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I. INTRODUCTION

The growth and general characteristics of two-dihensional laminar
and turbulent boundary layers have been analyzed for many years by
the momentum integral method.. With the advent of the‘digital com-
puter, numerical techniques for the analysis of two-dimensional
boundary layers have become possible.

The standard momentum integral téchnique used to evaluate laminar
boundary layers is the Karman-Pohlhausen method. If the pressure
gradient is too severe, Launder's method of dividing the boundary-
layer into strips can be applied with success. For either of the
"methods meﬁtioned no empirical input is necessary other than the
velocity profile assumption for each method. If a numerical technique
is used, the governing partial differential equations are solved
directly with the application of the appropriate boundary conditions.
No assumption about the velocity profile is necessary since the pro-
file will be predicted by the solution technique.

A momentum integral method for thé evaluation of turbulent
boundary'layers requires a shear stress correlation in addition to a
velocity profile model. When a numerical technique is used to
analyze a turbulent boundary layer, a model for the éhear stress,
or turbulence mixing, across the boundary layer is required.‘ Thus,
unlike the analysis of laminar boundary_layers by a numerical method,
the evaluation of turbulent boundary layers by a numerical method
does require an empirical input for the shear stress across the

boundary layer.



Extending this discussion to three-dimensionai laminar and turbu-
lent boundary layers, additional empirical information is required to
solve the three-dimensional flow field by a momentum integral method.
For either flow classification, a model for the transverse'velocity
profile is necessary and, in addition, for turbulent flow, a shear
stress correlation is required. To solve the three-dimensional flow
field by a numerical method, no empirical input is required for
laminar flow. However, analysis of turbulent flow by a numerical
method again requifes a model for the shear stress within the flow
region.

The flow of a fluid along the interior axis of a corner formed by
two planes intersecting at ninety degrees is a three-dimensional flow
phenomenon which resulté from both walls influencing the flow field
near the intersection of the planes. Far removed from either of the
planes, but close to the remaining plane, the flow field is two-
dimensional. |

The analysis of the flow field close to the corner region by a
momentum integral method can be accomplished if a suitable model for
the velocity profile can be established. For the laminar case, trans-
verse velocities exist, but according to the arguments found in the
literature, a closed vorticity pattern is not established or has not
been experimentally observed. If the flow is turbulent, closed vor-
ticity patterns have been observed for non-circular ducts. The fluid
flows along the bisector toward the corner and then out along the

walls to the mid—point of the duct and back into the free stream.



Thus a secondary flow is superimposed on the free stream.

This investigation has adopted a numerical method which was used
to predict theithree components of velocity in the corner region for
either laminar or turbulent flow. A model for the shear stress
across a two-dimensional turbulent boundary layer was modified for
the corner geometrylyhen turbulent flow was evaluated. This numerical
method gave good rgsﬁlts for iaminar flow when comparisons were made
with other analytiéﬁl solutions @hiéh were obtained by different
numerical techniques. This numerical method also produced good re-
sults when a comparison was made with the one experimental work found
in the literature for turbulent flow.

The numerical method developed in this investigation is sufficient-
ly general so that adverse pressure gradient flows and developing
flows iﬁ enclosing ducts can be analyzed. However, to perform the

analysis, some minor revisions must be made in the numerical method.



II. REVIEW OF LITERATURE

A. Investigations of Laminar Corner Flow

The fifst attempt at an analytical solution to the problem of |
flow in the corner region was by Carrier (1). Hié solution was ob-
tained by solving dnly;the streamwise component of the Navier-Stokes
equations in conjunction with the continuity equation. Asymptotic
series were used to represent the solutions for u, v, w, and p. The
solution for the u profile was taken tovbe a combination of the Blasius
profiles, which should exist on the two surfaces at points far removed
from the corner, plus a function which has influence only in the
corner. Results are given only for the streamwise isovels in the
corner region.

Due to criticism by Kemp (2), Dowdell (3) investigated the effect
that the neglect of the crosswise components of the Navier-Stokes
equations would have on the streamwise velocity compoﬁent in the
corner. Further, Dowdell (4) also obtained a system of equations
amenable to the solution of the flow field along the intersection of
the planes at any angle. His analysis indicated that a & percent
difference occurred between his analysis and that of Carrier (1) in
the case of planes intersecting at ninety degrees for the mainstream
velocity component in the corner region. Dowdell's (4) analysis
further indicated that a flow reversal occurred deep in the corner

reglon for planes intersecting at small angles.



Rubin (5) discussed the above references and a method of solving
the flow field in the corner. He divided the flow into three regions:
an irrotational flow region, a two-dimensional boundary layer on each
surface far removed from the other surface, and thé corner region
where both surfaces influence the flow. Solutions for the potential
flow and the two~-dimensional boundary layer were obfained as asymptotic
expansions which utilléed the small perturbation parameter (v/2Ua§).
These solutions were then matched at the intersecting boundaries of
the various regions.

Pal and Rubin (6) presented the asymptotic solution to the corner
region equations. Again, the small perturbation parameter was
(v/2UwX) and étretched similarity variables were used for the cross-
flow directions. This led to a system of four partial differential
equations which were then solved by the asymptotic expansion method.
The expansions were matched to the ‘asymptotic expansions of the two-
dimensional boundary layer and the irrotational potential core pre-
sented by Rubin (5).

Rubin and Grossman (7) reduced the governing equations of the
flow in the corner region to four Poisson-like partial differential
equations which were solved numerically by the Gauss-Seidel method of
successive'iterations. The asymptotic expansion of Pal and Rubin (6)
was used to establish the boundary values for the numerical analysis.
In this series, a single arbitrary constant of unknpwn value was
present. This constant was varied until interior mass sources were

no longer generated by the numerical method.



Significant differences were obtained when a cbméarison was made
‘between Rubin and Grossman (7) and Carrier (1). The results of Rubin
and Grossman (7) were in some cases 25 percent greater than the results
of Carrier (1) for the streamwise velocity component along the corner
bisector. Also, the isovels of Rubin and Grossman (7) did not have the
sharp curvature that Carrier (1) isovels indicated. The skin friction
from the corner to the two-dimensionai boundary 1ayeriregion was
found to increase momotonically from zero at the corner to its

asymptotic values at the two-dimensional boundary layer.

B. Investigations of Turbulent Corner Flow

Most of the work attempted in the turbulent flow along a corner
has been in the fully developed region of square and :ectangulér ducts.
Nikuradse (8) was the first to study this type of flow experimentally
and observed that the mainstream isovels were displaced toward the
walls at the corner and away from the walls at the mid-point between
the corners. Gessner (9) has presented detailed experimental results
and analysis of the turbulence and mean flow chargcteristics of fully
developed flow in a rectangular channel.

Bragg (10) presented experimental results and attempted to
analyze the turbulent boundary layer along the corner. He used a
momentum integral technique in which a streamwise simplified Navier-
Stokes equation was integrated across the cormer layér in conjunction

with the continuity equation.



In order to integrate the momentum equation across the corner
layer, the streamwiée velocity prdfile must be specified as a function
of both y and z; which are the cross-flow coordinates. In the laminar

2 1/3
U
sub-layer, Bragg defines a velocity scale Uc = (v ayaz)

80 that

y=0
z2=0

the resultant form of the velocity profile in this region is U/Uc =
(Ucy/v)(Ucz/v). This form is very similar to the u+ = y+ currently in
use to describe the laminar sub-layer U-profile in two-dimensional
boundary layer theory. The outer U-profile was assumed to be similar
to the classic law of the wall correlation using a shear velocity
based on properties of the flow along the bisector and the cross-flow
coordinates.

The wali shear stress was assumed to be corrélatéd as a function
of the wall shear velocity far removed from the corner (two-dimensional
flow) and the distance from the cormer. This correlation seeﬁed to
hold until a position very deep in the corner region was reached.
Another velocity scale determining shear stress in this region was
developed and used in the correlation for wall shear stress deep in
the corner region.

The comparison of experimental results with the various models
for mean streamwise velocity profiles and wall shear stress indicated
that.fairly good agreement was obtained with no preésure gradient and
poor agreement was obtained with an adverse pressure gradient. How-

ever, this comparison was only made for the corner bisector.



Toan (11) also attempted an analytical solution to the turbulent
flow along a ninety-degree corner. The mainstream momentum equation,
together with the Eoptinuity equation, was solved assuming that a
modified Ludwieg-Tillmann shear stress equation was valid and that the
‘mainstream velocity pfofile could be represented by a power law.
Results were unsatisfactory since the influence of the secondary flow
on the mainstream velocity was not taken into account. An improvement
in the mainstream velocity profile representation was attempted by
introducing a new paraméter which was an indication of the ihtensity
of the secondéry flow. Also, it was assumed that the shear stress
along the wall in the corner was constant from the wofk of Gersten
(12). These assumptions resulted in better predictions of the main-
stream isovgls but still were not satisfactory since the curvature of
the isovels in the vicinity of the bisector was not duplicated.
Another method was presented using the isovels as one coordinate and
their 6rthogonal velocity gradient lines as the other coordinate.

This method was presented only for a qualitative study of the second-
‘ary flow because of the difficulty in predicting the isovels. Toan
also mentioned Bragg's (10) work and sfated that Bragg's hypothesis
for the veiocity scale required that the isovels be hyperbolas.

Veenhuizen and Meroney (13) presented measurements of the primary
and secondary flows in the developing section of é square duct which
was designed so that the pressure gradient was zero. Also, the turbu-
lence distribution was measured at various points in the duct. Re-

sults indicate that the primary and secondary flow patterns and the



turbulence distribution are similar to that found in fully developed
duct flow investigated by Gessner (9). No attempt was made
to solve the momentum, vorticity, and continuity equations.

Launder and Ying (28) presented experimental and analytical re-
sults for fully developed turbulent flow in square ducts. Their
analysis indicated closed vorticity patterns that agreed reasonably
well with the experimental results. However, a coarse grid spacing
(11 x 11) was used which made it necessary to fit the mainstream

profile with a semi-log correlation.



ITII. ANALYSIS

Before the problem of turbulent flow along the intersection of

two right angle planes was solved, it was advantageous to solve the
laminar flow case and then add an appropriate approximation for the
Reynolds stresses. The corner flow problem was solved using the
Alternating Direction Implicit (ADI) finite-difference technique. Use
of this method resulted in the generation of many tridiagonal matrixes
which were solved for a half step in the x-direction, stepping implic~
itly in the y-direction and explicitly in the z—direcfion. Then, for
the second half step in the x-direction, stepping implicitly in the

z-direction and explicitly in the y-direction.

A. Governing Equations for Laminar Flow

The equations of motion and continuity for the laminar unsteady

flow of an imcompressible fluid are given by Schlichting (14):

DQ
i 9P )
P Bt 3X + 3X, (W Dyy) +Fy,
. i=1,2,3
j=1,2,3 (3.1)
where D/Dt is the substantial derivative, and

aQ :
w0 i=1,2,3 (3.2)

J

10
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1. Corner Region Equations

For the case under investigation, the flow was steady and there
were no body forces. It was further assumed that the second deriva-
tive of any velocity component with respect to the x-direction was
many times less than wifh respect to the y and z-directions. And,
since the flow was over a surface similar to a flat plate, the
pressure gradient in all three directions was alsovnegligible.

Thug, the equationsof motion 3.1 were reduced as follows with

the continuity equation 3.2 remaining unchanged:

2 2
U, LU . 3U %y 3w
Yt Vax t ¥z = V(2 D) @-32)
oY °Z
W, AV, .oV % 3y '
bx tr tig = vEg+55) e | (3.3b)
Y 9Z
2 2

Ur + Vag + W = y(&5 + &) (3.3c)

The equations 3.2 and 3.3a-c were then non-dimensionalized by

-the following substitutions:

U=, , | (3.4a)
Vv man (3.4b)
W i 2 (3.4¢)
X= pr R ' (3.4&)
Y= yoLmpt? o (3.4e)
1/2
and Z = 2(uL_fU,) : | (3.4£)
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Substitution of the non-dimensional quantities of equations 3.4a-

f into equations 3.2 and 3.3a-c yielded the following results:

uu + vuy + wu, = uyy + u. s ‘ (3.5a)
uv, + Wy +w = Yoy L A : (3.5b)
uw, + vy + ww, = iy + w,, » and (3.5¢)
u, +,vy + w, = 0 . | (3.54)

where the éubscripts X, ¥, and z denote partial derivatives of the
quantities u, v, and w with respect to the subscripts, i.e, du/dx =
u .

After the equations 3.5a-d were cast into finiteédiffetence form,
there resulted three unknowns and four equations because of the
assumptions applied to equations 3.1 and 3.2 that all the pressure
gradients were zero. Thus, it was decided to use the continuity
equation as a check of the solution technique.

A brief review of equations 3.5a-c revealed that these equations
were 1n essence an initiai value problem for the x-direction and a
boundary value problem for the y and z~directions. This type of
partial differential equation can be readily solved using the ADI

numerical method.

2. Laminar Two-Dimensional Boundary Layer

For the énalysis'of the two-dimensional flow along the Y=0 and
Z=0 walls far removed from the cornmer region, the standard boundary

layer assumptions were applied to equations 3.5a and 3.5d. The
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result of these assumptions yielded the following governing equations
for the flow in the two-dimensional boundary layer along the Y=0 wall:
uu + vuy = uyy _ (3.6a)

and u +v =0, (3.6b)
X y

B. Governing Equations for Turbulent Flow

The equations of motion and continuity for the turbulent flow of
an incompressible fluid are very similar to the laminar case as given
by equations 3.1 and 3.2 except that the Reynolds stresses due to
velocity fluctuations must be included. In the following equatioms,

time averaging has been used and the body forces neglected:

DQ, F . 8, = .
Ppe = "Sx‘i"'éij‘ (u Dy, - pQuQ) ,
i=1,2,3
- j=1,2,3 3.7)
3Qi
and 52; =0, i=1,2,3 (3.8)

In equation 3.7, D/Dt is the substantial derivative.

The difference between equation 3.1 and equation 3.7 was the
addition of terms representative of the Reynolds stresses. These
additional terms rendered the equation 3.7 unsolvable without further
information. However, this problem was circumvented by use of the
hypothesis advanced by Boussinesq (19) for these stresses, which re-
sulted in a reduction in the complexity of the equation 3.7. His

hypothesis is given by the following equation:

- 6;6; = éﬁij . (3.9)
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Substitution of equation 3.9 into equation 3.7 yielded the following

results:
DQ =
i __9P _ 3 -
3=1,2,3 (3.10)

i

‘Assuming that the flow is steady, the pressure gradients are zero

or negligible, and the second derivative of any variable with respect

to the x axis is many times smaller than derivatives with respect to

the other coordinates, the following three equations evolved from

equation 3.10 and were used for the flow field in the corner region:

— _ — [~ —] [~ —]

=0U , = 93U , = U ] U 9 ou
U X +V Y + W 3z = v a (\H‘E)W + LYA (V"'e)'a"z- Py (3.11a)

oV v v 9 ) 35 ] § 8:

TN 7N v, 3 oy 9 | ov
U —'i- +V 3 + W -—z‘ Y (\H'E)aY + 52 (\H‘S)az , and (3.11b)

- - L -

M, W =W D 3| d W
U7+V—Y+w§i Y (\)+€)-3?J +-3—Z- (\H-s)-é—z- . ‘ (3.11c)

With the addition of the definition,

E=ve , (3.12)

to equations 3.a-f (the various velocity components are time averaged),

the turbulent momentum equations were non-dimensionalized into the

following form:

uu_ + vuy + wu = [(1+€n)uy]y + [(1+€n)uz]z . (3.13a)
uv, + vvy + w, = [(1+€n)vy]y + [(1+€n)vz]z , and (3.13b)
uw,_ + va + ww, = [(1+€n)w'y]y 4-[Gﬁ£n)wz]z . (3.13¢)

The non-dimensionalized continuity equation, 3.5d, remained the

same and 18 repeated here for clarity:
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u + vy + w, = 0 (3.5d)

For the two-dimensional boundary layers which were allowed to
develop along the wallé far removed from .the corner fegion, the y and
Zz momentum equations (equations 3.13b and 3.13c respectively) were
zeio and the cross flow components, either v or w, depending on which
wall the flow was,developi;g, were zero. Also the second derivative
with respect to the coordinate parallel to the wall was zero. Thus,
to solve for the developing two-dimensional flow along the Y=0 wall,
the following equafions were used to calculate the flow field:

uu_ + vuy = [(1+€n)uy]y (3.14a)

and u_ + vy =0 . (3.14b)

C. Eddy-Viscosity Model

A suitable eddy-viscosity, €, model was required for the solution
of the equations 3.13a~c and 3.l4a-b. A literature survey revealed
many eddy-viscosity models for two-dimensional flow. The one model
which has gained widespread acceptance was that proposed by Prandtl
(20). This model in which the eddy—viscoéity is formulated as a

function of a mixing length and a velocity gradient is given by

(3.15)

2 |du
E 2 -é-Y-‘ .

For three-dimensional flows, Prandtl (21) suggests the following

replacement for the term l%gl in equation 3.15:
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J = [2(?1’x)2 + Z(Vy)2 + :).(ﬁz)_2 + (ﬁy + '\ii)z + (ﬁz + iix)z
__ g 11
O DT | (3.16)

If the usual two-dimensional boundary layer approximations are applied

dg

day

to equation 3.16, J reduces to

When the usual boundary layer order of magnitude approximations
are applied to the various derivatives in equation 3.16, the express-
ion for the eddy-viscosity model in the corner region becomes

1/2
— 2 2
€ = zczl(uy) + @H2 ) (3.17)

The eddy-viscosity can be written for the two-dimensional region

non-dimensionally as

en = 1 uy (3.18a)
and for the corner region as
e = Lc [(uy) + (uz) ] , (3.18b)
where
) 22 ﬁ;L 3/2 ZCZ ﬁ;L 3/2
L“=—= |=—B[  am1r =-S5 (2P (3.18¢c)
2 v c L 2 1wV

P
From the recent work of Pletcher (22), the following mixing length

L
P

model was used for the two-dimensional flow.

Ef" 0.41 [1.0 - exp (-y'/0)] 5= ¥ <o.1 (3.19a)

L L
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L + Y
-SI = 0.41 [1.0 - exp (-y /A) 6—2 '

- 1.53506 (G—Y - 0.1)% + 2.75625 /s, - 0.1)3
)

- 1.88425 (¥/6) - 0.1* 0.1 < ¥/6, < 0.6 (3.19b)

£
= 0.089 Y/8, > 0.6 (3.19¢)
[ )

62 is a normal distance from the wall to a value of ﬁYﬁ; that is
within the boundary layer. However, the value of ﬁ?ﬁ; that should
be used was not explicity stated by Pletcher (22). A parametric study
which solved for ﬁ;profileson flat plates was made to determine the
best value of ﬁ]Uw to use for determining the distancé, 62. This
study indicated that the position in the boundary layer where ﬁ]ﬁ;
= ,999 gave the best distance for 62 to use in equations3.19a-c.

The value of the constant A was taken to be equal to 25 since
klinksiek (18) has demonstrated that this value gives the best
correlation with the law of the wall constants suggested by Coles (26).

For the corner region, the distance 51 and Y were modified to
conform with the corner geometry. The details of this modificgtion

can be found in Appéndix A,

D. Finite-Difference Formulations

1. Pinite-Difference Approximations for the Two-Dimensional

Laminar and Turbulent Boundary-Layer

The Crank-Nicolson (17) implicit finite-difference method was
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used to analyze the flow developing in the two-dimensional flat plate

region for the following reasons:

(a) Klinksiek (18) has shown that the resultant finite-

difference equations are stable and convergent.

(b) Truncation errors are of O(Ax)z, 0Ay+, andIOAz+.

(c) Since the finite-difference approximations were implicit,

the resultant matrix was tridiagonal, which allowed the
use of the Thomas algorithm‘presented by Von Rosenburg (16)
for the soiﬁtion of the unknowns.

Figure 3.1 shows the grid that was used to genérate the finite-
difference appro#imations for tﬂe two-dimensional boundary layer flow.
The equations were written about the point (i,m+l,n+1/2) for any
variable H with a variable grid spacing in the y-direction for flow on
the Y=0 wall. The second subscript, m+l, is the index notation for
the z-position on the Y=0 wall where the flow is assumed to be two-
dimensional. The variable grid spacing was used in the z-direction
for flow on the Z=0 wall. Both of the variable grid spacings were
the same. The variable grid spacing was used to ensure a high con-
centration of nodal positions in the region of large velocity gradi-
ents. The detailed development of the finite-difference forms of
equations 3.6a-b and 3.14a-b can be found in Appendix A.

2. Corner Region Finite~-Difference Approximations

for Laminar and Turbulent Flow

The Alternating Direction Implicit (ADI) method was selected

over the Gauss-Siedel method of solving the set of partial differential
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i+l,m+1,n i+l ,m+1,n+1

- i,m+l,n+1/2
i,mtl,n @ ‘%’ sl —Ti,m-l-l,n+l

Ay

i-l,m+1,nti v—lﬁ-l,m+1,n+1

Figure 3.1. Grid for Two-Dimensional Boundary Layer on

Y = 0 wall.



20

equations 3.5a-c and 3.13a-e. The reasons for this selection were
as follows:

(1) The ADI method has been shown to be stable and convergent by
Peaceman and Rachford (15). (However, stability and convergence were
proven only for equal Ay and Az spacings and linear equations).

(11) The truncation errors are of order (Ax)z, Ay+, and A@+-

This allows the use of larger Ax increments as the solution continues.

(111) The finite-difference equations for this type of method are
ﬁritten such that the matrixes formed are tridiagonal, thus allowing
the use of the Thomas algorithm for the solution of the unknowns.

Figure 3.2 illustrates the grid used to generate the finite-
difference approximations for the corner region. Variable grid spacing
was used‘in the y and z-directions to ensure a high concentration of
nodal locations close to the wall where the largest gradients were
expected and also to conserve digital computer storage space since
the values of u, v, and w were saved at the initial, intermediate and
" the new x-posifion for each nodal point. The variable grid spacing
was the same for both the y and z-directions.

The deteiled development of the finite-difference form of

equations 3.5a-c and 3.13a-c can be found in Appendix A.

E. Boundary and Initial Conditions

The figure 3.3 illustrates the geometric shape (area 1-2-3-4-5-1)
in which the finite-difference equations presented in the Appendix A

were assumed to approximate the flow. Figure 3.4 is an enlargement of
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i+l,j,n+1

+1,3,n+1/2

i,j-1,

/‘\ i,j+1,n+1

-1,j,n+l/2

~-1,j,n

Figure 3.2. Corner Region Finite-Difference Grid.
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5 7

Two-Dimensional
Boundary Layer

Figure 3.3. General Geometry of Corner.
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Region

1 o
3 z

Figure 3.4. Enlargement of Plane 1-2-3-4-5-1 from Figure 3.3.
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the plane 1-2-3-4-5-1 to facilitate the following discussion of the
corner region and the boundary coﬁditions associated with this region.

Along the Y=0 wall from 1 to 5, the boundary conditions imposed
were that all velocity components, including the half step components,
were zero, i.e., no slip along the wall and no flow into or out of |
the wall. A similar condition for the velocity components was imposed
along the Z=0 wall from 1 to 2. The line 4-5 was assumed to be fhe
boundary between the corner region and the téo-dimensional boundary
layer which was developing along the Y=0 wall. Thus, this line 4-5
was ‘agsumed to be one of the boundaries for the corner region. The
velocity components along this boundary were further assumed to follow
the two-dimensional flat plate case and these velocity components
were calculated numerically at each x-step. Thus, the u and v
velocity components were specified by the development of the boundary
layer along a flat plate and the w-velocity component was assumed to
be zero along this boundary, i.e., no flow from or into the corner
region across this boundary. Similar boundary conditions were estab-
lished along line 2-3. On this bbundary, v=0, and the w component
was equal to the v component along the line 4-5. The u components on
liﬁe 2-3 were equal to the u components on line 4-5.

Along the lines 2-3 and 4-5, the boundary values for the half
step velocity components were determined as follows. At each nodal
position, the u, v, or w velocity.component at the old x-position was
summed with the respective u, v, or w component at the new x-position

and divided by two.
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Along line 3-4 it was assumed that the corner region was merging
smoothly into the irrotational free stream. Boundary conditions were
set along this line as u.= U, W = w_ above the bisector, w = 0 below
the bisector, Q = v, below the bisector and v = 0 #bove the bisector,
where v and w_ were obtained from the numerical two—-dimensional
boundary layer calculations.

Another very important consideration was the position of the
lines 2-3 and 4-5 with respect to the corner. The location of theée
lines had a definite 1nf1uénce on the results obtained for the flow
field in the corner region. These lines were arbitrarily fixed at
the beginning of calculations a given position from ﬁhe corner. After
a certain number of steps in the x-direction, the slope of the u-iso-
vels at lines 2-3 and 4-5 at each nodal position with respect to the
coordinate perpendicular to these lines was determined. If the
results were greater than the slope of the u-profile in the two-
dimensional boundary layer at the position where U/U°° = .99, the
lines 2-3 and 4-5 were re-positioned further from the corner and the
corner region flow field recomputed.

The initial conditions were applied at the leading edge of the
plates which formed the ninety-degree cornmer. For the case under
investigation, the leading edge was a singularity at which point u
was one and v and w were infinite as the boundary layér approximations
indicated. However, for this investigation, v and w were assigned
values of zero and u was set equal to one since in reality the v and

w velocity components at the leading edge should be small 1if not,

indeed,, zero.
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F. Solution Technique

l.

Laminar Case

Because the equations 3.5a-c and 3.6a were non-linear, it was

necessary to develop a method of linearization which is presented in

Appendix A. The method required that the values for the quantities u,

v, and w be assumed known at the new x-position. Since the above

mentioned quantities were the variables to be determined at the new

x-location, an iterative procedure was used to ensure that the assumed

value and the calculated Qalue of the u, v, and w quantities at the

new x-position would agree.

The following is an outline of the procedure that was used to

solve equations 3.5a~c and 3.6a~b:

(a)

(b)

(c)

(d)

Project all‘valuesvof the variables u, v, and w from the
old x-position (i,j,n) to the new x-position (i,j,n+l) for
all values ;f i and j.

Determine the values of u, v, and v in the two-dimensional
boundary layers by solving the finite-difference equations
presented in Appendix A for equations 3.6a-b.

Determine the values of u, vV, and w in the corner region

by solving simultaneously the finite-differeﬁce equations
presented in Appendix A for equations 3.5a-c. The solution
was performed three times, eachitime uging the newly cal-
culated values to linearize the equations.

After a certain number of steps were taken in fhe x~direction,

the slope of the u-isovels at each nodal position along
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lines 2-3 and 4-5 were moved one nodal position further
from the corner and steps (c) and (d) were then repeated.,

(e) Repeat steps (a) through (d) for each new position in the

x-direction.

Due to the numerical methods used, the resultant form of the
finite-difference representations of the equations 3.5a-c and 3.6a
always produced matrixes of unknowns in a tridiagonal arrangement.

The solution for the unknowns was accomplished by the Thomas algorithm
presented by Rosenburg (16). A description of this technique can be

found in Appendix A.

. 2. Turbulent Case

The method used to linearize the turbulent flow equations and
the reason for iterating these equations are the same as given in
section III. F.1l. |

In addition, the edd§~vis;o§ity“had to be determined at the new
x~position. The eddy-#iééosity is dependent on the u-profile at the
new x-position since the ﬁosition of 575; = 0,999 in the boundary
layer determines the value of 62. Therefore, a check was introduced
to ensure that the assumed value of Gz at the new x-position was
within + 1 peréent of the resultant Gz/when the iteration of the two-
dimensional flow equations was completed.

The following is an outline‘of the procedurevthat was used to
solve equations 3.l4a-b and 3.13a-c:

(a) Project all values of the variables u, v, and w from

the old x-position (i,j,n) to the new x~-position (1,j,n+l)
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for all values of 1 and j.

(b) Determine the values of u, v, and w in the two-dimensional
boundary layer by solving the finite-difference equations
presented in Appendix A for equations 3.14a-b. A check was
performed to ensure that the assumed value of 6£ at the new
x-position was within + 1 percent of the calculated 52 value
when the iteration of equations 3.l4a-b was completed.

(c) same as step (c) of the laminar case.

(d) Same as step (d) of the laminar case,

(e) Same as step (e) of the laminar case.

The resultant form of the finite-difference representation of

equations 3.13a-c and 3.14a always produced matrixesbof unknowns in
a tridiagonal pattern. Again the Thomas algorithm was used to solye

for the unknowns.

3. Step Size and Grid Spacing

For both turbulent and laminar flow, the calculations were
started at the leading edge and ﬁ;/V was approximately 6.25 x 10-'7
sec/ft. The x-increment size was assigned the physical dimension of
0.001 inches and was held at this value for the first twenty steps.
After the twentieth step was calculated, the x-increment was allowed
to increase at a rate of 10 percent of the previous x-increment size.
However, the x-increment was never allowed to exceed the boundary
layer thickness.

The same spacing for the grid increments was used for the y and

z-directions. The first five increments from the wall were assigned
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equal values of O.OOlA:I.nches. The size of each of the next 15 incre-
ments was Iincreased in succession by 5 percent of the previous incre-
ment size. For the next 20 increments, the percent increase was 10

percent. All the remaining increments were increased by 15 percent.



IV. RESULTS

A. Laminar Flow

The two-dimensional u and v-profiles predicted by this method are
compared in Figs. 4.1 and 4.2 with the Blasius solution. As these
figures indicate, the method was accurate in predicting the velocity
profiles but the prediction of the v-profile was not accurate until
Reynolds numbers of over 10,000 were reached. This discrepancy was
attributed to the truncation error of the finite-difference equation
that was used to represent the continuity equation 3.6b.

Figure 4.3 illustrates the boundary layer thickness prediction
capability of this method for the two-dimensional case. Inaccuracies
occurred until the Reynolds number ﬁas greater than 1000; The in-
accuracies of the magnitu@e depicted by Fig. 4.3 near the leading edge
were expected Because of the initial conditions applied.

Figure 4.3 also demonstrates the accuracy with which the method
can predict the displacement and momentum thicknesses. These thick-
nesses were obtained by integration of the u-velocity profile by the
trapezoidal rule in accordance with equations 4.1 and 4.2, which

define the displacement and momentum thicknesses respectively.

8
S = [ (1-uv/u dy | (4.1)
0
Sy
0= g - U/u)dy (4.2)
0

30
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As is evident in Fig. 4.3, the method accurately predicted the
displacement and momentum thicknesses after the Reynolds number
reached a value of 1000.

Figure 4.4.compares the predicted skin friction coefficient with
theoretical, and again excellent agreement was achieved when the
Reynolds number was greater than 1000. The skin friction was cal-
culated by equation 4.3.

2
Cp = 21, /00, | (4.3)

The shear stress at the wall, T, Was obtained by using the value
of u at the first station away from the wall, dividing this value by
the normal dist&nce from the wall to this station, and multiplying by

the dynamic Viscosity. This calculation is given by equation 4.4.
T, = uU(Z,mﬂ,n+1)Aywall (4.4)

Figure 4.5 illustrates.the results of this numerical technique
for the corner region when compared to the techniques advanced by
Carrier (1), Dowdell (4), and Rubin and Grossman (7). Only the numer-
ical resulfs at a position sufficiently removed from the leading edge
are used for comparison. This method compares favorably with the re-
sults of the other investigators of the laminar corner flow problem.
Deep in the cormer, all of the methods seem to agree with discrepancies
developing as the free stream is approached. This method predicts a
larger increase in the u-velocity as the free stream is approached

than either of the previous methods.
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Figure 4.6 demonstrates the change with Reynolds number of the
u-velocity profile along the bisector. This variation was most pro-
bably caused by the initial conditions applied at the leading edge
for the velocity components. The numerical method predicted a single
curve for the u-velocity profile after the Reynolds number was great-
er than 100,000. A similar trend was observed for the two-dimensional
case but the u-velocity profile reached its limiting value at a
smaller Reynolds number. None of the previous investigators reported
whether or not any change in the u-velocity profile on the bisector
occurred with Reynolds number.

Because of the assumption that the pressure gradient was zero
and the final form of the finite-difference equations, four equations
involving only three unknowns resulted. Therefore, the continuity
equation was used to independently verify that the velocity components
predicted by the solution of the three momentum equations were
reasonable. Figure 4.7 illustrates that the continuity equation
residual approaches zero as the calculations advanced in the x-
direction. The high value for the continuity equation residual at
the leading edge was expected.

Figure 4.8 is provided to illustrate the value of the skin
friction from the corner to the two-dimensional boundary iayer. A
monotonic increase in skin frictiﬁn wag predicted.

Table 4.1 presents typical results from the corner region
solution to illustrate that the numerical method predicted a

symmetric flow field. The values of u at the same positions on
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Figure 4.6. U-Velocity Profile on Bisector for Various Values
of Reynolds Number.
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opposite sides of the bisector were within 0.1 percent of each other.
The value of v at a givén position on one side of the bisector was
within 0.1 percent of the value of w at the symmetrical position on
the other side of the bisector. The same result was observed for
similar comparisons between w and v. On the bisector, v and w were

within 0.1 percent of the same magnitude.

B. Turbulent Flow

Because turbulent flows cannot be described completely by
mathematical statements which can be solved analytically, solutions
for even the simplest flow geometries do not exist. Therefore, the
reliability of the numerical method to predict two-dimensional
turbulent boundary-layer development was ascertained by compariéons
with empirical correlations, experimental data, and a s1mp1e momentum
integral solution. |

The prediction by the numerical method of the u-velocity pro-
file development in the two-dimensional region was compared to Coles'
(26) wall-wake model. This model was considered the best of the
empirical correlations for turbulent flows. Figure 4.9 illustrates
that excellent agfeeméntvwas obtained since the uéveloéity profile
developed as expected. The development qf the wake function was
#lso predicted but was not as great as that given by Coles (26).

The method was further checked by comparing the predicted 6* and
6 development against a simple momentum integral technique presented

by Schlichting (14) which assumed a one-seventh power law velocity
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Figure 4.10. &* and 6 Compared with a Momentum Integral Analysis.
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profile in conjunction with the Blasius law of friction. Figure 4.10
illustrates the method's capability of predicting &* and 0 compared_
with the momentum integral technique. &* and 6 were obtained by
integrating the predicted u-velocity profile.by the trapezoidal rule
in accordance with equations 4.1 and 4.2.

The wall shear stress estimated by equation 4.4 is only valid for
the turbulent flow conditions if the first nodél position in thé normal
direction to the wall is located within the laminar sublayer. The
resultant skin frictiop obtained from equation 4.3 is compared in
Fig. 4.11 with the Ludwieg and Tillmann (27) empirical shear stress
: correlatiop. The local value of 6 and Hs necessary in the correlation
were obtained from the momentum integral method. Although the agree-
ment 1s poor, the general slope and shape of the skin friction curve

is predicted by the'present metﬁod. '

Figure 4.12 demonstrates the ability of the numerical method to
predict thé two-dimensional turbulent boundary layer u-velocity

-profile as reported by Bragg (10). Very favorable results are indi-
cated by the comparison.

Figures 4.13, 4;14, 4.15 and 4.16 demonstrate that the method was
capable of predicting the u-velocity profile for turbulent flow along
the bisector of a corner. The method tends to underpredict the
experimental results as the corner is approached, which is most
probably due to the eddy-viscosity model used with this method.

The method pre;icted symmetry about the bisector reasonably well

but the symmetry was not as good as in the laminar case. Table 4.2
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is included to give a representative result for the u, v, and w
components on and near the bisector.

Figure 4.17 presents the continuity equation residual as a
function of the Reynolds number based on distance from the leading
edge. As before in the laminar case, the residual tended to zero as
the solution proceeded in the x-direction. This again was taken as
an indication that the predictions of the velocity éomponents in the
corner region were reasonable.

The method did not predict the negative secondary velocities on
the bisector as shown by published experimental work. However, a
small amount of ﬁ-isovel distortion was predicted in the region of
the bisector, but the magnitude was not as pronounced as that indi-
cated by experiments. Neither was a closed vorticity pattern pre-
~ dicted.

The failure of the numerical method to predict the secondary
flow pattern is probably due to the simple eddy-viscosity model used

for the corner region.



V. CONCLUSIONS AND RECOMMENDATIONS

A technique is presented to solve the equations of motion for
both the laminar and turbulent flow of an 1ncompréssible fluid aiong
the axis of a ninety-degree corner. The Alternating Direction Implicit
(ADI) finite-difference method was used to cast the governing partial
Adifferential equations into a finite-difference form.

An eddy-viscosity model expressed in terms of a mixing length was
used to represent the turbulent shear stresses in the corner region.’
The mixing length model given by Pletcher (22) was adapted for use in
the corner region. .

The final form of the finite-difference equations was such thgt :
the corresponding coeffiéient maﬁrixes were always.tridiagonal. |
Therefore, the Thomas algorithm (16) applied.

This method was used to solve the laminar and turbulent flow
aiong the axis of a ninety-degree corner from which the following
observations and conclusions were obtained:

1. The ADI finite-difference scheme resulted in'a stable

and convergent method for the corner region.

2. For the laminar corner flow case, good agreement with
tﬁe éolutions of Carfier-(l), Dowdell (4),fand Rubin
and Grossman (7) was obtained. |

3. PFor the turbulent corner flow case, good agreement
with the results of Bragg's (10) experiments was

obtained.
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The computational time required to solve the Bragg (10)
geometry was 69 minutes on an IBM 370, model 165.
This method should be extended so that adverse pressure

gradient flows can be studied. The procedure is sufficiently

.general that these studies can be conducted without a major

alteration.
Additional experiments should be conducted to ascertain
the true nature of the turbulent shear stresses in the

corner region.
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VII. APPENDIX A

Appendix A contains the development of the finite-~difference
equations which were used to approximate the equations 3.5a-d, 3.6a-b,
3.13a-c, and 3.1l4a-b. Also, the Thomas algorithm and the model used

for the corner region mixing length are presented.
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A. General Discussion of Finite-Differences

It is possible to represent the value of a function removed a dis-
tance from a position where the value of the function is known by a

Taylor series.

2 3
B(xttx) = g + txg’ () + P gy + LB iy 4

Using thekfigure A.l1 as a reference, the central difference repre-~
sentation of the second derivative at x can be approximated to a trun-
cation error of 0[?%§l§] by writing g(x+Ax) and g(x~-Ax) in two Taylor
series and then adding these two series together. This equation is as

follows:

g"(x) = B = 2800 + gGerhn) %‘ﬁ T (A.2)
(Ax) .

The equation A.2 assumes that the function is coniinuous through-
out the region of applicability, is many times diffgrentiable and the
neglected ferms are many times less than the first term retained in the
resultant series. |

Again using two Taylor series for g(x+Ax) and g(x~Ax) and sub-
stracting these seriesvfrom one another, the central difference
representation for the'first derivative can be obtained and will have a

2
truncation error of 0 Lé%l- - The result is as follows:

2
g'(x) = 80cHAx) A;Ji("“"‘) +0 (A’6‘) + o (A.3)
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g(x)

K & HE bx  ———>

Fig. A.l. Grid Used for Representation of g'(x) and g"(x).
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The same assumptions applied to equation A.2 mﬁst also be appiied
to equation A.3 in order to ensure a valid approximation of the first
derivative. |

If variable grid sfacing between nodes is desirable, the
following equations are representative of uy, uyy’ u,, and L when

applied to figure A.2:

Ay _ Ay+ _
@ - ue) +E @@ - um) ()2

‘ uy(e) = (Ay+ a Ay_) + 3 u(e)yyy
(A.4a)
L @@ - ue@) - = () - ud))
by, by_ by,
uyy(e) = - Gy, + 5y )72 + 3 u(e)yyy
) o
(4y,) .
Rl O | o e
Az_ ; Az+
-Az—+ (u(e) = u(e)) + 'A—z': (u(e) - u(a)) (Az+)2
uz(e) = (Az+ + Az ) + 6 u(e)zzz,
' (A.4c)
I (ue) - u(e)) + 12— (ule) - u(a))
Az Bz_ : Az+
.uzz(e) = (Az+ + A8z )/2 + 3. u(e)zzz

Az, 2
+
+ (—iE}A u(@)zzzz (A.44d)
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&— bz_ " bz, ———>y
by,
u(a) u(e) _ Q(c)x
Ay _
)

Fig. A.2. Variable Grid Spacing used for u s U,
u,, and uzz' y yy
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_Thus; it is obvious that in order to keep thé'truncation error
small, equalgrid spacing should be used since both of the finite-
difference equations A.2 and A.3 are of approximhtely the same order
of truncation error. However, in order to conserve memory
storage and to keep computer calculation times to a ninimum, the
Qariable grid size was used in this investigation.

Examination of equations A.4a-d indicates that the first and
second partial derivatives of a function can be determined if the
function is known at various points. By replacing the derivatives
in partial differential equations with their finité—difference
approximations?aaset of equations can be generated where the only
unknowns are the values of the function itself at various grid
locations. And, if the boundary conditions imposed on the region are
kndwn or specified in which the partial differencé equationris
assumed to be valid, the set of équa;ions can be solved for the valué
of the function at'the various grid locations within the region.

B. Finite-Difference Approximations for the Two-Dimensional Laminar
: Boundary Layer

The Crank-Nicolson (17) implicit finite-difference method was
used to represent the x-momentum eqﬁation, 3.6a, iﬁ.the two-dimension~
al flat plate reg;on. Using the dummy variable H, the various
derivatives in equation 3.6a were written about the point i,m+1,n+1/2;
The position specified by the index m+l is the line 4-5 as shown in

Fig. 3.4.
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Hx = (H(i,m+l,n+l) f-'H(i,m+1,n))/Ax o , (B.1la)
1 by_ |
H = 2y, 75 {Ay+ [A(i+1,w+l,n) - H(i,m+l,n) + H(i+l,m+l,n+l)

- H(i,m+l,n+1)] + Et [H(1,m+1,0+1) - H(i-1,m+l,n+1)

+ H(1,w+l,n) - H(i-1,wHl,n)]} (B.1b)
1 1 | ‘
'Hyy Gy #57) {Ay+ [H(i+l,m+l,n+l) + H(i+l,m+l,n) - H(i,m+l,n+l)
- H(i,m#l,n)] - K%" [H(1,m#l,n+l) + H(1,n+1,n)
- H(i-1,m+l,041) - H(i-1,m#1,n]} (B.1c)

The non-linear éoefficients in equations 3.6a were assumed to be
the space average of the previous nodal location .and the new nodal
location in the x-direction at each y node in order.to linearize the
equation. Thus, the non-linear coefficients were calculated as

follows:

§ = H(,mtl,nt1) + H(,mtl,n) (B.1d)

The above equation assumes that the value of H at the new nodal
location in the x-direction was known but the entire problem was to
determine what the value of H was at this nodal location. There-

fore, as a first approiimation, H(i,m+l,n+l) was assigned the value of
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H(i,m+l,n) and an iterative procedure was used to ¢etermine succes-

ively better approximations to H(i,m+1l,n+l).

In order to present the finite-difference equations in a more

more concise

coefficients

Using the

(AR

<

£1]<

€1

form, the following definitions were introduced for the

which make up the matrix.

2 2§t A i ) (.2a)
éﬁ ) g:_ ) (Ay++lAy_) (B.2b)
%";_. TE}::—}'—A_)::_)- (B.2c)
2;,, " @y, : 5y (.2d)

equations B.la-d, the finite-difference approximation

of equation 3.6a is as follows:

(r -8 Ju(i-1,m+l,n41) + (1.-rl—r2+sl+sz)u(i,m+l,n+i)

+ (rz-sz)u(i+1,m+1,n+l) = (r1+sl)u(i-1,m+1,n)

+ (1.-r 4r -5 -8 Ju(i,m+l,n) + (8 -r Ju(i+l,m+1,n)
1 2 1 2 2 2

(B.3)

Klinksiek (18) has shown that the finite-difference approximation

used for the continuity equation 3.6b was important from a stability

consideration. The finite~difference form of the continuity

equation recommended by Klinksiek (18) was written about the point

(i-1/2,m+1,n+1/2).

Ay_ '
v(i,m+l,n+l) = v(i-1l,m+l,n+l) - P {u(i-l,m+1,n+1)

+ u(i,m+l,n+l) - u(i-1,m+l,n) - u(i,m+1;n)}

(B.4)
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The equation B.4 contains a backward difference approximation for
the u derivative and therefore has a truncation error of 0(Ax).

To further condense equation B.3, the following notation was

eﬁployed:
Al(i) =r - s1 (B.5a)
Bl(i) =1. + r1 - r2 + 91 + Sz : (B.5b)
Cx(i) =r, - s2 (B.5¢c)
Dx(i) = (r2 + sz)u(i—l,m+l,n) + (1'_r1+12-81-55) .

u(i,m+l,n) + (sz-rz)u(i+1,m+1,n) (B.5d)

Using the notation above, the following algebraic
equation resulted and was solved in coﬁjunction &ith g
the finite-difference representation of the continuity equation to
yield the u and v-profiles for the two-dimensional boundary layer

developing on the Y = 0 wall.

X-momentum
Al(i)u(i-l,m+1,n+1) + Bl(i)u(i,m+1,n+1) + Cl(i)u(i+1,m+1,n+1)

=D (1) 1=2,3..... 8 (8.6)

Inspection of equation B.6 reveals that a tridiagonal matrix was
generated. The solution technique used to solve this type of matrix

is discussed in the last portion of this Appendix.

C. Finite-Difference Approximations for the Laminar Corner Region

The Alternating Direction Implicit (ADI) finite-difference method

was used to solve the X, ¥, and z momentum equations 3.5a-c in the
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corner region. 1In accofdance with the ADI method, fhe derivatives in
one of the transverse directions were written about the point
i,3,n+l/4 and the derivatives of the second transvéfse directibn about
the point i,j,n. Then, the derivatives_in the second transverse
direction were written about the point 1,j,n+3/4 and the derivatives
of the first transverse direction about the point 1i,j,n+1/2 using the
half-step values, Because of the method used to write the
derivatives with the ADI method, half— step values of the desired
variable arelgenerated at the point 1,j,n+1/2. The values generated
at this point, however, are not the true representation of the
variable at this point since to arrive at this point, the calculations
are executed explicitly in one of the coordinate directioﬁs.
These half —step values are only used for calculations in the next
half step fbr the desired value of the variable at the end of the
full step. Explicit stepping continuously in one of the coordinate
directions can cause instabilities to develop which are circumvented
in the ADI method by stepping implicitly in the next half step in the
coordinate direction which was done explicitly in the previous half
step. For a detailed study and analysis of the ADI method, consult
.Peaceman and Rachford (15).

‘Using‘the dummy v#riable H, the various terms of_eéuations
3.5a-¢c wepe written in the following finite-difference form for the
first half-step in the x-direction using the equations A.4a-d as

models.
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H = (H*(1,j) - H(i,3,n))/(8x/2) (C.1a)
by_ Ay,
Ay (B*(i+1,3) - B*(1,3)) + o (H*(1,3) - H*(i-1,3%))
Y4 Y.
Hy _ Ay+ Ty (C.1b)
Az_ Az+
T (H(i,3+1,n) - H(i,j,n)) + e (#(i,j,n) - H(i,j-1,n))
+ -
H = -
z Az+ + Az_ (C.lq)

Ki: (BE(+L,3) = BE(L,1)) - g (BR(1,9) = BR(i-1,1))

fyy Gy, * by )72 T (1)
;3—;‘: (B $+L,m) = H(L,3,m) = g (B(5,5,0) - B(,3-Lm)

H =

zz (Az+ + 4z )/2 (c.1e)

And, for the second half step in the x-direction, the following

finite~difference equations were used.

(H(L,3,041) - B¥(1,3))/(8x/2) (c.16)

H =
X
By_ by,
Ty~ (H*(1+1,3) - H*¥(4,3)) + 5o (H*(1,j) - H*(i-1,3))
Hy = &y, ¥ y_ (C.1g)
AZ_ ‘ Az+
7~ (H(1,j+1,0+1) - H(1,j,n+l) + — (H(d,],n+1)
z, Az_
Hz B ; Az+ + Az_
- H(1,j-1,n+1)) (C.1h)
—A—)l,— (H*(i+1,5) - H*(1,§)) - 'A'if (H*(1,1) - H*(1-1,3))

+ .
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1 1 ;
Kz: (H(1,j+1,n+1) - H(i,j,n+l)) - 3z (H(i,j,n+1)
2z : (Az+ + Az_)/z

- H(i,i-1,n+1)) ' = (€.13)

The symbol (*) denotes the intermediate value of the variable at the
point 1, j, n+1/2.

The non-linear coefficients in equations 3.5a-c were assumed to
be the space average of the previous nodal location and the new nodal
location in the x-direétioh at each nodal location in order to linearize
the equations. The halfé-step values of u, v, and w were not used
for the value of these non-linear Qariables éince the half-step
values of u, v, and w were to be used only in the.calculation of u, v,
and w at the néw x-location. Thus, the non-linear coefficients were

calculated as follows:

7 . H(,i,0+1) + H(1,1,n) (€. 1)

2

The value of H(i,j,n+l) for the above equation was obtained in
the same manner as the value for H(i,j,n+l) was obtained for equation
B.1d.

In order'to:present the finite-difference equations in a more
concise form, the following definitions of the coefficients which
make up the matrixes for the first half step were introduced in

addition to the definitions introduced in section B,
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r, = % = i:f " G, ; Bz (€.2a)
T, = ‘g' ) % : 2::_ * Bz, i Az_) (.C'Zb)
8, F é" 2: (Az+ i Az ) (C.2¢)
S §'° 2§+ '(Az+ i Az ) (C.2d)

Using the above notation and the notation given by equations
B.2a-d, the finite-difference approximations for equations 3.5a-c for

the first half x step were as follows:

X-moment um

(—ri - Sl) u*(1-1,3j) + (1.+r1-r2 + sx+sz) u*(i,j) + (rz-sz) u*(i+1,3)

= (r3+ss)u(i,j-l,n) + (l.-r3+r“-sa—s“)u(i,j,n) + (s“—r“)u(i,j+l,n)
(C.3a)

y-momentum

(-rl—sl)v*(i-l,j) + (1.+r1—r2+sl+s2)v*(i,j) + (rz-sz)v*(i+l,j)

= (ra+sa)v(i,j—l,n) + (1.-r3+r“-s3-s“)v(i,j,n) + (s“-r“)v(i,j+l,n)
(C.3b)

z-momentum
(-rl-sl)w*(i-l,j)-+(1,+rl—r2+sl+az)w*(i,j) + (rz—sz)w*(i=l,j)

- (r3+sa)v(1,j-1,n) + (lf-r3+r“-sa-s“)w(i,j,n) + (84-r“)W(i’j+l’n%c.3c)
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To further condense the equations, the following notation was

introduced:

Az(i) = r1 - s1 (C.4a)
v Bz(i) =1, + r1 - r2 + s1 + s2 (C.4b)
Cz(i) = rz - s2 | (C.40)

Dz(i) = (r3 + ss)u(i,j-l,n) + (1., - r3 + r“ - s3 - s“)
* u(i,j,n) + (s“ - r“)u(i,j+1,n) (C.44d)

Ds(i) = (r’ + ss)v(i,j-l,g) + (1. -r3 + r“ - s3 - s“)

e v(i,j,n) + (s“ - r“)v(i,j+l,n) (C.4e)

D“(i) = (r3 + ss)w(i,j-l,n) + (1. -r, + r, "8, - s“)

*w(i,j,n) + (s“-r“)w(i,j+1,n) ' (C.4f)
Using the above notation, the following algebraic equations resulted.
They were solved simultaneously for the first half x step and yielded

the intermediate values of u, v, and w, i.e., u*, v¥, and w*.

X—-momentum
A (Du*(-1,9) + B (Du*(,3) + C (Du*(141,5) = D, (1)
1=2,3,....k
j=2,3,....m (C.5a)
y-momentum
A, (DVE(E-1,9) + B (DVv*(L,3) + €, (1)v*(1+1,3) = D, (1)
1=2,3,....k

i=2,3,....n (C.5b)
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Z-momentum
A2(i)w*(i-l,j)+Bz(i)w*(i,j) + C (Dwr(i+l,5) = D (1)
i=2,3,....k

i=2,3,....n (C.5¢)

Inspection of equations C.5a-c revealg that ail fhtee equations
‘generate matrixes of coefficients which'are tridiagonal. The solution
of this type of equations is presented later in this Appendix.

Similar to the first half x step, the second half x step matrix
coefficients generated b§ the finite-difference approximations were
condensed for ease of notation. The the same notation for the
coefficients of the fihite—differencg approximations given by equations
B.2a-d and C.2a-d yields the following for the thrée momentum equations

for the second half x step.

X~momentum
(-rs-sa)u(i,j-l,n+1) + (1.+rs—r“+sa+s“)u(i,j,n+l)
+ (r“-s“)u(i;j+1,n+1) = (r1+sl)u*(i—l,j)

+ (1.—r1+r2-sl-sz)u*(i,j) + (sz-rz)u*(i+1,j) (C.6a)

y-momen tum

'(;rs-sa)v(i,j-l,n+l) + (1.+rs-r“+sa+s“)v(i,j,n#l)'
+ (r“-sq)v(i,j+1,n+l) = (rl+sl)v*(i-l,j)

+ (Lot +r,-8,-8,)v*(1,1) + (s,-1,)v*(i+1,5) (C.6b)
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z-momentuﬁ .
(—raes;)w(i,j-l,n+1) + (Lo+rg-r +s.+8, )w(i,j,nt+l)
+ (-8 JW(1,341,041) = (r 48 )wh(i-1,5)

+ (Loor 41 =5 -8 )WH(1,1) + (sz-rz)w*(i+1,j) (C.6c)

Again, to further condense the equations, the following notation

~ was employed:

Aa(j) = -r,-8, (C.7a)
Ba(j) = l.+r3-rk+sa+s“ ‘ (C.7b)
Ca(j) =r -8, ' (C.7¢)

Ds(j) = (r1+sl)u*(i-1,j) + (1.-r1+r2—s;-sz)
u*(1,3) + (s, -r )uk(i+1,3) - (C.79)
Ds(j) = (r1+sl)v*(i-l,j) + (1.—r1+r2-sl-sz)

vk(i,j) + (sz~r£)v*(i+1,j) " (C.7e)

% ({- .- —s -
D7(j) (r1+sl)w (i-1,3) + (1 r1+r2 s1 sz)
Cwk(d,i) + (s,-r, )Wk (i+1,3) (C.7£)
Using the notation above, the following algebraic equations
resulted, which were solved simultaneously to yield the values of

u, v, and w at the next full x step.

X-momentum - ‘
A (DulL,3-1,m41) + B (Du(L,d,mt) + € (Du(d,3+1,0+1) = D (9)
| . 3=2,3,....k

1=2,3,.c..m (C.8a)
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z-mbmentum
A, (DV{E,I-1,041) + B (v(L,3,0+1) + C,(1v(L,3+1,m¢1) = D_(3)
j=2,3,....k
1=2,3,,...n (C.8b)

Z-momen tum

As(j)w(i,j-l,n+l) + Bs(j)w(i,j,n+l) + Ca(j)w(i,j+l,n+l) = D7(j)

J
i

2,3,....k

2,3,....m (C.8¢c)

Again, as for the first half x step, the equations C.8a-c generated

matrixes of coefficients which were tridiagonal. The solution for

equation of this type is presented later in this Appendix.

D. Finite-Difference Approximations for the Two-Dimensional Turbulent
Boundary Layer

The Crank~Nicolson (17) implicit finite-différence method was used
to represent the x-momentum equation, 3.14a, in the two-dimensional
flat plate region. Using the dummy variable H, the representation of
the Hx and Hy derivatives are the same as equations B.la-b. The terﬁ
on the right hand side of equation 3,14a was written about the point
(i, m+l, n+1l/2) where the position specified by the ipdex mt+l is the
line 4-5shown in Figure 3.4.

- 3

[(1.+e:n)Hy]y = (Ay+ T Ay_) {[1.+en(i+1/2,m+1,n+l)]

. B(i+1l,mHl,n+1) - H(1,m+l,n+l)
by,

- [1.+En(1-1/2,m+1,n+1)]

. H@,m+1,n+1) - H(i-1,mt+1,n+l)
Ay

+ [1,42;(i+1/2,m+1,n)]
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. BU+l,ml,n) - H(,mHl,n) 0 4= . _
By, — - [;3+eh(i 1/2,m1,n)]

. H{d,m+é1,n) - H(i-1,m+1,n) ‘
iy } (D.1)

where:

_ : : en(i+1,uﬂ1,n+1) + en(i,m+1,n+1)
en(i+1/2,m+1,n+1) = 3 (D.2)

Similar space averages were used for evaluating the other values of o

in the above equationms.

The non-linear coefficients in equations 3.l4a were determined by

equation B.1d.

The following definitions for the coefficients which make up the

matrix were used to present the finite-difference equations in a more

concise form.

_ (1.+E;(1+1/2,m+1,n+1)) Ax 1
i u {(Ay+)(Ay+ + Ay )’ (D.2a)
(1.4€_(i-1/2,m+1,n+1))
n ’ ’ Ax
g a By ) @y, + by (D.2b)
(1.+E;(i+1/2,m+1,n)) A |
T u (Ay_) (dy, + By ) (D.2¢)
(1.+€_(1-1/2,m+1,n))
- n Ax
Yo T a Gy Gy, + &y) (D.2d)

Using the equations B.la, b and d, B.2a and b and D.2a-d, the

finite-difference approsimation of equation 3.14a is given by:
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(-r -8 Ju(i-1,m+1,n+1) + (l.-r +r +s +s Ju(i,ml,n+) + (r -s )
2 6 1 2 5 ¢ 25
u(i+l,m+l,n+1) = (r2+sa)u(i-1,m+1,n) + (1.+r1-r2—s7—se)u(i,m+1,n)

+ (s7-r1)u(i+1,m+l,n) (D.3)

To further condense the equation D.3, the following notation was

employed:

A@{)=-1r -5 _ : (D.4a)
y 2 6

B (1) = 1.-r 4r +s +s (D.4b)
y 1 2 5 &

C (1) =1r -s ' (D.4c)
y 1 5

D (1) = (r +s )u(i-1,m+1,n)

-8 2 8

+ (1,+r1-r2-s7-sa)u(i,m+1,n)

+'(s7-r1)u(1+l,m+l,n) _ (D.4d)

The above notation results in the following algebraic equation,
This equatibn was solved in conjunction with the continuity equation
B.4 to predict the u and v profiles for the two-dimensional boundary

layer developing on the Y=0 wall.
X-momentum

A“(i)u(i;l,m+l,n+1) + B“(i)u(i,m+l,n+l) + C“(i)u(i+l,m+1,n+l)
='Ds(i) i=2,3,....2 (D.5)
Again a tridiagonal matrix was generated and its solution

technique is discussed in the 1last portion of this Appendix.

E. Finite-Difference Approximations for the Turbulent Corner Region
Again the ADI method was used to solve the x, y and z momentum

equations 3.13a-c in the corner region.
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Using the dummy variable H, the derivatives on the left hand side
. and nonlinear coefficients can be expressed by equations C.la-c and
C.lk for the first half step in the x~direction. The derivatives on

the right hand side were expressed in finite-difference form as -follows:

2 . —
[(1+en)uy]y = [m] {(1.+en(i+1[2,j,n+1/2))

H*(i+1,§) - H*(4,1)
, Ay+

- (L.+e_(1-1/2,3,0+1/2))22E1) ZYH*(i‘l’j) (E.1a)

2

_ H(iyj""l:n) e H(i’j :Y)
z [Ay+ + Ay_

1 {(L.+e_(1,5+1/2,n)) i

[(1+en)Hz]

= H(i,j—l,n)}
Az

- (1.+En(1,j-1/2,n)) 5(1,3,n) (E.1b)

For the second half step, equations C.2a-c and C.lk were used for
the left hand side and equation E.la was used for the expression of

Hyy in the momentum equations. The following finite-difference

expressions were used for the right hand terms,sz.

2

[(1+‘en)Hz]Z = [ZE:—;-K;:] f(L+en(1,j+1/2,n+1))

JH(i,i+1,n+1) - H(i,i,n+1)

Az+

- (1+En<1, j=1/2,n+1))

. H(i,j,n+1) - H({,j-1,n+1)
Az } (E.2)
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To place the finite-difference equations in a more work—
able form, the following definitions of the coefficients which make up
the matrixes for the first half step were introduced in addition to

equations B.2a-b and C.2a-b.

(1.¥E;(i+1/2,j,n+1/2))

E A u (AY+)(2;+ ¥ Ay_)}_ (E.3a)
.. =‘(l.¥E;(;-1/2,j,n+1/2)) (Ay—)?zy+ ; Ay-)} .
s ==(1.+E;(1;é+1/2,n)) (AZ+)?ZZ+ + bz) } : . (E.3c)
f1e (1.+E;(;fj-1/2’n)) (Az_)?zz+ + 8z ) b (E.3d)

Using equations C.la-c, C.lk, B.2a-b, C.2a-b, E.la-b and E.3a-d,
the finite~difference approximations of equations 3.13a—c can be

written as follows for the first half x-step:

X-momentum
(rl-slo)u*(i-l,;) + (l.+r1-r2+sg+slo)u*(i,j)v
+ (r,-s Ju*(4+1,3) = (r s )u(,j-1,n)

+ (l.~r +r -8 -8 )u(i,j,n) + (8 -r )u(i,j+1,n) (E.4a)
3 4 11 12 11 4

y-momentum | |
(rl—slo)v*(i41,j) + (1.+r1-r2+ss+slo)v*(i,j)
+ (r -s )v*(d+1l,j) = (r +s  )v(i,j-1,n)
2 9 3 12

+ (l;—r3+r“-sll-slz)v(i,j,n) + (sll—r“)v(i,j+1,n) (E.4b)
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z-momentum
(rl-slo)w*(i-l,j) + (1.+r1—r2+ss+slo)w*(i,j)
+ (r -s Ywk(i+1l,j) = (r +s )w(i,j-1,n)
2 9 3 12

+ (l.-r +r -8 -5 )Dw(i,j,n) + (8 -r )w(i,j+l,n) (E.4c)
3 ¥ 11 12 11 4 ‘

As before, to further condense the equations, the fqllowing

additional notation was introduced:

A({l)=-1r -s (E.5a)
5 1 10
- _ ‘ (E.5b)
Bs(i) 1.+rl r2+sg+s10 ‘
= r - (E.5c)
Cs(i) ’rz s9
D (1) = (r +s )Ju(i,j-1,n) + (l.-r 4r -s -s )
9 3 12 3 .4 11 12
*u(i,j,n) + (sll-r“)u(i,j+l,n) (E.5d)

D (1) = (r +s_ )v(i,j-1,n) + (1.~r +r -5 -s )
10 3 12 3 % 11 12
e v(i,j,n) + (sll-ru)v(i,j+l,n) _ , (E.5e)
D (1) = (r +s )w(i,j-1,n) + (I.-r +r -s -g )
11 3 12 3 w11 127
+ w(i,j,n) + (s“-r“)W(i,j-'-l,n) : (E.5f)

With the above notation the following algebraic equations resulted
which, when solved, yielded values for u%*, v¥, and w* at the first

half step.

X-momentum

As(i)u*(i—l,j) + Bs(i)u*(i,j) + Cs(i)u*(i+l,j) = Dg(i)

i=2,3,....k

j=2,3,....m (E.6a)



82

y—-momentum
A (DVH(I-1,3) + B (1vH(1,5) + C (1)v*(i+1,5) =D (1)
1=2,3,....k
j=2,3,..m | (E.6b)
z-=momentum |
A (DWH(-1,3) + B (Dwk(1,3) + C_(1)wk(1+1,3) = D (1)
1=2,3,....k

i =2,3,....m (E.6c)

Again, the above three equations yield tridiagonal matrixes; The
solution technique is presented in the 155t portion of this Appendix.

Similar to the first half x-step, the second half x-step matrix
coefficients.were condensed for ease of notation. With the addition of

two more equations’

- Ax ' o
s, = (1.+€_(1,3+1/2,n+1)) {(Az+)(Az+ - Az_)} (E.7a)
- Ax
5., = (1-+€n(i,j—1/2,n+1))QAZ-)(Az+ ™ Az_)} , (E.7b)

the following equations were generated for the three momentum equations

for the second half step.

X-momentum
-r - -1,n+ +r -r 48 + i +1
( r, Slk)u(i’j 1,n+l) + (1 r3 rk 313 slu)u( sjsntl)

+ (r“-sls)u(i,j+l,n+1) = (r1+slo)u*(i-1,j)

+ (1.-r +r -s -3 Ju*(d,j) + (s -r )u*(i+1,j) (E;8a)
1 2 10 11 9 2
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y-momentum
(-ra-sl“)v(i,j-l,n+l) + (l.+r3-r“+sl3+slu)v(i,j,n+1)
+ (r -8 )v(i,j+l,n+l) = (r +s Yvk(i-1,3)
b 13 1 10

+ (1.-r +r -8 -s )v*(1i,j) + (s.--r Yvk(i+1,3) _ (E.8b)
1 2 10 11 9 2

z-momen tum
(—rs—si“)w(i,j-l,n+l) + (1.+r3-r“+sls+slh)w(i,j,n+1)
- = * - 1
+ (rb sls)w(i,j+1,n+1) (r1+slo)w (i-1,3)

+ (L.~r +r -8 -s )w*(i,j) + (s -r Ywk(1+1,3) (E.8c)
1 2 10 11 3 2

Again the equations were further condensed by employing the following

notations:

A (j) = -r -s | ' ' (E.9a)
6 3 14
B (j) = 1l.4r -r +8 +s (E.9)
6 3 4 13 14
C(j)=r-s (E.9¢)
6 L 13
D (3) = (r +s )u*(i-1,j) + (L.~ +r -s -s )u*(i,j)
12 1 10 1 2 10 11
+ (sg-rz)u*(i+l,j) (E.9d)
D (j) = (r +8 )v¥(1-1,j) + (1.-r +r -8 -8 Yvk(i,3)
13 1 10 1 2 10 11
+ (8 -r )v*(i+l,3) _ (E.9%)
9 2
D (j) = (r+s )wk(i-1,j) + (l.-r +r = -s Jwk(1,3)
14 1 10 1 2 10 1,

+ (ss—rz)w*(i+l,j) (E.9f)
With the above notation, the following algebraié equations re-
sulted which were solved for u, v, and w at the next full step in the

X direction.
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A (DUA(L,3-) + B (ur(L,D) +C (Dus(L,141) = D (3)
1=2,3,.00..k
1= 2,v3',..‘..m (E.10a)
AG(J)V*(i’jfi) + B (J)v*(1,5) + C (Dv*(L,3+1) = D,
3 =2,3,....k
1=2,3,....m (E.10b)
A DWE(LI-1) + B (DWH(L,3) +C (DW(L,34) =D ()
1 =2,3,....k
1=2,3,....n (E.10c)
Again these equations also yielded tridiagonal matrixes and

were solved by the Thomas Algorithm which is discussed last in the
Appendix. |

F. Finite-Difference Approximation of Continuity Equation in the
, Corner Region

The continuity equation for the corner region was written in
finite-difference form about the point (i+1/2,j+1/2,n+1/2) 80 that
truncation error would be of 0( x)z, 0¢( y)z, and 0(,2)2 for the
truncation error. Figure A.3 illustrates the grid uséd for the
equation which can be written as follows:

{[u(i+1,j+l,n+1) + u(i+1,j;n+1) + u(i,j+l,n+l) + u(i,i,n-,l-l)

u(i+lsj+1'n) - u(i"'l,j’n) - u(i,j+l,n) - u(iyj:n)]/dx

+ [v(i+l,j+l,0+l) + v(i+l,§,n+l) + v(i+l,j+1,n) + v(i+l,§,n)

v(1,3+1,041) - v(i,3,0+) - v(1,3+1,n0) - v(1,1,n)]/dy

+

[w(i+l,3+1,041) + w(i+l,3+1,0) + w(i,3+1,0+l) + w(i,}+1,n)

W(1+1,5,041) - w(i+1,5,0) = W(4,5,041) - w(i,3,0)1/dz}/4. = 0 (F.1)
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x .
i+1,j,0+1 / i+1,3+1,n+1
z - dx
1+1,3,n / i+1,5+1,n
dy
1,3,0+1 1,5+1,n+1
i,j,nh///w ‘ i,j+1l,n
e o ——]

Fig. A.3. Grid used for finite-difference approximation for
continuity equation in the corner region.

k3
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The above equation was used to obtain the residual of the conti-
nuity equation at the points (i+1/2,3j+1/2,n+1/2) thrbughout the corner

region.

G. Mixing;Leggth for the Corner Region

Pletcher's.(ZZ) mixing length model for the two-dimensional_flow
was adapted for use in the corner region in the folldﬁing manner.
Figure A.3 illustrates the corner region and the gridvlines.

When attempting to estimate the éﬁdy-viscosity at each nodal
position, a modified mixing length was used. For e#ch nodal position,
the line A-A was passgd through the node and the grid position where
the two-dimensional boundary lines intersected, poin; C. It was fur-
ther assumed that ﬁhe isovel 0.999 continued in a circuiar arc B-B
from one of the two-dimensional boundaries to the other. The distance
along the line A-A from the wall,to-yhere the circular arc B-B intérf
sected the'liné A-A was considereg the corner boundary thickness for
the mixing length model. The distaﬁée along the line A-A from the
intersection with the wall to the nodal position 1h question was con-
sidered the Y distance. Together, the two positions on the line A-A
‘were used in Pletcher's mixing lemgth model to generéte a modified
mixing length'at each nodal position. The shear velocity, us,'which
was necessary for Pletcher's formulation, was taken as equal to the
two-dimensional region shear velocity since experiments by Gersten
(12) have shown little or no change in total skin friction for planes

at ninety degrees to a flat plate with an equivalent'wetted area.
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s

1,3

Fig. A.4.

Corner Grid.
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H. Thomas Algorithm -

The following describes the Thomas algorithm as applied to a
general tridiagonal matrix as the one given below for n equations for
the dummy variable h.

b.h

1P + clh2

ah, + bzh

oy + c,h

2 273

h, + b h\ +c

2 T bghy +cyh

a3 3% 3

e & 6 & & 5 o s e e o o @ o o 6 v o o s o ® o o

b _.h

n-1 n- h

n

aabp ot 1 tepaly T d

a_h

+bh =4
n n-1 nn n

h

. - . 'eg -
Where: a; 0 or ho 0 and dn dn c b

The matrix is then transformed into upper bidiagonal matrix by a

~ Gaussian elemination generating the following coefficients:

e = bl

£y =dy/by

el = bi‘— aici-l/ei 1i=2,3,....n
£,= @, -af; Ve, 1=2,3,....n

The transformed matrix is as follows

hy

1%

h2 + e2h3

+ e

® e o & 0 & 0 8 0 0 o 0 o s 9 o o e o s o o s+ o
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+ e h = f

hn-l nfl n . n-l
h = f
n n

Thus, once fn is determined, hn is known and the remaining values
of the dummy variable h can be obtained from the following equation.'
h

- f 1 = n-l’n—z,ooo‘ol

17 f5 - eqUinley
The above method was considered most appropriate‘for the

solution of the system of equations generated by this finite-difference

technique. The me;hod greatly reduced the number of calculations

necessaryAto solve the ever increasing large system of equations

generated as the solution proceeded in the x-direction. Without this

method, matrix inversion methods would have been.neéeésary which

generally produce an even larger number of equations for solution

and thus an even lqrgér number of calculations for each x-step.



VIII. APPENDIX B

The following contains a 1isting of the computer programs. The
first program is for the laminar case and the second is for the
turbulent case. If desired, diffefent initial u, v, .and w profiles
qé% be uded by adding the appropriate data cards to the BLOCK DATA
subpro;ra;;%

Any time the Qﬁbprogram 6UTPﬁT i; called, the matrixes containing
the u, v, and w components are printed. Thus, the programer can have
thesé matrixes p:igfeé By controlling ﬁigh oﬁé or ﬁore parameters

and obtain informationm only When”nécessary or desired by calling the

subprogram OUTPUT,

90 .
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AN IMPLICIT NUMERICAL SOLUTION FOR THE LAMINAR AND TURBULENT FLOW
OF AN INCOMPRESSIBLE FLUID ALONG THE AXIS OF A 90-DEGREE CORNER
by

David Tillman Klinksiek
(ABSTRACT)

A method of solving the equations fof the three-dimensional, in-
compressible laminar and turbulent flow along the intersection og
two planes at ninety-degrees has been developed. The Alternating
Direction Implicit (ADI) finite~difference method was applied for both.
typeskof flow. The turbulent stresses in thevcarneriregion'were
modeled with an eddy-viscosity model which was obtained from mixing
length theory. The method was compared with other typés of solutions
for the laminar.case and good agreement was achieved. For the tur-
bulent case, the method was compared with experimental data and good
agreement was obtained. |

The three momentum equations were solved simultaneously and the
continuity equation was used to verify the method. The method appeared
to predict the velocity components correctly since thé continuity
equation residual approached zero as the solution pfdcéeded from the
leading edge in the mainstreaﬁ flow direction.

No analysis was presented for the convergence or stability of the

finite-difference equations and‘no convergence or stability problems



were encountered when the finite-~difference equations were solved.
The method predicted symmetry about the corner bisector in all cases

and gave the expected u-velocity profile along the bisector for both

the laminar and turbulent cases.





