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ABETRACT

| In 1949, W. Ts Thamyaaé p%ayeseﬁ a prasgé&r@ far
%h@ s&lnﬁimn af an awﬁectima column using the matrix salot-
lus. | - o |
S | Since the matrix methed was rﬁther long and unfa»I
miliar to most engineers, it was felt that a further invevti»f
gatianYWﬁs‘warranth in %h&'hﬂp@ ﬁhﬁt a further gevelapm@ak .
uf the Thompson mﬂthﬁé would rasult iﬁ a aimplified provedurs
nmh involving matri&@ £, thus pi@ulﬁg g1 warthwhile tool in
the hands of %he.ﬂra@%ieing sﬁyﬁaﬁuﬁaﬁ engineer.

- From the theoretical point of view, at lﬁasﬁ, the
investigatimn proved successful. 3awevﬂr$ the resulting
equations could not be simplified as much 85 was aziginally
hoped which meant thet the practical value of the method was
limited from the point of view of time required for the solu-
tion of a typleal problem. |
7 In an attempt to circumvent this difficulby, to
some degree, a secondary investigation was undertaken. Two
common types of ﬁ@&mmnﬁ,ﬁ&fﬁﬂaﬁaiyzﬁﬂ~iﬁ.ﬁﬁﬁail'anﬁ the
results presented in graphieal form in such a manner that
thé‘@riﬁiﬁal,ﬁeaiga,laad could be found, for the column types
 investigeted, in a matter of minutes.

A bibliography @f'ﬁhe-msrefim§crtant colunn papers,

dealing essentially with varisble section columns, is inglue



&QSGD'

i ~ded in the thesis to provide alganVenient ready reference

| ,k‘fs@ureé of column informetion for future investigators.
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INTRODUCTION

: ~ The at&rﬁ of our present thaory of alagtmm ﬁ@lu&a
k  ,aet1$n had 1ts b@gi:ning a 1ittla over two aenturiea &go wh@nvv‘
Buler xgrat published his @1ﬁ&$ aal-maluma ﬁh@gryi_ Through |
the years that followed, mmmim&i knowledge c}f the subject
wasg g&im&ﬁ»vary,slgwlyi}aimma,the,@%ﬂbléﬁ:was ssgentially an |
~academie onej however, wiﬁh the ap§réaﬁﬁf@f ﬁh@;twénﬁietb
weﬁiﬁ?y; ﬁh¢ in¢raa$iﬁg @r@?al&ﬁﬁe of steel in ﬁﬁnﬁmtmreﬁ
placed new and iaﬁiﬁhant &@man&skaﬁ the sﬁruatﬁr&l ﬁmgiﬁeer
for better column design, whisch gave the éﬁ@ﬁ&@@ﬁ@ﬁ%fﬂf»gmkﬁmn'“
theory & new impetus. -

It was natural that the grablam.@f the variable
-&e&ti@n column should arise at &ﬁ_eariy stage, and although
much tinme and éffarﬁ has been ex@eﬁéeé in an attempt to
salva the pr@blam, r@l&tively littia headway has been made.

| Zn.lﬁéﬁ, W m; Tnampﬁmﬁigéblish@& & paper suggest-

ing the use of matrix methods for the solution of a varisble
ﬁéﬁtian:@iastia aalﬁmn.' ﬁlthaﬁghfan excellent paper, it had
three serious disadvantages.

First, an und@rataméina of the meﬁhad necessitated
a knowledge of thegwatxix @ﬁlﬁﬁlﬁﬁ and such knowledge is nob
possessed by the average practicing engineer.

Second, the method involved the ??Q@@S& of succes~

sive matrix multipliaatian&, erdinari;y 2 tedious and time



‘consuming operation. »
Third, each series of mﬁlﬁipliéaﬁians was‘héaeé on

an initial m@preximatisn, Whiﬁh was aﬁtually a guess at the

'wnritiaal emlumn loads A w@riﬁs of’&nah gueasas ané their

2 aarresyamﬁimg set of multip&ieatienﬁ, waul& of gourse, evaa~ 
v'taally lead to the correet solution for ﬁritieal ealumn;laad,
but the time and effort in most sa§e$ weai& be prohibitive.
It was felt, hewé?ém,thﬁi-furthgr investigation

'&1&&& the same line would be well worth while with the hcye‘v}
that the matrix method eould be replaaéé,hy simplér mathemat-
ieal equations that would yield ta.ﬁuiakeﬁranﬁ casler solu-
’ﬁi@név |

| It was with this ﬁh@ugh% that the present investi-

gati@n wag begun.
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REVIEW w Lx*rmgﬁfﬁaﬁ

Bairst@w{i)anﬂ st@ﬁman(l)ﬁ?eﬁsﬁﬁeﬁ method of suﬁ«
'e@salve appraximatians wa@zaby the erit&a&l losd of any Syl o
imetria&l Qﬁxumﬁ.&f Varying afaaﬁ 5@3%1@& could be found,

V',Thﬁ basic Euler equati@n ) . . | _
was written first, %h&n a @ritieal 1@&& ? was assumed.

Gr&ph& vere prepareé for ﬁhe subsequent construction af

' §}; 4 gx and y versus x murvea, the abselssa being

 divided into a convenient number of segments (the authors

suggested ten for a half column length). A value @f"ﬁ??

was assumed for the first segment, then plotted and
mechanically integrated tﬁiaé over the first segment, for

‘gv and y; the latter being inxr@ﬁwea& into gi} to obtain
x

8 corrected value éf d§? s+ The eyaia was repeated until
_ §§§ | ; ,

the desired accuracy was obtained for the first segment.
(The suthors stated that two cycles were ordinarily suf-
ficient). The process was continued for each segment and

if the resulting plot of dy versus x showed a gerc value
dx - e '

at the mid-point of the colump, then the original assumpe-

tion for oritical load was correct; if not, then & new



&ﬁs%mﬁti@ﬁ f&r.aritﬁﬁﬁl leéd.ha& téfﬁ@»maﬁ@ and the entire

p?@@@aa repeated until the cor rrect 10&& was found.
ﬁarley(lg)aiag suggest&d a m&tha& of successive

':’&yprﬁximaﬁians, one whimh i& well known, and m&r&iy ﬁ@msiats

@f aﬁaa&img a. ﬁim@l@ defl&atian curve and snbs%itutlng the

';.&xpreﬁﬁicn for deflection in tha h&ﬁi@ aalumn equation (1)

ko find, uyan inﬁegraﬁian, & new defla&tian aurvg, the ex~

prﬂsﬁiﬁn fmr whi@h is aga&nAﬁubsﬁituteﬁ in th@ b&sie equa- -
‘ti&n and th@ praﬂess r@pe&ted until th@ ﬁaaired aaﬂuracy is
ahtaimaﬁ. mgriey ﬁuggaat@é ﬁhat thi& methma eould probably
B b@ ﬂﬁ@& to aavmntaga iu,grayhiﬁal f@rm aﬁ& siﬁﬂﬁ the sam&
prae@ss is éisﬂussaé in ﬁppanﬁix II no further memm@nﬁ will
be made here, Horlay(lé)latar discussed %he meth@d at gre&t&r ‘
l&mgtha In s recenﬁ payer Mi@sse(ll)has discussed esawiw |
ti&l&y the same ﬁﬁhh@ﬂg
Wilekma(ﬂiainv@stigﬁﬁaé ﬁapermag golumns whose

araagwé@ati@ns were elthar square or @ir@ml&ri Iin each case
he imvgstiguteﬂ linesr anﬁ a @araﬁm*ie varistion of the side
or radiug of the cross-sdction. He found an exact saiutzun
for ﬁh@ Euler equation (i) f@r ea@h 39@@1&1 case.. |

, o Binnih(g)stuaiad tww types of Variahle section
ﬁalﬁmnau Th@ firﬁt wag one whose ﬂr@sswsaatianal moment,

af.iﬁaﬁti& varied in accordance with an exganaﬁti&l law of



~ ‘the form

e ] Qe

B | | L
I =1e . , (11)

x
where I was the maximum moment of inertia at the middle
‘of the column and I, was thﬁ‘mgmené af}iﬁerﬁi& at any
point % measured fr@m‘ﬁaergiﬂwpmink. The length of the
column was L. Dinnlk wrote the g@vagning,équatiam-aaz
- ﬁﬂm ; ‘

ET e . gt ; Py = R o o (111)

&nﬁ @Epr@&&aﬁ the solution as ¢ |

ﬁﬂéﬁ |
By assuming various values for m he obbained
a sebt of K values which weré listed in tabular form as

a function af.%gwh@fa i waa’taken'as the moment of

inertiz at the ends of theye@luﬁ?‘ ;ﬁﬂﬁi&ilar table was
set up for fixed-ended ﬁalﬁﬁi». Dinnik followed the. |
pame @r&&@ﬁﬁﬁ% for the second case where the mmmen% af
imﬁrtia was varied in acecordance with a power law of

the fallﬁwiag forms

51 {:&»(Mﬁ) 1.} (v)
 @&&?@ Mﬁm st | o » (v)
T

Tha @witieal load was agaim expr&wﬁad in the

fﬁrmkaf eﬁuati@n (iv} anﬁ saluﬁi&ns were warkeﬁ aut
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for different values of m. The results were tabulated as

before as K versus %,f@r-bath pinned $n& fixed-ended columns.

Qiﬁ@iﬁ(3>lﬁt®f @XtaméeﬁvthiS'wgrk.by_inveaﬁigating a similam
,tﬁp@j@f column but whmsé center p@rﬁiam‘haﬁ & constant
moment of inertia. | _ , , _

- The problem of the 3@@9@@& &@1amn was: alsa mnvastiw
gated by ﬁianix(g?bat for a g@iumn @@mﬁiﬁtimg of only three
ﬁe@ti@na amd'ﬁf‘th@.type %ha&m inkﬁig. 2 of this thesis. 4
veamgariﬁcn of his results and the ye&ult& faamd herein is
inalﬁéa@ in this thesis.

Gwinn and ﬁill@r(?}ﬁevelaped a method for sglvmmg
a s%@pped column aansiﬁting of two seetions. However,
" although the aﬁyr@a@h was different, the net result was the
ﬁam@‘éﬁ faﬁnﬁ in this thesis féﬁ'a’twm sectilon column,

‘Harr$$($)$élved th@.ﬁulé% @@aaticﬁ (i) for three

$pe¢ial casess (1) for & column withreanatanz-%fﬁ (8) con~
$tam£%%;’(ﬁ} minimm use of material.

Turtan(lg)ﬁalva& the pr@bl@m of the polumn whose
1@ngituﬁinal profile taper@@ parabolically. His method was
a direct solution of the Eul@r equation (i)
?empletan(14>uﬁeﬁ energy methmdﬁ to solve the probe
lem of & @alumm %apering from the aent@r&‘ Lettlng I repre-

gent the mnmént‘mf'inertia at any station a distance x from



e

| tha ex@ of the column amd Leﬁting 1, represent the mo=

- memﬁ of inertia at ﬁh@ Eﬁﬂ&, his tap@r was then des&ribaﬁ
3??? | _;ﬁ w.E_;{’ o | Gl

I =A/4B &g ~ &3%3 G (vii)

1, X : g T i
v Thmmmssaglﬁ)ﬁavﬁlepaé a m&triz &elutian for

‘the variaﬁl% san@ion ﬁ@lﬁﬁﬂ« ﬁi& mgthgﬁ,is_d;ﬁcuss@é:

lat@r in the thesisa o , ! _ .

. Tim@sh@nkﬁ(la}has @ompileﬁ a considerable
_]ammunt af infgrmatian cenaarniag eolumns with varying
eross~sections. It is in@er&@ting to n@ta that he hasg
gaiﬁ§sé out that the effect of shear @n;aeliﬁ‘gwiugmﬁ
is negligible, (ﬁ@@:gage l@QrﬁfrEefameﬁﬁa,lﬁ)ﬁ ,

Other notsble papers, ﬁgt;availaﬁle to ﬁhé
autharg have been included in the Bibliography.



LIST OF SYMBOLS

length of 1*® section

W
3

modulus of eiééﬁieiﬁy*@fjith section

§

(aasumed &au&tamt}

mament af inﬁrtia @f ith 3ea%ian

3}

Xy % coordinate at end of 1¥0 gection

S
1

ﬁ@flaetian at anﬁ of iﬁh aeetiwn _

i‘bh

~ slope at end af Ee&tiaﬂ

- :
o

aritieal ealumn load

k=
L]

t@taé l&agth af emlumn

11

0

mamaﬁta at ends of ealn&n.'

 bghy |
; £1 £ 1 = moment af inertia baper vatio

"

e
{53
.

¥

number of sections in column

y

see page 28

"

‘see page B
 see page <4

®  gee page 25

it

see page 28
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%

.

see page R6
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THE INVESTIGATION

It was the gurpasﬁ of this thesis to develop &
~ method whereby the critical i@aﬁ afian glastie colunn of
vari&bl@ cross swﬁtiea»mamlé be determined with a@cﬁraay in
a reasonable length of time ﬁmﬂ @mgl@yiﬁg the simplest mathe

esmatical methods @@asibia.

Since this thesis was undertaken with the intention
of uaiﬁg‘Thgm@sanfﬁclﬁgmaﬁhﬁa as 8 ataxﬁing péint, it is
necessary that a brief cutline af’his prama&u&é be included.

Consider a variable $aetxen calumn«suah as shown
in @igar@ la and the free body diagram of a typieax element,
Figare 1b. | |
B A moment summation on the free body diasgram results
in the following differential equations |

. } % *Fcyi;*yi«»lg A My . | (1)

A'Théwpagm wrote the solution for the deflection at 1 in
terms of guanbities at i-l in the following form:
Ty BV ?@1‘(,@3 sin byhy # (g,

He th@m &iffareﬁﬁi@tad twi@a for ﬁi@ye and

, ﬁmment and obtained:



Fig. Ib
FREE BODY DIAGRAM

M,

Fiec. la

STEPPED CCLUMN



, 'wl' } sin bihi | (5)
Eixibi

_‘k‘y

 and -
My ® ey, 3t BiIiby sin byhy A My cos byhy (4)

Using egquations (ﬁ); ('ﬁé) , eand (4) he them
- wrote the fali@wimg wmabrix rélaiiaﬁ which links the

ith ﬁﬁctian with the 1-1 3$etiam;

s vi | |2 (L/bg)ein bihi' ﬁifmilibi %) (1~cos ‘;sini)

0 cos bghy - (lfﬁiiibi)(siﬂ bihi)

: Mg | |0 ~ByIybgsin bihi  e0s byhy

yi-11 (8)

-
Qﬁ*:.
]

By using the r@l&tmen establiﬁhed in eqaaﬁiaﬁ
(5) Thompson proceded to link the extreme ends of the

eolumn with the f&il@wiﬁg;@ﬁﬁ&hi@ﬁa

I T R N
e | (R ot by Vo | |
FatE 0 Aee R Yo R O

Th@ﬁ appiyiﬂg the b@ﬁﬁ&ary a@n&itions oi the

pr@blem he came to th@ iollawiﬁg &ﬁneius$anﬁz

' For a pin-ended columns

Y,:”‘Y@ﬁ@ ﬁﬁ‘iﬁnﬁ% |
‘hQKBQ A 12 ﬁﬁg 0 S A IR EE (7) }

 For fixed-end columnst

Y, SV, ® 0 anciyfﬁ = yo! =0



nemoe Mg Tl O W

, For a eolumn wiﬁh @nﬁ ﬁ fix@ﬁ and end nu
1giﬂneﬁ or fr@@a -
X? Tyt R0 and ﬁn
 h@ﬁﬁa Bgs = R S L . ()

| The abwv@ 13 an awtiin@ @f Th@m@aanfg m@%hoﬁ
- and his result%. |
| | | Iﬁ was ﬁ@ﬁiéﬁﬁ thaﬁ an &ttempt &hmulﬁ be m&&e
to develop expr&sgi@ns for ﬂh@ ‘mateix alﬁmeﬂﬁﬁ ﬁlj in
‘%he hope ﬁhat a simplmfi@ﬂ s@lutlwn waulé r@sult, cliroune
v&mtimg matrix mﬂltipliaatianu

A& rather obvious agpraacﬁ was takenm
Por a one section column let a4y = Ay
 For & two section ¢olumn let %13 m*ﬁig
Fer a three section column Let @13~# ﬁig ete. wh@faiaié-
~ represents any element of the square matrix in eguation
(8) and where: o S | S
834 & Ay or Agp for a one section column with pinned
‘ends. (Bee equation (7))
834 % Ayg Or Apy for & gns.3@ﬁ$ien'ealﬁmm;with fixed
~ends. (Bee equation (8))
844 x‘gﬁg for a one sectlon column with one end fixed
and the other end pinned or free. (See equation (9))
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B8imilarlys

b“ = bu or bm for a two §e¢tion column with pinned
ends. (Bee equation (7))

byy = byy or bgy for a two section column with fixed
ends. (Bee equation (8))

by 2 byy for & two section column with one end fixed
and the other end pinned or free. (See equation (9))
8imilarly with 44 for & three section column, ete.

How considering only pin-ended columns for
11lustration it is seen from equations (5) and (7)
that the equation for s one section column would bes

85 = ~ByI,b; ain bihy = O

or
= "'lelbl sin 8, =0

For & column with two sections:

Multiplying successive matricest

1 (1/bg)sin bghg (1/RpIbo%) (1-cos bghg)

O  cos bghy (1/BpIgbg)sin bghy
0 ~Bplgbgsin behg 008 boho

(10)

(1/B,13b,%) (1-c0s byh;)
(1/!11 ) sin b, hl

cos blh].
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2 -
(1/8,1,b,®) (1-c0s byhy)#(1/E 1;b bg)sin byhgsin blﬁ,l‘(l/ﬁglg ) (1~cos bghg)cos b;.hl.

£ (l/bg)sin bohg cos byhy -(Elllblfnglgbga) (1-cos bs-hﬁ) sin blhl
: (1/8,1,b )cos bghy sin bihy # (1/Eglgbg)sin bghg 808 byhy

h; - (Blllbl/‘nglabg) 8in bghy sin byhy

ag eos‘bihl " lelbl cos bahﬂ sin blh1

y . _(gg;gkgfglxlbl)sin bghg sin b hy £ cos byhy cos ﬁiPl

8y = ByI;b; cos ag sin a; 50 (11)

sectionss
f
' matrix multiplications such as the

hds

P 8g COB By - 821 €08 a; sin ap cos 8,

} &g sin 8y

lelblfﬁgxsbs)a;n ez 8in ag sin a) = 0 (12)

four sections:

lfla 208 &g cOB Il

B ‘3 cos ‘3 Gélfll

8 ag sin ap cos &y



B

%EEXibl”eﬁé 8, ¢as,a§f¢gé'éﬂ$in’al

' #(E&I&bﬁgﬁﬁfﬁgiﬁﬁg) gizza@ ﬁiﬁﬁé sin ag aw ﬁi.,

- éﬁﬁﬁiébéﬁiilbifﬁgﬁgﬁg}}éiﬂ‘aéfeﬁé:33 gin ég'aia‘ai
| A(BgLgogB 1 by /RgTebg) cos 8 sin ag sin 8p Bin &y
,#{géiﬁﬁéﬁizlbifﬁgigﬁg).ﬁiﬁ'&é,ﬁiﬁ\ﬁg @@a:ag{aimral =0 (18)

?ha r&pea&ea mal%ipli@atiaﬁﬁ w@w@ aanﬁim&@é for
fiv@ and six s&aﬁi@m a@lmmna re@u&ting in $K§?@5$i@ﬁ£ for

?ﬁg”g’@* | : o (1B}

Equations 10, 11, 18, 13, 14, and 15, were then
ﬁim&&ifi@& as much as ﬁaaﬁibl@ and rewritten so that an
'Iat%@mpt a$ﬁ1ﬁ be made ﬁé’réaggﬁiaa”ammm@ﬂfah&raaﬁeris%iﬁﬁ
such as consistent similari%iaﬁ»if differences in the %é@m%%v
In other words, a pasie. pa%t&rn wags soughb so that a single
ﬂqaati@m caul& be wriﬁt@n.tm r@§r$$@mt &ﬁﬁ regardless of
tﬂ@ ﬁumher of sections im th& columne

%ﬁg;aa@a procedure was fgllﬁwa&:iﬁ an effort to
find ala&miiar‘gakﬁérn f@rxﬁas for ﬁ&a ﬁ@lﬁ%i@ﬁ'@f'ﬁﬁ@ :
fix&&éwm&@& ééluﬁm and also f@w’ﬁ&é féw’a‘aalaﬁm haviﬁg,@ﬁs
end fixeﬁ and tn& @th@w piﬁn&ﬁ or fr@&,v : o

| Et should be mamti@n@d tﬁat & detailed &@&ﬂfiﬁ%i@ﬁ
of the grmﬁﬂéar@ used im-&@@@l@pimg @@gati@ns\lﬁ, 17, and 18,



is iﬁ@@ﬁsxhla sinee 1t nataraliy imv&lved much trial and ervor
'and some intuitive th@ﬁghta | |
Iin éeﬁermxning tha aurv&s of Figur@ 6 and Figure 7,

@ large number o of columns were worked out whose section

 lengbhs were equal (constant hy) and whose moment of inertia

”f‘ varied hy'a~amn$ﬁamﬁ'yrépar@i@ﬁA(aanst&mﬁ ﬁ)-r'%h&ﬁa golumns
’5  wa%e of two common ﬁygﬁg ag ﬁhawn.an tha grﬁghﬁu Th@ mriﬁim

e&l 1@&&5 80 found were 3uhs%itut$m in.th@ Eular a@m&tmgn

“EL_ and an effective moment of inertia computed. The

’réﬁiﬁ'af‘@ffeﬁ%ivs m&mﬁmﬁ @fVim@xtia ta~%§ﬁ m@ﬁimﬁm mﬂmeﬁt
'éf inertia, was arbitrarily chosen &s a convenient yaxémet&&
and plotted against n, thé;mumb@r'@f 5e¢tiém$ in %&@ ée&umn;
These curves are shown in Figure 8 and Figure 7. The maximum
moment of inertia is of sotrse the largest @ésaséﬁé@ticmal
moment of inertia to be found in the column, Columns with
fivavﬁaaﬁimms or less were s@lﬁﬁﬁ by e@ﬁ&tiem‘lﬁub A1l éthegs
were solved hy using the graphicml meth@ﬁ a@aerime& iﬁ 5ppen~
dix zxa, - | ' |

§~aamﬁﬁri$@n of the results of the method developed
‘herein with th@ gr&yhﬁea& meth&é amﬁ the method used by
’Exnniké”) is included.



BB

&.E&Lf

1._ Th@ atta&pts to find hasia patt&rmﬁ and smngle equs-
’ﬁianﬁ to reyreﬁaﬁt Aﬁg, &355 amd ﬁﬁg regardless of the |
number of g@ﬂti@msg were ﬁmﬂﬁﬁﬁﬁfﬂl-iﬁ all three cases,
2. The a@u&ti@n far a pin»@ndeﬁ aalumn having one or o
'tw@ sections is: T TRRER" TN T
::EE:: (1}bi)'£a§ 8, =0 | (16)

i=1
8. The equabion for & pin-ended column having an odd
;ﬁﬁm@@? of sections equal to or greater than three is:
e T .‘ o o
::EE:?’ (lﬁﬁi} tam.ai £ B=o Tooan
i=z1 | |
Wheret

bv&qtc‘




-85

g@$g¥ A1l terms are dropped for which the following rela-
tion does not hold true. |

l“k’lék Lk& -d&ab#é%

4ai Th@ aﬁua@ian for a yinv@mﬁai m@lﬂmﬁ.h&vimg an @vam ﬁmw»
';bar a@ s@@ti&mﬁ aqu&i to or gr&aﬁ@r than four ist
(1/by) tan 8y £ C =0 Y 1)
 Waeres il
z
S L

B

i

) kﬁ?,l .,1 xg 2 1 .kﬁ 2 1 ki = i L_: =1
b b Qiib ' .
k .4 k o ,
g 4 CBr %tan &, ten &, ...tan 8,
kT kg Kordl

""b
1 kﬁ

gft&& %ll t@rma are &r@py@é far which th@ feliawing ralaw

'%i&ﬂ does ﬂﬁﬁ h@iﬁ ﬁrua."”

l : kl‘- 1{{" kg‘-bocue;"k 3“ =n |

R ‘

?h@ aqu&timn for a fiaaéaenéaﬁ,Qal;«wghaving one or two

ﬁgatiaas ist



| E Cbytanag=o | (19)

'gi The aqa&ti@n fww a fix&d«anﬁeﬁ amlwwa having an odd

nnmh@r af seetiam& ﬂ@u&l t@ ar grmaﬁer %han ﬁhrs% ist

? oy %ﬁaifi3=€f Bl (200
L =1 "- . : L e
Wheres

L RN

:k; - l

(.,-, _:.‘. t@n ak ‘b&ﬁ ak wee

e 'k«.-
g, A]

,Jﬁﬁt@: Ail t&r&s are. ﬁr@@p@ﬁ f@r whi&h th@ fallawimg re-

lati@n é@eﬁ nwt h@l& twu@.; “
1 "“' kl<k (k§<weooﬁo <k
7. The ﬁqma%i@n for B fix@d#énﬁéﬁ'eéiﬁmﬁ h&#inga&ﬁ'@?@Q

number of sections equal to or greater than four ist
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i=1 T o

"'v_f_  _', Wheret
Ky = L
B wes ‘ L ) ‘ ,
k}* g bk taﬁ &k tm a'k S ) ﬁk
/ o 1 8

7 Pt £1

k@_?". I meijr=l

' Emﬁé% ALl ﬁ@?ﬁﬁ”ﬁr@ dropped for w&iahfﬁh@ following re-
'_1&tiam does mmh hold true.

l E.(kﬂ(k (uﬁutna(kn_‘i""m

8. The équatiﬁn;far & calumm fixed at one end and pinﬁ@&
or free at t&@ other and having an odd number of sections

, gq&él to or gfaaﬁaw than three i&z'

146=0 (@

Wheret



V_ﬁat@z A11 terms ar@?ﬁprpea'f@r mhiﬁ§7thé:f@1iaﬁing re-

"1&ti@n does nmﬁ hmlé true.

18 k:3_< EpX: §< .—,.M..mkn'l

The equation for & column fixaé at one end and pinned
oy frw@ aﬁ tha mth@y and navimg am\avem ﬂamb&r of sections
ﬁ@ﬁ&l to or 5r&atex tham tww isg - - | '

afE=0 ()
Where:

| n |, 3?

e e

xﬁsi'kg T g.la.l v =1

k) ke ‘on.] tan 8, tan a, ...tan e
by by == PR B 2R Py &?‘m
2 T4 &r ‘ . :

ﬁﬁﬁgﬁ 41l terms are dropped for which the followlng re-

lation does not hold true.
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~T.:.200 Cme e
. | . ,_Ig-.lBO ; 13=.|§2“ I4=.|46

-1

: . |= ]
—

20 ~—><—fzo~Je~ 20 -—4L~20—‘- N
: 80"
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FIc.4. NON-UNIFORMLY VARYING COLUMN
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F16.5. SYMMETRIGALLY TAPERED COLUMN
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g Cen e
i é K‘l< k‘-",( K % < %_‘ié’i aa 4 k : Lo

"f*ﬁg;lﬁ‘ “The mumber of terus 1n'e %aeh af eqma%isaﬁ 16 to 23 ine

"mluaive, will be (ﬁ)m“"1 s .
Wﬁj ll  ?ha tima r@quir@ﬁ for @aah appraximatiaﬂ using the

| '7fabav@ equations is 8. 5(E)m” iﬂﬁﬁ@ﬁh

‘“fil% ?mur to five apprﬁximmti@mﬁ will mraiﬁarlly determine )"

’5th@ critical load wiﬁh ?&asaﬁabl@ a@muranygiy
| %&@fﬁ?
| 'graphieal m@thaﬁ ﬁ@smribﬁﬁ in ﬁpn@nﬁi& Iz %mﬂ by tn@ meth@é

@ a@lumaa of Figuwas 3; 33 and % W@re solved by the |

g ﬁeV@lagei herein, A4 comparison @f;gﬁgglﬁg is presented im -
‘_fi’fab},@l,\ ‘ o L |
o TAELE 1
Gﬂﬁ?AﬁXﬁtﬂ af GRAPHICAL 1}
@?’*?’ﬁ?wﬁﬁ;ﬁmm . (3;_, = ) gﬁ?;_

ﬁﬁfﬁﬁb

COLUMN ﬁﬁvmaﬁpﬁﬁ HERBIN |

1475
2640
4040

Fig. &
?igg: 4

: ié; The aal&mn of Figurﬁ & Wﬁ& ﬂ@l?@ﬁ ay ﬁinnik*a(g}
me%haﬂ and by th@ method é@?@lﬁp@& hareln f@r four difw

f@r@n@ mameﬂﬁ ‘of inertia ?&ﬁiﬂﬁ, namﬁly R = 9.5, R®= 048,

"“%e@ pege 11 of th@ﬁi&



&g; ‘

-  ﬁf$w§4?, aaé,ﬁ = 6%3; The réﬂﬁiﬁafaré ghown in Tsble 8.

TABLE 2
 COMPARISON of @Iﬁﬁi&}ﬁiﬁfﬁﬁwaam and

[Teze rre. 7 || aﬁI%IﬁAL L@An iﬁ.?agﬂ&@
"‘Fﬁﬂﬁﬁﬁw mf  " (g} |
[NERTIA RATIO R EI%EI&  PHESIS
os | eso ,'xvﬁa
0.8 | wmo | 778
Cor | e | s
o8 | e | ees

15. For columns h&vxng mmre th&n fiV@ sect&en@, the matha& |

N aat&inﬁﬁ in App@nﬁix 1T i$ r@eamm@nﬁed,

16, A cemplets aaluti@n (up to n = 10 and 9 respectively)
is given in Figure 8 anﬁ Figar@ ? far @inﬁaﬁ celummﬁ with
constant R and hy of the tyg@s shawn, | | o
A% Th& eurves @f ?igura 6 @iva an &mma&iate 3@1@tien for
 1&$§ piﬁ»@m@eﬁ twamﬁéetiaﬁ ﬂla%ti@ calmma ef the ty?e shawn"
on the graphs e

;ua@aiaté séi&&imﬁ for

‘,‘légl The eurvﬁa of Figufa 7 give an
any pimwaaﬁeﬁ symmetrical thraamaaatinn alaa%ic co$umn of

the typ@ shown aﬁ\the grapﬁ. ‘
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:1% 3@ wag found thaﬁ for tw@ &n@ tare@ section aalummﬁ
'-with aenﬁtaﬂt hy ﬁﬂﬂ whoge m@m@nt af inar%ia did not vapy
ugraﬁﬁly (R = - 049) th@ critieal 1@&@ zould be el@&elv Bpe

'pmmmtea by an ari‘bhmatm m@m f;f the ﬁritiﬁﬁl efﬁm

;&éaﬁﬁ f@uﬁﬁ %y asammiﬁg ﬂa@h ﬁ@ﬂﬁiﬁﬁ.&a an imﬁividm&l

o m@lm&a af langth L.



G

| DIS&USEEGKuQ? Eﬁ%ﬁLTﬁ

From equation (?) the s@lutlen for a pin-ended

: vaelumn could be expressed as

£ g or A 20

A 32

18
Aﬁﬁ was da?&lmpaé merely because of the slight
simpliflaatiea affered by tﬁe geros in the matrices.
A development of Ag and Azo will show that they
differ only slightly in original form but when equated to
- zero they result in identical equations,
The same comments hold for the fixaéwﬁnﬂe&‘&alﬁmnsu
| Equ&tiaas 16 to 83 inclusive are believed to be
the simplest forms for these equations although aéﬁiﬁtedly
somewhat aamplia@taa in espplieation, For this reason Appen~
'éix Eknaa been included ané'sh¢w5‘th& result of expanding
e%ﬁatign‘l? for a three and five section column and eguation
18 for a four section column. (ﬁearaQﬁatianavﬁﬁ, 25, and 26).
Table & is included in Appendix I as an added
ﬁimplifiﬂaﬁian. It covers columns having>three to eight
sections inelusive, and is a summsry of all suvbseripts (in
“thelr proper order) required for the,equ&tian.whiah,égfines
‘the particular problem. It is believed that a better under-
standing and ap?r@ﬁiatiaﬁ of ?a%la-é will exist if it is

studied in conjunction with equations 24, 25, and £8.



It is noted from the results that the number of
%grmﬁ in equations 17, 18,v263~ﬁl§.2ﬁ§ and 25 will increase

very rapidly and the time required to work out e solution

L ‘SQQm‘h@name$ prehibiﬁivagv;er;axamﬁle,'the squation for a

':fiva-saetian colunn @mntaina'iﬁ %érma an&'%he'tim@ re@uired‘
f@r 2 single appraxzmatian is about 40 minntsﬁ.' ASsﬁmiﬁg ‘
*that four successive aypreximaﬁi@as are n@aesa&ry then tha
total time required would be 2-2/8 nours.
%imiiariy a six saeticn aalumn would involve &2

%armﬁ and &baut 5&1/ hours of atea&y work, Hence a five
section column 1s considered to be the @?aﬁ%i@al limit for
a.selaﬁion by the method developed imgﬁhié>thasis; |
| In applying equstions 16 to 85 inclusive much work
van be @limiﬂ&t@ﬁ hy.making‘a géa& tirst approximation %o B
.tha‘@f£ﬁiea1 load. It was found that smrgrisingly gé@é
results w$r$>5b%ainad by merely'babﬁlatiﬁg the eritiecal
column load for each section, aa$uming a2 golumn length of L.
A careful @xamimatimn of the tabulated res&ltg and the phya»
ical mrfamgam@nt of the aalumn will @r&xn&rily lead ta a
very good first approximation for P. |

" In ovder to improve the practicablility of the
m@%haé,ﬁ@t’furﬁh*inﬁﬁhia th&sis,’aAseaaﬁéary‘invea%iga%ien
was undertaken. o

Two common tyges of columns were chosen and a large



B g
4
e

-,-number of typi&al problems were warka& out in each esse. It

was é@@iﬁaﬁ %ha@ the m@&ﬁ erticient method of @r@saﬁtimg the

w@auitﬁ, in g@meralig@ﬁ form, was th&@ugh the medium of tha :

V'Eﬁlﬁw equatian. This ra&a&taﬁ.in Figu?a 6 and Fzgnr@ T

) ﬁanae, fsr a given a&lumm of aithar type shown, it?i

| iﬂ amiy n&neggary ﬁ& piﬂk afz the v&lua mf moment oy inertia

| ‘naﬁia ﬁ@??&&y@ﬂ@ia@ @a'bh@ kﬁawn numhar @f sections n anﬁ

" f@h$“ﬁap@r’;a%i$5E¢~ Kmawing ﬁh@ maximum m&m&mﬁ @f inertia, o
,%ha @fi&&tiwe m@mant of in@rtia i& a&&ily faunﬁ and when
'substitut@é in the conventional Euler @qa&%m@n.gives the

‘eriti@al column lead, ?. ?

| A m@mparisan af the method d@velapaﬁ and the gragan

ieal method deseribed in ﬁwp@nﬂixAll (see Table 1) showed

V@ry g@a& agr@ameﬁ% f@r three &@myk@tely different columns,

ﬁhev%ﬁaulﬁs would appear to indisate %ﬁat the method devel-

” mp@ﬁ here is s&igﬁtly aan&erv&tiv@ in comparison with the

graﬁhiﬁal mebht&, hewevar smah & a@naluﬁa@n is n@t depend-

sble unless a particularly large nusber of solutions are |

| availahle; | | . |

' A comparison with ﬁim&i&ﬁs(gjmeth@d, (see Table 8)

for a symmetrical three section e@iamm; ﬁh@ﬁ@ﬁiﬁxgall@mﬁ‘

agreement with resulbs, checking within about twe percent.



cbﬁﬁm@mﬁ&

Az has bﬁ@m previau&ly mmted the upper 1im1t for
 th@ numher of sectlons in a column 18 considered to be five
4f the coluam is to be s@iveé by»the m@tﬁ@d investigated

hérein. &ny mOrE sea%ienﬁ requira ﬁam much time and eff&rt

for a smlmtian ané a graphinai mebhad is then mrefer&ble.

, Under tnase miraum&tanm@sg the an&lytieal m@ﬁn@ﬁ

’, éevel@§@ﬁ in this th@si& is %@riauﬁly 1im1te§ in.iza range

@f ayylieability;‘%@verthel@sag ﬁhamek&re many instances

- where columns of five ﬁa@%i@ns‘mr,lsgﬁvaam be found in actual

ﬁtruaﬁures,,anﬁkiﬁ such cases, the ma%hgéraan'bé used to ad-

,.vaﬁﬁaga. | - | :

Iin a&éi@img, columns of the type shown in Figure &
a@é\Figar@v? aré’éai%@,aften f@uné.iﬁ;a veriety of structures.
It is nmﬁkiaemnﬁaivable that.wiﬁhuﬁhig'iﬁfafmatian available,
.aalumnﬁAnaulﬁ-beﬂﬁ@l@baraﬁ@lﬁ designed to conform to the
specific types shawﬁ in the graphs in &yéey to save the time
ﬁmﬁ cost of a,lﬁngﬁ&y anaiygiﬁ @r.t&&ﬁa-'ﬁﬁéh a.piae@dﬂr@ is
A@ftan practiced %y &ﬁﬁlgn@?%.v

A a@mpprisan with two other matha&s sh@weé very

good sgreement, ordinarily within two percent.



SUMMARY

| From the th@@f&%i@&i point of view, the invas%ig&;
'tiéﬁ£Was_aucce$sfﬂla‘ Eﬁﬂ&tiéﬁ$’¥%fazf$ﬁmﬁ for the solution

'¢f the;pinﬁenﬁ@&.aalumm,;thé f1xe§ﬁ¢n§$é.ﬂa1umn$ and the
H'~ﬁ¢lﬁmn with one end fixéﬁkanﬂ ﬁhe.eﬁ&&prinneﬁ or free.
 ‘ Fra@’the ﬁr&%ﬁiaﬁl gaint_af viéwﬁ éhé suceess of
‘the investigation is considered limited since the time re-
f'@ui?@é_ﬁﬁ'sg}ve;e&lumﬁslwgﬁh ﬁmré,ﬁﬂan five sections is pro-
nibitive. o |

| Detailled solutions were worked out tor two common
types af_amlumﬁae The results are presented in & convenlent
graphical form and give eritical loads, for the_typeﬁ,iﬁvegtﬁ

igated, quickly and easily.
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1948,

1845

- yITA

‘Born in ﬁanﬁﬁrvillﬁé‘ﬂ@w'ﬁraaawiek, Canada. '%ave§ 

to Nontreal and sttended Model and Woodland elemen=

tary schools.

 Graduabed from Verdun High School in Montreal.

Found aﬁat Aerwa&aﬁia&l Eﬁgima@rlﬂg was nob taught

'in Canada 50 enrolled at tn& ﬂnivarsity of Detroit

iﬁ E@tr@i@, ﬁxehigam, whar@ they haﬁ a five year
cooperative eﬁgimﬁﬁzing prﬁgram. '
Beaam& laboratory aaﬁistamt in Physics Bapartweﬁt
at ﬁmmvwrﬁiﬁy of B&txalt, Continued in thai eapa-
eity until gradustion. Dubles were eVan%aally’ |

almost entirely teaching.

Graduated from Universit y of Detroit with a Eaeﬁ@lﬁ?

of 8@i@n@@~@@g%e@-im~&er@maﬁtiaai Engineering.

Took position with Aeronca Aireraft Corporation in :

M&é@l@%awm;'@nia'aﬁ‘a ﬁ%k@%%'ﬁmﬁl&&%;"%&g‘ma@riad

©in the Lama yaarﬂ»

1844  Btudied advanced alreraft %trmeﬁurai amalysi& at

University of Cinclonsti night schools

' %aé@:&&ﬁiﬂg-@hi@ﬁ‘@f'ﬁﬁrﬁaﬁaraa'at feroncs Alpcrafl

Corporation. Raaigﬁ@ﬁ*hs take 9@$iﬁi¢n,a%'sﬁ$$3$'

analyst and structursl design engineer at Bouthern

‘Alveraft Corporation near Dallas, Texas.
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1948 Airplanéﬁpr@gram'é&nﬁé&ia&jaﬁ~$cm%nérﬁ Aireraft

. "@agparatiamg kigak'pésxtiéﬁf&s %@ﬁiﬁr'ﬁﬁrueﬁuraﬁ'”

Emgin@@r at Bﬁaeh’Aircr&fﬁiﬂargﬁraﬁiané“ﬁiuhi%a,

‘ Kansgag, &&taralizaﬁ ﬂ@vamber @@. |

1947 Left aiveraft industry to teach. Took Assistant

| ‘Professorship at Virginia ‘Polytechnic Institute,

Blacksburg, Virginia. ég;émimw’fﬁemng Head of
'&ﬁraﬂautiaal‘ﬁngiﬁe@ringﬂﬂﬁéarﬁméﬁﬁ'im same year.

Present ﬁwﬁﬂﬂlat@ Professor and &ati&g ﬂaaa of heronaubleal

| Engineering ﬁayar@mamk vi;giai& Palybaghniﬁ In%tiw
- tube. |

.‘ﬁémb@rﬁhipsw _ ‘ o

Institube of the ﬁeraﬁantlaal felences

@h@ &m&riaam ﬁmwia%y i@r Engimagrxmg'ﬁameaﬁi@ﬁ,

Gauma Alphe Bho, Nabional Honmary Aercnautigal

Boeiety
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From (17) the &q&akiam fay & three ﬂeati@n pins

- ené@ﬁ column ist

sy v (m@) ten aﬁ £ Qg tan ng = by
" | by bg |
‘ﬁaﬁ aivﬁanvgﬁﬁtam*&gfﬁ“@ )  ’ ‘, - (2e)

Fram.ilﬁ) the aqm&ti@m for a four section pinn

enﬁed calmmn iﬁ«

‘_{i/%~) tan 2, ; (l/bg) taa>a% £ (l/hg) tﬁﬁ ag £ (l/b&)

tan ay tan &% tan ag g%

lo@
tan &1 ﬁ&ﬂ;aﬁv%ﬁﬁ aé ; xv,_ tan a, ten a, tan 8,
- tan &, %ﬁn.g§ tan a, R (g5)
bgb&

From (17) the aqaatiﬁm for a five section pine
@nﬁeé ewlumn isg
| {l/bl) tan 2y A (ilﬁﬁ) tan ag gﬂ(lfhgj ﬁan_ag A (1/vy)
ten a, # {1/‘%) tan ag - by
bybg

tan al tan &g

tan 8y - bg tan ai tan ag tan ay - 5 tan ay
byBy | blbé
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tan a; tan a, ,1 §an}§g,taﬁ ay tan 8,

. "bg ﬁaﬁ al tawl ag %aﬁ &5 &»b% tan a,l tan aé tgm aﬁ
b1bg o S5y 1b5 g |

§ tan a tan By tan By = g tgn ml tan aé tan aﬁ*
b@bﬁ ‘ _ o bibﬁ ' :

- =b %gﬁ»aﬁ taﬁ;%% tgg a§ i

ség;ﬁan g tana%tanag~§égﬂ

2°5 e 85

tan al‘gaﬂ;aﬁ tamja§ tgn &, ﬁaalgﬁ_

Tabie 3 gives an ordered arraﬁg%mant of subs
ﬁariﬁts for piﬁw@ﬁaa& colunns having three to &ight secw
tions. This beble should be 5&1fwaxglaﬂatary when studled

in a@njunmti@m with equations 84, %5; and 2%«__

- (g8)
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TABLE 3
SUBSCRIPTS FOR B AND G TERMS FOR PIN-ENDED GOLUMN EQUATIONS
- n=8
« n=7 >~
- n:6 ————
n=5 —-
e N4
-n=3>'
—— — T—-»w«‘ e = o ———— — P
22 _lTe _ _J=z - _ _| = _ _ _ _ 2
1,3 || 1,4 5 1,6 1,7 8
SUBSCRIPTS
3 3 43 3 _ |3 3 _ _ 3 3 - - 3 3 _ - -
4 2,415 25 ,6 2,6 7 27 8 28
FOR I 4 4 4 4 4 4 4 4 a4 _  _ 4 4 4
175 25 35| 1,6 2,6 3,6 727 37 6 28 38
|
b E S 5 5 5 S 5 5 5 _ S5 S5 S5 S5  _  _
Y : 1,6 26 36 346 7T 27 37 &7 i8 28 38 48
|
? s 6 6 & & s 6 & 6 & @ _
! 7 27 37 471 57 8 28 38 48 58
TERMS f ‘
i; 7 7 7 7 7 7
! 8 28 38 48 58 68
2.4 2,4 24 _Tea -
,3,5 ,3,6 3,7 13,8
. 25 25 25 25 _  _  _  _ 125 25 _  _ - - - -
SUBSCRIPTS | 3,6 1,48 27 L4, 38 148
| 35 35 26 26 26 _ _ {28 26 286 o
1,4,6 24,6 1,37 147 157 138 148 158
_ 35 _ 35 a2t 27 27 27 L
FoR 1,47 2,47 ;38 148 158 168
- 36 38 36 36 ¢ _ 35 _  _ 3% _  _ _  _ _
1,47 157 247 257 1,48 248
- - % _ 45 46) 36 36 _ 36 3¢ _ _ _ _
b b 1,57 257 357 1,48 158 248 258
bbb i 37 37 37 37 37 37 _ _
: 48 158 168 248 258 268
- 46 _ 48 _ 48 _
1,58 2,58 3,5,8
TERMS _ 47 47 47 47 47 47
1,5,8 168 258 2,68 358 368
| _ _ 57 _ 8T _ 51 57
| : 1,6,8 2,6,8 368 46,8
L 248 248 - - -
SUBSGRIPTS 1,3,5,7 1,3,5,8
| 2,47 2,47
FOR . ik 1 — -
k ] ,3,5,8 ,2,6,8
¥
bbb g 2,5,7 2,5,7
bbbb ; ! 1,3,6,8 1,4,6,8
TERMS | f _ 3,57 3,57
| i G i ,4,6,8 2,468
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APPRIDIX 1T
i SOLUTION FOR VARIABLE SECTION
ELABTIC mj{tﬁﬁﬁﬁ& Qléﬁ)

For columns with more thaﬁ five sections, the fols

“"iawiug iterative process is r@a@mmamﬂ@éx e
| The bending moment at aay §mxnt in & column is

M ® Py wh@r@ P is the aritiaal load anﬁ 4 ia the ﬁafl&etian

from the mylginal ﬁﬁr&igh@ g@giﬁian. | '

Since P = Wy it is obvious ﬁn@ﬁ"the'ﬁranéfaﬁ ﬁh&?gv
of the bending moment ﬁﬁﬁ~ﬁ@fl§étiﬁﬂ curves must %a‘iéenﬁieal
’ farvafawfrée$’smluﬁiaaa |
These curves would b@-siﬁ@'wavés for constant sec=
B tion eolumnej hence a sine wave shmm&é-@rdinafiiy be a ?ary_

good firgﬁﬁagpraximatimn ﬁfiﬁh@'&ﬁﬁgﬁﬁ @%rv@i@fia-?amiaﬁi@

'“aeﬂti@n column.

I the ﬁ@rf&ﬁptmﬁiﬁ% %fEI aurv& is ﬂ&W‘?lﬂﬁtﬁd

ﬁmgiax aarreat values of I} and imﬁegraﬁ@ﬁ twice by any cons

'v&ﬂi&ﬁ£ graphical meth@d, the ﬁ&fl&@%1QQLQQIV@ will r@sulﬁa
It the_b@ﬁdiﬁg mgmea%a at ﬁifi@f@ﬁﬁlyﬁintﬁ &1@ﬂg the ecolumn
are now divided by the ﬁeflaaﬁiaﬁs.aﬁ corresponding p&imﬁag,
a serie# of values for ariﬁiaa&vimaé Wigl réﬂult,

| if‘ﬁhegs vaimaﬁ'vary @niy slightly, & correct solu=
tion has been obtained. If the variation 1s great, them

another similar approximation can be made, but is is now
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;imyarﬁaaﬁ to note th@% the d@flaetimn curve (ah%ainaﬁ as ﬁﬁw‘
&mwiﬁ&d abavg) &u&t more trwly ?@p?ﬁ@%ﬁt th@ true b@nﬁimg

'nﬁmamt curve th&a the heﬁﬂing mmmemﬁ curve originally asam&@a*'

J'jhamﬂe the ﬁ@fle@ﬁiaﬁ.eurve ahm&lﬁ b& use& &s the bending mo- ’f s

wm&ﬁt curve for the next a@praxim&%i@n. S
- It baﬁ@m@& ﬁhvi@mg then that hhis is not a trial
anﬁ error method, but 1t is an iterative process. |

It has' been found that &ﬁ&y ﬁhr@e iterations will
'almma% always ylield & gaﬁuﬁian.withia prae%ieal limits of
. ascuracy.

The ﬁi&@irequir@ﬁ for & éaiﬁ%idn will run between
twe and three hours r@gar@laaﬁimf ﬁh@‘mﬁmﬁ@r of sections iﬁ
' the column, The method is of course ideal for tapered

eolumns .



