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Application of Extended DLVO Theory:

Modeling of Flotation and Hydrophobicity of Dodecane

Laiqun Mao

(ABSTRACT)

The extended DLVO theory was used to develop a flotation model by considering both

hydrodynamic and surface forces involved in the process.  A stream function was used to

estimate the kinetic energies for thinning the water films between bubbles and particles,

which were compared with the energy barriers, created by surface forces, to determine the

probability of adhesion.  A general expression for the probability of detachment was derived

from similar mechanism for chemical reaction, and the kinetic energy for detachment was

estimated with French and Wilson’s model.  The hydrophobic force parameter (K132)

calculated from the rate constants of single bubble flotation tests showed that, K132 for

bubble-particle interaction were close to the geometric means of K131 for particle-particle

interactions and K232 for bubble-bubble interaction, indicating that the combining rules

developed for dispersion forces may be useful for hydrophobic forces.

The model was used to predict flotation results as functions of several important

parameters such as contact angle, double-layer potentials, particle size, bubble size, etc.

The predictions were consistent with experience, and could be explained in view of the

various subprocesses considered in the model development.  Furthermore, the model

suggested optimum conditions for achieving the maximum separation efficiency.

The extended DLVO theory was also used to determine the hydrophobic force between

two oil/solution interfaces from the equilibrium film thicknesses of dodecylammonium

chloride (RNH3Cl) solutions obtained using Thin Film Balance (TFB) technique.  The



iii

results showed that, the oil droplets were inherently hydrophobic, and the hydrophobic

force played an important role in the stability of emulsions.  This force decreased with

increasing surfactant concentration, and also changed with pH and the addition of

electrolyte.  The interfacial area occupied by molecules indicated that, the dodecane

molecules might present between two surfactant ions at interface, thus the hydrophobicity

of oil/solution interface was less sensitive to the addition of the surfactant than that of

air/solution interface.  Thermodynamic analysis suggested that, there might exist a

relationship between the interfacial hydrophobicity and the interfacial tension.
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CHAPTER 1:  INTRODUCTION

1.1 General

Froth flotation is a physico-chemical separation process extensively used in a

wide variety of processing plants.  The success of this process depends on the difference

in the surface properties of the raw materials.  Usually, most species contained in the raw

materials are hydrophilic (water-loving), but some of them, such as talc or freshly mined

coal are hydrophobic (water-hating), and others can be rendered a hydrophobic surface by

collector, a chemical components which selectively adsorb on the minerals to be floated.

If a mixture of particles having different surface properties with respect to water is

prepared in water and air bubbles are introduced into the pulp, the hydrophobic particles

will attach to buoyant bubbles, which “float” away from the suspension to the froth layer

at the top of the slurry where the particle-laden bubbles are collected as product.  The

hydrophilic minerals or tailings are rejected from the bottom of the flotation cell.

Owing to its efficiency, flotation has become a major process in the minerals

industry.  It is estimated that over two billion tons of ore, representing over one hundred

different minerals, are processed annually by flotation worldwide (1) and the proportion

of base-metals won by flotation is 95% (2).  In the United States, four to five hundred

million tons of ore and raw coal are subjected to flotation each year (3).  However, with

the continued depletion of high-grade ores, low-grade ores, which are usually fine-grained

and complex, have to be mined and processed.  Beneficiation of these low-grade ores

requires the optimization of design and operation of the flotation facility that make

separation economically feasible on a large scale.  Modeling and simulation are essential

engineering tools for such optimization which can maximize the process recoveries and

minimize the costs of both tests and operation.
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Sastry (4) summarized the purposes and advantages associated with the process

models as follows:

• Provide a formal, structured qualitative and quantitative definition and

understanding of the process;

• provide a basis for planning and evaluation of laboratory, pilot and plant

experiments, for determining process parameters (and scale-up criteria),

and for process control;

• enable simulation for process analysis leading to process and plant design,

operation, control, optimization and improvement; and

• constitute excellent teaching, learning and training tools.

Computer simulation based on such physical and symbolic models provides

efficient and economic investigation on the effects of different design and operating

variables with reproducible results whenever the experiments are repeated.

In the initial flotation model of 1935 (5), the flotation process was described as a

rate process, and the flotation recovery was expressed as an exponential function of time.

Since that time, many flotation models have been proposed and published in the literature

(6, 7), which are classified by Lynch et al (7) into three categories: empirical models,

probability models and kinetic models.  Due to the complexities involved in the three-

phase phenomenon, most of the proposed models are empirical or semi-empirical (7-9),

developing a fundamental model of flotation from first principles has been considered to

be very difficult (4).  Such model must include both hydrodynamic and surface chemistry

parameters in the flotation system, but the information concerning the latter has been in

lacking, and thus elementary processes of bubble-particle interactions have not been well

understood.  The surface forces considered in the classic DLVO theory can not explain

the bubble-particle adhesion in most flotation system (10-12).
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Recent development in direct force measurement revealed that, non-DLVO force

forces such as hydration and hydrophobic forces play an important role in coagulation and

dispersion of particles (13-16) , and the hydrophobic force is often considered as the only

driving force for bubble-particle adhesion (10-12, 17).  These forces are then included

into the classic DLVO theory, named extended DLVO theory, which makes it possible to

develop a fundamental model of flotation.

The extended DLVO theory can also be used to describe other phenomena in

colloid and surface chemistry.  In many industrial processes such as liquid-liquid

extraction, alkaline flooding operation, flotation of hydrocarbons, etc., the stability of the

oil droplets in the emulsion is often one of the most important factors which determine

the efficiency of the processes (18-25).  Many investigators showed that, the stability of

the oil droplets can not be reasonably explained without the consideration of an attractive

force, now recognized as hydrophobic force, in addition to electrostatic double layer force

and van der Waals dispersion force included in classic DLVO theory (26-30).  Obviously,

this force is dependent on the hydrophobicity of the oil/solution interface which can be

changed by addition of various chemicals (in which surfactant are most commonly used

in practice).  In order to accurately describe the stability of the emulsion, further

investigation must be conducted to quantify the hydrophobicity of oil droplets under

different conditions.

1.2 Literature Review

1.2.1  Extended DLVO theory

The DLVO theory (31, 32) has been used to predict the stability of colloidal

suspensions of lyophobic particles and served as a backbone of colloid chemistry for the

past half a century.  According to this theory, stability of colloidal suspensions in a
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dielectric medium is determined by the sum of repulsive electrostatic interaction energy

(Ve) and the attractive London-van der Waals (dispersion) energy (Vd). Thus, the total

energy (Vt) is given by:

V V Vt e d= + [1.1]

Fig. 1.1 shows the typical values of Ve, Vd and Vt as a function of distance between

two surfaces.  At an intermediate distance, Ve can exceed Vd, in which case an energy

barrier (E1) exists.  If particles collide with each other with sufficient kinetic or thermal

energies to overcome E1, the coagulation will occur and the suspension will be

destabilized.  Changing the ionic strength of the solution may obviously alter Ve, which

can be used to control the stability of colloidal suspensions.

Despite the time-honored success, it is now well established that the classical

DLVO theory has its limitation.  It is applicable only for those particles that are neither

hydrophobic nor hydrophilic.  When the advancing water contact angle on the surface (θa)

is less than 15°, the hydration force becomes significant which may greatly stabilizes the

colloidal suspension (13,14, 33-36), while the hydrophobic force becomes appreciable

when θa>64° which provides main driving force for particle coagulation (37, 38).

Recognizing this fact, Xu and Yoon (15, 16) included third term Vs to the classical DLVO

theory, so called extended DLVO theory, to consider the contribution from the non-

DLVO forces (or structural force) . Thus the total energy becomes:

V V V Vt e d s= + + . [1.2]

This equation has been successfully used to quantitatively describe interactions between

two symmetric interfaces (30-42) and further extended to describe the bubble-particle

interaction in flotation systems (43-44), as discussed in the following sections.
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Figure 1.1. Interaction energy between two identical macroscopic bodies as described

by the classic DLVO theory.
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1.2.1.1 Electrical Double Layer Component (Ve)

The electrostatic double layer force develops due to the interaction between the

electrical double layers of the bubble and particle.  Overlap between the double layers

gives a rise to attraction or repulsion, depending on their relative signs. If the double

layers are of opposite charge, the force is attractive, which assists in thinning and finally

rupture of the film between bubble and particle.  When the double layers are of like

charge, the resulting force is repulsive, which resists film thinning.  The magnitude of the

double layer force is a function of the double layer characteristics, if the bubble and

particle are considered as two spheres with radii R1 and R2, respectively, the expression

for Ve is given as (45, 46):

( )V P Q
e

e
ee

H

H

H= +
−







 + −











−

−
−ln ln

1

1
1 2

κ

κ
κ [1.3]

where H is the closest distance between two surfaces, P and Q are given by:

( )
( )P

R R

R R
=

+

+

ε ψ ψ1 2 1
2

2
2

1 24
[1.4]

Q =
+

2 1 2

1
2

2
2

ψ ψ
ψ ψ

[1.5]

ψ1 and ψ2 are the surface potentials of the particle and bubble, respectively, ε is the

dielectric constant.  κ is the Debye reciprocal length which represents the thickness of the

electrical double layer and is mainly determined by the electrolyte concentration.

According to the classic Debye-Hucel theory (47), the 1/κ is given as following:

1

8

3

0
2κ

ε
π

= ≈kT

n e Z C
[Å] in water at 25°C [1.6]
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in which k is the Boltzmann constant, T is the temperature, n0 is the number density of

ions, e is the elementary charge, and C is the electrolyte concentration (mol/l).  Eq. [1.6]

indicates that increasing the electrolyte concentration will compress the electrical double

layer, resulting in decreasing of the double layer force.

Several mechanisms may be responsible for the charging at the particle/liquid

interfaces, including unequal distribution of the lattice-forming ions, dissociation of the

surface groups, preferential adsorption and substitution of crystal ions.  In a given system,

the predominate mechanism is dependent on the material characteristics.  At

bubble/liquid interface, the preferential adsorption of ions in the solution is commonly

considered as the charging mechanism of bubble surface, the sign of the charge is

determined by the polar head of the surfactant and pH when an ionic surfactant is used to

stabilize bubbles. In the presence of non-ionic surfactants the bubble can be charged

either positively or negatively, depending on pH of the solution, and the Isoelectric Point

(i.e.p) appears to be related to the oxygen-to-carbon ratio of the surfactant molecule (48,

49).

It should be pointed out that, the derivation of Eq. [1.3] is based on the Derjaguin

approximation.  Recently, from the linearized Poisson-Boltzmann equation, Ohshima and

Kondo (50) proposed an exact expression for the interaction between two charged spheres

as :

V
R R R

R
R

R

R
R

R

Re

r

=
−

−








 −










4 1 2 1 2

0
4 1

1

1
2

2

2

π ρ ρ
ε ε κ

κ
κ

κ
κ

κ
κ

κ
exp( )

cosh( )
sinh( )

cosh( )
sinh( )

[1.7]

where, ρ1 and ρ2 are the fixed charge densities of sphere 1 and 2 respectively, εr and ε0

are the relative permittivities of electrolyte solution and vacuum, R is the sum of a1, a2

and H.  They checked the validity of the Derjaguin approximation and showed that
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Derjaguin method was quite a good approximation in the case of two interacting charged

spheres.  Similar conclusions were obtained in the derivation of analytical expressions for

electric double layer force, although in some cases, this force even becomes attractive

between two similarly charged surfaces (51, 52).

When the double layers of bubble and particle are of like charge, increasing the

potentials of bubble or particle can increase the difference of rate constants for minerals

with different hydrophobicity, which can be used to enhance the selectivity of flotation

(53).

1.2.1.2  Dispersion Component

Dispersion force arises from  the van der Waals forces which operate between

nonpolar atoms and molecules.  The calculation of Vd has been attempted by two different

approaches; one is based on a molecular model attributed to Hamaker, and the other

based on a model of condensed media attributed to Lifshitz (54).  The former approach is

also known as the microscopic approach, it uses the well-known London’s expression for

the dispersion attraction between two isolated molecules, and integrates it for all

molecules to obtain the dispersion energy of interaction between two macroscopic bodies.

For two spherical bodies with radius R1 and R2, the Vd is given as (55):

V
R R A

R R H
fd = −

+
1 2 132

1 26( )
[1.8]

where, f is a factor included to account for the retardation effect.  A132 is the complex

Hamaker constant which is used to characterize the interaction between sphere 1

(particle) and sphere 2 (bubble) with the intervening medium 3 (aqueous solution).

Hamaker (56) has shown that:
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( )( )A A A A A132 11 33 22 33= − − [1.9]

where A11, A22 and A33 refer to the Hamaker constants of the particle, bubble and medium

respectively.  Eq. [1.9] indicates that, when the Hamaker constants for the two objects are

either both greater than or less than the medium’s Hamaker constant, A132 is positive and

the dispersion force is attractive. When the Hamaker constant of the medium is between

those of the two objects, however, A132 is negative and a repulsive dispersion force is

produced, as observed by Milling et al using Atomic Force Microscope (AFM) (57).

Typically, the Hamaker constant for water is less than that of the particle, but greater than

that of the air bubble ( for which the Hamaker constant is assumed to be zero if the

bubble surface is not significantly coated by surfactant). Then A132 becomes negative for

most flotation systems. In this case, Vd becomes positive according to Eq. [1.8], which

means that the dispersion force is repulsive in bubble-particle interaction.

1.2.1.3 Structural Component

The origin of the structural force is still not completely understood, but its

existence has been confirmed in many experiments.  For a hydrophilic surface, Vs is

positive, demonstrating a repulsive structural force which is often referred to as hydration

force.  For a hydrophobic surface, Vs is negative, and an attractive structural force can be

observed which is usually referred to as hydrophobic force.  In 1982, Israelachvili and

Pashley (58, 59) showed that direct force measurements between mica surfaces immersed

in cetyltrimethylammonium bromide (CTAB) solution could not be explained by the

classical DLVO theory, an additional attractive force presented in 0-10 nm range, which

was much stronger than the van der Waals dispersion force.  This hydrophobic force (Fh)

was clearly attributed to the hydrophobic interaction between the surfactant-coated

surfaces and decayed exponentially with the separation distance (H) as follows:
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





−−=

0
0 exp

D

H
C

R

Fh [1.10]

where R is the radius of the curved mica surfaces, C0 is a constant (-140 mN/m) and D0 is

the decay length (1.0±0.1 nm).  Similar hydrophobic force was observed in subsequent

measurements of mica surfaces in surfactant solutions with decay length from 1.0 to 2.5

nm (39, 60-62).

Direct force measurements conducted later showed that the hydrophobic forces

can be 10-1000 times stronger than the van der Waals force and effective in the range of

more than 100 nm.  Such long-range attractive forces were found between surfaces coated

with surfactants by Langmuir-Blodgett (LB) deposition (63-68) or silanated with

trimethylchlorosilane (TMCS) and octadecyltrichlorosilane (ODTCS) (69-72).  A double

exponential function:

F

R
C

H

D
C

H

D
h = − −







 − −







1

1
2

2

exp exp [1.11]

is often used to account for this long-range hydrophobic force.  In which, C1 and C2 are

the pre-exponential parameters.  D1 and D2 are decay lengths of short-range and long-

range hydrophobic force.  In general, the short-range forces are discernible at H<10 nm

with D1 in the  range of 1-2 nm, while the long-range forces are measured at H>10 nm

with D2 in the range of 10-32 nm, depending on the hydrophobicity of the surfaces

involved.  In some cases, experimentally measured hydrophobic forces can be fitted by a

power law (65, 73):

F

R

K

H
h = −

6 2
[1.12]
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where K is the hydrophobic force parameter.  Eq. [1.12] is of the same forms as the van

der Waals dispersion forces, therefore the values of its only parameter K can be directly

compared with the Hamaker constants.

Several investigators proposed the theoretical rationales for the single exponential

form (Eq. [1.10]) (74-76) and the power law (Eq. [1.12]) (77). However, since the origin

of hydrophobic force is still not completely understood, these rationales are  quite

questionable, and therefore all expressions for hydrophobic force (Eq. [1.10]- [1.12]) are

still empirical functions without theoretical basis.

1.2.1.4 Disjoining Pressures

In 1939, Derjaguin and Kussakov (78) observed that, when an air bubble is

pressed against a hydrophilic glass plate immersed in aqueous solution, the intervening

liquid slowly thins to leave a uniform equilibrium film of considerable thickness. The

film behaviors as though there were an excessive pressure Π, acting normally to the film

and opposing the further reduction in film thickness.  This excessive pressure, termed as

disjoining pressure, represents the difference between the pressure within the bubble (Pb)

and that in the bulk liquid adjacent to the solid surface (Pl), i.e.

Π = −P Pb l [1.13]

The thermodynamic analysis gives a more rigorous definition Π (44):

Π =
d H O2
µ

σ
V

[1.14]
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where µ H O2
 is the chemical potential of water, V

σ
 is the partial molar volume of water.

Eq. [1.14] indicates that the disjoining pressure results from the difference in chemical

potential of water in the bulk and the interface which is the function of distance between

two surfaces.

It is widely accepted that, the disjoining pressure is produced by three types of

forces: electrostatic double layer force, van der Waals dispersion force and structure

force, as discussed in previous section.  Similarly, the total pressure can be expressed as

the summation of three components (79):

Π Π Π Π= + +e d s. [1.15]

Πe can be obtained by solving the Poisson-Boltzmann (PB) equation under a

variety of different boundary conditions (80-83).  Typically, when the surface charge is

low enough to satisfy the linearization of the PB equation, in presence of univalent

electrolyte, the constant surface potential (80, 81) and constant surface charge (80-83)

models for Πe are respectively given by:

( )[ ]Πe h H= εψ
π

κ0
2

2

8
sec [1.16]

and

Πe

h
H

H
=

+ 





























2
1

2

2

0
2

2

πσ
ε

κ

κ

sec

tanh
[1.17]

in which ψ0 is the potential and σ0 is the charge density at the interface.  Eq. [1.17] can be

further simplified for large distances and low potential as (84):
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( )Πe CRT
e

kT
H= 





−64
4

2 0tanh exp
ψ κ [1.18]

where R is the gas constant and T the absolute temperature.  Eq. [1.18] is also applicable

for constant charge systems since discharge is ignorable for small overlap of double

layers.  More elaborate models for Πe include, charge regulation boundary conditions at

the interface (85, 86) and effects due to ionic correlation and image forces (87, 88).

Similar to Vd, Πd was determined in the microscopic approach of Hamaker or

macroscopic approach of Liftshitz.  For interaction between two plane parallel surfaces

(2) separated by another phase (3), it was given by (56):

Πd

A

H
= − 232

36π
[1.19]

where A232 is the Hamaker constant.

Corresponding to Eq. [1.10] - [1.12], the expression for Πs can be given as single

exponential (58) or double exponential functions (62, 63, 68), but for the same

advantages of Eq. [1.12], it is commonly represented by a power law (70, 73):

Πs

K

H
= − 232

36π
[1.20]

in which K232 is the hydrophobic force parameter which can be directly compared with

A232.

1.2.1.5 Origin of Hydrophobic Force
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Several theories have been proposed over the past decade to describe the origin of

the hydrophobic force.  It was  proposed that the hydrophobic attraction is a entropic

force due to configurational orientation and rearrange of water molecules when two

surfaces approach to each other (37, 74, 89-92).  The molecular dynamics and Monte

Carlo simulation (93-96) give different structures of water layers close to hydrophilic and

hydrophobic surface.  The dipoles of water molecules near the hydrophilic walls are

predominately oriented normally to the surface, which causes the appearance of a dipole

potential and reduces the tangential mobility of water molecules, as the results, the

density and viscosity of this boundary layer is increased, while the dielectric permittivity

is reduced and excess energy is required to disrupt this ordered water structure as two

surfaces approach to each other (92).  While for the hydrophobic surfaces, the dipoles and

the planes of water molecules are oriented predominantly in parallel with the surface,

which causes an increase in their tangential mobility and thus reduction in both density

and viscosity of the boundary layer, consequently, the water molecules are readily

displaced from the interface.  The importance of water molecules was confirmed by

Parker and Claesson (97). They measured the attractive force between two hydrophobic

surfaces in the solutions with different water/ethylene glycol ratio, and found that the

range and strength of the attractive force was dramatically increased with increasing water

content. After the water content reached 51%, the force approximated to that observed in

pure water.  However, simulation results showed that these peculiar structures can

propagate 5 to 6 layers water molecules from the surface at most (98), thus this theory can

only explain short-range hydrophobic forces (74).

Many investigators observed that the long-range hydrophobic force is sensitive to

the addition of some electrolytes even in low concentration, indicating that there are some

electrostatic contributions, direct or indirect, to the attractive force (63, 66, 99, 100).  The

magnitude of the hydrophobic force decreases with increasing electrolyte concentration,

and the 2:2 electrolytes such as MgSO4 have a stronger effect than the 1:1 electrolyte like

NaCl (99), but this effect of the salt mainly reduces the amplitude but not the decay
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length of the hydrophobic force (100).  At a low electrolyte concentration, the Zeta-

potential does not change obviously, and no simple relationship is found between the

decay length of the hydrophobic force and the Debye screening length κ-1, indicating that

the decrease of the long range attractive force upon addition of salt does not arise from

the generation of the double layer interaction.  Based on experimental observations,

Attard (75) proposed that the long-range hydrophobic force may be due to the anomalous

polarization of the water molecules near the hydrophobic surface.  Podgornik (76)

suggested that the fluctuating electric field due to the lateral mobility of the ions at the

solid/liquid interfaces may attribute to the long-range hydrophobic forces.  The

correlation of the large in-plane dipoles formed by the domains of adsorbed hydrocarbons

produces electric fields which was also considered as a possible origin of the hydrophobic

force (68, 70, 71, 99, 101-103), the size of the domains and the order of the hydrocarbon

chains are important factors determining the magnitude and range of the attractive forces.

Tsao et al (68) measured the hydrophobic forces at different temperatures and suggested

that, the force is most long-ranged when the alkyl chains are in a well-ordered “frozen”

states, when the hydrophobic monolayer becomes disordered at higher temperature, the

attractive force is decreased to the extent that it could not distinguished from the van der

Waals force.  Their results were further correlated with the order parameter by

Rabinovich et al (102) demonstrating a linear relationship between the force parameters

and the order parameter of the hydrocarbon chains, which clearly supports the domain

theory.  However, this theory can not explain the force measurement data which show the

independence of the hydrophobic force on the electrolyte concentration (66, 69, 99).

It is very interesting to observe that (99, 104), the long-range attraction between a

hydrophobic surface and a polar surface of mica is stronger than that between two

hydrophobic surfaces, where the attractive force results from one surface generating the

electrical field due to the domains on the hydrophobic surface, and the second surface

responding to this field through its polarization.  However, similar surface force
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measurements conducted on the silica surfaces showed only short-range attractive forces

(71, 105).

Thermodynamically, when the receding contact angle of the solid surfaces

exceeds 90°, vapor cavities can be spontaneously formed due to the metastability of the

water film near the hydrophobic surfaces, the capillary forces resulting from these cavities

can be an origin of the long-range hydrophobic forces (106).  This phenomenon can also

occur between the surface with contact angle less than 90°, in this case, the voids

produced by lateral thermal fluctuation of water molecules near hydrophobic surface may

align themselves to form a vapor bridge between the surfaces at sufficiently close

distance (77).  Obviously, the presence of dissolved gas in the solution facilitates

cavitation and thus increases the hydrophobic force, which is observed in many

experiments (71, 107-109).  However, the macroscopic vapor cavities have not been

observed between two surfaces approaching to each other, instead, they have been found

between surfaces in contact (64, 110).  Also, cavitation should be enhanced at higher

temperature due to a lower solubility of gases in solution, and thus the hydrophobic force

should be increased, however, the experimental result showed decrease of hydrophobic

force with increasing temperature (32, 68).  Recognizing these facts, Ruckenstein and

Churaev suggested that the fluctuations of metastable water molecules at two solid-liquid

interfaces can correlate hydrodynamically to produce a long-range attractive force (111).

1.2.2 Bubble-Particle Interactions in Flotation

1.2.2.1 Criteria of Bubble-Particle Interactions

From the fundamental viewpoint, it is well recognized that a successful flotation

must satisfy both thermodynamic and kinetic criteria (112).  The general thermodynamic

condition for three-phase contact between the particle, solution and air bubble is a finite
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contact angle at the three-phase boundary, as shown in Figure 1.2.  From Young’s

equation, modified to take account saturation of the gas  phase with water vapor, there is

(113):

cosθ
γ γ

γ
=

−sv sl

lv

[1.21]

where θ is the contact angle, γsv, γsl and γlv are the surface tensions at solid/vapor,

solid/liquid and liquid/vapor interfaces, respectively.  The change in free energy (∆G) for

the process of bubble-particle attachment is given by:

∆G sl sv lv= − +γ γ γ( ) [1.22]

Substituting Eq. [1.21] into Eq. [1.22] produces the thermodynamic criteria of flotation:

∆G lv= −γ θ(cos )1 , [1.23]

which suggest that, only when the contact angle has a finite value, the particles can attach

to the bubble surface.  However, a minimum contact angle is required in practice for

successful flotation, which depends on hydrodynamic and physico-chemical properties of

both bubble and particle (114).

Obviously, larger contact angle implies better flotability of the particle.  Eq. [1.21]

indicates that, in order to obtain the maximum contact angle, γsv should be minimized

which can be achieved by adsorption of surfactant at solid/vapor interface. (115).  On the

other hand, the value of γlv should be as large as possible, indicating that the dosage of the

frother which is used to stabilize bubbles in pulp should be limited, because the presence
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Vapor Liquid

θ

γlv

γsv

Solid

γsl

Figure 1.2 Three-phase contact for an air bubble attached to a solid surface in liquid

medium.
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of the frother may obviously reduce γlv , which in turn decreases the probability of

flotation.

From a dynamic viewpoint, the process involved in flotation are usually

considered to have three distinct stages (116, 117):

a)  Bubble-particle collision with the formation of a thin wetting film, called

disjoining film;

b)  Thinning of the disjoining film which separates the colliding bubble and

particle, and film ruptures at the critical thickness which depend on surface

forces between bubble and particle;

c)  Formation of a stable bubble-particle aggregate capable of withstanding

considerable disruptive forces operating in the flotation machines.

The hydrodynamics of flotation system, such as size of bubble and particle,

Reynolds number, viscosity of fluid, etc. determine the first stage, bubble-particle

collision, while the other two stages depend on both hydrodynamics and surface forces

between bubble and particle, in which the hydrophobicity of the solid surface plays a

particularly important roles in the bubble-particle interaction.  The second stage, the

thinning and rupture of the wetting film, is often considered as the most important stage

in flotation (117-120), because it is a slow process and therefore is the rate-determining

step.

Most of the early research in froth flotation was primarily devoted to the

chemistry and model of actions of the collectors, activators, depressants and frothers,

which are used to increase the difference of hydrophobicity between valuable minerals

and gangue or stabilize bubbles in solid suspension.  It was not until the 1930’s that the
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importance of the physical and chemical interactions between bubble and particle

becomes recognized, and are increasingly interested by many investigators (118-123).

They attempt to quantitatively describe the rate of flotation through physico-chemical

mechanisms involved in flotation process.  In 1948, Sutherland (124) developed the first

theoretical approach into the investigation of flotation by considering the capture

mechanism of a single particle by a single rising bubble. He suggested that the overall

probability of particle flotation (P) could be represented by:

P P P Pc a d= −( )1 [1.24]

where Pc is the probability of collision between bubbles and particles, Pa is the

probability of adhesion after collision and Pd is the probability of subsequent detachment

of particles from bubble surface.

1.2.2.2 Probability of Collision (Pc)

Of all terms in the Eq. [1.24], Pc has been the most extensively investigated, and

generally the collision process between a bubble and particle is considered as

hydrodynamic event which is related to particle and bubble size, particle and liquid

density, liquid viscosity and relative particle-bubble velocity.  From the principles of fluid

mechanics, numerous fundamental analyses have been conducted to quantify the collision

process.  Sutherland (124) derived the first expression for Pc by assuming the potential

streamline flow around the bubble and inertialess particle:

P
D

Dc

p

b

=






3 [1.25]

where Dp and Db are the particle and bubble diameters.  This equation is applicable only

for very large Reynolds numbers (Re) which is rarely found in flotation.  Gaudin (125)
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investigated the opposite flow regime, i.e. creeping flow, and derived an expression for Pc

for low Reynolds numbers:

P
D

Dc

p

b

=








3

2

2

[1.26]

This equation is valid only for extremely small bubbles which may be found in

microbubble flotation column.

Recognizing the limited applicability of Eq. [1.25] and Eq. [1.26], Flint and

Howarth (126) numerically solved the Navier-Stokes equations to determine Pc. This

approach was modified by Ready and Ratcliff (127) to show that:

P
D

Dc

p

b

∝








2

[1.27]

This relationship indicates that, theoretically Pc is increased using smaller bubbles and

larger particles, as has been observed in many flotation experiments.

More recently, Weber (128) and Weber and Paddock (129) derived an analytical

expression for Pc for bubbles of low Reynolds numbers.  For the case of large Reynold

numbers, the Navier-Stokes equations were solved numerically using a curve-fitting

techniques (130, 131). In this way, Weber and Paddock developed an expression for Pc:

P
D

Dc

p

b

= +
+















3

2
1

3 6

1 0 249 0 56

2
( / ) Re

. Re .
[1.28]

This is the first of its kind that can predict Pc for wide ranges of bubble and particles.

However, Weber and Paddock did not verify this relationship experimentally.
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The derivation of expression for Pc requires appropriate stream functions for

different flow conditions.  For Stokes and potential flow conditions, the stream functions

had been known for a long time.  However, for most flotation applications, the Reynolds

number is intermediate between these two extremes.  Recognizing this fact, Yoon and

Lutterell (132) derived a empirical stream function for this range by combining those for

Stokes flow and potential flow, then the probability of collision could be obtained as:

P
D

Dc

p

b

= +

















3

2

4

15

0 72 2
Re .

[1.29]

which shows that Pc varies as Db
-2 for small bubble with Re ≈0. However, as the bubble

size becomes larger, Pc will become less dependent on Db.  It can be readily shown that

for very large bubble, Pc varies as Db
-0.45.  Eq. [1.29] has been verified in many flotation

system (132-135).

Jiang and Holtham (136) included the inertia force into their collision model, A

forth-order Runge-Kutta numerical technique was used to solve the equation of motion.

They found the following relationship:

P A
D

Dc

p

b

n

=






 [1.30]

where A and n are function of Re. For bubble size between 280 and 860 µm, n is

essentially a constant 2 and A varies between 6 and 12.  However, they did not obtain a

generalized expression for Pc.

Yoon (10) compared the calculation results of Pc using four different models

outlined above to the experimental data for Dp = 11.4 µm. He found that for the bubble

sizes used in flotation practice, Sutherland’s equation (Eq. [1.25]) overestimates Pc, while

Gaudin’s (Eq. [1.26]) underestimates.  However, Gaudin’s equation can still be used for
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bubble smaller than 100 µm.  Beyond this limit, two equations developed by Weber and

Paddock (Eq. [1.28]) and Yoon and Luttrell (Eq. [1.29]) fit the experimental data much

better.

1.2.2.3 Probability of Adhesion (Pa)

It is obvious that bubble-particle collision does not guarantee attachment and

subsequent flotation.  Adhesion, whereby the particle establishes three-phase contact with

bubble, must be considered as well.  It is the differences in Pa of species in ore that forms

the foundation for selective separation involved in flotation.

However, developing an expression for Pa has been a challenging problem.

Induction time, which is defined as the time required for the disjoining film between

bubble and particle to thin and rupture, and sliding time, which is the time for particle

sliding over the bubble surface, were commonly used in earlier investigation to assess the

bubble-particle adhesion (124, 137-144).  If the sliding time is longer than the induction

time, the particle will have long enough time to thin the disjoining film to a critical

thickness where the film spontaneously ruptures and three-phase contact is established.

Obviously, the induction time represents the flotability of particles, particle with a short

induction time can be easily floated with fast flotation rate.  Experimental results showed

that, the induction time is also a function of many variables, such as temperature, reagent

addition, pH, etc. (1, 48, 145-149).

Based on the concepts of induction/sliding time, Finch and Dobby (150) defined

the probability of adhesion as the fraction of particles whose sliding time are longer than

induction time which can be determined from the closest streamline approach angle (θc)

and the maximum angle of contact (θn) using following equation:
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Pa
n

c

= sin

sin

2

2

θ
θ

[1.31]

where θn is a function of induction time and hydrodynamics of a system.  Luttrell and

Yoon  (151) conducted a more theoretic analysis and derived an expression for Pa directly

from the stream function for intermediate Reynold number range in the following form:
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where ti is the induction time and Ub is the rising velocity of bubble.

An alternate investigation is considering that the bubble-particle interaction is

analogous to the chemical reaction. The particle must possess sufficient kinetic energy to

overcome the energy barrier which is created by surface forces between bubble and

particle, then the disjoining film spontaneously rupture and adhesion occurs.  This is

incorporated into an Arrhenius-type equation for Pa (152, 153):

P
E

Ea
k

= −






exp 1 [1.33]

where E1 is the energy barrier for bubble-particle adhesion, and Ek is the kinetic energy of

collision.  E1 can be determined by the surface forces involved in the bubble-particle

interaction which is described by extended DLVO theory.  However, the explicit method

for determining Ek is still lacking.

Computer simulation using force balance is another way to analyze bubble-

particle adhesion (11, 136, 153). It is direct, easy to be understood, but usually no

generalized expression can be obtained, which limits its application in practice.
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1.2.2.4 Probability of Detachment (Pd)

Quantifying the probability of detachment Pd is even more difficult than Pa.  The

experimental observation showed that (1, 154-158), the combination of gravitational

forces, turbulent forces and bubble oscillations acting on attached particles are considered

as attributions of detachment, which determines the upper limit of particle size of

floatability (159, 160).  Pd is higher for larger particles due to the greater inertia (155-

157) and also increased with increasing number of particles attached on the  bubble

surface (155, 158).  Woodburn et al (161) analyzed the tension developed in the surface

of bubble when it is subjected to a sudden acceleration in turbulent fluid and showed that:

P
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.1 5
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in which Dp is the particle diameter and Dp, max is the maximum particle size that will

remain attached under the prevailing turbulent conditions.  Holtham and Cheng (158)

proposed a empirical relationship between Pd and the ratio of particle size (Dp) to bubble

size (Db) of the form:

P a b
D

Dd

p

b

= + [1.35]

where a and b are constants which decrease with particle size.  However, explicit

theoretic expression for Pd is not available.  Although Pd is approximately unity for fine

particle flotation (162), it is necessary for a complete flotation model.

Once P in Eq. [1.24] is known from the detailed knowledge of the

microprocesses, the first order flotation rate constant (k) can be obtained using following

relationship (163, 164):
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k
P
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g= 3

2
[1.36]

where Vg is the superficial gas rate which is defined as the gas flow rate per cross

sectional area of the flotation cell.  Thus the flotation rate equation can be predicted from

the hydrodynamics and surface chemistry.

1.2.3 Interactions between Two Oil/Solution Interfaces

Oil droplets dispersed in aqueous solution are thermodynamically unstable. Given

sufficient time, they will aggregate or coalesce until ultimately two liquid layers are

formed.  It has been recognized that the coalescence process, as summarized in an early

review paper by Jeffreys and Davies (18), depends on the physical properties and

hydrodynamics of the system, such as drop size, curvature of the interface, density,

viscosity, interfacial tension, temperature, etc.  In the past 50 years, numerous theoretical

analysis and experimental investigations have been accomplished on various aspects of

emulsion films to understand and generalize the nature and mechanism of the coalescence

process (18, 19, 22, 162-174). However, only a few investigators described the

interactions between two oil/solution interfaces in terms of surface forces including in the

classic DLVO theory or the extended DLVO theory.

Chen (175) developed a model for the dynamics of an axisymmetric, dimpled film

which includes the effects of London-van der Waals and electric double layer force. The

former was considered to destabilize the film, whereas the later stabilized it.  The

dimpled film either formed a flat film or ruptured at the rim depending on net disjoining

pressure of two components.  The predictions on the film stability and its thickness were

in good agreement with experimental results of thin films of aqueous KCl solutions

between two oil drops in a capillary.  Sanders et al (26) modeled the deposition
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experiments by solving the governing mass transfer and flow field equations, using

analytical expressions from classic DLVO theory.  They found that, the behavior of the

bitumen droplets dispersed in aqueous solution could be accurately predicted from the

classic DLVO theory. However, the calculated deposition rates for the mineral oil

emulsions stabilized by asphaltene were inconsistent with the observed values, indicating

that the classic DLVO theory failed to describe the stability of the mineral oil emulsions.

Deshiikan et al (29, 30) visually observed the coalescence of n-hexadecane oil drops

suspended in the aqueous solutions with different pH and ionic strength. They found that,

the coalescence of oil drops occurred in some cases when the classic DLVO theory gave

very high energy barrier, indicating that some important characteristics which determined

the stability of the thin film interfaces should be included in the classic DLVO theory.

Hazlett (28) investigated the coalescence of water drops in emulsion stabilized by

sodium dodecyl sulfate (SDS), and showed that, in presence of surfactant, the stability

could not be predicted by the classic DLVO theory, an addition attractive force existed

between two oil/solution interfaces.  He considered that this force is attributed to a

continuous percolating network formed by the swollen micelle spheres in the continuous

phase.  Groeneweg et al (27) measured the dynamic stability of water/oil emulsions

prepared from vegetable oil in presence of the emulsifier monolinoleylglycerol, and found

that, an additional attractive force was necessary to explain the experimental results,

which might be related to the expulsion of the oil molecules out of the film.  Nevertheless

what mechanism is involved, these attractive force may be considered as the hydrophobic

force related to the surfactant or the emulsifier.  On the other hand, some non-ionic

polymer (176) can uniformly coated on the surface of oil droplets with a crystalline

structure, this protective layer prevents the coalescence of the oil droplets and stabilize

the emulsion.  Similar conclusion was obtained by Meller and Stavans (21).  These

repulsive forces may be considered as a steric force, one of the structure forces included

in the extended DLVO theory.
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Recently, Aveyard et al (177) designed a new apparatus to determine the

disjoining pressure isotherm between two liquid/liquid interfaces.  An oil drop is formed

at the tip of a thin flexible micropipette and pressed up to an oil/solution interface by

piezo translator capable of vertical movement of 40 µm.  The disjoining pressure was

measured by the hydrostatic pressure applied to the oil contained in the micropipet, and

film thickness was determined from the optical interference pattern obtained using a

microscope.  Experimental results for dodecane-water-dodecane emulsion film stabilized

by the anionic surfactant sodium bis (2-ethylhexyl) sulfosuccinate (AOT) showed that,

the data of Π versus distance can be reasonable fitted by considering double layer

component of disjoining pressure with the surface potential as an adjustable parameter.

Using same apparatus, Cho et al (178) conducted similar experiment for dodecane-water-

dodecane emulsion films stabilized by the anionic surfactant sodium dodecyl sulfate

(SDS) in presence of different concentration of NaCl.  An attractive force was observed,

which was explained by imperfect ‘pining’ of the three-phase contact line at the inner

diameter of the micropipette instead of the line tension at the perimeter of the thin

emulsion film formed as the oil drop is pressed up to the oil/water interface.  The

contribution of structure force was not considered in both of these two investigations,

which was most probably the mechanism of the attractive force.

1.3 Research Objectives

The primary objects of the present work are to explore the applications of the

extended DLVO theory in different systems.  Specifically, a theoretic flotation model is to

be developed based on the elementary subprocess of bubble-particle interactions in

flotation which correlates flotation rate constant with various hydrodynamic and surface

chemistry parameters involved in the system.  The surface forces described in the

extended DLVO theory are essential in derivation of the model.  This model is then used

to predict the flotation rate from all hydrodynamic and surface chemistry variables and
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determine the hydrophobic force parameter based on the experimental results of

simplified flotation test.  The effects of several important parameters on the flotation

response are to be investigated with derived model which provides detail explanation of

the simulation results.  The extended DLVO theory is also to be used to describe the

interactions between two oil droplets in aqueous solution of surfactant.  The

hydrophobicity of oil/solution interface will be quantified, and compared with that of free

film to find the relationship between hydrophobicity and surface chemistry parameters of

liquids.

1.4 Report Organization

Due to the relatively independent nature of each of the topics in this report, they

will be presented as separate, stand-alone chapters. Each chapter has its own introduction,

theoretical analysis, experimental or simulation, results, discussion and conclusion

sections.

In Chapter 2, a first order rate equation is developed using extended DLVO theory

by consider both hydrodynamic and surface forces involved in flotation process.  The

structure of the model is described in detail, and a sample application of the model is

presented.  The experimental results of single bubble flotation, contact angle and ζ

potential measurements are used to determine the hydrophobic force parameter between

bubble and particle which is correlated with those of other interfaces.  Also, various

methods of improving flotation performance are suggested based on theoretical analysis

of the derived rate equation.

Chapter 3 deals with the simulation of the bubble-particle interaction in flotation

using the model developed in Chapter 2.  The flotation rate constants are predicted as

functions of several important hydrodynamic and surface chemistry parameters, such as
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contact angle, surface potential, bubble size, etc. The simulations show consistent results

with experience, and are explained in the view of various subprocesses considered in the

model.

In Chapter 4, Thin-Film-Balance (TFB) technique is used to determine the

equilibrium film thickness of dodecane film presented in the DAH solutions.  With the

data from interfacial tension measurements, the surface potentials of the oil/solution

interface are calculated and thus the values of hydrophobic force parameter (K232) are

determined using extended DLVO theory.  These results are compared with those of the

free film to investigate the possible relationship between hydrophobicity and the physico-

chemical properties of liquids.  The effects of pH and electrolyte concentration on K232

are also investigated.

In Chapter 5, the overall conclusions obtained in present investigation are

summarized.  The recommendations for future research are discussed in Chapter 6.
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CHAPTER 2:  FLOTATION RATE EQUATION

2.1  Introduction

In froth flotation, air bubbles are injected into a moving stream of aqueous slurry

containing a mixture of particles, so that only hydrophobic ones are collected on the bubble

surface and exit the stream.  Owing to its simplicity, the process is widely used for

separating a variety of minerals, cleaning coals, deinking recycled paper fibers, removing

oils from water, cleaning soils, etc.  However, the process is difficult to model from the first

principles because of the complexities involved in the three-phase phenomenon.  For this

reason, most of the flotation models developed in the past are empirical (1-3).  A few

investigators attempted to model the process by considering hydrodynamic parameters but

ignoring surface chemistry parameters (4-7).  Part of the difficulty lies in the lack of

information concerning the latter.  However, recent advances made in the measurement of

surface forces using surface force apparatus (SFA) and atomic force microscope (AFM)

revealed new information, particularly on those not considered in the DLVO theory, that is

essential for modeling flotation.  It has been shown that the non-DLVO forces such as

hydration (8, 9) and hydrophobic forces (10, 11) play an important role in the coagulation

and dispersion of fine particles in aqueous media, and that the hydrophobic force is the

major driving force for bubble-particle adhesion (12-14).  Therefore, modeling flotation

without considering contributions from the hydrophobic force would be unrealistic.  More

recently, the role of long-range hydrophobic forces in flotation has been discussed (15), and

the relationship between various hydrophobic force parameters and water contact angle

(which is a more traditional measure of hydrophobicity) has been established (16-18).

These recent developments may be conducive to develop a flotation model based on the

first principles.
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Derjaguin and Duhkin (19) were probably the first to consider surface forces in

developing a model for bubble-particle interactions.  According to their model, a particle

must pass through three distinct zones sequentially, i.e., hydrodynamic, diffusio-phoretic

and wetting zones, before it can adhere on the surface of an air bubble.  Once the particle

is in the wetting zone, the fate of the particle as to whether adhesion occurs or not is

decided by three surface forces, namely, London-van der Waals, ion-electrostatic and

structural forces.  The third force was considered to be hydrophilic and thought to become

zero when the bubble-particle adhesion is to occur.  In a later investigation, Derjaguin and

Duhkin (20) suggested that for very fine particles for which inertia force can be ignored,

bubble-particle adhesion can occur via the van der Waals and ion-electrostatic forces

only, without penetrating the wetting film.  Thus, neither of the work of Derjaguin and

Duhkin considered the possibility that there may be an attractive force that drives the

process of bubble-particle adhesion.

The first evidence that there may exist an attractive force not considered in the

DLVO theory that is responsible for the rupture of wetting films was given in 1969 by

Laskowski and Kitchener (21).  They showed that both double-layer and dispersion forces

are repulsive, yet the wetting films on methylated silica surfaces rupture spontaneously.

The rupture thicknesses measured by Blake and Kitchener (22) were in the range of 60-

220 nm, which indicate that wetting films are destabilized by long-range attractive forces.

It was not until 1982, when Israelachvili and Pashley (23) conducted force measurements

with mica surfaces in equilibrium with CTAB solutions, that a direct evidence was given

for the existence of a non-DLVO attractive force, which is referred to as hydrophobic

force.  The measured forces were more than ten-times stronger than the dispersion force

and represented by a single exponential function:

F

R
C

H

D
= −









0

0

exp , [2.1]
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where F is the force measured between two curved mica surfaces with the radius of

curvature of R, H the closest separation distance, D0 the decay length, and C0 is a

constant.  Many investigators measured later much stronger hydrophobic forces, for

which a double-exponential function (24-26):

F

R
C

H

D
C

H

D
= −









 + −









1

1
2

2

exp exp , [2.2]

is frequently used.  It has been shown recently that for hydrophobic surfaces whose

advancing water contact angles (θa) are less than 90o, Eq. [2.1] is suitable with D0 in the

range of 1-2 nm, while those with θa>90o require Eq. [2.2] with D1 in the same range as

D0 and D2  in the range of 3-24 nm (16).  The hydrophobic forces can also be represented

by a power law (18, 27):

F

R

K

H
= −

6 2  , [2.3]

in which K is the only parameter.  An advantage of Eq. [2.3] is that it is of the same form

as that for the dispersion interaction; therefore, the value of K can be directly compared

with Hamaker constants.

Although the origin of hydrophobic force is still being debated, there are

overwhelming evidences for its existence particularly between two hydrophobic solid

surfaces.  The extended DLVO theory, which includes hydrophobic force in the classic

DLVO theory, makes it possible to modeling bubble-particle interaction (12, 14, 28-33).

Furthermore, recent studies using the thin film balance (TFB) technique show evidence

that hydrophobic force may also exist at the air/water interface particularly at very low

surfactant concentrations (34-36).  Therefore, there is likelihood that bubble-particle

adhesion is controlled by hydrophobic interactions.  In this chapter, a flotation rate

equation is derived from the first principle by considering both hydrodynamic and surface
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forces.  Contributions from the hydrodynamic forces were calculated using a stream

function derived for single bubbles rising under laminar conditions, while those from

surface forces were determined using an extended DLVO theory, which incorporates

hydrophobic forces in addition to the ion-electrostatic and dispersion forces.

As mentioned in Chapter 1, the process of bubble-particle adhesion can also be

simulated using force balance.  However, this approach usually does not produce an

explicit expression, which limits its application.  The model to be developed in the

present work come up with a simple, explicit expression, therefore it can be easily used to

do theoretic analysis and optimization.

2.2 Model Development

2.2.1  Theoretical Background

Figure 2.1 shows a single air bubble of radius, R2, rising in an aqueous suspension

of fine particles of radius, R1, contained in a cylindrical flotation column with diameter, D.

The height of the suspension inside the column is h and the total number of particles present

in the suspension is N.  The number of particles collected by the bubble during its residence

time in the column will be the product of i) the volume swept by the bubble (πR2
2h), ii) the

number density of particles (4N/πD2h) in the suspension, and iii) the fraction of the particles

in front of the bubble that are actually collected by the bubble, which is referred to as

probability of collection (P).

Number of particles collected

Bubble
R h

N

D h
P= ⋅ ⋅π

π2
2

2

4
, [2.4]

the number of bubbles passed through the flotation column per unit time is: 
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Figure 2.1. An air bubble rising in the flotation column and solid particles suspended in

the solution.
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Number of Bubbles

Time

Q

R
=

4
3 2

3π
, [2.5]

in which Q is the volumetric air flow rate. Multiplying Eq. [2.4] by Eq. [2.5], one can

determine the rate at which the particles are removed by the flotation process as follows:

dN

dt

P

R

Q

D

P

R
V Ng

= −










= −





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

3

4

3

4

2
1
4

2

2

π

        = -kN , [2.6]

in which Vg is the superficial velocity of air, which is defined as volumetric air flow rate

normalized by the cross sectional area of the flotation column.

Equation [2.6] is the first-order rate equation, in which k is its rate constant.  Many

investigators showed that mineral flotation could be described as a first-order process (1,37-

45).  The rate constant, k (=(3P/4R2)Vg), can be reduced to:

k S Pb= 1

4
 , [2.7]

where Sb is the superficial surface area rate of bubbles, which is defined as the bubble

surface area moving out of the cell per unit time per unit cross-sectional area of the flotation

column.  It can be readily shown that

S
V

Rb
g=

3

2

. [2.8]
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The bubble-particle interaction can be considered as a statistical phenomenon (37,

46, 47). The probability of collection (P) in Eq. [2.7] can be obtained using the following

relationship (37):

P P P Pc a d= −( )1  , [2.9]

 in which Pc is the probability of bubble-particle collision, Pa the probability of adhesion,

and Pd is the probability of detachment.  In the following sections, analytical expressions for

these probability functions will be derived and substituted into Eqs. [2.9] and [2.7] to obtain

an expression for k based on first principles.

2.2.1.1 Probability of Bubble-Particle Collision ( Pc )

As a bubble rises in a quiescent particle suspension, the liquid flows around the

bubble, forming an infinite number of streamlines which can be represented mathematically

by a stream function.  If the particles in the suspension are small enough that they can be

considered inertialess, the particle trajectory would correspond to the streamline (48).  Once

the particle trajectory is known, it is possible to derive an expression for Pc.

Figure 2.2 shows an inertialess particle of R1 following the critical streamline, which

is defined as the trajectory of a particle that grazes-off the bubble at its equator, i.e., α=π/2.

One can see that of the particles located in front of the bubble, only those within the critical

radius rc, as defined in Figure 2.2, will collide with the bubble.  Thus, Pc becomes:

P
r

R Rc
c=

+








1 2

2

. [2.10]

If the particle size is much smaller than the bubble size, i.e. R1<<R2, then Eq. [2.10] can be

approximated as:
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       rc

       R1
urp

     utp
         up

          r
        α

R2

Figure 2.2. A grazing streamline for a particle of radius R1 approaching the surface of a

large bubble of radius R2 given in polar coordinates, with r representing the

distance from the center of the bubble to the center of the particle and α the

angular coordinate.  Only those particles within the critical radius rc at far

distances away from the bubble will collide with the bubble.  The particle is

considered to have no inertia, and has its velocity up, with urp and utp

representing the radial and tangential velocity components, respectively.
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P
r

Rc
c=









2

2

[2.11]

For a given particle size (R1) and bubble size (R2), one can derive an expression for rc from

the stream function and substitute it into Eq. [2.10] for Pc.

The stream functions can be derived from solutions of the Navier-Stokes equations.

When the Reynolds number of a bubble is much less than unity, the streamlines are

described by the Stokes stream function as:

Ψ = − +





u R x x
x2 2

2 2 21

2

3

4

1

4
sin α [2.12]

in which u2 is the bubble rise velocity, x is the radial coordinate, r, normalized by the bubble

radius, R2, (i.e. x=r/R2), α the angular coordinate (see Figure 2.2), and the Reynolds number

of the bubble Re is given as:

Re=
ρ

µ
3 2 2R u

[2.13]

where ρ3 is the density and µ2 is the viscosity of the medium.  From Equations [2.11] and

[2.12], the probability of collision for Stokes flow can be derived as:

P
R

Rc =








3

2
1

2

2

. [2.14]

When the Reynolds number is very large (potential flow), the stream function becomes:

Ψ = −





u R x
x2 2

2 2 21

2

1

2
sin α [2.15]

then Pc can be obtained as:
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P
R

Rc =



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3 1

2

. [2.16]

However, in most flotation systems, air bubbles have Reynolds numbers in-between

those for Stokes and potential flow conditions, for which no analytical solution exists.

Therefore, Yoon and Luttrell (49, 50) derived an empirical stream function as follows by

analyzing a large number of experimental streamlines reported in the literature:

Ψ = − + + + + −













u R x x

x x x
x2 2
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0 72
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4 15

1 1
1sin

Re .

α  , [2.17]

then Pc becomes:

P
R

Rc = +








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2
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. [2.18]

Eq. [2.18] is similar to the expression derived by Webber and Paddock (51).  It has been

validated by many experimental results (49, 52-54).

2.2.1.2 Probability of Bubble-particle Adhesion ( Pa )

Figure 2.3 shows a potential energy (V) vs. distance (H) diagram for bubble-particle

interaction.  According to the extended DLVO theory, V is the sum of the electrostatic (Ve),

dispersion (Vd) and hydrophobic (Vh) interaction energies (8), i.e.,

V V V Ve d h= + +  . [2.19]

Each term varies as a function of the closest separation distance (H) between the bubble and

particle surfaces.  The V vs. H diagram of Figure 2.3 shows an energy barrier (E1) at H1 and
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      V

      E1

  H2

   H1 H
       E2

    Wa

0

Figure 2.3. A potential energy (V) vs. distance (H) diagram for bubble-particle interaction,

with E1 representing the energy barrier and E2 the secondary energy minimum.

Wa is the work of adhesion.



Laiqun Mao Chapter 2: Flotation Rate Equation 53

a secondary energy minimum (E2) at H2.  If the kinetic energy (Ek) of a particle approaching

a bubble is smaller than E1 and E2, bubble-particle adhesion may occur at the secondary

minimum with an equilibrium inter-particle distance of H2.  Derjaguin and Duhkin (20)

suggested that bubble-particle adhesion could occur at the secondary minimum without

forming a three-phase contact.  This process was referred to as "contactless" flotation,

which may be limited to the case of floating very small particles with relatively low

hydrophobicity.

If Ek is larger than E1 and E2 but smaller than the sum of the work of adhesion (Wa)

and E1, then the thin film between the bubble and particle will rupture to form a three-phase

contact, i.e., H becomes zero.  Wa will be a function of the interfacial tension, contact angle

and the contact area as will be shown in the following section.  The particles with Ek≥E1 can

approach the bubble within the distance of H1, where the surface force between them (F=-

dV/dH) becomes negative and, hence, the film ruptures spontaneously.  H1 is, therefore,

referred to as critical rupture thickness.  Thus, the necessary condition for bubble-particle

adhesion is Ek≥E1.  Although it is convenient to represent the kinetic energies of the

particles colliding with a bubble with a single value of Ek, the fact of the matter is that

particles have distributed Ek values.  Therefore, it would be useful to represent the

probability of bubble-particle adhesion (Pa) as (12, 14, 50):

P
E

Ea
k

= −








exp 1  , [2.20]

which is analogous to the probability functions used in the theory of chemical kinetics.  In

Eq. [2.20], Ek represents the kinetic energies of the macroscopic particles, while in chemical

kinetics kT represents the thermal energies of molecules.

Eq. [2.20] suggests that Pa increase with a decrease in E1 and an increase in Ek,

which can be achieved by increasing the hydrophobicity of the particles and providing a
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high-shear agitation, respectively.  Weiss and Schubert (55) showed that the high-shear

agitation is beneficial to fine particle flotation.  E1 can also be reduced by decreasing the

electrostatic repulsion between particle and bubble.  Derjaguin (56) showed that the

floatability of a particle increases with a decrease in the magnitude of its ς-potential, which

is consistent with the finding of Fuerstenau (57) which showed that a maximum flotation is

achieved at the point of zero charge (p.z.c.) of the particle.

In determining E1, it is necessary to accurately know the values of Ve, Vd and Vh of

Eq. [2.19].  By considering particle and bubble as rigid spheres with radii R1 and R2,

respectively, one can use the Hogg, Fuerstenau and Healy’s expression (58) for Ve:
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in which ε is the dielectric constant of the medium, ψ1 and ψ2 are Stern potentials of the

bubble and particle, which are often substituted by ς-potentials as an approximation, and

1/κ is the Debye length.

The dispersion component (Vd) of the total interaction energy arises from the

correlation of fluctuating electromagnetic dipoles at the particle and bubble surfaces.  For

two spherical macroscopic bodies of radii R1 and R2, Vd is given as (59):

V
A R R

H R R

bl

bc Hd = −
+

− +
+







132 1 2

1 26
1

1 2

1( ) /
 , [2.22]

where A132 is the Hamaker constant of particle 1 and bubble 2 interacting in a medium 3

(water).  The second part of the equation represents a correction factor for the retardation

effect, in which b is a parameter characterizing materials of interacting particles, l

(=3.3x1015 s-1) that of medium (water) and c (=3x108 m/s) the velocity of light.  For most

materials, b is 3x10-17 s.  Since the Hamaker constant for water (A33=4.38x10-20 J) is less
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than those of solid particles (A11) but is greater than that of air bubble (A22), A132 is usually

negative.  Therefore, the dispersion interaction between bubble and particle is repulsive.

The contribution from the hydrophobic interaction between the bubble and particle

(Vh) to the total interaction energy (V) can be obtained by integrating Eq. [2.1]-[2.3] as

follows:

V F dHh h

H
= −

∞∫
1

2
, [2.23]

in which Fh is the hydrophobic force between two like cylinders of equal radius of curvature

as is done in direct force measurements using SFA or between a sphere and a flat surface

when using AFM.  For interactions between two dissimilar surfaces as in bubble-particle

interactions, Eq. [2.23] becomes:

V
R R

R R
C D
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C D
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when Eq. [2.2] is substituted into Eq. [2.23], or

V
R R

R R

K

Hh = −
+

1 2

1 2

132

6( )
, [2.25]

when Eq. [2.3] is substituted.  In the present work, Eq. [2.25] rather than Eq. [2.24] is used

for two reasons.   First, it has only one parameter (K132), while Eq. [2.24] has four (C1, D1,

C2, D2).  Even when the short-range term (i.e., the first exponential term) is ignored, Eq.

[2.24] has two parameters (C2, D2) that need to be fitted to experimental data.  Second, Eq.

[2.25] is in the same form as that for the non-retarded van der Waals interaction, which

makes it possible to compare the K132 with the Hamaker constants (A132).
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2.2.2 Probability of Bubble-particle Detachment ( Pd )

A particle can be detached from the surface of a bubble when the particle is

subjected to a kinetic energy that exceeds the sum of the work of adhesion (Wa) and E1 (60,

61) (see Figure 2.3).  Therefore, the probability of detachment (Pd) may be given as:

P
W E

Ed
a

k

= − +







exp

'
1 , [2.26]

in which Ek' represents the kinetic energy that tears the particles off the bubble surface.  It

should be noted that Ek
’ is not the same as Ek, which determines Pa.  The logic behind using

an exponential function to represent Pd is that particles on the surface of a bubble would

have a distributed Ek’ values, as will be discussed later.

Figure 2.4 shows a spherical particle of radius R1 being attached onto the surface of

a large bubble, whose surface may be considered flat relative to that of the particle.  The

work of adhesion can be determined as follows:

)(21

212

svsllv

svlvsla

ss

sssW

γγγ

γγγ

−+=

−+=

 [2.27]

where γsl, γlv and γsv represent the surface free energies at the solid/liquid, liquid/vapor and

solid/vapor interfaces, respectively; s2 is the curved area of the particle inside the bubble

after the bubble-particle attachment has taken place; and s1 is the projected area of s2 on the

bubble surface.
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      l
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                                      θ
   θ

v     s2

 s1

Figure 2.4. A spherical particle (s) of radius R1 adhering on the surface of an air bubble (v)

suspended in water (l).  When R1 is much smaller than the radius of the bubble,

the bubble surface may be considered flat as compared to that of the particle.

The curved area of the particle inside the bubble is represented by s2, and s1 is its

projected area.
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From the Young’s equation,

γ γ γ θsl sv lv− = − cos  , [2.28]

where θ is the contact angle.  By substituting Eq. [2.28] into Eq. [2.27],

Wa= γlv ( s1-s2 cos θ ) . [2.29]

From Figure 2.4, one can obtain the following relationships:

s1 = π (R1 sin θ )2 , [2.30]

and

s2 =2πR1
2 (1 - cos θ ) , [2.31]

which can be substituted into Eq.  [2.28] to obtain:

Wa = γlv πR1
2 (1-cos θ )2 . [2.32]

Substituting Eq. [2.32] into Eq. [2.26], one obtains an expression for the probability

of detachment as follows:

P
R E

Ed
lv

k

= −
− +







exp

( cos )

'

γ π θ1
2 2

11
 . [2.33]

The combination of gravitational forces, turbulent forces and bubble oscillations

acting on attached particles may attribute to the detachment of particles from bubble

surface.  Using high-speed photography, the strong oscillation of bubbles was observed in

the impeller-driven flotation system due to the turbulence caused by rotor (62-64).  Also,

Bubble-particle collision may create bubble oscillation which is related to the
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deformation of bubble surface and hence considerably influenced by particle size (65). A

centrifuge technique (66-68), pendulum method (69) and vibration platform (70) have

been used to investigate the bubble-particle detachment, most of the theoretic analysis is

based on the force balance, however, the quantitative relationship between detachment

force and probability of detachment has not been established.  Equation [2.33] is the first

fundamental expression for probability of bubble-particle detachment.

The expressions of Pa and Pd were developed by considering the bubble-particle

interaction as a non-deterministic, probabilistic process.  Apparently, they are applicable

to the turbulent conditions usually found in the completely mixed cell.  Even in the single

bubble flotation cell, there is a degree of turbulence due to the rotation of particles, Wake

phenomenon, etc. which makes the bubble-particle interaction to be a probabilistic

process, and thus Eq. [2.20] and Eq. [2.26] can be used.

2.2.3 First-Order Rate Equation

The probability functions for the collision (Eq. [2.18]), adhesion (Eq. [2.20]) and

detachment (Eq. [2.33]) can now be substituted into the expression for the first-order

flotation rate constant (Eq. [2.7]) to obtain:
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.[2.34]

Eq. [2.34] shows that k is a function of both the hydrodynamic parameters, i.e., R1,  R2, Ek,

Ek', Re, and Sb, and the surface chemistry parameters, i.e., E1, θ and γlv.

As shown by Eqs. [2.21]-[2.25] and schematically by Figure 2.2, E1 is a complex

function of ψ1, ψ2, A132, and K132, of which the first three can be readily determined
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experimentally.  (ψ1 and ψ2 are usually approximated by ς1 and ς2, respectively.)  On the

other hand, it is difficult to determine K132 experimentally.  It has been shown that the

hydrophobic force constant (K131) between two solid surfaces of identical hydrophobicity

can be estimated from advancing contact angles (17).  However, it is unlikely that K131 can

directly substitute for K132.  Recognizing that air bubble is one of the most hydrophobic

entities (36), K132 should be greater than K131, depending on the particle hydrophobicity and

the amount of surfactant used to stabilize the air bubble in a given flotation system.

In using Eq. [2.34], it is necessary to have the values of the kinetic energies for

attachment (Ek) and detachment (Ek’), which are difficult to be determined in an operating

flotation cell where there is a considerable turbulence.  If a flotation experiment were

conducted under laminar condition, however, it would be possible to estimate the kinetic

energies as follows.

2.2.4 Kinetic Energy for Attachment ( Ek )

When a particle makes a head-on collision with a bubble (i.e., α=0), practically all

of its kinetic energy would be consumed in thinning the film between the bubble and

particle.  However, only part of the total kinetic energy will be used for this process when

α>0.  Since the hydrodynamic and surface forces resisting to the film thinning process are

acting only along the radial direction, the maximum kinetic energy available for this process

may be determined from the radial velocity of the particle.  For an inertialess particle

located at a sufficient distance away from the bubble, the radial velocity of the particle (urp)

would be the same as the radial velocity of the liquid (ur), which can be determined from

the stream function (Eq. [2.17]) as follows (50):

u
rr = 1

2 sinα
∂Ψ
∂α



Laiqun Mao Chapter 2: Flotation Rate Equation 61

     = − + + − + −













u

x x x x x xb cos
Re .

α 1
3

2
1

2
2

15
1 1 1 1

3

0 72

4 3 2
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As the particle approaches the bubble surface at a closer distance, urp will decrease due to

the hydrodynamic resistance force (Fr):

F R ur rp= 6 1πµ β  , [2.36]

where β is the Stokes correction factor.  Thus, urp is reduced by a factor of 1/β as follows:

u urp r= / β , [2.37]

as has been shown by Luttrell and Yoon (50) from a force balance.  The values of β used in

the present work were from Goren and O’Neill (71), and shown in Figure 2.5.

The maximum kinetic energy (Ek) that can be used for overcoming the energy

barrier (E1) created by the surface forces can then be obtained as follows:

( )

E mu

R
u

k rp

rp

=

= −

1
2

1
2

4
3

2

1 3
1
3

2ρ ρ π

    =
−2

3
1

3
1 3 2π ρ ρR

urp

( )
 . [2.38]

where ρ1 and ρ3 are the densities of solid and medium (water), respectively.  Recall that the

Ek used in Eq. [2.34] is the fraction of the kinetic energy of the particle that is used to thin

the film at H1.  Therefore, Eq. [2.38] was used to calculate the Ek values at H1 for the

particles moving toward the bubble from various initial positions far away from the bubble

under consideration.  Consequently, there exist distributed Ek values at H1.  In the present

work, a mean particle kinetic energy has been calculated and used for Eq. [2.34].
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Figure 2.5. Relationships between β and H/R1 determined by Goren and O’Neill(71).
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The determination of Ek has been considered as a challenge problem.  There is no

appropriate solution so far.  Although the method proposed in the present work is

deterministic, it is the only way to evaluate Ek.

2.2.5 Kinetic Energy for Detachment ( Ek’  )

As a bubble rises in a flotation column, more and more particles will be collected on

the surface at the bottom and form a cap as shown in Figure 2.6.  Let θ0 be the angle

representing the cap area.  When θ0 is large, the particles in the cap are subjected to

increased pressure due to the drag force of the fluid flowing past the bubble.  According to

French and Wilson (72), when the bubble size is small enough to be in the creeping flow

regime, the buoyant force on the bubble is given by:

gRf 3
3

2b 4

3 ρπ= , [2.39]

where ρ3 is the density of the liquid, g the gravitational acceleration, and R2 is the bubble

radius.  It is assumed that this force is counter-balanced by the drag force uniformly

distributed over the area of the sphere, therefore the drag force per unit area is given by:

34

3/4 23

2
2

3
3

2 gR

R

gR ρ
π

ρπ
= . [2.40]

Thus the surface (tangential) stress at position θ 1 is:

( )10

2
23

12
23

s 330

θθ
ρ

θ
ρθ

θ
−== ∫

gR
dR

gR
p [2.41]

and the particle at the center of the cap is subject to a stress of p1:
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        R2

                        θ0

    θ
      R1

Figure 2.6. A cap of particles of radius R1 collected at the bottom of a rising air bubble of

radius R2. The cap angle θ0 is zero initially, and increases as more and more

particles are collected on the bubble surface.  The inset shows a particle at the

center of the cap, whose contact angle is θ.
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p
gR

1
3 2

2
0

3
=

ρ θ
 , [2.42]

θ0 should be a function of the dimensions of the bubble and particle and the number of the

particles in the cap.

If the area of contact between a particle of radius R1 and the bubble is A, then the

kinetic energy required to detach it from the bubble surface (Ek
’) is:

ApEk 1'=  . [2.43]

From the inset in Figure 2.6, one can determine A as follows:

θπ 22
1 sinRA =  , [2.44]

where θ  is the contact angle of the particle at the three-phase contact.  From Eqs. [2.42]-

[2.44], one can derive a relationship for Ek
’ as follows:

θπ
θρ 22

1
0

2
23 sin

3
' R

gR
Ek = . [2.45]

When a fresh bubble is generated at the bottom of a flotation column, no particle

will be present on the surface, i.e. θ0 =0.  As the bubble rises in a column of particle

suspension, the number of particles collected on the bubble surface (ns) will increase with

time t, resulting in an increase in θ0. From the value of ns determined in a flotation

experiment and the values of R1 and R2 employed in the experiment, one can generate a plot

of θ0 vs. t plot.  In the present work, these plots were obtained for each experiment using the

following assumptions, as illustrated in Figure 2.7. : i) the first particle collected will reside

at the south pole of the bubble, and those collected subsequently form concentric rings

sequentially around the first one, and ii) when there is not enough room to accommodate a

whole particle in a concentric ring, it will begin to form a new concentric ring.  Thus, the θ0
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BUBBLE

PARTICLE

Figure 2.7. Accumulation of the particles collected by an air bubble.



Laiqun Mao Chapter 2: Flotation Rate Equation 67

must be a step-function with respect to the bubble rise time in a flotation column, as shown

in Figure 2.8, and the particles in the cap area form approximately a close-packed

monolayer.  As θ0 increases with t, Ek’ will increase as suggested by Eq. [2.45]; therefore,

there must exist a time at which the rate of hydrophobic particles being collected by the

bubble is equal to the rate of detachment.  At this point, θ0 reaches a maximum, θ0
max,

which represents a maximum bubble loading.  From each of the θ0 vs. t plot constructed in

this manner, a weighted mean of the θ0 values for all of the particles adhering on a bubble

surface was calculated and used for determining Ek
’ using Eq. [2.45].

Larger θ0 indicates more particles collected by bubble, Eq. [2.45] and [2.26] suggest

that Pd is increased with increasing number of particles in the bubble-particle aggregate.

This is consistent with experimental results which shows that particles more easily detach

from the bubble surface when more particles are in the bubble-particle aggregate (66).

The above analysis is appropriate for the creeping flow regime, the Reynolds

number Re in this regime is less than 5 and the bubble size is less than 210 µm.  For the

larger bubble, the boundary layer separation must be taken into account, as shown in Figure

2.9 (73).  In this case, the rise velocity of the bubble u2 can be calculated from (74):

( ) 

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 ++
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ηρηρη

ρ

12/34.02
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2/1

223

2
23

2

uRuR

Rg
u , [2.46]

where η is the viscosity of water.  Eq. [2.46] is valid for Re ≤ 104 or the bubble of size ≤

2.64 mm.

The stream function (ψ) and the velocity potential (φ) for inviscid ideal flow past a

spherical object were given as (75):
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                0           t

Figure 2.8. Step changes in the cap angle θ0 (shown in Figure 2.6) with bubble rise time t in

a flotation column.  θ0
max represents a maximum bubble loading, which is

obtained when the rate of adhesion is equal to the rate of detachment.

θ0
max

θ0



Laiqun Mao Chapter 2: Flotation Rate Equation 69

Figure 2.9. Boundary layer separation in the inviscid flow regime (73).
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where r and θ 1 are spherical coordinates with the polar axis in the direction of bubble

motion.  Thus the velocity components are:

13

3
2

2 cos1 θφ










+−−=

∂
∂−=

r

R
u

r
U r [2.49]
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The viscous drag stress on the particles attached on the bubble surface is only dependent on

uθ which is a function of θ 1 and y (see Figure 2.9).  There is (73):

),(),( 11 YfyUu θθθθ ⋅= [2.51]

where f is a coefficient function which is determined by θ and Y, and Y is:
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At r = R, or y = Y =0, f (θ1, 0)= 0.  Combining Eqs. [2.50], [2.52] and [2.53], there is:
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Therefore, the tangential surface stress at θ2 is given by:
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and the maximum tangential surface stress at θ2 = θs is:
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and evaluate it as the function of θ0 by numerical integration.  Figure 2.10 shows the

computation results (76).  Substitute Eqs. [2.44] and [2.56] to Eq. [2.43], there is:

( ) θπθηρ 22
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2/1
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2/3
2 sin)(

2

3
' RgRuEk = . [2.58]

This equation is suitable for inviscid flow condition which is often found in typical

flotation systems.
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Figure 2.10. Plot of g(θ0) versus θ0 (76).
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2.3 Experimental

2.3.1  Sample Preparation

Materials

For flotation experiments, fused-silica beads were obtained from Polysciences, Inc.,

New York.  The sample was screened to obtain a -325+400 mesh fraction, which may be

represented as 42.8 µm mean.  For ς-potential measurements, a 2-5 µm fraction was

obtained from the same company.

For contact angle measurements, polished fused-silica plates were obtained from

Heraus-Amersil, New York.  They were cleaned in a boiling nitric acid solution for 5 hours,

rinsed with Nano-pure distilled water, and then stored in Nano-pure water in a clean Pyrex

beaker.  Prior to each experiment, the plate was cleaned with Nano-pure water in the

ultrasonic bath for 10 minutes and dried with a jet of ultra-pure nitrogen gas.

 Methylation

The silica beads and plates were methylated by following a procedure similar to

those described by Laskowski and Kitchener (77) and by Blake and Ralston (78).  The

samples were dried at 100 oC in an oven for 24 hours and, then, contacted with a

trimethylchlorosiliane (TMCS)-in-cyclohexane solution of a desired concentration.

Approximately 2 grams of silica beads (-325+400 mesh flotation feed) and a silica plate

were contacted with 500 ml of a TMCS solution in a beaker.  The beaker was placed in an

ultrasonic bath for 10 minutes to facilitate even distribution of TMCS on the silica surfaces.

The samples were left in solution for 24 hours to complete the methylation, after which they

were filtered while being washed repeatedly with pure cyclohexane.  The samples

methylated in this manner were dried in an oven at 80 oC for 24 hours.  For ς-potential
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measurements, the 2-5 µm glass beads were methylated in the same manner as the flotation

feed.

2.3.2  Single Bubble Flotation Tests

Figure 2.11 shows the single-bubble flotation apparatus used in the present work,

which was essentially the same as used by Schimmoler et al. (14).  The apparatus was

designed to provide a laminar flow condition so that the kinetic energies for bubble-particle

attachment (Ek) and detachment (Ek
’) could be calculated using Eqs. [2.38] and [2.45],

respectively.

Gas bubbles were formed by sparging high-purity nitrogen by means of a syringe

pump (1) through a capillary tubing (hypodermic needle) (2) located at the bottom section

of the flotation column (3).  The column was made of a glass tubing with an inner diameter

of 1 cm.  The top end of the glass tubing was open to a reservoir (4), which was designed to

keep the level of the particle suspension constant so that its downward velocity through the

column could be is kept constant in a given experiment.  The downward velocity was

controlled by means of a stopcock (5) near the end of the column.  The particle suspension

exiting the column was collected in a beaker (6) located below the column, and was

recycled by means of a peristaltic pump (7).  As a bubble rises through the column, it

picked-up hydrophobic particles and entered the Hallimond tube (8).  The top end of the

tube was closed so that the clear water in the tube does not flow out.  The bottom end of the

tube, whose I.D. (=1.5 cm) was larger than that of the column, was positioned close to the

top end of the flotation column so that the bubble-particle aggregate could enter the

Hallimond tube containing clear water. The bubble-particle aggregate entering the tube

broke as it touches the air/water interface, thereby releasing the particles adhering on the

bubble surface.  The particles released from the bubble were collected in the collection

tubing and weighed (9).  In order to be able to collect enough samples to weigh, the single-
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Figure 2.11. A schematic representation of the single-bubble flotation apparatus used in

the present work.  As shown in the inset, the bottom of the Hallimond tube is

brought close to the top end of a flotation column so that bubble-particle

aggregates can readily enter the tube.
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bubble flotation experiment was conducted for an extended period of time, typically 1-2

hours, while single bubbles were released sequentially.  All the flotation experiments were

conducted in 10-3 M KCl solutions.

In a given experiment, the mean bubble size (R2) was determined from the bubble

rise velocity (u2) using the relationship given by McCabe and Smith (79):

( )
u

g R
2

0 71
2

114

3 2
0 71

3
0 29 0 43

0153 2
=

−. ( ). . .

. .

ρ ρ

ρ µ
 , [2.59]

where g is the gravitational acceleration, ρ2 and ρ3 are bubble and fluid densities,

respectively, and µ is the fluid viscosity.  For the conditions employed in the present work,

i.e., ρ2=0, ρ3=1 g/cm3 and µ=0.01 poise at 20°C, Eq. [2.59] becomes:

u2 = 325 R2
1.14  , [2.60]

where u2 is in cm/sec and R2  is in cm.

Once the bubble size was measured, a downward flow of particle suspension was

introduced into the column.  When the system reached a steady state, the time, t, taken for a

bubble to travel from the tip of the capillary to the bottom of the Hallimond tube was

measured.  The effective length of the recovery zone (" ), which is defined as the height of

the particle suspension where bubble-particle interaction takes place, was then calculated

using the following relationship:

" = u2 t , [2.61]

where u2 is the same as obtained using Eq. [2.60] with a stationary electrolyte solution in

the flotation column.  At least ten measurements were taken and averaged to determine t.
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Flotation experiments commenced when the Hallimond tube filled with a clear

electrolyte solution was placed near the bottom of the reservoir as shown in Figure 2.11.

When a sufficient number of particles were collected in the collection tube, the flotation

experiment was stopped and the particles removed.  The collected particles were then

filtered, dried and weighed to determine the number of particles collected (nc) during the

flotation time employed.  The weight-to-number conversion was made using the values of

the average diameter (2R1=42.7 µm) and the density (ρ1=2.65 g/cm3) of the silica beads.  By

dividing nc with the total number of the particles in the paths of all the bubbles used in the

flotation experiment, one can determine the probability of collection (P) as follows (13):

P
n

R nn
c

b

=
π 2

2
"

 , [2.62]

where n is the number concentration of particles in the flotation column and nb is the total

number of bubble used in the flotation experiment.  The experimental P value can be

substituted into Eq. [2.7] to determine the flotation rate constant k.

2.3.3 Contact Angle Measurements

Water contact angles (θ) were measured using the sessile drop technique by means

of a Rame-Hart goniometer.  The sizes of the water droplets ranged from 2-4 mm.  At least

10 separate measurements were taken on different spots of a plate and averaged.  The θ

values of the glass beads were assumed to be the same as those of the silica plates which

had been methylated in the same batch. These values were used to make an initial

estimation of K131 of Eq. [2.35] in the iteration process, as will be further discussed in the

next section.  It has been shown that K131 varies linearly with cosθ at θ<90°C (17).
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2.3.4 ς-Potential Measurements

A Rank-Brothers particle electrophoresis apparatus was used to measure the ς-

potentials of methylated silica particles and nitrogen bubbles.  The methylated silica was

dispersed in a 10-3 M KCl solution with desired pH adjusted by adding aliquots of HCl and

NaOH solutions.  After conditioning for about 10 minutes, a small amount of sample was

removed for potential measurement.

Microbubbles were generated using the apparatus shown in Figure 2.12, this is

similar to those used by other investigators (80, 81).  Nitrogen gas was introduced into a

stainless steel container filled with desired solution to a level of 75% of its volume and kept

at 0.5 MPa internal pressure for 24 hours to assure the solution being saturated by the

dissolved nitrogen gas.  Just before each potential measurement, about 100 ml solution was

withdrawn through the needle valve to a beaker, and a bubble swarm was formed due to the

decreasing of pressure from 0.5 Mpa to atmospheric pressure and moved to the surface of

the solution. After the solution became clear in a few minutes, about 20 ml solution was

introduced into the cell of the electrophoresis apparatus in which small bubbles of size 2-4

µm were observed under microscope, the bubbles stayed in the solution for a few minute,

allowing the potential measurement to be completed.

At a given experimental condition, at least five ζ-potential readings of different

runs were taken and averaged.

2.4 Results and Discussion



Laiqun Mao                                                                     Chapter 2: Flotation Rate Equation 79

N2

Figure 2.12. Experimental setup used for generating micro nitrogen bubbles.
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One can predict the first-order flotation rate constant k using Eq. [2.34], if all of the

parameters are known.  Some of the parameters affect hydrodynamic forces involved in

bubble-particle interaction, while others affect surface forces.  Those affecting

hydrodynamic forces include: particle size (R1), bubble size (R2), which in turn affect the

kinetic energies for bubble-particle attachment (Ek) and detachment (Ek
’) under quiescent

conditions.  The surface force parameters include the energy barrier (E1) for bubble-particle

interaction, surface tension (γlv), and water contact angle (θ) of the particles colliding with

the bubble.  E1 may be determined using the extended DLVO theory incorporating the

electrostatic (Ve), dispersion (Vd) and hydrophobic (Vh) interaction energies (Eq. [2.19]).   In

the present work, Ve is determined using Eq. [2.21] with the Stern potentials of the particle

(ψ1) and bubble (ψ2) substituted by the respective Zeta-potentials (ς1 and ς2) as an

approximation.  Vd, on the other hand, can be determined using Eq. [2.22], provided that an

appropriate Hamaker constant (A132) is known.  It is difficult, however, to determine Vh as

there are no theories to predict the hydrophobic force parameters (K132) for bubble-particle

interactions.  One might consider using the force data obtained using SFA and AFM.  It is

not certain, however, as to whether the force data obtained for solid-solid interactions can

be used for bubble-particle interactions or not.  Furthermore, most of the data reported in the

literature are for symmetric interactions, i.e., between solid surfaces of equal

hydrophobicity.  In flotation, bubble and particle may have significantly different

hydrophobicities, and it is not known how the force constants obtained for symmetric

interactions can be combined for asymmetric interactions.  Therefore, the approach taken in

the present work was to back-calculate Vh from the experimental value of k and the

parameters of Eq. [2.34] that could be determined experimentally or predicted from known

theories.

Table 2.1 shows the values of probability of collection (P) obtained using Eq. [2.62]

and those of k obtained using Eq. [2.7] from the experimental values of P and Sb.  The

values of Sb were obtained using Eq. [2.8] from the values of Vg and R2 employed in the
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Table 2.1 Test Conditions and Results of the Single-Bubble Flotation Experiments Conducted with

Methylated Glass Spheres.

TMCS ψ1 θ 2R2 Sb P kexp

(M) (mv) ( ° ) (mm) (min-1) (×103) (×103 min-1 )

10-6 -63.9 35.2 1.02 1.40 7.46 2.60

10-5 -62.9 39.3 1.01 2.18 9.02 4.91

10-4 -61.1 49.9 0.98 1.90 13.1 6.21

10-3 -60.75 52.2 1.13 1.85 14.37 6.65
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Figure 2.13. Contact angle of the methylated silica as a function of the TMCS

concentration.
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flotation experiments.  The corresponding values of water contact angle are shown in Figure

2.13.

It is shown that the contact angle θ increases with TMCS concentration, indicating

that the silica surface becomes increasingly hydrophobic, as the result, the flotation rate

constant k is increased, which is consistent with industrial practice.  Various surfactants,

known as collectors, are used to selectively increase the hydrophobicity of the particles to be

floated, while keeping unwanted particles remaining hydrophilic.  Thus, the essence of

flotation technology is to control the hydrophobicity of minerals to be separated, which is

achieved by using collectors that adsorb selectively only on desired mineral(s).

Figure 2.14 shows the ζ potentials of the particles methylated at different TMCS

concentration. With increasing TMCS concentration, ψ1 decreases, but this change is not

significant and may be considered in the range of the experimental error. However, the

values reported in present work are considerably more negative than those reported by

Laskowski and Kitchener (21) and Xu and Yoon (10, 11), which may be attributed to the

differences in the sample sources and the methods of preparation.

The ζ potential of bubble (ψ2) obtained in present work is -32.78 mv, which is less

negative than that measured by Jordan (82) despite the fact that the electrolyte (KCl)

concentration used by the latter investigator is higher (0.5 M) than used in the present work

(10-3 M), which may be attributed to the methods of bubble generation.  Yordan used a

porous sparger, which produced significantly larger bubbles than used in the present work.

Using the experimental data shown in Table 2.1, Figure 2.13 and 2.14, contributions

from the hydrophobic force (Vh) to the total interaction energy (Vt) of bubble-particle

interactions were back-calculated using the algorithm given in Figure 2.15.  The Hamaker

constant used in the calculation is -1.0×10-20 J (83).  In the present work, Vh is represented
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Figure 2.14. Zeta-potential of methylated silica as a function of TMCS concentration.
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     K132 = K131

        calculate
       Hc, Ek, Ek’, E1, P, k

      adjust K132

      k ≈ kexp ?

      yes

  K132

no

Figure 2.15. An algorithm for back-calculating K132 using Eq. [2.34] from the

experimental k values and the values of other parameters of the equation that

can be determined experimentally or calculated from theory.  The initial

estimation of K132 was K131.
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by the power law (Eq. [2.25]) rather than the exponential law (Eq. [2.24]) for convenience,

so that the magnitude of the hydrophobic force is represented by a single parameter K132.

Initially, the values of K132 were estimated using Eq. [2.35] by assuming that K132=K131.

The values of K131, in turn, were estimated from the values of θ of the silica samples used

for the flotation experiments using a K131 vs. θ plot reported by Yoon et al. (17).  This plot

was obtained from the direct force measurements conducted with mica surfaces in

equilibrium with dodecylammonium hydrochloride and neutral surfactants (octanol or

dodecanol).  From the initial estimates of K132 obtained as such, the values of E1 and H1

were obtained using the extended DLVO theory (Eq. [2.19]).  E1 is an important

parameter of Eq. [2.34] representing the net effect of the three surface forces, namely,

electrostatic, dispersion and hydrophobic forces.  Although H1 is not a parameter of Eq.

[2.34], its value is needed in calculating Ek.  Recall that Ek is the weighted mean of the

maximum kinetic energies of the particles that can be used for thinning the film between

the particles and a bubble under consideration at a distance of H1.  Those particles

traveling along the north-south pole of the bubble, i.e., α=0, give the maximum kinetic

energies, while those traveling along the grazing streamline have zero kinetic energies

(because ur=0 at the equator of the bubble).  One can also calculate the values of the

kinetic energies for detachment (Ek’) using Eq. [2.45].  In the present work, these values

were used for calculating k using Eq. [2.34].  If the calculated k values were different from

the experimental values, then the value of K132 was changed and the calculation was

repeated until there was a good agreement between the calculated and experimental k

values.

The calculation results are shown in Figure 2.16 to 2.20.  Figure 2.16 shows the

values of H1 and E1 as a function of TMCS concentration.  H1 increases with increasing

TMCS concentration, indicating that the thin film between bubble and particle ruptures at

increasingly long distance.  This is obviously related to better hydrophobicity of the

particle achieved at higher concentration of TMCS which produces stronger attractive
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Figure 2.16. The values of H1 and E1 as a function of TMCS concentration.
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hydrophobic force for bubble-particle attachment.  This enhanced attractive force can

easily overcome the repulsive double layer and dispersion force, and thus the activation

energy E1 is reduced.

Figure 2.17 shows the values of Ek and Ek’ as a function of TMCS concentration.

Ek obviously increases with increasing TMCS concentration, which is attributed to the

increasing of the critical thickness H1.  As shown in Figure 2.5, the value of β is

obviously increased with decreasing distance between bubble and particle, especially

when the particle is very close to the bubble surface, in this case, a small increasing of H

can result in significant decreasing of β, and thus the resistance force (Fr) is greatly

reduced. That means, the kinetic energy of the particles which is used to overcome the

energy barrier is required much less or the kinetic energy of the particle is significantly

higher at a little bit longer distance.  Ek’ also increases with TMCS concentration, this is

mainly due to the fact that, with the increasing of the hydrophobicity of the particles, E1 is

decreased and Pa is increased, the number of the particles collected by each bubble is

increased, thus θ0 is increased (see Figure 2.6), resulting in increasing of Ek’ (see

Equation 2.45).

The values of the hydrophobic force parameter K132 is considerably increased with

increasing of TMCS concentration, as shown in Figure 2.18.  K132 is the quantitative

representation of the hydrophobic force, the increasing of its values clearly related to the

improvement of the hydrophobicity of particles.

The calculation results of K132 values for different interfaces are summarized in

Table 2.2.  It turned out that K132 was much larger than K131, suggesting that the air

bubbles used in the flotation experiment were substantially more hydrophobic than the

silica particles.  Based on the equilibrium film thickness measurements conducted on free

films, Aksoy (36) showed that air bubbles are hydrophobic and the hydrophobicity
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Figure 2.17. The values of Ek and Ek’ as a function of TMCS concentration.
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Figure 2.18. Relationship between K132 and TMCS concentration.
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Table 2.2. Computation of K132 Using Eq. [2.34] from the Data Given in Table 2.1 by

following the Algorithm Shown in Figure 2.15

TMCS K131
 a K232

 b K K131 232⋅ K132

(M) (×1021 J) (×1017 J) (×1019 J) (×1019 J)

10-6 1.45 0.4-3.0 0.76-2.08 0.57

10-5 1.99 0.4-3.0 0.89-2.44 0.75

10-4 5.15 0.4-3.0 1.44-3.93 1.39

10-3 6.51 0.4-3.0 1.61-4.42 1.69

a form Yoon et al (17).

b from Aksoy (36)
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increases with decreasing surfactant concentration.  By extrapolating the data to very low

surfactant concentrations (<10-5 M), he estimated the hydrophobic force constant (K232) of

air bubbles to be approximately 10-17 J in the absence of surfactants as shown in Table 2.2.

This value is larger than those (K131) of many hydrophobic surfaces whose θ‘s are in excess

of 90o.

It is interesting to note that the K132 values obtained in the present work are close to

the geometric means of K131 and K232, i.e.,

K K K132 131 232= ⋅  , [2.63]

rather than the arithmetic and harmonic means of the two.  This is the first time to find the

relationship (named “Combining Rule”) among the hydrophobic force parameters for

different interfaces based on the experimental results, it is consistent with those reported

later by Flinn (84) based on the direct force measurements conducted with symmetric and

asymmetric solid surfaces using an AFM.  Eq. [2.63] shows that hydrophobic forces are

additive and can be combined just like the Hamaker constants.

If two of three hydrophobic force parameters in Eq. [2.63] are known, the third

one can be calculated using the combining rule.  Especially, when one of the K

parameters is very difficult or even impossible to be determined experimentally, using

combining rule is the only way to obtain its value.  For example, it has been shown that,

the K132 value for bubble-particle interaction is very difficult to be measured, but the K131

for solid-solid interaction can be determined using SFA or AFM, and K232 for bubble-

bubble interaction can be determined using Thin-Film-Balance (TFB) technique, thus

K132 can be calculated using Eq. [2.63].  However, when the hydrophobicity of the solid

surface is very high, it’s very difficult or impossible to accurately measure such a strong

hydrophobic force between two symmetric solid surfaces (K131) using AFM.  One may

determine the hydrophobic force between two solid surfaces with less hydrophobicity
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(K232), and then measure the hydrophobic force between surface with same

hydrophobicity as solid 1 and one with same hydrophobicity as solid 2.  These are

possible because the hydrophobic forces are much weaker in the latter two cases, and

both K132 and K232 are substantially lower than K131, thus the value of K131 can be

calculated from K132 and K232 using combining rule.

Based on the K132 values back-calculated from the experimental rate constants for

the single-bubble flotation experiments, it is now possible to construct the potential energy

vs. distance diagrams for bubble-particle interactions.  Figures 2.19 and 2.20 show the

diagrams for the silica particles methylated at 10-6 and 10-4 M TMCS.  In either case, both

electrical and dispersion energies are repulsive, while the hydrophobic forces represent the

only attractive force for bubble-particle interaction.  Note that K132
  increased from 0.57x10-

19 J to 1.39x10-19 J due to the increase in TMCS concentration.  This increase is largely

responsible for the decrease in E1 from 12.0x10-17 J to 6.83x10-17 J and, hence, the increase

in k from 2.60x10-3 to 6.21x10-3 min-1.  Although the decrease in the repulsive electrical and

dispersion energies also contributes to the decrease in E1, the hydrophobic force plays the

most decisive role.

It is interesting to note that the value of K232 is four-orders of magnitudes larger than

those of K131, indicating that air bubbles is substantially more hydrophobic than the particles

used in the flotation experiments conducted in the present work.  On the other hand, the

values of K132 are approximately two orders of magnitudes larger than those of K131.  These

results suggest that control of bubble hydrophobicity is important in flotation.

Since the net surface force between bubble and particle becomes attractive at H1

(see Figure 2.2), it may be reasonable to expect that the intervening film should rupture at

distances below H1.  However, the values of H1 given in Table 2.2 are in the range of 4-8

nm, which are substantially smaller than the critical rupture thickness measured with

wetting films.  Derjaguin et al. (85) reported values in the range of 200-300 nm, while those
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Figure 2.19. Potential energy vs. distance diagrams for the interaction between

methylated silica particles of radius 42.8 µm and air bubbles of radius 0.51

mm.  The silica particles were methylated in a 10-6 M TMCS solution.  The

value of K132 was back-calculated using Eq. [2.34] from the experimental k

value using the algorithms shown in Figure 2.15.
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Figure 2.20. Potential energy vs. distance diagrams for the interaction between

methylated silica particles of radius 42.8 µm and air bubbles of radius 0.47

mm.  The silica particles were methylated in a 10-4 M TMCS solution.  The

value of K132 was back-calculated using Eq. [2.34] from the experimental k

value using the algorithms shown in Figure 2.15.
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reported by Blake and Kitchener (22) are in the range of 60-220 nm.  Both of these reports

were for methylated silica in water.  Although smaller rupture thicknesses were measured

with silica surfaces equilibrated in dodecylammonium chloride solutions (28), all of these

values are substantially larger than those of H1 calculated in the present work.  That the

TMCS concentrations used in the present work were much lower than those used by

Derjaguin et al. and Blake and Kitchener may be a reason.  It is also possible that wetting

films rupture due to other mechanisms such as local fluctuation (86) and nucleation (87, 88)

at thickness significantly larger than predicted by the extended DLVO theory.  Further

investigation is needed to more fully explain the discrepancy.

Although froth flotation is widely used in the minerals industry, it is effective over a

relatively narrow particle size range, i.e., 5<R1<50 µm (89).  Eq. [2.34] suggests methods of

expanding both the upper and lower particle size ranges for flotation.  It shows that the

flotation rate varies as (R1/R2)
2, suggesting that for fine particle flotation smaller bubbles

must be used.  It also shows that the flotation rate varies as Sb, which in turn varies as R2
-1;

therefore, the flotation rate should vary approximately as R2
-3 at low Re, which has been

shown to be the case in experiment (90).  Most of the new generation flotation machines

developed in recent years are based on using small air bubbles, which is often referred to as

microbubble flotation.  Eq. [2.34] suggests also that the difficulty in floating coarse particles

is due to the high probability of detachment, which in turn is a function of detachment

kinetic energy (Ek
’).  As shown in Eq. [2.45], Ek

’ varies as R1
2 and R2

2.  Therefore, the

coarse particle flotation should also be improved by using smaller air bubbles.  Indeed,

recent installation of a microbubble flotation column at the Peak Downs coal preparation

plant significantly improved the coarse particle recovery (91).  On the other hand, an

excessive use of a frothing agent, which may be required to reduce the bubble size, can be

detrimental to the coarse particle flotation.  According to Eq. [2.34], the detachment

probability should decrease with increasing γlv.  Therefore, developing a frothing agent that

can decrease bubble size without suppressing γlv excessively may be important for
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improving coarse particle flotation.  This suggestion may be consistent with a report which

claims that ethoxylated frothing reagents improve coarse particle flotation (92).

With the Combining rule (Eq. 2.63) and the rate equation (Eq. 2.34), the flotation

rate can be predicted based on the results of the measurements on the hydrodynamics and

surface chemistry of the system.  The values obtained can be compared with the

experimental results of single bubble flotation to validate the rate equation.

Figure 2.21 and 2.22 show the comparison between the experimental results (kexp)

and calculated values (kcal) of the flotation rate constants using the typical value of K232

(=1×10-17 J) and the best-fitting value (=4×10-18 J) respectively.  A good correlation

between kcal and kexp is observed, although more derivation deviation is seen in the Figure

2.21.  Clearly, this discrepancy is mainly due to the value of K232 used in the computation.

Since K232 is estimated by extrapolating the experimental data, its exact value in absence

of surfactant is still not available.  However, in many flotation system, the concentration

of the surfactant is high enough to determine the value of K232 with similar technique

used by Aksoy (36), thus the flotation rate can be predicted with Equation 2.34.

2.5 Summary and Conclusions

A first principle flotation rate model was developed by considering both

hydrodynamic and surface forces involved in bubble-particle interactions.  A new technique

was proposed to determine the kinetic energy for bubble-particle adhesion, and a general

expression for bubble-particle detachment was developed.  Three surface forces, namely,

ion-electrostatic, dispersion and hydrophobic forces, were considered.  Since insufficient

information is available on the hydrophobic force, its contributions were back calculated

from the rate constants determined in single-bubble flotation experiments.   The results

show that the hydrophobic force constants for bubble-particle interactions (K132) are in the
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Figure 2.21. The comparison between the experimental data (kexp) and the calculated

values (kcal) of flotation rate constant.  The value of K232 used in the computation is 1×10-

17 J.
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Figure 2.22. The comparison between the experimental data (kexp) and the calculated

values (kcal) of flotation rate constant.  The value of K232 used in the

computation is 4×10-18 J.
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range of 0.6-1.7x10-19 J, which are substantially larger than those (K131) for particle-particle

interactions but smaller than those (K232) for air bubbles interacting with each other in the

absence of surfactants.  The K132 values obtained in the present work are close to the

geometric means of K131 and K232, thus a new equation, named “combining rule”, was

proposed for the first time to express the relationship among the hydrophobic force

parameters for different interface.  The relationship may have great potential application in

determining the hydrophobic force which is otherwise very difficult or impossible to be

determined.  This finding is consistent with the conclusion derived from direct force

measurements conducted later with symmetric and asymmetric solid surfaces.  The K132

values determined in the present work were used to construct potential energy vs. distance

diagrams for the interaction between methylated silica and air bubbles during flotation.

They show that the hydrophobic force plays the most important role in decreasing the

energy barrier for bubble-particle interaction and, hence, increasing the flotation rate.  The

flotation rate equation derived in the present work suggests various methods of improving

the flotation of both fine and coarse particles.

The comparison results between the experimental data and the calculated values of

the rate constants demonstrate that, the model proposed in present work can be used to

predict the flotation rate constant.  The value of K232 is important in the computation, which

can be determined experimentally for the typical flotation systems.
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CHAPTER 3:  SIMULATION OF FLOTATION PROCESS

3.1  Introduction

In the froth flotation process, hydrophobic particles are separated by floating them

to the top of a liquid suspension with air bubbles, while particles that are naturally

hydrophilic, or are rendered so by means of suitable treatment, remain in the liquid and

are drained out.  This techniques has been used in industries for over 100 years to

separate a variety of minerals from ore pulps in the production of metals and in the

purification of substances such as quartz, mica, phosphates, etc.  Traditionally, flotation is

also used to recover fine coal, but the emphasis of recent application has been on coal

beneficiation in a view of removing pyrite and other minerals from coal.  The more and

more strict environmental requirements have lent much impetus to the optimization of

design and operation of a coal flotation that would make fine coal desulfurization

economically feasible on a large scale.  An essential requirement for such an optimization

is the availability of the mathematical model that can predict the performance based on

the parameters in the flotation system.

The fundamental mechanism of flotation is attaching hydrophobic particles to air

bubbles.  To model this process, it is necessary to understand both hydrodynamic and

hydrophobic forces involved.  Many of the models developed in the past were successful

in incorporating the hydrodynamic forces created both under turbulent and quiescent

conditions (1-4).  However, it was proved to be more difficult to incorporate the effects of

surface forces in the model, mainly due to the lack of information in quantifying the

magnitudes of attractive forces.
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Derjaguin and Duhkin (5, 6) were the first to use the surface forces to model

bubble-particle interactions.  However, they only considered the electrostatic and van der

Waals forces, which forms the basis of classic DLVO theory (7-10).  Neither of these two

forces is attractive when both the bubbles and particles are charged negatively, as is often

the case in flotation practice.  This situation leaves one with a bubble-particle adhesion

model without a driving force.  It was not until 1982 when Israelachivili and Pashley (11)

measured attractive forces between hydrophobized mica surfaces that the possibility of

modeling bubble-particle interactions began to emerge (12-20).  These authors measured

the attractive force, which was appropriately named hydrophobic force, that was 10 times

larger than the van der Waals force.  Many investigators subsequently reported the

measurement of stronger hydrophobic forces using the surface force apparatus (SFA) and

atomic force microscope (AFM) (21-27).  Although its origin is still being debated, there

seems to be unequivocal evidence for the existence of hydrophobic forces.

A series of work conducted at Virginia Tech (12, 14) showed promising results

for modeling bubble-particle interactions by incorporating hydrophobic forces. The first-

order flotation rate equation derived in the previous chapter is the consequence of these

researches which for the first time combined both hydrodynamic and surface forces in a

single analytical expression.  In this chapter, the equation has been used to predict

flotation rates as functions of some of the important variables such as contact angle,

which is the traditional measurement of the hydrophobicity of minerals, electrical double-

layer potentials (or ζ-potentials) of the particles and bubbles, and bubble size.  An

advantage of the flotation rate model based on first principles is that it can not only

predict the results of changing variables but also provides mechanistic interpretations for

the results.
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3.2 Parameters in Bubble-Particle Interactions

The operating characteristics of a flotation system depend on many independent

physical and chemical aspects in a complex manner.  Huber-Panu et al stated that (28), a

complete model should account for the following factors on which the performance of a

flotation process depends: (a) those that are determined by the feed ore, flotation reagents

and steps of ore preparation prior to application of flotation, (b) those that are determined

by the design of the flotation process, i.e., the mixing and aeration characteristics of the

machine, and  (c) the pulp transport characteristics.  Lynch et al (29) gave a taxonomy of

the different variables, and classified the independent variables into two categories:

manipulated variables ( e.g., air addition, pulp levels, reagent addition, etc.) and

disturbance variables (e.g., degree of oxidation, head grade, etc.). They also classified the

dependent variables into two categories: performance variables of the final product (e.g.,

grade, recovery, flow rate, pulp density, etc.) and performance variables of the

intermediate product of a similar nature contained in the rougher and scavenger

concentrate.  Dowling et al (30) considered the flotation system as giving a response that

for a given ore is related to three factors: chemical, equipment and operation as shown in

Figure 3.1. A change in any one of these factors may result in a change in the overall

flotation response.  However, these factors are all closely related to the hydrodynamics

and surface chemistry properties of the flotation system which are usually included in the

fundamental flotation model. For a specific ore, these relationships can be determined

empirically based on the experimental results.  In present work, the parameters included

in the flotation model instead of the factors shown in the Figure 3.1 were considered as

the variables in order to obtain more general results of simulation.

The flotation rate equation derived in the previous chapter gives:
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EQUIPMENT FACTORS

Cell Design
Agitation
Cell Bank Configuration
Cell Bank Control
Froth Removal

OPERATION FACTORS

Feed Rate
Mineraligy
Particle Size
Pulp Density
Temperature
Air Flow
Froth Removal

CHEMICAL FACTORS

Collectors
Frothers
Activators
Depressants
pH

FLOTATION
SYSTEM

Figure 3.1. Process of flotation illustrated as a three-cornered interactive system (30).
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This equation will be used in the simulation to determine the rate constant k as a function

of different hydrodynamics and surface chemistry parameters involved in the flotation

system, which are shown in Figure 3.2.  From the detail expressions for the parameters in

Eq. [3.1], it can be seen that, the hydrodynamics of the system determines Sb and all three

probabilities, while the surface chemistry properties only affect Pa and Pd.

However, some of parameters shown in Figure 3.2, such as densities ρ1 , ρ2 , ρ3,

are usually constants, they can not be changed by operation factors.  Some of them, such

as electrolyte concentration C, may affect other parameters, but their relationships, which

are necessary for simulation, are not available now, as discussed in following section.

Therefore, in present simulation, only several important parameters were examined one

by one to determine their influences on the flotation rate constant k, while the others are

kept constant.

3.3 Simulations with Varying Parameters

3.3.1 Effect of Surface Potential

As mentioned earlier, there are two repulsive forces in bubble-particle interaction,

double layer force and van der Waals dispersion force.  Usually, the dispersion force is

relatively weak when the electrolyte concentration is not very high, thus the repulsive

force is primarily dependent on the double layer force which is mainly determined by the
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Figure 3.2. Effects of hydrodynamics and surface chemistry parameters on the components of rate constant.
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surface potential.  Fig 3.3 shows plots of rate constant (k) vs. the surface potential (Ψ1) of

particles at two different K132 values, while keeping other parameters of the equation

constant as follows: ψ1=-60 mV, ψ2=-30 mV, R1=20 µm, R2=500 µm, and A132=-1.0x10-

20 J, where the subscripts 1, 2 and 3 refer to particle, bubble and water, respectively.  The

calculation was carried out at Sb=1.53 min-1 in order to compare the values of k with the

single bubble flotation test, and γlv is 72.6 dyne⋅cm.

At K132=1×10-19 J, k increases sharply with decreasing magnitudes of Ψ1.  This

can be explained by the decrease in repulsive electrostatic energy (Ve).  (Note here that

the calculations were carried out for the case of both bubbles and particles being

negatively charged.)  A decrease in Ve results in a decrease in E1, as shown in Figure 3.4,

which in turn increases Pa and, hence, k.  The increase in k tapers off significantly when

the magnitude of Ψ1 is less than 20 mV.  In this case, the change in Ψ1 does not affect E1

significantly, because the contribution from Ve to V is relatively small.  The increasing of

the rate constant with decreasing magnitude of the surface potential of particles has been

recognized in many experiments (31-35), demonstrating that the double layer force plays

an important role in flotation.

The results obtained with a more hydrophobic mineral particle, i.e., K132=2×10-19

J, show the same trend.  However, the k values are substantially higher than those of the

less hydrophobic particles.  This is consistent with experience, and can be explained by a

decrease in E1 with increasing K132.  However, the effect of the surface potential of

particles becomes less significant, which is due to the fact that the increasing of the

attractive force reduces the relative contribution of the double layer force to the total

energy. It may be expected that, if K132 is further increased, eventually k will become a

constant. Therefore, to achieve better flotation results by controlling the surface potential

of both particle and bubble is effective only when K132 is relatively low.
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Figure 3.3. Effects of ψ1 on k at two different K132 values, as predicted from Eq. [3.1].

Other parameters used for the calculation were as follows: R1=20µm,

R2=500 µm, Sb=1.53 min-1 and γlv=72.6 dyne⋅cm.
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It is interesting to note that the two minerals with different hydrophobicities show

larger differences in k values when the magnitudes of Ψ1 of the two minerals are large.

This finding suggests that the flotation selectivity can be maximized when the magnitudes

of Ψ1 are maximum values.  This is probably the reason why many sulfide minerals are

floated at alkaline pH.  The flotation results of chromite reported by Sysilä et al (36)

shows that, when the difference of Zeta-potentials between chromite and gangues

decreases, the flotation selectivity is deteriorated. This is consistent with current

simulation results.

There is the maximum value of rate constant which is independent on the surface

potential and hydrophobic force parameters. In this case, the activation energy E1 = 0, Pa

is unity, the hydrodynamic condition may play more important role than surface forces.

3.3.2 Effect of Hydrophobic Force Parameter

The values of K132 represent the magnitudes of hydrophobic interactions between

particles and air bubbles.  Usually, when the surfactant concentration in the solution is not

very high and the hydrophobicity of bubble surface is not changed obviously, K132 is

mainly dependent on the hydrophobicity of the solid surface.  Figure 3.5 shows the effect

of K132 on the rate constants for two particle sizes.  Generally, the rate constant of 40 µm

particles is larger than that of 10 µm particle, which is consistent with the experimental

results reported by Blake and Ralston (37), and clearly attributed to the higher kinetic

energy of the larger particles.  It can be seen that, with the increasing of the K132, the rate

constant (k) is increased slowly first, and then obviously after K132 reaches 5×10-21 J

which is independent on the particle size.  When K132 is larger than 3×10-19 J, k

approaches a constant which is clearly a function of particle size.
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Figure 3.5. Effects of K132 on k at two different particle sizes, as predicted from Eq.

[3.1].  Other parameters used in the calculations were same as in Figure

3.3.
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There is a critical value of K132 at which the rate constants of all particles begin to

significantly increase. This value is independent on the particle size, when K132 is

increased beyond this certain value, the flotabilities of all particles are obviously

enhanced.  Similar “cut-off” values was found in flotation tests performed with

methylated quartz particles (37), and now can be explained by the energy changes in the

flotation system, as discussed in the following discussion.

Figure 3.6 demonstrates the changing of the total energy curves with increasing

K132. Obviously, larger K132 means stronger hydrophobic attractive force which decreases

the activation energy (E1). On the other hand, increasing K132 results in a larger critical

thickness (Hc), and thus the kinetic energy between bubble and particle (Ek) is increased.

These two energy changes, as shown in Figure 3.7, enhance the flotation rate.  When K132

is larger than 3×10-19 J, because Ek is much higher than E1, the probability of adhesion Pa

is close to unity, in these cases, the rate constant is determined by hydrodynamics of the

flotation system which is clearly related to the particle size.

3.3.3 Effect of Contact Angle

K132 indeed represents the hydrophobic force between bubble and particle,

however, it is difficult to be determined experimentally.  Optical film thickness and

ellipsometric measurements are two traditional techniques to examine the interactions

between bubble and particle (38-44).  Recently, Atomic Force Microscope (AFM) is used

to study the wetting film, and considered as one of the most perspective techniques for

direct measurement of bubble-particle interaction (45-48), but the difficulties involved

still exist in the experiment.  Since the surface area of the particle is very small and a

bubble must be introduced, it is almost impossible to keep the entirely system
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contaminant free (45, 46), that is one of the weaknesses of the colloid probe techniques,

different people may obtain different results even for the same system.  In addition, the

heterogeneous properties of the particle surface or the deficiencies of the silanation

reagents used may cause unexpected interaction between bubble and particle which

makes it difficult to analyze the experimental results (47).  Also, it has been shown that

(45), sometimes not only the particle snapped into the bubble but also part of the

cantilever followed, which gives force-versus-distance curves with a variety of shapes.

The problem becomes more complicated in the experimental results reported by Fielden

et al (47), they showed a clear dependence on loading force, which may suggests that the

hydrodynamic force is not always ignorable.

The deformation of bubble surface remains a problem to be solved, which makes

it very difficult, if not impossible, to determine the absolute distance between bubble and

particle (46), therefore the force curves obtained experimentally is hard to be fitted with a

DLVO theory.  The origin of the hydrophobic force between bubble and particle is still

being debated, many experimental results support the “cavitation” mechanism, in these

cases, the “jump” distance varies widely, as observed by Ducker et al. (46). Since it is

almost impossible to get ride of the dissolved gas, the result is dependent on how to

prepare solution between bubble and particle (49).

The difficulties involved in the direct force measurement of bubble-particle

interaction make it inconvenient to use K132 in practice. An alternative of K132 is contact

angle, which has been traditionally used to represent the hydrophobic force.  In most

cases, higher water contact angle indicates better hydrophobicity, and thus higher

recovery of minerals may be achieved.  One important reason to use contact angle in

practice is that it is very convenient to be determined experimentally. However, contact

angle only reflects the property of mineral surface, while according to Aksoy’s

investigations, the surface property of bubbles may also play an important role in bubble-

particle interaction especially when the concentration of surfactant is high.  Nevertheless,
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the investigation of the effect of contact angle on the rate constant requires the

relationship between K132 and contact angle, unfortunately this relationship is not

available now.

 A indirect way to connect K132 to contact angle is based on the combining rule

represented by (15, 50):

K K K132 131 232= ⋅ , [3.2]

where K131 and K232 are the hydrophobic force parameters for solid/solid and

bubble/bubble interactions respectively.  Figure 3.8 shows the relationship between K131

and contact angle obtained from the direct force measurements conducted with mica

surfaces in equilibrium with DAH and neutral surfactants (51).  The values of K232 were

determined by Aksoy (52) using the thin film balance (TFB) of Sheludko-type as a

function of surfactant concentration, as shown in Figure 3.9.  At zero surfactant

concentrations, the value of K232 is approximately 10-17 J.  The data in these two figures

can be used to calculate K132 as a function of the contact angle of solid surface with

Equation [3.1], the results are shown in Figure 3.10.  As expected, K132 increases with

increasing contact angle due to better hydrophobicity of the solid surface.  This

relationship can be used in the simulation to investigate the effect of the contact angle on

the flotation rate constant.

Fig. 3.11 shows rate constant as a function of θ , other parameters used for the

calculation are the same as in Figure 3.3.  As expected, k is shown to increase with

increasing θ, which is consistent with the conventional wisdom and the experimental

results reported in the literature (53).  The increase in k with θ can be attributed to the

increase in the attractive hydrophobic force, which in turn contributes to the decrease in

the energy barrier (E1) for bubble-particle adhesion, as shown in Figure 3.12.  A decrease

in E1 results in an exponential increase in the probability of adhesion (Pa), and thus the
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Figure 3.8. Hydrophobic force parameter as a function of contact angle.  From

reference (51).
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the extended DLVO theory. From reference (52).
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calculation were same as in Figure 3.3.  At a given θ, a value of K132 was

obtained from the values of K131 and K232 (=10-17 J) using the combining

rule (Eq. [3.2]).
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 rate constant is sharply increased as θ increases from approximately 20 to 50o.  After θ

increases above 50o, the increase in k tapers off significantly.  In these cases, E1

approaches zero and Pa does not increase any further.

It was shown that an increase in θ causes an increase in work of adhesion (Wa),

which in turn results in a decrease in the probability of detachment (Pd) (see Eq. [3.1]).

Therefore, the increase in k with θ should also be ascribed to the decrease in Wa and,

hence, in Pd.  However, the increase in k due to the decrease in Pd is relatively small for

the particles of 20 µm radius considered in the present calculation.  Nevertheless, the

effect of decreasing Pd with increasing θ becomes significant at θ>50o, where E1

approaches zero.  Thus, the small increase in k at θ>50o can be attributed to the decrease

in Pd with increasing θ.  For larger particles, k should increase more significantly with

increasing θ, as Wa varies as R1
2.  This is consistent with the industrial practice, in which

coarse particle flotation is aided by the addition of mineral oils, whose role is to increase

the particle hydrophobicity and, hence, increase the work of adhesion.

Figure 3.11 shows that k has a finite value, as θ approaches zero.  This may seem

contradictory to conventional wisdom, because it is generally viewed that flotation is not

possible when θ is zero.  The fact that Eq. [3.1] gives finite values of k at low values of θ

may be explained as following.  According to Eq. [3.2], K132 is given as a geometric mean

of K131 and K232.  In the present work, the value of K232 is taken to be 10-17 J based on the

thin film balance work reported by Aksoy (52).  The value of K131 decreases with

decreasing θ (51), but it is not likely that K131 becomes zero at low values of θ.  In this

case, K132 will have small but finite values, which will in turn result in large but finite

values of E1.  This will give rise to finite values of Pa, according to Eq. [3.1], and hence

small values of k.
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3.3.4 Effect of Electrolyte Concentration

Figure 3.13 shows the effect of the electrolyte concentration on k at various

surface potentials of particles (ψp). Other parameters used in the calculation are the same

as in Figure 3.3.  The results show that, with the increasing of the electrolyte

concentration, the rate is decreased first and then increased, demonstrating a minimum

value of k.  This can be explained by the changes of E1 and Ek.  As shown in Figure 3.14,

the presence of the electrolyte in the solution compresses the electrical double layer and

reduces the double layer repulsive force, as the results, the critical thickness (Hc) is

decreased, and both kinetic energy ( Ek ) and activation energy ( E1 ) are decreased.

However, the magnitudes of these two energy decreasing are different, when the

electrolyte concentration is relative lower, Ek reduces much more significantly than E1,

resulting in a decreasing of the rate constant. After the electrolyte concentration reaches a

certain value, the decreasing of E1 becomes dominative, which increases the rate constant.

Figure 3.13 also shows that, the effect of the electrolyte concentration is more

significant when the surface potential of particles (ψp) is higher, which is clearly related

to the more obvious reduction of the double layer force.  In addition, the minimum value

of k shifts to right with increasing ψ1, which is due to the fact that, when ψp is higher, the

stronger double layer force slows down the decreasing of E1, thus higher electrolyte

concentration is needed for the change of E1 to be dominative.

Figure 3.15 shows the experimental results of the flotation of the silica particles

with DAH as a collector.  The results shows that, when DAH concentration is 1x10-5 M,

there is a minimal value of rate constant, but when the concentration of DAH is 1x10-4 M,

the minimal rate constant disappears.  This is due to the fact that, the simulations were

carried out based on a necessary assumption of a constant K132 at different electrolyte

concentration. However, increasing the electrolyte concentration may also change the
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hydrophobic force parameter (54-57), which can not be simulated without the relationship

between K132 and the electrolyte concentration. Usually, increasing the electrolyte

concentration may reduce the hydrophobic force, resulting in decreasing of the rate

constant, this occurs especially in the flotation of minerals with good hydrophobicity.

An increasing flotation rate with increasing electrolyte concentration were also

apparent in the work of other investigators (37, 53, 58-60) which is conventionally related

to a reduction in double layer repulsion between bubble and particle (61, 62).  This

observation indicates that, the hydrophobicity of particles required to flotation is less

strict in higher concentration of electrolyte, which is obviously advantageous in

recovering weakly hydrophobic minerals.

3.4.5 Effect of Particle Size

Particle size has been recognized as an important parameter which may obviously

affect the flotation rate, earlier theoretical analysis (63,64) suggest that:

k dp
n∝ , [3.3]

where dp is the particle diameter and n is a constant.  Eq. [3.3] can be written as:

( ) ( )log logk n dp∝ . [3.4]

Eq. [3.4] indicates a linear relationship between log(k) and log(dp) which was observed in

many experiments, and the constant n is dependent on the flotation system (53, 63-69).

The data from a large number of batch flotation tests (53, 65, 66) shows that n is a unity,

some flotation experiments performed with spherical particles support a value for n

falling between 1.5 and 2 (67, 68, 70), whereas for oil droplets n is reported as 1-1.8 (69).
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The effects of other parameters were considered to attribute the difference in n (37, 53,

60).

Figure 3.16 shows the rate constant as a function of particle size at two different

K132 values.  Other parameters are the same as those in Figure 3.3.  As expected, k is

shown to increase with increasing particle size, and there is a linear relationship between

log(k) and log(dp) which is consistent with the experimental observations described in the

previous paragraph.  Note that simulation results at different K132 values give different

slopes of lines, indicating that the value of n does depend on other parameters in flotation

system.

The increasing of k with particle size can be explained by the changes of E1, Ek

and Ek’, as shown in Figure 3.17. With increasing particle size, all three energies are

obviously increased.  However, the increasing of Ek is much more significant than those

of E1 and Ek’, which results in increasing of Pa and thus k.  Although Pd is also increased

due to the increasing of Ek’, the change is too small to compensate the increase of Pa.

3.4.6 Effect of Bubble Size

Bubble size has long been recognized as one of the most important parameters in

flotation. Earlier work on the hydrodynamics of bubble-particle adhesion suggested that

the probability of collision increase with decreasing bubble size. As the result, the

flotation rate and hence recovery should increase with the decreasing bubble size. Figure

3.18 shows the effect of bubble size on k at various K132 values.  Other parameters, except

Sb, used in the calculation are the same as those given in Figure 3.3. The results show that

at a given K132 there exists an optimum bubble size (R2) for the maximum k.

The increase in k with decreasing R2 is clearly attributed to the increase in Pc (71).

Figure 3.19 shows the changes in Pc with R2 under conditions employed in the present
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The air flow rate (Q) was kept constant at 0.04 ml/min., while the value of

K132 used for the calculation was 1.0×10-19 J.  Other parameters used in the

calculation were same as in Figure 3.3.
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calculation.  Also shown in Figure 3.19 is the fact that Sb increases with R2 at a given

aeration rate (0.04 ml/min.), this is another important contribution to the increasing of the

rate constant with decreasing of the bubble size which has been ignored before.

Therefore, the increase in k with decreasing R2 can be attributed to the increase in both Pc

and Sb. However, a decrease in R2 also causes a decrease in Pa, providing an explanation

for the decrease in k when R2 is below the optimum bubble size.  This is due to the fact

that, with the increasing of R2, both kinetic energy (Ek) and activation energy (E1)

between bubble and particle are increased, however, Ek increases more significantly than

E1 as shown in Figure 3.19, which results in a increasing of k.  Obviously, when the

bubble size is below the optimum value, the effect of increasing Pa overwhelms that of

decreasing Sb and Pc, but the latter effect dominates the rate constant when the bubble is

larger than the optimum size.  Recently, Wang et al showed that such optimum bubble

size is also important for inclusion removal from molten steel by flotation (72).

Figure 3.18 also shows that, k increases with increasing K132, which is obviously

due to the increasing of hydrophobic force between bubble and particle. The optimum

value of R2 is also dependent on K132, it shifts to lower R2 values as shown in Figure 3.18

as mineral particles become more hydrophobic.  This can be explained by the fact that the

Pa curve shown in Figure 3.19 shifts to smaller R2 values.  At a given R2, Pa should

increase with increasing particle hydrophobicity and, thus, the shift in Pa curve.  It can be

expected that, if K132 is continuously increased, the peak of k curve will shift left further,

eventually, for very hydrophobic particles, the peak will be at very small bubble size, in

this case, Pa is actually a unity, one may only find the effect of Sb and Pc in the normal

range of bubble size (60, 71).

It is interesting to note that, the difference between two curves in Figure 3.18 is

also a function of bubble size, that means, bubble size is an important factor to determine

the selectivity of separation, and there is a optimum value of bubble size at which the best

selectivity can be achieved.  Figure 3.20 shows the experimental results reported by
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Szatkowski and Freberger (73), it can be seen that there do exist an optimal bubble size

for selectivity. In industrial practices, the selectivity is also dependent on the distribution

of the bubble size.

3.5 Summary and Conclusions

A flotation rate equation developed in the previous chapter has been used to

predict flotation rates as functions of various parameters of characteristics of minerals to

be floated and of operating conditions.  Although the model predictions need to be

validated experimentally in future work, they are consistent with what is expected from

experience.  The model is capable of not only predicting flotation rates but also

explaining the mechanisms involved.  The model predicts that flotation rate increases

with decreasing magnitudes of the double-layer potentials of the mineral particles.  When

both the minerals and air bubbles are charged negatively, the model suggests that the

maximum selectivity can be achieved when the minerals have large negative potentials.

The model also predicts that the rate constant increases with increasing K132, which is

attributed to the decreasing of activation energy (E1) and increasing of the kinetic energy

(Ek) for bubble-particle attachment.  The flotation rate increases with increasing contact

angle, which can be explained by the decrease in energy barrier for bubble-particle

adhesion and by the increase in work of adhesion which in turn causes a decrease in

probability of detachment.  Increasing the electrolyte concentration decreases both E1 and

Ek, which results in a minimum value of k. Unfortunately, the effect of electrolyte

concentration on the hydrophobic force can not be simulated due to the lack of the

relationship between K132 and electrolyte concentration.  The rate constant is also a

function of the particle size, with increasing of R1, the increasing of Ek is the dominant

effect, which results in increasing of Pa and thus k.  Model prediction made as a function

of bubble size shows that there exist optimum bubble sizes for floating particles
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 of different hydrophobicities.  The optimum shifts toward smaller bubble sizes as the

particle hydrophobicity increases.  The existence of optimum bubble size can be

explained by the increases in probability of collision and in bubble surface area rate with

decreasing bubble size (the latter is first recognized in present work) and the

corresponding decrease in probability of adhesion.
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CHAPTER 4:  HYDROPHOBICITY OF DODECANE

4.1  Introduction

Coalescence of oil droplets in an emulsion plays an important role in many

industrial processes and environmental cleanup operations.  In all liquid-liquid extraction

processes, after contact of the liquid phases and inter-phase mass transfer has been

completed, the efficiency of the subsequent phase separation depends on the coalescence

of the dispersed liquid droplet (1).  Coalescence of the emulsions formed during alkaline

flooding operations is necessary to produce a stable oil bank and increase oil recovery (2,

3).  In petroleum refineries, porous coalescers, settlers, chemicals, particles and electric

field are commonly used to achieve the coalescence of fine oil mist which is directly

related to processes such as extraction, distillation and tertiary oil recovery (4-8).  In the

flotation of hydrocarbons from their emulsions, the coalescence of oil droplets determines

the amount of big globules (> 5 µm) which dominates oil-bubble attachment and thus

flotation efficiency (9).  Coalescence of emulsion droplets is usually very undesirable in

food products, coalesced droplets in oil-in-water emulsion merge to become larger

spherical droplets and eventually free oil is seen on the top of the sample.  Proteins are

often used to prevent this coalescence and thus stabilize the emulsion (10, 11).

Like all other dispersed systems, oil droplets dispersed in another phase are

usually thermodynamically unstable.  The free energy associated with the large interfacial

area between the dispersed and continuous phases can be decreased by aggregation or

coalescence of the dispersed phase which depends on the physicochemical properties and

hydrodynamics of the system.  Interfacial tension, interfacial tension gradients, interfacial

shear viscosity, size and velocity of the droplets etc., are usually considered as the

important parameters which control the overall coalescence rate (12, 13).
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Similar to the bubble-particle interaction described in the Chapter 1, the

coalescence process may be divided into three stages (14): (i) approach of one droplet

toward another in the liquid phase; (ii) formation and thinning of a thin liquid film

between two interfaces; and (iii) rupture of the film as the thickness of the film becomes

sufficiently small, i.e. there is a critical thickness at which the film becomes unstable and

the coalescence spontaneously take place (15-20).  Generally, in the first two stages, the

hydrodynamics of the system plays a more important role than intermolecular forces,

while in the third stage, when the thickness is less than approximately 100 nm, the

drainage process is controlled by surface forces.  These forces were first described by

Derjaguin and Kussakov (21) in terms of “disjoining pressure”, the hydrostatic pressure

in the interior of the film that opposes the approach and coalescence of two droplets.

The London-van der Waals force and electrostatic double layer force are

traditionally considered as two components of the disjoining pressure, which forms the

basis of the classical DLVO theory (22, 23).  When two symmetric droplets approach

each other, the disjoining pressure due to the London-van der Waals force is always

attractive, which enhances the thinning process and so as to destabilize the intervening

film.  On the other hand, the contribution of the double layer force to the disjoining

pressure is usually repulsive, which stabilizes the film and retard coalescence of two

droplets.  The net resultant contribution of these two opposite effects determines whether

the intervening film will reach a critical thickness at which it becomes unstable and

rupture, and coalescence occurs, or will attain an equilibrium thickness without further

drainage.

The classical DLVO theory is commonly used to explain the stability of the thin

film with varying degrees of success.  Chen (14) showed that the classical DLVO theory

can be used to predict the stability and thickness of dimpled film between two spherical

droplets.  The results of deposition experiments conducted by Sanders et al (25) showed

that, the behavior of the bitumen droplets dispersed in aqueous solution could be
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accurately predicted from the classical DLVO theory. However, asphaltene-stablized

mineral oil emulsions did not follow the DLVO theory.  Groeneweg et al (25)

investigated the stability of the W/O emulsions prepared from vegetable oil, and showed

that an additional attractive force was necessary to explain the experimental result.

Similar conclusions were obtained for microemulsions (droplet size < 0.5 µm) in the

presence of surfactant (26, 27).  Recently, Deshiikan and Paradopoulos (28, 29) visually

observe the coalescence of n-hexadecane oil droplets suspended inside an aqueous phase

of varying pH and ionic strength, and explained the results with classical DLVO theory.

The decrease of the repulsive double layer force was considered as the mechanism of oil

coalescence at very low and very high pH. However, the calculation results of the total

interaction energy showed a very high energy barrier, indicating that the oil coalescence is

impossible at these pH ranges. They believed that some important characteristics might

decide the stability of the thin film interfaces.  It is now generally recognized that non-

DLVO forces such as steric force, hydration force and hydrophobic force are also

important to the stability of thin films (30-34).

Recent advancement in the techniques of direct force measurement provided

evidences of hydrophobic forces existing in the thin aqueous film between two

macroscopic solid surface and in the free water film (34, 35).  Tchaliovska et al (36)

measured the equilibrium film thickness of dodecylammonium chloride (RNH3Cl)

solutions using the thin film balance (TFB) of the type developed by Scheludko (37, 38).

The data were used to calculate the double-layer potentials using classical DLVO theory.

The results showed that the potentials were substantially lower than those calculated

based on the adsorption densities of the surfactants at the interface, which was attributed

to an additional attractive force.  Recently, Aksoy (39) conducted similar experiments

with dodecylammonium chloride (RNH3Cl) and Sodium Dodecyl Sulfate (SDS), and

used the extended DLVO theory, which included the contribution from hydrophobic force

in addition to those from the van der Waals and double layer forces, to determine the

hydrophobicity of an air bubble as a function of surfactant concentration.  The results
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showed that, air bubbles are inherently hydrophobic, the attractive hydrophobic force was

usually the main driving force for bubble coalescence in pure water. In presence of

surfactant, the hydrophobicity of the bubble decreases with increasing surfactant

concentration.  The decrease of the hydrophobic force provides an explanation of the

stabilization of the bubbles by various surfactants.  Recognizing that the oil droplets are

usually considered to be inherently hydrophobic, it would not be unreasonable to seek for

the evidence of hydrophobic forces between two oil droplets in aqueous solution using

the same technique.

It is the purpose of the present investigation to study the role of hydrophobic

forces between two oil droplets in aqueous solution using the thin film balance (TFB)

technique.  For the first time, the hydrophobicity of oil droplets will be quantified, and the

results will be compared with those of the free film to investigate the possible

relationship between the hydrophobicity and the physicochemical properties of liquids.

4. 2 Experimental

4.2.1  Materials

 Research grade dodecylamine hydrochloride supplied by Eastman Kodak Co. was

used as surfactant in the present work.  Purified grade dodecane and ACS grade sodium

chloride were obtained from Fisher Scientific Co. and used as oil and electrolyte

respectively.  The NaCl was roasted at 600°C before using to remove possible organic

contaminants.  The pH of the surfactant solution was controlled by ACS grade

hydrochloric acid and sodium hydroxide solution.  Deionized water (18 mΩ), prepared

with a Nanopure II water treatment unit, was used in all of the experiments.
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4.2.2  Equilibrium Film Thickness Measurement

The equilibrium thickness of the aqueous dodecylammonium chloride surfactant

film in the dodecane was determined with a thin film balance (TFB) technique developed

by Scheludko et al. (37, 38).  Figure 4.1 shows the modified experimental set-up.  A flat

horizontal film was formed in a film holder, a cylindrical glass tube with a radius of 2

mm, due to capillary pressure.  This film was then carefully introduced into a glass

container that contains enough dodecane to produce an oil-solution-oil interface.  The

TFB cell was placed on an inverted Zeiss microscope, which in turn was mounted on a

vibration-free stone table.  The images of the aqueous thin film, generated using a

monochromatic light source, were monitored and captured by an image processing system

(Kontron SEM-IPS) to determine the equilibrium thickness of the aqueous film.  At least

ten measurements were taken at a given experimental condition and averaged.

In a typical test, the aqueous film was thinned by drawing some liquid from the

film using a syringe pump until the first interference pattern was formed.  This image was

digitized with the image processing system after the film is stabilized.  The thickness (H)

of the film was calculated from the reflectance (R) of the interference pattern (see

Appendix 4.1).

For each measurement, RNH2Cl solution was prepared in Nanopure water.  All

glassware were cleared by boiling them in the concentrated nitric acid solution for 5-6

hours, followed by rinsing with Nanopure water until the pH of the washing water is

5.8±0.2, and finally drying with pure nitrogen gas.
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Figure 4.1. The experimental set up used for equilibrium film thickness measurements. 1. Cell, 2. Film holder with aqueous

film, 3. Oil, 4. Video camera, 5. Light source, 6. Filter, 7. Inverted Zeiss microscope, 8. Vibration-free table, 9.

Syringe pulp, 10. Image analysis system.
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4.2.3 Interfacial Tension Measurement

A block diagram of the experimental set-up for interfacial tension measurement is

shown in Figure 4.2.  The main components of the pendent drop tensiometer are a Ramé-

Hart contact angle goniometer and an image processing system (Kontron SEM-IPS).  The

optical system consists of the light source 1, diffuser 2, microscope and video camera 5,

which provide the image of the pendent drop formed at the tip of the capillary tube 3.

This image is captured and processed by the image processing system to determine the

profile of the drop, which in turn is used to calculate the interfacial tension of two liquids

(40-42).  The cell 4 is made of quartz and has a length of 10 mm.  It contains enough

dodecane to immerse the capillary tip and whole pendent drop.  The capillary tube is

connected with a syringe pump to precisely control the size of the aqueous drop.

4. 3 Results and Discussion

4.3.1  Equilibrium Film Thickness

The equilibrium thickness of a flat film is reached when the disjoining pressure

between two oil-solution interfaces is balanced by the capillary pressure.  Figure 4.3

shows the equilibrium film thickness (He) measured using different concentrations of

DAH.  No supporting electrolyte was used in these experiments, and the pH of the

solution was in the range of 5.8±0.2.  As shown in the figure 4.3, He decreases with

increasing DAH concentration, indicating that the aqueous film is stabilized by the

surfactant.  This is because the increased DAH concentration results in a higher ionic

strength which decreases the long-range double-layer repulsive force.  The increased

stability of the oil film is also attributed to the adsorption of RNH3
+ ions at the

oil/solution interface, which changes the interfacial potential, and the hydrophobic

interaction, as discussed below.
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Figure 4.2. A block diagram of the experimental set-up for interfacial tension

measurement.  1. Light source, 2. Diffuser, 3. Capillary tube with pendant

aqueous drop, 4. Cell with oil, 5. Video camera, 6. Image analysis system.
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Figure 4.3. Equilibrium film thickness (He) as a function of DAH concentration at pH

5.8.
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The largest value of the film thickness obtainable in the present work is about 150

nm when the DAH concentration is 10-5 M.  Below this concentration, the film becomes

so unstable that it is very difficult to have metastable films that last long enough time to

conduct the measurement.

Figure 4.4 shows the effect of the pH of the solution on the equilibrium film

thickness in the absence of the supporting electrolyte when the DAH concentration is 10-4

M.   He slightly increases with increasing pH, indicating that the aqueous film becomes a

little bit unstable.   It is well known that, with the increasing pH, the hydrolysis of the

RNH3
+ ions is increased, forming more soluble neutral amine RNH2(aq).  These neutral

amine may co-adsorb with RNH3
+ species at the oil/solution interface in the mechanism

similar to that proposed for the adsorption of the same species on the quartz (43) and

mica (44, 45) and for the adsorption of iono-molecular species RNH2·RNH3
+ on quartz

and air water interface (46).   The presence of more RNH2(aq) species at oil/solution

interface decreases the interfacial charge density and the surface potential which reduces

the repulsive double layer interaction between two interfaces, also these neutral species

induces better hydrophobicity than RNH3
+ due to less hydration, therefore the attractive

hydrophobic force is increased.  Consequently, the stability of the aqueous film is

decreased as increasing pH.   If the pH of the solution is further increased to 10.0, the

aqueous film becomes so unstable that it is very difficult to measure the equilibrium film

thickness.

Figure 4.5 shows the equilibrium film thickness as a function of the electrolyte

concentration.  As expected, the value of He dramatically decreases with increasing KCl

concentration.  This is due to the fact that the addition of the electrolyte compresses the

electrical double layer at oil/solution interface, the repulsive double layer force is

decreased, and thus the capillary pressure is balanced by disjoining pressure at a shorter

distance.  Unlike the increasing of the interfacial potential upon the addition of surfactant
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Figure 4.4. Equilibrium film thickness (He) as a function of pH in 10-4 M DAH

solution.
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Figure 4.5. Equilibrium film thickness (He) as a function of KCl concentration in 10-4

M DAH solution.
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which partly compensates the decreasing of the double layer force due to the double layer

compression, the increasing of the electrolyte concentration does not increases the

interfacial potential because the K+ and Cl- ions of the electrolyte are not specifically

adsorbed at the oil/solution interface, and therefore the effect of the double layer

compression is more significant.

4. 3. 2 Interfacial Tension

Figure 4.6 shows the interfacial tension of the oil/solution interface as a function

of DAH concentration at pH 5.8±0.2 in the absence of a supporting electrolyte.   As

expected, the interfacial tension obviously decreases with increasing surfactant

concentration.  This is simply attributed to the adsorption of RNH3
+ and RNH2 at the

oil/solution interface.   Figure 4.7 shows the effect of pH of the solution on the interfacial

tension, the interfacial tension decreases with increasing pH from 5.8 to 9.0, this is

obviously related to the increasing concentration of soluble neutral amine RNH2(aq) in

the solution. The change of the interfacial tension was also observed at the air/solution

interface (39, 47). The interfacial tension is slightly increased with the increasing

electrolyte (NaCl) concentration at pH 5.8 when the DAH concentration is 10-4 M, as

shown in Figure 4.8.  This is due to the fact that KCl is not surface active, their presence

causes the increasing of the interfacial tension.

4. 3. 3 Double-Layer Potentials

When a horizontal film reaches equilibrium in a TFB, the attractive capillary

pressure (Pc) is balanced by the repulsive disjoining pressure (Π) as follows:

Π − =Pc 0 . [4.1]
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 Figure 4.6. The interfacial tension of the oil/solution interface as a function of DAH

concentration at pH 5.8±0.2 in the absence of a supporting electrolyte.
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Figure 4.7. The interfacial tension of the oil/solution interface as a function of pH in

1×10-4 M DAH solution.
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Figure 4.8. The interfacial tension of the oil/solution interface as a function of

electrolyte concentration at pH 5.7-6.0 in the presence of 1×10-4 M DAH.
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The capillary pressure is given by (38)








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−
−

=
22wo

sincos
2

rr

rr
P

c

rRc
c

θθ
γ , [4.2]

where γwo is the interfacial tension of the oil/solution interface, rc is the radius of

curvature of the liquid meniscus, r is the radius of the flat circular film, θR is the contact

angle between the liquid meniscus and the inner surface of the film holder, and θr is the

angle between the flat film and the adjacent meniscus, which is negligible except for very

thin black film (30, 48).  In current work, the inner surface of the film holder was made

rough by sand-blasting to enhance the wetting so that θR is close to zero, thus Equation

4.2 can be approximated as:

c
c r

P wo2γ
= . [4.3]

In classical DLVO theory, the disjoining pressure (Π) consists of two components

Π = Πe  +  Πd, [4.4]

in which Πd is due to the double-layer force and Πe the van der Waals force.  When the

distance between two interfaces is significantly larger than the Debye length (κ-1), as in

the current work, the repulsive double-layer force is expressed as:

Π e CRT
ze

kT
H= 





−64
4

2tanh exp( )
ψ

κ , [4.5]

where C is the electrolyte concentration, R the gas constant, T the absolute temperature, z

the valence of the ions in the solution, e the electronic charge, ψ the double-layer

potential, k the Boltzmann constant, κ-1 the Debye length and H is the distance between

two interfaces, or film thickness.  The expression of Πd is given by,
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Π d

A

H
= − 232

36π
, [4.6]

in which A232 is the Hamaker constant for two oil surfaces interacting across the solution.

At equilibrium, Eqs. 4.3-4.6 can be used to calculate the double-layer potential ψ

from the values of He shown in Figure 4.3 and interfacial tension value shown in Figure

4.6, with the value of A232 = 5. 0×10-21 J (49).  The calculation results are shown in Figure

4.9. As expected, the double layer potential increases with increasing surfactant

concentration due to increasing adsorption of DAH at the oil/solution interface. Higher

potential produces larger repulsive double-layer force which increases the stability of the

films.  Also increasing the surfactant concentration compresses the double layer, resulting

in decreasing of the equilibrium thickness He, as shown in Figure 4.3.  When the

surfactant concentration is 2×10-4 M, a closed-packed monolayer may be formed, as the

concentration is further increased, due to the compression of the double layer and the

increasing concentration of the counter-ion at the interface, ψ is decreased.

The calculation of the double-layer potential with classical DLVO theory assumes

that there are only double-layer force and van der Waals force interacting between two

oil/solution interfaces.  To verify this assumption, one may calculate the potential from

the interfacial tension isotherm.  Gibbs’ equation for ionic surfactant gives:

Γ = − 1

2RT

d

d C

γ
ln

, [4.7]

where Γ is the surface excess. It can be used to determine the surface charge density σ0

with the relationship (36, 39):

σ 0 0= e N Γ , [4.8]
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Figure 4.9. The double-layer potentials at oil/solution interface as calculated from

classical DLVO theory, Gibbs’ adsorption isotherm and at the Outer

Helmholtz Plane (OHP).
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where e is the electronic charge and N0 Avogadro’s constant.  Using the Poisson-

Boltzmann approximation, the interfacial potential (ψ0) can be obtained from σ0 with the

following relationship (50):

σ ε ε
ψ

0 0
08

2
= 





RT C
e

kT
sinh , [4.9]

where ε0 and ε are the permittivity of vacuum and the dielectric constant of water,

respectively. The calculation results of ψ0 are also shown in Figure 4.9. Clearly, the

calculation based on the Gibbs’ adsorption equation gives much higher interfacial

potential than those using classical DLVO theory, and this discrepancy increases with

increasing surfactant concentration.

Figure 4.9 also shows the potential at the Outer Helmholtz Plane (OHP) which is

obtained by considering the hydrated counter ion (Cl- ) near the polar head of the RNH3
+

ions adsorbed at the oil/solution interface.  Figure 4.10 is the schematic representation of

the model, it shows that the maximum distance (h) between the OHP and the center of the

RNH3
+ ions is the sum of the radius of RNH3

+ ( r
RNH3

+  ), diameter of the water (2 rH O2
 )

molecule and the radius of the counter ion Cl- ( r
Cl −  ), i.e.

h r r r
RNH H O Cl

= + ++ −
3 2

2

r
RNH3

+ , rH O2
 and r

Cl −  are 2.8 Å, 1.4 Å and 1.81 Å respectively (44, 51), thus

h = 2.8 + 2 × 1.4 + 1.81 = 7.41 Å. [4.10]

For the symmetrical electrolyte, Poisson-Boltzmann equation gives (52, 53):
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OIL SOLUTION

h

Figure 4.10. Schematic representation of the electrical double-layer at the oil/solution

interface in the presence of DAH. h is the maximum distance between

Outer Helmholtz Plane (OHP) and the center of the RNH3
+ ions adsorbed

on the oil/solution interface.
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where n0 is the number concentration of ion in the bulk solution, x is the distance from

the interface.  Integrating Equation [4.11] with boundary conditions

x = 0, ψ = ψ0

x = ∞, ψ = 0

0=
dx

dψ

gives:









−−
−+=

)exp(1

)exp(1
ln

2

x

x

ze

kT

κγ
κγψ , [4.12]
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and

κ
π

ε
=

8 0
2 2n z e

kT
. [4.14]

1/κ is called the Debye length.  Substituting h in the Equation [4.10] to the Equation

[4.12], the potential at OHP (ψ1) can be easily obtained.

As shown in Figure 4.9, the values of ψ1 is obviously lower than ψ0, but still

considerably higher than the values of potential calculated using the classical DLVO
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theory.  Parts of the reasons may be the variance of the pKa of DAH solution and

ignorance of the ion-ion correlation in the Poisson-Boltzmann equation (54-56), but the

most possible contribution might be from the hydrophobic force, which was first

suggested by Pugh and Yoon (57) and recently validated in the investigation of the

stability of the free film (39).

4. 3. 4 Hydrophobic Force

When the contribution from the hydrophobic force is important in the interaction

between two oil/solution interfaces, the classical DLVO theory may be modified as

follows:

Π = Πe + Πd + Πh,  [4.15]

where Πh is the hydrophobic force component of the disjoining pressure, it may be

expressed as a single exponential law (58) or a double exponential law(59-61), but most

conveniently it is represented by a power law (35, 62)

Π h

K

H
= − 232

36π
, [4.16]

where H is the distance between two oil/solution interfaces and K232 is a constant.  The

advantages of using Equation [4.16] are that it is of the same form as Equation [4.6] and

has only one parameter.  Therefore K232 can be directly compare with the Hamaker

constant A232.

Substitute Equations [4.5] [4.6] and [4.16] into [4.1] and [4.15], there is

64
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in which He is the equilibrium film thickness, as shown in Figure 4.3.  A232 is 5×10-21 J, rc

is 2 mm, the values of ψ0 or ψ1 can be used for approximation of ψ, thus the only

unknown parameter K232 can be determined using Equation [4.17].

Figure 4.11 shows the results of K232 at different DAH concentrations when ψ0

and ψ1 are used in the calculation.  Although the difference between ψ0 and ψ1 is obvious

when the DAH concentration is high, the values of K232 obtained using these two

different potentials are very close to each other.  This is due to the fact that the double

layer is more compressed at higher ionic strength, the contribution of the double-layer

force is less important to the total disjoining pressure at a given distance, therefore K232 is

less sensitive to the surface potential at higher DAH concentration.

Figure 4.11 shows that the oil surface is inherently hydrophobic, and its

hydrophobicity or K232 decreases with increasing surfactant concentration, indicating that

the oil/solution interface becomes less hydrophobic. This is clearly related to the

increasing adsorption of RNH3
+ ions at the oil/solution interface.  Because the polar heads

of the RNH3
+ are strongly hydrated, the presence of these ions reduces the hydrophobicity

of the interface.

As mentioned earlier, when the DAH concentration is lower than 1×10-5 M, the

aqueous film is so unstable that it is very difficult to measure the film thickness.

However, if the K232 versus concentration curve shown in Figure 4.11 is extrapolated, the

value of K232 in the absence of surfactant is about 6×10-18 J, which is 1200 times larger

than the Hamaker constant.  Therefore the stability of the aqueous film between two oil

surfaces or the coalescence of two oil droplets is dominated by the hydrophobic force.

This force may be dampened by the hydrated polar heads of the surfactant
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Figure 4.11. The values of K232 for the interaction between two oil/solution interfaces

in the presence of DAH as calculated using Equation [4.17].
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 molecules brought to the oil/solution interface as parts of surfactant molecules.

Figure 4.12 shows the values of K232 as a function of pH in the presence of 1×10-4

M DAH.  K232 increases with the increasing of pH from 5.8 to 9.0, although the change is

not significant.  This is attributed to the increasing concentration of the neutral amine

RNH2(aq) in the solution.  These species are less hydrated, their adsorption at the

oil/solution interface diminishes the effect of the highly hydrated polar heads of the

RNH3
+ ions, and thus the hydrophobicity of the interface is improved.

The presence of supporting electrolyte changes the values of K232, as shown in

Figure 4.13.  When the electrolyte concentration is higher than 1×10-4 M, the decreasing

of K232 with increasing concentration is considerable, indicating that there are some

electrostatic contributions, directly or indirectly, to the hydrophobic force.  Similar

dependence of the hydrophobic force on the electrolyte concentration was also found in

other system (60, 63, 64).  If the double exponential function is used to represent the

hydrophobic force, the effect of the electrolyte is mainly to decrease the amplitude but not

the decay length of the force.  However, no simple relation is found between the decay

length of the hydrophobic force and the Debye screening length κ-1, suggesting that the

decreasing in the long-range hydrophobic force upon addition of the electrolyte does not

arise from the generation of the double layer interaction.  Obviously, with the increasing

of electrolyte concentration, the number of the electrolyte ions near the oil/solution

interface is increased.  These ions are strongly hydrated which may decreases the

hydrophobicity of the interface.  However, these ions can not be specially adsorbed at the

oil/solution interface as found for surfactant, their presence can not obviously change the

interfacial potential, and thus the effect of the electrolyte concentration on the interfacial

hydrophobicity is not as significant as that of surfactant.
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Figure 4.12. The values of K232 as a function of pH in the presence of 1×10-4 M DAH.
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Figure 4.13. The value of K232 as a function of electrolyte concentration in the presence

of 1×10-4 M DAH.
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4.3.5 Adsorption Model of DAH at Oil/Solution Interface

At the oil/solution interface, when the DAH concentration is high enough, the

RNH3
+ may form a uniform monolayer, as shown in Figure 4.14(a).  In this case, the area

occupied by each RNH3
+ ion at oil/solution interface should be close to the cross-

sectional area (25 Å2) (44) of RNH3
+ ion.  However, due to the repulsive electrostatic

force among the polar head groups of DAH, this layer is difficult to be closely packed,

thus the dodecane molecules may present between two RNH3
+ ions, as shown in Figure

4.14(b). In this case, the area occupied by each RNH3
+ ion will be much larger than 25

Å2.

From the interfacial tension isotherm shown in Figure 4.6, the area occupied by

each RNH3
+ ion at oil/solution interface can be obtained using Gibbs’ equation, as shown

in Figure 4.15.  The area decreases with increasing DAH concentration, indicating that

more RNH3
+ ions are adsorbed at the oil/solution interface.  When the DAH

concentration is higher than 5×10-3 M, the area is close to a constant 48 Å2. This area is

much larger than the cross-sectional area of RNH3
+ ion, in fact, it’s approximately two

times of hydrocarbon cross area, therefore the adsorption model shown in Figure 4.14(b)

is more reasonable.

4.3.6 Comparison Between Oil/Solution and Air/Solution Interfaces

The value of K232 for air/solution system was calculated based on the experimental

results obtained by Aksoy (39), and shown together with the data of oil/solution system in

Figure 4.16 for comparison.  In the absence of surfactant, the value of K232 for air/solution

interface is about 1×10-17 J which is larger than that for oil/solution interface (about 6×10-

18 J), thus the inherent hydrophobicity of air/water interface is better than that of oil/water

interface.  This may be related to the fact that the interfacial tension at the air/water
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Figure 4.14. Schematic representation for the adsorption of RNH3
+ at oil/solution interface.
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Figure 4.15. The area occupied by each RNH3
+ ion at oil/solution interface as a

function of DAH concentration.
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Figure 4.16. Comparison of K232 values for oil/solution and air/solution interfaces
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 interface (72.4 mN/m) is higher than that at oil/water interface (52.1 mN/m).  Since

water is excluded more completely from the more hydrophobic interface, a higher

interfacial tension can be produced.  One may expect that the hydrophobicity of the

interface is a function of the interfacial tension.

The effect of the surfactant is different for two kinds of interfaces. The decreasing

of K232 for air/solution interface with increasing DAH concentration is more significant

than that for oil/solution interface, which may be attributed to the presence of dodecane

molecules at oil/solution interface, as discussed in previous section.  Similar to the neutral

amine RNH2(aq) in the solution, these oil molecules are less hydrated, their existence at

the oil/solution interface produces more closely packed hydrocarbon layer (44) and also

changes the ordering of the hydrocarbon chains which directly affect the hydrophobic

force (65).  As the results, the hydrophobicity of the interface is improved and the effect

of the highly hydrated polar heads of the RNH3
+ ions is reduced.  Therefore, the value of

K232 for oil/solution interface is less sensitive to the addition of DAH than that for

air/solution interface.

Figure 4.17 shows coalescence of two bubbles or oil droplets, the volume

reservation gives:

2
4

3

4

31
3

2
3π πR R





= , [4.18]

thus,

R R2
3

12= . [4.19]

The decrease of the free energy (∆G) is:
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Figure 4.17. Coalescence of droplets dispersed in aqueous solution.
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in which γ is the interfacial tension.  Substitute Eq. [4.19] to Eq. [4.20],
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Eq. [4.21] indicating that, the decreasing of the free energy is proportional to interfacial

tension.  Since the surface tension of water (72.4 nN/m) is higher than that of

dodecane/water interface (52.1 mN/m)(66), the magnitude of ∆G for bubble coalescence

is larger than that for oil coalescence.  Therefore, the air bubbles have more tendency to

combine each other than oil droplets, which may attribute or relate to the better

hydrophobicity of air bubbles than that of dodecane droplets dispersed in pure water.

One may expect that, there may exist a relationship between hydrophobicity and

interfacial tension, the higher the interfacial tension, the better the hydrophobicity.  More

investigation is necessary to validate this conclusion.

4.4 Summary and Conclusions

For the first time, the hydrophobic force between two oil/solution interfaces has

been quantified in present investigation.  The modified Thin Film Balance (TFB)

technique was used to measure the equilibrium thickness of the aqueous film immerging

in dodecane in the presence of dodecylammonium hydrochloride (DAH). The results

show that, the aqueous film is stabilized by the repulsive double layer force, which

increases with increasing surfactant concentration.  However, the interfacial potentials

obtained based on the classical DLVO theory are significantly lower than those calculated

using Gibbs’ adsorption equation and those at the Outer Helmholtz Plane (OHP),



Laiqun Mao Chapter 4: Hydrophobicity of Dodecane 183

indicating that there exists an attractive force, called hydrophobic force, which must be

included in the classical DLVO theory to determine the stability of the aqueous film.  A

power law is used to represent the hydrophobic force for convenience.  The value of the

only parameter K232 decreases steadily with increasing DAH concentration and thus the

stability of the aqueous film is increased.  This is attributed to the increasing adsorption

of RNH3
+ ions at the oil/solution interface.  An extrapolation of the experimental data

shows that, in the absence of surfactant, the value of K232 is about 6×10-18 J, which is

much larger than the Hamaker constant.  Therefore the oil surface is inherently

hydrophobic.

Changing the pH from 5.8 to 9.0 increases the concentration of the neutral amine

RNH2(aq) in the solution.  These species co-adsorb at the oil/solution interface, change

the interfacial composition and slightly increase the hydrophobicity of the interface.  The

presence of the supporting electrolyte also obviously changes the hydrophobicity of the

interface, which is attributed to the increasing concentration of the strongly hydrated

electrolyte ions at the oil/solution interface.

The area occupied by each RNH3
+ ion at oil/solution interface suggests that, the

dodecane molecules may present between two RNH3
+ ions which reduces the effect of the

highly-hydrated polar heads of the RNH3
+ ions on the interfacial hydrophobicity.  This

new adsorption model provides an explanation for the fact that the value of K232 for

oil/solution interface is less sensitive to the addition of DAH than that for air/solution

interface.

The hydrophobicity of air bubbles is better than that of dodecane droplets

dispersed in pure water, which may be related to the difference of the interfacial tensions.

It is expected that, higher interfacial tension may results in a stronger hydrophobic force

between the droplets dispersed in aqueous solution.
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4.6 Appendix

The principle underlying the film thickness measurement is demonstrated in

Figure A4.1.  Light wave, reflected by the top surface of the film, interfere with reflected

waves that reflect off the bottom surface of the film, the optical path differences between

the interfering waves generates a phase difference that can be used to extract the film

thickness.  For normally incident light on a homogeneous film, the relationship between

R and H is given by the Raleigh equation (1):

R
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in which λ is the wavelength of the incident light.  θ is the phase angle, I0 is the intensity

of the incident light and Ir is the reflected light intensity.  n0, n1 and n2 are the refractive

indices corresponding to the incident, film and transmitting medium respectively, as

shown in Figure A4.1.  Table A4.1 shows the refractive indices of the phase involved in

the present work.  The relationship between reflectance and film thickness for dodecane-

water-dodecane system is shown in Figure 4.3 when monochromatic light with

wavelength of 602.1 nm is used.
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Figure A4.1 Thin film interference.
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TABLE A4.1 The refractive indices of the interface involved in the thin film thickness

measurement

Interface n

Water 1. 331    *

Dodecane 1. 4216  **

* Reference (2)
** Reference (3)
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Figure A4.2 Reflectance as a function of the film thickness for the dodecane-water-

dodecane system and monochromatic light with λ = 602.1 nm.
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However, the image analysis system can’t measure the reflectance of the

interference pattern directly, it can only measure the gray level intensity of the digitized

image.  Therefore, a calibration curve, which connects the gray level intensity to

reflectance, was determined by measuring the gravy level intensity of calibration

standards of known reflectance.  Figure A4.3 shows a typical calibration curves

demonstrating a linear relationship between the gray level intensity and the reflectance,

thus the reflectance of the interference pattern can be obtained from the measurement of

gray level intensity.
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Figure A4.3 Reflectance versus gray level for monochromatic light with λ=602.1 nm.
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CHAPTER 5:  CONCLUSIONS

The major findings of the present investigation are summarized as following:

1. A first-principle flotation rate equation has been developed by considering both

hydrodynamic and surface forces involved in bubble-particle interactions.  The

extended DLVO theory, which includes the hydrophobic force in addition to the

electrostatic double-layer force and van der Waals dispersion force, is essential to

understand the elementary subprocesses of flotation, from which the explicit

expressions for probabilities of adhesion and detachment are derived, and thus a

complete flotation model is obtained.  The model can be used to predict the

flotation rate from the hydrodynamic and surface chemistry parameters of the

system.

 

2. The bubble-particle adhesion in flotation may be considered analogous to

chemical reaction.  The activation energy or energy barrier (E1) can be determined

from the extended DLVO theory, while the kinetic energy (Ek) for adhesion can

be obtained from the tangential velocity of the particle moving around a bubble

which can be calculated using the stream function of the system.  The

computation results showed that, Ek is a function of not only the hydrodynamic

properties of particle, bubble and medium, but also the initial position of particle

relative to the bubble surface and critical thickness of the disjoining film (H1)

which is dependent on the surface forces between bubble and particle.  At a given

H1, there is a distribution of Ek values, and thus a mean kinetic energy should be

used to determine the probability of adhesion.
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3. The bubble-particle detachment can be considered as a reverse process of the

attachment.  Therefore, a corresponding Arrhenius-type expression is derived in

present work for the probability of detachment.  The activation energy for this

process is the sum of the work of adhesion (Wa) and E1.  The kinetic energy (Ek’)

may be determined using French and Wilson’s model for fine particles attached

on the bubble surface.  In addition to the hydrodynamic properties of bubble and

particle, the contact angle of solid surface and the number of particles attached on

the bubble surface also determine the value of Ek’.  As a result, Ek’ is a step

function with respect to the bubble rising time in a flotation column.

 

4. The new model can also be used to determine one of the parameters involved in

the system from flotation results.  In the present investigation, the hydrophobic

force parameter was calculated using the data of rate constants obtained from the

single bubble flotation tests.  The results show that, the hydrophobic force

parameters for bubble-particle interaction (K132) are substantially larger than those

for particle-particle interaction (K131) but smaller than those for air bubbles

interacting with each other (K232) in the absence of surfactant.  In fact, the K132

values are close to the geometric means of K131 and K232, i.e.

 K K K132 131 232= ⋅ .

This “combining rule”, obtained for the first time in present work, reveals the

relationship among the hydrophobic force parameters for different interfaces.  It

can be used to calculate the hydrophobic force parameter, which is difficult or

impossible to be determined experimentally, from the other two hydrophobic

force parameters which may be obtained much easily.  Therefore, the combining

rule has great potential application.  Also, it is validated by asymmetric direct

force measurement conducted after present investigation.
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5. The model developed in the present investigation can also provide theoretic

explanation for flotation responses, and suggest various methods to improve the

behavior of flotation.  The total energy curves show that, the hydrophobic force

plays the most important role in decreasing the energy barrier for bubble-particle

interaction, and hence increasing the flotation rate.

 

6. The model is used to simulate the flotation process as a function of various

parameters and investigate the mechanisms involved.  The results shows that,

when the double layers of bubble and particle are of like charge, decreasing the

magnitude of double layer potential enhances the flotation rate due to the

decreasing of activation energy.  On the other hand, the selectivity of separation

becomes better when the potential is increased.

 

7. The hydrophobic force, the main driving force for bubble-particle adhesion, can

be accurately represented by K132.  The simulation results show that, the rate

constant is obviously increased with increasing K132, which is attributed to the

decreasing of the activation energy.  In most cases, the contact angle is a good

alternate representation of the hydrophobic force which can be easily determined

experimentally.  Higher contact angle indicates stronger hydrophobic force, which

decreases the activation energy (E1) and the probability of detachment (Pd),

resulting in increasing of rate constant.

 

8. For given values of K132, increasing the electrolyte concentration decreases both

E1 and Ek, resulting in a minimum value of k which is observed in the flotation

tests when K132 is low.  However, the presence of the electrolyte may also change

the hydrophobic attraction between bubble and particle which can not be

simulated without the relationship between K132 and electrolyte concentration.
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9. The simulation results demonstrates a linear relationship between the logarithmic

values of k and particle size, which are observed in many flotation systems when

the particle is small and Pd is close to 1.  The increasing of k with the particle size

is primarily due to the increasing of the kinetic energy (Ek) and thus the

probability of adhesion (Pa).

 

10. There is an optimum bubble size at which the maximum rate constant can be

obtained.  This is attributed to the increasing of Pc and Sb, and decreasing of Pa

with decreasing of bubble size.  The optimum shifts toward smaller bubble size as

the particle hydrophobicity increases, which provides an appropriate bubble size

to achieve the best selectivity of flotation.

 

11. The modified Thin Film Balance (TFB) technique was used to measure the

equilibrium thickness of the aqueous solution immersing in dodecane in presence

of dodecylammonium hydrochloride (DAH).  It is shown that, the equilibrium

thickness can be obviously decreased with increasing DAH concentration.

 

12. The aqueous film is stabilized by the repulsive double layer force, which increases

with increasing surfactant concentration.  However, the double layer potentials

calculated using the classic DLVO theory are significantly lower than those

obtained using Gibbs’ adsorption and at the Outer Helmholtz Plane (OHP), which

was attributed to the hydrophobic force not included in the classic DLVO theory.

 

13. For the first time, the hydrophobic force parameter K232 of two oil/solution

interfaces has been determined using the extended DLVO theory.  The results

showed that, the value of K232 decreased obviously with increasing DAH

concentration, resulting in an increasing of stability of the aqueous film, which

was attributed to the increasing adsorption of RNH3
+ ions at the oil/solution

interface.  In absence of surfactant, K232 is about 6×10-18 J, which is much larger
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than the Hamaker constant, demonstrating the inherent hydrophobicity of

oil/water interface.

 

14. The improvement of hydrophobicity of the interface with increasing pH from 5.8

to 9.0 is not significant, in spite of the fact that the concentration of the neutral

amine RNH2(aq) in the solution is increased, which co-adsorbs at the interface

and changes the interfacial composition.

 

15. Addition of the supporting electrolyte may obviously reduce the hydrophobic

attraction, resulting in an increase of the film stability.  This may be attributed to

more strongly hydrated electrolyte ions present at the oil/solution interface.

 

16. An adsorption model at the oil/solution interface has been proposed.  It is showed

that, the dodecane molecules may present between two RNH3
+ ions at the

interface, which reduces the effect of the surfactant species on the interfacial

hydrophobicity.  As a result, the value of K232 for oil/solution interface is less

sensitive to the addition of DAH than that for air/solution interface.

 

17. Thermodynamic analysis showed that, there might exist a relationship between the

interfacial hydrophobicity and interfacial tension.  A stronger hydrophobic force

may be expected for the interfaces with higher interfacial tension.
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CHAPTER 6:  RECOMMENDATIONS FOR FUTURE RESEARCH

Based on the conclusions of the present work, further investigations into the

following areas are recommended:

1. The flotation model developed in the present work was used to determine the

hydrophobic force parameter K132 from the experimental data of rate constants.

The calculation results suggested the combining rule, a relationship among the

hydrophobic force parameters of different interfaces.  This rule has been validated

later in direct force measurement, providing a indirect verification of the flotation

model.  However, the model should be verified directly, which can be done by

measuring the values of K132 using modified AFM, Thin Film Balance (TFB) or

traditional bubble-against-plate technique.  The values obtained, together with

other hydrodynamic and surface force parameters, can be used in the flotation

model to predict the rate constants which can be directly compare with the

experimental results of single bubble flotation test.  Also, the values of K132 can

be compared with those of K131 and K232, which can be readily obtained using

AFM and TFB technique respectively, to verify the combining rule.  Since the real

bubbles are used in the experiments, this verification should be more directly, and

then more reliable than that using hydrophobic solid surface to simulate air

bubble.

 

2. In derivation of the expressions for Pc from the stream functions of the system, it

was assumed that particles in the suspension were small enough that they could be

considered inertialess and thus followed the streamlines of the liquid.  This

assumption becomes less valid as the ratio of particle to bubble diameter

increases, large particles may have sufficient inertia to deviate from the

streamlines and directly colloid with bubble surface, resulting in a higher value of
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Pc.  However, if the inertia of particle is considered in the bubble-particle

collision, it is difficult to derive an explicit expression of Pc, thus numeric

techniques usually have to be used which may cause other problems in the

computation.  More investigation is desired to develop analytical expression of Pc

which incorporates the effect of particle inertia.

 

3. The general expression for bubble-particle detachment has been developed in

present work, and French and Wilson’s model is used to determine the kinetic

energy for detachment (Ek’).  The fluid pressure subjected by the particles on the

bubble surface is considered as the driving force for bubble-article detachment,

which is valid only for small particle. For large particle, the gravitational force,

turbulent forces and bubble oscillations acting on attached particle should also be

considered.  Therefore, developing a method of determining Ek’ is necessary when

the flotation model is used for coarse particle flotation.

 

4. In order to analyze the elemental subprocesses of bubble-particle interaction, the

flotation system considered in present work is extremely simplified.  Actual

flotation, of course, is more complicated by other variables, such as the

concentration and distribution of air bubbles, particle shape, particle rotation on

the bubble surface, etc. which may obviously change the efficiency of flotation.

These influences should be quantitatively represented in the future research before

the model is used in industrial practices.  In addition, the model presented in this

work only describes the bubble-particle interaction in the recovery zone, however,

the characterization of the froth zone is also essential to completely describe the

behavior of the actual flotation system, which should also be conducted in future

investigation.

 

5. It has been shown that the disjoining pressure isotherm for oil/solution interfaces

is difficult to be obtained using Thin Film Balance (TFB) technique, especially
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when the concentration of surfactant is low.  The apparatus designed recently by

Aveyard et al, as described in Chapter 1, provide a new technique which can be

used in the future research to measure the disjoining pressure as a function of

distance.  Since the film thickness is determined from the optical interference

pattern obtained using a microscopy, the values obtained should be more reliable

than that using modified Atomic Force Microscope.

 

6. The comparison of K132 values of air bubble and oil droplet conducted in present

investigation showed that, the interfacial hydrophobicity might be related to the

interfacial tension.  A series of similar experiments should be carried out using

other oils with different interfacial tension, from which a quantitative relationship

between the hydrophobicity and the interfacial tension can be obtained.  Such

relationship can be used to predict the interfacial hydrophobicity from the

interfacial tension, and may provide an explanation of the origin of hydrophobic

force existing between two oil/water interfaces.  Since the hydrophobic force often

dominates the stability of the oil/water emulsions, this relationship may find very

broad applications in industries.
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