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The diverging and converging field components of the source-free focus wave
modes are studied within the framework of both the Whittaker and Weyl plane
wave expansions. It is shown that, in the Weyl picture, the evanescent fields asso-
ciated with the diverging and converging components of the focus wave mode
solution cancel each other identically. The source-free focus wave modes are,
hence, composed solely of backward and forward propagating components of the
Whittaker type. It will also be shown that no evanescent fields are associated with
the causal excitation of an aperture by an initial focus wave mode field. The di-
verging field, however, is composed solely of causal components that propagate
away from the aperture. With a specific choice of parameters, the field generated by
the aperture is a very good approximation to the source-free solution. Under the
same conditions, the original focus wave mode solution is composed predominantly
of causal forward propagating fields. © 1995 American Institute of Physics.

I. INTRODUCTION

A full decade has passed since the focus wave modes (FWM) solution to the Maxwell equa-
tions has been introduced.! Similar solutions have been derived for the scalar wave equation, as
well as for other wave equations.””® The FWM is a nonsingular smooth Gaussian pulse-like
solution that is characterized by having an infinite total energy content. This last property renders
the FWM field to be physically unrealizable. To circumvent such a difficulty, it has been suggested
that a superposition of the FWM can produce finite-energy pulses of a large bandwidth that can
exhibit extended ranges of localization. A large number of such localized wave (LW) solutions
have been reported recently.2~!> The ability of such pulses to display desirable localized transmis-
sion characteristics has been demonstrated, both theoretically and experimentally. It has also been
shown that such fields can be excited from finite apertures.* The resulting fields approximate to a
great extent the theoretically ‘predicted solutions. Experiments'>!® verifying the propagation of
such localized waves utilized independently addressable, finite-sized arrays.

It is well known that the aforementioned localized wave solutions are composed of forward
and backward propagating components. Such a behavior is reminiscent of the original source-free
FWM solution, which has been criticized for being dominated by backward propagating
components.'”® It has also been argued that this causes “grave” problems with causality and the
possibility of launching such LW solutions. Nonetheless, the analysis adopted in the aforemen-
tioned study on the causality of the FWM has been restricted to a special case.'® In the present
work, it will be demonstrated that under a different condition (not considered by Ref. 18) the
FWM solution is composed predominantly of forward propagating components. Furthermore, we
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shall consider two distinct situations, the original source-free FWM solution and the forward
illumination of an infinite aperture by an initial FWM field. It will be shown that under special
conditions, the causal field of the FWM aperture is a very good approximation to the source-free
FWM. In principle, the same ideas apply directly to other LW solutions. Nevertheless, the math-
ematics is more involved and will not be carried out here.

It should be pointed out, however, that an aperture excited by an initial FWM field has a finite
size for all times except at t=—2 and +o; i.e., at its initial and final moments of excitation. The
effective radius of the aperture decreases from an infinite radius at t=— to a finite value at 1 =0,
and then the aperture expands to reach once more an infinite size at =-+o. The intensity of the
field illuminating the FWM aperture decreases to zero at the same rate as that of the expansion of
its area, as the aperture grows toward an infinite size. These two effects balance each other and the
power of the field illuminating the aperture remains constant and finite for ail times. However, the
excitation of the FWM aperture utilizes infinite energy only because it needs to be illuminated for
an infinitely long time. On the other hand, the excitation of the FWM aperture does not need
infinite power, in contradistinction to other excitation modes of infinite apertures, e.g., the Bessel
beams and the plane wave illuminations. Thus, as far as we are concerned, there are no problems
per se with the excitation of the FWM field, except for the need of an infinite time to illuminate
its aperture. Hence, a FWM aperture excited for a very long but a finite period of time is expected
to produce a field that is a good approximation to the original FWM solution. Such an idea is out
of the scope of this paper, and is pursued further in another work.

It has also been pointed out'® that the source-free FWM solution does not contain any eva-
nescent wave components. Most of the aforementioned LW solutions are, however, finite-energy
superpositions of the original focus wave modes. One should then expect that the finite-energy LW
solutions, composed as a superposition of the source-free FWM, have no evanescent waves asso-
ciated with them. The best mathematical framework to approach such issues of causality and
evanescent fields is to use the angular spectrum superposition.2° In the various sections of this
work we shall start with the more familiar Fourier composition and then introduce the angular
variables for which the analysis becomes more transparent. Traditionally, solutions to the three-
dimensional scalar wave equation can be derived in two distinct fashions. One is due to
Whittaker,?! in which he uses a superposition of homogeneous plane waves propagating in oppo-
site directions. The other has been used by Weyl?! to express the fields outside the source region
as a combination of propagating homogeneous plane waves, together with the associated inhomo-
geneous evanescent waves. There have been several attempts to further our understanding of the
relationship between these two distinct representations.'#?2~2* It has been claimed that the portion
of the field represented as an expansion of the homogeneous backward propagating plane waves is
equivalent to that expressed as a superposition of the inhomogeneous evanescent modes.'*?> The
physical meaning of such equivalence and its temporal and spatial domains of validity are not
fully comprehended. It is our aim in this work to further our understanding of the Whittaker and
Weyl representations by considering both the source-free FWM solution and the FWM illuminated
aperture. The FWM field provides a rich example for such an investigation because of its unusual
forward, backward propagating, and evanescent structure.

In this work, we try to use both approaches to rederive the FWM solution to the scalar wave
equation. Most of the calculations will be carried in the angular spectrum representation. It will be
shown that the source-free FWM does not have any evanescent fields associated with it, because
the diverging and converging inhomogeneous Wey! components cancel out identically. On the
other hand, the FWM aperture does not exhibit any evanescent fields for completely different
reasons. Specifically, the cancellation of the evanescent components follows from a condition
related to the causal forward illumination of the aperture.

The plan of this work is to study the angular spectrum representation for the source-free FWM
in both the Whittaker and the Weyl representations. The annulment of its evanescent field is
expounded upon and the predominance of the forward propagating components under specific
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conditions is demonstrated. This shows that, contrary to what has been claimed'® for a specific
choice of parameters, the source-free FWM can be composed primarily of forward propagating
fields if a different set of parameters is chosen. Furthermore, it is shown that the outgoing forward
illumination of the FWM aperture produces a diverging causal field (i.e., a field that does not
contain any acausal components), which resembles to a great extent the source-free FWM solu-
tion. We, thus, establish the possibility of exciting fields that approximate the original focus wave
modes, and we can, consequently, claim that there is nothing “grave” about the causality of the
LW solutions in general.

1. THE ANGULAR SPECTRUM OF THE SOURCE-FREE FOCUS WAVE MODES

In this section, we shall deal with the source-free FWM. The diverging, converging, and
evanescent components of such a solution will be all derived explicitly. For future comparisons
between the spectral content of such components, we choose to work with the azimuthally sym-
metric normalized FWM solution to the 3-D scalar wave-equation; specifically,

Ylrn)= 4a(a+i(z—ct))

e —BP(a +i(z=ct) giBlzten) (2.1)

Such a pulse-like solution has an amplitude equal to 1/(4) at its center. The source-free
FWM can be synthesized from a bidirectional representation® that provides the most suitable basis
for such a wave solution. A simple transformation links the bidirectional representation to the
Fourier one. In the Fourier picture, the Fourier superposition leading to the FWM pulse solution®
can be written as

=3 o0 o k
‘Psf(l',t)= -(2‘1—771)2- J;) deO dwf_wdkz Z’n-; e—ai(kz+(w/c))/25( (iw;) _(__5) _B)
X xTo(xp)e™ e il 8((wl2c) = (k. 12)*= (x/2)?). 22)

The above integration may be carried out in two distinct fashions, each leading to a different
representation. In particular, one can integrate over w first, thus, ending up with a Whittaker type
of expansion. In contradistinction, an integration over k, first leads to the Weyl superposition over
homogeneous and inhomogeneous plane waves. Using the former approach, we integrate over w
first to obtain

a *® © mc ‘ . .
WV (r,t)= ___12. f dxf dk, — e a1lk H oy /c))/25(w+_kz__Z'B)XJO(Xp)e——kazeﬂwu.
(27T) 0 —w w4
2.3)

Here w. =c\jk3+ x?. The integration over k, can be divided into two components. One is trav-
eling in the positive z direction, while the other is propagating in the negative z direction. In order
to separate the forward and backward propagating components, it is more natural to transform the
above integration to the angular spectrum representation. The angular spectral content is usually
expressed as a superposition over the spherical angles & and 8 of the propagation vector k.20 The
Fourier spectrum of the FWM is azimuthally symmetric [cf. Eq. (2.1)], hence, the corresponding
angular spectrum is independent of 8. We introduce the new angular variables,

x=xksina and k,=kcosa, with w,=kc. 24

Such a change of variables transforms the integral in Eq. (2.3) into the following form:

J. Math. Phys., Voi. 36, No. 10, October 1995



5568 Shaarawi, Ziolkowski, and Besieris: On evanescent fields and focus of wave modes

a ™ o
¥ (r,)= ﬁ fo dafo dk k sin a Jy(kp sin a)
X 5(K—‘ K COS a_z’B)e—Kal(cos a+1)/26—ix(z cos a-ct)' (2.5)

The limits of the integration over « ranges from 0 to 7. Notice that cos a takes positive (negative)
values for O<a<<7/2 (n/2<a@<m), thus resulting in a superposition over plane waves traveling in
the positive (negative) z direction. The angular superposition given in Eq. (2.5) can, thus, be split
into the following forward and backward Whittaker propagating components,

V()= (r,)) +T(r,1). (2.6a)

The positive and negative traveling components are given explicitly in terms of the integration,

a b *
W(r,t;a,b)= 21—717 f daJ dk Kk sin a Jy(kp sin @)
a 0
X 5(K'—‘ K COS a_zﬁ)e—fral(cos a+ [)IZe—iK(z cos a—ct), (26b)

where ¥ (r,1) =¥ (r,1;0,7/2) and ¥ (r,r)="V¥(r,t;7/2, 7). The integration over k can be
carried out to yield

2Bp sin a

—i2B(z cos a—ct)/(1—cos a)
(=cos ) a)) e . (2.7a)

1 [b
‘I’(r,t;a,b)=ﬁf da ,%(a)]o(

Notice that the integral representations of ‘I’(J')(r,t) and ‘If(_)(r,t) share the same spectrum, but
differ only by their limits of integration. The spectral content .%(a) is given explicitly as

Ba, sin a

Aa)= (1—cos a)> €

,Bale—ZBal /(1—cos a)' (27b)
Such a function is graphed in Figs. 1(a) and 1(b) for different values of Ba;. The ranges of «
contributing to the forward and backward components are specified on the graphs. It will be shown
in a later section, that to launch the FWM field from an aperture situated at the z=0 plane, only
the forward components can be causally propagated in the positive z direction. In view of such an
excitation scheme, the Whittaker forward propagating components are perceived as being causal,
while the backward traveling fields are considered acausal because they cannot be propagated
forward in a causal manner. It is clear from Fig. 1(a) that the forward spectral components are
dominant when Ba;<1, and for all practical purposes almost all of the spectrum is found in the
causal range when Ba;<€1. The opposite is true when Ba;>1, which is the case considered by
Heyman.'® One can see from Fig. 1(b) that all the spectral components contribute to the backward
field when Ba;>1. This supports the conclusions of Ref. 18 under that specific choice of param-
eters. As for the former case (8a;<1), which has not been discussed in Ref. 18, the situation is
completely different. A detailed discussion of the differences between the two cases is deferred to
the next section. As for now, we need to stress that unlike the Fourier superposition the integration
over « is of a finite range. We do not have to worry about tails of small amplitudes contributing
significantly by integrating their values over an infinite domain. For the angular spectrum, the
forward (causal) and backward (acausal) ranges are equal, subsequently, the portion having larger
spectral amplitudes contributes more significantly to the total FWM field.

The forward and backward propagating fields of the Whittaker representation can be cast in
another form by introducing the new variable A=cot(a/2), which reduces Eq. (2.7) to
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FIG. 1. The angular spectral content for the source-free FWM solution when (a) Ba,;=<1 and (b) 8a,>1 plotted for various

values of the Ba, parameter.
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a b’ . R
Y(r,r;a',b')= %—1 f d\ N o(2BpA ) e~ Plar+iz=cnl\ gifz+en) (2.8a)
a

where the forward and backward components are given by
V() =T (r,r;1,0) and ¥ )(r,)=¥(r,10,1). (2.8b)

Such a representation will be useful when comparing the relative strength of both components in
the asymptotic analysis of the next section. It also helps in understanding some of the more subtle
aspects of the Weyl representation and the annulment of the associated evanescent fields. When
these two integrations are summed up, the integration over the limits from O to % can be
evaluated® to give the source-free FWM solution given in Eq. (2.1).

Next, we consider the Weyl representation by integrating Eq. (2.2) over the k, variable first.
Since k, can have both positive and negative values, the integration may be split into two parts,
viz.,

W (r,0) =¥ D(r,1) + ¥)(r,1), (2.92)

where ¥ (r,#) and ¥°)(r,t) correspond to waves diverging and converging on an aperture
situated at z=0. In what follows, we shall be only interested in the Weyl expansion associated with
the positive z half-space. The two components in Eq. (2.9a) can be written explicitly as

- e faa (w) a, 5(((0)_ (w) 2, )
gz J oo | 8] e A8 VIE) o2

X e—al((w/c):*: \/(w/c)2—)(2)/2e$i\ﬂ)/c)2—xz

Zglwt, (2.9b)

In contradistinction to the Whittaker expansion, the square roots in the integrands can become
imaginary if y>(w/c). Thus, with a proper choice of the sign of the imaginary square root, the
corresponding portions of the above integrations become superpositions of exponentially decaying
evanescent components in the positive z half-space. For y<(w/c), the integration yielding
¥ (r,1) in Eq. (2.9) is comprised of plane waves moving in the positive z direction. Such wave
components can be viewed as outgoing from an aperture situated at z=0. In a similar fashion, the
integration leading to ¥'(r,r) represents a superposition of incoming plane waves converging on
the same aperture. To separate the evanescent portions of the fields represented in Eq. (2.9) from
their propagating components, it is preferable to transform the integrals into the corresponding
angular spectral superpositions.?’ We start by the diverging component, where the transformation

x=ksinae and w/c=k, with \/(&)/C)z—)(i:K cos a, (2.10)

reduces ¥ ¥(r,t) to the following form:

a o
‘p(d)(r’t):ﬁr‘ fD+daf0 dx Kk sin o -’O(K,D sin a)e—xa|(1+c0s a)l2

X 8(k— Kk cos a—2B)e Kz cos a=cn) (2.11)

The contour D™, shown in Fig. 2, is chosen in the complex « plane to ensure the finiteness of the
integration in the z>>0 half-space. From the transformation relationships (2.10), it is clear that « is
real as long as y<«. Hence, the first portion of D has a=ay and a;=0, where 0<<ap<w/2. The
corresponding values of cos & range from 1 to 0. The integration in Eq. (2.11) is, thus, a super-
position over plane waves propagating away from the aperture into the positive z half-space. In
general, the angle « is complex with sin(ag+ia;)=x/x. The second portion of the contour D"
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FIG. 2. The D™ contour of integration in the complex a plane of the diverging Weyl component given in Eq. (2.11).

corresponds to x=k has ap=w/2, for which sin a=sin((#/2)+iq;)=cosh e, and
cos a=—1i sinh ;. The imaginary part «; has been chosen to take only positive values between 0
and <, such that sinh «; stays positive. Consequently, the exponential dependence in the integrand
exp(—ikz cos a)=exp(—«z sinh ¢;) decays to 0 as z—. These exponential functions do not
represent propagating wave components, but inhomogeneous evanescent modes. The integration
in Eq. (2.11) can now be split into two parts, one corresponding to a superposition of outgoing
propagating waves and the other is an expansion in terms of the associated evanescent modes.
Specifically, we have

T (r, )= (r,0) + T(r,1), (2.12a)

where, after carrying out the integration over «,

sin ag 2Bp sin aR)e—ﬂa1(1+cos ag)(1 = cos )

v(r t")=& fﬂlzda (
B 2w R (1—cos ag)? "\ (1—cos ag)

xe—iZﬁz cos ap /(1 —cos aR)e+i2ﬁct/(1—cos ap) (2.12b)

and

iBa ® cosh o 2 cosh o
‘I’(zd)(r,t)= B 1f d 1 ( Bp !
2w 0

—Bay(1—i sinh a)/(1+i sinh a;)
a — — e
I'(1+i sinh a;)* "\ (1+i sinh a,))

X ¢~ 2Bz sinh ay /(1+i sinh @) ,+i2fct/(1+i sinh ap) 2.12¢)

The first component given in Eq. (2.12b) is identical to ¥{*)(r,r) of the Whittaker representation
[cf. Eq. (2.7)). The second component given in Eq. (2.12¢) is the evanesceht fields associated with
the diverging components. As for the Weyl converging component, we evaluate the integration in
Eq. (2.9) leading to W¥°)(r,r). The change of variables,

x=«sina and w/c=k, with V(w/c)>—x*=—k cos a, (2.13)

transforms ¥ (r,7) in Eq. (2.9) to the following form:
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FIG. 3. The C* contour of integration in the complex a plane of the converging Weyl component given in Eq. (2.14).

‘I'C(r t)=— 2 da de < sina ) (K sin a)e—xa1(1+cos a)l2
’ 4ar ct 0 olkp

X 8(k— K cos a—2B)e iz cosa=ci) (2.14)

Here, the contour C™* shown in Fig. 3 corresponds to a superposition of incoming or converging
waves from the z>0 half-space on an aperture situated at z=0. It should be noted that the
integrand in Eq. (2.14) resembles that in Eq. (2.11), except for being negative and having the
contour C* instead of D™. The choice of the former contour is dictated by the need that cos « be
negative when x> x. So, as y changes from Q to «, the real part of the angle « goes between r and
7/2. The value of sin « stays positive, while cos & becomes negative, with values ranging from
—1 to 0. The integration in Eq. (2.14) is, thus, a superposition over plane waves propagating
toward the aperture from the positive z half-space. When x> «, the angle & becomes complex with
sin(ag+ia;)=x/k. For the second portion of the contour C*, one has ap=m/2, hence,
sin er=sin((7/2)+ia;)=cosh ¢, and cos a=—i sinh «;. The imaginary part a; has been chosen to
take only positive values between 0 and =, such that sinh «; stays positive. As in the case of the
Weyl diverging components, that specific choice of the contour ensures that the exponential
dependence in the integrand exp(—ikz cos a)=exp(—«z sinh ¢;) decays to 0 as z—. The nega-
tive sign preceding the integration in Eq. (2.14) can be incorporated in reversing the signs of the
contour integration. Using the results of the earlier calculations, we can split the Weyl converging
field solution into two terms, specifically,

WO (r,0) =T (r,0) + T (x,1), (2.15)
where the first term corresponds to the integration over a=ay, taking values between 7 and 7/2.
This yields
]
W e, 1) =) (r,1). (2.16)

The integration over the rest of the contour can be calculated, as in the case of the Weyl diverging
component, to give

N, =—-¥(r,1). 2.17)
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FIG. 4. The D" contour, together with the reversed C* contour, in the complex « plane.

As such, the Weyl diverging and converging components add up resulting in the source-free
solution,

W (r,0) =T D(r,0) + ¥ (r,)) =T (r,1) + ¥ )(r,1). (2.18)

Thus, the source-free FWM modes do not have any evanescent field components associated
with them. The total evanescent field is given specifically by the summation

Wy (r,1) =¥ (r,1) + ¥ (r,r)=0. (2.19)

This means that the total evanescent field associated with the source-free FWM is equal to zero.
This point can be better understood if we refer back to the contours D™ and C™ in the complex a
plane. Such contours have been used to evaluate ¥“(r,r) and ¥)(r,t) given in Egs. (2.11) and
(2.14). The integrands in the aforementioned expressions differ only by a negative sign. The
difference in the sign can be accommodated into the reversal of the sense of the contour integra-
tion over C*. With the two contours plotted together, it can be seen from Fig. 4 that the contour
integrations contributing to the evanescent components cancel each other. The integrations over
a;, thus, subtract from each other, and we are left with the integrations over aj ranging from
0—m. This leads to the Whittaker superposition of forward and backward propagating compo-
nents. Hence, the diverging field of the Weyl expansion cannot be interpreted as the field generated
by an aperture situated at z=0 and propagating into the positive z half-space. This is the case,
because the integration over the & function in the spectrum [cf. Eq. (2.9)] transforms the evanes-
cent fields into propagating ones, thus depriving the Weyl representation of its physical meaning
and mathematical form. Similar results has been obtained in Ref. 24 in connection to spherical
waves and their representations in the Whittaker and the Weyl expansions. To generate the FWM
in a completely causal sense, we have to consider an initial FWM excitation of an aperture, as will
be done in Sec. IV. The resulting causal field, propagating in the z>0 half-space, will be a very
good approximation of the source-free FWM, under the condition that Ba;<€1. Nevertheless, we
need to study first the causality of the FWM solution and to derive an estimate for the relative
strength of its forward versus its backward traveling components for the various limits of the
parameter SBa,.

lll. THE CAUSALITY OF THE FOCUS WAVE MODES

The causality of the FWM has been dealt with in earlier works, where it has been shown
that under the specific condition of Ba>1, the acausal components are dominant. Such a condi-

17,18
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tioned conclusion could be reached by referring directly to Fig. 1(b), where it is shown that almost
all the spectral content of the FWM lies in the acausal portion of the spectrum. It has been
concluded,'® however, that the predominance of the acausal components (under the Ba,;>1 con-
dition) over the causal ones poses serious problems for the realization of any physical FWM fields.
In the aforementioned work, the other limiting case of Ba ;<1 has not been considered. Further-
more, since a large number of the LW solutions are superpositions of the source-free FWM, they
were deemed'® unlaunchable, because of their dilemma with causality. We believe, however, that
such a conclusion has been reached for a specific case, and it is incorrect to pass the same
judgement for all other LW solutions. In this section, we show that the source-free FWM itself is
predominantly causal when Ba <1. Other LW solutions become essentially causal under a similar
choice of parameters. In the following section we use the same results to show that a completely
causal FWM excitation of an aperture will produce a field that approximates to a great extent the
source-free FWM. This alludes to fact that the behavior of the experimentally generated LW'>-'¢
agrees very well with the theoretical predictions.

The analysis of the angular spectral content reflected in Figs. 1(a) and 1(b), shows that the
causal (acausal) components are dominant when Ba ;<1 (Ba,>1). The same conclusion has been
reached®!* earlier by comparing the Fourier spectrum content of the forward and the backward
traveling components of the source-free FWM. However, a rigorous quantitative estimate for the
relative strength of such components has not been derived. In this section, we derive an asymptotic
estimate of the relative strength of the forward versus the backward components of the source-free
FWM, under the two extreme conditions of Ba;>1 and Ba,<1. The central portion of the FWM
pulse for which z—~ct<<a,, and p < Va,/B is the part of the field that has the highest intensity
values. Hence, we shall concentrate our attention on the z=ct central portion of the pulse.

Starting with the Ba,>1 limit, which has been considered by Heyman and Felsen, we can
rewrite the forward propagating component in Eq. (2.8) as

a kel ,
\If(+’(p,z=ct)=§—7Tl-J d\ NJo(2BpN)e~Parn?gi2fer (3.1)
1

For Ba;>1, the leading-order term in an asymptotic expansion of the Laplace-type integration
given in Eq. (3.1) can be evaluated using the procedure, resulting in Eq. (6.4.19a) in Ref. 25. For
the integration (3.1), the Laplace variable ®(\)= —\? is maximum at the end point A=1. Hence,
it follows that®

e P
4ar

V) p,z=ct)~ Jo(2Bp)ei2het, (3.2)
To determine the relative contribution of the (™) component, we start with

Y (p,z=ct)= %'Ti foldx N o(2BpN)eBa? gi2Bet, (3.3)
The new variable s=A? transforms Eq. (3.3) into

a; . 1
Y Np,z=ct)= %;1 e‘zﬁc’f ds e_xB“1J0(2,Bp\/;). (3.4)
0

Most of the contribution to this Laplace-type integral comes from around s =0. Thus, it is possible
to asymptotically expand the upper limit of the integration to <, and using the series expansion of
the Bessel function, we get
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00 * — k 2k
45 esber s CDABP)

Ba, f
(=) — L ETL 2Bt N INERT &
T (p,z=ct) i ¢ . & TG+ s*. (3.5)
Integrating over s reduces Eq. (3.5) to
Ba — 1) ﬂp2 ¢
(-) ~ T pi2Bct
"N p,z=ct) ype 2 F(k+1) (3.6)

The series definition of the exponential function gives the following expression for the backward
field component of the source-free FWM, namely,

‘I'(_)(p,z=ct)~21; ei2bctg=Bp’lay, (3.7)

From Egs. (3.2) and (3.7), we obtain the relative magnitude of the positive to the negative going
components, viz.,

¥ (p,z=ct) e Pn 1 o
V)N p,z=ct) o= Be ey o(28p). '

Around p=0, we have Jy(28p)~0O(1) and e~ BPla; O(1), hence

(+) =

Y pemel) g, (39)

¥ (p,z=ct)
This shows that, under the condition Ba;>1, the causal outgoing component is exponentially
small. However, such a component can become dominant for all values of
Jo2Bp)exp(— Ba)>exp(— Bp2/a,). This occurs far away from the center of the pulse when p
> a; ¥ va,/B. The same conclusions have been reached in Ref. 18, in which the other possi-
bility of Ba ;<1 has not been considered. Next, we demonstrate that in the latter case, the causal
outgoing field is dominant.

In the other limit, with Ba;<1, one can follow a similar procedure to determine the relative

magnitude of the positive and negative going components. Starting with Eq. (3.1), we rewrite it as
follows:

a ® .
‘1"+)(P,z=cf)=§_wlj A\ NJo(2Bph)e BN ei2Bet () (p z=cr)
0

1
— —ﬁp lay ,i2Bct _App(—) =
yyets e Wi (p,z=ct), (3.10)

where ‘I'(_)(p z=ct) is given in Eq. (3.3). An estimate for the acausal negative going component
of the FWM can be calculated by imposing the condition Ba;<€1, for which exp(— ,Bal)\z) 1 in
the range O0=<A=<s1. Specifically, the integration in Eq. (3.3) may be approximated by

a 1 )
‘I’(_)(p,z=ct)=%1—j dh No(2BpN)e'?Per, (3.11)
¢ 0

Integrating over A and combining Egs. (3.10) and (3.11), we obtain
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() (p.z=ct -Bp*la,
(p.z=ct) [p ¢ 1 (3.12)

¥ (p,z=ct) | a; J,(28p)

For the central portion of the FWM pulse, we have p < 2+va,/B. Inside such a focused waist, the
focused FWM field has its highest intensity and the Bessel function J,(28p) < J,(4 \/—,BTI ). The
condition Ba;<l, thus, yields the small argument asymptotic estimate J;(28p)~pBp. Conse-
quently, Eq. (3.12) may be rewritten as

M~[ L et _ 1]
¥ ) (p,z=ct) | Ba, '
If Ba, is chosen such that Ba;<e”*<1, then the second term on the right-hand side may be
dropped for p < 2+a, /. Thus, the forward propagating component is algebraicaily larger than the
backward traveling one. This shows that the forward going component is predominant within the
central portion of the FWM field. Such a behavior is crucial in determining the shape of the causal
FWM pulse generated by an aperture (cf. Sec. IV). In the next section, it will be demonstrated that
the radiated FWM pulse closely resembles the source-free field; especially in the high-intensity
portion surrounding its centroid. Subsequently, the form of the two pulses differs only in the tails
of their fields, characterized by having much smaller amplitudes. Furthermore, for the narrower
waist p <€ 2+/a /B, the ratio Eq. (3.13) acquires the following form:

(3.13)

TN p,z=ct 1
"—(:(#Z‘——)’V——. (3.14)
Y (p,z=ct) PBa,

Thus, it is established that, under the condition Ba,<€1, the causal positive going component is
dominant around the centroid of the pulse. The relative magnitude of the acausal component is
algebraically smaller than the causal one. In contradistinction, Eq. (3.9), which is valid for Ba>1,
indicates that the causal component is exponentially small relative to the acausal one. Such a
difference in behavior between the two extreme cases is a consequence of the sharp rising edges
of the spectra shown in Figs. 1(a) and 1(b), in contrast with their extended tails that vanish at
a=r. For example, when Ba,;= 10, there are almost no spectral components in the causal domain,
while for Ba;=0.1 there is still a significant portion of the spectrum in the acausal range. How-
ever, for Ba;=0.01 the acausal components are reduced significantly. One should also note that
the latter value of Ba, barely satisfies the stricter condition discussed in the paragraph following
Eq. (3.13). Obviously, the condition Ba;<e™* enforces the predominance of the forward going
causal components of the FWM field. Having established that for Ba ;<1 the acausal components
around the center of the FWM pulse are insignificant, we proceed further to demonstrate the
possibility of causally radiating good approximations to such a solution from a flat aperture.

IV. THE CAUSAL EXCITATION OF THE FWM APERTURE

In a previous work by the authors,'* it has been shown that a Huygens construction of a Bessel
beam!! generated from an infinite aperture cancels out all acausal incoming components, and the
Bessel beam is propagated invariantly away from the aperture. The FWM can be considered as a
superposition of Bessel beams.? Thus, the same approach could be applied to the FWM to show
that no acausal incoming fields are generated. In fact, it will be demonstrated that a good approxi-
mation to the source-free FWM can be generated from an aperture that shrinks from an infinite
size to an effective minimum radius of 2 va /B, which, henceforth, expands once more to infinity.
Such a time varying aperture requires an infinite time of illumination. This is the main reason for
the need of an infinite amount of energy to generate such a field. Nevertheless, the generated
FWM field does not need infinite power to illuminate its aperture.
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We start by defining the initial FWM field on an aperture situated at the z=0. The field is the
real part of the azimuthally symmetric complex FWM pulse; specifically,

a 2 Co
. —— "t -BpNay—ict),ifct
Yilp.1) 4a(a;—ict) ¢ e (4.1)

Because of the first exponential term on the right-hand side, the field exists mainly inside the
radius,

|ct|
VBa,’

It is clear that such a time varying radius becomes infinite when ¢#=0. On the other hand, the
radius R(7) ~ 2+a, /B when t approaches the value of zero. Furthermore, it can be deduced from
Eq. (4.1) that the field amplitude varies as 1/ct as ct—o. Subsequently, the intensity of the
illuminating field is reduced as (1/ct)? and becomes equal to zero at ¢t==*co, This means that as
ct—, the power of the field illuminating the aperture (=the intensity Xthe area of the aperture)
remains constant and finite. This behavior should be compared to the illumination of infinite
apertures by plane waves or Bessel beams. In these two cases, we need infinite power to illuminate
the corresponding apertures. From Eq. (4.2), it can be seen that the parameter Ba; controls the
speed of the shrinking and expanding of the aperture, where

R(t)=2

for ct>a;. (4.2)

2¢
= for ct>a,. (4.3)

v s
* JBa,

For the case of Ba;<1, the FWM aperture expands effectively at a speed v ,,>c. This is achieved
by composing the aperture from separately excitable elements. This has been the case for the
arrays used in experiments performed to establish the launchability of the LW solutions.'>!6

The Fourier spectrum of the illumination of the FWM aperture is calculated by finding the
Fourier transform of Eq. (4.1), viz.,

@uixar= | di o proixp)e™ o s BB a4)
i —w  Jo 0 4a(a;—ict) ) ’
The integrations over ¢ and p, when carried out, yield
a
© (X, 0)= = Bw—[(X*/4B)+ Ble)e 01D, 5)

4B

Notice that the spectrum given in Eq. (4.5) differs from the corresponding spectrum of the diverg-
ing and converging Weyl spectra used in Egs. (2.9). The roots of the & functions in both cases are
the same. Nevertheless, each spectrum corresponds to a distinct physical situation. One is associ-
ated with a source-free pulse and the other with an aperture generated field.

To define the normal derivative of the field illuminating the aperture, we can use the source-
free Whittaker representation given in Eq. (2.6). The differentiation of the field with respect to z is
evaluated, and then we set z=0. According to the analysis presented in Appendix B of Ref. 14, the
negative goin% (acausal) component ¥ s filtered out, and only the positive going (causal)
component ¥ ) is propagated in the positive z direction. If we use the full wave representation
(2.6) of the FWM to define the initial field and its normal derivative, it is straightforward to show
that the generated field W(r,?) is free from any evanescent modes. Such a conclusion follows from
the fact that the initial field illuminating the aperture does not have any evanescent fields associ-
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ated with it [cf. Sec. II], hence the radiated field ¥(r,?) is also free from such field components.
The same conclusion might not be obvious if the normal derivative of the field illuminating the
aperture is defined in a slightly different manner. We choose to define the initial field on the
aperture [cf. Eq. (4.1)] as a superposition of Bessel beams at z=0; specifically,

1 ol ® N sy B
q’i(P,t):(ﬁ fo dx XJO(XP)L do @ (x,0)e VW ~xzpiot) (4.6)

z=0

The normal derivative on the aperture is now defined as the differentiation of the above expression
with respect to z before setting z=0. This representation differs from (2.6) by restricting
N X2 to positive values only. Such a condition ensures the forward illumination of the
aperture, i.e., all the spectral components are propagated away from the aperture in a causal
manner. In contradistinction, if the representation (2.6) is used, the ¥~ Whittaker component is
never launched out of the aperture into the positive z half-space. Under the condition, Ba,<1, the
radiated field is approximately the same in both excitation schemes, because the magnitude of the
causally generated field components equivalent to the Whittaker ¥ field is negligible in com-
parison to W) This fact will be made clear from the details of our analysis. Notice, also, that @
is restricted to positive values if 8 is positive. This follows from the roots of the & function in the
spectrum given in Eq. (4.5).

To calculate the outgoing field propagating into the z>>0 half-space, Huygens construction is
applied to the initial excitation of the aperture. Accordingly, the field at a point R and time 7 inside
a wave front surface having a zero field outside such a surface is given by the integration over the
area of the infinite aperture,

.

1

1 27 o p z
Woplp,2,1)= 7= JO d¢’f0 dp’ = (—61"I’(p',z'=0,t')+EZ‘I’(p',z'=O,t')

Z ' | !
+;—Ea,,\1'(p ,2'=0,1 )) . @7

t'=t—Rlc

The primed coordinates refer to source points on the aperture, while the unprimed ones refer to the
observation points in the z>0 half-space. Substituting for the spectral expansion given in Eq.
(4.6), we get

1 27 o p’ © ® :
Yoplp,2,0)= = fo d¢>’f0 dp’ 5 fo dx xJo(xp’)fo do @ (x,w)e'”

\/TZ_Ze—in/c e~ iwRlc
NN et L ws

Here R = Vp'?+p?—2p’p cos ¢’ +72. In Appendix A, we provide the details of the derivation of
a more tractable form of the radiated field [cf. Eq. (A5)]. Since the square root V(w/c)?— ,\/§ is
always positive, it forces the bracketed term in Eq. (4.8) to pick up only outgoing waves, and to
cancel out any waves converging on the aperture. Such a condition is crucial for the evaluation of
the integration given in Eq. (A5); specifically, one should note that /(w/ c)7- XZ = (x¥4B) — B
for x>, while V(w/c)>— Xz = —(x*/4B) + B for x<p. The integration over the w variable in
Eq. (A5) leads to
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’3 ai * - i(z—c 2 i
Yop(r)= 5 fl d\ NJo(2BpN)e Plartilz=en\ giflz+er)

[;wl f AN NJo(2BpN)e~Plar—izten]n g =iB(z=cr) (4.9)

Since the spectral content of the two parts of the solution is the same as the source-free FWM,
then one should deduce that for Ba;<1, the first term is dominant. In such a limit, Eq. (4.9) can
be rewritten as

W op(r,1) =V (r,1) + ¥ (1,1). (4.10)

For Ba <1, the second term on the right-hand side is a small term of order O(Ba,/ ) relative to
the first, and is given explicitly by

1 .
W (r,t)=i %f AN NT(2BpN)e™Barn? sin[ (\2— 1) Bz]e A+ et 4.11)
0

Thus, the causal field excited from an aperture situated at z =0 resembles [within an error of order
(Ba/m)] the field of the source-free FWM.

Notice that the superposition given in Eq. (4.9) does not contain any evanescent field com-
ponents, and is constituted solely from propagating ones. As discussed earlier, the use of the full
wave representation {2.6) to define the initial field and its normal derivative leads to an aperture
radiated field W(r,r) free from any evanescent modes. Such a conclusion follows from the fact
that the aperture illumination field does not have any evanescent fields associated with it [cf. Sec.
IT], hence the radiated field ¥(r,r) is also free from such field components. The same conclusion
might not be obvious if the normal derivative of the field illuminating the aperture is defined
alternatively by Eq. (4.6). In Appendix B we give a detailed proof of the annulment of the
evanescent fields components for the excitation field given in Eq. (4.6). Even though the result of
Appendix B is same as in the case of the source-free FWM, nevertheless, the underlying physics
is completely different. In the case of the source-free solution, the evanescent fields associated
with the Weyl converging components cancel identically those associated with the Weyl diverging
components. For the FWM aperture it can be shown [cf. Egs. (B6—B8)] that the annulment of the
evanescent fields is due to the proper choice of the poles of k,, thus ensuring the causality of the
generated fields. Nevertheless, the nonexistence of the evanescent fields can be perceived as a
direct result of the infinite size of the aperture. The infinite time of excitation produces the &
function in the spectrum (4.5). Such a & function enforces the condition (w/c)>x, while the other
situation {w/c )<y becomes superfluous and leads to zero evanescent fields. Thus, we expect that
a FWM aperture expanding for a finite period of time, —T<\t<{T, should generate evanescent
fields. The finiteness of the period of excitation removes the & function from the spectrum. If
Kw—[(A4B)+Blc) in Eq. (4.5) is replaced by a regular function, then k does not become
complex, and consequently the poles of k, in Eq. (B5) take only imaginary values. The contour
integration over D§; or Dy, picks up one of the two poles of k, given in Eq. (4.23). The evanescent
fields are, thus, real and are not transformed back into propagating components by the action of the
& function.

To qualify our claims, we multiply the initial excitation ¥,(p,t) given in Eq. (4.1) by the
Gaussian time window exp(—1*/4T?), hence limiting the time of expansion of the aperture. In this
case, the spectrum of the field illuminating the aperture becomes

2

Ouxer= 55 o [(fﬁ)”’

c T) ~(x*4pay (4.12)
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where

X 3% T 2 2 32
Sl w—|| = |+Ble;T) = —= e T le-lx74B)+Ble)* 4.13)

48 J

In the limit T—w, the expression on the right-hand side of Eq. (4.13) reduces to the Dirac &
function of Eq. (4.5). For finite 7, the integrand in Eq. (B1) contains the & function instead of the
Dirac & function. The evanescent field associated with the finite-time FWM aperture is given
explicitly as

ial * x . .2 2
Wo(r,t)=—=—= | dr| da; «* sinh a; cosh a,e” (<7/4Baicosh” ary (4 cosh ;)
0 878 Jo o 1 I I olKp I
X__T_ e—TZ(K—(K2/4ﬂ)COSh2 a,—B)Zeixcte—K sinh 7 (414)
T

There is no way for such integration to cancel out in the same delicate manner that leads to Eq.
(B8). Furthermore, the exp(—« sinh ¢;z) term represents real evanescent modes. Thus, a finite-
time expanding FWM aperture has evanescent field components associated with it.

V. CONCLUSIONS

In this work, we have studied the angular spectral content of the FWM solution to the scalar
wave equation. Such an approach has proven to be a suitable vehicle to address issues, like the
causality of such solutions, the possibility of generating them from an aperture, and the nature of
the evanescent fields associated with them. Two distinct cases have been investigated in detail, the
source-free FWM solution and an aperture excitation by an initial FWM field. Even though the
two situations are quite different, it has been demonstrated that for an appropriate choice of
parameters (viz. Ba;<1) there is a great resemblance between the two fields.

The source-free FWM solution has been studied using both the Whittaker and the Weyl
representations. The former uses a superposition of outgoing and incoming plane waves, while the
latter is composed of plane waves diverging and converging from an aperture, together with the
associated evanescent components. It has been demonstrated that the diverging and converging
Weyl components add up in such a way that the evanescent modes cancel out identically. Thus, we
are left with the propagating components that are equivalent to the Whittaker outgoing and in-
coming fields. Consequently, there are no evanescent fields associated with the source-free FWM
solution, the same conclusion has been reached by other authors.'”!® On the other hand, any
finite-energy superposition over the source-free FWM is free of any evanescent fields. Such a
superposition sums up the evanescent components associated with the Weyl diverging and con-
verging fields; those cancel out identically, as shown in Sec. IL

An asymptotic estimation of the relative strength of the Whittaker forward and backward
traveling components has been carried out. It has been established that in the limit Ba,;<1, the
forward propagating (causal) components are dominant over the backward traveling (acausal)
ones. In fact, the acausal field around the center of the pulse, where the field is strongest, is
algebraically small, in comparison to the causal one. Such a limit for 8a, has not been considered
in an earlier study of the causality of the source-free FWM solution.’® In confirmation to the
results of Heyman,'® we have shown that the Whittaker forward propagating components are
exponentially small for the other extreme; namely, for the choice of parameters giving Ba,>1.
Such conclusions have been made more transparent by considering the angular spectral content as
a function of the angle . Unlike the Fourier synthesis, the ranges of « contributing to the forward
and backward traveling fields are finite and equal. Consequently, the choice of parameters pro-
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ducing fields having stronger spectral components in the forward range results in source-free
solutions that are primarily moving in the positive z direction. As such, it has been shown in Fig.
1(a) that the source-free FWM solution has almost all its spectral components in the forward
(causal) range, when Ba;<<0.01.

In general, using the procedure presented in this paper, we can always identify the Weyl
diverging and evanescent field components of any finite-energy localized wave solution. Such field
components are the ones that could be realized by physical apertures. Nevertheless, the FWM is an
exception because of its highly singular spectrum containing a Dirac & function. Such a function
transforms the diverging Weyl inhomogeneous evanescent fields into propagating ones. Thus,
using the Weyl diverging components alone to represent the field generated from a physical
aperture is not possible.

As an alternative, we have considered the case of an aperture illuminated by an initial FWM
field. Such an aperture has a size that varies with time, where its radius shrinks from infinity at
t=—0 to 2ya,;/B at t=0, and then expands once more to an infinite size as r—. Such an
aperture does not need infinite power to illuminate it, instead it needs infinite energy only because
it is excited for an infinitely long time. Such an infinite time of illumination is the reason for
having a Dirac & function in the spectrum. The causal field generated by such an aperture has been
calculated using Huygens construction. It has been shown that such a field does not contain any
acausal components. Furthermore, we have demonstrated that the FWM aperture field is a very
good approximation of the source-free FWM solution when Ba;<€1. Thus, one can conclude that
as far as causality is concerned, there are no “grave” problems with the generation of the FWM
field, or of a very good approximation of it.

The evanescent fields associated with the FWM aperture has been found to be equal to zero.
This follows from the condition of the forward initial illumination of the aperture. It can also be
considered as a consequence of the infinite size of the FWM aperture. If the period of expansion
is limited to the finite range — T<<¢<<T, then the Dirac & function in the spectrum becomes a
regular function, the evanescent field components become real, and there is no way for them to
cancel out identically. The finite-time (or finite-energy) FWM aperture is a physically realizable
source, which is very efficient in generating very narrow beams from much larger extended
apertures. A detailed study of such a system is deferred for future work. However, the idea of
using a finite-time dynamic Gaussian aperture to generate fields that approximate the source-free
FWM can be considered as a physically realizable scheme to launch LW pulses. Such an approach
should be compared to other suggested methods to launch approximations to the FWM field, like
generating acoustic pulses from sources moving close to the speed of sound.?’ In another attempt,
it has been suggested that an approximate FWM pulse can be generated using infinite line
sources,?® such a scheme has been based on a Green’s function approach. In contradistinction, the
method described in this paper depends on the specification of the initial conditions of the field,
illuminating a dynamic Gaussian aperture.

ACKNOWLEDGMENTS

The authors would like to thank the reviewers of this paper for their suggestions and positive
comments that led to this improved manuscript.

APPENDIX A: THE CAUSAL GENERATION OF THE FWM PULSE

In this appendix, we demonstrate, from first principles, that the Huygens construction (4.7)
leads to the generation of a fully causal FWM pulse. We start with the identity

e—in/c e_’kzz

1 @ S
—_— *
7 — fo d)\f_wdkz Ao(Ap )kz—[(w/c)z—m’ (A1)
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FIG. 5. The contour of integration I" in the complex k, plane used to evaluate the integration in Eq. (A1),

to evaluate the bracketed term in Eq. (4.8). Here p* = \p'?+p?—2p'p cos ¢', and we use the
contour of integration in the complex k, plane shown in Fig. 5. For (w/c)>\, the contour of
integration is closed in the lower half-plane to ensure the integrability of Eq. (A1) for z>0. For
(w/c)<\, the analysis becomes more complicated, because the & function in the spectrum given in
Eq. (4.5) forces w to become complex. Such a situation will be dealt with in Appendix B. Upon
carrying out the contour integration over the k, variable and evaluating the partial derivative with
respect to z, we get

e—in/c o ) o N RS
az( z )=— fo dN Mg(Ap*)e V@A fo AN N g(Np*)e M@= Ne (A7)

From the a priori knowledge of the appearance of &A—y) [cf. Eq. (A4) below], the bracketed
term in Eq. (4.8) becomes

© e~ iwRlc e iwRlc o .
{,-\ /(?) -2 = é’z( 2 =2] AN Mg(Ap*)e V(@i =Nz (A3)
4]

If \/(w/c)i— XZ is allowed to take negative values, the bracketed quantity on the left-hand side is
equal to zero [cf. Appendix B in Ref. 14]. Thus, any acausal components converging on the
aperture are filtered out. For the specific choice of Eq. (4.6), all the spectral components are
launched out of the aperture. This is a direct consequence of the forward illumination of the FWM
aperture; viz., restricting (w/ C)z_ )(2 in Eq. (4.8) to positive values only. Hence, one expects that
in case w becomes complex, only poles of k, having positive real and negative imaginary parts
contribute to the integration (4.8). This is an issue that will be addressed in Appendix B, where we
consider the case of (w/c)<\y usually associated with the evanescent fields.

Following the same procedure as in Ref. 14, we can use the addition theorem of the Bessel
function,”® together with Eq. (A3), to rewrite Eq. (4.8) as follows:

1 o 0 % .
VYaplp,2,0)= 5~ fo dp’ p’fo dx )(Jo()(p’)f0 do O (x,w)e™

xf d\ xJo(xp)JO(xp')e—”‘“”“L*’Z. (A4)
0
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FIG. 6. The D§, and the D, contours of integration in the complex « plane used to evaluate the integration in Eq. (B4).

The integration over p’ can be evaluated using the orthogonality of the Bessel function, yielding
a &\ —~x) term. Thus, upon integrating over p’ and A, Eq. (A4) is reduced to

2
_ay [ * _ X —(x¥4B)ay iwt ,—iV(wlc) - x°z
¥ o(p,2,1) P Jo dx XJ"(XP)L do B(w l(‘“;) +,B]c)e e'“e .
(AS)
Although Eq. (A5) resembles the Weyl expansion of the source-free FWM given in Eq. (2.9),
nevertheless, each expression leads to a significantly distinct physical situation. The superposition

in Eq. (2.9) yields the source-free solution, while the result given in Eq. (A5) is a causal FWM
field radiated from an aperture situated at z=0 into the z>0 half-space.

APPENDIX B: THE ANNULMENT OF THE EVANESCENT FIELD COMPONENTS

In order to provide the necessary comparisons with the source-free case, the integrations in
Eq. (AS) shall be carried out using the angular spectrum superposition. Such an approach enhances
our understanding of the evanescent fields associated with the FWM aperture. The introduction of
the a variable, through the transformation given in Eq. (2.10), reduces Eq. (A5) to the following
form: '

Vop(p,2,0) = AL dexf da k2 2 in qem (k4B s ®Jo(kp sin @)
P 87mB Jo D+ |cos a|

2B Zﬁ ikct,—ixcos a z
X[ﬁ(K—(l—_Co—sa))““a(K—m)}e e . (Bl)

The contour of integration acquires one of the two forms shown in Fig. 6. Both contours share the
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same D part. The choice between D¢, and D, depends on the complex roots of the & function
when (w/c)<y. These are directly related to the complex roots of k, = \/(w/c)i—)\z, as in Eq.
(AT). In this case, the bracketed term in Eq. (4.8) should pick up only the outgoing wave com-
ponents in a fashion similar to that leading to Eq. (A3).

The field generated by the aperture given in Eq. (B1) can be expressed as a summation of two
components,

W opo(r, 1) =W ,4(r,1) +Wy(r,1), (B2a)
where the aperture radiated field W ,(r,¢) and the evanescent component Wy(r,¢) are
Wu(r,0)=V,(r,5;D;) and Wo(r,t)=¥,(r,;;D]). (B2b)

Here W,(r,1;D}) is given by Eq. (B1), but with D* replaced by Dy, while W,,(r,#;Dg ) has the
D¢ contour instead of D*. Integrating over « in Eq. (B2), the field radiated from the aperture
becomes

Vu(r, )= )+ W ) (p,—2,0). (B3)

The first term on the right-hand side is the Whittaker field component ¥ (r, ) given in Eq. (2.7).
The second term is just the \I’(")(r,t) Whittaker component of the source-free FWM, but with z
replaced by —z. Such a result asserts that all the wave components are traveling away from the
aperture in a causal sense. Furthermore, it should be noted that the radiated field given in Eq. (B3)
is exactly equal to ¥, (r,7) derived in Eq. (4.9).

From the preceding analysis, it follows that W, (r,r)=¥,(r,r), hence one expects that
Wy(r,t), which represents the evanescent field components, is identically equal to zero. We shall
g0, however, through the details of such a proof to highlight the differences with the case of the
source-free field. For the source-free FWM, it has been shown in Sec. II that the Weyl converging
and diverging evanescent fields cancel each other identically. In contradistinction, the FWM ap-
erture generates only fields that are causally diverging from the aperture. In fact, the condition of
the forward illumination of such an aperture is responsible for the annulment of the evanescent
fields. For the contour D, a=(m/2)+ia;, cos a=—i sinh o; and sin a=cosh ;. Substituting in
Eq. (B2),

ag
87B

. * 2 2 )
Wo(r,t)=—i f dxf Jda; k* cosh a; e”(<T4Blai coshmar g (kep cosh ay)ele!
0 b}

X e=xsinh 20 50— B(sech? a;—i sech a; tanh a;))

+ 8(x—2 B(sech? a;+i sech a; tanh aN}. (B4)

The choice between the contours Dg; and D, depends on the choice of the sign of k,
= \/(w/c)z— ,\/2 = *i(w/c)sinh a;, for (w/c)<y. One should be careful because k, becomes com-
plex as a consequence of (w/c)=x being complex. The above integration has a form typical of a
superposition over evanescent field components. The positive (negative) sign in the argument of
the term exp(* « sinh a;z) is chosen when the integration is carried out over the Dg,(Dg;) con-
tour. Since the arguments of the & functions have become complex, an analytical continuation into
the complex « plane is needed. For the specific choice of the sign of the argument of exp(ixct),
the roots of the analytical continuation of the & functions should have a positive imaginary part.
The first & function has the required sign of the imaginary part if o, is negative; i.e., when the
integration is carried out over the D¢, contour. In contradistinction, the second & function has a
positive imaginary part when the integration is performed over the Dg; contour. The same argu-
ment can become more transparent if we return to the expansion
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FIG. 7. The complex poles of &, given in Eq. (B6) for the positive and negative values of a.

—ik,z

—ixR
1 0 ©
= - dx dk, A * , B5
T .fo f—w « Mo(hp )kz+/<2 sinh? o, (B3)

e
R

which is the counterpart of Eq. (A1) if & becomes complex. The poles of k, are k,; =i« sinh a;
and k,,= —i« sinh o;. One should notice, however, that the two & functions in Eq. (B4) lead to
complex values of «. If this fact is taken into consideration, we end up with four poles; specifically

kgll)=2,8 tanh e,(tanh a;+i sech a;), k£§)= —2 tanh e;(tanh a;+i sech a;),

k§21)= — 2 tanh ¢/(tanh a;—i sech ;) and kg)=2/3 tanh a;(tanh a;~i sech a;).
(B6)

The first two poles correspond to the roots of the first & function in Eq. (B4), while the other two
correspond to the second one. The positions of such poles in the complex &, plane are shown in
Fig. 7 for the two cases, when ¢ is positive (the contour D is used) and «; is negative (the
contour Dg, is used). The poles in the upper half of the k, plane do not contribute to the integra-
tion over k, in Eq. (B5). Furthermore, the causality condition enforced by the bracketed term in
Eqgs. (4.8) and (A3) leads solely to the contribution of the poles having a positive real part. Thus,
the first & function in Eq. (B4) contributes to the integration only if D¢, is used. The second &
function needs a, to be positive to contribute to the integration, i.e., the Dg; contour has to be
used. The former picks up the pole kgll), while the latter selects kg). With such points taken into

consideration, the integration in Eq. (B4) is carried out over « to give '

tys., Vol &6, No. 10, Gotobar 1988
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Complex
T-Plane

FIG. 8. The I contour of integration in the complex Y plane used in Eq. (BS8).

iﬁal e - — 2
Yo(r,t)=— Cry fo day sech aj(sech a;—i tanh a;)%e ™ Fei(sech ay=i tanh ;)

><Jo(2,3p(sech a,—-i tanh al))eiZBct(sech a;—itanh aj)sech a1e+2ﬂz(sech a;—i tanh a;)tanh o

iBay (= . - : 2
- f day sech aj(sech a;+i tanh a;)%e ~Pailsech arti anh ap)
0

XJO(Z,Bp(sech a;+i tanh al))ei2ﬂct(sech ay+i tanh a;)sech @y, —2Bz(sech ay+i tanh a;)tanh a

(B7)

Next, we introduce the new complex variable Y=sech a;¥ i tanh a;, where the upper sign is used
for the first integration, while the lower sign corresponds to the second one. This change of
variables reduces Eq. (B7) to

a ; :
Yo(r,1)=— %l frdY YJO(ZBPY)e—BaIYZe-H(YZ-i-I)Bcte—-t(Y2— 1Bz

a
L Pa

~Ba Y2 +i(Y2+ 1) Ber, —i(Y2—1)Bz —
2 fl‘dY YJo(28pY)e e e 0. (B8)

Both integrations are carried out in the complex Y plane, and they share the same contour of
integration shown in Fig. 8. Consequently, the field Wy(r,#) that results from superimposing the
evanescent components is identically equal to zero.
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