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In water of moderate depth, the behavior of small perturbations superimposed on Stokes wave
trains is described by the nonlinear (cubic) Schrodinger equation. In the present study wave-like
solutions to this equation are examined, and it is shown that when these perturbations are
neutrally stable and sufficiently long, solutions to the Schridinger equation may be approximated
by the well-known Korteweg—deVries equation. As a result, sufficiently long perturbations to
Stokes wave trains may be regarded as mathematically analogous to those imposed on a free
surface separating two fluids of different densities. This result is established independently by
singular perturbation techniques, numerical computation, and comparison of exact stationary

wave solutions.

I. INTRODUCTION

In the study of the propagation of nonlinear dispersive
waves both the Korteweg-deVries equation and the nonlin-
ear Schrodinger equation have played important roles. The
first was derived by Korteweg and deVries' in their analysis
of shallow water waves in a uniform channel. This equation
typically describes weakly nonlinear, weakly dispersive
waves which may either be pulse-like or periodic. Much of
the recent interest in this equation is due to the soliton prop-
erties of its solutions as demonstrated by Zabusky and Krus-
kal,®> the inverse-scattering techniques developed by
Gardner, Greene, Kruskal, and Muira®>* and the wide var-
iety of applications of this equation. For a review of this
equation, its solutions and applications, we refer the reader
to Miles® and Whitham.® The nonlinear Schrodinger equa-
tion typically describes the behavior of relatively long modu-
lations imposed on fully dispersive wave trains. One of the
first applications in fluid mechanics is due to Hasimoto and
Ono’ who, in their study of surface gravity waves, have
shown that this equation is capable of describing the Benja-
min—Feir® or modulational stability of Stokes wave trains.
Hasimoto and Ono’ have also shown that this equation can
describe the behavior of isolated wave packets. It was later
shown by Zakharov and Shabat® that these wave packets
were also soliton-like in the sense that two packets could
collide, interact nonlinearly, and emerge unchanged except
for a phase shift. Other solutions of interest include the sim-
ple and complex recurrence phenomena described numeri-
cally by Yuen and Ferguson'? and analytically by Stiassnie
and Korszynski.!! One of the primary motivations for these
studies has been to describe the behavior of water waves.
However, a number of investigations have since shown that
the nonlinear Schrédinger equation can be expected to arise
in a wide variety of applications which are also of interest to
the fluid mechanist. In addition to surface gravity waves
these include internal gravity waves,'? rotating flows and
vortex dynamics,'® nonlinear duct acoustics, ' the dynamics
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of liquid sheets, ' and the stability of plane Poiseuille flow. '
For futher references and a review of solutions, extensions,
and applications of this equation, we refer the reader to Yuen
and Lake'’ and Lamb."®

As described in more detail in the next section, the non-
linear Schrodinger equation frequently is used to describe
the evolution of small perturbations to constant-amplitude
wave trains, e.g., Stokes wave trains in the theory of water
waves. We have found that when such perturbations are neu-
trally stable and sufficiently long, the solutions to the Schro-
dinger equation may be approximated by those of the
Korteweg—deVries equation. The work presented here es-
tablishes this connection between these two key equations
independently through use of singular perturbation tech-
niques and numerical computation. Thus, under the condi-
tions stated, perturbations to a Stokes wave train in water of
moderate depth can be described by the Korteweg—deVries
equation; because of the generality of the result, similar re-
marks hold for other dispersive and weakly nonlinear sys-
tems, such as rotating flows, in which the Schrodinger equa-
tion governs the wave-train envelope. Furthermore,
numerical solutions can be simplified due to the reduction of
the number of partial differential equations to be solved from
two to one.

Il. LINEAR THEORY AND PROBLEM STATEMENT

In order to illustrate the generality of our result, we
consider a Schrddinger equation of the form

A, =(i0"/2Axy +iF(4|)A, (1)
where " is a real constant, |4 |=(44 )"/, and 4 is the com-
plex conjugate of A. In order that constant amplitude solu-
tions exist, we will assume that F is a real function of its

argument and in addition has a simple Taylor series of the
form

F () = F(no) + (7 — 10)F (170
+ [(7 — 1o)*/21F " (no) + ol(m — 10’1,
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where primes denote differentiation. Equation (1) is recog-
nized to be a generalization of the usual cubic Schridinger
equation used in many studies of wave-train stability; this is
obtained by setting F (7)==const X 77°. In the most frequently
encountered applications and, in terms of suitable nondi-
mensional variables, the physical quantity of interest (e.g., in
the theory of surface gravity waves, the disturbance eleva-
tion of the free surface) is given by

u = A (X,t)exp i(kX — wt),

where k and w are the wavenumber and frequency of the
carrier wave. In the usual way o is related to k through a
dispersion relation and the quantity »” appearing in (1) is
typically the second derivative of @ with respect to k. The
variables X and ¢ are so-called slow variables; in particular, ¢
is typically a scaled version of the time 7 and X is a scaled
version of ¥ — w't, where @’ is the group velocity associated
with the carrier wave. For a review and derivation of equa-
tions of the form (1) in the context of specific physical sys-
tems, we refer the reader to Hasimoto and Ono,” Yuen and
Lake,'” and Lamb.'®

In what follows it will be convenient to work with the
set of real equations obtained by setting A = (a/2)exp i,
where @ and 3 are real functions of X and ¢; these equations
read

a, + (@"/2)(aBxx + 2Bxax) =0,

(2)
B, = (@"/2a)axxy —aB%) + Fla/2).

A well-known solution to these equations is the constant-
amplitude solution given by

and 8= Flay,/2)t, (3)
where g, is a positive constant; this is recognized as the ana-
log of the Stokes wave solution in the theory of surface gra-
vity waves. The main objective of the present study is to
describe the behavior of small disturbances superimposed on
this constant-amplitude solution. If we assume that @ and
are given by

a=a,

a=a, + ael(KX—nr),

B — F(ao/2)t + Bei(KX— .(21)’
where & and B are small constants and K and {2 are the modu-

lation wavenumber and frequency, the usual linearized anal-
ysis yields the following dispersion relation:

(@ - - -es)

provided F'(a,/2)#0. It is clear that the modulation can be-
come unstable if
0"F'la/2)>0 and KZ<ayF'lay/2)/0" .

These, of course, are essentially the modulational stability
conditions derived by Hasimoto and Ono.” However, our
interest is in the behavior of long waves propagating on the
base state (3). In the limit as K — 0, the wave speed becomes

2/K~ + C[1 +(@"/8CHK? + 0K Y],

where
C=[— (@"ay/HF(a,/2)]"> (4)

822 Phys. Fluids, Vol. 27, No. 4, April 1984

In order that the modulations be wavelike, we will restrict
our attention to the case where w” F'(a,/2) < 0; i.e., when the
constant-amplitude solution (3} is stable to all modulations.
Clearly, in this limit the waves are only weakly dispersive
and we expect that the effects of dispersion will only be no-
ticeable over relatively long times of the order K 2. Inspec-
tion of the above dispersion relation indicates that these ef-
fects can be described by

a, i Cax _-— i (w”z/sc)axxx )

which is recognized as an Airy or linearized Korteweg-
deVries equation.

The above linear solution is only valid for relatively
short times. Over a longer time, the effects of dispersion and
nonlinearity will need to be taken into account even at lowest
order. Thus, in the next section, we will use the method of
multiple scales to derive the equation governing long time
behavior of long, small-amplitude waves on the constant-
amplitude solution (3). In what follows, it will be useful to
deal with the equations obtained by extracting the speed shift
(3) from 3. These are

a, + (@"/2){abyx + 2byax) =0,

(5)

b, = (w"/2a)axy —ab%) + F(a/2) — Flay/2),
where b = B — F(a,/2)t.

Ill. DERIVATION OF THE KORTEWEG-DEVRIES
EQUATION

As indicated in the linear theory, Eq. (5) admits both
left- and right-moving waves. In order to focus on right-
moving waves, we will transform to a coordinate system
moving with the speed (4) and therefore replace X and ¢ by

y=X-Ct)/L and 7=(C/L})},

where L gives a measure of the length of the modulations.
Furthermore, the dependent variables a and b will be re-
placed by

a=a,l +44) and b= (44CL /0" )b,
where 4 gives a measure of the wave amplitude. Here, the
scaling for b was suggested by a more detailed examination
of the linear theory. Equations (5) now read

4, —a, +2b, +24@b,, +24,b,)=0, 9

_ _ Fllay2)1 + 4a)] — Flay/2)
aAF’'(ay/2)
+ 2u%[a,, /(1 + 4a)] —24b2,
where, for the sake of convenience, we have defined 4 = 0"/
4CL.

The Korteweg—deVries equation is obtained by requir-
ing that the waves be long, i.e., L — « or u — 0, and of
small amplitude, i.e., 4 — 0. In order that the effects of non-
linearity and dispersion be noticeable over the same scales, it
is also necessary to require that A = O (u?) = o(1); thus, we
will set 4 = yu? in (6) and look for small u solutions which
are valid at times 7 = O(u~?). The procedure to be em-
ployed is equivalent to the muitiple-scale approach de-
scribed in Chap. IV of Leibovich and Seebass.'” Here we

oo
(= )
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simply assume that, in the coordinate system chosen, @ and b
vary only slowly with respect to 7 and therefore take small u
expansions in the form

d~a\(y, 7) + warly, ) + o ),
b~byy, #) + by, #) + ol ),
where # = pu?r. When these are substituted in (6) and coeffi-

cients of like powers of i are equated, we find that ¢, and b,
satisfy

ay, =2b,,,
(7)

b, =1}a,
and that a, and b, satisfy

2b2x)( - aZX = —ay;; — zy(alblxx + Zalxblx)’

a, —2b,, = —2b;; +4a,, — b3, —(yA/2dl,
where

A =a.F"(ay/2)/2F '(ay/2).
Equation (7) is seen to provide a relatively simple relation
between the amplitude and phase perturbations. When (7) is
used to replace b, by a, in the equations for a, and b, we can
show through straightforward manipulation that @, must
satisfy

ay; —2a,,,, + [(5+A)/2]ya,a,, =0. (8)
Once (8} is solved for a,, (7) may be integrated to find &,.
Thus, in this limit, wavelike solutions to (2) on (3) are gov-
erned by the Korteweg—deVries equation (8). Because of the

sign of the dispersive term, any solitons must have negative
amplitudes. A special case of interest is when

Ixx

F () = const X %%,

where N > 0. In this case A = 2N — 1 and the coefficient of
va,a,, becomes 2 4+ N. By setting N = 1, we obtain the re-
sult for the cubic Schrodinger equation.

We can make a simple check on this solution by noting
that, in the case of the cubic Schrédinger equation, an exact
solution to (6) corresponding to a stationary wave is

a=[GE)—11/n?,
b= + (1/ypjarccos[Gy/G (£)], for £s0,
where £ = y — ou’r, G, =1+ ou?, and

6i6)={1+(63 - l)sechZ[(ll_;‘z’)mg]}m;

the parameter o < 0 simply determines the speed of the wave.
In the limit 2 — O with all other parameters fixed this be-
comes

a~(o/yisech’((— 0/8)'’¢ ] + o(1),

b~ — [(—20)"*/y1tanh[( — 0/8)"% | + o(1),
which is just the stationary wave solution to (7) and (8).

IV. NUMERICAL RESULTS

In this section, numerical solutions to (6) and (8) will be
obtained. The nonlinear term was taken to be that of the
cubic Schrodinger equation. As a result, (6) was written
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8, = &, (1 — 4yu?h,) — 21 + yp'ab,,,
)
2 ~ 22
_2'“—2‘5“ _1(1 +l’£‘_i) i
14 yu‘a 2 2
Because A = 1 for this case, the Korteweg—deVries equation
was written

b, =b, (1 —2m%,) +

a. —2u’a,,, + 3yptaa, =0, (10)
where the fact that 7 = u’7 and a, ~& has been used. The
initial conditions used were

ay,0) =[G (y) — 11/m?,
b(y,0) = + (1/yualarccos|Go/G )],

where the upper and lower signs on b (v,0) are to be chosen
when y is less than and greater than zero, respectively. Here
a is a positive constant and G, and G (y) are given by

Go=1+yu’
1— G2\ 12
Gly)= [1 +(G% — 1)sech2[( o ) ax” .

In addition, we seek solutions corresponding to isolated dis-
turbances and the solutions are therefore required to satisfy

d—0 and b— F(1/yuajarccos G,, (11)

as y — + oo for all values of 7>0. The parameter a allows
us to vary the width of the wave relative to the amplitude;
when a = 1 the wave is just the stationary wave solution
discussed in the previous section.

The scheme chosen to solve (9) and (10) was an implicit
finite difference scheme. In y, second-order accurate central
differences were used and, in time, a second-order accurate
fully implicit Crank—Nicolson scheme was employed, see,
e.g., Richtmyer and Morton.”® This results in a relatively
large system of nonlinear equations which have been solved
by a least change secant update quasi-Newton algorithm
based on a model trust region; in particular, the subroutine
HYBRD from the Argonne Laboratory’s MINPACK package
was used. The Jacobian matrix corresponding to this system
is banded and was approximated by the Curtis—-Powell-Reid
algorithm; see Moré, Garbow, and Hillstrom.?! Because the
nonlinear system was solved at small time intervals, good
starting points for the quasi-Newton algorithm were easily
obtained. If this had not been the case, a homotopy method
as in Watson®>~2* would have had to be used.

For the cases described below, the y and 7 steps were
taken to be 0.1 and 0.125, respectively. The y interval was
taken to be 10 which resulted in a system of equations of
dimension 198; to compute the solution to 7 = 10, this re-
quired roughly five hours of CPU timeona VAX 11/780. To
incorporate the boundary conditions necessary as
X — + o, we have required that (11) be satisfied at
X = £ 5. Although test runs for larger intervals were made
to assess the effects of the finite interval, it was felt that the
above was a reasonable balance between accuracy and com-
putation time.

In Figs. 1 and 2 solutions corresponding to x = 0.16
and y = 16.8 have been plotted. In Fig. 1, the parameter a
was taken to be 1.0. The resultant exact solution to (9) is
therefore a stationary wave which propagates without

M. S. Cramer and L. T. Watson 823
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FIG. 1. Computed waveforms for u = 0.16, y = 16.8, and @ = 1.0. Dark
solid lines denote solutions to the Schrédinger equation (9) and dotted lines
denote those of the Korteweg—deVries equation (10).

change in form and at a speed yu”~0.43; this is verified by
the numerical solution. The main difference between the two
solutions is expected to be due to the errors inherent in the
asymptotic approximation. In Fig. 2, the value of & was in-
creased to 1.5. The initial waveform then breaks up in the
oscillatory manner depicted. By 7 = 2.50 the influence of the
finite y interval is felt over most of the wave. Even so, it is
encouraging that the agreement is still reasonable.

In Figs. 3 and 4 we have plotted the computed solutions
for the same value of ¥ (i.e., ¥ = 16.8) and = 0.08. That is,
we have halved u while leaving all other parameters the
same. To compare these results to those of Figs. 1 and 2, it is
important to note that halving g will slow down the evolu-
tion of the waveform by a factor of about 4. This is exactly
true for the stationary wave solution to (9) corresponding to
a = 1.0,i.e., the wave speed yu” decreases exactly by a factor
of 4. For sufficiently small u, the asymptotic theory along
with Eq. {8) or (10} indicates this will also be approximately
true for arbitrary initial conditions.

824 Phys. Fluids, Vol. 27, No. 4, April 1984

0.00 T° @

2.50 7° @

- (=]
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FIG. 2. Computed waveforms for u = 0.16, ¥ = 16.8, and a = 1.5. Dark
solid lines denote solutions to the Schrodinger equation (9) and dotted lines
denote those of the Korteweg—deVries equation (10).

In Fig. 3, solutions corresponding to @ = 1.0 have been
plotted for time 7 = 0, 4, 10. Due to the slowing of the wave
speed, these can be compared directly to the results of Fig. 1.
As expected, the decrease in u results in better agreement for
the same wave displacement. The computed waveforms for

= 1.5 have been plotted in Fig. 4. If we again rescale the
time by a factor of 4, a comparison with Fig. 2 further sup-
ports our claim that solutions to the Schrodinger equation
will approach those of the Korteweg—deVries equation in the
limit of vanishing p.

In conclusion, our numerical computations show good
agreement between the solutions to (9) and (10); this is true
even when the resultant behavior is relatively complicated.
Furthermore, these computations as well as others not pre-
sented verify that the agreement becomes better and better as
4 becomes smaller and smaller.

Here we note that we have also attempted to compare
our solutions when the initial conditions are such that wave
fissioning occurs. However, for the examples considered, the

M. 8. Cramer and L. T. Watson 824
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FIG. 3. Computed waveforms for 4 = 0.08, ¥ = 16.8, and a = 1.0. Dark
solid lines denote solutions to the Schridinger equation (9) and dotted lines
denote those of the Korteweg—deVries equation (10).

evolution process was relatively slow (numerically, not as-
ymptotically) and it was found that smaller step sizes in the x
direction were needed. Because of the high dimension of the
system, the computation times necessary for accurate solu-
tions became prohibitively high. Both collocation and Ga-
lerkin methods, although more complicated to implement
on nonlinear problems, would probably have been more effi-
cient for the present purposes.

V. DISCUSSION

The nonlinear Schrédinger equation (2) has been ana-
lyzed, and it has been shown through both analysis and nu-
merical calculation that long, small-amplitude modulations
to the constant-amplitude solution (3) are governed by the
Korteweg-deVries equation (8). This result is only valid
when @” and F are such that the phase speed (4) is real, i.e.,
when w” F'{a,/2) < 0. Thus, this must be distinguished from
the studies described by Yuen and Lake,!” where (3) is unsta-
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4.00 7° “

T = 10.00 T° 0

FIG. 4. Computed waveforms for 4 = 0.08, ¥ = 16.8, and a = 1.5. Dark
solid lines denote solutions to the Schrédinger equation (9) and dotted lines
denote those of the Korteweg-deVries equation (10).

ble to sufficiently long disturbances. Essentially, our results
describe the evolution of modulations on unconditionally
stable wave trains. Furthermore, our work must also be dis-
tinguished from studies which show that the modulational
stability of wave-train solutions to the Korteweg—deVries
equation can be described by a cubic Schrédinger equation.
This fact was first pointed out by Hasimoto and Ono’ and a
detailed derivation is presented by Lamb.'® In these studies
the Korteweg-deVries equation governs the carrier wave
and the Schrodinger equation governs the modulations, i.e.,
the envelope function 4. This clearly contrasts with the pres-
ent work in that we take our starting point to be the Schré-
dinger equation (1) and then show that certain solutions of (1)
can be approximated by the Korteweg—deVries equation (8).
Thus, the envelope function 4 rather than the complete wave
train is governed by the Korteweg—deVries equation. This
point becomes even more obvious if we note that highly dis-
persive systems such as surface waves in moderate depth can
never be described by the Korteweg—deVries equation al-

M. S. Cramer and L. T. Watson 825



though wave-train modulations are frequently governed by
(1). One of the contributions of our work is to show that, even
in these cases, the envelope function is governed by (8).

In this paper our main interest is in describing the be-
havior of certain solutions to (1). However, as pointed out in
Sec. 1, the Schrodinger equation (1) is typically derived by
approximating a given physical system and it is of interest to
determine relevance of our solutions to such physical sys-
tems. The main question is whether higher-order corrections
to (1) become necessary before the effects delineated here are
seen. Examination of the time scales for the cubic Schro-
dinger equation indicates that the most severe constraint for
the validity of our results is that

61 /3 <# < 1’
where € gives a measure of the amplitude of the carrier wave.

Thus, we expect that our results will also have application to
such physical systems for a relatively wide range of values of

K.
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