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CHAPTER I. INTRODUCTION

The experimenter frequently encounters the situation where he ob-
serves the same experiment a fixed number (n) of times, and each obser-
vation can be classified in one of two ways, which we shall arbitrarily
term "success" and "failure." After collecting n such observations, he
may be interested in using the information from this sample to make in-
ferences about the population from which the sample was drawn. For ex-
ample, he may want to estimate the proportion of "successes" in his ex-
periment if he were able to subject the entire population to the experi-
‘mental conditions. The sample of size n represents a collection of n
independent and identically distributed Bernoulli random variables, each
having probability distribution

Pr(success) = 6,
0<s6s1
1-6

The sum of Bernoulli random variables is itself a random variable, say

Pr(failure)

X, where X represents the number of successes observed in n Bernoulli
trials. X has probability distribution that is binomial with parameters

n and 6, i.e.,

Pr(x=x) = (™ & @-5s

n-x
. )

for 0 <6 <1, and x = 0,1,...,n. The interest of the experimenter in
estimating the probability of success in the entire population can now
be formulated as the problem of statistical estimation of the parameter

6 in the binomial distribution.



This thesis is a study of three problems of estimation involving
binomial probabilities. The first is the estimation of a linear combi-
nation of independent binomial probabilities, when loss is measured by
squared error. A special case of this problem, estimation of the dif-
ference between two binomial probabilities, was discussed (for equal
sample sizes) in a paper by Hodges and Lehmann [14].

The second problem involves fixed precision estimation of 6. The
problem of finding optimal fixed precision estimators of the binomial
parameter 6 was suggested as early as 1957 by Steinhaus [20], and one
estimator was discussed as a special case in a paper by Naddeo [18].

The third problem is the estimation of the logit of 6, #n(6/(1-6)),
when the loss is squared error. The logit transformation is often used
in the analysis of mu;tidimensional contingency tables (see Woolf [23])
and in the estimation of the parameters of the logistic function in

quantal bioassay problems (see Berkson [3]).

1.1 The General Approach to the Three Estimation Problems

The general problem of statistical point estimation may be formu-
lated from a decision-theoretic point of view as follows. The popu-
lation parameter of interest, 6, is unknown and is to be estimated.
Although the parameter itself cannot be observed, a random variable X
whose probability distribution, p(xle), is a function of 6 is available.
Based on an observation of X, an estimate %(x) is chosen for 6. To
evaluate an estimate, we must measure its accuracy in estimating 6 with
a loss function, L(é(x),e). This loss function is defined such that,
for any estimate 6(x), and any value of 0, the loss is nonnegativé, and

the loss is equal to O if the estimate is correct.



It is possible to specify a rule that determines the estimate %(x)
to be made for any observation of X. Denoting this rule by %, 6 = {g(x)}
for all x defined by X. Whereas 6(x) is called an estimate of 0, the
rule 6 is called an estimator of 6. The worth of an estimator is measured
by a risk function, R(%,e), which is equal to the average loss incurred
when the estimator 8 = {6(x)} is used to estimate 6, i.e., R(é,e) =
8,[L(6(x), 8)].

The evaluation of an estimator is usually made by considering some
measure of the overall performance of its risk function. For example,
an estimator may be considered optimal if its risk function has maximum
value over ©® that is smaller than that for any other estimator. Such an
estimator is designated a minimax estimator. If 6, the parameter being
estimated, is considered a random variable with known density function
t(8), called the prior, then the worth of an estimator may be measured
by its expected risk. If ® is the space of values 6 may assume, the ex-

A
pected risk (or "global" risk) for an estimator 6 is defined by

srd01 = [ 749 5 a0

For this situation, the optimum estimator is the one that minimizes the

expected risk, designated the Bayes estimator, while the minimum ex-

pected risk is designated the Bayes risk.
In this thesis, two general measures of optimality for estimators

will be emphasized. The first is the criterion of minimax risk. Intro-

duced by Wald [21], the estimator that minimizes the maximum risk (often
called simply the minimax estimator) is widely used in the decision-
theoretic approach to estimation for situations in which it is desirable

to be protected against the worst that can happen.



The second criterion is based on the integrated weighted risk:

JﬁR@J)wW)de,
®

where w(6) is a weighting function such that J w(6) d6 = 1. This inte-

grated weighted risk shall be called simply the weighted risk. Consider

statistical estimation as a game played between the Statistician and an
Adversary who has at his disposal a set of functions Q@ from which he

may choose the weighting function w(8). Let the Statistician then

choose the estimator that minimizes the maximum possible weighted risk
for all w(®) € Q. In other words, he chooses the estimator 6 to minimize

A
max s 0
w(z)f(@ R(8,0) w(6) a

This shall be called the minimax weighted risk estimator.

The general concept of minimax weighted risk includes two other
criteria as special cases. If Q, the set of weighting functions avail-
able to the Adversary, includes all possible weighting functions, then
full weight can be placed at the value of 6 where the maximum risk occurs.
Thus, the minimax weighted risk is equal to the minimax risk, and the
minimax weighted risk estimator is the minimax estimator. On the other
hand, if Q contains only one function w(8), then the estimator possessing
minimax weighted risk is the Bayes estimator corresponding to the prior
w(e).

In general, the three problems discussed in this thesis involve
the estimation of functions of probabilities from independent binomial

distributions. When estimating a binomial probability, it is usually



desirable to have estimates whose values are symmetric, i.e., g(x) =

1l - g(n - X). When this property holds, the estimates for 6 remain un-
changed when the roles of "success" and '"failure" in the binomial experi-
ment are interchanged. An example of an estimator that does not possess
this symmetry property is ® = (x + 1)/(n + 1). If, in a biological ex-
periment performed to estimate the survival rate of mice in a polluted
enviromment, "success" is defined to be survival and 8 out of 10 mice
survive, the estimated survival rate is ® = 9/11. If "success" is re-
defined in the same experiment to be death, then the estimated survival
rate is 1 - =1 - 3/11 or 8/11. To avoid such discrepancies, only
estimators with this symmetry property will be considered.

Al]l loss functions used in this thesis also happen to have the
property of symmetry in that L(6(x),e) = L(1 - S(x),l - 8). This, in
conjunction with the symmetry of the estimators just mentioned, can be
used to show that the corresponding risk functions, R(%,G), are symmetric.
Consider the rigk at 6:

n

%(beﬁl-wmxu&wﬁ)

R(%,e)

The risk at 1 - 6 is

INGRCEDN L(6(x),1 - 6)

A
R(B,1 - 9)

A A
From the symmetry property of the estimator (i.e., 8(x) = 1 - 6(n - x)),

R(8,1 - 6) = 55 ) (1- 0" ¢ L1~ 8n-x),1- 6
x=0

But the symmetry of the loss function indicates that

L(1- 8n - x),1 -8) = L(&(n - x),0) ,



so that

& n X nN=x A
ZO (%) (1 - 8)* ¢ L(6(n - x),0)

A
R(6,1 - 9)

If y = n - x, then the above expression may be written as

Y, ) & (- 0" L(8(y), )

=0

A
R(6,1 - 9)

R(S,e)

and the risk function is symmetric about 6 = 1/2.

When comparing estimators with symmetric risk functions, using the
criterion of minimax weighted risk, it is possible to restrict the
class of weighting functions to the class of symmetric weighting functions.
This is true because, for any weighted risk produced by a nonsymmetric
weighting function, the same weighted risk may be produced by a symmetric
weighting function. To demonstrate this, let WR denote the weighted risk

produced by a nonsymmetric weighting function, w(6). Then

l A
WR = k/h R(6,0) w(e) de
0

w(e) + w(l - 9).

= Since w*(8) = w*(1 - @), «&*(8) is a sym-

Let w*(8) =
metric weighting function. Let WR* denote the weighted risk produced

by w*(e). Then



3
*
]

1
f R(8,6) w*(6) ae
0

j;l R(S,e) [w(e) + ;(1 - e)] 46

1 N 1 A
%f R(6,0) w(@) a6 + %f R(9,0) w(l - 8) 4o
0 0

A A
From the symmetry of the risk function, R(6,8) = R(8,1 - ), so that the

second term in the above expression may be written

1
%f R(8,1 - 6) w(l - ) de
0
Y A
= %fl R(6,1 - 8) w(1 - 6) a(1 - o)

1 A
= %/; R(6,0) w(e) de

Therefore

* 1 4
WR R(6,8) w(8) d6 = WR
0

The particular class Q of symmetric weighting functions w(6) to be
considered in this thesis is the class of symmetric beta functions de-

fined on ©:

b b
QO = w(e)lw(e)=ﬂg+%,;}$)l) , b >-1,




where B(b + 1,b + 1) =L/ﬁl eb(l - G)b d6. This class of symmetric
weighting functions was(ihosen because it is a fairly flexible class
of one-parameter functions. For example, the members of Q range from
functions that approach a discrete distribution with weight 1/2 at 6 =0
and 1 (for b near -1), to a function that weighs all intervals in ®
uniformly (b = 0), to functions that place full weight at 6 = 1/2 (for
very large b). The flexibility of this class of functions, together
with the ease of computations achieved by using a beta weighting function
indexed by only one parameter, led to this choice for Q. In Chapter II,
where ® is k-dimensional, this concept is generalized to a class of inde-
pendent symmetric beta weighting functions of the form
i bi
8 (1-8)
0 = (w(e)|we) = in 55, + T3, Y[ b, > -1 .

1

In searching for optimum solutions to the three problems to be dis-
cussed in this thesis, consideration will be restricted to a particular
class of estimators. This class will consist of estimators that can be
derived as Bayes estimators corresponding to certain prior distributions
on ®. Although a Bayesian viewpoint is needed to conceive of 6 having
a prior distribution, Bayesian theory will be used here only to suggest
a class of estimators from which optimum estimators may be selected.
Therefore, the estimators under consideration will be referred to as
"Bayes-suggested" estimators. They will be derived from the class E of

symmetric beta prior distributions on ®, £(8), where



6 (1 - 9)
t(e) = B(a + 1,0 + 1) ’

a>-1.

Since all Bayes estimators are admissible, the class of Bayes estimators
from symmetric beta priors constitute a class of admissible estimators.

This particular class of priors, =, was chosen for several reasons.
First of all, from a Bayesian viewpoint, the beta prior is the most com-
monly used prior for problems involving the binomial (see, for example,
Lindley [17] and Good [8]). It meets the Raiffa and Schlaifer criteria
of tractability, richness, and ease of interpretation ([19], p. 4k4),
making it the "natural conjugate" for the binomial.

Moreover, the symmetry of the prior ensures, in the problems to be
considered in this thesis, that the estimates have the symmetry property
stipulated above, namely, g(x) =1 - %(n - Xx). This can be shown as

follows. If x is observed, the posterior density of 6 is

e(8]x) lé(e)p(xle)

e(v) p(x|v) av
0

where p(x|6) = (%) (1 - )" *. If n - x is observed, the posterior

density of © is

e(8|n - x) = l’s(el o(n - x|e)
[ 50 ptn - %) av
0
£(1-6) p(n-x|1-0)  _ £(1-6) p(n-x|1-8)

§(1-6|n-x) = 5
u/\ e(v) p(n-x|v) av J[‘ £(1-u) p(n-x|1-u) a(1-u)
0 1
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Using (i) &(8) = £(1 - 6) (from the symmetry of the prior), and

(i1) p(x|8) = p(n - x|1 - 8) (a property of the binomial distribution),

£(1 - 8ln - x) = 15(9) p(x|0)
JRECEERE

e(o]x)

It will be demonstrated later (Section 3.1.1) that the Bayes estimator

is made up of the set of estimates that minimize the posterior expected
A

loss for x = 0,1,...,n. Let 6(x) be the Bayes estimate when x is ob-

served, i.e.,
1 A 1
f e(6]x) L(6(x),6) a6 < f t(o]|x) L(z,0) dae for all z .
Jo 0

Using the fact that £(8|x) = £(1 - 8|n - x) developed above and the sym-
A A
metry property of the risk function (L(6(x),6) = L(1 - 8(x),1 - 6)), the

above inequality may be written

1 1
f £(1-0|n-x) L(l-é(x),l-e) ae sf £(1-6|n-x) L(1-z,1-6) d6 for all z
0 0

1
— k/;l £(u|n-x) L(l-g(x),u) du S\/; t(u|n-x) L(w,u) du for all w

= §(n-x) = 1- 6(x)

Finally, note that each member of the class of Bayes-suggested esti-
mators derived from symmetric beta priors is optimum in the sense that

it minimizes the weighted risk for some weighting function w(8) in @,
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which has already been chosen to consist of all symmetric beta weighting
functions (see Section 1.2).

In Chapter II, where ® is k-dimensionai, the class E of priors will
consist of the set of k-dimensional independent symmetric beta priors,
£(8), of the form

ket (1-8) "

e(e) = II
i=1

k) a. > "'l
B(ai + 1a; + 1) i

The class of estimators considered in this thesis will be denoted
as the class C of admissible SBP (§ymmetric Beta Prior) estimators. The
optimum SBP estimators will be offered as solutions to the three prob-
lems discussed. Unless otherwise specified, the "optimum" estimators
derived here will be those estimators that are best in the class C. For
example, the term "minimax weighted risk" estimator will be used to

refer to the estimator in C that minimizes the maximum weighted risk,

‘where the class of weighting functions is the class of symmetric beta
‘functions. However, referring to the minimax estimator in C, the term
"C-minimax" will often be employed to distinguish it from the "universal
minimax" estimator.

In addition to the C-minimax estimators and minimax weighted risk
estimators, a third type of estimator will be derived, namely, the Bayes
estimator associated with the "least favorable prior." The least favorable
prior is that prior distribufion in E which maximizes the Bayes risk for
all priors in E. From a Bayesian point of view, it represents the prior
distribution against which the Statistician will be least successful in
minimizing the expected risk, even if he knows the prior and selects his

estimator accordingly.
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Under certain conditions, the Bayes estimator corresponding to the
least favorable prior will be the minimax estimator, so the least favor-
able prior can be used in some situations to derive minimax estimators
(see Wald [22]). Unfortunately, these conditions do not hold for the
problems considered here, mainly because of the restrictions on E, so
the derivation of least favorable priors and their corresponding Bayes
estimators may be only of academic interest.

The order in which the three estimation problems will be discussed
is as follows. In Chapter II, the problem of estimating a linear com-
bination of binomial probabilities is considered. Chapter III concerns

the search for optimal fixed precision estimators of 6. Chapter IV
8
1- 6)'

ter, estimators in C are found that (i) minimize the maximum risk;

deals with the estimation of the logit (i.e., In In each chap-
(ii) minimize the maximum weighted risk; and (iii) correspond to the

least favorable prior.

1.2 Notation

The following notation will be employed throughout this thesis.

X is a random variable with outcomes x in a sample space ¥.

p(x|6) is the conditional probability distribution of X. In this
thesis, the conditional distribution of X is binomial with parameters n

and 6, so that p(x|e) = (%) & (1 - ¢)"™*

, for all x € x.
X 1s the sample space of a binomial distribution with parameters n
and 8; i.e., x = {0,1,2,...,n}.

n is the sample size for the binomial distribution. It will be con-

sidered a fixed quantity.
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6 is the parameter to be estimated, the probability of "success" in
the binomial distribution. In some cases, more than one binomial distri-
bution may be involved in the estimation problem, in which case the
parameter to be estimated will be § = (61,92,...,9k)', so that 9 is a
vector whose ith element is the probability of "success" in the ith bi-
nomial distribution.

® is the parameter space for 8. If the estimation problem is one-
dimensional, then the space ® is just the interval [0,1]. If the esti-
mation problem is k-dimensional, i.e., 6 = (91,92,...,6k)', then the
space ® is the k-dimensional cube O < 6, <1, 1=1,2,...,k.

T is the estimation space. The dimension of T is the same as the
dimension of O.

6(x) is a point in T, an individual estimate of 6, which is a
function of the outcome x.

A A
0 is a rule that specifies 6(x) for every x in x, designated an

estimator of 6.

L(*,*) is the loss function defined on T X ®. Used for estimation
problems, L(a(x),e) is equal to the loss incurred when X has distribution
based on 0, outcome x is observed, and the estimate é(x) is chosen.

R(+,+) is the risk (expected loss) function. R(%,e) is the expected
loss when estimator 6 is used and X has conditional probability distri-
bution p(x|0). The expectation is taken over the conditional distribution
of X, so

R(8,0) = Z% L(8(x),0) () 6° (1 - o)™ %



1

Q is the class of symmetric beta weighting functions of the form

bi bi
k 0, (1 - ei)
= h> -1 k=21
(D(_e) iI;_-Il B( bi+ l, bi+ D 1] ol 1] )

which may be used to weight the risk functions.
E is the class of symmetric beta density functions, defined on O,

of the form
(o a.
i i
0, (1 - ei)
B(ai+ 1,05+ 1)’

k
e(8) = II
i=1

a;>-1, k=1

This class of density functions is used to suggest a class C of SBP esti-
mators (Bayes estimators from symmetric beta priors) from which optimal -
estimators are obtained.

6§(x) will be used to designate the Bayes estimate of 6 based on
outcome x, for the prior distribution £(6). Similarly, the Bayes esti-

A A
mator from £(6) will be denoted by 6, = {eg(x), x = 0,1,...,n}. Although

g
it will be demonstrated in Chapter IIT that the Bayes estimator for a

prior is made up of those estimates that minimize the posterior expected

loss, the Bayes estimator is defined to be the one that minimizes the
weighted or average risk, when the risk function is weighted by the prior

§(9), i.e.,

Thus, each SBP estimator is optimum (it has minimum weighted risk) for a
weighting function w(6) € Q, if w(6) = £(6). Each SBP estimator is also
an admissible estimator, since all Bayes estimators are admissible. Be-
cause all estimators in the class C under consideration are Bayes esti

mators, the subscript & will often be omitted.
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‘ﬁ(g,w) is the expected or weighted risk for an SBP estimator based
on the prior £(8), when its risk function is weighted by the weighting

function w(8):

R(g,w) = L/:@ R(ég,e) w(e) ae

Therefore, R(t,t) is the Bayes risk for the prior £(6).



CHAPTER II. ESTIMATION OF A LINEAR COMBINATION
OF BINOMIAL PROBABILITIES

Let Xi’ i=1,2,...,k, be independent random variables, each having
a binomial distribution with parameters n, and Gi, and let y be an arbi-
trary linear combination of the binomial probabilities of "success,"

i.e.,

y = 121 a 6, = o 8 (2.1)
where the o&'s are specified constants. Estimation of y is the topic
for this chapter.

Examples of situations in which estimation of a linear combination
of binomial probabilities is of interest include the following.

(1) If a comparison of the proportions of response for one treat-
ment, T, versus a control, C, is desired, then estimation of y = eT - ec,
the difference between the probabilities of response for the two groups,
is one method that may be used. In this case, Q = 1, and a, = -1.

(2) It is often of interest to compare the average proportion of

response for several treatment groups with a control group. If t equals

the number of treatment groups, then this comparison may be made by

estimating
t
1
7= T Z % - % >
i=1
that o = o = —Qq, =%, and o = -1
S0 - R t+1 '

(3) Ina 2" factorial experimental design with proportions as

observations, a main effect for a factor is defined to be the sum of the

16
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probabilities of "success" at the upper level of the factor minus the

sum of the probabilities of "success" at the lower level of the factor,

all divided by o1, Thus, estimation of a main effect involves the

estimation of a linear combination of 2" binomial probabilities, half
- -

with coefficient 1/2"7°, and the other half with coefficient -1/2" '.

This chapter is a study of the estimation of y using the squared

A A
error loss function; i.e., L(§,7) = (y-7)2, where y is an estimate of y.

In this study, consideration is restricted to the class of Bayes esti-

mates derived from symmetric beta prior distributions on @ (referred

to as the class C of SBP estimates). The chapter is divided into three

sections, dealing with (i) the search for minimax estimates of y among

the class C of SBP estimates; (ii) the derivation of the SBP estimates

which minimize the maximum weighted risk, when the risk function is
weighted by any member of the class of symmetric beta distributions;

and (iii) the derivation of the set of Bayes estimates corresponding

to the "least favorable'" symmetric beta prior.

To obtain an expression for the SBP estimates, first consider the

"prior" distribution over the parameter space ®, which is the unit

hypercube {0 < 6 <1, 0<g, <1, ..., 0< 8 < 1}. Define the prior

1

to be
k
e(8) = TII &;(e,)
i=1

where gi(ei) is a symmetric beta function of the form

Q. a.
eil (1-9,) *
e, (8;) = B(a*1,a,+1) a; > -1

Therefore, the posterior distribution of Gi is given by

(2.2)

(2.3)
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a.+X. Q.tn,-x.
i 71 (1 - 0 i

- . 2.4
65 (8;1%;) B(a +x;+1, g 0 -, +1) (2.4)

g.g is to be estimated using the squared error loss function,
then the familiar properties of that loss function (see, for example,
Lehmann [16], Chapter IV, p. 31) say that the Bayes estimate of Q'@ is

8(a'9|x), the posterior expectation of Q'6. Now,

1
&(eilxi) fo 0, gi(eilxi) a8 (2.5)

1l qg.+x.+1 a +n.-Xx.
fe.ll (1-e) T
0

i i
= (2.6)
B(ai+xi+l,ai+ni-xi+l)
. B(ai+xi+2,ai+ni-xi+l)
B -X.+
B(ai+xi+l,ai+ni X, 1)
ai+xi+l
= 20,.+n.+2 2 (2'7)
i
a well-known result (see [8], p. 17, for its equivalent).
. A A Xi + Ci
Thus, 6'(94 glﬁ) = Zociei, where ei =4 T 2o and ¢, =0y + 1.
i i i
The SBP estimate of y = ZJQ&ei is therefore of the form
i
" X, + c1
y z ———)s e >0,i=1,2...k (2.8)
i

This chapter is concerned with finding the set of constants,
{cl,cz,...,ck} in (2.8) which have optimum properties for the three esti-

mation criteria given in Chapter I.
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2.1 Estimates Which Minimize the Maximum Risk

The search for estimates of y = Z:o&ei which minimize the maximum
of the risk function was conducted by analyzing the form of the risk
function for the class C of estimates given in (2.8).

Estimators that are minimax in the class C (designated C-minimax)
were obtained in two special cases:

Case 1. All sample sizes are the same (n1 =n, = ... = nk)’ and
@, =+1, for i =1,2,...,k. (These conditions pertain in particular
to factorial experimental designs.) It is shown that, in this case,

the C-minimax estimators are also universal-minimax estimators.

Case 2. Estimation of the difference between probabilities for
two groups: 7y = 61 -6, n not necessarily equal to n .

Although estimates which minimize the maximum risk are obtained
for only these two special cases, it is convenient to present first a
discussion of the general behavior of the risk function for estimators

of the form (2.8).

2.1.1 The Form of the Risk Function

A Xy + ¢y
Zaiei, and y = ZO!i (Hl—:_-g_cl> , then

Ify

n.e, + c.
i7i

A i
(Sx(y) - Z o‘i (ni + 2ci) ?

1]

A
n.6.. The bias of 7 is defined to be &k(?) - 7, SO

since 6X(xi) A



20

o.n. 8. + a.c. . 8.(n, + 20.)]
1 1 1 1 1 1 1 1 1

n. + 2c. - n, + 2c.
i i i i

I
!

. A
Blasx(y)

-3

%fﬁ@--2%)]

z: n., + 2c.
i i

=

; A . .
The variance of y is given by

2

.,
A i
Varx(y) = 23 ini + QCiiE niei(l - ei) :

since Var_(x,) = n.6,(1 - 6,). Let z, = 6, - 1/2. Then 1 - 26, = -2z,
x\i i’i i i i i i

and

C2,A
Blasx(y)

2c.0.z. 7R

z: 17171 ]
n. + 2c,
i i

2
Also, ei(l - ei) = (3 + zi)(% - zi) =% - z;, SO that

2

Q.
A i 2
Varx(y) - 23 (n. + 2c.)? ni(%I B Zi)
i i

The risk function, when the loss function is squared error, may be ex-
pressed as
A A
R(y,z) = 6x(7 - 7)® (mean squared error)

. 2,A A
= Blasx(y) + Varx(y)

1 1 1

2
2c.a.z, VP niai .
- Z n. + 2c. + Z in. + 2C.52 (i- - Zl) . (2-9)
1 1 1 1

Now let
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\/ni Oti Zi
Vi T om v, (2.10)
1 1
and
2ci
v, = —= . (2.11)
1 \/ni
2 2
2ciaizi n,Qz. =
Ten ) o=Tae; = L ViYy M LT Too)E T 4 Yy S0 thet
1 L e 1 1 1 1 1

(M)

A , , . n.qa,
R(by) = ¥ vy ¥-% X+%ZE+%§F’ (2.12)

where y' = (yl,ya,...,yk) and v' = (vl,ve,...,vk). Alternatively,

2
A , n.Qx,
Rby) = ¥ M+ %) mvr? o (2.13)
1 1

where

A = XX' - %{ (2.1’4)

and Ik is the unit matrix of order k.
With the risk function expressed as a quadratic form plus a constant
term, as in (2.13), it is now possible to analyze the behavior of this

risk function for given (cl,cg,...,c This is facilitated by expres-

k).
sing the quadratic form, y' Ay, in (2.13), in terms of canonical variables

Yl,Ya,...,Yk. This transformation permits the simplified expression

' 2
R R (2.15)
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where the xi are the eigenvalues of the matrix A. This is accomplished
by performing an orthogonal transformation on y, y = PY, such that y' Ay
is equal to X'P’ARX, a quadratic form in the canonical variables (Yl’Yz’
""Yk)° The matrix of this quadratic form, P'AP, is a diagonal matrix
with diagonal elements (Al,xa,...,xk). Such a transformation may be
accomplished by forming the orthogonal matrix P = L21£fa""&fk]’ where
by is a linear invariant vector (eigenvector) corresponding to the eigen-
value Xi. Under this transformation, Yi =_pi y, for i = 1,2,...,k.
The axis for the ith canonical variable, Yi’ is given by y = u B
(where u is any real number). This may be seen by finding the values

of the canonical variables when y = p B;*

Y. = p.y = wp.p. = 0 , forj#i ;

both results due to the orthogonality of P.
In order to find the eigenvalues of the matrix A, it is necessary

to solve the determinantal equation
|A - 1] = o . (2.16)

Recall from (2.14) that A = v v' - I. Therefore,

2
Vl-l-k vlv2 . e vlvk
vlva v_=-1-)\ v2vk
|a - 21| =
: 2
vlvk vzvk s v o vk-l-x
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Now factor out \f from the ith row and ith column, i = 1,2,...,k, to

obtain
+
1 - g2 1 1
Vi
1+
- : 1 l-—vg—)\ . e 1
A - I = viv...vy 2 | (e.17)
1 1 1-lv:)‘
k

The last term in (2.17) is the determinant of a matrix having the same

form as the matrix B in (2.60) of Appendix 2A. Therefore, this determi-

nant may be evaluated using (2.61), replacing By with lv; 2 This
i
yields the result
K 2 2 2 ]
v v V.
2.2 2 k-1 (1 + 1) 1 2 k
|a -z = viv,...v (-1) vlzvﬁ_”v;[lJr)\+l+>‘+...+l+x 1
-1 - 2 2 2
= (-1)k (1 + )\)k1[v1+v2+...+vk-l-)\] N (2.18)

Expression (2.18) implies that, of the k roots of the equation

|A - XI| = 0, k = 1 of them are given by A = -1, and the other root is
k

2 ' . .
= z: v, = 1. The quadratic form y Ay may now be written in canonical
i=1
form:
' 2 2 i 2
v Ay = (; v; - 1) Y - Py LA (2.19)

Since Yl is the only canonical variable whose coefficient in (2.19)

is not always negative, the Y1 axis will be of considerable interest.



2h

This axis may be obtained by finding the eigenvector corresponding to

A=v' v - 1. This eigenvector is the solution for x in the equation

[A-G@y-DIx =0 . (2.20)
Since A = v v' - I, (2.20) may be written
vy - (F'v)11x = 0 (2.21)
This equation has solution
X = by (b € Re) (2.22)

since replacing x by u v in (2.21) yields the identity

py(r'y) -y = 0

The axis corresponding to ¥, is given by

L = v X
Vni al z1 2Ci
Recall from (2.10) and (2.11) that Vi T v oe— s emdv, = —;; , SO
that, along the Y, axis, y; =mw v, or
2c.(n, + 2c.)
i‘vi i .
z, = oo for i = 1,2,...,k . (2.23)

i n,Q,
i1

The risk (2.13) may now be written

A niai 2 2
R(7,Y) = % E o +2c)2 ¥ (Z vy - l> Y - i Yj . (2.24)

2c,
Substitution of —= for A yields

V.

1



A n, o hczi s i .
- —_— - " .
R(7,Y) = %), (o, + 202 *\4 o, )Yl LY (2.25)
i i i j=2
This expression can now be used to study the behavior of the risk function,
in particular the location of its maximum for fixed (c1’02’°"’ck)'
I
Case 1: Z: —Hi < 1. In this case, all eigenvalues of the
1 i

canonical form are negative, and the maximum of (2.25) occurs when

(Y1’Yé""’Yk) = (0,0,...,0). (This corresponds to the point 61 =6 =

n.x,
_ _ s . . . 1 1l 1 .
cee =8 = .5.) The risk at this point is % 2: T+ 20)2 A special
i i i
example of this case is the choice of all c, = 0, which corresponds to

the maximum likelihood estimate of 7.

b
Case 2: Z)'?fi > 1. If Ye’Yé""’Yk are all held constant at
i i

zero, then the risk function (2.25) increases as Y1 moves in either
direction away from the canonical origin. Therefore, the maximum of
the risk function occurs on the boundary of the parameter space. The

exact location of the maximum does not appear easy to determine.

be?
Case 3: z: —;i = 1. In this case, the risk function (2.25)
i i
attains its maximum value at all points on the Y axis. Along that axis,

2
n, o
the risk function has a constant value of % 2: T+ 2a)% -
i i i

2.1.2 Two Special Cases

Using the class of SBP estimates, minimax estimates for two special

cases will now be derived. In the first case (Section 2.1.2.1), all
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sample sizes are equal and the absolute values of the aﬁ's are equal.
It is shown that the class of SBP estimates contains a universal mini-
max estimator. The results are applicable in particular to the design
and analysis of factorial experiments for binomial responses. In the
second case (Section 2.1.2.2), estimation of the difference between two
binomial parameters is considered without requiring equal sample sizes.
The estimates which are obtained, after a somewhat involved proof, are

C-minimax; it is not known whether or not they are universal minimax.

2.1.2.1 Minimax Estimator for y When n, = mn, O& = +1, for i =

1,2,...,k. According to Theorem 2.1 of Hodges and Lehmann [1L4], esti-
maetes which have risk that is maximum and constant over some subspace @
of ®, and which can be expressed as Bayes estimates from some prior distri-
bution on ¢, are the estimates that minimize the maximum value of the risk
function. This theorem will now be used to demonstrate the following
theorem.

Theorem 2.1. If n = n, = ...=mn =mn and Q, = +1 for i =

1,2,...,k, then the SBP estimates

A Xi + Ci
Yy = Z ozi m: 5 (2.26)

based on the set of constants {ci =

5

, 1= l,2,...,k}, are universal

minimax.
2

) hci
Proof: If c, =‘/EE , then 23 —= = 1. From Section 2.1.1 (Case 3),

the risk function is maximum and constant along the eigenvector corre-

sponding to the eigenvalue 0. The value of the maximum risk is
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2
n.o
i"i k
: Z (ni + 2cijz ) h(\/ﬁ_+\‘ﬂ§r (2.21)

and from (2.23) it achieves this maximum all along the line
z, = ————— - | (b €R), fori=1,2,...,k . (2.28)

But (2.28) may be equivalently described as the subspace ¢ = {ozlz1 = oz =
ces = Oszk}. In order to apply the Hodges-Lehmann theorem, it remains
only to find a prior distribution on ¢ whose Bayes estimates of y are

given by (2.26).

In ?, since %z, = Otjz!j for j = 2,...,k, and since z; = ei - %, then
al i]_
ozl 91 - -é— = O!J. GJ. -3
al Ofl
[ - k= 1 = o s .
== Gj = aj 61 5 aj for j = 2, ,k

Suppose there are T positive Oti’s. Label the ei's such that {91,92, voos eTl}

correspond to the positive o:i's. Then

and

(2.29)

o
I
~
<D
@
...
Il
m(D
I
I
<D
=
Il
I__I
1
_:?o
A
I
}_—l
1
-

A particular point in the subspace @ can be written

¢ = {el;ely"':el:l' 61:"':1' 61}
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Assume some symmetric beta prior density for 61:

a a
o, (1 - 91)

t(8,) = e (2.50)

This defines the probability density over ®, since, for given 6, ® is

described by

The conditional distributions of the random variables Xi’ i=1,2,...,k,

over the subspace ¢, are given by

n Xi n-xi
(x,) 8~ (1-8) for 1 <i < 1
1

£(x;|6,) =
n-x,. X.
(k)68 “(1-0)% form+ 1<ic<k
1 1 &
Therefore,
N k k
K Z x5t ), (n-x,) .Z%(n'xf’. %
£(xle) = [II (ﬁi)] ot ML (1- )" =Tl
i=1

Since g(@), the prior probability density for ¢ is defined by the prior
density for @, g(el) in (2.30), then the posterior distribution of ¢ is

given by
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t(p) £(x|o)
f e(p) f(x|p) do
(0]

t(o|x)

at % xi+ i (n-xi) at % (n-xi)+ i xi

e i=1 i=TH1 (1 ) i=]1 i=TH1l

( { X+ i (n-x )+a+l, i (n-x )+ xi+a+l)
=1 1'ml i=TH1l

The Bayes estimate for y is the posterior mean of 7, since the loss func-

tion is squared error. But

kel-k-"_n,

so that ;3 the Bayes estimate of y is

Yy = 6((P‘§)(7) = 6(([)‘3(_) (k 91 -k + T\)
= k 6(CP|§)(61) -k + T\ ]
where
ixi+ i (n-x,) + a+ 1
_ o i=1 i=TH1
Sloln) (&) = o 22

Therefore,



= & - 2(ari] . (2.31)

From (2.26), the SBP estimate for y when {?i = Vﬁ%;’ i= l,2,...,k} s
is

: X, +-\A%§ k Xi + V%i
e
i=1Ln + 2 Ik i=THl Ln + 2V§%

o

k
PIEAES) Xj] SN NCUERY
- [l:l '=’n+l k . (2.32)

n+\ 2

The SBP estimate for y in (2.32) is equal to the Bayes estimate of y

Vik
2

based on the prior £(¢) in (2.30) when g = - 1. This can be demon-

strated by replacing g by _gg - 1 in (2.31), yielding the same expression

as (2.32).
A
Since y in (2.26), with {ci = Vé%g , 1= l,...,k} , has risk func-
tion that is maximum and constant over the subspace ® in (2.29), and can

be expressed as the Bayes estimate of y for prior &(¢) in (2.30) when
Vnk

A
a = - - 1, then y satisfies the Hodges-Lehmann criteria for a universal

minimax estimate.

The minimax estimate for the difference of two binomials, when

n, =n,, was given by Hodges and Lehmann [14]. It should be pointed
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out, since the difference of two binomials is a special case of Theorem
2.1, that the SBP estimate in (2.26) defined by Theorem 2.1 for k = 2

is identical to the Hodges-Lehmann estimate.

2.1.2.2. C-Minimax Estimator for y = 6, - 6,, n, # n_. A minimax

1

estimator for the difference between two binomial parameters was found
by Hodges and Lehmann [14] for case n =n,. In this section, the dif-
ference y = 61 - 6 is considered for n, # n,. Attention is limited to
the class of SBP estimators ;, given in (2.8), and the estimator in C
that minimizes the maximum risk is obtained. Although this estimator is

C-minimax, it is not necessarily universal minimax.

Development of the C-Minimax Estimator

The SBP estimators of y = 91 - 62 are of the form

X + X +
N T 2 * .
7 T W+ ac n + 2c ?
1 1 2 2

c. > 0. (2.33)

1’ 72

The search for the SBP estimator that minimizes the maximum risk involves
finding the set of constants {cl,cz} that produce this result. Any
estimator of the type in (2.33) may be considered as a point (cl,ca) in
the positive quadrant of two-dimensional C-space, represented in Figure
2.1. The optimum estimator will be obtained by finding the point in C-
space that produces the minimax risk.

The form of the risk function for the SBP estimators was discussed
in Section 2.1.1. Frequent references will be made to expressions de-
veloped in Section 2.1.1, especially the risk function as a constant plus
a quadratic form in (2.13), and the canonical representation of the quad-

ratic form in (2.19).



= .

Figure 2.1.

Partition of Two-Dimensional C-Space

44
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2 2

he he
In Figure 2.1, the ellipse E_l + ;—3 = 1 corresponds to the con-

1 2
2
2 Mci

dition that the eigenvalue, \ = E: i 1, is zero. The importance of
i=1 i

this eigenvalue, as a coefficient in the canonical representation of the
risk, was discussed in Section 2.1.1.
Theorem 2.2. Let R*(cl,cz) denote the maximum risk over ® for
the estimator in (2.33) that corresponds to the point (cl,ce). Then
he? bl

there exists a point (cl,c;) on the ellipse — + —2 - 1 such that

1 2
R*(c;,c;) < R*(cl,ce).

The proof of this theorem is rather long and tedious, and only a
summary of it will appear in this section. A detailed version is given
on pp. LL-55.

Theorem 2.2 is proved by partitioning the (cl,ca) space into several
regions. For each of these regions, it is then shown that, starting

at any point (cl,cz) in that region, the maximum risk may be continuously

reduced by following a path which eventually leads to a point on the

2
he.  heo
. 1 2
ellipse — + — = 1.
n n
1 2
Case 1: (01’02) lies on the ellipse, and the theorem is true at
once.
2 2
e, hcz
Case 2: (cl,cz) lies within the ellipse, i.e., —— + — < 1.
A 1 2

A1l eigenvalues of the matrix A are negative so that, in the canonical
representation of the risk function in (2.25), the coefficients of all
of the canonical variables are negative. The risk assumes its maximum
value at the center of the parameter space ® (i.e., when 61 = 9a = %),

and this maximum risk is



34

n n
03 _ 1 1 2
B (Cl’cz) -4 [%nl + 2c1)2 * (n, + 2c2)2]

R*(cl,ca) can now be continuously reduced by increasing c, and/or c,
until the ellipse is encountered.

Case 3: (01’02) lies outside the ellipse on the dashed curve in
Figure 2.1. For (cl,ca) to be on the dashed line, the slope of the Y,
axis, with respect to the v, axis, must be equal to the slope of the
line extending from the center A, of the parameter space, to the corner
D, as in Figure 2.2.

The maximum risk for this case occurs at corners D and F in Figure

2.2, where the risk is

R*(c ,c ) = [ S + 2 ]2
1772 n o+ 2c1 n + 202
R*(cl,ca) can be reduced by decreasing c, and c, simultaneously, moving
along the dashed line in Figure 2.1 to point P. Let (c{,c;) equal the
coordinates of P, and Theorem 2.2 is satisfied.

Case k: (cl,ca) lies outside the ellipse to the right of the dashed
curve. For any point (cl,ca) satisfying this case, the slope of the Y2
axis is less than the slope of the line AD, as indicated in Figure 2.3.

The maximum risk for (cl,cz) can be shown to occur either at point
D, or in the interval CD in the parameter space pictured in Figure 2.3.
(Equivalently the same maximum risk also occurs either at point F, or
in the interval EF, because of the symmetry of the risk function about

each canonical axis.) The location of the maximum risk depends on the
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Figure 2.2. Canonical Axes: Case 3



36

W

2(ny + 2¢)

'

Vg

2(n,+2¢y)

Figure 2.3. Canonical Axes: Case 4
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A
. oR . R . :
sign of (;; )ID, i.e., the derivative of the risk, with respect to v,

evaluated at D.

Case La: If (cl,cz) is such that gg— is negative, the maximum

2'D
risk occurs between C and D and has value
* n_ hc:
- 1 -
Rleye) = 2 |fm 7207 o
(n. +2c )|— -1
1 1 n
2
SR hcz
But 5;— <0 Efi - 1 < 0, making the second term in the above expres-
21D 2 ’

sion for R*(cl,ca) positive. Thus, the maximum risk can be reduced by
decreasing ¢, until the ellipse in Figure 2.1 is encountered, in which
case the theorem holds, or until the dashed line is encountered. In
the latter case, conditions for Case 5 are again satisfied, and the
theorem is true.

is positive or zero, the
D

Case 4b: If (c ,c_) is such that SR
——a 1 2 53’2

maximum risk occurs at D, and has value

* ) s
R™(c ,c = +
( 1’ 2) [% + 2c¢ n + 2¢ ]
1 1 2 2

This maximum risk may be continously reduced by decreasing <, in C-
space until

(a) the ellipse is encountered;

(b) the dashed line is encountered, Case 3 holds, and the theorem

is true;

(c) gg— becomes negative, Case 4a holds, and the theorem is true.
2!D
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Case 5: (cl,ca) lies outside the ellipse to the left of the
dashed curve in Figure 2.1. All points in this case satisfy the con-
dition that the slope of the Y1 axis is greater than the slope of line
AD, as demonstrated in Figure 2.4. As in Case 4, the maximum risk is

known to occur at corners D and F, or in the shaded intervals CD and EF.

A
The location of the maximum is dependent on the sign of §E§Z£¥Z i
y D
A 1
Case 5a: aRéy, ) < 0. The maximum risk occurs between C and D
Y, D
1
and has value
. n, , Mc:
= X -
R (01’C2) " (nl + 201)2 hcf
°l— .
(n, + 2c,) (n 1
1
OR ”cf =
But S;— <0= - 1 < 0, so the second term in the expression for
11D 1

R*(cl,cz) is positive. The maximum risk, therefore, can be continuously
reduced by decreasing <, until the ellipse or dashed li<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>