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The Ph;/Ph:/s/c Queueing Model and Approximation

Javier E. Rueda

(ABSTRACT)

Time-dependent queueing models are important since most of real-life problems are time-
dependent. We develop a numerical approximation algorithm for the mean, variance and
higher-order moments of the number of entities in the system at time ¢ for the Ph;/Ph;/s/c
queueing model. This model can be thought as a reparameterization to the G;/GI;/s. Our
approach is to partition the state space into known and identifiable structures, such as the
My /M;/s/c or My/M,;/1 queueing models. We then use the Polya-Eggenberger distribution
to approximate certain unknown probabilities via a two-moment matching algorithm. We
describe the necessary steps to validate the approximation and measure the accuracy of the

model.
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Chapter 1

Introduction

We study the Ph;/Ph;/s/c queueing model and build computational approximation algo-
rithms. The Ph;/Ph;/s/c model is the time-dependent generalization of the Ph/Ph/s/c,
which itself is a generalization of the familiar M/M/s/c basic queueing model. Here the
Ph notation refers to the “phase-type” distributions/processes, and Ph; refers to their time-
dependent generalizations. Phase-type random variables represent the time-till-absorption

for finite-state Markov processes having exactly one absorbing state [9].

The phase-type distribution family has the attractive property of being a “dense” family
of distributions. Denseness is a distributional property defined as the ability of the family
of distributions to approximate any distribution shape arbitrarily closely [5]. Thus use of
the Ph; process in the Ph;/Ph;/s/c queueing model can be thought of as an attractive

computational time-dependent generalization of the G/GI/s/c model. These models are
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useful in a wide variety of application settings.

Evaluating any specific instance of the Phy/Ph;/s/c model can, of course, be accomplished
via numerical integration of the Kolmogorov forward equations. The problem of dimen-
sionality prevents this approach from being practical for all but the smallest of problem

instances.

As will be shown, the number of Kolmogorov forward equations for the Ph,/Ph;/s/c model
is greater than ¢mamp + m4, where m, and mp represent the number of phases in the

arrival and service time dependent-distributions, respectively.

In our approximation we decompose the state space into 2m4 mp subspaces and then use
a two-moment matching algorithm to approximate the random process behavior in each
subspace of the system. Our approach is a type of closure approximation that has been used

successfully in a number of different types of Ph-based queueing models [3] and [4].

In the next Chapter we describe the basic closure-type queueing approximation and introduce
the necessary notation. In Chapter 3 we describe the development of the necessary Partial
Moment Differential Equations and the approximations. We present the actual algorithm in
Chapter 4. Then we present actual results and validation of the model in Chapter 5. Finally

the Virtual Waiting time and the conclusion are presented in Chapters 6 and 7 respectively.



Chapter 2

Background

First we review some basic results for some elementary time-dependent Markovian queueing
models. We look at the basic models, and discuss practical methods for evaluating their

time-dependent behavior.

2.1 The M;/M;/co queueing model

The M;/M,/oo queueing model clearly has an infinite number of states. In order to evaluate
time-dependent performance measures for this model we would need to evaluate an infinite
set of differential difference equations called the Kolmogorov forward equations (KFEs).

Those equations are:
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fori=0,---

where

0, <0
Opis0) =
1, 1> 0

Thus for even this simple model we are seemingly faced with an infinite amount of compu-

tational work.

If we are primarily interested in time-dependent moments of the number of entities in the
system (such as mean and variance) we can develop an alternative approach that is more

computationally feasible.

Consider the time-dependent expected number of entities in the system:

(e 9]

2P (N(t) =)

1=0

<

=

=
I

and thus
dE[N(t)] /dt = dé iP(N(t) = i) /dt

- i i dP (N(t) = i) /dt

or in a tidier form

(e 9]

B N(0)] = S P ().

1=0
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Where: P, (t) =P (N (t) =1i) and E'[N (t)] = dE[N (¢)] /dt

After some algebraic manipulation this simplifies to

dE[N (8)] /dt = A — B[N (2)] (2.2)

Notice that this single differential equation can be evaluated numerically and thus, given
E [N(0)], we have the entire time-dependent path of E [N(¢)]. So we have the time-trajectory
of the desired performance measure without having done an “infinite” amount of work; we
evaluated just one differential equation. If we had observed terms on the right-hand-side
(RHS) of this moment-differential equation (MDE) that included state probabilities, such
as P; (t), then we would have needed to also numerically integrate the KFE for this state
probability. Then of course we would have needed to numerically integrate the KFEs for
states N(t) =i+ 1 and N(t) =i — 1, etc. and in fact we would have needed to numerically
integrate all of the KFEs. The fact that (2.2) has no probabilities on the RHS is called
a “closure” property. Since (2.2) is closed we can avoid an infinite amount of work and
evaluate the time-dependent performance measure in just one differential equation. This
MDE-closure approach is one of the important constructs we will make use of in developing

approximations for the more complex Ph;/Ph;/s/c model.

We should note that for the simple M/M /oo model it is well known that the equilibrium
state distribution is a Poisson distribution having mean \/u, and the M;/M;/oco has a time-
dependent Poisson distribution. We include this brief discussion of this model because it is

the simplest case and we build upon insights gained from evaluating this model. For instance
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we can interpret the positive term in the RHS of the MDE as the input rate to the system,
and the negative term in the RHS as the system departure rate (the service rate per server
times the expected number of busy servers). This interpretation of the positive and negative

flux in this MDE will have natural extensions in the more complex cases.

2.2 The M;/M,;/1 model

The MDE for the M;/M;/1 queueing model can be developed in a manner analogous to the

development of the MDE for the M;/M;/oo model [4]. The resulting MDE is:

E'[N ()] =\ — pe [ — Py (t)] (2.3)

This MDE is not closed. For this MDE to be evaluated numerically we would need to have
a value for Py (t) available for all values of ¢. And of course in order to have values of Py (¢)

available we would need to numerically evaluate all of the KFEs.

Taaffe and Ong [4] developed an approximation for the M,;/M;/1/c. In their approximation
algorithm, for any value of ¢, they approximate Py (t) with P (X = 0), where X is a Polya-
Eggenberger (PE) integer-valued random variable having range (0,---,¢) and its first two

moments matched to the values of E[N(t)], and E [N?(¢)], respectively.
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2.2.1 Polya-Eggenberger

The Polya-Eggenberger (PE) distribution is a distribution based on urn model with stochastic
replacement[2]. In one urn there is w white balls and b black balls. Then in the first trial
a ball is drawn, then for the second trial this ball is replaced with s more balls of the same
color. This procedure is repeated n times. In general s does not need to be integer; i.e., it

can be a real number. The probability mass function is

)

. (n\b(b+s)- b+ (1) s)w(wts)--(wH(n—i—1)s)
P(X_Z)_<i> b+w)b+w+s)--(b+w+(n—1)s)

where P (X = i) is the probability of drawing ¢ black balls after n trials.

Then

| < 9+ﬂ><f[ (1-9) +ﬂ)>
T <Z> <nnl 1+37)> |

Then it can be proven that the first and second moments for the PE are

where § = —— and v =

b+w b+w

E[X]=né,
and
2 O(n (0+~v)+(1—-0))
B[x’] (T+7) ’
respectively.

One advantage of the PE distribution is that some limiting cases are known distributions.
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1. If b,w — oo with b(b+ w)™! — p where 0 < p < 1, and n is fixed, then
P =i (})ra-a
1=0,1,--- n.
So the number of black draws out of n is Binomial with parameter p.

2. If b,w — oo with b(b+w)~' — 0 and n — oo with nb(b+w)~! — X where 0 < A < oo

and (ns)~'(b+ w) — (0 < ¥ < 00), then

P(X =i)— (MJF;_l) (117>M <1i7>i

i=0,1,---

So the number of black draws out of n is Negative Binomial with parameters Ay and

1+

3. There are three ways that PE distributions can converge to the Poisson distribution

with parameter \.

j:O71727"':

(a) If n — oo with n=2s74(b+w) — # where 0 < § < oo and nb(b+w)~t — X where

0< < oo.

(b) If n — oo with n 2571 (b +w) — 0,n s 2(b+ w)? — oo and nb(b + w)™' — A

where 0 < \ < oo.
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(c) If n — oo with n™2s71(b +w) — oo, n3s7 (b +w) — 0 and nb(b+ w)™' — A

where 0 < \ < oo.

4. Other special cases for the PE distribution are when b = w = s, it becomes a discrete

rectangular distribution and if s = —1 it becomes a hypergeometric distribution.

2.2.2 Approximation Algorithm

The moment-matching approximation approach is called a closure approximation. The MDE

together with this closure approximation is referred to as a pseudo-closed MDE.

The steps of the algorithm can be summarized as follows:

1. Set initial conditions E [N (0)] and E[N?(0)] to N (0) and N?(0), respectively.

2. At time ¢, match E[N (¢)] and E[N?(¢)] to the first and second moments of a PE

having support on (0, - - -, ¢), respectively.

3. Approximate the probability P [N (¢) = 0] with P (X = 0) where X has a PE distrib-

ution with range (0, -, ¢) and first two moments E [N (¢)], E [N? (t)].

4. Numerically integrate the first and second MDEs using the approximated probability

from time ¢ to t + At.

5. Set t =t 4 At and go to Step 2.
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2.3 The M/M/s/c queueing model and approximation

We next consider M/M/s/c queueing model. Here we see that the steady-state distribution

of the number of entities in the system has two functional forms [7].

b= (2.4)
Soafo o s<i<e
where )
s 1 51— A c—s+1 —
(5t o)

s—1 i s -1
(E (A/i'u) + (Aéﬁ't) (c—s+ 1)) , A =1
=0 " '

This structure in the steady-state distribution suggests a natural partitioning of the state

space into two disjoint subspaces. The state space, {2 can be written as
Q={0,---,s—1}J{s,--".c}

Observe that the first part of (2.4), the steady-state distribution for the first subspace, can
be viewed as a truncated Poisson distribution; i.e., the steady-state distribution for the
M /M /s/s model having service rate p and arrival rate A. And observe that the second part
of (2.4), the steady-state distribution for the second subspace, can be viewed as a shifted,
truncated-geometric distribution (shift the support of the distribution to (0,---,c—s) from

(s,---,c), and thus truncate at c—s); i.e., the steady-state distribution for the M/M/1/c—s
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model where the service rate is su and the arrival rate is A. The structure of the steady-
state distribution (2.4) and (2.5) suggests an approach to approximating the time-dependent

generalization of this model.

2.4 The M;/M;/s/c queueing model and approximation

Rothkopf and Oren [8], Clark [1], and others have approximated this model using subspace-
partitioning and moment-matching approach. We generalize the state-space partitioning,

moment-matching, and closure approach to approximate the time-dependent behavior of

the Pht/Pht/S/C.

2.5 The Ph;/Ph;/1 queueing model and approximation

Consider a queuing model having phase-type distributions for both the arrival and service

times.

2.5.1 Phase-type Arrival Process

The phase-type nonstationary process is represented by its underlying Markov chain. Let
{A(t);t > 0} be the random process representing the arrival phase of the next arrival to the

system at time ¢, where A (t) € {1,---,m4}. The instantaneous absorbing state need not
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be explicitly represented. Let

A(t) =
a®)’ 0
where
aiq (t) A1m 4 (t)
A (t) =
Amyl (t) T Ompgmy (t)

is the matrix of the one-step transition matrix for the transient-to-transient state transitions,

and
A1,mp+1 (t)

Ay (t) =
W gma+1 (F)
represents the vector transition probabilities from transient states to the absorbing state.
The vector e (t) = oy (t),- -+, m, (t)]" represents the initial arrival-phase probabilities for
the next entity. Let A (£) = [A; (£), -+, Am, (t)]" be the vector of real-valued integrable rate
functions for transient states of the arrival process. Then, the vector for the entire arrival

process is [A (t) , o0].

2.5.2 Phase-type Service Process

Similarly, let {B (¢) ;¢ > 0} be the random process representing the service phase of the next

service to the system at time ¢, where B (t) € {1,---,mp}. The instantaneous absorbing
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state need not be explicitly represented. Let

B(t) =
BH" 0
where
bll (t> blmB (t>
Bl (t) -
mel (t> e memB (t>

is the matrix of the one-step transition matrix for the transient-to-transient state transitions,

and
bl,mBJrl (t>

By (t) =

meva‘i‘l (t)

represents the vector transition probabilities from transient states to the absorbing state.
The vector B (t) = [B1 (), -, By (t)]T represents the initial service-phase probabilities for
the next entity. Let g (t) = [ (£) - - -, ftamy, (t)]" be the vector of real-valued integrable rate
functions for transient states of the service process. Then, the vector for the entire service

process is [p (1), 00].

2.5.3 Approximation Algorithm

Taaffe and Ong [4] considered this model and developed an approximation for it. Their
approach was to again partition the state space in (mamp + 1) subspaces (where my is

the number of phases in the arrival process and mpg is the number of phases in the service
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process); one subspace for each combination of arrival and service phases. This partitioning
scheme resulted in the following set of MDEs:

dEY) (t) Jdt = — [N (1) + p; ()] EY (t)

ma

+ 21 akma+1 (8) Qi (8) Mg (1) B () Pogo (1)

ma p

+ 5 s (D s () N (8) X (2B (1)
k=1 q=0
ma p=l

= 3 arnart (1) i (8) A (8) Py (8) X () et (2.6)
k=1 q=0 \?

30 i () e (OB (1) + 50 by (1) i (0 B (1)

+ 5 B (8) 55 (0) e (8) 3 (7) (1P EL (1)
k=1 q=0 \4

- ’”z D1 (£) B (8) s (1) Proe ()

where

and N (t) is the number of entities in the system at time ¢, A(t) is the phase of the arrival
process at time ¢, and B(t) is the phase of service of the entity being served at time ¢ or 0

if there is no entity in service.

Now using this set of MDEs, the approximation algorithm follows:

1. Initialize E [N (0)] and E? [N (0)] to N (0) and N?(0), respectively.

2. At time t, match Eilj) (t) /EE%) (t) and Eg) (t) /Eioj) (t) to the first two moments of

PE(i, j;t) for every pair (i,j) where PE(i,j;t) is a Polya-Eggenberger distribution,

i1=1,----mygand j=1,---,mp.
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3. Approximate the Py, ; (t) and P.;; (t) by X =1 in the PE(4, j;t) distribution times

E;Oj) (t) and the probability of X = ¢ in the same distribution times ng}) (t), respectively.

4. Simultaneously numerically integrate the MDEs for p = 0,1,2 and the KFEs corre-

sponding to states (0,7,0) (the empty states) for i = 1,---,m4 from time ¢ to time

t 4+ At.

5. Sum the partial moments to obtain the actual first two moments of the number of

entities in the system.

6. Set t =t + At and go to Step (2).

Notice that in this approximation algorithm the individual MDEs are partial MDEs (PMDEs);
i.e., the summation does not cover the full support of the distribution. The PMDEs for this
queueing model are not closed since there are unknown terms on the RHS. If the unknown
terms for one particular subspace are found in another subspace and the union of the PMDESs
(with the union of the few KFEs representing an empty system) are closed, then we say that
the PMDEs are quasi-closed. Thus the combination of the PMDEs, a few KFEs (for the
states representing an empty system), and the approximations for P ; ; (t) and P, ; ; (¢) form

a pseudo-closed set.

Observe that we only have, at most, one entity in service at any point of time. We next
consider the model that is the subject of this proposal, the Ph;/Ph;/s/c model, and the

associated proposed approximation.



Chapter 3

The Phy/Pht/s/c Queueing Model and

Approximation

The Ph;/Ph/s/c model is described in detail in this section and the proposed approximation
algorithm is laid out. The approximation is a combination of the decomposition methods,

pseudo-closure, and quasi-closure approaches described above for the simpler models.

First we look at the KFEs for the model:

3.1 Kolmogorov forward equations

The state space, €2 for this model can be partitioned into two disjoint subspaces as follows:

16
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Let Q = Q1 U9, where

Q = {(N{t)=n,A(t) =0,Q(t) =0)|0< X5 Ni(t) <s,=1,2,--- ;ma},and

QQ = {(N(t):n7A(t):€7Q(t):q)|EgﬁNz(t):L%g:laQy7mA7q:0770_8}

Boyonmgito () =P (N1 () = 1, -, Nipyy () = 1y, A(t) = £,Q(2) = 0)

mp

for N(t) <s—1, where N (t) = > N, (t) +Q (t), and

Jj=1

Pryoiniitg () =P (Ni(t) =01, o, Ny (B) = iy, A(t) = £, Q(t) = q)

for N(t) = s, N;(t) is the number of entities in phase j of their service at time ¢, A(t) is the
phase of the arrival process at time ¢, and Q(t) is defined as the number of entities waiting
in the queue. Notice that observing that Q(¢) = 0 is not sufficient to determine which of the

two subspaces the process is in.

The resulting KFEs for subspace €2, are:

mp
pnl...nt 2,0 (t), = _)\f (t) (1 - af@) pTLl'--TLmB 32,0 (t> a ; nl'uz (t> [1 - b“ (t)]Pnl---nt;Z,O (t)

ma

+ ; Qip (t) /\z (t) Pm---nt;i,O (t)
T2
mp mp

+ Zl (5[ni>0] Zl bji (t) [nj + 1] Mg (t> Pnl---nifl---anrl---nt 2,0 (t>
i= J=

JF

3

B

+ 2 A ma+1 (t) (67 (t) )‘z (t) { zl 5[7’1]’>0]/6j (t) Pn1~~~n]-—l~~~nt 1,0 (t)}

J=

mp
+ ;1 bimp+1 () s + 1] i (2) Pn1---ni+1---nm3;€,0 (t)
(3.1)
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for()gnigs—l;izl,-~-,m3;Ogﬁnjgs—l;le,-~-,mA and t > 0.
j=

where

n; represents the number of entities in the specific phase 7 of the service

¢ represents the phase in which the arrival process is in .

The final subscript represents the number in the queue, which for partition 1 is 0.

The KFEs for £2; can be simplified to:

mp
Posecnmito ) = =X (t) Py st () — 2 mifti () [1 = bis (0] Py om0 (¢)

ma
-+ 2 Ajp (t) )\z (t) Pnl.--nt;i,O (t>

=1

mp mp

+ Zl 5[m>0] Zl bji (t) [nj + 1] 122 (t) Pnl---ni—l---nj-i-l---nt ;2,0 (t)
1= Jj=
i

18

ma mp
+ 2:1 ai,mA—I—l (t) (67 (t) /\Z (t) { Zl 6[nj>0]ﬁj (t) Pn1~~~n]-—1~~~nt;i,0 (t)}
i= j=

mp
+ 2 bimper (8) [+ 1] 1 (8) Py 1m0 (2)

for0<n; <s—1;i=1,---,mp; 0 < Zangs—l;E:l,---,mAandtZO.

J=1

(3.2)
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The KFEs for subspace (), are:

Py itq (t>/ = —A(t) Z agi (t) P, M 6, (t) = dfg<e—s)Ae (1) ema+1 P01 nm it (t)

z;é@
— (1= Ogems) A (8) @rmasr (8) (1= e (8)) Py g (8)

- % natt () [1 = bis (8)] Py 09 (£)

+ E aie (t) i (t) Pm---nt;i,q (t)
z;ﬁf
mp
+ ;:1 5[ni>0] ]El bji (t) 6[nj<s} [nj + ]-] i (t) P?’Ll"'ni—l"'nj+1"'nt g (t)
J#i
ma mp
+ X @i (8) o () Ai () (1 =001 2 O >013; (1)
1= J=

Pm---nrl---nt;i,q (t) + 5[q>0}Pm---nt;i,q71 (t> }

+ (1 - 5[q<c—s]) E Qg m p+1 (t> Qy (t) )\z (t) Pnl...nt;i,q (t)
z;ﬁf

q<c s] mz: ni:: [n;>0] sz-i-l ( )/Bj ( )6[71 <s] [nz + 1] 2% (t)
i

S,
S

pnl---niJrl---njfl---nt i,q+1 (t)

mp
+5[q<c—s} z; i,mp+1 ( )ﬁz ( )nz,uz (t) Pn1~~~nt i0,q+1 (t)

(3.3)
for0<n; <s;1=1,---,mp; 0< Zan:s;ﬁzl,---,mA;q:O,---,c—sandtZO.
j=1
where
0, 127
Oli<j) =
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In the same manner the KFEs can be simplified to:

Pnl---nt i6,q (t)/ = N (t) Pnl---nt ibq (t>
mp
- Z; T g (t) [1 — by (t)]Pm---nt;E,q (t)
ma
+ ; (0274 (t) )\z (t> Pnl---nt;i,q (t)
mpg mp
+ Zl 5[ni>0] '21 bji (t) 6[nj<s} [nj + 1] My (t) Pm---ni—l---nj—f—lmnt i6,q (t)
i= j=
J#
ma mp
2 i (8) e (6) X (1) (1= 0ig0)) 2 ;>0 (1)
1= J=
Pm---nrl---nt;i,q (t) + 5[q>0}Pm---nt;i,q71 (t> }
ma
+ (1 - 5[q<c_5]) ; af’i,mA+1 (t> Qy (t) )\Z (t) Pnl...nt;i,q (t)
mp mp
+5[q<cfs} ) Zl 5[nj>0}bi,m3+l (t) ﬂ] (t> 5[m<s} [nl + ]‘] IU/Z (t)
i=1 j=
j#i
Pn1~~~ni+1~~~n]'—1~~~nt ;é’q+1 (t)
mp
F0g<c—s] 2 Dimp+1 (t) Bi () nipti () Py st.g41 (F)
(3.4)
for0<mn; <s;i=1,---,mp; Og%nj =s;0=1,---,myu;q=0,---,c—sand t > 0.
j=1

The numbers of KFEs for example systems are illustrated in Table 3.1.
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Table 3.1: Number of KFEs as a function of s and c.

Number of Service Number of KFEs

Phases (mp)

1 (c+1)m
52 3s
2 (7+7+1+(c—5)(5+1))m14
3 (B4+2+ 41+ (c—9) (5+5+1))m
4 (5 +2+52+ B p 14 (c—s) (S +s7+ 2 +1))ma
5 (e + 3+ 8 1 B 1 (c—s) (T + 55 +2))ma

Table 3.2: Number of KFEs.

mg s Number of KFEs

2 3 (4dc —2)my

2 5 (6c —9)my

2 10 (lle—44)m

3 3 (10c— 10)ma

3 5 (21c — 49)m

3 10 (66¢ — 374)m 4
5 3 (3bc—49)m

5 5 (126c— 378)ma

5 10 (1001c— 7007)m
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3.2 The Moment Differential Equations for the Ph;/Ph;/s/c

queueing model

For each of the subspaces a PMDE can be developed in a manner analogous (but more

tedious) to the development of the MDE for the simple M;/M;/oo model.

3.2.1 The First PMDES

Define:

B[N, (t),6,1] = E'[N; (t), A(t) = £,1(t) = 1]

s—1 s—1-n1 s=l-nj——nmpg-1

E[N, (), At =610 =1]=> > - > iy, 00 (1)

n1=0 no=0 Nmp =0
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Theorem 1 For Q; the first PMDE
BN (t),6,1] = —\@EN, (t),0,1]
38 050 () ) (VB[N ()., 1
—pi (1) E[N; (t), 0, 1]
+§%@M@Em®jﬂ
3% @y (1) 00 (04 (D E NG (1), 5.1)
+§%MMH@aAﬂ&@@Uﬂ%MQ:LA@:ﬂ

mA

= X Gimast (D (0 (BN (0), N () =5 = 1, A (1) = J]

- '21 Amat1 () ac () A; () B ()P (N (t) = s —1,A(t) = j)

—bimp+1 () i () E[N; (8), N (1) = 5, A(t) = {]
+§?mﬁuwM@EmmwmuxN@=aA@=a

and, for Qy the first PMDE
EN(t).62 = ~MOEN®),02)
+§w®&@EW®mﬂ
+??%WﬁﬂﬂaﬂﬂAﬂﬂﬁ%N@):s—LA@):@
+§%WH®W@&@EW@mﬂ
~i§mmﬁlw&ﬂﬂ&@ﬂﬂﬂﬂz2ﬁuﬂ:ﬂ

—{gwmﬁlwaﬂﬂ&@ﬂ%N@)ZQA@%:D

= % b (0 (VB[N (1), (1) =2, A1) =

-?jb@m3+1u>uiu><s——1>E[Aa<@,zv<w = 5,A(t) = 1]
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fore=1,---.mp; £=1,---,my and t > 0.
where
I, 0<SEN({H)<s—1
I(t)= =1
2, f Nz (t) =S
=1
) s—1 s—1—nq s=l-—ni——Nmp-1
and PI(t)=1,At)=i)= > ¥ --- 3 P00 (t).
n1=0 no=0 nt:0

Proof: See Appendix 1.

Clearly, the first PMDESs for the two subspaces are not closed. We develop the zero PMDEs

for the two subspaces.

3.2.2 The Zero PMDES

Theorem 2 For Q) the zero PMDE

PIt)=1At)=0) = —XN{tO)PU@1)=1A) =1

SN @ P ) =1,A() =)

=1

+ ”i?; imasr () e (DN (B) P (I(1) =1, A(t) = i)

ma

— E ai,mA—f—l (t) (67 (t) /\Z (t) P(N (t) =S — 1,A (t) = ’L)

=1

£ 3 b () s (B[N (), N (1) = 5, A () = 0
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and, for Q9 the zero PMDE
PI(t)=2A0)=0) = ~\NHPIE)=2A0)=10)
+:§aw (ON (8 P(I(t) =2,A(t) =)
+:”zjai,mﬁ1 () ar ()N ) P(N () =s—1,A(t) =)
+:§am+l (t) o () N () P (I (1) = 2, A(t) = 1)

mp
- ; bimp+1 (1) i (0) E[N; (t) , N (t) = s, A(t) = {]
Proof: see Appendix 2.

Again, these zero PMDEs are not closed. We develop the necessary approximations for the

probabilities and moments that are necessary in order to have pseudo-closure.

3.2.3 The pth PMDES

In order to match the first and second moments of the system to the PE distributions. We

develop the pth moment PMDESs for both subspaces.
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Theorem 3 For €y the pth PMDE
E [sz (t) 767 1] = =N (t> E [sz (t) 7& 1]

—|—:1§A16ng (t) /\j (t) E [sz (t) 7j7 1]

F a0 (1) 3 (B[N ON; (), 01]
j#i
+ (1 = b () i (1) g) (,2) (O E N (1) 01

+ j}i ajma1 () g () Ay () E[NT (£) , 5, 1]

8 @y (a0 (0 5:0) 3 (DB [N (1), 5.1]

= S (D oc )X, (08 (0) S (BN (0.N (1) = - 1.A(0) = ]

~ X Gma () ag () A; (VB[N (8),N () =5 — 1, A(t) = j]

s (0 (05 (,20) (1B [N (0,8 (1) = 5, 400) = ]
5% bjanper (0 iy (VE[N? (£) N, (8), N (8) = s, A(t) = 0

and, for Qy the pth pMleE

EN?(1),6,2 = ~A()E[N?(1),0,2]
+:if;w (&) N (DE[NP (t) ,4,2]

+:§ imasr (8) e () X () PP (N (1) = s — 1, A(t) = 4)

+ ”§ Gt (£) 0 (£) M (2) éo ([N (1),4,2]
_ ”f; i1 () e () N (£) il (D) P (N (1) = e, A(t) = i)

—
|
[u—
~—
=
=
=
—~
~
~—
2?
=
—~
~
~—
~
—~
~
~—
I
\'M
s
—~
~
~—
I
~
| I

h
+:§bi,m3+1 (t) pi (¢) i (2)

Proof: see Appendix 3.
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The first cross product PMDEs are necessary to evaluate the Variance.

3.2.4 The cross-product PMDES

Theorem 4 For )y the first cross product PMDE

'[N, (8) N, (1), 6,1] = =\ () B[N () N, (£), 0, 1]
—pi () E[N; () Nj (£) , £, 1]

—p; (O) E[N; () N; (¢) , €, 1]

+ :if*l are (1) Ao () BN (8) N; (), , 1]

—bji (t) p; (£) E[N; (t) .4, 1]

—by; (t) i () E[N; (£) , €, 1]

+ ;ijl b (£) je () E [N, (£) Ny (2) £, 1]

+ :if’; b () i () E [N; (8) Ny (2) £, 1]

3t (000 (0 M (BN (O N, (1) .1

+ 3 s (8) g (8) M (8) (B; () B[N; (8), , 1] + 85 (6) E[N; (£) , &, 1))

k=1
ma

= 3 s (D0 (O M O BN ()N, (0. N (1) =5 = 1A () = &
= 3 i (00 (0 (0 B (BN, (0, N (1) = s = LA() = K
= 2t (D0 ()N () 5 (OB IN (0, N () =5 = 1A () =
(bt () 1 (£) + by (8) iy (0) B[N (8) N (£), N () = 5, A (1) = (]

n ffl bempet (8) i () E[N; (1) N (8) Ny (£), N () = 5, A () = (]

27
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and, for Q the first cross product PMDE
E'[N;()N (£),6,2] = -\ () E[N; (1) N (), £,2]
~ (VE[N: () N (), £,2]
+ 320 ()N (VBN N (1),
3 by (1) g () BN, () N (1), 0.2
+:12A1aj,mm (#)ar ()N () SE[N; (), N (£) =5 — 1, A(t) = j]
35 e (0 (04 (0 5 (0)sP (N (1) = 5 = LA (1) = J)
432ty (D (04 (EIN() N (),5,2
+:12A1aj,mm (#)ae ()N (O EN: (8), 1 (t) = 2, A(t) = ]

ma

=52 Gy (00 ()X (VBN (1), N (1) = ¢, A(1) = J]
it (1) i (BN (1), 1 (1) =2, A (1) = ]

5 i ()13 (1) 6, () BN, ()N (1), .2

= 5 i1 (015 VB[N () N; (), T (1) =2, A1) =

= 5 i (8145 ()51 (VBN (1), T (1) =2, A4 = 1

= 5 i1 (8145 (6) 81 1) (5 = DB IN; (1), N (1) = 5, A (1) = 1

—mz Bimms1 (£) 115 () (s — DV E[N: (8) N; (), N () = 5, A () = (]

Fbimpr1 (8) pi (1) (s = DE[N; (1), N (t) = s, A(t) = {]

Proof: see Appendix 4.

28
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3.3 The Approximations

The PMDESs have expressions on the RHS which need to be approximated, and by doing so

we have a pseudo-closure type approximation.

The probabilities and conditional moments that are necessary to approximate are:

fore=1,---,mp,j=1,---,mp, =1,---,my,p=1,2,3and k =s—1,s,c.

3.3.1 The Probabilities

We approximate the probabilities as follows:
Match E[N (t),A(t) =¢,1(t)=2]/P(I(t) =2,A(t) ={) and
E[N?(t),A(t)=¢,1(t)=2]/P(I(t)=2,A(t) =) to the first and

second moment of a shifted PE (n,¢,2) =P [N (t) =n, A(t) = ¢, (t) = 2], respectively.
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Approximate P [N (t) = s, A(t) =¢,1(t) =2]and P[N (t) = ¢, A(t) = ¢, 1 (t) = 2] with PE (s, ¢, 2)

and PFE (c,¢,2), respectively.

Match E[N (¢),A(t) =¢,1(t)=1]/P(I(t)=1,A(t) ={) and
E[N%(t),A(t)=¢1(t)=1]/P(I(t)=1,A(t) ={) to the first and

second moment of a PE (n,{,1) =P [N (t) =n, A(t) = ¢, (t) = 1], respectively.

Approximate P [N (t) = s, A(t) = ¢,1(t) = 2] with PE (s — 1,¢,1).

3.3.2 The Conditional Moments

Now we consider the conditional Moments necessary to approximate.

Since these probabilities are not the desired probabilities; i.e. the probability

PN (t) =s,A(t) = ¢, I(t) = 2] represents the probability that the total number of entities
in the system is s, but it does not specify in which phase of service each of these entities
are in at time ¢, we use the multinomial distribution (MN) in order to approximate and
specify to which phase of service the entities are in at time ¢. It is not necessary to find
each probability since what we need are the partial moments of the MN. The parameters for

approximating the MN are:

1. p; = the probability that a particular entity is in service phase ¢ given that the entity

is in some phase of service,
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where
A E[N;(t),1(t) =

and i =0,---,mp.

The number of trials for the MN are the specific number of entities being served in the
system, {s — 1, s}.
If we consider that the system is only in subspace €25, then the parameters for the MN are

pi (t) = Bi (1)

For example:



Chapter 4

The Algorithm

The algorithm is as follows:

1. Initialize E [N (0)] and E? [N (0)] to N (0) and N2 (0), respectively. Introduce the nec-
essary conditions whether the system is in the subspace €2y or {2, for the initialization

of each of the different PMDEs.

2. At time ¢, match E[N (¢),I(t) =1, A@) = /P(I(t)=1,A(t) =)
and E[N?(t),I(t)=1,A(t) =10 /P(I(t)=1,A(t) =) to the first two moments of
PE(l,1;t) for every £, £ = 1,---,my, where PE({,1;t) is a Polya-Eggenberger distri-

bution with support 0,---,s — 1.

3. At time ¢, match E[N (t),1(t) =2,A(t) =/ /P(I(t)=2,A(t)={)—s

and E[N2(t),1(t)=2,A(t)=1]/P(I(t)=2,A(t) =)

32
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—2E[N (), I(t)=2,At)=L]/P(I(t)=2,A(t) =)+ s* to the first two moments
of PE((,2;t) for every ¢, { = 1,---,myu, where PE((,2;t) is a Polya-Eggenberger

distribution with support 0,---,¢c —s.

4. Compute the parameters p;(t) from E[N; (¢),I(t) =1]/E[N (t),I(t) = 1] or the vec-

tor 4(t) fori=1,---,mp.

5. Approximatethe P (N (t) = s —1,A(t) ={),P(N (t) =s,A(t) =¢)and P (N (t) = ¢, A(t)

with PE (s — 1,0,1) P (I (t) = 1, A(t) = £), PE (s,£,2)P (I () = 2, A(t) = £) and

PE (¢, 0,2)P(I(t) =2,A(t) =1{), respectively. £ =1,--- my

6. Compute the moments E[NF (t) |N (t) = k, A (t) = ¢] with the multinomial moments

with parameter p;(t) for i = 1,---,mp, and {s — 1, s} number of trials.

7. Simultaneously numerically integrate the PMDEs m 4 (4 + 2mp + m%) using the ap-

proximations computed in Steps (5) and (6).

8. Sum the partial moments to obtain the actual first two moments of the number of

entities in the system.

9. Set t =t + At and go to Step (2).

The actual code was inplemented in Matlab, see Appendix 7.
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The Results

As shown before the total number of KFEs grows fast with s and mpg, for this reason we
compare our approximation with the actual results (numerically integrate all the KFEs)
for s = 3 and mp = 2,3. For other cases we use simulation in order to validate our

approximation.

Table 5 shows the different cases we implemented in order to validate our approximation.
The specific arrival and service processes used for each of the cases are presented in Appendix

5. For Case One the specific arrival and service process are

0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5
0.3 02 0.1 04

03 03 04 0

34
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A(t) = [3+0.5sin(¢/37),3 + 0.5sin (¢/37) ,2 + 0.5sin (t/37)]
and
0.1 0.6 0.3
B(t)=14 03 0.1 06

0.5 05 0

p(t) = [1,1]

respectively.



Javier E. Rueda Chapter 5. The Results

Table 5.1: Example cases implemented.

No mgq mp s c p

1 3 2 3 5 <<1

2 3 2 3 6 <<1

3 3 2 3 30 <1

6 3 3 3 5 <1

T 3 3 3 6 <«1

8 3 3 3 30 <«1

10 3 3 3 50 ~1

11 3 3 5 30 both

12 3 3 5 50 both

13 3 3 10 30 both

14 3 3 10 50 both

15 3 5 5 30 both

16 3 5 5 50 both

17 3 5 10 30 both

18 3 5 10 50 both
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Figure 5.1: E[N(¢)] vs. ¢ and errors, Case 5.

E[N()] vs. t

60 T T T T T
20 —
0 | | | | |
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0.8 T T T T T

0 50 100 150 200 250 300
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2 T T T T T
15F ]
1 -
0.5 _
0 ! | ! /\/A
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5.1 The E[N(t)]

Table 5.1 presents the results and errors for the expectation of number of entities in the
system across the time interval (0,77, where T = 300, 1000, 12, compared with the method
of validation for each of the cases presented in Table 5. In Figures 5.1 and 5.2 the E [N ()]

for the Cases 5 and 7 are shown. Notice that the doted line is the approximation.
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Table 5.2: Maximum Absolute and Relative Errors for the E [N (t)].

No Max. Abs. Error Rel. Error (%) Max. Rel. Error (%) Abs. Error ~ Method

1 0.0094 0.4377 0.4379 0.0093 KFEs
2 0.0252 1.1350 1.2602 0.0242 KFEs
3 0.0948 2.4436 2.7319 0.0780 KFEs
4 0.3098 1.3084 1.3486 0.2992 KFEs
3 0.7038 1.8013 1.8021 0.7034 KFEs
6 0.0150 0.8425 0.8447 0.0150 KFEs
7 0.0321 1.5892 1.8324 0.0269 KFEs
8 0.1644 2.9459 3.2578 0.0681 KFEs
9 0.6203 3.0882 3.0925 0.6198 KFEs
10 0.9079 2.3883 2.5103 0.8801 KFEs
11 0.5181 2.3069 2.3069 0.5181 Simulation
12 0.8453 2.8544 2.2519 0.3463 Simulation
13 0.6110 3.9688 3.9688 0.6110 Simulation
14 0.5185 2.5424 2.5424 0.5185 Simulation
15 0.5642 4.3134 4.3134 0.5642 Simulation
16 1.3105 8.2956 8.2956 1.3105 Simulation
17 0.8419 5.5949 5.5949 0.8419 Simulation

18 1.0688 2.5198 5.5198 1.0688 Simulation
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Figure 5.2: E[N(¢)] vs. ¢ and errors, Case 7.

E[N()] vs. t
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Figure 5.3: SD[N(t)] vs. t and errors, Case 5.

StdDeVv[N(t)] vs. t
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5.2 The SD[N(t)]

Table 5.2 presents the results and errors for the standard deviation of number of entities
in the system across the time interval (0,7, where 7" = 300, 1000, 12,compared with the
method of validation for each of the cases presented in Table 5. In Figures 5.3 and 5.4 the

SD [N(t)] for the Cases 5 and 7 are shown. Notice that the doted line is the approximation.
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Table 5.3: Maximum Absolute and Relative Errors for the SD [N(?)].

No Max. Abs. Error Rel. Error (%) Max. Rel. Error (%) Abs. Error ~ Method
1 0.0107 0.7121 0.7123 0.0107 KFEs

2 0.0185 1.2167 1.2167 0.0185 KFEs

3 0.1030 5.3211 5.7352 0.1000 KFEs

4 0.5631 11.3610 11.5672 0.5521 KFEs

3 1.0616 8.9045 17.0929 0.8144 KFEs

6 0.1503 11.9284 12.2357 0.1461 KFEs

7 0.1324 10.4121 11.2520 0.1274 KFEs

8 0.1202 10.1775 10.6400 0.1112 KFEs

9 0.4391 5.8179 11.2234 0.1186 KFEs
10 1.1553 9.3867 11.0070 0.1334 KFEs
11 0.4766 9.4154 9.4154 0.4766 Simulation
12 0.8359 13.1448 13.1448 0.8359 Simulation
13 0.2547 3.6421 3.6421 0.2547 Simulation
14 1.2046 10.9788 10.9788 1.2046 Simulation
15 0.3336 4.3367 4.3367 0.3336 Simulation
16 0.6528 10.3768 10.3768 0.6528 Simulation
17 0.8932 13.5039 13.5039 0.8932 Simulation
18 0.7127 6.4990 6.4990 0.7127 Simulation
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Figure 5.4: SD[N(t)] vs. t and errors, Case 7.
StdDev[N(t)] vs. t
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Figure 5.5: E[N(t)] vs. t and SD [N(t)] vs. t, Case 17.
EIN(D)] vs. t
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Finally, in Figure 5.5 the E [N(¢)] and SD [N(¢)] for the Case 17 are shown. The three points

are the points compare to the simulation. Four hundred replications were executed for each

of the simulations. This produce a half-width (95%) less or equal to 1.3 for the mean, and

in the worst Case (half-width equal to 1.3) the expected number of entities in the system

is approximately 29. The half-width (95%) of the standard deviation for the worst Case is

equal to 0.72 and the actual value of the standard deviation for the coresponding Case is
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13.16.

Observe that in the Cases (5 and 7) shown above the solid line (Actual) and the doted line
(Approximation) is indistinguishable and always quite close. In Case 17 the approximation
(solid line) is close to the simulation (three points) as well. We highlight the Cases above
because those are the worst cases that we found from all of the cases studied and the

approximation continue giving a good performance.

See Appendix 6 for the figures of the other cases.



Chapter 6

The Virtual Waiting Time

Finally develop the differential equations and approximations for the moments and distri-
bution function of waiting time for entities who entered the system at time ¢. Consider
a subsidiary stochastic process Ny = {N; (t 4+ 7) : 7 > 0} where N; (t+7) = N(t) and no
arrivals are allowed into the system after time t. Let Wy =inf {7 :7 >0, N; (t +7) < s—1}

and we want to compute the cdf of W, as well as its moments.

Therefore

1—Fw, (1) =P (W, >71)
1—Fy, (1) =PV, (t+7)>s—1)

and we know that

P(Ni(t+7)>s—1)=P(L(t+71)=2)

45
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where
P(L(t+71)=2) :%P(It(t-‘rT) =2 A t+71)=1)
=1
and
P(Ly(t+7)=2At+7)=0)=P((t) =2,A(t) =)
¢=1,---,myu and no arrivals are allowed after time ¢, e.g. A\, (t + 7) = 0 for 7 > 0. Initialize

the system with the actual number of entities in the system at time t, N(t).

All the PMDEs from the actual queueing system still hold and they simplify since Ay (t + 7) =

Ofort>0and ¢ =1,---,mu. The pth PMDEs are simplify to:
For subspace

NP (t),0,1] = +:§jbﬁ () 1 (t)
J#i

ﬁMv

(2)B [NF7" (6) N; (8, €,1]

1

-1

(1= by () s (£) Zzo (1)) (U E [N ), 61]

i (£) 15 (1) (,2)) (UM R[NP (1), N (1) = 5, A(t) = (]

h=0

+mz by st (8) 15 () E[N? (£) N; (£), N () = s, A (t) = (]
and, for €2y

p

E/[N?(t),6,2) = +’"zbm (#) i (8) 2 (0) (=1)" B [N; (8) NP=h () T (£) = 2, A(t) = ¢

h=1

- nfi bimp-+1 (1) i () (s = P E[N; (), N (1) = 5, A(t) = £].

The Cross-Product PMDESs are simplify to:
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For subspace
E'[N; (8) N, () ,6,1] = — () E[N; () N; (2), £, 1]
—p; (O) E[N; () N; (t) , €, 1]
—bji (t) p; (£) E[N; (t), £, 1]
—bi; (t) i () E[N; (£) , €, 1]
+ ?‘f‘l b (1) 11 (£) B[N, () Ny (£) £, 1]
+ gl by (£) i (£) B [N; (&) Ny (£) £, 1]
— (Gimp+1 (8) pi () + bjmp1 (8) g5 (8)) E[N; (8) N; (1), N (t) = s, A(t) = {]

+;§j bempet (8) i () E[N; (1) N (8) Ny (£), N () = 5, A () = (]
and, for €2y

E'IN, ()N (1) 6,2 =~ (VBN (8) N (1) ,,2

+:§ bii (8) i (D E [N, (£) N (t),€,2]

it (1) i (DB N; (1), 1 (1) =2, A(t) = ]

5 i ()13 (1) 6, () BN, ()N (1), .2

= 5 b1 ()45 (VB[N () N; (), T (1) =2, A1) =

= 5% i (0145 (0) B (VBN (1), T (1) =2, A.¢) = 1

=5 i1 (8145 (681 1) (5 = DB IN; (1), N (1) = 5, A 1) = (]
= 5 i1 (8115 (6) (5 = D[N (1) N (1), N (1) =, A1) = 1

Fimpr1 (8) p (t) (s = D E[N; (), N (t) = 5, A(t) = {].

47

It is necessary to numerically integrate all the PMDEs in order to evaluate the first and

second moments, then evaluate the zeroth PMDEs using the approximation.
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Finally, in order to evaluate the pth moment of the virtual waiting time at time ¢
EW] = [ pr' (1= Fiv, (7)) dr
0

we need to evaluate the PMDEs of the regular system N(t), (m4(4 + 2mp +m%)), up until
time ¢, then evaluate the simplified PMDEs for the new subsidiary system, N; (¢ + 7), until

P (I; (t+7) = 2) <, and finally we evaluate the differential equation:

LRI ()] = pr (1 - Fw, (7)) = pr P (L (1 +7) = 2).



Chapter 7

Conclusion

We developed an efficient numerical algorithm and approximation to analyze the time-
dependent behavior of the Ph;/Ph;/s/c queueing system. The algorithm is efficient since
the total number of PMDESs to numerically integrate is small in comparison with the classic
procedure of numerically integrating all of the KFEs. In addition the number of PMDEs
does not depend on the number of servers (s), nor does it depend on the capacity of the
system (c). The test cases demonstrate that even if the absolute value of the error for the
standard deviation is big, more than 5%, the corresponding absolute value of the error is

small, less than 5 entities at time ¢.

The approximation gives accurate results for the test cases we considered and thus we con-
clude that it is sufficiently accurate for many practical applications. The time needed to

produce the results is reasonable, ~ 5 minutes for the cases we examined, and is certainly

49
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more efficient that a simulation experiment.

90
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Appendix 1

Derivation of the First Moment Subspace (),

E'[N; (), 0,1 =E[N; (t),A(t) =£,1(t) =1]

s—1 s—1—ny S*lfnlf...fnt_l
BN AO=LIO=1=3 Y X Py,
n1=0 ngs=0 ntZO

Using the KFEs
E'[N; (t),¢,1] =
_)\Z (t) E [Nz (t) 7£7 1]
— (1 =0 () s () E[NF (t) , ¢, 1]

= 3 (b () (VE [N ()N, (1) .1

]_

J#i

ma )
+ 3 a0 (0 (BN (1)1

j:

mp s—1 s—1—n; s—1—-n;—n; s—1-ny1-—ni_2—n;—n; s—1-ni--—n;—n;
P B @] TETE LT S

7=1 n;=1 n;=0 n1=0 n;—1=0 ni+1=0

J#
s—1-ny-—nj_o—n; s—1-ni-—n; s—l-ni——nmpg_1

> n; (nj + 1) Pm---ni—l---nj-i-l---nt;Z,O (t)}
n;_1=0 n;+1=0 nt:0

23
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Appendix 1.
mp s—1 s—1-njs—1-n;—n; s—1l-nji-—mnj_o—n;—n; s—1-ni--—n;—n;
+ X by (Ot X X )» >
j=1 n;j=1 n;=0 n1=0 n;_1=0 n;+1=0
J#i
s—1-ni-—n;_2—n; s—1—nj-—n; s=l—ni——nmp—1
Z s Z Tn; (nz + 1) Pnl...njfl...erl...nt;g0 (t)
n;—1=0 ni+1=0 Nmp =0
mp mp s—1 s—1-n;s—1-n;—ny s—1-ni-—mnj_o—ng—n; s—1-ni--—np—n;
+ 3 3 big (8) e (t) POREEE > >
j=1 k=1 n;j=1 ni=0 n1=0 n;_1=0 n;+1=0
j#i kFig
s—l-nj-—ng_o—ng s—1-—ny---—ny s=l-ni——nmp_1
E Z . E n; (nk + 1) pnl...njfl...nk+1...nm3;@0 (t)
ng_1=0 ng+1=0 Nm =0
ma s—1 s—1—n; s—l-ny--—nj_2—n; s—1-ni---—n;
+ 3 Gmart (N () Bi()] X X ) >
j=1 n;=1 n;=0 n;—1=0 ni+1=0
s=l-ni——nmpg—_1
niPm...ni_l...nt 7,0 (t)
ntZO
ma mp s—1 s—1—ny s—l—-ni-—ng_o—ng s—1l—ni--—ng
+ 2 @y (o ()X (1) X Be(t) 2 e )Y >
7j=1 k=1 nr=1 n1=0 ng_1=0 Ng+1=0
k#i
s=l-ni——nmp—_1
Z niPm...nk_l...nt 7,0 (t)
ntZO
s—1 s—l-ni——nmp-1
Fhimp+1 () pi (t) X -+ 2 i (M + 1) Poyeoni 1m0 (1)
n1=0 nt:0
mp s—1 5—1—n1—~~~—nm371
+ 2 bjamprr (O g () 2 - > ni (g + 1) Poyoonjitong 00 (1)
j=1 n1=0 Nm =0
J#

Then we manipulate the limits for some terms

E [Nz (t) L 1] =-N (t) E [Nz (t) L 1]

—(1-

m

bi (1) 1 () B[N2 (1) £, 1]

- j; (1 =045 (1) iy () E[N; (8) N (t),¢,1]
J#i

+mz aje () N () B[N; (£) 5, 1]

+ jfl bji (t) 1 () E[N; (1) N; (t), £, 1]
ji

o4



Javier E. Rueda Appendix 1. 55

+§m@wwmwwxu
J#i
50 by (1) (E[NZ (1), £,1]

J=
J#i

—2%@m@ﬂM@%ﬂ

J#
mp mp

+ 2 3 b () (DE[N: (6) Ny (1), 4,1]
J#i ki

+§%mﬂww@&@@mmmwau

+§pmwuwaaw&@@uﬂwuw=LA@=ﬁ

[ s—1 Sflfnl—---fnt_Q
= 2 Gt (B e ()X () B (1) X - o A D) Pun, pmstem 10 ()
J= nij= N g —1=
mA mp |
X g (D ()X (1) X G (BN (1)1
" ki
ma mp s—1—ny s—l—nl_..._nt72
= = ni= N g —1=
k#i

+bimB+1 (t) Hi (t) E [Nz'2 (t) L 1]

~bim1 () pi () E[N; (2), £,1]

s S—Mi——Nmp_2
+bimp+1 (8) pi (1) X -+ > n; (n; —1) pm---nt=sfnr---*nm3—1;€,0 (t)
n1=0 nt,lzo

mp
+ X D (8) 5 () BN (8) N; (£) 4, 1]

]:

JFi

mp s S—M1— =T g2
+ Z bj,m3+1 (t) Hj (t) 2 e ’D ninjP"I”'"mB:5’”1""7"7”3—15&0 (t)

=1 n1=0 nt_1:0

7=
JFi



Javier E. Rueda Appendix 1. 56
Canceling some terms
[N (8),6,1] = =\ () B[N; (£), £,1]
ma
+ 3 a0 (00 O BIN() 5.1
]:
mp
+ ng bji (t) 1 (t) E[N; (2) £, 1]
J#
— (1 =i (1) pa () E[N; (t) , £, 1]
3 0y (0 (), (BN, (1,51
]:
+ 3 gt (B ae (8) A (8) B () P (1 (1) = 1, A(t) = j)
]:
ma s—1 s—l-ni——nmp-2
- E Ajma+1 (t) ce (1) Aj (t) > - > Ni Pyt =s—1—n1— =1 15,0 (t)
j=1 n1=0 nt,lzo B B
ma s—1—ny S*l*ﬂl*"'*’nt_g
_ ]21 Ajma+1 (t) Oy (t) )\j (t) ﬁz (t) 120 ce 2170 Pn1---nt:s—l—n1—~--—nm371;j,0 (t)
= ni= Nmp—1=
s S=n1— =T g —2
+bi,m3+l (t) 2% (t) ZO e Z 0 n; (nz - ]-) Pn1~~~nt:s—n1—~~~—nm371;€,0 (t)
ni= Mg —1=
mp s S—nl—"'—nt,Q
+ ; bjmp+1 (8) 1 (1) ZO' o 2 110 Py =5 -ms -y 132.0 (2)
ni= NMmp—-1=

7=
JFi
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Then,

E'[N, (1),6,1] = ~AN(@E[N;(t),0,1]
fgww%@Em@Jﬁ
+ 3 () (BN, (0,6,
J#i
— (1= by (1)) ps () E[N; (t) , £,1]

+§%WH@W@&@mmwmﬂ

mA

—l—]; Ajmat1 () e (E) A (8) B (1) P (L () =1, A(t) = j)

mA

= X Gimast (D (O (VBN (0), N (1) =5 = 1, A (1) = J]

mA

“gi@mmA+1@)ae@)Aj@)ﬁi@)P(Af@)::3'—17A(ﬂ::j)
Fbimp+1 () pi () BIN; (8) (N; (1) = 1), N (t) = s, A(t) = {]
+ ;nZBl bjmp+1 () py (£) B NG (£) N (1), N (t) = s, A(t) = {]
i#i
where

E[N;(t),N({t)=s—1,A(t) =j] = Z Z Ni Py on =5 —1=n1— =y ~135,0 (1),

n1=0 nt,fl:O
and
s S=N1—+—Nmp—2

E [Nz (t) Nj (t) ,N (t) = S, A (t) = é] = Z e Z ninjPnl...nt:S_nl_..._ntfl;w (t)

n1=0 nt_1:O
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Finally,

B[N (t),61] = —\N@#)E[N, (t),0,1]
+ 3050 () (VB[N ().,
i () E[Ni (1) 0,1
5 b (1) 1y () BING (1), 0,1
3% @y () e (0 (D E NG (1), 5,1]
+:§?1 st () e ()N (8) B (P (I(8) =1L, A®E) = §)

ma

_jgl jmat1 (B)ag ()N ) E[N; () ,N(t) =s—1,A(t) =J]
_;nZAl&j,mAJrl B @)X @) Bi ()P (N () =s—1,A(t) =)
i1 () i () E[N; (1), N (t) = s, A(t) = (]

-{i%wﬂuMA@mmuwwaW@=aA@=a

Derivation of the First Moment Subspace (),

s Ss—ni ’flmB 2 c—s

E'[N@),At)=0I1)=2]= ) .. Z Z s+4q) P, . T gy =5 =~ T vitg ()

n1=0 Nmp—1= =0
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Using the KFEs

B[N (£),6,2] = -\ () E[N (1), 4,2]

mp s S—N1—..—Mmp-2 c—g
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Then we manipulate the limits for some terms

B[N (£),6,2] = -\ () E[N (1), 4,2]

mp s S—N1—..—Mmp-2 c—g
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Canceling some terms

B[N (1),6,2] = ~\ () E[N (1), £,2]
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Derivation of the Zero Moment Subspace (),
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Using the KFEs
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Then we manipulate the limits for some terms
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mp
+ ; bi,mB-f-l (t) i (t) > > nipm...nt:s—m—---—ntfl;&O (t)

Canceling some terms
PIt)=1At)=0)==-XNH)P(I(t)=1,A(t)=1¢)
+T§je (N (P () =1,A(t) = 1)

+j§§1 imasr (8) e () N ()P (I () = 1, A(t) = i)

ma s—1 s—l-ni—..—nmpg—2
- E Qi ma+1 (t> Qy (t) )\z (t> E E pnl...nt:sflfnlf...fnt_l;i,O (t)
i=1 n1=0 Nm g —1=0
mp S S*nlf...fnt_Q
+ Z bi,mB—H (t) i (t) Z E nipnl...nt:s—nl—...—nt,1;Z,O (t)
i=1 n1=0 Nom g —1=0
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Finally

P =1,A() =0 = ~AN@PIE) =1,A() =10

+’“z (N (P (L) =1,A(t) = i)
+ ”i?; impet (B g (DN ()P (I () = 1, A(t) = i)

— Z; imar1 () g ()N ()P (N () =s—1,A(t) =1)

£ 3 bt (s (B[N (), N (1) = 5, A () = 0
Derivation of the Zero Moment Subspace ()

s S—MI—...—Mmp—2 c—g

P(I(t)=2A@t)=0=) .. > Z%P,’Hmnt:S_m_m_ntfl;g?q (t)

n1=0 ntf1:0
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Using the KFEs

PII(t) =2,A(t)=0)=-N(®)P L) =2A(t) =0

mpB s STN1—..."NMmp-2 c—g

- E (]- - bzz (t)) Hi (t) E Z Z nipnl...nt:s—nl—...—nt,1;é,q (t)
i=1 n1=0 nt,lzo q=0
ma ]
+ R a NPT =2,4(0) =)
1=
mp mp s—1 s—nj s—n;—n; §—N1...—Mj_2—Nj—MN4; S—N1...—Nj—N; §—N1...—Mj_2—N;
P2 e TEETE SRR
=1 ];1 n;=0n;=1 n1=0 n;—1=0 n;4+1=0 n;_—1=0
jF#i
S—N1..—1; S—M1I—."Mmp—2 c—g
> > > (nj + 1) Pm---ni—1---nj+1---nt:s—n1—---—ntfl;fyq (t)
n;+1=0 Nm g —1=0 q=0
ma mpg s 5—nj 5—N1...—Mj_2—Nj §—N1...—N;
+ 2 Qa1 D ac )N () B (1) X X . > >
i=1 7=1 n;=1mn1=0 n;—1=0 n;+1=0
S=N1—.—Mmp—2
Z Pnl...nj—1...nt:s—nl—...—ntfl;i,O (t)}
nt,lzo
ma s S—N1—-..=Nmp-2 c—g
+ Z ai,mA—f—l (t) (07 (t) /\z (t) Z Z Z Pnl...nt:s—nl—...—nt,l;i,q—l (t)
=1 n1=0 nt_1:0 q=1
ma s S—N1—...—Mmp—2
+ Zl CL’i,mAJrl (t) Oy (t) )\z (t) ZO Z 0 pnl...nt:sfnlf...fnt_l;i,cfs (t)
i= ni= Nmpg—1=
mp mp s—1 s—mn; S—Ni—n; 5—N1...—Nj_2—N;—Nj S—N1...—N;—N; 5—N1...—Nj_2—Nn;
+ 3 Y b (s () B (0 X X X . > > >
=1 j=1 n;=0n;=1 mn1=0 n;—1=0 ni+1=0 n;—1=0
J#i
§—N1...—MNj S—N1—...—Mmp—-2 c—s5—1
E E E (nz + 1) Pnl...ni—i—l...nj—l...nm =$—N1—...—Nm —1;£,q+1 (t)
n;+1=0 nt,1:0 q=0 B B
mp s STn1—.."NMmp—-2 c—s—1
+ Z bi,mB—i—l (t) i (t) ﬁz (t) Z Z Z nipnl...nt:s—nl—...—nt,l;Z,q—l—l (t)
i=1 n1=0 nt,lzo q=0
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Then we manipulate the limits for some terms

PII(t) =2,A(t)=0)=-N(®)P L) =2A(t) =0

mp s S—N1—..—Mmp-2 c—g
=2 (1 =y () pa (1) X ... > > Py y=s—ni— 13 ()
i=1 n1=0 nt,lzo q=0
ma
+ > ap(ONEOP () =2,A(t) =1)
=1
mp mp s S—N1—...—Mmp—2 c—g
+ 3 2 b (b py(t) X ... > > Py =51y 1:tg (£)
=1 j=1 n1=0 nt_1:0 q=0
J#
mA s—1 s—l-ni—.—nmp—2
+ Z A ma+1 (t) (07 (t) /\z (t) Z Z Pn1...nt:s—l—nl—...—ntfl;i,O (t)
=1 n1=0 Nm g —1=0

+:§§ imasr (8) e () N ()P (I () = 2, A(t) = i)

ma S—N1—...—Mmp—2

s
B 2:1 @ima+1 (t) Qy (t) )‘Z (t) EO 0 pn1...nt=sfn17...fnt—1§i,cfs (t)
1= ni= Nmpg—1=
maA s S*’ﬂl*...*TLmB_Q
+ zl Qi1 () g (8) N (t) ZO . S ) Pos st —mrim s rsi—s ()
= ni= mp—1=
mp mMp s S=N1—..=Nmp-2 c—g
T Z:l Zl bi’mBJ’_l (t) Hi (t) ﬁj (t) EO Z 0 ZO nipnl...nt:S—n1—...—nt—1;é,q (t)
1= = ny= Nmp—1= —
i ' 5! e
mB mMp s S—N1—...—Nmp-—2
B Zl .Zl bi’mBJrl (t) i (t) Bj (t) nZO " Z 0 niPnl...erl...nj*l...nt=sfn17...fnt—1§€,0 (t)
1= = = mp—1=—
i ' 51
mp s S—N1—...—Mmp-2 c—g
+ 3 Dimpr (8) i (1) B (8) 32 - S tiPunngmsm o it (1)
1= ni= Nmp—1= q=
mp s S*nlf...fnt_g
_ Zlbi,msﬂ (t) i (t) B (¢) ZO... > . NPy =s—n1— .1 13,0 (t)
= ni= Nmp—1=
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Canceling some terms

PII() =2,At)=0)=-NBPI{) =2A(t) =10

+’f§m (ON )P (I() =2, A(t) =)
s—1 s—l-ni—..—nmpg—2

ma
+ 21 Qjm 4 +1 (t) Qy (t) Ai (t) > > Pm...nt=sflfn17...fnm3—1;i,0 (t)

n1=0 nt_1:0

8% (D0 (A (P (1) = 2,4 (1) = 1)

mp S S*nlf...fnt_g
- Z bi,mB—H (t) Hi (t) Z Z nipnl...nt:s—nl—...—ntfl;é,O (t)
=1 n1=0 N g —1=0
Finally
PI() =2 A(t)=0) = ~NOPI(1)=2A()=0)

+mz (N (8P (I () =2, A(t) =)
+:f; imart (D) ag ()N ()P (N (£) = s — 1, A(t) =)
n mé imart () ag ()N ()P (I (1) =2, A(t) = i)

= 3 bimpnt (O 1 (B[N (1) N (1) = 5,A () = 0

67



Appendix 3

Derivation of the pth Moment Subspace (),

E'[NF(t),0,1]=E[NF(t),A(t)=¢,1(t) =1]

E'[NF(t),A(t)=41()=1= > .. > anT’llmnt;g,o (1)

n1=0 nt:0
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Using the KFEs

69

E [sz (t),f, 1] ==X\ (t>E[sz (t),f, 1]

— (L= b (1) s (O E NI (1), 4,1

mp ool s—lemi——nmg
=3 (=b; ) p () X ... ) ;1 Py g i00 (1)
7=1 n1=0 ntZO
J#
ma » )
+32 0 (0 OBIN? (9,5,
J:
mp s—1 s—1—n; s—1-n1..—nj_2—n; s—1—nj...—n;
+ 2 b (W) (D)) X > >
j=1 n;=1 n1=0 n;—1=0 ni+1=0
J#i
s—l-ni—..—nmpg—1
Z n; (n] + 1) pnl...mfl...anrl...nt;Z,O (t>}
ntZO
mpg s—1 s—1-n; s—1-ni..—mj_o2-—n; s—1-ni...—n;
UG S 5
j=1 n;=1 n1=0 n;_1=0 n;+1=0
J#i
s—l-ni—..—nmpg—1
Z nf (nz + 1) Pnl...njfl...niJrl...nt;Z,O (t)}
ntZO
mpB mMp s—1 s—1-njs—1-n;—ny s—1-n1..—nj_o—nj—ng s—1-ni..—nj—ny
+3 Eoomef T 5T ETTE
Jj=1 k=1 n;=1 ni=0 n1=0 nj;_1=0 n;11=0
J#i kF]
s—1—-ni..—ng_g—ngk s—1—nj...—ny,  S—l-nNi—.—Mmp_1
Z Z E nf (nk + 1) Pnl...njfl...nkJrl...nt;Z 0 (t)}
nk_1:0 nk+1:0 nt:()
ma s—1 s—1-n; s—l-ni..—m;_2-n;s—1-nj...—n;
+ 2 ajmarr (D ()X () G (1)) X X . ) >
7j=1 n;=1 n1=0 n;—1=0 ni+1=0
s—l-ni—..—nmpg—1
DI L —")
ntZO
ma mp s—1 s—1—nyg s—l-ni.—ng_o—nk s—1-nj...—ny
+ X Aimant (W) e ()X (8) X B (D) X X . X X
7j=1 k=1 nr=1 mn1=0 ng_1=0 Ng4+1=0
k#i
s—l-ni—..—nmpg—1
nfpm..-nkfl-..nt;j,O (t)}
ntZO
s—1 sflfnlf...fnt_l
+bimpt1 () i (1) 2 . > 1y (i + 1) Poynit1 g yi00 ()
n1=0 nt:0
mp ool s=lemi—nmg
Y b O () S S
]:1 n1=0
J#i

0 nf (nj + 1) Pnl...anrl...nt;Z 0 (t>
N g =
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Then we manipulate the limits for some terms

E' [sz (t) s 1] ==X\ (t)E[sz (t) s 1]

= (L= i (8) s (O E [N (1), £,1]

s—1 s=l-ni—..—nmpg—1

mp
- ’Zl (]‘ - bjj (t)) 127 (t) ZO > 0 nfnjpnl...nt;Z,O (t)
J= ni= Nmpg=
j#i ?
ma .
+ 3 (0N OBV (0),5,1
]:
mp s—1 5717”17---777477”3—1
+ X b (W (t) X - X 1Py (1)
= ny= N g =
i#i .
mp s—1 S—l—nl—...—nt,1
+ Zl bij (t) Hi (t) ZO > 0 (nz - 1)p nipnl...nt;é,O (t)
= ni= N o =
j#i ?
mp mp s—1 s—l-ni—.—nmpg-1 »
S e mm S S T B a0
Jj=1 k=1 n1=0 Tom 5 =0
J#i kFig
ma s—1 s—l-ni—..—nmpg—1 »
+ ‘21 Qg ms+1 (t) Qy (t) )‘j (t) ﬂz (t) ZO Z . (nz + 1) Pnl...nt;j,O (t)
J= ni= nt:
ma s—1 s—l-ni—.—nmp—2 »
- Zl Ajma+1 (t) 87 (t) )‘j (t) ﬁl (t) ZO Z 0 (nz + ]-) Pnl...ni—l...nt:s—l—nl—...—ntfl;j,O (t)
J= ni= Nmp—1=
ma mp )
+ 3 aimas (o () A (1) 3 B (BN (1), 5, 1]
= k£i
ma mpg s—1 5_1_n1_---_nm372 »
- Zl Ajma+1 (t) Qy (t) )‘j (t) kzl Bk (t) ZO > 0 n; Pn1...nt:sflfnlf...fnt_l;j,O (t)
J= =1 ni= Nmp-1=
k#i
s—1 s—l-ni—.—nmpg-1
+bimp+1 (8) i (1) Eo 2 0 (ni — 1)° niPnl...nt;é,O (t)
np= nt:
s S—?’Ll—...—nt,Q
+bi,m3+1 (t) Hi (t) EO E 0 (nz - 1)17 niPnl...nt:sfnlf...fnt_l;é,O (t)
ni= Nmp—1=
mp s—1 s—l-ni—.—nmp—1
+ Zl ijmBJrl (t) Hj (t) ZO > 0 nzpnjpnl...nt;Z,O (t)
= ni= N o =
i#i .
mp S S—TLl—...—nt,Q
+ ’Zl bj,mB—l—l (t) Hj (t) ZO > 0 nfnjpnl...nt:s—nl—...—nt,l;Z,O (t)
= ni= Nmp—1=

7=
JFi
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Expanding some terms

E' [sz (t) s 1] ==X\ (t>E[sz (t) s 1]

= (L= i (8) s (O E [N (1), £,1]

+ﬁ%mﬂwwwa@@mwwnﬁ

5 g (00 (0X (1) 6.0 3 ()B [N (1), 5.1]

h=1
ma s—1 s—l-ni—..—nmpg—2
- ]Zl Ajma+1 (t) oY (t> )\j (t) Bi (t) ZO > 0 (nz + 1)]) pn1...nifl...nt:sflfnlf...fnt_l;j,O (t>
= ni= Nmp—1=
m mp
£ 8 i (B ar (4 (1) 3 B (O B[N (1), 1
= =
ma mp s—1 s—l-ni—.—nmpg—2 »
- j;l Ajma+1 (t) Qy (t) )\j (t) Z ﬁk (t) nlz:O ntZFO n; Pn1...nt:s—l—nl—...—ntfl;j,O (t)

k=1
kA
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Fbimp1 (8) s (8) B [NPF (), 0,1]
p—1
Hbigmis 1 (£) Ug()(ﬂ“MW”@%ﬂ
S S—N1—...—Mmp—-2
+bi,m3+l ( ) ( ) Z 0 ( n; — ]-)p niPnl...nt:s—nl—...—nt,1;Z,O (t)
1=0 N g —1=
+ Z bjmp+1 (8) py (1) E[NT () N; (t) . ¢, 1]
Hﬁz
s S—N1—...—Nmp—2
+ Z ijmBJrl (t) Mg (t) Z Z nzpnjpnl...nt:sfnlf...fnt_l;é,O (t)
];1 n1=0 nt_1:0
j#i

Canceling some terms

B[N (£),0,1] = —\ () E[NP (), 4, 1]

7

+ 5 e (0 (O BIN? (1),

p

+ 3 (0 () 3 (R[N 0N (), 01]
J#Z
+ (1 = by) s (¢) ZZ; (hil) (_1)h+1 E {sz h (t),¢, 1}

+ ;ﬂé Ajmat1 () e (1) A; () EIN (t), 5, 1]

=1 h=1

ma s—1 s—l-ni—.—nmp—2
- ].Zl @j,ma+1 (t) Q (t) )‘j (t) ﬁl (t) W N > 0 (nz + 1)p Pn1...ni—l...nt:s—l—n1—...—nm371;j,0 (t)

= 1= mp—1=

ma mp s—1 s—l-ni—.—nmpg—2 p
- Z Ajma+1 (t) Q (t) )‘j (t) kzl ﬁk (t) 20 > 0 Pn1 Mmp=s—1-n1—...—Nmp—1;5,0 (t)

Jj=1 k‘;z ni= NMmp—-1=

s S—ni1—... nt—2
+bi,m3+1 (t) Hi (t) EO > 0 (nz - 1)p niPnl...nt:sfnlf...fnt_l;é,O (t)
ni= Nmpg—1=

mp s S—TLl—...—nt,Q
+ Zl b]',mBJrl (t) M (t) ZO E 0 nzpnjPnl...nt:sfnlf...fnt_l;Z,O (t)

J= ni= Nmp-1=

JF
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Finally

E' NP (£),6,1] = —M\(H)E[N?(),0,1]

)

ma p

= X aiman (e ()X (1) 5 (1) X (1)E [N (1), N (1) =5 = 1, A (1) = j]

j= h=1

ma

= X Gimart () e (0) A (8) ELNY (

=

~

N(@t)=s—1,A(t) =7]

i (04 (0 (,2,) (CDMTE N0, N (1) =5, A (1) =

+mz bima a1 (8) 15 () E[N? (£) N (£), N () = s, A (t) = (]

Derivation of the pth Moment Subspace (),

B [N? (),0,2] = E' [N (t), A(t) = £,1 (t) = 2]

s S—N1—...=Mmp-2 c—g

NP (), A(t)=01()=2]=% .. ;}(s + @) Poy =5 nmy 1 (1)

n1=0 ntf1:0
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Using the KFEs

B/ (NP (£),6,2] = —\ () E[NP (), £,2]
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Then we manipulate the limits for some terms

B/ (NP (£),6,2] = —\ () E[NP (), £,2]
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Expanding some terms
E'[NP(t),0,2] = =X\ (t) E[N? (1), ¢, 2]
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Canceling some terms

B/ (NP (£),6,2] = —\ () E[NP (), £,2]

+ 3% aie (1) A () BIN® (1) 4,2

=1

ma s—1 s—l-ni—...—nmpg—2
+ Z Qimg+1 (t> Q (t) )‘i (t) sP Z Z Pm...nt=sflfn1f---*nm3—1;i,0 (t)
i=1 n1=0 Nmpg—1=0
Y, B ()N (@) 5 (PVE NP5 (1) 4,2
+ 2 i (0) e (8) A (1) X () (t) .1,
i=1 h=0
ma P S=N1—...—Nmp -2
- Z ai,mA—f—l (t) (07 (t) /\z (t) Z (z) Cpih Z Z Pn1...nt:s—nl—...—ntfl;i,c—s (t)
=1 h=1 n1=0 nt_1:O
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BNP (8,09 = —A(B)E[N?(8),0,2]

+ nf aio (t) A\ (t) E[NP (1) ,14,2]

i=1
3 i (1) (0) X (1)
3 i (0 o () A 1
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a z; Aiam 41 (1) e (£) X (2)
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o
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S R
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Derivation of the Cross-product Moments Subspace (),

s—1 sflfn1f...fnm3_1

E'[N, () N; (1), At) =6, 1(t)=1]= > .. > i Py o ()

n1=0 Nmp =0

78
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Using the KFEs

'[N, (t) N; (£),6,1] = A () E[N; (£) N; (1), €, 1]

s—1 sflfnlf...fnt_l

— (1 — by (t)) i (t) o > n?njpnl...nt;f,O (t)

n1=0 Nmpg =0
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n1=0 Nmp =0
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nt:0
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ki
sflfnlf...fnt_l
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+ 3 by (0] X
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sflfnlf...fnt_l
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nt:0



Javier E. Rueda Appendix 4. 80

mp mpg s—1 s—1—ny s—1-n1..—Ng_2—Nk s—1—nq...—n}
+ X X b@ut)] X X .. > >
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nt:0
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s=l-ni—..—nmpg—1
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Then manipulating the limits of some terms and expanding

'[N, (t) N; (£),6,1] = A () E[N; (£) N; (1), €, 1]

s—1 sflfnlf...fnt_l
- (1 — bi; (t)) i (t) EO > 0 n?njpnl...nt;Z,O (t)
n1= Nmp=
s—1 s=l-ni—...—Nmpg—1 )
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-2 (1 — brk (t)) Hi (t) ZO > 0 ninjnkpnl...nt;é,O (t)
ni= Nmp =

k=1
k#i,j
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mp s—1 sflfnlf...fnt_l
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- Z Alm 4+1 (t) 07 (t) )‘k (t) ﬁz (t) Z Z annl...nt:s—l—nl—...—ntfl;k,O (t)
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s—1 s—l-ni—..—nmpg—2

mA B
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—bimp1 () ps () E[N; (8) N; (1), €,1]

s S—N1—...—Nm -2

+biimp+1 ()i (t) 2 ... > n; (n; — 1) ann1---nt:s—n1—---—ntfl;Z,O ()
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Canceling some terms
E'[N, (1) N, (1), 6,1] = A () E[N; () N, (£) £, 1]
— (1= bis () s () E [N () Ny (8), 6,1
— (1 =by; (1)) py () E[N; () N; (), £,1]
+ :é are (1) Mo () E[N; (1) N; () , ke, 1]
+bji () g (1) (B[N? (1), 6,1] = E[N; (¢),£,1])
by (8) s (1) (E[N2 (1), 6,1] — E [N (8), £,1])
+ k"if bis () pe () E[N; (£) Ny (2), £, 1]
ki, j
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+ ;"é Gem s (£) e (8) M () B[N; () N (£) , k, 1]
432 Gt (00 () M (0) (3 (BN, (), 51]+ 55 (O B [V: (1), 1)
_ :fl U1 (1) e (£) \i (2) :lz_io S_l_:;'z:j“ 1105 Py =51y 1300 (1)
— 32 Ghmrs ()00 () N 6) 5 0 nz:lo —1—;—32—::3 R
= 38 Gkt (020 () M 1) 5, (1) nzzlo —1—;—32—:3 0 R 1)
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Finally

E/[N; (8) N, (£) ,6,1] = =\ (£) E[N; (£) N; (£), £, 1]
—p; () BIN; () N; (¢) , €, 1]

— 5 () E[N; (8) N; (t) , ¢, 1]
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5 b (0 i (D E[N; () Ne (0), 1

+ :ij bij () i, (£) B [N; (£) Ny (), £, 1]
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3 i (00 (0 M () (B (O BIN; (1) k1) 4 8, (O B[N (8) k. 1)
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Derivation of the Cross-product Moments Subspace ()

E'[N; () N(t),A(t)=¢(,1(t)=2] = zs: Z z_: n; (s+q) Pél...nt:s—nl—...—nt,l;e,q (t)
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S—MI—...—Mmp-2 c—g

n1=0 nt_1:0
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Using the KFEs

B[N ()N (1),6,2] = — A () E[N; (}) N (1), £, 2]
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Then we manipulate the limits for some terms

B[N ()N (1),6,2] = — A () E[N; (}) N (1), £, 2]
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Canceling some terms
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Appendix 5

In the next sections are presented the input arrival and service processes for each of the

cases.

Case 2

The arrival process

0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5
0.3 02 0.1 04

0.3 03 04 O

A(t) =[2.7+0.5sin (t/37),2.74 0.5sin (t/37), 1.7 + 0.5 sin (¢/37)]

The service process
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0.1 0.6 0.3

B(t)=2% 03 01 06

05 05 0

p(t) = [1,1]

Case 3

The arrival process

0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5

03 02 0.1 04

03 03 04 O

A(t) =[2.4+0.5sin (t/37),2.44 0.5sin (t/37), 1.4 + 0.5sin (¢/37)]

The service process

0.1 0.6 0.3
B(t)=1% 03 01 06

05 05 0

p(t) = [1,1]
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Cases 4 and 5

The arrival process

0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5

0.3 02 0.1 04

03 03 04 0
A(t) =[4+0.5sin(¢t/37),4 + 0.5sin (¢/37) ,3.5 4+ 0.5sin (¢/37)]

The service process

0.1 0.6 0.3

B(t)=1% 03 01 06

0.5 05 0

p(t) = [1,1]

Case 6

The arrival process

0.3 0.1 0.3 0.3
0.3 0.1 0.1 0.5
0.3 02 0.1 04

03 03 04 0
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A(t) =[1.4+0.5sin (t/67),2.2 + 0.8sin (t/67), 1.6 + 0.6 sin (t/67)]

The service process

02 02 02 04

0.2 0.1 02 0.5

B(t) =
0.2 03 0.2 0.3
04 0.1 05 0
wp(t) =[0.5,1,0.6]
Case 7
The arrival process
0.3 0.1 0.3 0.3
0.3 0.1 0.1 0.5
Alt) =

0.3 02 0.1 04

03 03 04 0

A(t) =[1.2+0.5sin (¢/67),2 + 0.8sin (¢/67) , 1.4 4+ 0.6 sin (¢/67)]

The service process
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02 02 02 04

0.2 0.1 0.2 05

B(t) =
0.2 03 0.2 0.3
04 0.1 05 0
p(t) =[0.5,1,0.6]
Case 8
The arrival process
0.3 0.1 0.3 0.3
0.3 0.1 0.1 0.5
A(t) =

03 02 0.1 04

03 03 04 0

A(t) =[1+0.5sin(¢t/67),1.8+ 0.8sin (t/67),1.2 4+ 0.6 sin (¢/67)]

The service process

02 02 02 04
0.2 0.1 0.2 0.5

0.2 03 0.2 0.3

04 01 05 0

p(t) = [0.5,1,0.6]
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Cases 9 and 10

The arrival process

A(t) =[1.8+0.5sin (t/67),3.54 0.8sin (t/6m),2.1 + 0.6 sin (¢/67)]

The service process

0.3

0.3

0.3

0.3

0.2

0.2

0.2

0.4

Appendix 5.

0.1 0.3 0.3
0.1 0.1 0.5
0.2 0.1 04

0.3 04 0

02 02 04
0.1 0.2 0.5
0.3 0.2 0.3

0.1 05 0

p(t) = [0.5,1,0.6]

Cases 11 and 12

The arrival process
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0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5
0.3 02 0.1 04

03 03 04 O

160, 120, 160] , t<6
A(t) =
200, 150,200], 6 <t < 12

The service process

02 02 02 04

0.2 0.1 0.2 0.5

B(t) =
0.2 03 0.2 0.3
04 0.1 05 0
wp(t) = [40, 30, 40]
Cases 13 and 14
The arrival process
0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5
A(t) =

0.3 02 0.1 04

03 03 04 0
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320, 240, 320] , t<6
At) =
400, 300, 400], 6 <t < 12

The service process

02 02 02 04

0.2 0.1 0.2 05

B(t) =
0.2 0.3 0.2 0.3
04 01 05 0
wp(t) = [40, 30, 40]
Cases 15 and 16
The arrival process
0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5
A(t) =

0.3 02 0.1 04

03 03 04 O

160, 120, 165] , t<6
A(t) =

200, 150,210], 6 <t <12

The service process
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0.05 0.15 02 02 0.1 0.3
02 01 0.05 015 0.1 04
0.08 0.12 0.05 0.3 0.2 0.25
01 01 01 01 01 05
0.09 0.13 0.08 0.3 0.1 0.3

03 0.1 02 01 03 0

p(t) = [40, 30,40, 50, 45|

Cases 17 and 18

The arrival process

0.1 0.1 0.3 0.5
0.3 0.1 0.1 0.5
0.3 02 0.1 04

03 03 04 0

320, 240, 330] , t<6
A(t) =

400, 300, 420], 6 <t < 12

The service process
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Appendix 5.

0.05 0.15 0.2 0.2 0.1
0.2 0.1 0.05 015 0.1
0.08 0.12 0.05 0.3 0.2
01 0.1 01 01 0.1
0.09 0.13 0.08 0.3 0.1

03 0.1 02 01 03

p(t) = [40, 30,40, 50, 45|

0.3

0.4

0.25

0.5

0.3
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Notice that in Cases 1 trough 10 the solid line represents the actual values and the doted line
represents the approximation values. In addition, Cases 11 trough 18 the solid line represents
the values of the approximation and the three points are the specific points extracted from

the simulation.
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Case 1
E[N(t)] vs. t and errors.
E[N(D)] vs. t
4 T T T T T
O | | | | |
0 50 100 150 200 250 300
Absolute Error E[N(t)] vs. t
0.01 T T T T T
0.005 N
0 | | | | |
0 50 100 150 200 250 300
Relative Error E[N(t)] vs. t (%)
0.8 T T T T T
0.6 —
0.4} —
0.2 N
0 | | | |
0 50 100 150 200 250 300
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SD[N(t)] vs. t and errors.
StdDev[N(t)] vs. t
2 T T T T T
15F
1 -
05F .
O 1 1 1 1 1
0 50 100 150 200 250 300
Absolute Error StdDev[N(t)] vs. t
0.015 T T T T T
0.01f ]
0.005 .
0 | 1 1 1
0 50 100 150 200 250 300
Relative Error StdDev[N(t)] vs. t (%)
0.8 T T T T T

0 50 100 150 200 250

300
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Case 2
E[N(t)] vs. t and errors.
EIN(®)] vs. t
4 T T T T T
0 | | | | |
0 50 100 150 200 250 300
Absolute Error E[N(t)] vs. t
0.03 T T T T T
0.02 —
0.01 N
0 | | | | |
0 50 100 150 200 250 300
Relative Error E[N(t)] vs. t (%)
15 T T T T T
1 -
0.5 _
0 | | | | |
0 50 100 150 200 250 300
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SD[N(t)] vs. t and errors.

StdDev[N(t)] vs. t

O | | | | |
0 50 100 150 200 250 300
Absolute Error StdDev[N(t)] vs. t
0.02 T T T T T
0.015 |
0.01
0.005 —
0 | | |
0 50 100 150 200 250 300
Relative Error StdDev[N(t)] vs. t (%)
15 T T T T T
1 - -
0.5
0 | | |
0 50 100 150 200 250 300
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Case 3
E[N(t)] vs. t and errors.
EIN(®)] vs. t
L
0 | | | | |
0 50 100 150 200 250 300
Absolute Error E[N(t)] vs. t
0.1 T T T T T
0.05+ N
0 | | | | |
0 50 100 150 200 250 300
Relative Error E[N(t)] vs. t (%)
3 T T T T T
2 - -
1 - —
0 | | | | |
0 50 100 150 200 250 300



Javier E. Rueda Appendix 6. 110

SD[N(t)] vs. t and errors.

StdDev[N(t)] vs. t
4 T T T T T

0 1 1 1 1 1
0 50 100 150 200 250 300

Absolute Error StdDeV[N(t)] vs. t

0.2 T T T T T

0.15r- _

0.05 .

0 1 1 1 1 1
0 50 100 150 200 250 300

Relative Error StdDev[N(t)] vs. t (%)
6 T T T T T

0 50 100 150 200 250 300
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Case 4
E[N(t)] vs. t and errors.
EIN()] vs. t
30 T T T T T
0 | | | | |
0 50 100 150 200 250 300
Absolute Error E[N(t)] vs. t
0.4 T T T T T
0.3 _
0.2 N
0.1 7
0 | | |
0 50 100 150 200 250 300
Relative Error E[N(t)] vs. t (%)
15 T T T T T
1 -
0.5 _
0 | | |
0 50 100 150 200 250 300
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SD[N(t)] vs. t and errors.

StdDev[N(t)] vs. t

8 g T T T T

0 1 1 1 1 1
0 50 100 150 200 250 300

Absolute Error StdDeV[N(t)] vs. t
0.8 T T T T T

0.2

0 1 1 1 1
0 50 100 150 200 250 300

Relative Error StdDev[N(t)] vs. t (%)
15 T T T T T

0 50 100 150 200 250 300
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Case 6

E[N(t)] vs. t and errors.

Appendix 6. 113

E[N(D)] vs. t

4 T T T T T
O | | | | |
0 50 100 150 200 250 300
Absolute Error E[N(t)] vs. t
0.015 T T T T
0.011 —
0.005 —
0 | | | | |
0 50 100 150 200 250 300
Relative Error E[N(t)] vs. t (%)
1 T T T T T
0.5F |
0 | | | | |
0 50 100 150 200 250 300
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SD[N(t)] vs. t and errors.

Appendix 6. 114

StdDev[N(t)] vs. t

0 1 1

0 50 100

150 200 250 300

Absolute Error StdDeV[N(t)] vs. t

0.2 T T

0.15
0.1
0.05

0 1 1

0 50 100

150 200 250 300
Relative Error StdDev[N(t)] vs. t (%)

15 T T

0 50 100

150 200 250 300
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Case 8

E[N(t)] vs. t and errors.

EIN(D] vs. t
6 T T T i T T

0 | | | | |
0 50 100 150 200 250 300
Absolute Error E[N(t)] vs. t
0.2 T T T T T
0.15r |
0.1f —
0.051 —
0 | | | | |
0 50 100 150 200 250 300
Relative Error E[N(t)] vs. t (%)
4 T T T T T

0 50 100 150 200 250 300
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SD[N(t)] vs. t and errors.

StdDev[N(t)] vs. t
6 T T T T T

0 1 1 1 1 1
0 50 100 150 200 250 300

Absolute Error StdDeV[N(t)] vs. t

0.2 T T T T T

0.15r- _

0.05 .

0 1 1 1 1
0 50 100 150 200 250 300

Relative Error StdDev[N(t)] vs. t (%)
15 T T T T T

0 50 100 150 200 250 300
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Case 9
E[N(t)] vs. t and errors.
EIN(®)] vs. t
T T T T T T T T T
| | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500
Absolute Error E[N(t)] vs. t
T T T T T T T T T
| | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500
Relative Error E[N(t)] vs. t (%)
T T T T T T T T T
| | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500
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SD[N(t)] vs. t and errors.

StdDev[N(t)] vs. t
10 T T T T T T T T T

0 | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500
Absolute Error StdDeV[N(t)] vs. t
0.8 T T T T T T T T T
0.6 |

0 50 100 150 200 250 300 350 400 450 500
Relative Error StdDev[N(t)] vs. t (%)
15 T T T T T T T T T
10 —
5 —
0 | | | | | | | | |

0 50 100 150 200 250 300 350 400 450 500
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Case 10
E[N(t)] vs. t and errors.
EIN(®)] vs. t
60 T T T T T T T T T
40t -
20 N
0 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000
Absolute Error E[N(t)] vs. t
1 T T T T T T T T T
05 N
0 | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000
Relative Error E[N(t)] vs. t (%)
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SD[N(t)] vs. t and errors.
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Case 11

E[N(t)] vs. t and SD[N(t)] vs. t.
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Case 13

E[N(t)] vs. t and SD[N(t)] vs. t.

E[N(t)] vs. t
30 T T T T T

T
*

25

20 n

T
o
I

15

10 ]

StdDeV[N(t)] vs. t
8 T T T T T

*




Javier E. Rueda Appendix 6. 124

Case 14

E[N(t)] vs. t and SD[N(t)] vs. t.
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Case 15

E[N(t)] vs. t and SD[N(t)] vs. t.
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Case 16

E[N(t)] vs. t and SD[N(t)] vs.
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E[N(D)] vs. t
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Case 18

E[N(t)] vs. t and SD[N(t)] vs. t.
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Appendix 7

The PE approximation subrutine

function PEAprox = f(M1, M2, ¢, h)
eita = 10000;
epsilon = 1/eita;

if M1 < epsilon

p = Ml/c;

end

q=1-p;

x = -min(p,q)/(c-1);
d = M2-¢*M1;

if or(M1 < epsilon, M1 > c-epsilon)
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alpha = 0;

elseif M2-M1*M1 < epsilon
alpha = -1/c + epsilon;

elseif abs(d) < epsilon

alpha = eita;

elseif (M1*(M1+(1-p))-M2)/d < x
alpha = x + epsilon;

else

alpha = (M1*(M1+(1-p))-M2)/d,;
end

if h ==

if q < epsilon

prob = 0;
else

prob = 1;
for i = 0:c-1,

prob = prob*(q+i*alpha)/(1+4i*alpha);
end
end
else

if p < epsilon
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prob = 0;
else

prob = 1;
for i = 0:c-1,

prob = prob*(p+i*alpha)/(1+i*alpha);
end
end
end

PEAprox = prob;

The introduction of the PMDEs and the approximations

function dy = PhtPhtsc(t,y)

m_b = 3;

epsilon = 10(—4);

Num_PMDEs = 4*m_a+m_a*m_b*(24+m_b);
alpha = [0.3;0.3;0.4];

beta = [0.4;0.1;0.5];
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a = [0.3,0.1,0.3,0.3; 0.3,0.1,0.1,0.5; 0.3,0.2,0.1,0.4];

b = [0.2,0.2,0.2,0.4; 0.2,0.1,0.2,0.5; 0.2,0.3,0.2,0.3];

lambda = [1.440.5%sin(t/(6*pi));2.2+0.8*sin(t/(6*pi));1.6+0.6*sin(t/(6*pi))];
mu = [0.5;1;0.6];

dy = zeros(Num_PMDEs 1);

h = m_a*2;

fori = 1:m_a,

if y(i) < epsilon

for j = 1:m_b,
cM1L(i,j) = 0;
cM2L(i,j) = 0;
h=h+1;
end

else

for j = 1:m_b,

cMI1L(i,j) = y(h+1)/y(i);

cM2L(1,j) = y(h+1+m_a*(1+m_b))/y(i);
h=h+ 1

end

end

end
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fori = 1:m_a,

if y(m_a+i) < epsilon

cM1U(i) = 0;
cM2U(i) = 0;
else

cM1U(i) = y(m_a*(2+m_b)+i)/y(m_a+i);
cM2U(i) = y(m_a*(3+2*m_b)+i)/y(m_a+i);
end

end

fori = 1:m_a,

cM1LA(i) = 0;
cM2LA(i) = 0;
for j = 1:m_b,

cM1LA(i) = ¢cM1LA(i) + cM1L(i,j);

cM2LA (i) = cM2LA(i) + cM2L(i,j);

end

end

fori = 1:m_a,

cp-sml(i) = PEAprox(cM1LA(i),cM2LA(i),s-1,1);

psml(i) = cpsml(i)*y(i);

cps(i) = PEAprox(cM1U(i)-s,cM2U (i)-2*s*cM1U (i) 452,c-5,0);
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ps(i) = cp-s(i)*y(m-a+i);
cp_c(i) = PEAprox(ecM1U(i)-s,cM2U (i)-2*s*cM1U (i) +52,c-5,1);

p-c(i) = cp-c(i)*y(m-a+i);

end
for i = 1:m_b,
MI1LB(i) = 0;

for j = 1:m_a,

MILB(i) = M1LB(i) + y(2*m_a+i+(j-1)*m_b);

end

end

MI1Lt = 0;
fori = 1:m_b,

MI1Lt = M1Lt + M1LB(i);
end

for i = 1:m_b,

if M1Lt j= epsilon

p(i) = beta(i);

else

p(i) = M1LB(i)/M1Lt;
end

end



Javier E. Rueda Appendix 7.

for i = 1:m_b,

aMlisml(i) = (s-1)*p(i);

aMlis(i) = s¥p(i);

aM2ism1 (i) = (s-1)*(s-2)*p(1)2 + (s-1)*p(i);
aM2is(i) = s*(s-1)*p(i)2 + s*p(i);

aM3is(i) = s*(s-1)*((s-2)*p(i)3 + 3*p(1)2) + s*p(i);
for j = 1:m_b,

if i = j

aM1ijsm1(i,j) = (s-1)*(s-2)*p(i)*p(j);
aM1ijs(i,j) = s*(s-1)*p(i)*p(j);

aM2ijs(i,j) = s*(s-1)*p(1)*p(j)*((s-2)*p(1) +1);
for k = 1:m_b,

if k= j

aM1ijks(i,j,k) = s*(s-1)*(s-2)*p(1)*p(j) *p(k);
end

end

end

end

end

for i = 1:m_a,

dy(i) = - lambda(i)*y(i);
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for j = 1:m_a,

dy(i) = dy(i) + a(j,i)*lambda(j)*y(j) + a(j,m_a+1)*alpha(i)*lambda(j)*(y(j)-p-sm1(j));

for j = 1:m_b,

dy(i) = dy(i) + b(j,m-b+1)*mu(j)*ps(i) *aMLis(j);

end

fori = 1:m_a,

dy(m_a+i) = -lambda(i)*y(m_a+i);

for j = 1:m_a,

dy(m_a+i) = dy(m_a-+i) + a(j,i)*lambda(j)*y(m_a+j) + a(j,m_a+1)*alpha(i)*lambda(j)*
(psml(j)+y(m-a+j));

end

for j = 1:m_b,

dy(m_a+i) = dy(m-a+i) - b(j,m-b+1)*mu(j)*ps(i) *aMLis(j);
end

end

h = 2*m_a;

1 = 2*m_a;

fori = 1:m_a,

for j = 1:m_b,
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dy(h+1) = -lambda(i)*y(h+1) - mu(j)*y(h+1) - b(j,m_b+1)*mu(j)*p-s(i)*aM1is(j);
for k = 1:m_a,

dy(h+1) = dy(h+1) + a(k,i)*lambda(k)*y(14j+(k-1)*m_b) + a(k,m_a+1)*alpha(i)*
lambda(k)*(y(14+j+(k-1)*m_b)+beta(j) *y(k)-p-sm1(k)*aM1lism1(j)-beta(j) *p-sm1(k));
end

for k = 1:m_b,

it k ==

dy(ht1) = dy(ht1) + bk ) mu(k)*y(ht1-+k)-+ bl m bt 1) mu(i)p-s(i)FaM2is(i)
else

dy(h+1) = dy(h+1) + b(k,j)*mu(k)*y(h+1-j+k)+b(k,m_b+1)*mu(k)*p_s(i)*aM1ijs(j,k);
end

end

h=h+1;

end

end

h = m_a*(24+m_b);

fori = l:m_a,

dy(h+i) = -lambda(i)*y(h+i);

for j = 1:m_a,

dy(h+i) = dy(h+i) + a(j,i)*lambda(j)*y(h+j) + a(j,m-a+1)*alpha(i)*lambda(j)*

(s*p-sm1(j)+y(h+j)+y(m_a+j)-pc(j));
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end

for j = 1:m_b,

dy(h+i) = dy(h+i) - b(j,m_b+1)*mu(j)*(y(m_a+i)*aM1is(j)+(s-1)*p-s(i)*aM1is(j));
end

end

h = m_a*(34+m-b);

I = m_a*(3+m.b);

fori = 1:m_a,

for j = 1:m_b,

dy(h+1) = -lambda(i)*y(h+1) - 2*mu(j)*y(h-+1)+(1-2*b(j,j)) *mu(j)*y(h+1-m_a*(1+m_b))
+b(j,m-b+1)*mu(j)*ps(i)*(aM1is(j)-2*aM2is(j));

for k = 1:m_b,

if k ==

dy(h+1) = dy(h+1) + b(k,j)*mu(k)*y(l-m_a*(1+m_b)+k+(i-1)*m_b)
+b(j,m_b+1)*mu(j) *p_s(i) *aM3is(j);

else

dy(h+1) = dy(h+1) + b(k,j)*mu(k)*y(l-m_a*(1+m_b)+k+(i-1)*m_b)
+b(k,m_b+1)*mu(k)*p_s(i)*aM2ijs(j,k);

end

end

for k = 1:m_a,
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dy(h+1) = dy(h+1) + a(k,i)*lambda(k)*y(1+j+(k-1)*m_b)+a(k,m_a+1)*alpha(i)*

lambda(k)* (y(1+j+(k-1)*m_b)+2*beta(j)*y(I-m_a*(1+m_b)+j+(k-1)*m_b)+beta(j)*y(k)-

p-sml(k)*aM2ism1(j) -2*beta(j)*p_sm1(k)* aMlism1(j)-beta(j)*p-sml(k));

end

d = 0;

for k = 1:m_b,
ifj ==k

dy(h+1) = dy(h+1) + 2*b(j,j)*mu(j)*y(h+1);

else
d=d+ 1;

if d jm_b

dy(h+1) = dy(h+1) + 2*b(k,j)*mu(k)*y(m-a*(44+2*m_b)+(j-1)*(m_b-1)+(i-1)*m_b* (m_b-

1)+d);

end

end

end

h=h+1;

end

end

h = m_a*(34+2*m_b);

fori = 1:m_a,



Javier E. Rueda Appendix 7. 139

dy(h+i) = -lambda(i)*y(h+i);

for j = 1:m_a,

dy(h+i) = dy(h+i) + a(j,i)*lambda(j)*y(h+j) + a(j,m_a+1)*alpha(i)*lambda(j)*

(s2*p-sm (j)+y(h-+)+2*y(h-m_a* (1-+m_b)+) 4y (m_a-+])-2*c*p_c(j)-p-c(j) )

end

for j = 1:m_b,

dy(h+i) = dy(h+i) + b(j,m_b+1)*mu(j)*(y(m_a+i)*aM1is(j)
-2*y(h+m_a*(1+m_b2-m_b)+j+(i-1)*m_b)-(s-1)2*p_s(i) *aM1is(j));

end

end

h = m_a*(44+2*m_b);

| = m_a*(4+2*m.b);

fori = 1:m_a,

g=0;

for j = 1:m_b,

for k = 1:m_b,

ifj =k

g=g+ L

dy(h+1) = -lambda(i)*y(h+1)-(mu(j)+mu(k))*y (h+1)+b(k,j) *mu(k)*(y (l-m_a*(1+m_b)+k+(i-
1)*m_b)-y(1-2*m_a*(1+m_b)+k+(i-1)*m_b))+b(j,k) *mu(j)*(y(l-m_a*(1+m_b)+j+(i-1)*m_b)-

y(1-2*m_a*(14+m_b)+j+(i-1)*m_b))-(b(j,m_b+1)*mu(j)+b(k,m_b+1)*mu(k))*p_s(i) *aM1ijs(j,k);
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for f = 1:m_a,

dy(h+1) = dy(h+1) + a(f,i)*lambda(f)*y(14+-g+(f-1)*m_b*(m_b-1))
+a(f,m_a+1)*alpha(i)*lambda(f)*(y(I+g+(f-1)*m_b*(m_b-1))
+beta(j)*y(I-2*m_a*(1+m_b)+k+(f-1)*m_b)+beta(k)*y(l-2*m_a*(1+m_b)+j+(f-1)*m_b)
-psml(f)*aM1ijsm1(j,k)-p_sm1(f)*(beta(j)*aM1lism1(k)+beta(k)*aM1lism1(j)));

end

e=1;

for d = 1:m_b,

if and(e < m_b, d=k)

dy(h+1) = dy(h+1) + b(d,j)*mu(d)*y(l+e+(k-1)*(m_b-1)+(i-1)*m_b*(m_b-1));

e=e+ 1;
end

end

e =1;

for d = 1:m_b,

if and(e < m_b, d=j)

dy(h+1) = dy(h+1) 4+ b(d,k)*mu(d)*y(l+d+(j-1)*(m-b-1)+(i-1)*m_b*(m_b-1));
e=e+ 1;

end

end

for d = 1:m_b,
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if and(d=j,d=k)

dy(h+1) = dy(h+1) + b(d,m_b+1)*mu(d)*p_s(i)*aM1ijks(j.k,d);

elseif d ==j

dy(h+1) = dy(h+1) + b(d,m_b+1)*mu(d)*p_s(i)*aM2ijs(j,k);

elseif d ==

dy(h+1) = dy(h+1) + b(d,m_b+1)*mu(d)*p_s(i)*aM2ijs(k.j);

end

end

h=h+1;

end

end

end

end

h = m_a*(4+m_b+m_b2);
] = m_a*(4+m_b+m_bé);
fori = 1:m_a,

for j = 1:m_b,
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dy(h+1) = -lambda(i)*y(h+1)- mu(j)*y(h+1) + b(j,m_b+1)*mu(j)*aM1is(j)*(y(m_a+i)+(s-

1)*ps(i));

for k = 1:m_a,

dy(h+1) = dy(h+1) + a(k,i)*lambda(k)*y(1+j+(k-1)*m_b)+a(k,m_a+1)*
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alpha(i)*lambda(k)*(s*p_sm1(k)*aM1ism1(j) + beta(j)*s*p_sm1(k)+y(l+j+(k-1)*m_b)
+y(m_a+k)*aM1is(j)-p-c(k)*aM1is(j));

end

for k = 1:m_b,

dy(h+1) = dy(h+1) + b(k,j)*mu(k)*y(I+k+(i-1)*m_b)+b(k,m_b+1)*mu(k)*beta(j)*

(y(1+k+(i-1)*m_b)-y(m_a+i)*aM1is(k)-(s-1)*p_s(i) *aM1is(k));

end
for k = 1:m_b,
ifk ==

dy(h+1) = dy(h+1) - b(j,m_b-+1)*mu(f)¥aM2is(i)* (y(m-ati) + (s-1)*p-s(i);
else

dy(h+1) = dy(h-+1) - b(k,m_b+1)*mu(k)*aM1ijs(j.k)*(y(m_a-+i) + (s-1)*p_s(i)):
end

end

h=h+1;

end

end
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The Initial Conditions

function ics = f(Init_number,m_a,m b.s)
y = zeros(4*m_a+m_a*m_b*(2+m_b),1);
if Init_number < s

y(1) = 1;

y(2*m_a+1) = Init_number;

y(m_a*(3+m_b)+1) = Init_number2; y(m_a*(44+2*m_b)+1) = Init_number2; else

y(m_a+1) = 1;

y(m_a*(2+m_b)+1) = Init_number;
y(m_a*(34+2*m_b)+1) = Init_number2;
y(4*m_a+m_a*m_b*(24+m_b)+1) = Init_number*s;
end

ics =y;
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c=2>5;
m.a = 3;
m_b = 3;

relativetolerance = le-1;

t0 = 0;
t1 = 300;
td = 2;
ies = 0;

options = odeset(’RelTol’ relativetolerance);

for i =t0:td*(t1-t0), tspan(i+1)=i/td; end

[T,Y] = oded5(@QPhtPhtsc,tspan,ics(ies,m_a,m_b,s),options);

momentl = Y(:,2*m_a+1);for i=2*m_a+2:3*m_a+m_a*m_b, momentl=moment1+Y(:,i); end
moment2 = Y(:,3*m_a+m_a*m_b+1);for j=3*m_a+m_a*m_b+2:4*m_a+2*m _a*m b,
moment2=moment2+Y(:,j); end

varil = Y(:,3*m_a+m_a*m_b+1);

for i = 3*m_a+m_a*m_b+2:3*m_a+2*m_a*m_b,

varil = varil + Y (:,i);

end

for i = 4*m_a+2*m_a*m_b+1:4*m_a+m_a*m_b+m_a*m_b2,

varilk = varill + Y(:,i);

end
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h = 2*m_a;

fori = 1:m_a,

for j = 1:m_b,

for k = 1:m_b,

varil = varilh - Y(:,h+(i-1)*m-b + j).*Y(:,h+(i-1)*m_b + k);
end

end

end

variU = Y(:,3*m_a+2*m_a*m_b+1);

newfm = Y(:,2*m_a+m_a*m_b+1);

for i = 3*m_a+2*m_a*m_b+2:4*m_a+2*m_a*m_b,
variU = variU + Y(:.i);

end

for i = 2*m_a+m_a*m_b+2:3*m_a+m_a*m_b,
newfm = newfm + Y(:,i);

end

newfml = newfm.2;

variU = variU - newfm1;

expL = Y(:,2*m_a+1);

for i = 2*m_a+2:2*m_a+m_a*m_b,

expl = expL + Y(:,i);
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end

crossp = expL .* newfm;

vari = varil. + variU - 2*crossp;

stddevi = vari.(l/Q);

subplot(2,1,1), plot(T,moment1,’k-");title"E[N(t)] vs. t’)
subplot(2,1,2), plot(T,stddevi,’k-");title(’'StdDev[N(t)] vs. t’)
print -dbitmap plot

save T.dat T -ascii

save Moment1l.dat momentl1 -ascii

save vari.dat vari -ascii

save Y.dat Y -ascii
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