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I. INTRODUCTION

We wish to present a method for solving neutron
transport problems involving the time-independent mul ti-
group transport equations in plane geometry. The presen-
tation is for systems exhibiting isotropic scattering, but
the method can readily be extended for anisotropic scat-
tering. It should be emphasized that the method is ana-
lytically exact and it provides numerically amenable expres-
sions for the physical quantities of interest. Thus, the
results can be used as a standard for evaluating apvoroximate
methods., Further, it is hoped that the analysis will shed
more light on the general subject of neutron transport.

The method is a generalization of the method of singular
integral equations as reported by Bowden, MeCrosson, and
Rhodes (3); however, before the details of this method are
presented we shall give a brief review of the problen,

The difficulty in solving neutron transport problems
by an exact analysis arises from the fact that the general
neutron transport equation is an integro-differential equa-
tion involving seven independent varisbles., Thus, at the
outset, one is compelled to consider only highly idealized
systems in order to reduce the number of independent var-
iables. One of the simplest forms of the transport equa-
tion is the time-independent, one-speed equation'in plane

geometry. In this equation all the neutrons are treated as



if they possess the same energy. There are only two inde-
pendent variables: a spatial'coordinate. and a direction
cosine measured with respect to the axis of the spatial
coordinate. Until a few years ago, very few exact solutions
had been found even for this simple form of the transport
equation, and these only for infinite systems. Then, in
v1960, K. M. Case (4) presented a new approach for solving
the equation. Since that time, numerous authors have solved
varlous transport problems involving the one-speed equation,
These investigations clearly indicate the versatility of
Case's method.

Case's method consists of separating the independent
variables of the trahsport equation and expressing the
general solution as an eigenfunction expansion with arbitrary
coefficients over the discrete and continuous spectrums of
the separation parameter, Specific problems are then solved
by applyling appropriate boundary conditions to the general
solution to determine the expansion coefficients., For semi-
infinite systems, one typically obtains a singular integral
equation for the expansion coefficient of the continuum.
Fortunately, this singular integral equation can be solved
using the standard methods presented by Muskhelishvili (11).
In some cases the actual solving of the singular integral
equations can be avoided by using orthogonality relations
between the eigenfunctions.

Recently, another approach for solving one-speed



transportvproblems was reported by Bowden, McCrosson, and
Rhodes (3). This approach which is a modification of the
transform method of Leonard and Mullikin (10), will be
referred to in this thesis as the method of singular inte-
gral equations. In this approach, the one-speed transport
equation is transformed into a singular integral equation
with an arbitrary inhomogeneous term. This inhomogeneous
term plays much the same role as the expansion coefficients
of Case's method. Specific problems are solved by first
determining the inhomogeneous term and then solving the
singular integral equation for the neutron distribution.

For semi-infinite systems the inhomogeneous term 1is generally
expressed in terms of the emerging angular flux at the
boundary. The emergent flux is, in turn, determined by a
singular integral equation which 1is adjoint (11) to the one
obtained for the continuum coefficient in Case's method.

In the paper by Bowden, McCrosson and Rhodes (3), this

dual ity between the two methods is further exhibited through
equations which relate the inhomogeneous term and the ex-
pansion coefficients of Case's method. The two methods
appear to be equally versatile and the degree of difficulty
in solving specific problems is about the same in either
case, Case's normal mode expansion of the neutron distri-
bution hes an advantage, however, in that it allows a direct '
comparison with the results of diffusion theory. |

To include energy dependence, it is sometimes
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assumed that the neutrons can have any of several discrete
energlies, where the energy transfer from one energy gfoup

to another 1is described by an appropriate transfer matrix,

In recent years numerous authors have attempted to extend
Case's method to solve transport problems involving this

mul ti-group transport equation. The géneralization is quite
straight forward in principle, but the results have not

been altogether satisfactory. The reason is that in problems
involving a semi-infinite medium one must solve a complicated
system of singular integral equations. The genefal procedure
for solving such systems has been developed by Muskhelishvili
(11) and Vekua (17), but the theory is incomplete. Leonard
and Ferziger (Q) have attempted to further develop the theory
to solve multi-group problems, but their results require the
matrix solution of a certain analytic boundary value problen,
and the equatlon which they derive for this matrix is extreme-
ly difficult to solve, In addition, the analysis of Leonard
and Ferziger 1is restricted to systems which obey the prin-
ciple of detailed balance and hence their results are not
applicable to systems with fission sources.

In this thesis, we demonstrate that the method of
singular integral equations vprovides an attractive alterna-
tive for solving multi-group problems. Again, as in Case's
method, the procedure leads to a system of singular integral
equations which must be solved. These equations can be

treated formally using the analysis of Leonard and Ferziger



(9), but again the results are not amenable to numerical
calculation. Fortunately, a procedure can be established
for uncoupling the singular integral equations and the un-
coupled form of the equations can be written down explicitly.
This uncoupled system of equations can be solved uéing the
conventional methods of Muskhelishvili (11) which were ap-
rlicable in one-speed problems. As in one-speed problems,
the relationship between Case's method and the method of
singular integral equations can be exhibited. Hence, the
expansion coefficients in Case's eigenfunction expansion
can be determined using the method of singular integral
equations,

An outline of the rest of the thesis is aé folléws:
In Section II we shall present the method of Case. The
'procedure and notation are based largely on the work of
Zelazny and Kuszell (18), who studied the problem in 1962,
One important modification has been made, however, in that
we have explicitly exhibited the degeneracy of the eigen-
functions of the continuum, This modification is in accord-
ance with the recent work of Siewert and Zweifel (15) (16),
and Siewert and Shieh (14). In Section III the method of
singular integral equations is developed and in Section IV
the relationship between this method and the method of Case
is presented. In Sections V, VI, and VII we present appli-
cations of the method of singuler integral equations,

Specifically, the infinite medium Green's function for the



multi-group equations 1is determined exactly in Section V,
The Milne and'critical problems are solved respectively in
Sections VI and VII. The "solutions" to‘the latter two
problems are expressed in terms of Fredholm equations of

the second kind which are amenable to numerical calculation.



II. THE METHOD OF CASE; THE NORMAL MODE EXPANSION

Elementary Solutions

We present here the method of Case (4) for finding
the general solﬁtion of the multil-group transport equations,
Assuming isotropic scattering and plane geometry, the multi-

group equations can be written in the form

N
(w3 ) ¥i(x,u) =1 Yy o
ax+4:ri 1 (x,u Ejzlciju[,i j(xu)du

i=1’2’ooo|N| -lfuf 1 ] ) (201)

where N represents the number of energy groups, o3 1is the
total cross-section assoclated with energy group i, and the
positive elements °ij form what is commonly referred to as
the transfer matrix, The transfer matrix takes into account
all the processes that lead to the transfer of neutrons from
all other energy groups to energy group i. With no loss in
generality, we shall assume that the groups are labeled in

‘such a way that

In.addition, we shall set



ON=10

Thus, in the'multi-group approximation, Eq. (2,1) can be
interpreted as determining the group 1 angular distribution
¥, (x,u), where the spatial coordinate x is measured in units
of the maximum mean free path (1/°N)' and u is the corres-
ponding diréction cosine, The elements o3 and cij are now
dimensionless quantities.

In accordance with the method of Case, the independent
variables of Eq. (2.1) are separated by setting

-X/v

¥Y(x,u) = e 3(v,u) , (2.2)

where

-Yl (XoU.)_
Yz(x,u)
Y(x,u) =| - (2.3)

¥y (x,u)

and

o, (v,u)]
g 1 ’
mz(v,u)

E(V,U) = * . (2.14')

('DN(\’ ’u)
L .

The components of & (v,u) satisfy the following system of



equations:

. N
(o3v-u) v4lv,u) = ¥ le Cij «[.1 coj(\).u') du’,
i= 1,29 EEE) N . (205)

Clearly, the right-hand side of Eq. (2.5) depends only on
v. Let us then define the functions

N
1
g1() =L ) ey [ owitvou) au, (2.6)
c i3 J
‘where ¢ represents the determinant of the transfer matrix,

l.e.,

c = det {cij} . (2-7)

The g;(v) are not well-defined if ¢ = 0, and we shall there-
fore exclude this case in the following anal&sis. Siewert
and Zweifel (15) (16) have already treated this particular
case in detail,

The general solution to Eq. (2.5) can now be written

in the form

wjilv,u) = 'cév"P o?jf:) +milv) 6(ov-u) (2.8)

i=1'2' cnoNp
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where P Indicates that the Cauchy principal value is to be
taken 1n integrals involving this term and 6 represents the
Dirac delta function. The functions wi(v), 1 = 1,2, ...,N,
must be chosen such that Eq. (2,6) 1s satisfied. We shall

consider the two cases v € (-1,1) and v # (-1,1) separately.

The Continuum Solution

We first consider the case when the separation para-
meter vy lies on the interval (-1,1). It is convenient to
further divide this interval into subregions. Thus, we

shall let region (n) be the union of the intervals

(-1 , -1y and (1 1), where n = 2,3, ..., N
o o g ' o
n n-1 n-1 n
In particular, region (1) is the interval (-1, 1) . The
o, ©
1 1

eigensolutions for v ¢ (n) will be denoted as follows:

(n)
oM ) = P EL 0) 400 sopu)  (2.9)

2 Oiv—u

1 = 1.2’ lOO’N'

where the superscript (n) simply means that these functions
(distributions) are defined for v ¢ (n). Now, integrating

Eq. (2.9) on u from -1 to +1 and applying Eq. (2.6), we have
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d m,, [1
= z cij w n (\)) J'\ G(OJ\)-U) du. ’ 1 = 1,2. ooo,N. (2.10)

Since we are assuming a non-zero value for c, the transfer

matrix has a unique inverse with elements

-1 vy
cyy = ‘El , (2.11)

where Yij is the cofactor of cji in the transfer matrix,

-1 ,
Hence, multiplying Eq. (2,10) by c,; and summing over i,

we obtain
y (n)
- 1
Y [ij by 0V T (-o—\-)-)] g5 () 20, k<n (2.12)
J=1 k
and

mén)(v) y» Xk >n,

[ Yiej - 6kj cv T (okv)] gén)(v)

Ce
ne~1 =

where

1 (2.13)

T(x) = tanh™ 1z . (2,14)

Let us define the elements
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,
Y5 = cv T (—l—) , k<n
o) 3 = %y 5y 0k

ij"bkjc\)T(Uk\)).k;n.

\

We write Egs. (2.12) and (2.13) as follows:

2 0P o) ey = (2.16)
J=1 C”én)(V)’ k>n .,

Equation (2.16) represents a system of N equations for the

N unknowm g(n)(v) and the N - n + 1 unknowns mén)(v). As

k
was pointed out by Siewert and Zweifel (16), there is an
(N-n + 1)=-fold degeneracy in region (n), i.e., for each
value of v in region (n) there are (N - n + 1) linearly
independent eigensolutions.

We broceed by writing Eq. (2.16) in the form
n-1

N
E: wé?)(v) 8§n)(v) = - E: Yk j ggn)(v) , k<n, (2.17)
5=1 3=

Now solving for ggn)(v). J=1,2, esey N = 1, we find

n-1 N
(n) _ (n) (n)
g (v) = - 1 A (v) vsy, & v) , §<n
(2,18

where Q(n)(v) is the determinant of the matrix



g(n)(v) = {mi?)(v?} y  1,3=1,2, ...yn-1,

| (2.19)
(n)
and A4 (v) is the cofactor of m§1)(v) in Q(n)(v). We
shall assume that Q(n)(v) is non-singular forv ¢ (n) . In
addition, we shall set
ey =1, (2.20)

From Eqs. (2.16) and (2.18), it follows that

(n) z n)( ) (n)( ) y 12 n , N=1,2, eeey No
(2,21)

where Q{;)(v) is the even function of v ,

n=-1 n-1
o) =™ we - Y ) Ny yn 0) vy (2.22)
j=1 1i=1
and
(n)
(n) (v)
Ak (v) = —(m " (2.23)

Using these results, we can write Eq. (2.9) in the form

(a1}
o™ o) = A () {anp 9‘57-&("?‘)“ o) () s(oy -u)}

N
(n) ( (2.24)
+ Z Qij (v) Ajn)(v) 6(o,v-u) ,

j=n
J#i
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where 1 > n, For 1 < n, we have

Ea (
. YooY Al v A )
oy (wou) = - e =1 k= . (2.25)
2 O3 v=u ‘

n
Collecting terms containing A§ )(\;) and using vector notation

we can write Egqs. (2.24) and (2.25) in the form

N
Mo = ) Al gj‘n’(v..u) , (2. 26)
j=n
where _ .1
mir’l;(v.u)
) Coér’l:))(\)vu)
Mo = | (2.27)
rolfrn; (o)
/ n-1
and Y Ao vy,
- QE‘L k=loiv-u , , 1=1,2, 400 ,n-1
o) () s
13 O3v=u), i=n,n+1, ..., j-1
"Dir'l; (\)’U)zﬂ

%’_ P Q(n)(vl + le)(\,) é(oi\)-—u). i=j

Ui\) -u

(n)
Qij (\}) 6(01\)-“) ’ i=j+1.j+210003Nu

K (2.28)
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Since g(n)(v.u) is a solution to Eq. (2.5) for completely
arbltrary A§n)(v), J =2 n, the g(n)(v.u) must themselves

J
represent linearly independent solutions to Egq. (2.5).

The Discrete Solutions

If v { (-1,1), the eigensolutions have the form

) = cVv 81(\))

"é‘ oi\"'u [] (2. 29)

mi(\)'u
The spectrum of vy can be determined by applying Eq. (2.6)
to Eq. (2.29). Integrating Eq. (2.29) on u from -1 to +1

and using Eq. (2.6), we have

N .
- 1 =

Z [ 635 -cyyv T (?\T)] gylv) =0 . (2.30)

j=1 J

Multiplying the last equation by cii and summing over 1, we

obtain the following system of homogeneous equations for

sj(v):
N
Y vy g3 0) =0, k=1,2,...,N, (2.31)
J=1
where
wkj(\;) =Ygy = Sy ov T (..__.) 7% (-1,1) . (2.32)

Let us consider the coefficient matrix of Eq. (2.31):
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E(V) = {wij(V)} ’ 1’J=1,2.ooo’N ) (2-33)

The nontrivial solutions of Eq. (2.31) occur at the zeros

of Q(v), where
alv) = dget alv) . (2.34)

Now, Q(v) must be an even function of y since the elements
wij(V) are even in y. Thus, we shall denote the zeros of
a(v) by vy §=0,1,444,0-1, where a is the number of pairs
of zeros. In Appendix A, the general procedure for deter-

mining a is outlined. We make the following assumptions:

(a)There are no multiple roots of Q(v).
(b)The rank of Q(£v,) 1s N - 1,
(e)aM™M ) # o,

Uhder'these assunptions there is only one linearly indepen-
dent solution of Egq. (2.31) corresponding to each zero irvs
and this solution can be expressed in terms of gN(d=vs).

Thus, we have

N-1

()
gy (% vg) = ~ag, Zl Bk We) Vi (2.35)

J=1’2"'09N-11 S=O|1’ooo,a-1 ’

where
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- gn(£vy)
a's:h (’;‘(m‘i‘s—')- . (2. 36)

Vs
Using the above assumptions, we have found that
there are 20 discrete elgensolutions of Eq. (2.5) which
correspond to the case vy # (-1,1). These eigensolutions

will be denoted by

@1'8___&({«’.)

mz,si“”

zsi(u)= * ] S=O,1,ooopa-1

. (2.37)
coN,s:i:(U‘)

-

where

N-1
(N)( )
Z Dix W) Yen
Cvs k=1

2 Oivg F U

i=1,2,...,N=1, (2.38)

fDi’Si(U.) = -
and

W =2 oMo

ON,s 2 Onvg F U

. (2.39)

The above determination of the discrete and continuum
eigensolutions closely parallels the work of Zelasny and
Kuszell (18). In fact, the essential feature of these

eigensolutions, that they form a complete set on the interval
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(-1,1), has been known since 1962, We shall give a proof
of this completeness property below. We have made an
Important deviation from the'dévelopment of ZelaZzny and
Kuszell, however, in that we have explicity represented
the degenerate eigensolutions of the continuum. It is
helpful to do this because in this representation some
useful orthogonality relations between the eigenéolutions
can be obtained. This fact was first noted by Siewert
and Zweifel (lj) in considering radiative transfer problems
involving the picket fence model. Later, Siewert and
Shieh (14) allowed for the degeneracy of the eigensolutions
in their studies of the two-group neutron transport equa-
tions., |

Let us consider the following system of equations

N
' 1 T ¢ ‘
(oiv-u) pr(v.u) =% JZ1 Cij -[_1 ”j(\”u ) ',
(2.40)

i=1,2,.04,N, =1 s u €1,
where the c;j are the elements of the transposed transfer
matrix. Equation (2.40) is said to be adjoint to Eq. (2.5)
(14). From the analysis of Eq. (2.5), it is clear that

the adjoint solutions 3'(v,u) exhibit an (N-n+1)-fold
degeneracy in regilon (n). These degenerate solutions have

the fornm
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i (n)f

(n)t
¢2 j

T
)T ) =

(n)'i'(
| PN,

n-1

E: YJk A
eV k=1
P

where

(n)

- (v)

ai\) -4

(n)

jS

(v) 6(oyv-1)

m)T

) (V) =ﬁ

2& p Q(n)(vz N an)

2 Ofv-u ii

Q;:) (v) 6(o4v-u)

\

(V'U.)

)

-

®q,3 (v,u)

A J=n.n+1....'.N (2.41)

9 1=1|21000'n-1

'} i=n,n+1’.cooyj"'1

(v) 5(0£v-u) y 15]

9 1=J+113+2.000,N0l

(2.42)

If we again make the assumptions listed under Eq.

(2,34), there are 2a discrete eigensolutions of the adjoint

system, and these have the form

-

T

ml’si(u)
T

, coz’si(u)
& W)= :
Tt

- olei(u)

-

ok

(2.43)

’ S=0.1,-copa-1



where N1
N)
(
R °"SZYNkkv) - N
t".’L,si 2 O4vg T U » 151,2,...,8-1
(2.44)
and
(N) .
o] ()= Ds 8 (vs) . (2.45)
N,s% 2 Owg F M

Orthogonality Relations

Let us arbitrarily choose two eigeﬁsolutions of
Eq. (2.5) and (2,40), which we shall denote by g (v,u) and
é&n,u) respectively. We wish to prove the following
1mportant theoremn.

Theorem (2.1). The eigensolutiéns 8 (v,u) and gT(n.u)
are orthogonal on the interval (-1 s u =< 1) with respect to
the weight function u . That is |

1 '
u[g‘f(ﬂoU)] g_(ﬁ.u)m =0 ’ v % Ny (20’4‘6)
-1
where the prime (') again denotes the transpose operation.

To prove this theorem, let us consider Egs. (2.5)
and (2.40):



N
— 1 L [}
(- _%_ + 0,) mylvou) = _%_ JZi Cy J’ coj(\),u ) du (2.47)

|
e =

1
- + t Y = o L "Yd, !

1=1.2'.'.'N .

If we multiply Eq. (2.47) by ﬂoI(n.u) and Eq. (2.48) by
cpi(\),u), integrate both on u over (-1,1) and then sum over

i1, we obtain

N 1
y (- . + 9 o] () o, (vsu) @
. 1
i=1 -1
N N 1 1
2 2 c o, (v,u?') du’ cpT(‘r].u) du (2,49)
13 J 1
1=1 J=1 -1 -1
N ot
y (- A+ 03) o (rau) o, (vew)
. n 1

-1

N
1 1
}: z °ij Jv @, ') d.u'Jﬂ cp}‘(n.u) du (2.50)
2 = =
-1 _1

Subtracting Eq. (2.49) from Eq. (2.50), we find
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N 1
(L - _%_) 21 J u v‘;(n.u) :oi(v.u) du = 0 ; (2.51)

thus

’ .
J1 M [gﬁkn.u)] glv,u) du =0 , if v % n . (2.52)
-l

Since the degenerate solutions of the continuum can
always be orthogonalized by using a Schmidt-type procedure,
all the eigensolutions of Eq. (2.5) are orthogonal, or
can be made so. We shall not carry out the orthogonaliza-
tion procedure in this thesis, however, since we éhall‘not
be needing these results in our present gnalysis.

The normalization integrals, corresponding to the
case when n = v in Eq. (2.46), can be evaluated by using
the explicit forms of the eigensolutions given by Egs.
(2.27), (2.37), (2.41), and‘(2.43). We find

1 + '
Ilu [gs;t(u)] § W) duw =N, s=0,1,..0,a-1 (2.53)

and

1
I ' [g_linﬁ(mu)] " o = X G swen)  (2058)
-1

k,1=n'n+1,.o-'N’ n=1l2!""N’
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where
5 o [H-t M-t N-1
_ A2y (N) (N) o1v
Vsa = * 12‘1 W2y 15y Yo Okl W) 2317 0s) Yy [T'—Tg_
ST )] +[“(N)(Vs)]2 [ Gstz -7 (1 )]
O4Vs | (opvg) -1 O\\Vs

(2.55)

and

______"232\)2 [ a™ )] ;

(n) _ \' (n) (n)
N ) =y }; v) @i ) + &

(2.56)
In the derivation of Eq. (2.54), we have used the partial

fraction decomposition

u P 1 P 1 = 1 P Vv - P n
o, n- 0, v =U n=v CRVE! 0, =1

+ u nz 6(ckv-u) b(okn—u), (2.57)

which 1s a generalization of a similar expression given by

Kuscer, McCormick and Summerfield (8).

Completeness Theorem

We now prove the most important property of the

eigensolutionst completeness., The following theorem
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provides the exact statement of this property.

Theorem (2.2). The discrete eigensolutions § (u)
together with the eigensoltuions ég )(v,u) of the continuum
form a complete set in the sense that any sufficiently well-
behaved N-component vector V(u), -1 $u <1, can be repre-

sented in the form

a-1
V(u) = Z [ agy 8 W) ta 8 (u)]
s=0
- ( ) '
n
' ;Z1 ;Zn A P ou) av (2.58)

<n>

In Eq. (2.58), the agy and Aén)(v) are arbitrary expansion
coefficients, and the range of integration, denoted by <n>,

is over each of the intervals (- L. - _1 ) and
n %n-1

(1, 1). A sufficient condition on V(u) is that its
O (9

n-1 n

components obey an H' condition on (-1,1)., Specifically,
a function f(u) is saild to obey an H' condition of the
interval (a,b) if there exists a constant B and a positive

_number £ such that

|£) - £w] < slu - u'|" (2.59)

for a< u, u'< b, and if near the end points (a or b) f(u)
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can be written in the form
flu) =-f£W) o ss5sq, (2.60)

when d stands for either a or b and f(u) satisfies Eq. (2.59)
on the closed interval (a,b). It appears, however, that

the necessary conditions on the components of E(u) are even
weaker than an H*'condition, and that Eq. (2.58) is satisfied
by all N-component vectors of physical interest.

If the expansion given by Eq. (2.58) is truly a
representation of‘y(u), the orthogonality of the eigen-
solutions can'be used to obtain the expansion coefficients.
In particular, using Eq. (2.53), we find the discrete

coefficients would have the form
1 + ,
o= 1
asi N—— J\ u [E_Si_(u )] l’(u) du . (2.61)

Thus, to prove Theorem (2.2), it is sufficient to demon-
strate that the continuum coefficients Aén)(v). p=n,n+1,

eseyN, can be determined from the equation

N N

" (n), . (),

V (u) = (v) 3 (vyu) dv , wme (=1,1)

- g n; ' pZnAp ViZp V@ (2.62)
<n>

#
if X’(u) has the form
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a-1
V) = V) - ggo[as+,gs+(u) ta & W], we (-1,1)
. (2.63)
with the ag, given by Eq. (2,61). To show this, we choose
to write the components of z: Aén)(v) gén)(v,u) in the

p=n
form
/
cv Q(n)(v) Ain)(v)
Zz g.v-U S
N i
(n) (n)
}: (v) vy, (vyu)=
P=nAp P 1 oV p Q(n)(v) A§n)(v)
2 o4v-u
N
( (n) (n)
fa™ ) :.Zu w1y A ) 6(oman)
\

-~

Equation (2.,64) was obtained from Egs. (2.26), (2.9), (2.16),
and (2.23). We mustbkeep in mind, however, tﬁat once the
coefficients A§n)(v), i 2 n, have been determined for region
(n), the remaining coefficients Ain)(v). 1 < n, are specified
by Eqs. (2.18) and (2.23).

Making the change of variables Giu' = 4 and denoting
the components of Xﬁ(u) by Vi(u), i=1,2,...,N, we substitute
Eq. (2.64) into Eq. (2.62) to obtain
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3

(n) (n)
d ' Q (v)A (v)
oivi(oiu ) = nZIP {922. | v-:' i v
<n>
N ]
+ Q(n)(v) Z w;;l) (v) A;n) (v) 5(v-u')} dv
=1

(n)

o a®™ ) a4 ()
+z ey V'i v dv , u'e€l, 1)
=1+1 2 v=u Oy 93
n
(2.65)
Let us now consider a subregion of (-1 , 1). Following
o o,
i i

the convention which we introduced earlier, we shall denote
"this subregion by (k), when k¥ < i, Then, performing the
integrations over the Dirac delfa functions, and dropping
the primes, we write Eq. (2.65) in the form

N

oV (o) = 0wy )

(x) (k)
&1 "Uij

(u) A:j (u)

N
(n)
+2Pf§20n(\))Ai (v) dy
n=1 2 v=u ' (2.66)
n

<n>

ue (k), ksi i=1,2’oo.'N L]
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Equation (2,66) represents a system of singular integral
equations for the expansion coefficients Ain)(v). Our
objective 1s to show that a solution to this system exists.

To do this_we use the methods developed by Muskhelishvili

(11).

Initially, we assume that Ain)(v) exists for v ¢ (n)

and introduce the functions

(n) '
N, (z) = Lo . j-m—’“(n)(\’) AL (v) dv , 1=1,2,...,N .,

2 v-z
<n>

(2.67)
These functions have the following properties:

(a) Nj(z) is analytic in the complex plane cut from
-1 to +1,

(b) Ni(z) ~ 1/z as z —» .

We shall assume that the cut (-1,1) in the complex plane is
directed from -1 to +1. Then, using Plemelj's formulas (11),
we can find the limiting values of Nj(z) as z approaches

the cuts (- 1, -1 _y and (_1L__, 1) from the left (+)
% Ox-1 k-1
and right (=):

(n)

N
(n
¥ = LY p [evO ") Ay o)
i i
21 n=1 2 V=il

<n>

e 2 ) Aik?(u), ue (k). (2.68)



29

Hence

nw-nw=2La®w W, ue w269
) |
. (n) (n)
+ - _ Q (v) Ay (V)
Ni(U) + Ni(u) = 3%1_'-[ Zj_ P j' Qé\,_ N i dv ’
<n>
me (=1L, 1) . (2.70)
bs 9

Similarly, using Eqs. (2.15) and (2.32), we note that the
limiting values of wij(Z) as z approaches the cut (k) from
the left and right are

(2.71)
Therefore
+ =
% [mij(u)—mij(ui]= !Jgii 8y5 ue (k) , 1>k
(2.72)
Lwy, ] @l = 0s @ Ge () . (2.73)
+ +
We can now write Eq. (2.66) in terms of N, and m, 4 to obtain

the following boundary conditions:
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N
u

3*
S 01V (ogu) = ;Zl[(nzj(u) N;(u) - mzj(u) N'Jﬁiﬂ ’

(2.74)
U e (-__L’_l_) ’ i=1,2,aoo’No
01 o
i
Thus the problem is reduced to a non-homogeneous matrix
Hilbert problem (11): to find the vector N(z) with the

properties listed under Eq. (2.67) which satisfies Eq. (2.74).

(n)
i

in region (n) and can be determined from Eq. (2.69). To

If this Hilbert problem can be solved, the A; ' (v) exist
find the N4(z), we shall make a departure from the standard
procedure of Muskhelishvili and use a trick which was used
by Leonard and Ferziger (9) in solving a similar boundary
value problem, This trick involves a generalization of the
one used by Case (4) in proving the completeness theorem
for the eigensolutions of the one-speed apvroximation.

Consider the functions

N

1
3
F,(z) = E: wy4(z) Ny(z) - 1 J1 ey Vi) gy,
j=1 " 2mi : 2 \)-Uiz
1=1,2,ono|No (20?5)

The functions w,(z) and the integral in Eq. (2.75) are

enalytic in the plane cut from - 1 to + 1 ; N,(z) is
o o
i i
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analytic in the piane cut from -1 to +1, Thus, Fi(z) is
analytic everywhere in the complex plane, except possibly
along a cut from -1 to +1. Moreover, Fi(z) vanishés as
|z|._, o, Let us, therefore, consider the limiting values

of Fi(z) as z approaches region (k). For values of 1 > k,

we find
N
=+ + * 1 iy
F = N I - 1. c\V \'4 (\) )

-1
(2.76)

+1

%‘l— oiv.g:(ll) ’ (S > (k), iz2kx.

It follows from Eq. (2.74) that

F:(u) - F;(u) =0, ue (k), 1=2kx. (2.77)

Next consider the limiting values of Fi(z) as z

approaches region (k), where 1 < k., In this case we have

N
1
* (k) + *
F,(u) = () Ni(u) - L1 Vi(y)
g 3'21 Wiy MNP T o J‘ < \,_éiu il

(2.78)

ue(k), i<k:

thus . N
+ -
i - Fw = ) ey [ v - ¥l

3=1 (2.79)
(kx), 1<k,

e
' (o]
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From Eq. (2.69), we have
_‘ .
Fi(u) - Fj(u) = %; gzllnig)(U) ) () Aik)(u).

me (k) , 1<k, (2.80)

It follows from Eq. (2.16) that

™

Fi(u) - Filw) =0, we (k), 1<k (2.81)

We have shown that Fj(z) 1is continuous across the cut (-1,1).
Therefore, Fi(z) is an entire function which vanishes at
infinity, We conclude, using Liouville's theorem, that

Fi(Z) =0 ’ i=1,2,...,N . (2082)

From Eq. (2.75), we obtain the following system of equations

for Ni(Z)' i=1,2,,..,Nl

N
1 #
; =_1 v  Vily)

-1

(2.83)
1=1'2,¢-09N .

It is clear that this system of equations has the solution
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N,(z) = i E: Ayy(z) 1 .[ v Vj(v)
! a(z) J=1 1 2mi J_ Bl - 932 dv

(2.84)
i=1’2000t’N []

where AiJ(Z) is the cofactor of w31<2) in Q(z). Since
Aij(z) and Q(z) approach constant values as[z{_q> ©

this representation of N4(z) vanishes at infinity., Moreover,
it obeys the boundary condition given by Eq. (2.74), and is
analytic in the plane cut from -1 to +1, except perhabs at

z = #y, §=0,1,.,.,0-1, when Q(z) is equal to zero. Thus,

all the required properties of N;(z) are satisfied if

N

. 1 *

E: Ay (v.) ey _Xlﬁil_ dv = 0 s=0,1,¢e.e,a=1 ,
1J 8 2 V- Oi\)

J=1 -1 S

(2.85)

This condition is not satisfied in general; but we shall
show that it does hold if V?(u) has the form given by Eq.
(2.63).

First, we shall verify that Eq. (2.83) has a solution
when z = ia%, s=0,1,44ey0~1s From the theory of linear
equations, we know that a solution exists at the zeros of
a(z) if

N 1 .
121 Y3(£v,) J %’- Vih) gy =0, s=0,1,...,0-1 ,

v=0.:v
! bk (2.86)
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where Y;(%v_), 1=1,2,...,N, is the solution to the follow-
ing system of homogeneous equationsi

N
Y wiylvg) Yy(Ev) =0, 1=1,2,...,N.  (2.87)

=1
The coefficient matrix in Eq. (2.87) is the transpose of
Q(\)S)o |
To be consistent, we again make the assumptimslisted
under Eq. (2.34). The solution of Eq. (2.87) can then be

written in the form

N-1

_MS)_ z YNk AIE?)(\)S) ’ 1=102so-o’N“10
Q(N)(\’S) k=1 .

Yi(i‘\)s) =
(2.88) .
where YN(da%) is unspecified, Comparing this solution |
with Eq. (2.43), we see that Eq. (2.86) is equivalent to

the requirement that

1 :
|
J\ " [g:}u)] V) =0, s=0,1,...,a-1, (2.89)
-1

It is easily verified, uéing the orthogonality
relations between the discrete eigensolutions, that if Eﬁ(u)
has the form given by Eq. (2.63), then Eq. (2.89) is satisfied.
This fact ensures us that Eq. (2.85) is satisfied. Let us

denote the components of a particular solution of Eq. (2.83)
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at :t\,s by Nﬁ(i\;s), i=1,2,...,N. Then we can write

N 1 *( )
w.. (v ) Np(i\) )y = 1 ey _ViwJ du
1 ey 9
JZ,I J s J s 2mi I—l 2 HFO3v

(2.90)

1=1,2’000,N .

Multiplying both sides of Eq. (2.90) by Aki(vs)_and suming

over 1, we obtain

N N
Ao o ) e (o )] ¥ ()
321[1=1 ki'Vs 13"s J s

I~ =

1 %
= _1_ A, (v ) el __V..i(_u‘_)__ au , k=1,2 N
2mi 1 ki S . 2 u ; oi\’s ’ 1<y ’
(2.91)
Now, we note thst Q(vs) has rank N-1, and that
Qa(\)s) = {Aij (\)s)}y
{

' (2.92)

1'J=1’2’!..'N'

is the adjoint matrix of Q(vg). Thus, from the theory of
matrices, we have
N
2 By lvg) 5 (vy) =0, (2.93)
i=1
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Equation (2.85) follows immediately from Eq. (2.91) and
(2.93).

With Eq. (2.85) we can reason that N4(z) has re-
movable singularities at z = ivs, s=0,1,...,0-1. Thus
Ny (z), given by Eq. (2.84), satisfies all the requirements
that it should, if g’(u) has the form shown in Eq. (2.63).
This completes the proof of Theorem (2.2).
| As a consequence of Theorem (2.2), we have the

following theorem.,

Theorem (2.3). The general solution of the multi-group

equations can be written in the form

a-1

¥(x,u) = Z [ ag+d , (W e /NVs 4 a._%g_ (u) ex/\)S]
S=
N N
+ ¥ 3\ A;n)(v) zgn)(v.u) e-X/v dv , =1 S u<s1,
n=1 p=n
> (2.94)

(n) :
where a_, and Ap (v) are arbitrary expansion coefficients.
To prove this theorem, we use the completeness

property of the eigensolutions to write ‘V’._(x,u) in the form
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a-1 A
Yixu) = ) [b_ () 8,,00) +b_(x) 8, (u)]
L,

N

N
(n)
= Z J z BI(,n)(x.v) épn (vyu) dv, (2.95)
n=1 p=n

<n»>
where the expansion coefficients are functions of x,.

Substitution of Eq. (2.95) into Eq. (2.1) yields

a-1
Z {[u aP_i_)S(i-(X) + oibS'i‘(}.c)] ‘-‘Qi S+(U)
s=0 ' !

dbe. (x)
'*{u axs X . oibs-(X)]'”i,s-(“{}

N N (n)

i (n) :
+ Z J\ Z [Ll _EEE (x,v) +°i P (X'\))] 01 p(\) u) dv
n=1 pP=n 3X
~ <n>
N 1 ,0-1

% & i3 J:l {;Z {bs+(x) 0y, g+lu’) + b _(x) Dj,s-(u M

!
o

N
(n) (n) '
+ Y B (x,0) 2 ™M (o,ut) av
nZ‘]_ J‘ p=n P J’p
n

<n>

(2.96)

1‘_‘1,2..-.'N’ -lsuslt

But recalling Eq. (2.5), we have
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1 .
J‘ (v.u') au' = (o5 - %) ni(v.u) . (2.97)

ur~<lz

When the integrals over u' in Eq. (2.96) are replaced by
terms of the form given by the right-hand side of Eq. (2.97),

we obtain
1 |
d3bg+(x) 1
+ L ov_(x)| &__(u)
;Zo 3x Vg s+ ] ~st

*_[abs_(x) - 1 bs_(x)] g, ()

X Vs

N N (n) |
- f y :_;h """)»f.s_ B Gepfe ™ o) av = 0,

(2.98)

-1sus1t,

This equation is valid for all ¢ on the interval from -1 to
+1. Therefore, due to the linear independence of the
eigensolutions, Eq. (2.98) implies that

*x
b u(x) = agy © /vs' 50,1, ¢00,0-1 (2.99)

and

M) .0y =A@ ) &
p p

sy V € (n) » P=n,n+1,,...,N,

- (2.100)
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(

where ag. and Apn)(v) are arbitrary. Theorem (2.3) follows
immediately.

The form of the general solution in Eq. (2.94) 1is
the obvious generalization of the two-group solution given

by Siewert and Shieh (14).

Half;Range Probl ems

It may appear that we are now prepared to solve
particular multi-group problems merely by applying the
appropriate boundary conditions to the general solution
and determining the expansion coefficients., We shall find,
however, that although the expansion coefficients can usually
be "determined" in the present formalism, only a limited
class of problems can be solved, iIn the sense of being able ‘
to obtain numerically amenable expressions for the expansion
coefficients, This follows from the mathematical complexity
of the equations which are typically obtained for the ex-
pansion coefficients in problems involving a semi-infinite
medium, To make these points clearer, let us briefly con-
sider the Milne problem, which involves a semi-infinite
medium,

We wish to determine the neutron distribution
!(m)(x,u)'for a homogeneous, source-free medium occupying
the half-space x > 0., The half-space X < 0 is assumed to
be void; hence the neutrons must be provided by a source at

X = o, In this case, we expect g(m)(x,u) to have the form
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m x/v '
1( )(x.u) =3 _We No (2.101)
for large x, where Vo 1s assumed to be the largest positive
zero of Q(v), and the strength of the source has been suit-
ably normalized. Since the neutrons which migrate from

the half-space x 2 0 into the vacuum will not return to the

medium, we also know that
y™ou =0, u>o0. (2.102)

Equations (2.101) and (2,102) provide the necessary boundary
conditions which must be applied to Eq. (2.94) to determine
the neutron distribution of the Milne problem, By demanding
that the solution have the form given by Eq. (2.101) as

X — ©, we find that we must set

(

1, s=0
és_ = (2.103)
0, s=1,2,..090-1
\
and
AWy =0, - Lsvsd . (2.10%)

n %h-1

Thus, the solution has the form



a-1
(m) (¢ u) _(ue Mo 4 z 8g+ §S+(u)e-x/\’s
S:
N N
Y Y A0 P 0we™ s, (2.105)
n=1 p=n p p

n>

where the notation n> means that the range of integration
is over the positive segment of region (n). The remainder
of the expansion coefficients are determined using the

vacuum boundary condition given by Eq. (2.102). Imposing

this condition on Eq. (2.105), we obtain

a-1 N N (n)
-~ g, )= ) a3 W+ j Y oA e e
n=1 , p=n
u>o. | (2.106)

The expansion coefficients in Eq. (2.106) could
readily be determined if we had orthogonality relations
over the half-range (0,1). That is, if a matrix W(u) could

be found such that

1
j‘ E(u)[gf(n,u)] g(v,u) au =0, v #n . (2.107)
0
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Siewert and Zweifel (16) have determined the form of Wiu)
for the special case where the determinant of the transfer
matrix is zero, but the generalization to c # 0 has not
been found, Thus, we are compelled to find the expansion
coefficients by solving a system of singular integral equa-
tions similar in nature to those solved in the full-range
comﬁleteness theorem (-1 € u € 1). In the present case,
however, the solution is far more difficult because the
basic interval is (0,1) and Leonard and Ferziger's (9)
trick 1s not applicable.

In general terms, the problem can be characterized
in the following way. We wish to determine the expansion

coefficients a_, and Aén)(\;) in the expansion

a-1 . N N (n) (
V(u) = Z ags 3o )+ Z [ z Apn (v) & n)(v.u) dv ,
S= n=1 « p=n P
n>
ue (0,1) , (2.108)

where V(u), 0 § u £ 1, 1s any sufficiently well-behaved
N-.component vector. In essence, the problem amounts to
proving a half-range (0,1) completeness theorem for the
eigenfunctions gs+(u) and gén)(v.u). Due to the similarity
of this problem and the full-range completeness proof, we
can be somewhat brief,

In a fashion completely analogous to that used earlier
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we rewrite Eq. (2,108) in the form

N
(k) (k)
0yV3 (o) = a®) ) }__:1 13 W) A3 ()

(n) (n)
+ z c\) Q (\:3 A ( ) dv
n>
(2.109)
me (1L—» 1) k<1,
%-1 %
where
o-1
Vilow) = Vylow) = ) agmy o (o),
s=0
(2.110)

1=1g2,oo.,N .

Equation (2,109) can be interpreted as s system of singular
n)

integral equations for the coefficients Ai (v), where

.JLQ. Again, solution of this system is facili-
%h-1 “n ’

v e (

tated by introducing the auxiliary functions

; (n)
Ni(Z) = 1 Eﬁ J1 %¥ Q(n)(v) Ain (v) dy,

V=2

(2,111)
i=1,2,o-o,N L]

These functions are analytic in the complex plane cut from
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0 to +1 and vanish as 1/z at infinity. From an application

of the Plemelj formulas, we have

(x
Ni(u) - N;(u) = 2 a ) () Ay ) () (2,112)
and
a (n) (n)
- - n
NI(u) +N1(_u).=il. Z1 P J\ 92y_ Q (:)’-)-uAi (v) dv
| Ktz : (2.113)

, l). Writing Eq. (2.109) in terms of
%-1 %

N
1 u) and1nij(u). we obtain

where u ¢ (=L

% + +
S 6, v} (oqu) = jz,l[mij(u) NF ) - ) V)]

(2.114)
we L, 1), 1=1,2,...,N,
o3 %

We wish to solve this boundary value problem for N(z), where
N(z) has the properties listed under Eq. (2.111). As we
have noted, Leonard and Ferziger's trick (9), which was used
to find N(z) in the full-range conpleteness proof, is not
applicable here., Indeed, we are unaware of a general pro-
cedure for solving such matrix Hilbert problems which hsave
boundary conditions specified on open arcs. One approach
for solving the problem is suggested, however, by the work

of Muskhelishvili (11) and Vekua (17), who have presented



b5

a procedure for solving matrix Hilbert problems with boundary

conditions specified over closed contours. In this partic-

wlar procedure, the matrix Hilbert problem 1is solved in
terms of a certain sectionally analytic matrix, called the
fundamental matrix, Although this fundamental matrix is
not generally expressible in closed form, Muskhelishvili
and Vekua show how it can be constructed in terms of the
solution of a cerﬁain class of Fredholm equations, A
similar approach might be used to solve the matrix Hilbert
problem described in Eq. (2.114), provided an apnropriate
fundamental matrix can be constructed., To illustrate the
tenor of the approach, let us assume the existence of a
fundemental matrix X(z), with elements analytic in the cut

plane, which satisfies the boundary condition
- -1 ¥t - -1 +
[X )]t x"@) =[] ™ 2", we (0,1), (2.115)
where

gﬁu)={w§on}, 1,3=1,2,...,N.
(2.116)
Furthermore, we require that the determinant of X(z) be
non-vanishing in the finite plane. The reason for this
restriction will become avparent in the subsequent analysis.

3th

Now, let us assume that the row vector of X(z) behaves

as z %1 at infinity. That is, =11 the elements in the 1™
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row vector have degree less than, or equal fo, ~K; at
infinity., In the spirit of Muskhelishvili, we shall
stipulate that the determinant of the matrix P(z) X(z)
have a finite non-zero value at infinity, where g(z) is

a diagonal matrix with elements
\ i

When we finally obtain a representation for N(z), we will
wish to investigate its behavior at infinity. This second
requirement on the determinant of X(z) will facilitate that
investigation. It follows from this requirement that the
degree of the determinant of X(z) at infinity is |

N
) 121 .

and in Appendix B we show that this number is equal to - ¢ »
The construction of such a fundamental matrix appears
to be extremely difficult. Leonard and Ferziger (9), in
considering a matrix Hilbert problem completely analogous to
that of Eq. (2.114), showed that the boundsry conditions
can be cast into a form involving closed contours so that
the methods of Muskhelishvili and Vekus apply. By extending
the theory for scalar Hilbert problems to the matrix casé,
they derive the explicit form of a Fredholm equation for

construction of the fundamental matrix. However, the
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solution of this Fredholm equation is a matrix whose
domain is defined over a set of closed contours ﬁhich are
specified, in part, by a limiting process, The analysis of
such a.Fredholm equation seems quite involved, and in
particular, the .form of the equation is not well-suited
for numerical calculations, In addition, the analysis of
Leonard and Ferziger is restricted to problems where the
transfer matrix is symmetric, Thus, their results are not
applicable for systems with fission sources. Nevertheless,
we shall proceed as if z(z) were known, and formally solve
for N(z)

From Egs. (2.32), (2.112) and (2.16), we note that

[wyy@) Nj@) - w30 M=o, ue (L, 1)

I 1=

j=1 O3
(2.118)
Thus, we can write Eq. (2.114) in the form
N
cu o - + + - »
Mo, oV (ou) = jzl[wij(u) NI - 7@ MW,
e (—1- 1y , (2.119)
o o
n-1 n
vhere
0, i<n
ein = (2.120)
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Then, using Eq. (2.115), we have

N .
%
:jz'l Eij(u) €4n 9 Vj(ojg)

cu
2
N
+ + - -
= 1L [Xij(u) Nj(u) - Xij(u) Nj(u)] y M€ (Oi_l’ _g;),
(2.121)

where the elements 513 (u) sare defined through the matrix

equation

' X-(u) Q” (u) -1 €44 ( )} y 1,5=1,2,.¢4,N,
-~ [‘~ l-l] { 15 (2,122)

We can now solve for N;(z) in the usual way. We introduce
the functions

N
Fy(z) = ';,Zl Xy ;(2) N, (z)

N 1/0 .
- 1 J‘ v E1jlv) g3 Vilogv) 4
5 V-2

(2.123)
1=1,2..-.,N .
Due to Eq. (2.121), and the properties of X(z) and N(z),
the vector F(z) is analytic everywhere in the finite plane.
Moreover, from the analysis of Leonard snd Ferziger, it

appears that the X-matrix is bounded as 2z —» <, Hence
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E(z) vanishes at infinity. It follows from Liouville's

theoren that.
1/0J

N +*
f v B13(0v) o3 V5(o4) dv,
0

2: X, . (z) N,(z) = ;l_
i
J=1 J J 2mi 1

Ff~4 =

L
2 V-2

(2.,124)
i=1’2'ooooN

Solving Eq. (2.124) for N(z), we find

N N 1/
. : \ -1 < 3%
N, (2) = Lo ), X lz) ), o I v Eaklv) og Wielon) 5

(2.125). .

i=1,2,...,N .

Hence, N(z) is analytic in the plane cut from 0 to +1,
fulfilling one of the requirements listed under Eq. (2.111).
Now, from the properties of X(z), we know that the jth
column vector of E'l(z) has degree KJ at infinity. Thus,
N(z) will venish at infinity if end only if V' (u) satisfies

the a conditions

N l/ok
1 *
kZ —Q—Jﬂ V) Ejk(\)) °k Vk(ok\)) dv = 0, J1,24044,N
’ 0

(2.126)
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where 1=1,2,...,KJ « These conditions are just sufficient
to determine the a discrete expansion coefficients Bgpr
which are contained in the expression for Eﬁ(u). The con-
tinuum expansion coefficients can be determined using Eq.
(2.112).

Thus, the problem of determining the expansion
coefficients for half-renge problems, such as the Milne
problem, hinges on our ability to find X(z). To date,
however, we are unaware of any computations of the E-matrix.-

To summarize, we have seen that full-range problems,
where the basic interval is (-1,1), are easily solved using
the eigenfunction expansion, The expansion coefficients
can be determined as in the full-range completeness proof,
or more easily using the orthogonality relations, On the
other hand, it is apparently very difficult using the eigen-
function expansion, to solve half-range problems, which are
also of practical interest., It is apparent that this dif-
ficulty will be eliminated when a suitable method for
computing the fundamental matrix has been established.
However, in the next section, we shall present another
method for solving multi-group problems. This second method
provides equations which are amenable to numerical calcu-
lation, even for those problems which involve a semi-infinite

medium,



III. THE METHOD OF SINGULAR INTEGRAL EQUATIONS

In this section we shall present an alternative
approach for solving multi-group problems which 1is based
on the method of singular integral equations (3). In this
approach the neutron distribution 1is determined by trans-
fqrming the multi-group equations into a system of singular
integral equations which is solved using the methods of
Muskhelishvili (11). |

To obtain the system of singular integral equations

for X(x,u), it is convenient to write Eq. (2.1) in the form

N
[ ]
d : = =
W" 8=+ 1) v, 0u’) = 5‘35; J>§1 cyy 04(x) 4 1=1,2,...,N,
(3.1)
where u' ¢ (- 1 1) ang
Ui 01
1
oj(X) = I Yj(x.v) dv . (3.2)

-1

We note that the change of variables u = oku', ue (-1,1),
has been made in the k™! equation of Eq. (3.1). As in the
one-speed approximation, we extend Yi(x,oiu') into the com-
plex domain, Thus, replacing w' in Eq. (3.1) with the com-

plex variable z, we have
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=_1 =
(z %;(- + 1) Y%(x.oiz) -2—5; & cij OJ(X) y 1=1,2,...,N,

In the above equation, ¥,(x,0;z) represents the analytic
continuation of Yi(x,ciu') into the complex plane. Using

Eq. (3.1), we note that

N
(2 35 + 1y vy by op) = 52 le eyy 04(x) + (v=2) ¥y (x,040),
(3.4)
Ve now introduce the functions
1/0
v 3, 0.2) = 1_ ¢ /% ¥3(x,04v) -z vy(x,042) -
i i Yii 2 V-2
-1/0i
N
- 1 Y o. ¥ (X.U Z) ’ 1=192oo-0nN ’
O1Yii ng 1 .
1
i (3.5)

where the elements y,, are defined in Eq. (2.11). When we

operate on both sides of Eq. (3.5) with (z 3_ + 1), and use
X

Egs. (3.2) through (3.4), we obtain

| 3 (o) _ 1
(Z -a—-i- + 1) ‘{’io (X)oiZ) - _2-;{ {ﬁ; Oi(X)
N N (3.6)
S) M) ey °k(X)}
=1 Yii k=1
J#1
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It is easily verified, using Eq. (2.11), that the right-
hand side of Eq. (3.6) is eqivalent to that of Eq. (3.3).
Thus Yio)(x,oiz) is a "particular solution" to Eq. (3.3).

The "general solution" can be written in the form

Y, (x,0,2) = v§°)(x.oiz) + Yil)(x.oiz). 1=1,2,.04,N
(3.7)

where ¥

io)(x,oiz) is a solution to the homogeneous equation

"obtained by setting the right-hand side of Eq. (3.3) equal

to zero, viz.,

vil)(X,oiZ) N fi(Z) e-X/Z . V(308)

O1Yii
Here the function fi(z) is arbitrary; in specific transport
problems, the form of f4(z) is determined by the boundary
conditions. When the explicit expressions for Yio)(x.oiz)

and Yil)(x,oiz) are substituted into Eq. (3.7), we find

N 1/04
) V330p¥ y(x,052) = j" voy ¥a(x, 03v) - 201 ¥3(x,052)
J=1 v-2 v
.1/0i
- fi(Z) e-X/z ’ i=1’2,0-o'N . (3.9)

The integration over the second term of the integrand in
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Eq. (3.9) can be performed explicitly to yield the following

equationss

N 1
Z ( ) ( ) - C 01 v 03 ‘Vi(x,oiv)
L. ®13 z) 05 ¥y(x,052 = iz dv
J=1 P
%
- fi(Z) e-x/z ’ Z € (-1'1) (3010)
and
S o
Y iy @) oy ¥y o) = £ vo1 10X, 0v) g,
J=1 . "1/01
- ;) e-x/u , ue (n), n=1,2,...,N,

| (3.11)
where 1=1,2,...,N, and w§?)(u) and«nij(z) are defined in
Eqs. (2.15) and (2.32) respectively., In Eq.'(3.11), we
note that the Cauchy principal wvalue is used when 1 2 n,
The general solution of the multi-group equation can be
found by solving the above system of singular integral equa-
tions for Yi(x,OfJ) in terms of fi(u), i=1,2,...,N. For
specific transport problems, the functions fy(u), 1=1,2,...,N,
are determined by applying the appropriate boundary conditions
directly to Eq. (3.11). The details of this procedure for

finding the f,(u) will be exemplified later, when we present
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the infinite-medium Green's function and the solutions to
the Milne and critical problems, For the remainder of this
section we shall be assuming that the functions f3(u),
1=1,2,...,N, are known.

Two different approaches can be used to solve Eq.
(3.11). We have already seen one of these approaches in
Section II, This approach consists of introducing an

4th

auxiliary vector, say N(z), whose component is analytic

in the plane cut from - .1 to + 1., The system of singular
o o
i i

integral equations is then reduced to a matrix Hilbert
problem for N(z). Although this method could certainly

be used to solve Eq. (3.11), we choose to pursue a different
approach. The reason would become apvarent if we considered
transport problems which involve a semi-infinite medium, ‘
When determining fj(u) for these problems, we would obtain

a system of singular integral equations on the half-range
(0,1) which is similar in form to the full-range equations
given in Eq, (3.11). If the half-range singular integral
equations are reduced to a matrix Hilbert problem, the
X-matrix of Section II must be introduced to obtain the
solution. Therefore, although this approach exhibits an
Iinteresting duality between the method of singular integral
equations and Case's method, both methods suffer the sanme

difficulty in calculating X(z).

The second approach for solving Eq. (3.11) is more
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or less analogous to the Gauss algorithm of'linear algebralc
equations. The objective of such an approach 1is to reduce
Eq. (3.11) to avsystem of equations with each equation con-
taining only one unknown. One procedure for constructing '
such an algorithm 1is to consider the first equation of the
system as a scalar singular integral equation for Yl(x,olu),
where the components v,(x,o4u), 1=2,3,...,N, are treated

as known functions. This singular integral equation can
then be solved by the standard methods of Muskhelishvili
(11), and the solution substituted into the remaining equa-
tions to obtain N-1 unknowns. Similiarly, the first equa-
tion of the latter system can be solved formally to obtain
an expression for ¥,(x,0u). Substitution of this solution
into the remaining equations yields N-2 coupled singular
integral equations for N-2 unknovms. This procedure can

be continued until an equation involving only vN(x,oNu') is
obtained. Then solving for ¥y(x,opu), we can go backwards
in the elimination procedure to obtain the remaining
Yi(x,oiu), 1=1,2,...,N=1, This is the tenor of the approach
used by Zelazny and Kuszell (18) to demonstrate the com-
pleteness property of the eigensolutions in Case's method.
The approach is attractive because only scalar singular
Integral equations have to be solved. On the other hand,
the procedure of Zelazny and Kuszell is extremely arduwous,
even for a relatively small number of groups, and 1t does

not exhibit all the equations in the genereal case,.
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Fortunately, in the present formalism, we can accomplish
the same objective without using a laborious algorithmic
scheme, Instead, we uncouple Eq. (3.11) by appealing to
analytic functilon theory.

To obtain the uncoupled form df Eq. (3.11) we intro-

duce the functions

N
QI(X’Z) = z _%_J' Rn(\)) o3 ‘Yi(x,ci\)) 3

V-2
n=1

S Ry1n () £1(v) XY
£ ) ) 3 1inv) £30 dv

=1 n=1 <n> .
N 1/0J
- ) Byylm) & v o Yylmep) g,
j=1 J 2 v=2Z
-1/0
J
1=1,2,...,N (3.12)

where Aij(Z) is defined in Eq. (2.8%4),

Rn(v)

E%E [ at(y) - Q_(v)], v e (n) (3.13)

and

Byjn) = o [a1,0) - a7,00], ve () (3
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Here 0n*(y) 1s the determinant of the matrix g’?v), defined
in Eq. (2.116), and Afj (v) is the cofactor of mj‘i(v) in
a*(v). From Eq. (3.12), it is clear that the functions
Qi(x,z), 1=1,2,...,N, are analytic everywhere in the complex
plane except perhaps on the interval (-1,1); they vanish as
1/z at infinity. Before we investigate the analytic
properties of Qi(x,z) on the interval (-1,1), we choose

to write Q,(x,2z) in a slightly different form. This is

done by multiplying Eq. (3.10) by w-l(z) and summing on

11
1 to obtain
N
1/01
c v oi \Vi(x’oi\))
alz) o v, (x,072) = 1Z1A11(Z) 3 J‘ - dv
21
/9y
. /
-x/z
- ZAli(Z) fi(Z) e 9 1=1’2’00-|N ]
=1
(3.15)
Using the above equations, we can rewrite Eq. (3.12) as
follows!
N
' R,
Qs (x,2) = _,1% J (v) c\f zl(x oi\))d\; - a(z) o5 ¥4(x,0;2)
n= -
<n>
N N
-x/V
Riin(v) f.(v) e
+ 5‘ y S il - dv
j:1 n=1 2 V=2

<n>
N

- L by 1y 7  (3.16)
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Let us now consider the limiting values of Qi(x,z)
as z approaches the cut (-1,1) from the left and right,
Applying Plemelj's formulas to Eq. (3.16), we find

Q:(x,u) - Q;(x._u) = {mc Ry (u) -[Q+(u) {3 (u)] }oi‘&'i(x.oiu)

{ ime Ry gy () -[A;J (w) - A;j (u)] }fj (u)e-x/u.
1 :

[

+

J
(3.17)

where 1=1,2,...,N, and u ¢ (k), ¥=1,2,...,N., From Egs.
(3.13) and (3.14), it follows that Qi(x,z) is continuous

across the cut (-1,1), i.e.,
. _ .
Qi(x,u) - Qi(x,u) =0, ue (=1,1) . (3.18)

Thus, the functions Qi(x,z). i=1,2,...,N, are analytic
everywhere in the complex plane and they equal zero at

infinity. We conclude from Liouville's theorem that
Qi(x,Z) =0 ’ i=1'2,o-o,N . (3019)

When this result is applied to Eq. (3.16), we find that

N

a(z)o,¥, (x,042) = z
n=1

.Y 5
J R, (v) 1YI(X'01V)dv - g3(x,2),
V=2

e

<n>

i=1g29000,N | (3020)
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where
a x/
g4 (x,2) = Z: Aij(z) fJ(z) o /2
J=1
N N -X/y
Z Z g J‘ Ryjnlv) £,(v) e & (3.21)
J =1 n=1 v=-2

<n>

The k™ equation of Eq. (3.20) determines ¥y ( x.okz) every-
where in the complex plane, provided Yk(x,ckv). ve (-1,1),
and gk(x,z) can be specified. In specific transport prob-
lems gk(x.z) is determined by the form of fj(z). J=1,2,..4,N,
in Eq. (3.21). Now, let us consider the limiting forms of
Eq. (3.20) as z approaches the directed cut (-1,1) from the‘

left and right:

3=

: ( oY 3 (x, 05v)
Q#Mo?(mou)= c p %ﬂ” it 1\%, O3V dv
i*i : el > ol

B
[y

<n>
iﬂc R, () o3v,(x,05) - gi(x,u) (3.22)

where i=1,2,coogN, and (S > (k), k=1,2,o~o’Nc From Eqs. (3. 21)
and (3.22), we obtain the following system of uncoupled sing-

uler integral equations for ¥, (x,o5u), u e (-1,1), i=1,2,...,N:
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| R,(v) o03¥4(x,04v)
Au)og?,(x,04u) = nZ1% P — L av - gy (xu),
<n> -
1=1’2,o.u,N ’ u € (-131) y‘ (3.23)

where

rw) =1 [a%w +a"w] (328
and

N

N - -x/u
‘gi(x.u) =Jé. X [Aij(u) +Aij(”)] fj(u) e

3=1

dv °

!
M=
M=

c
Z v=u

p j\ Riin(\’) f1(\)) e-x/\'

J=1 n=1 <n>

(3.25)
The important feature of these equations is that ¥, (x, o)
can be represented in terms of the function gk(x,u), ue (-1,1),

kth scalar singular integral equation by the

by solving the
ordinary methods of Muskhelishvili. The shape of g, (x,u) is
determined by the form of the functions fj(u), 3J=1,250004N,
ue (-1,1), in Eq. (3.25). Here, we shall illustrate the
procedure for solving Eq. (3.23) by assuming the functions
gi(x,u). i=1,2,...,N, are known.

We begin by introducing auxiliary functions M;(x,z),

i=1,2,...,N, which are analytic in the complex plane cut

from -1 to +1, and which vanish as 1/z at infinity, viz.,
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N
1 c R,(v) o3¥4(x,04v) _
Mi(x'Z) -2—1'7-{ nZI —2- . \)—Zi , d\) ’ 1=1’210'0’N .
<n>
(3.26)
From Plemelj's formulas, we have
M o) - 1T Gew) = £ R (
3 Xy} - 1 X,4) = '2" Rk u) oi\Yi(XQ in.) (3027)
N
+ - 1 c Ry (v) UfVi(X.Uiv)
+ = oam -
M, (x,u) + M, (x,u) 3o ;Zi P — Ay
<fi> (3. 28)

where u ¢ (kx), k=1,2,...,N. Using the above equations, we

can reduce Eq. (3.23) to a scalar Hilbert problem (11) for

M, (x,2)1

+ -
M " - M ’ = - ’L

i(x u) E(X u) e Ri(u) %1(x u) Cue () (3. 29)
Q™ (u) Q™ (u) 2 a (wa ()

where 1=1,2,...,N and B, (u) is given by Eq. (3.13). We wish
to find a representation for Mi(x,z) which satisfies the
boundary conditions of Eq. (3.29)., Moreover, this repre-
sentation must be analytic in the complex plane cut from
-1 to ¥1 and vanish as 1/z at infinity. Let ﬁs consider

the functions
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-1
B (x,2) = 1 (2 - 22>{§L"‘_’_Zl
S

s=0 a(z)
S (v) g1(x,v)
1 c Bhlv) g1(x,v
' 2m ;21 z J~Q+(v)0‘(v)(v-z) d }' (3.30)
<N>

with i=1,2,..,N. Here, as in Section II, the complex numbers
£v_, s=0,1,...,a~1, represent the zeros of Q(z). Recalling
the analytic properites of Q(z) and M;(x,z), we conclude
that E; (x,z) is analytic in the finite complex plane cut

from -1 to +1. But in view of Eq. (3.29), we have
+ -
E,(x,u) - E;(x,u) =0, ue (-1,1), i=1,2,...,N.(3.31)

Therefore, the functions E,(x,z), i=1,2,...,N, are analytic
everywhere in the finite complex plane. Furthermore, using
Eq. (2.32) through (2.34), we note that Q(z) approaches a
constant as lzl-+> o, Hence, the terms within the braces
of Eq. (3. 30) vanish as 1/z at infinity. It follows from
Eq. (3. 30) that the behavior of E;(x,z) at infinity is that

of a polynomial of degree 2a - 1, l.e.,

20-1
_ (1) J _
Ey(x,2) = Slo jzo b x)2" , 1=1,2,000,0, (3.32)

where the coefficients bgl)(x) are arbitrary functions of
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X . Substituting Eq. (3.32) into Eq. (3.30) and solving for
Mi(x,z). we find

2a~1
z b;i) (X)zj
= alz) ) i=0
Mi(x’Z) 21T§ {a_]_ - -
n (ve - z%)
s=0 S
S (v) &1 (x,v)
- c Rn v/ g3 \X,v a (3.33)
;Zl < J‘ at(va- ) v-z) 3.33
<n>

with 1=1,2,...,N. We note that this expression for Mi(x,z)
meets all the requirements to be a solution of the scalaxr
Hilbert problem, i.e., it is analytic in the plané cut‘from
-1 to +1, satisfies Eq. (3.29), and vanishes as 1/z at
1nfinity.

Now, recalling Eq. (3.26), we solve Eq. (3.20) for

Yi(x,oiz):

2mi Mi(x,z) - gi(x,z)

= e 00 giVy oL,’
(=) y 1=1,2, N (3.3%)

civi(x,oiz) =

where the appropriate representation for Mi(x,z) is given
in Eq. (3.33). It remains to determine the coefficients
bgi)(x). In specific applications, the znalytic behavior

of Yi(x,oiz) in the complex vlene can generally be reasoned

by using the approvriate boundary conditions to formally
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solve Eq (3.1) for ¥,(x,0), ue (- L , 1), in terms of
o1 9

p4(x)s this solution can then be analytically continued

into the complex domain. Thus, we can appeal to the ana-

lytic properties of Yi(xu=t%ys), s=0,1y.04,0-1, in Eq. (3.34)

) (i)(x)

J 1

j=0,1,e..,a-1, i=1,2,...,N, For example, if Yi(x.oiz).

to obtain a N equations for the o N unknowns b

1=1,2,...,N, 1s analytic at the zeros of Q(z), it follows

that the determining equations for bgi)(x) are

2mi Mi(x,i:vs) = gi(x,ﬂ:vs) (3.35)

Where i=1,2’oo‘-,N, S=O’1,an’a"'1.
Finally, the neutron distribution ¥, (x,o;u),
i=1,2,...,N, can be obtained by letting z tend to

me (- 1, 1) in Eq., (3.3%4). We note from the above

o (o]

i i
analysis that the neutron distribution is completely deter-
mined when the functions fi(z),i=1,2,...,N are specified at
the zeros of Q(z) and on the cut (-1,1). This fact alludes
to a connection between these functions and the expansibn,l

coefficients of Eq. (2.94), We shall pursue this connection

further in the next section.



IV, THE RELATIONSHIP BETWEEN THE TWO METHODS

We now derive some useful relations for expressing
the expansion coefficients of Eq. (2.94) in terms of the
functions fi(z). 1=1,2,+.+,N. These relations not only
point to the dual roleé played by the expansion coefficients
and the functions fi(z), but also they show that the method
of singular integrél equations provides a new approach for
determlning the expansion coefficients,

We begin by casting Eq. (3.11) into the following

form
N - 1
- f (u)e-X/b = E: w(n)(u) oY.,(x,ou) +S&P V¥4 (x,v) dv ,
o J=1 1 J J 2 O.l=V :
-1 L '
1=1,2,¢..,N, € (n) . (4.1)

In the above system of equations we multiply the pth equa-
tion (p = n) by u Q(n)(u); it is convenient to write the

result as follows:

66
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(nj -x/u _ ( ( )
-u ™) e e - ) }: (u)oj y Grog) |

J=n

+ n(n)(u) z ka o v (x.oku)

k 'k

y
+cup I \)Q('n)(u) v, (x,v)
2

[e) -
-1 pH-v

n-1

d\) p?n.

(4.2)

(n
Next, we multiply Eq. (4.1) by -u z ka Akilu) and sum

k=1

on 1 from 1 tp n-1 to obtain

(4.3)

Pl L) -x/
¥
Wy ) v W) r) e
1=1 k=1 Yok “k1
n:l n—‘l ( ) N
- n
=~y >=1 ;1 Ypi & et (w) JZ Y13 O3 ¥y (x, ou)
" () iil (n)
-u Z >JY 17 () ")in (w) o, v, (x,0.u)
121 x=1 O e = A
- n-1
n-1 1 Z Yok Alg)(u) ¥y (x,v)
-4 > J‘ k=1 dv
2 él _ Ui_u-\) ,
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where p > n, u ¢ (n), In addition, we note the identity

et m, . = ()
n
2 2 Yo .Aki (u) z gy (u) o, J(x.oju)
1=1 k=1 J=
n-1

—Q(n)(u) Z ka . k(x Gu) , Pp=2n, ue (n),

(b,b)
which follows from the fact that

1 (n) (n) - -
m Z A (U.) (U) 6l{j’ Jrk=1,2,4409yn-1, u € (n)'

(4.5)"

Adcing Eqs. (4.2) and (4.3) and using Eq. (4.4), we find

(n) n-1 n-1 (n)
—ufa MW ) - Zl 12 Vo by @) £y0) ] e

N - 1
=y E Q;?)(u) aj‘yj(x,cju) + %1_ P J vQ(_n)(u) ¥p(x,v)

= -1 O_U=v v

P

) vak 52 (W) vy Gep) |

-QLLZ[ ' —dy , p =n, He (n),
2 42 J_q OgH-v

(4.6)
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where Q;?)(u)'is defined in Eq., (2.22). From Eq. (2.41) we

conclude that

(n) n-1 n-1 ( )
—ufo™@ o - Y ) v 8w g ]
i=1 k=1
1 . 1. )
= J\ \)[g(n) (u'\,)] _\g‘(xv\)) dv, Pp=zn, ue (n) .

-1
(4.7)

In the above equation we replace Y (x,v) by the eigenfunction
expansion of Eq. (2.94), and employ the orthogonality rela-
tions between the eigenfunctions to obtain the desired

result, viz.,

n-1 n-1

(n) p (n)
-ufa™w £ w - Zl 1;1 o B @) £30)]

(n)

E: N (u) A (W), p=nmn+1,...,N, ue (n),
q=n ¥

(4,8)

where Nég)(u) is given in Eq. (2.56). We note that these
equations can be used to represent the continuum expansion
coefficients A;n)(u), p=n,n+1,...,N, in terms of the function,
£f,(u), 1=1,2,...,N, u e (n)

To relate the discrete coefficients ag+ to the
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functions fi(:!: vs), we use Eq. (3.10) to write

N .
JZl wij(Z) Z OJYJ(XQOJZ) = hi(Z) ’ 1=1|2’000,N, (409)

where

1 ovi(a)
hi(Z) = - z % J‘ wilzx,w) fi(Z) e-x/z} )
P S

(4,10)

Viewing Eq. (4.9) as a system of linear algebraic equations
for zo; ¥,(x,052z), 1=1,2,...,N, we note that the coefficient

is bounded at :i:\;s if and only 1if

N ,
;Z Yy (£vg) (v ) =0, s%0,1,...50-1 , (4.11)
=1

where the functions Y;(#y_ ) represent the solutions to Eq.
(2.87). The form of the functions ¥, (£v/) 1s given in Eq.
(2.88). We now substitute the explicit forms of Yi(i:vs)
and hy (£ v,) into Eq. (4,11) and use Eq. (2,43) to obtain

- N-1 N-1 Fx/A
tu [0y ey - le k_zl Y bn ) £y(x v )]e

1
' .
= [ \’[ESL (V)] X(X.\)) dv , 8=0,1,...y0-1,

-1 (4,12)
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Finally, inserting the eigenfunction expansion for ¥ (x,v)
into Eq. (4.12) and using the orthogonality relations be-

tween the eigenfunctions, we find

: N-1 N-1
- (N) ' (N)
o [0 (vy) fulEvg) - 321 kzl i Bxy (vg) fj(i'vs)]
= NS:h asd: [) S-‘-‘O,l,...,a-l [] (4013)

where N_, 1s defined in Eq. (2.55).

With Eqs. (4.8) and (4.13), we have two approaches
for determining the neutron distribution using the functions
fi(z). The first approach, whichAwas developed in Section
III, is independent of Case's method., It may be more
donvenient, however, to represent the neutron distribution
by the eigenfunction expansion of Eq. (2,94). This is
particularly true if one wishes to compare the results of
multi;group transport theory with those of multi-group dif-
fusion theory. In these cases, Eqs, (4,8) and (4,13) can
be used to determine the expansion coefficients of the
eigenfunction expansion.

In the subsequent sections we shall consider some
specific transport problems to illustrate how the functions

fi(z) are determined.



V. THE INFINITE MEDIUM GREEN'S FUNCTION

To demonstrate how the techniques of Section III
can be employed to solve multi-group transport problems,
let us first consider a simple problem involving an infinite,
homogeneous, nonmultiplying medium. We wish to find the

angular neutron distribution (infinite medium Green's func-

]

tion) corresponding to a plane source a X = 0 which emits

monoenergetic neutrons in the direction u = Moo In particu-
lar, here we shall determine the functions fi(z) which cor-
respond to this source. The multi-group transport equation

for this problem can be written in the form

N
(u g’i +1) o4 ‘i’ig)(x.ciu) = Z C4 3 pjg)(X)
+ 51q 6(x) é(oiu-uo) ] (5.1)
ue (- 1o _l_)’ 1=1,2,4.4,4N lul<1»
°3 %
where

! (

pgg’m - f \ng’(x.u') a' . (5.2)
-1

In Eq. (5.1), the Kronecker delta 6, signifies that the

iq
plane source emits neutrons into energy group q and

72
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(g)(x,ciu) represents the Green's function corresponding to
this particular source. We note that Eq. (5.1) can be used
to define ‘i’ig)(x,oiu) for any real value of u, i.e., we can

remove the restriction that uw e (- 1., 1).
03 O3

Since the neutron distribution should vanish far
from the source, we require that ‘i':(lg)(x,ciu) — 0 as

Ix I —> o, and use Eq. (3.11) to write

1

N (g)
o’ ¥
Y off W oy v o - 2 I tuoatl eew)
1
%
r-- fi_(’u) e-x/u ETIR
= { ' (5.3)
o, u >0
\

where x < 0 and u ¢ (n)., Similarly, for x > 0 and u ¢ (n),

we have
a (2) o ( )
z (n)(u) o, YJ (X,cju) - —%—P j %91 yos¥y  (x,04v) dy
J=1 v -
-1
O
,
o, u <20
= T (5
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Let us investigate the behavior of \vig) (ic,oiu) in the
neighborhood of the source. Integrating Eq. (5.1) on x over
the interval (-e, €¢), where ¢ is an arbitrarily small positive
number, we obtain
. c

(g) + {"1,‘*’ ig) (x, 0,u)

Mooy Yy (x,ciu)

- =€

N
= -%- Z 44 ogg)(X)} ax

= (5.5)
= 84 8(oyu-u), 1=1,2,...,N.
When ¢ —» 0, Eq. (5.5) takes the form
\yig)(oJ’.oiu) - Yig)(o-.ciu) = Mg :i:iu'%) :
1=1,2,404,N . (5.6)

Equation (5.6) ylelds the so-called jump conditions for the
Green's function corresponding to a plane source at theorizin
which emits neutrons into the qth group. We note that

Yig)(x,cfu), i1 # q, is continuous across the origin of the

spatial ccordinate for all real values of uy; the qth compo-

nent is always continuous at x = 0 for real values of u
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outside the interval (- 1 , 1).
o o

q q .
The functions fy,(u), u > 0, are determined by

applying Eq. (5.6) to Egs. (5.3) and (5.4), When [u] < 1/od,
we find

ufy () =+ [Yiq - Cuds, T(crqu)] (o u-u,)

+cod p _Sig , w2z o. (5.8)
2 o U=t
q "o
Forlgx‘> 1/cq, we obtain
ue, ) =3 %Mo, yoz o0, (5.9)
2 O =it .
q (o]
Using Eq. (5.9), we analytically continue the functions
fiiﬁJ).l U ,> 1/06’ into the complex domain as follows:
" .
= = CZ i
z £,,(2) = % ez B‘ﬁ'&" , Re z = 0, (5.10)
q o :
where z ¢ (-1,1). Thus, at the zeros of Q(z), we have
fii(ivs) =0 ’ i#q ’ S =0,1,¢00y0-1 (5011)

and

_ _ ¢y |
VFga (2vg) = - =2 W‘j";—ﬁ’ » 550,1,000,0-1, (5.12)
qQ’'s o]
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With the functions f; 4 determined, we can now solve
Egs. (5.3) and (5.4) for Yig)(x,u), XS 0, as in Seétion I1T,
o We Gen Use Hhe relationships in Section IV to determine
the expansion coefficients of Eq. (2.9%4).

It should be noted that the 1nfiﬁite medium Green's
function can also be determined by working entirely within
the framework of Section I1I, i,e., by Case's method. An out-
line of the procedure is as follows (cf. 14): Since the Green's
function vanishes as[ xl —> o, it is sufficient to expand

X(g)

(x,u) in the form

a-1
Y(g)(X,U.) - Z aq. 3 (u) ex/\)s
- s=0 ~5=
N N
- }, L[ 7 A (n)(v.u) e-X/de’ X < 0
n=1 p’:"n &) ~p
= (5.13)
or
(I:'l /
x(g)(xm) = Z agy 3 () e Vs
s=0 S
N N
+ E: [ z (v)@()wﬂn éJAﬁv,x> 0,
n=1 ~p

(5.14)

where the notation <n signifies that the integration is over

the negative segment of region (n); n> signifies integration
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over the positive segment of region (n). When the jump-

condition for g(g)(x,u) is applied to the above equations,

we find
a-1
8(u-uo) _ +
834 — ;Z% [as+'v1,s+fu) aq_ ni’s_(u)]

uDV1z

J‘ (V) "Oj(_r'l:z)(\)vu) dv , (5-15)
<n>

1=1,2’o-o|N9 “lsuSlo

Using Eq. (5.15), the expansion coefficients for the infinite
medium Green's function can be determined as in thé proof of
the full-range completeness property of the eigenfunctions

of Section II, or by using the orthogonality relations be-
tween these eigenfunctions.

We note that we have obtained a closed form solution
for the functions f4(z) associated with the infinite medium
Green's function, In the next two sections we shall consider
the Milne and critical problems, In these problems the
fi(z) are expressed in terms of the emerging neutron distri-
bution at the boundary, and the emerging distribution is
shown to be the solution of a couvled system of Fredholm

equations.



VI. THE MILNE PROBLEM

Having demonstrated how the functions £,(z) are
determined for a problem involving an Infinite medium; we
now turn to Milne's problem for an infinite half-space.

The boundary conditilons for this problem are given by Egs.
(2.101) and (2.102),

Before we can determine the fi(z) for the Milne
problem, we must first demonstrate that ¥ (™) (x,u), -13us1,
can be analytically continued into the complex plane snd
ascertain the analytic properties of this continuation. We
begin by noting that the neutron distribution satisfies Eq.
(3.1) in the form

| 1
(u %; + 1)0i Yim)(x.oﬁ1)==% .§£ cij j‘ mj’o_(u')ex/vo au
J=
' -1
N P
+1 L oeyyeit) (6.1)
2 joq

u€ (--—L’ _l__)' i=1'2,ooo'N,
o o
i -

where the functions DS(X)’ j=1,2,4..,N, are bounded and

continuous for all real values of X. Let us consider Eq.
(6.1) as a first-order differential equation in x and solve
accordingly. In view of the boundary conditions on Wim),

the "solution" has the form

78



oy Yim) (x, oiu)

or

oy Yim) (x, oiu)

Substituting the

(6.3), we have

(m)

01 Yi (x,oiz) =

or

1 z Cy 3 L p;(y) e(y'x)/udy, (6.2)
1

(o)

M € (o, -g—) N (6-3)
i

complex variable z for u in Egs. (6.2) and

x/v,

o, coi’o_(oiz)e

o

Cij J; o;(Y) e(y'X)’é dy, Re z < 0,
1

(6.4)

2

1
?z

Thh

J
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(m)

- x/\)o -X/Z
oy Yi (x,ciz) = g e }

N mi'O-(ciz) [e -

N X
+ %; ;Zl C1j J‘ o;(y)e(y'x)/z dy  Re z >0,
= & ] ‘

(6.5)

where the components o, (oiz) are defined by replacing u
. -

with o,z in Egs. (2.38) and (2.39). It is clear that the

function Yim)(x,ciz), def ined by Egs. (6.4) and (6.5), is

the unique continuation of ¥\

)(X,oiu), we €/04,1/0;), into
the complex plane, and that this continuation 1s analytic
everywhere in the complex plane cut along the imaginary

exls, except at z = Vo where it has a simple pole. Moreover{

we note that

1n v ™ x,02) = w0, (0y2) &0 (6.6)
X ©
and
Wim)(o,oiz) =0 , Rez >0, (6.7)

Now consider Eq. (3.10) in the form
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1/0’1

(m)
20)13(2) '(J':j ‘{"gm)(x,gjz) - _Z_ I voi¥i (XpO’i\)) dy
J=1 : AN V-2
1/0’1
[ (6.8)
- fi_(z)e—x/z , Rez< 0
= ,‘ /
- fi-*_(z)e'-x z y Re z>0,
\

1=192,o-o,N )

(m)
i

deduced that f1 (z) is snalytic everywhere in the half-

From the analytic properties of ¥ (x,oiz), it is easily

plane Re z < 0, except perhaps on (-1,0) and at z = = Vo

(m)
i

is analytic everywhere except perhaps on (0,1)., But applying

where Vv (x.oiz) has a simple pole, Similarly, fi+(z)

the Plemelj formulas (11) to Eq. (6.8), it is easily verified
that f, (z) and fi+(z) are continuous across the cuts (-1,0)
and (0,1) respectively. Moreover, if we were to expand

(z) in a Taylor series about - v, in Eq. (6.8), we would

©i1
find that fi-(Z) is bounded at - v_ . Thus fi-(Z) is analytic
everywhere in the half-plane Re z <0 with at most a remov-
able singularity at - vo and fi+(z) is analytic everywhere
in the half-plane Re z > 0,

In accordance with the anselytic properties of

Yim) and f as z tends topy ¢ (-1,1) in Eq. (6.8), we have

i’
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(

- 1/0’1 m)
2 mi?)(u) OJ '{t:()M)(X,Oju) = %P J‘ vosY¥i (x,oi\,) i

. V=i
J—l -1/01
r x/u
-f. e " ,ue (-1 ,-1
* % %n-1

- e M e (°:1-1' 31;).
i=1,2,.¢.,N , n=1,2,...,N ,
(6.9)
Here we adoptvthe conventiom
1/e =0 , (6.10)

so that the intervals (-1/0y, -1/0y_4) and (1/9 ., 1/0 )

are properly defined when n = 1., To determine fi_(z), we
note that the conponents “!.,(Lm), 1=1,2,...,N, are subject to

Eq. (6.6). Applying this condition to Eq. (6.9), we find
that

fi_(u) =0, wue (-1,0), i=1,2,...,N .  (6.11)

_Since fi (z) is analytic in the half-plane Re z < 0, it
follows that
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f1~(Z) =0 » Re z <0 9 1=1’2'¢}'.N . (6012)

An expression for the fi+(Z) can be obtalned by setting
x =0 in Eq. (6.9) and applying Eq. (6.7). We find that

‘,1/01 (m)

i) = g | VL) ay, (613)

o

u e (011). i=1,2g-oo,N H

hence

W1/ 04
! \)Oi‘l'§m)(0.-01\))

v+z

£,.(2) = ¢ dv . (6.14)

Re z >0, i=1,2,...,N,

We note that the same expression for T +(z) could have been

i
obtained by applying Eq. (6.7) directly to Eq. (6.8). More

important, however, is the fact that the functilons fi+(z).
(m)(x

and hence the neutron distribution Z sU), are completely

determined by the emerging neutron distribution at the

vacuum interface., In view of Eq. (6.11), Eq. (6.9) yields

the following system of homogeneous singular integral equa-

(m

tions for vy )(O,-Oﬂi) :
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Wij 33 v-u

N 1/04 (m)
Y oww) o v‘m’(o.-ojm - %PI Vo1 3" (0s-o) g o,
=1 o

u e ( 1 4 —1‘—) ’ 1.‘n=1,2,...,N .
%n-1 %n

(6.15)

It is interesting to consider the form of the
functions fi+(Z) obtained by reducing Eq. (6.,15) to a matrix
Hilbert problem., In the present case the appropriate

auxiliary vector g(z) has components of the form

1/04 oYmNO
3 c i ,-O’i\))
Ni(Z) = E%T 5 f 2 dv
Y o
N
_ 1 (m) ..
= -z-.ﬁ JZ]. miJ(Z) GJ ‘YJ (O, on) 9 Re z >0 (6-16)

Letting z approach the directed cut (0,1) from the left and

right, we have

N+(u) =_1_ Z T W) o \v(m)(o, u) 5, uwe (0,1)(6.17)
mi o J J

oM

N
R oy ¥3M(0o) 4 we (0,1). (6.18)
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Solving each of the above equations for ¢ Yim)(O,-ciu),

i
i=1,2,...,N, and equating the results we obtain the following

Hilvert problem for N(z)

v =otw (o]t rw =0, we (0,1),

(6.19)
where Q+(u) and Q-(u) are defined in Eq. (2.116). In con-
sideration of Eq. (‘6.16), we seek a solution of Eq. (6.19)
which vanishes as 1/z at infinity. Let us assume that the
transfer matrix ¢ is symmetric. Then Q+Yu) and Q-(u) are
symmetric and we can solve for N(z) in terms of the trans-
pose of the X-matrix of Section II. From Ed. (2,115), it
follows that

"W [x"w] T =atw [T W], e 0,1,
' (6.20)

where the prime (') denotes the transpose operations; hence

Eq. (6.19) can be rewritten as
MW =xTWwx"w]Ttyw . we 0,1 . (6.21)

It is now a simple matter to show thét the components of

g(z) can be written in the form

Ny(z) = 1_
1 ZTTi J

nw~1=

L}
1X1j(z) PJ(Z)’ i=1,2,...,N,

(6,22)
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where the PJ(Z). J=1,2,¢..,N, are polynomials, Let us con-
' th

slder the degree of Pj(z). We recall that the 1 Tow
vector of X(z) behaves as S R infinity, where
N .
Ki S0 e (60 23)
i=1

[ ]
Thus the 1th column vector of X (z) has degree -K; at
infinity. Since the solution g(z) should vanish as 1/z at
infinity, we conclude that PJ(z) is a polynomial of degree

not greater than K,-1 (PJ is identically equal to zero if

J

K, = 0). Thus there are at most g undetermined constants

J
in Eq. (6.22). Moreover, from Eq. (6.14) it follows that

N
fi+(Z) = le

X;J(-z) PJ(-z) y 1=1,2,...,N, (6.24)

To determine the q unknowns in Eq. (6.24), we write Eq.
(6.16) in the form

N

le wij(Z) 05 W;m)(o,-ojz) = fi+(-z) R (6.25)

RBe z >0 ’ i=1',2'ooo'No

Considering Eq. (6.25) as a system of linear algebraic
(m (m)

equations for o; ¥, )(O,-oiz), we note that o, ¥y

i=1.2|o-o,N, is bounded at z = \)S, S=1,25e0ey2=-1, oOnly if

(Ov'aiz)o
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1§=:1 Yyl ) £, 0-u) =0, s=1,2,...,0-1, (6.26)

where the Yi(vs) are defined in Eq. (2.88). Thus

SN m )
Ly ol i B Og) Tiuv) #0000 £y ey =

S=1.2,...,C£-1 . (6.27)

In addition, if we expand wii(Z) in a Taylor series about

z = v in Eq. (6.25), we find that

N-1 N-1

(N) 1
- ) ) (v)fi(-v)+ﬂ (o) Ty (-v) =Ly
121 1= v ki + Vo

(6.28)

where No- is given by Eq. (2.55). Equations (6.27) and (6.28)
constitute a constraints on f1+(z) which serve to determine
the o unknown constants in Eq. (6.24). Although this pro-'
cedure yields a very simple form for the functions fi+(z){
it still suffers the difficulties in calculating 5'(2) .

To obtain numerically amenable expressions for the
fi+(Z)' we choose to determine the emerging distribution at
the vacuum interface using the scalar method of Section III.

In particular, setting x = 0 in Eq. (3.23) and using Eq.

(6.11), we find that the emerging distribution also satisfies
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the following system of singular integral equations:

n=1 2 V=it
n>

(m) (o _
AW) o ¥ im)(o.-o u) = Z °PJ Bn(v) 0?4 “(0,-0pv) dv - g4 (G-u),

1=1,2,...5,N, w e (0,1),
(6.29)

where

N N
si(o’u) - . 2 2 ; J\ Rijn(\)) fj+(\)) dv . (6.30)
=1 n=1

v tu
n>
In contrast to the situation in Section III, these singular
integral equations are not uncoupled since the fi+'
1=1,2,.4.,N, are known only in so far as they are given in
terms of Vim)(o,-ofu) in Eq. (6.13). When Eq. (6.13) is
substituted into Eq. (6.30), we find that

nw~1=

1/ ( Tij(v)=T45W)
gi(o,_u.) = [ j VUJYJm)(O.-Gj\)) [ iJ — igM }d\)

5=1 2 X
(6.31)
where
| N
Tij(u) =n21%j E%Jﬁ(ﬂ.)_dn. (6.32)
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With the above form of gi(b,-u), the ordlnary scalar methods
of Muskhélis_hv,ili can be used to reduce Eq. (6.31) to an
equivalent system of coupled Fredholm equations oflthe
second kind,

Let us iIntroduce the functions

>~z

M,(z) = 1 e

]

J‘ Rp(v) o1 ng)(O.—Oiv) ay

n»>

1=1.2..-.,N, (6'33)

which are analytic in the plane cut from 0 to +1 and vanish

as 1/z at infinity. Moreover,

o
e~ =

(m)
+ -
_ 3 = 1 c Rn(V) oj‘yi (O’-Uﬂ”
Mi(u) +Mi(u) 3= . = P [ —— dv
n>

(6.34)
and
MW - M) = 2R () o v ™ (0,-0,u) (6.35)
1 i 'Z'Bk i°1 TR ’

u e (l/ok_l. 1/ok) y 1,k=1,2,...,N .,

Substituting the above expressionsinto Egq. (6.29), we find
that Mi(Z) must be a solution, vanishing at infinity, of the

non-homogeneous scalsr Hilbert problem
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o Ri(u) 5(0,-u)

2 a=(u) ’ (6.36)

+ - -
Mi(u) - Glu) M () = -

W € (1/ok-1 ’ l/gk) 1.k=1’2'oon'N ’

where

+
G(u) = 2_(u) . (6.37)

It can be shown that G(u) 1s nonvanishing and obeys an H*
condition on (0,1)s In accordance with Muskhelishvili,
then, we solve this Hilbert problem by considering the cor-
responding homogeneous problem: to find a scalar function
X(z), nonvanishing and analytic in the plane cut from 0 to

+1, which
(a) satisfies the boundary condition

X)) - G) X W) =0, ue (0,1), (6.38)

(b) does not vanish as rapidly as (z-d) or approach
infinity as fast as (z-d)"1 as z —» 4, where d

stands for elther of the endpoints 0 or 1.

In Appendix B, we show that an appropriate X-function is

X(z) = TT:%TE er(Z) " (6.39)
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where

1
T'(z) = -1 J log G(4) 4y . (6.40)
2mi M- Z

(o}

Usj.ng Eq. (60 38), we write Eq. (6036) in the form

MyWw) | Mi@) e R(u) g4(0,-u)

C
— , (6.41)
xtu) X" () 2 xtu) a" ()

T (1/crk__1 , 1/ok) y 1,k=1,2,...,N,

Now consider the functions

N
M. (z) R,(v) g,(0,-v)
E (z) = -4 + 1 c i dv , (6.42)
R T B ) 2[ Q) @ (6) (ez)

n>

1=1129000gN .

In view of Eq. (6.41), these functions are analytic every-
where in the finite plane. At infinity they behave as a
polynomial of degree a-1 « Thus we can write Ei(z) in the

form

(i) z) |
= 1
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(1)

where the constants b will be determined below using the
analytic properties of Yim)(O.-oiz). From Eq. (6.,42) it
follows that

a-1 N
) (1) 3 R,(v) g41(0,-v)
M, (z) = Xz b - 5 : <
1 2mi JZO 3 ® nZF XT) 0~ () ez)

n>

(6.44)
1=1)2,0.0|N .
Substituting the explicit form of gi(O,-v), given by Eq.
(6.31), into the above equation and using Eq. (6.35), we
obtain the following system of Fredholm equations for the

emerging distributiqna

_ a-1
g \rim)(o,-aiu) =X () 2 b(i)uJ

1 Q) |j=o0 I

N 1/ 0,
(m)
- f K, (u,n) ck‘i'lim) (0.-0kn) dn
k=1 o
(6.45)
e (ot 1/01) ’ 1=1,2,...,N,

where
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o =

. j Ba®) [ 1) - rp0]

(m) _ cn 6
K ( ’ ) = — b
w VT2 L 2 xt(v) a-(v) (v-u) (n-v)
n> o
1 1
+% [X+(u) +x.(&l] [Tik('ﬂ) - Tik(u)] . (6.“6)

n-u

The following identities involving X(z) are proven in
Appendix B. |

Identity (6.1).

Q(z)

X(z) X(-2) = — (6.47)
Q(oo) O.ﬂl (\,2 - 22) . .
s=o0 s
where
Qo) = det {y, - = & » 1,3=1,2,...,N,
130y 13} (6.48)
denotes the value of Q(z) at infinity.
Identity (6.2).
1
X(z) = j YO g, (6.,49)
v - 2

where



94

R, (v)

(=) X(-y) ‘7l w2 - v?)
s=0

njo

y(v) =

(6.50)

- v € (l/on-l ’ l/on) vy nN=1,2,...,N,

Identity (6.3).

J
o =

1 _ c R, (v) d
X(z) P(z) n=1 2 J\ W oo Gz
(6.51)

where

k ' .
P(z) = kZo 0 7 o (6.52)

The constants ck, k=0,1,...,0, are determined by the equations

k
). Tatiof Carik =0 » E=LiZie.asa (6.53)
i=0
with
a
c = (-1) (6051‘,’)
a
and 1

r, = J‘ vivw) ay . (6.55)
0
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Identity (6.4).

. N
T_U__(_z_)_ =P (z) + Q (Z) - c ' Tij(\)) Rn(\)) a
X(z) M = nzl g J X)) (vez)
>
(6.56)
1!J=1’210no.N N
where
a-1
-k-1
PiJ(Z) = kzg 44 45 2% (6.57)
and
RS Ry jn(v)
= c ijntv v . 6.58
QiJ(Z) Z’1 @ JX(-v) ©+z) il
n>

In Eq. (6.57), the constants d1jk are determined by the

equations
k
b = Lo Phy S (6.59)
where
N
R = )’ g-nz,l I b Ry ) av (6.60)

n>

Using the above identities we can write Eq. (6.45)

as
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a-1
(m) 1 (1) 3
o, Y, (0y-04u) = — Z b, ‘u
1 Bt x(a G 02 uh) |0 )
s=0

N 1/ 9
(m) (m)
- L J Ky W) o ¥, 77(0,-0,n) dn

k=

u € (0’1/01) ] 1=1’2’000,N 'y

(6,61)
where the kernel is now free of terms involving Cauchy
principal valued integrals:
k™ ) =2 1 [Py () + Q) = T (1) P(m)]

ik M7 = 2 T_‘]TU_ ik n Qik u! - ik n n
- [Pye) + @ W) - ry ) RG] L (6.62)
Let us introduce the vectors
[ (m)
L R (TD
13k 8
\1’:;}){ (u)
(m)
¥ = . 6.6
L ix (u) . (6.63)
(m)
? | 4
i Njk(u) J

i € (0’1)9 J-"—O,.l.-..,a—-l, k=1'2|ooo.N,
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which are determined by the following a N systems of Fredholm

integral equationss

1 ' 3
= O3 U
X(w) ) g7 w2 - wd) |

s=0

oy i?)(aiu) =

N s1/0
Z I ( )(u.n) o ‘";j}){(cln) dn }
= 0

ue (0,1/0,) , 1=1,2,..4,N , (6.64)

These equations can not be solved in closed form, but they
can be numerically analysed by standard methods. Using Egs.

(6,61) and (6.64), we write the emerging distribution in

terms of the elements Yijk as follows:
(m) a-1 N (m)
m
'Y (0,~0,u) = (o.u) ,
W e (0,1/01) " =1, 2sesnall » (6.65)

The constants b(k) are determined using the analytic properties
of W(m)(o.—oiz). We note that the analytic continuation of

i
Eq. (6.61) into the complex domain Re z > 0 can be written

in the form
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(m) H (z)
(o] (0,-0 Z) =
A ! X(-2) () “‘1 w2 - 2?)
s=0
(6,66)
Re z >0 , i=1,2,¢04,N ,
wheré
N 1/01
3 (m) (m) (k)
H,(z) = Zo kg 842" - 121 fo K11 (zym) °1 1Jk(c: n)dn bJ
(6.67)

In order that Wim)(o,-oiz) be analytic at Vg 5=1,2,e0e50-1,
we set
Hi(vs) = 0 9
(6.68)

1=1,2,000'N ’ S=1’2.ooo,a-1 .

On the other hand, accounting for the fact that Yim)(o,-oiz)

has a simple pole at Vg we have

N-1
. =1 3 o )
= - (= co -
Hi(vo) c v, (=v, ) () s11 (vs vo) Z; Aik (vo) Yiex
1=1,2'000’N—1 ] (6069)

and
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| -1
By lvo) = o v2 Xl ) ale) 1 62 =B a™e) o (6.70)

The aN constraints on the functions Hi(z) in Eqs. (6.68)

through (6.70) are just sufficient to determine the con-

(k)

stants b « An explicit system of linear algebraic equa-

tions for the bgk) can be obtalned by introducing the elements
B, S and A y Pya=0,1,e¢4,aN=1, which are uniquely defined

T q P,q
by the relations

(k)
Bj+a(k—1) - bj (6071)

Sj+a(k_1) = Hk(vj) (6072x
A =5, (v )J
s+a(1-1), J+a(k-1) ik s
N 1/0
1
(m) (m)
-121 j Ky gm0 ¥ (ogn) an
0
S,j=0,1,...,a-1 ’ i,k=1’2,ocoyN . (6073)

Using these definitions, we can combine Egs. (6.68) through
(6.70) as follows:
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aN-1
A S ’ p=0,1.....aN-1 0 (6.7"")

B =
q=0 Pa QP
&he b(k) can therefore be determined by solving the above
system of inhomogeneous equations for Bq, and using Eq. (6.71).
With the b;k) so determined, Eq. (6.65) can be used to deter-
mine the emerging distribution at the vacuum interface. The

functions f1+(z), i=1,2,+...,N, can then be obtained from Eq.
(6.14).



VII, THE CRITICAL PROBLEM

The last application to be considered is the critical
problem for an infinite slab'bounded by vacuum, The slab,
which extends from x = -a to X = a, 1is assumed to be composed
of a certain homogeneous multiplying material. We wish to
determine the functions fi(z) and the half-thickness a,
corresponding to the case when the system's neutron distri-
bution i(c)(x,u) is self-sustaining., In this case, the dis-

tribution obeys the symmetry condition

xow) =v @ x,cu) , 1S u 1. (7.1)

~

Z(C)

Furthermore, since there is no way for neutrons to enter the .

slab from the vacuum, we have the boundary conditions
K(c)(iaQU) = 0. u § 0. (702)

We shall find that the functions f;(z) for the critical
problem are determined by the emerging neutron distribution
at either face of the slab, and that the singular integral
equations obtained for the emerging distribution can be re-
duced to an equivalent system of coupled Fredholm integral
equations, An exact statement of the criticality condition
arises from this reduction.

Proceeding as in the Milne problem, 1t is easily

101
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demonstrated that the solution to the critical problem
X(Q)(x.u) can be analytically continued into the complex
domain. This contlinuation is analytic everywhere in the
complex plane cut along the imaginary axis and has the

property
X(c)(ia,z)= o, Re z § 0. (7.3)
Since l(c)(x.u), we (-1,1), satisfies the multi-group

transport equations, it follows that g(c)(x,z) satisfies
Eq. (3.10) in the form

B /04 (c)
wij(z) oy Y§°)(x,cjz) - % J, ¥ 95 ii_ ;X'ciV) dy
=1 _1/01
f -x/z
-1, (z) e , Re z<0

(7. Ll’)
/z ‘

- f34+(2) e%, Rez >0,

\

1=1,2,...,N .

When Egqs. (7.1) and (7.3) are applied to Eq. (7.%4),
we find

dv
v -z

1/0
£y (2) = /2 g f Yvoo ‘Y:(Lc)(a.oiv)
° (7.5)
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and

f,..(z) = e c
i+ 2 5tz

1/0y (c)
-a/z ¢ J‘ v 0y ¥3 (a,04v) dy

0 (7.6)

1=1’29000|N [}

It is clear, from the symmetry sondition in Eq. (7.1), that
£fy4(z) and £;_ (z) can also be determined in terms of the
emerging neutron distributionatx = -5, We note that a
system of singular Integral equations for the emerging dis-
tribution can be obtained by setting x = a and letting =z
tend tou e (0,1) in Eq. (7.4). Such a system could be
analysed, at least formally,‘by reducing it to a matrix
Hilbert problem. In view of the difficulties in obtaining
numerical results using the matrix method, we shall instead
conslder the singular integral equations which are obtained
from Eq. (3.23). In particular, when fi_(z) and fi+(z) are
substituted into Eq. (3.23) and x is set equal to a, we find

¢ p R, (v) o4 Wic)(a,civ)
2 vV - U

Alu) oy ‘&'ic)(a.ciu) = dv-g4 (a,u)

B =

1
n>

we (0,1) , 1=1,2,¢4.,N & (7.7)
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Here gi(a,u) has the form

N 1/95 (c) .
v 05 Y (avo-\))
Si(a.u) = 32-1 92- j‘o Jv j v J [Tij(\)) - -Tij(u)] dv
N 1/6 (e)
. % J‘ Jv By;(v) o, ¥y (ayo4v) -
J:i 0 v +tu
N 1/0 (c) '
P Y ey g [ Loty (o) o
35’1 5 v +u
(7.8)
where Tij(u) is defined by Eq. (6.32),
1.+ - -2a/u
913(“‘) == [Aij(u) + Aij(u)] e
N
- ] -2a/v
- ) <P J L v (7.9)
n=1 2 vV - u
n»>
and
N =2a/v
Rii,(v) e
B, . (u) = . j Lin dv . .10
1:' nZl 2 " +u N (7 1 )
ns

As in the Milne problem, we can not obtain a closed form

solution for the emerging distribution, but we can reduce
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(7.7) to a system of Fredholm integral equations which is
amenable to numerical analysis, First, however, let us cast
Eq. (7.9) into a form which is free of Cauchy principal
valued integrals.

Consider the functions

' N
Y Rjin ()

(7.11)
1'J=1'2|000’N )

where Aij(w) denotes the constant value of Aij(Z) at infinity.
Obviously, Dij(Z) is analytié everywhere in the complex plane

cut along (-1,1) and vanishes at infinity. Furthermore,

using the Plemelj formulas, we find
+ it —
Dij(u) - Dij(u) =0 , ue (-1,1), (7.12)

Hence

Dij(Z) =0 (7.13)

We conclude, from Eg. (7.11), that

. |
R, .
4502 =0y () F oy (@) ¥ ) %j Bun®) o, (7.14)

n>
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Using this representation for A, (z), we can rewrite Eq.

1j
(7.9) as

0350) = [By,(m) + 1, ()] &2

N ’
- z % J M [ -28/\) -e...za/u] dv. (7015)
=1 v - u

n>

To reduce Eq. (7.7) to a‘system of Fredholm integral

equations, we Introduce the functions

J (v) o Y(c)(a osv)
Mi(z) = ""1'—' z j Rn Vi- ; M dv, i=1,2,...,4N.

n>

(7.16)

Following the procedure of Section VI, it can be shown that'

Mi(Z) can also be represented in the form

fa_i N
_x(z) 1Y L) s e | B (v) g4(a,v)
Mj_(Z) 2mi jZ-‘JO bj z nZI > J\X'f(\)) = (v) (\)-Z) ’
n>
(7.17)

i=1'2,ooo,N ’

(1)

where the constants b are as yet undetermined and X(z)
is given by Eq. (6.39). Substituting the explicit expression

for g,(a,v) into Eq. (7.17) and using the relations
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MEW) - M) =S R () o, v\, 0) ,

(7.18)
H € (1/Oh-1 9 I/Oh) ’ i,n=1|2'ooo'N,

which follow from Eq. (7.16), we obtain the following

system of coupled Fredholm integral equations for the emerg-

ing distribution:

a-1
oy ¥ (a,o ) = /, b u
. ' X(-u) (=) 9 v - u?) [3=0
s=0
N '1/01
- E: j Kii)(u,n) o, Yéc)(a,okn) dni
=1 0
S > (0’1/01) s i=1,2,...’N g (7.19)
where

N .
() _(m) 4 Ry (v) [Byy (n)+6,, (v)]
Kni (hyn) = Ky (Wm) +9§*l 2 %P J 1k ik

XT(v) @7 (v) (v=u) (n+)
n>

Bik(“) + eik(u)
- Ilé' [x“}(u) * X"l(u)] [ n U J

[] (7'20)
We recall that the elements Kig)(u,n) are specified by

either Eq. (6.46) or (6.62). The task of calculating the
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Cauchy principal valued integrals in Eq. (7.20) can be

avoided by using Identities (6.1) and (6.3) to write

Ki;)(u’ﬁ) in the form

(m)
Kgi)(u.ﬂ) = Kyp (uym) + %?'ﬁ%ﬁ'[sik(u) - Ty (n)

+P) [ 8, (1) + 0y W]+ [ gdes - P(en)] 8y, (n)

(7.21)
where the polynomial P(u) 1is defined in Eq. (6.52)
N a-1
e ) e (RO To 62Aley0snw],
. n=1 2 AT 0 () -w) '
n>
(7.22)
and
S (co)a (e B ( )
\ "R (v)X(- o " 0.. (s
Ty (n) = Z‘ c J (v)X(-v)a Lo v v?) 13 V .
n=1 2 a*(v) a~(v) (v+)
n»
(7.23)

As in the Milne problem, we choose to expand the emerging

distribution in terms of the vectors

(c)
Yle(u)

(c) v (c)
(w) = xzjk(u)

(c)
Njk(u)
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H e (031)0 J=O’1’000'a-i’ k=1’2,oo.'N, ’
(7.24)

where ?gi)(u) is the solution to the following system of
Fredholm equationss
)(O'u) = 3 6 uj
1 iJk 1 X(-u)a(e) gt (v _uz) ik
s=0
N
e 1/0
RO oy o vl °) (o n)an
1=1 ] )9 Y g e
0
(7.25)

H € (0,1/01) ] 1=1,2,000,N .

We again remark that such Fredholm integral equations can

be analysed numerically by standard methods, With the
(c)

vectors K;E)(u) so determined, we can write Yi (a,0ﬂ4) in
the form
(c) Z} 7 (k) (c)
4 (a,o;u) = ,
3 lasogu 320 a1 k(oiut)
(7.26)
u e'(°'1/°1) ' 1=1,2,..44N

(k)

To determine the constants bj

in Eq. (7.26), we
write the analytic continuation of Eq. (7.19) into the
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complex domain Re z.> 0 as follows:

(c) ‘ _ Ly (Z)
%1 Y1 (a,oiz) X(-z) Q(e) ; (v - z°)
Re z > 0, 1=1,2,...,N, (7.27)
where

o=

1/0
1
L,(z) = Z 2 ) g, 27 1] k8 (z,m) o () (o n)ant.

=0 k=1 1=1 ), U 113k 1
(7.28)
c
Since Yi (a,oiz) is analytic at vy, s=0,1,...,a~1, we
deduce from Eq. (7.27) that
Li(\)s) =0 ’
(7.29)

S=O,1,o¢¢’a"11 1=1g2.c..,N °

Now introduce the elements Bq and lpq' pP,q=0,1,...,aN=-1,

which are defined below:

(x)
J+a(k-1) =% (7.30)



111

_ J
As+a(1-1),;+q(k.1) = 85 )
i 1N() (c)
Cc wc
- 2 jj (v M) o ljk(c n)dn,
0

S,J=0,1,.--.(x-1 N i.J=1,2'oo-|N .

(7.31)
It follows that we can write the aN constraints of Eq. (7.29)
in the form
aN-1-
q2=_'0 Ap,q Bq = 0' p=0,1...-,<x-1 . (7032)

This system of homogeneous equations has nontrivial solutions

only if

det {A  1=0, Pya=0,1,...,aN-1 , (7.33)
Equation (7.33) is the criticality condition for the system
since Ap,q depends only on the transfer matrix Cs the
cross sections 1/01, and the half-thickness a of the slab.
Let us assume that the transfer matrix and cross sections
are specified, After finding the smallest value of a which
satisfies Eq. (7.33), we can substitute this critical half-

thickness into Eq. (7.32) and solve for the Bq. The
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constants b§k) can in turn be obtained using Eq. (7.30). The
functions fi_(z) and f1+(2) for the critical problem can
then be computed by determining the emerging distribution

from Eq. (7.26) and using Eqs. (7.5) and (7.6).



VIII. CONCLUSION

We have seen that the method of singuwlar integral
equations can be used to analyse a varied set of multi-
group transport problems in plane geometry. The procedure
consists of transforming tﬁe integro-differential form
multi-group equations for i(x,u) into a system of functional
equations for ¥ (x,z), where the spatial coordinate enters
only as a parameter and the varlable z may be complex valued,
Included in these equations are arbitrary functions f;(z),
i=1,2,¢.4,4N, which are determined in specific transport
problems by the boundary conditions. UWhen z is restricted
to the interval (-~1,1), these functional equations yield a
system of coupled singular integral equations for the neutron
distribution. An important feature of these singular integral
equations is that they can be explicitly uncoupled with respect
to the components of the neutron distribution using analytic
function theory. In these "uncoupled" singular integral equa-
tions, the physical relationship between the various components
of the neutron distribution is maintained by the persistent
coupling of the functions fi. In Section III, we chose to
express the neutron distribution in terms of the fi by solving
the uncoupled (scalar) form of the singular integral equations.,
By virtue of their full-range character, the coupled (matrix)
‘form of the singular‘integral equations could just as easiiy

have .been utilized to obtain the neutron distribution in

113
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terms of‘the functions f;. Another way tb obtaln the neutron
distribution from the f;(z) 1s to use Eqs. (4.8) and (4.13)
to determine the expansion coefficlents in the elgenfunction
expansion given by Eq. (2.94).

In looking at specific applications, a closed form
solution was obtained for the functions fi(z) associated with
the infinite medium Green's function, In the Milne and
critical problems the fi(z) were shown to be determined by
the emerging distribution at the boundary. In each of these
problems, the results of Section III were used to obtain
singular integral equations for the emerging distribution
in matrix and scalar form. In the Milne probleﬁ, we 111lus-
trated the power of the matrix approach by obtaining a closed
form solution for the fj(z) in terms of the fundamental
matrix X(z). Due to the difficulties in calculating the
E-matrix.-however, we chose to determine the emerging dis-
tribution in the Milne and critical problems by reducing the
scalar form of the singular integral equations to an equi-
valent system of Fredholm integral equations of the second
kind, In the critical problem this reduction also yielded
an exact statement of the criticality condition.

It appears that the above procedure for solving
multi-group problems 1is amenable to numerical analysis using
a high speed computer. Apparently, the major iInconvenience
in obtaining numerical results for the Milne and critical

problems 1is the relatively large number of functions and
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parameters which must be calculated before the Fredholm
integral equations for the emerging distribution can be
analysed.

With regard to applications, we note that the above
results may also be applied to problems involving the energy-

dependent transport equation in the form

(w2 + o®] ¥, Em)

) C

1 %)
j du ! J K(E',E) v(x,E',1") 4E"', (8.1)
-, 0

where the transfer kernel K(E',E) takes into account all
processes which transfer neutrons of energy E' to energy E.
Leonard and Ferziger (2) have shown that such problems can

be reduced to a study of the multi-group equations by approx-
imating Y (x,E,u) by a finite expansion of Laguerre polynomials

of order one:

N

¥(x,Eu) = M(E) ) x,(xu) L
=1

(1)
J

(E) 9 (802)
where M(E) denotes the Maxwellian distribution and the con-
ponents XJ(X.u) are to be determined. Substituting the above

representation for ¥ (x,E,u) into Eq. (8.1) and using the
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orthogonality of the Laguerre polynomials, 1t is seen ﬁhat
the xJ(x,u) are related in én elementary way to the solution
of a system of integro-differential equations which have the
same form, but not the same physical Interpretation, as the
multi-group equations. Using this approach, Leonard and
Ferziger treated energy-dependent problems by analysing the
resulfing "mul ti-group"” equations using Case's method. Of
course, the "multi-group" equations obtained in this manner
could also be analysed by the method of singular‘equations.
It should be noted that Eq. (8,1) can be analysed,
at least formally, without resorting to approximations such
as Eq. (8.2). This approach was pursued by Bednarz and
Mika (1) using the method of Case. It would also be inter-
esting to pursue this approach using the method of singular
integral equations. In practical computations, however,
some approximation is usually required, such as assuming a
degenerate kernel or apvealing to the multi-group approxi-
mation., Recently, Pahor (12) investigated the Milne and
albedo problems for the energy-dependent transport equation
by assuming an N-term degenerate kernel, Pahor's treatment
of these half-space problems combines the methods of
Chandrasekhar (6) and Case (4). Using the principles of
invariance and reciprocity, Pahor shows that the emerging
distribution for the Milne and albedo problems can be ex-
pressed in terms of a certain g—matrix and the Case eigen-

functions. The neutron distribution throughout the system
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can be determined from the distribution at the boundary
using the completeness theorem of the Case eigenfunctidns.
Of particular interest is the fact that the g-matrix. which
1s a generalization of Chandrasekhar's H-function, is shown
to satisfy a nonlinear matrix integral equation. Pahor
discusses the possibilities for numerically solving this
equation for the E-matrix by iteration, It is not incon-
celvable that the X-matrix introduced in Section II would
also satisfy a similar type of nonlinear integral equation.
This possibility should be investigated since such an equa-

tion could prove to be a useful tool for calculating X(z).
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XI. APPENDICES

A, The Number of Zeros of Q(z)

We note from Eqs. (2.32) through (2.34) that Q(z) is
an even function‘of z which is analytic in the complex plane
cut along (-1,1). The number of zeros 2a of Q(z), z ¢ (-1,1),
can therefore be calculated using the argument principle of
complex variables, First we consider the functions atw)
and Q" (u), u ¢ (-1,1), which were initially introduced in

Section I11, vigz,,
=+ — + - .
Q (U) = det {(l)ij(u)} N 193‘1,2,.-.,1\1. (Aoi)

When 4 is an element of region (n), the elements mi}(u) have

the form
r
Yy = 6350u T (E%I) , i<n
(0:3(u) = 1
KY”- by5cu T (ogu) # 8y 1_1_29_.11 . 1=n

(A.2)
Assuming the cut (-1,1) to be directed from -1 to +1, Q*(u)
represent the limiting values of Q(z) as z approaches (-1,1)
from the left (+) and right (-)., Of particular importance
here is the fact that Qihl) are continuous on (-1,1) except

at the points #* 1/0;, 1=1,2,...,N, where they have
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logarithmic singularities., In this thesls we assume that
0+(u) and Q" (u) do not vanish on (-1,1), In addition, we

note that as Izl approaches infinity
a(z) = a(=) +0(1/22) , (A.3)
where
Q(e) = det {yij - 39; 813 } v 1,351,2,.04,N, (A.4)

Using the above properties of Q(z), we conclude that a is

given by the argument principle in the form (cf. 2)

]
a = ﬁ; Be, Arg Q(z) = E%I j‘ ﬂg(z dz , (A.5).
Co
where
a'(z) = L a(z) (4.6)

and Aco Arg Q(z) represents the change in the argument of
Q(z) around the contour ¢, generated by letting p — 0 in
Figure 1.

Let us calculate the change in the argument of Q(z)

as z traverses the circular arc c « To do this we ex-

+
& 1/ 04

pand the determinant Q(z) according to the elements of its
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1¥h 10w (or colum) and write the result in the form

a(z) = log (z ¥ 1/05) W (2) +W,(z) , (A.7)

where it can be shown that the functions Wl(z) and Wz(z).
and their derivatives, have finite limits as z —» % 1/0i

along any path; hence

L
(Z F 1/01) g—(ﬂ(-g';-

Wy (2) + (z51/01) Wi(z) log(z31/05) + (231/0y) Wp(z) (.8)
log (zF1/04) WI(Z) + Wz(z)

i ) ) N
tends to zero for all z on ciﬁ/oi as p — 0, It is now easy

to deduce that

[ ]
i J‘ Q (z) 4, =0, (A.9)
Cc

Thus, the change in the argument of Q(z) over the arc

ci is zero., It follows that
+*
1/01

Arg T (£9/0,-0) = Arg Q7 (£1/0,+0) (A.10)
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and
Arg 07 (£ 1/03-0) = Arg Q7 (& 1/0,40) , (A.11)

where Arg Q¥*(+ 1/01-0) denotes the limit of Arg QiTu).as
o -+~*_1/°1 from the left, i.,e., through real values less
than * 1/01;(1i(i 1/01+0) likewise denotes the 1limit of
Arg QF(u) as 4 — % 1/0; from the right.

' We now may write a in terms of the changes in the

argument of Q(z) over the linear segments of the contour ot

N

= 1 ,+ +
@ = 5= 121 [ch_(i) Arg Q7 (4) + Aci(i) Arg 27 (u)

+ A Arg a~ (u) A Arg Q‘m)],

C+(1) 2(1)

(A.12)
+
Recalling the notation 1/06=O' we see that A Arg Q (4)
c
-(1)

+
(Ac+( ) Arg Q (4)) represents the change in the argument of
+(1

Q+(u) as W Increases from -1/04 (+1/c1 1) to --1/0i (+1/oi);

1

A

o= Arg Q" (u) (A _ ) Arg O (4) ) represents the change

+(1) C.(1

in Arg Q (W) as y decreases from 1/0i (-1/01_1) to

1/01_1 (—1/01,). Equation (A.12) can be further simplified

by noting from Egs. (A.1) and (A.2) that
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at(uw) = a7 (-u) (A.13)
and

atw) = [aTw]* . (A.14)

Here the asterisk'(*) denotes complex conjugation. Using

the above relations we find that

Arg a7 (0) = 0 (A.15)
and
a =-?1T—Arg al) , (A.16)

where the argument of Q(1) is uniquely defined in view of
Eqs. (A.10) and (A.15).



127

B. The Scalar X-Functlon

It is clear that X(z), as defined in Eq. (6.39), is
énalytic in the plane cut along (0,1). Moreover, applying
the Plemelj formulas to Eq. (6.39) it is easily verified
that.X(é) satisfies Eq. (6.38). Accordingly, in this appendix
we shall demonstrate that X(z) in Eq. (6.39) is indeed an
appropriate X;funcfion by showing it has the proper behavior
at the endpoints 0 and 1. We shall then prove the ildentities
involving X(z) which were introduced in Section VI, In
addition, we shall construct a nonlinear integral equation
for calculating X(z), and exhibit the relationship between
X(z) and the E—maﬁrix of Section II, |

The function T'(z) in Eg. (6.40) can be written in the.

form

1 1
_ 1 log G(dy) 1 log G(v)-log G(dy)
r(z) = Jj —_—_dv *+ T dv
0

vV - 2 VvV - Z
0
(B.1)
k=0,1, where do = 0 and d1 =1, It follows that
.1 o _
T(z) = %= log G(dy) log (dy-z) +T, (z) , k=0,1, |
(B.2)

where Fk(z) tends to a definite 1imit as z ‘*‘dk; the plus
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sign goes with k=1, the minus sign with k=0, However, from

Eqs. (6.37) and (A.14), we have

sis 10 6u) =L arg atw), we (0,1), (B.3)

Recalling the values of Arg Q+(u) at 0 and 1, given by Egs.
(A.15) and (A.16), we conclude that

X (z) = o 2 (B.4)
approaches a finite nonzero value as z —,. 0, but as z —, 1
X, (z) o (1-2)" . (B.5)

~ From Eq. (6.39), we have

¢
X(z) = %ol2) (.6)
(1-z)®
Thus X(z) is an appropriate X-function since it satisfies

conditions (a) and (b) under Eq. (6.37).

Proof of Identity (6.1). Consider the function

R(z) = a(z) . (B.7)
T @ ST 02 - 22 X(2) X(e2)
s=0 =
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This function is analytic everywhere in the complex plane,
except perhaps for a cut along (-1,1), and approaches wnity
as ]z‘ —> , But using Plemelj's formulas and the boundary

conditions given in Eq. (6.38), we find

%:;&:_}: 1, ue (-1,1) . (B.8)

Hence, R(z) is analytic everywhere, and from Liouville's

Atheorem we have
R(Z) =1 . (309)

Identity (6.1) follows immediately. Letting z tend to zero
in Eq. (6.47) we obtain the following corollary

N-1
2 c
X<(0) = (B.10)
a(e) %l v2
s=0

Proof of Identity (6.2). Since X(z) is analytic
in the complex plane cut along the real axis from 0 to +1,
and vanishes at infinity, we can use Cauchy's integral

formula to write

x(z) = gL j Xz 5,0, (B.11)
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where the closed contour c1 has a clockwlise orientation

and encompasses the cut (0,1). Collapsing 4 about this

cut, we find

. _

_ 1 Xt (v) - X" (v)

X(Z) = m J‘ 5 - 2 dv . (B-IZ)
: 0

But from the boundary conditions in Eq. (6.38) and Identity

(6.1), we have

s X' - X0 =% p () 2N
o R, (v)
= = ’ (B'13)
2 a(e) X(-v) %l (v: - v%)

s=0
\J € (1/on~1 [ 1/on) 1] n=1'2900.'N .
Identity (6,2) follows by virtue of Eq. (6.50).

For values of z outside the unit circle, Eq. (6.49)

can be written in the form

1 2
X(Z) =-']‘J Y(\))[l +2'+§‘)"2'v+ o.o]d\) . (Bol‘u)
z z z
0
Thus
T r, o
X(z) == ), T, z " lzl > 1, (B.15)
i=0
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where Fi is defined in Eq. (6.65). We note from Eq. (6.39)

that X(z) ~ (-1/2z)% as lzl —> o , Comparing this behavior
~ with that of Eq. (B.15), we conclude |

oy 1=0'1|00¢'a-2

', = { (B.16)

)a-l

(fl ’ =a-1 .

\

Proof of Identity (6.3). Since 1/X(z) is analytic
for lz] > 1, and behaves as a polynomial of degree a at
infinity, we can develop 1/X(z) in a Laurent series of the

form
=
dre Lot o e oo

Specifically, we wish to determine the constants ck,

k=0,1,¢4.50, and thus determine the form of 1/X(z) at infinity.

Recalling Eqs. (B.15) and (B.16), we write

£ a
E: Piz-i-I E: Cy K = -1, ]z] >1 . (B.18)
i=q-1 k= w00

Equations (6.53) and (6.54) follow since the above equation

is to hold for all z outside the unit circle.  With the
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C\ k=0,1,+.0.,0, determined by Eqs. (6.53) and (6.54), the.
polynomial P(z) in Eq. (6.52) describes the behavior of

1/X(z) as lzl._, o, Since [xl _ P(z)] is analytic in
. (2)

the plane cut along (0,1) and vanishes at infinity, we can

use Cuachy's integral formula to write

1 L. 1
ks - P(2) =§;,-_f LO)_X0) 4, (aag)
0
But using Eq. (6.38), we have
1 1 - 1 R Rn(\))
2mi [x+(v) X"(v)] 2 XxT(v) a~(v) kB. 200

v € (l/on-l [ 1/0n) 9 n=1'2,oco,N .

Inserting the above expression into Eq. (B.19), we obtain
Identity (6.3). 4

Proof of Identity (6.4). For lzl > 1, the functions

Tij(z) in Eq. (6.32) can be represented by the expansion

_ (1) -1-1
Tij(Z) = £20 R1j z y ‘z‘ >1, (B.21)

(1)

where the coefficients R,

13 are given by Eq. (6.60).
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Furthermore, using Eq. (B;17). we have

oo : a
(1) -1-1 k
T;J(:?) = lZJO Rij) z kZ_wck VA ’ lZl >1., (B|22)

Letting z tend to infinity in Eq. (B.22), we obtain

a-1
T3(z) N k-1 -
R

where the constants d are defined in Eq. (6.59). Recalling

1jk

the polynomisals Pij(Z) in Eq. (6.57), we conclude

T44(2) ‘

[—11~—— - Py (z)} is analytic in the complex plane cut from
X(z) J

-1 to +1, and vanishes at infinity. Ve can again use

Cauchy's integral formula to write

1 + -
Ty3(z) b (a) = L 0 (O] [Tij(v) - Tij(v)] N
X(z) ij 2mi N
1 S 1 1
o e TIJ(V)I.X+(\)7-X'(\))] s
2mi J . Vv -z

(B.24)

From Eq. (6.32), we have
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E%T [TIJ(V).- f;J(v)] = 2 By, (B.25)
v € (l/O’n_l 9 1/Un) ’ n=1,2,oo-.N .

Substituting Egs. (B.20) and (B.25) into Eq. (B.24), we

obtain
N
e - Lg | ey o
n>
s (v) Bn(v)
--nZ'1 z f x:(jii :'(vr)l \zv-z) o (5.26)
n>

which yields Identity (6.4) when Eq. (6.58) is used.
An iteration scheme, similar to that of Shure and
Natelson (13), can be constructed for X(z). Let us intro-

duce the function

0(2) = [ghoy + (-2)%] X(2) (B.27)

which is analytic everywhere in the complex plane cut from
0 to +1, and tends to unity as z approaches either zero or

infinity. From Cauchy's integral formula we have
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1 -
6(z)-1 _ _1 I 07(v) = 07(v) 4 (B.28)
0

z T o2m v(v=2)

However, using Identity (6.1) and Eq. (B.10), we obtain

[146=)® x(0)] [1+(+)® X(0)] Ry (v)

o= [T - T w)] =1

2mi » - ’
" ™2 %L (1-v2A2) o(-v)
(B.29)
v e (1/°h-1 ; 1/oh) y N=1,2,...,N,
Substituting this expression into Eq. (B.28), we find
) a a
0(z) =1 - 2 ’y [1+(-v) X(O)]{1+(+v) x(oifnn(v)
2 =1 ) 2 G (1502A2) yvre) e(v)
<n s=0
(B.30)

where the notation <n implies that the integral is over the
negative segment of region (n). It is seen that 6(z) is
determined everywhere in the complex plane by its values on
the interval (-1,0). Moreover, a nonlineaf integral equa-
tion for 6(u), -1 S u € 0, is obtained by restricting z to
the interval (-1,0) in Eq. (B.30). If 6(u), -1€ u ¥ 0, is
initiélly approx imated by unity, it is expected that the
iterative solution of this integral equation will converge
rapidly. After determining 6(z), X(z) can be obtained from

Eq. (B.27). It should be noted, however, the numerical
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integration scheme used in Eq. (B,30) must take into account
the fact that the functions Rn(Q) generally have logarithmic
singularities at the points = 1/01, 1=1,2,¢.¢,N, and may -
oscillate quite rapidly on the interval (-1,1). It may
therefore prove more convenient to calculate X(z) directly
from Eq. (6.39).

Lastly, we mote that the scalar X-function is related
to the determinant of the X-matrix iIntroduced in Sectlon II.
Teking the determinant of both sides of Eq. (2.115), we

obtain

det g*(u) - G(u) « det X (W) =0, ue (0,1). (B.31)

But for X(z) to be a suitable fundamental matrix, det X(z)
must be a nonvanishing analytic function in the complex plane
cut along (0,1) which satisfies condition (b) under Eq. (6.38).

Hence
det X(z) = ¢ X(z) , (B.32)

where X(z) is given in Eq. (6.39) and C is a nonzero con-

stant., It follows that det E(Z) vanishes as 1/z% at infinity.



MULTI-GROUP NEUTRON TRANSPORT THEORY
IN PLANE GEOMETRY

F. Joseph McCrosson

Abstract

An exaét analytical procedure 1is presented for solving
multi-group neutron transport problems in plane geometry. The
method consists of analysing a system of singular integral
equations which 1is derived for the neutron distribution. In-
cluded in these singular integral eduations are arbitrary
inhomogeneous terms which depend only on the anglelvariable.
Once these arbitrary functions are determined, the neutrbn
distribution can be obtained from the singular integral equa- °
tions by standard methods,

To illustrate the procedure the 1nhomogeneous terms
associated with the infinite medium Green's function are
determined. The Milne and critical problems are also con-
sidered. Here the inhomogeneous terms are expressed in terms
of the emerging distribution at the boundary and the emerging
distribution is given by a system of coupled Fredholm integral
equations,

The relationship between this method and Case's
elgenfunction method is investigated. This leads to an alter-
nate procedure for determining the expansion coefficients

in Case's method.
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