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CHAPTER 1
INTRODUCTION

In practical design, there are various ways to increase the buckling strength of
structural members. Lateral bracing is one way to increase the buckling loads of
structural members, that is, to increase the load carrying capacity of the structural
members. Lateral bracing for the structural members is the most effective when it has
both strength and stiffness. In addition, the location of the lateral bracing plays an
important role in load carrying capacity.

Under certain conditions, lateral bracing can have the same effect as an immovable
lateral support. The lateral bracing is then called full bracing. If full bracing is provided,
the buckling mode shape of the column is a sine curve. Point bracing for various types
of columns is considered in this study.

The basic work on this subject has been done by Winter[1]. Winter investigated
noncontinuous and continuous lateral bracing for both columns and beams. In order to
find full bracing requirements for noncontinuous lateral supports, Winter developed a
simple elementary method using fictitious hinges at the lateral supports. By taking
moments about these fictitious hinges, the required stiffnesses and strengths of the
supports were obtained. The bracing characteristics for cases of continuous lateral
support were also determined by Winter. From Winter's investigation, the relation
between the number of equal spans and the ideal spring stiffness for full bracing was
obtained.

Galambos[2], Salmon and Johnson[3], and McGuire[4] outlined the work on the

noncontinuous lateral bracing requirements of columns done by Winter.
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Zuk[5] investigated eight typical cases of columns and beams in order to determine
a general relation between the applied force or moment and the lateral bracing force. In
all cases, the columns under consideration had initial imperfections. The analysis was
limited to elastic materials and small deflections. It was found that the lateral force was
a direct function of the initial deflection. From Zuk'’s investigation, it was also shown that
the value of the bracing force could generally be assumed to be 2% of the applied load
for axially compressed columns, and 2% of the compression flange force for beams.

Mediand[6] and Medland and Segedin[7] investigated braced multiple columns and
beams. The investigation was carried out to find critical loads and lateral bracing
requirements for sets of interbraced columns under uniform axial force distribution and
parabolic axial force distribution, respectively. In all cases, the columns were pinned at
each end. Non-dimensional design charts were presented by assembling the results of
a stiffness matrix solution method of initially deformed structures. The estimation of the
critical loads and the strength requirements of the braces were obtained by using these
design charts. It was found that the brace force was a direct function of the initial
deflection.

Beliveau and Zhang[8] investigated sixteen examples of simple structures to calculate
the minimum lateral stiffness by an approximate method. The critical load of a given
structure was considered to be equal to the buckling load of the primary compressive
member in this study. By using an approximate formulation for the change in the
potential energy of the structural member, the minimum lateral stiffness was obtained.
It was found that the minimum required stiffness for overall and local buckling to have the
same critical load was lower when the column was fully restrained at the top node and

was continuous with springs attached to a common ground than in the other examples.
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The main purpose of this study is to find critical loads and full bracing conditions for
perfect two-span columns, and to find the reaction forces at the lateral bracing supports
and maximum deflections for two-span columns with initial curvature. The lengths of the

two spans are not assumed to be equal, as they were in the references described in this

section.



CHAPTER 2
ANALYSIS AND RESULTS

2.1 Perfect Columns

Several types of columns used in the analysis are shown in Figure 2.1. In each case,
the column under consideration may have different bending stiffnesses El;, (i=1,2), in
each span, and the column is subjected to an axial compressive load P. As shown in
Figure 2.1 (b), the simply supported column having an intermediate translational spring
with stifiness k will be analyzed in Case Il. The two-span column shown in Figure 2.1 (¢)
will be analyzed in Case lll. In this case, the column has an intermediate translational
spring k, at x=a, and a lateral bracing support k, at x=a+b=L. For Case IV, the two-span
column shown in Figure 2.1(d) will be analyzed. In this case, the column has a rotational
spring ¢ at x=0, an intermediate spring k, atx=a, and a lateral bracing supportk, at x=L.

One purpose of this investigation is to find the critical load P__ as a function of the
span lengths. In Case Il and Case lll, the translational spring stiffnesses F, and Fz will be
fixed at certain values in order to show the relation between P__ and a. In Case IV, the
rotational spring stiffness ¢ and the two translational spring stifinesses k, and k, will be
fixed at certain values to show this relation.

Another purpose of this investigation is to show the effects of the rotational spring
stiffness ¢ or the translational spring stiffnesses E and Fz on the critical load P__ for
different span lengths @ and b. Conditions for the existence of an ideal spring stiffness
are also examined. (When an ideal spring stiffness exists, higher stiffnesses do not
increase the critical load.)

The transverse deflection is denoted w, (x) for Osx<a and W,(x) for asxsL. The
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equilibrium equations for each case are

erw!" (%) +Bw!! (%) =0, (0<%<a)

and

Erwy" (x) +Pw} (%) =0, (asx<L)

For simplicity, nondimensional quantities are defined as follows

x a
X=_  a=_
L' L

s -

k= kL” ,C= CL
EI, EI,
pL?

Pz,

2.1.1)

21.2)



Then the equilibrium equations and the general solutions for each case can be written as

1117 2. 17/
Wy (X) +yyw, (x) =0

Wy (x) =A;sinyx+A,cosy,x+Az;x+4,, (0sx<a) (2.1.3)
and
wy! (x) +y50y (x) =0
(21.4)

W, (X) =BySiny,x+B,COSY,X+B3X+B,, (asx<1)

By applying the boundary conditions at x=0 and x=1 and the transition conditions at
x=a, eight homogeneous algebraic equations in the eight coefficients are obtained. For
buckling, the determinant of the coefficient matrix is set equal to zero. This gives the
characteristic equation. Its lowest root gives the critical load.

‘The fundamental method that is used to compute the critical load P__ and the ideal
spring stiffness k; ..., from the characteristic equation is the bisection method. The basic
concept of this method is to locate an interval where a function changes sign. If a
function f(x) is real and continuous in an interval (x;, x,) and the function has opposite

signs at x; and x , so that

f(x)f(x,)<0

then there is at least one real root within this interval. In order to find such an interval
initially, the graphical method is used before the bisection method.

In all the numerical results to be presented, the column is assumed to be uniform

7



(El,=El,, y,=y,=y) and the spring constants k, and k, in Case Il and Case IV are
assumed to be equal (k,=k=k).

a. Case I: Simply Supported Two-Span Column

The boundary and transition conditions for Case | are

w1 (0)=0,w! (0) =0

wy(a)=0,w,(a)=0
(2.1.5)

Wi (a) =w; (a) , Yow) (a) =YW} (a)

W,(1) =0, (1)=0

At x=a, the deflection is zero, and the slope and bending moment are continuous.

The characteristic equation for the buckling loads is given as follows:

f1 (71 IYZla)
=y,ab cosy,b siny,a+yiab cosy,a siny,b (2.1.6)
-siny,a siny,b=0 o

where b=1-a.
If y,=y,=y, the above characteristic equation can be rewritten
f,(y,a)=yab siny-sinya sinyb=0
(2.1.7)
where p=y>.
The formulas of all the coefficients in terms of A, that are used to get the modes are

as follows:



siny,a cosy,

Bi=- siny,b

1 (2.1.8)

siny,a siny,
siny,b

2 1

siny,a

B3 5

A,

siny,a
4= T — b 1

Figure 2.2 shows the critical load p_,. as a function of a when y,=y,=y. In this case,
the simplified characteristic equation f,(y,a)=0 was used. The curves are symmetric
about a=0.5. The critical load is pc',=4—n2 when a=0.5, and p_ ~20.19asa-0ora-~1
(corresponding to a fixed-pinned colt;r:'l:,gsince the two adjacent supports at an end
cause the slope to be zero). Values of p_. for different a’s are given in Table 1.1.

The buckling mode shapes are presented in Figure 2.3. Ata=0.5, the buckling mode

shape is a sine curve. The modes for a>0.5 can be obtained by symmetry. Table 1.2

shows the values of Win and W, for different a’s.
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Figure 22 p_, for Different a's
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Table 1.1

p., for Different a’s

0.1

0.2

0.3

0.4

0.5

Per

23.225

27.053

31.755

36.780

39.478
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(d)a=0.4

Figure 2.3

(e)a=0.5

Buckling Mode Shapes for Different a’s
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Maximum Deflection of Each Span for Different a's

Table 1.2

a Win_ Wy, ata Wor W, at 1
0.1 0.007 0.000 0.677 0.000
0.2 0.067 0.000 1.360 0.000
0.3 0.255 0.000 1.800 0.000
0.4 0.612 0.000 1.667 0.000
0.5 1.000 0.000 1.000 0.000

13




b. Case |l : Simply Supported Column with One Intermediate Translational Spring

The boundary and transition conditions for this case are

w,(0) =0,w; (0) =0

w,(1) =0,w) (1) =0

wi(a) =wy(a),w,(a) =wj(a)
(2.1.9)

v2 wi! (a) =y wi/ (a)

Y1 w2 (a) +y; k() =y, ) (@)

At x=a, the deflection, slope, and bending moment are continuous, and the difference in
shear forces equals the spring force.
The characteristic equation for the buckling load is

£y(v4 :Yz:k:a)EY$(Yz siny,a cosy,b

+y, cosy,a siny,b) +k(siny,a siny,b (2.1.10)

-y,ab cosy,a siny,b-y,ab siny,a cosy,b) =0
where b=1-a.
If y,=v,=y, the characteristic equation can be written as

f(y,k,a) =y> siny+k(sinya sinyb-yab siny) =0

(2.1.11)

where p=y°.
If a=0.5, Equation (2.1.11) can be written as

14



(sinX) (2y3cos X +ksinY -k YcosX) -0
2 2 2 2 2 2.1.12)

In this research, k;,.,, can be defined as the threshold of the spring stiffness k for
which higher spring stifinesses do not increase the critical load p_.. Solutions of
Equation (2.1.12) are

sinXY =0
2 - (2.1.13)
and
(4y2-k)y cosY+2k (sinY)Z-0
2 2 (2.1.14)

Equation (2.1.13) gives
%-mr—vy-Zmr, (n=1,2,-)

By putting y=2x, the lowest of these values, into Equation (2.1.14), the ideal spring

stiffness k. can be obtained:

ideal

Kigeal =16m2=157.91

However, there is no such k for other values of a. If y,=y,, K;4., Can only be

ideal

obtained if thespans o.fﬂthe column are equal. Figure 2.4 shows the relation between p_,
and k for different a’s. If 2=0.5 and k>k; ., the critical load is pcr=4~.2=39.478. For
the other values of a, p_, increases as k increases and approaches the corresponding
value in Table 1.1 (Case |) as k -+ =.

For different values of a, Table 2.1 shows the spring stiffness k required for the critical

15
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Table 2.1

Spring Stiffness k for which p__is a Given Percentage of p_,. for Case |

0.1 0.2 0.3 0.4 0.5
75 703.776 251.334 154.675 115.975 101.702
80 970.170 331.192 193.737 135.690 112.538
85 1397.340 456.811 252.889 161.987 123.553
90 2225.750 696.705 362.222 205.248 134.769
95 4657.860 1393.350 672.251 315.772 146.212

17




load to be a certain percentage of the corresponding critical load in Case I. The formula

for the spring stiffness k can be obtained directly from the characteristic equation:

¥ siny
'sinya sinyb-yab siny (2.1.15)

where y= \'p.

For example, if a=0.1, the critical load for Case | is 23.225 (Table 1.1). The value of k
needed for p__ in Case Il to be 75% of that, i.e, 17.419, is found to be 703.80 by
substituting p=17.419 into Equation (2.1.15).

Figure 2.5 shows the relation between p__. and a for different k's. The curves are
symmetric about a=0.5. If k=0, the critical load p_. is that of a simply supported column
(pc._=12). For k=w, the curve is the same as in Figure 2.2 for Case |. Table 2.2 shows
the critical load p_,. for k=50 and k=200, in which the span lengths a have various values.

The formulas of all the coefficients in terms of A, that are used to get the buckling

modes are as follows:

AZ -0

A; =(-y,b cosy,a-y,b coty,b siny,a)A,

siny,a cosyzA
siny,b

B -
! ‘ (2.1.16)

18
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Table 2.2

p,, for Different a’s and k’s

0.1 0.2 0.3 0.4 0.5
50 10.794 13.044 15.884 18.574 19.814
200 13.096 19.089 25.611 32.953 39.478

20




siny,a siny,
siny,b

2 1

B; =(7yja cosy,a+y,a coty,b siny,a) 4,

B4 - —33

Figure 2.6 shows the buckling mode shapes for k=200. If a=0.5 and k>K; 4eqrr @S IN
Figure 2.6, the mode is a sine curve as seen before in Case . The modes for a>0.5 can
be obtained by symmetry. Table 2.3 and Table 2.4 show the values of w, and w,_ for

different a’s with k=50 and k=200, respectively.
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Figure 2.6

(@a)a=0.1

G
(b)a=0.2

<
(c)a=0.3

<
(dya=0.4

<
(e)a=0.5

Buckling Mode Shapes for k=200
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Table 2.3

Maximum Deflection of Each Span for Different a’s with kz’ég\f

a Win w,,ata Won W, at 1
0.1 0.553 0.553 1.881 0.000
0.2 1.709 1.709 3.243 0.000
0.3 2745 2745 3.800 0.000
0.4 2792 2.792 3.101 0.000
0.5 2148 2148 2149 0.000

23




Table 2.4

Maximum Deflection of Each Span for Different a’s with k=200

a Win W, ata Won Wy, at 1
0.1 0.945 0.945 3.727 0.000
0.2 1.134 1.134 3.135 0.000
0.3 1.561 1.561 3.796 0.000
0.4 1.639 1.639 3.695 0.000
05 1.000 0.000 1.000 0.000

24




c. Case lll : Column with One End Hinged and Two Translational Springs

The boundary and transition conditions for this column are

w1(0) =0,w; (0)=0

wy (@) =w,(a) , W) (a) =w} (a)

vl (a) =yiwi/ (a)

Yiwy ' (@) +yskwy (a) =vaw;’ (a) 2.1.17)

/7

yarl!! (1) +y3y3wh (1) =y2kaw, (1)

The characteristic equation for the buckling loads is

f1 (711721k11k21a)
2

Y . .
E(y-f—kz) [-_k_% (Y, siny,a cosy,b+y, cosy,;a siny,b) (2.1.18)
1

—% siny,a siny,b+y,; cosy,a siny,yb

+y, siny.a cosy,b]+k,(y,a cosy,a siny,yb
+y,a cosy,b siny,a) =0

If y,=v,=v, the characteristic equation can be written as

25



£(Y,kq,k;,a)

3

=(y%-k;) (- siny+y siny-1 sinya sinyb) (2.1.19)
k1a a

+k,ya siny=0

where p= y2.
If a=0.5 and k,=k,=k, Equation (2.1.19) can be written as

in Y 2 4y Y Y inY
sin_t -k)(-—— cosl+2y cosl-2 sin.
( 2)[(7 )( X = *+2y > 2) (2.4.20)

+ky cos% ]1=0.

Solutions of Equation (2.1.20) are

sin%-o
(2.1.21)
and
2 1y (- 47 Y Y 5 sinY Y.
[(ye-k) ( - cosi+2y cos3 2 s:.n5)+ky cosi] 0 (2.1.22)
Equation (2.1.21) gives
%-nn—ry-Zn'rr, (n=1,2,-)
At y=2nx, Equation (2.1.22) gives
3
(cosnm) [ (v2-k) (- 2X+2y) +ky]=0
which leads to
k2-6y%k+4y*=0
(2.1.23)

From Equation (2.1.23), k can be obtained for y=2nx as follows:

26



k=4nm?(3y/5 )

Then

k=30.1588 or k=206.7117 for n=1.
As defined in Case Il, k; ., is the required spring stiffness for which higher spring
stiffinesses k do not increase the critical load p_,.. For k<206.7117, Equation (2.1.22) has
a root y that is lower than 2«, but for k>206.7117 it does not. Therefore

k =206.7117.

ideal
As for Case ll, there is no k;,, when y,=y, except for a=0.5.
Figure 2.7 shows the relation between p_. and k for different a's. If a=0.5 and

k>k the critical load is pcr=4—.2=39.478. If a<0.5, p, is higher when the internal

ideal’
spring is at x=a than when it is at x=1- a(e.g., it is higher for a=0.4 than for a=0.6),
although both cases have the same p_,. at k=0 and in the limit as k ~ «. Table 3.1 shows
the spring stiffness k required for the critical load to be a certain percentage of the
corresponding critical load in Case |.

The formula for the spring stiffness k can be obtained from the characteristic equation

written in the form

DK2+EK+F=0.
Then
2D (2.1.24)

where

27
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Spring Stiffness k for which p_, is a Given Percentage of p,, for Case |

Table

3.1

VA 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
75 7109 | 2622 | 1709 | 139.1 | 1343 | 166.1 | 2389 | 420.3 | 1281.
80 980.1 | 3453 | 231.5 | 1621 | 148.3 | 1932 | 297.5 | 551.8 | 1764.
85 1411. | 476.0 | 278.1 | 1929 | 162.4 | 229.5 | 386.1 | 758.3 | 2538.
90 2248. | 7255 | 3973 | 2432 | 1769 | 288.7 | 549.5 | 1152. | 4037.
95 4704. | 1450. | 7353 | 371.5 | 191.7 | 439.3 | 1011. | 2295. | 8440.
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D=y siny—_;. sinya sinyb-ya siny

E=-y2(y sin‘y—_;_ sinya sinyb+% siny)

5
F-‘_Ygsiny

H=E2-4DF

y-lo -

In the figures, y,=y,=y and k,=k,=k.
Figure 2.8 presents the critical load p__ as a function of a with fixed k's. If k - », the
critical loads p__ are the same as for Case | except at a=0 and a=1. As a -~ 1, Equation

(2.1.19) with k,=k,=k can be written as
y siny[k?-(y?-k)?]=0 oA

Then the following relation can be obtained: e
it ksn?/2 , p, > 2kasa - 1 L
if k=n?/2 , p, >masa—1
To get p_, as a - 0, Equation (2.1.19) with k,=k,sk can be multiplied by a and then one
can set a=0. This leads to the following result:
ifksn® , p,>kasa—0
if kzn® , p,—>n*asa—0

If k is sufficiently large, the maximum critical load occurs when the internal spring is near
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Figure 28  p,, for Different a's with Fixed k’s
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the center of the column, with a slightly less than 0.5. If k is small enough, the critical

load increases as a increases. For k=3 in Figure 2.8, p_. -~ 6 asa- 1, while p__ - +° for

the other curves shown. Table 3.2 shows the critical load p_,. for different a’s and k's.
The formulas of all the coefficients in terms of A, that are used to get the buckling

modes are as follows:

Az'o

1 3 s 2 .
111_,,-—.]?13[71 cosy,a+k, siny,a+y,y; siny,a coty,b]A,

A4-0

siny,a cosy,
! siny,pb (2.1.25)
siny,a siny,
siny,b

2 1

3 : 2
Y1 )+ siny,a (Y,- Ya¥4
Yo g3

k,a’ tany,b

1

By=[cosyqa(y,- ) -5 sinyqalA,

sinyja

B,=[-v4a cosy.a-y,a cosy,b sIny.b
2

14,

The buckling mode shapes are presented in Figure 2.9 for k=300. If a=0.5 and
k2K, 4o, the buckling mode shape is a sine curve as before. Table 3.3, Table 3.4, and
Table 3.5 show the values of w, and w,, for different a’s with k=50, k=200, and k=300,

respectively.
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Table 3.2

p,; for Different a’s and k's

PN 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

3 3.0 3.1 33 34 3.7 4.0 44 48 5.4
50 10.8 12.9 15.3 17.0 171 15.7 13.6 1.7 10.3
200 13.1 18.9 25.0 31.6 38.6 300 | 224 16.4 11.8
300 143 | 21.0 | 274 34.2 39.5 33.4 255 18.5 12.6
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(a)a=0.1
i —
(b)a=0.2
T —7
(c)a=0.3
T
_ E:
(dya=0.4

(e)a=0.5
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Figure 2.9 Buckling Mode Shapes for k=300
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Maximum Deflection of Each Span for Different a’s with k=50

Table 3.3

a Wi w,,ata W, W, at 1
0.1 0.542 0.542 1.830 0.069
0.2 1.518 1.518 2.804 0.409
0.3 2.087 2.087 2.737 0.901
0.4 1.864 1.864 1.953 1.129
0.5 1.386 1.352 1.352 1.028
0.6 1.148 0.910 0.910 0.796
0.7 1.035 0.587 0.587 0.564
0.8 0.970 0.345 0.360 0.360
0.9 0.951 0.165 0.176 0.176
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Table 3.4

Maximum Deflection of Each Span for Different a’s with k=200

a Wi wpata Wop, W, at 1
0.1 0.964 0.964 3.780 0.103
0.2 1.170 1.170 3.156 0.258
0.3 1.720 1.720 3.919 0.590
0.4 2372 2372 4.492 1.127
0.5 2.501 2.397 2397 1.485
0.6 1.449 0.730 0.730 0.514
0.7 1.359 0.537 0.537 0.423
0.8 1.229 0.359 0.324 0.312
0.9 1.059 0.170 0.162 0.162
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Table 3.5

Maximum Deflection of Each Span for Different a's with k=300

a Wy Wy ata Wor W, at 1
0.1 0.418 0.418 1.807 0.044
0.2 0.637 0.637 2.184 0.137
0.3 0.832 0.832 2.719 0.275
0.4 0.778 0.778 2.540 0.351
0.5 1.000 0.000 1.000 0.000
0.6 1.359 0.423 0.423 0.285
0.7 1.374 0.405 0.405 0.301
0.8 1.296 0.320 0.287 0.273
0.9 1.111 0.169 0.159 0.158
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d. Case IV : Column with One Rotational Spring and Two Translational Springs

The boundary conditions for this column are

w1(0) =0, (0) -cw/ (0) =0

wy(a) =wy(a) ,w) (a) =w} (a)

2. /1
Yawy (a) =yiwy (a) (2.1.26)

vy (a) +¥3kgn (@) =viw)’ (a)

w{,/ (1)=0
2 111 2,2
Y1W2 (1) +Y1Y2W£ (1) "'ngzwz (1)
The characteristic equation for the buckling loads is

2 2y si
[His+ (Hy+HpHy,) Hyg+Hy,Y1Y2C0SYa-HoHy Y ¥2S1nY 4
- (Hs+HeHq,) kKya- (Hz+HHy,) Ky 1 =0 (2.1.27)

Each variable used in the above equation is given in the Appendix. In the figures,
Y1=v,=Y and k,=k,=k.

Figure 2.10 shows the effects of the rotational spring stiffness c on p__ as a function
of a with k=200. If c=0, the result is exactly the same for k=200 as shown in Figure 2.8

for Case lli. If c - », the end x=0is a fixed end. As c¢ increases, the value of a giving the

maximum p__increases from a=0.5 to a=0.6. Table 4.1 shows the critical load p_,. for
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Figure 2.10 p.. for Different a's and c’s with k=200
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p, for Different a’s and c’s with k=200

Table 4.1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0 13.1 18.9 25.0 31.6 38.6 29.8 224 16.4 11.8
16.6 20.3 25.4 31.7 39.0 39.3 30.3 227 17.1
10 17.8 20.8 255 31.7 39.0 41.7 329 24.7 18.9
o 19.8 21.7 257 31.7 39.0 43.5 36.5 27.8 215
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different a’s and c¢’s with k=200.

Figure 2.11 shows the effects of the translational spring stiffness k on p__. as a
function of a when ¢c=10. The curve k=200 in Figure 2.11 is the same as the curve c=10
in Figure 2.10. The value of a for maximum p__ tends to increase as k increases. Table
4.2 shows the critical load p_,. for different a’s and k's with c=10.

In Case IV, there are no values Cideal and k;,.,,- Figure 2.12 shows the relation
between p_. and k for fixed values of ¢ and a, and Figure 2.13 shows P, versus c for
fixed values of k and a.

In order to show the effect of a support that stiffens as it is compressed, the rotational
spring stiffness ¢ is assumed to be proportional to p [9]:

c=gy?
(2.1.28)
If c=0 or c=o, the support at x=0 is considered as an ideal pinned end or an ideal
clamped end, respectively. As the applied load p increases, the resistance to rotation
increases. Figure 2.14 shows the effects of the stiffening rate g for several k’s when

a=0.5, and Figure 2.15 shows the effect of a for different k’'s when g=0.1.
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Table 4.2

p,, for Different a's and k’s with c=10

al o1 02 [ 03 | 04 | o5 | 06 | 07 | 08 | 09
50 | 166 | 1756 | 190 | 205 | 212 | 205 | 189 | 17.3 | 1656
200 | 178 | 208 | 255 | 31.7 | 390 | 41.7 | 329 | 248 | 188
500 | 188 | 234 | 204 | 367 | 455 | 509 | 443 | 334 | 223
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2.2 Imperfect Columns

In this section, an imperfect column will be analyzed for various span Iengthss and
b. One purpose of this investigation is to find the reaction forces R, and R; at x=a and
x=L, respectively, until the axial compressive load P reaches the critical load P__ for the
previous perfect column. Another purpose of this investigation is to find the maximum
deflection of each column. The initial deflection of each column (when P=0) has the
shape of the buckling mode of the corresponding perfect column and has a specified
size. Since the reaction forces and the deflections are proportional to the initial deflection,
results for initial deflections of the same shape but another magnitude can be obtained
directly from the results to be presented here.

Since imperfect columns are related to the previous perfect columns, several
coefficients that were used to get the buckling modes in the previous perfect columns are
also used here, and are now denoted as Xi and Ei, (i=1,-,4). The critical loads for the
previous perfect columns are denoted s,% and s,? in this section. The relation between
s; and y;, (i=1,2), can be written as &,/s,=v,/Y,.

In each case, the column under consideration may have different bending stiffnesses
El;, (i=1,2), in each span, and the column is subjected to an axial compressive load P.
The initial shape of the column is w,,(x) for Osxsa and w.,(x) for asxsL .

The equilibrium equations for each case are

=/

=/

(x) +Pw] (%) =EIjwiy’ (X), (0<X<a)
and (2.2.1)
it 24 I e - =11/

ET W (%) +Pwy (%) =EI iy’ (%), (asx<L)
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For simplicity, nondimensional quantities are defined as follows:

X a
X= _ ,8=—
L' T

(2.2.2)

k,L? k,L3

J I
VEI, 7% TET,

_ PL?

73
x-XL~ ,_PL°
T,

TP

R,L? R R;L?
EI, "% EI,

Rz-

Then the equilibrium equations and general solutions for each case can be written as

1111 2 11 1n
Wy (X)+Y] Wy (X) =Wy, (X)

_ (2.2.3)
W1 (X) =Cysiny,x+C,co8Yx+C3x+C, +WsinBx, (0<x<a)
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and

1111 211 111
Wy (X) 4y (X) =Wy

(x)

(2.2.4)
W5 (X) =Dysiny,x+D,cosy,x+D:;x+D,+YsinB,x+ZcosB,x, (a<x<1)

where - -
W10 (X) -A1SinB1X+A3X

Wog (X) =B1SinB,x+B,COSB,X+B:X+B,
3 a2
2__ 2
(31"71)
= a2
BB
2_ .2
(B5-v5)

Y=

B,8:

(82-v3)

In all the numerical results to be presented, the column is assumed to be uniform
(El,=El,, y,=v,=v, 8,=8,) and the spring constants k, and k, in Case VIl are assumed

to be equal (k,=k,=k).
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a. Case V : Case | with Initial Deflection

The boundary and transition conditions for Case V are

w,(0) =0,w!’ (0) -wif (0) =0
w5 (1) =0,w) (1) -why (1) =0

v3iwy' (a) -wyg (@) T=¥3 1wy (a) Wy (a) ] 225)

w,(a)=0,w,(a)=0

wé (a) -w1 (a).
The terms involving w,, and w,, can be dropped, since w,, and w,, satisfy the same
boundary and transition conditions for y,=s,, y,=s,, and since &,/s,=v,/v,.
The reaction forces R, and R; at the supports at x=a and x=1, respectively, can be

calculated as follows:

Ry=EI,[wy' (a) -why' (a) 1-EI (W) (a) -l (3)]

so that

BZ
Ry=— [w ' (@) -wy (@) 1-[w)’ (a) -wig (a) 1,
85 (2.2.6)

and
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Ry=-EI,[wy (L) -wil/ (L) 1-Pw) (L)

so that

a2
1" 7,
Rs"—-;_ (W (1) -wy

2

(1) 1-viw5 (1) . 2.2.7)

Equations (2.2.6) and (2.2.7) can be written as

2
B
Rz-_; [-Dyy; cosy,a+Dyy; Siny,a-YB; cosB,a
B,
+Z83 sinBza+E1Bg cosB,a-B,8; sinB,a] (22.8)

+C1y? cosy1a+WBf cosB,a—‘LBf cosB,a
and

2
8
R3-—_; [—Dﬂl: cosyz+Dzy; sinyz—YB';’ cosBz+ZBz sinB,
2
+B1B§ cosBz—ngg sinBz]—yf[nyz cosy,
-D,¥, siny,+D;+YB, cosB,-ZB, sinB,].
(2.2.9)
The coefficients that are used to get the reaction forces and the maximum deflections

can be obtained by the following formulas:

DZ -D1a1 +a2
D4 -D3a3 +a4
C1 "D1 as +a6
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and

611D+ 612D3+813C3=6 1,

821D1+6855D3+633C3=6,
(2.2.10)

831D +83,D5+633C3=63,

The above simultaneous equations in D,, D, and C; are solved by the Gauss elimination
method. The coefficients in the above equations are given in the Appendix.

The size of the initial deflection in this case is specified by setting

x 1
A=~
' Tooow,

where W _=max.(w, /aw, /b)
w, =maximum deflection in the span a of the buckling mode for the perfect
column when Z1 =1
w,, =maximum deflection in the span b of the buckling mode for the perfect
column when Z, =1
Then the size of the initial deflection is such that the maximum ratio of the deflection
magnitude to the length of the span in which it occurs is 1/1000. The quantity W___ is the
largest deflection (in magnitude) of the column. For example, if 2=0.1,W,_=max.(0.007/0.1,
0.677/0.9)=(0.677/0.9)=0.75 and the maximum deflectionW__ isW,__ =0.9/1000=0.0009
when p=0. Similarly, other maximum deflections W___ when p=0 can be calculated. They
are either given by a/1000 or b/1000. The values of w, and w,,_ are presented for different

a’s in Table 1.2. If the W, value is underlined, the maximum initial deflecticn is
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W,.,=a/1000. If the w,_ value is underlined, which occurs for this case, the maximum
initial deflection is W =b/1000.

Figure 2.16 shows the magnitude of the reaction forces R, and R, for different a’s.
There are no reaction forces R, and R; when a=0.5 ; even though the applied load p
amplifies the magnitude of a sine curve, it has no effect on the reaction forces R, and R,.
Results for a)0.5 can be obtained by symmetry.

Figure 2.17 shows the maximum deflection W___ for different a’s. If the intermediate
support is close to the support at x=0 or x=1, the maximum deflection W, ___at a fixed p
has higher values than any other intermediate support location in this case. If the initial
deflection w,(x)=Csin2zx, the deflection w(x) when y,=y,=y is

anéc sin2nx

w(x)=
am—y? (2.2.11)

When a=0.5, C=0.0005 in the above equation, and the maximum deflection Wmax can be

written as follows:

_ 47%(0.0005)

W
4"2_72 (2.2.12)

max
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b. Case VI : Case Il with Initial Deflection

The boundary and transition conditions for this case are
7 /
w1(0)=0,w; (0)—w{0(0)-0
w,(1) =0,w} (1) -why (1) =0
wy(a) =wy(a) ,w; () =w; (&)

(2.2.13)

117 /117

" 17 (@) 1+y2k [y (@) -wyg(a) 1=y W)/ (a) W't/ (a) ]

yarwy' (a) -wih

yarwy (a) -wig (@) 1=Y3[w) (@) -why () ]

Again the terms involving w,, and w,, can be dropped.
The reaction forces R, and R; at x=a and x=1, respectively, can be calculated as

follows:

Ry~k [EIwy(a) -EIwyp(a) ]

so that

Ry=k([wy(a)-wy(a)]
(2.2.14)

and

Ry=-EI,[wy’ (L) -wii/ (L) 1-Pw) (L)

so that
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g2
7 7,
Ry=——[wy (1) -wy

(1) 1-y3wy (1) (2.2.15)
BZ

Equation (2.2.14) can be written as
R,=k[Cisiny a+Cza+WsinB,a —Z1sinﬁ1a —Z3a 1
(2.2.16)
and Equation (2.2.15) is the same as Equation (2.2.9).
The formulas for all the coefficients that are used to get the reaction forces and the
maximum deflections are the same as for Case V. However, the variables used in each
formula are not the same as before. All the variables are given in the Appendix.

In order to get the maximum deflections for different a’s, ‘;1 is set as

A-_1
' Tooow,

where W = max.(w, W,
w,,= maximum deflection in the span a of the buckling mode for the perfect
column when A, =1
w,, = maximum deflection in the span b of the buckling mode for the perfect
column when 7\1 =1
Then the maximum initial deflection is 1/1000 of the length of the column for this case.
Table 2.3 shows the values of w, and w,, for different a’s with k=50. From Table 2.3, the
values of W_can be obtained. For example, if a=0.1, W, =max.(0.553,1.881)=1.881 and
W_., when p=0is 1/1000. Table 2.4 shows the values of w, and w,,_ for different a’s with
k=200. In this case, the values of W_ are Wm=3,727, 3.135, 3.796, 3.695, and 1.0 for

a=0.1, 0.2, 0.3, 0.4, and 0.5, respectively, and W__ when p=0 is always 1/1000.
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Figure 2.18 shows the magnitude of the reaction forces R, and R, for different a’s with
k=50, and Figure 2.19 shows the reaction forces R, and R; for different a’s with k=200.
Note that the scale on the R, axis is ten times larger than the scale on the R; axis in
Figure 2.19. As the applied load p increases, the magnitudes of the reaction forces R,
and R, when k=200 have higher values than those of the reaction forces R, and R; when
k=50. If a=0.5 and k)16+%, there are no reaction forces R, and R,. In this case, the
applied load p has no effect on the reaction forces R, and R;. Results for 2)0.5 can be
obtained by symmetry.

Figure 2.20 and Figure 2.21 show the maximum deflections for different a’s with k=50
and k=200, respectively. If a=0.5 and k)16x%, Equation (2.2.11) can be used to get the

maximum deflection for this case.
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c. Case VIl : Case Il with Initial Deflection

The boundary and transition conditions for this case are

w,(0) =0,w) (0)-w!! (0)=0

/7 /7
wjy (1) - (1) =0

Yarwy (1) -whi! (1) 1+v3v3wh (1) =¥3k,[Wp (1) -y (1) ]

wi(a) =wy(a) ,w)(a) =w) (a) (2.2.17)

ya[wy (@) -wis (@) 1=¥3[w) (a) -wi (a) ]

171 177

2 /111 /17
Yilwy (@) -wy

(@) 1+¥2k,[wy (@) -wyg(a) 1=y2[w// (a) W/ (a) ]

The w,, and w,, terms in the shear force condition at x=1 (involving k,) do not cancel

each other.

The reaction forces R, and R, for each support can be calculated as follows:

Ry=k,[EIWw, (@) -EIwg(a)]

so that

(2.2.18)

and
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so that

R3-k2[w2(1) "Wzo(l) ]

(2.2.19)
Equations (2.2.18) and (2.2.19) can be written as
R,=k,[C;siny,a+Csa+WsinBja-A;sinB,a-2;a]
(2.2.20)
and
R3=~K;[Dysiny,+D,cosy,+D3+D,+YsinB,+ZcosB,
—B1Sin32 —BZCOSBZ-—B3 —B[.] (2.221)

The formulas of all the coefficients that are used to get the reaction forces and the

maximum deflections can be obtained as follows:

Dy=Dyaq+a,

C1 -D1 O!S +a6

and

611D1+812D3+613C3=6 1,

821D+ 65D3+63C3=67,
(2.2.22)
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831Dy +63,D3+633C3=63,

All the variables that are used in the above equations are given in the Appendix.

In order to get the maximum deflection for different a’s, 7\'1 is specified as before for
Case VL. Table 3.3 shows the values of w, and w,, for different a's with k=50. By using
these values of w, and w,_, the maximum deflections W . when p=0 are obtained. In
this case, the values of W, are W_=max.(w, W, )=w, =1.830, 2.804, 2.738, and 1.953
fora=0.1,0.2, 0.3, and 0.4, respectively, and W_=max.(w, W, )=w, =1.386,1.148, 1.035,
0.970, and 0.951 for a=0.5, 0.6, 0.7, 0.8, and 0.9, respectively. The maximum deflections
W, When p=0 are always 1/1000 in this case. Table 3.4 and Table 3.5 show the values
of w, and w,,_for different a’s with k=200 and k=300, respectively.

Figure 2.22 and Figure 2.23 show the magnitude of the reaction forces R, and R, for
different a’s with k=50. Figure 2.24 and Figure 2.25 show the reaction forces R, and R,
for different a's with k=200. Figure 2.26 and Figure 2.27 show the reaction forces R, and
R, for different a’s with k=300. As the applied load p increases, the magnitudes of the
reaction forces R, and R; when k=200 have higher values than those of the reaction
forces R, and R, when k=50. However, the magnitudes of the reaction forces R, and R3
when k=300 are often smaller than those of the reaction forces R, and R; when k=200.
If a=0.5 and k)206.7117, there are no reaction forces R, and R;.

Figure 2.28 and Figure 2.29 show the maximum deflection W, for k=50 and k=200,
respectively. As the applied load p increases, the magnitudes of the maximum deflections
W,.., increase. Figure 2.30 shows the maximum deflection for different a’s with k=300. If
a=0.5 and k)206.7117, the following coefficients are used to get the maximum

deflections:
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CHAPTER 3
SUMMARY AND CONCLUSIONS

3.1 Perfect Columns

Four perfect two-span columns subjected to an axial compressive load P were
investigated first. Each column was allowed to have different bending stiffnesses El,,
(i=1,2), in each span, in the general formulation, but all numerical results were obtained
for uniform columns (El,=El). The columns under consideration were shown in Figure
2.1. In the numerical results, k, and k, were assumed to be equal.

In each case, the investigation was carried out to find the critical load P__. as a
function of the span lengths and to show the effects of the rotational spring stiffness ¢
and the translational spring stiffnesses k, and k, on the critical load P__for different span
lengths. In addition, conditions for the existence of an ideal spring stiffness were also
examined.

The results discussed in section 2.1 apply to a uniform column (El,=El,) and can be
summarized as follows:

1. If an intermediate support is located in the middle of a pinned-pinned column
(@=0.5), the column can resist a higher applied load P than for any other
support location in Case I.

If an intermediate translational spring k is located in the middle of a pinned-
pinned column (a=0.5), the column can resist a higher applied load P than for
any other spring location in Case II.

\) For Case lll, the optimal location of the intermediate translational spring k is not
located in the middle of the two-span column. It depends on the translational

spring stiffnesses k (k,=k,=k) at x=a and x=1.
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2. The ideal spring stiffness k; .., exists only for a=0.5 in Case Il and Case |l if
El,=El,. The values are kideal=16:2 and K; 4, =206.7117 for Case Il and Case
Ill, respectively. If kak. .., the critical load is pcr=44,2 when a=0.5 in both
of these cases.

In Case IV, there are no values k.., for fixed values of c and a and no ¢, .,
for fixed values of k (k,=k,=k;) and a.

3. The curves in Figure 2.10 and Figure 2.11 are not symmetric about a=0.5. In
Figure 2.10, if c=0, the result is exactly the same for k=200 as shown in Figure
2.8 for Case lll. If ¢ - o, the end x=0 is a fixed end and the critical load
p.,=43.521 for a=0.6 when k,=k,=200 is the highest p_,..

4. If a=0.5, the buckling mode shape is a sine curve for Case I. If a=0.5 and

kzk the buckling mode shape is also a sine curve for Case Il and Case lll

ideal’
(k,=k,=k).

3.2 Imperfect Columns

Three imperfect columns subjected to an axial compressive load P were investigated.
Each column was allowed to have different bending stiffnesses EL, (i=1,2), in each span.
The initial deflections of each column have the shape of the buckling mode of the
corresponding perfect column and have a specified size. The columns under
consideration were shown in Figure 2.1 (a)-(c). Cases V, VI, and VIl correspond to Case
I, I, and lll, respectively, with initial curvature. In each case, the investigation was carried
out to find the reaction forces R, and R, at x=a and x=L, respectively, and to find the
maximum deflection of each column, as functions of the applied load P.

The results discussed in section 2.2 apply to the case of a uniform column (El,=El,)

and can be summarized as follows:
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1. In Case V, there are no reaction forces R, and R; when a=0.5; even though the
applied load p amplifies the magnitude of a sine curve, it has no effect on the

reaction forces Fi2 and R3.

The above result is the same for Case VI and Case VIl if a=0.5 and k>k; ., for
each case, respectively.

2. In Case V, if the intermediate support is close to the support at x=0 or x=1, the
maximum deflections W, at a fixed P show higher values than for any other
intermediate support location.

In Case VI and Case VI, if the intermediate translational spring is close to the
support at x=0 or to the translational spring at x=1, the maximum deflections W___
show higher values than for any other intermediate translational spring location.

3. Reaction forces and maximum deflections are proportional to the size of the
initial deflection. Their values for initial deflections of the same shape but
different size can be determined directly from the results presented here.

4. The shape of the initial deflection chosen here was that of the buckling mode of
the corresponding perfect column. Under compression, this shape tends to lead
to larger deflections than other initial deflections having the same size (e.g., the

same maximum initial deflection).

3.3 Recommendations for Future Work

Some recommendations for future study are noted as follows:
1. Investigate other types of laterally braced columns with various load conditions

such as uniformly distributed load or additional axial loads at the internal bracing

points.

2. Investigate other types of laterally braced columns with various boundary
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conditions such as clamped ends.
3. Investigate braced multiple-span columns with varying span lengths.

4. Investigate two-span columns with unequal spring stiffnesses or unequal

moments of inertia in the spans.

5. Investigate the continuous lateral bracing of two-span columns subjected to an
axial compressive load.
6. Use other methods such as the Newton-Raphson method or secant method

along with the bisection method to improve the efficiency of finding a root for the

critical load or the ideal spring stiffness.
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APPENDIX A

NOTATION
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a = length of first span

a = nondimensional span length = a/L
Kj = coefficients of initial deflection in first span
A; = coefficients of deflection in first span

b= length of second span

b = nondimensional span length = biL

B ; = coefficients of initial deflection in second span

B i = coefficients of deflection in second span

8, = nondimensional critical load of perfect column = | PLZ/EI1
8, = nondimensional critical load of perfect column = V PLzlEIZ
¢ = rotational spring stiffness at X=0

¢ = nondimensional rotational spring stiffness at x=0 = ELJEI1

c = ideal nondimensional rotational spring stiffness

ideal
C j = coefficients
D i = coefficients
El, = bending stiffness of first span

El, = bending stifiness of second span

g = stiffening rate of rotational spring
y, = nondimensional load = V PLY/EI,

y, = nondimensional load = V PL¥/El,

H i = coefficients
k = intermediate translational spring stiffness at x=a
k = nondimensional intermediate translational spring stiffness at x=a = RL3/EI1

k, = intermediate translational spring stifiness at x=a
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k, = nondimensional intermediate translational spring stiffness at x=a = E1 L3/EI1
k, = lateral bracing support stiffness at x=a+b= L
k, = nondimensional lateral bracing support stiffness at x=1 = EZLE‘/EI1

k = ideal nondimensional translational spring stiffness

ideal
p = nondimensional applied axial compressive load = PL2/EI1
P, = hondimensional critical load

P = applied axial compressive load

ﬁz = reaction force at x=a
R, = nondimensional reaction force at x=a = ﬁZLZIEI1
F_Rs = reaction force at x=L
R; = nondimensional reaction force at x=1 = ﬁ_,'LZIEI1

w,(x) = transverse deflection for Osxsa

w,(x) = nondimensional transverse deflection for Ox<a = W,/L

w,,(X) = initial deflection of the imperfect column for Osxsa

W,,(X) = nondimensional initial deflection of the imperfect column for Ox<a = WmIL

W,(X) = transverse deflection for a<xsL

w,(x) = nondimensional transverse deflection for asx<1 = v_vzlL

W,,(x) = initial deflection of the imperfect column for asxsL

W,,(X) = nondimensional initial deflection of the imperfect column for ax<1 = _";’zo/l-

w,, = maximum nondimensional deflection in the first span of the buckling mode for the
perfect column when Z1=1

W, = maximum nondimensional deflection in the second span of the buckling mode for
the perfect column when 7\'1=1

W, = max.(w, /a, w,./b)
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W, .« = maximum deflection of imperfect column
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APPENDIX B

Variables Used in Case IV
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tany,a
H1""

Y,b

iny,

si 2
sy,a cosy

co

Hz"'-

a
=tany,
Hs

sin'y'-‘,bs‘y2
co

a

SY4

co

4-

11
‘yf tany,a-vy
B

2 sin'yz,bsy2
Y1sy1a co
“cco
c

6

H,=-tany,
7- + 5
Y iny.a+H
siny,
a-Hqy,
cosy,
Ha" 1

b
cosy,
Y2

- osY,
siny,a S
—HyY,
-H6
Hy

2
Y4 -1)
H10"H8(F2



H11-H9( _1)

k;

H12'Sin71a+H1 cosy1a+H5a+H3-H8a"H1o

Hyz=siny,a+H; cosy,a+Hya+Hy ~H, cosy,a-Hsa-H,

Hyy=o—
13

H15-—yf cosy.a-k; siny,a

Hm-ﬁ sinyj,a-k, cosy,;a
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APPENDIX C

Variables Used in Case V
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a,=-tany,

2
B
ay=-——2 (Y sinB,+Z cosB,)

2
Y, COsY,
a3- "l

2 .2

B
= ( 2 :2) (Y sinB,+Z cosB,)
Y2

2
B
F=_2(Y sinB,a+Z cosB,a-W sins,a)
2
Y2

F,=siny,a+a; cosy,a

Fz=a, cosy,a+F,

aé"_,_
siny,a

F,=as siny,a
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Fs=a, siny,a+W sinB,a

Fé-a

§11=F,

612-0

§13=Fg

814=—Fs

§,1=siny,a+a; cosy,a

622"& +a3

623"0

§,,=- (a, cosy,a+a,+Y sinB,a+Z cosB,a)

§3,=y, cosy,a-vy,a, siny,a-y,as cosy,a

632-1
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633-—1

P B .
3,=WB, cosB,a-YB, cosB,a+ZB, sinB,a+asy, cosy,a+ayy, siny,a
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APPENDIX D

Variables Used in Case VI
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ay;=-tany,

2
B
ay=-— 2 (Y sinB,+Z cosB,)

2
¥, cosy,

(13-—1

2 .2
85-Y;

2
Y2

a,=( ) (Y sinB,+Z cos8B,)

2
B
F,=_2(Y sinB,a+Z cosB,a-W sinB,a)
2
Y2

F,=siny,a+a, cosy,a

Fs-az COS‘YZa +F1

06-_,_
siny,a

F,.-—‘y; cosy,a
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Fs-y"z’ siny,a

F6-—YB; cosBza+ZB; sinB,a

Fy=siny,a

Fg=W sinB,a

F9-—-y? cosy,a

F,o-—WBi’ cosB,a

2 2 2
Fi=yy F,+Y 09 Fs+Y,(k F7-Fg) ag

2 2 2 2
Fia=ayy¥y Fs+¥y Fet+¥,04(K F7-Fg) +Y,(K Fg—Fyg)

2
Fi3=v, ka

811=Fqq

812-0

843=Fy3
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814=-Fq2

§,=siny,a+a,; cosy,a-as siny,a

622‘& +03

623"&

§,,=W sinBja-Y sinB,a-Z cosB,a+a, sinyja-a, cosy,a-o,

631‘?2 COSYZa‘Yza1 SinYZa'Y1as COS‘Y1a

632-1

633"—1

83,=WB, cosBja-YB, cosB,a+ZB, sinBa+asy, Cosya+a,Y, siny,a
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APPENDIX E

Variables Used in Case VIl
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A=~ ———— (Y sinB,+Z cosB,)
Y2 COSY;

2
B
F=_2(Y sinB,a+Z cosB,a-W sinBg,a)
2
Y2

Fy,=siny,a+a, cosy,a

Fi=a, cosy,a+F,

a6-—._
siny,a

F4--Yg cosy,a
3 s
FS-YZ Sln'Yza
3 3 .
Fe¢=-YB, cosB,a+ZB; sinB,a
Fi;=siny,a
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Fg=W sinB,a
3
Fg¢=-y] cosy,a
F10-—WB? cosB,a
2 2 2
F11-Y1 F4+'Y1a1 F5+Yz(k1 FT"Fg) as
2 2 2 2
Fip=0Yy Fstyq Fgt¥, ag(ky F7=Fg) +¥,(ky Fg=Fyg)
2
Fi3=Y; kja

G, -Bg(—Y cosB,+Z sinB,) +B§ (E,Bz cosBz—Ezﬁz sinBz+§3)
2
+y§(YBz cosB,-ZB, sinB,) _‘Y_; k,(Y sinB,+Z cosB,)
Y1
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G,=--— k,(siny,+a; cosy,)

Gs" - —2 kzaz COS'YZ

1
GS-F_,, (-G1-Gs)

§11=F1

§15=0

§13=F13

§14=-Fy2

§,=siny,a+a,; cosy,a-as siny.a+Gg
§2=a+Gy
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§3=-a

85,4 siny,a-a, cosy,a-Gg+W sinBja-Y sinB,a-Z cosB,a

831=Y, cosy,a-Y,a; siny,a-y,as; cosy,a

632=1

633=-1

83,=WB, cosBia-YB, cosB,a+ZB, sinB,a+agzy, Cosya+a,y, siny,a
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LATERAL BRACING FORCES IN COMPRESSED
TWO-SPAN COLUMNS WITH INITIAL CURVATURE
by

Jae-Guen Yang

(ABSTRACT)

The main purpose of this study is to find critical loads and full bracing conditions for
perfect two-span columns, and to find the reaction forces at the lateral bracing supports
and maximum deflections for two-span columns with initial curvature. In each case, the
column under consideration may have different bending stiffnesses in each span, and the
column is subjected to an axial compressive load. The braces are not assumed to be
equally spaced, and may have different spring stiffnesses.

For the perfect columns, it is found that if the internal lateral support is located in the
middle of the column , the column can resist a higher applied load than for any other
support location. The load resisting capacity of the column depends on the lateral spring
stiffnesses. It is also found that an ideal spring stiffness, corresponding to full bracing,
only exists under special conditions.

For the imperfect columns, the initial shape is assumed to be the same as the
buckling mode of the perfect column, and its size is specified. It is found that there are
no reaction forces when there is full bracing. The reaction forces and maximum
deflections are proportional to the size of the initial deflection, so their values for initial
deflections of the same shape but different size can be determined directly from the

results presented here.



