,, but before the slow stage J,, + 1. For a decoupled MrGARK this
stage can only use information from slow stages 1 to J,,. Consequently, the i-th row of the
coupling matrix A** can have nonzero entries only in the first .J,, columns:

al=M = 0, for J,+1<j<s®,

1,
The coupling matrix:
Al — [A{fﬁﬁul} T AUSNT o AlisM) T]T e RMsxsl (3.162)
has a block lower triangular structure:
AP =0 for J,4+1<j< s (3.16D)

where we used the fact that the fast stage ¢ of micro-step L has GARK stage number
(L — 1)s{ 44 in the Butcher tableau eq. (3.5).



3.5. DEcouprLED MRGARK METHODS 31

3.5.3 Relation between the coupling matrices

From egs. (3.15) and (3.16) we see that the two coupling matrices At} and Al have
related sparsity structures. For decoupled MrGARK methods the sparsity structures are
complementary, in the sense that one must have zeros in the entries where the other matrix
has nonzero elements:

A{svf} X A{f75} T = OS{E}XMS{H,, (317)

where x denotes element-by-element multiplication. This is schematically illustrated in
fig. 3.1a.

For coupled MrGARK methods the sparsity structures can overlap, in the sense that they
both can have non-zeros entries in the same location:

A{S’f} X A{f’s} T 7é Os{s}st{f}. (318)

This is illustrated in fig. 3.1c. The overlapping non-zero coupling coefficients, indicated
by dashed boxes in fig. 3.1c, imply that the corresponding fast and slow stages need to
be computed together, in a step that involves the entire non-partitioned system. Coupled
methods are not pursued further in this study.

3.5.4 Order of the slow and fast stage evaluation

The sparsity structure of the coupling matrices A% and Al*} determines the order in
which the fast and slow stages can be evaluated such as to respect the data dependencies
between them. Using the notation defined in section 3.5.1 and section 3.5.2, the general
order in which stages are evaluated is follows:

1. Start by evaluating the fast stages ¢ for which aﬁ?f} =# 0; these are the fast stages

needed by the computation of the first slow stage 015}. If the entire first row a‘l{i’f} =0

then proceed with evaluating the first slow stage ciﬁ}.

2. After stage I; of the L;-th micro-step is computed, the j-th stage i} of the slow

J
method is evaluated.

3. Continue with evaluating stages of the fast method, and stop after stage /;1; of the
L;11-st micro-step to compute stage C;{'i}1 of the slow method.

4. Continue until all fast and slow stages are evaluated.

Remark 3.5 (Time ordering). Assuming that the slow stage abscissae are increasing, and
that fast stage abscissae are non-decreasing in time:

Cis} < e <& ci?§}7 c‘l{f} S e S Cig}’ (319)
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a natural order to evaluate the MrGARK stages follows the time ordering of their abscissae.
Note that the j-th slow stage approximates the solution at time 7', 4 =tat c}ﬁ} H. while
the j-th fast stage of the L-th microstep approximates the solution at time T{;_qy,n4; =
tn+(L—1+ c;{-f}) (H/M). The pairs (Lj, I;) are chosen such that the stages are evaluated
in increasing order of their approximation times:

Ly —1+cl Ly —1+cH

]TIJ < cj{s} < ]TI]H for 1<1;< st (3.20a)
L'+c{i}} L«+1+c{f}
L c§5} < # for I; = s\, (3.20b)
Li—1+cB o LD

or TSC]{}S# for I, =0.

Remark 3.6 (Simpler time ordering). It is possible to simplify the time ordering such that

the slow stages are evaluated at the end of full micro-steps. The stage 0;55} is evaluated after

the end of micro-step A — 1, but before micro-step A, if (A —1)/M < cf} < A/M, in which
case L; := A and I; = 0. When c;{-s} > 1 we take L; = M, I; = 0.

3.5.5 Reordering the GARK Butcher tableau

In the standard form of the GARK Butcher tableau eq. (3.5) the first Msif} stages are for
the fast method, and stages M s +1 to Msi 4 s{s} are for the slow method. Let 1c be the
vector of GARK tableau stage indices sorted in the order of computations, as summarized
in fig. 3.2. A renumbering of stages leads to a row and column permutation of the Butcher
tableau eq. (3.5). The reordered Butcher matrix is Aguk (1c, 1c). The reordering is illustrated
in fig. 3.1. We distinguish the following cases:

o If the reordered Butcher tableau is strictly lower triangular then the MrGARK method
is explicit, and each stage uses only previously computed information.

o If the reordered Butcher tableau is lower triangular, with some non-zero diagonal
entries, then the MrGARK method is implicit, but decoupled. The non-zero diagonal
entries correspond to implicit fast or slow stages. This case is illustrated in fig. 3.1b.

o Finally, if the reordered Butcher tableau has block-diagonal entries then the MrGARK
method is coupled, in the sense that several fast and slow stages need to be solved
together, in a coupled manner. This case is illustrated in fig. 3.1d.
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As an example let us consider the GARK Butcher matrix for the explicit method EX2-EX2
2(1)[A] introduced in section B.1.1 for M = 3:

o0 0o o o O O] O o0 o o0 o0 O 0 0 0 O
2 0o o o o of %2 o o 0 O O 0 0 0 o0
I 8 o o o of & % 2 2 0o o o0 0 0 O

A 3 2 0o o0 of -4 | AGe) = 2 2 0 0 0 0 0 0
R O B ¥ o013 % 0 0 00
I e e I R
o 0o 0 0 O 0| O O a4 1 2 % 1 2 o0 0

where 1c = [7,1,2,8,3,4,5,6]. The permuted Butcher tableau verifies the explicit nature of
the method, and also provides a progression of stage computations that is practically easy
to implement.

3.6 Design of practical decoupled MrGARK methods

In this section we discuss several desirable properties of practical MrGARK methods, and
the design methodologies to incorporate them in the construction of new high order schemes.

3.6.1 Design principles

The following set of design principles incorporates properties that are important for ensuring
the practicality of MrGARK schemes:

1. Practical MrGARK methods need to be high order (have an order of accuracy larger
than two), and generic in the multirate ratio (have the same order of accuracy for any
M) This typically requires that the coupling coefficients are functions of M. We have
addressed these requirements via the order conditions derived in section 3.3.

2. Methods where the fast and slow base schemes are both either explicit or implicit should
be telescopic eq. (3.6) in order to be easily applicable to multi-partitioned systems with
multiple time scales. All explicit-explicit methods proposed here are telescopic.

3. In order to maintain computational efficiency, a complex coupling between multiple fast
and slow stages needs to be avoided. Here the focus is on decoupled multirate methods
satisfying equation eq. (3.17), as they are far less computationally demanding than
coupled methods. However, the overall stability of the scheme may be affected by
decoupling.

4. Methods should be optimized for general-purpose time integration, i.e. have small
principal error terms and large stability regions. Note that the principal error for
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MrGARK methods is a function of M. If not properly controlled, the coupling errors
can grow with M, thereby reducing the overall efficiency of the method. All schemes
derived herein have coefficients optimized for small principal error and large stability
region.

. Consider the case where one of the base methods ¢ € {f,s} is implicit. A favorable

property of the entire MrGARK method is stiff accuracy [47]:
ef{q} Aleft — p{H T esT{q} Alest — pls} T (3.21)

This property implies that the base implicit Runge-Kutta method is stiffly accurate,
and that the MrGARK stability function approaches zero as the ¢-th component of
the system becomes infinitely stiff [47]. All schemes derived herein having an implicit
base method enjoy the property eq. (3.21).

. Practical use of MrGARK methods demands an error control mechanism that is capa-

ble of adapting both the step size H and the multirate ratio M. Therefore the error
control problem in multirate integration is fundamentally more complex than in tra-
ditional, single rate integration. We fully address the error control issue in section 3.7.

. It is desirable to derive multirate methods with reduced coupling errors by requiring

that both the main and the embedded methods satisfy higher order coupling conditions.
This strategy isolates the dominant local truncation errors to the solution of the slow
and fast components and greatly simplifies the task of adaptively choosing H and M,
as discussed in section 3.7.

Definition 3.7 (Naturally adaptive schemes). A MrGARK scheme of order p is nat-
urally adaptive if the fast and slow local truncation error terms (corresponding to
N-trees with nodes of the same color) are O(h?™!), and the coupling local truncation
error terms (corresponding to N-trees with nodes of different colors) are O(hP*?).

We construct naturally adaptive second and third order schemes in section B.1.

. Methods of type S are optimized for simplicity and stability. First, by design, one

seeks to maximize the sparsity of the coupling coefficient matrices, such as to simplify
the implementation and decrease data dependencies. Next, the coupling coefficients
can potentially become large in magnitude when M increases, and this can lead to
large cancellation errors in the context of finite precision arithmetic, as well as to a
degradation of numerical stability. It is desirable that the coupling coefficients are
optimized such that their magnitude remains bounded for large values M.

3.6.2 Design process

The order conditions eq. (3.8) and the additional constraints associated with the design
principles of section 3.6.1 lead to large, nonlinear systems of equations that need to be
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solved for the method coefficients. The resulting coupling coefficients Al and A<} are
functions of the micro-step number A and the multi-rate step size ratio M. The proposed
approach for designing MrGARK methods of order p is a three-step process, as follows.

1. The first step is to construct optimized base slow (A{s’ﬁ},b{s}) and fast (A{f’f},b{f})
schemes of order p. Implicit base methods are selected to be stiffly-accurate SDIRK
schemes. Explicit base methods are chosen to have small principal error components.
When both the slow and the fast methods are of the same type (explicit or implicit) we
choose the same discretization coefficients Alsst = AR plsb = pli} such as to obtain

a telescopic MrGARK method.

2. The second step is to define the sparsity patterns of the coupling matrices A®f} and
A5} These patterns determine the computational flow of the method and its imple-
mentation complexity, and influence the overall stability and accuracy properties. We
manually test various sparsity patterns to balance all of these properties.

3. The third step computes the coupling coefficients A{*f and A{F*} such as to satisfy the
coupling conditions eq. (3.8) up to order p. Any free parameters in the family are used
to minimize the Euclidean norm of the residuals of the order p+ 1 coupling conditions;
for naturally adaptive MrGARK methods all these residuals are cancelled. In this
work the solution of order conditions and the minimization of the error coefficients are
carried out with Mathematica Version 11.2.

An alternative to this derivation strategy is a monolithic constrained optimization procedure
that minimizes the residuals of the order p + 1 coupling conditions, subject to solving the
conditions eq. (3.8) up to order p, and subject to structural constraints such as decoupling
(3.17) and stiff accuracy (3.21).

The proposed three-step procedure is preferable for two reasons. First, we expect MrGARK
methods to be applied to problems with a rather weak coupling between partitions, where
the primary sources of error are the base methods and not the coupling. Our approach
gives precedence to the base errors first. Second, the procedure is practical as it reduces the
number of nonlinear equations that need to be solved together during the design.

3.7 Error estimation and adaptive MrGARK methods

Adaptivity of traditional (single rate) methods adjusts the step size such as to ensure the
desired accuracy of the solution at a minimal computational effort. In the context of
Runge-Kutta schemes a second “embedded” method is used to provide an aposteriori esti-
mate of the local truncation error [52, CH II.4]. The step size is adjusted to bring the local
error estimate to the user prescribed level using the asymptotic relation that this error is
proportional to oc HP*1.
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Adaptivity of multirate methods is more complex, as there are two independent parameters
that control the solution accuracy and efficiency: the macro-step size H and the multirate
ratio M (or, equivalently, the macro-step H and the micro-step h.) In order to achieve
adaptivity of both H and M we propose to construct error estimates using not one, but sev-
eral embedded methods, such as to obtain additional information about the structure of the
local truncation error. Analytical asymptotic formulas are used to quantify the dependency
of the local error terms on both H and M. Armed with this information, we develop several
criteria for adaptively selecting both the macro-step size and the multirate ratio.

3.7.1 Local error structure for a second order MrGARK method

In order to understand the structure of the local truncation error we first consider a second
order, internally consistent MrGARK scheme. The principal error terms of order O(H?) are
associated with the third order conditions, and are provided in table 3.1.

Error Error Elementary Order condition Residuals for

type term differential IM2-EX2 2(1)[A]

Slow ST A (f pey | b Tl — 1 0

Slow | el | flE g pEr | bl T Ales) ol = 2 ;

Fast egf{ £ (A0, F0) | b T el 21 1-3v3

Fast egfg S T AGD ) = 1 4=3y2
Coupling €§1} f;s}fy{f}f{f} bist T Aflsf}t i} = % 3\71211\34 M
Coupling egg Ll per | T Alis le} = 1 1

Table 3.1: Principal error terms of O(H?) for second order MrGARK schemes.

As an example, consider the second order MrGARK method IM2-EX2 2(1)[A] from sec-
tion B.1.4. We note from table 3.1 that the third order residuals for this method are all
asymptotically bounded as M increases, and the local truncation error behaves like:

e = (0- 72 (£, 1) + 1 PP e B

4-3v2 4-3v2
+< - £GP0 F0) 4 6M2 f{f}f{f}f{f}>

3W2-3-M . .
n <W e 6 : fjf}fy{s}f{s}> H + O(HY),

1
M

(3.22)

1
HLTEH ~ (K1+KQ +K3M2) H3_|_O(H4)

In some cases, when there are sufficient degrees of freedom left after solving the order con-
ditions, it is possible for a method of order p to either cancel out coupling errors of order
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O(HP™) (fig. 3.3a) or to minimize them to assure better coupling behavior (fig. 3.3b). fig. 3.3
shows how leading error coefficients change with M for two optimized MrGARK methods.

3.7.2 General structure of the MrGARK local truncation error

As the analysis in section 3.7.1 reveals, the local truncation error of the MrGARK method
eq. (3.4) has three components associated with the slow integration, the fast integration, and
with the coupling:

vrE = tre® + ure 4 rele (3.23)

For a method of order p the slow truncation error is that of applying one step with the base
slow Runge-Kutta method with a step size H:

||LTE{5}H ~Cb . grtt O(HP*?). (3.24a)

The fast truncation error is that of applying M consecutive steps with the base fast Runge-Kutta
method with a step size H/M. We use the global error estimate [52, CH I1.3]:

H\" ' H\" ' 9

HLTE{T}” < (M) f(exp{(L H)}—1) = (M) —(LH + O(H?)),

L
where H@f{f}/ayH < L and (' is a constant, to obtain:

{f}
e < CF CHP 4 O(HP), (3.24b)

The principal terms of the coupling errors correspond to N-trees having p + 1 nodes of two
colors. A tree with k fast nodes and p + 1 — k slow nodes corresponds to a residual term
constructed from multiplying k fast matrix blocks in the Butcher tableau (3.5) and p+1—k
slow matrix blocks. Note that each of the fast matrix blocks (b 7 A{sf} A{i}) in (3.5)
carries a scaling factor of 1/M. Assuming that the coupling coefficients remain bounded
for large M, a product of k fast blocks is (9(1 /M k) Since we have coupling trees with
p > k > 1 fast nodes, the corresponding products of fast blocks have scalings ranging from
1/M to 1/MP. Residuals contain sums of M elementary coupling blocks as seen in (3.10);
sums of M fast blocks have scaling factors ranging from 1 to 1/MP?~! but some of the
sums can have a small, fixed number of terms. In addition, the magnitude of the coupling
coefficients, as resulted from the solution of order conditions, can scale as M* (for some
¢ > 0). Consequently, a generic expression for the local coupling error is:

et ]| ~ (zp: cl? M_i) - HP* + O(HP™?), (3.24¢)

i=—4

While the slow and fast errors are simple functions of H and M, the dependency of the
coupling error on M is more difficult to describe even with access to the residuals of each
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of the p + 1 order conditions. These residuals can be positive or negative. Moreover, the
evolution of the coupling error as a function of M depends not only on residuals, but also
on elementary differentials, since the constants C’Z{C} in (3.24c) are linear combinations of
products of method residuals and norms of elementary differentials. Therefore, in an adaptive
method, the effect of changing M on the coupling error is more difficult to quantify.

3.7.3 Use of multiple embedded methods to estimate the local
truncation error

Following the traditional Runge-Kutta strategy, we look to use embedded methods to obtain
estimates of the local truncation error. Specifically, we design pairs of main weight vectors
(b1 biH) and embedded weight vectors (b{TF, b} that produce solutions of different orders

when paired with (A Athsh Alsf} - Afssh) - The choice of the embedded weights is made
such that additional function evaluations are avoided.

In the traditional Runge-Kutta approach, a single embedded method is used to provide a
single estimate of the error, and a step size scaling factor is computed (for the next step) such
that the corresponding scaled error estimate satisfies the accuracy requirements at hand. In
multirate integration the solution accuracy depends on two parameters, H and M, that can
be adjusted independently. We have seen in section 3.7.2 that changes in these parameters
affect differently the slow, fast, and coupling components of the local truncation error.

The proposed strategy to select H and M adaptively relies on multiple embedded methods
to independently estimate different parts of the error. Specifically, consider an MrGARK
scheme that produces a main solution y,, .1 of order p, i.e., cancels all residuals for two-trees
with up to p nodes. We seek to build an embedded solution @{ﬁl that cancels all residuals up
to order p — 1, as well as all fast and all coupling residuals of order p. Similarly, we seek to
build a second embedded solution ﬂﬁl that cancels all residuals up to order p— 1, as well as
all slow and all coupling residuals of order p. The three components of the local truncation

error can then be estimated as follows:

LTEn41 R Yntl = Yntl, LTE;{ﬁl A Ynt1 — @ﬁp LTE;{L}A A Ynt1 — gﬁl; (3.25)
LTE;{L% = LTEpt1 — LTEjﬁl - LTEﬁl ~ @2?1 + gﬁl — Unt1 = Ynt1-

The construction of three different embedded methods that capture precisely some compo-
nents of the error can be very difficult to achieve for high order schemes. For this reason we
now discuss a simplified error estimation strategy that utilizes only two embedded methods.
Consider an MrGARK scheme with primary weights (b1}, b1}) that produces a main solution
Yns1 of order p. The residuals corresponding to two-trees with up to p nodes are zero. We
construct three different embedded solutions, as follows:

o A generic embedded solution ¥, of order p— 1, obtained with weights (/b\{f},g{s}), that
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captures all the error terms and is used to approximate the overall local truncation
error. The residuals associated with two-trees with up to p — 1 nodes are zero, while
the residuals of two-trees with p nodes can be nonzero.

« An embedded solution @{ﬁl, generated with the weights (b{f},g{s}), captures all of the
slow error, part of the coupling error, and none of the fast error. The weight vector
bi cancels the residuals for all two-trees with up to p nodes with a fast-colored root.
The weight vector b{*} cancels the residuals for all two-trees with up to p — 1 nodes
with a slow-colored root. However, the residuals of the two-trees with p nodes and a
slow-colored root, and the associated O(H?) error terms, can be nonzero. Trees with
a slow-colored root correspond to either slow or to coupling trees, and the solution
difference vy, 1 — @{fﬁl captures the sum of the corresponding errors terms.

o Similarly, an embedded solution ?/J\r{ﬁp generated with (g{f},b{s}), captures all of the

fast error, part of the coupling error, and none of the slow error.

In general, these mixed embeddings do not exactly isolate the slow, fast, and coupling error,
but they can serve as approximations in (3.25). Note that the resulting approximate el
and LT contain the parts of the coupling error corresponding to trees of order p with slow-
colored roots and with fast colored-roots, respectively. Consequently the LT} estimated by
the solution difference in (3.25) is zero.

However, for naturally adaptive methods (proposition 3.7), the simplified error estimation
strategy does separate the main components of the fast and slow errors, as explained next.
For a naturally adaptive method of order p with weights (b{" b}) the residuals correspond-
ing to all two-trees with up to p nodes are zero, and the coupling residuals for two-trees with
p + 1 nodes are also zero. The non-zero residuals of order p correspond to either fast or low
trees with p nodes.

A naturally adaptive embedded solution 7,1 of order p—1, obtained with weights (g{f},/l;{E} ),
cancels all residuals of order up to p — 1; it also cancels the coupling residuals for two-trees
of up to p nodes. Consequently, the difference y,,,1 — ?77{:31 contains only O(HP) terms corre-
sponding to slow-colored trees, and ,, 41 — @{ﬁl contains only O(H?) terms corresponding to
fast-colored trees. Consequently, naturally adaptive embedded methods do isolate the slow
and the fast errors. This property allows to construct more accurate adaptivity mechanisms.

3.7.4 Controlling errors by adapting both the macro-step and the
micro-step

Based on the understanding of the structure of errors in the MrGARK framework, we now
look into practical approaches to adaptivity of multirate methods. The following error esti-
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mates are available via the set of embedded methods:

§”+1 = Hyn—H - @\n‘i'l”err’ g’flﬁl = |‘y”+1 o @\isﬁlHerr’ 57{’;4]:1 = Hy”+1 o :/y\T{lEl”err’

where the error is measured by the following relative error norm [52, CH I1.4]:

o=l =43 - |
err * d < \ AbsTol; + RelTol; - max (| (], [y:]) / -
Several heuristic strategies that use these error estimates to adapt both H and M are dis-
cussed below.

Balancing error strategy

In this approach, we first use the estimated total truncation error £,,1 to control the macro-
step size using the traditional mechanism based on the asymptotic error behavior [52, CH
I1.4]:
_1
Enyo < 1 = Hyew = fac- H - <€n+1) 7,

where fac < 1 is a safety factor.

Next, the multirate ratio M is adjusted such that the estimated slow and fast error compo-
nents over the next step are equal to each other, i.e., the slow and fast contributions to the

error are balanced. Assuming ¢ = min (p,p) and using the asymptotic formulas (3.24) we
have that:

?i5+}2 = é\fﬁ%
1
{s} . pra+1 ct ¢+l e\
CH - Hyoy i Hiews = Muew~ M- g’{igl : (3.26)
n+1

o HE Ly M ,HqH

g . new 5 .
n+1 Hat+1 n+1 Mgew Ha+1l ?

In this strategy, as well as the others, M can be rounded up, down, or to the nearest integer.
Also in practice, the re-scaling of H and M for the next step can be bounded up and down in
order to avoid large jumps and oscillations. This adaptivity strategy serves as a very simple
heuristic. However, the choices of the new H and of the new M are made independently of
each other, and the approach does not account for how their interaction impacts the error;
the only mechanism for controlling the coupling error is the change in H.

Efficiency optimization strategy

This approach focuses on the important aspect of the overall cost of multirate integration.
Evaluation of the slow and fast partitions can have very different computational costs in
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some applications. Moreover, an implicit method (e.g., applied to solve the fast component)
is likely to be much more expensive than an explicit method (e.g., applied to the slow
component). We require the adaptive selection of H and M to satisfy the error tolerance
criteria at a minimal overall computational cost.

Let t1s} and ¢{7 represent the computational costs of a slow macro-step and a fast micro-step,
respectively. We define the computational efficiency of a step as the progress made during
the step (H) divided by the total cost of executing step (15 + Mo t{).

The new values of H and M are selected such as to achieve the desired accuracy while
maximizing the computational efficiency. This requires solving the following constrained
optimization problem to minimize the inverse of efficiency:
ot Mt
min ,

Hiew s Mnew How

subject to &,.2 = 1.

(3.27)

Expanding the constraint yields:

N N Hatl Me  HIT!
1= Bpp el Hiew | pew

Ha+1 M. gew Ha+1

where we have used the fact that, for naturally adaptive methods, the coupling component
of the local truncation error is negligible in the asymptotic regime. The constraint equation

can be solved explicitly for Hey:

1
N N M\ ot
Hyew = H - (51{15+}1 + 55&1 ' M—q) : (3.28)
After eliminating the constraint the optimization problem eq. (3.27) simplifies to:
S Mt (L gy M\
min i (é?nil +E5 0 m) . (3.29)

Note this is an integer minimization problem. One can solve it as a continuous optimization
problem, then round the result to an integer to find the optimal M,.,. Afterwards He,, is
computed from eq. (3.28).

Remark 3.8 (Timing). The CPU times t{*} and {7 can be evaluated online by timing the
slow macro-steps and the fast micro-steps during their execution. The algorithm adjusts
automatically if these compute times vary during the application lifetime.

3.8 New high-order MrGARK methods

Using the design process outlined above we construct several MrGARK methods for use in
practical applications. We use the naming convention FASTf-SLOWs p(p)[type], where p
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is the method order, p is the embedded order, f is the number of stages in the fast base
method, and s is the number of stages in the slow base method. Each component method
is either explicit or implicit: FAST, SLOW € {EX,IM}. We distinguish between methods
of type A (optimized for accuracy and for better step size control) and methods of type S
(optimized for simplicity and for stability), therefore type € {A,S}. The newly developed
methods are as follows:

. EX2-EX2 2(1)[A], EX2-EX2 2(1)[S], EX3-EX3 3(2)[A], EX4-EX4 3(2)[A], EX3-EX3
3(2)[S], and EX5-EX5 4(3)[A] are explicit-explicit, schemes of order two, three, three
and four respectively.

« EX2-IM22(1)[A], EX3-IM3 3(2)[A], and EX6-IM5 4(3)[A] are methods with an explicit
fast part and an implicit slow part of order two, three, and four respectively.

o IM2-EX2 2(1)[A], IM3-EX3 3(2)[A], and IM6-EX5 4(3)[A] are methods with an implicit

fast part and an explicit slow part of order two, three, and four, respectively.

The coefficients of these methods are given in section B.1.

3.9 Numerical experiments

In this section we carry out numerical experiments to validate and test the newly derived
MrGARK methods. The choice of the partitioning is based on prior knowledge of the com-
putational cost and stiffness of each partition. Readers interested in automatic partitioning
of the right hand side function may refer to [51, p.21]

3.9.1 Additive partitioning tests
The first experiment is carried out using a two-dimensional unsteady convection-diffusion

equation [34, Ch. 3] in a square spatial domain 2 = {0 < z,y < 1} and with a circular wind
profile:

29(1 — 22
u —eVu+w-Vu=0inQ, u=0on 99, w—[ 2y( :E)] (3.30a)

A Streamline Upwind Petrov-Galerkin (SUPG) spatial discretization is used, which leads to
a semi-discrete system of linear ODEs:

M ul = Au" 4 (7 4 7@) ul, (3.30D)
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where M” and A are mass and stiffness matrices and 7 + 7°/** represent linear forms of the

convective term and SUPG stabilization.

In the multirate experiments we designate the first term in eq. (3.30b) as the slow component,
fleh = (M")~! A", and the second term as the fast component, f{t = (M")=1 (77 4+7t) "
In practice the splitting choice is informed by inspecting the spectral radius of the right
hand side operators. The weak form of the PDE and the corresponding MrGARK schemes
are implemented in the FEniCS package [3], which is used to carry out the convergence
experiments.

The convergence diagrams for this test are shown in fig. 3.4. The numerical orders of con-
vergence for all schemes match their theoretical orders for the multirate step ratios tested.
Figure 3.5 shows the evolution of the model solution over time.

3.9.2 Timing experiments

Timing experiments are performed in MATLAB using the Gray-Scott model [72]. Here, we

are interested in the application of MrGARK methods to additive splittings of the right hand

side into linear and nonlinear terms. This reaction-diffusion PDE is:
{ut =V - (eu V) — uv? +§(1 — u),

vy =V - (g, Vo) + uv? — (F+€)v. (3.31)

The domain is the unit square discretized with second order finite differences. The reaction
parameters are £ = 0.0520 and § = 0.0180.

In the following experiments the nonlinear reaction terms on the right hand side are consid-
ered the fast system, and the diffusion terms are regarded as the slow one.

A first version of the model, used to test explicit MrGARK methods, includes nonlinear
diffusion terms:

£u = 0.0625 ¢ 100 sin(mz) sin(7y), &, = 0.0312 e~ 100 sin(7x) sin(wy). (3.32)

Figure 3.6 presents the evolution of quantity u over time. Figures 3.7a and 3.7b present
performance diagrams for a fixed-step time integration of Gray-Scott model with nonlinear
diffusion. The MrGARK method EX3-EX3 3(2)[A] from section B.1.5 with different multi-
rate step ratios is used. Notice that as M increases, it is possible to increase the macro-step
size without violating the CFL conditions. The results shown in fig. 3.7a indicate that, for
a fixed error level, the multirate method shows better performance than single rate one for
M =2 and 3.

A second version of the model, used to test EX-IM MrGARK methods, includes linear
diffusive terms with parameters ¢, = 0.0625 and ¢, = 0.0312. The diffusion is considered
the slow process and is treated implicitly; the constant diffusion operator is leveraged in the
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solution of linear stage equations. Figures 3.7c and 3.7d show the performance diagrams for
the MrGARK method EX3-IM3 3(2)[A] from section B.1.8 compared to single rate implicit
method of the same order. In fig. 3.7d we note the reduced order of convergence for the single
rate implicit method. Being a DIRK scheme, this method has a Newton-Krylov iteration
for each stage that involves Jacobian-vector products of the full right hand side. Here, as
in many practical cases, these are approximated by finite differences. Therefore, the quality
of the approximation and the Krylov solver affect the convergence rate and efficiency of the
SR-IM method [102]. On the other hand, the stages for multirate methods use only the
Jacobian of the linear term, and show full order of convergence and faster computations
than both single rate implicit and explicit methods. As M increases the performance of the
multirate method improves incurring negligible increase in error.

3.9.3 Numerical experiments for H and M adaptivity

We experiment with different adaptivity strategies described in section 3.7.4 using the Gray-
Scott model eq. (3.31) with nonlinear diffusion term eq. (3.32). All experiments in this
section are performed for a time span of T = [0, 2] seconds.

Figure 3.8 shows the automatically selected macro-step size (H ) and multirate step ratio (M)
for the naturally adaptive method EX4-EX4 3(2)[A]. The efficiency optimization strategy
(section 3.7.4) is used to select both H and M. As the relative cost of evaluating the fast
and slow right hand side functions changes in figs. 3.8a to 3.8c, the choice of M varies to
keep the overall efficiency high. The costs of slow and fast system are computed by timing
their respective right hand side evaluations. The one-dimensional integer optimization in
eq. (3.29) is then approximated by limiting the possible increase or decrease of Mey to

max(l,M — 1) < Mpew < M + 2,

which reduces the computational cost of the optimization and increases the robustness of
the algorithm.

In fig. 3.9 the adaptivity strategy based on balancing the fast and slow errors (section 3.7.4)
is tested. By interchanging the roles of the fast and slow partitions the choice of multirate
step ratio M changes from the maximum allowed value of ten to its minimum allowed value
of two, in an attempt to keep the fast and slow errors balanced. The macro-step size selection
by the traditional error controller is the same in both cases.

Finally, it is instructive to see how different H-M adaptivity strategies developed in sec-
tion 3.7.4 compare against the conventional H adaptivity. We carry out this experiment
using the Gray-Scott model. Figure 3.10a shows the error in the final solution scaled by
the computation time when the EX2-EX2 2(1)[A] method from section B.1.1 is used. Fig-
ure 3.10a repeats the experiment using the EX5-EX5 4(3)[A] method from section B.1.10.
In these experiments the efficient single rate base method is employed when the adaptive
strategy selects M = 1. The parameters of the adaptivity algorithm such as macro-step
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rejection factor are optimized for maximum efficiency. The results indicate that the H-M
adaptivity strategies performed better than the classical H error control.

3.9.4 Component partitioning experiment

We consider the BSVD reaction-diffusion problem on the unit square 2 [53] with boundary
0¥ and outward boundary normal vector 7i:

uy =V - (D(z,y)Vu) + 10(1 — u?)(u + 0.6), (3.33a)

u(z,y,0) = 2exp{ (—10(z — 0.5)* — 10(y + 0.1)*) }, z,y € Q, (3.33b)
3

D(z,y) = 0.1y e 1005 -u)?, (3.33¢)
i=1

D(z,y)Vu-i =0, z,y € 0, t €[0,tp].  (3.33d)

The parameters values are y; = 0.6, 2 = 0.75,y3 = 0.9 as prescribed in [53]. The domain is
partitioned into two sub-domains:

O ={(z,y) €Q : |[x—0.5] <0125, y <0.125}, Q= Q.

A continuous finite element semi-discretization in space with Lagrange polynomial basis of
order four leads to a two-way partitioned system of ODEs. We discretized this model using
the FEniCS package [3] and the evolution of its solution over the time span of T' = [0, 5]
seconds is shown in fig. 3.11. The subsystem with fewer degrees of freedom (DOFs) is
designated as the fast one, and the remaining variables are considered to be the slow system.
In this experiment the ratio of slow to fast DOFs is 28. fig. 3.12 shows the error for fixed
macro-step time integration using explicit-explicit multirate methods of orders 2, 3 and 4.
The largest macro-steps are chosen close to the maximum stable step size for the method.
Results reported in fig. 3.12 show that, although the numerical order of convergence of the
methods fluctuate slightly, they follow their theoretical values closely. Note that the errors
are reported only for stable macro-step sizes for different methods and multirate step ratios.
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(a) Butcher tableau of a decoupled MrGARK.
The coupling matrices have complementary
sparsity patterns.
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(c) Butcher tableau of a coupled MrGARK.
The dashed entries of the coupling matrices vi-
olate the sparsity complementarity.
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(b) Permuted Butcher tableau of a decoupled
MrGARK shows a lower diagonal structure.

e
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7 1 2 8 3 4 9 5 6

(d) Permuted Butcher tableau of a coupled Mr-
GARK. The first slow and the first fast steps,
dashed, need to computed together in a coupled
manner.

Ficure 3.1: Example of decoupled and coupled MrGARK with M = 2 and s = 3. Blue is the
slow method, pink the first fast step, dark pink the second fast step, and green and yellow
are the couplings. The permuted versions of the tableaus reflect the sequential order of stage
computations. Note the entry above the diagonal for the coupled, permuted tableau due to

the non-complementary coupling structure.
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FiGURE 3.2: An example of the order of computing stages in MrGARK with stage sequence

{(L;,1;)}.
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(a) EX2-EX2 2(1)[A]. The base error is
(’)(H3), but the coupling is O(H4) since the
method is naturally adaptive.
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(b) EX3-EX3 3(2)[A]. Both the base and
coupling errors are O(H 4).

FiGure 3.3: Behavior of the local truncation error components for two MrGARK schemes as

the multirate ratio M increases.
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Ficure 3.4: Convergence plots for the unsteady convection-diffusion test (3.30) over the time
span T = [0, 10] seconds. A fixed macro-step time integration is carried out with varying
multirate step ratios M using MrGARK type A methods.
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FiGure 3.5: Evolution of the unsteady convection-diffusion problem (3.30) solution in time.
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Ficure 3.6: Evolution of Gray-Scott model (3.31) solution w in time. A nonlinear diffusion
is used, and integration is performed with explicit MrGARK methods.
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Scott model eq. (3.31) integrated over the time span 7' = [0,2] using EX4-EX4 3(2)[[]A]

method. The efficiency optimization strategy (section 3.7.4) is used with AbsTol = RelTol =

1074,
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Chapter 4

Alternating directions implicit
integration in GLM framework

4.1 Introduction

We are concerned with solving the initial value problem:

y(t) = fly)=>_ ), ylto) = w, (4.1)

where the right hand side function f : R — R? is additively split into N partitions. Systems
such as eq. (4.1) emerge from method of lines semi-discretization of PDEs when all spatial
derivatives are approximated by their discretization. In many cases, the right hand side
function includes discrete self-adjoint operators performing spatial derivatives in different
directions. The sparsity structure of these operators is similar, for example, in the case
when a fixed-stencil finite difference method is used to resolve spatial derivatives. Implicit
time-stepping methods are preferred to propagate stiff differential equations in time, but they
require working with large Jacobian matrices. Implicit-Explicit (IMEX) methods allow us
to integrate non-stiff parts of the system more efficiently, however, more can be achieved by
designing specialized time-stepping methods for certain classes of problems. Depending on
the choice of discretization, we can use the tensor product structure of derivative operators
to only work with one-dimensional Jacobian matrices much smaller than the full Jacobian,
applying directional derivatives in different directions in turn.

Alternating Directions Implicit (ADI) schemes for parabolic problems were first introduced
in the works of Douglas [32], Douglas and Rachford [33], and Peaceman and Rachford [79].
Closely related to this field is the body of work on operator splitting schemes [119, 129, 130]
and Approximate Matrix Factorizations (AMF) applied to Rosenbrock-W [42, 43, 44] and
LIRK methods [133]. Another important development is the Fractional Step Runge-Kutta
framework [14, 15] investigating the link between directional methods and IMEX schemes.

Early analysis of convergence of stiff ODEs can be traced back to Prothero-Robinson [82].
Ostermann et al. formally show the fractional order phenomenon is related to changes in
the behavior of local truncation error in stiff systems [77]. Methods of high stage order are
known to alleviate this drawback [11, 81]. The General Linear Method (GLM) framework

o4
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[18, 22, 59] encompasses many of these methods and facilitates creation of new ones for
novel applications. The theory of partitioned GLMs was formalized in [132] and different
families of methods based on this structure have been reported in [25, 131, 134, 136]. More
recent high order IMEX-GLMs found in the literature [58, 106, 107] are based on Diagonally
Implicit Multistage Integration Methods (DIMSIMs), Two-Step Runge—Kutta methods, and
Peer methods providing various accuracy and stability enhancements.

The goal of this chapter is to extend the capabilities of ADI schemes to high order GLMs,
creating methods resilient to order reduction while leveraging the efficiency of alternating
implicit integration. The chapter is organized as follows: We start by reviewing the parti-
tioned GLM framework in section 4.2, introduce the structure of ADI-GLMs in section 4.3,
study their order conditions in section 4.4, and investigate their stability in section 4.5. We
comment on design principles and implementation aspects in section 4.6 followed by numer-
ical experiments in section 4.7. B.2 includes the coefficients of the new methods, and B.3
presents stability plots.

4.2 'Traditional and partitioned General Linear Meth-
ods
A traditional GLM with s internal and r external stages represented by Butcher tableau:

clA|U
claly o

advances the numerical solution to eq. (4.1) with timestep h according to:

}/i - hzaldf(}/])—i_zul,]fj[n_l}7 1= 17"'787 (43&)
j=1 j=1

& =n> b )+ Y g =1, (4.3b)
j=1 j=1

where the matrix notation of coefficients is used:
A= o] € R U= uiy] e R7Y, B = [bi;] € R,

4.4
V= [U'i,j] € RTXT, W .= [’wi’j] = [WO e Wp] c RTX(p+1), ( )

where matrix W determines the relation between external stages and derivatives of the exact
solution such that for a method of order p:

p
=3 w by M (8,) + O ().
k=0
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GLM framework is extensive and well-established. Readers interested in theoretical founda-
tion of these methods are referred to the literature [18, 22, 59].

IMEX-GLMs are extensions of traditional GLMs that treat partitions of the right hand side
with different methods while keeping a single set of internal and external stages. One step
of an IMEX-GLM formally reads as:

—hzza{”}f{“} +Zu”§[”” i=1,...,s, (4.5)

01]1

5[”_h22b{”}f{”} +vag"” i=1,...,r (4.5b)

o=1 j=1

4.3 Formulation of ADI-GLMs

We rely on the theory of IMEX-GLMs as reported in [25, 132, 134] to design partitioned
GLMs suited for ADI integration. The goal is to construct GLMs that apply implicit in-
tegration to individual partitions of the right hand side function in eq. (4.1), while using
an explicit coupling to the other components. We seek to achieve high stage order while
benefiting from the low computational cost of directional implicit methods.

Definition 4.1 (ADI-GLM schemes). One step of an N-way partitioned ADI-GLM applied
to eq. (4.1) is defined as:

Y{M} —h Z Z CL{” U}f{o} Y{U} )+ Z Z u{# U}g{U}[nfl]’ (4.6a)

o=1 j=1 o=1 j=1

izl,...,s, w=1..., N,

f{“} _ Z Z b{“ a}f{g} Y{a} )+ Z Z {, U}g{ff}[n—ll7 (4.6D)

o=1 j=1 o=1 j=1
1=1,...,7, w=1 ..., N.

Here, we are interested in applying different combinations of explicit and diagonally implicit
methods to the right hand side partitions and storing the resulting internal and external
stages separately.

If the method is order p, the external stages are related to derivatives of y by:

gi{u}[ —wf’é}y +Zzw{#0}hk f{0}>k 1) (y (n>>_i_(9(hp+1)7 (4.7)

o=1 k=1
wiwot . — [W({)“} W}{j"’”}] c R+, (4.8)
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The method is stage order ¢ if internal stages are approximations of the exact solution at
abscissa points ¢t

Y = y(t, 1+ c™h) + O(ht). (4.9)

4.4 Construction of ADI-GLMs

We start by considering a pair of explicit and implicit GLMs with the same number of
external and internal stages:

B ‘ ALE} ‘ UE e ‘ Al ‘ un
‘ B{E} ‘ viE ‘ B} ‘V{I} '

(4.10)

We construct ADI-GLMs using a collection of IMEX-GLMs each performing implicit inte-
gration in a specific direction. A preconsistent IMEX-GLM has order p and stage order
q € {p,p — 1} if and only if the following conditions hold:

C{cr}><k Ac{a}x(kfl)
k! (k— 1)

—~Ulttwl =, (4.11a)

k=1{1,....q}, o¢c{B I}

k {0} {o} ~{o}x(k—1)
w,,  B'c {o} Ao} _
E T =11 - VWw, " =0, (4.11b)

=0

k={1,...,p}, o€{E,I}.

The structure of the Butcher tableau for an ADI-GLM depends on the number of partitions

and number of stiff partitions that require implicit treatment. Here, we focus on three
practical examples and more elaborate designs follow the same principles. The Butcher
tableau for a 3-way partitioned ADI-GLM with alternating implicit stages in all partitions
is:

c | AU ALEY AlE}
c | AU Al AlE}
cl AU Al A}
B} B{E} B{E}
B} B{} B{&}
B By gl

(4.12)

© o <l o ¢
o <€ olo d o
< o o|lC o o
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When only two partitions are stiff, the non-stiff partition is carried through explicitly:

c| AU ALY AE} U 0
c | AU Al AlE}
c | AU Al AlE}
B} B{E} B{E}
B} B{} BRB{E}
B} B{} B{&}

(4.13)

© o <o o
o < oo ¢
< o ol o o

We notice immediately that Yi{?’} = Yi{Q}, therefore one only computes two types of stage
vectors, and the second is used as an argument for the explicit integration of the third,
non-stiff component.

In a similar fashion, a 2-way partitioned ADI-GLM is described by:

c| A AEY U o

cl A Al o U
. (4.14)

B} BEH |V o0

B} B} | o Vv

Remark 4.2. Comparing eqs. (4.12) to (4.14) with eq. (4.6), notice that we have chosen:

P =l =, (4.15a)
Uit = Ul = U, (4.15b)
viFl = vl = v, (4.15¢)

This selection is practically useful in creating IMEX-GLMs with unified internal stages. In
the context of ADI-GLMs this choice allows us to keep the number of internal and external
stages as low as the number of stiff partitions.

Remark 4.3. We have also decoupled computations involving the external stages:
U{a,u} — 0 a 7& H ’ V{O'vﬂ} — 0 g 7& H . (416)
U o= U VvV o=U

Theorem 4.4. The ADI-GLMs eq. (4.6) subject to eq. (4.15) and eq. (4.16) is stage order
q and order p, hereafter denoted by order (q,p), if and only if individual methods (4.10) are

order (q,p).

Proof. We first assume that the ADI-GLM is order (g, p) such that egs. (4.7) and (4.9) hold.
Since all internal stages Yi{o} share the same abscissa, from eq. (4.9) we have:

Yvi{o'} _ Y;{M} + O(h‘ﬁ‘l)’ o, uE {1, R ,N} (417)
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Therefore, we can replace Y;-{U} with Yj{“ Y in eq. (4.6a) without changing the order. The
resulting method is an IMEX-GLM with

C‘A{u,l} A{%N}\U
\BW} ... BN ‘ vV

. pefl,... N} (4.18)
From IMEX-GLM order conditions [132, 135] method (4.18) is order (q,p) if and only if
individual methods

c| Al | U
‘ Biwo} ‘ v’

pefl,....N}y, oe{l,..., N}

are order (q,p). This means that the methods in eq. (4.10) have to be order (g, p).

The if part of the theorem can be proven along the same line of reasoning. Assuming
individual methods (4.10) are order (¢,p) the IMEX-GLM (4.18) is order (q,p). Internal
stage values in eq. (4.5a) can be replaced by an approximation of the same order as in
eq. (4.17) to create the internal stages for ADI-GLM. Since the order of internal stages has
not changed, external stages also remain order p. This concludes the proof. [

Remark 4.5. A corollary to proposition 4.4 is that in the case of ADI-GLM (4.13), we can
forgo computing (Y;{s}, & {3}[”]> stages without losing accuracy. Furthermore, this choice will

not affect the stability since the stiff partitions are still treated implicitly and the integration
of the non-stiff partition already appears in stage computations.

4.5 Stability of ADI-GLMs

Applying the ADI-GLM (4.12) to the linear scalar test equation:
u' = N+ A\u+ A\, (4.19)

and using eq. (4.6) leads to the following directional stages:

YU =, ABY W 4 AFYYE o A3 ettt (4.20a)
Y — p AUy W 4 ADYE 4 AENYE) | el (4.20b)
Y = ADY W 4 ADY Ry ADY 1) 4 geiin-1] (4.20c)
¢ = BUY W 4y BIEY @) gy BIE)Y B} 4 vl (4.20d)
¢l = B 4y BIEY ) 4 gy BIEIY B} 4 vt (4.20¢)
Bl = BUY W 4 BV 4y By () 4 vel8iin1] (4.20f)
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where 1, = hA;, 1, = hA,, 1, = hA,. Defining auxiliary notations Z = blkdiag (n,Lsxs, MyLsxs, 7:Isxs)
and £ = (W0 ¢ ["},5{3}["])T, the stability matrix is defined as:

&l =Mz, my,m.) €771, (4.21a)
-~ NS
M(nm 77y> 772) = V + B Z <133><3s - AZ) U, (421b)
where:
(A} ALE} A{E}
A=A A A U=I4,30U, (4.22a)
Al Al Al
[B{} B{E} B{E}
B= |B{} B} B}, V=I,38V. (4.22D)
B i i

When the eigenvalues of the system (4.19) are equal in all directions such that n, = n, =
1, = 1 the stability matrix becomes:

—~ -1

M(n) = M(n,n,n) =V + 1B (Igsxgs - n7&> U. (4.23)

Equation (4.23) provides practical means for assessment and optimization of stability of
ADI-GLMs.

Remark 4.6. The stability regions for individual explicit and implicit methods are defined
as:

Stot = {necC: M7} () power bounded }, (4.24a)
M () = VI 4B (1, — nAl) UM o e (B T} (4.24D)

The stability region of a 3-way partition method is defined as:
S ={ns,ny,n. € C: M(ns,n,,n,) power bounded}. (4.25)

Remark 4.7. To investigate the stability of ADI-GLMs we define real and complex stability
regions as:

Skeal = {N, 1y € R : M(n, 1y, max(n,,n,)) power bounded}, (4.26a)
Scpix = {77 eC: /I\Z(n) power bounded}. (4.26Db)
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Remark 4.8 (Stability as all partitions become infinitely stiff). Consider the stability matrix
eq. (4.23) when the eigenvalues in each direction simultaneously approach —oo:

_ {1y _ (B} _ &} {1y _ A{E} !
im §ig) = |V (B} — BIE}) (A} — AE)T'U x ]

4.27
nN——00 0 M{I}(_OO) ( )

Due to the block triangular structure of this matrix, the eigenvalues of eq. (4.27) are the
eigenvalues of the diagonal blocks and the entries in the upper right block can be ignored.

Consider the case p = ¢ = r = s. We will further assume Wél} = W({)E}, which comes at no

loss of generality since we can always pick an equivalent formulation of the base methods
where this holds. Using the difference of the order conditions of the base methods, we have
that

(A - A cru (Wi -wiil) —o, (4.28a)
(Wi, - W) u- B -Bc-v (W, -wi) —o, (4.28b)
where
0 > 2 o
Mi’j:{oim i<y’ C= e g - gl (4.29)

Now we have that
(V{I} — (B - B (AW — A{E})i1 U) (W{{}p - W{sz}a)
VO (W, W) 4 (i) 0
— (W{i}p — W{fi) M.
Thus, the upper left block of eq. (4.27) is similar to g provided W{{}p—W{f; is non-singular.

In this case, eq. (4.27) is not power bounded because the 1 eigenvalue of p is defective. We
note that this is not an issue when only a single eigenvalue becomes infinitely stiff.

In B.3 we provide plots of different stability regions for ADI-GLMs.

4.6 Design and implementation of ADI-GLMs

We have chosen the GLMs to be DIMSIMs [19] in order to reduce the number of free
parameters in the design and simplify the order conditions. We require:

ag} =7, a;{f} =0, az{f;} =0, for j>i, oe{E I}, (4.31a)
Ul =1,,,, o e {E, I}, (4.31D)
Vit =17y, W71, =1, oe{E I}. (4.31c)
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linearly implicit GLMs derived here have p = ¢ = r = s. The design process starts with
choosing the abscissa vector c. The remaining free parameters are coefficients of A{F}, AU}
and v. For the new second and third order schemes, we picked existing, L-stable, type 2
DIMSIMs for A¥} and v. Then, we choose A¥} by numerically optimizing the area of
the Scpi and SE} stability regions using Mathematica. At fourth order, we performed the
same optimization for A{¥} however, we were unable to achieve satisfactory stability when
using an existing type 2 DIMSIM for the implicit base method. Instead, we derived a new
A(83°)-stable DIMSIM for which the ADI-GLM stability was acceptable.

Once AP} and A1} and v are determined, B{#} and B} are given using DIMSIM formulas
21, 61]. W} and WF} are computed by solving eq. (4.11) and used in the starting
procedure to generate initial values of the external stages at the beginning of the time-
stepping loop in eq. (4.6). The starting procedure consists of integrating the system eq. (4.1)
exactly over a short time-span [0, (p — 1)H| and using function values

A= feykH)), k={0,....p—1}, oce{l,...,N}, (4.32)

to approximate, via finite differences, the higher order derivatives needed in eq. (4.7). Read-
ers interested in further details about the starting procedure may consult [23, 132]. The
ending procedure for GLMs produces the high order approximation to y(tf) at the final time
using stage values. All ADI-GLMs designed have the property that ¢, = 1, therefore, the
last computed internal stage may be used as the final value in the integration with no further
calculation required:

N s r
N,o o o N,o o}n—1
g, = Y = 0Nl P (I 4 Yl g (4:33)
j=1

o=1 j=1

Remark 4.9 (The ADI character of the methods). The Butcher tableau for ADI-GLMs
can be permuted to reflect the order of computation of stages in practice. In general, an
ADI-GLM proceeds with computing internal stages:

{yjl},yjz}, R AR 74 SN 4 A ,YS{N}}, (4.34)

after which external stage updates are computed. Let us consider the application of the
second order ADI-GLM eq. (4.35a) to eq. (4.14). We reorder the tableau according to the
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permutation list P = {1,3,2,4} to get the permuted tableau eq. (4.35b).

o[ 2 0 0 01 0 0 0
1 5 1
1)L 3 1 o9l 0 1 0 0
o 2 o % o0ofl0 0 1 0
clalu 1]t 2 L sl0 0 0 1 (4.350)
B|V i ~% “i% 5| 15 1 0 O
27 13 85 5 21
O % 15 18| 1% 1 0 O
3 5 _3 5 0 0 —=2 2
128 128 128 128 16 16
13 8 138 8| g g _5 2
128 128 128 128 16 16
of 3 0o o0 0|1 0 0 0
o] 3 3 0 0 0 1 0
1 1 5
1 L5 o0l 0 1 0 0
1 1 5 5
clApp|Up, 1| L 1 5 219 0 0 1 (@.35b)
1 3 5 5 5 21 ’
‘B:P‘V 3 T8 "3 18| 16 16 O U
13 27 85 5 21
O % 5 18| 16 1 0 O
3 3 5 5 5 21
T8 T8 138 18 0 —% T
13 13 8 & | o g _5 2
128 128 128 128 16 16

We observe how the lower triangular structure of App defines successive implicit stages in
different directions while using previously computed stage values explicitly.

4.7 Numerical Experiments

In this section, we investigate numerically the accuracy and stability of ADI-DIMSIMs using
2D and 3D time-dependent parabolic PDEs. Up to this point, we have only considered au-
tonomous problems, however, ADI-GLM extends to non-autonomous systems by evaluating
the right hand side functions at the consistent times ¢,,_; + ch. For a 3D problem we use
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the equation:

ou 0*u  O*u O*u

o e Tap T an Ty, (4.36a)

g($7ya th) = et(l - [L’)JT(l - y)y(l - Z)Z
+ 26" (1 — 2)z(1 — y)y + 2¢'(1 — z)z(1 — 2)z
+2e'(1 — y)y(1 — 2)z — 6€' (4.36b)

() ) ()

with Dirichlet boundary conditions according to the exact solution:

u(z,y, z,t) = e'(1 —2)x(1 — y)y(l — 2)z (4.37)

+et<(:ﬁ+%>2+(y+}1>2+<z+%)2>. (4.38)

The spatial discretization uses second order finite differences on the unit cube domain D :=
{z,y,z € [0,1]} with a uniform mesh with NN, points in each direction. We use the parameter
N, in the experiments to change the stiffness of directional derivatives. Note that using a
uniform mesh allows us to factorize a tridiagonal 1D Jacobian matrix once and use it to
efficiently to compute directional stages.

To verify the temporal order of convergence for the new methods, we integrate the problem
over a time-span t = [0, 1] and record the relative /5 error at final time versus number of
time steps. Figures 4.1a to 4.1c, verify the theoretical order for a range of mesh sizes. We
compare ADI-DIMSIMs with an ADI scheme based on a fourth order IMEX Runge-Kutta
method reported in [97, Example 3]. We note the deterioration in the order as the problem
becomes more stiff with decreasing mesh size in fig. 4.1d.

For a 2D numerical experiment the following problem is used on unit square domain D =
{z,y € [0,1]}, with the same spatial discretization and integrated over the same time-span:

ou_ o P
ot 0x2  0y?
1\> 1\
ot . . t - _ _
h(z,y,t) = (1 —z)z(l —y)y +e <<x+3) +<y+4) 4) (4.39b)

+2¢'(1 — x)z + 2e'(1 — y)y,

+ h(xayat)v (439&)

with Dirichlet boundary conditions according to the exact solution:

u(z,y,t) =e' (1 — 2)z(l —y)y + ((:c + %)2 + (y + %)2) : (4.40)
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Figure 4.2 shows convergence plots for this experiment. Once again, we observe the order re-
duction for the IMEX-RK4 method in fig. 4.2d while ADI-DIMSIMs retain their convergence

order in figs. 4.2a to 4.2c.

For a third set of experiments, we examine solutions of eq. (4.39), this time considering the
forcing term g(x,y,t) as a third partition to be treated explicitly in the entire integration.
This means that the Butcher tableau in eq. (4.13) is used for these experiments. Figure 4.3
summarizes the results with close to theoretical order of ADI-DIMSIMs.
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FiGure 4.3: Convergence plots for ADI-DIMSIMs on 2D test problem with an explicit parti-

tion



Chapter 5

Linearly-implicit General Linear
Methods

5.1 Introduction

We are concerned with solving stiff initial value problems of the form
v=1), ylte) =wo, y(t)eC™ (5.1)

Implicit methods used to solve eq. (5.1), such as backward differentiation formula (BDF)
and diagonally implicit Runge-Kutta (DIRK) methods, require solving nonlinear system
of equations to compute implicitly-defined stage values. The nonlinear solves can be very
expensive and often dominate the cost of a step. Linearly implicit methods, on the other
hand, reduce the computational cost by posing stages as the solution to a linear systems
[75, 76, 91]. A limitation of this process is that the accuracy of the method hinges on the
availability of the exact Jacobian of the system. In response to this limitation, W-methods
have been developed with additional order conditions such that terms involving the Jacobian
are eliminated from the error expansion up to a certain order. As a result, these methods
provide a flexible choice for the Jacobian of the system: the closer the approximate Jacobian
is to the exact one, the better the stability of the method, while the order of convergence is
unchanged. Rosenbrock-W (ROW) methods [117] are examples of this class of time stepping
methods in the Runge-Kutta framework. [87, 109].

If the approximate Jacobian is considered to span a Krylov subspace of the exact Jacobian,
ROW order conditions can be simplified to derive new methods with minimally implicit
linear system solves. The resulting family of Rosenbrock—Krylov methods are introduced
in [122] and further explored in [40, 124] for improved subspace selection. Another recent
development is partitioned linearly implicit Runge-Kutta methods allowing Rosenbrock-type
base method for multi-method integrations [99].

There are a number of incentives to extend ROW methods beyond the Runge-Kutta family.
ROW methods can encounter order reduction when stages are solved using iterative solvers
[123]. Furthermore, linearly-implicit methods, in general, are vulnerable to order reduction
when used for solving PDEs with time-dependent boundary conditions as studied in [78].
Various improvements for ROW methods applied to parabolic problems have been proposed

68
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in [1, 4, 71] resulting in methods stratified for stiff problems.

A more systematic approach is to avoid low stage orders. Rosenbrock methods with an
explicit first stage can raise the stage order to two [93]. Glandon et al. [41] propose linearly
implicit multi-step methods and the order conditions to derive methods both for exact and
approximate Jacobians. As A-stability becomes unattainable for high order linear multi-
step methods, one can also turn to multi-stage multi-step schemes to build high order, high
stage order linearly implicit methods. A family of linearly-implicit two-step Runge-Kutta
methods is reported in [104, 105, 128] with features such as step-size adaptation using variable
coefficients, parallel stage computations, and super-convergence of the output variable. As
discussed in [80] these methods when considered in their Nordsieck form are closely related
to generic GLMs.

We are inspired by these contributions to further study new possibilities for linearly implicit
W-methods stemming from GLMs. Our goal is to provide a new framework that facilitates
creation of linearly-implicit methods for a variety of applications by providing the order
condition theory and designing some examples of new families of methods based on existing
GLMs. We will do away with the stage order restriction of Runge-Kutta methods and discuss
its benefits on the asymptotic errors when our methods are applied to stiff problems.

Our approach bears similarities to IMEX GLMs. Partitioned GLMs, including IMEX, have
been proposed in [24, 25, 132, 134, 137] and more recently in [89]. We have used some
important convergence results for global errors of GLMs from the monograph [94] in our stiff
analysis.

In the following we will study a number of topics: We start by reviewing GLMs in section 5.2.
In section 5.3 we introduce the formulation for linearly implicit general linear methods.
Section 5.4 gives the order conditions for these new methods. Sections 5.5 and 5.6 are
dedicated to linear and stiff stability analysis for linearly implicit GLMs. In section 5.7 we
show a number of new and existing families that fit in our framework including methods
based on type 2 and type 4 DIMSIMS, BDF-W, and parallel methods. Section 5.8 presents
the numerical experiments.

5.2 Traditional General Linear Methods

A GLM with s internal and r external stages advances the numerical solution of eq. (5.1)
over the time interval [t,_1,t,] with ¢, = t,_1 + h as follows:

)/i - hzai,j f()/J)+ZuZ,] y£”_1]7 1= 17"'787 (52&)
j=1 j=1

yz[n} = hz bij [(Y;) + va‘ y}”_”, =1, (5.2b)
j=1 j=1
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Provided that the external stages from the previous step have the Taylor series expansion
p
n—1
i =S w b y® () + O (), (5-3)
k=0

a method is said to have stage order ¢ if
Y = y(tn_1 + ¢;h) + O(RIT),

and order p if
p
v = 3w By B (t,) + O (RH).
k=0

For brevity, the coefficients are represented in matrix form

A= a,] €R™, U= [u,] € R, B =[] € R™,
V = [Ui,j] S RTXT, W = [wi,j] = [WO .. Wp] c RTX(pJFl),

and the GLM eq. (5.2) can be represented by the following Butcher tableau:

cl AU
B |V

Similar to Runge-Kutta schemes, two broad categories of GLMs are of interest. Explicit
GLMs computes internal stages using information from incoming external stages and previ-
ously computed internal stages. The computational cost is therefore limited to evaluating
right hand side functions. Implicit methods on the other hand may compute coupled stages
that require nonlinear system solves. methods with lower triangular A compute stages that
are only implicit in the stage being computed. These methods also benefit from good linear
stability properties. If A is strictly lower triangular the GLM computes internal stages using
only previous stages and is therefore explicit. The GLM framework is extensive and well-
established. Other structures of coefficient matrices are possible and lead to varying levels
of implicit and explicitness. We refer readers interested in theoretical foundation of these
methods to the literature [18, 22, 59]. In the following we reiterate an important theorem
for the order conditions of GLMs.

Definition 5.1 (GLM preconsistency). The GLM eq. (5.2) is said to be preconsistent if the
following conditions hold:

UWO = 15, VWO = Wpy. (56)

Theorem 5.2 (GLM order conditions). Consider a preconsistent GLM with external stages
satisfying eq. (5.3). All of the following are equivalent:
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1. The GLM eq. (5.2) has order p and stage order q € {p—1,p} for all sufficiently smooth
f.

2. The method coefficients satisfy

KE A X k-1)

—UWkZOS, k‘:L...,q,

k! (k—1)!
k X (k—1)
Wi_y Bc
— —Vw,=0,, k=1,...,p,
236! CEE TG b

where we have used the notation c** to denote component-wise k-th power of the vector
c.

3. The GLM eq. (5.2) has order p and stage order q € {p — 1,p} for all scalar, linear
problems

y =Xy, y(0)=1, (5.7)

where A € R.

Proof. The equivalence of statements one and two is discussed in [59]. Clearly statement
one implies statement three as it uses the special case f(y) = Ay. To complete the proof,
we prove the converse.

First, assume a GLM has order p and stage order ¢ € {p — 1, p} for eq. (5.7). Therefore, the
internal stages satisfy

Y =hAf(Y)+ Uyl

p
eF=2Ae*+U Z wi h* ™ (0) + O(hit), (5.8)
k=0

e =2zAe* +Uw(z) + O(h"),

where z = h X\, w(z) = > ] _, Wi 2*. and the exponential of vectors are performed component-
wise. Similarly, the external stages satisfy

vy =hBf(Y)+Vyl,

e“w(z)=2zBe*+Vw(z)+ (’)(hp“)' (5.9)

Together egs. (5.8) and (5.9) are exactly the GLM order conditions given in [59, Theorems
2.4.1 and 2.4.2]. Thus, statement one is proved, and the proof is complete. O
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5.3 Formulation of linearly implicit GLMs

In this section we introduce the new class of linearly-implicit general linear methods as
the extension of Rosenbrock and linearly-implicit Runge-Kutta method to multi-step and
multi-stage integration.

Definition 5.3. linearly implicit GLMs

One step of a linearly implicit GLM applied to eq. (5.1) with a (possibly) different approxi-
mate Jacobian matrix L; ~ g—?’j at time t; =t,_1 +c¢hfori=1,...,s reads as

i—1 T
Ki=hf (Z a;; K + ZU” YE‘TL_H>

jﬂi =t ) i=1,...,s (5.10a)
+ AL S iy K+ LY v,
j=1 =1
yin] :Zbi’j Kj—FZUi,jygn_l], Z: 1,...,7“. (510b)
=1 j=1

The formulation of linearly implicit GLMs for non-autonomous systems will be discussed in
section 5.4.3 after order conditions are introduced.

Equation (5.10) can be represented more compactly in matrix form as

K=hF(AoK+Uay"") +hLT® K +hL¥ @y, (5.11a)
vy =BoK+Vayll (5.11b)

where L = blkdiag (L, Lo, ..., L) and we have used the @ notation to indicate Kronecker
product with the identity matrix such that A ® K := (A ® I;xq) K, and

K, y[1n] f(Yl)
K=|:1|, y"=|:+|, F)=]| : |. (5.12)
K v f(Yy)

We represent a linearly implicit GLM using the Butcher tableau

¢c|A T|U ¥

‘ = ‘V , (5.13)

where I' € R¥*% and ¥ € R**".
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5.3.1 Efficient implementation

A more efficient formulation of linearly implicit GLMs is possible, similar to that described
in [51, Sec IV.7] for Rosenbrock methods such that it incurs fewer Jacobian-vector product
computations per internal stage. We start by considering the slightly more general form of
eq. (5.1):

My = f(y), (5.14)

where M is a mass matrix. The special case of a singular M is considered in section 5.6.

Assuming I' is lower triangular and invertible, we can formulate the method in the new

K; = Z % - Zr o)yl (5.15)

After some algebraic mampulatlons, eq. (5.10) becomes

i—1
(;M_hLi)Zi:hf(Z(A Z+ZU AT W), 5" 1])
b =1 =1
i—1
+M(—Z Z+ZI‘ o), ””>
j=1

v =3 (BrY), Z+ZV Br'w) v

j=1 j=1

variable Z;, where

Note that the approximate Jacobians only appear on the left-hand side (in the linear system
matrix), and this formulation avoids the additional matrix vector products present in the
right-hand side of eq. (5.10a).

5.4 Order conditions for linearly implicit GLMs

In this section we derive the necessary and sufficient order conditions for desired internal
and external stage orders and show how the conditions can ensure accuracy of the method
with arbitrary Jacobians. We also explore how these conditions are related to IMEX GLM
pairs.

5.4.1 Preconsistency conditions

We apply the method in eq. (5.11) to the test problem

y =0, ylto)=r, (5.16)
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where k£ € R and note that the constant solution is y(t) = k. We would like to have all
approximations of y(t) and 3/(¢) to be O(h) accurate. We therefore require

AK+Uy 1 =1,5+0(h),
BK +Vy" 1 =wor+ O(h),
hL; Uyl =0, 4+ O(h?),

which leads to the following preconsistency conditions:

Uw, = 1., (5.17a)
U w, = 0,, (5.17b)
Vwy = wy. (5.17¢)

5.4.2 Order conditions

Definition 5.4 (Linearly implicit GLM internal stage order). A linearly implicit GLM with
incoming external stages satisfying eq. (5.3) has order ¢ if the following approximation holds:

Ki=hy (tn—1 + cih) + O(h7F?). (5.18)

Definition 5.5 (Linearly implicit GLM external stage order). A linearly implicit GLM with
incoming external stages satisfying eq. (5.3) has external stage order p if

p
A= 3w Wy ) + O (). (519)
k=0

Definition 5.6 (Method order). We say that a linearly implicit GLM is of order (g, p) if it
has internal stage order ¢ and external stage order p.

Theorem 5.7 (Order conditions). A linearly implicit GLM that satisfies the preconsistency
conditions eq. (5.17) has order (q,p) with ¢ € {p,p — 1} for all L; and sufficiently smooth f
if and only if its coefficients satisfy the following order conditions:

kA X1

- U =0, k=1,...,q, 5.20
KO (k=D F q (520a)
k X (k—1)
Wi_y Bc
— —Vw,=0,, k=1,...,p, 5.20b
; 0 k-1 W P (5.20D)
I‘\ch—l
— 4+ v =0, k=1,...,q. 5.20
= 1) +Wwg q (5.20c)

Remark 5.8. The conditions in proposition 5.7 allow for different Jacobian approximations
in different stages. This is particularly useful in the case of parallel methods as well as when
stages are solved using iterative solvers.



5.4. ORDER CONDITIONS FOR LINEARLY IMPLICIT GLMs 5

Remark 5.9 (Implicit and explicit components). Note that egs. (5.20a) and (5.20b) are also
the order (q,p) conditions for the explicit traditional GLM with coefficients (A, U, B, V).
Next, we introduce the following notation:

K::I‘—i—A and ﬂ'::\Il—i-U.

An equivalent formulation of eq. (5.20c) can be given as follows: Subtracting eq. (5.20¢)
from eq. (5.20a) leads to

Xk :&CX(kz—l)
K (k—1)!

~Uwy=0, k=1,...,q, (5.21)

and vice-versa, subtracting eq. (5.20a) from eq. (5.21) restores eq. (5.20c). Therefore the
order conditions (5.20) can be written in an equivalent from by replacing eq. (5.20c) with
eq. (5.21).

We note that eq. (5.21) and eq. (5.20b) define order (g, p) conditions for a traditional implicit
GLM with coefficients (A, U, B, V), having the same weights W as the explicit method.

Remark 5.10 (Abscissa vector). From eq. (5.20a) it follows that, for methods of stage order
qg=>1:
c=A1l,+Uw,. (5.22)

Remark 5.11 (IMEX pair). From eq. (5.21) the abscissa of the implicit method is
E:A18+ﬁwl :C—{—Fls—i—qul = C.

As a consequence of (5.20c), the explicit method (A,U,B,V) and the implicit method
(K, ﬁ, B, V) also share the same abscissa vector. Therefore, from any linearly implicit GLM
one can obtain an IMEX-GLM of order (¢,p) [132]. We note that the reverse is not true
since in general IMEX-GLM pairs do not share W and B coefficients.

Proof. First assume a linearly implicit GLM has order (¢, p) with ¢ € {p,p — 1} for all L,
and sufficiently smooth f. It must have this order for the particular case L; = 04«4 in which
the method degenerates to a traditional, explicit GLM with coefficients (A, B, U, V). The
traditional GLM order conditions of proposition 5.2 imply egs. (5.20a) and (5.20Db).

Consider also the particular case f(y) = Ly and L; = L as in eq. (5.7). For linear problems,
a linearly implicit GLM degenerates to the implicit GLM with coefficients (1&, U,B, V). By
proposition 5.2, a GLM of order (g, p) for linear problems must have coefficients that satisfy
eq. (5.20b) and eq. (5.21). Based on the discussion in proposition 5.9, this implies the final
order condition given in eq. (5.20c).

Now assume a linearly implicit GLM has coefficients satisfying eq. (5.20). Substituting the
exact solution into the right-hand side of eq. (5.11a) and using Taylor expansions of y(t,_1)
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and y(t,_1 + ch) we get

hE(hA®Y (tar +ch) + Uy ) + ALT @y (ty1 + ch) + "L @yl

D CX(k—l)
—hF ((U wo) @ y(tn1) + Y h* (?]{——1)'

k=1

+U wk) @ y® (t,_1) + O(hp“))

p FCX(k—l)

= hF(y(tn—1 +ch) + O(h"))
A(p=1)
1 (o (B o)
= hy(tp—1 +ch)+ O(h?).

Next, we subtract eq. (5.23) from eq. (5.11a) to approximate the error of the internal stages:

_ hF(hA@)y/(tn_l +ch)+ U®y[n—1]) (5.24)
+hL(K — hy/(ty,_, +ch)) _}_O(hq—‘,-Q)'

Applying the 2-norm ||-|| = [|-||, yields

IK = hy/(tos +ch)| <hC|A K = hy (ts +ch)|
+ h||L| ||K = hy (tp—1 + ch)|| + O(hTT?),

where C' is the Lipschitz constant of F'. Thus,
1K = hy/(tar + eh)|| < (1= RO A[| = R L) - O(R**?),
and for sufficiently small h
|K —hy (tp—1 +ch)|| = O(h'?),

which proves the internal stage order of the method. A result from eq. (5.24) we will use
later is that:

FA@K+Uay" ) - FhA®@y (ty1 +ch) + (UW) @1(t,-1))

_ O + O (). (5.25)

Next, we will show that the external stage order is p. Once again, using the order conditions
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eq. (5.20) and the Taylor expansion of y(t,—1 + ch) we have:

v =BoK+Vayr!
=hB®@y (t,1 +ch) + V@ yit 4 O(h‘l“)
B cX(

+ O(hp‘H) + O(hq+2)

P k
w
=Wy y(tn_l) + Z (Z L Z €> Q y(k)< t 1) + O(hmm(pﬂ q—|—2))

k=1 \{=0

_thwk@)y )+@(hp+1)

Note that min(p+ 1,9 +2) = p + 1. ]

Corollary 5.12. Suppose a linearly implicit GLM has stage order ¢ = p — 1, but the
underlying implicit method (K, ﬁ, B, V) has stage order ¢ = p. If and L; = g—i‘ + O(h)
t

n—1

fori=1,...s, then K; = hy/(t,—1 + ch) + O(hP*?). That is, the stage order is one order
higher than proposition 5.7 predicts.

. - _ of
Proof. 1f the assumptions of proposition 5.12 hold and L; = e

+ O(h) the local trun-
tn—1
cation error in eq. (5.23) can be sharpened. We have that

hE(hA®@y (ty1+ch)+ Uy + hALT @y (t,-1 +ch) + hLE @y

X(p=1)
= hF(y(tnl + Ch) + h? (ﬁ + UWp) ® y(p)(tn,l) + O(thrl))

+ W Wp> @y P (tnr) + O (W) (5.26)

Ak
o 1 Ow, | @y ()
th—1+ch (p_ 1)'

T X1
(p—1)!

= hy(ty_y +ch) + hPT =

+ hp+1L (

oF
dy

+ O (W),

whell"e 88?5 =L ® g—g Proceeding exactly as in the proof of proposition 5.7 gives the desired
result o

|K —hy'(th—1 +ch)|| = O(hp+2).
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5.4.3 Non-autonomous formulation

So far we have considered the ode right-hand-side function eq. (5.1) to be autonomous. In
this section we will show that the non-autonomous case does not affect the formulation of
the method. Applying the method on the non-autonomous system

] [fty)
-]

and the approximate Jacobian eq. (5.27)

. 9f
L, % ‘tn,1+cih 7 (5.28)
0 0
we get
K| | f(m,Y5) L gi| |2 v K L g [, v ygnfl]
=h +h S +h r [n—1] | »
K 1 0 O Zizl Yij Kj 0O 0 Zi:l wi,j Cj

n s r n—1
v b K L |21t yi
n - s r n—1
Cz[ }_ > i bij Ky > i1 Vi Cj[ ]

Assuming an exact starting procedure for the time variable, k; = h and dn} =t wio+hw;.
From eq. (5.11a), the time argument for f(7;,Y;) satisfies

S T

n= ki Y ui G =tea b, (5.29)

J=1 J=1

by the preconsistency condition eq. (5.17a) and stage order one condition eq. (5.20a). Fur-
thermore,

K =hf(thy + 60, Y) +hLi Y iy Kj+hL Y ayyi !

J=1 Jj=1

+ i (Z Yij K+ Vi Cj[n_l]> (5.30)

Jj=1

= f(tnr + i1, V) + ALY iy K+ ALy iy

j=1 j=1

by the preconsistency condition eq. (5.17¢) and stage order one condition eq. (5.20c). Note,
the only difference between the autonomous form eq. (5.10) and the non-autonomous form
eq. (5.30) is the time argument in the right hand side function f. Unlike Rosenbrock meth-
ods, the non-autonomous formulation of linearly implicit GLMs does not include the terms
involving time-derivative of the right-hand-side.
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5.5 Stability analysis for linearly implicit GLMs

We will now discuss the stability properties of linearly implicit GLMs when applied to linear,
Prothero-Robinson, index-1 DAEs and singularly perturbed systems.

5.5.1 Linear stability

Applying eq. (5.11) to the scalar Dahlquist test problem
y =My, (5.31)
and using the Jacobian approximations L; = X reveals that the stability matrix of the linearly
implicit GLM is
M(2,2) =V+B (I, —2A—20)" :U+2W),
where z = h XA and 2= hA.

In the case the exact Jacobian is used, Z = z and, as expected, the stability function of the
underlying implicit method is recovered:

—~ -1 <

M(z) =M(z,2) =V + 2B (sts — zl&) U.

In the case where the arbitrary Jacobian is chosen as L; = 0 the stability matrix of linearly
implicit GLM is the same as that of the explicit GLM:

M(z) = M(2,0) = V4 2B (I, — 2A) ' U.

We define regions of stability for the underlying implicit and explicit methods as C

n

S={zeC :sup < o0}, (5.32a)

‘ﬁ(z)

n

S={zeC :sup < 00}. (5.32b)

‘M(z)

Remark 5.13. We can extend this result to the linear, non-autonomous, non-homogeneous
test problem

M(t)y = At) y + o(t). (5.33)

Similarly, the linearly implicit GLM eq. (5.10) applied to eq. (5.33) using the exact Jacobians
L; = A(t,—1 + ch), computes stages as:

M(t) K = hA(tyy +ch) (A K + 0" 1) + 6(t, 1 +ch),

(5.34)
vy =BK +Vylr 1
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where eq. (5.34) is exactly the stages of the underlying implicit method applied to eq. (5.33).
As a result the stability properties of linearly implicit GLM for this problem is the same as
its underlying implicit GLM.

The linear stability analysis in this section gives us a picture of how the accuracy of the
approximate Jacobian L and it’s closeness to the exact Jacobian J of the system affects the
stability of the method. We note that in the best case scenario the stability of the linearly-
implicit GLM is as good as an implicit method, when exact Jacobian is used. On the other
hand when the Jacobian does not contribute to the linear system solutions (L = 0) the linear
stability reduces to that of an explicit method.

5.6 Stiff accuracy of linearly implicit GLMs

5.6.1 Convergence of linearly implicit GLMs applied to the Prothero
Robinson problem

The Prothero—Robinson problem [82] is a linear scalar problem of the form

v =n(y—o)+e ). (5.35)
The stages for the method in eq. (5.11) applied to eq. (5.35) are
K=2(AK+ Uyl —¢(t,1 +ch))
+h¢ (tpr+ch)+ 20y 42T K,
=z (AK + Uy — ¢ (th g +c h)> +h¢ (ta_y +ch), (5.36a)
vy =BK 4+ Vyr i (5.36b)

where z = hu. Due to the linearity of the problem, the stages in eq. (5.36) are exactly
the same as stages of the underlying implicit method applied to the Prothero-Robinson
problem. Convergence results therefore follow from the traditional GLMs [12, Section 4] and
[132, Theroem 3|. Assuming L; = p and denoting the global external stage errors by

e[{nfl] — y[nfl] _ WTZ (tn—l) ’
we present the following corollaries:

Corollary 5.14 (Non-stiff PR-problem). For z € S,z = hy and —c0 < Re(p) < 0 the
linearly implicit GLM applied to the PR-problem eq. (5.35) is convergent with the external
stage order p such that if e[go] = O(hPT1),

eén] =O(P), as h—0.
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This result is due to the fact that the non-stiff PR problem is a linear problem for which the
stages of the linearly-implicit and the underlying implicit methods are the same.

Corollary 5.15 (Stiff PR-problem). For z € S, z=hu and p — —oo, if@ is invertible the
linearly implicit GLM applied to the PR-problem eq. (5.35) is convergent with order min(q, p)

such that if 6[50] = O(hr*th)
eén] = O(h™™@P)) as h— 0.

This results follows from [12, Theorem 4.2] for implicit GLMs. As z — —oo and only
equipped with the uniform boundedness of Hﬁ(oo)””, the error recurrence compounds the

error over n steps leading to the above estimates.

Corollary 5.16 (Stiffly accurate linearly implicit GLM). Under the assumptions of proposi-
tion 5.15, sharper estimates of the convergence rate are available when the method additionally

satisfies p(M(co)) < 1 such that if 6[50] = O(hr ™)

eén] = (’)(hmin(ﬁl’p)), as h —0.

This results follows from [12, Theorem 4.2] for implicit GLMs.

5.6.2 Convergence of linearly implicit GLMs applied to singularly
perturbed problems

In this section we study the convergence of linearly implicit GLMs on the singular pertur-
bation problem
/
2 e (Y. 2)

with ¢ < 1, f and g sufficiently smooth and g,(y, z) invertible in the neighbourhood of the
solution with a bounded logarithmic norm p(g.(y, 2)) < —1 [100, Equation 23]. To apply
the linearly implicit GLM (5.11) to (5.37) we use the following notation: Y and Z refer
to the function arguments, K and S denote the internal stage values, and y»~! and 7z~
represent the incoming external stages at step n. The numerical method reads as

V=A@ K+ U@y, (5.38a)
Z=A@S+U@z"Y, (5.38D)
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K| [F(v,2) F, T®K)+F. (T®S)
es G(Y,2) G, (P®K)+G T®S)
(5.38¢)
F, (Toy)+F, (Foyr)
G (\II®Z }) \II®Z[" 1
[n] Bo K [n—1]
Y OR+VOy (5.384)
z™ B®S+V@zl1

where we use F, = Lixs ® f,(Yn—1,2n—1) to denote the sub-Jacobian evaluation and similar
notation for F,, G,, and G, in relation to eq. (5.12) is adopted. We first consider convergence
of linearly implicit GLMs for index-1 DAEs. Later, we will extend the result to singularly
perturbed problems.

Index-1 DAEs

In the limit £ — 0, eq. (5.38) turns into the index-1 DAE:

v =1(y2),

0=g(y,2).
We will consider the numerical values of the stages of a linearly implicit GLM satisfying
order (q,p) conditions applied to this problem and compare numerical stages to the same
equations when exact values are substituted. We will then derive an error recurrence that

will determine the convergence rates for the differential and algebraic variables. Let us start
with eq. (5.38) and take the limit ¢ — 0:

K=hF(Y,Z)+h(F, C@K)+F, (T®S))
+h (F, (Yoy" )+ F (oY),

0=G(Y,2)+G, T®K)+G, (T®S9)
+G, (Toy" )+ G, (Taz ).

(5.39)

(5.39D)

Define Y and Z as function arguments when exact values are inserted into egs. (5.38a)
and (5.38b). Considering the internal stage order conditions for the underlying explicit
method we have that:

Y = hA®@y (ta 1+ ch) + (UW) @7 (tn_1) (5.40a)
= y(t,_1+ ch) —|—O(hq+1),

Z=hA® 2 (th1 +ch) + (UW) @ (tp_) (5.40b)
= 2(t,_1 + ch) + O(h?™),
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where 7(t,_1) and ((¢,_1) are Nordsieck vectors corresponding to the derivatives of y(¢) and
z(t) at the time ¢,_; respectively. Furthermore, define the global errors as:

AK =K —hy (t,_1+ch),
Ayl i=yr - W@ ()
AY =Y Y =A® (K —hy (t,.1 +ch))
+U@y" ! = (UW) @7 (t, )
=A® AK+U® Ay,
1]

We assume similar notation for the errors in the algebraic variable AK, AS and Az

Now, we insert exact values in eq. (5.39a) and using the fact that the linearly implicit GLM
satisfies the internal and external stage order conditions eq. (5.20) to write:

hy (ta1 +ch) = hF (37, Z) +B2F,(T®Y (thy +ch))
+h*F, (T @2 (t,_1 +ch)) (5.42)
+ hEy (W) @ n(tn-1)) + AL, (FW) @ ((tn-1))
+ O(h*?).
Subtracting eq. (5.42) from eq. (5.39a)
AK = hF (Y, Z) — hF (17, Z)
+h(F,(C®AK) + F. (T®AS) + F, (To Ay 1) + F, (@A) (5:43)
+ O(h*?) + O(RP*).
From eq. (5.43) we have:
AK =h(F, (Ao AK) +F (Ao As))
+h (Fy <ﬁ®Ay[”_1]> o (ﬁ@)m[n—”)) (5.44)
+O(h),
where v = min (¢ + 1,p) and the order of hF (Y, Z) — hF (37, Z) is due to eq. (5.25). Re-
peating the same steps for the algebraic stages we get:
0= G, (Ao AK) +G. (AwAs)
+G, (ﬁ ® Ay[“—”) +G. (ﬁ ® AZ["—H>
+ O(hY),
AS =~ (C.A L) - (Aoar)+a, (Teay™ )+ 6. (Toad))
+ O(R”),

(5.45)
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Solving for A@AS+U® Az in eq. (5.45) and inserting into eq. (5.44) we get

AK = hJ™ (A @ AK) + hJ™ (Ue Ay) + 0(h ),
(Ao ax)+ar (Toayt)+ o) 516
Ay =B@ AK + U@ Ay,

Equation (5.46) describes the global error for the underlying implicit method applied to the
linear ODE ¢/ = J*dy but with local truncation error of O(h**!). Therefore, by classical
convergence properties of GLMs leads to Ayl™ = O(hY).

Assuming G, and A are invertible, we define some new notations that will become useful:

Jred — Fy _ Fz Gz_l Gy = sts (%9 (fy - fzgz_lgy)
= ISXS ® 1.77

noting that this the Jacobian of the index-reduced system obtained by differentiating the
DAE. Rearranging eqgs. (5.44) and (5.45) we have

AK hF, hF.| |[U@Ayl-1| O+
= D(h)? v S eay T (01 (5.47)
AS G, G.||U®Az1 O(hY)
where R N )
D(h): ISdXSd:hA®fy _h/é@fZ ’
—A ® Gy —A ® gz ]
with the Schur complement,
B D;! D;!
poy-t - it D),
21 22
Dl_& - Isd><sd - h:& X j)
~ —1
Dié = - (Isdxsd —hA ® j) (Is><s ® (fzgz_l))

~ -1
Dii - (ISXS ® (gglgy)) (Isdxsd — hA & j) s

~ ~ -1
DQ_é = _A_l ® gz_l +h (ISXS & (gz_lgy)) (Istsd — hA ® \7) (ISXS & (fzgz_l)) :

Note that
1
O(1) oO(1)
Ak]  [Dt D] (R (U@ f,) Ayl +h (A ® fz) Azl O(hv+1)
AS D,; D} U®g,) Ayl + (ﬁ ® gz> Agln—1] omn) |’
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Inserting eq. (5.47) into eq. (5.38d) we get the error recurrence:

Ay [B@AK + Ve Ayl
Az | | B@AS + V@ Az
e (5.48)
M) o Ay~ O(hv+1)
T R(Z) M(oo)| | Azl O(h")
where
Z = hJ,

—~

M(2Z2)=V®Ili,+hBo® <Isd><sd -z (K ® Id><d>>_1 zU

::V@de+hB®(wa—hK@uﬂ_lﬁj®j).

Convergence of the error recurrence in eq. (5.48) depends on the eigenvalues of the error
amplification matrix which in this case has lower block-triangular structure. As a result
convergence is determined by the eigenvalues of M (Z) including at infinity. A detailed
discussion of various cases can be found in [100, Lemma 2|. Here, we use the following
corollary:.

Corollary 5.17. Assume g. is invertible in a neighborhood of the solution, and also assume
we start from an algebraically consistent initial condition g(yo,z0) = 0. If the underlying

implicit method satisfies p(i/I\ (00)) < 1 and is power bounded elsewhere then the global error
of linearly implicit GLM (5.11) applied to the index-1 DAE problem satisfies:

v —y(t,) = O(h), K —hy(tns+ch) =0,
2" — z(t,) = O(h"), S —hZ(tn_y +ch) =O(h"t).

Proof. Simple application of [100, Lemma 2] to estimate the global errors leads to y!™ —
y(t,) = O(h*) and z" — 2(t,)) = O(h¥). For internal stages we use eq. (5.47) to get:

O(h) O(h) O(h"*)
o) 0@1) O(h")

AK
AS

Ay[n_l]
Az[n—l}

If global error estimates for the external stages are substituted in this equation we arrive at
AK = O(h*t1) and AS = O(R*T1). [

e—expansion of smooth solutions

We are now interested in smooth solutions of the singular perturbation problem eq. (5.37)
that can be expanded according to

y(t) =Dyt =) =) (), (5.49)

k>0 k>0
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where solution components y*(¢) and z%(¢) are not dependent on e. We assume that the
initial values y!, z[" are on the smooth solution manifold. Following te standard analysis
we expand the function arguments and internal and external stages of the numerical solution

in powers of e:
Y:ZYigi’ Z:ZZiEi’

1>0 >0
K:ZKiEfi, S:ZSi€i7
i>0 i>0
y[n} — Zy[n},i = 2 — ZZ[W =
i>0 i>0

Inserting eq. (5.49) into eq. (5.37) and separating O(1) terms leads to the index-1 DAE
discussed in section 5.6.2:

v =102, (5.50a)
0=g(y"2"), (5.50b)

for which the convergence of linearly implicit GLMs is already established. If O(e!) terms
are considered, in addition to eq. (5.50) we get the index-2 DAE:

v =1 (02 v+ (W0, 20) 2 (5.51a)
2 =g, (10, 2°) ' +9: (0°.20) 2. (5.51b)

Assuming g, is invertible we can insert 2! from eq. (5.51b) into eq. (5.51a) to get the reduced
ODE:

== (o) vt ot (5.52a)
' = (fy— Lot v+ (fae2t) 27 (5.52b)

All Jacobians in eq. (5.52) are evaluated at (y°(¢), 2°(¢)) and we have dropped the argument
for brevity. Note that eq. (5.52b) is a linear ODE in y'(¢) with a time-dependent term on
the right-hand side function. In general the differential-algebraic equation for component v
of the SPP problem can be represented by [51, Section VI.3]

yw _ fy (yO,ZO) yu + fz (yO,ZO) ZV + (bl/ (yO,ZO, o ’yuflwzz/fl) 7 (553&)
zzxfl’ — g, (yO, ZO) yu + . (yO,ZO) SV + wu (yO, ZO, o ,yuflj Zl/fl) ] (553b)

In [108] Schneider shows the convergence of SPP components for general linear methods.
Here, we use the linearity of the systems in eq. (5.53) to show that the stages of linearly
implicit GLM applied to these problems are within the local truncation errors of the stages of
the underlying implicit method applied to the same system when the exact Jacobian is used.
Convergence of the SPP problem, therefore, follows the same asymptotic as the implicit

GLM.
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Theorem 5.18 (Convergence of linearly implicit GLMs for the e—expansion terms of SPP).
For an internally consistent linearly implicit GLM of order (q, p), with the underlying implicit
method satisfying p(M (c0)) < 1, M (2) power bounded elsewhere, and eigenvalues of the

coefficient matriz A having positive real values, and further, assuming starting with consistent
initial values

Ayu,[n] — O(theru)’ Ayu,[n] — (9(hq+271/)7

5.54
AZV’[n] _ (/)(thrlfz/)7 Azu,[n] — O(hq+17y)7 ( )

for1 <v<qg+1.

Proof. We will present the proof for v = 1. For v > 1 an induction argument can be
constructed. Starting at v =1 the index-2 problem reads as:

v = (0020 ut (40, 20) 2t = F(yt Y, (5.55a)
2 =g, (" 20) v +9: (01 2°) 2 =GN ). (5.55b)

We like to show that the difference between the linearly implicit GLM and the underlying
implicit stages remain bounded. Consider the implicit method’s stages:

PIoRoR 4 Doshl 2 =AeR 4 Dol
R!=nF (f/l, 21) , R =ng (?1, 21) .

where YO and Z° are the index-1 solutions computed by the implicit method. Similarly, the
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linearly implicit GLM stages read as

Y'=A@K,+Uay"r,
Z'=A@K! + U@z Y,
K,=hF(Y'.Z)+F, (Y 2")(ToK)+F. (Y',Z2")(Tas")
FE (L) (Reyn ) ¢ £ (v, 2Y) (B e st )
=0, (v, 2°) (Ae K' + Tayt)
+hF, (Y°,2°) (f&@Sl - ﬁ@zl’[n‘”) ,
G0 — YO ZO (A@Kl—i—ﬁ@yl’[”_”)

+ G, (Y°,2°) (K @S+ U @zl’[”*”) ,

Convergence of index-1 problems for linearly implicit GLMs is discussed in section 5.6.2.
Since we arrive at the same rates as the underlying implicit method [108, Section 4], we can
change the argument of the sub-Jacobians such that

YO=Y'+O(h*) and 2°=2Z"+O(n").

Defining 6K == K' — K and similar notation for the error between stages of the underlying
implicit GLM and the linearly implicit GLM we have

SK' = hF, (?0, 20) (A @K'+ U@ (53\/1’[”_”) (5.58a)
+ O(h**?),

+nF, (70,2°) (AeS' + Dasy )
" ”) (5.58b)

55° = hG, (?0, ZO) (K @K' + U@ oyh!
+hG. (?0, 20) (A 985t +U® 5217[“—”) +O(he72),

5y' = hA @ 6K + U@ sy 1, (5.58¢)

52" = hA ©0S" + U @ 6z, (5.58d)

Note that in eq. (5.58) the error between the two methods has the same structure as the local
truncation error of the implicit GLM [108, Therorem 2.1] and [51, Theorem 3.4]. Therefore
under the same assumptions for convergence, we have the following result:

AK' = 6K + AR = O(ht*?), AS'=4S' + AS' = O(prt!), (5.59a)
Ayt =0y' + Ay = O(h™tY), Az' =éz' + AzZ' = O(hY). (5.59b)
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Corollary 5.19 (Estimation of the remainder in the numerical solution). Under the same
assumptions as in proposition 5.18, the global error of linearly implicit GLM applied to the
SPP problem eq. (5.37) satisfies:

Yn — Y(t,) = O(hP + eh?),

2y — 2(t,) = O(h? + eh9), (5.60)

for some h/e > D, h < hg with hg independent of .

Proof. This result directly follows from [108, Theorem 2.4/, having shown the e—expansion
terms in the stages of linearly implicit GLM have the same error convergence rate as the
underlying implicit method.

5.7 Special families of linearly implicit GLMs

In this section we study a number of existing linearly-implicit GLMs from the literature and
show how they conform to the formulation in eq. (5.11). We also introduce new families of
W-methods based on available implicit GLMs.

5.7.1 Two-step Runge—Kutta and Peer methods

A general formulation of Two-step Runge-Kutta methods and Peer methods [9, 60] may
treat both families as special cases of GLMs. Let us consider a method that advance the
solution vy, as:

vl = ur ey, s +u ey, , + D gyl (5.61a)
+h Al e F (Y 4+ h Al-e F (v,
Yo = O Ay, o p9nly 4 g UT @yl (5.61b)

+hvt T @ B (YU 4+ hvie i T @ p (vl

The method (5.61) is a GLM with the tableau of coefficients:

Al | g2 gl pil Al

Osxs Osxl ]-s Os><s Osxs
V[n] T ﬁ[n—Z] 19[”_1] e[nfl] T V[n—l] T , (562)

Al | g2 g1 pl-l Al

Id><d 0s><1 05><1 Osxs Os><s
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The external stages contain solution and function values:

Yn—2
[n—1] Yn—1 c R@st+2)dx1

Y - Y[nfl]
hE (Y1)

?

and using Taylor series expansion of the external stages we have the following for the columns
of the W matrix:
T

- []- 1 1s><1 Osxl] ) (563&)
_1)k 195 (e—1.)k-11T
we= |G 0 RS L g, (5.63b)
The pre-consistency conditions for the method in eq. (5.62) is
(u 4l 4 D) 1 =1 (5.64a)
Y= gn=1l 4 =Ty — 1, (5.64D)

Using (5.63) in the GLM order conditions we get the following internal stage order conditions:
Xk APl eX(k=1) A[n—l](c _ 1S)X(k—1)

Ko (k=1 (k—1)!
D¢ —1,)" —1)*
. (‘]; ) _ u[“l% —0, k=1,....q, (5.65)

Similarly, using the structure of the tableau eq. (5.62) and eq. (5.63) in the GLM external
stage order conditions proposition 5.2 we have the following identities:

k _
Z |€| 0, E=1,...,p, (5.66a)
l=
1yl TeX(k=1) 1] T(C _ 1S)><(k—1) 5.660)
k! (k—1)! (k—1)! :
—1)k g1 T(c—1,)%*
_ [n—2}< o s . .
19 k[ k‘ _Oa k—l,...,p,
o - .66¢
= (k- E Ll (k—1)! (k—1)!
DXk (—1)*
_ I ] - _
]’C‘ u k“ _07 k_17"'7Qa
k—1
1) X(k—t=1) X (k—1)
1) - =0, k=1,...,p. (5.66d)

(k—(—1)10  (k—1)!

~
I
o
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Equations (5.66a) and (5.66d) are trivially satisfied. Equation (5.66¢) is equivalent to the
stage order equation eq. (5.65) since

k

c—1 C
Z 0 = k=1,...,q.
(=

We have the following result:

Remark 5.20 (TSRK/Peer order conditions). A two-step Runge-Kutta method or a GLM
peer method represented by formulation eq. (5.61) is order (g, p) if the coefficients satisfy
the preconsistency conditions eq. (5.64a) and

Xk AMEX(k=1)  An—1] (c— 1S)X(kfl)

R (3 TR A § (5.672)
_ D[n_l](‘;!_ )™ u[n—QJ% —0, k=1,...,q,
_ =2 (_k1‘>k 6" T(I:! ) =0, k=1,...,p.

Linearly implicit TSRK /Peer methods

Once the TSRK/Peer methods are considered as GLMs, extension to linearly-implicit version
is a straight-forward process. We consider the linearly-implicit method

Y =u ey, ,+ul ey, + Ao KM 4 Al g kY
KM = hF (Y?) 4 hL (r[”] ® KM 4+ g K[”‘”>
+hL (" P @y, o+ Y@y, ), (5.68)
Y = Y2 Yo + Y1 Yn_1
4yl T g gl T g el
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The order conditions are:

Xk AlnleX(k—1) A[n—l](c _ ls)X(k—l) 3] (_1)kz
— u [ —

_ _ -0
k! (k—1)! (k—1)! ’
k=1,...,q,
i B V[n] TCX(kfl) B V[nfl] T(C _ 1S>X(k71) B ﬁ[nfﬂ (_1)k 0
k! (k—1)! (k—1)! ’
k=1,...,p,

n — n— X(k—
ety T e — 1) g (<D

(k—1)! (k—1)!
k=1,....q.

Example

(5.69a)

(5.69b)

(5.69¢)

The sequential peer two-step method PEER4A described in [80] is a special case of eq. (5.68)
with order (2,3) conditions. Indeed in [80, Example 4], the "Nordsieck form” of the peer
method is the underlying implicit and the "predictor” coefficients give the underlying explicit

method.

5.7.2 Parallel Methods

The family of parallel linearly implicit GLMs allows independent and parallel computation
of internal stages. In the case of linearly implicit GLMs choosing A = 0 and I' = A1,
leads to a family of parallel methods . Similarly, the two-step linearly implicit Runge-Kutta

methods become parallel when A = 0 and = \1,...

5.7.3 Parallel Ensemble Methods
B =C,F, (L., — \K,)C. ",
where the Toeplitz matrices

0

— Nl

1
0 1

N =S =

V= Is><sa W = Cs+1 - >\Cs+1 Ks—i—la

c Ran
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and scaled Vandermone matrix
2 n—1
C’n, - |:15 Cc % T (’(I’ZL—I)' E RSXTL

are used.

U= -A\CK, (L., — \K,) ' C.!

The stability essentially matches that of the one stage Rosenbrock W-method:
Yn+1 = Yn + h (Idxd - h/)‘Ll) f(yn)

5.7.4 Backward Differentiation Formulae

Backward differentiation formula (BDF) methods are a popular family of implicit linear
multistep methods. The general form for a k-step BDF method is

k
Yn = Bl f(Yn) + D iy, (5.70)
i=1
These can be cast into the framework of GLMs and have a tableau of the form
1 ﬁg a1 ... g1 O
Bolor ... ap—1 oy
o1 ... 0 0 .
0|0 ... 1 0
Now we use this GLM to construct the linearly implicit GLM
k k
K, = hf(Z&iyn_l) +Boh LKy +hL > iy, (5.71a)
i=1 i=1

k
Yn = Po K1 + Z i Yn—i) (5.71Db)
i=1

where o; = @; + 1; to preserve eq. (5.70) as the underlying implicit method. The tableau

for eq. (5.71a) is

1 0 BO 621 ce Eik_l ak ¢1 e 77Z)k
Bo o ... O O
0 1 ... 0 0 (5.72)
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We use this structure to derive order conditions for linearly implicit BDF methods with
p=q+ 1= k. Solving eq. (5.20) leads to the method coefficients

k —1

=0 7

By applying the transformation eq. (5.15) and some algebraic simplifications, we arrive at
the following compact form of linearly-implicit BDF methods:

k k k
Yn = (sts - BO h L)*l </60 h f (Z az yn—i> + Z wz yn—i> + Z (/]./\Z Yn—i- (574)
i=1 i=1 =1

5.8 Numerical experiments

In this section we provide numerical experiments using various linearly implicit GLMs derived
from the families introduced in section 5.7 applied to a number of test problems. Test
problems are chosen to highlight features of this class of linearly implicit methods. We present
convergence results on a DAE problem, a PDE with time-dependent boundary conditions,
Euler equations of gas dynamics with approximate Jacobian and the Van der Pol oscillator
for a stiff system.

5.8.1 The transistor-amplifier test problem

The transistor-amplifier test problem is an index-1 DAE describing various voltages across a
two-transistor amplifier circuit with a singular mass matrix. The derivation of the equations
is documented in [115] and the Matlab implementation of this problem can be found in ODE
Test Problems suit [90]. We perform convergence experiments for a range of time-steps
using the exact Jacbobian over a timespan t = [0,0.2] and record the Iy error between the
final solution and a reference solution computed with tight tolerances. Figure 5.1 shows
normalized error versus number of time steps for linearly implicit GLMsup to order 5. We
observe nominal order of convergence for the methods.

5.8.2 Convergence study with the Hundsdorfer problem problem

In the next set of experiments we use the Hundsdorfer PDE with time-dependent boundary
conditions [56, Sec. 6.3]. The PDE is described as

U + Uy = —klu + k’QU,

5.75
vy = ku — kv + 1, ( )
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Figure 5.2: Convergence plots for the Hundsdorfer problem

where x,t € [0,1] and the parameters are chosen as k; = 10° and ky = 2k;. Fourth-order
central finite differences are used for spatial discretization and the time-dependent Dirichlet
boundary condition is u(0,¢) = 1 — sin (12t)*. These choices minimize the errors due to
spatial-discretization and allow better estimates of the time-discretization error. This linear
advection-reaction problem is known to cause order reduction in Runge-Kutta methods due
to the influences of the time-dependent boundary conditions [57, Chapter 2.

We compare the convergence rates of linearly implicit GLMs against a number of Rosenbrock
and Rosenbrock-W methods from the literature: RODAS3 and RODAS4 are Rosenbrock
methods of orders 3 and 4 from [98]. ROS34PW1b and ROS34PW?2 are third order ROW
methods, and ROS34PW4 is a fourth order ROW method from [87]. ROSW4 is a fourth order
ROW method from [84, 6S40(C)-W]. Readers interested in verifying the implementation
and nominal orders of these methods may consult the Brusselator test problem results in the
supplementary materials section in section B.5.

In all our experiments , the exact Jacobian is used, but the time derivative of the right
hand side is ignored as suggested in [87, Section 1]. We note that among Rosenbrock and
ROW methods tested on this problem ROS34PW1b, ROS34PW3, and ROSW4 retain their
nominal convergence rates as shown in fig. 5.2a while other linearly-implicit Runge-Kutta
methods encounter order reduction. On the other hand, as fig. 5.2b indicates, the linearly
implicit GLMs perform close to their theoretical order of convergence. The only exception
here is the LIMSIM5 method which due to the limited precision in the starting procedure
shows fluctuations in its order.
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FiGure 5.3: Performance evaluations for the Isentropic vortex test problem using approximate
Jacobian-vector products

5.8.3 Euler equations with approximate Jacobian

In this set of experiments we use the 2D Euler equations for compressible gas dynamics
summarized in eq. (5.76) and discretized using Discrete Galerkin (DG) finite element method
with degree 5 nodal polynomial basis. Here, we are interested in studying the computational
efficiency of our methods compared to Rosenbrock and ROW methods. We have used the
Matlab implementation of the Isentropic Vortex test provided in [54, Section 6.6]. The system
is integrated over timespan ¢ = [0, 10] with parameter v = 1.4 and E = % + £ (u? 4 v?).

dp  Opu  Opv

ot T or Ty =V

Opu  Opu® +p N Jpuv o,

ot ox dy (5.76)
opv  Opuv  Opv* +p 0 '

ot Ox oy

OFE  Ou(E+p) Ov(E+p)

ot + Ox + oy =0

In many practical applications the exact Jacobian of a complex discretization can not be
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FIGURE 5.4: Performance evaluations for the Isentropic vortex test problem using direct
solvers

computed or factorized for use in linear system solves. We used the numjac function to
create an inexact sparse Jacobian at the beginning of the integration and employ it in our
computations. Furthermore, the stage equations are solved with the iterative gmres solver.
As a result , the final error is affected both by the local truncation error of the method
as well as the convergence of the solver (i.e. the iterative solver may not converge within
specified tolerance for some methods). We used Tol=1E-6 for the gmres solver. The [, norm
errors are computed at the final time for the density (p) component of the system.

Figure 5.3a shows total number of gmres iterations versus final error for a number of linearly-
implicit methods. We observe the performance advantage of linearly implicit GLMs with
the LIMSIM4 method being the most accurate for a fixed computational cost. A number
of reasons can account for this observation. As the convergence diagram fig. 5.3b indicates,
linearly implicit GLMs keep their accuracy where other methods show order reduction, re-
ducing the computational efficiency of the method. We also note that the number of internal
stages increases dramatically with the order in Runge-Kutta methods, whereas for linearly
implicit GLMs this number increases linearly.

Figure 5.4 shows the same experiment, however, linear systems are solved using direct meth-
ods. Here, we report the number of right-hand-side function evaluations versus the final
error. Again, fig. 5.4a shows many of the linearly implicit GLMs outperform linearly-implicit
Runge-Kutta ones.
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Ficure 5.5: Convergence plots for linearly implicit GLMs applied to the Van der Pol oscillator

5.8.4 Van der Pol oscillator

The Van der Pol problem is commonly used in the literature [45, 100, 108] for studying the
stiff behavior of time-stepping methods. Following the analysis in section 5.6.2 we test the
convergence of our methods on the van de Pol eq. (5.77):

/
Yy =z
5.77
e =(1—-9%)z—uy. (5:77)
For the complete problem definition and a highly accurate initial condition refer to [45,
Section 5]. Here, we provide convergence rates of the y— and z— components of the system
as we integrate eq. (5.77) with e = 107 over timespan t = [0, 0.4].

Figure 5.5 indicates full convergence of both stiff and non-stiff variables when integrated
using linearly implicit GLMs. For the z—variable in fig. 5.5b, since the Jacobian is O(h)
accurate, we recover from the internal stage order ¢ to the method order p. Figure 5.6 shows
the results for linearly-implicit Runge—Kutta methods. We see the “Hump” phenomenon,
a local increase of the order due to cancellation of the leading error term, as explained in
[51, p. 113]. Therefore, we will consider the slope of the convergence plots away from these
irregularities. Although the non-stiff component shows full order in fig. 5.6a, ROWDA3
and RODAS4 show order reduction for the stiff component when the step sizes are large in
fig. 5.6b.
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Chapter 6

Conclusions

This manuscript started with a study of the performance of several types of high-order
matrix-free time stepping methods when applied to solve unsteady flow problems in chap-
ter 2. The methods considered are explicit Runge-Kutta, diagonally implicit Runge-Kutta
and Rosenbrock schemes paired with iterative linear algebra solvers, and Rosenbrock-Krylov
schemes. All implementations of implicit methods are matrix-free where the necessary
Jacobian-vector products are approximated by finite differences; this is a typical setting
for solving large-scale applications.

We observed that favorable properties of explicit methods include their easier implementation
overhead and the low computational cost per step. As expected, the numerical experiments
show that the overall performance of explicit methods deteriorates quickly in the presence
of mild stiffness, and for such problems they are not competitive with implicit methods.

Traditional implicit methods such as SDIRK and Rosenbrock can take large steps on stiff
problems, as expected. However, their overall performance depends on how well the under-
lying linear systems are solved at each step. We observed that inaccurate linear solutions
lead to loss of convergence, and that in absence of well-tuned linear algebra preconditioners
the computational costs of matrix-free implicit methods are quite large. Based on these
results we identified the need for methods that can provide a better balance between im-
plicit integration and computational cost. We also considered addressing the order reduction
phenomenon as a goal of this thesis.

Chapter 3 was dedicated to developing multirate methods suitable for multiphysics problems
that operate on inherently diverse time-scales. This chapter devises a coherent design strat-
egy for high order MrGARK, and constructs several particular schemes of explicit-explicit,
explicit-implicit and implicit-explicit types up to order four. Adopting a two-way split system
for simplicity, we identify coupling structures for the fast and slow components that strike a
balance between stability and computational efficiency of MrGARK methods. Furthermore,
in the process of designing schemes a variety of optimizations such as local truncation error
minimization, FSAL, and stiff accuracy of base and overall implicit methods are explored.
When possible, the methods are endowed with telescopic properties to facilitate their appli-
cation to multi-scale, multi-domain problems. A novel concept of H-M adaptivity, based on
multiple error estimators and the property of natural adaptivity, is presented and tested.

The numerical experiments in this chapter demonstrate several applications of these methods
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with finite element and finite difference discretized PDEs, where different time-scales in
system variables (component partitioning), or in various physical processes of the problem
(additive partitioning) are treated with different time steps.

In chapter 4, General Linear methods becomes the focus of our attention due to their signifi-
cant advantages over Runge-Kutta methods specially against order reduction. This chapter
introduces the new family of ADI-GLM schemes that perform alternating directions implicit
integration. Each stage of a ADI-GLM scheme is implicit in a single directional component
of the PDE system, and is explicitly coupled to the other components. This ensures low
computational cost. The ADI character of the method stems from the fact that consecutive
stages are implicit in different partitions, thereby “alternating directions.” Order conditions
and stability of these methods are investigated theoretically. The ADI-GLM structure al-
lows for high stage order approximations, and this property alleviates the order reduction
observed with other families of schemes.

Using the new ADI-GLM theory we construct practical linearly implicit GLMs of orders
two, three, and four. Our design emphasizes stability when applied to parabolic systems
where each component has a Jacobian with real negative eigenvalues. The stability analysis
and plots show the new schemes are well-suited for these problems. Numerical experiments
show that the new methods retain their high order of accuracy when applied to parabolic
equations with time-dependent Dirichlet boundary conditions where other ADI methods
suffer from order reduction. We show that the proposed framework is extensive and flexible,
both encompassing existing linearly implicit methods as well as examples of new ones easily
built from diagonally implicit methods.

Finally, chapter 5 presented the new class of linearly implicit GLMs for linearly implicit
integration of systems with high orders both in external and internal stages. The order
conditions show a close relation between coefficients of linearly implicit GLMs and IMEX-
GLM pairs that can be leveraged to design methods with preferable stability and error
properties. We study the convergence of these methods for Prothero-Robinson problem,
index-1 DAEs and singularly perturbed problems. We also provide closed-from solutions
for a number of families of methods that can be used to create schemes of any desired
order. Numerical experiments highlight a number of advantages for linearly implicit GLMs
when competing methods encounter order reduction under different scenarios: approximate
Jacobians, stiffness, or asymptotic residuals. We also provide evidence of the computational
efficiency of linearly implicit GLMs compared to Runge-Kutta ones specially at high orders.
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Appendix A

Order reduction with matrix-free
methods

A.1 Lorenz-96 problem

In this section we confirm the orders of convergence for the time-stepping methods used in
chapter 2 by applying them to Lorenz—96 test problem [74]. Proposed by Edward Lorenz,
this model is often used to model chaotic behavior of atmospheric systems:

8 U;
ot

= (’U/iJrl — Ui,2> U;—1 — U; + F for 1= 1, s ,40

The Jacobian of this system is a banded matrix that can be implemented in sparse format
and used in the implicit methods of Section 2.2. Setting the external force factor F' = 8
and using a range of fixed time steps to propagate the model forward, we observe nearly full
order for all of the methods as reported in Table A.1. One source of local error causing order
reduction can be traced back to the truncation errors made by replacing the Jacobian-vector
product in equation (2.11) with a first-order finite difference approximation. Poor conver-
gence of the Newton’s iteration as well as the Krylov-based solver for the linear system in
the implicit methods are other sources of error contributing to inexact stage vectors and
ultimately to order reduction. It is notable, however, that in all the convergence tests the
Rosenbrock-Krylov method retains its full order of convergence. Unlike fully and linearly
implicit methods, the system solved in equation (2.10c) is formed using the Arnoldi itera-
tion with an inexact Jacobian from the beginning and is solved using a direct method and
therefore the issues arising from the convergence of the iterative solvers is avoided altogether.
Interested readers may consult [122] for a detailed analysis of this phenomenon.
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Table A.1: Orders of convergence for methods applied to the Lorenz—96 problem.

Method Numerical order Theoretical order
ERK4 4.00 4
ERK5 (DOPRI5) 5.58 5
ERK5 (DOPRI853) 6.14 8
SDIRK 3.89 4
ROS4 3.91 4
ROW 2.94 3
ROK 3.85 4
ODE45 5.47 5
10 © ‘
—4+—ERK4
- € -DOPRI5
10 2t . DoPEs
"3 ol ROSA
ey ]
104F T _ A . - ODEds
_ 10°}
5 oy
LI 10 8 ¢ \\, .......
100 | Y
EAN
102 ¢
]
-14 , .
10 10 ° 10 ¢ 10 2 10 3

Ficure A.1: Convergence diagram for the Lorenz-96 test problem.

Step Size
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Appendix B

Decoupled Multirate GARK methods

B.1 Decoupled multirate GARK schemes

We use the naming convention FASTf-SLOWSs p(p)[type/, where p is the method order, p
is the embedded order, f is the number of stages in the fast base method, and s is the
number of stages in the slow base method. Each component method is either explicit or
implicit: FAST, SLOW € {EX,IM}. We distinguish between methods of type A (optimized
for accuracy and for better step size control) and methods of type S (optimized for simplicity
and for stability), therefore type € {A S}.

B.1.1 MrGARK EX2-EX2 2(1)[A]

This explicit method uses a base method from [86] and has telescopic eq. (3.6) and naturally
adaptive (proposition 3.7) properties.

AT — 00 , Alsst — 00 7 Alfs1} — 00 ,
2 2 2
3 0 3 0 IV 0
[ 3MB—11M?420AM —20M —20A4+20  M(3M—11)

{f.5A} 20(M—-1)M 20(M—1) _

A —3M3—9M?4-60AM —20M —6024-20 M(M+3) ’ A=2,.... M,
i 60(M—1)M 20(M—1)

A{55f71} = 0 02 ) A{S,f,)\} - ) )\ - 27 .« ey M,

—%(M — 2)M MT 0 0
b} — plsh — [4;1 E]T, B0 G — [1 O]T,
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Ficure B.1: EX2-EX2 2(1)[A] stability regions.

B.1.2 MrGARK EX2-EX2 2(1)[S]

This explicit method uses a two stage base method and has telescopic eq. (3.6) and naturally
adaptive (proposition 3.7) properties. The scheme computes the first slow stage, followed
by Lo fast steps, then the second slow stage, followed by M — L, fast steps. For example,
we can take Ly = floor(caM).
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avn— |00 e |0 O
€2 0 Co 0
I A=l
A{f757)\} - " ) A= 11 . 7L21
Atco—1 O
M
I (A-=1)(2es-1) A1
(s A} 2Mes 2Mes _
4 My “A420(\4e-2)+1 M1 1oa , A=Ls+1,..., M,
| 3(L2—M) 2Mcy 3M—3Ls | 2Mes i
0 0
{sf A} — B
A T | M(~2M+6c2+3L2—3)  M(2M—3Ly+3) | ’ A=1,..., Lo,
| 6L2 6L2
00
AR = : AN=Ly+1,....M,
0 0

bl = pls} = [m L}T, i =ple} = [1 O]T.
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Ficure B.2: EX2-EX2 2(1)[S] stability regions with ¢, = 2.

B.1.3 MrGARK EX2-IM2 2(1)[A]

This explicit-implicit method uses the fast method from [86] and slow method from [2]. The
multirate scheme is stiffly accurate (3.21) in the slow partition and the coupling error is
independent of M.
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_ 1 _ M
AU = 00 Alsst — ! V2 0 Alsbl} — M V2 0
2 o’ 1 |’ 1 3|’
3 V2 V2 4 4
_ﬂ 0
Al A — , o A=1,..., M,
3A=1
| 3M
AlsfAr — (1) 2 , A=2,..., M,
|1 1
pit — [1 §}T pist — [ 1_L}T
4] 7 V2 Vel
—~ r T —~ r T
i = {s} _ |3 2
b = _1 0] ; b = 5 g]
3
2
6 51
3 ,,c[/ “
3¢ 3¢
2\‘\\ 2
P \ p |
12\‘; 1
0\\,‘ 0@

6{ 4

am
2

(a) M =2.

Ficure B.3: EX2-IM2 2(1)[A] stability regions.
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B.1.4 MrGARK IM2-EX2 2(1)[A]

This implicit-explicit method uses the fast method from [2] and the slow method from [86].
The multirate scheme is stiffly accurate (3.21) in the fast partition.

1 2M—2
AR — 1 V2 0 : Afsst — 0 AflfsM} — 2M 0 7
1 1 - L 2 0 1 3
V2 V2 3 4 4
[ 20— v2
A{f,s,)\} = 2i4 0 9 )\ = ]., -7M — ]-7
- M 0
A{57f7)‘} — (2) O y )\: 1, ..,M,
._g 0
T T
{ft = |1 _ 1 {s} — |1 3
W=l - =]
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Ficure B.4: IM2-EX2 2(1)[A] stability regions.

B.1.5 MrGARK EX3-EX3 3(2)[A]

This explicit method uses a base method from [86] and has telescopic eq. (3.6) properties.
The coupling error is independent of M.

000 000 0 0 0
i — |1 sh— |1 fel} — | 1
Al =L g of, Alssh =11 o 0], Allsth = | Lo o,
3 3 3
0 %0 0 %0 0 57 0
I 3M3—8M2+6AM—6A+6 —3M248M—6 0
6(M—1)M 6(M—1)
S} —2M24-6AM —3M —6) M _
AlfsA} — 2 t;G(M—l?M 6A+3 3D 0f, A=2,...,M,
—3M342M2412AM —9M —120+12  3M3—-2M24+6M—9 0
L 12(M—1)M 12(M—1)M
0 0 0
{s.51} — 1 8M2
AV = f@M(16M —33) S 0 )
|37 (LLM* — 220M3 + 26M? + 11M +44) g5 (—11M* + 22M3 — 16M? — 11M +22) 35 (M* —2M® + M* + M + 4)
[ 0 0 0
AlsfAr — 0 0 0 s A=2,..., M,
—MA42M342M243M—4 1 3 2 —M442MB3—M243M—4
L - 24(1Tx1—1)+ 8 (M - M= M+ 2) + 12(1\/1—1)+

T —~ ~ T
i} — — |2 1 4 f} — — 1 37 1
b{}_b{s)_[§ 1 g] 7 b{}_b{s}_[E a %] _
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Ficure B.5: EX3-EX3 3(2)[A] stability regions.

B.1.6 MrGARK EX4-EX4 3(2)[A]

This explicit method is telescopic eq. (3.6) and naturally adaptive (proposition 3.7).

0
0

0 0 0 0 0 0 0 0 0000
i 0 0 0 $ 0 0 0 0000
Al = | 3 Alsst — | 3 , AlsfAr —
0 2 0 0 0 2 0 0 0000
833 833 3213 833 833 3213
7680 9216 5120 0 76s0 0216 5120 U 0000
0 0 0 0
L
Alis1} — 30 0 0 0
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L 852480 M (3M—4) 340992M (3M —4) 5120
A-1
i 0
A—2 0
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—5965M3+6993\M 2 +12092M 2 —16317AM —858 M +93241—5439 5(1193M3 —3040M>+1622M +259)
2331M (3M2—7M+4) 2331M (3M2—7M+4)
—867119M3 +511488AM2+1937719M?— 1193472\ M — 1006056 M +681984A~74370  17(51007M>—119207M>+71368M —2590)
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0 0 0
361M—102M2 34M2 0
Alsfi1y — 1083 361
0 _ 5M(981M —1805) 5M (327M—361)
6493 2166
M (1480461 M2 3944118 M+3007130)  119M (3249M2—20358M+18050)  119M (66063 M2 —78954M —18050) (M~
L 2772480 3326976 5544960
T ~ T
pi =plsh = |00 1 1 128 pUt =plsh = |2 _ 425 100037 188
714 3 6 357 10 8784 131760 1647

AN=2,..., M,
E
0
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Ficure B.6: EX4-EX4 3(2)[A] stability regions.

B.1.7 MrGARK EX3-EX3 3(2)[S]

This explicit method uses a three stage base method and has telescopic eq. (3.6) property.
Once again, we can take Ly = floor(coM).
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Ficure B.7: Stability plots for MrGARK EX3-EX3 3(2)[S] method with ¢, = 5 .
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B.1.8 MrGARK EX3-IM3 3(2)[A]

This explcit method uses a fast method from [86] and a slow method from [2] and is stiffly
accurate (3.21) in the slow partition.

0 00 y 0 0
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—60MP 44293+ 18 M2 472072 =729 =36 My+42)y+37+9M— 16044 9(29°—4y+1) (M+3y—67)) 0
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M~ 0 0
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2 1 4
L 9 3 9
0 00
s, FA
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2 1 4
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v =1 (24 V6sin (4 cot™! 2v/2) — V2 cos (3 cot ™! 2v/2)) & 0.43586652150845899942.
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Ficure B.8: EX3-IM3 3(2)[A] stability regions.

B.1.9 MrGARK IM3-EX3 3(2)[A]

This implicit-explicit method uses a fast method from [2] and a slow method from [86] and
is stiffly accurate (3.21) in the fast partition.
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Ficure B.9: IM3-EX3 3(2)[A] stability regions.

B.1.10 MrGARK EX5-EX5 4(3)[A]

This explicit method uses a base method from [116], is telescopic eq. (3.6) and has the First

same as last (FSAL) property.
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Ficure B.10: EX5-EX5 4(3)[A] stability regions.

B.1.11 MrGARK EX6-IM5 4(3)[A]

This explicit-implicit method uses a fast method from [38] and a slow method from [64]. The
multirate scheme is stiffly accurate (3.21) in the slow partition.

133




AprpPENDIX B. DECcoOuPLED MULTIRATE GARK METHODS

134

0
0
10
0
0

—ho

==l o=l

0

o o o o o

oty
L61C

00728
ZIVESTT

0
0
0

. [ese ssorr_ ozir  pRTRRL 09009 _ ¢ [es os_ oerge  gesel aer]
€01 S20.T €666 CL6E8 ety | = {s}4 LT Tocez o9 0 ot | = Wl
¢« [v e e 618 goer] _ ¢ T 101 17 o1e] _
ST 66 007 w6 | = {9 . 0 1 o st 0 @@ | =
S 701V
0 7= 0
0 0 0 0 0 0
=X ‘100 0 0 0 0 = A,«%mi\
0 0 0 0 0 0
0 0 0 0 0 0
ZINTE ZINTE 0 0 1
COT—IVTSCHINNTEF L NGOT T IV09T—  SOTFINO0E— V60T — V09T
NTET V8T _ ZIVREIT _ SIVELT
(T+ye—me)sLs LHTT-IWIDE: (986 T+Y98ET—IN069C— INXIFOV+ - IN6EVG— ¢ INTLI) S GETTHYEGTT—N6TE— VX I8E+Z INTIE— ¢ IV09G
0 ZIVL6TT _ ZIVL6TT
0 (99+Y99— W 64— WXL+ INRY— ¢ INFT) 09 0966+Y096E—IV60LE— INYLTGOT ¢ JVOSRG— ¢ JVOVVT [
29T _ <NOTY = eV
0 0 (9—X9+ NG~ X6+ N9~ cINE) ST 06— Y06+ VSEE— VX TEST o IN06— g INEY
Wy
0 0 0 E=vr
nw
0 0 0 T—v
-o ov_ FOIF  99%T
9z 91z i3 618 COET T 698T  TveE C
07T 0 [ T 00V 76 0 o o os g
ST601 € 026 0662 g I8 089¢
Jvoes— o (898 — VL6V) N T — 0 0z~ 86921 0 0 0 L6186 61T _
861 861 ¢ 8VTG 1821 ¢ 96cL 00zl
0 et (@1 — WSSOI —| = (1yaV 0 ar— ose | = {es}V = yyV
00t 00T v 0z 0 0 0 0 3
0 weer (06— W6 IWH — 0 L v
¥ ¥ 0 0 0 0 T
0 0 w 0 0 T
0 0 0 0 0




B.1. DEcouprLED MULTIRATE GARK SCHEMES 135

f 5
6t ! <
2

(a) M =2.

FiGure B.11: EX6-IM5 4(3)[A] stability regions.

B.1.12 MrGARK IM6-EX4 4(2)[A]

This implicit-explicit method uses a slow method from [116] and is stiffly accurate (3.21) in
the fast partition.
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FiGure B.12: IM6-EX4 4(2)[A] stability regions.

B.2 ADI-GLMs

This section includes the newly developed ADI-DIMSIMs of orders two, three, and four.
MATLARB files containing these coefficients are also available in [dataset] [103].

B.2.1 ADI-DIMSIM2

We use an L-stable implicit base method from [16] for ADI-DIMSIM2.
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B.2.2 ADI-DIMSIM3

We use an L-stable implicit base method from [20] for ADI-DIMSIM3. The following coef-
ficients are rational approximations to the exact coefficients accurate to 24 digits.
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Ficure B.13: Stabilty plots for linearly implicit GLM2
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Ficure B.14: Stabilty plots for linearly implicit GLM3

B.2.3 ADI-DIMSIM4

B.3 Stability of ADI-GLMs

B.4 linearly implicit GLM methods

LIMSIM 3
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Ficure B.16: Convergence results for the Brusselator problem

B.5 Confirming the order of the methods on the

Brusselator problem
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