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CHAPTER 5

Analysis of ‘Number of Permits’
with Maximum Likelihood

5.1  Introduction

The analysis in the previous chapter indicated that it is necessary to go beyond the
estimations that can be performed with a standard estimation package. This chapter describes
two models that examine the effect of the two-rate tax on the number of permits, and which
seek to address the criticism that one can raise against the preliminary analyses.  Both models
use a negative binomial distribution with the more general mean-variance relationship that
was introduced in Chapter 3; the implementation of this new relationship is explained in the
next two sections.  Section 5.4 describes a model that uses ‘density’, ‘income’, ‘population
change’ and the tax differential as independent variables, but introduces them in more general
functional forms than it could be done with LIMDEP.  The model in Section 5.5 incorporates
several insights that were gained through the work with the model in Section 5.4.  First, it is a
fixed effects model that uses dummy variables for each municipality in the data set.  Second,
it implements the idea that the tax differential will have no effect on construction if the
economic condition of a municipality is too depressed.  Third, it is estimated with an even
more general version of the variance-mean relationship than the earlier model, and it uses data
between 1972 and 1994, while the analysis in Section 5.4 used data only until 1993.

5.2  The relationship between then mean and the variance

Section 3.4 motivated a special relationship between the mean and the variance in the
estimation of the negative binomial distribution.  From the regression function (see equation
5.4 below) one obtains the expected value µ of the dependent variable; this expected value is
used to calculate the coefficient of variation (CV), from which the variance can be determined
as  = CV · µ .  The two parameters of the negative binomial distribution are then calculated2 2 2

from the mean and the variance.  The crucial relationship is between CV and the mean, which
is formulated as the sum of the minimum CV and an added curve with a single maximum and
two tails.
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Figure 5.1  Relationship between the actual excess
CV and m.

(5.1)

(5.2)

Which added curve is most appropriate for
this data?  Figure 5.1 shows the relationship be-
tween the actual excess CV above the minimum
CV, and the expected number of permits for all
2,689 observations of nonresidential construction
of whole units, averaged over 200 observations. 
To calculate the excess CV, each observation is
assigned an approximated ‘standard deviation’ of
PMP-E(PMP) .  The coefficient of variation is

then calculated as PMP-E(PMP) / E(PMP). 
Subtracting the minimum CV yields the ‘excess’
CV.  For low values of µ this ‘excess’ CV
increases, while it decreases as µ becomes large. 
It seems to be sensible to approximate this rela-
tionship either by a normal curve with 3 parame-
ters, or by a function motivated by the t-distribu-
tion with 4 parameters, which is similar to the
normal curve, but can have a different kurtosis,
that is, tails of different thickness.  These func-
tions are general enough to support a wide variety

of ‘excess’ variation; if for example the excess variation of the data does not show a
maximum, then the maximum point can be put far enough to the left so that only the right tail
of the function is used.

The relationship is now formulated as follows: let µ  be the expected number of per-i,t

mits for municipality i in year t, so that CV  can be determined according toi,t

with 3 parameters if the normal curve is added, and according to



(1 1 (1 2
ni,t) )

 As the expected number of permits, µ , is always larger than 0, it is always possible to calculate it s149
i,t

logarithm.

  Equation 5.2 describes a wider variety of functions than equation 5.1, but the possibility of using it did150

not occur to me when I estimated the model in Section 5.4.

 Alternatively all observations without a direct predecessor could have been eliminated from the analysis,151

which would have led to a large reduction of the available data.
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(5.3)

with 4 parameters if the more general curve is added.   The first term in both equations rep-149

resents the minimum CV as determined in Chapter 3, and the second term is the added func-
tion.  The parameter  determines the height and  determines the location of the maxi-1 2

mum, while  is a measure of dispersion.  determines the thickness of the tails; as   ap-3 4 4

proaches zero, the function approaches the normal curve.  The model in Section 5.4 uses the
normal curve, while the model in Section 5.5 uses the more general curve.150

5.3  Correction for serial correlation

Both models in this chapter correct for serial correlation in the data by including a
lagged residual among the explanatory variables.  If data are available for two consecutive
years, this method is straightforward to implement.  But not every observation has a predeces-
sor: the first year has none at all, and depending on missing data, some observations do not
have a direct predecessor, but only one which was observed more than one year ago.  If these
observations are to be kept in the analysis, then it is necessary to increase the estimate of their
variance, because the explanatory power of the lagged residual ought to decrease as the dis-
tance to the previous observation increases.   The estimate of the variance  is given by 151 2

 = CV · µ , which means that the variance will increase with estimated CV .i,t i,t i,t i,t
2 2 2

In Section 5.4 the variance of all observations without a direct predecessor is increased
by multiplying the excess CV  in equation 5.1 by (1 + ), where > 0 is a parameter to bei,t 1 1 

estimated.

In Section 5.5 the excess CV of the first observation (which does not have any prede-
cessor) is increased by (1 + ) as well, but the serial correlation is handled in a more specific1

way.  The residual that is used as explanatory variable is the residual from the previous obser-
vation; if the direct predecessor is missing, then the residual that was calculated 2 periods ago
is used; if that is missing, too, then the residual that was calculated 3 periods ago is used, and
so on.  The excess CV  is multiplied byi,t



µi,t (popi,t)
2 (mi,t)

3 e 1 4 Di,t 5 Ii,t 6 Pi,t 7 YDt 8 TAXi,t

µi,t fD (Di,t) fI (Ii,t) fP (Pi,t) fT (ATDi,t) fr (ri,t 1) YDt popi,t moni,t ,

- 78 -

(5.4)

(5.5)

where 0   1, and n  is the number of years that are missing between the current observa-2 i,t 

tion and its predecessor.  If no year is missing, CV  is not changed; as the number of missingi,t

years becomes larger, the correction approaches the maximum correction  for the first pe-1

riod.

5.4  A non-linear model
5.4.1 Setup of the model

In addition to its limited distributional assumptions and its neglect of serial correlation,
the analysis with LIMDEP suffered from further shortcomings.  First, the models did not re-
strict the coefficients of ‘Population’ and ‘Months reported’ to be equal to 1.  Second, the
analysis assumed an exponential relationship between the expected number of permits µ  andi,t

the explanatory variables of the form

where i is the index for the municipality, and t represents the year.  But it is not obvious why
for example density should be introduced as exp(D ); even though this relationship yields ai,t

model which can easily be evaluated, a different functional form might be more appropriate,
and the coefficients which are estimated with its linear approximation might be distorted.  It
would clearly be possible to introduce any variable as a polynomial of higher order, or to in-
troduce two variables as a multiplicative combination of each other, but economic theory does
not suggest any particular form, and it will be very tedious to discover the ‘optimal’ form with
an unguided ‘trial and error’ method of testing different functional relationships and discard-
ing the ones which yield a lower loglikelihood.

The model in this section attempts to introduce the three explanatory variables with
more appropriate functional forms.  In addition it takes account of serial correlation.  The re-
gression equation of the model is given by

where D  is popultion density, I  is income relative to average income, P  is the populationi,t i,t i,t

change,  ATD  is the adjusted tax differential, r  is a term that takes serial correlation intoi,t i,t-j

account by including the residual that was observed j > 1 periods ago, YD  is a yearly dummyt



 One point value of every functional form needs to be fixed, for example the vertical intercept, and th e152

yearly dummies are used as scaling coefficients.

 In order to filter out some noise, it proved to be more informative to examine the plot of the variabl e153

value which is averaged over 200 observations versus the residual which is also averaged over 200 observation.

 Note that the expected residual of a multiplicative relationship is not 0 but 1.154
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variable, pop  is population size and mon  is the number of months reported.   As the coef-i,t i,t
152

ficients of ‘Population’ and ‘Months reported’ are restricted to 1, no functions are estimated
for them.

If one plans to examine functional forms other than polynomials, it becomes very im-
portant to find a way to judge the ‘fit’ of any proposed relationship.  A starting point of this
search can be a cross plot of the independent and the dependent variable.  This cross plot indi-
cates the general relationship between the two variables, and shows if a linear function might
be a sufficient approximation.  But clearly it is not a very precise indicator of the correct func-
tional form, because it does not enable one to compare two only slightly different functional
forms with each other.  The comparison of the loglikelihoods of two competing functional
forms indicates which of the functions represents the data more closely, but does not show if
the better of the two can still be improved.  

A tool which helps to decide how to improve the functional form is a cross plot of the
independent variable and the residual of the regression.  If all other variables except the cur-
rently examined variable are included in the regression, the plot of the variable versus the re-
sidual shows the values of the independent variable for which the observed number of permits
is either over- or underpredicted.   The right functional form should correct for these mispre-153

dictions, and yield a plot which shows an average residual of 1 and no systematic pattern.  154

But it turns out that for the available data the residual is affected too much by other effects to
yield very reliable information.

Another indicator for the right functional form is a plot of the cumulative distribution
function (CDF).  The CDF of a continuous random variable x determines the probability that x
is less than or equal to a certain value .  It is defined as the integral of the probability distri-
bution of x between -  and .  As -  the CDF converges to 0, and as  the CDF con-
verges to 1.  The expected value of the CDF is ½, and if a plot of the variable, sorted by size,
versus the CDF systematically shows values different from ½, then the functional form is
most likely incorrect.  But this technique also proved to be too unreliable to be of much help.



 It is very tedious to determine and program the algebraic derivative of the loglikelihood function fo r155

changing functional forms, and it is much easier to calculate a numerical derivative. For the calculation I use d
Ridders’ (1982) algorithm, which is described for the program language C in Press et al (1995).  This algorithm is
very precise; a comparison between the algebraic and the numerical derivative of equation 5.5 yielded values that
were identical up to the 6th digit.

  As the variance of the derivatives will be high, it is again better to use the moving-average of th e156

derivatives to get a more stable indicator.  An average of 100 or 200 derivatives is usually enough to show a pattern
without too much variation.
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A good indicator of potential explanatory power and of the correct functional form
turns out to be a graph that shows the relationship between the independent variable and the
first derivative of the loglikelihood of each observation with respect to the vertical intercept
parameter.   If the derivative is positive, then a higher intercept would improve the predic-155

tion of this observation, and if it is negative, then this observation ought to have a lower inter-
cept.  If the plot of this first derivative shows a systematic pattern over all observations, then
the use of a different functional form which takes the suggested change into account will most
likely improve the sum of the single loglikelihoods.   Once the optimal parameter values of156

the correct functional form have been found, or if the variable has no explanatory power at
all, the mean value of the first derivative will be zero, and its variance over all observations
should be small.

Once the general relationship between the dependent and the independent variable has
been established, but the exact functional form that best described that relationship has not
been found yet, it is helpful to guess a certain function and to determine the first derivative of
the loglikelihood with respect to every parameter of this function.  This shows over which
part of the independent variable a change in the guessed function can improve the loglike-
lihood, and will lead to a better guess of the correct function.  For example, assume that the
guessed function is exponential, and that the plot of the average derivative of the exponent
with respect to the intercept shows zeros for small parameter values, but becomes negative for
large values.  Most likely the use of a logistic function, which has a similar slope for small
values, but flattens out when the independent variable becomes large, will improve the result.

In the following analysis the function of each variable has a certain vertical intercept;
multiplication of all functions with each other as indicated by equation 5.5 yields the intercept
for the whole relationship between the dependent and the independent variables.  The yearly
dummy variables are then used as scaling parameters for this intercept, and the derivatives of
the independent variables are taken with respect to these dummy variables.  It would have
been possible to parameterize all functions to yield a common intercept of 1, so that the total
intercept would have been 1 as well, but this would have been merely an aesthetic improve-
ment, and would not have changed the result of the analysis.



fD (Di,t) 1 Di,t .

fD (Di,t)
(1 1 Di,t) (1 1 Di,t)
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2
.

 The likelihood ratio test is described in Section 3.4.  Note that the functional form without density is a157

restricted form of, and therefore nested in the examined functions, so that a likelihood ratio test is meaningful.
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(5.6)

(5.7)

The following section describes the search for the correct functional forms for the data
set of nonresidential construction of whole units, and Section 5.4.3 examines the data set of
residential construction of whole units.

5.4.2  Examination of nonresidential construction of whole units:

A  The functional form for ‘density’:

Population density ought to have a negative influence on building activities.  The
lower the density, the fewer existing structures usually have to be torn down to build a new
building, and the cheaper construction becomes.  This is confirmed by the analysis in Section
4.7, which yielded a significant coefficient for density of -1.0107.

Figure 5.2.a shows the relationship between density and the first derivative of the
yearly dummy variables when population density is excluded from the analysis, while all
other variables are included with their final functional forms as indicated in Table 5.1.  The
loglikelihood is -4,441.49; the relationship is negative and seems to be linear, which resulted
in a first guess of the function as

The linear function improved the loglikelihood to -4,377.45.  The test statistic of the likeli-
hood ratio test is 128.08, and the critical value of the chi-square distribution with 1 degree of
freedom at 99 percent confidence is 6.634.  The inclusion of density therefore yields a signifi-
cant improvement in the loglikelihood.157

But from Figure 5.2.b it becomes clear that the linear function does not completely
eliminate the underlying trend.  Places with low density are systematically underpredicted,
and places with high density are systematically overpredicted.  In order to elevate the function
for high density municipalities, the next attempt to find the right function was made with a
hyperbola, which had the horizontal axis as one limit, and therefore needed only two parame-
ters (in addition to the (restricted) slope parameter of the hyperbola branch):
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Figure 5.2.b  Density and the first derivative of the
intercept once density is included as a linear
function.

Figure 5.2.a  Density and the first derivative of the
intercept when density is excluded.

Figure 5.2.d  Density and the first derivative of the
intercept once density is included as a hyperbola
with two positively sloped branches.

Figure 5.2.c  Density and the first derivative of the
intercept once density is included as a hyperbola
with one branch equal to the horizontal axis.
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(5.8)

(5.9)

(5.10)

The parameter  represents the asymptotic slope of the unconstrained branch of the hyper-1

bola, and  indi-cates the distance of the hyperbola from the point where both asymptotes2

intersect.  This function improves the loglikelihood to 4,364.03, but as shown by Figure 5.2.c
the trend has not been eliminated completely.  The true functional form needs still to be lower
for high density municipalities, so the next attempt was made with a hyperbola whose two
branches were normalized so that they intersect at a vertical value of 1.  This function, which
uses 4 parameters, is given by

The parameters  and  represent the asymptotic slopes of the two hyperbola branches, 1 2 3

indicates the density at which the two asymptotes intersect, and  indicates the distance of the4

hyperbola from the intersection point of the two asymptotes.  The loglikelihood is 4,360.84,
which is an improvement of 3.19.  This increase is too small to justify the two additional pa-
rameters on the 99 percent level.  A further guess of the true function is an exponential decay
with two parameters:

which yields a loglikelihood of 4,360.88, and is a significant improvement over equation 5.7
because no additional parameters are used.  Still the plot of the first derivatives in Figure 5.2.d
shows an overprediction for high density municipalities.  The true functional form seems to be
rather parabolic; usage of the function

results in a loglikelihood of -4,360.41, which is slightly better than the loglikelihood obtained
by the exponential function, and it removes most of the trend in the first derivatives as shown
in Figure 5.3.



fI (Ii,t) 1 1 Ii,t
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Figure 5.3 Density and the first derivative of the
intercepts once density is included as a parabola.

(5.11)

B  The functional form of ‘income relative to av   
  erage income’

Relative income can be expected to have a
negative influence on nonresidential building ac-
tivity in a community.  Communities with a high
relative income are more likely to serve as resi-
dential municipalities whose inhabitants work in
a neighbor town; rich communities usually try to
prevent firms from settling within their borders. 
This is also suggested by the analysis in Section
4.7, which yielded a coefficient on income of -
0.19583, although it was only insignificantly dif-
ferent form zero.  Figure 5.4.a on the following
page shows the first derivative of the intercept
dummies when relative income is excluded.  The
loglikelihood is 4,386.55, so the first guess is
again the linear relationship.  The linear function
with one parameter

yields a loglikelihood of 4,366.29, but as Figure 5.4.b shows, the correct function is flatter for
high levels of relative income.  Figure 5.4.c shows the derivatives if a parabolic relationship
(as in equation 5.7) is assumed. The loglikelihood improves to 4,360.41.  Even though the
graph still shows some systematic variation, I did not find a function which could reduce this
variation and pass a likelihood ratio test, so that the parabolic function seems to be the best.

C  The functional form of ‘population change’:

Municipalities that had a substantial increase in their population are more likely to
build new structures than places that lost many of their inhabitants in recent years. But this
additional construction which is caused by the population change, ought to take place
primarily in the residential sector; for nonresidential structures it is likely that economic pros-
perity and therefore increased construction activities attract more people, so that the causation
may be reversed.  To keep the possibility of reverse causation as small as possible, one should
examine population change in previous periods instead of current population change.  This
finding is confirmed in the analysis in Section 4.7, where population change had a positive
but insignificant influence for nonresidential construction, and a positive and significant influ-
ence for residential construction.  But as Figure 5.5 shows, when lagged population
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Figure 5.4.b  Relative income and the first
derivative of the intercept once relative income is
included as a linear function.

Figure 5.4.a  Relative income and the first
derivative of the intercept when relative income is
excluded.

Figure 5.4.d  Relative income and the first
derivative of the intercept once relative income is
included as a combination of a parabola and a
trigonometric function.

Figure 5.4.c  Relative income and the first
derivative of the intercept once relative income is
included as a parabola.
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Figure 5.5  Lagged population change and the
derivative of the intercept when lagged popu-
lation change is excluded from the analysis.

(5.12)

change is excluded from the analysis it does not
seem to have any noticeable trend or impact on the
intercept dummies, except some apparently ran-
dom noise.  Using a linear relationship between
PMP and lagged population change improves the
loglikelihood to 4,359.57, which is not enough to
pass the likelihood-ratio test; the variable should
not be included in the further analysis.

D  The functional form of lagged residuals:

As the estimated relationship is multiplica-
tive, the residual is obtained by dividing the ex-
pected PMP into the observed PMP.  If the ob-
served PMP is completely explained by the regres-
sion, then the residual is equal to 1; any deviation
from this value is a sign of either over- or under-
prediction.

Figure 5.6.a  shows the relationships between the residual lagged by one period and
the first derivative with respect to the dummy intercept.  The relationship is positive: the
larger the lagged residual r , the larger the potential improvement in the loglikelihood wheni,t-1

the intercept is increased, but the additional improvement decreases with the size of the
lagged residual.  In general, if r  is equal to one, then last year’s prediction was exactlyi,t-1

equal to the observed value of PMP, and the best estimate for this year’s PMP(independent of
the influence of the other variables) is the same as it was for last year’s PMP, so the function
should cross the point (1,1).  If r  is smaller than 1, then last year’s predicted PMP was tooi,t-1

large,so that (with serial correlation) this year’s PMP will most likely be smaller than other-
wise predicted; the estimated value should be corrected downwards.  The reverse is true for
r  > 1; if last year’s PMP was larger than predicted, then this year’s PMP  should be largeri,t-1

as well.  The figure suggests an inverse exponential function, which converges to a maximum
larger than 1 as the residual becomes large, and uses 2 parameters:



 The critical value for three parameters  is 11.345 at 99 percent confidence.158
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Figure 5.6.a  First lagged residual and the first
derivative of the intercepts if the first lagged
residual is not included in the analysis.

Figure 5.6.b  First lagged residual and the first
derivative of the intercepts once the first lagged
residual is included as an inverse exponential
function.

The parameter  describes the asymptotic value to which the function converges when the1

residual becomes large, and  describes the slope of the function at the point (1,1).  Figure2

5.6.b shows the first lagged residual and the first derivative of the dummy variables once the
first lagged residual is included in the analysis; the relationship no longer has a trend.  As a
lagged residual neither exists for the first year nor for each year that follows a year that is
missing, it cannot be included as an explanatory variable for those years.  As pointed out in
section 5.3, this should increase the variance of the estimation; this increase is estimated as an
additional parameter .  The loglikelihood improves from 4,416.37 to 4,360.42, that is, the
three additional parameters are significant and pass the likelihood-ratio test.158



 The variance of the maximum likelihood estimator can be calculated in various ways (see Green, 1993,159

pp. 115-116).  I used the diagonal of the inverse of the expected second derivatives matrix, which is the varianc e
matrix of the first derivatives vector.  This variance matrix is the matrix of the product of the gradient with it s
transpose, summed over all observations.  To invert the matrix I used the program MATLAB.
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E  The functional form of the adjusted tax differential:

As only 15 two-rate tax cities are included in the data set, a graph which shows the
first derivative of the intercept as a function of the adjusted tax differential does not have
enough different data points to yield any interesting insights.  The best guess is to include the
tax differential as a linear function with one parameter.  The loglikelihood rises by 4.78,
which is enough to pass the likelihood ratio test.  The value of the coefficient is -0.067, which
seems to suggest that the two-rate tax has a negative influence on the number of permits is-
sued.

The analysis is summarized in Table 5.1.  Column 4 shows the coefficients and stan-
dard errors of the functional forms which fit the data best.   Notice that a high standard error159

in the non-linear model does not necessarily signal that the parameter does not have any influ-
ence.  For example, the standard error for  is 0.1837, which means that the coefficient is not2

significantly different from zero.  But in this case it does not mean that income does not have
any influence on the loglikelihood, because  describes the horizontal location of the mini-2

mum of the parabola; a location at zero is one possible outcome, and does not change the sig-
nificance of the variable ‘income’.  The same interpretation applies to the standard error of ,3

which stands for the horizontal location of the normal curve that is added to the minimum CV. 
To determine the significance of the functional form of each explanatory variable it is neces-
sary to undertake the likelihood ratio test; column 5 shows for each variable the test statistic
and the degrees of freedom used.

The most surprising finding is the significantly negative coefficient of the tax parame-
ter.  This suggests that an increase in the adjusted tax differential will lead to a reduction in
the number of housing units built. However, it is possible that the negative coefficient is due
to certain town-specific effects, which are not captured by the model.  Section 5.4 describes a
fixed effects model, which uses, among other improvements, a dummy variable for each mu-
nicipality.  The tax coefficient of that model is slightly positive, but not significant.

For this model it is more informative to examine the technical aspects of the analysis:
how much was gained by describing the influence of each explanatory variable as a nonlinear
function, by taking account of serial correlation, and by using the more general method of
describing heteroskedasticity.  The last column of Table 5.1 shows the estimation results of a
model that uses the same mean-variance relationship as the negative binomial analysis in 
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Table 5.1  Nonresidential construction of whole units

Functional Form Model I  (DF) Model II
Coefficient Coef-

2

ficient

Density 2.430E-8 (162.16) 2.857E-8

(Parabolic function)

1

(3.580E-8) (2) (3.69E-9)

14275.40 13041.832

(1345.57) (758.9)

Income -0.4381 52.28 -0.2941

(Parabolic function)

1

(0.1203) (2) (0.1064)

-0.2869 -0.60992

(0.1837) (0.3049)

Tax -0.0665 9.56 -0.0654

(Linear function)
(0.0098) (1) (0.0181)

Residuals 3.1938 111.92 2.7244

(Negative exponential func-
tion)

1

(0.8046) (2) (0.6678)

0.2321 0.22522

(0.0277) (0.0254)

CV 0.9554 1.5239

(Normal function)

1

(0.0250) (0.0464)

-0.0677 -2

(0.0126)

-0.1175 -3

(0.2208)

Adjustment- 0.0238 -
factor for CV (0.0604)

Loglike- -4360.41 -4406.01
lihood

Note: Standard errors are shown in parentheses. Coefficients of yearly dummy variables are
not shown.



 See the third column of Table 4.5.160
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Chapter 4, but includes the variables according to equation 5.5.  Compared to the model in
Chapter 4, this model uses six additional parameters to describe density, income, the residu-
als, and the mean-variance relationship, but saves two parameters by restricting the coef-
ficients of ‘Population’ and ‘Months reported’ to 1.  Similar to the model in Chapter 4, den-
sity and income are significant, while population change is not significant.   The coefficient160

of the tax parameter was also negative in the earlier model, but it was not significantly differ-
ent from zero.  The loglikelihood of that model was -4467.004; the refinements lowered the
loglikelihood by 60.99 at the cost of four additional parameters, which is a significant im-
provement over the old model.

Comparison of Column 4 and Column 6 in Table 5.1 shows how much is gained if the
new mean-variance relationship is used.  The loglikelihood of the model in Column 4 is lower
by 45.60, which means that the additional 3 parameters in the new mean-variance relationship
are a significant improvement.

5.3.2  Residential construction of whole units:

To avoid a lengthy repetition of the procedure of finding the optimal functional forms,
Table 5.2 on the following page reports only the results.  Density is still significant, and a
higher population density leads to a lower number of building permits in a municipality.  Con-
trary to the analysis of nonresidential construction, income is introduced with a logistic func-
tion and has a significantly positive influence, as wealthier communities are able to build
more houses.  The analysis in Chapter 4 already indicated that population change has a posi-
tive influence on the decision to construct new residential buildings; population change is in-
troduced with a hyperbolic function (compare with equation 5.6), and the introduction of pop-
ulation change improves the loglikelihood by 47.46.  The lagged first residual again improves
the loglikelihood noticeably.  The positive coefficient on taxes does not pass a likelihood ratio
test, and has a high standard error.  The results of an analysis with the old mean-variance rela-
tionship are shown in Column 6; the loglikelihood of the new analysis is significantly higher
than in the model with the old mean-variance relationship.
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Table 5.2  Residential construction of whole units

Functional Form Model I Model II
 Coefficient (DF) Coefficient

2

Density 322.1007 138.92 244.34

(Exponential function)

1

(64.2664) (2) (75.4323)

9.442E-5 8.564E-52

(1.400E-5) (2.301E-5)

Income -6.6316 74.66 -7.0041

(Logistic function)

1

(1.0816) (2) (0.9196)

-0.2989 -0.33772

(0.0201) (0.0179)

Population 7.3765 47.46 6.4608
change (11.6067) (2) (3.9224)

(Hyperbolic function)

1

1.4403 2.50812

(4.3982) (2.7835)

Tax -0.0251 0.32 -0.0127

(Linear function)
(0.0631) (1) (0.02616)

Residuals 1.0808 259.54 1.1234

(Negative exponential func-
tion)

1

(0.0346) (2) (0.0291)

0.6474 0.54502

(0.0392) (0.0305)

CV 4.1468 28.279

(Normal function)

1

(2.5684) (0.4882)

-0.0087 -2

(0.0045)

-9.0400 -3

(6.0829)

Adjustment 0.1528 -
Factor for CV (0.0428)

Loglikelihood -13933.28 -14404.79

Note: Standard errors are shown in parentheses. Yearly dummies are not shown.



µi,t

µ i,t if µ i,t

if µ i,t < .

 The model in Section 5.4 can be reinterpreted as a model which uses the status of a municipality.  Instead161

of measuring the status as a dummy variable, the model in Section 5.4 measured the status as S  = f (D ) · f (I ) ·i,t D i,t I i,t

f (P ).P i,t
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(5.24)

5.5  A fixed effects model

5.5.1  Setup of the model

The preliminary analysis in Chapter 4 indicated that a fixed effects model that uses a
dummy variable for each municipality might yield a better fit of the data; after the introduc-
tion of the dummy variables into the regression equation, the independent variables ‘density’,
‘average income’, and ‘population change’ became insignificant.  These dummies can be in-
terpreted as the economic status S  of municipality i.  The status describes the economic con-i

dition of a municipality; the lower the status, the worse is this economic condition.   As there161

exists neither a best nor a worst condition, the status can be any real number.

Clearly, the incentives to construct new buildings in municipalities in depressed eco-
nomic condition are very low, although even in a municipality in very depressed condition a
building permit will be issued, and some construction will take place, once in a while.  The
number of building permits one can reasonably expect in a given year is therefore still larger
than zero.  Yet it will hardly be possible to find a general reason for these occasional permits,
as they probably depend on unique events in a certain municipality, for example the replace-
ment of a house that burned down in a fire.  It is very unlikely that these construction deci-
sions are influenced by tax advantages.

To incorporate the idea of such a ‘threshold’ status, below which all construction is
unpredictable without detailed knowledge of the specific economic circumstances peculiar to
each decision, the estimated equation must have a kink at this threshold, below which explan-
atory variables do not have any influence anymore.  If the economic conditions are good, then
the expected PMP µ  will be determined by µ  = S · YD · f (ATD ).  If µ  falls below thei,t i,t i t T i,t i,t 

* *

threshold value , then the expected PMP is given by the value of this threshold.  To guaran-
tee that the minimum predicted PMP is always positive, the threshold value is calculated as 
= e , where  is the parameter to be estimated.  This leads to the following  equation for the
expected PMP:



µi,t
µ i,t if µ 1

if µ < 1 .

µi,t Si YDt fT(ATDi,t) fr(ri,t j) ,
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(5.25)

(5.26)

However, this equation does not allow for a correct estimation of the coefficients.  As-
sume that a municipality has such a low status that throughout the years for which data are
available the best prediction about building permits that can be made is always determined by

.  First, it would be impossible to estimate the status of this municipality, because any value
of S  below /(YD · f (ATD )) will not affect the predicted number of permits anymore, and itsi t T i,t

most likely value cannot be determined.  The second and more severe problem is that it will
become impossible to estimate the correct value of .  Any attempt to optimize  by slightly
changing its value would not be able to take account of the possibility that this change in 
will increase the predicted number of PMP for any of the municipalities with undeterminable
status in at least one year above this threshold value, so that their impact on  cannot be taken
into consideration.

The solution of these problems is to restrict the status to values between 1 and infinity,
where a status of 1 is interpreted as ‘minimal’ or ‘undeterminably bad’.  The status is not de-
termined as an absolute value anymore, but it is expressed as a multiple of the minimal status.

The yearly dummies are rescaled to values in (0,1], which is achieved by dividing the
values of all dummies by the value of the highest dummy (that is, the economically best year). 
 Any municipality in bad economic condition can now achieve a maximum predicted value of
1 (calculated as ‘status’ multiplied by ‘yearly dummy’) in the best year, while the prediction
in all other years is below 1.  A predicted value of 1 or lower is therefore equivalent to the
minimum prediction .  A change in  will now take the impact of all municipalities with sta-
tus 1 into account, because a lower value of  will lead to a predicted PMP that is larger than

 in these municipalities in at least one year.  For all municipalities that are in better condi-
tion, the status dummy will be above 1 in at least one year, so that the yearly dummy and (po-
tentially) the tax variable can influence the prediction.  PMP can now be estimated as

To determine the expected number of permits, µ  is multiplied by ‘Population’ and byi,t

‘Months reported’.

5.5.2  Serial correlation

The analysis in Section 5.4 revealed that the data is serially correlated, which makes it
necessary to include a lagged residual as an explanatory variable.  The equation of µ  can bei,t

*

rewritten as



 Obviously it is also possible that last year’s PMP was lower than predicted (last year’s year dumm y162

might have been very large), but that it was still above the long run average of this municipality; in this case both
effects lead to a reduction of this year’s expected PMP.

 This becomes even clearer if all lagged residuals are included into the equation as explanatory variables.163

Each residual gives an indication of how the status should be adjusted to yield a better prediction of the remaining
years; the last year’s PMP will then be ‘predicted’ with certainty.
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where f (r ) is a function of the last observed residual, j periods ago.  But the use of laggedr i,t-;

residuals together with a fixed effects model is problematic: the status dummy for each mu-
nicipality is an estimate of the average value of PMP, and any information about observed
PMP that are either larger or smaller than the average PMP gives an indication of how to cor-
rect the average prediction for the remaining years.  This correction is not due to serial corre-
lation, but only to the fact that the status dummies are estimated with the same data as all the
other coefficients.  A potential solution of this problem would be to divide the data set into
two parts, and to estimate the dummies from one part and the other coefficients from the re-
maining data.  However, as the number of years of data for each municipality is small, espe-
cially the number of years in which cities adopted the two-rate tax, it is doubtful that this ef-
fective data reduction would actually improve the analysis.

It seems more promising to include a correction into the functional form of r(r ).  Ifi,t-j

the residual r  is equal to one, then last year’s prediction was exactly equal to the observedi,t-1

number of PMP, and the best estimate for this year’s PMP (independent of yearly dummy and
tax parameter) is the same as it was for last year’s PMP.  If r  is smaller than 1, then lasti,t-1

year’s predicted PMP was too large, so that (with serial correlation) this year’s PMP will most
likely be smaller than otherwise predicted; the estimated value should be corrected down-
wards.  But an observed PMP below the average PMP for all years for this municipality also
means that the average for the remaining years needs to be corrected upwards, which trans-
lates into a higher predicted PMP for this year.   The reverse is true for r  > 1; if last year’s162

i,t-1

PMP was larger than predicted, then this year’s PMP should be larger as well.  On the other
hand, if last year’s PMP was above the average, then the average of the remaining years will
be lower, which should reduce the prediction of this year’s PMP.  Clearly the two effects may
point in opposite directions, and it is necessary to take take account of both of them to mea-
sure the serial correlation correctly.163

Serial correlation can be corrected in the same manner as in Section 5.4 with an expo-
nential function which crosses the point (1,1), so that, if last year’s PMP was predicted cor-
rectly, no correction will be made for this year’s prediction.  In the model in Section 5.4
lagged residuals were included only when they were obtained from the directly preceding ob-
servation.  But even if the preceding observation is missing, an earlier lagged residual will
still explain some serial correlation, as it would have influenced the prediction (and therefore



CORRi,t

T

1
permiti, permiti,t j

T

1
permiti, E(permiti,t j)

,

fr(ri,t j) 1 ( 1 1) exp( 2 2
ni,t (rei,t j 1)

1 1
) CORRi,t .
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(5.27)

(5.28)

the residual) of last year’s number of permits if this number had been observed.  In general,
the explanatory power of a residual will decrease if the residual is used to predict serial corre-
lation in years which do not follow immediately.  It is therefore necessary to change equation
5.12 by including  in the exponent, where n is the number of missing observations between2

n

two subsequent observations.  As n increases, the exponent becomes smaller and the whole
correction approaches 1.  A lagged residual that was observed an infinite time ago would have
no explanatory power, and would not affect the current prediction of construction activity. 
But if the explanatory power of the residual is lower, the variance of the estimated parameters
should increase; this will be achieved by multiplying the excess coefficient of variation in
equation 5.2 by (1+ (1- )), so that the correction of CV approaches the maximum correc-1 2

n

tion for the first year as the number of missing observations increases.

The correction for the change in the average value of PMP is simply a straight,
downward sloping line that crosses the point (1,1).  If the last observed number of permits
was equal to the expected average number of permits, then no correction should take place,
because the expected average number of permits for the remaining years would not change. 
If the last observed number of permits was equal to  times this average number, where  is
the total number of observed permits for this municipality, so that all observed construction
activity took place in a single year, then it should be predicted with certainty that no permit
will be observed in the subsequent year.  The line should therefore intersect the horizontal line
at the sum of all permits that were observed for this municipality.  The functional form of the
correction is now given by

so that the complete correction for serial correlation between time t and time t-j can be ex-
pressed as



fT (ATDi,t) exp( ATDi,t ) .

fT (ATDi,t) exp( 1 ATDi,t 2 ATDi,t 3 ATDi,t 1 ) .

 As the standard deviations can only be estimated from the asymptotic  covariance matrix, it is helpful to164

use an additional likelihood ratio test of the tax coefficient to gain additional confidence about its significance.
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(5.29)

(5.30)

5.5.3  The different models and their estimates

The adjusted tax differential can be introduced in different ways.  It is possible that the
level of this year’s tax differential has an impact on construction, but it is also possible that a
tax impact comes not only come from the current value of ATD, but rather from the change,
or even the lagged change in ATD from one year to the next.  The following analysis focuses
on both possibilities.  Model I measures only the level effect by using only the value of the
tax differential, so that f (ATD ) is given byT i,t

Model II uses the value of the tax differential, the change, and the lagged change in the tax
differential, which results in

Model III serves as a control model for the impact of the tax differential, as it is estimated
without any tax effect (so that f (ATD ) = 1  i,t).   Models I to III are estimated with theT i,t

164

new relationship between the mean and the coefficient of variation which was introduced in
Chapter 3.  Model IV is used as a control model for this relationship, because it is estimated
with the usually used relationship CV = [ (1-  µ )/µ  ] .i,t i,t i,t

.5

The coefficients and standard deviations of the examination of the 4 data sets are
shown in Tables 5.3 and 5.4.  The results are fairly consistent.  Correcting for serial correla-
tion always yields a significant improvement.  The tax coefficients do not increase the loglike-
lihood of any data set by enough to pass a likelihood ratio test.  This is supported by the stan-
dard deviations, which are not significant for all 4 data sets. Yet although the coefficients of
the tax differential are not significant in any data set with the new mean-variance relationship,
the data set for additions and alterations to nonresidential buildings (the last column in Table
5.4) shows a significantly positive coefficient for the level of the tax differential, and a signifi-
cantly negative effect for the change of the tax differential when the old mean-variance rela-
tionship is used.

One might wonder if the separate examination of construction of whole units and con-
struction of additions and alterations is justified, because the separate examination uses almost
twice as many parameters.  To test this issue I combined the two data sets of nonresidential
construction into a single data set with 219 municipalities, and introduced two dummy vari-
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 The analysis of additions and alterations used two municipalities that were excluded from the data set of165

whole units because these municipalities reported their construction of whole units for only one year between 1980
and 1994, which would have led to difficulties with the estimation of the status dummy.
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ables to capture the shift in the level and the slope of the regression line for additions and al-
terations.  The analysis with the combined data set had therefore 246 parameters, and resulted
in a loglikelihood of -13,556.  The separate analysis that is shown in Table 5.4 yielded a log-
likelihood of -8,487 with 242 parameters for nonresidential whole units, and a loglikelihood
of -4,315 with 244 parameters for nonresidential additions and alterations.   The sum of both165

loglikelihoods is -12,802 for 486 parameters.  The improvement in the loglikelihood of 754
passes the likelihood ratio test, so that the use of 240 additional parameters and the separate
examination of the two data sets is justified.

The new mean-variance relationship of Model II results in a significantly higher
loglikelihood than Model IV for all 4 data sets; the improvement for the two data sets of addi-
tions and alterations is much higher than for the data sets of construction of whole units.  The
parameter , which can be interpreted as a measure of the range of the added curve between2

the two inflection points, is between 4.96 and 20.42 for the first 3 data sets, while it is
between 540.7 and 639.6 for the last data set.  This indicates two possibilities: first, the data in
the 4 data sets are created by different mechanisms, and one should not be surprised to find
vastly different results.  Second, it is possible that the added curve does not measure the true
heteroskedasticity, but that is influenced by large outliers.  The outliers in the first three data
sets could be  large enough that it becomes possible to improve the loglikelihood by locating
a relatively narrow hump around these outliers, while the fourth data set either does not have
any large outliers, or the outliers are too dispersed to be described by a single maximum. 
However, this raises the general question of what constitutes ‘true outliers’, because it is diffi-
cult to decide if a few observations must be excluded from the sample if they show a drasti-
cally different behavior than most of the other observations.  Every data set in the analysis has
a high variation among the observed number of permits within many municipalities, and with-
out detailed information about the single municipalities it is not possible to determine ‘true
outliers’ in most cases.  If these observations are not excluded, then it is necessary to try to
explain them as well as possible.


