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A Grid-Based Approximation Algorithm for the Minimum Weight
Triangulation Problem

Mariétte C. Wessels

(ABSTRACT)

Given a set of n points on a plane, in the Minimum Weight Triangulation problem, we wish to
find a triangulation that minimizes the sum of Euclidean lengths of its edges. The problem
has been studied for more than four decades and is known to be incredibly challenging.
In fact, the complexity status of this problem remained open until recently when it was
shown to be NP-Hard. We present a novel polynomial-time algorithm that computes a 16-
approximation of the minimum weight triangulation—a constant that is significantly smaller
than what has been previously known.

To construct our candidate solution, our algorithm uses grids to partition edges into levels
by increasing weights, so that edges with similar weights appear in the same level. We
incrementally triangulate the point set by constructing a growing partial triangulation for
each level, introducing edges in increasing order of level. At each level, we use a variant of
the ring heuristic followed by a greedy heuristic to add edges, finally resulting in a complete
triangulation of the point set. In our analysis, we reduce the problem of comparing the
weight of the candidate and the optimal solutions to a comparison between the cardinality
of the two underlying graphs. We develop a new technique to compare the cardinality of
planar straight-line graphs, and in combination with properties due to the imposed grid
structure, we bound the approximation ratio.

This work is supported in part by the National Science Foundation under grant NSF-CCF
1464276. Any opinions, findings, conclusions, or recommendations expressed in this material
are those of the authors and do not necessarily reflect the views of the National Science
Foundation.



A Grid-Based Approximation Algorithm for the Minimum Weight
Triangulation Problem

Mariétte C. Wessels

(GENERAL AUDIENCE ABSTRACT)

Given a set of n points on a plane P, a triangulation of P is a set of edges such that no two
edges intersect at a point not in P, and the edges subdivide the convex hull of P into triangles.
Triangulations have a variety of applications, including computer graphics, finite element
analysis, and interpolation, which motivates the need for efficient algorithms to compute
triangulations with desirable qualities. The Minimum Weight Triangulation problem is the
problem of computing the triangulation T that minimizes the sum of Euclidean lengths of
its edges and performs well in many of the above-mentioned applications. The problem has
been studied for more than four decades and is known to be incredibly challenging. In fact,
the complexity status of this problem remained open until recently when it was shown to be
NP-Hard. We present a novel polynomial-time algorithm that computes a 16-approximation
of the minimum weight triangulation—a constant that is significantly smaller than what has
been previously known. The algorithm makes use of grids together with a variant of the
ring and greedy heuristic adapted to apply in a new setting, resulting in an elegant, efficient
algorithm.

This work is supported in part by the National Science Foundation under grant NSF-CCF
1464276. Any opinions, findings, conclusions, or recommendations expressed in this material
are those of the authors and do not necessarily reflect the views of the National Science
Foundation.
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Chapter 1

Introduction

Consider a planar point set P C R? with |P| = n. A triangulation T of P is a subdivi-
sion of the interior of the convex hull of P into triangles by non-intersecting straight-line
segments. Alternatively, any triangulation can be viewed as a maximal planar straight-line
graph (PSLG) of the planar point set P. We define the weight of an edge as the Euclidean
distance between its endpoints, and the weight of any triangulation T to be the sum of the
weights of all the edges in T, denoted w(T). The Minimum Weight Triangulation (MWT)
problem seeks a triangulation that achieves the minimum weight for P. Note that the MW'T
for a given point set is not necessarily unique.

1.1 Overview of the MWT Problem

The problem of computing a triangulation for a given point set arises naturally in applica-
tions ranging from computer graphics and cartography to finite element meshes and spatial
data analysis. For any planar point set, there exist exponentially many possible triangula-
tions. However, all such triangulations do not have equally useful properties, where “useful”
is determined by the particular application. Therefore, different applications call for differ-
ent notions of optimality, many of which have been studied and were surveyed by Bern and
Eppstein [2]. For instance, finite element methods and methods using a triangulation for
interpolation benefit from a triangulation that avoids long thin triangles. For this reason,
the well-known Delaunay triangulation, the dual of the Voronoi diagram, is a popular choice
in many applications. This is because the Delaunay triangulation maximizes the minimum
angle in the triangulation together with some other optimization criteria. Another notion
of optimality is expressed by the MWT problem which yields good results for similar ap-
plications, the difference being that the MWT is considerably harder to compute than the
Delaunay triangulation. The origin of the MW'T problem dates back to 1970 in cartography
where it was first considered by Diippe and Gottschalk [5] who originally proposed a greedy
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approach to produce a MWT. Shamos and Hoey [16] conjectured that the Delaunay trian-
gulation might be a MWT. However, Lloyd [10] provided counterexamples in 1977 proving
that neither the greedy nor the Delaunay triangulation is a MWT in general. At this point
the hardness of this problem was unknown. This problem became notorious when Garey
and Johnson [7] included the MWT problem in their famous list of twelve major problems
with unknown complexity status in 1979. It was not until 2006 when Mulzer and Rote [13]
proved that the MW'T problem is NP-hard.

1.1.1 Approximation Algorithms

In the light of the MWT problem’s being NP-hard, the best one could hope for is a tractible
approximation algorithm. An approzximation algorithm computes a feasible solution for the
problem whose objective function is close to the optimal. In this context, “close” means
that the value of the objective function for the feasible solution is within a guaranteed
factor of the optimal. Suppose T* is an optimal MW for the planar point set P so that
w(T*) < w(T), where T is any other triangulation on P. If any feasible solution A generated
by an approximation algorithm is such that w(A) < « - w(T*), then we say A is an a-
approximation and the algorithm is(Ae)Ln a-approximation algorithm. The factor « is known

as the approrimation ratio, since w(T) <a.

Given an approximation algorithm, it is natural to consider whether or not such an algorithm
is a good approximation algorithm. Is it possible to improve the approximation algorithm
either in terms of a better approximation ratio or a better running time? This leads to
the classification of problems in terms of their approximability—bounding the best possible
approximation ratio that can be achieved by any approximation algorithm for the problem
[8]. An a-approximation algorithm is considered good if « is a constant, and therefore
not dependent on the input size n. An improvement upon a constant approximation ratio
is when one can construct an approximation scheme, where the algorithm yields a (1 + ¢)-
approximation in polynomial time for any € > 0, yet the running time is allowed to depend on
%. Therefore, an approximation scheme can construct a solution for which the approximation
ratio is arbitrarily close to 1. One can make the further distinction between a fully polynomial
time approximation scheme (FPTAS) and a polynomial time approzimation scheme (PTAS).
An algorithm describes a FPTAS provided the running time of the algorithm is polynomial
both in the inputs size n and the reciprocal of the error bound é If the running time is only
polynomial in n, the algorithm provides a PTAS. Some problems are known not to have a
FPTAS, unless NP = P. The MWT is one such problem. This follows as a consequence of
Mulzer and Rote’s [13] showing that it is NP-hard to approximate a MWT within a factor
of O(#) Thus, the best possible approximation algorithm for the MWT would be PTAS.
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1.1.2 Approximation Algorithms for the MWT Problem

Despite the complexity of the MW'T problem remaining unknown for nearly three decades,
there were several efforts to design approximation algorithms. This was likely due to an
initial lack of progress towards either a polynomial time algorithm for an exact solution,
or towards proving the complexity status. The greedy triangulation and Delaunay trian-
gulation were shown to be a factor O(y/n) [11], and a factor Q(n) [11, 9] approximation,
respectively, making neither option satisfactory in most applications. Plaisted and Hong
[14] described how to approximate the MWT within a factor of O(logn) in O(n?logn) time.
This is achieved by partitioning the point set into convex polygons and then repeatedly con-
necting all pairs of adjacent even numbered vertices. This procedure is known as the ring
heuristic. The ring heuristic has the virtue of being very simple and easy to implement, but is
limited by the fact that it is only defined for convex polygons. Clarkson [3] extended the ring
heuristic to non-convex polygons to design an algorithm for the related Minimum Weight
Steiner Triangulation (MWST) problem (where the MWST differs from the MWT problem
in that one may introduce additional input points, Steiner points, in the construction of
the solution). Levcopoulos and Krznaric [9] proved that a variation of the greedy algorithm
approximates the MW'T within a very large constant, providing the first constant approxi-
mation algorithm for the MWT. This constant was reduced by Yousefi and Young [17], who
also discuss the relationship between the MW'T and integer linear programs, a relationship
first noted by Dantzig et al. [4]. About two decades ago, in a major breakthrough, Arora
[1] introduced a shifted quadtree-based approach to compute a (1 + &)-approximation for
the Euclidean TSP problem. Concurrent to this, but independently, Mitchell [12] also intro-
duced a PTAS for the TSP problem. Arora’s technique extended to several other geometric
optimization problems. However, as noted by him, the MWT problem resists this approach.
While the MWST problem appeared to be amenable to Arora’s approach, no approximation
scheme has yet been found for the MWST. Finally, Remy and Steger [15] have discovered
a quasi-polynomial time approximation scheme (QPTAS) where, for any fixed e, it yields a
(1 + &)-approximation of the MWT in n®(°e* ™) time.

1.2 Our Approach and Results

We present a novel algorithm that computes a 16-approximation of the MWT. In com-
parison, the previous methods for computing a constant approximation [9, 17| achieve an
approximation ratio estimated to be higher than 3000. We utilise a grid-based approach
[6, 15] combined with a variant of the ring heuristic [14, 3] and a greedy approach [9] to
compute our approximate triangulation. More specifically, we maintain a sequence of nested
grids (similar to a quad-tree) Gy, ..., Gy for some k. Let G be the finest grid and Gy be
a single square that contains all input points. We then partition all the ©(n?) edges into
levels—an edge appears in level ¢ if and only if its two end points are in neighboring cells in
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G, (note that longer edges have a higher level). We process edges in an increasing order of
their levels and compute a maximal PSLG for each level. At each level, this graph partially
triangulates the point set. The PSLG is computed by applying a grid-driven ring heuristic
that triangulates the regions between alternating reflex chains and convex vertices of poly-
gons using level 7 + 1 edges. We can prove a constant approximation ratio by ensuring that
this PSLG generated by our algorithm at level ¢+ + 1 has a greater number of edges than
the number of level i edges of the optimal MW'T. Therefore, we ensure that our solution is
staying ahead of the optimal triangulation. There are three major technical contributions
that assist us in the proof:

e We identify several important properties of a grid-based maximal PSLG of each level.
This enables us to show that edges in our partial triangulation at level i+ 1 triangulate
a larger region than the level i edges of the optimal triangulation. However, this
triangulated region in the restricted optimal triangulation is not necessarily contained
inside a triangulated region of our partial triangulation. If this was the case, comparing
the cardinality of our solution and the optimal would not be difficult, however since
there is no containment, the comparison becomes difficult.

e Nevertheless, we develop a novel technique to relate the cardinality of our partial
solution and a restricted optimal triangulation. This technique involves adding edges
(not necessarily straight-line) to the restricted optimal triangulation in such a way that
for every non-triangulated face of our triangulation, there is a unique non-triangulated
face with a greater number of edges in the augmented restricted optimal triangulation.
Using Euler’s formula, we can then relate the cardinality of our candidate solution and
the optimal to achieve a 24-approximation algorithm.

e We choose the side-length of the cells of the grid randomly to improve the expected
approximation ratio to 16.

In the following chapters, we present our algorithm and the proof of its correctness. In
Chapter 2 we present the preliminary definitions of the grids, edges and non-triangulated
faces that are necessary to present our algorithm. The algorithm is described in Chapter 3,
and we present and use two algorithmic invariants to bound the approximation ratio in
Section 3.2. We prove that the invariants hold in Chapter 4. We conclude in Chapter 5.



Chapter 2

Preliminaries

Let P € R? be the set of n input points. For simplicity of presentation, we will assume that
P has a bounded spread, i.e., the ratio of the diameter of P and closest pair of points in P
is bounded by A, where A is a power of three. We also scale and translate P so that the
closest pair of points in P are at a distance 1, the diameter of P is bounded by A, and all
points of P are enclosed inside an axis parallel 3A x 3A square S with (0,0) and (3A,3A)
being the diagonally opposite corners of S. Note that the translation and scaling does not
affect the optimal triangulation. We also assume that the points in P are in general position
and therefore no three points in P are co-linear. Our algorithm extends to any arbitrary
point set that is not in general position and that does not have a bounded spread. However,
making these assumptions simplifies the presentation of our algorithm significantly.

For any pair of points, u,v € R?, let wv be the open straight-line segment in R? connecting
the points u and v (so the endpoints u and v are not included in wv). Consider an arbitrary
graph G with the set P as its vertex set. We denote an edge between two vertices in G,
u,v € P, as uv. Unless otherwise noted, let G denote the set of edges of the graph G, so
that |G| denotes the number of edges in G. The edges uv and xy intersect if uwv N 7Ty # 0.
The graph G is a planar straight-line graph (PSLG) if, for any two edges uv and zy in G,
wv and xy do not intersect. For any graph G (not necessarily planar), a subgraph M is a
mazimal PSLG, if M is a PSLG, and for every uwv € G\ M, there exists u'v' € M such
that wv intersects u/v’. It is well-known that any maximal PSLG of the complete graph on
P is a triangulation of P with 3n — 3 — h edges, where h is the number of points of P that
appear on its convex hull. A mazximum PSLG M* C G is a maximal PSLG with the largest
number of edges out of all possible maximal PSLGs of G. Note that in general, neither the
maximum nor the maximal PSLG is unique.
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2.1 Grids and Adjacency Graphs

Our algorithm is described on graphs that are induced by a sequence of nested grids con-
structed as follows. First, choose a v € R uniformly at random from the open interval (%, 1).
All points in P lie inside the square with diagonal corners (0,0) and (9yA,9vA). Next,
define a sequence of grids Glog, 9a+1, - - -, Go, Where Giog, 9a41 is the square S. Given a grid
Gi.1, we obtain grid G; by simply splitting every cell (square) of the grid into 3 x 3 equal
cells. By this construction, grid G; will have 308 9A—i+1 » 3logs 94—+l cells each having a
side-length of v3i=!. We refer to i as the level of G;. Without loss of generality, we may
assume that, for each G;, every point p € P is contained in exactly one cell C' of G;. If
this is not the case, then one can shift the input point set (by translating every point in P
by the same amount and maintaining the same relative position between each input point)
such that no input point lies on a grid line. Clearly this does not affect the weight of any
triangulation. It is always possible since P consists of finitely many points. The finest grid

G consists of cells with side length 3 < %

For every cell C € G;, we will define the neighboring cells N(C') of C' to be the set of cells
in G; that share a boundary point with C'. Our convention is to include C' in N(C) since C
shares a boundary with itself (thus N(C') contains at most nine cells). Let N(C') represent
the geometric region formed by taking the union of all cells in the neighborhood of C, i.e.,
N(C) = Uce N(C) C'. For notational convenience, for any point p € P contained in the cell
C, define N(p) = N(C) and N(p) = N(C). We refer to two cells C and C’ of a grid G; as
diagonal neighbors if their boundaries share exactly one vertex but do not share any edge.
If C' and C' share exactly one edge, they are referred to as orthogonal neighbors. Any cell
can have at most four diagonal neighbors, and four orthogonal neighbors.

For each grid G;, the adjacency graph G; connects every pair of distinct points that are in
neighboring cells with an edge. Therefore, the vertex set of the adjacency graph §; is P
itself, and for any two points u,v € P, such that v # v, uv is an edge in G; if and only
if w € N(v). It is not difficult to see that Go = 0, Giog,9a+1 is the complete graph on n
vertices, and §; C G;44 for all 0 <7 <log3 9A 4+ 1. As we go from level ¢ — 1 to level 7 in the
adjacency graph, several new edges may be added. We refer to these edges as level i edges,
denoted 8; = G; \ 9;—1. Note that for any edge ab € §;, it follows from the definition of a
neighborhood that v3"~2 < [Jab|| < 6v/2(73172).

2.2 Non-triangulated Faces

A straight-line embedding of a planar graph G, defined on the point set P, subdivides the
plane into regions. Each region is referred to as a face of G. More formally, each face is a
maximal connected region in R*\ (PU(|J,,eq @0)). Since a face is a subset of R?, the boundary
of the face can be defined in the standard way (a point x is on the boundary of a face f if,
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for every € > 0, the Euclidean ball centered at x with radius € contains both a point in f
and a point not in f). Therefore, faces are open subsets of R? and their boundaries consist
of points in P and line segments (which corresponds to edges) of the graph G. We refer
to a bounded face f as a triangulated face if its boundary is a single connected component
with exactly three edges and three vertices of G. Any other face (bounded or unbounded)
is non-triangulated. The boundary of a non-triangulated face may consist of one or more
isolated vertices, connected cycles, or trees. For example, in Figure 2.1b the unbounded face
f consists of two polygons and an edge on its boundary.

Let f be a non-triangulated face of G. Our algorithm applies a grid-based modified ring
heuristic on a clockwise ordering of the vertices for each connected component of the bound-
ary of f. We generate this clockwise ordering as a sequence o(f) of the vertices that appear
on the boundary of f by walking along the boundary so that the face f appears on the right.
Let w0 denote walking along any edge wv from u to v. During this construction, any edge
70 has been explored if we have already walked from u to v along the edge uv. If uv has the
same face on both its sides, then we will explore w0 and 00 as we generate the sequence for
that face, which will result in a single vertex appearing multiple times in the boundary vertex
sequence as part of distinct directed “explorations”. Otherwise, the edge is explored only
once for this sequence (with an orientation so that f appears on the right). We construct
the vertex sequence o(f) as follows: start the sequence with an arbitrary vertex vy on the
boundary. If the connected component is an isolated vertex, then o(f) = (vp) is the vertex
sequence. Otherwise, let x be any vertex adjacent to vy that also appears on the boundary
of f. If f appears on the right as we walk along any edge Vo, set v < z, the second vertex
in the sequence. To determine the rest of the sequence, suppose we have generated the first
i vertices o(f) = (vg,...,v;_1) of the sequence. To generate the (i + 1)™ vertex v; in the
sequence, we choose the potential next vertex as follows:

e if v;_1 is a degree 1 vertex in G, let « be the only adjacent vertex;

e if v;_; had degree greater than 1, consider the ray r passing through v;_5 and v;_;. Let
x be the first vertex adjacent to x that r intersects when r is rotated about v;_; in the
anti-clockwise direction.

If m has not been explored, we walk along v;_ix from v;_; to x, set v; < x, and add v;
to o(f). We repeat the same process to find the next vertex in the sequence. Otherwise, if
Vi1t has already been explored, we return o(f) as the clockwise ordering of the vertices.
By repeating this process for every connected component of the boundary, we generate a
separate clockwise ordering of vertices for each connected component of the boundary of f
(for instance, two boundary vertex sequences are generated for fy in Figure 2.1a). Note that
any vertex may appear multiple times in o(f). In Figure 2.1b, x; appears multiple times in
o(f) = (vo,v1,...,v10) but labeled as vy, vy, and vyy depending on where in the sequence
the vertex was encountered. In each of these instances, x; appears between two different
vertices in the clockwise ordering of the boundary, and therefore generates a distinct element
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41)

Jfo

U2

Figure 2.1: (a) fy has a disconnected boundary, and will therefore have more than one vertex
sequence o,(fo) = (ug,u1,uz,u1), and o,(fo) = (xo, 1,2, 3, T4, 5, Te, T7,21). The other non-
triangulated face f; has only one vertex sequence o(f1) = (x1,x7, x5, x4, x3,22). (b) the vertex
sequence constructed for f is o(f) = (xo, z1, T2, x3, 21, T4, 5, T6, T7, T8, T1). Note that shaded faces
are triangulated.

in o(f). For o(f) = (vo,...,vm_1), and for any two integers 0 < i,k < m—1, let v;; denote
the vertex v; where j = i 4+ k (mod m). Note that one can also define a boundary vertex
sequence consisting of exactly three vertices for any triangulated face of G.

Suppose o(f) = (vg,...,vnm_1) IS a vertex sequence for a non-triangulated face f of G, and
let v; be any vertex in the sequence. We say that v; is a conver vertex if, as you walk from
v;_1 through v; to v;;1, we make a right turn at v;. Otherwise, if we make a left turn, we
refer to v; as a reflex vertex (since we assume no three points are co-linear, every vertex is
either reflex or convex). For any 0 < i < j < m — 1, we refer to the contiguous subsequence
(vi,...,vj) as a chain from v; to v; and denote it by C(v;,v;) with |C(v;,v;)| = 7 —i. The
interior of the chain is the set of all vertices in the chain except the first and last vertices
v; and v;. A reflex chain is a chain consisting only of reflex vertices. We refer to the reflex
chain from v; to v; as a mazimal reflex chain if v;_; and v, are not reflex.

Let G be a PSLG, and f be a non-triangulated face of G with the boundary vertex sequence

o(f)=(vo,...,0i,...,0j,...,Up_1). The vertex v; is visible to a vertex v; in o(f) if z;u; C f
and adding the edge v;v; to G creates two faces f’ and f” with o(f') = (v;, vig1 ..., vj-1,0))
and o(f") = (vi,v;,vj11,...,v;_1). Note that the definition of visibility is symmetric, i.e.,

for x,y € o(f), x is visible to y if and only if y is visible to x. We say that v; and v; are
d-visible if v; is visible to v; and the length of 7;7; is at most §. We extend this definition and
define the visibility between a vertex and any point on a line segment. For any v; € o(f), we
say that a point ¢ € v;v;47 is visible to a vertex v; if v; is visible to ¢ in the vertex sequence
o(f) = (vo,. .-, 0iy. .., Vj,q,Vj41,...,Um_1). We say that a vertex v; is visible to the edge
v;v;41 if there exists a point ¢ € ;0;57 with the property that v; is visible to ¢; if in addition
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Figure 2.2: (a) C(vy,v6) is a 1-chain, and (b) C(vy,v7) is a 2-chain, that can be triangulated with
blue edges.

one can choose g such that the length of 7;g is at most 9§, v; is d-visible to v;v,41.

Let o(f) = (vo,v1,...Um_1) be the boundary vertex sequence for some non-triangulated face
in a PSLG. For any vertex v; € o(f), let k be the smallest integer such that £ > j and
Uk(mod m) 18 convex. We define vy, to be the forward convex vertex of v;. Also, define vy
to be the forward support vertex of v; denoted by fwd(v;, o(f)). For any reflex vertex v; in
o(f), let k be the largest integer such that k < j and vjymoed m) is convex. We define v;, to
be the backward convex vertex of v;. Then we define vi_; to be the backward support vertex
of v; denoted by back(v;, o(f)).

Non-triangulated face and the grid. We will show that in the first part of the algorithm,
while executing the modified ring heuristic on any non-triangulated face f of a maximal
PSLG A;, the algorithm generates two particular types of chains. We refer to these as type
1-chains and type 2-chains. Let o(f) = (v, va, ..., Un_1) be the boundary vertex sequence of
f that is being processed. A chain from v; to vy is a type 1-chain, provided (i) it has exactly
one convex vertex v; for i < j < k, (ii) every vertex participating in the chain is contained
in N(v;), (iil) every vertex from v;1; to vy is visible to v;_; and symmetrically, every vertex
from v; to v;_; is visible to v;1; in o(f). A chain from v; to v; is a type 2-chain provided (i)
it has exactly two consecutive convex vertices, v; and v,y such that i +1 < j+1 < k, and
(ii) the chain from v; to v,y is a type 1-chain and the chain from v; to vy is a type 1-chain
(see Figure 2.2). For brevity, we refer to these as 1- and 2-chains.
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Let C(v;,v;) be a 1-chain or a 2-chain. Define E(v;,v;) to be the region bounded by C(v;, v;)
and the segment 7;7; in o(f) (Figure 2.2). The effectiveness of the algorithm partially rests
on the fact that E(v;,v;) can be triangulated in a straight-forward fashion, provided it does
not have any other input points in its interior. In Figure 2.2a, C(v;,vg) is a 1-chain with vs
the only convex vertex in the chain, and the region £ = E(v1,vg) can easily be triangulated.
In Figure 2.2b, C(vy,v7) is a 2-chain with vz and vy the two consecutive convex vertices, and
the region F = E(vy,v7) can also be triangulated as shown.

In the following chapter, we present our algorithm to compute an approximate Minimum
Weight triangulation.



Chapter 3

Algorithm

3.1 Algorithm

The algorithm iteratively constructs a candidate PSLG A; which is a subgraph of G; for
each grid level i. Each A; can be seen as a partial triangulation of P. Initialize Ay < 0.
We construct A, from A; in two phases. In the first phase, we process every face f of A;
in the clockwise order, compute particular chains, and triangulate their regions by adding
some of the edges of 8,1 which results in an intermediate PSLG A;. Chains generated by
the algorithm are denoted C(vy), omitting the last vertex in the chain, and where the chain
is determined by the start vertex. In the second phase, we process all the edges of §;,; that
have not yet been added in a greedy fashion to construct a maximal PSLG A;; 1 C G;y1.
Given A;, the partial triangulation for the next level, A;,1, is computed from A; as follows.

Phase 1: Initialize A; < A;. We describe our algorithm for each non-triangulated face
f of A;. If the boundary of f contains more than one connected component, we repeat
the algorithm for the boundary vertex sequence of each connected component of f. Let
o(f) = (vo,...,vm_1) be any such vertex sequence to be processed. We begin by choosing a
start vertex, and then proceed to describe how each vertex is processed.

Choosing a start vertex. Choose the starting vertex v; to be any backward support vertex in
o(f), i.e., v; =back(v',o(f)) for some v € o(f). If there is no such vertex then let v; = wy.

Processing o(f). Starting from v;, we will visit all the vertices as they appear in o(f). If
an edge incident on vertex v is added, then v is processed. Initially k <— 0 and f’ < f. As
we visit the vertices, we add new edges, each of which splits f into a triangle and a smaller
non-triangulated face f’. We will dynamically maintain the vertex sequence o(f').

We process v, by repeating (1) and (2) until £ > m — 1.

11
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1. For vjig, let v;—; be its forward convex vertex and let v; be its forward support vertex
in o(f). Mark vj, as visited. If v; is visible to vj4 in f and v;—1 € N(v;4x) then set
the chain C(v;4) < C(vjqk,v) (Figure 3.1a). Else set C(vj4x) = C(vj4k, vj4x) (the
trivial chain with only one vertex).

If v;_4 is not visited and |C(vj4y)| > 1, then

(a) If vy is reflex, let v,41 be its backward convex vertex and v, be its backward
support vertex. If v, € N(vj41) and v, is visible to v in f, then

e Let C(v;11,v,) be the maximal reflex chain that starts at v;,;. Scan along
this chain and identify the last vertex v, for which v,y € N(v,) and v, is
visible to v, in f. Set C(v;4x) < C(vjtk,vs) (Figure 3.1b).

(b) Now add an edge from v; to every vertex in C(vjig, vi—2). If C(vj41) = C(vj4k, vs),
then we add edges from v, to every vertex in C(vi41, vs). Let E(v;4y) be the set
of edges added. Set k < |E(vj4x)| + 1. Mark every vertex in the chain C(v;4y)
as visited and update f’ by removing all vertices in the interior of C(v;;) from
o(f') (see Figure 3.1).

Otherwise if v;_; is visited, then

(c) Let vj; be the vertex appearing immediately after v; in o(f’). If v, is visible to
vjyr in o(f') set the chain C(vjiy) < C(vjik,vy) (Figure 3.1c). Add an edge
from vj to every vertex in C(vj4, vi—2). Mark every vertex in the chain C(v;1y)
as visited and update f’ by removing all the vertices in the interior of C(v;iy)
from o(f"). Set k + m.

2. If no edges are added in step (1), then set k < k + 1.

Phase 2: For each edgg e in 8,1 that has not yet been added to fli, if ftz Ue is still a
planar graph, add e to A;. Once all edges of §;,1 are processed, the resulting graph is a
maximal PSLG Ai+1 C 97;+1.

These two phases are repeated for each level ¢, until Ajg,9a41, @ maximal PSLG on the
complete graph of the input set (and hence a triangulation), is computed, which yields our
approximate solution. Note that the number of non-empty levels for the edges can not exceed
O(n?) and for each level, the processing time is polynomial. Therefore, the execution time
of our algorithm is a polynomial independent of A.

While processing a vertex vy, suppose the algorithm executes step 1(c). Note that this case
only arises when the forward convex vertex of v, (v;_; for that step) is the start vertex v; or
the following vertex v;y;. Since this step sets k = m, the algorithm finishes Phase 1 for the
face f after it finishes 1(c). Alternatively, if the forward support vertex v; of v; is the start
vertex, then processing for that sequence will terminate without executing 1(c). Call vy, the
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Figure 3.1: Edges added in Phase 1 (in blue). (a) C(vj4x) = C(vjtx,v;) and vy is not reflex. (b)
v41 is reflex, so step 1(a) is executed and C(v;yx) = C(vj4k,vs). (c) vj—1 has already been visited
and vi—1 = vj, s0 C(vj4r) = C(vjtr,vjr).

last vertex to be processed in that sequence, the end vertex. The following observations
follow from the description of the algorithm:

(O1) For any pair of vertices v, v processed by the algorithm, the chains C(v) and C(v')
are interior disjoint except for the pair corresponding to the start vertex C(v;) and the
end vertex C(v;). For v; and v, either C(v;) is contained inside C(v;) (if step 1(c) was
executed) or C(v;) and C(v;) are interior disjoint (v; was the forward support of v;).

(0O2) The last vertex vy on any maximal reflex chain C(vg,vy) will have an edge to its
forward support v; provided the forward convex vertex v;_; € N(vp) and the vertex v,
is visible to wvy.

3.2 Approximation Ratio

In this section, we begin by showing that the algorithm presented in Section 3.1 produces,
in the worst case, a 24-approximation of the MWT. We will also show that the expected
approximation ratio of our algorithm is 16. Our algorithm maintains two invariants. To
state the invariants, we first introduce the disc graph D;, defined as follows. Let P be the

vertex set of D;, and given two vertices u,v € P, uv € D; if and only if ||uv| < 73:;;. In

other words, the point v is contained in a disc that is centered at u with a radius of L;
Clearly D; C G; for all ¢. Furthermore, let T7* be the optimal triangulation of P, and let T
be the edges of the optimal triangulation that are in the disc graph D;, i.e., 77 =T N D;.
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With these definitions, we can state the invariant (divided into two parts) that the algorithm
maintains for every level ¢ € {0,...,log; 9A 4 1}.

Invariant 1. A; is a PSLG and every edge uv € A; \ A; has length |Juv|| < 4y/2 - 31,

Invariant 2. |A;| > |T7|.

Note that the length bound in Invariant 1 for edges added in Phase 1 of the algorithm implies
that all of the edges added are in §;,1. Assuming both invariants hold, we will bound the
approximation ratio of our algorithm.

Theorem 1 (Approximation Ratio). Suppose Invariants 1 and 2 hold. Then the candidate
solution produced by the algorithm in Section 3.1, Aiog,on41, 18 an a-approzimate MWT,
where a < 24. Furthermore, the expected value of o is at most 16.

Proof. Suppose that both the invariants hold. Let A = Aj,g,9a+1 be the triangulation
computed by our algorithm. Any triangulation for a given point set P has m =3n —3 —h
edges, where h is the number of points on the convex hull of P. Therefore, |A| = |T*| = m.
Let 7 = (ai,...,a,) be the ordering of edges of A based on when they were added by
the algorithm, i.e., edge a; appears before edge a; in 7 if a; was added before a; by the
algorithm. Note that in the sequence 7, the edges of level ¢ appear before all level ¢ + 1
edges. Let K; = 77\ T ,. We also order the edges of the optimal triangulation T* into
another sequence 7" = (t1,...,t,). In this sequence, for any i < j, the edges of X; appear
before the edges of K;. Let t; be the j™ edge in 7%, and a; be the j™ edge of 7. To prove

“4) < 94 and E[a;] < 16. Given this, we obtain the

this theorem, we will show that a; = eh)
J

bound on « as follows:

w(A) — w(ty) wlay) <~ w(ay)
w(T*) ; w(T*) w(ty) ; T w(ty)
where 3; = % Since 3; > 0 and Z;nzl Bj =1, a is a weighted average of all a; values.

Therefore, we can bound a and E[a| by providing an upper bound for «; and E|a;].

From here on, we will bound «; by 24 and E[a;] by 16 to prove the theorem. Let k be an

integer such that t; € Kj. Therefore, the cost of ¢;, w(t;) > ng;. By Invariant 2, it follows

that j < |flk|, S0 a; € Ag. By Invariant 1, w(a;) < y4v/2 - 3¥71. Therefore,

w(a;) < Y4y/2 - 3k _

w(t;) -

24

Thus, A is an 24-approximation of T*.

Recollect that 7 is chosen uniformly at random from the interval (%, 1). a; may be expressed

as a function of v as follows. Let ¢ be the largest integer such that w(t;) > 7‘?;;. Let t; be
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the edge pg in T*. By the choice of 7, ¥ < \/leipq“ < . Since v € (3,1), either t; € K; 11 or

t; € Kiyo. Hence there are two possible cases:

o Ify € (3, Y2pally - then tj € Kiyo. From Invariant 2, w(a;) will be at most 4v/2(y371).

37,‘
. i1
Therefore «; is 4\/I?gjl

o If v € [%, 1) then ¢; € K;yy. From Invariant 2, w(a;) will be at most 4v/2(y3).

. i
Therefore «; is 4}@;?

Let r — ﬂlllpq\\

5+ The expected value of a; can be expressed as:

Ela,] = = Al A i d
sl =3 1/3< il ) 2L el

i+1 7
2v/23 (CUQ 1) _ 4V2]pq| N 2v/23 -

pql| 3t Ipgll —

16

3

31'— 1
V20
being considered. O]

The last inequality holds for any p,q such that ||pq|| € [ 3—2}, and hence for every t;



Chapter 4

Proof of Algorithmic Invariants

To complete the proof of Theorem 1, we prove Invariant 1 in Section 4.2 and Invariant 2 in
Section 4.4, which were assumed in the proof of the approximation ratio. It will be useful
to first consider properties of a maximal PSLG with respect to G; which arise due to the
underlying grid structure. These properties can then be used to prove Invariant 1.

4.1 Properties of a Maximal PSLG in §;

In order to state the properties satisfied by any maximal PSLG of G;, we introduce the
following definitions. For any two points u and v, let C, and C, be the cells of G; that
contain v and v. Let I')(u) = {C,} and let I'/(u) = Upepi-r N(C). We say that u and v
are k cells apart if C, € Ff_l. It is not difficult to see that if v and v are k cells apart, then

|uv|| < kv/2-~3" and the worst case is achieved when u and v are diagonally opposite
corners of the square of side length kv3*~! containing k? cells of G.

Next, we state the properties. The proofs of each of these properties are deferred until
Section 4.5. Let A be a maximal PSLG with respect to §;. Let f be a non-triangulated face
of A with a boundary vertex sequence o(f) = (vg, ..., Un_1).

(P1) Suppose v; € o(f) is convex. Then v;_;, v, and v;4; are in three distinct cells C,,_,,
Cy,, and C,,,, of Gj, respectively, and C,, |, ¢ N(C,,,,).

J+1

(P2) Suppose v; € o(f) and vyvg4 is any edge on the boundary of f such that v, € N(v;)
(resp. vr+1 € N(v;)) and vgvgiq is visible to v; in o(f). Then,

(i) the chain C from v; to vy, (resp. chain C from vy, to v;) in o(f) is a 1-chain,
and,

16
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(ii) w41 is a forward (resp. vy is a backward) support vertex for every vertex from v,
to vy (resp. from vgio to v;).

(P3) For any chain C(v,y) from v to y in o(f),

(i) if C(v,y) is a 1-chain with v as its only convex vertex, then the region £ = E(v,y)
is contained in N(v'), i.e., B C N(v'), and E contains no input points of P, other
than those in C(v, y).

(ii) if the chain C(u,y) is a 2-chain with v and x as the two convex vertices, then the
region F = E(u,y) is such that (E N (N(v) UN(x))) N P contains only points of
C(u,y). In only two cases, E ¢ (N(v)UN(x)) (See Figure 4.1). In all other cases,
E contains only points of C(u,y), but no other points of P.

(P4) For any vertex v € o(f), if an edge 2y on the boundary of f is d-visible for § = 3\2,

then exactly one of z and y are in N(v) and the other is not.

4.2 Proof of Invariant 1

Using (P1)—(P4), we now establish Invariant 1. To assist with presentation, we use the
notation used in the description of the algorithm. Recollect that while processing a vertex
Vjtk, Ui—1 and v; are its forward convex vertex and forward support vertex, respectively. If
U141 is reflex, then vy, and v, are the backward convex vertex and the backward support
vertex, respectively. For every edge uv added in Phase 1, let C(u,v) in o(f) be the chain
from u to v. We refer to this kind of chain C(u,v) as a triangulated chain. If uv appears on
the boundary of a non-triangulated face of A; after Phase 1 has been executed, then C(u,v)
is a mazimal triangulated chain. If the chain C(u,v) was generated when processing u, we
may omit the the other endpoint of the chain, and simply denote the chain by C(u).

Invariant 1 asserts two claims, (i) any edge uv € A; \ A; has length |juv|| < 4v/2-~371, and
(ii) that the intermediate graph A; produced by Phase 1 is a PSLG. Note that to prove the
first claim (i), it is sufficient to show that the endpoint of any edge uv that was added by the
algorithm is at most 4 cells apart. We first show that any two vertices in a 1-chain are at
most 3 cells apart and any two vertices in a 2-chain are at most four cells apart (Lemma 2).
We then show that any triangulated chain generated by the algorithm is either a 1-chain or
a 2-chain (Lemma 3). This proves (i). We show (ii) that planarity is never violated by edges
added in Phase 1 in Lemma 4 and 5. It follows that the algorithm triangulates the region F
of each triangulated chain and therefore that the algorithm maintains Invariant 1.

Lemma 2. If u,v are vertices in a 1-chain, then u and v are at most 3 cells apart. If u,v
are vertices in a 2-chain, then uw and v are at most 4 cells apart.
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Proof. Suppose u and v are two vertices of a 1-chain C. Let C, and C, be the cells of G;
containing u and v, respectively. Let v’ be the only convex vertex of C. By definition of
1-chain, u,v € N(v'), therefore u € N(v') and v" € N(v). So C, € T'?(v), therefore, by
definition v and v are at most 3 cells apart.

Suppose u and v are vertices in a 2-chain with v" and v” as the two convex vertices. It follows
from the definition of a 2-chain that u,v € N(v") UN(v") and v' € N(v”). Therefore, any
two cells of N(v") UN(v"”) are at most 4-cells apart and it follows that u and v are at most
4 cells apart. O

We now show that the triangulated chains generated by the algorithm are 1- or 2-chains.

Lemma 3. Every mazimal triangulated chain C(vjiy) is either a 1-chain or a 2-chain.
Furthermore, the mazimal triangulated chain C(v;) for the start vertex is a 1-chain.

Proof. Note that for any vertex to be processed, step 1 of the algorithm must be executed.
First, show that the maximal triangulated chain C(v;) of the starting vertex is a 1-chain.
The start vertex v; is chosen to be the backward support vertex, unless none exists. Suppose
v; is a backward support vertex for some vertex v’, so v; = back(v’,o(f)). By definition,
the vertex that appears after vj, v;11, is a convex vertex (the backward convex vertex of v’)
and v;,9 is a reflex vertex. However, it is also follows from the definition that v;.; = v;_; is
the forward convex vertex of v; and v;42 = vy = fwd(v;, o(f)) is the forward support vertex
of v;. If vj41 € N(v;) and v,44 is visible to v; then C(v;) = C(v;,v;42) (otherwise no edges
are added and we are done). v; visible to vj4o implies that v,41v;45 is visible so by (P2),
the chain C(v;,v;) is a 1-chain. If step 1(a) is not executed, then we are done. Suppose step
1(a) is executed, so C(v;) = C(v;, vs), where v, is the last reflex vertex on the reflex chain
in which v, 5 appears, such that v; is visible to vs and vy € N(v;4;). Since all vertices from
vj13 to v, are reflex, it follows that C(v;) is a 1-chain. Therefore, in either case C(v;), the
chain generated for the start vertex, must be a 1-chain. Now suppose v; = vy so there are
no reflex vertices in o(f). Then v;; is the forward convex vertex and v;;o is the forward
support that is also convex. It follows that v, is visible to v;, C(v;) has only one convex
vertex in its interior, and v;, vj12 € N(v;41). Thus C(v;) is a 1-chain.

Next, we prove that the claim holds for v, the last vertex that is processed for the particular
o(f). Either step 1(c) is executed when processing v; or it is not. Suppose step 1(c) is
executed when processing v; to generate C(v;); since this is a special case we prove this
separately. If step 1(c) is being executed, the forward convex vertex v;_; is already visited
when v; is being processed. If v;_; € N(v;) and vj is visible to v; the maximal triangulated
chain is C(wvy,vy) (if vi—1 ¢ N(v;) or vjs is not visible to v; no edges will be added and we
are done). Note that v, is convex (due to the choice of starting vertex), therefore, the
forward convex vertex is either v;—; = v; or vi—1 = vj1. If vj_1 = v, then v; and v, are
both convex. It follows from (P2) that C(v,v;11) is a 1-chain, and by the above argument
C(v;) = C(vj,v;) is also a 1-chain. Therefore, by definition C(v;) = C(vy,vjr) is a 2-chain.
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If vj41 = v_1, then v; is reflex. We have already shown that C(v;) = C(v;,v;/) must be a
1-chain, therefore C(v;) contains only one convex vertex in its interior, and thus the chain
C(vt,vj7) also contains only one convex vertex, namely v;41, in its interior. Since v; € vy it
follows that C(v;, v;) is a 1-chain. The remaining case for v;, when step 1(c) is not executed,
uses the same argument as for any other v;;; the argument for this case is provided next.

Finally, we prove that for any other vertex v; s, which is not the starting vertex, and is the
ending vertex only if step 1(c) is not executed, the maximal triangulated chain C(v;yy) is
either a 1-chain or 2-chain. Therefore step 1(c) is not executed. If vj_; ¢ N(v;4x) or v; is not
visible to v;, then no edges are added and we are done. So suppose v;_1 € N(v;4x) and v
is visible to v;4;. This implies that the edge v;—qv; is visible to v,4, so by (P2) the chain
C(vj4k, v1) generated by the algorithm with v;_; as the only convex vertex is a 1-chain. If step
1(a) is not executed we are done. Suppose step 1(a) is executed, then if v 41 € N(vj41) and
v, is visible to vy (if these conditions are not met, then we are done), we can use the same
argument to show that C(v,, vi4+1) is a 1-chain. Since all vertices from v;4q to vy are reflex,
such that v,41 € N(vi41) and v, is visible, by extension it follows that C(vi41,vs) is also a
1-chain. Now there are two possibilities: either (i) v 41 = v or (ii) ve41 = v;. In case (i),
the chain C(v;4x) = C(v;44, vs) has only one convex vertex, v,+1 = v;—1 and by construction
every vertex of this chain is inside N(vg41), so that C(v;4) is a 1-chain. Otherwise, in case
(ii), v; and v,y are adjacent convex vertices; it then follows that C(v,4x) = C(vj1k,vs) is a
2-chain. This completes the proof. 0

Lemma 3 implies that the algorithm only generates 1-chains and 2-chains in Phase 1, there-
fore by applying Lemma 2 it follows that any edge added by the algorithm in Phase 1 has
length at most 4v/2 - ¥3~'. Note that a useful observation in light of this proof is that the
algorithm only generates 2-chains if it executes step 1(a) or 1(c) of the algorithm. Further-
more, for a triangulated chain C(u, v), since C(u,v) is either a 1-chain or a 2-chain, it follows
that the edges added for this chain €(u,v) will not intersect with each other. In order to
establish that flz is planar, we show that edges added for two distinct chains do not intersect,
nor do they intersect with any edges in A,;.

Lemma 4. Let C(u,y) be the maximal triangulated chain with v and x as the two convex
vertices in its interior. Then, the region E(u,y) bounded by C(u,y) and the line segment uy
contains only input points also in C(u,y) and no other points of P.

Proof. For the sake of contradiction, let us assume that there is a vertex u € o(f) such that
when wu is processed, the algorithm generates a maximal triangulated chain C(u,y) and the
region F(u,y) contains at least one input point ¢ € P which is not a vertex in C(u,y). By
property (P3), if C(u,y) is a 1-chain, then E(u,y) contains no vertex ¢ ¢ C(u,y). Therefore,
since we assume there is such a ¢, C(u, y) must be a 2-chain. By Lemma 3, C(v,) is a 1-chain,
therefore u cannot be the start vertex v;. Since C(u,y) is a 2-chain, it follows by Property
(P3) that N(v) UN(z) does not contain ¢ such that uy ¢ N(v) UN(z) only if C(u,y) is in
one of the two possible configurations. Figure 4.1 depicts these two possible configurations
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Figure 4.1: Exceptions in (P3): two possible configurations depicted by (a) and (b) of four cells
such that E(u,y) is not contained in N(v) UN(z) (N(v) U N(x) is depicted in grey). The vertex
q € E(u,y) but ¢ is not in C(u,y). (c¢) and (d) are mirror images of (a) and (b), respectively.
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through four representative examples (two possibilities for each of the two cases). We will
show that the vertex ¢ is a reflex vertex in each of these configurations which implies that
the algorithm would not have processed u, only visited, resulting in a contradiction. Recall
that the algorithm only generates a 2-chain if it enters step 1(a) or 1(c) while processing u.
Presenting the arguments for the representative cases in Figure 4.1 is sufficient, since reflex
vertices between u and v or x and y do not affect the argument.

Consider case (a) and (b) in Figure 4.1. Here ¢ € N(y). Let C, be the cell in G; that contains
q. If q is convex, the vertex immediately following ¢ in o(f), call it ¢, lies in E so that either
¢ € Cyor ¢ € N(v) UN(z). If ¢ € N(v) UN(z) the region between z, y, and ¢ would
be triangulated so that = and y do not appear on the boundary, so ¢’ € C,. If ¢ is reflex
it follows that ¢’ is visible to y, so the edge yq’ € A;. Therefore there must exist a reflex
vertex immediately after y in o(f). So without loss of generality, let ¢ be that vertex. By
assumption v is the forward convex vertex of u, and v is convex, so C(u,y) could not have
been generated in step 1(a). If C(u,y) was generated in step 1(c), then v was already visited
by the algorithm and v was the start vertex, however, this is also impossible, since v is not
a backwards support of any vertex. However, x is a backward support vertex, so x should
have been the start vertex. Therefore, (a) and (b) are impossible. Now consider the mirror
cases (d) and (e) in Figure 4.1. Here ¢ € N(u). We can use a similar argument than above
to show that a reflex vertex ¢ immediately preceding u in o(f) exists. Since w is convex
and not the starting vertex, it follows that ¢ must have been processed by the algorithm
by observation (O2), which implies that u would not have been processed by the algorithm
because it would be in the interior of C(gq). Therefore, (d) and (e) is also impossible. The
result follows. O

Lemma 5. For any i, A; is a PSLG, after Phase 1 of the algorithm has been completed.

Proof. We will show that while processing a non-triangulated face f, the edges added do
not intersect with each other or intersect with any edge of A;. Given any two maximal
triangulated chains C(vg) and C(vg) from (O1), we know that these chains are interior
disjoint. This implies that edges in £(vg) cannot intersect with edges in £(vy). From
Lemma 4, we know that the regions E(vy) and E(vy) do not contain any points apart from
those in C(vy) and C(vys). This implies that no edges of A; (other than those with endpoint
in the chain) can intersect F/(vy) or E(uvy), since such edges would either violate planarity
of A; or they would have an endpoint in E(vy) or E(vg). Therefore, edges added by the
algorithm do not intersect with edges already in A;. It follows that A; is planar. O]

This completes the proof of Invariant 1. In the following section we show that after Phase
1, the intermediate PSLG A; has a particular property that plays a critical role in proving
Invariant 2.
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4.3 §-Visibility in A,

In the following Lemma we prove a critical property used in the proof of Invariant 2, together
with some consequences of this property.

Lemma 6. Let f be a non-triangulated face in A; with vertex sequence o(f). Let o(f') =

(Vjo, - - -, vj,) be the resulting vertex sequence after Phase 1 of the algorithm, and let § = 73:;; )

Suppose v € o(f), and xy is an edge on the boundary of f such that xy is d-visible to
v. Then if v € C(vj,,vj,,,), it follows that z,y € C(vj,_,,v;), or z,y € C(v;,,vj.,,), or
T,y € (C(Ujr+17 Ujr+2)'

Proof. Suppose v € o(f) and xy is an edge on the boundary of f, so x and y are consecutive
vertices in o(f). This lemma claims that v and z,y either belong to the same maximal
triangulated chain, or adjacent maximal triangulated chains (here adjacent means the chains
share exactly one endpoint in o(f’)). Without loss of generality, assume as one walks from v
in o(f), one encounters x before y. Note that a symmetric argument holds for the case where
one encounters z first, followed by y and then v. Suppose, for the sake of contradiction, that
v is a in maximal triangulated chain C(vj,,v;,.,), and « is in the maximal triangulated chain
C(vj,»jy,, ), where r +1 < d (so v and x are in distinct non-adjacent chains). Note that x
and y must belong to the same triangulated chain. This follows from the fact that x and
y are adjacent in o(f) so that there are only three possibilities: (i) xy also appears on the
boundary of f’, (ii) x and y are both in the interior of the same triangulated chain, or (iii) =
is an endpoint and y is in the interior of the same chain (or vice verca). It is clear that x and
y still belong to the same chain in all three cases. Since v and x are not in adjacent (or the
same) triangulated chains, there is at least one triangulated chain C* between C(v;,,vj, ;)
and C(vj,,vj,,,), distinct from either. Every triangulated chain is either a 1-chain or a 2-
chain (Lemma 3), so C* has at least one convex vertex v’. Therefore, as you walk along o(f)
from v you encounter v' and then x. By property (P4), z € N(v), since zy is J-visible to
v. So one can apply (P2) and it follows that x must be convex. This contradicts the fact
that by (P1) the vertices before v' and after v must belong to different cells that are not
in each others’ neighborhoods. It follows that there can be no triangulated chain between
the triangulated chain of v and the triangulated chain of x. Hence the maximal triangulated
chain containing v is either the same chain that contains x and y, or is adjacent to the
maximal triangulated chain containing x and y, as claimed. O

The next lemma applies Lemma 6 to T/, establishing a crucial property that helps us relate
the cardinality of A; to the cardinality of T in the following section. This lemma shows that
for a non-triangulated face f in fli, if an edge in uv € T intersects the boundary of f, then
u and v are not inside f, and as you walk along ud, every time you enter f, you leave f on
a boundary edge that is adjacent to the one through which you entered. As a corollary, it
follows that distinct connected components of A; cannot be arbitrarily close to each other.
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Lemma 7. Fiz a non-triangulated face f of A;. For any edge wv of T} such that u and v
are not on the boundary of f', let {aiby, ..., axby} be the open line segments resulting from
taking wo N f, where each @ C (woN f). Then, for each @, there are three consecutive
vertices vy_1, vx and vy in o(f) with a; € Tp_10x and bj € TRk, and vy is convex in o(f).

Proof. Let f be a non-triangulated face in fLi, and let uv be any edge in J; such that v and
v do not appear on the boundary of f. Let § = % If woN f = (), the statement holds

trivially. So assume wo N f # () and {a1by,...,axbs} is a set of line segments formed by
wv N f. Consider one such segment a;b;. Then a;b; intersects two edges on the boundary of
[y vpvpi1 and vyv,1q in o(f). For the sake of contradiction, assume p+1 # ¢. By definition,
any edge of TF has a length less than or equal to d. In particular, [|uv| < §. Without loss
of generality, assume wwv is oriented vertically, then one can imagine sliding uv horizontally
to the left or to the right. The distance between v,v,;1 and v,v,41 can increase, at most, in
one direction (since we are considering straight-line edges). Assume the distance increases or
stays the same to the right, then slide uv to the left (so that the distance stays the same or
reduces) until v intersects an input point x. Such a point exists, because if no other point
is encountered, sliding wv in this manner would encounter one of the endpoints of v,vp41
or UyUg+1. It follows immediately that z is d-visible to v,v,41 and v4v441. By Lemma 6,
it follows that these vertices would be part of the same or adjacent maximal triangulated
chains in A; so that in A; vpv,41 and v,v,41 must either be the same edge, or adjacent on
the boundary of f. Since a straight-line embedding of uv intersects f by passing through
UpUp41 and v v, the only possibility is for v,41 = v, to be the same convex vertex in o(f),
as claimed. O]

Corollary 8. Let f be a non-triangulated face in fli, and wv any edge in T} such that u and
v are not on the boundary of f. If uv intersects any two boundary edges e1 and ez of f, then
e1 and ey belong to the same connected component of A;.

Proof. Suppose f is a non-triangulated face of fli, uv € T7 such that v and v does not belong
to the boundary of f, but uv intersects the boundary of f. Let {a1by,...,azb;} be a set of
line segments resulting from f Nuw, where each @ C uw. Consider one such segment @
By Lemma 7, a; € v;-1v; and b; € U;0;41 for three consecutive vertices v;_;, v;, and v;41 in
o(f), and therefore v;_;v; and vjv;4; belong to the same component in A;. Since this is the
case for each a;b;, the result follows. O

Consider a subset €' C P such that vertices in C' belong to a single maximal connected
component of A;. It follows from Corollary 8, that the input points in C' correspond to
maximal connected components in J7. Thus, if a vertex p € C, then p cannot belong to the
same connected component as any vertex p’ ¢ C. Note that vertices in C' may, however,
form more than one maximal connected component in J;. This observation allows us to
show that Invariant 2 is satisfied for each connected component in A; and the corresponding
connected components of T} separately in Section 4.4. Since each argument can be applied
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to any connected component, it is sufficient to present our argument for one such connected
component, and for simplicity, it is convenient to use A; to denote this component.

4.4 Proof of Invariant 2

Invariant 2 compares the cardinality of the PSLG A; to the cardinality of the PSLG T7. If
the region triangulated by fAll contains the region triangulated by 7T, then it is easy to show
that A; has a greater number of edges than T;. However, as shown in Lemma 7, edges of
T can intersect non-triangulated faces of A; and therefore, these two PSLGs triangulate
different regions. Nevertheless, Lemma 7 implies that edges of T} which intersect a non-
triangulated face of A; f, will intersect two edges of A; that are adjacent on the boundary
of f. In order to establish Invariant 2, we will show that the regions triangulated by T and
A; are “close” (cf. Figure 4.2) to each other. In Section 4.4.1 we provide conditions under
which we can compare the cardinalities of any two PSLGs. After that, in Section 4.4.2, we
show these conditions are satisfied for A; and J7, which allows us to prove Invariant 2.

4.4.1 Comparing Cardinality

Let G be any planar graph. Let F' denote the set of faces of this planar embedding of G.
When the graph being considered is not clear, we denote the set of faces by F(G). For any
face f € F and its vertex sequence o(f), we define its signature, s(f), to be the length of
the vertex sequence o(f), i.e., s(f) = |o(f)|. Let X be a connected planar graph and Y be
any planar graph. For any two faces f1 € F(Y) and fy € F(X), we say that f; dominates
fo if and only if s(f1) > s(f2). Suppose, for every non-triangulated face f in F(X), there
is a unique dominating face in Y, then we will show that |X| > |Y| (Corollary 10). In
Section 4.4.2, we will use this to prove Invariant 2.

Lemma 9. Consider a connected planar graph G and let F' be all the faces in the planar
embedding of G. The total number of edges in the graph |G| can be written as

Gl =3n—6—) (s(f)—3)

fer

Proof. For any face f € F, its signature is the length of the vertex sequence. Recollect that
we construct the vertex sequence by exploring the edges of the boundary of the face f in the
clockwise direction. Every edge e has at most two faces, one on each side. We refer to these
faces as the co-faces of e.

By the construction of the vertex sequence, every edge contributes 1 to the signature of each
of its co-faces. If the edge e has only 1 co-face f, it contributes two to s(f). Therefore,
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> er 8(f) = 2|G|. From Euler’s formula, we know |G| = n + [F| — 2 and therefore, 3|G| =
3n — 6+ 3|F|. It follows that,

G+ s(f) =3n—6+3|F|, so |G| =3n—6— (s(f) —3).

fEF feF

]

In Lemma 9, if the graph is disconnected, then we can extend the proof to show that the
number of edges is strictly smaller than 3n —6 — >, -(s(f) — 3). In addition, note that for
any triangular face f, s(f)—3 = 0. Hence, the total number of edges in any connected planar
graph can be calculated using only the size of the vertex sequences of the non-triangulated
faces. Using this observation, we obtain the following:

Corollary 10. Let X be a connected planar graph and Y be any planar graph. For every
non-triangulated face f € F(X), suppose there is a unique non-triangulated face f' € F(Y)
such that s(f) < s(f"). Then, |X| > |Y].

Proof. Let F*(X) be the set of non-triangulated faces of X, and F*(Y') be the set of non-
triangulated faces of Y. Applying Lemma 9 and the observation that for every triangular
face f of X, s(f) — 3 =0, we can express the number of edges in X as

IX|=3n—-6- Y (s(f)—3).

JeF*(X)

Since, for every face f € F*(X) there is a unique face f* € F*(Y) such that s(f") > s(f)
and since s(f’) =3 > 0, we have 3 () (s(f) =3) < 32 pc ey (s(f') = 3). Since Y is not
necessarily connected, using an almost identical argument to Lemma 9, we can express the
number of edges in Y by the following inequality,

Yi<3n-6- 3 (s(f)-3)

fer=(Y)

<3 —6- Y (s(f)—3)
fer=(X)

= |X].

]

It follows from Corollary 10, that in order to determine whether one can apply Lemma 9,
one need only be concerned with the non-triangulated faces of a particular planar graph.
Thus, from this point on, we let F'(X) denote only the non-triangulated faces of a planar
graph X.
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4.4.2 Proving Invariant 2

Our Strategy To prove Invariant 2, we will add edges to J7 in such a way that T
dominates A; in order to apply Corollary 10. Fix any non-triangulated face f € F (A;).
When we overlay f on the straight line embedding of T}, we will use Lemma 7 to show that
f has only one connected “non-trivial” intersection with some non-triangulated face f’ of
T*. We define the region of interest f N f" as the trace of f. Next, we augment the graph
T by embedding new edges (planar but not necessarily straight-line) and carefully create
a new face f” around the trace of f. We show that f” dominates f and refer to f” as the
dominating face of f. After this procedure is repeated for every non-triangulated face in
F (flz), the augmented graph T} now dominates A;. However, adding edges to T} may create
duplicate edges, so that T} a multi-graph and Corollary 10 does not apply. We show that
duplicate edges cannot participate in two distinct dominating faces. Removing one of the
duplicate edges will merge two faces h and b’ and create a new face h” that has a signature
greater than or equal to the signature of h or h’. Since either h or A’ (and not both) can
be a dominating face of some face f € F (Al), h” will be the unique dominating face of f.
After deleting the duplicate edges, we now have an augmented T} that is a planar graph
that dominates A;. One may apply Corollary 10, and Invariant 2 follows. We begin by
introducing the definitions that is required to formalize this argument.

Suppose f is a non-triangulated face of A; with the boundary vertex sequence o(f). Let uv
be an edge in T}. We say that an edge uv is a crossing edge for any convex vertex v; € o(f)
if the edge uv intersects the edges v;_;v; and v;v;41. We direct the crossing edge wv from u
to v if we first encounter the edge v;_1v; as we move from u to v. In this case, we refer to v
as the head and w as the tail of this directed edge u0. Note that any such edge uv € 7T can
be a crossing edge for many convex vertices in o(f), and any convex vertex in o(f) can have
zero, one, or many crossing edges. However, from Lemma 7, we know that any edge uv € T}
that intersects f has to be a crossing edge for some convex vertex v € o(f). For any convex
vertex v; € o(f), let C8(v;) be the set of crossing edges of v;. We set C8(v;) to be empty
if v; is a reflex vertex. If C8(v;) is not empty, we define the furthest crossing edge of v; as
the first edge of C8(v;) that we encounter as we walk from v;_; to v;. We can equivalently
define the furthest crossing edge to be the last edge of C8(v;) that we encounter as we walk
from v; to v;;;. This follows from the fact that J7 is a planar graph, hence crossing edges
cannot intersect. We make the following straight-forward observations for crossing edges
which follows form Lemma 7 and the fact that J7 is a planar graph.

(i) For any face f € F(Al), let v; and v;+1 be two consecutive vertices in o(f). Let S be
the set of all edges of T} that intersects v;vj41, then C8(v;) U CS(vjpq1) = S.

(ii) As we move from v; to v, first, we encounter all edges in €8(v,) and only then will
we encounter the edges of C8(v;11). Therefore, as we move from v; to v;41, the furthest
crossing edge of v; will appear immediately before the furthest crossing edge of v ;.
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Next, consider any vertex v; € o(f). We define two points py; and pyjiq as follows. If v,
does not have any crossing edges, we set pa; = p2j11 = v;. Otherwise, if v; has a crossing
edge, then let e be the furthest crossing edge. We set py; to be the point of intersection of
e with v;_,v; and set pyj;1 to be the point of intersection of v;v;4; with e. For any j, the
following property is true for the segment ps;pa;r1

e Suppose v; has a crossing edge. By construction, ps;p2;+1 is contained in the furthest
crossing edge of v; and the segment py;p2;41 is contained inside the face f.

In addition, the following property is true for Dy;1p2jte.

e By construction, ps;j;1 and pajio lie on the edge vjv;1;. Furthermore, from property
(ii), P2j+1P2j+2 does not intersect with any other edge of T7.

In the following lemma, we formally define the trace of a non-triangulated face f € F (flz)
and non-triangulated face f' € F(T}).

Lemma 11. For any face f € fLi, as we walk along the cycle C' = popi,ppo, e ,pgm,gp(\),
there is a unique non-triangulated face f' € F(T}) that appears on the right with respect to
the embedding of TF. The face [ also appears on the right as we walk along C' with respect
to the embedding ofjli. We define the region enclosed by the cycle C' as the trace of f, and
denote it by 6(f) = f N f (Figure 4.2).

Proof. We prove this claim by induction.

Base Case: There are two possibilities. Either (i) po, p1 = vp or, (ii) po and p; are intersection
points of the furthest crossing edge ey of vy with edges m_106 and v, v7. In case (i), by
construction vy is on the boundary of f. We set the face f’ to be the face of T} that lies to
the right as we start to walk from vy towards v; along the edge vov;. In case (i), since e is
a crossing edge of vy, vy is convex and pop; lies completely inside the face f. Therefore, f
will also appear on the right as we walk along this edge. Also, since pop; is contained inside
e, as we walk from pg to pq, there is a unique face f’ that is to the right of e.

Induction Step: Suppose that the faces f and f’ appear to the right of all edges starting
from vertex pg to pa;. We will now show that the claim is also true if we extend the path to
P2j+1 and then to pajio. There are two possibilities: (i) paj, p2j41 = vj, or (ii) pe; and pojq
are points of intersection of the furthest crossing edge e; of v;.

In case (i), paj, P2j+1 = vj, so the claim is trivially true for the path until ps; 1. Pa;r1p2j42 will
be along the edge v;v;41. Note that, as we walk along the path from v;_; through v; to v;41,
there is no other edge of f’ incident on v; that appears to the right of this path. Otherwise,
such an edge will contradict Lemma 7. Therefore, the next line segment py;i1p2j2 will
continue to have f’ and f on its right.
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P12 = P13

Figure 4.2: The trace, 6(f), of a non-triangulated face f € A;. e1, e, and eg are the furthest
crossing edges for vy, v and vg, respectively. Edges added in 'W; are depicted in blue.

In case (ii), po; and poj+1 are points of intersection of the furthest crossing edge e; of v;.
Since v; is a convex vertex, the entire segment v;v; 7 is embedded to the right as we walk
along from v;_; to v;. Since py; is an intersection point of e; with v;v;_1, and pg;y; is an
intersection point of e; with v;v;41, we will make a right turn at py; and pyj+;. When we
make a right turn at intersection points, the faces on the right will continue to be on the
right side. Therefore, the claim is true for the path until pyj . O]

The following result also follows from the construction of the trace.

~

Corollary 12. For any two distinct faces f1, fo € F(A;), 0(f1) and 0(fs) are disjoint.

Proof. f; and f5 are disjoint since A is planar, therefore, their intersection with any face of
J7 will continue to be mutually disjoint. O

Lemma 11 (together with Corollary 12) implies that the trace is a well-defined function
mapping a non-triangulated face f in A; to a single, unique, connected region. Therefore,
we can augment TF to form a new graph, 97, such that the trace 6(f) corresponds to a face
in 7%, and that 6(f) is the dominating face for f.

Adding edges to T Next, we describe a procedure to embed a set of new edges W; to

7

the straight-line embedding of T* to obtain a new graph T such that T* remains a planar
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graph. Additionally, for any face f of Aj;, the trace 0(f) is contained uniquely inside a face f’

of T¥. Furthermore, f' dominates f, so the signature s(f’) > s(f). Note that the embedding
of edges in W; that we construct is planar but not necessarily straight-line edges.

~

W; together with a planar embedding of W; is constructed as follows. Let f € F(A;) have
the vertex sequence o(f) = (vg,...vm_1). Let the trace of f be given by {po,...,pom_1}
and let e, be the furthest crossing edge of the convex vertex v, for each k. Note that the
edge ey, exists only if pog_o 7# pag—1. Recollect that each edge ey is an edge of a face f’' in T7.
We direct the edge e, so that as we walk along e, the face f’ appears on its right. Define
¥, which maps each index j € {0,...,m — 1} to a vertex v on the boundary of f or f’ as
follows: if e; does not exist, then ¢ (j) = v;; otherwise, 1(j) is the vertex that is the head of
the directed edge e;.

Given this map v, we now describe a method for adding edges in ' W; that is added to ‘fj For
every v]v—jH> , we add an edge ¥(5)¥(j + 1) e W, and embed this edge to construct a planar
embedding of ‘37;* as follows: Starting at (), we draw the edge parallel and very close to e,
until it reaches py;_;. At this point, we will draw the edge parallel and very close to the line
segment Pa;_1pa; until we reach the edge e;;;. Finally, we will continue to draw the edge
parallel and very close to the edge e;+1 to ¥(j + 1). Note that py;_1ps; does not intersect
any edge of T7. Note that edges e; and e;; are edges of T, therefore, the newly added edge
will not have any intersections with edges of T7. If there are many vertices that have a single
edge e* as a furthest crossing edge, there will be multiple edges that are drawn parallel to the
edge e*. We will draw all of them parallel and close to the edge e* (carefully stacked, one on
top of the other, to avoid intersections). See Figure 4.2 for an example construction of the
trace with the newly added edges, and Figure 4.3 for an example where a single edge of T is
the furthest crossing edges for more than one vertex. This construction ensures that no two
edges of W, intersect with each other and T* is planar. By construction, there is a unique

7
edge added for every v;u;1. Therefore, there is a unique face f' € F(T}) that contains the

~

trace of any face f € F(A;) with s(f) = s(f’). From the discussion above, the following
lemma follows.

Lemma 13. The augmented graph T*= T*UW; can be embedded without intersections.
Furthermore, the face f € F(A;) has the same signature as the face f' € F(T¥) that contains
the trace of f.

However, we may create multiple copies of the same edges in W; U T} (see Figure 4.3). To
overcome this difficulty, we remove duplicate copies of the same edge. Removal of an edge
from a planar graph will merge two faces h and A’ into a single face h” where h” has a
larger signature than either A or A’. In Lemma 14, we show that no edge with multiple
copies participates in more than one dominating face. Therefore, removal of an edge only
increases the signature of the dominating face it participates in, therefore, the face remains
a dominating face.
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T4

T2 To

x3

(a) (b) ()

Figure 4.3: Duplicate edges created in the construction of W;. (a) the edge ab € T} intersects the
face f in A;. The boundary vertex sequence of f at this point is (xg, 21, x2, 3, £4) which contributes
4 t0 s(f). (b) Edges in W; are added and embedded as depicted in blue. (c¢) The edges of W;. Note
that there are multiple edges between a and x3, we show that we can delete one copy. This results
on a potion on the boundary which also contributes 4 to the signature.

u d
7/-;\W —0’&
!/
f f/l
Ve m v ‘UNH v
F—

Figure 4.4: There can be no trace between two duplicate edges in ' W; as shown in Lemma 14.
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Lemma 14. For any edge uv that has two or more copies in fﬁ“ between u and v, no copy
of uv can participate in two distinct dominating faces.

Proof. Let there be two edges uv embedded in ﬁ* We assume both these edges were added in
W;. The case where only one edge was added in W; is easier. We assume that the duplicate
edge was added due to an edge w/v' and u”v" of A; that intersected faces f, f” € F(T7),
because and edge was added to W; for both «/v" and u”v”. Note that u/v" and u”v” appear
on the boundary of f" and f”, and that these edges must intersect at least one edge of f/. We
present our proof for the case where u/v" and u”v” intersect two edges e, = ut and e, = v0
on the boundary of f’. See Figure 4.4 for the construction. For the sake of contradiction, let
there be another non-triangulated face f € A; whose trace is in the region between the two
embeddings of wv. In this case, there must be at least two vertices of f that lie inside this
region (otherwise f will either be a triangle or 8(f') will not intersect this region). At least
one of these points p’ will have a non-adjacent edge pq of f that is visible to it. Since ut and
v0 have a length at most § = %, this immediately implies pq is d-visible to p’. In addition,
it follows that both edges incident on p’ are §-visible to pq, since a point arbitrarily close to
o' on either of the edges incident to p’ (and on the boundary of f) must also be d-visible. If
both of these edges are adjacent to pg, then f was not a non-triangulated face. If either of
these edges are not adjacent to pgq, it contradicts Lemma 7, since edges in A correspond to
maximal triangulated chains. A similar argument extends to all other cases. O]

It follows that ﬁ* is a planar graph that dominates A Thus, by Corollary 10, Invariant 2
follows. Since both Invariant 1 (after proving properties (P1)-(P2) in Section 4.5) and
Invariant 2 holds, this completes the proof of Theorem 1.

4.5 Proving Properties of a Maximal PSLG in §;

In the following section we prove (P1)—(P4) presented in Section 4.1, which were used in
the proof of Invariant 1. First recall that by Lemma 2, we know that vertices in 1-chains
are at most 3 cells apart, and vertices participating in a 2-chain are at most 4 cells apart.
This restricts the number of possible configurations of cells in which vertices participating
in either type of chain can appear. We can deduce certain properties that arise due to the
possible configurations, expressed in Lemma 15 and Lemma 16, which will be used in the
proof of the properties.

Lemma 15. Let Cy, Cy, and C3 be three cells in G; such that C; € N(Cs) and Cy € N(C3)
(note Cy and C5 are 3 cells apart). Let H be the region enclosed by the convex hull of Cy,
Cs and C3. Then,

(a) Zf 03 - N(Cl), then H C N(Cl) N N(CQ) N N(Cg),
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(a) (b) (c)

Figure 4.5: Three mutually adjacent cells.

(@) (b) (©) (@)

Figure 4.6: Possible configurations for adjacent cells that are three cells apart.

(b) otherwise H C (N(C1) NN(C2)) U (N(C2) N N(Cs)).
In particular, in either case H C N(C5).

Proof. For both (a) and (b) it is not difficult to establish the result by considering all possible
configurations of three cells which satisfy the necessary conditions. Let C4, C5, and C3 be
as above.

Suppose (a) C3 € N(C1), so these three cells are mutually adjacent. Not counting symmetry,
there are only three possible cell configurations that allow three cells to be mutually adjacent:
either the three cells are equal (Figure 4.5a), or exactly two of the cells are equal, and the
third is adjacent (Figure 4.5b), or all three cells are distinct (Figure 4.5¢). In all three
cases, the convex hull H of the three cells is contained in the neighborhood of each cell, i.e.

H C N(Cl) N N(CQ) N N(Cg)

Now suppose (b) C3 ¢ N(Cy). Then there are exactly four possible configurations (not
counting symmetry) to arrange the cells, each of which are depicted in Figure 4.6. In each of
these cases it is not difficult to see that any point in H must be contained in the neighborhood
of at least two cells: H C (N(Cp) NN(Cy))U(N(C2) NN(C3)). Both (a) and (b) immediately
implies H C N(Cy). O
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Lemma 16. Let Cy, Cy, Cs, and Cy be four cells in G; such that Cy; € N(Csy), Cy € N(C3),
C3 € N(Cy) (so Cy and Cy are 4 cells apart). Let H be the region enclosed by the convex
hull of Cy, Cy, Cs, and Cy. Then H C (N(Cs) UN(C3)) in all but two cases.

Proof. We establish this claim by considering all possible cell configurations. If the four
cells are not distinct, this claim is reduced to Lemma 15. Therefore, consider only the
twelve possible configurations (not counting symmetry) of four distinct cells satisfying these
conditions depicted in Figure 4.7. Except for the two depicted in Figure 4.7j and Figure 4.7k,
the claim holds for all other cases. [

We now describe a “sweeping” procedure which will be re-used in subsequent proofs of the
properties in order to show that a particular region is void of input points of P other than
those on the boundary of the region. Fix a vertex u, and an edge xy. We sweep v, starting
at x, along zy towards y if we define a(t) = z(1 —t) + yt for t € [0, 1] and we consider the
line segment va(t) for ¢ ranging from 0 to 1. We call W the sweep line. Therefore, one
can imagine the line starting at vx for ¢ = 0 sweeping across a face by sliding x along 7y,
and reaching vy at time t = 1. The starting and ending points need not be endpoints of an
edge. If p,q € Ty U {z,y} is the starting and ending point, respectively, then one simply
defines «a(t) to be the appropriate parameterization of pg C Ty. In this case, we say that,
starting at ¢, we sweep vp along xy towards q.

We now proceed to prove (P1) through (P4). Let A be a maximal PSLG with respect to G;.
Let f be a non-triangulated face in A with the boundary vertex sequence o(f).

(P1) Suppose v; € o(f) is convex. Then v,;_4, v;, and v;;; are in three distinct cells C,

Cy,, and C,,,, of G;, respectively, and C,,_, & N(C,,_,).

Vj+1

=17

Proof. The fact that v;_, v;, and vj4; appear consecutively in o(f) implies that the edges
vj_1v; and v;vj4q are in A, hence v; € N(v;_1) and v; € N(vj41). Suppose, for the sake of
contradiction, that v;_; € N(vj11), then v;, v;_1, and v, are in mutually neighboring cells
which satisfy the conditions of Lemma 4.5(a). So H, the region enclosed by the convex hull
of Cy,—1, Cy;, and Cjy, is contained in N(v;_1) N N(v;) N N(vj41). Since any point in the
triangle formed by v;_i, v;, and v;;1 must be contained in H, it follows that such a point
is also contained in N(v;_1) N N(v;) N N(v;4+1). Sweep the line segment 7,-70; along v;v,44
towards v;11. Let t* be the smallest ¢ such that the sweep line v;_j«(t*) intersects a vertex
v*. Then v* is visible to both v;_; and v;, otherwise v* could not have been the first vertex
vj_1a(t) intersects. Additionally, since v* € H, v* must be in N(v;) and N(v;_1). Since A is
maximal, it follows that both the edges v;_1v* and v;v* will be present in A, hence v;_; and
v; do not appear directly after one another in o(f), contrary to assumption, so this case is
impossible. If no such v* is encountered, then it implies that v;;, is visible to v;_;, hence the
edge v;_1v;41 is present in A, and v;_;, vj, and v;4; forms a triangulated face, contradicting
the assumption that v;_q, v;, and v,4; appears in this order in o(f). Therefore, one may
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N 0 (¥) m

Figure 4.7: Possible configurations for adjacent cells that are four cells apart.

34



Mariétte C. Wessels Chapter 4. Algorithmic Invariant 35

conclude that v;_; ¢ N(v;4+1), and hence v;_q, v;, and v;1; appears in three distinct cells, as
claimed. O]

(P2) Suppose v; € o(f) and vyvg41 is any edge on the boundary of f such that v, € N(v;)
(resp. vg+1 € N(v;)) and vyvgyq is visible to v; in o(f). Then,

(i) the chain C from v; to vy, (resp. chain C from vy, to v;) in o(f) is a 1-chain,
and,

(ii) vkt is a forward (resp. vy is backward) support vertex for every vertex from v,
to vy (resp. from vgio to v;).

Proof. We begin by showing (i), and (ii) follows. Suppose v, € N(v;). Let T be the triangle
enclosed by the convex hull of the three points v;, vi, and vg4;, which is contained in the
convex hull of the three cells containing v;, vi, and vg41. Note that these three vertices
satisfy the conditions of Lemma 15, therefore, T C ((N(v;) N N(vg)) U (N(vx) N N(vg41))-
Since vpvg41 is visible to vj, there exists a point ¢ € v,vi41 such that ¢ is visible to v;, and
the line segment v;¢ does not intersect any edges of A and divides the triangle 7" into two
triangles, T} and T5. Let T} be the triangle formed by v;, v, and ¢, and let T5 be the triangle
formed by v, ¢, and vig41. We show that all input points in 7" must be boundary vertices of
f which appear in o(f).

First we show that the triangle T, does not contain any input points in its interior. Starting
at g, sweep the line 7;q along v,v41 towards vyy;. Let t* the smallest ¢ such that the sweep
line v;a(t*) intersects an input point u*; u* is contained in 75 C N(vg). Then either vy is
visible to u*, or there is an edge blocking vy from u* but an endpoint u of such an edge must
be contained in 7} (otherwise the sweep line would have encountered it), and u € N(vy).
Then either edge viyu* or uu* € A since A is maximal, however, such an edge would intersect
v;q, a contradiction. Therefore, the sweep line reaches ¢ = 1 without intersecting points,
which implies that 75 does not contain any input points in its interior, and therefore v; is
visible to vgi1 in o(f). It follows that if all vertices from wv;;; to vy_y is reflex, all these
vertices would be visible to v, 1, which would allow one to conclude C is a 1-chain.

Now we show that any input point in 7} is in ¢ and vertices between v; and v, must be
reflex. Also, vy, is the only convex vertex between v; and vy in o(f). Starting at ¢ sweep 7;q

along vyvk11 towards vg. Let ¢ be the smallest ¢ such that the sweep line v;a(t’) intersects
a vertex wy. If there is no such wy, then vy is visible to v; and we are done, since vy, is
convex and there are no other vertices in C. So C is a 1-chain. If there is such a wy, it
follows that wy is visible to v;. By Lemma 15 wg € (N(v;) N N(vi,)) U (N(v) " N(vg41)). If
wo € N(vr) NN (vgs1), then wy is visible to vgy1 by the prior two sweeping arguments, then
the edge wovp41 € A, a contradiction since wyvy4 intersects v;q. Thus, wy € N(v;) NN (vy),
in particular, wy € N(vg). Since A is maximal, vwg € A, so wy is the first vertex after v; in
o(f) and wy is reflex (otherwise wy is not the first vertex the sweeping line intersects). By
the prior sweeping arguments, the triangle formed by wy, «(t'), and vg; does not contain
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an input point, and therefore v, is visible to wy. Repeat the same argument, by sweeping
the line woa(t') along vpvk, 1 towards vy, starting at a(t’). If you encounter a vertex, the
first vertex w; you encounter will be reflex, wow; € A, w; € N(vg), and vgyq is visible to
wy. Otherwise, vy is visible to wy and you are done. Repeat this procedure until you reach
w, such that w, is visible to vx. Then wy,...,w,, are all reflex and contained in N(v). It
follows that vy is the only convex vertex, and so C is a 1-chain, which shows (i). It now
follows immediately that vy is the forward convex vertex for every vertex from v; to vy_1,
and therefore by definition, vy is the forward support vertex of these vertices. A symmetric
argument holds if we assume vj4; € N(v;) (in which case v;, will be the backwards support
vertex of all vertices between v4q and v; in o(f)). O

(P3) For any chain C(v,y) from v to y in o(f),

(i) if C(v,y) is a 1-chain with v’ as its only convex vertex, then the region £ = E(v,y)
is contained in N(v'), i.e., E C N(v'), and E contains no input points of P, other
than those in C(v, y).

(ii) if the chain C(v,y) is a 2-chain with v" and v” as the two convex vertices, then
the region £ = E(v,y) is such that (E N (N(v") UN(v"”)) N P contains only points
of C. In only two cases, E ¢ (N(v') UN(v")) (see Figure 4.1 and Figures 4.7j
and 4.7k). In all other cases, E contains only points of C', but no other points of
P.

Proof. We first show (i). Suppose C(v,y) = C is a 1-chain with v’ as its only convex vertex.
Let £ = E(v,y). Since C is a 1-chain, it follows that v is visible to y. Let H be the region
enclosed by the convex hull of the three cells containing v, v/, and y. By definition of a 1-
chain, these three satisfy the conditions for Lemma 15, and hence H C N(v). Since E C H,
it follows that £ C N(vy). Starting at v, sweep the line segment v'v along vy towards y.
Note that v' is not necessarily visible to v, since there may be reflex vertices in the chain
from v to v’, so the edge v'v may not be present. If the edge is present, then v’ appears
immediately after v in o(f). Therefore, as the sweep line v'«a(t) is being swept towards y,
it might intersect a vertex on the chain C, a boundary vertex of f. Let t* be the smallest
t for which the sweep line intersects an input point v* that is not in C. Then this point is
in F, and hence v* € N(v'). Additionally, v* is visible to v/, since the only vertices that
are present in the region that has been swept by the sweeping line must be reflex, therefore,
the edge v'v* € A. However, this implies that v* must be in the chain C, a contradiction.
Therefore, the only points of P contained in F are those that are also in C.

To show (ii), suppose C is a 2-chain such that v" and v” are its two convex vertices. Let H be
the region enclosed by the convex hull of the four cells containing v, v/, v”, and y. Then these
four cells satisfy the conditions for Lemma 16, so for all but two cases, H C (N(v") UN(v")).
Then £ C H C (N(v') UN(v")), except for two cases. Other than those two exceptions, the
same argument as in (i) holds to show that any input point in £ must be a vertex also in
C. Hence, one may conclude the result. O]
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Figure 4.8: The set J (depicted by the red shaeded region), for the cell C.

(P4) For any vertex v € o(f), if an edge xy on the boundary of f is é-visible for § = %,

then exactly one of z and y are in N(v) and the other is not.

Proof. Let C be the cell in grid G; that contains v. Then let J = (J,co{z € R? : |[pz]| < 6}
(see the red region in Figure 4.8). Since xy is d-visible to v, there exists a point ¢ € Ty, such
that ¢ is visible to v, and ¢ € J. Suppose, for the sake of contradiction, that (a) z,y € N(v)
or (b) z,y ¢ N(v). We consider the cases separately.

(a) z,y € N(v). Without loss of generality, assume v, x, and y appear in this order in o(f)
(a symmetric argument holds if the order is y, x, v). Since ¢ is visible to v in o(f), the line
segment vq does not intersect any edges of A. Starting at g, sweep m along xy towards
x. Let t* be the smallest ¢ such that the sweep line va(t*) intersects an input point v*; if
the sweep line intersects no input point, let v* = x. Then v* is visible to v so that vv* € A;.
Similarly, sweep UG towards y, starting at ¢ and moving from ¢ along xy towards y. Let ¢’ be
the smallest ¢ such that this sweep line intersects a vertex v’, or if the sweep line intersects
no vertex, set v = y. Then v and v’ are visible to each other, hence vv’ € A. In addition,
v" and v* are in each other’s neighborhoods so that v'v* € A. However, this implies v, v/,
and v* forms a triangulated face and vq is not contained in f, contradicting the fact that ¢
is visible to v. Therefore, this case is impossible.

(b) z,y ¢ N(v). Note that since zy € A C G;, x and y must be in neighboring cells.
Furthermore, the cells containing x and y must be adjacent to N(v) (the grey region in
Figure 4.8). It is not difficult to see that an edge between = in y in two grey cells in
Figure 4.8 cannot intersect J. The result follows. O



Chapter 5

Concluding Remarks

We introduced a polynomial time approximation algorithm for the MWT with a worst-case
approximation ratio of 24, and an expected approximation ratio of 16. This is achieved by
partitioning edges into levels using grids, and applying a variant of the ring heuristic at each
level ¢ to obtain a partial candidate solution that we show has a cardinality greater than a
restricted optimal solution at level 7 — 1.

Improving the Algorithm. The approximation ratio can be improved to 21 (and the
expected approximation ratio to 14) by making the following simple modification to our
algorithm (cf. Section 3.1) based on the following observation. For any triangulated chain
C(vj4k, vp) generated by the algorithm, C(v;i, v,) is a 2-chain only if the algorithm executes
step 1(a) or 1(c). Using the same notation as in the presentation of the algorithm, consider
the case where C(v;4,v,) is generated in 1(a) (so v, = vs). We have shown in Lemma 3
that edges in €(v;,x, vs) that triangulate E(vj,y,vs) are bounded by 41/2 - 43!, However,
by construction C(v;4,v;) and C(v;11,v,) are both 1-chains, so if both chains could connect
to their support vertices, edges in &(v;,1,vs) would be bounded by 3+/2 -3, Since edges
added for one chain hide the support vertex of the other, both sets of edges cannot be
added without violating planarity, so there is a conflict. The algorithm resolves this conflict
by always connecting edges for C(v;4, v;—2) to its forward support and adding longer edges
(with endpoints 4 cells apart) by adding edges from C(v;11,v,) to vj4x. Equivalently, one can
add the longer edges from C(v;4, vi—2) to vs and add edges from C(v41,vs) to its backward
support v;4x. By adding a check in the algorithm to make the choice which results in the
smaller weight for edges in €(vj4y,vs), we can make the argument that the upper bound on
the average length of an edge added to A is %\/5 -3i=1. This helps improve the ratio to 21
(or expected 14).

Lemma 17. With a slight modification to step 1(b) of the algorithm, we can guarantee that
no more than half the edges in A;\ A are 4 cells apart and at least half the edges are no more
than 3 cells apart. In addition, both invariants still hold.

38
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Proof. Using the notation used in the description of the algorithm (cf. Chapter 3), this
modification is to step 1(b) of the algorithm:

1 (b) If C(vj1x) = C(vjix,vr), then for convenience set C(vi41,vs) < 0 (a chain with no
vertices. Then,

— if |C(vj4k, vi)| > |C(vi41,vs)|, add an edge from v; to every vertex in C(vjix, vi_2)
and add edges from v;, to every vertex in C(vi41, vs);

— if |C(vjsk, )| < |C(vig1,vs)], add edges from v;_1 to every vertex in C(vi4q, vs)
and add an edge from v, to every vertex in C(vjyx, vj—2).

Given this modification it is not difficult to see that at most half the edges added in Phase 1
of the algorithm are 4 cells apart, and the remainder are at most 3 cells apart. It follows that
for any edge uv € A; \ A;, the average length [uv|| < 1. In addition, the same arguments
used to prove that planarity is maintained when adding edges in Phase 1 for Invariant 1
remain valid. Furthermore, it is not difficult to see that cardinality arguments used in the
proof of Invariant 2 are unaffected by this modification. m

Corollary 18. Suppose that Lemma 17 holds in addition to Invariants 1 and 2. Then the
candidate solution produced by the algorithm with the modification described in Lemma 17 is
an a-approximalte MW'T where a < 21. Furthermore, the expected value of o < 14.

Proof. Since the argument in the proof of Theorem 1 remains valid for an average weight
(since we are simply considering the ratio between the sum of edge weights), by the same
argument the approximation ratio improves to 21 and the expected approximation goes down
to 14. u

Bottleneck Triangulation and P-Norm. In addition to our algorithm’s minimizing the
sum of edge weights, it minimizes the weight of the edge with the maximum weight. One may
define w(7T) to be the maximum weight of any edge in the triangultions, which is known as
the bottleneck distance. Therefore, our algorithm also produces a constant approximation
for the MWT, with weight redifined in this way. This is clear from our analysis, since
every edge in our candidate solution is within the same constant of at least one edge in the
optimal MWT. Another possible definition of weight could be given by the p-norm, therefore,
w(T) = (X ey llabl?) YP n this case, our analysis remains valid since we compare ratios of
edges weights, and for this weight function it is sufficient to compare ||ab||? for pairs of edges,
and therefore our algorithm will still compute a constant approximation of the MWT. These
guarantees are not clear from the analysis given by Plaisted and Hong [14] for their ring
heuristic. Their analysis relies on the triangle inequality, which does not apply for ||abl||? for
p > 1, so analysis cannot be extended in the same manner. Both these additional guarantees
imply that the triangulation produced by our algorithm ensures some measure of regularity,
which is important for many applications.
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A PTAS for the MWT? We are optimistic that the techniques used here can be adapted
in order to develop a PTAS for the MW'T. The construction would be maintaining multiple
candidate solutions at each grid level, and using dynamic programming to make near optimal
choices at each step, where optimal in our case would be reflected in the candidate that
is closest (in the topological sense) to the restricted optimal triangulation. A difficulty in
extending this approach in this manner is that different PSLGs can have the same cardinality
but with different topologies. It is possible that one candidate solution leads to the optimal,
and the other deviates from the optimal in such a way that making the guarantees about
the relationship between the cardinality of the candidate and the optimal solutions becomes
challenging.
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