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ABSTRACT

Sound pressure radiating from vibrating structures submerged in fluid,
as in the case of a vibrating panel in a submarine hull, is usually undesirable.
An optimal control methodology for the suppression of far-field acoustic
radiation pressure from submerged structures has been developed by
Meirovitch (ref. 1). The linear modal state feedback control law developed
implies that the full state (displacements and velocities) is available, perhaps
through measurements. However, in practice it is not always feasible to
measure the full modal state vector for feedback. To permit practical
implementation of the feedback control law, an optimal stochastic state
estimator, or Kalman-Bucy filter, has been developed here for incorporation
into the control system design. The development has been specialized to a

uniform simply supported rectangular plate.
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I. Introduction

When a plate submerged in fluid undergoes vibration, energy is
radiated from the surface of the structure in the form of sound pressure.
There are many applications in which this sound radiation pressure is an
undesirable effect, such as the case of sound radiating from the hull of a
submarine or noise generated by vibration of panels on an aircraft wing.
Therefore, developing methods of reducing or eliminating sound radiation
pressure from submerged plates has been a topic of great interest in recent
years (ref. 1).

The presence of the surrounding fluid has three specific effects on the
vibration of the plate (ref. 2). First, the plate must push the fluid and thus
appears to have an added inertia when compared to a plate vibrating in
vacuo. This added inertia tends to lower the natural frequencies of vibration
of the plate. Secondly, the vibrating plate radiates energy into the fluid. This
loss of energy causes the amplitude of a freely vibrating plate to decay over
time in a fashion similar to the effects of viscous damping. Finally, the fluid
serves as a coupling medium for the transfer of energy between modes of
vibration of the plate. Motion in one mode causes acoustic pressures which
excite other modes. This transfer of energy causes the mode shapes of a plate
vibrating in fluid to differ from those of the plate vibrating in vacuo. All of
these fluid-structure interaction effects increase the complexity of the problem
and add to the difficulty in formulating a control methodology for the
suppression of the radiated acoustic pressure.

The fluid-structure interaction problem involves calculation of

acoustic pressures at the plate surface and determination of the structural



response. When a plate is vibrating in a low density fluid such as air, the
radiation loading at the plate surface is generally negligible (ref. 3).
Consequently, the plate dynamic response may be solved independently of
the acoustic pressure field generated by the vibrating plate. On the other
hand, for a dense fluid such as seawater the dynamic response of the plate
depends on the fluid-loading, while the fluid-loading depends on the
acceleration of the plate surface. Thus the two problems are integrally
coupled and must be solved simultaneously. The complex nature of the
problem almost inevitably leads to the use of numerical techniques.

One possible method of controlling sound radiation pressure is by
reducing the vibration of the plate passively, through the addition of external
damping materials (ref. 1). This approach may be able to reduce to some
extent the pressure contributed by all modes of vibration of the structure.
However, damping materials may not produce the desired overall sound
pressure reduction. It has been shown that only certain modes contribute
significantly to the far-field pressure (ref. 3). Thus, controlling all of the plate
modes represents overdesign which can lead to undesirable excess structural
weight. A more efficient method of controlling sound radiation pressure is to
suppress only the modes of vibration which contribute to the far-field
pressure. Since suppressing selective modes is not possible using passive
means, this suggests the use of an active control system (ref. 4).

The use of active controls to suppress sound radiation dates back as
early as 1936, when Paul Lueg received a patent for a control system design
based on the destructive interference of two sound waves 180 degrees out of

phase. This type of open-loop approach works well only for simple sources



such as point sources or uniformly vibrating spheres. For the case of a
vibrating plate, the surface does not move in uniform phase, and therefore
many sound waves of varying phase are radiated. Attenuation of the far-field
pressure would require a large number of secondary sources (ref. 5).

Another active approach to suppressing far-field radiation is to control
the vibration of the structure via a closed-loop approach known as state
feedback (ref. 4). This method of control involves the placement of discrete
sensors and actuators on the plate surface and the calculation of feedback
forces so as to suppress the modes contributing to the far-field radiation.
Using modern control theory, an optimal control system can be designed to
minimize a system performance measure involving such quantities as the
far-field acoustic pressure, the state of the system, and the amount of control
effort (fef. 4). This technique permits automatic selection of feedback gains so
as to control the necessary modes of vibration.

When dealing with complex systems, it is not always feasible to
measure all of the state variables (modal displacements and velocities) for
feedback. In this situation, it becomes necessary to generate an estimate of the
full state based on the output from a finite number of discrete sensors. The
estimated state vector is then substituted into the feedback control law in
place of the actual state vector. State estimation is carried out by means of an
observer, a dynamic system which has as input the inputs and measured
outputs of the original system (ref. 6). When the sensor and actuator noise to
signal ratio is small, the observer is deterministic; it is commonly known as a
Luenberger observer. When the sensor noise to signal ratio is high, the

observer is stochastic; it is referred to as a Kalman-Bucy filter. The dynamics



and initial conditions of the Luenberger observer are relatively free to be
determined by the designer through the choice of appropriate observer gains.
In general, the gains should be chosen so that the dynamics of the observer
are faster than the dynamics of the original system. This corresponds to
placing the poles of the observer to the left of the plant poles in the complex
plane (ref. 7). The Kalman-Bucy filter has the added advantage that the
observer gains and initial conditions are optimal in the sense that they
minimize the observation error (ref. 8).

This thesis covers the development of a Kalman-Bucy filter to estimate
the state for the optimal feedback control of the far-field acoustic pressure
radiation from a plate submerged in fluid. The development of the plate
model and control system design, assuming complete measurement of the
state for feedback, has been carried out by Meirovitch (ref. 1) and is discussed
in Chapter 2. The Kalman-Bucy filter design including the optimal selection
of observer gains and initial conditions is derived in Chapter 3. Some of the
numerical solution procedures are discussed in Chapter 4. Chapter 5 contains

conclusions and suggestions for future work.



II. Plate Modelling and Control System Design

2.1 Plate Model

The plate model used in this application is shown in Figure 2.1. The
plate is of length 2a in the x-direction and 2b in the y-direction and has
thickness h. The plate is assumed to be bounded on one side by air and on the
other by fluid. A typical point in the fluid medium is denoted by P¢(R,0,9),
where R, 6 and ¢ are spherical coordinates. External excitation is applied to

the dry side of the plate in the form of a harmonic persistent disturbing force.

Y A

Pt (R,0,9)
ﬂ
// Z
T >
2b Fluid Medium
Vibrating Plate
{

Figure 2.1 Vibrating Plate Coordinate Systems

As stated earlier, the feedback control system design has been

completed by Meirovitch (ref. 1) assuming perfect sensing of all state variables



for feedback. This chapter represents a review of the developments in

reference 1.

2.2 Boundary-Value Problem for a Vibrating Submerged Plate

The vibration of an elastic structure is governed by the partial

differential equation (ref. 9)

Z w@,t)+mP) wP,t)={P,t), Pe Q (2.1)

where w(P,t) is the displacement at time t of a point P(x,y) located in the
domain Q of the structure, Z is a homogeneous self-adjoint differential
operator of order 2p, in which p is an integer, m(x,y) is the mass density, and
f(x,y,t) is a force distributed over the surface of the structure. For a vibrating

plate p = 2, and the differential operator takes the form

22)

En’ (ot ?
= 2 1t 2t
120-0) \ax*  afy® oy

where E is the material modulus of elasticity, h is the plate thickness and v is
the Poisson's ratio. The solution w(x,y,t) of Eq. (2.1) must satisfy the problem

boundary conditions, which can be written in the following form:

Bjw(P,t)=0, PedQ, i=12,.,p (2.3)



in which the Bj are homogeneous boundary differential operators of order

ranging from zero to 2p-1 and dQ is the boundary of Q. For a simply
supported rectangular plate, as shown in Figure 2.1, the Bj take the following

values

, X=-a,a

, y=-bb (2.4)

The force density f(x,y,t) arises from three sources and it can be written in the

form

fy0) =f00y,0) + fxy ) + £4(xy.0) (2.5)

where f.(x,y,t) is the control force, fq(x,y,t) is the persistent disturbing force and

fp(x,y,t) is the pressure exerted by the fluid on the plate surface.

.3 Boundary-Val ' ion
Acoustic pressure is defined here as the time-dependent local
fluctuation about the ambient hydrostatic pressure. The propagation of this
pressure disturbance throughout the fluid medium is governed by the three-
dimensional wave equation. For small amplitude pressure fluctuations in an

ideal homogeneous compressible fluid, the wave equation has the form



P(P,t)
C2

Vp(Pt) = (2.6)

where V2 is the three-dimensional Laplace operator and c is the speed of
sound in the fluid. At the plate surface, the acceleration of the fluid and the
plate surface coincide. Using Newton's Law, the normal component of the
fluid pressure at the plate surface must equal the normal acceleration times
the mass density of the fluid. This relation can be expressed in the following

boundary condition:

ap(Pf,t)
on

pW(P) =~ |p=p @7)
where 'n is the outward normal to the structure, p is the mass density of the
fluid and Pt = P indicates that the boundary condition is imposed on the fluid-
structure interface. The pressure of the fluid exerted on the plate surface can

be written as

£,(P,) == p(Pyt) | p _p (2.8)

where the negative sign is included because the pressure acts in the -z

direction.

2.4 Relati Pl 1
Suppression of the far-field acoustic pressure radiating from a vibrating

submerged plate is carried out by controlling certain characteristics of the



plate's vibration. Specifically, the sound radiated from a vibrating plate
depends on the acceleration of the plate surface. Therefore, before the control
design can be carried out, one must derive a relationship between the
vibration of the plate and the resulting radiated acoustic pressure.

Equation (2.6) governs the propagation of acoustic pressure and its
solution is subject to the boundary condition given by Eq. (2.7), which
contains the plate acceleration. In the case of transient vibration of a plate,
the solution of Egs. (2.6) and (2.7) involves a convolution integral in the time
domain (ref. 1). This type of relationship between pressure and plate
acceleration involves integration over the entire time domain and is not
suitable for use in control system design.

For the steady-state case, such as that of a plate vibrating harmonically,
it is possible to eliminate the time dependence, thus reducing the complexity
of the problem. For harmonic time variation, we can write the pressure and

acceleration as

p(Pet) = p(PPe”™®,  W(P,b) = w(P)e (2.9a,b)

where p(Ps) is the pressure amplitude, W(P) is the acceleration amplitude and
o is the frequency of the harmonic oscillation, so that, inserting Eq. (2.9a) into

the 3-dimensional wave equation, Eq. (2.6), we obtain the Helmholtz equation

(V2 +Kdp(Pp =0 (2.10)

where

k=w/c (2.11)



is defined as the acoustic wavenumber. Similarly, substitution of Egs. (2.9)

into the boundary condition, Eq. (2.7), results in

ap(Py)
0z

pw(P) =— lp,—p (2.12)

Equations (2.10) and (2.12) represent a time-independent boundary-
value problem in terms of the fluid pressure and plate acceleration
amplitudes. The solution of this problem is conveniently treated using
double Fourier transform techniques (ref. 3). For any function f(x,y), the

Fourier transform pair is defined as

?('Yxﬂy) = J- J f(x,}’) e—i (Y" x +YY y dXdy (2133)

1 = (- .
fx,y) = 4—n2'j J- £, ¥y) €' ex+ 1 y) dydy, (2.13b)

The double Fourier transform of the pressure P(yx,Yy,z) must satisfy the

transform of the Helmholtz equation

o I A A =il X+ 7, )
I—oo J‘_«. axz + ay2 + azz +k P(X:er)e x7 dXdy=0 (2.14)

subject to the transformed boundary condition

- a~ (Y » Yy Z)
PW (Y, Yy =—pxa—zy | =0 (2.15)

10



Carrying out the integrations by parts in Eq. (2.14), we obtain

‘ 2
(kz -+ 53—2-}3(7,(, Yy, 2) =0 (2.16)
Z

which has the solution

Bty Ty 2) = A explitk? -2 —2)"2 2 (2.17)

The constant A in equation (2.17) is determined by applying the boundary
condition, Eq. (2.15); the result is an expression for the double Fourier
transform of the pressure amplitude. The pressure amplitude is then found

by using the inverse transform, Eq. (2.13b), resulting in

i0 =t WY, Yoexpl ity x + 7, v) +ilZ - ¢ -1z ]
pxy,z) = -4112 JJ b WP THETN Y % Yf’ dydy, (2.18)
n —0

W -2 -

The amplitude of the pressure exerted by the fluid on the plate is given by

letting z = 0 in Eq. (2.18). The resulting expression is given by

Yylexpl ity x + v, )]
- -H"

. oo oo ‘:;V(Y ,
f(xy) =-plxy,0) =- 2 .L _L - dydy, (219)

411:2

For control purposes, we must have the relation between the plate
vibration and the far-field radiation pressure, in addition to the pressure at
the plate surface. The far-field of a radiator is defined as the region in the

fluid in which the relationships between pressure, fluid velocity and sound

11



intensity approach those for a plane wave (ref. 3). The spatial dependence of
the far-field acoustic pressure is simpler than that in the region close to the
plate surface. The far-field acoustic radiation pressure for a rectangular plate

is given by Rayleigh's formula (ref. 3)

peikR b pa ik sin8 ( ing)
p(R,9,¢)=-2n—R I Wix,y)e Kk sind (xcosb +ysind) 4y gy (2.20)
—b J-a

where R, 6 and ¢ are spherical coordinates in the fluid medium.

2.5 The Free Vibration, In Vacuo Eigenvalue Problem

At the present time, modern control theory does not permit solutions
to control problems in terms of partial differential equations. Since the
motion of the plate in this case is governed by a partial differential equation,
some form of spatial discretization is necessary before the solution to the
control problem can be carried out. The natural approach to discretization is
to expand the solution in terms of the in vacuo modes of vibration of the
plate. The free vibration, in vacuo modes of vibration are found by letting
f(P,t) = 0 in Eq. (2.1) and using the method of separation of variables to
eliminate the time dependence (ref. 9). The resulting modes are not the
actual modes for a plate vibrating in fluid. However, the free vibration
modes do represent a complete set of admissible functions (ref. 9) which can
be used to reduce the governing partial differential equation to a set of

ordinary differential equations.

12



The in vacuo modes are obtained by assuming that in free vibration,
f(x,y,t) = 0, all points on the plate undergo synchronous motion, which
implies that the ratio of the displacement amplitudes of any two points does
not change with time during motion (ref. 9). This is equivalent to the

assumption that the solution is separable in space and time, or that
wix,y,t) = W(x,y)F(® (2.21)
Setting f(x,y,t) = 0 in Eq. (2.1) and using Eq. (2.21), we conclude that the time
dependent part F(t) must satisfy
F(O) + 0’F®) =0 (2.22)

so that it is harmonic, and that the spatial dependent part W(x,y) must satisfy

the partial differential equation

ZW(x,y) = Am(x,y)W(x,y), A=w’, —a<x<a, —b<y<b (2.23)

Moreover, eliminating the time dependence from Eq. (2.3), the boundary

conditions take the form

BW(x,y)=0,i=1,2; —a<x<a, y = 1b or -b<y<b, x =ta (2.249)

The problem defined by Eqgs. (2.23) and (2.24) represents a differential
eigenvalue problem.

The differential operator Z given by Eq. (2.2) can be shown to be self-
adjoint and positive definite. The fact that Z is self-adjoint guarantees that

the solution of the eigenvalue problem consists of a denumerably infinite set

13



of real eigenvalues Appn and orthogonal eigenfunctions Wmn(x,y)
(m,n=1,2,3,...) (ref. 9). Furthermore, because Z is positive definite, all the
eigenvalues Amn = ®mn? are positive, where ®mn are the natural frequencies of
the plate. The eigenfunctions are orthogonal both with respect to m(x,y) and

Z and can be normalized so as to satisfy

-b e d

mOGYIW a6 Y)W (X, y)dXxdy = 8 pps,  1,8=1,2,... (2.25a)
-a

L
Wirn (Y)W, (x,y)dxdy = mfssmm, r,5=1,2,... (2.25b)
_a

where the Kronecker delta, Smnrs, is nonzero only when m =r and n =s. The
conditions given by Egs. (2.25) are known as the orthonormality conditions
(ref. 9). For the simply supported uniform plate shown in Figure 2.1, the

mode shapes are given by

1 ri(x+a) ., sn(y+b)

sin sin (2.26)
Vm ab 2a 2b

Wi (xy) =

with the corresponding natural frequencies by

_nz Eh3 (r)z_'_(i]z] 2.27
o\ a5 * 6 o

14



2.6 Problem Discretization

Discretization in space is accomplished by expressing the solution as a
linear combination of the in vacuo modes. Indeed, according to the

expansion theorem (ref. 9), the plate displacement can be written in the form

wix,y,t) = ZZ Wi(X,y)qrs(t) (2.28)

r=1 s=1

where Wiys(x,y) are the in vacuo modes and qrs(t) are time-dependent
generalized coordinates known as "modal” coordinates. Modal analysis is
then used to reduce the partial differential equation, Eq. (2.1), to a set of
ordinary differential equations in terms of the modal coordinates. This
reduction is possible in view of the orthogonality of the in vacuo modes.
Substituting Eq. (2.28) into Eq. (2.1), multiplying by Wmn(x,y) and integrating

over the entire plate, we obtain

oo oo

Z J_:f;wmn(x,)’)ZWrs(x,y)qn(t)dde] +

r=1 s=1

[ ea pb
J' j men(x,y)m(x,y)W,s(x,y)ij,s(t)dydx]

r=1 s=1

a pb
=j Imen(x,y)f(x,y,t)dydx 2.29)

Then, applying the orthonormality conditions, Eqs. (2.25), Eq. (2.29) reduces to

the "modal" equations

Gmn® + O Gn® = femn(® + Fgmn® + fom®), MO =12,... (2.30)

15



in which
a b
fimn(t) = J;J_b Wy y,tidydx, j=cdp; mn=12,..  (231)

represent the "modal" forces. Equations (2.30) are coupled through the terms
fers(t) and fprs(t), which generally depend on all of the modal coordinates.

The modal forces due to fluid pressure depend on the acceleration of
the plate surface. In order to derive an explicit expression for these modal

forces, we begin by taking the double Fourier transform of Eq. (2.28), so that

WYy t) = Zz Wm(yx,vy)qrs(t) (2.32)

r=1 s=1
where, according to Eq. (2.13a),

- b ea .
wrs(yx,yy)=j _[ W ye X% dxdy, rs=1,2,.. (2.33)
—b v-a

in which we recalled that -a<x<a, -b<y<b. Introducing Egs. (2.32) and (2.33)
into Eq. (2.19), we obtain

W oy e 5!
f oy t) = - _Pz \{J;‘L s dydy, | Ges®  (234)

I

Inserting Eq. (2.34) into Eq. (2.31) with j=p, we obtain an expression for the

modal surface pressure in the form

16



o0

ip = ™ W oY)W (o) .
£ ()= — - dydy, |G-  (235)
P 2 {L L @) y

4r r,s=1

where we have defined

a

- b .
W nn(fYy) = J ) W, opet X% dxdy, mn=12,.. (2.36)
-b J-a

for convenience.

It should be noted that the double integral in Eq. (2.35) cannot be
evaluated in closed form. It follows that we must resort to numerical
integration to evaluate the integral. A discussion of the numerical procedure
chosen for this task is presented in Chapter 4.

When computations are to be carried out on a computer, it is
advantageous to formulate the problem in terms of matrix notation. In this

case, the modal equations can be written in matrix form

ij(t) + Aq(t) = £ (1) + £4(t) + £,() (2.37)

in which A = diag[®12 072 ...] and the tilde under a symbol indicates a vector
quantity. In practice, the modal displacements and accelerations are expressed
in vector form by using a single subscript and arranging the components
according to increasing magnitude of the corresponding natural frequencies,
with w1 € @2 <... £ 0. Following this numbering scheme, we can rewrite Eq.

(2.35) as
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Equation (2.38) can be expressed in the matrix form

fp() =—ICI4(t) (2.39)

where C is a matrix with entries given by

c. = _l_i.)_ J' = J‘ = Ws('Yx»'Yy)‘-N;('Yx”Yy)

e dydy,, rs=1.2,. (2.40)
R

Using Eq. (2.39), the modal equations can be rewritten in the compact form

I+ )0 + Aq) = £(1) + £5(0) (241)

2.7 Truncated Equations for Control

Equation (2.41) expresses the motion of a vibrating plate in terms of an
infinite number of modes and modal coordinates. Designing a feedback
control system with an infinite number of state variables is not feasible.
Fortunately, in practice only a finite number of modes are excited and are in

need of control, which permits truncation of the system to a manageable
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dimension. We propose to control n degrees of freedom and write the modal

displacement vector in the form

q®) = [qZ® g1’ (2.42)

where qc(t) is an n-dimensional vector of controlled modal displacements

and qg(t) is an infinite-dimensional vector of uncontrolled, or residual modal

displacements. The presence of the fluid causes vibration in one mode to
excite vibration in other modes. This coupling effect is manifested in the
fluid-loading C matrix. In the case of harmonic excitation of a submerged
plate, as in the case at hand, the fluid coupling of the modes tends to become

negligible as the mode number increases (ref. 3). In view of this, we can write

c=[%2l (2.43)

where C¢ and Cg are the fluid-loading matrices for the controlled and residual
modes, respectively. Then, if we partition the diagonal matrix of eigenvalues

as follows

Ac 0
A=
[ 0 AR] (2.44)

Eq. (2.41) can be separated into two uncoupled equations, one for the

controlled modes and one for the residual modes, or

[+ Celge(t) + Acqe(t) = foct) + £3c®) (2.45a)
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[+ CRlia® + AgG(®) = fer® + Eag® (2.45b)

We propose to carry out the control using actuators at a finite number
of points on the plate surface. Mathematically, point actuators can be treated
as distributed using spatial Dirac delta functions. The control force can be

written as

N
flxyt) = Z Fa®)3(x = x,y - yi) (2.46)
k=1

where Fck(t) are control force amplitudes and 8(x - xi, y - yk) are spatial Dirac
delta functions, in which x = x, y = yk are the locations of the actuators, and N
is the total number of actuators. Inserting Eq. (2.46) into Eq. (2.31) withj = ¢,
performing the integration and separating the controlled and residual modal

forces, we obtain
fc® =B Ft), fg®=BgF) (2.47)
in which
Boc = [Boul = W (x,y)], r=12,..0;k=12,..,N (2.48a)

B = [Begd = W (x,yi)l, T=1+1,n42,..00k =1,2,., N (2.48b)

are referred to as modal participation matrices (ref. 4). Substitution of Egs.

(2.47) into Egs. (2.45) results in the uncoupled modal equations
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[+ Clgel® + Acqe(t) = BecEl(®) + £4c(0) (2.49a)

[1+ Crldr(®) + Aggr(® = BegEc(®) + £3p(t) (2.49b)

2.8 The Performance Measure for Optimal Control

The control objective is to minimize the acoustic radiation pressure
p(R,8,0) in a far-field region in the fluid medium (Figure 2.1). This objective
is to be achieved using actuator forces f.(P,t) acting at points P(x,y) on the plate
surface. In state feedback control, the actuator forces depend on state variables
(displacements and velocities). In optimal control design by the linear
quadratic regulator (LQR) theory, the relation between the control forces and
the state is linear, with the transformation matrix representing the control
gain matrix. According to the LQR theory, the control law is optimal in the

sense that it minimizes the system performance measure

1 .
J= E.L[m (PIW(P,ty) + hy(P)W (P,t)1dQ +

t
lf ‘{J [w(P,0Zw(P,D) + mP)WA(P,1) + a(P)AP,)1AQ +
2 t, Q

J-be(R,e,cb)pz(R,e,q))de} dt (2.50)

where h1(P), ha(P), a(P) and b(R,8,¢) are weighting functions, Qs is the far-field
region in the fluid over which the pressure is to be minimized and t; and ts

are the initial and final times, respectively. This performance measure places
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penalties on the state of the vibrating plate, the amount of control force
applied, the far-field pressure, as well as the state at the final time. The
weighting functions determine the amount of penalty placed on each of these
factors, so that various control objectives can be achieved by changing these

functions.

2.9 imal
Control system design is carried out using the state-space
representation of the system. To this end, we include only the controlled

modal displacements and velocities in the state vector, or

x(t) =[qd® (o1’ (2.51)

Then, adjoining the identity qc(t) = dc(t), Eq. (2.49a) can be written in the

standard state form

x(t) = A x(t) + BE() + D fyc (2.52)

where

Ao 0 I ] B=[ 0

(1+Co) Ac 0 (1+Co)y 'Bic (2.53)

, D=[ 0
(I+Co)?

The performance measure given by Eq. (2.50) is expressed in terms of

continuous functions. Before optimal controls can be determined, it is
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necessary to discretize the performance measure in a manner similar to the
discretization of the plate equations. For control purposes, we are only
considering the controlled modes, so that the expansion theorem can be

modified so as to read

wP,H= Y, Wi(P) gi(t) = WiP)gcd (2.54)

i=1

in which Wc(P) = [W1(P) Wa(P)...Wy(P)IT is an n-dimensional vector of the in

vacuo eigenfunctions corresponding to the n controlled modes. Using Eq.

(2.54), the first integrand in Eq. (2.50) can be approximated by

L [hy(PIWA(P,tp) + hy(P)WA(P, (91dQ = x (6) Hx(t) (2.55)

where H is a weighting matrix defined as

H = block-diag Ughl(P)vyc(P)WZ(P)dQ L hz(P)WC(P)WE(P)dQ] (2.56)

Similarly,

jﬂ [w(P,02w(P,9 + m(P)wiP,)1dQ = X (DQ*(D (257)

where Q* is a weighting matrix defined as

* 0
3]
01



Moreover, replacing xx,yk by Px in Eq. (2.46), we can write

La(P)fﬁ(P,t)dQ = F{ (DR*E,() (2.59)

where R* is a weighting matrix given by

R* = diag [a(P)], k=1,2,..N (2.60)

The only term remaining for discretization in Eq. (2.50) involves the far-field

radiation pressure. Substituting Eq. (2.54) into Eq. (2.20), we obtain

P(RH,9,8) = P'(R,8,0)4c(t (2.61)

where

P eikR b o —ik sin@ (x cos$ + y sind)
P(R,8,0) = -——I Welxye Yn¥ dxdy (2.62)
- 2nR JpJa -

Then, letting

P = J'Qf b(R,68,0)P(R,8,0)P"(R,8,0)d (2.63)

we can write

jﬁf b(R,0,0)pX(R 0,0)d0s = X" (DP*(t) (2.64)

where P* is a weighting matrix defined as
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00
P* =
[ 0 E} (2.65)

It should be noted that evaluation of the matrix P cannot be carried out in
closed form. Indeed, as with the pressure at the plate surface, the integration
in Eq. (2.63) must be carried out numerically. Inserting Egs. (2.55), (2.57), (2.59)

and (2.64) into Eq. (2.50), we obtain the discretized performance measure

1 1 % ) .
J= 3 ~T(tf)H)f(tf) +5 j (’,STQ*ZS + EIR*EC +X P*X)dt (2.66)
Y

The common practice in optimal control by the LQR theory is to
express the performance measure in terms of the state vector and not its time
derivative. The derivative can be eliminated from Eq. (2.66) if we realize that
the state equations, Egs. (2.52), give us a relationship between the state and its

derivative. Substituting Egs. (2.52) into Eq. (2.66) results in the performance

measure
17 1r% 1 T T
= 3 X @Hx@ + 3 | Qx+ FIRF: +£icShue
T T T
+ X TFc+ x Ufgc + Fe Vigodt (2.67)
where
Q=Q*+A'P*A, R=R*+B'P*B, S=D'P*D (2.68a,b,c)
T=2ATP*B, U=2ATP*D, V=2B"P*D (2.68d,¢e,)
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The optimal control problem can now be stated as the problem of
finding an admissible control force F¢(t) which minimizes the performance
measure, Eq. (2.67), subject to the state constraint given by Eq. (2.52). We
propose to use Pontryagin's minimum principle as a method of deriving the
optimal control law (ref. 4). The Hamiltonian for this system is given by

1 1 1
= >xTQx+ SEIRFe + 5 icSfac + X TFe+x Ukac

+Fe Vfdc +p (Ax + BF. + Dfgo) (2.69)

where p is known as the costate vector. The process of minimizing the

Hamiltonian results in a set of necessary conditions for an optimal solution

(ref. 4). In this case, these necessary conditions are given by

. oM
X===-= = Ax + BF. + Df4¢c (2.70a)
. N T
P=- 3)(—=—(Q)5+ T§C+deC+A p) (2.70b)
o
aF =T' x + RF. + Vf4c +B" p= 0 (2.70¢)
[«

Equations (2.70a) and (2.70b) give us the state and costate equations

respectively, while equation (2.70c) allows us to solve for the control law

Fo=-R T x + Visc+B'pl 271)
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The control law, Eq. (2.71), depends on the costate vector as well as the state
vector. Since a state feedback law is desired, we can eliminate the dependence

on the costate by assuming that

p=K(®x+v 2.72)

where K is matrix and v a vector, both still to be determined. It should be

noted at this point that, in searching for a state feedback solution, we are
assuming the entire state is measurable and available for feedback.
Combining Egs. (2.70a), (2.70b), (2.71) and (2.72), we obtain two expressions for

the derivative of the costate vector

p=Kx+Kx+v =(K+KA-KBR'T' - KBR'B'K)x + K(D - BR 'V)f4c
~KBR'B'v+V (2.73a)

and

o 1T -1 T -1 1T

p=-Q-TR T +TR K-A'K)x+ (TR V-U)gc+(TR"B —-A)y (2.73b)
Equations (2.73a) and (2.73b) can be rendered equivalent by choosing K and v
so as to satisfy

K=-Q+TR* +KBRB'K-K(A-BRITH-AT-TRBNK, Kitp=H (749

and

v=(TR'B"-AT+KBR'BTW+ [TR'V-U-KD-BR "V)lfze, Witp=0 (275
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Equation (2.74) is known as the matrix differential Riccati equation. The
boundary condition involves the final time tf, so that the equation must be
integrated backward in time to solve for the n x n symmetric matrix K(t). If
the system is controllable, H=0, and A,B,Q,R and T are time-invariant, the
solution K(t) tends to a constant matrix as tf increases (ref. 4). Therefore, if the
control time tf is reasonably large, the matrix differential Riccati equation, Eq.
(2.74), reduces to the matrix algebraic Riccati equation, which is obtained by
letting K = 0 in Eq. (2.74); its solution can be determined by means of Potter's
algorithm (ref. 4).

To determine the costate, Eq. (2.72), and thus complete the control law,
Eg. (2.71), we must solve Eq. (2.75) for the vector v. In the case in which the
matrix K(t) depends on time, Eq. (2.75) represents a time-varying system, and
its solution can be obtained using discrete-time techniques (ref. 4). When K is
constant, Eq. (2.75) represents a time-invariant system and it solution has the

form (ref. 4)

t
v(t) = J; &,(t-)[TR 'V - U-K(D - BR 'W)lfacldds ~ (2.76)

where

®y(t) = exp(TR'B" - AT + KBR'B")t 2.77)

is the transition matrix for system (2.75).
Inserting Eq. (2.72) into Eq. (2.71), we obtain finally the state-feedback

control law
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F.=-RI(T" + B'K)x + Vigc+ B (2.78)

which gives the control force to be applied to the plate surface as a function of
current measurements of the state vector x(t), the persistent disturbance,

f 4c(t) and the just derived vector v(t).
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III. Optimal Observer Design

3.1 Introduction

The control law developed in Chapter 2 is a function of all of the
modal state variables, i.e., all of the modal displacements and velocities. The
control law was formulated under the basic assumption that the complete
state is available for measurement. For a complex system such as a vibrating
plate, measurement of all these variables would require a very large number
of sensors located on the plate surface, and is not likely to be feasible. We
propose to overcome this difficulty by designing a state estimator, also known
as an observer, which uses the measurement of a limited number of the state
variables to generate an estimate of the entire state. This estimated state can
then be used in place of the actual state in the feedback control law. The idea
of using an observer to estimate the state variables for a deterministic system
was developed by Luenberger (ref. 10). He considered a system in the general

state form

x(t) = Ax(t) + Bu(t) (3.12)

Yy =Cx(®) (3.1b)

where y (t) is the output vector from the system sensors expressed as a linear

combination of the state variables. An observer for the system is given by

£() = AZ(®) + Bu@® + LOLy(® - CR®) 3.2)
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where ;’5\ (t) is the estimated state vector and L(t) is a matrix of observer gains.

A block diagram of a Luenberger observer is shown in Figure 3.1. This

Plant

Observer

>|B-—>é—ﬂlx >

o>

Figure 3.1 Block Diagram of Luenberger Observer

type of observer is referred to as a full-order observer because the entire state
is included in the estimate. The observer is a model of the original system
containing identical dynamics with an extra driving term proportional to the
difference between the output of the system and the output of the observer.
When the estimate of the state coincides with the actual state, then the
forcing term drops out of Eq. (3.2) and the estimate is locked onto the state due

to the identical dynamics. Luenberger has shown (ref. 10) that the observer
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gain matrix L(t) can be chosen so that the observer is asymptotically stable and
that the observation error, the difference between the actual and estimated
state vectors, is reduced to zero as t = o independently of the observer initial
conditions.

Observer design involves choosing the gain matrix so that the
observation error is asymptotically reduced to zero. It is desirable to choose
the observer gains so that the dynamic characteristics of the observer are faster
than those of the original system. Faster convergence is achieved by placing
the poles deeper in the left-half complex plane. This gives the observer a
chance to converge to a good estimate of the state before the estimate is fed
back into the control law. However, if the poles of the observer are placed too
far to the left in the complex plane, then the observer tends to magnify small
amounts of noise introduced through the measurements of the system
outputs (ref. 8). Clearly, a suitable choice of observer gains must be a
compromise between these two effects.

A Luenberger observer is suitable for estimation of unknown state
variables in the deterministic case, i.e., when the noise to signal ratio is
negligible. However, in practical applications measurements always contain a
degree of uncertainty due to noise, such as background electrical activity and
current fluctuations. Uncertainties and noise are inherent in all sensors and
actuators. Kalman and Bucy (ref. 11) solved the problem of estimating
unknown state variables while at the same time filtering out the effects of
sensor and actuator noise on the system. The resulting observer, taking into
account the stochastic nature of practical problems, is known as a Kalman-

Bucy filter.
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Kalman and Bucy have also solved the problem of observer gain
selection in an optimal fashion, optimal in the sense that the mean square
observation error is minimized. In fact, Kalman and Bucy have shown in
reference 11 that the solution of the optimal observer problem is equivalent,
or dual, to the solution of the linear quadratic regulator problem in optimal
control theory. This equivalence between the two solutions is known as the
Duality Principle (ref. 11) and it permits the use of the well-defined
methodology of optimal control theory in the optimal selection of observer
gains and initial conditions.

In this chapter, the design of an observer for the estimation of modal
displacements and velocities of a plate vibrating in fluid is described. As a
logical first step, the design is carried out assuming a deterministic system
represéntation, thus resulting in a Luenberger observer. Then, after
introducing some of the statistical nomenclature of stochastic system theory,
the design is reworked including the effects of sensor and actuator noise in
the system equations. As the final stage of the design, optimal observer gains
and initial conditions are calculated and the closed-loop system equations are

developed.

Deterministi i r Desi
Before designing an observer for the state space system given in Eq.
(2.52), it is necessary to derive a relationship between the sensor

measurements and the state vector. In general, the measured output is a
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linear combination of the state and this relationship can be written in the

form

y(®) = Cox(®) (3.3)

where y(t) is a g-dimenisonal vector of sensor outputs and Cyis a qx 2n

matrix. We propose to take displacement measurements using point sensors
located at points (xj, yi) (i=1,2,...,q) on the plate surface. A general plate

configuration using thirty-seven sensors (q = 37) is shown in Figure 3.2. The

O Sensor Locations
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Figure 3.2 Plate Model with 37 Sensors

components of the output vector are

y1(t) = W(inYi/t) = 2 Wr(inYi) qr(t)l i=1121"'1q (3.4)

r=1



where we have substituted the approximate modal expansion, Eq. (2.54) with

P = (xj, yi). In matrix notation, we then write

y(t) = [C': 01x(t) = Cox(t) (3.5)

where

[Cl=IW/(x,y)], i=12,..,q r=1.2,..n (3.6)

is a g x n submatrix. The general state space representation of the vibrating

plate system is finally given by
x(t) = A x(t) + BE(®) + D fyc (3.7a)

y(® = Cox(® (3.7b)

with A, B and D given by Eqgs. (2.53).

An observer for system (3.7) must contain identical dynamics and
forcing functions with an additional forcing term proportional to the
deviation between the actual and estimated output vectors. In state space

notation, the observer can be written as

X(t) = A %(t) + B E(t) + D £ + LIy(®) - §(0)] (3.8)

where

y(t) =Cx() (3.9)
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is the estimate of the system output vector as reconstructed by the observer. It
is possible to include the forcing term f 4c in the observer equation, as the
disturbance force is a known harmonic function. In practice, the disturbance
force is generally measured for feedback in the control law, Eq. (2.78), and thus
it can also be used as an input to the state estimator. In the case where the
disturbing force is unknown or unmeasurable, it is possible to include the
force in the state vector and generate an estimate of the disturbance along
with an estimate of the original state (refs. 12 and 13).

Observation error is defined as the difference between the actual state

and the estimated state. Subtracting Eq. (3.8) from Eq. (3.7a) results in

&(t) = [A - LCle(t) (3.10)

in which

e(t) = {x(t) - x(®)} (3.11)

is the error vector. Equation (3.10) represents a first-order system of linear
homogeneous differential equations. The stability of the solution vector e(t)
depends solely on the eigenvalues of the coefficient matrix A-LC,, which are
known as the observer poles. If the observer poles are located in the left-half
of the complex plane, then the system (3.10) is asymptotically stable and the
error vector approaches zero asymptotically as t — . This guarantees that

the state estimate approaches the actual state asymptotically.
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The location of the observer poles in the complex plane depends on the
choice of the observer gain matrix L in Eq. (3.10). If the pair (A,Co) is
completely observable, then all of the observer poles can be placed arbitrarily
in the complex plane within the restriction that complex poles must occur in
pairs of complex conjugates. Complete observability indicates that any initial

state x (to) can be determined from the output X(t)' to <t < tr. Mathematically,

this condition implies that the nq x n observability matrix

o ]
CoA

(3.12)

C c’An-l

has rank n. In general, complete observability can be achieved with a suitable
choice of sensor locations.

While the choice of observer gains is relatively arbitrary for the
deterministic system (3.7), the question remains as to how the gains affect the
closed-loop system response when the state estimate is used in the feedback

control law. If we define a matrix of feedback control gains as

G=RT" +B'K] (3.13)

then the feedback control law, Eq. (2.78), can be written as

F.=-G& - R 'WVfsc-RB'y (3.14)
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where the state estimate has been substituted for the actual state. Substituting
Eq. (3.14) into Eq. (3.7a) and combining the result with Eq. (3.10), we obtain the
closed-loop system

HERAN R R o

R'BT
0

} v]  (3.15)

The response of the closed-loop system is governed by the eigenvalues of the
closed-loop coefficient matrix

A.-[ A-BG BG
€ 0 A-LGC,

(3.16)
This matrix is in block-triangular form and the characteristic equation is

given by

det[sI — A.] = det[sI — (A — BG)]-det[sI — (A - LC,)] (3.1A7)

As a result, the set of eigenvalues of A is the union of the two sets of
eigenvalues of the submatrices A-BG and A-LC,. Therefore, the original
system eigenvalues are not affected by the choice of the observer gains. This
separation of system and observer poles is known as the deterministic
separation principle (ref. 4). It implies that the observer gains can be chosen

independently of the feedback control gains of the original system.
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3.3 Stochastic State Estimator Design

In practical applications, noise and uncertainties included in sensor
measurements can adversely affect the convergence of a Luenberger observer.
It is therefore natural to consider a stochastic model of the system, i.e., one
that includes sensor and actuator noise. With noise accounted for in the
model, an observer can be designed which not only filters out the noise effects
but also allows for optimal selection of observer gains. Such a stochastic state
estimator is known as a Kalman-Bucy Filter (ref. 8).

Stochastic systems are described in terms of random variables whose
values at a given time cannot be predicted. Due to the random nature of the
sensor and actuator noise, the noise properties must be described in terms of
statistical quantities. Pertinent statistical quantities will be defined as we
proceed with the derivation of the filter equations. For a detailed discussion
of stochastic systems and definitions, the reader is urged to consult refs. 4 and
8.

The effects of sensor and actuator noise are included in the system

model by rewriting the state equations as
x(t) = A x(t) + B F(t) + D fc +w;(t) (3.18a)

y(t) = Cox(t) + wy(t) (3.18b)
where x(t) is now a stochastic or random vector. The additional forcing

vector wi(t) in Eq. (3.18a) is a random state excitation vector. It can be

regarded as including the effects of actuator noise and/or any random
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external disturbances applied to the plate. Similarly, the random vector wa(t),

added to the system output, represents the effects of sensor or observation
noise in the output. These random forcing vectors are assumed to be white
noise processes, the significance of which is discussed shortly.

To describe a white noise process accurately, we first give several
definitions. For a general stochastic vector v(t), the mean value is defined as

(0 = E{v(0} = r . ~j°° VP vpv)dvidvydv,  (3.19)

in which E{ } is known as the mean value, or expected value, and
p(v1,v2,...,vn) is the probability density function. The covariance matrix is

given by

Cylty ty) = E{[v(ty) — vitpllv(ty) - vit)]'} (3.20)

and the correlation matrix, or second-order joint moment matrix, has the

form

Ry(ty,t) = E{v(t,)v ' (t,)} (3.21)

The special covariance matrix obtained by letting tj=tp=t is known as the
variance matrix of the stochastic process. Similarly, for two random vectors,

the cross-covariance matrix is defined as

Cyaltyty) = E{Iv(ty) — vitpllz(t,) - 2(t)1'} (3.22)
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and the cross-correlation matrix by

Ry,(ty.ty) = E{v(t)z' (t,)} (3.23)

Now, consider a zero-mean stochastic process in which v(t1) and v(t2)

are uncorrelated even for values of t; and tp that are close to each other. In
this case, the correlation matrix is nonzero only for t;=ty and can be written in

simplified form as

Ry(ty,t) = V(t)d(t; — t;) (3.24)

where V(t1) is known as the intensity of the process at time t; and 8(t2-t1) is
the Dirac delta function. When the intensity of the process is constant, the
process is said to be wide-sense stationary and the correlation matrix reduces
to a function of T = tp - t1 only. The Fourier transform of the correlation
matrix is known as the power spectral density matrix. Taking the Fourier

transform of Eq. (3.24), with constant intensity V(t1) = V, we conclude that

s/@=[ R@e™dr=] vewear=v (3.25)

or the power spectral density is constant over all frequencies. A random
process v(t) with a constant power spectral density matrix is called white noise

by analogy with white light, which has a flat spectrum over the visible range
(ref. 4).
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Considering once again the vibrating plate of Egs. (3.18), we assume
that wi(t) and wa(t) are white noise processes with intensities V1(t) and Va(t),

respectively. The correlation matrices have the form
E{w;(t)w] (t)} = V;(4)8(t, — t;) (3.26a)
E{Wz(tl)wg(tz)} = V,(t)d(t; — t1) (3.26b)

Moreover, assuming that the two processes are uncorrelated, the cross-

correlation is simply

E{w;(t)wa(tp)} = E{w,(t)w] ()} =0 (3.27)

Since the state vector is now a stochastic variable we have the initial

condition

E{x(ty)} =X, (3.28)

with an initial variance matrix given by

E{[x(t,) — XoJIx(to) = X1} = Qo (3.29)

Furthermore, the initial state vector is assumed to be uncorrelated with the

state excitation noise and the observation noise, or

E{x(t)w; ®} =0, i=12 (3.30)
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We consider the case in which all of the components of the output
vector are corrupted by noise. This property is characterized mathematically
by a sensor noise intensity matrix which is positive definite, V(t) > 0, and the
resulting problem is known as the nonsingular state estimation problem. As
in the deterministic case, we assume a full-order observer for system (3.18)

having the form
$(t) = A KO + B F(0) + D fac + LOTy(® - C&®) (331)

where L(t) is a matrix of observer gains. The optimal observer problem is that

of determining the optimal gain matrix, L*(t), and the optimal observer initial
state X(to) so that the observation error is minimized. To this end, we seek to

minimize the quadratic cost function

J = E{e' )Ube(d)} (3.32)

where e (t) is the observation error vector defined as

e(t) = {x(t) - x(t)} (3.33)

and U(t) is a positive definite weighting matrix. Subtracting Eq. (3.31) from
Eq. (3.18a) and using Eq. (3.18b), we obtain

e(®) =[A - LIOC,le(V) + wy(t) — LOw,®) (3.34)
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which is the differential equation governing the observation error and is

subject to the initial condition

e(ty) = {x(t,) — x(t,)} (3.35)

To proceed with the minimization of the performance measure, it is
helpful to expand Eq. (3.32) in terms of the error vector mean value and

variance matrix. The mean value of the error vector is defined as

e(t) = E{e(t)} (3.36)

and the corresponding variance matrix is

Q) = E{[e(® - e®]le(t) — (1"} (3.37)

Using Egs. (3.36) and (3.37), we can express the second-order joint moment

matrix of the error vector as

Efe(tle' ()} = QM) + e(®e (t) (3.38)

Now, Eq. (3.36) can be used along with Theorem 1.50 of ref. 8 to express the

performance measure as

J =E{e' ©UMe®)} = e (HU®e(® + tr[Q®U®)] (3.39)
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In this form, the performance measure is broken into two independent terms
that can be minimized separately. It can be shown (ref. 8) that the mean value

of the error vector must satisfy

e(t) = [A - LOC,le® (3.40)

which is a homogeneous first-order differential equation. For a positive

definite weighting matrix U(t), the first term in Eq. (3.39) is clearly minimized
by letting &(to) = 0 since this choice implies &(t) =0 for all time. We can make

& (to) = 0 by choosing
X(ts) = Xo (3.41)

as the initial condition of the observer.
The second term in Eq. (3.39) does not depend on &(t) and therefore it

can be minimized independently. It is shown in ref. 8 that the variance

matrix of the error must satisfy the matrix differential equation
Q) = [A - LOCIQM + QOIA - LOC,] + V;® +LOV,WOLT(®)  (3.42)

with the corresponding initial condition

Qt,)=Q, (3.43)

Furthermore, two transformations involving time reversals (ref. 8) lead to

the selection of the optimal observer gain matrix as
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L' =QUWCI V3 (1) (3.44)

where Q(t) is the n x n variance matrix of e (t) which satisfies the nonlinear

matrix differential Riccati equation

Q1) = AQM) + QAT + V(B - QWCIV3I()C,QM), Qt)=Q,  (3.45)

The mean-square weighted error for the optimal observer is then given by

E{e"(OU®e(®)} = tr[QMU®)] (3.46)

It was pointed out earlier that the optimal observer problem and the
optimal regulator problem are dual in nature. This duality is manifested in
the fact that both solutions depend on a solution of an nth order matrix
differential equation of the Riccati type. In the regulator problem the
differential equation must be integrated backward in time from a final
condition. However, in the observer problem, equation (3.45) can be
integrated forward in time from the given initial condition. Thus the
solution of the matrix equation for the optimal observer is reduced in
complexity compared to that of the optimal regulator. In both cases, the
solution of a nonlinear n x n differential matrix equation can be reduced to
the solution of a linear 2n x 2n differential matrix equation.

If wi(t) and wa(t) are white noise processes with constant intensities V1
and Vj, respectively, then the Riccati matrix Q(t) approaches a constant matrix

as time increases, independently of the value of Q,. For this steady-state case,
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the differential Riccati equation reduces to the algebraic Riccati equation

given by

AQ+QAT+Vv,-Qclvilc,Q=0 (3.47)

and the resulting steady-state optimal observer gain matrix has the form

L' =QClv3 (3.48)

The steady-state observer is optimal in the sense that the mean-square
weighted error E{eT(t)Ue(t)} is minimized for the constant weighting matrix
U.

In Section 3.2 we demonstrated the Separation Principle which states
that for a deterministic observer the closed loop-characteristics of the plant are
independent of the choice of observer gains. This principle can also be
extended to the case of the optimal stochastic observer. To this end, we write
the closed-loop system in terms of the plant state and the observation error.
Substituting the feedback control law, Eq. (3.14), into Eq. (3.18a) and combining

the result with Eq. (3.34), we obtain the closed-loop equations in matrix form

%]+ { D-R'IV] ] ! R'BT

[)’(]=[A-BG BG
e 0 0

é 0 A'LCO

o133 oo

As in the deterministic case, the closed-loop coefficient matrix

A-BG BG
Ac= [ ] (3.50)

0 A'LCO
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is in block-triangular form. We therefore conclude that the Separation
Principle holds for the optimal stochastic observer and the optimal gain
matrix L*(t) does not effect the closed-loop characteristics of the feedback

system.
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IV. Numerical Integration Techniques

4.1 Introduction

Before we implement the control system/observer design developed in
the previous chapters, it is necessary to calculate the modal acoustic pressures
exerted on the plate surface. Indeed, the coefficient matrix of the state space
system depends explicitly on the fluid-loading matrix. The modal surface

pressures are given by Eq. (2.36) in the form

lp W rs('Yx"Yy) W ('Yx"Yy
fomn(®D= dydy, | 4 (4.1)
P ;{J’ L, (K2 — Y,2< _ Y;)vz y

and their relationship to the fluid-loading matrix is given by Eq. (2.39), or

W (vx,vy)w (Yo Yy)
for() = — dy,dy, | Gs(®)
o g{j ~ W@ "’4‘*

= —Z Crsqs(t)l r= 1121-"I°° (42)
s=1

which has the matrix form

fo(H) = - [CI4() (4.3)

The difficulty in calculating the modal pressures lies in the calculation of the
double integral in Eq. (4.1). First of all, there is a square root singularity at

yx2+'yy2 =k? and, secondly, the limits of integration are infinite, thus creating
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an infinite number of singularities in the integrand. There is no closed-form
solution for the double integral. However, Chang and Leehey (ref. 14) have
developed a computer code that can be used to calculate the integral
numerically using a combination of Romberg and Tschebychev quadratures.
The computer code is presented in detail in (ref. 15). The purpose of this
chapter is to nondimensionalize Eq. (4.1) and manipulate it into a form that

can be readily calculated by means of the algorithm of Chang and Leehey.

4.2 Modal Surface Pressur
As a first step in evaluating the integral in Eq. (4.1), we need to
determine the nature of the Fourier transforms Wrs(yx,yy) and W"mn(yx,'yy),

given by
- b 2 i [ ]
W (e ty) = J' I Wi, ye WY dxdy, rs=12,.. (4.4)
-b J-a

and

a

_— b .
W nn(Boy) = J‘ X Wonooype ¥ %Ydxdy, mn=12,.. (45)
-b J-a

respectively. To evaluate the above expressions, it is helpful to translate the
coordinate system to one of the corners of the plate. The new coordinates are

shown in Figure 4.1.
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Figure 4.1 Coordinate System Transformation

This coordinate translation can be written as

gi=x+a, ¢€=y+b

(4.6a,b)

Substitution of Egs. (4.6) into the mode shapes given in Eq. (2.27) results in

sin k'rsl sin ksEZ

1
Weler2)= g

where we have defined

v

k=,

ST
k==

as modal wavenumbers. Introducing Eq. (4.7) into Eq. (4.4), we obtain
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Wrs(Yx:’Yy) = J J- sinkg, sinkg, e & %% Je de)

\/mb

1 a . 2 .
==, sin k,g; e ¥1dg, J- sin kg, e "*2de,
ma

1 k k1 —(=1)'e B[] — (=1)% 2] L “s)
= , ,8=12,. .
Vmab -0 (-7

Similarly, inserting Eq. (4.7) with r and s replaced by m and n, respectively,
into Eq. (4.5), we obtain

1 ky k[l - (<D™eX[1 - (-1)"eZ %]

W (f V) = ———— 4.10
mn(Y Yy Tt @ D@ 75) (4.10)

Then, combining Eqs. (4.10), (4.11) and (4.1), we can write an expression for the

modal surface pressures

S| e 0 Kknkek [T+ (D)™ = (=1)7e?% - (-1) e 2%
fpmnu):_Ag T R

1+ (_1)n+s ( 1) eryb (__1)se—2i7yb]
X

K2 -1 (=) (P ==

dydy, |G- (@11

where

A= 2’P (4.12)
4n°mab
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The exponential terms in Eq. (4.11) can be rewritten in terms of trigonometric
functions using Euler's Formula, ei® = cos8 + isin8, with the goal of reducing

the complexity of the integrand. In particular, we can write

~1)"e®™% + (-1)°e72 = [(-1)" + (<1)°lcos 2by, + [(-1)" -~ (-1)°lsin 2by,  (4.13a)

and

(-1)™eZ™% 4 (-1)"e 2% = [(-1)™ + (~1)Jcos 2ay, + [(-1)™ - (-1)Isin 2ay,  (4.13b)
Now, consider several cases involving different values of the mode numbers,
r, s, m and n. If n+s is an odd number, then Eq. (4.13a) reduces to an odd

function of yy. Since all other terms in Eq. (4.11) are even functions of vy, the

integrand reduces to an odd function of vy, for which

_[ fodd(¥y)dy, =0, n+s=odd 4.14)

Similarly, if m+r is an odd number, then Eq. (4.13b) reduces to an odd
function of yx which in turn results in an integrand which is an odd function

of yx. As in Eq. (4.14) above, we then have

J‘ Ffoad¥J)dY =0, m+r=o0dd (4.15)

Hence, the integral in Eq. (4.11) is different from zero only for even values of
n+s and m+r. The resulting expression for the modal surface pressures takes

the form
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Eomn® = ., Tonnas Grs(® 4.16)

rs=1

where

Jnnes =

~2ipkkok.k, r r [1 - (-1)"cos 2by,]
n’mab 090 (K

R AT ()
[1-(-1)"cos 2ay,]

x 172
-7 & -1

dndy, — “17a)

when both n+s and m+r are even and

]mm-s =0 (4.17b)

otherwise.

.3 Nondimensional Form of the Modal Surface Pr r

To reduce the total number of independent variables involved, and
- thus further reduce the complexity of the numerical integration, we non-
dimensionalize the integrand in the expression for the modal surface
pressures, Eq. (4.17a). The Fourier transform parameters and the
wavenumbers are nondimensionalized using the plate length 2a as a

characteristic length, resulting in the nondimensional quantities,
K=2ak, G,=2ay,, Gy = 2ayy = 2bR~yy (4.18ab,c)

K, =2ak, =mn, K,=2ak,=nnR (4.18d,e)



K,=2ak, =%, K,=2ak,=snR (4.18f,g)

where R = a/b is the plate aspect ratio. Introducing Egs. (4.18) into Eq. (4.17a),

we obtain

Jinnrs

B -8ipr’mnrsRa J‘” J‘” S
m 0 Y0

_dG,dG, (4.19)
2 2 213172

where

1-(-1)"cosG, 1- (—-1)ncos(Gy/ R)
M g g g mT T (4.202,0)
K2 -Gl (K2 -G K -GH (K2-Gh

The nondimensional integrand in Eq. (4.19) depends on only the modal

wavenumbers, m, n, r and s, and the plate aspect ratio, R.

4.4 Discussion of Numerical Integration
The double integral in Eq. (4.19) is still very complicated. There are

several difficulties encountered in evaluating such an integral, including:

1)  the integrand has a square root singularity for Gx2 + Gy?2 =
K2. This represents an infinite number of singular points since
Gx? + Gy? = K2 (0SGy<oo, 0<Gy<eo) traces out a quarter-circle in the
G,(,Gy plane,

2) the integral is an improper one, with the upper limits
extending to +e and
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3) the integrand is a very complex function with four
indeterminate points that must be evaluated using L'Hospital's
rule.

Since the singularity in Eq. (4.19) traces out a circle in the Gx,Gy plane, it
appears that a suitable transformation of coordinates may reduce the
complexity of the problem. Indeed, transformation to a polar coordinate
system in the Gx,Gy plane reduces the singularity to a single point along the

radial coordinate. To this end, we introduce the polar coordinate

transformations
o\/ Gz + G2 K
0 = tan %, X= -;(—y, Y= —/— (4.21a,b,c)

A/ Gi+ G}

Using this transformation permits the real and imaginary parts of Jmnrs to be

separated. The equations in polar coordinates are

Tones = Dinnrs + 1@pmns 4.22)

where

- 8p71: mnrsR%aK Ine Ins
Conrs = — f IO > Ty —6dY (4.23a)
Y(1-Y%)
8pm 2mnrsR%aK
Omass = _H _mr sy dedx (4.23b)
mnrs m 0 (1- X )1/2(
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Integrals of the form in Eqgs. (4.23) were derived for the case of fluid
flow over the surface of a rectangular plate in refs. 14 and 15. Equations (4.23)
can be recovered from the corresponding equations in these references by
substitution of zero Mach number corresponding to a no flow condition over

the plate surface.

4.5 Romber in

The singularities in Egs. (4.23) occur only in the integration over the
radial coordinate. We propose to handle the numerical integration over the
angular coordinate using Romberg quadrature, which uses the trapezoidal
rule over subintervals, bisected repeatedly, until the difference between two
successive extrapolated estimates falls within a specified error tolerance (ref.
15). It has been proven that a Romberg quadrature converges rapidly to the
true value of the integral (ref. 16). Chang and Leehey (ref. 15) have developed
a FORTRAN subroutine to perform calculation of integrals using a modified
version of the Romberg quadrature with faster convergence than the standard
version. A complete listing of the FORTRAN code is given in Appendix II of

reference 15.

The singularity encountered along the radial coordinate in Eq. (4.23)

can be elegantly handled numerically using a form of the standard

Tschebychev quadrature, or
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dx = = f(a)) + E (4.25)
n A

where
, 2 2i—-1
E = Zn—n f(sz(g), aj= COSM, ji=1.2,..n (4.26)
22 (2n)! 2n

and § € [-1,1]. The order of the quadrature is n, which is also the number of
abscissas used for evaluation of the integrand. To calculate the integrals in
Eqgs. (4.23) it is necessary to shift the limits from [-1, 1] to [0, 1]. Chang and
Leehey (ref. 15) have developed a FORTRAN subroutine to calculate integrals
of the type given in Egs. (4.23) using a modified version of the Tschebychev
quadrature given above. A complete listing of the FORTRAN code is
included in Appendix II of reference 15. For a detailed discussion of both
Romberg and Tschebychev quadratures used in numerical integration, the

reader is urged to consult reference 16.
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V. Summary and Suggestions for Further Work

5.1 Summa;y

The problem of suppressing the far-field acoustic pressure radiated by a
structure vibrating in fluid has received much attention recently due to its
many applications in the fields of aeroacoustics and hydroacoustics. When a
vibrating structure is submerged in fluid, the fluid acts as a coupling medium,
causing a transfer of energy between the modes of vibration of the structure.
Of the vibrating modes, some radiate acoustic pressure more than others.

Suppression of the far-field acoustic radiation pressure is possible using
either active or passive controls, where active control offers many advantages
over passive control. For the case of a vibrating structure submerged in fluid,
only certain modes contribute significantly to the far-field acoustic radiation
pressure. Only through the use of active controls is it possible to tailor
feedback control forces so as to automatically concentrate on the modes
contributing the most to the far-field pressure.

Meirovitch (ref. 1) has developed a general modern control theory for
the optimal control of the far-field acoustic pressure radiating from a
structure submerged in fluid. The theory involves simultaneous solution of
the boundary-value problem for the structure, the interaction between
structure and fluid and the control design. The selection of modes to be
controlled is made in an optimal fashion by including a penalty on the far-
field acoustic pressure in the performance measure, in addition to the

standard penalties on the state and on the control effort. The distributed
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parameter problem is governed by partial differential equations for which
control design is not within the state of the art. Therefore, the problem is
discretized in space by using the in vacuo modes of the structure as a series of
admissible functions. The resulting state feedback control law determines the
control forces as a function of all the modal state variables. It is developed
under the assumption that all state variables are directly measurable and
available for feedback.

This thesis extends the general control theory developed by Meirovitch
to the control of the far-field acoustic pressure radiating from a vibrating plate
submerged in fluid for the case in which not all state variables are available
from sensor data. The model consists of a simply supported isotropic plate
bounded on one side by air and on the other by fluid. External excitation is
applied to the dry side of the plate in the form of a harmonic persistent
disturbing force and control forces. To estimate the complete state for
feedback, the control system incorporates a full-order optimal stochastic
observer, or Kalman-Bucy filter. The observer is optimal in the sense that the

mean-square estimation error is minimized.

5.2 Suggestions for Future Work

To assess the performance of the closed-loop system incorporating
feedback control and state estimation, it is necessary to carry out numerical
simulation of the system equations, Eqs. (3.49). Before simulation can be
carried out, the numerical integrations discussed in Chapter 4 must be

incorporated into a routine for the calculation of the fluid pressure at the
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plate surface. Similarly, a routine must be developed for the calculation of
the far-field pressure through numerical integration of Rayleigh's formula,
Eq. (2.63). Once these routines are developed, numerical simulation of the
closed-loop equations is likely to be straight-forward, albeit very intensive

computationally.

61



10.

11.

12.

REFERENCES

Meirovitch, L., "A Theory for the Optimal Control of the Far-Field
Acoustic Pressure Radiating from Submerged Structures,” Journal of the

Acoustical Society of America, ( to be published).

Firth, D., "Acoustic Vibrations of Structures in Liquids,” Shock and
lb.b_r.a.n_Qn_Dlge&LVol 9, No. 9, 1977, pp. 3-7.

Junger, M. C. and Feit, D., Sound, Structures and Their Interaction, 2nd
ed., MIT Press, Cambridge, MA, 1982.

Meirovitch, L., Dynamics and Control of Structures, Wiley-Interscience,
New York, 1990.

Warnaka, G. E., "Active Attenuation of Noise - the State of the Art,”

Nglsg_Cgm;djng;mg,Vol 18, No. 3, 1982, pp. 100-110.

Luenberger, D. G., "An Introduction to Observers," IEEE Transactions on
Almm_c&meLVol AC-16, No. 6, 1971, pp. 596-602.

Chen, C. T, Linear System Theory and Design, Holt, Rinehart and

Winston, New York, 1984.

Kwakernaak, H. and Sivan, R., Linear Optimal Control Systems, Wiley-

Interscience, New York, 1972.

Meirovitch, L., Analytical Methods in Vibrations, The Macmillan Co.,
New York, 1967.

Luenberger, D. G., "Observers for Multivariable Systems," IEEE
_tanmgns_mﬁmmmc_cgmml, Vol. AC-11, No. 2, 1966, pp. 190-197.

Kalman, R. E. and Bucy, R. S., "New Results in Linear Filtering and

Prediction Theory," Journal of Basic Engineering, Vol. 83, 1961, pp. 95-
108.

Johnson, C. D., "Accommodation of Disturbances in Optimal Control

Problems," Intemansmﬂ.l_lgumal_an_gomm Vol. 15, No. 2, 1971, pp.
209-231.

62



13.

14.

15.

16.

Kwatny, H. G. and Kalnitsky, K. C., "On Alternative Methodologies for
the Design of Robust Linear Multlvanable Regulators,” IEEE

Transactions on Automatic Control, Vol. AC-23, No. 5, 1978, pp. 930-933.

Chang, Y. M. and Leehey, P., "Acoustic Impedance of Rectangular
Panels," Journal of Sound and Vibration, Vol. 64, No. 2, 1979, pp. 243-256.

Chang, Y. M., "The Mean Flow Effect on the Acoustic Impedance of a

Rectangular Panel " MIT Acoustics & Vibration Laboratory Report No.
82464-1,1977.

Ralston, A., A First Course in Numerical Analysis, New York, McGraw-
Hill, 1965.



VITA

The author was born to Bonnie J. and Wayne L. Morris on May 26, 1968
in New Castle, Pennsylvania. He received the degree of Bachelor of Science
in Aerospace Engineering from The Pennsylvania State University in May
1990, graduating "With High Distinction." His engineering experience
includes two years of work towards an undergraduate thesis at The Applied
Research Laboratory in State College, Pennsylvania, and one summer as a
graduate research fellow in the Flight Dynamics Lab at Wright-Patterson Air
Force Base in Dayton, Ohio. In August 1990 he entered Virginia Polytechnic

Institute and State University and has been working towards the degree of

BsseV W fmio

Russell A. Morris

Master of Science in Engineering Mechanics.



