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ABSTRACT 

 

 

Ultrasound directed self-assembly (DSA) utilizes the acoustic radiation force associated 

with a standing ultrasound wave field to organize particles dispersed in a fluid medium into 

specific patterns. The ability to tailor the organization and packing density of spherical particles 

using ultrasound DSA in a viscous fluid medium is crucial in the context of (additive) 

manufacturing of engineered materials with tailored properties. However, the fundamental physics 

of the ultrasound DSA process in a viscous fluid medium, and the relationship between the 

ultrasound DSA process parameters and the specific patterns of particles that result from it, are not 

well-understood. 

Researchers have theoretically described the acoustic radiation force and the acoustic 

interaction force that act on spherical particles in a standing ultrasound wave field in both inviscid 

and viscous media. In addition, they have solved the forward and inverse ultrasound DSA problem 

in an inviscid medium, in which they relate the patterns of particles and the ultrasound DSA 

operating parameters. However, no theoretical model exists that allows simulating the steady-state 

and transient local particle packing density in a viscous medium during ultrasound DSA.  

Thus, in this dissertation, we (i) theoretically derive and experimentally validate a model 

to determine the steady-state locations where spherical particles assemble during ultrasound DSA 

as a function of medium viscosity and particle volume fraction. (ii) We also theoretically derive 

and experimentally validate a model to quantify the steady-state and transient local packing density 



iii 

 

of spherical particles within the pattern features that result from ultrasound DSA. Using these 

models, we quantify and predict the locations where spherical particles assemble during ultrasound 

DSA in a viscous medium, considering the effects of medium viscosity and particle volume 

fraction. We demonstrate that the deviation between locations where particles assemble in viscous 

and inviscid media first increases and then decreases with increasing particle volume fraction and 

medium viscosity, which we explain by means of the sound propagation velocity of the mixture. 

In addition, we quantify and predict the steady-state and transient local packing density of spherical 

particles within the pattern features, using ultrasound DSA in combination with vat 

photopolymerization (VP). We show that the steady-state local particle packing density increases 

with increasing particle volume fraction and increases with decreasing particle size. We also show 

that the transient local particle packing density increases with increasing particle volume fraction, 

decreasing particle size, and decreasing fluid medium viscosity. Increasing particle size and 

decreasing fluid medium viscosity decreases the time to reach steady-state. 

Finally, we implement single and multiple scattering in the calculation of the acoustic 

radiation force for spherical particles in a viscous medium and quantify their relative contributions 

to the calculation of the acoustic radiation force as a function of ultrasound DSA operating 

parameters and material properties. We demonstrate that the deviation between considering single 

and multiple scattering may reach up to 100%, depending on the ultrasound DSA process 

parameters and material properties. Also, increasing the particle volume fraction increases the need 

to account for multiple scattering. 

 Quantifying and predicting the local packing density of spherical particles during 

ultrasound DSA in a viscous medium, as a function of ultrasound DSA process parameters is 

crucial towards using ultrasound DSA in engineering applications, in particular (additive) 
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manufacturing of engineered polymer matrix composite materials with tailored properties whose 

properties depend on the spatial organization and packing density of particles in the matrix 

material. 
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GENERAL AUDIENCE ABSTRACT 

 

 

Ultrasound directed self-assembly (DSA) is a technique that uses ultrasound waves to 

arrange small particles submerged in a fluid into specific patterns. When combined with other 

manufacturing techniques, ultrasound DSA can be used to fabricate composite materials that 

derive their properties from the spatial organization of particles in a matrix material. However, 

ultrasound DSA in viscous fluids is not well-understood. Researchers have studied the forces 

associated with ultrasound waves that move small spherical particles in an inviscid fluid medium 

(fluids that experience little to no internal resistance to flow), and they have demonstrated intricate 

control of the patterns of particles that form using ultrasound DSA. However, that knowledge is 

not currently available for ultrasound DSA in viscous media.  

In this dissertation, we develop and evaluate theoretical models to understand ultrasound 

DSA of small spherical particles in a viscous fluid medium. We simulate where particles organize 

and how densely they pack together. We also determine the difference of the time-dependent 

motion of particles in a viscous fluid compared to that in an inviscid fluid medium and relate the 

difference to the number of particles submerged in the fluid and the viscosity of the fluid. 

Additionally, we examine the effect of particle size and fluid viscosity on the speed by which the 

particles reach their final location. We also study how ultrasound waves interact with multiple 

small particles in a viscous fluid, focusing on the forces that move these particles. We explore two 

models that account for single and multiple ultrasound wave scattering. Scattering is the process 
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by which ultrasound waves deflect in different directions when they encounter a particle. The 

results show that the difference between single and multiple scattering models can be significant, 

depending on the ultrasound DSA process parameters and the properties of the fluid and particles. 

In general, the importance of accounting for multiple scattering increases with the number of 

particles submerged in the fluid.  

Understanding particle packing density when using ultrasound DSA in a viscous fluid is 

essential in many engineering applications, in particular manufacturing of composite materials that 

derive their properties from the spatial arrangement of particles in a matrix material. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1. Directed self-assembly 

Directed self-assembly (DSA) is a process by which particles spontaneously organize due 

to interactions between the particles and their environment, driven by internal or external forces 

[1]. DSA categorizes as templated, template-free, or external field-based techniques [2].  

Figure 1.1 (a) schematically illustrates the templated DSA process. It is based on 

mechanical [3] or chemical [4] modification of the surface of a substrate, which create regions of 

attraction that selectively prompt particle deposition on that substrate. Templated DSA may 

involve a soft template, where user-specified regions of attraction on the substrate surface control 

the assembly of particles, or hard templates, where the geometry of the substrate surface controls 

the assembly of particles [5]. Figure 1.1 (b) shows an example of soft-templated DSA that uses a 

silicon oxide substrate with periodically spaced regions of attraction that cause silica particles to 

deposit on the substrate surface in a periodic pattern [6]. Additionally, Figure 1.1 (c) shows an 

example of hard-templated DSA that uses a mosaic virus with regions of attraction on the virus 

surface to cause the deposition of gold particles in a tubular pattern [7]. Due to the complex 

manufacturing techniques that are required to implement the templates, templated DSA methods 

typically limit template sizes to nano- or micrometer scale dimensions [6,7]. 
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Figure 1.1: (a) Schematic of the templated DSA process. (b) Example of soft-templated DSA using a silicon oxide 

substrate with regions of attraction that drive the deposition of silica particles in a periodic pattern [6]. (c) Example of 

hard-templated DSA using a mosaic virus substrate with areas of attraction to compel the deposition of gold particles 

in a tubular pattern [7]. Images reprinted with permission. 

 

Figure 1.2 (a) schematically illustrates the template-free DSA process. The process relies 

on capping molecules that interact with each other and with particles dispersed in a medium. The 

interactions to arrange the particles into nano- or microscale structures [2]. Figure 1.2 (b) shows 

an example of template-free DSA that uses deoxyribonucleic acid (DNA) capping molecules to 

organize gold nanorods into specific patterns [8]. The interactions between the capping molecules 

and particles are triggered through external stimuli such as light [9] and temperature [10], amongst 

other examples. Template-free DSA does not allow tailoring the nano- or microscale structure that 

results from the DSA process because the material properties and geometry of the capping 

molecules and particles control the result [8–10]. 
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Figure 1.2: (a) Schematic of the template-free DSA process. (b) Example of template-free DSA that uses aligned gold 

nanorods and DNA capping molecules [8]. Images reprinted with permission. Images reprinted with permission. 

 

Figure 1.3 (a) schematically illustrates external field DSA methods, which utilize forces 

that derive from shear stress [11], electric [12], magnetic [13], and standing ultrasound wave fields 

[14] to organize and orient particles into specific patterns. Additionally, Figure 1.3 shows 

examples of external field DSA processes, including (b) electric field DSA of gold nanoparticles 

into a microwire structure using a high-strength electrostatic field [12], (c) magnetic field DSA of 

ferromagnetic particles, i.e., polystyrene particles coated with iron, which orient in the direction 

of the magnetic force [13], and (d) ultrasound DSA of carbon microfibers in photopolymer resin 

using a standing ultrasound wave field [14].  

Electric and magnetic field DSA are restricted to organizing particles with specific electric 

or magnetic properties, respectively. Moreover, they require ultra-high electric (20 kV/m [15]) or 
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magnetic field strength (80 kOe [16]), which limits the scalability of the process. On the other 

hand, ultrasound DSA uses a standing ultrasound wave to organize and orient particles dispersed 

in a fluid medium into specific patterns [14]. Ultrasound DSA does not require ultra-high field 

strengths to organize particles in low-viscosity media [17], which enables scalability over 

macroscale distances, areas, and volumes. Furthermore, the existence of the acoustic radiation 

force is only dependent on the acoustic contrast between the particles and the medium, which 

derives from their density and compressibility [18]. 

 

Figure 1.3: (a) Schematic of external field DSA processes, including shear, electric, magnetic, and ultrasound fields. 

(b) Example of electric field DSA, showing the assembly of gold nanoparticles into a microwire structure [12]. (c) 

Example of magnetic field DSA, showing an organized chain of ferromagnetic particles [13]. (d) Example of 

ultrasound DSA showing carbon microfibers organized in line patterns with both macroscale and microscale alignment 

[14]. Images reprinted with permission.  

 

1.2. Ultrasound directed self-assembly 

Ultrasound DSA allows organizing and orienting particles dispersed in a fluid medium into 

specific patterns, driven by the time-averaged acoustic radiation force that results from scattering 

of the ultrasound wave [19]. Figure 1.4 shows a typical experimental setup for ultrasound DSA 

experiments, which consists of an acrylic reservoir with two ultrasound transducers affixed to two 
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opposing reservoir walls. The reservoir contains a fluid medium with dispersed spherical particles. 

An ultrasound transducer converts electrical energy (input) to mechanical vibration (output). 

Hence, energizing both ultrasound transducers with a function generator and radio frequency (RF) 

amplifier creates a high-frequency standing pressure wave, i.e., a standing ultrasound wave, which 

organizes the particles into specific patterns (line pattern in Fig. 1.4) that coincide with the nodes 

of the standing ultrasound wave (Fig. 1.4 inset). 

 

Figure 1.4: Typical setup for an ultrasound DSA experimental, showing the assembly of line patterns of spherical 

particles dispersed in a fluid medium [20]. Figure reprinted with permission. 

 

The following sections explain the fundamental knowledge required to understand the 

ultrasound DSA process. We introduce ultrasound waves in Sec. 1.3, ultrasound wave scattering, 

and the acoustic radiation force in Sec. 1.4, and then relate the organization and orientation of 

particles to the ultrasound DSA process parameters in Sec. 1.5. 

 

1.3. Ultrasound waves 

1.3.1. Concepts and terminology 

Mechanical vibrations applied to elastic media produce acoustic waves [21]. Ultrasound 

waves are the subset of acoustic waves with a frequency f higher than the audible limit of human 

hearing, i.e., f > 20 kHz [17]. Generally, acoustic waves, including ultrasound waves, can 
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propagate as a transverse wave (in a solid medium), which causes alternating shear stress 

orthogonal to the direction of wave propagation, or as a longitudinal wave (in solid, liquid, and 

gas media), which results in periodic regions of compression and rarefaction [22]. Figure 1.5 

schematically illustrates (a) an undeformed elastic medium, (b) a transverse wave propagating in 

an elastic medium, and (c) a longitudinal wave propagating in an elastic medium. 

 

Figure 1.5: Schematic illustration of (a) an undeformed elastic medium, (b) a transverse wave propagating in an 

elastic medium, and (c) a longitudinal wave propagating in an elastic medium. The direction of wave propagation 

shows as a maroon arrow, and we illustrate regions of compression and rarefaction by means of the compaction of 

black dots. 

 

Ultrasound DSA relies on longitudinal ultrasound waves in a fluid medium. A longitudinal 

ultrasound wave in a fluid medium travels by generating regions of compression that coincide with 

high pressure, high density, and low velocity, and regions of rarefaction that coincide with low 

pressure, low density, and high velocity. We describe a traveling ultrasound wave in a fluid 
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medium as the incident velocity potential φinc. Thus, a one-dimensional (1D) ultrasound wave that 

travels in the x-direction through an inviscid fluid medium is given as [17] 

φinc = R{-φ0ie
ikx},         (1.1) 

where R{•} is an operator that extracts the real part of the expression, and i = (-1)1/2. We define φ0 

the amplitude of the velocity potential of the ultrasound wave, and k = 2π/λ is the wave number, 

with λ = 2πcm/ω the wavelength of the ultrasound wave. Also, x is the length coordinate along the 

propagation direction of the ultrasound wave, and ω = 2πf and f are the angular and temporal 

frequencies of the ultrasound wave, respectively. Furthermore, cm = (1/ρmβm)1/2 is the wave 

propagation velocity of the fluid medium that depends on the medium density ρm and the medium 

compressibility βm. 

Figure 1.6 schematically illustrates the pulse-echo technique to measure the wave 

propagation velocity of the fluid medium cm [23]. An ultrasound transducer emits an ultrasound 

pulse in the x-direction. The ultrasound pulse travels the distance L through the fluid medium (so-

called pulse), reflects off a reflector, travels the distance L back through the fluid medium (so-

called echo), and again reaches the ultrasound transducer. The wave propagation velocity of the 

fluid medium cm = 2L/Δt, where Δt is the travel time of the ultrasound pulse from the ultrasound 

transducer to the reflector and back to the ultrasound transducer. 

 

Figure 1.6: Schematic of the pulse-echo technique to measure the wave propagation velocity of a fluid medium cm. 
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When considering a viscous instead of an inviscid medium, we must account for 

attenuation of the ultrasound wave while it travels through the viscous fluid medium. Hence, a 1D 

ultrasound wave that travels in the x-direction through a viscous fluid medium is given as [17] 

φinc = R{-φ0ie
ikx̃},         (1.2) 

where k ̃ = (ω/cm)/(1-iωτs)
1/2 is the complex wave number that accounts for ultrasound wave 

attenuation in a viscous medium [17]. Here, τs = 4ηm/3ρmcm
2 is the relaxation time, i.e., the viscous 

dissipation time required to dampen the acoustic pressure to 1/e of its original value, and ηm is the 

viscosity of the fluid medium. Figure 1.7 compares the normalized amplitude (in arbitrary units) 

of an ultrasound wave in an inviscid and viscous medium as it propagates in the x-direction, 

illustrating the attenuation of the ultrasound wave in the viscous medium. 

 
Figure 1.7: Comparison between the normalized amplitude of an ultrasound wave in an inviscid and viscous medium, 

illustrating the attenuation of the ultrasound wave in the viscous medium. 

 

The interaction between two ultrasound waves with the same frequency f that propagate in 

a fluid medium in the same direction but with opposite sense results in a standing ultrasound wave. 

A 1D standing ultrasound wave in the x-direction in an inviscid fluid medium is given as [17] 

φinc = R{-φ0i(e
ikx-e-ikx)}.        (1.3) 
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We derive the ultrasound wave velocity vinc = -∂φinc/∂x and pressure pinc = iρmωφinc from 

the incident velocity potential φinc. A standing ultrasound wave shows nodes at locations where 

the pressure pinc = 0, and antinodes at locations where the pressure oscillates between the minimum 

and maximum values. Figure 1.8 illustrates the normalized amplitude of the incident velocity 

potential, velocity, and pressure of a 1D standing ultrasound wave in an inviscid medium, as a 

function of the x-coordinate in the wave propagation direction. We indicate the locations of the 

nodes (solid black dots) and antinodes (hollow black dots).  

 

Figure 1.8: Normalized amplitude of the velocity potential φinc, velocity vinc, and pressure pinc of a 1D standing 

ultrasound wave as a function of the x-coordinate in the wave propagation direction, showing the locations of the 

nodes (solid black dots) and antinodes (hollow black dots) of the standing ultrasound wave. 

 

1.3.2. Ultrasound wave generation 

An ultrasound transducer converts electrical energy into mechanical energy or vice versa 

to emit or sense an ultrasound wave (continuous or pulse). An ultrasound transmitter emits 

ultrasound waves, whereas an ultrasound receiver senses them. An ultrasound transceiver emits 

and senses ultrasound waves [24]. Figure 1.9 shows examples of commercially available 

ultrasound transducers (transceivers). 
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Figure 1.9: Examples of commercially available ultrasound transducers from (a) [25], (b) [26], (c) [27], and (d) [28]. 

These images are reprinted from their respective source of references. Source: (a) 

https://www.pzttransducer.com/sale-12680496-sealed-waterproof-ultrasonic-sensor-25khz-center-frequency-

diameter-25mm.html (b) https://www.auroraprosci.com/piezoelectric-disc--iameter-27-mm-thin-thickness-0.22-mm  

(c) https://www.pzttransducer.com/sale-12679425-25mmx12mm-pzt-ultrasonic-transducer-112khz-ultrasonic-

piezoelectric-transducer.html (d) https://www.uxcell.com/tct4016t-ultrasonic-transducer-transmitter-probe-2pcs-p-

1652326.html. 

 

Different types of ultrasound transducers exist, such as magnetostrictive [24], 

photoacoustic [29], and piezoelectric [30] ultrasound transducers. Magnetostrictive ultrasound 

transducers emit ultrasound waves based on expanding and contracting ferromagnetic materials in 

an alternating magnetic field [31]. A photoacoustic ultrasound transducer emits ultrasound waves 

based on intensity-modulated absorption of light in an elastic material [32]. Piezoelectric 

ultrasound transducers emit ultrasound waves based on strained crystalline lattices caused by 

electrical polarization. Hence, energizing a piezoelectric ultrasound transducer with an alternating 

voltage with frequency f > 20 kHz causes the transducer to expand and contract with frequency f. 

It acts like a piston source and emits the ultrasound wave into the surrounding fluid medium [33]. 

Figure 1.10 shows a schematic of the piezoelectric effect in a quartz crystal comprising 

silicon atoms with a positive charge and oxygen atoms with a negative charge. An alternating 

voltage source V energizes the quartz crystal in its undeformed state (Fig. 1.10 (a)), contracts it 

(Fig. 1.10 (b)), and expands it (Fig. 1.10 (c)) as a result of attractive and repulsive forces between 

the atoms. Figure 1.10 illustrates the positive and negative electrical charges of atoms and the 

charge accumulated on the quartz crystal as + and – signs. 

https://www.pzttransducer.com/sale-12680496-sealed-waterproof-ultrasonic-sensor-25khz-center-frequency-diameter-25mm.html
https://www.pzttransducer.com/sale-12680496-sealed-waterproof-ultrasonic-sensor-25khz-center-frequency-diameter-25mm.html
https://www.auroraprosci.com/piezoelectric-disc--iameter-27-mm-thin-thickness-0.22-mm
https://www.pzttransducer.com/sale-12679425-25mmx12mm-pzt-ultrasonic-transducer-112khz-ultrasonic-piezoelectric-transducer.html
https://www.pzttransducer.com/sale-12679425-25mmx12mm-pzt-ultrasonic-transducer-112khz-ultrasonic-piezoelectric-transducer.html
https://www.uxcell.com/tct4016t-ultrasonic-transducer-transmitter-probe-2pcs-p-1652326.html
https://www.uxcell.com/tct4016t-ultrasonic-transducer-transmitter-probe-2pcs-p-1652326.html
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Figure 1.10: Schematic illustration of the piezoelectric effect of a quartz crystal that comprises silicon atoms (maroon) 

with positive electrical charge and oxygen atoms (orange) with negative electrical charge. (a) Undeformed quartz 

crystal where V = 0, (b) contracted quartz crystal, and (c) expanded quartz crystal due to electrical bias caused by the 

alternating voltage source. 

 

Piezoelectric materials convert electrical to mechanical energy and vice versa, show 

stability over a wide range of temperatures, and can operate in dirty and corrosive environments. 

Thus, piezoelectric materials are commonly used as ultrasound transducers [34]. We use 

piezoelectric ultrasound transducers for all experiments in this dissertation research.  

Several materials show piezoelectric effects, including minerals such as quartz, Berlinite, 

Topaz, tourmaline, and Rochelle salt, polymers such as polyimide and polyvinylidene difluoride 

(PVDF), and organic materials such as wood and bone [33]. However, ultrasound transducers 

commonly use synthetic lead zirconate titanate (PZT) ceramics as their active element because of 

their low dielectric energy loss, strong dielectric coupling, and high efficiency in converting 

electrical to mechanical energy [35]. The manufacturing process, chemical composition, and 

geometry of PZT ultrasound transducers determine their piezoelectric properties. Hence, 

controlling these parameters allows tuning PZT ultrasound transducers for a specific condition, 

such as a particular frequency or bandwidth requirement. Figure 1.11 shows examples of the PZT 

plates with different center frequencies fc we use for the experiments in this dissertation research 
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(PZT Type II, Steminc, FL, USA) [36]. The PZT material is covered with a silver coating on either 

side, which are electrodes to which one can connect leads. 

 

Figure 1.11: Examples of the PZT plates with different center frequencies fc we use for the experiments in this 

dissertation research. 

 

1.4. Acoustic radiation force 

1.4.1. Acoustic wave scattering 

Figure 1.11 shows a spherical particle (gray) of radius a in a fluid medium (light blue), 

subject to an incident ultrasound wave φinc. When the incident wave interacts with the surface of 

the particle, it causes alternating movements and shape changes of the spherical particle with the 

same frequency as the incident ultrasound wave φinc. Thus, as a result of these alternating 

movements and shape changes, the particle emits an ultrasound wave into the fluid medium. This 

ultrasound wave that emits from the particle is a scattered wave φsc. In this dissertation research, 

we note that the incident and scattered ultrasound wave refers to the incident and scattered velocity 

potentials. 
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Figure 1.12:  Schematic of the interaction between an incident ultrasound wave φinc and a spherical particle of radius 

a in a fluid medium, showing the scattered wave φsc that emits from the particle as a result of alternating movement 

and shape changes induced by the incident wave φinc. 

 

Researchers have studied the scattered wave that results from a spherical particle dispersed 

in a fluid medium, subject to an incident wave. These studies started in 1934 when King examined 

scattering for incompressible spherical particles in an inviscid medium [37]. Subsequently, 

researchers have analyzed wave scattering for elastic spherical and cylindrical particles in an 

inviscid medium [38], elastic spherical particles in a thermoviscous medium [39], and ellipsoidal 

particles in a poroelastic medium [40]. 

Three wave scattering regimes for spherical particles exist, which we categorize by means 

of the relationship between the wavelength λ and the particle radius a and. Figure 1.13 

schematically illustrates the Rayleigh regime, where the particle radius a is much smaller than the 

wavelength (a << λ) (Fig. 1.13 (a)), the Mie regime, where the particle radius and the wavelength 

are on the same order of magnitude (a ≈ λ) (Fig. 1.13 (b)), and the Ray regime, where the particle 

radius is significantly larger than the wavelength (a >> λ) (Fig. 1.13 (c)). Comparing the Rayleigh 

regime versus the Mie and Ray regime, we note that the scattered wave is weaker in the Rayleigh 

regime than in the other regimes because the ratio of the radiation power that scatters from a 

spherical particle and the incident radiation power is proportional to (ka)4 for spherical particles in 

a standing ultrasound wave [41].  
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Figure 1.13: Schematic illustration of (a) Rayleigh, (b) Mie, and (c) Ray scattering regimes, showing the relationship 

between the wavelength of the incident ultrasound wave φinc and the radius a of the spherical particle. 

 

In this dissertation research, we focus on spherical microparticles (5 μm ≤ a ≤ 30 μm) 

dispersed in fluid medium and subject to a standing ultrasound wave of frequency f ≤ 1.5 MHz. 

When considering water-like fluid media with cm ≈ 1,500 m/s, the wavelength of the ultrasound 

wave λ ≈ 1 mm. Thus, the radius of the particles is substantially smaller than the wavelength of 

the ultrasound wave, and the system operates in the Rayleigh regime. In this regime, the scattered 

wave emitted from a spherical particle in a standing ultrasound wave can be described as a 

multipole expansion, where the monopole and dipole components dominate. The boundary 

conditions are; (1) the pressure in the fluid medium equals the normal stress in the spherical 

particle, (2) no shear stress exists at the particle surface, and (3) the fluid medium does not 

penetrate the particle [18]. The monopole scattering velocity potential from a particle located at rj 

and measured in ri is given as [42] 

 
3 (1)1

, 0( | ) ( ) ( )
3

sc mono i j i j inc j

f
i ka h k 

 
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 
r r r r r ,     (1.4) 

where the monopole scattering coefficient f1 = 1-βp/βm [43]. Here, the particle compressibility βp 

= 1/[ρp(cp,c
2-4cp,s

2/3)], where ρp, cp,c and cp,s are the density, compressional wave propagation 

velocity, and shear wave propagation velocity of the spherical particle, respectively [18]. h0
(1)(z) = 

-ieiz/z is the 0th order spherical Hankel function of the first kind [44]. ||ri-rj||| is the Euclidean 
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distance between locations ri and rj, which are vectors with respect to the origin of a Cartesian 

coordinate system. Figure 1.14 (a) schematically illustrates the monopole scattering velocity 

potential φsc,mono emitted from a spherical particle in a standing ultrasound wave, which generates 

an ultrasound wave originating from the spherical particle with a uniform amplitude in all 

directions. 

The dipole scattering velocity potential from a particle located at rj and measured in ri is 

given as [42] 
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where the dipole scattering coefficient f2 = [2(ρp/ρm-1)]/[2ρp/ρm+1]. ρp is the density of the spherical 

particle, h1
(1)(z) = -eiz(z+i)/z2 is 1st order spherical Hankel function of the first kind [44], and 

( ) /inc j i j  r r r is the derivative of the incident velocity potential at location rj in the direction 

of ri-rj. Figure 1.14 (b) schematically illustrates the dipole scattering velocity potential φsc,di 

emitted from a spherical particle in a standing ultrasound wave, which generates an ultrasound 

wave originating from the spherical particle in the positive and negative x-direction, i.e., the 

propagation direction of the incident wave. 

The scattered velocity potential φsc from a particle located at rj and measured in ri is the 

summation of both monopole φsc,mono and dipole scattering velocity potential φsc,di [42], i.e.,  
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Figure 1.14 (c) schematically illustrates the scattered velocity potential φsc from a spherical particle 

in a standing ultrasound wave. Note that the relative magnitudes of the monopole and dipole 
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contributions to φsc in Fig. 1.14 are for illustration purposes only and, in reality, depend on multiple 

parameters (Chapter 5).  

 

Figure 1.14: Schematic illustration of (a) the monopole scattering velocity potential φsc,mono, (b) the dipole scattering 

velocity potential φsc,di, and (c) the scattering velocity potential φsc from a spherical particle in a standing ultrasound 

wave. 

 

1.4.2. Primary acoustic radiation force 

The standing ultrasound wave transfers momentum to the spherical particle via the 

radiation pressure applied to the surface of the spherical particle. The time-averaged primary 

acoustic radiation force Finc that acts on a spherical particle is the integral of the radiation pressure 

over the surface of the spherical particle [45]. Theoretical work to calculate the acoustic radiation 

force began in the 1930s with King [46], who calculated the primary acoustic radiation force that 

acts on an incompressible spherical particle in an inviscid medium. Yosioka and Kawasima [47] 

extended King’s analysis to compressible spherical particles in an inviscid medium. In 1962, 

Gor’kov [48] generalized these results in a primary acoustic radiation force theory for 

compressible spherical particles. Calculating the primary acoustic radiation force that acts on 

spherical particles dispersed in a viscous medium also requires accounting for the medium 

viscosity [49]. Hence, Settnes and Bruus [43] included viscosity in the primary acoustic radiation 
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force theory for compressible spherical particles, and they demonstrated that the primary acoustic 

radiation force can deviate by orders of magnitude between the viscous and inviscid theories. 

The ultrasound wave field in a fluid medium causes locally fluctuating pressure, velocity, 

and density. Thus, we describe the standing ultrasound wave in terms of the incident pressure pinc, 

density ρinc, and velocity vinc of the fluid medium. The ultrasound wave in a fluid includes the sum 

of a perturbation series of n order variations. However, we only consider the zeroth, first, and 

second order because research has shown that the effect of higher-order terms (n > 2) can be 

neglected [50]. Thus, the ultrasound wave in terms of pressure p, density ρ, and velocity v 

variations yields 

0 1 2p p p p   ,         (1.7) 

0 1 2      ,         (1.8) 

and 

0 1 2  v v v v ,         (1.9) 

where p0, ρ0, and v0 are the quiescent pressure, density, and velocity. The quiescent density ρ0 = 

ρm and the quiescent velocity v0 = 0. We substitute p1 = pinc and ρ1 = ρinc. Thus, the ultrasound wave 

yields 

0 2incp p p p   ,         (1.10) 

2m inc      ,         (1.11) 

and 

1 2 v v v .          (1.12) 

We calculate the time-averaged primary acoustic radiation force Finc that acts on a spherical 

particle as the time-averaged second order forces applied to a fixed control surface ∂Ω in the bulk 
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of the fluid medium that encompasses a spherical particle [39]. Hence, the time-averaged primary 

acoustic radiation force Finc is the surface integral of the sum of the time-averaged second-order 

pressure ⟨p2⟩ and momentum flux tensor ρm⟨v1v1⟩, which accounts for all momentum entering and 

leaving the control volume enclosed by ∂Ω as 

 2 1 1inc mp da

     F n n v v ,      (1.13) 

where n is a unit vector that points normal to ∂Ω, and the angle bracket ⟨•⟩ is an operator that 

indicates the time average of harmonic time-dependent functions. Euler’s equations of fluid 

dynamics show that the second-order time-averaged pressure variations ⟨p2⟩ are a function of the 

first order variations, i.e., a function of the incident ultrasound wave field, 

2 2

2 1

1 1

2 2
inc mp k p v  ,        (1.14) 

where v1
2 = (∇φinc+∇φsc)

2, and the time average of the product of two functions (for example, f and 

g) is 

 

 
*1

{ }
2

fg fg  ,         (1.15) 

where * represents the complex conjugate. 

Applying Gauss’s integral theorem for tensors further simplifies Eq. (1.13), and yields the 

primary acoustic radiation force Finc = -∇Uinc that acts on a spherical particle of radius a << λ in 

an inviscid medium. Uinc is the primary acoustic radiation potential, calculated in terms of the first-

order incident ultrasound wave field variations pinc and vinc at the location of the particle as 

3 2 2

1 2

34

3 2 4

m m
inc inc incU a f p f

   
  

 
v ,      (1.16)  

where f1 and f2 are the monopole and dipole scattering coefficients presented in Sec. 1.4.1. 
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In a standing ultrasound wave field, the primary acoustic radiation force drives particles to 

locations where the primary acoustic radiation potential Uinc is locally minimum, ||Finc|| = 0, and 

points towards these locations in the surrounding region. The acoustic contrast factor 

1 2

1 1

3 2
f f             (1.17) 

determines whether the local minima occur at the nodes (ϕ > 0) or antinodes (ϕ < 0) of the standing 

ultrasound wave field. Combinations of particles that are less compressible than the fluid medium 

in which they are dispersed result in ϕ > 0, whereas particles that are more compressible than the 

fluid medium in which they are dispersed result in ϕ < 0.  

Figure 1.15 shows the normalized incident velocity potential φinc (dotted maroon line), 

primary acoustic radiation potential Uinc (solid orange line), and the magnitude of the primary 

acoustic radiation force ||Finc|| (dashed gray line) of a 1D standing ultrasound wave. The solid black 

arrows indicate the direction of the primary acoustic radiation force that acts on particles in the 

standing ultrasound wave for ϕ > 0 (Figure 1.15 (a)), which drives the particles to the nodes (solid 

black dots) and for ϕ < 0 (Figure 1.15 (b)), which drives the particles to the antinodes (hollow 

black dots) of the standing ultrasound wave. 
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Figure 1.15: Normalized incident velocity potential φinc (dotted maroon line), primary acoustic radiation potential U 

(solid orange line), and primary acoustic radiation force ||Finc|| (dashed gray line) of a 1D standing ultrasound wave, 

showing the direction of the primary acoustic radiation force acting on particles in the standing ultrasound wave (solid 

black arrows) for (a) ϕ > 0, which drives the particles to the nodes (solid black dots) and for (b) ϕ < 0, which drives 

the particles to the antinodes (hollow black dots) of the standing ultrasound wave. 

 

Settnes and Bruus [43] expanded Gor’kov’s primary acoustic radiation force theory to 

include the effect of medium viscosity in the calculation of the primary acoustic radiation force. 

They calculated the primary acoustic radiation force that a standing ultrasound wave exerts on a 

compressible, spherical particle in a viscous medium. They included the medium viscosity and 
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derived an analytical expression for the resulting primary acoustic radiation force. Hence, the 

primary acoustic radiation potential Uinc in the viscous medium is 

3 2 2

1 2

34

3 2 4

m m
inc inc incU a f p f v

   
  

 
.      (1.18) 

with f1 = 1-βp/βm and f2 = ℜ{[2(1-γ)(ρp/ρm-1)]/[2ρp/ρm+1-3γ]}. Here, γ = -3/2[1+i(1+δ/a)]δ/a, with 

δ = (2ηm/ωρm)1/2 the viscous boundary layer thickness around a particle and ηm the medium 

viscosity [43]. 

 

1.4.3. Acoustic interaction force 

The acoustic radiation force is the superposition of the primary acoustic radiation force 

Finc, which results from the incident standing ultrasound wave, and the acoustic interaction force 

Fint, which originates from the acoustic interactions between neighboring particles [42]. In a 

mixture of particles and a fluid medium subject to a standing ultrasound wave, a secondary 

radiation force exists, which is commonly referred to as the acoustic interaction force Fint. For a 

single particle in a mixture of particles and a fluid medium, the acoustic interaction force is caused 

by the ultrasound wave scattering from other particles in the mixture. Investigations of the acoustic 

interaction force date back to the 19th century, when Bjerknes studied the acoustic interaction 

force between a pair of bubbles [51], and Konig evaluated the acoustic interaction force between 

two rigid spheres [52]. Subsequently, others investigated the acoustic interaction force considering 

short-range interaction between rigid particles [53,54], bubbles [51,55], bubbles and rigid particles 

[56], and bubbles and droplets [57]. In addition, researchers studied the long-range interactions 

between rigid particles [58], bubbles [59,60], and droplets [61]. 

Furthermore, researchers have studied the acoustic interactions between spherical particles 

using single scattering, where the incident wave only scatters once [42,51,62–65], and multiple 
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scattering, where both the incident and scattered wave scatter multiple times when incident to a 

particle [61,66–69]. Figure 1.16 schematically illustrates a comparison between single and 

multiple scattering within a mixture of spherical particles and a fluid medium. In Fig. 1.16 (a), 

each spherical particle in the fluid medium scatters the incident velocity potential φinc and emits 

the scattered velocity potential φsc into the fluid medium. In contrast, in Fig. 1.16 (b), each 

spherical particle scatters both the incident velocity potential φinc and the scattered velocity 

potentials φsc from other particles into the fluid medium. 

 

Figure 1.16: Schematic illustration of (a) single scattering and (b) multiple scattering within a mixture of spherical 

particles dispersed in a fluid medium, showing the incident velocity potential φinc and the scattered velocity potentials 

φsc. 

 

Researchers have calculated the acoustic radiation force that accounts for both the primary 

acoustic radiation force Finc and the acoustic interaction force Fint considering both single 

scattering [42,51,62–65] and multiple scattering. [61,66–69]. These works have demonstrated that 

single and multiple scattering between spherical particles in a plane (traveling and standing) 

ultrasound wave is dominated by single scattering, and can strengthen or weaken the acoustic 

radiation force depending on the size of the particles and their relative positions with respect to 

each other. For instance, Silva and Bruus [42] derived a theoretical expression for the acoustic 

interaction force between spherical particles dispersed in an inviscid medium and subject to a plane 
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(traveling and standing) ultrasound wave, accounting for single scattering only. They showed that 

the acoustic interaction force can be attractive or repulsive in the plane parallel to the wave 

propagation direction. 

To account for single scattering with N spherical particles when calculating the acoustic 

radiation force F, we calculate the velocity potential at the location of the ith particle ri as a 

summation of the incident velocity potential at this location φinc(ri) and all scattered velocity 

potentials from other particles, evaluated at the location of the ith particle [42], i.e., 

1

( ) ( ) ( , )
N

i inc i sc i j
j

j i

  




 r r r r .       

 (1.19) 

Using Eq. (1.16) and the definitions of ultrasound pressure p(rj) = iωρmφ(rj) and velocity v(rj) = 

∇φ(rj), we calculate the time-averaged acoustic radiation potential as [42] 
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 
   

 
r r r .   (1.20) 

 The acoustic radiation force F = -∇U(ri) is the sum of contributions from the incident 

velocity potential φinc(ri), which we refer to as the primary acoustic radiation force Finc(ri), and 

from the scattered velocity potentials φsc(ri,ri), which we refer to as the acoustic interaction force 

Fint(ri) [42]. Thus, 

( ) ( ) ( )i inc i int i F r F r F r .       

 (1.21)We determine the acoustic interaction force Fint(ri) = -∇Uint by substituting φ(ri) from 

Eq. (1.19) in Eq. (1.20) and keeping only the terms that include φsc(ri,rj) as [42] 
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Here, we note that when only considering a pair of spherical particles in a standing ultrasound 

wave field, the acoustic interaction potentials Uint that these two particles experience are not 

necessarily equal due to the product of the incident and scattering velocity potentials in Eq. (1.22). 

Correspondingly, the acoustic interaction forces Fint on both particles are not necessarily the same 

[42]. 

 

1.5. State-of-the-art in ultrasound directed self-assembly 

Ultrasound DSA offers the ability to organize and orient particles in specific patterns. 

Adjusting the parameters of the standing ultrasound wave field (frequency, amplitude, and phase) 

enables modifying the locations of nodes and antinode and, thus, designing where particles will 

assemble. However, to arrange specific patterns of particles using ultrasound DSA, one must 

derive the relationship between the ultrasound wave field parameters and the locations where the 

acoustic radiation potential is locally minimum, i.e., the locations where particles will assemble. 

One can determine the relationship between the operating parameters of an array of 

ultrasound transducers and its resulting ultrasound wave field by solving either the "forward" or 

"inverse" ultrasound DSA problem. The forward problem calculates the pattern of particles that 

results from a specific set of ultrasound transducer operating parameters. Alternatively, the inverse 

problem determines the optimal operating parameters for each ultrasound transducer required to 

establish a standing ultrasound wave field where the local minima of the time-averaged acoustic 

radiation potential coincide with the locations of the specific pattern of particles one intends to 

assemble. Figure 1.17 schematically illustrates the forward and inverse ultrasound DSA problems.  
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Figure 1.17: Schematic illustration of (a) the forward and (b) inverse ultrasound DSA problems. 

 

The literature documents multiple solution methodologies to the forward ultrasound DSA 

problem [18,48,70]. However, solving the inverse ultrasound DSA problem is more relevant to 

manufacturing engineered materials than solving the forward ultrasound DSA problem, and is also 

more difficult to accomplish. It has been solved either directly or indirectly. Indirectly solving the 

inverse problem requires establishing a database of attainable patterns by solving the forward 

problem for a range of ultrasound transducer operating parameters [71–73]. In contrast, the direct 

solution method involves optimizing an objective function that minimizes the acoustic radiation 

potential at desired particle locations as a function of the ultrasound transducer operating 

parameters.  

Specifically, multiple research groups have documented solutions to the inverse ultrasound 

DSA problem for ultrasound DSA of spherical particles in 1D [71], 2D [19,74,75], and 3D [76,77], 

and high aspect ratio particles in 2D [78], and 3D [79]. Figure 1.18 illustrates selected examples 

for the inverse ultrasound DSA problem in 1D, 2D, and 3D for spherical particles. We note that 

this list is illustrative, not exhaustive, i.e., other examples exist in the literature. 
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Greenhall et al. [71] developed a theoretical model to calculate the location of a particle as 

a function of the phases of two opposing ultrasound transducers. They showed that a spherical 

particle can be displaced in a 1D ultrasound wave across several wavelengths only by changing 

the phases of both ultrasound transducers in a choreographed fashion (Fig. 1.18 (a)).  Greenhall et 

al. [19] also derived a theoretical model and demonstrated a practical solution to the inverse 

ultrasound DSA problem of spherical particles in 2D. The method is valid for reservoirs of any 

shape, lined with any number and arrangement of ultrasound transducers to create any specific 

pattern of spherical particles. They validated the accuracy of the numerical solutions derived from 

their theory through experiments, and illustrated the capability of their solution using numerical 

simulations of, e.g. a block “U” logo (red, specific pattern and black, simulated pattern) (Fig. 1.18 

(b)). Furthermore, Prisbrey et al. [76] expanded the work of Greenhall et al. [19] to organize 

spherical particles dispersed in a fluid medium into 3D specific patterns. They performed 

experimental validation of simple 3D dot and line patterns (Fig. 1.18 (c)) and again illustrated the 

capability of their method by simulating highly complex patterns of particles (Fig. 1.18 (d)).  
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Figure 1.18: Selected examples for the inverse ultrasound DSA problem in 1D, 2D, and 3D for spherical particles. 

(a) displacement of a spherical particle in a 1D ultrasound wave across several wavelengths only by changing the 

phases of both ultrasound transducers in a choreographed fashion [71]. (b) A 2D block “U” pattern (red) and the 

simulated pattern of spherical particles (black) [19]. (c) Simulated and experimental dot patterns of particles 

implemented by solving the inverse 3D ultrasound DSA problem [76]. (d) A 3D simulated pattern of spherical particles 

consisting of eight hollow spheres [76]. Figures reprinted with permission. 

 

Researchers have also used ultrasound DSA to organize and orient high aspect ratio 

particles. This is particularly useful when using ultrasound DSA to manufacture engineered 

polymer matrix composite materials with discontinuous fiber reinforcement. Figure 1.19 illustrates 

selected examples for the inverse ultrasound DSA problem in 2D and 3D for high aspect ratio 

particles. We note that this list is illustrative, not exhaustive; other examples exist in the literature. 

Schwarz et al. [80] calculated the operating parameters of four ultrasound transducers 

arranged in a square formation to rotate high aspect ratio glass particles in a 2D (Fig. 1.19 (a)). 
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Similarly, Scholz et al. [81] demonstrated the rotation of high aspect ratio glass particles in 2D by 

sequentially activating a specific group of eight ultrasound transducers configured in an octagon. 

Prisbrey et al. [78] used ultrasound DSA to create 2D patterns of high aspect ratio particles with 

specific orientations. They theoretically derived a bead-chain model to determine the operating 

parameters of any arrangement of ultrasound transducers required to orient high aspect ratio 

particles in any user-specified orientation. Using their model, they experimentally organized and 

oriented high aspect ratio particles using ultrasound waves in 2D and documented a < 20% error 

between theory and experiments (Fig. 1.19 (b)). Marzo et al. [82] maximized the Laplacian of the 

acoustic radiation potential to drive the orientation of a single disc-shaped particle levitated in air.  

Furthermore, Prisbrey et al. [79] theoretically derived and experimentally validated a 

method to determine the operating parameters (amplitude and phase) of any arrangement of 

ultrasound transducers that enables explicit control over the 3D organization and orientation of 

ellipsoidal particles in any 3D orientation (Fig. 1.19 (c)). 
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Figure 1.19: Selected examples for the inverse ultrasound DSA problem in 2D and 3D of high aspect ratio particles. 

(a) 180o rotation of glass high aspect ratio particles [80]. (b) Theoretical and experimental 2D specific orientations θdes 

of carbon high aspect ratio particles [78], and (c) Theoretical and experimental 3D specific orientations θd and φd of 

an ellipsoidal particle [79]. Figures reprinted with permission. 
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Several groups have also studied the dynamic behavior of a single particle [83,84] and a 

group of particles [73,85,86] dispersed in a fluid medium and subject to an ultrasound wave. Figure 

1.20 illustrates selected examples for the dynamic manipulation of a single particle and a group of 

particles. Greenhall et al. [83] examined the dynamic behavior of a single particle in a 

standing ultrasound wave. They determined that a particle can be displaced to a different 

location by adjusting the operating parameters of the ultrasound transducers in an underdamped, 

critically damped, or overdamped fashion. Marzo et al. [82] and Hoshi et al. [73] used ultrasound 

transducers to generate a focused acoustic beam, creating a local minimum of the acoustic radiation 

potential at a specific point in 3D space. They employed this technique to levitate and manipulate 

a single spherical particle in the air. Courtney et al. [85] calculated the ultrasound transducer 

phases needed to manipulate multiple polystyrene spherical particles in a circular reservoir in a 2D 

space (Fig. 1.20 (a)). Additionally, Prisbrey and Raeymaekers [86] used multiple phased arrays of 

ultrasound transducers to dynamically move a 3D pattern of particles along specific trajectories 

and numerically simulated this movement and observed good quantitative agreement (Fig. 1.20 

(b)). They showed that an ultrasound power of seven times the ultrasound power required to 

levitate a particle is needed to successfully translate that particle over a single-step translation 

distance of one fourth of the wavelength. 
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Figure 1.20: Selected examples for the dynamic manipulation of a single particle and a group of particles. (a) 

Manipulation of three polystyrene spherical particles in a 2D circular, showing three time-steps t0, t1, t2 [85]. (b) 

Dynamic manipulation of a 3D pattern of particles along a circle trajectory [86]. Figures reprinted with permission. 

 

1.6. Engineering applications of ultrasound directed self-assembly 

Ultrasound DSA has been used in various engineering applications, including non-contact 

manipulation of particles and objects for precise handling or quality control [82,87,88], levitated 

displays [77,89,90], and organizing [91–93] and separating particles and cells, e.g. in lab-on-a-

chip devices [94–96]. Figure 1.21 shows several examples of ultrasound DSA applications in 

separating particles in lab-on-a-chip devices (Fig. 1.21 (a)), precise handling (Fig. 1.21 (b)), and 

levitated displays (Fig. 1.21 (c)).  

Ultrasound DSA is an efficient technique for quasi-instantaneously manipulating and 

organizing massive numbers of particles dispersed in a fluid medium. Hence, researchers have also 

used ultrasound DSA for particle filtration, e.g. to separate carbon particles from air in a smoke 

stack and to develop integrated microfluidic sensing devices based on particle aggregation [97,98]. 

In addition, researchers have used ultrasound DSA to separate particles in a continuous flow based 
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on their properties or size [96]. Figure 1.21 (a) schematically illustrates particle separation using 

ultrasound DSA; a fluid medium that contains dispersed particles of two different sizes flows 

through three different standing ultrasound wave fields in an ultrasound separation device. 

The acoustic radiation force drives particles to assemble in three different locations in the fluid 

flow. 

Marzo et al. [82] showed that acoustic levitation can be employed to translate, rotate, and 

manipulate particles, e.g. with application in targeted drug delivery or acoustically controlled 

micro-machines. Figure 1.21 (b) illustrates a polystyrene particle that translates along a 3D 

trajectory and an ellipsoidal particle that rotates in 3D.  

Furthermore, Hirayama et al. [89] presented a levitating volumetric display that 

simultaneously delivers visual, auditory, and tactile content using ultrasound DSA. Figure 1.21 (c) 

demonstrates the rendering of a 3D image with color information using their technique. 
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Figure 1.21: Examples of ultrasound DSA applications in (a) separating particles in lab-on-a-chip devices, (b) precise 

handling, and (c) levitated displays. (a) Schematic demonstration of particle separation using ultrasound DSA [96]. 

(b) A polystyrene particle accurately translating along a 3D path and an ellipsoidal particle controllably rotating in a 

3D space [82]. (c) Rendering of a 3D image with color information using ultrasound DSA [89]. Figures reprinted with 

permission. 
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1.6.1. Manufacturing engineered polymer matrix composite materials 

This dissertation research primarily focuses on the fundamental theory of ultrasound DSA 

in the context of manufacturing engineered polymer matrix composite materials.  

Composite materials typically comprise a matrix and a filler material. The matrix provides 

the material geometry and fixes the filler material in place, whereas the filler material modifies the 

properties of the composite material. Engineered polymer matrix composite materials derive their 

properties from the properties of the filler (particles) and matrix materials, as well as the spatial 

organization and orientation of the filler in the matrix material [99]. Figure 1.22 shows examples 

of engineered polymer matrix composite materials that derive their properties from the spatial 

organization of the filler in the matrix. These examples include a 3D structure of an embedded 

electromagnetic coil pattern of conductive wires via aligning conductive copper nanoparticles in a 

photopolymer resin [100] (Fig. 1.22 (a)), multilayer structures with a network of silicone rubber 

and expanded graphite to enhance the thermal conductivity [101] (Fig. 1.22 (b)), and 3D printed 

composite material bolted joints with embedded continuous fibers to improve the stiffness and 

strength of the joint [102] (Fig. 1.22 (c)). 

 

Figure 1.22: Examples of engineered polymer matrix composite materials that derive their properties from the spatial 

organization of the filler in the matrix. (a) A 3D structure with an embedded electromagnetic coil of conductive wires 

obtained via aligning conductive copper nanoparticles in a photopolymer resin [100]. (b) Multilayer structures with a 

network of silicone rubber and expanded graphite to enhance the thermal conductivity [101]. (c) 3D printed composite 

material bolted joints with embedded continuous fibers to improve the stiffness and strength of the joint [102]. Figures 

reprinted with permission. 
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Hence, from the examples of Fig. 1.22, it is clear that engineered polymer matrix composite 

materials can be designed to display tailored mechanical [103], electrical [104], thermal [105], 

acoustic [106], and electromagnetic properties [107], which often may not occur in nature. 

Therefore, they have attracted significant interest from the science and engineering community. 

However, to manufacture engineered materials with ultrasound DSA, it is necessary to integrate it 

with formative manufacturing techniques, such as mold casting and freeze casting, or additive 

manufacturing techniques, such as direct ink writing (DIW) and vat photopolymerization (VP). 

Then, the formative or additive manufacturing technique enables implementing the 3D geometry 

of the material or part, whereas ultrasound DSA enables control of the organization and orientation 

of the filler (particles) within the matrix material. Figure 1.23 schematically illustrates the 

integration of ultrasound DSA and mold casting, DIW, and VP. 

Mold casting is a formative manufacturing technique that relies on a liquid polymer 

flowing into a 3D mold cavity before solidifying in its shape. The literature has documented that 

polymer matrix composite materials have been fabricated using mold casting in combination with 

ultrasound DSA to organize and align the filler material. Scholz et al. [108] used ultrasound DSA 

to align glass microfibers in several polymer resin materials in combination with mold casting. 

They reported that the glass fiber alignment increased the material specimen strength by 43% in 

the direction of the glass fiber alignment. In addition, Haslam et al. [109] used ultrasound DSA to 

align multi-walled carbon nanotubes (MWCNTs) in a polymer matrix to manufacture composite 

material specimens, and also reported a substantial increase of the material strength in the direction 

of MWCNT alignment. Greenhall et al. [110] also used ultrasound DSA in the gauge section of a 

dogbone-shaped acrylic mold to fabricate polymer matrix composite material specimens with 

aligned MWCNTs. Specifically, Greenhall et al. used ultrasound waves to concentrate MWCNTs 
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in one location, thereby obtaining a locally high weight percent of filler material (> 11%) to 

increase the mechanical properties of the composite material beyond what is possible with low 

weight percent of filler material (< 2%). Figure 1.23 (a) schematically illustrates the integration of 

ultrasound DSA and mold casting, whereas Fig. 1.23 (b) illustrates a dog bone specimen with 

aligned MWCNTs in the gauge section of the polymer matrix composite material.  

 

Figure 1.23: (a) Schematic illustration of the integration of ultrasound DSA and mold casting [110]. (b) A dogbone 

specimen of polymer matrix composite material with aligned MWCNTs [110]. Figures reprinted with permission. 

 

DIW is an additive manufacturing process in which a liquid polymer matrix composite ink 

selectively extrudes, deposits, and cures to form a 3D material specimen [111]. Researchers have 

demonstrated the integration of DIW with ultrasound DSA to align filler material dispersed in the 

liquid ink. Friedrich et al. [112] used DIW in tandem with ultrasound DSA to print composite 

material specimens that comprise an epoxy matrix with aligned glass microspheres and studied the 

effect of ultrasound DSA operating parameters on the spatial distribution of the filler material. 

They determined that the ultrasound transducer voltage (amplitude of the ultrasound wave) has the 

strongest effect on the distribution of the filler material. Figure 1.24 (a) shows a schematic of their 
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setup, in which a piezoelectric ultrasound transducer establishes a standing ultrasound wave field 

across the extruder channel. Similarly, Collino et al. [113] used DIW with ultrasound DSA to 

fabricate epoxy filament with different filler materials. They demonstrated selectively organizing 

filler material along different lines according to their material properties. Figure 1.24 (b) shows 

randomly dispersed silicon carbide microfibers and hollow glass spheres arranged into distinct and 

separate lines of discontinuous filler material according to their density and compressibility, 

respectively, and located at the nodes or antinodes of a standing ultrasound wave field. Finally, 

Felt et al. used cylindrical ultrasound transducers in the nozzle of an experimental extrusion setup 

that mimics DIW or fused filament fabrication (FFF) and demonstrated that complex patterns of 

particles retain their shape in a continuous viscous flow, as long as the flow remains laminar [114]. 

Fig. 1.25 shows the schematic and photograph of their experimental setup that includes an acrylic 

reservoir with a mixture of viscous medium with randomly dispersed particles, which organize in 

a concentric circle pattern that flows through the cylindrical ultrasound transducer before extruding 

from the nozzle. 
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Figure 1.24: (a) Schematic of DIW with ultrasound DSA, in which a piezoelectric ultrasound transducer establishes 

a standing ultrasound wave field across the extruder channel to print composite material specimens that comprise an 

epoxy matrix with aligned glass microspheres [112]. (b) Randomly dispersed silicon carbide microfibers and hollow 

glass spheres arranged into distinct and separate lines of discontinuous filler material according to their density and 

compressibility, respectively, and located at the nodes or antinodes of a standing ultrasound wave field [113]. Figures 

reprinted with permission. 
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Figure 1.25: Schematic and photograph of the experimental setup with a cylindrical ultrasound transducer in the 

nozzle of an experimental extrusion setup that mimics DIW or FFF, showing an acrylic reservoir that contains a 

mixture of viscous medium with randomly dispersed particles, which organize in a concentric circle pattern when the 

mixture flows through the cylindrical ultrasound transducer, before extrusion from the nozzle [114]. Figure reprinted 

with permission. 

 

VP is an additive manufacturing process that relies on a scanning laser source or a digital 

light processing (DLP) projector to selectively cure photopolymer resin layer-by-layer to 

manufacture a free-form geometry part or material specimen [115]. Figure 1.26 (a) illustrates a VP 

setup in combination with ultrasound DSA. Niendorf and Raeymaekers [14] combined VP and 

ultrasound DSA to 3D print polymer matrix composite materials with uniformly spaced parallel 

lines of aligned carbon microfibers. They characterized macroscale and microscale alignment of 

the microfiber as a function of ultrasound DSA operating parameters. Figure 1.26 illustrates the 

macroscale and microscale alignment of the microfiber in a polymer matrix composite material 

specimen with uniformly spaced parallel lines of aligned carbon microfibers. Melchert et al. [116] 

fabricated flexible polymer matrix composite materials with aligned carbon and silver-coated glass 

microfibers using a combination of VP and ultrasound DSA and demonstrated anisotropic 

electrical conductivity compared to specimens with randomly oriented microfibers. Figure 1.26 

(c) illustrates the electrically conductive flexible polymer matrix composite material specimen. 
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Yunus et al. [100] also used VP with ultrasound DSA to align carbon nanofibers (CNFs), 

magnetite, and copper particles in photopolymer resin [20]. They reported that electrical 

conductivity depends on both the volume fraction of filler material and their alignment. Greenhall 

et al. [117] used ultrasound DSA combined with VP to manufacture multilayer polymer matrix 

composite materials with the specific alignment of nickel-coated carbon fibers in each layer; they 

manufactured haystack and Bouligand structures. Figure 1.26 (d) depicts the multilayer polymer 

matrix composite material specimen. They explained that the ultrasound DSA, combined with VP, 

enables fabricating engineered polymer matrix composite materials with both macroscale complex 

3D geometries and user-specified microstructure.  
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Figure 1.26: (a) VP setup in combination with ultrasound DSA. (b) Macroscale and microscale alignment of the 

microfiber in a polymer matrix composite material specimen with uniformly spaced parallel lines of aligned carbon 

microfibers [14]. (c) Electrically conductive flexible polymer matrix composite material specimen [116]. (d) 

Multilayer polymer matrix composite material specimen with specific alignment of nickel-coated carbon fibers in 

each layer [117]. Figures reprinted with permission. 
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1.7. Problem statement and research objective 

From this succinct introduction, it is evident that medium viscosity plays a role in both 

propagation of the ultrasound wave and drag on the particles as they assemble into specific 

patterns, when integrating ultrasound DSA with VP. However, no theoretical models exist that 

allow simulating the ultrasound DSA process in a viscous medium either in steady-state or 

considering transient effects. Yet, knowledge of both viscous and transient effects is crucial to 

characterize the relationship between the ultrasound DSA process parameters and the locations 

where particles assemble, in the context of integrating ultrasound DSA with VP to 3D print 

engineered polymer matrix composite materials with tailored properties. Furthermore, quantifying 

the relationship between the ultrasound DSA process parameters and the local packing density of 

particles at the location where they assemble in a viscous medium is critical in terms of predicting 

the properties of the engineered materials.  

Thus, the research objective of this dissertation research is twofold.  

(1) Theoretically derive and experimentally validate a 2D model to determine the 

steady-state locations where spherical particles assemble during ultrasound DSA as a 

function of medium viscosity and particle volume fraction.  

(2) Theoretically derive and experimentally validate a 3D model to quantify the 

steady-state and transient local packing density of spherical particles within the pattern 

features that result from ultrasound DSA. 

To accomplish these research objectives, we attempt to solve the following three scientific 

problems: 
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Problem 1: Can we quantify and predict the locations where spherical particles assemble 

during ultrasound DSA in a viscous medium, considering the effects of medium viscosity and 

particle volume fraction? 

Problem 2: Can we quantify and predict the steady-state and transient local particle 

packing density of spherical particles within the pattern features that result from ultrasound DSA? 

Additionally, can we characterize the effect of process parameters such as particle size, particle 

volume fraction, and medium viscosity on the local particle packing density? 

Problem 3: Can we implement single and multiple scattering in the calculation of the 

acoustic radiation force for spherical particles in a viscous medium? Additionally, can we 

characterize and quantify their relative contributions to the calculation of the acoustic radiation 

force as a function of ultrasound DSA operating parameters and material properties? 

 

1.8. Structure of the dissertation 

This dissertation is organized as follows. In Chapter 2, we experimentally measure the 

deviation between locations where spherical particles assemble during ultrasound DSA as a 

function of medium viscosity and particle volume fraction. Additionally, we simulate the 

experiments using coupled-phase theory and the time-averaged acoustic radiation potential and 

derive best-fit equations that predict the deviation between locations where particles assemble 

during ultrasound DSA when considering viscous as opposed to inviscid theory. Chapter 2 

addresses Problem 1. 

In Chapter 3, we theoretically derive and experimentally validate a 3D model of the 

ultrasound DSA process to simulate and quantify the local packing density of spherical 

microparticles when assembled into pattern features. We study the packing density as a function 
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of ultrasound DSA process parameters, including particle volume fraction, particle size, and 

medium viscosity. Chapter 3 addresses the steady-state aspect of Problem 2. 

In Chapter 4, we theoretically derive and experimentally validate a 3D model of the 

ultrasound DSA process and evaluate the local particle packing density at locations where particles 

assemble as a function of time, and as a function of ultrasound DSA process parameters. We study 

the transient packing density as a function of ultrasound DSA process parameters, including 

particle volume fraction, particle size, and medium viscosity. Chapter 4 addresses the transient 

aspect of Problem 2. 

In Chapter 5, We quantify the relative contributions of single and multiple scattering in the 

calculation of the acoustic radiation force that acts on spherical particles dispersed in a viscous 

medium as a function of the ultrasound DSA process parameters, including particle size, material 

properties, and medium viscosity. First, we evaluate a theoretical case with three spherical particles 

in a viscous medium to study the effect of single and multiple scattering on the acoustic radiation 

force. Then, we study a realistic system with hundreds of particles dispersed in a viscous medium. 

Chapter 5 addresses Problem 3. 

The research presented in this dissertation is relevant to using ultrasound DSA in 

engineering applications, specifically manufacturing of engineered materials with tailored 

properties such as polymer matrix composite materials. 
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2.1. Introduction 

Using ultrasound DSA to fabricate composite materials requires the assembly of particles 

in a viscous rather than an inviscid medium, such as a thermoset resin or a (photo)polymer resin 

when integrating ultrasound DSA with, e.g. mold casting [1] and additive manufacturing [2], 

respectively. The locations where particles assemble, i.e., the nodes or antinodes of the standing 

ultrasound wave field, depend on the sound propagation velocity of the mixture of particles and 

viscous medium, which is a function of the frequency of the ultrasound wave, the compressibility 

and density of the medium and particles, the medium viscosity, and the particle volume fraction 

[3]. Thus, accurately assembling user-specified patterns of particles in a viscous medium requires 

accounting for medium viscosity and particle volume fraction rather than relying on inviscid theory 

only. 

Several approaches exist to calculate these parameters. Phenomenological theory defines 

the sound propagation velocity based on an effective density and compressibility of the mixture 

[4,5]. However, this approach is only valid when particles are sufficiently far apart from each other 

so that interactions between them are negligible, which is not satisfied when, e.g. assembling 

patterns of closely-packed particles, and when the sound propagation velocity and density of the 

particles and medium are similar [6]. Alternatively, multiple-scattering theory predicts the sound 

propagation velocity based on scattering of an ultrasound wave in a mixture of particles and a 

viscous medium [7,8], but it only shows good agreement with experiments for dilute mixtures 

because it accounts for the acoustic interaction between particles but neglects hydrodynamic 

interactions that are important in concentrated mixtures [9]. Finally, coupled-phase theory provides 

an alternative to multiple-scattering theory and considers the hydrodynamic interaction between 

particles and medium resulting from viscous, inertial, and buoyancy forces [10]. It shows better 
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agreement with experiments than multiple-scattering theory, especially when the sound 

propagation velocity and density of the particles and medium are dissimilar [6].  

Calculating the primary acoustic radiation force that acts on spherical particles dispersed 

in a viscous medium also requires accounting for the medium viscosity [11]. Settnes and Bruus 

[12] included viscosity in the primary acoustic radiation force theory for compressible particles, 

and demonstrated that the primary acoustic radiation force can deviate by orders of magnitude 

between the viscous and inviscid theory when a large density contrast exists between the particles 

and the medium, thus emphasizing the importance of accounting for medium viscosity and particle 

volume fraction when calculating the primary acoustic radiation force. However, they do not 

evaluate how the locations where particles assemble change with viscosity, which is critical to 

using ultrasound DSA as a fabrication method for engineered composite materials with user-

specified patterns of particles embedded in the matrix material. 

Thus, in Chapter 2, we experimentally measure the locations where particles assemble 

during ultrasound DSA as a function of medium viscosity and particle volume fraction. Second, 

we derive an ultrasound DSA theory that accounts for the effect of medium viscosity and particle 

volume fraction on the location where particles assemble. To solve this problem, we integrate the 

complex wavenumber from the coupled-phase theory into the Helmholtz equation and use the 

boundary element method to calculate the ultrasound incident velocity potential in a 2D solution 

domain, from which we derive the time-averaged primary acoustic radiation potential and primary 

acoustic radiation force. The particles assemble at the local minima of the time-averaged primary 

acoustic radiation potential, where the primary acoustic radiation force approaches zero. We 

determine the deviation between locations where particles assemble using viscous and inviscid 
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theory and compare experimental measurements to simulation results, and clarify the underlying 

physical phenomena.  

 

2.2. Methods and materials 

2.2.1. Experimental demonstration 

Figure 2.1 shows a schematic of the experimental setup, which consists of an acrylic 

reservoir with two ultrasound transducers (piezoelectric ceramic plate, SM111, center frequency 

fc,i, Steminc, FL, USA) affixed to two opposing reservoir walls. The reservoir is filled with a 

mixture of viscous oil (dimethyl silicone oils 350 cS and 1000 cS with dynamic viscosity ηm,1 = 

0.34 Pa.s and ηm,2 = 0.97 Pa.s, GT Products, TX, USA) and borosilicate particles (GL0179B/-74 

borosilicate glass spheres, average radius a = 20 µm, Mo-Sci Corporation, MO, USA). We 

energize both ultrasound transducers using a function generator (Tektronix AFG 3102) and a radio 

frequency (RF) power amplifier (E&I 2100L) with the same operating frequency f close to their 

center frequency fc,i to establish a standing ultrasound wave between both transducers that 

organizes the particles into a pattern of N = 20 parallel lines that coincide with the nodes of the 

standing ultrasound wave. To accomplish this, we use three different reservoirs with lengths L1 = 

17.33 mm, L2 = 14.40 mm, L3 = 10.23 mm, in tandem with ultrasound transducers with fc,1 = 590 

kHz, fc,2 = 710 kHz, and fc,3 = 1 MHz, respectively. The inset image of Fig. 2.1 shows a typical 

pattern of borosilicate particles (particle volume fraction Φ = 0.05) organized in parallel lines in 

dimethyl silicone oil 350 cS inside the reservoir with length L1. 

We experimentally determine the distance between adjacent lines where particles assemble 

dvis as a function of the medium viscosity ηm and particle volume fraction Φ. However, instead of 

measuring dvis, which is prone to error, we maintain dvis = Li/(N+1) constant but measure the 
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operating frequency f = fexp required to establish a standing ultrasound wave that arranges the 

particles in N = 20 parallel lines within the reservoir, for each Li and corresponding fc,i. Specifically,  

dvis,1 = 0.82 mm for  L1 = 17.33 mm and fc,1 = 590 kHz, dvis,2 = 0.68 mm for L2 = 14.40 mm and fc,2 

= 710 kHz, and dvis,3 = 0.49 mm for L3 = 10.23 mm and fc,3 = 1 MHz. 

 

Figure 2.1: Schematic of the experimental setup, showing a typical experiment with dimethyl silicone oil 350 cS and 

borosilicate particles (Φ = 0.05), with L2 = 14.40 mm, fc,2 = 710 kHz, N = 20, and dvis,2 = 0.68 mm) 

 

Table 2.1 shows the material properties of the viscous media and particles we have used in 

our experiments. Throughout this paper, the subscripts p and m refer to the particle and medium, 

respectively, when referring to the sound propagation velocity c, density ρ, dynamic viscosity η, 

and compressibility β = 1/ρc2. We measure the sound propagation velocity in both virgin viscous 

media cm (i.e., without particles) using a pulse-echo time-of-flight experiment. We consider a 

constant sound propagation velocity cm in each viscous medium, based on the center frequency fc,i 

of each ultrasound transducer, for all operating frequencies f, because they deviate only slightly 

from fc,i. 
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Table 2.1: Material properties and experimental parameters. 

Material 

Sound 

propagation 

velocity,  

c [m/s] 

Density,  

ρ [kg/m3] 

Dynamic 

viscosity, ηm 

[Pa.s] 

Radius, a 

[µm] 

Particle 

volume 

fraction, Φ  

Dimethyl silicone oil, 

350 cS 
974 970 0.34 - 0 - 0.250 

Dimethyl silicone oil, 

1000 cS 
983 970 0.97 - 0 - 0.125 

Borosilicate glass 

spheres 
5500 2600 - 20 - 

 

We determine fexp for each possible combination of parameters, i.e., a mixture of two 

viscous media and six different particle volume fractions for three different values of dvis and 

corresponding Li and fc,i. Prior to each experiment, we disperse the specific particle volume fraction 

in the viscous medium with sonication (25 Watt, 2 minutes, UP200Ht, Hielscher, Teltow, 

Germany) to minimize particle agglomeration. We initiate each experiment with f = fc,i, and we 

sequentially adjust f in 0.5 kHz intervals until we visually observe the best defined pattern of N = 

20 parallel lines of particles, when f = fexp. For each possible combination of parameters, we 

perform three repetitions and report the average and minimum and maximum values. We calculate 

the distance between adjacent lines where particles assemble in an inviscid medium as dinv = 

cm/(2fexp) and quantify the deviation Eexp between adjacent lines where particles assemble in a 

viscous dvis and an inviscid dinv medium as Eexp = |dvis-dinv|/dinv = |2fexpdvis-cm|/cm. Note that the factor 

of 2 in dinv accounts for two parallel lines of particles per wavelength. 

Furthermore, for each wavelength λ = 2dvis and particle volume fraction Φ, we 

experimentally determine the sound propagation velocity in the mixture of particles and viscous 

medium cexp = λfexp. 

 



58 

 

2.2.2. Theoretical model 

We derive a theoretical forward model of ultrasound DSA to predict the locations where 

particles with radius a (volume fraction Φ) assemble in a viscous medium. Figure 2.2 displays a 

schematic of a rectangular reservoir with a mixture of spherical particles and a viscous medium. 

We use the boundary element method (BEM) to simulate the ultrasound wave field within the 

reservoir and apply the primary acoustic radiation force theory for viscous media derived by 

Settnes and Bruus [12] to calculate the time-averaged primary acoustic radiation potential Uinc, 

from which we determine where particles assemble, i.e., at the local minima of Uinc. 

 Figure 2.2 shows a simple-closed boundary B with Nb boundary elements that enclose the 

solution domain D with Nd domain points. The width of the jth boundary element with center point 

qj is εj. A boundary element represents either a part of the reservoir wall (with velocity vj = 0) or a 

part of an ultrasound transducer that acts as a piston source with velocity vj = v0e
iωt-θ along its 

normal direction nj, with v0 the velocity amplitude and ω and θ the operating frequency and phase. 

We maintain the acoustic impedance Zb constant along the entire boundary B, whereas the acoustic 

impedance of the fluid medium is Zm = ρmcm. 

 

Figure 2.2: Rectangular reservoir with a mixture of particles and a viscous medium. 
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We neglect boundary effects confined to the immediate vicinity (~3λ) of the boundary B 

and, thus, only simulate the far-field [13]. The time-independent incident velocity potential φinc 

satisfies the Helmholtz equation throughout the solution domain D, i.e., 2 2 0inck    . Here, k  

is the complex wavenumber that accounts for the effect of the medium viscosity ηm and particle 

volume fraction Φ on the sound propagation velocity (real part) and wave attenuation (imaginary 

part) of the mixture, given in the coupled-phase theory as [6]  

 
   

   

2 2

2

1 Φ Φ 1 Φ
1 Φ Φ
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S S
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  

 

          
   

, (2.1) 

with ω = 2πf, f is the operating frequency of the ultrasound wave field and S = Q+iR. Q = 

1/2[(1+2Φ)/(1-Φ)+9/4(δ/a), R = 9/4(δ/a+δ2/a2), δ = (2ηeff/ωρm)1/2 is the viscous boundary layer 

thickness around a particle, and i = (-1)1/2. We calculate the effective viscosity of the mixture as 

ηeff = (1+2.5Φ+7.349Φ2) [6]. Additionally, the impedance boundary condition 

/ 0inc incn ikZ     exists along boundary B, with /m bZ Z Z , which accounts for absorption 

and reflection of the ultrasound wave at the boundary B. We use the BEM based on Green’s 

theorem to calculate the incident velocity potential φinc in all domain points [14].  

The time-averaged primary acoustic radiation potential Uinc in a viscous medium is given 

as [12]  

3 2 2

1 2

34

3 2 4

m m
inc inc incU a f p f v

   
  

 
, (2.2) 

where the ⟨•⟩ operator represents the time-average over one wave period, and the incident velocity 

and pressure fields in the solution domain D derive from the incident velocity potential φinc as vinc 

= -∇φinc and pinc = iρmωφinc [12]. f1 = 1-βp/βm is the monopole scattering coefficient, and f2 = 

R{[2(1-γ)(ρp/ρm-1)]/[2ρp/ρm+1-3γ]} is the dipole scattering coefficient, with γ = -
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3/2[1+i(1+δ/a)]δ/a. R{•} indicates the real part of the expression. The primary acoustic radiation 

force 
inc incU F  drives particles to locations where ||Finc|| = 0 and Finc points towards these 

locations in their immediate vicinity, which coincides with locations where Uinc is locally 

minimum. 

We simulate a 2D solution domain D that replicates our experiments, including the 

dimensions of the reservoir Li, medium viscosity ηm, and particle volume fraction Φ, and we also 

simulate the methodology of the experiments. For each parameter combination, we determine the 

operating frequency f = fsim that minimizes the average of the local minima of the time-averaged 

primary acoustic radiation potential Uinc in the N = 20 locations where particles assemble, by 

simulating Uinc for each 0.975fexp ≤ f ≤ 1.025fexp, with 0.5 kHz intervals. Here, fexp is the operating 

frequency for each experiment we performed (dvis, ηm, Φ) that assembles the pattern of N = 20 

parallel lines of particles. Hence, the simulations match the experimental methodology. 

Correspondingly, locations where particles assemble are identical in the simulations and 

experiments because we maintain N = 20 and, thus, the distance between adjacent local minima of 

Uinc is dvis. We calculate the distance between adjacent local minima of Uinc in an inviscid medium 

as dinv = cm/(2fsim). The simulated deviation of the distance between locations where particles 

assemble with viscous and inviscid ultrasound DSA theory is Esim = |dvis-dinv|/dinv = |2fsimdvis-cm|/cm.  

Furthermore, for each wavelength  2 2 /visd k     and particle volume fraction Φ, 

we solve Eq. (2.1) for ω and determine the sound propagation velocity in the mixture of particles 

and viscous medium cth = λω/2π. 
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2.3. Results and discussion 

Figures 2.3(a) and 2.3(b) show the percent deviation of the distance between adjacent 

locations where particles assemble in a viscous and inviscid medium as a function of particle 

volume fraction Φ, and for different values of dvis (dvis,1 = 0.82 mm (black dot), dvis,2 = 0.68 mm 

(blue square), dvis,3 = 0.49 mm (red triangle), which correspond to different sizes of the reservoir 

Li and ultrasound transducers with different fc,i. We show both experimental results Eexp (solid 

markers) and simulation results Esim (hollow markers) for medium viscosity ηm = 0.34 Pa.s in Fig. 

2.3(a) and ηm = 0.94 Pa.s in Fig. 2.3(b). The solid markers show the arithmetic mean of three Eexp 

measurements and the error bars show the minimum and maximum values, whereas the hollow 

markers show a single simulation. In Fig. 2.3(b), we limit the particle volume fraction Φ ≤ 0.125 

for the experimental results (solid markers) for practical reasons; medium viscosity ηm = 0.94 Pa.s 

in combination with Φ > 0.125 causes high viscosity and attenuation of the ultrasound waves that 

prevent reliable assembly of particles in parallel lines. We derive 3rd order polynomial best-fit 

equations of the Esim data points, which predict the deviation between locations where particles 

assemble when using viscous versus inviscid theory for ultrasound DSA. Conversely, it also allows 

an ultrasound DSA-user to determine whether to use viscous or inviscid theory to predict the 

locations where particles will assemble, based on the deviation for specific operating parameters 

(dvis, ηm, Φ) and the required accuracy. 

Additionally, Figs. 2.3(c) and 3(d) show the sound propagation velocity c in a mixture of 

spherical particles and viscous medium as a function of the particle volume fraction Φ, for different 

values of dvis and for medium viscosity ηm = 0.34 Pa.s in Fig. 2.3(c) and ηm = 0.94 Pa.s in Fig. 

2.3(d). We show experimental results cexp with different markers and the theoretical solution cth 

from Eq. (2.1) with different line types.  
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Figure 2.3: Percent deviation Eexp (solid markers) and Esim (hollow markers) of the distance between adjacent locations 

where particles assemble in a viscous and inviscid medium as a function of particle volume fraction Φ, for dvis,1 = 0.82 

mm (black dot), dvis,2 = 0.68 mm (blue square), dvis,3 = 0.49 mm (red triangle), and for medium viscosity (a) ηm = 0.34 

Pa.s and (b) ηm = 0.94 Pa.s. The lines represent best-fit equations of the simulated data (hollow markers). The sound 

propagation velocity in the mixture of viscous medium and spherical particles based on experiments cexp (markers) 

and theory cth (lines) as a function of particle volume fraction Φ, for dvis,1 (black dot/solid line), dvis,2 (blue 

square/dashed line), dvis,3 (red triangle/dotted line), and for medium viscosity (c) ηm = 0.34 Pa.s and (d) ηm = 0.94 Pa.s. 

 

From Fig. 2.3, we observe that E first increases and then decreases with increasing particle 

volume fraction Φ, independent of ηm and dvis, which results from competing mechanisms. First, 

the effective viscosity ηeff of the mixture increases with increasing Φ, which increases the viscous 
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layer thickness δ around each particle and, thus, increases the drag force it experiences when 

moving in the viscous medium during ultrasound DSA [6]. Increasing Φ also increases the number 

of particles in a specific control volume within the mixture. Together, these two phenomena 

decrease the rate of momentum transfer in the mixture [6], which decreases the sound propagation 

velocity of the mixture c ≤ cm and, thus, increases E = |dvis-dinv|/dinv = |2fdvis-cm|/cm = |c-cm|/cm, 

considering that the distance between adjacent lines of particles dvis = c/(2f). E and f may either 

have the exp or sim subscript as it is valid for both the experimental and simulation results. On the 

other hand, the density and compressibility of the mixture increases and decreases, respectively, 

with increasing Φ [6], which increase the sound propagation velocity of the mixture c ≤ cm and, 

thus, decrease E. We verify that the particle volume fraction Φ for which E is maximum (see Figs. 

2.3(a) and 3(b)) corresponds to Φ for which the sound propagation velocity of the mixture is 

minimum (see Figs. 2.3(c) and 3(d)), independent of dvis,i and ηm. 

Furthermore, we observe from Fig. 2.3 that E increases with increasing dvis and, 

correspondingly, decreasing operating frequency f. The viscous layer thickness δ = (2ηeff/ωρm)1/2 

around a particle increases with decreasing operating frequency f = ω/2π, which increases the drag 

force on a particle driven through the mixture by the primary acoustic radiation force and, in turn, 

decreases the rate of momentum transfer in the mixture, which decreases the sound propagation 

velocity c ≤ cm and increases E. 

Comparing Figs. 2.3(a) and 3(b), we observe that Esim increases with increasing ηm (and 

ηeff), which increases the viscous layer thickness δ around a particle and, thus increases the drag 

force on particles. Consequently, it decreases the rate of momentum transfer in the mixture, which 

decreases the sound propagation velocity c and increases E. 
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 We note that the percent deviation between adjacent locations where particles assemble 

using viscous and inviscid theory is small (< 3%). However, it multiplies over the entire scale of 

the experiment and, thus, increases in importance when using ultrasound DSA to manufacture 

macroscale material specimens. Furthermore, we note that we calculate the percent deviation 

between locations where particles assemble using viscous and inviscid theory, but we use the 

viscosity of the dimethyl silicon oil in the inviscid theory. However, when determining the 

deviation between adjacent locations where particles assemble with viscous theory for a viscous 

medium and inviscid theory using an inviscid medium such as water at STP (η = 0.001 Pa.s), we 

observe the same trends as those depicted in Fig. 2.3, but the maximum deviation reaches 35%. 

Evidently, using inviscid theory with an inviscid medium is not a good predictor for locations 

where particles assemble in a viscous medium because the sound propagation velocity in water (cm 

= 1490 m/s) is substantially higher than that in the viscous medium (see Table. I), which affects 

the wavelength of the standing ultrasound wave and, thus, the locations of its nodes.  

Finally, we mark six numbered labels in Figs. 2.3(a) and 2.3(b) to illustrate both the 

experimental and simulation results of selected individual data points. Figure 2.4(a) illustrates the 

experimental results for each numbered label (solid markers in Fig. 2.3), showing lines of aligned 

particles (dark) in viscous medium (bright), whereas Fig. 2.4(b) shows the corresponding 

simulation results (hollow markers in Fig. 2.3) of the time-averaged primary acoustic radiation 

potential U, with blue contour lines indicating local minima. Figure 2.3 shows good quantitative 

agreement between Eexp and Esim, which the images of individual data points in Fig. 2.4 illustrate. 

For each numbered label, we observe good agreement between the simulated primary acoustic 

radiation potential and the corresponding experimental results that show where particles assemble, 

including details of the standing ultrasound wave field, which is remarkable. Quantitatively, we 
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determine a maximum difference between experiments Eexp and simulations Esim of 0.21 (for dvis,1 

= 0.82 mm, ηm = 0.97 Pa.s, Φ = 0.10).  

Differences in the experimental and simulation results are likely due to imperfections in 

fabricating the experimental setup, including the imperfect rectangular shape of the reservoir and 

the alignment of the ultrasound transducers. Furthermore, the spherical particles are denser than 

the viscous medium in our experiment, which causes them to sink while subject to the ultrasound 

wave field. This may create a non-uniform spatial distribution of the particles orthogonal to the 

wave propagation direction (z-direction in Fig. 2.2) and increases the particle volume fraction at 

the bottom of the reservoir, thus affecting the sound propagation velocity. We also use a constant 

average particle radius a = 20 μm in our simulations. However, 90% of the particles have radius a 

≤ 37 μm and 50% of particles have radius 18 μm ≤ a ≤ 22 μm. Hence, this may affect the sound 

propagation velocity of the mixture c. Finally, imperfect dispersion of particles in the viscous 

medium prior to the start of each experiment may also cause inaccuracy. Increasing particle 

volume fraction increases particle agglomeration, thus changing the effective particle size, and it 

also increases ultrasound attenuation, which decreases the primary acoustic radiation force that 

acts on the particles in the mixture. Each of these effects potentially distorts and fades the pattern 

of particles. 

We also emphasize that the viscous DSA theory we have implemented in our simulations 

determines the locations where particles assemble in a viscous medium, accounting for both 

medium viscosity ηm and particle volume fraction Φ, which are different than where they assemble 

in an inviscid medium. This builds on Settnes and Bruus's [12] theory, which describes the primary 

acoustic radiation force that acts on spherical particles in a viscous medium as a function of 

medium viscosity, but did not determine or discuss the locations where particles assemble. 
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Figure 2.4: (a) Experimental results for each numbered label in Fig. 2.3, showing lines of aligned particles (dark) in 

viscous medium (bright), and (b) the corresponding simulation results of the time-averaged primary acoustic radiation 

potential Uinc. 
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2.4. Conclusion 

In conclusion, the steady-state locations where spherical particles organize during 

ultrasound DSA are different in a viscous and inviscid medium and depend on particle volume 

fraction Φ and medium viscosity ηm. We experimentally measure the deviation between locations 

where particles assemble as a function of particle volume fraction Φ, medium viscosity ηm, and 

operating frequency f. Furthermore, we simulate the experiments by implementing an ultrasound 

DSA simulation that integrates the Helmholtz equation with a complex wave number k  to account 

for particle volume fraction Φ, in combination with the primary acoustic radiation potential theory 

that accounts for medium viscosity ηm [31]. The maximum difference between experiments and 

simulations is 10%. We provide best-fit equations to predict the deviation between locations where 

particles accumulate during ultrasound DSA in viscous and inviscid media. The deviation 

increases with increasing particle volume fraction and medium viscosity because the sound 

propagation velocity of the mixture of particles and viscous medium changes compared to that of 

the inviscid medium. When considering ultrasound DSA of a periodic pattern of lines of particles, 

we determine a 3% maximum deviation between adjacent particle locations but note that this 

deviation scales with the dimensions of the experiment/simulation. These results have implications 

for using ultrasound DSA as a fabrication process for, e.g. engineered polymer matrix composite 

materials whose properties depend on the spatial organization of patterns of particles in the matrix 

material. 
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ULTRASOUND DIRECTED SELF-ASSEMBLY OF SPHERICAL MICROPARTICLES INTO 

SPECIFIC PATTERNS 
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3.1. Introduction 

The acoustic radiation force results from scattering, and drives particles to the locations 

where the acoustic radiation force approaches zero, and the time-averaged acoustic radiation 

potential is locally minimum. Thus, the particle packing density is higher where particles assemble 

than outside of those locations, or compared to when particles are randomly dispersed in the fluid 

medium.  

In this Chapter, we quantify the local particle packing density within the pattern features 

that result from ultrasound DSA, as a function of particle volume fraction, particle size, and 

medium viscosity. This knowledge is particularly important when using ultrasound DSA to 

manufacture materials where high particle packing density is required, e.g. to increase mechanical 

[1] or electrical [2] properties, or to tailor the combustion of energetic particles [3–5], among other 

applications.  

The literature defines the particle packing density as the volume fraction of a control 

volume occupied by solid material [6]. Theoretical work documents the maximum packing density 

of spherical particles in different configurations, including body-centered cubic (BCC) = 0.68 and 

face-centered cubic (FCC) = 0.74 [7]. Additionally, the maximum packing density of randomly 

organized spherical particles is between 0.55-0.63 [8–10]. Others document that the particle 

packing density increases with particle volume fraction [6], independent of particle size [10]. 

Additionally, the literature documents comparisons between experiments and theoretical results of 

particle packing density measurements [11,12]. Mixing two (binary distribution) and three (ternary 

distribution) particle sizes increases the packing density compared to that of a single particle size, 

because small particles fit in cavities between large particles [13]. Furthermore, for a binary 
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distribution, the particle packing density increases with increasing particle size ratio but also 

depends on the particle volume fraction of small and large particle sizes [10,13–15].  

Specifically related to particle packing density resulting from ultrasound DSA, Niendorf et 

al. [16] determined the microscale and macroscale alignment of microfibers using ultrasound DSA 

as a function of particle volume fraction. They concluded that microscale and macroscale 

microfiber alignment decrease and increase, respectively, with increasing volume fraction as a 

result of increasing microscale entanglement and increasing number of fibers. Additionally, 

Greenhall et al. [1] documented that the mechanical properties of the engineered polymer matrix 

composite materials increase with increasing volume fraction of carbon nanotubes, and they 

quantified the local particle volume fraction after ultrasound DSA. Similarly, Scholtz et al. [17] 

reported increasing mechanical properties with increasing volume fraction of glass fibers. Thus, 

changing the local packing density of particles allows tuning the properties of the engineered 

polymer matrix composite material. 

To our knowledge, no other work relates the ultrasound DSA process parameters to the 

local particle packing density within the pattern features that result from ultrasound DSA, despite 

its importance in manufacturing engineered polymer matrix composite materials with tailored 

properties. Thus, the objective of this paper is to theoretically derive and experimentally validate 

a three-dimensional (3D) model to simulate, quantify, and predict the local packing density of 

spherical particles at the pattern features that result from ultrasound DSA. We quantify the 3D 

particle packing density using numerical simulations of the ultrasound DSA process. Additionally, 

we experimentally measure the local particle packing density within the pattern features that result 

from ultrasound DSA, fixated in place using a vat polymerization setup. 
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3.2. Methods and materials 

3.2.1. Theoretical model and simulation 

We simulate the 3D assembly of spherical particles dispersed in a viscous medium 

contained in a reservoir, during the ultrasound DSA process, as a function of particle volume 

fraction, particle size, and medium viscosity. Figure 3.1 (a) schematically illustrates a spherical 

particle in a viscous medium exposed to an ultrasound wave field, showing the forces acting on 

the particle, in addition to the local normalized acoustic pressure and the acoustic radiation 

potential. A particle with radius a experiences the acoustic radiation force F that drives it to the 

local minimum of the time-averaged acoustic radiation potential, in addition to the Stokes’ drag 

force with Oseen’s correction Fd that resists the motion of the particle in the viscous medium. Also, 

each particle experiences both gravity Fg and buoyancy forces Fb, which depend on the mass of 

the particle and the density of the viscous medium, respectively. In our model, when particles 

collide with each other or the wall of the reservoir that contains the mixture of particles and viscous 

medium, we use a truncated Lennard-Jones-like potential to create a repulsive force FLJ that 

accounts for the collisions. Figure 3.1 (b) schematically shows a reservoir with two ultrasound 

transducers affixed to opposing walls, which contains a mixture of spherical particles dispersed in 

a viscous medium. Energizing the ultrasound transducers establishes a standing ultrasound wave 

in the reservoir, which we simulate at the Nd domain points in the 3D solution domain that covers 

the entire reservoir (red dots in Fig. 3.1 (b)) using the boundary element method (BEM) based on 

the Helmholtz equation
2 2 0inc inck    . Here, 

1/2( / ) / (1 )m sk c i    is the complex wave number 

that accounts for acoustic attenuation in a viscous medium [18] and φinc is the incident velocity 

potential. ω = 2πf and f  are the angular and temporal frequency of the ultrasound wave field, cm is 

the sound propagation velocity within the viscous medium, τs = 4ηm/3ρmcm
2 is the relaxation time 
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(i.e., viscous dissipation time to dampen the acoustic pressure to 1/e of its original value), with ηm 

and ρm the viscosity and density of the viscous medium, and i = (-1)1/2 [18].  

We represent the reservoir as a simply-closed boundary with Nb boundary elements that 

enclose the 3D solution domain with Nd domain points. A boundary element j represents either a 

part of the reservoir wall with velocity vj = 0, or a part of an ultrasound transducer that acts as a 

piston source with velocity vj = v0e
i(ωt-θ) along its normal direction nj, with v0 the real velocity 

amplitude and ω and θ the angular frequency and phase of the ultrasound wave, respectively. We 

impose the impedance boundary condition /inc j inc jikZ v    n  at each boundary element, with 

k = ω/cm = 2/ and  is the wavelength of the standing ultrasound wave. /m bZ Z Z  accounts for 

the absorption and reflection of the ultrasound wave at the boundary of the reservoir; we maintain 

the acoustic impedance Zb constant along the entire boundary, and the acoustic impedance of the 

medium is Zm = ρmcm. 
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Figure 3.1: (a) Schematic of a spherical particle in a viscous medium, and in a standing ultrasound wave field during 

ultrasound DSA, indicating the different forces acting on the particle. (b) Schematic of the 3D theoretical model of 

the reservoir with two ultrasound transducers affixed to opposing walls that contains the mixture of spherical particles 

dispersed in the viscous medium, showing the solution domain within a simply-closed boundary. (c) Simulated 3D 

particle location for different particle volume fractions. 

 

We simulate the 3D motion of N non-overlapping particles, randomly dispersed in the fluid 

medium as a function of time, resulting from the forces acting on the particles (see Fig. 3.1 (a)). 

The N particles are located in the particle simulation domain, which is the center section of the 

solution domain (see Fig. 3.1 (b)), because it is too computationally expensive to track particles in 

the entire solution domain. We calculate the velocity potential φ resulting from single scattering 

of all spherical particles in the 3D particle simulation domain, and we assume they behave like 

monopole and dipole scatterers, with ka << 1. k = ℜ{ k } = 2/ is the wave number and  is the 
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wavelength of the standing ultrasound wave. The velocity potential at location ri of the ith particle 

is given as [19] 

 
1

( ) ( ) ( | )
N

i inc i sc i j
j

j i

  




 r r r r ,       (3.1) 

which is the superposition of the incident velocity potential φinc at ri calculated using the BEM 

method, and the sum of velocity potentials resulting from single scattering off all N particles j at 

rj. The scattered velocity potential from the jth particle at the location of the ith particle ri is [19] 
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with f1 = 1-βp/βm and f2 = ℜ{[2(1-γ)(ρp/ρm-1)]/[2ρp/ρm+1-3γ]}. Here, γ = -3/2[1+i(1+δ/a)]δ/a, with 

δ = (2ηm/ωρm)1/2 the viscous boundary layer thickness around a particle [20]. βp = 1/[ρp(cp,c
2-

4cp,s
2/3)], ρp, βm = 1/(ρmcm

2), and ρm are the compressibility and the density of the spherical particle 

and medium, respectively [21]. cp,c and cp,s represent the compressional and shear wave 

propagation velocities. h0
(1)(z) = -ieiz/z and h1

(1)(z) = -eiz(z+i)/z2 are 0th and 1st order spherical 

Hankel functions of the first kind [22]. ||ri-rj||| is the Euclidean distance between locations ri and 

rj, and ( ) /inc j i j  r r r is the derivative of the incident velocity potential at location rj in the 

direction of ri - rj. We emphasize that in our model, the particle simulation domain is several 

wavelengths removed from the boundaries of the solution domain and, thus, we assume that the 

interaction between the scattered wave field and the boundary elements is negligible. Note that the 

monopole scattering coefficient f1 involves the compressibility contrast of the particles and the 

medium, whereas the dipole scattering coefficient f2 involves the mass density contrast and it also 

accounts for the effect of medium viscosity on dipole scattering. Doinikov [23] also emphasized 

that the thermal effects can cause imperfect behavior of the medium surrounding the particle in a 



76 

 

standing ultrasound wave, which affects the monopole scattering coefficient f1 when the depth of 

penetration of the thermal wave δt = [2κm/(ρmcp,mω)]1/2 is comparable to the particle radius a. κm 

and cp,m are the thermal conductivity and specific heat of the medium, respectively. For the range 

of parameters in this work 0.005  δt/a  0.02 and, thus, we neglect the thermal effects in our 3D 

simulation model. 

The ultrasound wave velocity v = ∇φ and the pressure p = iρmωφ. Hence, the time-averaged 

acoustic radiation potential U in the viscous medium is [20] 

3 2 2

1 2

34

3 2 4

m mU a f p f v
   

  
 

.       (3.3) 

Operators ⟨•⟩ and ℜ{•} represent the time average over a wave period and the real part of the 

expression, respectively. The acoustic radiation force U F . Thus, we first calculate the 

incident velocity potential φinc in all domain points of the solution domain using a complex wave 

number in the Helmholtz equation to account for the acoustic wave attenuation. Second, we 

calculate the velocity potential φ in all domain points of the particle simulation domain as the 

summation of the incident velocity potential φinc and single monopole and dipole scattering from 

other particles in the simulation domain. Finally, we calculate the acoustic radiation potential and 

force on all particles in the particle simulation domain. 

 Additionally, the Stokes drag force with Oseen’s correction that acts on each particle is Fd 

= 12πa2ρm||u||2(1+3/16Re)/Re, which orients in the same direction and opposite sense of the 

particle velocity u. Re = 2 aρm||u||/ηm is the Reynolds number [24]. Furthermore, we account for 

particle-particle and particle-wall collisions using the repulsive portion of a Lennard-Jones-like 

potential VLJ = 4εLJ(2a/r)12. The force acting on two particles within a distance r of each other is 

FLJ = -∇VLJ [25]. We tune εLJ following an iterative procedure in which we average the smallest 
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distance between neighboring particles over a finite time until the average minimum distance 

between colliding particles equals 2a (+/-2%) and between particles and a wall equals a (+/-2%).  

We simulate the ultrasound DSA process over a duration 0  t  T with time step Δt. When 

t = 0, the particles are stationary ||u|| = 0 and dispersed at randomly chosen, non-overlapping 

locations in the 3D particle simulation domain. When t > 0, ||u|| ≠ 0 because the sum of all forces 

acting on the particle (see Fig. 3.1 (a)) accelerates the particle towards a local minimum of the 

time-averaged acoustic radiation potential, where the particles assemble. In each time step Δt, we 

calculate the location and velocity of each particle u after accounting for particle-particle 

collisions.  

Finally, when all particles have assembled at t = T, we determine the 3D particle packing 

density as the volume of particles within a cuboid of width w around the local minimum of the 

time-averaged acoustic radiation potential (node of the standing ultrasound wave) divided by the 

volume of the cuboid. Figure 3.1 (c) illustrates this concept, showing a cuboid of width w (dashed 

line) around the node of the standing ultrasound wave, highlighting the particles that are partially 

or fully enclosed by it. The color map shows the time-averaged acoustic radiation potential in 

arbitrary units. We determine w based on the experiments (see Section 2.2). 

We define three non-dimensional parameters based on dimensional analysis using the 

Buckingham π theorem, which characterizes the local particle packing density at the pattern 

features that result from ultrasound DSA. We consider the following parameters in the simulations: 

the particle volume fraction 0  Φ  27.5% to show the maximum reachable local packing density, 

the non-dimensional particle size 0.05  K1 = ka  0.20 to not violate the Rayleigh regime 

assumption (ka << 1), and the non-dimensional viscosity of the medium 3.3‧103  K2 = ρmλcm/ηm 
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 9.8‧103. The range of K2 derives from the medium viscosity 150  ηm  450 mPa.s to span the 

viscosity of commercial photopolymer resins. 

 

3.2.2. Experimental setup and parameter study  

Figure 3.2 (a) schematically shows the experimental setup we use to manufacture material 

specimens for a full-factorial study of the local particle packing density as a function of Φ and K1. 

Parameter K2 does not affect the steady-state local packing density after ultrasound DSA; it only 

determines the speed by which particles assemble, which we do not consider in this work. The 

setup is based on a VP digital light processing (DLP) printer (mUVe 1.1 DLP, Grand Rapids, MI, 

USA), augmented with an acrylic, square reservoir with two ultrasound transducers (piezoelectric 

ceramic plate, center frequency fc = 1.5 MHz, Steminc, FL, USA) affixed to opposing walls, to 

perform ultrasound DSA of particles dispersed in the photopolymer resin. A function generator 

(Tektronix AFG 3102, Beaverton, OR, USA) and radio frequency (RF) power amplifier (E&I 

2100L, Rochester, NY, USA) energize the ultrasound transducers. The operating frequency f of 

the ultrasound wave field is close to the center frequency fc of the ultrasound transducers. We use 

standard photopolymer resin (3DRS standard V2 gray resin, cm = 1,420 m/s, ρm = 1,100 kg/m3, ηm 

= 218 mPa.s, 3D Resin Solutions, IL, USA) and spherical aluminum microparticles (a = 15 μm 

and 22 μm, cp,c = 6,420 m/s, cp,s = 3,040 m/s, ρp = 2,710 kg/m3 [26], US5005 solid aluminum 

spherical powder, US Research Nanomaterials, Inc., TX, USA). Based on these materials, the 

values of non-dimensional parameters are 0  Φ  1.50%, K1 = 0.1 and 0.15, and K2 = 6.8‧10-3. 

The ranges of parameter values are driven by the feasibility of the experiments and relevance to 

manufacturing of engineered polymer matrix composite materials. Increasing the particle volume 

fraction increases acoustic wave attenuation, which decreases the magnitude of the acoustic 
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radiation force and, thus, the ability to assemble particles at the nodes of the standing ultrasound 

wave. Furthermore, it increases the viscosity of the mixture of particles and medium, which 

requires increasing the acoustic radiation force to overcome the drag force exerted on the particles. 

Finally, it also increases the curing time required to fabricate a composite material specimen in the 

VP setup, which potentially leads to distortion of the pattern features. Thus, we choose particle 

sizes (a = 15 μm and 22 μm) that satisfy the Rayleigh regime assumption (ka = 0.10 and 0.15 << 

1) and are observable under an optical microscope. In addition, increasing the particle size 

increases their mass, which could cause them to precipitate to the bottom of the reservoir prior to 

assembly into pattern features. The choice of the medium viscosity (ηm = 218 mPa.s) results from 

the availability of commercial photopolymer resins. 

We disperse a volume fraction  of particles in the photopolymer resin using sonication to 

minimize particle aggregation (80 Watt, 2 minutes, UP200Ht, Hielscher, Teltow, Germany), after 

which we energize the ultrasound transducers for T = 10 s. The acoustic radiation force drives the 

particles to the nodes of the standing ultrasound wave, where they assemble and agglomerate. We 

fixate them in place by curing a 12 x 12 mm specimen using the DLP light source in the VP printer 

for 8 s. We post-cure the specimen outside the DLP printer for 120 s, to eliminate any liquid resin. 

Figure 3.2 (a) shows a typical material specimen after curing ( = 1.00 %, K1 = 0.10). 

We experimentally measure the local particle packing density as the volume of particles 

within a cuboid of width w around the location where particles assemble (node of the standing 

ultrasound wave) divided by the volume of the cuboid, as a function of the non-dimensional 

parameters Φ and K1. The measurement is based on the notion that particle area fraction (the 

fraction of a surface covered by particles) is a good approximation to the 3D particle packing 

density, as originally documented by Underwood [27], and verified for accuracy using our 3D 
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simulation model (maximum 4% error at Φ = 1.5%). Thus, the particle area fraction within a 

rectangle of width w around where particles assemble represents the particle packing density 

within a cuboid of width w around where particles assemble. Figure 3.2 (b) schematically 

illustrates the measurement. We obtain optical micrographs (1.5 μm spatial resolution, 180X 

magnification, AmScope, CA, USA) of locations where we qualitatively observe good 

organization of the microparticles at the nodes of the standing ultrasound wave. The photopolymer 

matrix appears dark and the aluminum microparticles appear bright-colored in a typical optical 

microscopy image (see Fig. 3.2 (b)). To accurately determine the surface area covered by 

aluminum particles, we binarize the image using a threshold that equates the particle area fraction 

of the entire image to the particle volume fraction Φ used to manufacture the material specimens 

(see Fig. 3.2 (b)). Thus, we focus the optical microscope on the top surface of the specimen and 

ensure to only consider particles on the surface of the specimen and not in the bulk, while 

simultaneously controlling for external influences, such as lighting conditions and glare. For each 

microscopy image, we determine the particle area fraction and, thus, the particle packing density, 

within a domain w = Na centered around a node of the standing ultrasound wave, and we compare 

the experimental and simulation results (see Fig. 3.2 (b)). We select N = 6, i.e., w = 6a to encompass 

most particles that assemble at the node of a standing ultrasound wave, based on experiments with 

Φ = 1.00%. We repeat each measurement three times for different material specimens and report 

the average, minimum, and maximum. 
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Figure 3.2: (a) Schematic of the experimental setup, showing the VP DLP printer augmented with ultrasound DSA, 

and illustrating a typical material specimen that consists of photopolymer and aluminum particles. (b) Schematic of 

the measurement methodology, showing an optical micrograph with the corresponding binary image, and indicating 

the domain w = 6a over which we determine the particle packing density. 

 

3.3. Results and discussion 

Figure 3.3 shows the results of the full-factorial parameter study of the local particle 

packing density as a function of ultrasound DSA operating parameters. Figure 3.3 (a) shows the 

local particle packing density at the location where particles assemble (node of the standing 

ultrasound wave) as a function of the particle volume fraction  and the non-dimensional particle 

size K1. We show the particle packing density obtained from simulations PDsim (hollow markers) 

and experiments PDexp (solid markers) for K1 = 0.10 (black dot) and K1 = 0.15 (blue square). The 

solid markers represent the average of three experiments, whereas the error bars show the 

minimum and maximum values. Furthermore, we label the data points in Fig. 3.3 (a) and provide 

the corresponding optical microscopy images and binary images (white = resin, black = particles) 

in Fig. 3.3 (b) to illustrate the results. Figure 3.3 (c) shows magnified binary images. 

From Fig. 3.3 we observe that the particle packing density increases with increasing 

volume fraction  and with decreasing K1, as expected. Increasing  increases the number of 

particles at the node of the standing ultrasound wave because when Φ < 1.5%, the maximum local 
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packing density is less than 10% (see Fig. 3.3 (a)), which is much smaller than the maximum 

theoretical packing density for spherical particles of approximately 60% [8]. Furthermore, 

decreasing K1 = ka either requires reducing k, which increases  and, thus, increases the number 

of particles that assemble at a node of the standing ultrasound wave (for constant ). Alternatively, 

it requires reducing a, which increases the number of particles for constant , thus increasing the 

particle packing density at a node of the standing ultrasound wave. Also, we observe from Fig. 3.3 

that the theoretical simulations and experimental results are in excellent agreement for particle 

volume fractions Φ < 1.5%, and we determine a maximum 6.5% error (K1 = 0.10, Φ = 0.75%).  
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Figure 3.3: (a) Local packing density within the pattern features that result from ultrasound DSA (node of the standing 

ultrasound wave) as a function of the particle volume fraction , showing simulation PDsim (hollow markers) and 

experiment PDexp (solid markers) results for K1 = 0.10 (black dot) and K1 = 0.15 (blue square). (b) Optical microscopy 

images and binary images (white = resin, black = particles) for the data points in (a). (c) Magnified binary images that 

show the particles (black) and the domain over which we quantify PDexp. 
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Additionally, we use the theoretical model, for which we document experimental validation 

in Fig. 3.3, to understand the effect of , K1, and K2 on the local particle packing density after 

ultrasound DSA, covering the entire ultrasound DSA process envelope. Figure 3.4 shows the local 

packing density PDsim at the location where particles assemble (node of the standing ultrasound 

wave) as a function of the particle volume fraction 0.75%    27.5%, and as a function of the 

non-dimensional particle size 0.05  K1  0.20. We derive logistic curve best-fit equations to 

predict the particle packing density at the pattern features that result from ultrasound DSA (see 

Fig. 3.4) or, conversely, to determine the particle volume fraction  required to obtain a specific 

particle packing density. From Fig. 3.4, we observe that the particle packing density increases with 

increasing particle volume fraction  and with decreasing K1, similar to the results of Fig. 3.3. 

However, we observe that the local particle packing density at the node of the standing ultrasound 

wave converges to 45%, independent of K1, which is close to the maximum random particle 

packing density of spheres in 3D. Finally, we note that Fig. 3.4 includes parameter values that 

extrapolate beyond the parameter ranges used in the experimental validation and, thus, must be 

interpreted with caution.  
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Figure 3.4: Local packing density within the pattern features that result from ultrasound DSA (node of the standing 

ultrasound wave) as a function of the particle volume fraction , for 0.05  K1  0.20. 

 

Figure 3.5 shows the local packing density PDsim at the location where particles assemble 

(node of the standing ultrasound wave) for K1 = 0.10 as a function of the particle volume fraction 

 and the non-dimensional viscosity of the mixture of particles and photopolymer 3.3  103  K2 

 9.8  103. We derive logistic curve best-fit equations to predict the particle packing density at 

the pattern features that result from ultrasound DSA or, conversely, to determine the particle 

volume fraction  required to obtain a specific particle packing density. From Fig. 3.5, we observe 

that the particle packing density increases with increasing particle volume fraction , independent 

of K2, similar to the results of Fig. 3.3 and 3.4. We also observe that the local particle packing 

density at the node of the standing ultrasound wave converges to 45%, independent of K2, which 

is close to the maximum random particle packing density of spheres in 3D. Thus, K2 does not affect 

the local particle packing density; it only affects the speed by which particles assemble at the 
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nodes. We account for the effect of medium viscosity on the attenuation of the incident wave, 

dipole scattering, and the amplitude of the acoustic radiation potential. However, the medium 

viscosity can also induce nonlinear phenomena such as streaming at the reservoir walls and even 

microstreaming around particles [28,29]. These phenomena can affect the local packing density 

for particle volume fractions Φ > 1.5%. 

 

Figure 3.5: Local packing density within the pattern features that result from ultrasound DSA (node of the standing 

ultrasound wave) as a function of the particle volume fraction , for 3.3  103  K2  9.8  103, and with K1 = 0.10. 

 

Figure 3.6 shows the local particle packing density PDsim at the location where particles 

assemble (node of the standing ultrasound wave) for K1 = 0.10 and K2 = 3.3  103 as a function of 

the particle volume fraction  with logistic curve best-fit equations, when considering single 

monopole and dipole scattering (black circle) and when considering single monopole and dipole 

scattering (black circle) and when only considering scattering resulting from the incident wave 

(blue triangle). From Fig. 3.6, we observe that the local particle packing density at the node of the 

standing ultrasound wave converges to 45% and 53% when we consider and neglect single 

monopole and dipole scattering, respectively. We attribute this difference to a repulsive acoustic 

particle interaction force that results from scattering, which agrees with results from Pavlic et al. 
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[29], who report a repulsive acoustic interaction force in the direction of wave propagation between 

two copper microparticles (a = 5 μm, and ka = 0.01),  and Silva and Bruus [19]. We also point out 

that based on modeling the interactions between particles using monopole and dipole scattering, 

one can also derive the interaction force between spherical particles [19]. 

 

 

  
Figure 3.6: Local particle packing density within the pattern features that result from ultrasound DSA (node of the 

standing ultrasound wave) as a function of the particle volume fraction  with K1 = 0.10 and K2 = 3.3  103, accounting 

for single monopole and dipole scattering (black circles) and when only considering scattering resulting from the 

incident wave (blue triangles). 

 

3.4. Conclusions 

This chapter presents a 3D theoretical model of ultrasound DSA in a viscous medium with 

multiple particles, which allows simulating the locations of spherical particles in an ultrasound 

wave field as a function of time, and quantifying the local packing density at locations where 

particles assemble. Based on the results of the experiments and simulations, we conclude that: 

1. The local particle packing density at the pattern features that result from ultrasound 

DSA depends on the particle volume fraction and particle size, because they determine 

the number of particles that assemble in one location, and how they pack together.  
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2. The viscosity of the medium in which we organize the particles does not affect the local 

particle packing density resulting from ultrasound DSA, but it determines the time 

particles require to assemble in specific pattern because increasing viscosity increases 

the drag force acting on the particles.  

3. The maximum achievable local particle packing density is 45%, independent of particle 

size and medium viscosity. However, the volume fraction required to achieve the 

maximum particle packing density decreases with decreasing particle size.  

We note that while we provide experimental validation of the model for particle volume 

fractions Φ < 1.5%, our simulation results extrapolate beyond Φ = 1.5% and, thus, results must be 

interpreted with caution. The results of this work enable predicting the volume fraction of particles 

required to obtain a specific local particle packing density at the specific pattern features that result 

from ultrasound DSA and, thus, contribute to the physical understanding of this process, which is 

useful in the context of manufacturing engineered polymer matrix composite materials with 

ultrasound DSA and VP. Specifically, this work has implications for fabricating engineered 

composite materials with a high or a specific local particle packing density to tailor the properties 

of the composite material. 
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4.1. Introduction 

During ultrasound DSA, the concentration of particles in the fluid medium changes as a 

function of time and location [1] and, specifically, the local particle packing density increases with 

time at the locations where particles assemble, as particles agglomerate there. Our group has 

previously quantified the effect of particle volume fraction, particle size, and fluid medium 

viscosity on the locations where particles assemble [2] and the steady-state local particle packing 

density at these locations [3].   

However, the transient phenomena that govern the time-dependent motion of particles from 

their initial dispersed state to their final organized steady-state locations are currently not well-

understood. Yet, this knowledge is important to advance engineering applications that rely on 

ultrasound DSA for the manipulation of particles, such as levitated displays and manipulation of 

cells or particles in biomedical devices. Furthermore, in the context of manufacturing engineered 

composite materials with ultrasound DSA and VP, it is paramount to understand the transient 

phenomena during the ultrasound DSA process, because the layer-by-layer VP process requires 

that particles reach their steady-state locations before a new layer can be cured.  

Few researchers have investigated transient phenomena in ultrasound DSA. Specifically, 

theoretical and experimental studies document the movement of a single spherical particle in a 

fluid medium during ultrasound DSA in 1D [4,5], 2D [6–8], and 3D [9]. These studies demonstrate 

that ultrasound frequency, longitudinal wave propagation velocity, particle radius, and fluid 

medium viscosity significantly affect the transient motion of a single spherical particle during 

ultrasound DSA. In addition, Scholz et al. [7] experimentally studied the transient motion of 

multiple glass particles dispersed in water during ultrasound DSA, and reported different transient 

phenomena for ultrasound DSA of multiple spherical particles.  
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Importantly, no experimentally validated theoretical model exists that describes the 

transient phenomena of spherical particles dispersed in a viscous fluid medium during ultrasound 

DSA. However, quantifying the transient local particle packing density as a function of material 

properties and ultrasound DSA process parameters is essential in the context of using ultrasound 

DSA in, e.g. manufacturing of engineered composite materials with ultrasound DSA and VP, 

among other applications. Hence, we theoretically derive and experimentally validate a 3D 

ultrasound DSA model to simulate the trajectories and interactions of spherical particles dispersed 

in a viscous fluid medium, as they organize into their steady-state locations. Using this 3D model, 

we simulate the transient local particle packing density and packing rate at locations where 

particles assemble as a function of the ultrasound DSA process parameters.  

 

4.2. Methods and materials 

4.2.1. Theoretical model 

Figure 4.1 illustrates the theoretical model we implement to simulate the trajectory of many 

spherical particles dispersed in a viscous fluid medium during ultrasound DSA, as a function of 

time t, particle volume fraction Φ, particle size a, and fluid medium viscosity ηm. Figure 4.1 (a) 

schematically shows a reservoir that contains a mixture of a viscous fluid medium and spherical 

particles. Two ultrasound transducers attached to opposing walls of the reservoir (orange walls in 

Fig. 4.1 (a)) establish a standing ultrasound wave field. We simulate the time-averaged acoustic 

radiation potential U inside the solution domain (see contour lines in color ranging from blue 

(minima) to yellow (maxima)) using the boundary element method (BEM) based on the Helmholtz 

equation 2 2 0inc inck     and Green’s third identity. These equations relate the incident 

ultrasound velocity potential φinc within the simply-closed boundary of the solution domain to the 
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impedance boundary condition, and accounts for the absorption and reflection of the ultrasound 

wave field at the boundary of the solution domain. k ̃is the complex wave number that accounts 

for acoustic attenuation in the viscous fluid medium [3].  

Figure 4.1 (b) shows the forces that act on a spherical particle with radius a in a viscous 

fluid medium within the standing ultrasound wave field, superimposed on the time-averaged 

acoustic radiation potential U (see contour lines with same color scale as in Fig. 4.1 (a)). We also 

identify a node and antinode of the standing ultrasound wave field, separated by a half wavelength 

λ, and we exaggerate the particle size relative to the wavelength for clarity; in reality, a << λ. A 

spherical particle experiences the acoustic radiation force F, which drives the particle to the 

locations where the time-averaged acoustic radiation potential U is locally minimum and the 

acoustic radiation force F = 0. Additionally, it is subject to a drag force Fd, which orients in the 

opposite direction of the particle motion, a gravitational force Fg, and buoyancy force Fb, since the 

particle is immersed in a viscous fluid medium. We use a repulsive Lennard-Jones-like potential 

as interaction force FLJ to model particle-particle and particle-wall interactions within the 

simulation domain, which is a subset of the solution domain in the far field of the ultrasound 

transducers. 
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Figure 4.1: (a) Schematic of the 3D ultrasound DSA model, showing a reservoir that contains a mixture of a viscous 

fluid medium and spherical particles, and with two ultrasound transducers (orange) that establish a standing ultrasound 

wave field (time-averaged acoustic radiation potential U in color). The reservoir encloses the solution domain, but we 

only simulate the trajectories of the particles within the simulation domain, which is a subset of the solution domain 

in the far field of the ultrasound transducers. (b) Forces that act on a spherical particle in a viscous fluid medium and 

in a standing ultrasound wave field (time-averaged acoustic radiation potential U in color). The size of the particles is 

exaggerated for clarity, in reality the particle size a << wavelength λ. (c) Simulated particle assembly in a domain of 

width w around a node of standing ultrasound wave field as a function of time t during ultrasound DSA. 

 

We define N ≈ 700 randomly dispersed, non-overlapping particles inside the simulation 

domain in the center of the solution domain (see Fig. 4.1 (a)), and we uniformly scale the size of 

the simulation domain to achieve a specific particle volume fraction Φ. The velocity potential φ is 

the sum of the incident velocity potential φinc, which we calculate using the BEM, and the velocity 

potential φsc that results from single scattering from all other particles in the simulation domain. 

Thus, the velocity potential φ at the location of ith particle ri is [3]   
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where φsc(ri|rj) is the single monopole and dipole scattering velocity potential of the jth particle at 

location rj, measured at the location of ith particle ri. φsc(ri|rj) accounts for both monopole and 

dipole scattering, which depend on the compressibility and density contrast between the particles 

and the fluid medium, respectively. Dipole scattering also depends on the fluid medium viscosity 

ηm, and it considers the thickness of the viscous boundary layer around a particle δ = (2ηm/ωρm)1/2, 

where ω = 2πf and f are the angular and temporal ultrasound wave frequencies, respectively, and 

ρm is the density of the fluid medium. We refer to Noparast et al. [3] for a detailed derivation of 

φsc(ri|rj).  

The ultrasound wave velocity v = ∇φ is the gradient of the ultrasound velocity potential φ. 

The ultrasound wave pressure p = iρmωφ, with i = (-1)1/2. The time-averaged acoustic radiation 

potential U in a viscous fluid medium is given as [10] 
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 

,       (4.2) 

where f1 = 1-βp/βm and f2 = ℜ{[2(1-γ)(ρp/ρm-1)]/[2ρp/ρm+1-3γ]}, with γ = -3/2[1+i(1+δ/a)]δ/a. The 

compressibility of the spherical particle βp = 1/[ρp(cp,c
2-4cp,s

2/3)], and the compressibility of the 

fluid medium βm = 1/(ρmcm
2), with ρp the density of the particle, and cp,c (respectively cp,s) the 

propagation velocity of the longitudinal (respectively shear) wave in the particle [11]. Operators 

⟨•⟩ and ℜ{•} calculate the time average over one ultrasound wave period and the real part of an 

expression, respectively. The acoustic radiation force F = -∇U is the negative gradient of the time-

averaged acoustic radiation potential U.  
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The drag force Fd on each particle inside the simulation domain orients in the opposite 

direction of the particle velocity u (see Fig. 4.1 (b)), with ||Fd|| = 12πa2ρm||u||2(1+3/16Re)/Re using 

Stokes drag force with Oseen’s correction. The Reynolds number Re = 2aρm||u||/ηm [12]. 

The interaction force FLJ = -∇VLJ between pairs of particles [13] derives from a repulsive 

Lennard-Jones-like potential VLJ = 4εLJ(2a/r)12, and accounts for particle-particle and particle-wall 

interactions within the simulation domain. We iteratively tune εLJ to prevent particles from 

occupying the same space when organized in specific locations, by ensuring that the average 

distance between two contacting particles is 2a (+/-2%), or a (+/-2%) for contact between a particle 

and a wall. We describe the iterative tuning procedure of εLJ in the Appendix, but note that for the 

range of particle volume fractions used in this chapter, εLJ has limited influence on the results of 

the transient ultrasound DSA model. 

The simulation of the ultrasound DSA process works as follows. First, we calculate the 

incident velocity potential φinc within the solution domain using the BEM based on the Helmholtz 

equation with complex wave number k̃ to account for the attenuation of the ultrasound wave in a 

viscous fluid medium. Second, we calculate the velocity potential φ at the location of each particle 

as the superposition of the incident velocity potential φinc and scattering velocity potential φsc of 

all other particles in the simulation domain (Eq. (1)). Then, we calculate the time-averaged acoustic 

radiation potential U, and the corresponding acoustic radiation force F that acts on each particle in 

the simulation domain. 

We calculate the trajectory of each spherical particle inside the simulation domain during 

the transient ultrasound DSA process as a function of time 0  t  T, with time step Δt = T/3000. 

We use a variable time step Δt = T/3000 to keep the average distance that particles travel in a single 

time step sufficiently short to avoid that particles overlap and occupy the same space. At t = 0, 
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particles are stationary ||u|| = 0, and at t = T, particles have reached their steady-state locations at 

the nodes of the standing ultrasound wave.  However, when t > 0 they accelerate as a result of the 

forces acting on them, and they displace towards the closest local minimum of the time-averaged 

acoustic radiation potential U (blue contour lines in Fig. 4.1 (a) and (b)). Thus, we determine the 

location r and velocity u of each particle for each time step Δt, accounting for all forces that act 

on the particle (see Fig. 4.1 (b)) by integrating twice in time the acceleration of each particle.  

Furthermore, we calculate the 3D local particle packing density PDsim, for each time step 

Δt, as the fraction of a cuboid domain of width w around a local minimum of the time-averaged 

acoustic radiation potential U (where particles assemble) occupied by spherical particles. Figure 

4.1 (c) depicts the domain of width w (black solid box) around a node of the standing ultrasound 

wave field with particles (gray spheres) that assemble inside the domain, visualized for six 

different time instances t, starting from t = 0 s when particles are randomly dispersed in the 

simulation domain, until t = 10 s when particles and PDsim reach steady-state. We choose the width 

of the domain w to be proportional to the particle radius a (see Section 4.2.2), and compare it later 

in Fig. 4.8 to choosing w constant and independent of a. 

We perform a nondimensional parameter study to quantify the 3D local particle packing 

density PDsim as a function of ultrasound DSA process parameters, including time t, particle 

volume fraction Φ, particle size a, and fluid medium viscosity ηm. Using the Buckingham π 

theorem, we determine that at least four nondimensional parameters are required to describe this 

system (see Table 4.1); (i) the nondimensional particle size 0.05  K1 = ka  0.20, which we select 

to satisfy the Rayleigh regime assumption (ka << 1) where k = ω/cm is the real wave number, (ii) 

the nondimensional fluid medium viscosity 0.07  K2 = ηm/ρmλcm  0.27, which we define to span 

the viscosity range of commercial photopolymer resins 100  ηm  400 mPa‧s, where λ = cm/f, (iii) 
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the nondimensional time 0  K3 = ft  150, which captures the entire transient time-span from 

initial dispersion to steady-state, for all combinations of parameters, and (iv) the particle volume 

fraction 0.5  Φ  22.5%, which we select to achieve maximum local particle packing density 

during steady-state. We note that the units of the fluid medium viscosity ηm in K2 and the temporal 

ultrasound frequency f in K3 are mPa‧s and MHz, respectively. The parameter study quantifies the 

transient local particle packing density PDsim as a function of K1, K2, K3, Φ. To characterize the 

transient local particle packing density PDsim, we define two additional nondimensional 

parameters: the nondimensional packing time K3
*, which is the nondimensional time K3

 when local 

particle packing density reaches 90% of its steady-state value, and nondimensional packing rate 

δPDsim/δK3, which is the nondimensional rate at which transient local particle packing density 

PDsim changes from 20% to 80% of its steady-state value. 

 

Table 4.1: Nondimensional ultrasound DSA process parameters. 

Nondimensional parameter Definition Range Notes 

Particle size, K1 K1 = ka 0.05  K1  0.20 
Satisfies the Rayleigh regime 

assumption (ka << 1). 

Fluid medium viscosity, K2 K2 = ηm/ρmλcm 0.07  K2  0.27 

Spans the viscosity range of 

commercial photopolymer resins 

100  ηm  400 mPa‧s. 

Time, K3 K3 = ft 0  K3  150 

Covers the entire time-span from 

initial dispersion to steady-state, 

for all combinations of 

parameters. 

Particle volume fraction, Φ 
Particle volume/control 

volume 
0.5  Φ  22.5% 

Achieves maximum local particle 

packing density during steady-

state. 

 

4.2.2. Experimental validation  

Figure 4.2 schematically shows the experimental setup, which integrates a 30 x 30 mm 

acrylic reservoir with two ultrasound transducers (PZT-4, center frequency fc = 1.5 MHz, 

piezoelectric strain constant d33 = 285×10-12 [14], Steminc, FL, USA) in a VP digital light 
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processing (DLP) printer (mUVe 1.1 DLP, Grand Rapids, MI, USA). We use photopolymer resin 

(3DRS standard V2 gray resin, 3D Resin Solutions, IL, USA) and photopolymer resin diluted with 

5 weight percent of isopropyl alcohol, in combination with spherical aluminum microparticles (a 

= 15 μm and 22 μm, US5005 solid aluminum spherical powder, US Research Nanomaterials Inc., 

TX, USA). Table 4.2 summarizes the material properties of the particles and the fluid medium. 

We determine the longitudinal wave propagation velocity of the fluid medium using a pulse-echo 

time-of-flight measurement [15], and the fluid medium viscosity using a rheometer (Discovery HR 

30, TA Instruments, New Castle, DE, USA).  

We choose the range of particle volume fraction Φ, particle size a, fluid medium viscosity 

ηm, and time t based on considerations of practical feasibility of the experiments. We select 0.50  

Φ  1.50% because increasing Φ increases attenuation of the ultrasound wave due to scattering, 

and it also increases the effective viscosity, which decreases the acoustic radiation force ||F|| and 

increases the drag force ||Fd|| on the particles. Consequently, it reduces the ability to organize 

particles in the viscous fluid medium. The curing time of the photopolymer resin also increases 

with increasing Φ [16], which could distort the organization of the particles. We choose particle 

sizes a = 15 and 22 μm (K1 = 0.10 and 0.15) to satisfy the Rayleigh regime assumption (K1 = ka 

<< 1). Additionally, the particles are small enough to not precipitate to the floor of the reservoir, 

yet they are large enough to be observed under an optical microscope. The fluid medium viscosity 

ηm = 126 and 218 mPa.s (K2 = 0.09 and 0.15) matches the viscosity of typical commercial 

photopolymer resins. Finally, we define time 0  t  30 s (0  K3  45) to ensure capturing the 

entire transient behavior of the local particle packing density PDexp during ultrasound DSA, using 

all combinations of Φ, K1, and K2. 
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We disperse a volume fraction  particles in the viscous fluid medium using a magnetic 

stirrer, and energize the ultrasound transducers with a function generator (Tektronix AFG 3102, 

Beaverton, OR, USA) and a radio frequency (RF) power amplifier (E&I 2100L, Rochester, NY, 

USA) to organize the particles into line patterns that correspond to the nodes of the standing 

ultrasound wave field between both ultrasound transducers. The input peak-to-peak voltage of the 

ultrasound transducers Vp-p = 21 V. This translates to a velocity amplitude of the ultrasound 

transducer surface of |v| = 2.8×10-2 m/s, based on the piezoelectric strain constant of the ultrasound 

transducers, which we require as a boundary condition in the simulations with the BEM method 

(see Section 4.2.1).  After ultrasound DSA, we cure a single layer 12 x 12 mm composite material 

specimen with a 12 s exposure time, and a 120 s post-cure time outside the VP setup to eliminate 

any liquid photopolymer. Figure 4.2 shows a typical composite material specimen after curing and 

post-curing ( = 1.00 %, K1 = 0.10, K2 = 0.09, and K3 = 15). 

 
Figure 4.2: Schematic of the experimental setup, which integrates an acrylic reservoir with two ultrasound transducers 

in a VP digital light processing (DLP) printer. The reservoir contains a mixture of photopolymer and aluminum 

microparticles, and a function generator and RF amplifier drive the ultrasound transducers to organize the particles 

into a line pattern that corresponds to the nodes of the standing ultrasound wave field between both ultrasound 

transducers. Exposure to UV light cures a square single layer composite material specimen.  

 

  



102 

 

Table 4.2: Material properties of the particles and viscous fluid media. 

Material 
Density, 

ρ [kg/m3] 

Longitudinal wave 

propagation velocity, 

c [m/s] 

Shear wave 

propagation velocity, 

c [m/s] 

Viscosity

, ηm 

[mPa‧s] 

Spherical aluminum 

microparticles 

2,710 

[17] 
cc,p = 6,420 [17] cs,p = 3,040 [17] - 

Standard 

photopolymer resin 
1,100 cm = 1,420 - 218 

Diluted standard 

photopolymer resin 
1,079 cm = 1,409 - 126 

 

To perform a full-factorial study of the local particle packing density PDexp as a function 

of Φ, K1, K2, and K3, we manufacture 72 composite material specimens (3 (Φ) x 2 (K1) x 2 (K2) x 

6 (K3)) using the experimental setup of Fig. 4.2. Additionally, we perform three repeat 

measurements of each combination of parameters, for a total of 216 composite material specimens. 

We experimentally measure the local particle packing density PDexp as the area fraction of 

a rectangular domain of width w around the location where particles assemble, occupied by the 

particles. The fraction of an area covered by particles approximates the volumetric particle packing 

density, as first suggested by Delesse in 1848 [18] and later theoretically and experimentally 

demonstrated by Underwood [19] and Weibel [18,20]. We also verified the accuracy of this 

approximation using the 3D theoretical model, and determined a 4% maximum error for Φ = 1.5%.  

Figure 4.3 illustrates the measurement methodology, showing optical micrographs (1.5 μm 

spatial resolution, 180X magnification, AmScope, CA, USA) with the corresponding binary 

images as a function of time t (K3) for  = 1.00 %, K1 = 0.10, and K2 = 0.09, of locations where 

we qualitatively detect organization of the spherical aluminum microparticles. We focus the optical 

microscope on the top surface of the composite material specimen to only capture particles (silver) 

on the surface (green), and not in the bulk of the specimen. We binarize the optical micrographs 

using a threshold that equates the particle area fraction of the entire field-of-view to the particle 

volume fraction Φ dispersed in the photopolymer. This minimizes the effect of external influences, 
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such as lighting conditions and glare, on the binarization of the image. We measure the particle 

area fraction as the number of black pixels within a domain w = Ma centered around a location 

where particles assemble divided by the total number of pixels within the domain (see Fig. 4.3). 

We select M = 6, i.e., w = 6a to enclose most particles that assemble at the node of a standing 

ultrasound wave field, based on experiments with  = 1.00 %, K1 = 0.10, and K2 = 0.09. We repeat 

each measurement three times for composite material specimens and report the average, minimum, 

and maximum values of the local particle packing density PDexp.  

 

Figure 4.3: Methodology to measure the local particle packing density PDexp, showing optical micrographs with 

corresponding binary images as a function of time t for  = 1.00 %, K1 = 0.10, and K2 = 0.09, covering domain w = 

6a. 

 

4.3. Results and discussion 

4.3.1. Experimental validation 

Figure 4.4 shows the simulated PDsim (lines) and experimental PDexp (solid markers) local 

particle packing density as a function of the nondimensional time K3, for three particle volume 

fractions Φ = 0.5, 1.0, 1.5 %, and for (a) K1 = 0.10 and K2 = 0.09, (b) K1 = 0.15 and K2 = 0.09, (c) 

K1 = 0.10 and K2 = 0.15, (d) K1 = 0.15 and K2 = 0.15, i.e., the rows and columns represent constant 

K2 and K1, respectively. The solid markers represent the average of three measurements, and the 

error bars show the minimum and maximum. Figure 4.4 illustrates excellent agreement between 
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the theoretical simulations and experimental results, and we determine a maximum |PDexp – PDsim| 

= 0.9% error for Φ = 1.5 %, K1 = 0.05, K2 = 0.15, and K3 = 22.5. Additionally, Fig. 4.5 shows 

optical micrographs (green = resin, silver = particles) and the corresponding binary images (white 

= resin, black = particles) of the composite material specimens as a function of nondimensional 

time K3 for selected data points of Fig. 4.4.  

We observe from Fig. 4.4 and Fig. 4.5 that the local particle packing density at locations 

where particles assemble increases with increasing nondimensional time K3, because the number 

of particles that assemble at a specific location increases. The local particle packing density reaches 

steady-state when almost all particles have assembled into the specific location, and no additional 

particles are available to assemble at that location. Furthermore, the local particle packing density 

increases with increasing particle volume fraction Φ because the number of particles dispersed in 

the photopolymer resin increases, which the comparison of Fig. 4.5 (a) and (b) illustrates. Figure 

4.4 (a) and (b), and (c) and (d) show that increasing the nondimensional particle size K1 decreases 

the local particle packing density for constant particle volume fraction Φ, because the number of 

particles to obtain a specific Φ decreases with increasing K1, which is evident from the comparison 

of Fig. 4.5 (a) and (c). Figure 4.4 (a) and (c), and (b) and (d), show that increasing the 

nondimensional fluid medium viscosity K2 decreases the transient local particle packing density 

for constant particle volume fraction Φ because increasing the fluid medium viscosity increases 

the drag force on the particles ||Fd|| and decreases their velocity ||u||, which delays their assembly 

at specific locations. However, the steady-state local particle packing density remains unaffected 

by changing the fluid medium viscosity, because it only depends on the number of particles 

dispersed in the fluid medium. Figure 4.5 (a) and (d) illustrate the effect of increasing the 

nondimensional fluid medium viscosity K2.  
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Figure 4.4: Transient and steady-state local particle packing density within the pattern features that result from 

ultrasound DSA (node of the standing ultrasound wave field) as a function of nondimensional time K3, showing 

simulation PDsim (lines) and experiment PDexp (solid markers) results for particle volume fraction Φ = 0.5 % (solid 

maroon line and maroon square), Φ = 1.0 % (dashed orange line and orange circle), and Φ = 1.5 % (dash-dot gray line 

and gray diamond), and for (a) K1 = 0.10 and K2 = 0.09  (b) K1 = 0.15 and K2 = 0.09, (c) K1 = 0.10 and K2 = 0.15, (d) 

K1 = 0.15 and K2 = 0.15. 
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Figure 4.5: Optical micrographs (green = resin, silver = particles) and binary images (white = resin, black = particles) 

of composite material specimens for selected data points of Fig. 4.4: (a) Φ = 1.0 %, K1 = 0.10, and K2 = 0.09, (b) Φ = 

1.5 %, K1 = 0.10, and K2 = 0.09, (c) Φ = 1.0 %, K1 = 0.15, and K2 = 0.09, and (d) Φ = 1.0 %, K1 = 0.10, and K2 = 0.15. 
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4.3.2. Simulation results and parameter study 

We also use the 3D theoretical model to illustrate the effect of particle volume fraction , 

nondimensional particle size K1, nondimensional fluid medium viscosity K2, and nondimensional 

time K3 on the transient local particle packing density PDsim during ultrasound DSA, covering the 

entire ultrasound DSA process envelope, i.e., beyond the parameter ranges we have experimentally 

validated. Figure 4.6 shows the transient local particle packing density PDsim at the location where 

particles assemble (node of the standing ultrasound wave field) as a function of the nondimensional 

time K3 for different particle volume fractions 0.5  Φ  22.5 % (Fig. 4.6 (a)), different 

nondimensional particle sizes 0.05  K1  0.20 (Fig. 4.6 (b)), and different nondimensional fluid 

medium viscosities 0.07  K2  0.27 (Fig. 4.6 (c)). In addition, Fig. 4.6 shows the nondimensional 

packing time K3
* (hollow circles), i.e., the time at which the local particle packing density reaches 

90% of its steady-state value. The nondimensional packing time is important, e.g. in the context 

of VP, where one must be aware of the time required for particles to assemble at their steady-state 

locations, before curing a layer of photopolymer resin. Consequently, K3
* also determines the 

speed of the VP process.  

From Fig. 4.6, we observe that the transient local particle packing density PDsim increases 

and ultimately reaches steady-state with increasing nondimensional time K3, similar to the results 

of Fig. 4.4 and Fig. 4.5. Figure 4.6 (a) shows that increasing particle volume fraction  increases 

the transient local particle packing density prior to reaching its maximum value PDsim = 45 %. This 

result agrees with the maximum achievable steady-state local particle packing density within the 

pattern features after ultrasound DSA [3]. Additionally, from Fig. 4.6 (a) we observe that 

increasing the particle volume fraction Φ first increases (Φ ≤ 15%) and then decreases (Φ > 15%) 

the nondimensional packing time K3
*, which is the result of two phenomena. First, increasing Φ 
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increases the number of particles in a control volume within the ultrasound DSA reservoir, which 

increases the number of collisions between particles and also increases the dissipative acoustic 

interaction forces due to ultrasound wave scattering. Collisions and dissipative acoustic interaction 

forces decrease the effective particle velocity ||u|| with which particles approach the locations 

where they assemble and, thus, increase K3
*. However, increasing Φ ≥ 15% increases the local 

particle packing density PDsim when particles are initially randomly dispersed at nondimensional 

time K3 = 0, such that the steady-state PDsim reaches its theoretical maximum value of 

approximately 45%. Hence, increasing Φ ≥ 15% decreases the difference between PDsim at K3 = 0 

and its steady-state PDsim, which decreases the nondimensional packing time K3
* because the 

maximum local particle packing density at the locations where particles assemble is reached before 

all particles reach their steady-state location. From Fig. 4.6 (b), we observe that increasing 

nondimensional particle size K1 decreases the nondimensional packing time K3
* because increasing 

K1 increases the acoustic radiation force ||F|| ∝ a3 (Eq. (2)) more than the drag force ||Fd|| ∝ a on 

particles, which increases the velocity ||u|| with which they move towards the locations where they 

assemble and, consequently, decreases the time to reach that location. Figure 4.6 (c) shows that 

increasing the nondimensional fluid medium viscosity K2 increases the nondimensional packing 

time K3
*, but it does not affect the steady-state local particle packing density PDsim, as expected. 

Increasing K2 increases the magnitude of drag force on particles ||Fd|| ∝ a and, thus, decreases the 

velocity ||u|| with which particles move towards the locations where they assemble, which 

increases the time to reach that location.  
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Figure 4.6: Transient local particle packing density PDsim at locations where particles assemble, as a function of 

nondimensional time K3, covering the entire ultrasound DSA process envelope, (a) for K1 = 0.15 and K2 = 0.14 and 

different particle volume fractions 0.5  Φ  22.5 %, (b) for Φ = 1.0 % and K2 = 0.14 and different nondimensional 

particle sizes 0.05  K1  0.20, and (c) for Φ = 1.0 % and K1 = 0.15 and different nondimensional medium viscosities 

0.07  K2  0.27, also showing the nondimensional packing time K3
* (hollow circles) for each transient local particle 

packing density PDsim. 
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Using the 3D ultrasound DSA model, we quantify the relationship between 

nondimensional particle size K1 and nondimensional fluid medium viscosity K2, and the 

nondimensional packing time K3
* and nondimensional packing rate δPD/δK3, which both 

characterize the transient local particle packing density PDsim. Figure 4.7 shows the 

nondimensional packing time K3
* and nondimensional packing rate δPD/δK3 as a function of 

nondimensional particle size K1 for different values of the nondimensional fluid medium viscosity 

0.07  K2  0.27. We derive power and linear best-fit equations for K3
* and δPD/δK3, respectively, 

to quantify their relationship with the nondimensional ultrasound DSA process parameters K1 and 

K2. These equations provide information, e.g. to tune the VP layer-by-layer curing process, based 

on the material properties and ultrasound DSA process parameters. From Fig. 4.7, we observe that 

increasing nondimensional particle size K1 decreases the nondimensional packing time K3
* and 

increases the nondimensional packing rate δPD/δK3. Increasing nondimensional particle size K1 

requires increasing the particle radius a, which increases the acoustic radiation force on particles 

||F|| ∝ a3 (see Eq. (4.2)), increases the velocity ||u|| with which particles move toward the nodes of 

standing ultrasound wave field, decreases the time particles require to assemble at the node of 

standing ultrasound wave field, and thus decrease the nondimensional packing time K3
*. Also, 

increasing the velocity ||u|| with which particles move toward the nodes of the standing ultrasound 

wave field increases the number of particles that assemble at nodes of the standing ultrasound 

wave field at each time increment during ultrasound DSA, and, thus, increases the nondimensional 

packing rate δPD/δK3. 

Additionally, Fig. 4.7 shows that increasing nondimensional fluid medium viscosity K2 

increases the nondimensional packing time K3
* and decreases the nondimensional packing rate 

δPD/δK3. Increasing K2 increases the magnitude of the drag force on the particles ||Fd|| ∝ a and, 
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thus, decreases the velocity ||u|| with which particles move towards the locations where they 

assemble, which increases the time to reach that location, increases K3
*, and decreases δPD/δK3. 

We note that Fig. 4.6 and Fig. 4.7 include parameter values that extrapolate beyond those used in 

the experimental validation and, thus, must be interpreted with caution. 

 

Figure 4.7: (a) Nondimensional packing time K3
* and (b) nondimensional packing rate δPD/δK3 as a function of 

nondimensional particle size K1 for nondimensional fluid medium viscosity K2 = 0.07 (maroon rectangle), K2 = 0.14 

(gray circle), K2 = 0.20 (orange square), and K2 = 0.27 (purple diamond), illustrating (a) power and (b) linear best-fit 

equations of nondimensional packing time K3
* and nondimensional packing rate δPD/δK3 (hollow markers), 

respectively. 
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4.3.3. Discussion 

The 3D ultrasound DSA model advances existing models through several innovations. 

First, it is the first model that extends beyond simulating the steady-state locations where particles 

assemble, which enables quantifying the transient local particle packing density by PDsim, 

nondimensional packing time K3
*, and nondimensional packing rate δPD/δK3 until the particles 

and the local particle packing density PDsim reach steady-state [2,3]. Second, the model is capable 

of simultaneously predicting the trajectory of many spherical particles dispersed in a viscous fluid 

medium during ultrasound DSA, which contrasts existing transient models that theoretically 

simulate the dynamic behavior of an individual particle in an inviscid medium [1,6–8,21], and 

existing studies that only experimentally investigate the dynamic behavior of multiple particles in 

an inviscid medium [7,22]. However, the results of this chapter still agree with previous studies 

that describe the dynamic behavior of an individual particle in a standing ultrasound wave field, 

which document the effect of particle size a, fluid medium viscosity ηm, and ultrasound frequency 

f on the transient behavior of the particle [7]. Third, this model relaxes simplifying assumptions of 

existing models that consider an inviscid medium [6], neglect the effects of ultrasound wave 

attenuation and ultrasound wave scattering from neighboring particles [7]. Finally, the model is 

perhaps the first one to include collisions between particles by means of an LJ-like potential. 

The 3D ultrasound DSA model also shows limitations. We define randomly dispersed 

particles only in a section of the reservoir, i.e., the simulation domain, to manage the computational 

cost of the simulations. However, this simplification neglects the effect of ultrasound wave 

scattering by particles outside the simulation domain on the transient local particle packing density 

PDsim. Thus, the particle packing density at the edges of the simulation domain likely 

underestimates the true particle packing density. Additionally, one can study the acoustic 
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interaction between spherical particles in a fluid medium using a single- or multiple scattering. 

Single scattering considers only one scattering event, whereas multiple scattering considers 

multiple scattering events of the scattered wave [23]. The 3D ultrasound DSA model only 

implements single scattering because for the range of particle volume fractions we consider in this 

chapter, the particles remain far away from each other during the transient portion of the 

simulation. However, when particles assemble at the nodes of the standing ultrasound wave, 

multiple scattering would be more appropriate because a particle is surrounded by many other 

particles and, thus, the scattered wave can reflect off multiple particles. we did not include multiple 

scattering due to computational cost, and because the literature predicts its effect to be small [23]. 

Quantifying the transient local particle packing density is not straightforward because the 

locations where particles assemble is not unambiguously defined. The node of a standing wave 

theoretically is a line, but in practice, particles assemble and agglomerate at a location of finite 

width, which necessitates defining a rectangular region of width w around the node to quantify the 

local particle packing density. Consequently, the transient local particle packing density depends 

on w, i.e., it increases with decreasing w, as an increasing fraction of the domain is occupied by 

particles at any given time. We replicate the results of Fig. 4.6 (b) to illustrate the difference 

between measuring the transient local particle packing density PDsim within a domain width that 

is a function of the particle radius a, i.e., w = 6a, or within a constant domain width w around the 

node. Figure 4.8 shows the transient local particle packing density PDsim at the location where 

particles assemble as a function of nondimensional time K3, for a constant domain width w = 60 

μm (Fig. 4.8 (a)) and for domain width w = 6a (Fig. 4.8 (b), identical to Fig. 4.6 (b)), for Φ = 1.0 

% and K2 = 0.14 and 0.05  K1  0.20. We also show the nondimensional packing time K3
* (hollow 

circles). From Fig. 4.8, we observe that increasing nondimensional particle size K1 decreases the 
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nondimensional packing time K3
*, both when w = 60 μm and w = 6a. However, the magnitude of 

this reduction is different between both choices of the domain width. Changing K1 shows no effect 

on the steady-state local particle packing density PDsim within the domain of constant width w (Fig. 

4.8 (a)), since the volume of the domain and the volume of the particles within the domain remain 

constant. In contrast, increasing K1 decreases the steady-state local particle packing density PDsim 

within the variable domain of width w = 6a (Fig. 4.8 (b)) because the width of the domain increases 

with the size of the particles, thus adding more empty space. 

The experiments also show limitations. We validate the 3D ultrasound DSA model over a 

limited range of ultrasound DSA process parameters, i.e., particle volume fraction 0.50  Φ  

1.50%, particle size a = 15 and 22 μm, and fluid medium viscosity ηm = 126 and 218 mPa.s. Thus, 

the experimental validation does not cover the entire ultrasound DSA process envelope due to 

practical limitations of increasing Φ, a, and ηm during the experiments (see Section 4.2.2). In 

addition, imperfect dispersion of spherical aluminum microparticles in the (diluted) photopolymer 

resin, imperfect spherical shape and size of the aluminum microparticles, misalignment of the 

ultrasound transducers on the walls of the acrylic reservoir, and the ultrasound transducers not 

performing as perfect piston sources, all cause error in the experimental results. 

We note that we choose the amplitude of the ultrasound wave in the experiments based on 

experimental constraints. Increasing the peak-to-peak voltage Vp-p supplied to the ultrasound 

transducers increases the amplitude of the standing ultrasound wave and, consequently, increases 

the acoustic radiation force that acts on particles in the reservoir. Thus, increasing Vp-p increases 

the velocity with which particles move to the nodes of the standing ultrasound wave. However, 

increasing Vp-p also increases the temperature of the medium, and increases the likelihood of 

acoustic streaming that distorts the assembly of particles into patterns. Hence, we balance both 
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effects by selecting Vp-p sufficiently high to organize particles at the nodes of the standing 

ultrasound wave before they precipitate to the bottom of the reservoir, yet sufficiently low to avoid 

heating and acoustic steaming that distort the assembly of particles into specific patterns. 

 

Figure 4.8: Transient local particle packing density PDsim within the pattern features as a function of nondimensional 

time K3, using a (a) constant domain of width w = 60 μm and (b) a variable domain of width w = 6a, covering the 

entire ultrasound DSA process envelope, for Φ = 1.0 % and K2 = 0.14 and different nondimensional particle sizes 0.05 

 K1  0.20, also illustrating the nondimensional packing time K3
* (hollow circles) for each transient local particle 

packing density PDsim. 

 

Finally, we emphasize that even though we manufacture single layer specimens in this 

chapter, we have previously demonstrated that the integration of ultrasound DSA and VP can 
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implement multi-layer specimens, by following a two-step curing approach that allows 

establishing an ultrasound in the photopolymer resin contained in the VP vat [24]. 

 

4.4. Conclusions 

This chapter presents a 3D model of ultrasound DSA that enables simulating the 

trajectories of many spherical particles dispersed in a viscous fluid medium, subject to a standing 

ultrasound wave field, as a function of time and ultrasound DSA process parameters. Such 

simulations allow quantifying the transient and steady-state local particle packing density at the 

specific locations where the particles assemble. We demonstrate good agreement between the 

theoretical model and experiments. We conclude that: 

1. The local particle packing density at locations where particles assemble increases with 

increasing nondimensional time K3, due to increasing number of particles that assemble 

at a specific location, then reaches steady-state when almost all particles have 

assembled into the specific location. Furthermore, the local particle packing density 

increases with increasing particle volume fraction Φ due to an increasing number of 

particles dispersed in the photopolymer. It ultimately reaches a steady-state particle 

packing density that approaches the theoretical random particle packing density for 

spherical particles of approximately 45%. 

2. Increasing the nondimensional particle size K1 decreases the local particle packing 

density for constant particle volume fraction Φ, because the number of particles to 

obtain a specific Φ decreases with increasing K1. In addition, increasing the 

nondimensional fluid medium viscosity K2 decreases the transient local particle 

packing density for constant particle volume fraction Φ because increasing the fluid 
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medium viscosity increases the drag force on the particles ||Fd|| and decreases the 

velocity ||u|| with which they approach their steady-state location. However, the steady-

state local particle packing density remains unaffected by the nondimensional fluid 

medium viscosity K2. 

3. Increasing the particle volume fraction Φ first increases and then decreases the 

nondimensional packing time K3
* because increasing Φ increases collisions and 

ultrasound wave scattering between particles that decrease the velocity ||u|| with which 

particles move towards locations where they assemble. Increasing Φ ≥ 15% increases 

the local particle packing density when particles are initially randomly dispersed in the 

fluid medium, such that the steady-state local particle packing density reaches its 

theoretical maximum value of approximately 45%. Hence, K3
* decreases because the 

local particle packing density at the locations where particles assemble reaches its 

maximum value before all particles reach their steady-state location. Increasing the 

nondimensional particle size K1 or decreasing nondimensional fluid medium viscosity 

K2 both increase the velocity with which particles move towards the locations where 

they assemble and, thus, decreases K3
*. 

The results of this chapter provide a physical understanding of the transient phenomena 

that affect the local particle packing density during ultrasound DSA in a viscous fluid medium. 

This knowledge is relevant to a broad spectrum of engineering applications that involve ultrasound 

DSA, such as non-contact particle manipulation, lab-on-a-chip applications, acoustic displays, and 

materials manufacturing. Specifically, with respect to integrating ultrasound DSA and VP to 

manufacture engineered composite materials, the results of this chapter allow tailoring the layer-

by-layer VP process to the ultrasound DSA process parameters, and manufacture composite 
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materials wherein each layer, ultrasound DSA organizes and orient particles into specific patterns 

with specific local particle packing density before the VP process cures a new layer. 
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4.6. Appendix: Iterative tuning procedure of εLJ parameter 

We consider both particle-particle and particle-wall interactions in the ultrasound DSA 

simulations, using the LJ-like potentials VLJ,p-p = 4εLJ(2a/rp-p)
12 and VLJ,p-w = 4εLJ(a/rp-w)12, 

respectively. The parameter εLJ is the same for particle-particle and particle-wall interactions.  rp-p 

is the distance between a pair of particles, and rp-w is the distance between a particle and a 

simulation domain boundary. Hence, tuning of the LJ-like potential ensures a minimum separation 

of 2a and a between particle-particle and particle-wall, respectively, where a is the radius of a 

particle. To determine the εLJ parameter, we perform the following tuning process (see flowchart 

of Fig. 4.9): 

STEP 1: We perform the ultrasound DSA simulation over a duration 0  t  T with time 

step Δt and an initial guess of εLJ, which is based on experience and values that have previously 

worked. However, we note that the methodology works for any initial guess; it could just require 

more iterations to reach a converged solution based on the choice of the initial guess. We choose 

T long enough so the particles assemble at the nodes of the standing ultrasound wave and reach a 

steady-state local packing density. 
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STEP 2: After particles assemble at nodes of the standing ultrasound wave, we measure 

the distance between each particle and its closest neighboring particle di where i = 1, 2, …, M (M 

is the number of particles assembled in a domain w = 6a centered around a node of the standing 

ultrasound wave.). We calculate the average distance davg of the 10% smallest distances di.  

STEP 3: We repeat STEP 2 for the 10 sequential time steps before t = T, when the particles 

have already assembled at the node of the standing ultrasound wave, and the particle packing 

density remains unchanged. We calculate davg,j for each time step, with j = 1, 2, …, 10. Then, we 

calculate the average of all davg,j values as daverage. Hence, in steps 2 and 3, we average the minimum 

distance between particles over both space (STEP 2) and time (STEP 3). 

STEP 4: We use an automated iterative optimization method by repeating STEPs 1-3, until 

daverage = 2a (+/-2%). Therefore, we tune εLJ,new = εLJ(2a/daverage)
12

 in each iteration so particles 

experience a magnitude of VLJ,p-p at rp-p = 2a that equals the magnitude of VLJ,p-p at rp-p = daverage in 

the previous iteration. Thus, if daverage > 2a, we increase the “spring constant” of the LJ-like 

potential to draw the particles closer, and if daverage < 2a, we decrease the “spring constant” of the 

LJ-like potential so that the equilibrium distance between particles increases. We repeat the 

described iterative optimization method for all simulations in this chapter.  
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Figure 4.9: Flowchart of the εLJ parameter tuning procedure. 
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5.1. Introduction 

The acoustic radiation force is the superposition of the primary acoustic radiation force, 

which results from the incident standing ultrasound wave, and the acoustic interaction force, which 

originates from the acoustic interactions between neighboring particles [1]. Researchers have 

studied the acoustic interactions between spherical particles using single scattering (see, e.g. [1–

6]) and multiple scattering (see, e.g. [7–11]), and several publications argue that the effect of 

multiple scattering on the acoustic radiation force is small, and can be neglected in favor of single 

scattering [1,3,5,6]. However, physically, it appears that multiple scattering becomes increasingly 

important with increasing particle volume fraction and local particle packing density, when 

particles are in close proximity and the acoustic interactions between them increase [12].  

Accurately calculating the acoustic radiation force is essential when using ultrasound DSA 

in engineering applications. For instance, when manufacturing engineered composite materials 

using ultrasound DSA, the organization and orientation of the filler in the matrix is crucial to 

implement tailored mechanical, electrical, or thermal properties, or even create embedded 

electrical wiring and electromagnetic shielding. Consequently, several researchers have studied 

the effect of using different scattering approaches in ultrasound DSA simulations. Many research 

groups, including ours, have studied the effect of ultrasound DSA process parameters on the 

organization and orientation of particles in multiple dimensions in both inviscid and viscous media 

based only on the primary acoustic radiation force, i.e., neglecting the acoustic interaction force 

(e.g. spherical particles in 1D [13,14], 2D [15–17], and 3D [18–20], high aspect ratio particles in 

2D [21–23] and 3D [24,25]). On the other hand, several researchers have also accounted for both 

the primary acoustic radiation force and acoustic interaction force using single scattering (e.g. [1–

6]) and multiple scattering (e.g. [7–11]). These works demonstrate that scattering of a plane 
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ultrasound wave between spherical particles can either strengthen or weaken the acoustic radiation 

force depending on their size and location relative to each other. Furthermore, they show that single 

scattering dominates multiple scattering. 

Specifically, Silva and Bruus [1] theoretically described the acoustic interaction force 

between spherical particles in an inviscid medium subject to a plane ultrasound wave, accounting 

for single scattering only. They showed that the acoustic interaction force can be attractive or 

repulsive in the plane parallel to wave propagation direction. Sepehrirahnama and Lim [6] 

expanded this work to include non-plane (Bessel) standing ultrasound waves, and illustrated that 

single scattering is the dominant contribution to the acoustic interaction force. Additionally, and 

similar to Silva and Bruus [1], Lopes et al. [9] analyzed the acoustic interaction force between 

spherical particles in an inviscid medium subject to a plane ultrasound wave, but accounted for 

multiple scattering. They determined that the effect of multiple scattering on the acoustic 

interaction force depends on the position of the particles relative to each other and to the wave 

propagation direction.  

The literature does not provide a comparison between the acoustic radiation force that acts 

on spherical particles in a viscous medium when accounting for single or multiple scattering. 

However, this information is important to accurately simulate the locations where particles 

organize during ultrasound DSA. Hence, the objective of this chapter is to quantify the relative 

contributions of single and multiple scattering in the calculation of the acoustic radiation force for 

spherical particle in a viscous medium, as a function of the ultrasound DSA process parameters, 

including particle size, material properties, and medium viscosity.  

We first consider a theoretical case with three spherical particles in a viscous medium, and 

derive operating maps that quantify the deviation between the acoustic radiation force based on 
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single and multiple scattering as a function of the ultrasound DSA process parameters. Then, we 

consider a realistic system with hundreds of particles dispersed in a viscous medium relevant to 

e.g. manufacturing engineered materials, and we relate the fundamental knowledge of the three-

particle system to the large-scale system.  

 

5.2. Methods 

5.2.1. Three-particle system 

Figure 5.1 illustrates the theoretical model of a three-particle system to methodically 

simulate the acoustic radiation force, accounting for single Fsingle and multiple scattering Fmultiple. 

Figure 5.1 (a) shows an isometric view of a rectangular reservoir (gray) with two ultrasound 

transducers affixed to opposing walls (orange) that establish a standing ultrasound wave within 

the viscous medium contained in the reservoir.  

 
Figure 5.1: Three-particle system, showing (a) schematic of a reservoir (gray) with two ultrasound transducers 

(orange) and the magnitude of the incident velocity potential φinc (color contours) that result from the incident standing 

ultrasound wave, (b) schematic illustration of single (teal arrows) and multiple (teal and gray arrows) scattering in the 

three-particle system, superimposed on the incident velocity potential φinc (color contours) that result from the incident 

standing ultrasound wave between a single node and antinode, and (c) locations of the probe (first) particle, as well as 

the second and third particle, to methodically study the effect of single and multiple scattering on the acoustic radiation 

force at the probe particle, showing the exclusion area for the third particle centers (white area). 
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We simulate the incident velocity potential of a plane standing ultrasound wave as  φinc(r) 

= eik(̃x-L/2) + eik(̃-x+L/2) inside the reservoir [26]. The color contours in Fig. 5.1 (a) show the magnitude 

of the incident velocity potential ℜ{φinc}. The distance between both ultrasound transducers L = 

20λ, k ̃= (ω/cm)/(1-iωτs)
1/2 is the complex wave number that accounts for acoustic attenuation in 

the viscous medium with τs is the viscous dissipation time to dampen the acoustic pressure to 1/e 

of its original value [27], cm is the sound propagation velocity of the medium, ω is the angular 

frequency, and λ is the wavelength. The incident wave velocity ( ) ( )inc inc=r rv . 

Figure 5.1 (b) schematically illustrates single (teal arrows) and multiple (teal and gray 

arrows) scattering between three particles. We calculate the acoustic radiation force at the location 

of the first particle, which we refer to as the probe particle (maroon). We methodically position 

the second (orange) and third (gray) particles at all possible locations between a single node and 

an antinode of the standing ultrasound wave, and calculate the acoustic radiation force at the probe 

particle for each combination of particle locations. Vectors r1, r2, and r3 describe the locations of 

the three particles with respect to the origin of the coordinate system in the simulation domain. 

Using single scattering, the incident wave scatters off the second and third particles once, and these 

scattered waves superimpose on the incident wave at the probe particle (teal arrows in Fig. 5.1 

(b)). In contrast, when considering multiple scattering, the incident wave scatters multiple times 

between the three particles, and multiple scattered waves superimpose on the incident wave at the 

probe particle (both teal and gray arrows in Fig. 5.1 (b)).  

We express the velocity potential of the ultrasound wave φsc that scatters off the jth particle 

located at rj and measured at the ith particle located at ri, accounting for both monopole (first term 

in Eq. (5.1)) and dipole (second term in Eq. (5.1)) scattering as follows [28,29],  

2

1
( , ) ( ) ( , ) ( ( )). ( , )sc i j j i j j i jG G

k
 = + r r r r r Pv r r r .     (5.1) 



128 

 

Here, φ(rj) and v(rj) = ∇φ(rj) are the velocity potential and wave velocity at location rj, which both 

derive from the Helmholtz equation that describes the ultrasound wave within the simulation 

domain. G(ri, rj) = eik|ri-rj|/(4π|ri-rj|) is the Green’s function for the Helmholtz equation in 3D [30], 

which relates the ultrasound wave at the particles and the rest of the simulation domain. ∇G(ri, rj) 

is the gradient of the Green’s function, and k = ℜ{k}̃ because viscous attenuation of the ultrasound 

wave is small over the short distance between a single node and antinode considered in this paper 

(≈ 0.08%). σ = 4πf1k
2a3/3 and P = -2πf2k

2a3I3×3 are functions of the monopole f1 and dipole f2 

scattering coefficients [31], respectively, where a is the particle radius, and I3×3 is a three-by-three 

identity matrix. The monopole scattering coefficient f1 is a function of the compressibility ratio 

βp/βm, and the dipole scattering coefficient f2 is a function of the density ratio ρp/ρm and medium 

viscosity ηm, where β and ρ are compressibilty and density, and subscripts p and m refer to the 

particle and the fluid medium, respectively [31]. Figure 5.1 (b) visualizes the magnitude of the 

monopole and dipole scattering velocity potentials ℜ{φsc} for all particles (solid copper-color 

contour plots).  

Thus, when considering multiple scattering, the total velocity potential φ(ri) at location ri 

is the superposition of the incident velocity potential φinc(ri) and the sum of the velocity potentials 

φsc that result from the ultrasound wave scattering off all other particles, also evaluated at ri, i.e.,  

1

( ) ( ) ( , )
N

i inc i sc i j
j

j i

  
=



= +r r r r .        (5.2) 

N = 3 is the number of particles. Combining Eqs. (5.1) and (5.2) yields 

2
1

1
( ) ( ) ( ) ( , ) ( ( )). ( , )

N

i inc i j i j j i j
j

j i

G G
k

  
=



 
= + +  

 
r r r r r Pv r r r .   (5.3) 

Furthermore, v(ri) = ∇φ(ri), i.e.,  
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2

2
1

1
( ) ( ) ( ) ( , ) ( , ) ( )

N

i inc i j i j i j j
j

j i

G G
k


=



 
= +  +  

 
v r v r r r r r r Pv r ,   (5.4) 

where ∇2G(ri,rj) is the Hessian of the Green’s function [32]. We show the linear systems to 

calculate φ(ri) (Eq. (5.3)) and v(ri) (Eq. (5.4)) in the Appendix. The ARP at the location of the 

probe particle r1 is [31] 

3 2 2

1 1 1 2 1

34
( ) ( ( )) ( )

3 2 4

m m
m xU a f i f v

 
 

 
= − 

 
r r r ,     (5.5) 

where vx(r1) is the x-component of v(r1), and operator ⟨•⟩ averages over a single wave period. The 

acoustic radiation force with multiple scattering Fmultiple = -∂U(r1)/∂x, using φ(r1) and v(r1) from 

Eq. (5.6), and the acoustic radiation force with single scattering Fsingle = -∂U(r1)/∂x, using φ(r1) 

and v(r1) from Eq. (5.10). In addition, the primary acoustic radiation force Finc = -∂U(r1)/∂x, using 

φinc(r1) and vinc,x(r1) in Eq. (5.5), where vinc,x(r1) is the x-component of the incident velocity vector 

vinc(r1). Note that vinc,y(r1) = vinc,z(r1) = 0 for a plane standing ultrasound wave. We compute the 

percent deviation between the acoustic radiation force from single and multiple scattering, relative 

to the primary acoustic radiation force as E = |Fmultiple - Fsingle/Finc|. 

Figure 5.1 (c) illustrates the possible configurations of the probe, second, and third particles 

for which we evaluate E. We fix the probe particle at x = λ/8, i.e., the middle between a node and 

antinode (white hollow marker), select ten locations for the second particle (black solid marker), 

and 100 × 100 locations of the third particle (silver grid, see magnified inset image) in the 

simulation domain. We select the locations of the second particle based on symmetry, and we limit 

it to ten locations to manage computational cost. Five of these locations involve contact between 

the probe and the second particle, whereas the other five locations allow for the third particle to be 

between the probe and the second particles. Figure 5.1 (c) illustrates a typical result of E (solid 

color contour plot) for a single configuration of probe and second particles, and for 100 × 100 
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locations of the third particle. The white area around the probe and second particles in Fig. 5.1 (c) 

is the exclusion area that the third particle centers cannot occupy to prevent overlap. 

We determine the maximum deviation Emax = max(E) as a function of ultrasound DSA 

process parameters and material properties, including the particle size a, the medium viscosity ηm, 

medium and particle density ρm and ρp, and medium and particle compressibility βm and βp. The 

Buckingham π theorem [33] determines that four nondimensional parameters are required to 

describe this system: (i) the nondimensional particle size 0.05  K1 = ka  0.20, which we select 

to satisfy the Rayleigh regime assumption (ka << 1), (ii) the nondimensional medium viscosity 

0.00 < K2 = ηm/ρmλcm  0.27 that spans the viscosity range of different fluid media previously used 

with ultrasound DSA in the context of manufacturing engineered materials (e.g. water, 

photopolymer, thermoset resin) 0 < ηm  400 mPa‧s [12], (iii) the density ratio 0  ρp/ρm  2.5, and 

(iv) the compressibility ratio 0  βp/βm  2.5 that span the density and compressibility ratios of 

relevant combinations of particles and media for manufacturing of engineered materials [31].  

 

5.2.2. Large-scale system 

Figure 5.2 illustrates the theoretical model of a large-scale system to simulate the acoustic 

radiation force accounting for both single Fsingle and multiple scattering Fmultiple, considering 

hundreds of randomly dispersed particles in a viscous medium. Figure 5.2 shows the same 

reservoir (gray) of Fig. 5.1 with two ultrasound transducers (orange) that establish a standing 

ultrasound wave within the viscous medium contained in the reservoir. We fixate the probe particle 

at x = λ/8 (maroon particle), and randomly disperse N = 320 particles in the solution domain, which 

scales to satisfy a specific particle volume fraction 5%  Φ  20%. We compute the percent 

deviation E between the acoustic radiation force for single and multiple scattering, and we measure 
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the distance d between the probe particle and its closest neighbor. For each value of Φ, we perform 

250 repeat simulations to quantify the variability of E as a result of the random positions of the 

particles that affects d. 

 
Figure 5.2: Schematic of a reservoir (gray) with two ultrasound transducers (orange) and the magnitude of the incident 

velocity potential φinc (color contours) that result from the incident standing ultrasound wave. We highlight the probe 

particle (maroon) at the center of the simulation domain, in addition to several hundred randomly dispersed particles 

(gray). 

 

5.3. Results and discussion 

5.3.1. Three particle system 

Figure 5.3 shows the ratio of the acoustic radiation forces that account for scattering and 

the incident ultrasound wave for (a) single Fsingle,x / Finc,x and (b) multiple scattering Fmultiple,x / Finc,x 

in the three-particle system. Figure 5.3 (c) shows the deviation E between single and multiple 

scattering. Figure 5.3 shows results for ten different locations of the second particle relative to the 

probe particle, and with the third particle at each of the 100 × 100 grid points. The results are for 

a single combination of nondimensional parameters: K1 = 0.12, K2 = 0.14, ρp/ρm = 2.4, and βp/βm 

= 0.029, which represent ultrasound DSA of aluminum spherical particles (a = 19 μm, ρp = 2,700 

kg/m3, and βp = 1.3⋅10-11 Pa-1)[30] in photopolymer resin (ηm = 200 mPa.s, ρm = 1,110 kg/m3, and 

βm = 4.5⋅10-10 Pa-1)[12] with k = 6.64⋅103.  
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Figure 5.3: (a) Single scattering ratio Fsingle,x/Finc,x, (b) multiple scattering ratio Fmultiple,x/Finc,x, and (c) the deviation E 

and EMax for ten locations of the second particle (orange) with respect to the probe particle (maroon), and 100 x 100 

locations of the third particle (not shown), and a single combination of nondimensional ultrasound DSA parameters 

and material properties: K1 = 1.2, K2 = 0.14, ρp / ρm = 2.4, and βp / βm = 0.029. 

 

We observe from Fig. 5.3 that Fsingle,x / Finc,x, Fmultiple,x / Finc,x, and E depend on the relative 

locations of the three particles, which affects both monopole and dipole scattering (G(rn,rj) and 

∇G(rn,rj) in Eq. (5.3)). Furthermore, the angle between their lines of centers and the wave 

propagation direction (x-direction) affects the dipole scattering coefficient (∇G(rn,rj) in Eq. (5.3)). 

Generally, maximum values of Fsingle,x/Finc,x, Fmultiple,x/Finc,x, and Emax occur where particles contact 

each other in the wave propagation direction.  

Figure 5.4 shows the maximum percent deviation Emax between the acoustic radiation force 

based on single and multiple scattering, (a) as a function of nondimensional particle size K1 and 

nondimensional medium viscosity K2 for ρp/ρm = 2.4 and βp/βm = 0.029, (b) as a function of density 

ratio ρp/ρm and compressibility ratio βp/βm for K1 = 1.2, and K2 = 0.14, where the particle is denser 

and less compressible than the fluid medium (ρp/ρm ≥ 1 and βp/βm ≤ 1), and (c) as a function of 

density ratio ρp/ρm and compressibility ratio βp/βm for K1 = 1.2, and K2 = 0.14, where the particle 

is less dense and more compressible than the fluid medium (ρp/ρm ≤ 1 and βp/βm ≥ 1).  



133 

 

 

Figure 5.4: Percent deviation Emax between the acoustic radiation force based on single and multiple scattering (a) as 

a function of K1 and K2 for ρp/ρm = 2.4 and βp/βm = 0.029, (b) as a function of ρp/ρm and βp/βm for ρp/ρm ≥ 1, βp/βm ≤ 1, 

K1 = 1.2, and K2 = 0.14, and (c) as a function of ρp/ρm and βp/βm for ρp/ρm ≤ 1, βp/βm ≥ 1, K1 = 1.2, and K2 = 0.14. 

 

From Fig. 5.4 (a), we observe that Emax increases with K1 and increasing K2. Decreasing K1 

decreases the distance between neighboring particles, which increases the dipole scattering term 

(second term) in Eq. (5.1) that affects both single and multiple scattering and, thus, increases Emax. 

Furthermore, we observe from Fig. 5.4 (b) and (c) that Emax increases with increasing ρp/ρm and 

increasing βp/βm. First, in the Rayleigh regime (ka << 1), dipole dominates monopole scattering 

because the gradient of the Green’s function k-1∇G(ri,rj) in the x-direction is larger than the Green’s 

function G(ri,rj) itself (see Eq. (5.1)). Second, maximum scattering between particles occurs when 

their line of centers is parallel to the wave propagation direction where the Green’s function 

gradient k-1∇G(ri,rj) is maximum. Under these circumstances, dipole scattering causes particles to 

repel each other, whereas monopole scattering causes particles to attract each other. Thus, 

monopole scattering and dipole scattering counteract each other in the x-direction, where the effect 

of dipole scattering is dominant. As a result, increasing ρp/ρm and βp/βm increases the dipole 

scattering coefficient f2 and decreases the monopole scattering coefficient f1, respectively. Since 

the scattering coefficients affect both single and multiple scattering, it increases Fsingle,x/Finc,x and 

Fmultiple,x/Finc,x and, thus, Emax. 
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Finally, Emax can reach up to 100%, which contrasts the prevailing conclusion in the 

literature that the effect of multiple scattering is negligible compared to single scattering in the 

calculation of the acoustic interaction force and acoustic radiation force (e.g. [1,3,5,6]). These 

previous works have focused on systems with two rather than three (or many) particles, which 

cannot entirely describe the effect of multiple scattering, and explains the difference with the 

results of this chapter.  

 

5.3.2. Large-scale system 

Figure 5.5 (a) shows the percent deviation E versus the shortest distance between 

neighboring particles d for 250 different configurations of 320 randomly dispersed particles around 

the probe particle, for four different particle volume fractions Φ = 5, 10, 15, and 20%, and for a 

single combination of nondimensional parameters: K1 = 0.05, K2 = 0.27, ρp/ρm = 2.4, and βp/βm = 

0.029. We use transparent solid data points so that increasing darkness signifies an increasing 

number of overlapping data points. Decreasing the distance d between the probe particle and its 

nearest neighbor increases the deviation E, independent of Φ, because the distance between 

particles is one of the main parameters that drives the relative importance between monopole and 

dipole scattering (see Fig. 5.3). Additionally, the likelihood of a small distance d ≈ 2a increases 

with increasing Φ because it increases the number of non-overlapping particles in the solution 

domain, which necessarily decreases d.  

Figure 5.5 (b) shows the probability density function of E, and its mean value for 250 

configurations of 320 randomly dispersed particles around the probe particle, for the results of Fig. 

5.5 (a). The likelihood of high E values increases with increasing Φ because of decreasing d.  
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Figure 5.5: (a) Percent deviation E versus d for 250 different configurations of 320 randomly dispersed particles 

around the probe particle and (b) probability density function of E and the mean value for the results of (a), for four 

different particle volume fractions Φ = 5, 10, 15, and 20%, and for a single combination of nondimensional parameters 

and material properties: K1 = 0.05, K2 = 0.27, ρp/ρm = 2.4, and βp/βm = 0.029. 

 

This methodical study of the deviation between the acoustic radiation force on a spherical 

particle in a viscous medium based on single and multiple scattering highlights the importance of 

considering multiple scattering effects in ultrasound DSA simulations under certain conditions. 

The operating maps guide the choice between using single and multiple scattering in ultrasound 
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DSA simulations. However, the results show limitations. We simulate the incident wave as a 

perfect plane standing wave. Realistic transducers cannot generate a perfect wave, and reflections 

from the near-field will interfere with the reservoir walls and potentially affect the results slightly. 

Furthermore, the medium viscosity may induce nonlinear phenomena such as streaming at the 

reservoir walls and microstreaming around the particles, which could affect the acoustic radiation 

force calculation [34,35]. In practice, imperfect dispersion, shape, and size of the spherical 

particles as well as thermal fluctuations in the viscous medium [36] also affect the acoustic 

radiation force. 

 

5.4. Conclusions 

We conclude that the deviation E between the acoustic radiation force derived from single 

and multiple scattering may reach up to 100%, depending on the ultrasound DSA process 

parameters and material properties. Thus, neglecting multiple scattering in favor of 

computationally efficient single scattering is not always correct. Furthermore, the maximum 

deviation Emax increases with decreasing nondimensional particle size K1 and increasing 

nondimensional medium viscosity K2, and with increasing density ratio ρp/ρm and increasing 

compressibility ratio βp/βm, largely driven by increasing dipole scattering that affects both single 

and multiple scattering, and thus amplifies the difference between the acoustic radiation force 

calculated based on both approaches. Comparing a fundamental three-particle system to a large-

scale system of particles demonstrates that increasing the particle volume fraction Φ increases the 

need to account for multiple scattering because the acoustic interactions between particles increase 

when the distance between them decreases. 
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5.6. Appendix: Linear system of single and multiple scattering 

Eqs. (5.3) and (5.4) form a linear system [29] 

( )
1

4 4N N inc

−

= − V I ΓA V ,        (5.6) 

Where Γ is a 4N×4N matrix specified by 4×4 blocks of Γi,j [29]. For i = j, Γi,j = 04×4, and for i ≠ j, 

1
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where the superscript T indicates the transpose of the vector. The matrices A = (σ, P, …, σ, 

P)4N×4N, 

1
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( )
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i

i i N
k
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−
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v r
, and        (5.8) 

1
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inc j j N
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
−

=

 
=  
 

r
V

v r
.        (5.9) 

On the other hand, when considering single scattering, we only consider φ(rj) = φinc(rj), i.e., the 

right-hand side of Eqs. (5.1), (5.3), and (5.4), to reflect that the incident ultrasound wave only 

scatters once off each particle in the system. Correspondingly, for single scattering φ(ri) and v(ri) 

are given by the approximation of Eq. (5.6) [29] 

( )4 4N N inc= + V I ΓA V .        (5.10) 
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CHAPTER 6 

 

 

CONCLUSION 

 

 

The research in this dissertation illustrates an experimentally validated theoretical model 

to determine the steady-state locations where spherical particles assemble during ultrasound DSA 

as a function of medium viscosity and particle volume fraction and an experimentally validated 

theoretical model to quantify the steady-state and transient local packing density of spherical 

particles within the pattern features that result from ultrasound DSA.  

First, we quantify and predict the locations where spherical particles assemble during 

ultrasound DSA in a viscous medium, considering the effects of medium viscosity and particle 

volume fraction. The locations where spherical particles assemble during ultrasound DSA are 

different in a viscous and inviscid medium and depend on particle volume fraction Φ and medium 

viscosity ηm. The deviation between locations where particles assemble during ultrasound DSA in 

viscous and inviscid media increases with increasing particle volume fraction and medium 

viscosity because the sound propagation velocity of the mixture of particles and viscous medium 

changes compared to that of the inviscid medium. 

Second, we quantify and predict the steady-state local particle packing density of spherical 

particles within the pattern features that result from ultrasound DSA. We also characterize the 

effect of process parameters such as particle size a, particle volume fraction φ, and medium 
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viscosity ηm on the steady-state local particle packing density. The local particle packing density 

at the pattern features increases with increasing particle volume fraction Φ or decreasing particle 

size a, because they determine the number of particles that assemble in one location, and how they 

pack together. The medium viscosity ηm does not affect the local particle packing density. The 

maximum achievable local particle packing density is 45%, independent of particle size a and 

medium viscosity ηm.  

Third, we quantify and predict the transient local particle packing density of spherical 

particles within the pattern features that result from ultrasound DSA. We also characterize the 

effect of process parameters such as particle size a, particle volume fraction φ, and medium 

viscosity ηm on the transient local particle packing density. The local particle packing density 

increases with increasing time, due to increasing number of particles that assemble at a specific 

location, then reaches steady-state when almost all particles have assembled into the specific 

location. Increasing the particle volume fraction Φ first increases and then decreases the packing 

time due to ultrasound wave scattering, collision between particles, and the change in initial and 

final local particle packing densities. Increasing the particle size or decreasing fluid medium 

viscosity both increase the velocity with which particles move towards the locations where they 

assemble and, thus, decreases the packing time.  

Finally, we implement single and multiple scattering in the calculation of the acoustic 

radiation force for spherical particles in a viscous medium and characterize and quantify their 

relative contributions to the calculation of the acoustic radiation force as a function of ultrasound 

DSA operating parameters and material properties. The deviation between the acoustic radiation 

force derived from single and multiple scattering may reach up to 100%. Thus, neglecting multiple 

scattering in favor of computationally efficient single scattering is not always correct. The 
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maximum deviation between the acoustic radiation force derived from single and multiple 

scattering increases with decreasing particle size, increasing medium viscosity, increasing density 

ratio ρp/ρm, or increasing compressibility ratio βp/βm, largely driven by increasing dipole scattering. 

Comparing a fundamental three-particle system to a large-scale system of particles demonstrates 

that increasing the particle volume fraction Φ increases the need to account for multiple scattering. 

These results provide a physical understanding of the ultrasound DSA process in a viscous 

medium and enable characterizing the effect of the ultrasound DSA process parameters on the 

steady-state and transient location and local packing density of spherical particles that results from 

ultrasound DSA. In addition, these results enable quantifying and predicting the location where 

spherical particles assemble and the local packing density of spherical particles during and after 

ultrasound DSA in a viscous medium, as a function of ultrasound DSA process parameters and 

time. Both measurements are crucial in the context of using ultrasound DSA in engineering 

applications, in particular manufacturing engineered polymer matrix composite materials with 

tailored properties whose properties depend on the spatial organization and packing density of 

particles in the matrix material. 


