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Forced Capillary-Gravity Water Waves in a 2D Rectangular Basin

Harald M. Brunnhofer

(ABSTRACT)

This dissertation concerns capillary-gravity surface waves in a two-dimensional rectangular
basin that is partially filled with water. To generate the surface waves, a harmonic forcing is
applied to the vertical side walls of the basin. The dissertation consists of four parts which
work with different assumptions on the frequencies of the forcing.

The first part discusses the linearized model with Hocking’s edge condition and gives an
eigenvalue equation and an asymptotic expansion for the eigenvalues. Then, for the nonlin-
ear problem, it is assumed that the frequency of the forcing is close to an eigenfrequency and
the solution has an asymptotic expansion using a two time-scales approach. Under an edge
condition, the first- and second-order approximations of the solution and a solvability condi-
tion from the third-order equations yield an ordinary differential equation for the amplitude
of the solution.

In part two, it is assumed that the frequency of the forcing applied to the boundary is close to
the sum of two eigenfrequencies. In this case, the solvability conditions give a system of two
differential equations for the complex valued amplitudes of the two eigenmodes. The system
can be reduced to one real-valued differential equation. Its solutions yield the solutions of
the original system and their properties. A condition for the existence of homoclinic orbits
connecting the trivial equilibrium is obtained. These results are confirmed by numerical
experiments.

The third part is based on the results in the second part. Here, one of the eigenfrequencies
is chosen to be much larger than the other one, and different orders of the amplitudes of
the eigenmodes are assumed. The orders of the coefficients of the system found in the
second part are obtained, and the resulting special case is discussed in detail. In particular,
numerical examples of orbits that can be associated with homoclinic orbits connecting non-
trivial equilibria are given. The behavior of solutions close to those orbits is demonstrated.

In the fourth part, an additional frequency for the forcing terms given in parts two and three
is introduced. In each situation, the modified systems are presented and discussed.

This work was partly supported by NSF grant DMS-0309160.
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Chapter 1

Introduction

1.1 Previous work on capillary-gravity water waves in
a basin

The theory of water waves has attracted scientists in fluid mechanics and applied mathe-
matics for at least one and a half centuries and has been a source of intriguing - and often
difficult - mathematical problems. Apart from being important in various branches of engi-
neering and applied sciences, many water-wave phenomena happen in every-day experience.
Waves generated by ships in rivers and waves generated by wind or earthquakes in oceans
are probably the most familiar examples. The mathematical theory of water waves consists
of the equations of fluid mechanics, the concepts of wave propagation, and the critically
important role of boundary conditions. The results obtained from theory may give some
explanation of a natural phenomenon or provide a description that can be tested whenever
an expanse of water is at hand: a river or pond, the ocean, or simply the household bath
or sink. However, obtaining a thorough understanding of the relevant physical mechanisms
presents fluid dynamicists and applied mathematicians with a great challenge.

The problem considered here concerns linear and nonlinear surface waves on water under the
action of a harmonic forcing together with the influence of gravity and surface tension in a
two-dimensional rectangular basin. The frequency of the forcing is assumed to be close to a
resonance frequency or some combination of the resonance frequencies. By “water”, we mean
an incompressible, inviscid fluid with constant density with an irrotational fluid motion. It
is assumed that the fluid is bounded by a free surface, two side walls oscillating under
a harmonic forcing, and a horizontal rigid bottom. The free surface marks the boundary
between the fluid and the “air” which we assume has negligible density and viscosity. We are
interested in linear and nonlinear waves, called resonance waves, on the free surface and their
mathematical description when the frequency of the forcing is close to one of the natural
frequencies of the basin or some combinations of the natural frequencies.



The first research describing resonance waves caused by a forcing whose frequency was twice
a resonance frequency was done by Michael Faraday [13]. He observed that when a water-
filled basin is placed on a plane that oscillates vertically with approximately twice a resonance
frequency, waves are generated on the surface. By introducing a coordinate system moving
with the basin, we can interpret this problem as that of a stationary basin with oscillating
gravity. In the literature, these waves are named “Faraday waves” after their first observer.
By the 1990s, Faraday waves had been discussed by [4], [11], [14], [19], [27], [28], [35] and
others. More recent publications include [25], [32], [34], [44].

While the phenomenon of Faraday waves may be one of the most famous, water wave phe-
nomena in a basin had certainly been observed long before: Wang [42], describes an enter-
tainment device which works with water waves and had been popular in ancient China. The
device, known as “fish wash” or - in a variation - “dragon wash”, was a water-filled basin
with two handles attached on opposite sides of the rim. Rubbing the handles would cause
horizontal oscillations of the side walls of the basin. At low frequencies, a standing wave
would be observed on the surface. With increasing frequency, the free surface would break
and resonance would be observed. Fishes or dragons were engraved on the bottom of the
basins in a way that made it seem like the water was sputtering out of their mouths, thus
the names “fish wash” and “dragon wash”. The mechanical properties of this device were
studied by Wang [42].

Wang [43] also showed that in a circular container a low-frequency axisymmetric wave could
arise as a result of high-frequency forcing applied to the side walls. For his experiments, he
used two circular, water-filled, steel alloy containers of different radii and attached vibrators
to opposite sides of the containers. They can be seen as thin elastic shells with experimentally
determined discrete resonance frequencies. Standing waves of a high resonance frequency
corresponding to an asymmetric mode were observed when the forcing frequency was close
to that high resonance frequency. If the forcing frequency was increased and close to the sum
of that high frequency and the lowest frequency of axisymmetric modes waves of that low
frequency were observed as well. Self-excited vibration of shell-liquid coupled systems were
discussed by Liu et al. [23]. It was shown by Sun et al. [40] that for an asymmetric mode
by itself the center of the surface is very calm, whereas the center of the region is where the
maximum amplitude for an axisymmetric mode is observed.

These observations motivated more theoretical studies. An exact solution of the linearized
problem of harmonic forcing applied to the side walls of a circular basin was found by Shen et
al. [37], using Green’s functions. The weakly nonlinear problem was discussed in [40] under
the assumption that the forcing was close to a resonance frequency or twice the fundamental
frequency. A multi-scale asymptotic expansion approach was used to find the equations
governing surface waves in each of these cases. It was shown that the amplitude of such
surface waves is bounded, except for when twice the fundamental frequency also happens to
be a resonance frequency. This case is called internal resonance and is not included in [40].

In more general settings, waves generated by motion of the side boundaries of a basin were



studied by Havelock [17] based on linear equations and the assumption of no surface tension.
Surface tension was then accounted for by Evans [12] who also stated the importance of an
“edge condition” for the amplitude of the surface wave at the intersection of the surface with
the side boundary of the basin. Evans suggested that the normal derivative of the surface
displacement at the boundary should be proportional to the applied forcing terms. This
condition is known as “Evans’ edge condition”. Later, Hocking carried out some experiments
which led to “Hocking’s edge condition” [20]. Hocking’s condition suggests that the normal
derivative at the boundary is proportional to the time-derivative of surface displacement.
In [33], Miles makes a strong statement in favor of Hocking’s edge condition, because it
resembles experimental observations better than Evans’ edge condition.

To study this problem mathematically Shen and Yeh [38] used Green’s functions and found an
exact solution for the linear problem with Hocking’s edge condition. They ran into problems
when the forcing frequency was equal to a resonance frequency, but solved them in [39]. In
[7] and [8], a nonlinear theory for capillary-gravity waves under Evans’ and Hocking’s edge
conditions was developed. It was shown that a low-frequency axisymmetric eigenmode can
be generated by applying a high-frequency asymmetric harmonic forcing to the side wall of
a circular basin, which can be used to explain a recent experimental observation. Here, we
note that the numerical calculations for this case with a circular basin involve the integration
of Bessel functions which is sometimes hard to do accurately because Bessel functions for
high eigenmodes have very strong oscillations. To avoid this difficulty we consider the case
of a two-dimensional rectangular basin so that the functions for eigenmodes involve only
trigonometric functions and can be integrated easily. Despite this simplification, the problem
still captures the features of a three-dimensional circular basin.

Some research that deals with rectangular containers was done by Huntley [21] and Mahony
and Smith [24]. In [24], the deep water problem for a rectangular organ pipe is considered.
The flow field was assumed to be two-dimensional. It was shown that surface water waves
may be excited by high-frequency acoustic fields. The work of [24] was confirmed by exper-
iment [21]. More recently, Yoshimatsu and Funakoshi [45] investigated the resonance waves
in square containers caused by horizontal oscillations. It was shown that the kind of waves
observed depends on the angle of the direction of oscillation with a container wall. The
resulting bifurcations were also discussed.

As we indicated above, we restrict our problem to two dimensions by considering a cross
section of a rectangular cylinder. The resulting eigenvalue problem for the linearized equa-
tions is presented by Miles in [31]. The objective of this dissertation is to develop a weakly
nonlinear theory by an asymptotic approach for excited capillary-gravity waves in a water-
filled two-dimensional rectangular basin under some edge condition at the contact line. We
assume that the forcing frequency is near a resonance frequency or some combination of the
resonance frequencies. By using a two time-scale asymptotic expansion of the solution and
solvability conditions for the equations of the third-order approximations in the expansion,
the amplitude equations of the excited surface waves at the resonance frequencies are derived.
Then, the solutions of the amplitude equations are studied in great detail and the solutions of



these equations are also calculated numerically. Many interesting behaviors of the solutions
are found. In particular, we find that in some cases the amplitude of the solution for the
amplitude equations suddenly becomes very large when the forcing passes a critical value.
Moreover, in general, for the frequency of the forcing near the sum of two eigenfrequencies
the solutions exhibit chaotic behavior in the phase planes and the trajectories of solutions
are dense in an annulus region. A more detailed overview of this dissertation is given as
follows.

e In the remaining part of Chapter 1, we show the setting of the problem and the govern-
ing equations by following [31], but restrict ourselves to the case of a two-dimensional
rectangular basin. All of the other chapters are based on those exact governing equa-
tions.

e In Chapter 2, we first consider the linearized equations with Hocking’s edge condition.
We assume that the velocity potential as well as the surface displacement can be
written as a product of €' and a function of the spatial variables. An equation for
the eigenvalues w is derived, see [31]. Because this equation contains an infinite sum of
expressions of w, we expect an infinite number of solutions. It is impossible to express
the solutions explicitly. We approximate the first ten eigenvalues for a specific set of
parameters. Then, for the deep-water problem, we find an asymptotic expansion for
large eigenvalues. This allows us to find an asymptotic expansion for the norm of the
surface displacement function.

Using a simplified edge condition, we consider the nonlinear governing equations with a
forcing of third order whose frequency is near an eigenfrequency. Under the assumption
that the velocity potential and the surface displacement are both small and of the
same order, we use a two time-scale approach and assume an asymptotic expansion
for both velocity potential and surface displacement. After presenting the equations
for the first- to third-order approximations, we calculate the first- and second-order
approximations. The first- and second-order approximations both contain a complex-
valued function p(7) of the slower time. A differential equation for p(7) is obtained
by making use of a solvability condition from the third-order equations. In addition,
the simplified edge condition is replaced with some special cases of Hocking’s edge
condition. The modifications to the differential equation induced by this replacement
are discussed.

e Chapter 3 deals with a forcing of second order whose frequency is close to the sum
of two eigenfrequencies w,, and w,. First, we state the modifications that have to be
made to the equations in Section 2.3. The first-order approximation is assumed to
be a sum of terms with frequencies w,, and w, containing complex-valued functions
pm(7) and p,(7) dependent on the slower time scale. For the second-order approxima-
tion, three cases depending on the form of the forcing terms are distinguished. Then
solvability conditions from the third-order equations are used to obtain two coupled



differential equations for p,,(7) and p,(7). In [22], Knobloch et al. have shown that
those differential equations can be reduced to one differential equation for |p,,|>. A
similar approach yields a differential equation for p = %|pm|2 + %|pn|2. All solutions
of this differential equation are obtained. Most of the solutions are periodic, the other
ones can be interpreted as homoclinic orbits. In the case of a periodic solution, it is
shown that the radii of p,, and p,, have the same period as p and that the angles of p,,
and p,, are sums of linear functions and functions that have the same period as p. The
behavior of the radii and angles for other cases is also discussed. Next, we find the
equilibria of the system for the case that the forcing frequency is exactly equal to the
sum of two eigenfrequencies. For other cases, some periodic orbits of the system are
found. There are no heteroclinic orbits, but in some cases there are homoclinic orbits.
A condition for homoclinic orbits connecting the trivial equilibrium is established. The
discussion of other homoclinic orbits is delayed to Chapter 4. A numerical experiment
is used to confirm the predictions we have made.

e Up to now, we have assumed that the frequencies w,, and w, both are assumed to be
O(1). In experiments, one of the frequencies, say w,, is typically much larger than the
other one. In Chapter 4, we do not assume that the amplitudes of both frequencies have
the same order. The orders of the frequencies, the order of the forcing and the order of
the slower time scale 7 are written as powers of €. First, we assume absence of surface
tension and a simplified edge condition. Then, we introduce a change of variables so
that it is easier to compare the orders of the terms that have to be estimated later.
After writing down the new equations for the first- to third-order approximations, we
solve the equations for forcing of a special form. The solvability conditions from the
third-order equations yield differential equations for the amplitude functions. These
are similar to those in Chapter 3, but we have much more information about the orders
of the coefficients. Then the exponents introduced at the beginning of this chapter are
chosen in an appropriate way to obtain the model equations that are discussed in the
second part of this chapter.

We discuss what happens in absence of forcing and how the exponents need to be
chosen in order to have the high-frequency amplitude smaller than the low-frequency
amplitude. Then we state how large surface tension can be before inducing any changes
to the coefficients of our model equations. The simplified edge condition is replaced by
a variation of Hocking’s edge condition. If there is no forcing, the differential equations
can be solved exactly. From this, the behavior of the solutions of the system for small
forcing is predicted. After finding the equilibria and periodic orbits for this system,
we try to obtain orbits that converge to circular orbits. These orbits correspond to
homoclinic orbits connecting non-trivial equilibria of a transformation of the system.
Using a numerical example, it is determined when these orbits are likely to occur. We
also see the behavior of the solutions for initial conditions and parameters close to
those orbits.

e In Chapter 5, an additional forcing of frequency w, is introduced. For the system in



Chapter 3, the equations are modified in an appropriate way and the discussion of
equilibria and periodic orbits is repeated. A numerical example is used to show how
these calculations work.

For the system in Chapter 4, the equations are also modified in a suitable way. With
the restriction of having forcing of frequency w,, only, the solution for small parameters
¢ is approximated by perturbing the solution for e = 0. In [40], a critical value for the
forcing is found. In numerical examples, the changes in the solution are shown, when
the forcing parameter crosses the critical value.

1.2 Basic formulation

In setting up and describing the problem, we follow Miles [31], but restrict ourselves to
the special case of a two-dimensional rectangular basin. Waves are considered in a region
b1, a+bs] x [—h, O(x,t)], where O(z, t) is the displacement of the free boundary in z-direction.
The bottom boundary is fixed, the top boundary is free and for the side boundaries we allow
some forcing terms that can move the boundary.

Let u(z, z,t) and v(x, z,t) be the time-dependent velocities in - and z-direction, respectively.
As there is no liquid created or destroyed, the mass flux through any fixed closed line S
enclosing a region has to vanish.

Let f(z,2,t) = (u(x,z,t),v(x,2,t)). Assuming a constant density of the fluid p, we then
have

/SpfndS:O, (1.1)

where n is a vector normal to the line.

Using Gauss’s divergence theorem on this, we obtain

// div(pf)dr =0 (1.2)
R
for any region R C [by,a + by] x [—h,©]. We assume incompressibility of the fluid. As the

integral of the divergence over any region R has to vanish, the divergence of f has to vanish
identically:

div(f(z,2,t)) = uz(z, 2,t) + v, (v,2,t) = 0. (1.3)

This is also known as the law of conversation of mass.
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Figure 1.1: Setting

Furthermore, the flow of the liquid is assumed to be irrotational, i.e. the circulation for all
closed curves is zero. This means

uy(z, 2, t) = ve(x, 2, 1) (1.4)

Thus we can find a function ¢(z, z,t), called the velocity potential, such that

flz,2,t) = grad (¢(z, z,t)) = (¢=(x, 2, 1), P, (x, 2, 1)) . (1.5)

Using (1.3), we know that ¢(x, z,t) has to satisfy the Laplace equation

Ap(x,z,t) =0  for(x,z) € [by,a+by] X [—-h,0],t >0, (1.6)

where A¢ = ¢pp + ¢

Now, consider the boundaries. Assuming that the bottom of the basin is fixed and the sides
of the basin are displaced with by(z,t) and bs(z,t), respectively, the fluid at the boundary
should be moving at the same speed as the boundary itself. For the left boundary



= ¢cc - bl,t - bl,z¢z = 0 atx=10b;. '
Similarly, for the right boundary
%(x—(CH—bQ)) = 0 atz=a+b (1)
= ¢m_b2,t_b2,z¢z = 0 atz=a+0b,. ’
The bottom boundary is rigid, thus
9z _ S
5 = 0 at z=-—h (1.9)

= ¢, = 0 atz=—h.

Now consider the top free surface boundary. The particles on the boundary have to move at
the same speed as the boundary itself.

9O@—~2) = 0 atz=0

at
= 0+ 6,0, — ¢, = 0 atz=0. (1.10)
Bernoulli’s law yields
1 x
90 + 61(x,0) + 1 (60,0 + 0:(r,0)?) + p(p) 0,
where p(x) is the pressure given by
(@) = t
pz) =5 —F/—— 5 = const.
y1+62) .
and g is the gravity constant.
Introducing T = 2 as the ratio of surface tension to density, the two previous equations

together become

1, 1., O
- - - 7_0-
Ot T 90+ 50a + 50: — 1 (1+©2)3/2

Using the Taylor expansion of the denominator - only the first term is needed - yields

¢t+g@+;¢§+;¢§—mm<1—‘;’@i):o at 2—0O. (1.11)



Hocking’s edge condition can be stated as

®, = 06; forx=a+by,

1.12
c®, = -0, forz=10b ( )
for some experimentally determined constant c¢. This condition means that the movement
of the free surface at the side boundary is proportional to its normal derivative. In other
words, the faster the surface at the side boundary is moving, the steeper it is.

The equations (1.6) to (1.12) together make up the governing equations on which the up-
coming chapters are based.



Chapter 2

Linearized equations and simplified
edge conditions

2.1 Introduction

In this chapter, the governing equations are linearized. Following [31], an equation for the
eigenvalues is found. This equation has infinitely many solutions. Approximations for the ten
smallest solutions for a specific set of parameters are presented, and an asymptotic expansion
of the eigenvalues for the deep-water problem is derived.

Based on a simplified edge condition, the nonlinear equations are discussed for forcing of
third order with a frequency that is close to an eigenfrequency of the system. It is assumed
that both the velocity potential and the surface displacement are of first order and have
asymptotic expansions. Using a two time-scale approach, the first- and second-order ap-
proximations which contain a slowly varying function p(7) are found. Then the third-order
equations yield a solvability condition that is used to obtain a complex-valued differential
equation for p(7). It is shown how the coefficients of this differential equation change if the
simplified edge conditions are replaced with special cases of Hocking’s edge condition.

2.2 Eigenvalue equations

2.2.1 Linearized equations and derivation of eigenvalue equations

We linearize equations (1.6) to (1.12) and assume
oz, 2,t) = “'®(z, 2) and O(z,t) = e“'((x).

10
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Thus ¢;(z, 2, t) = iwe(z, 2, t) and ((z,t) = iw((z,t). Cancelling the factor €' in each equa-
tion and assuming that b; and by contain higher-order terms only, the linearized equations

for ®(x, z) and ((z) are

A®(x,z) =0 for (x,z2) C0,a] x[—h,0], (2.1)

O, (r,2)=0 for v=0,z=a, (2.2)

®,(r,z) =0 for z=—h, (2.3)

b, (x,2) =iw((x) for z=0, (2.4)

iwd(x, 2) + g((x) = T(4(x) for z=0, (2.5)
c(p(x) = 1wl(z) for z=a, (2.6)

c(e(r) = —iw((z) for x=0. (2.7)

Let k, = "* and ,(v) = cos(k,z). The Fourier transforms of ® and ( are then given by

O,(2) = /an)n(m,z)fn(x)dw, (2.8)
6= [ @@ (29)

The inverse Fourier transforms are

O(x,2) = Zl N, : (2.10)
((z) = i: C”%Ex) . (2.11)

Here, N,, = [§ &(x)dz is a normalization factor. With &,(z) = cos(k,z), we have N, = 3a .
For the Fourier transformation of the equations, we have to use integration by parts. Taking
into account that the boundary terms vanish and that we have &, .. (z) = —k2&,(z), we get

/Oa En(2)Ppp(, 2)dx = /Oa —k26,(2)® (2, 2)dr = — k2D, (2).

Furthermore, the derivatives of ®,(z) are given by

. (2) = /:@Z(x,z)fn(x)dx and (2.12)

us(z) = [ Ouule,2n(a)da (2.13)



12

Multiplying (2.1) with &,(x) and integrating with respect to  (from 0 to a), we obtain
| a0 e @de = [ @b@)dot [ nti(a)da
= &,..(2) - k2®,(2) =0 for z € [~h,0]. (2.14)
Applying the same steps, (2.3) can be written as
/O "®.(2,2)n(a)dr = Pr(2) =0 forz=—h (2.15)
and (2.4) becomes

/Oa O (x,2)&(2)dr = iw /Oa C(z)&n(x)dx for z =0,

thus D, .(0) = iw(, . (2.16)
For (2.5), we need to use integration by parts and the conditions (2.6) and (2.7). Then

/Oa Coz ()& (z)dz = /0 —k2¢(%)&n(2)d — V:C(x)gn(ac)}z (2.17)

(where the corner brackets denote the sum of the evaluation at the upper and lower value)
and

w/oa (2, 0)6n(x da:+g/ 2)en(x da:—T/ Conn( (2.18)

together become

w,(0) + (9 + TG = — | “C(@)éala)] - (219)
0
The general solution of (2.14) can be written as
®,,(z) = ay, cosh(k,(z + h)) + b, sinh(k,(z + h)) . (2.20)

Consider the condition (2.15) to see that b, = 0. Furthermore, a, is now determined by
(2.16) :
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@n,z(o) - ankn Slnh(knh) = Zujcn = Ay = % .
Thus, we finally have
@, (2) _ Wn h(kn(2 + h)) (2.21)
nl2 o sinh () cosh(k, (2 , .
1w,
ially @ = 2.22
especially (0) o tanh (o) (2.22)
Plugging (2.22) into (2.19), we get
w? wT
T 11, L\on T k> n=—— " @ ,
F (e o T TEDG = === @)@l
—w? + (g + T k})ky tanh(k,h) T .
o F tanh (o,h) =~ K@)
Introducing
wy, = (9 + T ky)ky tanh(k,h) (2.23)
this becomes k. tamh (k) T
n Lal( Ky ) W a
Gn = w? — w2 c [C(z)&n(2)]g - (2.24)
To simplify notation, let
k,, tanh(k,h)
2, = B (2.25)

I £l
inverse Fourier transformation(2.11), we get

Introduce [ = \/§ and v = 5. Then we have <L = 2l Using (2.24) and (2.25) with the

1 20,2 [C(F) cos b, cos(hr) = (), 226)
L D (1)) +C(0)] cos(knr) = —in((x).
It is important to keep in mind that ~ is dependent on w.
Plugging in z = 0 and = = a, (2.26) yields two linear equations in ¢(0) and ((a) :
C(a) 2%1 20:1(_””971 + Q(O) 2%1 Zzo:l Qn + i7 = 0 3 (2 27)
Cla) P20 Qutiv] + C0) PXE (1)) = 0. '
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We want nontrivial solutions for ((0) and ((a) to be possible, so the determinant of the
coefficient matrix has to vanish. For convenience, let o0 = 377 g, and 7 = 307, Oy, 1.
We get

a a

2gl(a—7’)r— [29l(0+7)+z’yr:0

[\
~

= 2o-7) + (Elo+7n)+iy) = Lo+iy = 0
or Wl —7r) — B+ +iy) = —2r—iy =

l
a a

(2.28)

[\
o~

S|

Recalling the definitions of o, 7 and €2,,, see (2.25), we obtain the equations for the eigenvalues
from (2.28) :

4il > kgntanh(kgnh)

>

a n=1

491 & kon—1 tanh(kg,—
491§ koo tanhlkonah) -, (2.30)

2 2
W — Wop—

Tl —iry (2.29)

or

a n=1

It should be emphasized that an eigenvalue only needs to satisfy one of these equations.

2.2.2 Discussion of the equations for the eigenvalues

Note that the equations (2.29,2.30) contain infinitely many terms. The consequences are:

e We expect the equations to have infinitely many solutions.
e We cannot expect to find all solutions in an explicit form.
e It is possible to find numerical approximations to some solutions.

e We can obtain an asymptotic expansion for very large solutions.

If w is supposed to be small, we can obtain solutions by assuming that

1 1
tanh(k,h) =~ 1 and = for n>N.

2 _ 2 _—u2
w? —w? w?

We use Mathematica to obtain approximate values for the first ten solutions of the equations
for the following set of parameters:

N =50;c=1,9g=98lL,a=1h=1l=1,T=1.
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13.7212 + 0.3177 1, 25.507 + 0.3235 1,

40.6831 + 0.3457 ¢, 57.528 + 0.3472 1,

76.729  + 0.3569 1, 97.414 + 0.3581 1, (2.31)
119.982 + 0.3645 1, 143.88 + 0.3660 ¢,

169.384 + 0.3709 1, 196.03 + 0.3726 1

Here, the values in the left column are solutions corresponding to (2.29), whereas in the
second column there are solutions of (2.30).

Having found some small solutions, we now want to find an asymptotic expansion for solu-
tions with |w| — oo. For this purpose, we restrict the discussion to the deep-water problem,
i.e. h = 0o or, in order to maintain relevance for applications, very large. Thus we have

tanh(k,h) =1 for all n. (2.32)

Set

w? = gkim(1 + km?) where = kil. (2.33)

Plugging this into (2.29, 2.30) and taking into account (2.32), we get

n 1
Ziny =0
/{zn: m(1 + k2m?) — n(1 + Kk?n?) * 1™

or, after rewriting the denominator,

3 ” +5im =0
K —imy =0.
— (m —n)[(1 +k2(m?>+mn+n?)] 4 7

Here, in both equations as well as in the following equations, the sum is taken either over
all even or all odd integers.

After partial fraction expansion, this becomes

Km 1 Km e —ip 1 1
——1Im |2 —imy =0 2.34
;<1+3ﬂ2m2m—n p mlgl-@—kip(nvL;m)ff—ipD—i_élmw ’ (2:34)

where p = /1 + 3k2m?2.

For further work on the infinite sums, the logarithmic derivative of the gamma function,
¥ (2), is useful. Some of its properties are stated in Section 5.3 of [1]:
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"1

Yn+142) = ¢(z)+]§z+j, (2.35)
P(1—2) = (z)+ meot(nz), (2.36)
P(z) =~ In(z)— 212 +0 (;) for z — oc0. (2.37)
Using these formulas, we can say
SUE T T e g ).
S Y TR S O |

where v =0 and N even if n is summed over the even integers,
v=1and N odd if n is summed over the odd integers.

Applying (2.38) to (2.34) and taking the limit N — oo, the evaluations of ¢ at terms
depending on N cancel and we obtain

1ﬁﬁﬁ@w<+2—;+zwuam—v»

1+3 H2m2——2/imp 1 (239)
—i—;—plm v e V(g 2’;@—1—12’}) = —qimy.

For the asymptotic expansion, we only consider the leading terms of this equation. First,
we consider the leading order terms for parts of the equation, making use of the Taylor
expansions:

o
N

c ~ £ -

VT U s AT
po= J1+3r2m2~ Lrm,
Km ~ 11
X Tean2m? "~ 3nm 11
5= = gl byl e (240
eot(5(m—v) ~ § [ s
1 N
2p 3k
1+352m2—ipnm ~ 1
BT A 2\/5 ’
Yo fit s o~ In(m)+In(; - ).

In the fifth of these equations, the substitution m = a + bi has been used.
Substituting all of these into (2.39), we get
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11 ln(%) + 7(i—ie’™ cos((a+v)w)+e’™ sin((a+v)T))

3km 2 . 14e2bm —2¢bT <\:})§((a+u)7r) ' X (241)
(5 — 575G — ) +In(m)] = —§m=2.

We expand this equation and set m = a + bi to get

TrLl web™ sin((a+v)m
\/52/% <2x/§(1+e%w2££wtos)((l+y)7r)) + % arctan(—\/g) + % arctan(g) o
. 1—eb™ Cos((a-l,-y)ﬂ') 1 b - emi .
T [2\/3(1-1-6%'"—2617“ cos((a+v)m)) + 23 arCtan(a)] > = T

As we make m large, it is likely that the evaluations of the trigonometric functions converge
to a certain value, thus we assume

a

b

2n—v+ A(n),
B(n).

(2.43)

In (2.42), the terms in big parentheses need to go to zero for |m| — oo to make up for the
factor m?. However, they must not converge too fast, as the right side of the equation does
not vanish. The assumption B(n) = o(n) is thus justified. This means arctan(2) — 0.

Using (2.43), we set the imaginary and the real part of the big parentheses in (2.42) to zero:

web™ sin(Am) . 1 _or
21/3(1+4e2b™ —2¢b™ cos(Am)) 2 arctan( \/g) 60
1—eb™ cos(Am) - 0
2v/3(14-€20™ —2¢b7 cos(Am))

(2.44)

From the second of these equations, we conclude cos(Am) = ¢B™ and plug this into the first
of these equations. To solve for B, set z = e®™ and solve for z first:

1 —x2 1 2 —1 1

== =—=1=+2.

1+22-2 3 22—-1 3

This means B = @ = 0.2206356 and thus A = %arccos(%) = % The asymptotic expansion
for m is then

1 In(2
m=a+ib=2n—v+A+iB=2m—vts+ n(2)

i (2.45)

™

Now we go back to (2.33) and plug in the expansion for m to finally get the solutions for
(2.29, 2.30). Looking again at leading order terms only, we get
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gms 3 gm 1.
w =221/ e+ 3I(2)l [ gni (2.46)

as the desired asymptotic expansion for eigenvalues.

2.2.3 Asymptotic expansion of ||(]|

Solving (2.27) for ((a) and using the definition of ¢ and 7 introduced there, we get

Cla) = (%3000 +i) (2T 1") <)

- 2.47
= (2%(0+T>+m)(%l<a—7)) ¢(0). 247)

Using the first equation of (2.28), this would simplify to {(a) = ((0), whereas using the other
equation would yield ((a) = —((0).

Squaring (2.46) we get the leading order terms for w?, :

2
_8129 m® +12iv2In(2) - 1Pm? (2.48)
a

Then using those leading order expressions together with (2.24), we get

G = =2 ["MT (2\/’ z Wm3/2+31n(2)1g’f§’m1/2z')]

49
/{ (8[29”37” +12iy/21In(2) 2 a2 2,2 T )} (2.49)

for n even or odd, depending on which equation of (2.28) had been used, the other coefficients
vanish. Recalling g1? = T, this can be simplified to

i(4m3/% 4 31n(2)m1/?)
8mm3 + 12iv/21n(2)m? — mn3

G = fn (2.50)

for some [ independent of m and n.

Now use the Inverse Fourier Formula (2.11) to get a formula for {(z). We can now calculate
the norm of ( :

I = f (S0 260 cos(hnn))’ dz = 252, 1C2]

Z 2 2 2 16m>4-91n(2)2m?
- m2(8m3—n3)242881n(2)2m?

(2.51)
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where n is summed over even or odd integers only. To find the sum, we split it up:

e for n < 2m —mP — 1, we have terms of order O(m?2y) = O(L), so the first sum is

mo
O(1).

o for 2m +mP + 1 < n < 3m, we have terms of order O(mz%), so the sum is O(y/m),
if p > %5.

e for n > 3m, we have terms of order O(>0°, "1@”3) < O(1).

For the remaining terms (which will turn out to be dominating), we write

D 2322 16m3+91n(2)2m?

n g m2(8m3—n3)242881n(2)2m*

252 EQm—i—mP n2 16m3

a n=2m—mP " 72(n—2m)2(n2+2mn+4m?)2+288In(2)2m* (2 52)
2 52 E2m+mp n2 16m~" )

a n=2m-—mP "% 712(n—2m)2(4+4+4)2+2881n(2)2

252 mP 64m

a n=—mP 14472n2+2881n(2)2 °

Q

Q

Q

Now we take m — oo. For n summed over even integers only, the limit is %m x0.00779662,

. . . e, . 2
whereas in the case of summing over odd integers only and m — oo, the limit is %m X

0.00160927.

So, these are the dominating terms, and ||(|| is the square root of the above result, in each
case:

e n summed over even integers: ||| = 0.99796736%\/5,

e n summed over odd integers: ||| = 0.20598656%\/ﬁ.

2.3 Nonlinear theory for simplified edge conditions

2.3.1 Equations for first- to third-order approximations

To simplify higher-order approximations, simplified edge conditions are used. The modified
model consists of (1.6) to (1.11) and the edge conditions

O.(x)=0 for z=b,r=0a+b, (2.53)

where b; and by are the time-dependent movements of the side boundaries.
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A second slower time scale T = €%t is introduced, where € is meant to be small. The functions
b1, by are assumed to be of third order, i.e. b;j(z,t,¢) = €3B;(z,t) for i = 1,2. The solution
is assumed to be of the form

Qb(ﬂf, Zath) = €¢1($7'Zat77—) + €2¢2<I727t77—) + €3¢3($727t77—> )

O(x,t,7) = €Oy(x,t,7) + €Oy(x,t,7) + €O4(x,t, 7). (2.54)

Expanding (1.6) to (1.11) and (2.53), we obtain the following equations for the functions
¢i(z, z) and O;(z) wherei =1, 2, 3:

For (z,2) € [by,a + bo] x [=h,O(z)] ,

Ap=0
= A¢1 = O,
Apy = 0, (2.55)
Aps = 0.
At x = b1 s
(rbz - bl,t - bl,z¢z =0
= ¢1,I = 07
P2 = 0, (2.56)
¢3,:E = Bl,t )
with all evaluations at (0, z,¢, 7).
Atz =a + b2 s
¢w - b2,t - b2,z¢z =0
= gbl,x = 07
$2. = 0, (2.57)
¢3. = Bay,
with all evaluations at (a, z,t, 7).
At z=—h,
¢z =0
= ¢1,Z = 07
¢2: = 0, (2.58)

¢3,z = 07
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with all evaluations at (z, —h,t, 7).

At z = O(x),

@t+@x¢x_¢zzo-

To have evaluations at 0 rather than at ©(z), Taylor expansions are used:

01+ (60 + O0r. + 0() 0, — (02 + 0. +560%...) =0,

Collecting terms of the same order yields

O1t—¢1. = 0,
Ot — P2, = —01014+ ¢1..01, (2.59)
@3,15 - ¢3,z = - (¢2,x@1,x + ¢1,wz@1,x@1 + ¢1,x@2,:c) ’

+ (gbl,zz@Q + ¢2,zz@1 + %gbl,zzz@%) - @1,T )

with all evaluations at (z,0,t, 7).

Also at z = ©(x),

1 1 3
Gt 90+ 36+ 502~ TO,, (1- 62 ) =0.

In addition, we have

P2(x,0,6,7) = (¢p+ Oy, + O(6%))? = 2 + 20¢, ¢, + O(e),

®(z,0,t,7) = € %x + 26301 P20 + O(e?),

G(2,0,t,7) = ¢+ Oy, + %@2¢tzz + O(e)
and similar expressions for ¢?(x,©,t, 7). The evaluations are at z = 0 unless explicitly stated
differently. Thus we have

¢1,t + 961 - TG)l,xx =0

G2t + 902 —TO2,, = —O1014 — %Qﬁx - % %Z ;
¢3,t + 963 - T®3,mc = _(¢1,x¢2,x + @1¢1,x¢171‘z) - (¢1,z¢2,z + @1¢1,z¢1,z2)
- (@1¢2,tz + @2¢1,t2 + %@%gbl,tzz) - %T@Lx:c@ix - ¢1,7’ .
(2.60)
Finally, (2.53) gives us for x =0 and 2 = a
61,1 = 07
O, = 0, (2.61)

O3, = 0.
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2.3.2 First-order approximation

Now we assume

(bl(JJ,Z,t,T) = eth+i>\TcI)1(x7Z7T) )

Oula.t,) = VG (7). (262)
Proceeding the same way as with the linearized equations with Hocking’s edge condition,
equations (2.14) to (2.16) can be established. Since we now have the simplified edge condi-
tions, we can replace (2.17) with

[ @@z = [ k@)@ (263)

As (2.18) is unchanged, we now get

iw®y,,(0) + (g +Tk2) G = 0. (2.64)

Equations (2.20) to (2.22) remain unchanged. However, we can now solve for (; ,, by plugging
(2.22) into (2.64) :

w? 2
~ Ftan(kon) Sn (g+Tk)Cn = 0, (2.65)
—w?+(g+T k2)k, tanh(k,h) 0 .
Cin %, tanh(kn,h) :

To avoid the trivial case of all (,, being zero, we need the second factor to vanish, i.e. we
need

w? = (g+Tk?)k,tanh(k,h) for some n ,
SO w = :I:\/(g + T k2)k,, tanh(k,h) for some n .

(2.66)

Thus (i, = 0 for m # n, (1,m = const. for m = n. Going back to (2.10) and (2.11) and
using (2.62), the solutions are

O(z,t,7) = e“mtTA2p(r) cos(kn),

o1z, 2,t,7) = eint+iAT%#}% cosh(k,,(z + h)) cos(kpnx) ,

(2.67)

where p(7) is a complex-valued function to be determined.
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2.3.3 Second-order approximation

The solutions should be real-valued, thus we let ¢ = ¢, + ¢; and OF = O, + O, instead
of ¢1,0;. From now on, "+c.c.” stands for adding the complex conjugate of the previous
expression.

The right side of the second-order equation in (2.59) then is

ﬁx(x,O,t,T)@R (x,t,7) + ¢ zz(x,O,t,T)@f(x,t,T) =
= —(@@@ﬁjﬁy+%¢@ﬂjmn(@m@jﬂ)+@mwjmn
+(61,02(2,0,8,7) + f122(2,0,£,7)) (On (2, £, 7) + O1(2,1,7))
= —012012 — 012012 + 1.:01 + ¢1..01 +c.c.
= Lhmen coth(k,,h) cos(2km) (e%(“mt“”p (1) + p(T)p(T )) +c.c.
= Akmem coth(ky,h) cos(2k,z)eX @t AT P2 (1) + c.c.

(2.68)

The right side of the second-order equation in (2.60) becomes

—O7¢1, %( ) %((b z>2 ) ,
= - (@1 + 91) (¢1 tz T ¢1 tz % (¢1,x + E) - % (¢1,z + R)
= (—O1¢1s. — 303, — + (201010 = 3010010 — 301:01) Hee g0y

w2 cesch?(kmh)p? (1) eQz(wmtJr)\T)
- 2
[¢)

X (—1 — 2cos(2k,,x) + 2 cosh(2k,,h) + cos(2k,,x) cosh(2k,, h))
+£ﬁﬁﬁmf( p(r)p(r) + p(T)p(7) c08(2km) cosh(2kmh) ) + c.c.

a2

This leads us to the assumption that the second-order approximation has the following form:

Oy(z,t,7) = ¢1008(2kma) + ¢1 9,2t cos(2k,,7)
+cg + Cp9,€2@mtHA) L ce.
Go(x,2,t,7) = (dl c08(2k ) + dj 9,eF@mt+AT) cos(2kmx)) cosh(2k,,(z + h))
I T

(2.70)

Because of (2.61),

/a Oue c08(2k,x)dr = —4k2, /a O cos(2ky,x)dx .
0 0

Both sides of (2.59) and (2.60) are now multiplied by cos(2k,,z) and integrated from 0 to
a. Using the previous relation and defining «,,, = g + 47T k2, the following equations for the
coefficients are obtained:
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—2k,, sinh(2k,,h)dy = 0,
2w 1.2 — 2k SN (2K, 1) d1 2, dikmeen”(7) coth(k,,h) ,

2wmCao, = 0,
ey = fm ( )p(7) cosh(2kh) csch?(knh) (2.71)
gcy = g )TQ)CSCh (kmh),
Q€120 + 21wy, cosh(2k,,h)dy 2, = hai ; )( 2 + cosh(2k,,h)) ,
w2, csc h)p

“() (2 cosh(2kh) — 1) .

g €22 + 21wy, da 2,

Solving these equations yields

w2, p(T)p(T) cosh(2kmh) csch? (kmh)

1 = — @2am )
cy = _w,%Lp(T)p(T)2csch2(kmh) :
kw2 p?(1)(5 gosgh(kmh)—i-cosh(?)kmh)) csch(kmh)
Clow = a? (2w2, cosh(2ky h)—kmaum sinh(2km b)) ’
22w = 07 2.72
_ iwmp?(T) cschQ(kmh)
d172w T a?(2w?, cosh(2pkmh)7kmam sinh(2km, h))
(2“)51 — w2, cosh(2k,,h) + kpag, sinh(?k:mh)> :
—iWm 2(r cos mh)—1) csc 2 m
dyn, = p*(7)(2 h(g; h)—1) csch® (kmh) -
2.3.4 Solvability condition from third-order equations
The third-order approximation ¢3 needs to satisfy (2.55). Multiplying by
cos(k,,x) cosh(k,,(z + h)) and integrating over the whole domain, we get
0 a
/ (/ (D320 + P3.22) cos(kyx) cosh(ky, (2 + h))dx) dz=0.
—n \Jo
After doing integration by parts twice, we have
I (3.0 cos(kma)|& — K2, [ 3 cos(kpa)dx) cosh(k,, (2 + h))dz
+ Jit (63 cosh(km (2 + ))|%), = Kang sinh (ki (2 + h))[%, (2.73)

+k2, [°), ¢3 cosh(kn (2 + h))dz) cos(kpr)dr = 0.

Making use of (2.56) to (2.61), we obtain after rearranging
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I, ((=1)" By — Byy) cosh(ky, (2 + h))dz

+ g (1wm cosh(knh) + 2= (g + Tk2,) sinh(kmh)) O3 cos(kpx)dx

— J5 ([r-s. (2.59)] cosh(k,,h) + me[rS (2.60)] sinh(k:mh)> cos(kpx)de = 0.
(2.74)

Note that the expression in parentheses in the second line vanishes by (2.66). Also, taking

the complex conjugate has to be applied to the factor ﬁ in the last line as well. For

simplification, we only consider the terms that are relevant for discussing resonance, which
are the terms with frequency w,,. The terms in the second-order approximation are split up
into terms that are constant with respect to time and terms that have frequency 2w,, :

@2(1:7 t; T) = 620071(1:7 ta T) + @2050<x7 ta T) )

2.75
¢2(ZL‘,Z,'[J,7‘) = ¢260n($72at7T)+¢2080($a27ta7—)' ( )

The right side of the third-order equation in (2.59) is then

- (¢2,x@1,x + le,mz@l,r@l + ¢1,m®2,:p) + (¢1,zz®2 + ¢2,zz®1 + %(bl,zzz@%) - @1,7
= _(@1,x¢2wn,x + @1,m¢2050,m + ¢1,xz@1,x@l + ¢1,xz@1,:1:@1 + (bl,a:z@l,x@il
+¢1,x@200n,x + ¢T,:C®2050,x>

+ (le,zz@Qcon + ¢1,zz@2osc + ¢200n,zz®1 + ®7l¢2osc,zz + gbl,zzz@l@il + %Qﬁl,zzz@%)
-0, +cc.,
(2.76)

where only terms of frequency w,, have been considered. Similarly, the right side of the
third-order equation in (2.60) is now

— (D10020 + O101 201.22) — (D102, + O101 P71 22)
- (@1¢2,tz + O201 4, + %@%le,tzz) - %T@LZ‘:E@%I — P17
= - (¢T,:E¢2osc,m + O1.2P2c0m,z + @1¢1,x¢1,xz + @1¢T,a:¢1,:cz + @1¢1,x¢17,m)
- ¢T,z¢203c,z + O1,2P2com,> + @71¢1,z¢1,zz + ®1¢T,z¢l,zz + @1¢1,z¢17,zz>
— (810205012 + O10200m.12 + O20cB11= + O2eonbi 2 + 10161 12 + §6701:: )
— (376,107, +376,.4:01.01,) — b1, + c.c.

(2.77)

Working out the equations and assuming that the forcing terms are of the form

Bi(z,t,T) = (iwm)_lei(Wmt+’\T)fi(z) , (2.78)
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equation (2.74) becomes a differential equation for p(7) :

ap +ealpl’p+csp+es=0. (2.79)

The constants in this equation are given by

¢y = 2cosh(k,h),
co = —imm csch®(ky,h)
X (—729/{31T&mw72n + 12gk2 a2 w?,
+2w? (320w + 63gk: Ty, + 4gkma?, — 3gkZ,a2, + 12gwh ) cosh(2k,,h)
—12gk2, 00, (62T + cv )w?, cosh(4k,h)
+(18gkt, Tovw?, — 8gkma2,w?, + 6gkZ,aZw?, + 8gws,) cosh(6k,h)
+(—45gk> T2, + 8gamwn, — T6gkmamwt — 32k,,a2 w? ) sinh(2k,,h)
+(36gk> Ta?2, — 32gamws, + 249k, amws,) sinh(4k,, h)
+(=9gk2, T, + 8gamwt — 12ga, kpwt) sinh(6kmh))
/(32a3gamwm(—2w3n cosh(2kp,h) + Ky, sinh(kah))) :
c3 = 2iAcosh(k,,h),
ca = Jo((=1)" fal2) = fi(2)) cosh(km(z + h))dz . 250
2.80

2.4 Modifications for some special cases of Hocking’s
edge condition

Here we discuss the modified governing equations consisting of (1.6) to (1.11) together with
special cases of Hocking’s edge condition. We use (1.12), but with additional assumptions.

2.4.1 Assumption: ¢ =%

First we assume that e = 2. We get equations (2.55) to (2.60) as in Section 2.3 , but (2.61)
now splits up into

@1,50 = Oa
@271 = Z@l(l’)

, (2.81)
@3’1 = 2Z@2($),

evaluated at x = a, and
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@1,.73 = 07
O, = —iO4(x), (2.82)
@3@ = —2262 (l’) s

evaluated at £ = 0.

These changes also affect the work on (2.60). Assume now that the solution has the form

Oq(m,t,7) = c1c08(2knx) + ¢1,0,eP @A) cos(2k,,x) + co
+C272w62i(u)mt+/\7') 4 Cwei(wmt-l-)n') + c.c.,
o, 2,t,7) = (d1 c08(2kmr) + dy g,e? @mtTAT) cos(2kmx)) cosh(2k,,h)
+d2 + d272w€2i(wmt+)\7) 4 dwei(wmt-i-)w-) +c.c.

(2.83)

To find the solution of (2.60), this equation is multiplied by cos(2k,,z) and integrated from
0 to a. Its left side now is

Jo (P2t + gO2 — T'Og 1) OS2k x)dr =
= jwna e2i(wmt+AT) cosh(/{:mh>d172w + (g + 4Tk72n)%cl (2.84)
g+ AT g ey, — AL on B (1 1),

where we have used

Iy ©2.24 cos(2k,,x)dx
= O, cos(2k,2)|¢ — [ O2.0(—2ky, sin(2k,,x))dx
101 (a) — (—101(0)) — 4k2, [3 O cos(2k,,x)dx
= Zeilmt M p(r)((=1)™ + 1) — 4k2, [§ O2 cos(2ky,x)d .

(2.85)

As this setting is very similar to the one in Section 2.3 ;| the coefficients appearing in (2.72)
turn out to be the same. From (2.59) and (2.60), we get for the remaining coefficients:

Wwpc, = 0,
gcy, + Zwmdw = HT((=1)"+1)p(r) . (286)
Solving this yields
Chb = Oa
4 = DT (2.87)

Note that the only change compared to the second-order approximation in Section 2.3.2 is
the additional part with frequency w,,. However, those terms do not influence the terms in
the third-order equations that have frequency w,,, the frequency which is critical when the
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possibility of resonance is considered. Thus the system of equations and the solutions for
p(7) are the same in this case as in Section 2.3.4.

2.4.2 Assumption: €

2 _w
¢

This time we assume that € = <. We have equations (2.55) to (2.60) from Section 2.3 .
Instead of (2.61), we should use

@l,z = 07
O, = 0, (2.88)
@3@ = Z@l(l‘) s
evaluated at x = a, and
@1,J: = Oa
Oz, = 0, (2.89)
@3,x = —261 (l’) s

evaluated at £ = 0.

Thus, the first-order approximation and the second-order approximations remain unchanged,
when compared to the ones found in Section 2.3 . For the third-order solvability condition,
nothing changes but the left side of (2.60). It is now

Jo (P31 + 9O3 — T'O3 1) cos(kpx)dr =

o 9.
= f()a(¢3,t + <g + T/f?n)@s) COS(kmx)dl’ _ %ezwmt-‘r)n')p@-) ’ ( 90)
where we have used
1o O34 cos(kpx)dx
= O3, cos(kn2)|d — [§ O3.2(—kp sin(ky,x))dx (2.91)

i(—1)"01(a) — (—i01(0)) — k2, [5 O3 cos(ky,x)dx
= %ei(wmt+>‘7)p(7) — k2, [ O3 cos(ky,z)dz .

This yields a differential equation of the form (2.79) with ¢;, ¢y and ¢4 given by (2.80), and

4k, T
c3 = 2iA cosh(k,,h) + i sinh(k,,h) . (2.92)

AWy,




Chapter 3

Forcing frequencies that are sums of
eigenfrequencies

3.1 Introduction

In this chapter, the case of simplified edge conditions is studied for a forcing that is of second
order with frequency close to w,, + w, where w,, and w, are eigenfrequencies. This forcing
has an effect on the eigenmodes of frequency w,, and w,. As before, the first- and second-
order approximations are found. These now depend on two slowly varying functions p,,(7)
and p, (7). The third-order equations yield two solvability conditions which in turn yield
complex-valued differential equations for p,,(7) and p,(7). In [7] , [8] and [22], this system
of differential equations has been discussed. Knobloch et al. [22] were the first to show that
the system can be reduced to one real-valued differential equation for p = |p,,|>. To avoid
restrictions that need to be satisfied using p = |p,,|?, a real-valued differential equation for
p = Bi|pm|* + Ba|pal? is used. All of the solutions to this differential equation are presented.
For each case, the behavior of the radii and angles of p,, and p, is analyzed. We also find
the equilibria and some periodic orbits of the original system. A condition for existence of
homoclinic orbits connecting the trivial equilibrium is given and the points that are on those
homoclinic orbits are described. These results are confirmed by a numerical example.

3.2 First- to third-order approximation and solvability
conditions

The boundary forcing terms are assumed to be of the form

29
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be(z,t,7) = EBp(z,t,7) = € (i(wm 4 wy)) " @mtenttidr g ) Lce (k=1,2).
(3.1)

To have second-order terms of frequency w,, + w,, the first-order solution has to be a linear
combination of the first-order solutions for frequencies w,, and w,,.

Equations (2.56, 2.57) have to be replaced. To get conditions at z = 0 and = = a rather
than at the moving side boundaries, Taylor series are used. The new equations are

¢1,ax - 07
¢2,z Bl,ta (32)
¢3,x = Bl,z¢1,z - Bl¢l,x:r: 5

with all evaluations at (0, z,¢,7), and

(,bl,:v = 0 )
P2,z Bay, (3.3)
¢3,x = BQ,Z¢1,Z - Bngl,mx s

with all evaluations at (a, z,¢, 7).

3.2.1 First-order approximation

As the first-order equations are linear in ©1, ¢ and their derivatives, the first-order approx-
imation is the sum of the approximations in (2.67) :

O (z,t,7) = € 2p, (1) cos(kpx) + € 2p, (1) cos(kyx) + c.c.
o1z, 2,t,7) = eiwm%% cosh(ky,(z + h)) cos(kyx) (3.4)

+eiwnt%7k§§§ﬁ&)}l) cosh(k,(z + h)) cos(knx) + c.c.

3.2.2 Second-order approximation

The procedure here depends on the f; in (3.1).

a) f; can be written as sums of cos(j7z)

To get back from the second-order equations (3.2, 3.3) to the homogeneous second-order
equations (2.56, 2.57), a function Wy such that vy = ¢o— VU, satisfies (2.56, 2.57) is considered.
The equations for W, are



AV¥y = 0  on[0,a] x [—h,0],
Vo, = By forz=0,

Uy, = DBy forz=a,

Wy, = 0 for z = —h,

Wy, = 0 for  =10.

Doing separation of variables, we assume

Uy(z, 2,t,7) = lomten)ttidr 579 | Xi(2) Z;(2) + c.c.

Plugging this into the equations and assuming [; # 0 yields

() XJ(@) = EX(),
(i) Z1(:) = ~BZ,(2),
(111) z (wm4wn )t+iAT Z X/ (O)ZJ (Z) —_ Bl,t ’

(IV) et (wm4wn ) t+iAT Z X/( )Z] (Z) _ BQ,t :

(v) Zi(—h) = 0,

(vi) Z:(0) = 0.
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(3.5)

(3.6)

In order to be able to handle (iii) and (iv) and considering the remaining equations, it is

assumed that

Xi(x) = wjcosh(l;z)+ w;cosh(lj(x —a)),
Zij(z) = cos(ljz),

where [; = j7. Now plug (3.6) into (iii) and (iv) of (3.7) to get

22520 wy I sinh(—l;a) cos(l;2)
22520 vy I sinh(l;a) cos(l;2)

fi(2),
fa(2).

Multiplying both sides by cos(l;z) and integrating from —h to 0 yields

v; = m[ fz( )COS(ljZ)dZ.

For ¢9 and O to satisfy (2.55, 2.58 to 2.61, 3.2, 3.3), ¥, and ©; need to satisfy

(3.8)

(3.10)
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Ad)Q = 0 on [07 CL] X [_h7 0] )
o, = 0 forx =0, a,
o, = 0 for z = —h,
7 11
Oni— o = —01.010 + 6126, for = = 0, (3.11)
Yot + 902 —TO2,, = —0O101, — %Qﬁx — % iz — Wy, for z=0,
Oz, = 0 forz =0,a.

The right side of the fourth equation in (3.11) is now

%pn(T)pn(T)wnn cos(2k,z) coth(k,h)
A2 D (T) i (T )wimm €08 (k) coth (K 1)
+etlem =t A8 coth (ky, h)
x (m cos(kpx) cos(kpx) — nsin(k,z) sin(knz)) pp(7) P (T)wm
+e2emt A cos(2ky,x) coth (ki h)p2, (T)wpm
+eXent By cos(2k,a) coth(k,h)p2 (T)wy,
pellen SOtz (1)), ()
X {coth(knh)wn (n cos(k,z) cos(kpx) — msin(k,z) sin(k,x))
coth(ky,h)wy, (m cos(k,x) cos(ky,z) — nsin(k,x) sin(k:mx))}
+el(@n=wm)t T coth (k,h) (3.12)
X (n cos(kyx) cos(kpx) — msin(k,x) sin(kpnx)) pm(7)pn(T)w, + c.c.
_ ciloneni2igy, ()p.(7)
X {cos(km,n:c)(wm coth(k,,h) + wy, coth(k,h))(m —n)
+ €08 (i 2) (Wi cOth(kmh) — wy coth(knh)) (m + n)|
+e2emt 2 cos(2ky,x) coth (K h)p2, (T)wpm
+e2ent 2 cos(2k,a) coth(k,h)p2 (T)wy,
pellen SN2y (1)), ()
X {cos(km,nx)(wm coth(k,,h) — wy, coth(k,h))(m —n)
+ cos(kpan®) (Wi coth(k,,h) + w, coth(k,h))(m + n)] + c.c.

Here, the constant terms with respect to t are cancelled out. For the terms with frequency
i(wm — wp)t, we added the terms of that frequency and the complex conjugate of the terms
with frequency i(w,, — wy,)t. Using trigonometric formulas, we obtained
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%’r coth(k,,h) (m cos(k,z) cos(kmz) — nsin(k,x) sin(ky,x)) po(T)pm(T)wm
5‘3—? coth(k,h) (ncos(k,x) cos(ky,x) — msin(k,x) sin(k,,x)) pom(7)pn(T)wn
= %pm(7>pn (1)
X [coth(k;mh)wm (m(cos(km—nz) + co8(kmint)) — n(cos(ky—nz) — cos(kmint)))

— coth(knh)wy, (n(cos(km—nt) + cos(kminx)) — m(cos(km—nx) — cos(kmma:)))}

= %pm<7)pn(7—)
x 08 (i) (Wi cOth(kmh) + wy coth(kyh))(m — 1)
+ co8(kmn®) (W coth(ky,h) — wy, coth(k,h))(m + n)} .
(3.13)

The right side of the fifth equation in (3.11) is

m) — coth?(k,,h) sin2(kmx))
o) — coth?(knh) sin2(k:nx)>

Qw‘
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3 )
N
Q
@]
0
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s
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\]
N~—
&
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"
Q
@)
0
N
—~
™

X (2 cos (k) cos(knz)wy, — cos(knyz) cos(k,)wy,
— coth(k,,h) coth(k,h) sin(k,,z) sin(knx)wn>
+e2iemt Zp2 (T)w?, (3 cos?(kpx) + coth? (k,,h) sinz(kmx))
+e2ient 2 p2 (7)w?2 (3 cos?(k,) + coth®(k,h) sin2(knx)>
+ei(wm=wn)t a%pm (7)pn(T)wn
X (2 cos(kmx) cos(knx)w, — cos(knx) cos(kn,x)wm
— coth(k,,h) coth(k,h) sin(k,,z) Sin(k;nx)wm)
Helem )t b (T)pa(T)
X ((wfn + w?) cos(kpx) cos(knz) 4 cos(kmx) cos(knt)wmwn
+ coth(k,,h) coth(k,h) sin(k,,z) sin(kna:)wmwn)
—etwmtwn)tHidTi (4 wy,)
X 32520 (vj cosh(l;x) + wj cosh(l;(x — a))) cos(1;0) + c.c.
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= L (Ipm(7) P2, (1 = coth? (k) + |pa(7)2w?(1 = coth®(kyh)))
+ €08 (2 ) 22 [pm ()22, (1 + coth® (b))
+ cos(2kyx) 5 |pn (7) |Pw? (1 + coth2(k:nh))
+e2ent Lp? (7)w?, (3 + coth® (kb))
+eZiwmt cos(2kmx)a%p%1(7')wfn (3 - cothQ(kmh))
Feient L2 (1)2 (3+coth2(k h))

+e2iwnt cos(2k T) 52 (T ( — coth?(k,h) )
etlemen)t €05 (Kin— nx)azpm( 7)Pn(T) (3.14)
X (202, + 2w? — 2wpw, — coth(k,,h) coth(k,h)(w?, + w?))

e ) €08 (ki) s P (7) P (7
X (2wy, + 2w} — 2wnwy, + coth(k
e om0 (K 2) & pon (7)pa(T
X (wy, + wpp + wwy + coth(kpnh) coth(kph)wnwy)
(T
)

h) coth(k,h) (w2, + w?))

4t c0s(by ) Z ()
X (w2 + w2 + wpw, — coth(k,,h
ez(wm+wn)t+1)\7 (w 4 Wn)
X 32720 (vj cosh(l;x) + wj cosh(lj(x — a))) + c.c.

coth(k,h)wm,wn)

This leads to the assumption that the second-order approximation is of the form

Oy(x,t,7) = ¢ + coemt 4 cze?ient
+(c1.2m + Coame*™@mt) cos(2k,,x)
+(c1.20 + Co2n%m) cos(2k, )
+c_ _elm=en)t cos(ky, _,x) + ey _e'@mten)t cos(k,, )
+e_ qet@mment cos(k, ) 4 ey el @nten)t cog(ky, 1) + c.c.
oz, 2,t,7) = doe®m! + dgeient
+(d1 2m + daome*™mt) cos(2ky,x) cosh(2k,, (z + h))
(d1 om + do 2ne*mt) cos(2k,x) cosh(2k,(z + h))
+d__elwm= )t coS(kpm—nt) cosh(ky,—n(z + h))
+d,_et@mten)t cos(k,.x) cosh(kpy, (2 + h))
td_ e @)t cos(ky ) cosh(kpmin(z 4+ R))
+d+ e@ntwn)t cos(kyyynz) cosh(kpin(z + h))
+ 3000 e @n eI cog (k1) + Wy + c.c.
(3.15)

The equations for the coefficients are:



ga

21W,,Ca

2iWmds + geo

21wy, C3

21w, ds + gcs

—ka Sinh(2kmh)d172m

AomC12m

20wy, C2.9m — 2k, sinh(2k,,h)ds o
Q2mCa2m + 2iwy, cosh(2k,h)ds am,
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7,
0,
2P (7)
0,
Lpa(T)2W2(3 + coth?(k,h)),
O

Lpm (T)Pw?, (1 + coth? (kb)) ,
ZZ”m coth(kn,h)p?, (T)wm ,

TP (7)w2 (3 — coth? (kb))

202 (3 + coth®(k,,h)),

—2ky, sinh(2k,h)dy 2, = O
QonClon = 5|pn(T)|Pw2(1 + coth?(k,h)), (3.16)
2iwy, 2 97 — 2ky, sinh(2k,h)dy 0, = Z“rn coth(k,h)p2 (1w, , '
Q2nCa 25 + 2iw,, cosh(2k h)dQ on = Cszn( 7)w?(3 — coth®(k,h)),
i(wm — wn)c,,, — km—nsinh(k,_,h)d_ - = 7o,
Q€ — + (W, — wn) cosh(kp_nh)d__— = 73,
i(Wm — Wn)e 4 — kmyn sinh(knynh)d- o = 74,
QpynC + + i(wm wn) cosh(kpnh)d_ 1+ = s,
i(wm +wn)cy - — kpopsinh(k,_,h)ds = = 7,
QmnCy— + z(wm + wn) cosh(kp,_p,h)dy . = 7,
H(Wm + wWn )t + = Kmpn sinh(kpyn )d+ + = 8,
UgnCoh t + 1 (Wi + wn) cosh(kpnh)dy 4 = 70,
> o Us cos(k,z) = 0.
The constants v; are given by
= o)Al — coth (i) + Llpa(r)P2(1 — coth?(k,h)),
Yo = 2P (T)pn(T) (Wi coth(knh) + wy, coth(k,h)) (m —n),
Y3 = 5Pm(T)pa(T) (2w2, + 2w2 — 2wyw, — coth(ky,h) coth(k,h) (w2, + w?2)) |
Y = 2P (T)pa(T) (Wi coth(kmh) — w, coth(k,h)) (m +n),
Y5 = 25Pm(T)Pa(T) (2w2 + 2w2 — 2wiwy, + coth(knh) coth( knh)(w2 +w?2)) , (3.17)
Yo = 2Fpa(T)pm(T) (Wi Coth(k h) — w, coth(k,h)) (m —n), '
Vi = SPm(T)pn(T) (W2, + W2 + wywy, + coth(k,h) Coth(k h)wmwn)
Vs = ZFpu(T)pm(T) (Wi coth(k h) + wy coth(k,h)) (m +n),
Yo = EPm(T)Pn(T) (W2, + w2 4 whwy — coth(knh) coth(kyh)wmwn) |
Yo = —i(wm +wn) X520 (vj cosh(ljx) + w; cosh(lj(x — a))) .

Solving those equations yields



C1
Co

C3
ds
d1,2m
C1,2m

C2.2m

d2,2m
d1,2n

25 1P ()P, (1 = coth?(knh)) + 25| Pn(T) P (1 — coth?(k,h)),

0,
21‘01% a%‘pm(T) w2, (3 + coth?(k,h)),

0,

L1pn(7)Pw?(3 + coth?(k,h)) ,

2iwn a?

0,

YR 2
mpm(ﬂpm(ﬂw?ﬂ(l + COth (kmh)) s
2mn coth(kmh)p2, (7)(—2+cosh(2km h) — 2w )wm
mm(a2g+4m?2m2T) sinh(2km h)—2a3w3, ’
i csch? (kmh)p2, (T)wm (mﬂ(azg+4m27r2T) sinh(2kmh) —a3wm, (—24-cosh(2km, h)))
—a?mm(a?g+4m2m2T) sinh(2km h)+2a°w2, ’

0,

aranrnPe (TPn(T)wn (1 + coth®(kyh))
2n coth(knh)p2 (7)(—2+4cosh(2knh) —2wr )wn
nm(a2g+4n272T) sinh(2knh) —2a3w2 )
icsch? (knh)p2 (T)wn 8n7r(a29+4n27r2T) sinh(2knh)—a3wy, (—2+4-cosh(2ky, h)))
—a?nm(a?g+4n?m2T) sinh(2k, h)+2a°w?2
i Sinh(lcm,nh)km,n[(g—O—Tk2 WY2—173 (Wm—wn
" (Wm—wn) T2 — sinh(km—nh)km—n(g+Tk2,_,)—cosh(km—nh)(wm— wn)>
(9+Tkm n)'YQ 'i'Y3(Wm—wn)
sinh(km —nh)km—n (g+Tk2, _, ) —cosh(km—nh)(wm—wn)
i 51nh(km+nh)km+n[(g+Tkm+n)'y4 5 (Wm —wn)]
_(wm—wn) Y4 — sinh(km+4nh)km4n (9+Tk cosh(km+nh)(wm—wn) >
(9+Tkm+n)'74 7:’YS(Wm—Wn)
31nh(km+nh)km+n(g+Tkm+n) cosh(km+nh)(wWm—wn) ’
Slnh(k *nh) m— n[(g""Tk?n n)’Yi) 7 Wm“l‘wn )

m+n)

_m T — sinh(km —nh)km—n(g+Tk2, _, )—cosh(km_nh)(wm+wn)
(g+TEZ, _ )6 —ivr(wm+wn)
sinh(km_nh)k:m_n(g+Tk;7n)—cosh(km nh)(wm+wn) ?
i smh(km+nh)km+n[(g+Tkm+n)'yg y9 (wm~+wn)]
" (Wm+wn) 78— s1nh(km+nh)km+n(g+Tkm+n) cosh(km—nh)(wm—+wn)
(94+Tk2, |, )8 —ive(wm+wn)
sinh(k m+nh)km+n(g+Tkm+n) cosh(km—nh)(wm+wn)

a(wm +wn fO

b) fi and f, are constants

( 220 V5 cosh(l;x) + w; cosh(l;(x — a))) cos(k,x)dx
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(3.18)

Because according to Neumann’s condition the integral of the normal derivatives over the
boundary vanishes, (3.5) has to be modified. We do so by dropping one condition and

consider

A‘I’Q — O,
Vo, = By foraz=0,
Vo, = DBy forz=a,

Uy, = 0 for z = —h.

(3.19)



Assuming f; = a; and fy = as, we can choose

“IIZ — ei(wm+wn)t+i/\7— (a22 ai (1, — ) + ax — h(az;a1)2,> +ec.
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(3.20)

Now the condition in the equations for 1, that was dropped to satisfy Neumann’s condition

[compare (3.11)] has to be incorporated

sz =0 )
o, = 0 forz =0,a,
Y. = 0 for z = —h,
@2,t - ¢2,Z = _gbl,x@l,m + ¢1,zz@1 + \IJQ,z for z = O,
Yot + 902 —TO2,, = —0O101 — %cb%x — 301, — Uy, forz=0,
Oy, = 0 forx =0,a.
Note that
\I/2z|z:0 — ei(merwn)tJri/\T _M + c.c.

— el(wm+wn)t+2)\T2(wm _|_ wn) ((122 al 2 + al.r) + c.c.

(3.21)

While WU, .|.—o is already in the form needed, Ws;|.—o has to be rewritten using a cosine

expansion
Ay — ay 1 > 2a(a; — (—1)7as)
T +ar = g% a(2a; + as) ]; o cos(k;x) .

Now it is assumed that ¢, and ©5 are of the form

Oy(x,t,7) = ¢ + coemt 4 cze?ient
+(c1.2m + Cooame*™@mt) cos(2k,, 1)
+(c1.20 + o202 m) cos(2k, )
te_ _elwmmen)t cos(ky, pa) + ey e @nten)t cos(ky, 1)
+c_ et cos(ky, a) + cy +e Wwmtwn)t cos(kyyynt)
eilemten) bidT 2520 Bjcos(kj ) + c.c.
o, 2,t,7) = doe?mt 4 dge?iont
+(dy.2m + daome*mt) cos(2k,,x) cosh(2k,,(z + h))
(d1 n + da 2n,e*“mt) cos(2k,,x) cosh(2k,(z + h))
+d__elwm= wn)t cos(ky—nx) cosh(ky,_n(z + h))
+d_et@mten)t cos(k,, ,x) cosh(ky, (2 + h))
+d_ et@n=en)t cos (k) cosh(kmyn(z + R))
+d+ ez(“’m“’") coS(km4n) cosh(kyin(z + h))
peilemten)ttixe 52520 Ba,j cos(k; x) cosh(k;

(z4+h))+ ¥y + cc.

(3.22)
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with the constants given by (3.18). In addition to that, for j =0

Z<(zU7n + (Un)ﬁl,o = _h(QQ(;al) )
9B + Hwm +wn)fop = —i(wWn + wn)ga(2a1 +az),
and for j # 0
i(wWm +wn)Br; — kjsinh(k; h)Bz; = 0, _
(9+TE)Br; + i(wm +wy)cosh(k;h)Ba; = i(wpm + wn)w :
Solving this yields
_ - h(ag—a1)
5170 = Z(w4miwn1)a ) or—anah
o _éa@a(1 o 2)> +>(g%$”§2a> (1) (3.23)
. 2a(a1—(—1)?a2)k;(wm+twy)sinh(k;h . .
b = ijQﬂ'Q[coshl(kj h)(wm2fujn)27kj(g+’;?T) s]inh(kjh)} for j #0,
_ 2a(a1—(=1)’a2)(wm+wn) ;
By = 72n%[cosh(k; h)(lwm+wn)22—kj(g+k]2.T) sinh(k; 1)] for j # 0.

c) Other expressions for f; and f;

If the expressions for f; and f, have forms different from a) and b), the previously found
solutions can be combined. To do so, the cosine expansion of f; and f5 is needed. Assuming
that a; and asy are the constant terms in the cosine expansions of f; and fs, the solution can
be written as

Oo(,t,7) = c1 + cpe?mt 4 cge?iwnt
+(c1.2m + C2.0me*™ ™) cos(2k,,x)
+(c120 + Caone*mt) cos(2k,x)
+c__elem=on)t cos(ky,_nx) + ey _e'@mten)t cos(k,, )
tc_ pelem=on)t cos(kyyynt) + ey e @nten)t cos(k, 1)
eilemton)Fide 22520 B cos(kjz) + c.c.
Go(x,2,t,7) = doe®mt 4+ dge?int
+(d1 2m + daome*™mt) cos(2ky,x) cosh(2k,, (2 + h))
+(d1 20 + da2ne*t) cos(2k, ) cosh(2k, (2 + h))
+d_ e @m=en)t cos(ky, ) cosh(ky,_n(z + h))
+d, _e'@mten)t cos(k,, _,x) cosh(ky,_n(z + h))
+d_ e @“m=en)t cos(kyy ) cosh(kpn(z + h))
+d, +e’(“m+wn)t coS(kminx) cosh(kpin(z + h))
Feilombn)HAT 7% (u; + Ba ;) cos(kj x) cosh(k; (z + h)) + Ws + c.c.
(3.24)
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with the constants given by (3.18) and (3.23) and Wy being the sum of the definitions in
(3.6, 3.20).

3.2.3 Third-order approximation and solvability condition

The third-order approximation ¢z needs to satisfy (2.55). To find a condition for the terms
of frequency w,,, we multiply by cos(k,,z) cosh(k,,(z + h)) and integrate over the domain:

/oh </0“(¢3ﬂ + @3 22) cos(kp,x) cosh(ky, (2 + h))d;,;) dz=0.

As in Section 2.3.4, we get (2.73). Using (2.55 ,2.58 to 2.61, 3.2, 3.3), this becomes

f_oh ((_1)m[B2,z¢1,z - B2¢1,rx]|x:a - [Bl,z¢1,z - Blgbl,xme:O) COSh(km<Z + h))dZ
+ o gz’wm cosh(k,h) + k’jn (g +Tk2%) sinh(kmh)) O3 cos(ky,x)dx (3.25)

— o ([r.s. (2.59)] cosh(l:;h) + Z’Zjﬂ [r.s. (2.60)] sinh(kmh)) cos(kmz)dr =0.

The middle line of this equation again vanishes by the definition of w,,. In order to find
the terms of the third-order equations in (2.59) and (2.60) that have frequency w,,, use the
notation

O1.m terms of @, that have frequency wy, ,

O1., terms of ©; that have frequency w,, ,

O2.con  terms of O, that are constant with respect to ¢,
O292,  terms of Oy that have frequency 2w, ,

Og9,  terms of Oy that have frequency 2w, ,

O2,m—n terms of Oy that have frequency w,, —wy, ,
O2.m+n terms of ©y that have frequency wy, + w;, ,
O2.n—m terms of Oy that have frequency w,, — wy, .

(3.26)

An equivalent notation is introduced for ¢; and ¢3. Then the terms on the right side of
(2.59) are
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- (¢2,con,z@1,m,x + ¢2,2m,x@1,m,x + ¢2,mfn,m@1,n,x + ¢2,m+n,wm
+¢1,m,mz@1,m,m@ + ¢1,m,mz@1,m,z@1,m + le,m,zz@l,n,:c@l,n
+¢1,m,xz@1,n,z@1,n + ¢1,m,xz@1,m,x®1,m + ¢1,n,xz®1,m,x@1,n
+¢1,n,mz@1,n,m®1,m + ¢1,n,xz®1,n,x@1,m + ¢1,n,zz@1,m,z®1,n
+@2,con,w¢1,m,x + @2,2m,xm + @2,mfn,z¢1,n,x + @2,m+n,:pM)
- (@2,con¢l,m,zz + @2,2m¢1,m,zz + 62,mfn¢l,n,zz + @2,m+n¢l,n,zz
+¢2,con,zz@1,m + ¢2,2m,zzW,m + ¢2,mfn,zz@1,n + ¢2,m+n,zz@,n
+¢1,m,zzz®m67m + (bl,m,zzz@n@in + %¢1,m,zzz@72n + ¢1,n,zzz@m@7n + ¢1,n,zzz@m@n> .
(3.27)

To check this, it should be noted that the product of a second-order term and a first-order
term splits up into four terms, while the product of three first-order terms splits up into
nine terms. In the later case, if two of the first-order terms are equal (i.e. a product of two
first-order terms, one being squared), this reduces to five terms.

Similarly, the terms on the right side of (2.60) are

- <¢2,am,x¢1,m,x + ¢2,2m,xm + O2m—nazP1nz + ¢2,m+n,xm
+ 1 mzzP1maO1m + OrmazP1maO1m + OlmazP10:O10
F+P1mezP1m0O10 + PLmazP1,maO1,m + P1nwez01meO1m
+P110:P1.0.6O1.m + Pz P1maO1n + m(bl,n,m@l,m)
- <¢2,con,z¢1,m,z + G2.9m 2 P1mz + P2m—nzPrinz + Prmin Pz
+ 1 mz2P1mO1m + Plimzz®1m2O1m + PlimzP10-O1n
FO1m 220112910 + Ol 22P1m2O1m + P1n2201.m,:O10
+10.22P1.0.:O1m + Pl zzP1mO1n + m¢1,n,z@1,m)
- <¢2,con,tz@1,m + ¢2,2m,tzw,m + G2.m-nt:910 + ¢2,m+n,tzw,n
+02.con®1,m,> + @2,2mm + O2m—nPrnz + @2,m+nm
+01m,122OmOm + O1m12-00On + 30131202, + G110 O + $1,1.12:0,,0,,)
~T(301m200mOum + 3011 2:0nOp + 301 12202, + 301120010 + 301 1,0,,0

(3.28)

Plugging these terms into equation (3.25), we get an equation of the form

10 + 7ol PP+ 73P0l P + 74Dy = 0. (3.29)

The coefficients of this differential equation are given by
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r1 = 2cosh(k,h),
ry = géljz csch3(k;mh)
x [108g m272T sinh? (k,,h) + 2ia®dy,2mg mm sinh® (2k,,h)w,,
+a’w?, (8 + a’gcyom + 2a2co9mg — 20 (C1.9m + C2.2m)g cosh(2k,,h)
+a%c1 amg cosh(4kmh)ﬂ ,

km
2a® gwm,

[2@'@2 csch(kp,h) csch?(k,h)w?, — a®g coth(kyh)wpn,
% ([(ds,- +d_)(m —=n) + (dy 1 +d_ 1 )(m+ n)] 7 sinh(k,h)
+ia(co - —c_y —cp—+cpq) cosh(k;mh)wn)
+gsinh(k,,h) (122’(7712 + 2n?)m2T — a3 coth(k,h)w,
X [(d-- —dy_)(m —n)cosh(ky—_nh) — (d- + —di ) (m + n) cosh(kyinh)]
+iw? [a*(c._+c s +cp_+cp i) —8anm coth(knh)])} :
ry = 2on csch(k,h)

" a(wmtwn)
P2 (((=1)" £3(2) = fi(2)) sinh(kn (2 + h))
A1) fo(z) = fi(z))ka coshka(z + 1))) cosh(kn (2 + h))dz

+6T f(;l {(¢;7x@1,n,x + ¢1,n,z@;7x - ¢1,n,zz6; - ¢;,zz@1,n) COSh(kmh)

+ (O1nh . + Grna®y + O1neds. + Osb1msz) £ sinh(kyh) | cos(kmr)da
(3.30)

rs =

Here, ¢3 and ©} are the parts of ¢y and ©, that have the factor e?(@mtwn)t+idr

To get a condition for the terms of frequency w,, equation (2.55) is multiplied by
cos(knx) cosh(k,(z 4+ h)) and integrated over the whole domain. Using the same steps as to
obtain (3.25), we get

fgh ((_l)n[B2,z¢1,z - B2¢1,xx]|z:a - [Bl,ngl,z - Blgbl,xz’”x:ﬂ) COSh(kn(z + h))dZ
+ [ (iwy, cosh(k,h) + fu—’;(g +Tk?) sinh(knh)> O3 cos(kyz)dz (3.31)
— Jo ([r.s. (2.59)] cosh(knh) + %[r.s. (2.60)] sinh(k:nh)) cos(kpz)de = 0.

When working out the terms of frequency w, on the right side of the third-order equations
in (2.59) and (2.60), we see that we get the same expressions as in (3.27, 3.28) with just the
roles of m and n being switched. Below is a table of what gets switched to what, in detail:

®l,m A @1,71’
O29m > Oz9,, (3.32)

@2,m7n — @2,nfm-
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As they are symmetric in m and n or independent of them, ©Os,,1, and O3, are not
changed. Naturally, the same patterns are applied to ¢1, ¢ and the respective different
frequencies. We recall that

Osmp = e@n=nlt(c p B cos(kmnT) + c_ 4 PmDn COS(kpmint)) .

Since Og,,_y, is the complex conjugate of O, ,,_, and the coefficients c_ ;. are real-valued,
we have

Osp-m = gilwn—wm)t (c— —DmPn €o8(km—nx) + c— + DmpPn c0S(kmint)) . (3.33)

Similarly,
Gom-n = ei(‘”m_“’”)t(d_7_pm]Tncos(km_nx) cosh(k,_nh)

3.34
+d_ 4+ pmPn cO8(kmin) cosh(km+nh)> ) ( )

With the same reasoning as above and because the coefficients d_ , are purely imaginary,
we get

Grnn = == (d_ Py cos(kyy) cosh (k) (3.35)
+d_  Prmpn co8(kminT) cosh(km+nh)) ) '
This means that by plugging everything into (3.31), an equation of the type
51D}, + 52|Pn|*Pn + 531Dm*Dn + 5462 Pr = 0 (3.36)

is obtained where the coefficients can be found by switching m and n. When doing so, we
also have to take the negative of coefficients of the type d_ . The resulting coefficients are
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s; = 2cosh(k,h),
Sy = sél‘fzn csch® (k,h)

X {1089 n?7?T sinh® (k,h) + 2ia’dy 9,9 nw sinh® 2k, h)w,
a’w? (8 + a’gcy on + 2a2c2.9,9 — 2a*(C1.90 + C2.90)g cosh(2k,h)

+a%c1 ang Cosh(4knh)>] ,
3 = b
X [2@'@2 csch(kynh) csch? (kyh)w? — a®g coth(kyh)wy
([(dy - = d--)(n—m) + (ds 4 +d_ ) (m +n)] 7 sinh(ky,h)
+ia(co - —c_y —cp_+cy ) cosh(k;nh)wm)
+gsinh(k,h) (12i(n2 + 2m?)7*T — a®x coth(ky,h)wn,
X [(—=d- - —dy_)(n—m)cosh(kp_nh) — (—d_ + — d; +)(m + n) cosh(kny1nh)]
+iw? [a*(c._4+c 1 +cp_+ciy)—8amm coth(kmh)]ﬂ :
Sy = —a(wf;“;"wn) csch(k,,h)

P2 (((=1)" £3(2) = £1(2)) sinh(km (2 + B))
+((=1)" f2(2) = f1(2))kim cosh(kim (2 + h)) ) cosh(kn (2 + h))dz
+ 005,81+ 1Oy — Prm 2z — 5.0 cosh(k,h)
+ (Orm®s. + Grma®s e + PrmB5 . + O3tz ) £ sinh(kyh) | cos(kyz)da
(3.37)
Recall that ¢ and ©} are the parts of ¢ and O, that contain the factor e!(wmFwn)t+idr

3.3 Discussion of the amplitude equations

3.3.1 Reduction to one ODE

We notice from (3.30, 3.37) that ry,ry and sy, s4 are real-valued. Since the coefficients ¢ 4
are real and the dy 1 are purely imaginary, every part of the sums for o, r3 and s, s3 is purely
imaginary, thus those coefficients have to be purely imaginary. Solving for the derivatives in
each equation, we can write (3.30, 3.37) in the form

P = ciPm|pml? + c12ipm|pal® + e3¢y, (3.38)

P, = CQlipn’pnF + 022ipn|pm’2 + o3¢ D .

The c;; are all real-valued and given by
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52

Cit = T Co1 = —5io
Cig = —%7 Cog = —%, (3-39)
s = —, Co3 = —3b.
Next, we introduce new variables P,,(7), P,(7) through
P = P 61%7'
m - m Y
T (3.40)
n - n .
Substitute this into (3.38) to obtain
(i3 Py + Pl )e'2™ = ¢11iPne'27|Ppl? 4 c12i Pae'27| Py |2 + c13 Pye 27
A
2

o A : A N i
= P27 | P, |? + p0i Ppet27| P, |2 + co3eN Pe 2T

(i3 P, + P))ei3"

Cancelling €2 and solving for P, () and P,(7), this yields autonomous differential equa-
tions for P, and P, :

P! = —idPy + c11iP| Pul? + c10iP|Pa? + c15Fy | (3.41)
quq = _i%Pn+021iPn|Pn|2+C?2iPH|Pm|2+CQ3P7m' '
Polar coordinates for P, (1), P,(7) are introduced:
Pm - Tmeiam )
B e (3.42)

Here, r,,,r, and a,,, a,, are functions of 7. The equations in the polar coordinates are

rlelom +ial r,etom = —i%rmeiam + 1813 €™ 4 10Ty r2et®m + cizrpeTion (3.43
7,./ eiozn + ’iOé, r eian _ —Z'A?" eian T iT3€ia" & Cool 2 iop 4 —i0m . )
n n'n = 5T n 217, 2217 T, € Co3Tm€ .

The first equation is divided by e®™ and the second equation by €. Considering the real

parts only and using Re [e~(@n*e)] = cos(ay, + ), we get

r%l = i3y cos(a), (3.44)
Tl = Co3rm cos(a),

where o = «,,, + «,,. To obtain equations for the angles, divide the first equation in (3.43)
by e*mr,, and the second equation by e, and compare the imaginary parts
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of = —24cprd +cpr? — ez sin(a),
m C T tourpkonty - c s (3.45)
o, = —3 + co17;, + CooTy, — 623ﬁ sm(oz) .
Summing up those two equations gives an ODE for « :
o = =X+ (c11 + ca2)r2 + (c12 + co1)r2 — (c1372 + co3r2)) sin(a) . (3.46)

mrn

In [22], it was shown that the system consisting of (3.44) and (3.46) has two invariant
functionals

2
J 2023 (6237’ — €137, ) (3 47)
- A _ ci1+tceee,4 _ ciatceon .4 .
E = 57452, (c1372, 4 c2372) + Ty sin(a) ez eyl

This is true, because

dJ )
ar 202 (ZCQSTmT — 2013Tn7’n)
= 50y, (201302377 cOS(@) — 2c136237 7, cO8(@)) = 0
and
dE by .
dr W(2013rmr + 2¢93rnrl ) + 11 1y sin(a) + 7,1l sin(a)
/ _ ciitcan _ c12+¢21 f,-3 ./
+7y, 1 cos(a)a o 4o3 ! ke iy

— m (26237 Ty cOs(@) + 203371y cos(a)) + 0137’2 sin(«) cos(«)

+e931r2, sin(a) cos(a) — Ay, 1, cos(a) — (casr?, + c1372) sin(a) cos(a)
+(c11 + Co2)rEm cos(a) + (12 + ca1)r3r,, cos(a)

ci1tc2 | 3 __ ci2+co1 3
— 22 - deggry,ry cos(a) 252 - degry,rm cos(a)

Now define p = ﬁl?" + ’62 r2 and the functional Q(p) b

02 2
Qo) = (Brcss + oem)? [l = (B4 iy — Aord, + sty eten ]

013(013+623 T 201 13 4cys 4cos
(3.48)
with substitutions
2 2c13 2c2332
"'m c1361+c2302 p=+ c1301+ca3f2 J’ (3 49)
r2 c23 p— 2c2361 :
n c13B1+c23062 c13B1+c2382



46

Note that, since J and E are invariants given by initial conditions, () is a polynomial of p
with coefficients depending on ¢;;, A, J and E only. By substituting in the terms for £ and
J according to (3.47) and simplifying, we see that

2
(Zﬁ) = (c1301 + ca3B2)*r2 12 cos? (o) = Q(p) . (3.50)

Thus the system (3.44, 3.46) has been reduced to one differential equation for p

do\2
(di) = Q(p) = do + dip + dop® + dsp® + dup* . (3.51)

With C] = ¢11 + oo and Cy = ¢19 + 91, the coefficients turn out to be

_ 2 cas(c1aBi+casB3)? 74 | 2¢35(c13B2—c23B1)(C2c138i+C1c23B3) y 713
do = E (Cl3ﬁ1 +(02352)2 0%3(6213,@1-1—02352)2 + 013(C%3+C§3)(0135142-6223ﬁ2) AJ
2 [ 2c23(c13C287{+C1c2353) 2 [ _ (c23fr—c130B2)* A
+J ( s E+623[ 426162 2013(C§3+c§3)(013ﬂ1+02352)}) ’
4 C2681—C C! +C :
= o )3 Sl

+2023(02013(c§3+3c§3)ﬁf—2013023(Czc13+01cz3)ﬂ1,62+01023(30%34_653)55) 723
c13(ci3+cds)(c13B1+ca3B2)? ,
2ca3(ca3fB1—c13P2)A
+J (4023E(0251 — C13) + 4caz(casfs — c13fy) + 222 e 2) ) ’
2023(02013/8%(CICI3+SC2023)*40102013023/81,82+01623(301013+CQC23)) 72
c13(c13B1+c2332)?
+2023(*51(202C?3+Clclsczs+3czc§3)+ﬁz(301c§3+02c13c23+201033)) I
(ci3+c33)(c13B1+ca3B2)
—2E(Chc13 4+ Cacaz) + 4ci3cos — A2,
ds —4623(01613+C2C23)(01/32—0251)J+ 2(C1c13+Cacas)

© é613ﬂ1);r02352)2 c1331+c2302 ?
d4 — 1c13+C2c23

(c13B1+c23B2)% -~

d2:

(3.52)

The existence of solutions of (3.51) depends on the roots p; (i=1,2,3,4) of the polynomial
Q(p) = dyIl(p; — p). The following discussion is based on the assumption that dy # 0.

a) Q(p) has real roots only

Before discussing particular cases, some properties of the Jacobian elliptic function sn should
be recalled. For this purpose, let u = [¢(1 — k2sin?t)~2dt. Then define sn(u, k) = sin(¢).
sn(u, k) has similar properties as the sin function: It is an odd function with range [-1,1] (if
restricted to real arguments), and it has period 4K where K = fog(l — k2sin®¢)"2dt. Note
that we have sn(u + 2K) = -sn(u), so sn*(u 4+ 2K) = (—sn(u))? = sn?u. This means sn? is
periodic with period 2K.
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p1 < p2 < p3 < py: Then we have

i _
dr

N

~di((ps = p)(ps = p)(p = p2)(p1 — )
Because Q(p) > 0 and d4 < 0, we know that either
prp<pporp3<p<py.

In the first case, integrating and using formula (252.00) in [6] yields

/pp<(P4 — ) (ps — )(t — p2)(p1 — lf))iédt = gysnH(sin(ey), k1) = £/ —du(T — 70),

1

where 1
g = 2((ps=p2)lps —p)) 2,
. _ ([ (pa=p2)(p=p1) 2
sin(or) = ({B=6)”
_ ((pa=ps)(p2—p1)\ 2
k= ((p4 p2)(p3— pl)

Solving for p, we get

Gty = sin’(9) = s (V =digi' (7= m0). k)

(pa—p2)p = (ps— p2)pr = s (V=digi"(r = 70), k1) (p2 — p1)pa
—sn’? (\/—_dz;gfl(T —70), kl) (p2 = p1)p-

Finally, we obtain

B (pa — p2)p1 + sn? (\/ —dy g7 (T — 7o), kl) (p2 — p1)pa

& (3.53)
ps— pa+sn? (V=digr' (T — 7). k1) (p2 — ;1)
Since sn(u, k) has range [-1,1], sn?(u, k) takes values [0,1]. Thus p takes values between

p1 (also the initial value here) and Li—e2leitloe—pies — ) - Ag sn(Cr+ D, ky) has period

K pa—p2+(p2—p1)
1
o) where

K, = /5(1 — k?sin® t)_%dt,
0

1

we conclude that sn?(C7+D, ki) has period 251, Thus p here has period 2K g1 (—dy) 2.
Now consider the case p3 < p < ps. Integrating and using (256.00) from [6], we get

/pp<(t —pa)(ps —t)(p2 — t)(p1 — t)>_%dt = gosn” ' (sin(¢o), ko) = £/ —du(T — 7o)

3
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with L
92 = 2((pa=p2)(ps —p1)) 2,
) _ ([ (pa—p2)(p—p3)\ 2
sin(¢z) = ((p;1 pg)(p pz)) .
—  ((pa=ps)(p2—p1)\2
SR =)

Solving for p yields
Gty = s(0) =n* (V=digi' (7 = m) )

(pa—p3)(p—p2)
(pa—p2)p— (pa— p2)ps = sn® (V=digz' (T — m0),k2) (ps — ps)p
—sn? (\/ —dy g5 ' (T — 79), k2) (P2 — p3)p2 -
Then
(pa — p2)ps — sn? (\/ —dy g5 (T — 70), k2) (pa — p3)p2

ps — p2 — sn? (v —dy g5 ' (1 — 79), kz) (pa — p3)

With the same reasoning as in the previous case, we conclude that p this time oscillates
. . 1
between p3 and p; with period 2K5g2(—d4)~2 , where

p= (3.54)

Ky = /5(1 ~ R2sin?t)dt
0

p1=p2 < p3 < p4
As we need Q(p) > 0 and dy < 0 is known, p3 < p < py. This is a special case of the

previous one. Setting p; = ps implies ko = 0. Since sn(u,0) = sin(u), the solution in
(3.54) becomes

(pa — p2)ps — sin® (\/—_d492_1(7 - To)) (pa— p3)p2
pi—p—sin® (V=dig;'(r = 70)) (ps — ps)

The range of p again is [ps3, ps]. Since the sin function is periodic with range [-1,1],
sin?(C'7 + D) has range [0,1] and period &+ In this case, the squared sine function has

p= (3.55)

period ﬂgg(—d4)’%, and so does p.

p1 < p2 = p3 < ps Comparing with the case of four distinct roots, we would have
k1 = 1 which would then imply K; = oo, thus this needs to be treated separately.

The condition Q(p) > 0 here implies that p; < p < py or ps < p < py. In the first case,
we have

” ((p4 - t)(pz —1)*(t — pl))*%dt

(p=p1)(pa=p2) _ 4 /g  _
\/ pa—p2)(p2—p1) arctanh (pa—p)(p2—p1) — = d4(T TO)~
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Solving for p yields

% = tanh (i%\/__dél(T - 70)\/(04 — p2)(p2 — Pl)) ;
(p—=p1)(ps—p2) = (pa—p)(p2—p1)
x tanh® (5v/=di(7 —70)\/(ps = p2) (02— 1)) -

The solution in this case is

p1(pa = p2) + (p2 — pr)patanh® (5v/=di(r — 7o)/ (pa — p2)(p2 — 1))

3.56
pa— p2 + (p2 — pr) tanh® (3v/=da(r = 70)\/(ps — p2)(p2 — p1)) (350

10:

Because 0 < tanh?(.) < 1, we see that p takes values between p; and p,. With

O(r) = 5y/=da(7 = 7)y/(ps = p2) (o2 — p1)

we have

= (s = p1)(p2 — p1)(pa — p2) Sech2(20<7)) tal;h(C(T)) ().
(04— p2+ (p2 = pr) tanh?(C(7))]

This means that p is decreasing for 7 < 79, increasing for 7 > 7y with lim, .. p = po
and p(ro) = py.
Now py < p < py is assumed.

2 ((pa =) (t — p2)?(t — o)) Edt =

= —— 2 _arctanh,/@i=plleeer) — 4 /T 1y

(pa—p2)(p2—p1) (p—p1)(pa—p2)

This has to be solved for p

% = tanh (]F%\/__CM(T—TO)\/(M — p2)(p2 —P1)> ;
(pa—p)(p2—p1) = (p—p1)(ps— p2)
x tanh? (F5v/=da(r — 70)1/(pa — p2)(p2 — p1)) -

Solving for p, we get

b= pa(p2 — p1) + (pa — p2)p1 tanh® (%\/—_654(7 - To)\/(ﬂ4 — p2)(p2 — Pl))
p2 — p1 + (ps — p2) tanh? (%\/—_614(7 - To)\/(P4 — p2)(p2 — Pl))

(3.57)
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With

C(r) = 5\ ~dulr =)\ (os — p2) o2 — ).

the derivative of p is

r (pa — p1)(p2 — p1)(pa — po) sech?(C(7)) tanh(C(7)) _
a [p2 — p1+ (ps — p2) tanhz(C(T))]Q (7).

Hence, p is increasing for 7 < 7y, decreasing for 7 > 75 with lim, ... p = po and
p(T0) = pa-

p1 < p2 < pP3=p4

Here we need p; < p < py. Equation (3.53) of the case p; < py < p3 < p4 is used with
p3 = ps. This implies k; = 0. The solution from (3.53) for this special case becomes

(pa — p2)p1 + sin® (\/—_65491_1(7 - To)) (P2 — p1)pa

p= . - (3.58)
ps — pa + sin® (\/ —dy gy (T — To)) (p2 — p1)
This solution oscillates between p; and p, with period 7rgl(—d4)’%.
pP1 < P2 =pP3= P4
Now we have
o _ +y/—=di ((pa = p)*(p - m))%
dr
Q(p) > 0 in this case implies p; < p < py. Integrating yields
[/ (o= 0= ) = -2 (222 e
p1 Pas—P1 \Ps— P
Solving for p, we get
p=p = (ldal(r = 70)*- {(ps = p1)?) (ps = p),
p 1 §ldil(ps = (= 7] = Sldil(pa = pr)palr = 70) 4 1
The solution now is
+ Liq _ 2 . 2
_ M 4| al(pa — p1)°pa(T — 70) . (3.59)

1+ {lda|(pa — p1)(7 — 70)?
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Using quotient rule, the numerator of p' is

Ydal(ps = p1)2pa(m = 70) (14 3ldal(ps — p1)*(7 — 70)?))
—31dal(ps = p1)?(7 = 70) (o1 + 4ldal (pa — p1)*pa( — 70)?))
= %|d4|(/34 —p1)* (T —70) -
Thus )
f_ sldal(ps—p)* (T —70)
(1 + 1ldal(ps — p1)?(T — 70)2)

This means the solution in this case is decreasing for 7 < 7y and increasing for 7 > 7,
and lim,_ 4., p = py with p(79) = p1.

pP1 = p2 = p3 < P4
Here we have

[SIE

;l/; — i\/j@ ((p — ) (ps — P))

Q(p) > 0 in this case implies p; < p < py.

1

L[X@_pﬁ%m_in‘aﬁ: 2 OM—p>2:V[dAT—my

4 _/04—01 P —pP1

Solving for p, we get

pr—p = (ldil(r = 7)% 5(pa = p1)?) (p = 1),
P[1+i|d4|(04—01)2(7—70)2} = ildal(pa — p1)?p1(T = 70)* + pa.

The solution now is

_ pat gldal(pa— pr)*pr(7 — 70)°

L+ §lda|(pa — p1)2(7 — 70)?

(3.60)

As the solution is identical to the one in the previous case with roles of p; and
ps switched, p is increasing for 7 < 7y, decreasing for 7 > 71, . Besides, we have

lim; 400 p = p1 and p(70) = pa.

P1=p2 = P3= P4

Here we have Q(p) = ds(p1 — p)*(p3 — p)*. Since we need Q(p) > 0, but have dy < 0,
the only solutions are the constant solutions p = p; or p = p3. In the case of p; = py =
ps = ps, these solutions coincide.
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b) Q(p) has at least one complex root

For this case, we need the Jacobian elliptic function ecn. With u = [P(1 — k2sin®t)"2dt,
define en(u, k) = cos(¢). cn(u, k) has similar properties as the cosine function: It is an
even function whose range (for real arguments) is [-1,1], and it is periodic with period 4K

where K = fog(l — k2sin®t)"2dt. Because cn(u + 2K) = -cn(u), we have cn?(u + 2K) =
(—cn(u))? = en?u. We conclude that cn? is periodic with period 2K.

Here we have to distinguish three cases: two pairs of complex roots, one pair of complex

roots and two real roots that are equal or not.

e Two pairs of complex roots

We write pp = & + & (k=1,2) and ps, psy to be the complex conjugates of pi, po
respectively. This means

Qp) = ds ((p— prs)? + p3,) ((p = p2r)* + p3,) < 0.
Since we would need Q(p) > 0, no solutions exist in this case.
e Two real roots p; < ps and a pair of conjugate roots ps, p4

Setting p3 =& +1&; , we get

(jj —di(p—p)(p—p)((p— &) + €.

We notice that we need p; < p < po once again. Integrating this and using formula
(259.00) from [6] yields

1

/pp ((t —p)(p2 —)((t = &) + ff))_% dt = gsen™'(cos(¢s), k3) = \/—7d4(7— —7),

where

A2 = (/OZ _57“)2 +£127

B* = (ﬂ1—§§)2+£z'27

m o= (AB)2,
—p)B—(p—p1)A
cos(ds) = (= BETO—pA "
12— (mp)*(A-B)
3 4AB '

Solving for p, we obtain

ittt = cos(gs) = on (V=dags (T — 7o), ks)
p(=A=B)+(pA+pB) = en(V=digs'(r = m).ks) (A= B)p
t+on (V=dags (= 7o), ks) (p2B — prA).
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The solution then is

prA+ paB + (A — paB) en (vV=dags ' (T — 7). ks)
p = .
A + B -+ (A — B) cn (\/ —d4g§1(7' — 7'0)7 ]{53)

As the range of en(u, k) is [-1,1], p takes values between p; and ps. Because the function
en(CT + D, k3) has period 452 with

(3.61)

us

Ky = /5(1 ~k2sin?t) "Rt
0

_1
2.

we conclude that p here has period 4K3g3(—dy)

e Two real roots p; = ps and a pair of conjugate roots ps, p4

This is a special case of the previous case. Using the same notation, we now have
dp 2
(clr) =dy(p—p1)*((p— &) + &)

We notice that the right side is nonnegative only for p = p;, thus there is only the
constant solution p = p; in this case.

3.3.2 Solutions where r,, or r, are zero

In the previous section, we implicitly assume that neither r,, or r,, are zero. A brief investi-
gation is added for the case that either r,, or r, vanish.

First, suppose r,,,(0) = 0, meaning P,,(0) = 0, and P,(0) = P, . If we assume |P,,| and ¢y
negligible, (3.41) simplifies to

an = 013H7

P, = —i3P,.

Solving the second equation yields

Integrating the first equation

Pp(7)

N —
1327 P,

2 i2rp 2 . P

aC13e'2 I'no — 5013Pn,0

. 2/i2r D

= g(e; — DePoo
E<Z§T)Cl3pn70

TClgpn’() .

Q
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Assume that the angle of P,(0) is 0. Then for 7 > 0 we have

Q= Qp+ Q= —ayo + (—57 + anp) = —3

Thus, using sin(«) &~ « for small o, we have

sin(a) —27 A

T B _2|013||Pn,0| ’

T'm B ’CISHPn,O

which means that o’ is bounded for r,, small, and the singularity r,, = 0 can be removed.
For 7 < 0, we can obtain the same result using sin(f + 7) ~ —6 for small 6.

A similar result can be established if we assume P,(0) = 0 and P,,(0) = P,,o. For |P,| and
c19 small, (3.41) then simplifies to

/ -\
Pm = _Zipma

/
Pn = CQng.

The approximation to the solution for this system is

Pm(T) = 6_1%7— m,0 »

Pn(T) = TCQgPTmO .

With the same reasoning as before we conclude that in this case

sinfa) =37 A
Tn ’CQSHPm,OT 2|C23HPm,O| ’

and it does not cause a problem when we consider r, small, or even r,, = 0.

3.3.3 Solutions of the original system

In order to see what the solutions of the original system are, we consider (3.44, 3.45).

a) p is periodic

We assume that p is periodic with period Q. From (3.49), we can conclude that r2 and r2
also have period (2. Furthermore, if p was found to be bound by p,.in and piue., bounds for
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r2 and 72 can be obtained by plugging in the upper and lower bounds for p. To find out

m
more about a,, and a,, we use (3.47) to express sin(«) in terms of 7, and r,,.

) 1 A C11 + Co2 Ci2 + Co1
sin(a) = — —————(c137%, + cogr?) + rh o4 ). (3.62)
3 m 3 n m n
2c? 2c2 4 4
TmTn C13 + 2C3 €13 Co3
Putting this into (3.45) yields
o, = —3 —1‘0117’2 —i‘0127”2
m 2
_cs A 2 2 c11+coo 4 ci12+c21 .4
T2, (E 2¢14+2c3, (Clgrm + 62371") + 4c13 m T dcos 7ﬂ”) ’ (3 63>
a, = —*+0217“ +C227“2
023 _ # 2 2 c11teps 4 c12+c21 .4
(E T (c1ary, + cagry) + E22ry, + A2t T’n) :

Since 2, and r? are periodic with the same period and the right sides are dependent on 7
only in the way it appears implicitly in r2 and r2, (3.63) can be considered as

= Fl[T
= FQ[T‘

/
am

2
m
2
« m

/
Here, F} and F, have period € if thought of as functions of 7. Integrating shows that

A (T + Q) — (1) = fT+Q Fi(t)dt

f Rt + [§77 Fi(t)dt

FF(0de+ 5 F(t - 9)de

= [PR@M)dt+ ] F{dt = [ Fi(t)dt = By,

where Bj is a constant independent of 7 and similarly

(7 + Q) — an(r) = /OQ Fy(t)dt = B

To see what this means for «,,, and «,,, define

Then
BT+ Q) = (1) = [a(r +Q) = F(1+ Q)] — [a(r) — 7]
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This means that (3,,(7) has period Q2. The same way it can be seen that if 3,(7) is defined
by

it also turns out to be a function with period €2. The result is that «,, and «,, can be written
as

(1) = BT+ Bn(7),
anlr) = Br+6.0),

where 3,, and (3, are functions with period (2.

Recall that this discussion was about the system (P,,,P,). According to (3.40), the radii and
angles of (p,,, p,) are the same, except for that we need to add %’7’ to the angles. Note that
this only changes the constants of the linear terms in the previous equations.

The behavior of the radii and angles implies that the behavior of these solutions in the phase
plane is chaotic and that the trajectories are dense in an annulus.

b) Other cases

If p is not periodic, p is monotone on (—oo, 7y) and (79, 00) and the limits lim, ..., p and
exist and are known. From (3.49) we see that r2, and r? are monotone functions on the same
intervals and that those limits also exist for them as well.

Equations (3.62,3.63) can still be used and tell us that the limits to oo of o/, and «, exist
as well. Even more, we know that cos(a,, + a,,) — 0 as 7 — +oo. As 1, is monotone for
T < 19 and T > 79, cos(a,, + ;) cannot change its sign when we take the limit, hence its
derivative also goes to zero as 7 — +oo. This means that —sin(a,, + a,)(), + o)) — 0.
Since the first factor cannot go to zero, the second factor needs to do so, thus

lim o/, = — lim o/, .
Too0 T—o00 M

If A, and A, are the angles of p,, and p,,, this relationship means

: I 1 / A : / A
lim, oo A}, = lim, .o a;, + 5 = —lim; . a;, + 5

= _ (limT_>oo al + %) +A=—-lim, A +\.
The same relationships can be established for the limit 7 — —oo0.

A special case of this is p = const. Then r,,, r,, o, and «/, are also constants. This means
that the angles «,,, and «,, and thus also the angles A,, and A,, are linear.
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3.3.4 Analysis of the dynamical system

We want to discuss (3.38) in greater detail.

Equilibria and periodic orbits

In the case of A # 0 we should have p,, = p,, = 0 to account for the changing 7 in order to
get an equilibrium. This means p,, = p, = 0 is the only equilibrium for A # 0.

Let us focus on the case A = 0. Then we have p,, = P,, and p, = P, in (3.40), of course.
If p,, and p, should be at an equilibrium, so should be their radii. To avoid the trivial
equilibrium, from (3.44) we see that we need cos(a) = cos(a,, + a,) =0 or a, = £5 — .
In other words, we can assume that

pn = iKD,, for some K € . (3.64)

Then to have an equilibrium in (3.38) we need

P Pm|? + Croipm K pm|? — c13iKp, = 0,
— o1 KD pm|? — 22 KD |pm|* + c23Pm = 0.

We drop the trivial solution and let 7, = |p,,|. Then this simplifies to

(c11 + C12K2)T72n —c3K = 0,

(621K3 + CQQK)T,,ZH — Cg3 — 0. (365>

Solving the first equation for r2 , we obtain

2 013K
r, = —(011 k) (3.66)

Plugging this into the second equation of (3.65), we get

Cng

e K? + cppK)—————
(ca1 22 >(011—|—012K2)

— Co3 = 0
or

021013U2 + (022013 - 012023)U —cy1623 = 0, (3-67)

where u = K?2.
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Since K is real, we are only interested in positive solutions of this quadratic equation. There
may be zero, one or two such solutions. Going back to (3.66), this means that for each
positive solution u of (3.67), one solution for r2 can be obtained by picking the right sign
in K =+/u.

Note that any p,, with the right absolute value now satisfies the equation. Thus equilibria
are described by

e
Pm € " m

o eiami K (3.68)

for pairs (u = K?,r,,) that solve (3.67), (3.66) and a free choice of ay,.

To get more information for the case A # 0, equilibria of the system for P,, and P, which
are introduced in (3.40) are studied. With the same reasoning as for the case A = 0, it is
assumed that a,, + a,, = £7 and thus

P,=iK P, forsome K € R. (3.69)
Hence, to have an equilibrium in (3.41), we need

—i3 Py + 118 P |P|? + 121 P K2 Py |* — c13iK P, = 0,
%Kpim — 021K3P7m|Pm|2 — CQZKP7m|Pm|2 + ngpim = 0 .

Cancelling out iP,, in the first equation and P,, in the second one yields

(c11 + 012K2)7"
(021K3 + CQQK)?”

A
—c3K —5 =
—ng—%K = O

o

(3.70)

2
m
2
m
with r,,, = | Py|. Solving the first equation for r2, yields

A
oo alts (3.71)
" (e F 2 K?)

Plugging this into the second equation, we get

A
cisK + 5 _023_§K:O.

C K3+C KyY————=—
(21 22 >(611+612K2) 2

Finding the common denominator and setting the numerator equal to zero yields
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1 1
621C13K4 + 5(621 — C12>>\K3 + (C22013 — C12C23)K2 + 5(022 — CH))\K — C11C23 = 0. (372)

For each of the real solutions K; of this equation, go back to (3.71) to check whether the right
side is positive for that solution. If yes, we can solve for r,, - if no, discard that solution.
We conclude that equilibrium solutions for P, and P, are given by

Py = efmry,,

P, e emiKr, (3.73)

for pairs of (K, r,,) that satisfy (3.71) and (3.72) and a free choice of a,. Corresponding
periodic solutions of the original system are then given by

N>

15T

Pm = D27, (3.74)
P = Ppez’.
Stability of the equilibria and periodic orbits
First consider the trivial equilibrium. The Jacobian matrix is
0 % C13 0
A
-5 0 0 —C13
— 2
J e 0 0 % (3.75)
0 —C23 —% 0

with the definitions of ¢;; from (3.39). Its eigenvalues are £,/c13c23 — %)\2 which means that
the trivial equilibrium can be stable only if ¢j3c93 — i/\2 < 0.

For other equilibria and periodic orbits, respectively, we consider the system for P,, and P,
see equation (3.41). For A = 0, the system is identical to (3.38), while for A # 0, periodic
orbits of (3.38) correspond to equilibria (3.41). A periodic orbit of (3.38) is stable, if and
only if the corresponding equilibrium of (3.41) is determined to be stable.

If non-trivial equilibria exist, the characteristic polynomial of the Jacobian is given by

X(p) = p' + Cip® + Cy (3.76)

with
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C1 = —2ci3c3 + 2(c13C09 + C12c03) K12,
+ (3cty + e +4(enicrz + carcon) K2 + (i, + 3¢5, ) K*) 1,
—[2¢11 + ¢ + (c12 4 2001 K2 r2 X + %)\2 ;
CQ = (613023 — [(611 + 012K2)7}2n - %)\][(022 + 021K2)r31 - %A]) (377)
X (013023 — 2(c13¢92 + 612023)K7‘72n
—3[c11¢22 + (Berica1 — c12022) K2 + cioco K1,
+3[Ben + e + (12 + 3ea ) K22 A — 102).

In this formula, C5 deserves closer attention. We can rewrite the condition for equilibria of
the system (P, P,), equation (3.70), as

(c11 + cKA)rk, —iX = K,
(621K3 + CQQK)TZ,L — %)\K = (923 .

Multiply the left and right sides of each equation and cancel out the factor K to see
o2 L 2 o 1
(Cll =+ ClzK )Tm — 5)\ (CglK + CQQ)’I“m — 5)\ — C13C23 .

This implies Co = 0. In the context of (3.76), this means that at non-trivial equilibria,
there is a double eigenvalue 0. If C > 0 , the remaining eigenvalues are purely imaginary.
Otherwise, there is one positive and one negative eigenvalue.

3.3.5 Homoclinic and heteroclinic orbits

The discussion in Section 3.3.1 shows that there are no heteroclinic orbits. To find homoclinic
orbits for non-trivial equilibria, we would need to find initial conditions that yield double
roots of the polynomial @Q(p) introduced in (3.48). There is no obvious way to do this
analytically.

Thus, we focus on homoclinic orbits for the trivial equilibrium. To get such a homoclinic
orbit, it can be seen from 3.3.1 that we need roots p; < ps = p3 = 0 < pq4.

On orbits that go through the trivial equilibrium, the invariants J, E introduced in (3.47)
vanish. For the polynomial Q(p) and its coefficients given in (3.51) and (3.52), this means
dy = dy = 0. The polynomial Q(p) now takes the form

Q(p) = p? (d2 +dzp + d4,02) ;

which already gives us the double root 0. Now we need to make sure that the remaining
roots have opposite signs. They are given by
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1 P E—
P14 = ﬁ (—dg + d% — 4d2d4> .
4

Substituting cp3 = K2ci3 and using 31 = 2, 3, = 0, we get

2(A £ 2¢13K
P14 = ( 1K) 5 (3.78)
cu1 + cag + (crz + ca1) K
A condition for having roots p1, ps of different signs then is
N <4l K? = degzeos . (3.79)

It should be noted that this means that the eigenvalues of the Jacobian at the trivial equi-
librium are real.

The conclusion: there are homoclinic orbits connecting the trivial equilibrium if and only if
A2 < deyscoz. In fact, since Q(p) can be expressed in terms of £ and J only, any point with
E = J = 0 then lies on such a homoclinic orbit. However, the angle a,,, can be chosen freely.
Thus we expect an infinite number of homoclinic orbits.

3.3.6 Numerical Experiment

For parameters m = 1;n = 15;a = 10;h = 1,9 = 9.81;T = 0.1; f; = 10, fo = —10, we get

o= 2.0995, s, =  111.3,
ry = —0.0474i sy = —101.2i,
rs = 24763 53 =  828.3i
ry = —4.2620, sy = —2404,
in (3.29, 3.36) and thus
cn = 0.22585, ¢y =  0.90941,
Cl2 — —117944, Coo — —744031,
c3 = 2.03001, Co3 = 2.19039
in (3.39). As an example, we consider initial conditions 7, = 1; r, = 0.01; a = —7 and

A =1. With g, =2 and (5 = 0, we get

Q(p) = —19.545 — 11.519p + 50.467p* — 5.3191p° — 14.084p" .
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The roots of this quartic polynomial are —2.111, —0.5232, 1, 1.2565. According to the previ-
ous section, the solution should show oscillations of |p,,| between 1 and 1.12 and |p,,| between
0.01 and 0.53 with period 0.725 .

Figures 3.1 and 3.2 show the radii, angles and phase portraits of p,, and p,,. These solutions
have been calculated using the ODE23S command of MATLAB with absolute and relative
tolerance of 1078, It can be seen that the radii oscillate between the bounds we have given
and oscillate with the predicted frequency. The angle functions turn out to be sums of linear
functions and functions of period 0.725, as expected.

The eigenvalues at the trivial equilibrium in this case are +2.11 for A = 0, £2.05 for A = 1.
Now focus on non-trivial equilibria for A = 0. Equation (3.67) in this case has solutions
up = —0.03928, us = 6.82137. Being interested in positive solutions only, we focus on the
second solution. Choosing K = —,/uy yields r,, = 0.82343. The equilibrium solutions are

P = 0.82343 ¢iom

Po = —2.15061ie~"m (3.80)

where the angle «,, can be chosen freely. At each of those equilibria, the Jacobian has
eigenvalues 0 (double) and £8.5957i. Stability thus depends on whether the Jacobian has
two linear independent eigenvectors for the double eigenvalue 0.

For A # 0, periodic orbits can be found. Using A = 1, the solutions of (3.72) for the set of
parameters given in the beginning of this section are

K, = —-2.7619, K;=24985, Kj4 = —0.15118540.1263971.

Only K; gives us a real solution for r,, in (3.71), and we obtain r,, = 0.763038. Using
equations (3.73, 3.74), the periodic orbits for this case are thus given by

Pm = 0.763038el@m+3)i

pn = —2.10742iel-om*3)e (3.81)

with free choice of ay,.

The eigenvalues of the corresponding equilibrium of the system (P, P,) are 0 (double)
and +8.4955i. As before, stability depends on the existence of two linearly independent
eigenvectors for the double eigenvalue 0.

Since (3.79) is satisfied, there should be homoclinic orbits. For the given set of parameters,
the initial values r,,, = 1079, r,, = 1.03875 - 1075, o = —0.33033437 satisfy J = E = 0, thus
such points should be on a homoclinic orbit. Figures 3.3 and 3.4 show the phase portraits

of homoclinic orbits through these points with choices of a,,, = 0 (blue), a,, = § (black),
O = 2 (ved), oo, = 7 (green), oy, = 7 (cyan) and oy, = 2 (magenta).



Figure 3.4: Phase portrait of homoclinic orbits, showing p,
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Chapter 4

Forcing frequencies that are sums of
eigenfrequencies with different orders

4.1 Introduction

We again consider forcing frequencies close to w,, +w, where w,, and w,, are eigenfrequencies.
In experiments, one eigenfrequency is usually significantly larger than the other one, say
Wpn > wy,. This changes the orders of the coefficients in the previous system (3.38). The
assumptions and governing equations are modified appropriately. A change of variables is
used to make it easier to compare the orders of different terms that come into play later.

Under the above assumptions, the process of finding the first- and second-order approx-
imations and solvability conditions from the third-order equations is repeated under the
assumption of negligible surface tension and simplified edge conditions. The result is a sys-
tem of the form (3.38), but with coefficients that have different orders. We find some suitable
choices for the constants «; that represent the different orders of the various factors involved
in the equations. Surface tension and a variation of Hocking’s edge condition are included,
and it is shown what order surface tension can be so that it does not become a relevant
factor in the equations.

For the chosen set of «;, the analysis of the system in terms of equilibria and homoclinic
orbits is repeated, and the reduced differential equation is discussed in this setting. A way to
obtain orbits that converge to circular orbits and can be associated with homoclinic orbits
connecting non-trivial equilibria is given. We illustrate this by a numerical example and
show how the solutions behave when approaching those orbits.
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4.2 Derivation of equations for absence of surface ten-
sion and simplified edge conditions

4.2.1 Formulation

As a generalization, we now want the boundary terms to be of the form

be(z,t,7) = €*By(z,t,7) = eMellmten)ttidrlp () 4 ce. (4.1)

where we assume f to be real-valued and now, more general than before,

T =€t (4.2)

is the slower time scale. Also, if the frequency w, is considerably larger than the frequency
Wm, 1t is not justified anymore to assume that they are both of order 1. Since w,, contains
kn, it is assumed that n = e *“'m (a7 > 0) which leads to

nm mm
kp=—=€"—=¢€Yk,. (4.3)
a a
In order to be able to determine which terms are the dominating ones, it is suitable to
introduce a change of variables:

= ko,
2* = kyz, (4.4)
t* = wyt.

We need to start with the original equations (1.6 - 1.11) and apply this change of variables
to them. Note that

09 9 o

(b"”_%_ax* oz

- ¢x* k?n .

The same way we have ¢, = ¢.+k, and ¢; = ¢pw,. This, of course, works for 6 as well and
can be continued for higher-order derivatives. The original equations then become
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kigbx*x* + k%qsz*z* = 07
kn¢x* - Wnbl,t* - k%bl,z*¢z* = Oatz* = knb1>
kn(z)x* - wan,t* - kr%bZ,z*(bz* = Oatz* = knb2 + knaa
knbe — 0at 2* = —kh, (4.5)
Wby + k200 ppr — kppe = 0at 2* =k,0,
Bov + 50+ 500 + 505 — T (1= 3k7602.) = 0at 2" = k0,

ko0, = 0Oatz*=0,k,a.

We now set up 6 and ¢ as
0 = ‘91+02+0R7
¢ = g1+ b2+ Pr.

The intention of doing this is to have low-order terms 6; and ¢; which have frequencies
Wy and w,. In 65 and ¢, no terms of frequency w,, or w, should be contained. Terms of
those frequencies are expected to show up in fz and ¢ and will be used to find solvability
conditions.

In the case T' = 0, we have

= \/gky tanh(k,h) = \/gk, .

With the substitutions b = k,b; and 6* = k,0 and using Taylor expansions, the equations
n (4.5) become

Purar + Poear = 0,

(Gar + Ppepeb] + L pepea (b7)2 + HO)

R b (G + G bt + HO) = Oata® =0,
(6 + Zf*x*b; + Yo (65 + HO)

_%bg,t* — 05 (¢or 4 Goopebs + HO) = 0 at 2* = kya,

K 6.0 = Oatz"=—koh, (4.6
L9t + 05 (Gar + Gor2-0" + HO)
K —(Por + Poear 0 + 3¢z (07)? + HO) = 0at 2" =0,

L (G + P07 + 50pse2-(07)° + HO) + 507

+5 (o + Guear0 + HO)? + 3(¢r + ¢oeo-0* + HO)? = Oat 2" =0,
6:. — 0ata* =0, ka.

ol
3 oleo] M\H

Here, “HO” stands for higher-order terms. In order to have converging Taylor series, we
require O(b}) < 1 and O(6*) < 1. The first condition means a4 > a4, the second condition
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is taken care of when we find the first-order approximation. The equations for 67 and ¢,

then are

(bl,:r*:r* + ¢1,z*z* 0 )
(bl,x* = Qata*= 0,
b1 = 0ata*=kya,
$1~ = 0at z*=—-k,h,
1 4.7
2 .
9—%91",5* — 1~ = Oatz"=0, (4.7)
k2 n
07 .« = 0Oatz*=0,kua
The equations for ¢, and 65 are
¢2,x*x* + ¢2,z*z* = 07
1
2
P20 = %bT,t* at * =0,
Poor = L3by at o* = kpa,
k3
¢2,Z* = O at Z* = _knh, (48)
1
g2 px _ * * * * *
gelt* - ¢27z* — - 1,3}*@51,])* + ¢1,Z*Z*91 at z = 5
T 1
g2 g px _ g2 * 142 142 x
*%@,t* + 1?392 = _7%9251,15*2*‘91 - §¢1,z* — 501, at 2" =0,
k2 " ki

05, = 0

at z* =0,k,a.

The equations for the remaining terms ¢ and 03, finally are



¢R,I*Z‘* + ¢R,z*z*

¢R,x*

¢R,x*

) (bR,z*

%9}({ tx ¢R,z*
ki
%

%¢R t* + k:3 QR
n

*
R,x*
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0,

_¢1,x*x*bT - %d)l,x*z*x* (bT)z
+biz* (bl,z* + biz* ¢1,z*:p* bT )

_¢1,x*x*b§ - %¢1,x*x*x* (bZ)Q
+b§ 2% ¢1,z* + bsz* le,z*:r* b; )

0,

_eix* ¢27$* - ez,x*qbl,m* - eix* ¢1,z*z* QT
1
“‘Qsl,z*z*ea< + ¢2,z*z*91< + %¢l,z*z*z* (‘9?) - %€a5 T,'r?
1
_ngi?%((bl,t*z*ez - ¢2,t*z*01< - gbx*z*z* (0*>2)
n
_(bl,x* ¢2,:p* - (bl,x* le,m*z* QT

_qbl,z* ¢2,z* - ¢1,z*¢1,z*z*‘9* - %6045(;51 T
0.

Terms that do not have frequency w,, or w, are not of interest for the solvability conditions

and thus are not listed.

4.2.2 First- and second-order approximation

For the first-order approximation, there are no major changes compared to the situation in
Chapter 3. The first-order approximation can be written as

o1
and D1
where O7F,

¢1,m

1,n

(rbl,n

6062 * + 60[3 *
o
€ 2(bl,m + 6 ¢1,n )

imt

6 wn, —Q1 ka

S e B, () cos(ea), (1.10)
! km"‘hi("(%) cosh(e” (2" + h*)) cos(e™ ")
it* 7&1 2kmpn( ) Cos(x*) ,

1
eit" ez kia% cosh(z* + h*) cos(z*).

e

When recalling the condition O(#*) < 1 which we needed to have converging Taylor series,
we see that this means min(as, a3) > ay. To obtain a second order approximation for forcing
that is constant with respect to z, we proceed in a similar way as in Section 3.2.2, part b).
Set ¢o = 19 + ¥, and find a solution to
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‘1127.73*.1’* + \IIQ,Z*Z* = 07

1
L wm g I
\DZ,JJ* _ ez(1+ on )t +z/\‘r€a4+2a1 %fl (Z) at =0,
2
P (4.11)
P(1+Em Y AT _qu+iaq g2
Uy = € wn €¥4t3 1k—%f2(z) at ¢ = kya,
m
Wy« = 0 at z = —k,h.

With f; = a; and fy = as, ¥y can be chosen to be

W, — ei(l-ﬁ-%)t*-‘ri)w

X€a4+%a1ﬁ (1 a2—a1 ((1‘*)2 _ (Z*)Q) +art — hlaz—a1) Lee (4.12)
k% 2kma 1 a o
m
Hence, the equations for i, and 605 are
¢2,x*:p* + ¢2,z*z* =0 5
ZDQ@* = 0 at r* = O,
Yoz = 0 at o* = k,a,
Yo = 0 at 2* = —k,h,
3 (4.13)
5 .
%9§7t* o w272* = = T,x* ¢I,1’* + ¢T,z*z*ef + \D27Z* at 2* =0,
g : o1
Tothoye + k%e; = Ly el — 5PTr — 507 — Wour  at 27 =0,
k/’% n k/r% K b
5. = 0 at 2* =0, kpa.
The derivatives of W, are
(1 m) iAT gt lay g3 [ hlaz—a1)
Tpeoluosg = OFEN Dol (esan) 4o
) k% a
(14 £ )% g\ Lo ig2 —
\112 oleso A ez( +Wn) +i T€a4+2a1171 (qu 1122]C a1 (ZE*)2 + alx*) +ece.
) k;j ma
m
The second of these expressions is rewritten using cosine expansions
o0 Y .
as — a1 1 _ 2a(a; — (=1)aq)k,, J
M= — (")t arrt m e (201 + ag)km — € MY ( ,(2 2> ) cos(e—X).
2k ,a 3 )% m

j=1

The right sides of the second-order equations in (4.13) now are
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r.h.s. of 5" equation

_ 627,—75*62012+a1 22 cos(2e1 x*) coth(e“ h*)w,,p?,

Fe2it" 2035 ;“ cos(2:v )coth(h”‘)(gk:m)%p?1

el IF T cortas—gon 4 (e 2%) cos(2*) coth(h*) (ghm) 2 PrmPn
—el(ln I artas— 20‘13’ cos(e z*) cos(z*) coth(h*)(gkm )2 PP

r.h.s. of 6 equation
ehaatin a2ul)c (Cos (e*12*) — coth(e o‘lh*)sm2(€a1$*)> PmPm
+€2a3+a1 2}3 (COS (CC ) Coth2 h* Sln h* )pnpn
+€22 20424—2&1 2w (3 cos ( Qi ¥ )+ COth ( a1h*) Sinz(ealx*)) p72n
L2t 2a3+a1m (3 cos?(z*) + coth?(h*) sin®(x *)) P
—|—6(“’ +1)t* a2+a3+%a1%(jos(eo‘1x*)COS(I*)pmpn
+6i(ﬁ_1)t* €a2+a3+%al %

GQ(ka)

[N

cos(e* x*) cos(x*)pmDn -

[N

In a similar fashion as in (3.22), the form of those right sides leads to the assumption that

Wm*

Oq(z,t,7) = 1+ cpe®on’ 4 c3e?
3

+(c19m + Cogme™ n ") cos(2€1z*)

+(C1.2n + C2.20€%"") cos(22%)

e e ST cos((1 — e

)z)
tep ST cos((1 — ) z¥)
to e Sn T cos((1 + ) z¥)
—|—c+ +e(wn V¥ cos ((1+6°‘1)x*)

k;

¢2(x727t77—) = dy 6 ront +d €2n*
+(dy 2m + d272m62i%t*) cos(2e¢* x*) cosh(2€ (z* + h*))
+(dy 20 + do2,e*") cos(Qx*) cosh(2(z* + h*)

+d_ _ ST cos((1 — e1)a*) cosh((1 — €1)(2* + h*))
e s((l—e“l)x*)cosh((l—eo‘l)(z + h*))
+d_. e wn_ ¥ cos((1 4 €*1)z*) cosh((1 + ™) (2* + h*))
tdy e cos((1 + al)x*)cosh((l—l—eal)(z + h*))
+e< *”t FATST0 Bag cos( @) cosh(§ (2% + ) + Wy + c.c.

n



The equations for those coefficients are
30(1 k—3

gE m Cla
geSal /f;L301b
i€ (ZT:CQ

2ie2 ‘;;Tzdg + 3 Fe

ET
2121 I cq

]{:2
i€z 92d + e 4
k2 b

—2eM smh(260‘1h )d1 2m

3o
€M 75-C1 om
27> o - Co,2m — 2¢*1 sinh (2™ h)d2 2m

2ie2 oy cosh( “h*)ds, 2m + e T C22m

s 92 sinh(2h*)d; 2y,

k:2
30, g7
€219 cosh(2h*)dy 2, + €3* T Clan
k2, L
34, 9%
20€2%1 909 9, — 26 sinh(20*)d3 9y,
1 k%
34, g%
2i€2%1 95 cosh(2h*)dz 2, + €1 F-Co2n
kz m
—ie2*9yc_ _ —sinh(h*)d_ _
1 k"gl
34 g%

—ie2 45 cosh(h*)d_ _ + €3 R
k2 ’ mo
—ie2MLzc_  —sinh(h*)d_

1 k%
34 g3
—ie2*1 9 cosh(h*)d_ , + €™ 5-c_
k3 "
1
34, g% -
i€z Izc, _ — sinh(h*)d; -
1 kr%,
E
i€2% L3 cosh(h*)dy - + € Fcp
k2 ) "
34, g% :
1€2%1 %CJDJF — slnh(h*)d+,+
1 k”%
34 g%
Ze2alg—§C sh(h* )d++ + e k3 Cr +
ki
. 34 2
€2 Iy 51 0
3, g% 3
i€2M L5 35 o + €214 51 0
k,%l
E :
€2 %ﬁl,y — € X 62,]'
k2 Fim
5, {”
cdang

73

Yia »

V1b 5
0,

g2a2t2a1 kQ i (T)2(3 4 coth? (e h¥)),
0,

g2zt o2 kmp”( ) )
0,

2extzas g p, (r)(1 + coth(e 1)),
62a2+a1 4“”” coth(e*h*),
2024201 at;)}jm (3— coth2( AR ))p2 (1),
0,

620¢3—|-o¢1

angm|pn(T)’2v

203~ 1o 4z(gk )% (7’),

2a3+a1 29 2
€ a2kmpn(7—) ?
Y2,
3,
Y4,
V5,
Y6 »
Y7,
78,
Yo,
1
catzon g2 (_h(“2 al))
T a )
k‘2
M
ay—tarig? (2a1+az)km
6 1 3 )
K
0,
1
_6044—%041 ig2? 2a(a1—(=1) az)km

j2m?

(4.15)



The constants are given by

2
V3

Ye
Y7

Using coth(h*) =~ 1 yields

Cla
C1p
C2

dy

C3

d3
C1,.2m
d1,2m

C2.2m

d2,2m

C1.2n

(201 +203 (1=coth? (X1 A*))wy,

Yia = a2kZ, D Pm
M ~ 0,
1
— og+os—Fan 2i(gkm)2
Yoo o= €T = D Dn
_  Lastasztia 203,
Y5 = €T T PmDPn
a2(ghnm) 2
1
_ Lastaz—1iag 2i(gkm)2
V8 = € 2 872 a2m PmDPn ,
_ Lastasztia 2w
Yo = €T ——mr Dy
a?(gkm)?

—€
0,
0,
—e22 % (3 4 coth®(e* h*))p2,
0,
62063—*041 2292 km pn ’

emrm%(l + coth? (e h*)) |pm? ,

0,

€ a?  sinhZ(e*1h*)
1

20z 3iw2 a1 *) 2
€ 2a£”2<:];ch(e R )P
2ai3—2 2
TN py |

0,

e203—20 2k2,

0,

aztasz—3aq ka

“5h,

€ pmpn )

_€a2+a3—ga1 wmkm Sech(( al :l: 1)h*)pszn7

za2g2
ag+az—3a1 W k
—eMTas T =y pmpm

a2+a3—fa1 wmk2 SeCh(( a1 1)h*>pmpn7

za292
60447041 i(QQ al)k?mh
g2l (2a +a2)k?n,

7
as—2aq 2ia(ai—(=1)a2)k2
€ 2 T )

92 jm(akm—e1jm)
ag—20 267 (a1 —=(=1)Taz)k3,
j2m2 (e jr—akm)

€

Q00— alk 2+cosh(2e“1h*) Oth( a1 h*)pZ

74

(4.16)

(4.17)
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4.2.3 Solvability conditions from third-order equations

The solvability condition for frequency w,, is now

IO ((bR,m* cos(eMz*)|2" — 2 [@ cos(ealx*)d:c*) cosh(e* (z* 4+ h*))dz*
42 (e cosh(en (2% + B0 — € g sinh(e® (2* + B
+€21 [0, pp cosh(e (2 + h*))dz*) cos(e“z*)dx* =0.

Making use of (4.9), we obtain after rearranging

fgh((_l)m [biz*qbl,z* + bl,z*¢1,z*x*bT - qbl,x*x*bT - %qu*a:*:c* (bT)Q} gt
o {b; z*¢1 2 T b2 ,2* le z* x*b* - le T* x*b* - %be*w*x* (53)2} gc*—o) COSh(Eal (2* + h*))dZ*

5 (i cosh(emh) — i sinh(e ")) O cos(ea*)da”

—Ju ([r . (4.9;)] cosh(e™h*) + e iwm[ 8. (4.99)] sinh(ealh*)) cos(e*x*)dx* =0.

Recalling the definition of w,, , the middle line vanishes. Besides, only terms of approximate
frequency w,, should be considered.

We again get a differential equation of the form
Rypl,, + Rolpm|*pm + Ra|pn*pm + Rae™" Dy = 0 (4.18)

with

1
Ry = e*t5=3012cosh(ky,h)g2ks

R2 = €3a2’i C,
7
Ry = 60‘2“"‘3_%0‘1(—@')]“";“’” sinh(k,,h),
g a
Ry = ewtaa—jom { (gkm cosh(kn,h) ((2a1 — az)a + (=)™ (aay + 2(a; — az)mm))

(4.19)
The constant C' is given by

C = —lmes@lbnllon (g (25 sinh(2k,,h) + 10 sinh(4ky, h) + sinh(6k,, )]

+3aw?, {8 + 1692 + (32¢2 — 7) cosh(2k,,h) + 16g2 cosh(4k,,h) — cosh(Gk:mh)D :

We note that, for reasonably small i, we have C' < 0. However, as h increases and other pa-
rameters remain unchanged, the terms with hyperbolic functions in 6k,,h become dominant.
With the simplification tanh(k,,h) = 1 which is valid for large h/a, we have
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Saqun = 3gmm > gmT .

Thus we can see that, as h increases, C' eventually becomes positive.

The solvability condition for frequency w,, is

12, (ngR’z* cos(z*)[&" — [ ¢ cos(x*)dx*) cosh((z* + h*))dz*
+ Ji" (e cosh((z* + h%))[%e — Srsinh((z* + h))[%.
+ [%,- ¢r cosh((z* + h*))dz*) cos(z*)dz* =0.

Using (4.9) and rearranging yields

SO ()" B e e+ b1 2Bt g b — G geae b — Smaman (0]
— |05 2 Br,en + Do Bt b5 — Gree s — §raran (05)?] 03 cosh(z* + h*)dz"*

ardy sinh(h*)) O cos(z*)dz*

— o {[rs. (4.9;)] cosh(h*) + e 201 ki [ g, (4.9)] sinh(h*)> cos(z*)dz* =0.

Here, only terms of approximate frequency w, are considered. Using sinh(h*) = cosh(h*),
the middle line vanishes. The resulting differential equation is

S11y, + Sa|pal*pn + Sslpm*pn + 51 P = 0 (4.20)
with
1
S, = etz cosh(h*)g2ks,
5
Sy = €¥73% cosh(h*) li’%z,
g2a
. 4.21
Sy = eoeetas=3aigcogh(h* 5219 , ( )
54 = 6a2+a4+a1 COSh(h*)%

< [([(=1)™ — 2ay + as)a + 2(—1)™"(as — a))mr] .

4.2.4 Suitable choices for a; and model equations

In experiments, the low-frequency wave usually has a larger amplitude than the high-
frequency wave, thus we assume asz > as. The condition mentioned after equation (4.6)
means that we should have a; < s (which implies a3 < «a3) and oy < 4. The goal
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in choosing «; is to keep as many terms in (4.19) and (4.21) as possible, and the terms
containing the derivatives should not be higher-order compared to other terms.

Comparing R; and S; with the other R;’s and 5;’s and solving for as yields

(1) (071 S 20&2 + %Ozl s

(ll) (673 S 20[3 — 20[1 s

(111) (673 S 3 — (g + ay s

(IV) (673 S 20&3 — 20&1 s (422>
(v) a5 < 20— 30q,

(Vl) (0% < Qg — (i3 + Oy + %Ozl .

As many of those as possible should be equalities, but satisfying (v) and having oy > 0 does
not allow (i) to become an equality. Also, we want at least one of Ry, R3 and R, to have
the same order as Rj.

Ry cannot have the same order as Ry, because we cannot have equality in (i). So, assume
that R3 has the same order as Ry, i.e. equality in (ii). After substituting oz with 2a3 — 2ay,
inequality (v) becomes

2&3 — 2&2 S —§Oé1 .

Since the left side of this is positive, but the right side is negative, this is not possible. Thus,
assume now that R4 has the same order as R;, meaning equality in (iii). Now replace as
with a3 — ag + a4 in inequalities (ii),(v) and (vi). Solving the first two of those for ay and
the last one for oy, we get

(1i>’ Qg S Qg + Qi — 20&1 s
(V) oy < B —ag— 2oy,
(Vi) a1 > 3(az— o).

It has been shown that there cannot be equality in (ii)’, so we can try to get equality in (v)’
and (vi)’. Assuming equality in (v)’, plugging into (ii)’ and solving for «; yields

s\ 1
(ii) 5041 > 2(g — a3),

which is always true under our assumptions. Remains to check whether oy < ay is satisfied.
Plugging the expression of (v)’ for ay into that and solving for oy, we get

a; < ?(Sag — Ozg) .
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Assume equality also in (vi). Then

4 2
g((l/?) — CYQ) < ?(3a2 — 0[3) .

This simplifies to

23

<7
T

a9 .

This condition has to be satisfied independent of the choices of a; and a4. The condition
a1 < ag implies

4
5(043 — 062) < Qg

or ag < 50@ which is already granted by the previous condition.

Hence, with a3 < %052, set

4 4

;. = 303 — 302,
_ 5 _ 19 13

ag = 3ap— a3 — 501 = ST — Fag,
_ _ 16 i0

a5 = Q3 — 0+ 0y = 30 — FQ3.

Equations (4.18) and (4.20) become

- Ch3e™ Py + €530 Oy [p [ 2pym + 1€ =) Oty | Py 2P

' ‘ | m 4.23
p;l _ C’236MT]Tm—I-2022]pm‘2pn+Z€g(a3 a2)021|pn‘2pn. ( )

The Cj; are constants independent of € and given by

Cll = - ¢ T,
s 2 cosh(kmh)(gkm )2
012 = ké?l‘;;n tanh(/{:mh) 5
Ci3 = a% (§2G1 —az)a+ (—=1)""(aar + 2(a1 — az)mm)) ,
C — _ ki ,
21 2a2§

Cyp = —tmg

2a2g?2
Cry = el (1) a4 ay)a+ 2(~1)*(a; — ar )]

gkm

In some cases, e.g. a; = ay and m + n even, it may seem that C'j3 = 0 or Co3 = 0. In these
cases, lower-order terms that have been neglected become dominant.
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4 4 5

For example, take ay = 1 and a3 = 3. Then we have a; = 5, ay = § and a5 = g. Notice

that this means that the amplitude of the forcing is larger than the low-frequency amplitude.

w

4.3 Discussion of the model equations

4.3.1 Special cases

There are some questions that should be answered.

e What happens if there is no forcing?

This means that Ry = Sy = 0. We only have inequalities (i),(ii),(iv),(v) left in (4.22).
With the same reasoning as before, we cannot have equality in (i) or (ii). The conse-
quence is that, by having no forcing, we are losing the leading order term in the right
side of the equation for p/, in (4.23).

e Can we have the amplitude of the forcing smaller than the amplitude of the low-
frequency wave?

In other words

19 13
Qg < Oy = gag—gag.
Solving for aj yields
16
a3 < Ea27

which is slightly stricter than the previously obtained condition ag < %052. For exam-

ple, choose as = 1 and a3 = g. This means that oy = as = and a5 = 4

4 4
15° 15 3"

4.3.2 Small surface tension and Hocking’s edge condition

We want to see how small T" (ratio of surface tension to density) needs to be in order not to
have any effect on the differential equations.
Suppose that T' = ¢*7. As an edge condition, we now assume

O = €0 at x* =k,a,
0 —€%0, at ¥ =0.
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Consider the part T0,«,+. Multiplying by cos(e*z*) and integrating yields
) e e cOS(€M1 2% da*

= B, cos(ea*)|knt — [Fnag . (—e sin(e™ z*))dx*
= €S[(=1)"Op |gr—tpa + Opr|wr—o] — €21 [T cos(e™ z*)da* .

The terms resulting from 7'0,+,- should be small compared to ;%0, hence

]f(f”‘”a % €210 cos(e z*)dz*|

> |€a7+°‘8[( 1)™0p | gr—pya + Op | ormo] | + |€27T21 fok"a 0 cos(e“ x*)dx*|.

Thus a7 and ag should satisfy a; > 0 and ag > 2a; — as.

The same procedure for multiplying by cos(z*) :

Q) g cOs(2*)da*
= Eas[(_l)net* z*=kna + et* T*

—o] = Jum@ @ cos(a*)dx* .

In this case we should have

| fme n 9-e2210 cos(x*)dx*|

> [T [(—1)" 0y [y + Ors o] + €7 57 0 cos(a)da”|.

Hence, we need a7 > 2a4, the requirement for ag is the same.

Additional restrictions result from making sure that the 3Tk:2 20,+,+0%. term does not contain
any dominating terms. The conditions to be satisfied are

ar +3as —a; > 3as,
o7 + g + 2003 — 4oy > a2+2a3—ga1,
a7+ 3as —dbay > 3az — 3041 ,
a7 + 209 + a3 — 31 > 200 + a3 — 3oy .

Solving each of those for a7, the most restrictive inequality is the third one, thus

>
oy > 5@1 and ag > 2@1 — Q7. (424)

are the conditions on surface tension and the terms from Hocking’s edge condition needed
to ensure that neither effect contributes to the dominating terms of the equations.



81

4.3.3 Approximations to solutions of the new system

We want to discuss a system of the form (4.23). The steps of Section 3.3 can be repeated

with setting
64(0‘37&2) Cll )

Ci1 =

crp = €3y,

C13 = (5 ) (4 25)
e = e @m0y, .
ca2 = Oy )

C3 — K .

Now we investigate the roots of the polynomial Q(p) defined in (3.50-3.52). In order to
obtain simpler expressions for the roots, simplifications are made.

All terms with § or ¢ are neglected

In this case, Q(p) has the roots

1 G — 72 (61 + 2k + 2(61 + KB2)A
2 2022
These are two double real roots which, in the case of r2 = 0%2 coincide.
All terms with ) neglected
We can still determine the roots exactly:
P12 = 2( V2, + Bor? )
P34 = [O (raBy — 12, (B + 2K32)) + 2(51 + KB2) A
—elonmes ( — (Chz + Con)(k72, — 2r2) 31 + Cuyr?, Breslea—o2)

+[(Ol2 + 021)'%7“,21 + 011(2/€Tm — T’n)e3 az— QQ)]ﬁz)]
/[2 (022 + (Cha + 021>I{€%(O‘3_0‘2) + 01164(043*&2))} ‘

So, we still have double roots. They coincide if

9 A — E%(a3_a2)(012 + 021)7"721

re = ,
Cos + E%(a?’_aQ)(Cm + 021)/’6 + eHas—a2) Oy
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Approximation of roots neglecting ¢ only

Calculating the roots directly fails. The expressions for the roots become very complicated,
and some derivatives do not exist, which is why Taylor expansions are not too helpful.

We use the previously obtained roots as a first approximation and perturb each of those roots
by RJ, plug in the modified candidates for roots and choose R in a way that the leading
order error vanishes. To do so, powers of § are collected and the terms with §2 are set equal
to zero. The approximations of the roots are

2rmTn in +1
pra = LBl + fard) + TmrelOrsialinEn) 5.
C: 2 By —p2 3
v 22 (12 B2 rm(ﬂ1;ré§2ﬁz))+2(ﬁ1+ﬁﬁz) (4‘26)
2Co0rmrn sin(@)£24/(Coor?, —2X) (2Cn2k13, —Caarh —2k0)
+<ﬁ1 " Kﬁ2> C3yr3,—Ca2 J.

These roots are approximations in the way that Q(p;) = O(6%) for all of the roots.

In the case r2, = 0422, the denominators are zero, so that case has to be considered separately.

The original roots are perturbed by S; 0 24956 and plugged in. Powers of 9 are collected and

. 5 . .
the terms with 62 and 62 set equal to zero and solved for S; and S,. Now the approximations
are

[NIES

proga = 3(Bird + Borl) £ (b1 + /@62)\/\/07;2327“71(1 + sin(a)) &

(B14£B2)(Ca2r2 + k)
+ \/ 2r, \/05’2)\ 6 )

(4.27)

This is to be understood in the way that there are four distinct roots by using all possible
combinations of choices of '+’ and ’-’. Again, these roots are approximations in the way that
Q(p;) = O(8%) for all of the roots.

4.3.4 Analysis of the dynamical system
Equilibria of the new system and their stability

We still have the trivial equilibrium r,, = r, = 0. Other equilibria need to satisfy (3.72).
Using once again (4.25), this means we need to solve

Cop L0 + JC LA + €5(03792) (Cy 6 LY + §(Cy — Cia) AL — Cho0rL?)
_|_64(043—a2) (—011:‘15 - %/\CHL> =0.
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We can approximate this equation by dropping the part with e*@3=22) The solutions that
we obtain that way are two complex conjugate solutions (which are dropped) and two real
solutions.

Ll = 07

~ 2 Slaz—az) Cra?
L2 ~ 20 + €3 8Co283 *

In Lo, the first two terms of the Taylor expansion are given. It is observed that the small
solution L, is approximated better by the solution of

1 1
SCmAL + €037 (=Cuidn = SCuAL) =0
Using a Taylor series, the solution of this is given by

Ly ~ 720115'%64(“3_0‘2) .

022)\

However, when changing the equation, the effect on the roots may be large compared to the
portion neglected. So, we go back to the original equation. Starting out with

_ 2Ch16k A(az—a2)
L = T € ,
L2 = T35

we plug in Ly +€3(®3=*2) B and L, + e%(aro‘Q)Dl +eHlos—a2) ) e%(QS*O‘Q)D;;. After collecting
expressions with same powers of €, we set the terms with leading order powers equal to zero
and solve for B and D;.

The roots obtained that way are

L = 2C110k 4(043 ag) _ 207, 6K(40%K—A?) 8(043—042)
1 O 02,53
L, = —%—i— C12>\(C4§Zn+)\2) §las—az) 4 74011?12;«”;)\6'11/\ Mas—az) (4.28)
012)\( 452H+)\2)( 401252R+2012)\2+021)\2) 16(a3 012)
- 3202,55 : :
sin . we obtain the equilibria
Using (3.71), we obtain the equilib
~ A —4(az—a2) 26%k
P~ 26'116 + CE (4 29)
~  —452k+)2 (46%2Kk—X )(4012525_5_(}21)\2) %(a3 asz) :
p2 ~ 2C92\ 8C2282 )\ ’

The leading order terms need to be positive in order to actually have an equilibrium. We
plug in the pairs (rl, Ly) and (72, Ls) to see that, for the above approximations to equilibria,
the errors are O ( (as—az ) and O (64(0‘3*”‘2)), respectively.
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The eigenvalues of the trivial equilibrium are 44/xd% — ’\4—2. Depending on the sign of the
expression under the root, the eigenvalues are either purely imaginary or real.

For the other equilibria, consider (3.76) and (3.77). For Ly and p;, we get

C32,)\?
Cy ~ —8(az—ag) 22 .
L iC%
For L, and p,, we have
N 46*Kk% N2

Homoclinic and heteroclinic orbits

There are still no heteroclinic orbits, of course, and the homoclinic orbits connecting the
trivial equilibrium have been found in Section 3.3.5 .

It is now of interest to find out whether there are homoclinic orbits connecting the other
equilibria. Recalling Section 3.3.1, the system (r,,,7,,a) has homoclinic orbits if we have
four real roots p; < ps = p3 < py with at least two distinct roots.

Considering the roots obtained in (4.26), this could particularly be happening if, for § = 0,

d —CQQT%.L-i-Q)\

r2 an are close to each other and two roots are moving towards each other, as §

is modified.

We choose the parameters m = 1;a = 1;h = 1.0527;9g = 9.81;a1 = 1;a0 = —1;n even;
a3 — Qg = % and k =1, A = —0.1. For e =0.01, r,,, = %,/é, r, = 1 and sin(a) = 0.5, figure
4.1 then shows a plot of the roots of Q(p) in terms of ¢.

We can see that for some value of § between 0.12 and 0.13 there is a double root, thus a
homoclinic orbit of the system (r,,, r,, «). Figure 4.1 also displays another interesting effect:

r2 oscillates between the real roots closest to the initial value of 72,, which is indicated by the

dashed line. The double arrows in the figure are meant to demonstrate that r2 reaches values
up to 0.2 for 6 = 0.1, but values up to 2 for 6 = 0.15. In particular, there is a big jump in
the oscillation of r2, at the value of § that gives the homoclinic orbit. In the following figures
we use parameters as above with e = 0.002,0.01,0.05 and plot the oscillation amplitude of

r2 in dependance of § and the initial value of r,,. At the jumps there are combinations of

m
parameters for which we get orbits converging to circular orbits for 7 — 4o00. In order to
better see the curves along which the jumps occur, we have also included the corresponding

plots of the curve in the phase plane.

It should be noted that the oscillation has been evaluated only for discrete values of § and
rm- Thus it is a subjective decision what is a relatively steep incline and what is a jump by
defining an appropriate threshold value. We have set the threshold value to 0.1 for e = 0.002
and € = 0.01, and 0.05 for € = 0.05.
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251

real roots of Q(p)

0 0.05 0.1 0.15 0.2 0.25

Figure 4.1: Roots of Q(p) in terms of ¢

It would be interesting to see what these special orbits look like. While it is not possible
to numerically find the exact value of § for which Q(p) has a double real root, we can get
arbitrarily close. Figures 4.8, 4.9 show the radii, angles and phase portraits for 6 = 0.126225
and figures 4.10, 4.11 show the same for § = 0.1262255. The critical value of ¢ for which
Q(p) would have the real double root is between those values of 4.
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Figure 4.2: Homoclinic orbits and jumps in oscillation amplitude for ¢ = 0.002
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initial r
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Figure 4.3: Curve along which jumps occur for e = 0.002
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Figure 4.4: Homoclinic orbits and jumps in oscillation amplitude for ¢ = 0.01
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Figure 4.5: Curve along which jumps occur for e = 0.01
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Figure 4.6: Homoclinic orbits and jumps in oscillation amplitude for € = 0.05
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Figure 4.7: Curve along which jumps occur for e = 0.05
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Figure 4.8: Orbit of p,, for § = 0.126225
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Figure 4.9: Orbit of p,, for 6 = 0.126225
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Figure 4.10: Orbit of p,, for 6 = 0.1262255
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Figure 4.11: Orbit of p,, for § = 0.1262255
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Chapter 5

Additional forcing with frequency
close to the larger eigenfrequency

5.1 Introduction

In addition to the forcing terms introduced in Chapters 3 and 4, a forcing of third order with
frequency close to the larger eigenfrequency w, is applied.

For the system in Chapter 3, we show how the governing equations are modified by this
extra forcing, and the equilibria and periodic orbits are found. The special case of applying
only third-order forcing of frequency close to w, is considered. A numerical example for the
calculation of equilibria and periodic orbits is given.

For the system in Chapter 4, the modified equations are presented as well. We focus on
the case of having forcing of frequency w, only and find approximations to the solutions
for € small. In [40], critical values of the forcing were determined. A numerical example is
presented that shows how the amplitudes of the solutions change rapidly when the forcing
parameter surpasses the critical value.

5.2 Additional forcing for the system in Chapter 3

5.2.1 Modifications needed for the equations

For now, we work in a similar setting as in Chapter 3. However, we consider boundary terms
of the form

be(2,t) = € (i(wm + wy)) " e@mtent AT £ () L &3 (i, ) "Lt T g (2) (5.1)
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Since the only change is in the third-order terms of frequency w,, neither the first- and
second-order approximation nor the third-order solvability condition for frequency w,, are

affected. This also means that the differential equation for p,, remains unchanged.

The

third-order solvability condition for frequency w, is updated and results in a new differential

equation for p,, of the form

5100 4 82|Pn|*Pn + 83|Dm|*Pn 4 846 Ty + 556N =0,

where s; through s, are given by (3.37) and

= Oh((—l)”gg(z) ~ g1(2)) cosh(kn (= + h))d=.

When solving the differential equations for p,, and p,, equation (3.38) becomes

Phy = C11iPm|Pm|® + C12i0m |Pa]? + Cl3¢i>\7—]7na 4
Py = C21iPn|pnl? + Co2ipn|pm|® + 23D + 2067
The coeflicients are given by (3.39) and
S5
Cog = —— .
S1
To make the system autonomous, we use the transformation
pn = €ONTE,
P = ei)\*’rpn )
The equations in P,,, P, then are
(P, +i(A = X)Pp) €O = (010 P | P |* + €100 P | Po]? + Clgﬁn) A=A

(P! +iX*P,) e

Cancelling the exponential terms and solving for P | P/ yields

Pvfn = —i(>\—)\*)Pm—FClliPm’Pm‘Q+0122-Pm’Pn‘2+613ﬁn,
Pé = —i/\*Pn+021ipn|Pn|2+0227;Pn|Pm|2+023P7m+CQ4.

Changing to polar coordinates as in (3.42) gives

18Py | Po|? + €201 Py | P |* + o3Py + 024) e,

(5.2)

(5.3)

(5.5)

(5.6)
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€O dag, rpet®m = —i(A = A )rpettn + Cllirf’nelam + clgirmriemm + crgpe
rlelon il rpetn = —iN et 4 i3 et + Conlir, T2 €M + CozT eI + Coy
(5.7)

Assuming r,,r, # 0, the resulting system of differential equations for r,,, 7, a;, and «,, then
is

r = ci3ry cos(ag, + an),

T = CosTy cOS(au + Q) 4 Cog coOs(ay) (5.8)
al = —(AN=X)+cnrd +cpr? — Ci3 7 sin(ay, +an), '
= =X 4 cenr? + coar? — Co37™ sin(a, + ay,) — 024% sin(ay,) .

The functionals J and F are not invariants anymore, thus a reduction to one ODE as in
Section 3.3.1 is not possible.

5.2.2 Equilibria and certain periodic solutions

Going back to (5.4), it is clear that we can only have equilibria for A = A* = 0. For
A # 0 and/or \* # 0, we get periodic solutions instead. Since the final solution for surface
displacement is periodic anyway, this just means an adjustment of the period.

The first equation of (5.8) implies that either cos(a,, +a,,) = 0 or r,, = 0. For the later case,
recall (5.4). While the first equation requires p,, = 0, the second one implies p,,, = — & = py,
since the fraction is real. Assuming cgy # 0 this is a contradiction. Thus we can focus on

the case cos(a, + a,,) = 0.

The second equation in (5.8) then yields cos(ay,) = 0. Together with cos(a,, + ay,) = 0, this
implies sin(a,,) = 0. Thus it is assumed that

Pm - Rma
P, = iMR,,.

Here, R, and M are real-valued, but not necessarily positive . Plugging this into (5.6) yields

—Z()\ - )\*>Rm + Clll’Rg—L + Clg’in’nMQ — ClgiMRm = 0 s
)\*MRm — 021M3R§n — CQQMREU + ngRm +Coy = 0.

Cancelling i R,,, in the first equation and collecting terms, we obtain

RZ (c11 + c1aM?) — (esM + (A= X*)) = 0,
R%(CglMg + CQQM) — Rm(ng + )\*M) — Coqy = 0.
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Solving the first equation for R, gives

C13M + ()\ — )\*)

R =
" c11 + c1aM?

(5.10)
Take co4 to the right side in the second equation and square to get

RS (coy M + cooM)? — 2R (co1 MP 4 oo M ) (coz + N M) + R2 (co3 + N*M)* = c3,.

Substituting in the expression for R?,,

denominator and collecting terms yields

we get an equation in M only. Finding common

agM® + asM® + ...+ a;M +ag =0. (5.11)

The coefficients a; are given by

ap = —cfiency, + (A —A)),

a1 = C11C23 (—2022()\ - )\*)2 + C11(013023 + 2(/\ - )\*))\*)) )

Ay = C%Q(A — )\*)3 — 2011()\ — )\*) (2613622023 — 612633 + CQQ()\ — )\*))\*)
+c2, (=3c1acd, + N (2c13¢93 + (A — A)AY))

as — C22<3C13622 — 2012623)()\ — )\*>2 + C%lclg()\*)Q
—2011 (C%3022623 =+ 023()\ — /\*)(021()\ — )\*) — 2012)\*)) s
a, = (/\ — )\*) (30%3032 — 4012013022023 + 6%2033 + 2012022)\*(—>\ + )\*>)

—cn (30%2034 + 2(2¢13¢91093(A — A*) + 23022 A" + car (A — AF)2N)
+201 M (= 2e13023 + A (=N + V)

a5 = 3¢5y — 2cT3(C110a1 + C1aCa2)Co3 + 2¢12Co3(A — ) (—car X + (12 + c21)NY)
+c13(c3yC35 + 2091 (A — X*)(3cae A — 211 A" — 3o \*)
+2c19 A (=200 A + €11 A* 4 209207))

ag = —0?2633 + C%Q)\* (2613023 + ()\ — )\*))\*) — 2612(2013621023()\ — /\*) + 0%3622)\*
+021()\ — )\*)2)\*) + 021(621()\ — )\*)3 + C%3<6022)\ — 2(011 + 3022))\*)) ,

ar = c13 (2635601000 — 2C19C13C21 023 + (€1 A — (C12 + €21)A*) (Bear A — (12 + 3ca1) AY))

ag = 6%3021(3021<)\ - )\*) - 2612)\*) 3

g = 0?3031 .

Each real solution M; of (5.11) yields a R,, from (5.10). Since the second equation in (5.9)
was squared, the sign was lost. Thus, the sign of R,, needs to be chosen in a way that this
second equation is satisfied.

The case with forcing of frequency w,, only, i.e. c13 = co3 = 0, should be considered separately.
Set A = A" in (5.5) to simplify the transformation. Equation (5.8) in this case becomes
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/ _
rm = 0,
/ _
r = cagcos(ay),
/ _ 2 2 (5.12)
a, = c1r,, + cia”y,,
/ o * 2 2 1
a, = =N +cur+cory, — Cougs sin(ay,) .

The second equation implies cos(a,) = 0. The equation for «/, shows that there can be
equilibria only if ¢;; and ¢35 have different signs. In that case,

2 C12 o
reo=——"r
can be plugged into the equation for o, :
c
<021 - 612022> 73— X1, — cogsin(ay,) = 0. (5.13)
11

We can choose sin(a,,) = 1 and in turn allow negative r,,. Then this boils down to a cubic
equation in r,. Note that «,, can be chosen freely.

5.2.3 Numerical Experiment

For the numerical experiment, the previous set of parameters is used again.

m=1n=15a=10;h=1;9g =9.81;T = 0.1; f; = 10, fo = —10.

In addition, choose g1 = go = 1. Then ¢y = —3 = 0.212172 following (5.3). First, the
equilibria in the case A = \* = 0 are found. The polynomial equation in (5.11) yields

—0.0005186 + 0.4968M + 0.008125M2 4 25.1475M° — 0.04243M*
+314.522M° 4 0.07386M° — 93.8444 M7 + 6.91855M° = 0.

The solutions of this equation are

M, = -—2.64226,

M, = -—2.58136,

M; = 0.0010383,

Mys = —0.00693 + 0.191537,
Mgz =  0.00648 + 0.20488 ,

Mgy =  2.61174+0.03046 .
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Choosing the correct signs yields

(Rpm)1 = —0.818394,
(Rp)2 =  0.828551,
(Rp)s = —0.096862.

The three equilibrium solutions in this case thus are

(pm)1 = —0.818394 (pm)2 =  0.828551 (pm)s = —0.096862,

(Pn)1 = 2162417 (pn)s = —2.13878i (pn)s = —0.00010117. (5.14)

The eigenvalues of the equilibria are

e +8.63322¢ and 40.802148; for the first equilibrium, thus it is stable,
e +8.55971¢ and +0.79166 for the second equilibrium, thus it is unstable,

e 2.10846 4+ 0.0377 and —2.10846 =+ 0.037¢ for the third equilibrium, thus it is unstable.

For the case A # 0 and/or A* # 0, the case A = 1, \* = 2 is considered as an example . In
this case, (5.11) becomes

—0.24525 + 7.41137M — 75.257M? + 300.73M3 — 533.405M*
+366.142M° + 22.901 M5 — 94.9312M7 + 7.45605M8 + 6.91855M° = 0.

The roots are

M, = -—3.27146,
M, = -321595,
My, = 0.49248,
Mys = 0.08294 + 0.00478051
Mgz =  0.54305 + 0.00679891 ,
Mgy =  1.83263 %+ 0.0439191 .

Choose the correct sign to get

(Rp); = —0.785089,
(Rp)2 =  0.792981,
(Rp)s = —0.066487.



Thus the periodic solutions in this case are given by

(pm)1 = —0.785089

(pn)1 = 2.56839
or

(pm)2 =  0.792981

(pn)2 = —2.55019
or

(pm)s =  —0.06649

(pn)s = —0.03274
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To find out about the stability of these periodic solutions, we consider the stability of the

corresponding equilibria of the system for (P,,, P,).

e The eigenvalues of the equilibrium corresponding to the first periodic orbit are
+10.6949: and +4.823571, thus the first periodic orbit is stable.

e The eigenvalues of the equilibrium corresponding to the second periodic orbit are
+10.60162 and +4.575034, thus the second periodic orbit is stable.

e The eigenvalues of the equilibrium corresponding to the third periodic orbit are
2.11772 £ 0.014437¢ and —2.11772 4 0.01443¢, thus the third periodic orbit is unstable.
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5.3 Additional forcing for the system of Chapter 4

5.3.1 Modifications of the system

In a similar way as in the last section, an additional high-order forcing of frequency w,, can
be introduced. The modified forcing is assumed to be of the form

bj(Z, t, ,7_) — 04 ei(wm—i-wn)t—i-i/\T%fj (Z) P eiwnt—i-i)\*TFj(z) T ec.

5.16
=: ijwm+wn + ijwn . ( )

Here, b; ., 4w, and b;,, are the components of frequencies w, + w,, and w,, , respectively.

There are no changes to (4.6). Considering equations (4.7-4.9), b; should be replaced with

bj wmtwn- In addition to that, (4.9) needs to be updated with the new component of the

forcing. The equations that change are now

1 2
¢R,m* = _le,x*:r* bimerwn - §¢Lw*x*x*(b>{,wm+wn)
+b>{7wm+wn7Z* (bl,Z* i— bi(vwm+wnaz*(bl’z*x*gizwm‘ﬂdn + biwn at z* = 07 (5 ].7)
¢R,x* = _¢1,x*x*b§7wm+wn - §¢1,x*x*x*( ;,wm—&-wn)

* * * * *
+b27wm+wn,z* ¢]_7z* + b27wm+wn,z* ¢17z*z* b2,wm+wn + b27wn at xr = kna .

The components of b} are again given by b5 = k,b; (j=1,2). If Fy and F; are chosen to be
constants A; and A,, respectively, the updated differential equation for p, is

S19}, + Salpul*pn + Sslpm|*pn + 5S4 D + Sse™T =0, (5.18)

where Sy through S, are given by (4.21) and

S5 = ((=1)" Ay — Ay)e** ™k, cosh(h”) .
For S5 to have the same order as Sy, it is required that

1 14 )
()[6:@34‘0554‘5@1:?0(2—5@3.

For the number examples in 4.2.4 and 4.3.1, this would yield ag = % and ag = %, respectively.



101

5.3.2 Approximation of solutions for forcing of frequency w, only
and small ¢

For simplification, we assume no forcing of frequency w,, + w, and use

Py = i6Cilpalpm +i3Cu Pl pm, (5.19)
P, = iColpm|*pn +i€3Co [pn|*pn + Cose™ " |

with Cyy = O(1) and €3 = e3(as—a2) for simpler notation.

We set ¢ = 0 and obtain the simpler equations

P = 0, " (5.20)
p, = iCyy |pm|2pn + Coue™'™. '

This can be solved explicitly:

pm = pm(0),
l. e ol O 5.21
Pn = oty (€O — €7 + p, (0)e Celpn OFT (5:21)

In a first attempt to better approximate the system for ¢ # 0, consider the system

p;n = 163 012’pn‘2pm 5
p, = iCxn |pm|2pn + Coye™'T. (5.22)

Once |p,| is known, the first equation can be integrated to get
P = Py (0)€75C12 J5 nOFdt (5.23)

Since the radius of p,, is still constant, p, is still given by (5.21). In turn, we now just need
to find |p,|* for the solution in (5.21) and plug into (5.23) to get a solution for p,,.

Now consider the first equation of (5.19). An approximate solution is set up as

D = |pm(0)|ei(am(0)+e§C12f0T|Pn(t)|2dt+Am(T)' (5.24)

with the function A,,(7) to be determined.

Plugging this setup into the first equation yields

ilpm (0)| AL, (7) = iCries[pm(0)]
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Hence the solution which satisfies the initial condition A/ (1) =0 is

Am(7) = Crie3|pm(0)P7 .

With this, p,, turns out to be

i(fgClz I3 Ipa(®)Pdt+e3Cn \Pm@”%)

Pm = pm<0)6 (525)

On the second equation, transformation (5.5) is used. The differential equation turns into

The improved approximation is set up as a perturbed solution of the form

1Cyy

D + eiD”J“gA"(T)Dg(l + Ean(T)) , (5.27)
1

P, =
where
D, = C22|pm(0)‘2 — A",
DZ - Zg?l + Pn(o) .

To find A, (7) and R,(7), P, is plugged into the differential equation, taking into account
1Pm(T)| = |pm(0)]. In order to find |P,|?, P,(7) is split up into its real and imaginary parts.

|P.]? = ((1 +eR2) [RG[DQ] cos(Di7 + €3A,,) — Im[Dy] sin(Dy7 + 6%./4”)])2
+(%214 +(1+eR2) |:R6[D2] sin(D17 + €3A,,) + Im[Ds) cos(Dy7 + G%An)}f :

Now, if P, and |P,|* are plugged into (5.26), the error terms are

. . 2 . - .
63 (Czle_leT [024 — iDle’DlTDg} {0246ZD17 + 2D1D2:| + iD?@ZDlTDQ(A;L — ZR;)) + O(E%) .

Collect the terms with €2 and set the real and imaginary parts of that equal to zero. The
result is two differential equations in 4,,(7) and R,,(7). The integration constants are chosen
to satisfy the initial conditions A, (0) = R,(0) = 0. The solution then is
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Au(7) = 555 (202 Re[ D] (C3, + 2C50 D1 Im[Ds] + 3D3| D)
+2D3|Ds|*(2C3, + DY|Dsf*)7
—2024 [RQ[DQ] COS(D17'> Im[DQ] SiIl( 17')]
(C3, + 3D}|Daf* + Coa Dy (Im[Ds] cos(Dy7) + Re[Dy] sin(Dy7)])
(37

Rn(1) = 202|}:)CQ|§ sin(ZL7) ([m[Dz] sin(Zt7) — Re[D,] cos ))
<024 + CQ4D1]TTL[D2] + D2|D2|2 + C’24D1(]m[D2] COS( ) + Re DQ sin % )
5.28)
In [40], a slight variation of the equation for p,, is discussed. We replace Cyy Wlth 20246 i3

in our original equation (5.26) and modify transformation (5.5) to p, = P,e'(37*"7) to turn
this into

= Z(ng’pm(O)P — )\*)Pn + iG%CQllpnFPn + i024 .

Then we just need to multiply by i to obtain the kind of differential equation discussed in
Section 3.1 of [40], with parameters

Ay = 022|pm(0)|2 -\,
& —65021 5

ﬁ = _024-

Setting P, = u + v, equilibria are given by
v =0, — Xt +cu® = —3.

Now, if # < 0, replace each of the parameters with its negative. This justifies the assumption
B > 0. In [40] it is stated that for Aoc < 0, there is one equilibrium solution and periodic

3
solutions only. Otherwise, there are three (real) solutions if § < g* = 2\/%, one solution

3
for 6 > pB*. Thus,3* is a critical value of the forcing parameter (3.

In our setting, it should be noted that, because ¢ is small, §* is large, unless )y is small,

which would mean |p,,,(0)?] = 4.

5.3.3 Numerical examples
For the following numerical example, the set of parameters is

1
m=1;a=1;h=1.0527,9g = 9.81;n even, \* = —1, 3 — ap = —
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The resulting system parameters are

Cin = —62.2289, Ci2 = 8.7380,
Cy = —0.5030, Cyp = —0.2847.

With the choice of r,,, = 1, this means that

A2 = 0.7153, c=0.0431.

The critical value is then $* = 1.1211. Figures 5.1 and 5.2 show the radii, angles and orbits
of p,, and p,, for g = 0.95%, while figures 5.3 and 5.4 show the same for g = 1.13*.

We observe strong differences especially in the amplitudes of p,,, which in turn causes dif-
ferences in the angles of p,,. To understand the behavior at the critical value of the forcing
parameter, the phase portraits of the equation for P, are plotted. Figure 5.5 shows the
phase portrait for 3 = 0.96*. Equilibria occur at around (-4.5,0), (1.7,0) and (2.9,0), with a
homoclinic orbit connecting the third equilibrium which encloses a region around the second
of these equilibria. In figure 5.6, only the equilibrium at (-4.5,0) is still there, it has just
moved a bit to the left. The two other equilibria have disappeared, which causes major
changes of the solution especially for initial conditions that used to be inside the homoclinic
orbit seen in figure 5.5.
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Figure 5.1: Radius, angle and orbit of p,, for § = 0.95*
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Figure 5.2: Radius, angle and orbit of p,, for § = 0.95*
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Figure 5.3: Radius, angle and orbit of p,, for § = 1.15*
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Figure 5.4: Radius, angle and orbit of p,, for 3



| | | |
| © » I N o N EN ()] [o¢]
T T T T T T T

| | | |
| 0o ()] I N o N N ] [e¢]
T T T T T T T

Figure 5.6: Phase portrait for § = 1.15*
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