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The Reflected Quasipotential: Characterization and Exploration

Kasie G. Farlow

(Abstract)

The Reflected Quasipotential V' (x) is the solution to a variational problem that arises in the
study of reflective Brownian motion. Specifically, the stationary distributions of reflected
Brownian motion satisfy a large deviation principle (with respect to a spatial scaling pa-
rameter) with V(z) as the rate function. The Skorokhod Problem is an essential device in
the construction and analysis of reflected Brownian motion and our value function V(x).
Here we characterize V(x) as a solution to a partial differential equation H(DV(x)) = 0
in the positive n-dimensional orthant with appropriate boundary conditions. H(p) is the
Hamiltonian and DV (x) is the gradient of V(). V(x) is continuous but not differentiable
in general. The characterization will need to be in terms of viscosity solutions. Solutions are
not unique, thus additional qualifications will be needed for uniqueness. In order to prove
our uniqueness result we consider a discounted version of V' (x) in a truncated region and
pass to the limit. In addition to this characterization of V(x) we explore the possibility of

cyclic optimal paths in 3 dimensions.
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Chapter 1

Introduction

The Reflected Quasipotential is the solution to a variational problem that arises in the large
deviation analysis of reflected Brownian motion. A reflected Brownian motion is a diffusion
process which acts like an n-dimensional Brownian motion in the interior of the positive
orthant while at the boundary a constraining force is applied to keep the Brownian motion
in the positive orthant. The constraint mechanism is the Skorokhod Problem. The study of
reflected Brownian motion is of interest because it appears in heavy traffic approximation
of queueing networks; see [3], [23] and [16]. As the result of a large deviation theorem, the
Reflected Quasipotential describes the exponential decay rate of the tails of the stationary
distribution of the reflected Brownian motion. Here we provide a characterization of the
Reflected Quasipotential in terms of viscosity solutions and explore the possibility of cyclic

optimal paths in 3 dimensions.

The variational problem of interest is associated with parameters (b, A, D) (which will be
defined later) and involves taking the infimum over functions constrained by the Skorokhod
Problem. To motivate the study of the Reflected Quasipotential we will introduce the Sko-
rokhod Problem and discuss how reflected Brownian motion and large deviation theory are
related to the study of queueing networks. In Chapter 2, before defining the Reflected

Quasipotential, we focus on the Skorokhod Problem in more detail and discuss the various
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conditions for existence and Lipschitz continuity of solutions to the Skorokhod Problem.

Our main task, which will be described in Chapter 4, is to identify V' (z) as a solution to a

partial differential equation,

H(DV(z)) =0

in the positive n-dimensional orthant,
Q=R"!={zeR": z; >0 all i}, (1.1)

with appropriate boundary conditions. Here H(p) is the Hamiltonian and DV (zx) is the
gradient. V(x) may not be differentiable. Thus the characterization will be in terms of
viscosity solutions. Crandall and Lions introduced the notion of viscosity solutions as a
class of generalized solutions to non-linear partial differential equations; see [9]. From [14]
we know that often solutions to problems involving a Hamiltonian without u dependence,
p = Du, are not unique without additional conditions. We will give 2-dimensional examples
of non-uniqueness for our problem. With additional hypotheses we can obtain a uniqueness
result in 2 dimensions. In order to do so we will need to consider a discounted version of our

problem in a truncated domain. We then pass to the limit to obtain a uniqueness result for

V(z).

The simplicity of the geometry in 2 dimensions allows solutions to the variational problem
and the associated minimizing trajectories to be calculated explicitly. In [3] Avram, Dai, and
Hasenbein provide explicit analytical solutions to the variational problem in 2 dimensions. In
higher dimensions things become more complicated. The literature mentions the possibility
that in dimensions greater then two, minimizing trajectories (optimal paths) may cycle; see
[16]. In Chapter 6 we will discuss a 3-dimensional search for optimal paths that cycle, or
spiral, along the faces of the orthant. Liang and Hasenbein in [24] have explored the idea of
cyclic optimal paths as well. They have shown that a specific type of cyclic path, known as

an exotic spiral, is not optimal.
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1.1 Motivation

1.1.1 Skorokhod Problem and Queueing

For a 1(t) € R™ that is right continuous and has limits from the left the Skorokhod Problem
defines a constrained version ¢(t) of 1(t). Associated with the Skorokhod Problem is a
n X n constraint matrix D which has columns d;. Starting from ¢(0) = ¢(0) the constraint
mechanism of the Skorokhod Problem acts along directions d; € R", when ¢;(t) = 0 to keep
¢(t) in Q C R™. The vectors d; are often called “directions of reflection” in the literature.
We will restrict to the case where ¢y and hence ¢ are absolutely continuous functions. In
that case [15] gave the following heuristic description of the Skorokhod Problem. When ¢(t)
is in interior of Q then ¢ behaves the same as ¢ with ¢(t) = ¥ (t). If ¢(t) is on the boundary
of Q) then there are two possibilities. If the use of ¢ = ¢ would allow ¢ to exit € then a
correction term, 7p, is added so that ¢(t) = 1) (t) 4+ np(t). np is refereed to as the “minimal
push” needed to keep ¢ in . Otherwise if the use of ¢ = 1) does not result in ¢ leaving
(), no correction term is needed. When there is a unique solution, the Skorokhod Problem
defines a deterministic mapping ¢ — ¢(t) = I'(¢(t)). ¢ = ['(¢) is known as the Skorokhod
Map. A precise description of the Skorokhod Problem will be given in Chapter 2.

Queueing networks are used as models in many important application areas such as manufac-
turing, telecommunications, computer networks and vehicle traffic. The behavior of a queue
or network of queues is dependent on the ratio of service time to interarrival time, known as
the traffic intensity. When the traffic intensity is less then 1, a queue attains an equilibrium
as t — o0o. In other words the stochastic process describing the queueing network has a
stationary distribution. When the traffic intensity is greater then 1 the length of a queue
grows. The term “heavy traffic” refers to situations in which the traffic intensity is less then
but close to 1. See [21] for more details. The stochastic processes describing a queueing
system typically move by discontinuous jumps occurring at random times. The rate func-

tions are discontinuous when the queue is empty, making the stochastic model more difficult
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to analyze. The Skorokhod Problem provides a way to model such a system and deal with
the discontinuities. In approximating queueing models, the boundaries are typically defined
by the non-negative constraint on the queue size. If one were to pretend that the interior
dynamics were still applicable (service still possible), and then correct for these “false” ser-
vices, the resulting correction terms define the corresponding direction of constraint in the
Skorokhod Problem. The idea is to construct a process Y (¢) with constant jump rates so that
the desired process X (t) is a solution to the Skorokhod Problem for Y (t), X (t) = I'(Y(¢)).
By analyzing Y (¢) we can obtain information about X (¢). Hence the Skorokhod Problem
provides a convenient approach for the mathematical analysis of queueing systems and is
used in the construction of the stochastic process which approximates a queueing system;

see [17] and [2] for more details.

1.1.2 (b, A, D) Diffusion

Diffusion approximations have been an effective tool for simplifying or approximating phys-
ical or biological problems. Likewise, reflected diffusion processes are used to approximate
queueing networks because they often simplify queueing network problems. Under certain
conditions, one being heavy traffic, the stochastic process for the queue length converges in
distribution to reflected Brownian motion; see [10], [23] and [16] for more details. Before
defining reflected Brownian motion we state the following definitions, which can be found in

[27] and [21]. The reader can refer to [27] and [21] for more details.

Definition 1. A stochastic process is a parameterized collection of random variables { X, }rer
defined on a probability space (Q, F, P), assuming values in R".

T usually denotes [0,00) and is often thought of as “time”. For each fixed t € T, w € €,

w — X;(w) is a random variable. For fixed w € Q t — X;(w), is a sample path of X;.

Definition 2. A diffusion process is a stochastic process having the Strong Markov Property

and whose sample paths are almost surely continuous.
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Definition 3. Brownian Motion, {W,} is a real valued, Gaussian process with mean 0,

independent increments and sample paths which are almost surely continuous.

This process is known as standard Brownian motion if W (0) = 0 and W(1) has covariance
I. From [16] we have the following definition of reflected Brownian motion, expressed as a

solution to a Skorokhod Problem.

Definition 4. For given constant drift b, covariance matriz A and a constraint matriz D
satisfying certain reqularity conditions, X = I'(xo+bt+0Wy) is a (b, A, D) reflected Brownian

motion, where oo’ = A and W, denotes standard Brownian motion.

In the n-dimensional orthant R}, X behaves like an n-dimensional Brownian motion with
covariance matrix A on the interior and is constrained at the boundary by being pushed along
directions d;; [16]. Reflected Brownian motions are often used to model the relation between
arrivals and workloads in queueing systems or to approximate this relation in heavy traffic;
see [10], [16] and [26]. Stationary distributions of these approximating reflected Brownian
motion have been focused on in much of the literature because they serve as estimates for
stationary distributions of the corresponding queueing networks. We will discuss the impor-
tance of the stationary distributions below. Next we will discuss the standard Quasipotential

and see how the Reflected Quasipotential V' (x) comes into play in this situation.

1.1.3 Wentzell and Freidlin’s Quasipotential

Wentzell and Freidlin’s Quasipotential, V(z), is defined to be

0
Vi(z) = inf L(b, ¢)dt.
<m> d)EC[T’OLT<1(I)}¢(T):O’¢(O):$/T (¢7 gb)

¢ is absolutely continuous and L(z, v) = 2(b(z)—v, A7 (b(x) —v)) is the Lagrangian. V (z), is

a key component in the analysis of asymptotically small random perturbations of dynamical

systems. In [20] they consider the Gaussian perturbation

dX(t) = b(X(£))dt + e (X<(£))dW (1), (It sense) (1.2)
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of the deterministic system

T = b(x), (1.3)

where A = oo’ and W (t) is Brownian motion. V(z) is the quasipotential for the deter-
ministic system above. If b has potential, b(z) = —VU(x), where U(zx) is a continuously
differentiable function, then V(z) differs from U(z) by a multiplicative constant. Hence the
name Quasipotential. From [20] it is well know that V(z) is Lipschitz. [20] states that it is
easy to find examples such that V(z) is not differentiable. In [11] it was shown that V(z) is
continuously differentiable in a neighborhood of the equilibrium point of the deterministic
system above. We will soon see that the definition of our V' (z) is similar to that of the stan-
dard Quasipotential. However V' (z) involves taking the infimum over functions constrained
by the Skorokhod Problem, which is why we call V(x) the Reflected Quasipotential. The
following theorem, (Theorem 4.3 from [20]) establishes a large deviation theorem which says

that the behavior of the stationary distribution of X¢ as ¢ — 0 can be described in terms of

V(z).

Theorem 1. Let the point 0 be a unique stable equilibrium point of (1.3) and let the whole
space R™ be attracted to 0. Furthermore assume that X¢ satisfies a stability condition that
guarantees the existence of a stationary distribution. Then the process X¢ has a unique
stationary distribution ¢ for every e > 0 and we have

lim €? In(p(C)) = — inf V() (1.4)

e—0 zeC

for any compact C which is the closure of its interior.

1.1.4 Large Deviations and the Reflected Quasipotential

Large deviation theory is concerned with the asymptotic behavior of probability distributions
and provides estimates for the probability of rare events. A rate function is used to quantify

this probability. Theorem 1 above is a typical large deviations result, with V as the rate
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function. We now give the definition of a large deviation principle from Varadhan, which

can be found in [30] and [16].

Definition 5. A sequence of probability measures p,, defined on a complete separable metric
space (X, B) is said to satisfy the large deviation principle with rate function J, where J :
X — RU{oo} is function with compact level sets, if for all C € B

lim sup llog(un(C’)) < — inf J(x)

n—oo 1 zeC

lim inf llog(,un(c)) > — inf J(z).

n—o00 M, zeC©

C and C° are the closure and interior of C respectively.

As mentioned above the stationary distributions of reflected Brownian motion can be an-
alyzed with the help of a large deviation principle. Under certain conditions assumed on
(b, A, D), V(x) describes the exponential decay (tail behavior) of the stationary distributions;

see Theorem 2 below. The appropriate stability condition is
D™ 'b < 0; (1.5)

[7]. This is a necessary and sufficient condition for the positive recurrence of reflected Brow-
nian motion. If the reflected Brownian motion is positive recurrent then it has a stationary
distribution; [16]. The stationary distribution provides information about the probability of
rare events such as buffer overflow and large delays in the network. But in general an explicit
description of the stationary distribution can be hard to obtain. One often has to resort to
numerical approximations. The Reflected Quasipotential V' (x) is important because it plays
the role of the rate function in a large deviation description of the tail of the stationary
distribution. The knowledge of the tail behavior of the stationary distribution can lead to
better convergence properties for numerical algorithms for approximating queueing networks

proposed by Dai and Harrison; [16] and [3].

To be more precise we quote the following result from [16].



Kasie G. Farlow Chapter 1. Introduction 8

Theorem 2. Suppose b, A and D satisfy our hypotheses stated in Section 2.2 of the next
chapter. Let p be the stationary distribution of the (b, A, D) reflected Brownian Motion X

on the orthant R} and p,(B) = p(nB). Then {u,} satisfies the large deviations principle
with the rate function V (x).



Chapter 2

The Skorokhod Problem

The Skorokhod Problem is a useful tool in the study of queueing networks. Furthermore, the
Skorokhod Map also arises in the analysis and construction of other constrained deterministic
and stochastic processes. Since Skorokhod’s introduction of the simplest version of the
Skorokhod Problem in [28], it has been used in the analysis of a variety of processes such
as stochastic differential equations with reflection (including reflecting Brownian motion),
constrained ordinary differential equations, stochastic approximation algorithms and certain
queueing and communication models. Skorokhod used Lipschitz continuity of the Skorokhod
Map to construct and establish uniqueness of solutions to stochastic differential equations on
R, = [0, 00) with reflection on the origin. When the Skorokhod Map is Lipschitz continuous,
the study of many constrained processes is greatly simplified; [17]. The domain of interest
in [17] is a convex polyhedron with constant and possibly oblique constraint directions on
each face. Here we are concerned with the specific domain 2 = R’. We give a precise
definition of the Skorokhod Problem for € below. For a more general definition see [18], [17]
and [7]. In our setting, because of the boundary constraints, the Skorokhod Problem and
Skorokhod Map are also referred to as the dynamic complementarity problem and reflection

map respectively; [16].
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2.1 Definition and Conditions

The nonnegative orthant is denoted Q@ = R} = {x € R" : z; > 0 all ¢}. For x € 90Q
let I(x) = {i : x; = 0}. (We will often us I = I(z) when the meaning is clear.) For
JCA{L2,....,n}, 0,2 ={x € 00 : x; =0 for all i € J} denotes the edges and faces of (.
When J = {i} we will use 9;Q2 to denote the face where z; = 0.
(@) ={>_ adia; >0,[ > ad|=1}
iel(z) iel(z)

is a set-valued function that described the set of directions of constraints allowed at each
x € 0. |-| denotes the Euclidean norm in R"™. The Skorokhod Problem depends on
the specification of a constraint matrix D, an invertible matrix whose columns are vectors
we denote as d;, 1 € {1,2...n}. The vectors d; are often referred to as reflection vectors
r “directions of reflection”. We assume the d; are normalized by (d;,n;) = —1 where n;
are exterior normals n; = —e;. e; is the ith standard basis vector for R™. If z € 9f) and
I(z) = {j} then dp(x) = {d;}. Let C([0,00) : R") denote the set of continuous functions
mapping [0,00) to R". Likewise C([0,00) : R") denotes the set of continuous functions
mapping [0, 00) to R’. For np € C([0,00) : R™") and ¢ € [0,00), |np|(t) is the total variation

of np on [0, ¢] with respect to the Euclidean norm.
Now we give the precise definition of the Skorokhod Problem, taken from [16].

Definition 6 (The Skorokhod Problem). Let ¢ € C([0,00) : R™), ¥(0) € R% be given. We
say that (¢,np), ¢ € C([0,00) : R}) solves the Skorokhod Problem for 1 (with respect to R
and the constraint matriz D) if ¢(0) = ¢(0), and if for all t € [0,00)

1. ¢(t) = ¥(t) +np(t),
2. 6(t) € RY,
3. |npl(t) < oo,

4 Inpl(t) = Jio.4 Lsweomyydlnol(s),
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5. there exists a Borel measurable function yp : [0,00) — R™ such that d|np|almost

everywhere yp(t) € dp((t)), and np(t) = [, vo(s)dnp|(s).

When there is a unique solution to the Skorokhod Problem the mapping I' defined by ¢ =
['(¢) is called the Skorokhod Map. In general the Skorokhod Problem can be defined in
terms of ¥, ¢, np € D([0,00) : R™), the set of functions mapping [0, c0) to R™ that are right
continuous and have limits from the left; see [17] or [18]. Although we stated the definition
above in terms of continuous functions we will be working only with absolutely continuous

functions below.

2.1.1 Existence and Lipschitz Conditions for the Skorokhod Prob-

lem

In [18] Dupuis and Ishii developed conditions that guarantee that solutions to the Skorokhod
Problem exist and that the Skorokhod Map ¢ = I'(¢) is Lipschitz continuous. (Dupuis and
Ishii use n; to represent inward normals contrary to our use of n; for outward normals.) For
x € 0 in general n(x) denotes the set of outward normals at x. For I(z) = {i} we have
n(z) = n;. For the definition of n(z) when x is on a corner see [18]. Below we discuss their

conditions for existence and Lipschitz continuity of solutions to the Skorokhod Problem.

Dupuis and Ishii’s Lipschitz condition

Lipschitz continuity of the Skorokhod Map is proven in [18] by showing the existence of a
convex set B which satisfies a set of conditions defined in terms of the Skorokhod Problem
data. To our knowledge the existence of B is the weakest known sufficient condition for
Lipschitz continuity. According to [18], Lipschitz continuity implies uniqueness of solutions
to the Skorokhod Problem; see Theorem 6 below. Dupuis and Ishii’s Assumption 2.1, which

is a sufficient condition for Lipschitz condition, is stated below. We will refer to it by its
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given name in [18].
Assumption 2.1: There exists a compact, convex set B with 0 € B° ( the interior of B),

such that if v(z) denotes the set of inward normals to B at z € 9B, then for i = 1,2, ..n,

z€ 0B
= (v,d;) =0 for all v € v(2).
[(z,n;)| <1

See [18] for the definition of the set of inward normals. The following theorem (Theorem 2.1

from [18]) gives sufficient conditions for which Assumption 2.1 holds.

Theorem 3. Assumption 2.1 holds in either of the two cases.

2. There exists positive constants a; such that
ail(ni, di)| > a;|(ni, ;)]
J#i
for all z.

Generalized Harrison-Reiman Condition

The Generalized Harrison-Reiman Condition (Condition 2.4 from [16]) is also a sufficient
condition for Lipshitz continuity of solutions to the Skorokhod Problem. Let ) = D — I.
The condition is that the matrix |@|, with components |g;;|, is an off diagonal matrix and

has spectral radius less then 1.

Dupuis and Ishii’s Existence Condition

The following assumption from Dupuis and Ishii is a sufficient condition under which solu-
tions to the Skorokhod Problem exist. We use the name given in [18] and will refer to it as

Assumption 3.1. In [18], they use a more general set G C R". G is the closure of an open



Kasie G. Farlow Chapter 2. The Skorokhod Problem 13

set possessing a smooth boundary. Assumption 3.1 associates the existences of solutions to

the Skorokhod Problem with a projection onto €2 along directions d;.

Assumption 3.1: There exists 7 : R” — 2 such that if y € Q, then 7(y) =y, and if y & Q,
then 7(y) € 09, and y — 7(y) = a7 for some o < 0 and 4 € dp(7(y)).

According to [18] the next theorem gives sufficient conditions for which Assumption 3.1

holds.

Theorem 4. Assumption 3.1 holds in either of the following cases.

1. dl = —"Nn,;

2. Suppose the domain is a closed convex cone with vertex at the origin and that dp(x) =

—Dn(x) for some n x n matriz D. Then we assume (n, Dn) > a > 0, for all n € n(0).

From [12] solutions to the Skorokhod Problem are associated with solving a linear com-
plementarity problem, Definition 7 below. When Assumption 2.1 holds, Assumption 3.1 is

equivalent to D being a P-matrix, defined below.

P-Matrix

From [8], D is a P-matrix if all the principal minors of D have positive determinants. D
is a P-matrix if and only if solutions to the associated linear complementarity problem are
unique. In other words the Skorokhod Problem has unique piecewise linear solutions. We will
discuss the linear complementarity problem below; see Definition 7. The following theorem

is a consequence of the results from [18].

Theorem 5. When Assumption 2.1 and 3.1 hold solutions to the Skorokhod Problem exists

and are Lipschitz continuous. (In this case we say that the Skorokhod Problem is well-posed.)
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Note that ¢ is absolutely continuous when 1 is. Under Assumption 2.1 and 3.1, when ¥ is
absolutely continuous, one can reformulate solutions to the Skorokhod Problem in terms of

a constrained ordinary differential equation of the form

m(x,v) is the velocity projection of v defined in [7] in terms of a discrete projection 7 : R* —

Q:
(z,v) = i &+ ) —

i . (2.1)

m(y) = m(0,y) is the discrete projection map of Assumption 3.1.

Theorem 6. When 1 is absolutely continuous and Assumption 2.1 and 3.1 hold, there is a

unique solution on any interval [0,T] to
o(t) = m((t),¥(1)), ¢(0) € Q

This follows from Theorems 5.1 in [18] with ¥ (¢) = b(t) and ¢(t) = @(t).

Stability Condition

Stability means that for any starting point = € Q the path ¢ (t) = x+ bt will, after constraint
by the Skorokhod Problem, eventually make it back to the origin. In other words, ¢(t) =
['(x +bt) — 0 as t — co. When the Skorokhod Map is Lipschitz continuous and D is an
invertible matrix, [7] shows that

D 'h<0 (2.2)

is a necessary and sufficient condition for ¢(t) = I'(x + bt) — 0 as t — oo and for the
associated reflected Brownian motion to be positive recurrent. This implies the existence of
a stationary distribution. As mentioned in Chapter 1, this is important in the large deviation
analysis of queueing networks. Note that D~!b < 0 is equivalent to finding a vector u > 0

such that —b = Du.
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2.2 Owur Hypotheses

Throughout this dissertation we assume that Assumption 2.1, Assumption 3.1 (page 12 and
page 13) and the Stability Condition (2.2) hold.

2.3 R”"” Representation of the Velocity Projection

[13] shows that under Assumption 3.1 and Assumption 2.1 the associated velocity projection
map 7(x,v) is identified with a collection of complementarity problems. From [7] and [13]
we know in R? 7(z,v) = v for x € Q°, and for I(x) = {i},

v if (v,n;) <0
m(x,v) =

v+ (v,n;)d; if (v,n;) >0

When (v,n;) > 0 the resulting velocity is tangent to the face where x; = 0. Also note that
in this case we can represent the projected velocity as m(z,v) = Pyv where P; = [ + d;nl.
We will use the associated complementarity problem to derive a representation of the form

7(x,v) = Pgo, holding for x € 92 more generally.

Usually the velocity projection 7(z,v) is defined as (2.1) above, however in [13] it was shown

to be equivalent to the following, which we take as our definition.

Definition 7. The velocity projection of the Skorokhod Problem, w = 7(x,v) is characterized

by the following linear complementarity problem: find w and a;, i € I(x)

i€l(x

w="7v-+ aidi7
()
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such that for each i € I(x) :

a; >0 for alli € I(x) (2.3)
w; = —(n;,w) >0 for alli € I(x) (2.4)
a;w; =0 for alli € I(x). (2.5)

For J C {1,2,...n} let N; be the matrix with column vectors n; j € J and D, be the

matrix with columns d; j € J. For K C I(z), define
Bx = —(NEDg) ' N¥ (2.6)

and

Py = I + D Bg. (2.7)

If K = () we take Px = I with By = Dx = 0. Also note that NIT(DK is a | K| x | K| principal
submatrix of D with components —d;;. Since we know D is a P-matrix, the determinante of

NEDg is non-zero and (N7Dy)™! exists. We will need this fact below.

The following is proven in [12].

Lemma 1. Given x € Q) the following are equivalent.

1. w(z,v) =w
2. w = Pgv for K C I(x) satisfying

(a) Bxv >0 when K # 0

(b) NIT(x)\KPKU <0, when K # I(x)

Proof. First suppose w = 7(x,v) and let a;, i € I(x) be as in the complementarity problem

of Definition 7. Let F' = {i € I(x)|a; > 0} and L = {i € I(z)|w; = 0}. For any K with
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F C K C L, we can solve for a;, 1 € K using w; = 0:

(ni v+ ad) =0, i€ K

JjeK

= NIII;(U + DKCLK) =0

= ax = —(NEDg) 'Ni v
— By
= W = ([ + DKBK> v.
~———
=Py
If K =0 it follows that a; = 0 for all i € I(x) and

w=v = Fyv

because of our convention that Py = I. So in this case 7(z,v) = Pgv for some K C I(x).

Observe that (2.3) implies 2(a). (2.4) means that w; > 0 for i € I\ K so
N} g Prv <0.
Hence 1 implies 2.

Now we want to show that if 2 holds then 7(x,v) = Pxv. Suppose K C I(z) satisfies 2(a)
and 2(b). Define a;, i € I(z) using ax = Bgv for i € K and a; = 0 for i € I(xz)\K. Then

2(a) gives (2.3). w = Pxv =v + DgBguv gives w = v+ Y. a;d;. Since
i€l (x)

Niw = Nfv+ NEDgBgv = Nfv — NEDg(NEDg) "NEv =0

we have w; = 0 for i € K. From 2(b) we have the rest of (2.4). Finally (2.5) holds since
w; =0fori e K and a; =0 for i € I(z)\K. O

Consider what the lemma says on a face where I(z) = {i}. For 2 to hold with K = {i} we
find

Bx =n], Bgv >0 <= (n;,v) >0,

and
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For 2 to hold with K = () we find
P =1, NjyxPrv <0 < (n;v) <0.

Thus we obtain the description of 7(x,v) on a face given at the beginning of this section.

We are interested in paths which end at a point z on 9€2. We will need a description of these
paths in terms of the Skorokhod dynamics later when we consider our viscosity solution
boundary condition formulation. The final segment of these paths may be in the interior of

Q) or may traverse the boundary of {2. The paths we seek are of the form
o(t) =z + (Tr — t)w with ¢(t) € Q and w = w(p(t),v), for To — 6 <t < T

(some 6 > 0) with ¢(73) = x. In other words ¢(t) is the final segment of ¢ = I'(¢)) for
some ¢ (t) with ¢(t) = v for Ty — § < t < T} reaching z at t = Ty. Next we state a lemma

describing such paths approaching a point = € 0S2.

Lemma 2. Let © € 09, in order for ¢(t) = x + (Th — t)w to satisfy ¢(t) € Q and w =
w(o(t),v), for To —§ <t < Ty it is necessary and sufficient that there exits a K C I(x) for
which

w = Prov
BKUZO

Proof. Suppose ¢ is such a path with ¢ = w = 7(¢, v). Since z € I I(x) # 0. Clearly we
must have w; < 0 for all ¢ € I(x) since ¢ is a path approaching or on the edge or face that

x is on. Defining

F={iel(z) : w; =0}, (2.8)
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we see that I(¢(t)) = F for To—§ < t < Ty. From the lemma above we see that w = w((t), v)

is equivalent to the existence of K C F with

w = Prov
Brgv >0 (2.9)

N gw < 0.

The condition NZ;\Kw < 0 means w; > 0 for all i € F'\ K. But we are assuming that w; < 0
for all i € I(z), which means that in fact w; = 0 for all ¢ € F'\ K. Thus w; < 0 for all
i€ I(x)\ K. So we see that there exists K C I(x) with

w = Pgv, Bgv >0, and NIT(x)\KPKU > 0. (2.10)

Conversely, suppose we have a v,w and K C I(z) as in (2.10). Then w; = 0 for i € K
(because NLPrv = 0) and w; < 0 for i € I(x) \ K. Define F as in (2.8). Then K C F and
Ni gw = 0. So (2.9) holds for this F. Since w; < 0 for i € I(x)\ F we have I(¢(t)) = F for
Ty — 0 <t < Ty, so that w = w(¢p(t),v) for Ty —§ <t < Ty as desired.

Thus (2.10) is equivalent to to the existence of a path approaching x as described, and (2.8)
identifies the edge or face dr€) through which it approaches x. Note that this is not the same
as saying w = 7(x,v); which is the velocity projection at a single point. That would involve

the reverse inequality N}F(x)\ w < 0. O



Chapter 3

The Reflected Quasipotential

3.1 Definition

Next we define the Reflected Quasipotential V(z). In the definition below L(v) = (v —

b, A='(v — b)) is the Lagrangian and A is a symmetric, positive definite matrix.

Definition 8 (The Reflected Quasipotential). For xz € Q
T
Vix) = inf L(+(t))dt. 3.1
(I) w(t)EAC,T1ST;g(Tl):07¢(T2):x /T1 (Z/}< >> ( )

The infimum is taken over absolutely continuous paths 1, ¢ = I'()) € Q such that (1) =
o(Ty) =0 and ¢(T3) = x.

Note that V(x) depends on the parameters (b, A, D) which are subject to our hypotheses,
Section 2.2 in Chapter 2. ¢ and ¢ are defined on an arbitrary interval [T}, Ts] . We could
have defined them on [0, T as in [20] and [16] or [T, 0] as in [11] but chose the more general
[T1, T3] for convenience. Note that our definition of the Skorokhod Problem in the previous

chapter is defined on [0,¢] with ¢(0) = ¥(0), but we could have defined it on [T}, T»] with
o(Th) = (Th).

20
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From the definition above we see that V' (x) is characterized as the minimum cost incurred
by a path constrained by the Skorokhod Problem to reach a point x € () starting from
the origin. Here we do not state that the infimum in Definition 8 is achieved. However in
Lemma 2 of [11] it was shown that for the standard Quasipotential the infimum is achieved.

Therefore it is likely that the we could do the same for the Reflected Quasipotential.

Main Objective

Our main objective is to characterize V(x) as a unique solution to a PDE, in Q with the
appropriate boundary conditions. For our uniqueness argument we will also need to consider
a discounted, truncated version of V' (x), V®7(x). Moreover, we will show that V7 (x) —
V(z) as v — 0 and R — oo (this is where the stability hypothesis is used). The definition
of V7 (z) involves a function w, which will be explained latter. The truncated domain we

will work with below is defined to be
Qf={recQ : 0<|z|<R} (3.2)

Definition 9. Given a large positive truncation value R > 0, a discount rate v > 0 and a
continuous function w(-) on QF, define the modified version V7 (x) to be the infimum of
T .
(o) + [ eI EIL ) de.
T

over absolutely continuous 1, ¢(-) = I'(¢(+)) subject to the restriction that |p(t)| < R where
B(T1) is allowed to be either 0 or |p(T})| = R, and ¢(Ty) = = € QF.

In other words we can start the path either at 0 as usual or at a point with |¢(71)| = R with

“starting cost” w(o(Th)).



Kasie G. Farlow Chapter 3. The Reflected Quasipotential 22

3.2 Properties of the Reflected Quasipotential

Next we state several properties of V(z) and V#7(x). The properties stated below for
VE7(x) also hold for V(). The proofs of the properties for V (x) follow from the proofs we
state below for V7 (z) with v = 0 and R — oo.

3.2.1 The Dynamic Programming Principle

Dynamic Programming arises in optimization, optimal control and differential games. The
idea is that a value function v satisfies a functional equation called the Dynamic Programming
Principle. This provides a characterization of the value function which can be used to
derive other important results. In general when the value function is smooth enough it
satisfies a Hamilton-Jacobi equation also know as the infinitesimal version of the Dynamic
Programming Principle; [4]. According to [22], it was first discovered by Lions that for
control problems the Dynamic Programming Principle implies that the value function is the
viscosity solution of the Hamiltonian-Jacobi (Bellman) equation. See [4] for more details.
For us the Dynamic Programming Principle will be useful when describing V7 (z) in terms

of a viscosity solution in the next chapter.

Lemma 3 (Dynamic Programming Principle). For all z € QF, absolutely continuous ¢ =

I'(¢) defined on [Ty, Ts] with ¢(Tz) = x and Ty < Ty — h < T3 it holds that

T>
VR () = inf{e= "V (6(Ts — ) + / e B0 L (1))t ). (3.3)
¢ To—h
From the lemma it follows that
Ty _
VEY(z) < e VR (¢(Ty — h)) + / e DL 4)(t)) dt. (3.4)
To—h

Proof. First consider any absolutely continuous ¢ = I'(¢)) defined on [T7, T5] where ¢(17) is
allowed to be either 0 or |p(T1)| = R, |¢(t)| < R, ¢(T2) = v and Ty < Th —h < Tp. We know
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that
T .
() + [ e OL @)
T
To—h ‘ T .
= e "2 Ty(p(Th)) + / e D L(h(t))dt + / e 2T L (h(t))dt.
Ty To—h
From the definition of V&7(.),
Ty—h _
VEN(S(Ty — h)) < e BT u(g(Th)) + / e BTTOL( (L) .
11
Multiplying VE7(¢(Ty — h)) by e gives us
T )
() + [ e EIL )
T
1 - |
> e MVRG(T - )+ [ B OL)ar
To—h
and therefore inequality one way in (3.3);
T> .
VEY(z) > igf{e‘”hVR’v((b(Tg —h)) + / e VL (t))dt ).
To—h

Start with any ¢ = I'(¢)) defined on [Ty — h,Ty] with ¢ € QF and ¢(Ty) = z. Extend
¢ =T() to [Ty, Ty — h] so that it is nearly optimal to ¢(T5 — h) ( with ¢ € QF, ¢(T1) =0
or [¢(T1)| = R).

V(A(Ty — h)) + e > e 72Ty (¢(T7)) + / o e " =h=t L (4)y(t))dt.

T

From the definition of V#7(.) and the previous line we have

1>
VA a) <) + [ e BIL o)

T

To—h Ty

e VB0 L (1)) dt + / e VD L (1)) dt

To—h

=) + [
T
To—h

= /T2 e VBT L((t))dt 4 e (eW(Tthl)w@(Tl)) + /

To—h T

MT?“)L(w»dt)

< / " e VO L)(8))dt 4+ eV (¢(Ty — b)) + ee™ .
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Therefore
T _
V() < igf{ e =D L) (t))dt + eV (¢(Ty, — h)) + ee ™},
To—h
Hence we can conclude
T _
VR () = igf{e‘”hV(qﬁ(Tg —h)) + / e =D L) (t))dt}.
To—h

3.2.2 Scaling Lemma

The next lemma classifies our function V(x) as a homogenous function. In other words
V(z) is a function with a multiplicative scaling factor. A similar lemma can be found in
[3]. We state the Scaling Lemma below only for V(z). Later we will use the Scaling Lemma
in Chapter 6 where we are working with V' (z) and not V7 (z). Without more information

about how w(x) scales we can not completely formulate a version of the Scaling Lemma for

VEY ().
Lemma 4 (Scaling Lemma). For any positive k, and x € Q, V(kz) = EV (z).
Proof. The Skorokhod problem scales in two ways. Suppose k& > 0 and ¢(-) = ['(¢(+)) with
o(Th) =0and ¢(Ty) =z .
1. If () = ¢(Ty + kt) then ¢(t) = ¢(Ty + kt) satisfies ¢(t) = D((2)).

2. If )(t) = kp(Ty +t) then ¢(t) = ko(Ty + t) satisfies ¢(t) = T((t)).

This depends on the fact that for ¢ > 0, x € R, if and only if cz € R”.

Now from above we see that ¢(t) = ko(Ty + %) has $(0) = 0, ¢(k(Ty — Ty)) = kx and
o(-) = T(¥(-)) where ¢(t) = kip(Ty + £). Y is absolutely continuous if and only if 1 is and

$s) = - 9(5) = KTy +2) = 9(T3 + ),
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SO

(To—T1)k . (To—T1)k . s T .
/0 L((s))ds = / LOMT: + 2))ds = b / LE(t))dt.

T

Thus we have a one to one correspondence between the paths from 0 to z and the paths

from 0 to kz. We also have that

(To-T0)k .
Viks) = inf ~ / L)) dt
{YeAC,(To—T1)>0,0((T2—T1)k)=kx,$(0)=0} Jo

Ts

EL((t))dt

inf /
{YEAC,(Te—T1)>0,6(Tz)=a,6(T1)=0} 7,

i inf / CLE)dt) = KV (2).

{YeAC (T —T1)>0,¢(T2)==,¢(T1)=0} J 1,

3.2.3 Bounded Velocity Lemma

The next lemma tells us that we can produce a slowed down version of a path 1, so that
is bounded, at a cost no more then that of the original path. From the lemma it follows that
the velocity of an optimal path is bounded. This lemma will be particularly useful in our

(When

characterization of V27 (z) in terms of viscosity solutions. Let ||z|| = (z, A~ z)2.

A = I this reduces to the standard Euclidean norm ||z|| = |z|.) We call this the A-norm.

Lemma 5 (Bounded Velocity Lemma). Given a path ¥(t) € R", ¢(t) = T'(¥(t)),|o(t)] < R,

Ty <t < T, (absolutely continuous), we can produce a “slowed down” version of ¥, ()
with new time variable 7, Ty < 7 < Ty, ¥(t) = (7(t)), and Ty = 7(Ty), for which H@H < ||o]|
and (for any C,~v >0)

TQ T2

L) dr <O [T L) (35)

T

e V=T g /

T
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Proof. First observe that for ||v]| > 0 the minimum of ;L(kv) over k > 0 occurs at k = %

1 k 1
g — Clol2 — (. AL 2 opl2
Lkv) = Sl[vll” = (v, A70) + o [1b]

1 -
= o (Kl = 118D + [[el el — (v, A™'5)
> [lvlllloll — (v, A™"0),

with equality if (and only if) k = 12l

vl
Define k(t) = min(1, ||b]|/||¢(t)||) and the new time variable 7 = 7(t) by
!
T(t) =T +/T1 Eds, t>T.
When [|¢)(t)|| < ||b]| we have k(t) = 1 and the two time scales increase at the same rate. But
when ||[¢)(¢)|| > ||b] then dr = ﬁ dt > dt so that on the new time scale more time elapses,

which will mean that the speed of ¢ will be slower.

Before proceeding we should verify that 1/k(t) is integrable. Assuming that

/T2 L((8)) dt < oo

Ty

(else (3.5) is trivial), we know that f;ﬁ |¢h()||dt < oo and therefore

1 < .

T
Since ﬁ = max(1, ||[¢o(t)||/]|b]]) we have
To 1 T 1 .
—dtg/ L4 L (0)]] dt < oo,
/Tl k(t) T HbH

Thus 7(-) is an absolutely continuous function. Since 1 < 1/k(t), 7(t) is strictly monotone
and has a continuous inverse (1) defined for T} < 7 < Ty = 7(T3), also absolutely continuous
with dt = k(t(7))dr. We define ¢ on [T1,Ty] by ¥(7) = ¥(t(7)). It follows that ¥ is

absolutely continuous with
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By our definition of k(t) and our observation for +L(kv) above it follows that ﬁL(k(t)w(t)) <
L(1)(t)). We now calculate that
T T
_ > . 2 1 :
eV T=T)) oy / e "D (7)) dr = e TT-T O 4 / e VT =) __1(k(t)ep(t)) dt
T Ty k<t)

T
< e T(T)=T) o 4 / ’ 6_7(7(T2)_T(t))L(¢(t)) dt.
< .
Now observe that k(t) < 1 so that Ty, —t = fT(TQ) k(t)dr < 7(T3) — 7(t). In particular
(taking t = T1), 7(Ty) > Tp. Thus e "(7(12)=T1) < e=(12=T1) apd e (T(T2)=7(1) < =7(T2=t) gq

we have

e V=T 4 /
T

T

e (T2 (QZJ( ))dTge_V(TQ_TI)CJr/ e TR L(4(1)) dt.

T

2

]

Since A is a symmetric positive definite matrix then A~! is also symmetric positive definite

and has positive eigenvalues \; > Ay ... > A, > 0. First note
|2|]* = (z, A 2) = 2T A o,
Using the fact that A~! has n linearly independent eigenvectors which form an orthonormal
basis for R™ we have the following inequalities.
Malzl? < [l2]]* < Ml
[1].
If ||@/;|| < ||b]| then there exists constants ¢y, co > 0 such that
calt)] < 19 < ] < el

so that
Y] < c|b]

for some ¢ > 0. This leads us to the following corollary. Note that the only difference between
the corollary and Lemma 5 is that in the corollary the bound on velocity is expresses in the

Euclidean norm rather then the A-norm.
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Corollary 1. Let ¢ > 0 be such that |1/_1\ < ¢|b|. Given a path (t) € R", ¢(t) = ['(¢(t)),
o] < R, Th <t < Ty (absolutely continuous), we can produce a “slowed down” version of
Y, ¥(1) with new time variable 7, Ty < 7 < Ty, 1 (t) = ¥(7(t)), and Ty = 7(T3), for which
|zﬁ\ < c|b| and (for any C,~v >0)

TQ T

AL dr <O [T mongm)a. 60

T

e—v(Tz—TﬂC + /

T

3.2.4 Lipschitz Continuity of V(x)

It is well known in the literature that the standard Quasipotential function is Lipschitz
continuous; see [20]. We can show the same for V(z) and V?7(z). For any z,y € Q the
Dynamic Programming Principle gives us V(z) < V(o(T)) + ff} L@t))dt, 0 < T < Ty
where ¢ = T'(¢)), ¢(T2) = = and ¢(T') = y. Consider the path () = y + =%t so that and

|z—yl

U(|lz —y|) = z. Since z,y € Q it follows that ¢ = I'(¢). Taking T'= 0 and Ty = |z — y| we

see

B 1l z—y L, Ty
| o = 5=t b a7 (=L eyl < Kla =y

where K is a bound on L(u) over unit vectors u. Then |V (xz) — V(y)| < K|z — y| and we

can conclude V' (x) is Lipschitz continuous.

For VE7(x), take x,y € QF and 0 < h < Ty, then the Dynamic Programming Principle give
us that

Ts
VA (@) < e PVRY(G(T, — h)) + / T L)) dt.
To—h

To—t

Since e~ and e~ ?(">=" are bounded by 1 we have

T>

VR () < VI (BT, — h)) + / L)) dt.

To—h

Proceeding as above with V(z) it follows that V®7(z) is also Lipschitz continuous.



Chapter 4

Viscosity Solution

4.1 Definition

Our objective is to characterize V(x) as the solution to a partial differential equation in 2
with appropriate boundary conditions. Since V'(z) is not differentiable in general the char-
acterization will need to be in terms of viscosity solutions. The notion of viscosity solutions,
a class of generalized solution for non-linear first-order partial differential equations, was
introduced by Crandall and Lions. This has allowed a treatment of first-order Hamilton-
Jacobi equations with non-smooth solutions. It has also had applications in deterministic
optimal control and differential games, large deviations, asymptotic problems and various
other problems where Hamilton-Jacobi equations arise naturally; see [5]. In [4] Bardi and
Capuzzo-Dolcetta give an extensive introduction to the basic theory of viscosity solutions
and its application to a variety of optimization and control problems. A fundamental part of
the theory of viscosity solutions involves comparison and uniqueness results which identify
the optimal value function as a unique viscosity solution to the appropriate Hamilton-Jacobi

equation.

29
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In [5] Barels and Lions considered problems of the type
H(z,u,Du) =0, in £,

where () is a smooth, bounded, open set in R™. Here Du represents the gradient of u. This
is the general form of the first-order Hamilton-Jacobi equation. They investigated existence

and uniqueness of solutions satisfying non-linear boundary conditions of the form
F(z,u,Du) =0, on 0.

The general idea in [5] was that at certain points of the boundary the boundary condition
need not hold and such points behave like interior points. So one should impose the internal
equation at those points. We will use the ideas from Barles and Lions in [5] to characterize
V(x) uniquely in terms of viscosity solutions in the 2-dimensional case. In R? this would
mean extending Barels and Lions formulation to domains with corners as well as extending
their uniqueness argument to domains with corners. Some work has been done on this for

particular cases in [19]; see [5].

4.1.1 Viscosity Solution: Interior Points

We are interested in a viscosity sense characterization of the Reflected Quasipotential V' (x)
which is defined in Definition 8 above. We will see in the following chapter that additional
conditions are needed for a unique characterization. Our uniqueness result Theorem 9 is
involves the discounted truncated version V7 (z) in Definition 9. For that reason we discuss
VB below. The particular case of V is recovered by taking v = 0 and R — co. We begin
by discussing V7 (z) as a viscosity solution of V&7 (x) + H(DV®7(x)) = 0 for points in

the interior of Qf and then present a viscosity-sense boundary condition formulation.

Recall that for our variational problem the Lagrangian is

L(v) = %@ b AW — b)), (41)
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(Recall for A and b our hypotheses in Section 2.2 .) The Hamiltonian is defined to be

H(p) = sup{(p, ) = L)} = 500, Ap) + (1.1} (1.2

Under Our Hypothese, Section 2.2 we show that V77 (z) is a viscosity solution of vV 77 (z)+
H(DVEY(z)) = 0 in Qf plus boundary conditions on 9QF. First we state in general the
definition of a viscosity solution of yu(x) + H(Du(x)) = 0 for interior points of a domain €.

(In the definition below the reader can think of Q as a general domain with 2 C R™.)

Definition 10. For interior points x € €, a continuous function u(x) is a viscosity solution

of yu(x) + H(Du(z)) = 0 if
yu(z) + H(E) <0V € € Diu(z) (subsolution condition), (4.3)

yu(x) + H(§) > 0V & € Dgu(z)(supersolution condition), (4.4)

where

Dfu(z) = {p: V®(z) = p for some ® € C*(Q) such that u — ® has a local maz at x}

Dgu(z) = {p : V®(x) = p for some ® € C*(Q) such that u — ® has a local min at x}.

Here C'(2) denotes the set of differentiable functions defined on € whose derivative is con-
tinuous. D¢u(z) and Dgu(z) are called the superdifferential and subdifferential of u at =
respectively. w is called a viscosity subsolution if it satisfies (4.3) and likewise a viscosity
supersolution if it satisfies (4.4). If u is a subsolution and supersolution then it is a viscosity
solution. Although the definition of D u(x) only requires u—® to have a local max at z. We
can add w2 to ®(y) for a large ¢ to insure that the max is global. Moreover by adding
a constant to ® we can assume u < ® with equality at z . Thus every ¢ € Diu(z) occurs
as £ = D®(z) for such a ®. Similar remarks apply for £ € D,. We use these simplifications
in all that follows. When wu is differentiable, u satisfies the equation above in the classical
sense. We will show in Theorem 7 that V?7(z) is in fact a viscosity solution in Q7. See [4]

for more information about viscosity solutions.
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4.2 General Direct Boundary Condition Formulation

Here we introduce the viscosity sense boundary condition formulation. Before formally
stating the boundary condition formulation we give a heuristic argument for our formulation
in n dimensions. It turns out that only the “lateral” boundary of Q% is important for us.

Thus for I C {1,2,...,n} we define

00 ={z €0 z;=0forallicl} (4.5)
For K C I define
Hy(p) = sup {{p, Pxv) — L(v)} (4.6)
Bszo,N}F\KPKuzo
Hg(p) = sup {(p, Pxv) — L(v)}. (4.7)
BK’UZO

The matricies Px and By are defined in Chapter 2. For z € 9;QF (z # 0, R), we propose

the following formulation,

YV (1) + III(l%}I((H[_((f)) <0 for all £ € DI,V (z) (subsolution) (4.8)
AVEY () + IE%)I((HK(@) > 0 for all £ € D, V™7 (z) (supersolution). (4.9)

We call this the discounted general direct formulation. The general direct formulation for

V() is recovered by taking v =0 and R — oo.

4.2.1 The Idea for R"

In this section we give heuristic arguments for the boundary conditions using the undis-
counted case for clarity. Theorem 7 below will provide the formal proof in the general case
of VY. For n > 2 there are edges and faces. So for a point z on the boundary we need to
take into account all possible faces or edges a path could traverse as it approaches x. Hence,

we consider all paths arising from the Skorokhod Problem that approach a point z € 0f2.
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Subsolution Formulation

The definition of V(x) implies that for any path ¢(-) = ['(¢(+)) to x = ¢(T3) from 0 = ¢(T1)

(some 0 < T} < Ty) we have

Vie) S VoT) + [ o)
If® el V<o with V(z) =®(z) (ie. p= D®(x) € DIV (x)) and 0 < t < T, we have
Ba) < 2T -0+ [ L)

O(H(T) = P(p(To—1)) 1 [T .
. - /TQ_tL(zﬁ(t))dt <.

Let t — 0T, then

(DD($(T3)), (1)) — L(4(T2)) < 0.

In this inequality we want to consider all paths w = ¢(T5), v = w(T 5) which do occur for

paths ¢ = T'(1)) reaching z = ¢(T3). If x is an interior point then ¢(Th) = (1) = v is

possible for any v € R". So we can conclude
H(p) = sup{(p,v) — L(v)} < 0.

If € 002, Lemma 2 in Chapter 2 says that piecewise linear paths with w = é(Tg) and

v = Y (Ty) do occur provided there exists K C I(z) so that

w = Pxv
BKUZO

N} g Pgv > 0.

So a subsolution necessary condition is

rlr(leCuI((H;((p)) <0 for all £ € DSV () (4.10)
where
Hy(p) = sup {{p, Pxv) — L(v)}. (4.11)
Brgv>0,NT  Prv>0

I\NK
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Supersolution Formulation

This part of our heuristic derivation presumes that ¢(-) = I'(¢(+)) is optimal to x = ¢(T5),

specifically for some 0 <t < T
T '
Vi) =V -t)+ [ L
To—t
Suppose ® € C', V > ® with V(z) = ®(z) (ie. p= D®(x) € DV (x)). It follows that

YT~ T =) L[ 1> 0

t tJry—t

Presuming continuity of ¢ and ¢ at Ty we let t — 07 to see that

(DO (¢(T3)), ¢(T2)) — L(y(T2)) > 0.

Unlike the subsolution argument this need not hold for any path we can construct to ¢(73) =
x, but only for those which are optimal. We can not assume piecewise linearity as in Lemma 2,

and thus must allow for a larger set of paths w = ¢(T3), v = ¢(T3) pairs. If z is an interior

point then ¢(T3) = ¥(T%) so we conclude
H(p) = sup{(p, v) — L(0)} > 0.

If 2 € 99, since ¢(t) — z as t — Ty and ¢(t) = n(p(t),1)(t)) it seems that the most we
could say is that w = m(y,v) where y = z. If so then with J = I(y) C I(x) = I and some

K C J C I we would have
w = Pgv, Bgv >0, Nf\Kw < 0.

We must allow the possibility that K = J. So the possible v and w combinations are described
by
w = Pgv, Bgv >0, K C1I.

This suggests that a supersolution necessary condition is

r}ngmI((HK(p)) >0 for all € € DV (x) (4.12)
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where

Hi(p) = sup {(p, Pxv) — L(v)}. (4.13)

Bgv>0

The Proof of Theorem 7 will make this rigorous.

4.2.2 A General Representation for Hx and H,

For a given K C I(z) Hy(p) and Hg(p) are both instances of HZ&(PLp), defined as follows

for an arbitrary m x n matrix C'

He(p) = g}g)o{m v) — L(v)}.

The following lemma describes an alternate formulation for ¢ which will help us later when

we consider an equivalent boundary condition formulation for two dimensions.

Lemma 6. For a m x n matriz C' and { € R™.

He(p) = inf H(p + CQ).

Proof. Let ¢; be the rows of C', i € {1,2,..m} and C ={v € R": Cv > 0}.

Since H(p) — oo as |p| — oo, there does exist a ¢° > 0 which minimizes H(p + CT() over
¢ > 0 (see definition of H above, (4.2) ). Let p° = p+ C7(° and v° = VH (p°). Thus

H(p’) = inf H(p + C"().

Let J={i:¢? >0} and J*={i: (f =0}. For i € J we have
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0= H(p+ CT¢)|c=co = (ci, VH(p%))

G
= (¢;, v%).
For 7 € J¢ we have
a T o
0< ag-H<p+ C"Qle=¢ce = {ci; VH(p"))
= (c;,v°).
So v’ € C.
Also we observe that
<p - po’ UO> <CT§ U ZC Ci, U - Y (414>

e

For any v € C' we have

(p—p°v) == ¢eiv

ieJe

Therefore, for all v € C' we have

(p,v) — L(v) = (p — p°,v) + (p°,v) — L(v)
< (p°,v) — L(v)
< H(p°).

and by (4.14) we have (p,v°) — L(v°) = H(p°). Since v° € C we see that

sup{(p,v) — L(v)} = H(p").

veC

Now we have

He(p) = sup{(p,v) — L(v)} = H(p*) = inf H(p + o).

veC



Kasie G. Farlow Chapter 4. Viscosity Solution 37
4.2.3 Discounted General Direct Formulation

Here we state and prove the discounted general direct formulation for the viscosity boundary
conditions. If we take v = 0 the proof for the general direct formulation for V(x) in € follows

easily from the proof of V7 (z) below.

Theorem 7. For x € QF with I = I(x), VR () is a viscosity solution of vV (x) +
H(DVEY(z)) =0 at interior points x € QF:

YW (z) + H(E) <0 for all £ € DSV (2), (4.15)
YV () + H(E) > 0 for all £ € Dyr V7 (), (4.16)

and when I(x) # 0 x € 0,QF,

AVEY () + max(Hc(€)) < 0 for all § € D VI (), (4.17)

YV (@) + max(Hx (§)) = 0 for all § € DgaV"™ (x). (4.18)

Proof. We do not write out the argument for interior points separately. It follows from the
following using I = (), the constraints Bxv > 0 and NIT\ Prxv > 0 holding for all v, By = I,
so that Hy = Hy = H.

Subsolution

By contradiction assume that (4.17) does not hold. For some & € DI,V (z),

and some K, ) C K CIa>0,

AV (2) + sup {(§, Pxv) — L(v)} > a. (4.19)

Bszo,NIT\KPKUZO



Kasie G. Farlow Chapter 4. Viscosity Solution 38

Let D®(x) = € where & € C', VI (z) = ®(z) and VE7 < & on QF. Now let v be such
that w = Pxv, Bgv > 0, NIT\KPKU > 0 and y®(x) + (£, Pxv) — L(v) > %. We consider
a linear path approaching = as in Lemma 2. Let 9(f) be such a path with ¢ (t) = v for
t € [Ty — o, T3], 9o > 0, where ¢(t) is a path with ¢(T3) = =z, ¢(t) = Pyuv, and for some
K CF CI¢t) e orf, t € [Ty — 6y, T with NfipPrv > 0. Using the continuity of
® given € = ;= there is 6, > 0 such that [®(z) — ®(¢(t))] < € To — 61 <t < To. Let
0 = min(dp,d1). Then for t € [Ty — 6, Ty], ¥(t) = v and @(t) = = + w(t — T}) so that
FB(p(t)) + (€, m(p(1), (1)) — L((t)) > § for t € [Ty — 0,Ty]. Using the continuity of

D®(p(t)), for e < m with € > 0, there exists d, > 0 such that for To — 6y <t < T3,

DB((T2)) — DB(6(1))] < e. (4.20)

For § = min(d, d,), we have

LD ((1))) = 7 B(B(1)) + ™ (DB(S(E)), m((t). (1))

dt
= 7" D(p(t)) + (&, m(d(t), () — (& — DR(4(t)), m(o(t), (1))
> ye'0(p(t)) + (€, m(d(E),1(t)) — €7']E — DR(H(t))||m((t), (¢))]
> " (Y®((t) + (€, Pxv) — €| Prv])

> e (y@(6(1) + (€, Prv) = §) > L))

So for To — § < T < T,, integrating both sides gives us

T

O B((Ty)) — TD(H(T)) > / OL((8))dt

. S L((t))dt + TR (6(T))

Ty

e METIL((1))dt + e TV (g(T))
T

T>

2D (H(Ty)) >

S—

VY ((T3)) >

S—

VEI(2) > | e BIOLE @) dt + e BTV (o(T))

S—

which is a contradiction to the Dynamic Programming Principle, (3.3). This proves (4.17).
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Supersolution

By contradiction assume that (4.18) does not hold. Then for some £ € Dy V77 () and some

a > 0 we have

AVEY(2) + sup {{£, Pkv) — L(v)} < —a. (4.21)

Brv>0
for all K C I. Let ® € C' with D®(z) = &, VB (x) = ®(z) and VET > &, on QF. By
virtue of Lemma 5 and Corollary 1 we can limit our considerations to paths ¢(t) = I'(¢(t))
¢(Ty) = x with [¢(t)| < c|b| where ¢ is the constant from Corollary 1. Since |¢)(t)] is
bounded, ]gb(t)| is also bounded. Note that qb(t) = w(t) or ¢(t) = PKQL(t) depending on
whether ¢(t) is on the boundary and uses reflection. So from the bound on [¢(t)|, there
is a bound B > 0 that applies to both |¢)(t)| and |Pgt)(t)|. Note that this B does not
depend on ¥ (t) or ¢(t) except for the fact that |¢)(t)| < c|b|. For z € 8;QF, we can find
€, > 0 so that if |y — z| < €, and x; > 0 then y; > 0. Therefore there exists 6; = <, valid

B>

for any 1 with || < c[b], such that for all t € [Ty —dy, T3], |¢(t)—d(T3)| < €, and I((t)) C I.

Let € = %. Since ® € C there exists d, such that then for Th — 9, < t < T,

[(e(1)) — P(6(T2))| < € (4.22)

Let € = ;5. Since ® € C'there exists 3 such that for Ty — 93 < t < T,

[D®(¢(t)) — D(H(T2))| < e. (4.23)

Define 6 = min(d, do, d3).

Using the Dynamic Programming Principle we can find a nearly optimal, absolutely contin-

uous path ¢(t) = I'(¥(t)) such that

T2 X ~
VEY(2) > / e "I Lp(2))dt + e YOVEY (G(Ty — 6)) — 6—75%5. (4.24)
To—6
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Let ¢ = ¢7°%§. This (t) may not satisfy |@@(t)| < ¢|b|. However by the Bounded Velocity
Lemma we can slow down and rescale the function so that [¢)(t)| < ¢|b] where ¢(t) = T'(1)(t))
is the new slowed down version of ¢(t) = ['(¢(t)) defined on [T — 8, T, where Ty < T, since
()| < |1@(t)| (Otherwise ¢ = I'(¢)) is optimal on [Ty — 0, T5] with the same é and we can
skip to (4.27). ) (4.24) then becomes
Ty _ _
VEI(2) > /T y e D L(j(4))dt + e 1T FIVRY (6(Ty — §))) — &,
So by the Bounded Velocity Lemma ¢ = I'(3)) is a nearly optimal path on [Ty — 4, T3] with
#(Ty) = x, specifically
_ ) _
VI (G(Ty — 5)))e T2t /T . e D L(h(t))dt < VI () +e. (4.25)
Consider 0 < Ty — § < Ty — d, by the Dynamic Programming Principle
_ Tp—6 _

VI (9T, = 8) < VI O(T = )7 4 [T e ney (420

Now we see that ¢ = I'(3) is nearly optimal on [Ty — §, T5] with the same é:

Ty

VY o(T = 5)e 4 [ L)
Tr—6
~ To—6 ~ . Ty _ .
< VR (g(Ty — 6))e 7T To40) 4 / e " PIOL()(t))dt + / e " PTOL((t))dt by (4.26)
To—0 To—6
i T, )
= VR (¢(Ty — §))e 7 To40) 4 / e L (4 (t))dt
To—6
< VR (z) + & by (4.25).
So we have
T B .
VEY(p(Ty — 6))e™ ™ + / e DL () dt < VEY (z) 4 €. (4.27)
To—6

Since ¢(t) = Pxt(t) for some § € K C I we know from (4.21) and (4.22) that v®(¢(t)) +
(&, 0(t)) — L(¥(t)) < =3 for all ¢ € [Ty — 8, T3). Now for ¢(t) = T(¥(t)) and To — 6 < t < T
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we have:

S0 ~ L) =1 DB(0) + UDBH()), S0} — L (D)
= 7 R(6(1)) + € (DR(6(1)) — &, (0) + 7€, B(t)) — L)
< " (IDR((1)) = £l +19(6(1) + (&.6(0) — L))
< " (B +92(0(0) + {€.9(0)) ~ LKD)
< (5 +HAB(0(0) + (6.6(0) — L)

td

4

< —e”

Rearranging the terms above we have

Integrating both sides :

T B(o(Ty)) — T VB((T, — 6)) < / " L)t / et

T2_6
Then _
7 5 no To—t ad s
BO(T) < e BT - 9) + [ I OLEE) - T
To—s 4
So

T B
VR”Y(.T) < / e—’Y(TQ—t)L@b(t))dt + VR,7<¢(T2 N 5))6_75 e

To—6

This gives us a contraction to (4.27). Therefore the supersolution condition holds as well.

]
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4.3 Barels-Lions Formulation

As mentioned above, Barles and Lions in [5] investigated the existence and uniqueness of
the general form of the first-order Hamilton-Jacobi equation H(z,u, Vu) = 0, with a fully

non-linear boundary condition of the form
F(z,u,Vu) =0, on 0.

They established a uniqueness result based on the fact that the boundary function F(z,t,p)
is strictly increasing with respect to p in the normal direction. We exhibit a formulation
of the viscosity-sense boundary conditions on the face 9;Q2, Q = R2 in the general form

considered in [5], which we will call Barles-Lions formulation: For x € 0,82

min(H (£), F;(€)) < 0 for all £ € D& (z) (subsolution), (4.28)
max(H (&), Fi(§)) > 0 for all £ € Dg(x) (supersolution), (4.29)

where the boundary function for 9;2 is

Fi(€) = 5 [(ni, b+ AE) + (ni, b+ AP]€)] (4.30)

1

2
1

(ns, b) + (An; + §<”i, An;)d;, §).

Here the velocity projection matrix is P; = I +d;n7. This is the Pg of Lemma 1 for K = {i}.
The Barles-Lions formulation is equivalent to the general direct formulation, restated below

for the special case for a face (x; = 0 for only one coordinate i) where Q = R3:

max Hy(€) <0 for all £ € DAV () (subsolution),

max Hi (&) >0 for all £ € DoV () (supersolution).

We will prove this equivalence for the discounted problem. For the discounted problem
we have the following formulation of the viscosity-sense boundary conditions on the face

0;:Qf in the general form considered in [5], which we will call the discounted Barles-Lions
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formulation:
min(y V7 (z) + H(E), F;(£)) < 0 for all ¢ € DE,V™7(z) (subsolution), (4.31)
max(yV ™ (z) + H(E), Fi(€)) > 0 for all £ € D,V (z) (supersolution). (4.32)

with the same boundary function (4.30).

For R% we know from Theorem 7 the following discounted general direct formulation of the

viscosity solution properties does hold on 9;Q%:

max (W (z) + Hy(€)) <0 for all £ € DS, VF7(z) (subsolution), (4.33)
max (VW (2) + Hi(€)) > 0 for all £ € D,V () (supersolution). (4.34)

We state the equivalence in the following theorem.

Theorem 8. In two dimensions the discounted Barles-Lions formulation is equivalent to the

discounted general direct formulation.

Proof. According to Lemma 6 we can rewrite the boundary functions in (4.33) and (4.34)

as follows.

Hy (€) = inf H(E + Cn). (4.35)
Higy(€) = Hi(€) = inf H(PTE + Cny), (4.36)
H(E) = Hy (). (4.37)

(The last is because of our convention that By = 0.) The connection between the discounted
Barels-Lions formulation and the discounted general direct formulation is not apparent when
considering just one &. It is only in considering all & € D?)ERVRW(JC) that their relation
emerges. It follows from Lemma 3 of Lions [25] that DS,V ®7(z) are made up of unions of
sets of & = p 4+ An; for A\ in some unbounded interval. We will refer these sets of £ as the
strands of DéR. To be more precise a strand of D;gR VE7(x) consists of all £ = p + An; for

some p and either all A € R (we will call this a two-sided strand) or all A < AT < oo with
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H(p+2an)

A MNAS

Figure 4.1: X — H(p + An;)

YVEY () + H(p + ATn;) < 0 (a one-sided strand). Similarly the strands of D, consist of
all £ = p 4+ An; for some p and either all A € R (two-sided strand) or all A > A\~ > —o0
with vV (z) + H(p + A™n;) > 0 (one-sided strand). Lions’ lemma shows that D, are
made up of unions of such strands. It is by comparing the two formulations of the boundary

conditions for a full strand that their connection emerges.

The graph of A — H(p + An;) is a parabola. The minimizing A = )¢ is determined by

which we easily solve to obtain

ho = (4.38)

We know H (p+An;) — oo as || — oco. For some p it is possible that vV 7 (z)+H (p+An;) >
0 for all \. But otherwise there will be two roots, A_; < Ay, of YV (x) + H(p + An;) = 0.
The minimum point Ay = (A_; + A1)/2 is their mean. Figure 4.1 is the typical graph of
A= H(p+ Any).

Observe that for £ = p + An; then we have

Pre =p+ An;, where \ = (d;, p). (4.39)
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For & = p 4+ An; we find that

Fi(§) = %Knu b+ Alp+ Ani)) + (ni, b+ A(p + Any))] (4.40)
_ %[2@%, bt Ap) + (ng, AAng) + (ns, Ainy)] (4.41)
— %[2(ni, b+ A@% + Mng, Ang) + Mng, An)] (4.42)
= 2 i, An (A= 22 + ) (4.43)
= %(n Any (A — A1 — M+ N). (4.44)

With these observations we compare the two boundary condition formulations within a

strand.

Subsolutions

First consider a two-sided strand. Since H(p + An;) — oo it follows that
Hy (p+ Any;) = gg H(p+ (A ()n;) = oo,

which means that the direct formulation of the subsolution fails. Since Fj(p + An;) — oo as

well, the Barles-Lions formulation fails as well.

Now consider a one-sided strand. Since yV*7(z) + H(p + A™n;) < 0 we are in the case
where YV &7 (x) + H(p + An;) = 0 has roots, so we have A_; < AT < A\;. In the direct
formulation vV (2) 4+ Hy (€) < 0 does hold for all £ in the strand, since we can always take
¢ = A1 — A. Using (4.39) and (4.36) we see that the direct formulation holds if and only if
YV (z) 4+ infeso H(p + (A + ()ny) < 0, which we see to be equivalent to

A<\

The Barles-Lions formulation says that F;(§) = 1(n;, An;)(A — A1 — A\ + A) < 0 for those
€ in the strand with vV 7 (2) + H(£) > 0, which corresponds to A < A_;. We see that this

is equivalent to A — A_1 — A\ + A < 0 for all A < A_1, which is also equivalent to A < Aq.
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Supersolutions

If vV () + H(E) > 0 on the whole strand, then the Barles-Lions formulation is satisfied,
and so is the direct formulation since Hy(&) = H(). This is always the case when V27 (x)+
H(¢) = 0 has at most one root. So suppose YV (z) + H(p + An;) = 0 has two distinct
roots, A_; < A1, and the strand includes a point with 4V %7 (x) + H(p + An;) < 0.

If the strand is one-sided, since it contains a point with YV &7 (x) + H(p+ An;) < 0 we must
have A= < A_; . So for either a one or two-sided strand the direct formulation says that
YVEY (2) + Hp (€) > 0 for all Aoy < A < Ay, which is simply that V7 (z) + infeso(H (p +
(A4 ¢)n;)) > 0. This is equivalent to

A<

The Barles-Lions formulation says that A — A_; — A\ + A > 0 for all A_1 < A < A1, which is

also equivalent to \; < .

Thus in all cases the direct and Barles-Lions formulations coincide. O



Chapter 5

Uniqueness

5.1 Examples of Non Uniqueness

Avram, Dai and Hasenbein in [3] have provided complete and explicit expressions for V' (x)
in two dimensions. According to [3], an optimal path to a point x € R? is influenced by the
boundary if it is contained in a certain cone associated with that boundary. The boundary
influence is determined by two quantities, the “exit velocity” and the “entrance velocity.”
When z is not in one of these cones the optimal path is a direct linear path to . When z is
contained in one of these cones then the optimal path first travels along the boundary to a
point w then leaves the boundary and enters the interior at a unique entrance angle to reach
x. It is possible that one or both of these cones do not exist in which case the boundary or
boundaries are not reflective and the constraint mechanism of the Skorokhod Problem has

no influence on the optimal path.

By choosing specific values for the parameters (b, A, D) and using the formulas for V(z)
found in [3] we can produce explicit expressions for V' (z), which we then use to check our
viscosity solution boundary condition formulation. We present two such examples here. In

one of them, but not the other, we find that the zero function is also a solution. This tells

47
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us that solutions are not unique.

For the differentiable functions V'(z) below we check our boundary condition formulation on
the two faces 0,2 and 0,€2. The sub- and superdifferentials are of the form & = p + An; with
p=DV(z). When A <0, § € DV (z) and A > 0, £ € DoV (x). Because of the Scaling

Lemma it is enough to check one point on each boundary.

Example 1: (0,1 is reflective but 0,€2 is not reflective.)

-2 10 1 0
Let b = , A= and D = . D is a P-matrix. Checking stability we
1 0 1 -1 1
— x
see that D~1b = . Using techniques from [3] with z = ! , we find the following
-1 i)

explicit formula for V(z). For z in a neighborhood of 02,
V(z) = 3x1 + xo;

and for x in a neighborhood of 0,2,

V(z) = %(x% + 23) + (221 — 2).

For £ = p + An; we check the Barles-Lions formulation graphically by graphing H (&) and
F;(§) depicted in blue and green respectively in Figure 5.1. We see that V' does satisfy
our boundary condition formulation. For A < 0 which correspond to & € DIV (x), we
see that min(H (€), Fi(§)) < 0. For A > 0 which correspond to £ € DV (z), we see that
max(H (§), F;(£)) > 0. Thus V satisfies our Barles-Lions boundary condition formulation in
R?.
In Figure 5.2 we check to see whether the zero function W (z) = 0 is also a solution. By

examining the figures we see that on 0,2 for some A > 0 max(H (&), Fi(§)) < 0. So W fails

the supersolution boundary condition on ).

Next we consider an example such that the zero function is also a viscosity solution.
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LEF

Face: xo=0

Face: x,=0

Figure 5.2: Example 1-zero function
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Example 2: (0,2 and 02 are not reflective)

— 10 0
Here we will consider b = A= and D = . Checking stability we
0 01 -1 1
-2
see that D71b = . By the considerations of [3] we find that for all z € Q
-2
2 2 o
Vi(x) = m(% +x5) + (221).

Considering Figure 5.3 and Figure 5.4 we see that V' and the W = 0 are both solu-
tions. For A < 0 which correspond to & € DV (z) and & € DIW(x), we see that
min(H (€), Fi(§)) < 0. Likewise for A > 0 which correspond to £ € Dy V(x) and £ € Dy, we
see that max(H (§), Fi(§)) > 0. So V and W are both viscosity solutions with the Barles-

Lions boundary conditions.

Face: x;=0

12F

10f

8F

6

ar

2F

) L

-4 =2 [ 2 4
-2 r
Face: x,=0

12F

10f

8

6F

ar

2

) [

-4 -2 [ 2 4

,2}

Figure 5.3: Example 2
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Face: x,=0
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2
F L L
-4 =2 [ 2 4
-2 r

Figure 5.4: Example 2-zero function

5.2 When Zero is a Viscosity Solution

The zero function W (z) = 0 is always a solution of H(DW (z)) = 0 on the interior. As we
saw in the previous examples it is a viscosity solution on the boundary of €). The lemma
below provides a necessary and sufficient condition for when zero function is a viscosity

solution on 0f2 in the general case of {2 = R’

Lemma 7. W(x) = 0 is a viscosity solution on 02 if and only if for x € 9Q (n;,b) > 0 for
alli € I(x).

Proof. Subsolution

Consider

Hi(€) = sup {(& Prv) — L(v)}

Bkvzo,NIT\KPKuzo
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where as in Section 2.3 By = —(NEDy) 'NE and Px = I + DgBg. Since DW(-) = 0
the superdifferentials are of the form & = —N;A;, with A\; > 0 for all 7 € I. Note that the

supremum above is taken over v such that NIT\ Prv > 0. This means that
We also have
<_NK)\K7 PKU> = <_NK)\K7 U) + <_NK)\K7 DKBKU>)
= MNeNEy + NENED g (NEDg ) ' NEw)
= —Ng(Ngv — NgDr(Ng Di) ™' Njev)
= -\ (N{v— NEv) =0.

So (£, Pxv) <0, giving us

Hy(§) < sup  {=L(v)} <0.

Bkuzo,NIT\KPKuzo

Therefore IE%Z}((H%(S)) < 0 and W = 0 is always a subsolution.

Supersolution

We will show that for z € 9, W(z) = 0 is a supersolution if and only if N7b > 0. First

assume N7b > 0 and consider

max(Hg(€)) > 0 for all £ € D™ Vy(x).

KCI

We only need to show

Hg(§) = sup {(§ Pxv) = L(v)} 2 0

Brv>0
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for one K. The subdifferentials are of the form £ = N;A;, A\; > 0foralli € I, . Take K =)
so that H(§) = (¢, Ab) + (£, AE), then

1
H(&) = (NiAr, b) + §<NI/\I7ANI)\I>
1
M NED + éA?N}“AAINI

>0,

by our assumption and the fact that A is symmetric positive definite. So W = 0 is a
supersolution if N7b > 0. If we assume that W is a supersolution then we can consider each
face 0,€) separately and use our equivalent Barles-Lions formulation for 2 dimensions. For
x € 0,02, the £ € Dg(x) consist of & = A\n;, A; > 0. Assume by contradiction (n;,b) < 0
then

(ri, b)

A= —"7"—""+ :
0 <7’L“ATZZ> - 0

Note that H(£) has roots at A = 0 and A = 2\g. For 0 < A < 2)\g H(§) < 0 which means
that F;(£) > 0 since W (x) is a supersolution, but by (4.30) we have

So we have a contradiction. Therefore If W is a supersolution then (n;,b) > 0 for all i € I,

and N7b > 0.

So W is a supersolution if and only if Nfb > 0. O]

. . 2
5.3 Uniqueness in R?

Our next goal is to characterize V() uniquely in terms of viscosity solutions. From the
previous section we know that the zero function is often also a solution on the boundary of
2, hence additional conditions are needed to characterize V' (x) uniquely. Barles and Lions in

[5] established uniqueness based on the hypotheses that the boundary function F' is strictly
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increasing in the direction of the outward normals n and that H is uniformly continuous.

We are interested in

H(p) = sup{{p.v) — L(e)} = 3 {p. Ap) + (p.D)

1
Fi(p) = (ni,b) + (An; + §<ni;Ani>diap>'
For our boundary function Fj,

d 1
~F N = Zn.. An. )
d)\ Z(p+)\nl) 2<n’b7 nl) > O

Therefore F; is strictly increasing in the direction of n;.

Another important property of F; is Lipschitz continuity. Note that |DF;(p)| = |An; +
1(n;, An;)d;| for all p. Then

IF(p) — Fia)] = |(Ani + 5 {ne, Ani)ds,p) — (Ang + (i, Anid, )|
= {An + 5 Ands, (p )]
< |An; + %Wu Ang)d;||p — q|
— |DFlp — gl
Therefore
|Fi(p) — Fi(g)| < CF,

where Cr, = |An; + 3(n;, An;)d;].

p—dl, (5.1)

However, unlike [5], our H is not uniformly continuous. Another difference is that they
consider a domain which is a smooth, bounded open subset of R™. Consequently, we can
not apply Barles and Lions’ result directly to our uniqueness argument. By considering our
discounted problem in a truncated region 9 and making adjustments to our Hamiltonian
H we will be able to adapt their proof to deal with the boundary condition. We then show
that we can pass to the limit (y — 0, R — 00) to obtain a uniqueness result for V'(z) for

Q0 = R2, stated in the following theorem.
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Theorem 9. In R V(x) is minimal among all nonnegative continuous supersolutions w(x)
of H(DV (x)) = 0 with boundary conditions F;(DV (z)) = 0 (interpreted in the Barles-Lions
sense) where w(0) = 0 and w(x) — +00 as |x| — oco. In other words V(x) < w(x) for any

such supersolution.

Here is an outline of the proof. To prove this we consider any w(zx) as in the theorem and

use it in Definition 9 of V#7(z) in a truncated domain Q.

L. InQf={xeQ: 0<|z| <R}, Vi (z) is a viscosity solution of
yu+H(Du) = 0 with Barles-Lions type boundary conditions Fj(Du(x)) = 0 (on 9;Q% ).
2. w(x) is a supersolution of the above discounted problem, with the yw term, and satisfies
VEY(z) < w(z) for |z] = R,0.

3. We apply the Barles and Lions proof in [5] to prove a comparison result, Theorem 10

below. This gives us V77 (z) < w(z) on QF
4. Next we let v — 0 to show V7 (z) — VEO(z) so that VO(z) < w(z) for all z € QF.

5. Finaly we argue that V7%(z) — V(z) as R — oo so that V(x) < w(z) in 2, as desired.

Proof

Step 1 was already established in Theorem 7. Since w(z) is a nonnegative supersolution
of the undiscounted problem then for v > 0, w(z) is also a supersolution of the above
discounted problem. From the definition of V7(.) it is clear that V7 (z) < w(z) for x = 0
and |z| = R. Therefore step 2 is also established. For step 3 we will prove the following

theorem based on the argument of [5] to show V#7(z) < w(z) for all z in QF.

Theorem 10. Suppose v > 0 and u(z) and w(z) are continuous on QF and are subsolution

and supersolution (respectively) of

yo(z) + H(Dv(z)) =0
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in Q% with boundary conditions Fy(Dv(x)) = 0 on the faces 0;Q%, with u(z) < w(z) for

=0 and |z| = R. Then u(x) < w(z) on QF,

It is understood that H and F; refer specifically to

H(p) = %(p, Ap) + (p,b),

1
Fi(p) = (ni, b) + (An; + §<ni>Ani>di7p>a

and that the boundary conditions are interpreted in the sense of (4.31) and (4.32): for
x e &QR

min(yv(x) + H(p), Fi(p)) < 0 for all p € D v(z) (subsolution), (5.2)

max(yv(z) + H(p), Fi(p)) > 0 for all p € Dgzv(z) (supersolution). (5.3)
Note that the boundary conditions are only for 0 < |z| < R with z; = 0.

Most proofs of comparison results for viscosity solutions follow a common strategy: assume
that M = sup(u(x) — w(z)) > 0 and derive a contradiction. Intuitively, if Z is an interior
maximizing point for v —w and v and w are smooth, then it would follow that £ = Du(z) =

Dw(Z) belongs to both Dtu(Z) and D~ w(Z), so we get
yu(z) + H(E) < 0 < yw(@) + H(E),

which is not possible, since u(z) = M + w(z) > w(z). Of course it is not this simple in
general, because u and w may not be smooth, and it ignores the possibility that z could
be a boundary point. To accommodate non-smooth functions the standard approach is to

consider maximizing
Jr—yP
2

®(z,y) = u(z) —w(y)
over pairs (x,y). Simple estimates show that a maximizing pair (z¢, g¢) must satisfy |z¢ —
yl/e = 0 as e — 0. P(z,y) < P(z,y°) implies that & = 2(z° — y°)/e belongs to both
D*u(z) and D~w(y). With appropriate continuity hypotheses, taking the limit in

Yyu(z) + H(E) < 0 < yw(y) + H(E), (5.4)
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leads to essentially the same contradiction as above. To deal with boundary conditions
the idea of [5] is that by adding several additional terms to ® it is possible to insure that
the boundary conditions do not come into play at z¢ and 7€, so that we end up essentially
back at (5.4) again. But the construction is delicate, involving several new parameters
which must be carefully managed. The presentation in [5] leaves numerous details to the
reader. Although we are not trying to be as general as they, we do need to pay attention
to additional details because of the boundary at x = 0 and |z| = R. On the other hand
our particular circumstances allow some simplifications. For these reasons we write out the

proof of Theorem 10 in full.

Proof. We begin with the assumption that
M = sup{u(z) —w(z) : x € QF} (5.5)

is positive, M > 0, and will produce a contradiction.

Preliminaries

The argument below will use the hypothesis that H is uniformly continuous. As previously
mentioned, our H does not satisfy this. However observe that if we replace H by a new
Hamiltonian H so that the signs of yv(z) + H(p) and yv(z) + H(p) agree, then v(-) is a
viscosity solution for the H equation if and only if it is a solution for the H equation. If B is
a bound on both |u| and |w| on QF, then altering H so that H(p) = H(p) when H(p) < vB
and H(p) > B if and only if H(p) > vB will produce a new Hamiltonian for which our
u(-) and w(-) are still solutions. Since H(p) — +oo as |p| — oo we can alter H outside a
sufficiently large ball to produce such a substitute H. Moreover we can do this so that H is
smooth and constant outside a compact set. This makes H uniformly continuous, while u(-)
and w(+) remain solutions. By making this replacement we can assume that H is uniformly

continuous.
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We observe that F; is linear and increasing in the n; direction.
F;(p + sn;) = F;(p) + sv; (5.6)
where
1 1
As we saw, Fj is Lipschitz with constant

1

Because u(x) —w(z) < 0 for x = 0 and || = R, and both functions are continuous, there is

0 > 0 so that

u(z) —w(y) < M/3 whenever max(|z|,|y|) < 30 or R — 36 < min(|z|, |y]).

We will take 0 < d(z) < 1 to be a C? function on QF, positive in the interior with d(z) = 0

on the boundary, and
Dd(z) = —n; when x € 9;QF and |z| > 6.

(Such a function is easily constructed as d(z) = d¢(x1/8)p(x2/5) where ¢ : R — R is C?
with ¢(x) = x for z < 0, ¢(z) = 1 for z > 1 and 0 < ¢(z) for 0 < = < 1.) We define
n(z) = —Dd(z). Then both d(z) and n(z) will be Lipschitz in QF. Let Cy, C,, be Lipschitz

constants for d and n respectively.

We will use C' (with no subscript) to denote a generic positive constant. Its value may change

from one instance to the next.

First Perturbation: M"

For nn > 0 define
M" = sup (u(x) — w(z) + 2nd(x)) . (5.7)
ar
Since d > 0 it is elementary that M" is nondecreasing in 7, and

M = lim M™".
740
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Second Perturbation: A

For €, > 0 define

2
x—y _
= {ute) — w) ~ E I )+ i) < iy €O ) =)} 69
Observe that this maximum is over pairs, but subject to the constraint that d(z) = d(y). A
maximizing pair will be denoted (", y*"). For convenience, let

W) = u(w) = wly) — 2 4 nd(e) + ndty). (5.9)

By considering x = y we see that
0<M<SM"< M.

In particular 0 < W(z", y©"), which implies that

2 —

5 < u(z) — w(y") +nd(x") +nd(y").

€
All the functions on the right are bounded (on QF) so there is a constant C' such that

|z — yo'| < eC. (5.10)

Third Perturbation: ®(z,y)

For €,n, c., a define

2
T —y
29y i) +nd(w)
+ ce(d(x) —d(y)) —

= u(z) —w(y) — T(z,y),

P(z,y) = u(z) —w(y) —

~ o — a7 — ly -y

(d(x) — d(y))*

a2

Tary) = C2C i) —nd(y) - culd(e) — dy) +

; + o= Py =y
€

Let (Z,7) be a maximizing pair for ®(x,y) over QF x QF (dependence on 7, €, ¢, a is
suppressed in the notation). The parameters €, 7, « are assumed positive, but there is no

presumption about the sign of c..
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Estimates for Maximizing Pairs

Notice that U(z,y) < u(x) — w(y) + 2n. Thus if n < M/3 then max(|z|,|y|) < 30 will
imply that ¥(z,y) < M. Consequently either 30 < |z%"| or 3§ < |y“"|. By virtue of (5.10),
for sufficiently small e (e < &) it follows that both of these points have norms at least 24.
Similar reasoning applies near |x| = R. Thus, for n < ny = M/3 and e sufficiently small, we
have

20 < |z < R —2§ and 2§ < |y®"| < R — 26. (5.11)

The following lemma provides important estimates.

Lemma 8. Suppose €|c.| < p(e) where p(€) — 0 as e — 0. Then there exists a function k(e),

independent of both 0 < o < 1 and 0 < n < 1o, with k(e) — 0 as € = 0 and such that

TGl < k(o) [T < k() |7y < k() and CD IO

o? -

Proof. For each € > 0 define k(¢) to be the supremum of

T—9 e - . d(z) —d(y))?
223 g e, -y, ang @D AOE

(5.12)

taken over all 0 < n < 1, all maximizing pairs (z%",y*") for M all 0 < o < 1 and all
corresponding maximizing pairs (z,y) for ®. Note that these are bounded respectively by
2R/e, 2R, 2R, and 2B + 2(n + |c|) (the latter stemming from 0 < ®(z,y) with B an upper
bound for |u| and |v]). Thus k(e) < co. Our task is to show that k(¢) — 0 as e — 0. If
this were not so there would exist a sequence ¢, | 0 and sequences 7,, a, along which one
of the four quantities in (5.12) has a positive limsup. Since Q7 is bounded we can assume
that the corresponding z,, and ,, converge as well. We suppress the sequence index -, in the
following to simplify the notation, but all terms should be understood to be the n-th terms

of the corresponding sequences.
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Since d(xz*") = d(y©") we have

M" < M= (z", y") < @(x",y°") < (Z,9),

SO

liminf ®(z,y) > liminf M". (5.13)

n—oo n—o0

On the other hand from 0 < &(z, ) it follows that

ERE
2

= < supu| +sup |w| +2nsup |d| + [e[|d(z) — d(9)]

<2B+42ny+ OdlceHJ_} — gl

So for some constant C' we have

|z —yI”

N

= < Cmax(1, |e]|z — 7]).

If the maximum is 1 we have

1z — > < C&.

If the maximum is |c/||Z — 7| then 2 I° < Clec||z — y| so that

‘ —
1Z — | < Clece|é.
Since €|ce| < p(e) — 0, we conclude in either case that for some constant C'

1z — g| < Ce. (5.14)

By hypothesis lim z and lim g exist. Since ¢ — 0 the above implies that the limits of  and

y agree. Let z be their common value.

Now

5 a2
:L‘_
u(®) — w(g) + nd(z) + nd(g) — 6;" + Cyled|z — g

ey
&
Sl
[\

< u(Z) = w(g) +nd(z) +nd(y) + Clece.
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In the limit as n — oo we can say

limsup ®(z,y) < lim (u(z) — w(y) + nd(z) + nd(y))
= lim (u(z) — w(z) + nd(z) + nd(z)) (n still depends on the sequence)

< lim M"
But because of (5.13) it follows that both

®(z,y) = M" and u(z) — w(y) + nd(z) + nd(y) — M".
The limit of the difference must thus be 0.

u(r) — w(y) +nd(T) +nd(y) — ®(z,7)
(d(z) — d())*

+ 17 — 27 + |y — yG’"P) — 0.

Using (5.14) we know that |c.(d(Z) — d(7))] < |e|CqCe — 0. Since all other terms are
nonnegative they each converge to 0 individually. Thus none of the quantities in (5.12) can

have a positive lim sup. This completes the proof of the lemma. O

Corollary 2. Under the same hypotheses as the lemma, for all € sufficiently small

d<|Z|<R—-=6ando < |y <R—. (5.15)

This follows easily from (5.11). Thus for all small € we will have n(z) = n; if € 9;Q%, and

likewise for 7. Moreover, if  and g are on the boundary they must be on the same boundary.

Choosing ¢, and a to Avoid Boundary Conditions

The maximizing pair (z%", y©") does not depend on ¢, or «, but (z,y) does. We now discuss
how it is possible to choose ¢, (with €|c.| — 0) and « to insure that the boundary conditions

are not satisfied by F; and therefore the Hamiltonian inequalities must hold in the sub- and
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supersolution conditions at ¥ and y. As we will see in the next subsection the sub- and

superdifferentials we will be using at  and y are
T:v(‘f7g) € DS—;RU’(i’)? _Ty(jag) € Dng(g)

We want to avoid either

Fi(T,(7,7)) <0 with 7 € 9;QF, (5.16)

or

Fi(=71,(z,9)) > 0 with § € 9;Q". (5.17)

The choice of ¢, and « will depend on the location of x“7 and y“". Recall the constraint
d(z") = d(y“"). By (5.10) we know z" — y*" — 0 as € — 0 but by (5.11) 2", y“" are
bounded away from 0 or |z| = R. Thus there are only three possibilities: %" and y*" are

both interior points, both on 0;€) or both on 0,{2.

Suppose d(z") = d(y“") = 0 with both on 9;Q2. We take ¢, to be the solution of

€ _ 461
F (2% + cn) — 0.
€
Observe from (5.6) that
€m _ 4/en €m _ 4yem
Fi (2# + Ceni) = Fl <2%> + ViCe,

€ €

so that

- —lF (2—”’" e ) | (5.18)
We want to show ec. — 0 so that we can appeal to Lemma 8, but this requires a refined
bound on |27 — y"|. We already have a preliminary bound from (5.10). The additional
fact we have here is that " and y*" are both on 9;Q2 so that d(z") = 0 = d(y*"). Thus the
d-terms vanish in the supremum defining M. From the fact that W(y<", y©7) < W(z7 y°)
we get the inequality

a1 — e

2 < (@) —u(y™") +n(d(z") — d(y")).



Kasie G. Farlow Chapter 5. Uniqueness 64

But this simplifies to
|l'€’n - ye,n|2 < ( e,n) . ( e,'r])
——  Sulr u(y
u(-) is uniformly continuous on QF so by virtue of (5.10), the right side is bounded by some

h(e) — 0 as € — 0. It follows that
|27 =y < e/ h(e).

Consequently
o1 — g

h(e).

€

5 <

€

Using this in (5.18) and the fact that F; is Lipschitz (F;(p) < C(1 + |p])), it follows that

|c€]§0<1+%(6)>,

ele < ple) =C (e—i— \/W) 0

so that

as required.
For e and 7 fixed, consider the sets

E*(e,n) ={0 < a <1 : (5.16) holds for some maximizing pair (z,%)}

E~(e,n) ={0 <a <1 : (5.17) holds for some maximizing pair (Z, )}

We claim that both E*(e,n) are either empty or have positive infima: aF = inf E* (e, n).
We write out the argument for £~ ; the case of E is analogous.
Consider a € E~(¢,m). As worked out below,

P (@) + an() — 22 MWy gy

_T?J(a_;? g) =2

€

Since y € 0;Q2 we have d(y) = 0 and (by the corollary) n(y) = n;. Thus 0 < F;(=Y,(z,7))

becomes

i d(z .
0<F, (26—2—nni+c€ni—2 éQ)ni—Q(y—y’")>.
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(I)

Since F;(p + sn;) is monotone increasing in s we can drop the term —2=%n; to obtain

T—7 .
0< E( = ~+c€ni—2(y—y’")). (5.19)

If E~(e,n) were nonempty and 0 = inf E~ (¢, n), there would be a sequence «y, | 0in E~ (¢, 7).
By passing to a subsequence we can assume ¥ — & and ¥ — ¢ along this sequence. From

the lemma it follows that d(z) — d(y) — 0 as well, so that d(z) = d(y). But then we have

g

ap—0 - €2

+nd(2) +nd(9) — |2 — 2z — |§ —y"|* < M7,

from which it follows that & = z%" and ¢ = y“"”. We can pass to the limit in (5.19) along
our sequence o — 0 to obtain

xﬁan — y€:77

ogﬂ(z =

“+cen; — 777%‘) .

But this implies

1‘67,'7 — 6777
0<yn<F (2—2y +Ceni> )
€

contrary to the choose of ¢.. This proves that E~(e,n) is either empty or has positive

infimum.

For any o € E~(e,n) we can improve the estimate on (d(Z) —d(7))?/a? of the lemma. Going

back to 0 < F;(—Y,(Z,y)) and using the linearity of F; in n; we have
d(z) — d(y)

2, S < BT Yk con(g) — wn(g) — 25— y°))

Since y € 9;Q2 we know d(y) = 0 and so d(zZ) — d(y) = |d(Z) — d(y)|. It follows from the
(€, 1)

Lipschitz continuity of F; that for some constant C' and all a € E~

o) )] ¢ (14 M)

a? €
It is easy to see that E~(e,n) is closed, so that when it is nonempty, the above holds for
oy = inf £~ (e,n), which we know is positive. Take o™ = o, /2. Then o~ ¢ E~ (¢,n) but a~

inherits the above bound. To see this observe that

(I)a_ (jaoa go&o) S q)a_ (‘foz_ ) ga_) a’nd q)ozo (ja_ ) ga_> S (I)Oto (i‘ao? yao)
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which implies that
(I)ao (ia*vgoc*) — ®q- (fiaﬂga*) < (I)ao (jam ?jao) — ®q- (fozov gao)'
But notice that ®,, — ®,- = (ﬁ — L) (d(z) — d(y))% So we have

(d(20-) = d(Ya-))* < (d(Tap) = d(Yao))*.

Consequently
1 4
WW(%H —d(ya-)| < a_(g)|d($ao> — d(Yao)|-
We have therefore for @« = o~ that 0 < a ¢ E~(e,n) but satisfies
d(z) —d(y k
) ) gy, KO A0 50

If E~(e,n) = 0 then we simply take o = 1 for which the above bound also holds by the first

inequality of the lemma.

Similar arguments apply to E7(e,n) to produce 0 < a®™ ¢ E*(e,n). Finally we take « to be
the smaller of these two. This positive « is in neither of E*(e,n) satisfies (5.20).

Next consider the case in which 2" and y“7 are both interior points. In this case we simply
take c. = 0 and repeat the reasoning above. We must have 0 < inf E*(e,n) else there
would be a sequence aj | 0 along which x — & = 2" and y — y = y°", but that is
impossible since either z or 7 is a boundary point but x“" and y*" are both interior points.
We take whichever of E* has the smaller infimum, and let a be half the infimum, giving

0 < o ¢ E*(e,n) satisfying (5.20).

Coordinating the Parameters and the Final Contradiction
We now coordinate the choice of parameters as follows.

1. Choose a sequence 7,, | 0 with 0 < n, < np.

2. Choose €, | 0.
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3. Choose ¢, as as in the preceding section (depending on the location of z and

yerm).

4. Choose 0 < a,, < 1 so that a,, ¢ E*(e,,n,) and the inequality (5.20) holds.

These choices insure that, for each n, the maximizing pair (z,y) = (Zn,y,) of ®(z,y) are

points for which neither (5.16) nor (5.17) hold. The inequality
d(z,y) < ®(z,7), x € QF
implies that
u(z) < Y(x,y) +u(z) — 1T(Z,7)
with equality at x = z. Thus
&8 =T.(z,9) € DM u(z).
Likewise, ®(Z,y) < ®(z,y) implies that

with equality at y = . Thus

& = —Ty(Z,9) € D w(y).
Since neither (5.16) nor (5.17) hold by our careful choice of the parameters, it follows from

the sub- and super solution properties that
yu(Z,) + H(E) <0 < yw(ya) + H(E,)

and consequently

Y((@n) —w(ga)) < H(E,) — HE). (5.21)

We now work out £ and use our various estimates to show that (5.21) leads to a contradic-

tion.
d(i'n) B d(ﬂn)
o

) = A0 5,) — a5 o),

+ Ty — gn
fn =2 6721

_ jn - gn _ _
fn =2 2 - nnn(yn) + C€nn(yn) -2

n

+ nnn(fn) + ann(fn) -2 n(jn) + Q(En . xen,nn)
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Thus

[0 (Zn) =10 (Y ) |+2] 20— [+ 2]Yn —y .

60 —&n | < T}n|n(i‘n)+n(§n)|+(|06n| N 2|d($n)a_2 d(yn)l)

n

Because from the lemma |z, — ¢,| < €,k(e,) and n(-) is Lipshitz, the bound (5.20) implies
that the second term on the right vanishes in the limit as n — oo. The first vanishes
because n(-) is bounded and 7, — 0. The last two terms vanish by the lemma. Since H(-)

is uniformly continuous, it follows that
H(&,) — H(E) = 0.

On the other side of (5.21) the lemma and uniform continuity of u(-) and w(-) imply that

lim inf[u(z,) — w(y,)] = Um influ(z") — w(y=™™)].
Since 1, — 0 we have
lim influ(z") — w(y™"™)] = iminfu(z"™) — w(y™"™) + n,d(x"™) + n,d(y="™)].
Furthermore
lim influ(z™) — w(y™™) + npd(z™) 4+ npd(y"™)] > liminf M > M,
giving us,
lim inf[u(Z,) — w(y,)] > M.
Thus the limit inferior of both sides of (5.21) gives us

yM <0,

which is contrary to our original hypothesis that M > 0 since v > 0. Therefore u(x) < w(x)
for all z € QF. m

Since V7 (-) = u(+) and w(-) satisfy the conditions of the previous Theorem 10 we can con-
w

clude VB (z) < w(z) for all z € QF This completes step 3 of our argument for Theorem 9.

For step 4 we prove the following lemma.
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Lemma 9. V37 (z) — V() as v — 0 for all z € QF.

Proof. Recall the truncated, discounted version of our problem, where V#7 is the infimum

of
1>

w(@(T)e " ¢ [ e )t

T

over ¢(t) = ['(¢(+)) where ¢(71) is allowed to be either 0 or |¢p(77)| = R and subject to the
restriction |¢(t)] < R. This says that we can start a path in the usual way at 0 or at a
point with |¢(T})| = R with “starting cost” w(¢(T})). We will show that V7 (z) — VEO(z)
as v — 0 so that VRO < w(x). VB < VRO is obvious so what needs to be shown is
VRO <liminf, o V7. The idea is to pass to the limit from a sequence of (nearly) optimal
paths for V7 (z) as v — 0 to get a path ¢(-) = T'(¢(+)) which reaches ¢(T) = x starting
from some ty < T with either ¢(ty) = 0 or |¢(to)| = R, and
T
w(olto)) + /t LOH(0) di < Timinf V(@) +

We want to do this for an arbitrary € > 0 so that VZ9(z) < liminf V#7.

y—0

Take z € QF and any € > 0. Let

B = liminf V7 (z).

¥—0

Our goal is to show

VEO(2) < B+«

We know V0 is continuous at 0 so given € > 0 there exists § > 0 such that V7%(y) < ¢
for all |y| < 6. (This means ||y|| < ¢d for some constant c.) By our stability hypothesis and
[7] we know there exits Tx with the property that for every |y| < R, the solution of the
Skorokhod Problem on [0, T] for 9(t) = y + bt has ¢(Tx) = 0. Using Lipschitz continuity of
the Skorokhod Map we will show that there is §; > 0 so that any solution of the Skorokhod
problem ¢ = T'(¢p) with ¥(0) = ¢(0) = y, Jy| < R and fOTR L(¥(t))dt < 6, will have
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|6(Tr)| < 6. To see this, assume fo (1)dt < 6. Using Holder’s inequality we have,
Tr o [Th )
| = blar < @i [0 - pan?
0 0

[ st

(NI

< (Tr)

Note that [|¢(t) )] < f ) — b|dt on [0,Tg]. Using the Lipschitz continuity of the
Skorokhod Problem with Lipschitz constant K we have

[6(Tr) = 3(T)| < K[$(Tr) = $(Tr)| < K(Tr(ct1)z.
Taking &, such that 6 = K (Tg(c6y))? it follows that |¢(TR)| < 6 .

Choose N so that Nd; > B+ 1 and take AT = NTg. Now if ¢ = I'(¢)) and fT U(t))dt <
B + 1 over an interval [T}, T5] with Ty > T} + AT, then over one of the subintervals [T} +

(k= 1)Tg, Ty + kTg), (k = 1,2... N) we must have [ L(¢))dt < §; and so |¢(T) + kTg)| < 6.
In other words, given the bound B+1 on [ L(¢ dt if the time interval is at least as long as

AT then the path must pass within § of the origin at some point in the interval.

Since B = liminf,_,, VR"Y(JZ), we can choose a sequence 7, — 0 for which V7 — B. For
each n take a nearly optimal path ¢,(-) = I'(¢,(+)) defined on [0, T},] with either ¢,(0) =0
or |¢,(0)] = R, ¢,(T,,) = x with

e%@Mwmm+/ne%“t<%mmwﬂm%m+1- (5.22)

0 n

Moreover by the Bounded Velocity Lemma we can assume |t,| < c[b| for all n.

The idea is that we can extract a uniformly convergent subsequence of 1, (-) (and therefore
of ¢,(-) as well) and pass to the limit in (5.22) to produce a path which will show that
VEO(x) < B+ e First we want to place the 1, in a common time interval, suppose that

T,, > AT. Then since e~ T w (¢, (0)) >

Th . Tn .
/ wmmﬁSWM/ T L (1)) d
Tn—AT w—AT

1
< €7nAT<VR77n(:C> + ).
n
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For sufficiently large n, e27 (VA (z) + L) < B+ 1 so we know there is a to > T, — AT
at which |¢,(to)| < 0. By shifting the time scale so that ¢, becomes 0 and T, is replaced by
T, — to, we can assume T,, < AT and |¢,(0)| < §. Thus we can assume all T,, < AT, at the

expense of replacing ¢,,(0) = 0 by |¢,(0)| < 0 for those paths with |¢,(0)| # R.

If T,, < AT we can extend 1, so to be defined on all of [0, AT| using ¢, (t) = wn(Tn) (t—T )b
for T, < t. Note that L(¢,(t)) = 0 on the extension, so that fOAT = Jo" L(¥n)

Note that ¢, and 1, are continuous and pointwise bounded on [O,AT]. For each n we
have |¢),,(t)] < ¢|b|. Thus the 1, are equicontinuous. Since [0, AT] is compact ¢, are also

uniformly bounded on [0, AT].

By the Arzela-Ascoli theorem since the v, are uniformly bounded and equicontinuous we
can pass to a uniformly convergent subsequence v, — 1 on [0, AT]. We can choose this
subsequence so that either all |¢,(0)| < ¢ or all |¢,(0)] = R, and so that T,, — T, < AT .
Using the Lipschitz continuity of the Skorokhod Problem and the convergence of 1), given
€ > 0 there exists N > 0 such that for all n > N, [¢,(t) —(t)| < & so that

’¢n(t> - ¢(t>| < Kh/}n(t) - ¢<t)’ <e.

Therefore convergence of 1, implies the uniform convergence of ¢,. It does not imply the
convergence of ¢,,. However the Lipschitz continuity of 1, implies that v is Lipschitz. Hence

1 is absolutely continuous.

The map ¢ — fOAT L(4(t)) dt is lower semicontinuous with respect to the topology of uniform
convergence. This is a standard fact in the theory of large deviations; see Lemma 2.1 of [31].

Therefore we have

n—oo

AﬂMWmﬁgmmﬁéﬂu%@ma (5.23)

(T —T.

Since e~ M ) 5 1and T, —» T, as n — o0 using Fatou’s lemma,

lim inf / " L (1))t < liminf / U L)t
0 0

n—oo n—oo

n—oo

Tn
Sliminf/o e T [, (1)) di
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So we can say that

/ " L(3(t)) dt < liminf / v eI (4, (1)) d. (5.24)

n—oo

Since T,, — T, there exists N; > 0 such that for n > Ny, |T,, — T\| < 6. Given an arbitrary

€ > 0 there exists § > 0 so that [, (T,,) — ¥n(T%)| < § whenever |T;, — T.| < §. There also

exists Np > 0 such that for all n > Ny, [, (T%) =9 (T%)| < §. Therefore for N = max(Ny, Ny),
[V (Tn) = O(TI)] = [¢n(Tn) = Pu(T2) + ¢u(T2) — (T3]

<e+e
—+-=e
—2 2

This means ¢, (7},) — ¥(T%), and so ¥(T,) = x. Moreover, since |¢,(t)] < R (on [0,T,]) it
follows that |¢(t)] < R on [0, T4].

Now we have two cases to consider: 1) [¢(0)] = R, or 2) |¢(0)| < ¢ .
Case 1:
We pass to the limit in (5.22) and use (5.24) to obtain

w((0)) + / CL(d(t)dt < B.

This implies VE%(z) < B +e.
Case 2:

We can drop the w term before passing to the limit in (5.22) and use (5.24) to obtain

/ﬂLWQDﬁgB.

Now since |¢(0)|] < ¢ we tack on an straight-line segment joining ¢(ty) = 0 (some ty < 0)
to ¢(0), staying in Q% with cost ftg L(3)dt < e. Putting the pieces together we have a path
from ¢(tg) = 0 to ¢(T%) = z staying in QF with

/ﬂMWMﬁ<B+a

So in this case we also find that V0(z) < B + €.
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Therefore VE7 — VIO a5 v — 0.

]

Finally for step 5 we must show Jim VIO(x) = V(x). First note V2O (z) < V(z). But if
—00

R is big enough so that V(z) < infj,—r V' (y), then all nearly optimal paths for V() will

not leave Qr. For R large enough V(z) < inf,,—pw(y) so that no path that starts with

|#(0)] = R can do better. Therefore I%im VEY(z) =V (z).
—00



Chapter 6

3 Dimensional Cyclic Search

6.1 The Problem

The search for a cyclic optimal path for the Reflected Quasipotential in more than two
dimensions is of importance in the literature. The literature mentions the possibility of such
paths in general. They are known not to exist in some particular cases; see [16]. To our
knowledge, no specific examples of cyclic optimal paths for a well-posed Skorokhod Problem
have been given. Here we describe an interactive search for such a cyclic optimal path
in the 3-dimensional positive orthant with a Skorokhod Problem which is well-posed. To
accomplish this we assume “symmetry” on the faces of the orthant so that the cost along
each axis has the same structure. This allows us to identify a cyclic path with a fixed point
for a function based on the Skorokhod Problem for paths which cross a face. We then look
for parameters associated with the Skorokhod Problem and the matrix A that produce a
cyclic path and for which the Skorokhod Problem is well-posed. In particular we search for
parameters in which the set B described in Assumption 2.1 exists. Recall that the existence
of this set is a sufficient condition for the Lipschitz continuity of solutions to the Skorokhod
Problem. For those parameters of the Skorokhod Problem which produce a cyclic path we

show that no such set B can exist. Our results show that for & > 1 or § > 1 (parameters

74
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described below) a cyclic path exists but Assumption 2.1 fails.

The set up

To simplify notation we will use z(t), y(t) instead of ¢(t), 1 (t). We will also use the interval
[0, T'] instead of the more general [T}, T3).

Our Goal

Figure 6.1: Cyclic Path

Our goal is to find examples (b, A, Skorokhod Problem parameters) in which some optimal

paths cycle along the faces of the orthant as illustrated in Figure 6.1.

To search for examples we assume “symmetry” on the faces of the orthant with respect to
1

rotations about the vector | 1 | so that the cost along each axis has the same structure.

1
This will allow us to identify a cyclic path with a fixed point for a function based on the

Skorokhod Problem for paths which cross a face. We interactively adjust the parameters to

search for an example with the desired properties. Once we have identified such a path we
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then check the conditions for existence, stability and Lipschitz continuity of solutions to the

associated Skorokhod Problem.

-1 1 I6]
To make the faces “symmetric” we define b = | —1 |, d;i = |a|,do = | 1| and d3 =
-1 15} Q
o} —1
B |- Welet A be a matrix which has b = [ —1 | as an eigenvector with eigenvalue 1, and
1 -1

two eigenvectors orthogonal to it with eigenvalue ¢ > 0. This works out to be

s(1+20) —3(-140) —3(-1+0)
A=|—-3(-140) 3(1+20) —i(-1+0)
—3(-14+0) —3(-1+0) 3(1+20)

This means that A~! has eigenvalues % with eigenvectors orthogonal to b. When 0 =1, A
is the identity matrix. So for 1 < ¢ we hoped that the optimal paths would stay on the
coordinate faces pushing outward orthogonal to b while the Skorokhod mechanism moves
them away from the origin with cost less than that of paths in the interior. To see why this

would produce a cyclic path consider the motion on the face 052 where x3(t) = 0 and the

o (0
reflection vectoris ds = | g |. ¢ = 7(x,9) and we take y = | g, | with g3 < 0. Since g3 <0
1 Ys
we have a path that is moving out of the positive orthant through 05£2. The control problem
Y — ays
charges us L(y) but the Skorokhod Problem produces motion & = ¢ — y3ds = | 1, — Bys
0

It is possible that L(y) < L(&). Hence, we hoped that for the appropriate choices of «, 3
and o perhaps the cheapest way to get away from the origin is to try to leave the positive
orthant and let the Skorokhod Problem push you such that you move in the direction of

& = m(x,y) with cost L(y).
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The Scaling Lemma (Lemma 4) gives us that:
V((0,29,0)) = pzy and V((x1,0,0)) = pxy.

Here V (e;) = p where ¢; is the ith standard basis vector in R3. The p is the same for each
coordinate axis because of symmetry. To find the cost function for our spiraling path assume
a cyclic path exists for which the path cycles in the following way: Og23€2 — 0;1,93€) —
011,332 — Op2,33€2. Recall that 02 3)€) is the edge of {2 where x, = 73 = 0, i.e. the z; -axis.

AX

Figure 6.2: Path across 052

Given a p we consider the problem of getting to the point (1,0,0) on the z; axis by first
getting to the point (0, z5,0) on the x4y axis with the cost pzs and then move across the face
05() in a straight line, taking into account all possible speeds and constrained dynamics. For

the last leg of the path to the point (1,0,0) (see Figure 6.2) we would have

V((1,0,0)) = mir(l){V((O, x9,0)) + Linecost(x2)}

o>
p= mi%{pxg + Linecost(xz)}.
T2>

Linecost is the minimal cost of direct paths from (0, x2,0) to (1,0,0), possibly using ds. If
Y(p) = gi%{pm + Linecost(z5)} then p is a fixed point of ¥(p). There also exists py such
that pox; is the minimum cost of straight line motion from 0 to x;e;, considering all possible
contained dynamics. We produce the plot of 1(p) with interactive controls for «, 5 and o
to search for cases in which p, < pg, where p, is the fixed point of ¥(p). If there are cyclic

optimal paths then 1 (p) will have a fixed point with p, < po. In other words if a cyclic
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path existed, then the cost to get to (1,0,0) by going to some point (0, z5,0) first and then
crossing 0582 to (1,0,0) would be less then the direct path along the x;- axis from (0,0, 0)
to (1,0,0).

Details of Linecost

To find the cost function Linecost we minimized the function ¢(t,a) = +L(t(Az — ads))
1

with respect to ¢ > 0 and then with respect to a > 0 where Az = | —z, |. Here & = Ax

0

and y = Az — ads (see Figure 6.2). Using Mathematica we first calculated the minimum
over t > 0 (explicitly), then found @ > 0 which minimized the resulting expression and

substituted the minimizing values into ¢(t,a) to obtain the expression for Linecost.

Finding v (p) requires minimizing {pxs+ Linecost(xs) } with respect to z5. Rather then doing
this minimization we plotted ¢ (p) parametrically. Note that

0 .
8_332({/):]62 + Linecost(z2)}) =0

implies

o .
p= ~ o (Linecost(z3)).

So we can plot ¥(p) parametrically with x5 as the parameter as long as we can calculate

%(Linecost(a:g)). This calculation was done using Mathematica.

We also have an alternative way to calculate Linecost in general for R". We describe this

method below.

Optimal Directional Rate with Reflection

Here we describe a method for calculating the minimal cost of a path which crosses a face.

Suppose we have a velocity v with (v,n;) =0 for alli € F C {1,...,n}. F corresponds to
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the set of reflection vectors d; that could be used on a particular face. We want to calculate

Pp(v) = inf tL(t v —w),

t>0, weCp

where Cr is the cone generated by the d;:

and L(v) = $(v — b, A7' (v — b)), as usual. We would describe ®p(v) as the (minimal) cost
of displacement v on the F-face, using an arbitrary time interval [0,¢] and taking advantage
of reflection. It is easy to see that ®p(cv) = c®p(v) for any ¢ > 0. Consequently we could
write ®p(v) = ||v||pr(v), where pp(v) = ®p(v/[|v||) would be called the rate in direction v

on face F.

We will focus on ®p(v) itself, and will assume in the following that {d; : i € F'} is linearly

independent.

The Unconstrained K-Problem

For K C F' let
Dy = [di]ieK-

As a preliminary to the ®z(v) problem, consider the problem of finding

.o -1,
%ggugft[/(t v — Dga)

where a € RI¥l is not subject to the constraints a; > 0.
First, given v, we minimize L(v—Dga) over a € RIXI. This is a simple quadratic minimization

problem in RI¥! with positive definite quadratic part DEA™! D, so it is minimized at a

finite a*. We find that

8311(11 — Dga) = —(d;, A~ (v — Dpa — b)).
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Setting these equal to 0 for all i € K gives 0 = D2 A~ (v — Dga — b), which implies that
the minimum occurs at

a* = GK(U - b),
where

Gg = (DLA'Dg) 'DELATE (6.2)

Next we simplify the expression for L(v — Dga*).
v — DKG* —b= (I — DKGK)(U - b),

SO

L(v— Dya®) = %((1 — DiGi) (v —b), AT — DicGic) (v — b))

1
= 5(1} - bv QK(U - b)>7
where (after checking the matrix algebra) we have
Qx = (I — DxGg)"A™ (I — DgGg) =--- = A1 — DG). (6.3)

In the case of K = () there is no a-minimization; we just take Qx = A~! in that case.
Note that since A is symmetric positive definite (Qx is symmetric positive semi-definite in

all cases. Thus in general we have

iI;f L(v— Dga) = %(U —b,Qk(v—1)),

which has the same form as L(v), just with Qg in place of A~

Next we consider the ¢ minimization; we want the infimum over ¢ > 0 of

t, 1 1

(G0 =8, Queu— b)) = o [0, Qo) — 200, Q) + 10, Quh)] . (6.4

We can read off the minimum in several cases.

1. a. If (v,Qkgv) =0, the infimum occurs in the limit as ¢ | 0, with a limiting value of

—(b, Qkv), which is 0 by the lemma below.
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b. If (b, Qxb) = 0, the infimum occurs in the limit as ¢ 1T oo, with the limiting value
of —(b, Qgv) = 0.

2. Otherwise there is a unique minimizing ¢t* which we easily find to be

and the value of the minimum is

1

(0, Quee) = (1, Qucv) + 5 (0, Qi) = (1, Quct) 20, Q) — (b, Qwv). (6.5)

Note from (6.4) that the infimum is achieved for a unique t* € [0, co] unless both (v, Qxv) =

0 = (b, Qkb), in which case all t achieve the minimum.

Here is the lemma we have used.

Lemma 10. Suppose Q) is symmetric, positive semi-definite. (u, Qu) = 0 implies Qu = 0.

Proof. Since @) is positive semi-definite we know that for all ¢ and all w
(u+ tw, Q(u + tw)) = (u, Qu) + 2t{w, Qu) + t*{u, Qu) > 0.

If (u, Qu) = 0 the only way this can be nonnegative for all ¢ is for (w, Qu) = 0 for all w as

well forcing Qu = 0. O

The ¢r(v) Problem

Pp(v) = inf tL({t v —w),

t>0, weCp

Recall the definition of Cr, (6.1) page 79. The following facts can be proven.
o If v € Cp then ®p(v) =0.

o If —b e Cp then ®p(v) =0.

e Otherwise inf,ec, tL(t7'v — w) — oo both as ¢ | 0 and as ¢ 1 co.
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The first case is equivalent to
(v,Qpv) =0 and Gpv > 0.
The second case is equivalent to
(b,Qrb) =0 and — Gpb > 0.

Consider the third case. The infimum over £ > 0 can be limited to some compact interval:
0<ty<t<t <oo. Since tL(t v —w)— oo as |w| — oo, uniformly over t € [tg, ], it

follows that the infimum is achieved: for some 0 < t* < oo and @; > 0 we will have
* 1 -
Op(v) =t L(t—*v — Dpa).

Let K = {i € F: a > 0}. It follows that t* and a* = (@;);cg are minimizers for the
unconstrained K-problem above, and so ®p(v) is given by (6.5) for K. Moreover, since

Ci C Cr it follows that v ¢ Cz and —b ¢ Cx. So we have that
((v,Qrv) =0 and Ggv >0 ) fails. (6.6)

and that
((b,Qrb) =0and —Ggb>0) fails. (6.7)

So in the third case (“Otherwise”) above, we have both (6.6) and (6.7) as well as

(b, Qrb)*/*

©=OR, Qgv)'/?

v—>)>0
with ®x(v) given by (6.5).

Next observe that for any K C F' the following hold.

o If (v,Qzv) =0 and Gzv > 0 then v € Cx C Cr so that
CI)F(U) = 0.
o If (b,Qzb) =0 and —Gzb > 0 then —b € Cx C Cp so that

(I)F(’U) = 0.
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e If neither of the above apply but a* = GK(éSgiZé” —b) > 0, then we have from (6.5)
that

(I)F(U) S <ba QKb>1/2<U7 QKU>1/2 - <b’ QKU>'

Algorithm

These observations imply that the following algorithm will produce ®z(v). Define rx to be
the minimal cost using reflections d; i € K. For each subset K C F (including K = 0)

calculate rx as follows:

a) if either ((v,Qgv) = 0 and Ggv > 0) or ((b,Qxb) = 0 and —Ggb > 0) take rx = 0.
(For K =0, use Qx = A™' and G =[0,...0].)

b) else if GK(%U —b) > 0 take
ric = (b, Qub)' (v, Qxv)'* — (b, Qxcv),

c) otherwise take rg = 400.

Then

Qp(v) = II’?CH; TK.

The Optimal Directional Rate with Reflection provides us with a general and more efficient

way to calculate Linecost and 1 (p). To see how this connects to our previous description
1

of Linecost we let v = | —z, |. So we have that FF = {3}, K = () or K = {3} and

0
Linecost(zy) = ®r(v). Also note here that Linecost(zs) = min{ro(1, —x2,0),73(1, —x2,0)}.

ro(1, —x9,0) is the minimal cost without reflection (K = )) across the face and r3(1, —z2,0)
is the minimal cost using ds across the face. Here the minimization was done with respect

to a first unlike our initial calculation for Linecost. We can also calculate pg, the minimum

direct cost to (1,0,0). po = min{ry(1,0,0),r3(1,0,0),73(1,0,0),72,31(1,0,0)}.
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6.2 Results for Fixed Point

The next step is to look for examples with p, < po. To do this we plot the graph of ¥(p)
and p and mark with a vertical line py so that we can see if we can find the values of o,
and o that give us a fixed point p, less then pg. See Figure 6.3 for an example of parameters

that give us p, < p. In this example a« = 1.4, § = —.5 and 0 = 1.

ED ]
@ 0
ED ]
s {
ED ]
15
10F —
05} /
.
1 05 10 15

Figure 6.3: ps < po

By changing the parameters we see that a fixed point with p, < py only occurs for a > 1.
In Figure 6.4 we see an example when o < 1, p, > po. Changing S and o does not seem
to affect the presence of a fixed point but does affect the slope of the line segments of the
cyclic paths. Now that we have found parameter values that give us a fixed point for ¢(p)
with p, < po we need to check the stability, existence and Lipschitz continuity conditions of
the Skorokhod Problem. Ultimately we wanted to find values of a and (3 so that solutions to
the Skorokhod Problem are well-posed. Note that by changing the direction of the rotation
of the cyclic path the roles of o and g switch. For example, we could have considered a
path which crosses the face 04 starting from the point (0, x5, 0) and ending at (0,0, 1) with

the appropriate changes to Linecost and py. In this case p, < pp when g > 1. Hence, our
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Figure 6.4: p, > po

results lead us to believe that o > 1 or § > 1 are necessary for an optimal cyclic path in 3

dimensions.

Checking Conditions Related to the Skorokhod Problem

Recall our Hypotheses in Chapter 2 Section 2.2 and the various conditions we discussed

related the the Skorokhod Problem. Here we explore the range of parameters o, and o for
1 0/ «

which our reflection matrix D = | @« 1 3 | satisfies such conditions. By doing so we hope

g a 1
to find parameters such that we have a cyclic path (o« > 1 or § > 1) and satisfy conditions

for the existence, stability and Lipschitz continuity of solutions to the Skorokhod Problem.
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Independence of d;

First we check that the reflection vectors d; are linearly independent. Taking the determi-
nante of D and setting it equal to 0 we have det(D) = 1+ a® — 3a8 + 32 = 0, which can be

factored as follows:

(I+a+p)((a=1)"—(a=1)(B—1)+(B-1)).

2 — 2 + 1 has no real roots the second factor is zero only when o = 8 = 1 and

Since x
is positive otherwise. The first term is zero when o + f = —1. So we can conclude that

d;,i € {1,2,3} are linearly independent except when a = =1 and a4+ = —1.

Stability Condition

From [7] and Condition 2.5 of [16],we know that stability for the Skorokhod Problem means

that D' < 0. This is equivalent to finding a vector u > 0 such that —b = Du. By symmetry

c 1 0 « 1
we can assume . = | ¢ [,c > 0.Notethat [ o 1 § 1| = (Q4a+p,1+a+5, 1+a+p).
c g a 1 1
l+a+p

So we can let u = ﬁ 1+ a+ B |- This implies that the stability condition for b =
l+a+p
-1
—1 | holds if and only if « + 8+ 1 > 0.
-1
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Lipschitz Condition
Assumption 2.1

Recall from Chapter 2 that the Lipschitz continuity of the Skorokhod Problem, Assumption
2.1, is equivalent to the existence of a special set B in R™. The existence of the set B
described in Assumption 2.1 requires f > 0 when « > 1. This is stated in the following
lemma. (Similarly we can show that if 5 > 1 the existence of B requires a > 0.) Soon we

will conclude that in fact in both of these cases B can not exist.

Lemma 11. The existence of the set B in Dupuis and Ishiv’s Condition 2.1 for D =
1 0/ «

a 1 B and a>1 requires > 0.

g a 1

Proof. Assume that B exists and satisfies Assumption 2.1. Let z € 0B be a point near

the z;-axis where the second and third entry of z satisfy 23 + 22 < 1. By the definition

B we have (v,dy) = (v,d3) = 0 for all v € v(z). So v are scalar multiples of dy X d3 =

(1—ap,a?—- 3,82 —a) =V,

Suppose by contradiction that 5 < 0. Let by, by, b3 > 0 be the maximal points of B along the
b

012,3182, 0p1,33§2 and Oy 232 axis respectively. Since VO .1 o[ =06(1-ap)>0then

0
0 by
140 b | < 48 0
0 0

This must be strict since otherwise V1) € v/((0, by, 0)), which means V() is parallel to d; x ds.

(This is only true when 8 = —(a + 1); see note below). So we have

bQ(Oéz — ﬁ) < bl(l — OAB)
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1—ap
a?—

b2 < bl
where (a? — ) > 0.

Using symmetry the same argument along the other axes where
V® =dy x dy and VO = d; x ds,

implies that

1 —
bg < by 3 Oéﬁ
a2 —
and
1—
b1 < bs > aﬁ.
a2 —
Therefore
1 —af 4
b1 < b1<m) .
So
1—ap
1 6.8
<o (63)
— o’ - fB<1-ap (6.9)
= o’ —1< —Bla—1) (6.10)
= a+1< -4 (6.11)

Then by squaring both sides we have 0 < (a+1)? = a®*+2a+1 < 2 andso 0 < a?+a+1 <
B% — a.

Since 32 — a > 0 we can repeat the above starting from

0 by
v ol <vo. ]y
b 0

So
1—ap

bs(% — a) < bi(1 — afB) and we get 1 < 7 q
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Then

fZ—a<l—ap
B —1<a(l-pB)
—(B+1) <a (since 1 — 3 >0).
This says that —3 < a + 1, which contradicts (6.11). So we can conclude that g > 0.

Note: Consider the following to see that the inequality above is strict unless f = —(a + 1).

1—af B? -«
dQXd3||d1Xd3<:> 042—5 =cC 1—C¥ﬁ
#oa)  \or-p

Then
1—af =c(f*—a)=ca’ - ) =c(1-ap),
for some constant c. Which implies that ¢ = 1 if and only
l-aB=0a*>—p=p3"—qa.

Then
o’ — 2 =pB—aso (a+f)=—1 (since(a — 8) > 0).

This gives us = —1 — a.

But if = —(a+ 1), D does not satisfy the stability condition since o+ = —1. So we can

assume above that the inequalities are indeed strict.

Generalized Harrison-Reiman and Symmetry Conditions

The Generalized Harrison-Reiman Condition (Condition 2.4 from [16]) is a sufficient condi-

tion for Lipshitz continuity of solutions to the Skorokhod Problem. Let ) = D — I. The
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0 B «
condition is that |@| has spectral radius less then 1 where @ = [ a 0 | . To find the
6 a 0

eigenvalues of || we assume « and 3 are positive for simplification and replace the absolute
values later. Here we have det(Q — A\I) = —\% + 3aB8\ + a® + 83, Setting det(Q — \I) = 0 it
is not hard to see that o+ 3 is a root of the characteristic equation. By polynomial division

we see that
N =3afr—a’ =5 = (A= (a+0)) (N + (a+ BA+ (o® — af + (7).

Setting the second factor equal to zero and solving for A we get A = 1(—(a+8)£v3(a+5)i).
So the eigenvalues of Q are {(a+ ), 2(—(a+ 8) + V3(a+ B)i), (—(a+ B) — V3(a + B)i)}.
Squaring the eigenvalues we have

o +2ap + 32

from the first eigenvalue and

o —af + (2

from remaining two eigenvalues. For nonnegative o and [ the first equation above is clearly
larger. So the spectral radius of |Q| is |a| 4+ |3]. We conclude from this that in order for D
to satisfy the Generalized Harrison-Reiman Condition we need || + |5] < 1. Since we only
had a fixed point with p, < py when v > 1 or 8 > 1, the parameter values we are interested

in do not satisfy the Generalized Harrison Reiman Condition.

Existence
Assumption 3.1

Dupuis and Ishii’'s Assumption 3.1 in [18] for existence is satisfied if D is positive definite.

We use the fact that D is positive definite if and only if %(D—I—DT) is and Sylvester’s criterion
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in terms of determinants of principal submatrices for positive definiteness.

2 a+p a+p
D+D"=|a+8 2 a+43],
a+pb a+p 2

and taking the determinante of D 4+ DT we have
det(D + D7) = 8 — 6a* + 20® — 12a8 + 6a*8 — 6% + 6a3* + 25°.

This factors as

2+ B+ 1)(a+ 3 —2)%

Therefore D has positive determinante when —1 < a+/ # 2. The 2 x 2 principal minors have

positive determinante when (o + 3)? < 4. So D is positive definite when —1 < a + 3 < 2.

P-Matrix

Recalling the discussion of a P-matrix from Chapter 2 page 13, D has positive determinate
when o+ f+1 > 0 and (o, ) # (1,1) which is necessary for D to be a P-Matrix. To see
when D is a P-Matrix we must also find the parameter values when the determinante of the
2 x 2 principle minors are positive. This requires aff < 1. We see that when Assumption
2.1 holds Assumption 3.1 holds when D is a P-matrix. So we are interested in when the

parameters satisfy the following conditions a + 5+ 1> 0 and af < 1.

Search for Existence of the Set B

We know that @ > 1 or § > 1 is necessary to have a spiraling path. We want to find
parameters such that Assumption 2.1 and 3.1 hold and @ > 1 or 8 > 1. It is not difficult
to find parameters which satisfy the stability hypothesis and Assumption 3.1 with o > 1 or

B > 1. Finding parameters which also satisfy Assumption 2.1 is the challenge. Below we will
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offer two arguments which show that the set B does not exist for parameters which produce

a cyclic path.

Axial Normal Argument

The following are what we call the “axial normals.” These must be the normals to B at the
points where it intersects the coordinate axes. Here we use the same idea as in Lemma 11. If
in addition to B = —B we presume that B is symmetric with respect to the rotations which
interchange the coordinate axes then after rescaling we can assume that the points where B

intersects the coordinate axes are (£1,0,0), (0,41,0), (0,0,£1). Thus all of the following

1
would need to be less then 1 —af=V® . | o
0

V(l) . 1 — a2 — B

V(l) . _1 — _a2 + ﬁ

v fo| —a+p5

This requires that |a? — 3| <1 — af and |3? — a|] < 1 — af. By plotting this region we see

that the parameter region in which the these inequalities are true does not contain o > 1 or
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£ > 1 So the set B does not exist when o > 1 or § > 1. See Figure 6.5. Here the values of

« are on the horizontal axis and [ on the vertical axis.

20F

151

10

05

0.0

-10 [ I I Il Il Il Il
0.0 05 10 15 20 25 30

Figure 6.5: [a? — 8] <1 —afB and |f% —a| < 1 — af.

Note that although we presumed that B was symmetric with respect to the interchange of
coordinate axes, the argument can be reformulated by arguing from intercept to intercept

as in Lemma 11.

Composition of Operators L; Argument

A second argument that the set B does not exist is based on Theorems 2.3 and 2.4 of Dupuis
and Ramanan [17]. This argument shows that B does not exist for « > 1. For f > 1 we

have no conclusion about the set B using this argument.

From [17] we know that associated with the Skorokhod Problem is a collection of oblique
projection operators {L;,i = 1,2,3} where L; projects along the direction d; on to the

hyperplane {v : (v,n;) = 0}.
Definition 11. The oblique projections associated with the Skorokhod Problem are given by

Lﬂ) =v+ <U, nz)dz
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Given a collection of linear operators M let P denote the set of all possible products of

elements of M. Next we state Dupuis and Ramanan’s Theorem 2.3 in [17].

Theorem 11. The following are equivalent:

o There exists and invariant set for the collection M.
o The elements of P are uniformly bounded.

o There exists a norm || - || on R™ such that for all M € M the operator norm with

respect to this norm,

M
)] = sup 12111
o Tl

15 bounded by 1.

Theorem 2.4 from [17] tells us that the existence of B implies that every operator L; is
bounded by 1. So by Theorem 11 (Theorem 2.3 in [17]) we know that any sequence of
compositions of operators L; are uniformly bounded. This means that for any composition
of operators L;, call it P, the spectral radius of P is less then 1. First note that it is easy to

see from the definition of L; above that

0 00 1 =8 0 1 0 -«
Li=|-a 1 0|, Le=]0 0 0|,Ls=1]0 1 —-p
-8 0 1 0 —a 1 00 O

Consider the composition LoL3L; :
af+af -3 -3 B*—a
LoLsLy = 0 0 0

o> —af?  —a af
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208 - > =X =B [*—a
LoLsly — M = 0 —A 0

a? —af?  —a af— )\

det(LoLsLy — M) = —)\* +3aB)\* — B2A% — a®\
=AM\ + (3aB — B\ —a?).

So we see that the set of eigenvalues is {0, 2((3a8 — 5%) £ /—4a® + (38 — f)?)}. f v > 1

then there is an eigenvalue greater then one. By graphing the region such that the maximal

eigenvalue is less then 1 we see that no value of a > 1 produces this region. See Figure 6.6.
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Figure 6.6: Region where spectral radius is less then 1

The values of a are on the horizontal axis and the values of # are on the vertical axis. So

we can conclude that B does not exist for o > 1.

6.3 Conclusion

From the discussion above we see that the parameters which give us the existence of a cyclic

path do not give us the existence of the set B which is a sufficient condition for Lipschitz
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continuity of solutions to a Skorokhod Problem. Our work above leads us to believe that
a cyclic optimal path in 3 dimensions for a Skorokhod Problem which is well-posed may
not exist. Our search was restricted to a restricted class of “symmetric” parameters. It is
possible that a cyclic optimal path for a well-posed Skorokhod Problem could exist for a
different class of parameters. However, due to the symmetric nature of a cyclic path we

believe that is unlikely.

6.4 Contributions of Others

Hasenbein and Liang are also concerned with the search for an optimal cyclic path. In [24]
they looked at paths in 3 dimensions like our spiraling path which they call a “classic spiral”
and another type of cyclic path called an “exotic spiral”. They show that under certain
conditions there always exists an optimal path which is a gradual path ( a path which moves
through the faces of strictly increasing dimensions) or a classic spiral. They also proved that
“exotic spirals” are not optimal. Many of the observations made in [24] concerning existence
and stability of solutions agree with our findings. The main difference between their work
and ours is that they do not limit themselves to Skorokhod Problems which are Lipschitz

continuous.

In Section 10 of [24] Hasenbein and Liang give an example of an optimal classic sprial where
rm=a=3r=pF=0and A=T = 1. Since a > 1 the B-condition (Assumption 2.1) fails

for this example which means that the Skorokhod Problem is not well-posed.



Chapter 7

Conclusion and Future Work

7.1 Characterization

As we know the Reflected Quasipotential arises in the study of Reflected Brownian motion
and queueing networks. When certain conditions are satisfied, the stationary distribution
of reflective Brownian motion satisfies a large deviation principle (with respect to a spatial
scaling parameter) in which the Reflected Quasipotential provides information about the
tail behavior of the stationary distribution. Here we provided a characterization of the
Reflected Quasipotential in terms of viscosity solutions. Such a characterization has not
been formulated in the literature previously. In dimensions greater then two, one needs to
resort to numerical methods for finding V' (z). Under conditions where cyclic paths do not
occur Majewski developed in [26] an algorithm to approximate V'(z) by a sequence of finite
dimensional minimization problems. It is hoped that such a viscosity solution approach
to the characterization of V(x) can ease the difficulties faced when working with such a
function. In particular, it may lead to more efficient ways to calculate V() as well as to an

analysis of the stationary distribution for approximating reflected Brownian motion.

97
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To summarize, we described the Reflected Quasipotential V' (z), as a solution to
H(DV(z)) =0

in Q =R} =(_, ,{7:x; >0} with appropriate boundary conditions. Since V(x) may
not be differentiable, the characterization is in terms of viscosity solutions. Although we
were not able to describe V(x) as a unique viscosity solution in n dimensions we were able to

characterize V() uniquely in 2 dimensions using our equivalent Barles-Lions formulation.

In the future we hope to extend our uniqueness proof to n dimensions. This will involve
generalizing the Barles and Lions formulation to domains with corners as well as generalizing

the Barles and Lions uniqueness proof to domains with corners.

The scaling lemma allows us to express V' (z) in the form,

V(z) = [ofw(=).

|z]

In 2 dimensions we can write V(z) in terms of standard polar coordinates,
V(z) =rw(0).

This reduces the domain to ¢ € [0, 7]. Perhaps by considering V' (z) in terms of polar coordi-
nates where the geometry is much simpler and using our viscosity solution characterization
in the Barles-Lions sense we can provide an alternative way to calculate explicit formulas

for V(x).

7.2 Exploration

In addition to our characterization of the Reflected Quasipotential we explored the possibility
of cyclic optimal paths for V(x) in 3 dimensions. As summarized above our search for a cyclic
path where the Skorokhod Problem is well-posed was not successful. However we were able to

determine parameters which produce a cyclic path. Our results were based on an interactive
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search using Mathematica. Our calculations show that for all « > 1 or § > 1 there is a cyclic
path which is optimal with respect to all straight line paths on the boundary, although we
have not proven that it is optimal with respect to paths that pass through the interior at

some point. A proof to verify our findings is something we hope to produce in the future.
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List of Notation:

(b,A,D) pg 7, 8, 20

Q= R" pg 2 equation (1.1), pg 10
I(x) pg 10

0,9 pg 10

I'(-) pg 11

d; pg 10

n; pg 10

7(z,v) pg 16 Definition 7
Nk pg 16

Dk pg 16

Bk pg 16 equation (2.6)
Pk pg 16 equation (2.7)
|- [l pg 25

V' pg 20 Definition 8

VB pg 21 Definition 9
OF pg 21 equation (3.2)
OrQf pg 32 equation (4.5)
L(v) pg 30 equation (4.1)

H(p) pg 31 equation (4.2)
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e DSu(z) pg 31

e H, pg 32 equation (4.6)
e Hy pg 32 equation (4.7)
o D VR pg 37

e HZ pg 35 Lemma 6

e Fi(p) pg 42 equation (4.30)
e )\ pg 44 equation (4.38)
e ) pg 44 equation (4.39)
e \ij pg 44

o Cp pgdd

e d(x) pg 58

e M pg 57 equation (5.5)
e M" pg 58 equation (5.7)
e M pg 59 equation (5.8)
o (z7,y°") pg 59

e U pg 59 equation (5.9)
e ®(z,y) pg 59

* (z,9) pg 59

e Y(x,y) pg 59

o E*(e,n) pg 64
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Linecost pg 78

Qx pg 80 equation (6.3)

Gk pg 80 equation (6.2)
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