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(ABSTRACT) 

A theoretical technique to extract drilling-angular velocities from a nodal­

spatial array of in-plane translational velocities is developed. The technique 

utilizes numerical methods for simulation of solutions. A finite element 

method using I-DEAS 4.1 is used for calculation of in-plane translational 

velocities and a MATLAB code is written for extraction of the drilling-angular 

velocities. The case of data with noise content is also considered. All 

numerical results are compared to a closed-form theoretical solution which is 

used as a reference for accuracy. Recommendations are made for future 

testing and experimental applications of this technique. 
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Chapter 1 

Introduction 

This research is a theoretical study in extraction of rotational degrees of 

freedom from a spatial array of translational degrees of freedom. The 

geometric characteristics of in-plane mode shapes for rectangular plates are 

carefully examined. Utilizing numerical techniques, angular velocity extraction 

is performed, and mode shapes associated with in-plane rotation are 

determined. The technical usefulness of this work is explored in some detail. 

The boundaries and limitations of this effort are identified and taken under 

consideration. The ultimate goal is to set up a foundation for experiments, 

using one-dimensional laser vibrometers for measuring all six degrees of 

freedom (three translations and three rotations). 

1.1 Purpose of Research 

The importance of this investigation is explained here while the specific 

objectives are stated. The concepts of three-dimensional vibration and laser 

vibrometry are also introduced. 
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1.1.1 Three-Dimensional Vibration 

In theory of vibrations most studies consider one or two dimensions of 

motion. This is done in order to simplify the problem. It gives emphasis in 

the method of solving by avoiding the complicated mathematical derivations of 

a three-dimensional case. 

Real-life vibrations of structures are always three dimensional. A complete 

description of motion for a three-dimensional body in space, is made possible 

with the use of quantities called "degrees of freedom". In the context of a 

Cartesian or rectangular coordinate system, a vibrating object can have up to 

six degrees of freedom per point. Naturally, a body in space has infinite 

degrees of freedom because it is composed by a continuum of points. 

However, for most calculations a finite number of points and, thus, a finite 

number of degrees of freedom are used. The number of degrees of freedom 

depends on the application. Some applications need few hundreds, others 

require thousands. 

A degree of freedom is an independent quantity used to describe motion [1] I, 

A complete description of motion has three translations (x, y, and z), and three 

rotations (8x, 8y , and 8z). The translational degrees of freedom are defined as 

linear motion along the x, y, and z axes. 

1 Numbers in brackets refer to references listed at the end of this thesis. 
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Similarly, the rotational degrees of freedom are defined as angular motion 

about each of the respective axes. Depending on the boundary conditions, if 

no constraints and restraints are applied, all six degrees of freedom \vill be 

present for a point. Nowadays, laser vibrometry is envisioned as a powerful 

tool for three-dimensional experimental measurements when properly applied. 

1.1.2 Laser Vibrometry 

One of the objectives of this work is to enhance and broaden the horizons of 

laser vibrometry. The use of laser vibrometry is a technological advancement 

in experimental modal analysis [2,3,4,5,6,7]. Vibration measurement is 

accomplished without any contact, transducer attachments, cabling and 

connectors [8]. The setup is convenient for use in high temperature, polluted, 

radio-active, and hazardous areas. Laser vibrometers have automated, fast 

scanning capabilities with high spatial resolution [9]. 

In laser vibrometry, combining translational and rotational degrees of freedom 

could reduce the uncertainty in experimental measurements. It also adds 

another dimension in spatial description of mode shapes [10,11]. A laser 

vibrometer able to measure all six degrees of freedom will fully describe the 

three-dimensional vibration of structures. 
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In the past few years, a device called VPI Sensor is been frequently used in the 

Structural Imaging and Modal Analysis Laboratory of Mechanical Engineering 

Department at Virginia Polytechnic Institute and State University (see Fig. 1). 

The VPI Sensor is a Michelson interferometer developed and manufactured by 

Ometron Inc., London, England. It is a non-contact velocity transducer 

capable of measuring velocities of a vibrating solid surface. 

The Doppler effect is utilized as a concept, in which waves reflected from a 

vibrating object, undergo a frequency change. A velocity toward the laser 

results in a upward shift in the laser-light frequency, and a velocity away from 

the laser results in a downward frequency shift. The laser beam is separated 

into reference and signal beams. The diffusely reflected signal beam coming 

from the vibrating surface is recombined with the original reference beam. 

The recombined beam now pulses on and off at a frequency equal to the 

Doppler shift induced by the instantaneous velocity of the structure. Then, the 

VPI Sensor operates like an FM receiver. The vibration Doppler signals are 

fed to a dual-channel balanced modulator where electronic frequency shifting 

takes place. This is done to allow the detection of positive and negative 

Doppler shifts. Finally, this frequency-coded velocity is FM demodulated In 

order to get the unfiltered or filtered velocity output [12]. 
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Figure 1. VPI Sensor made by Ometron Inc., London, England. 
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1.2 Background 

VPI Sensor is a one-dimensional, laser-Doppler vibrometer [13]. The 

procedure described above, is used for velocity data acquisition of the line-of­

sight structural motion. Such measurements involve only one degree of 

freedom per point for a vibrating surface [14], the line of sight motion 

Various researchers worked on improving the dynamic imaging of VPI Sensor. 

Kochersberger [15] and Sun [16] developed a method for angular velocity 

extraction using a DFT -IDFT technique (Discrete Fourier Transform-Inverse 

Discrete Fourier Transform). Differentiation was performed in the spatial 

frequency domain, and the data were smoothed by filtering out the 

measurement noise using digital filtering of the spatial data. Their efforts 

resulted on measurement of two more degrees of freedom; rotations about x 

andy axes (Ox and 8y ). 

Arruda [17], presents another surface smoothing method. The coefficients of 

a two-dimensional Discrete Fourier Series with arbitrary period and frequency, 

are estimated by least-squares. This method minimizes the leakage and could 

be used with non-equally-spaced and non-rectangular spatial domain data. It 

also has a lower computational cost than in [16]; however, the implementation 

of this method is not as practical as the Discrete Fourier Transform method. 

Donovan [18], and Abel [19] worked in measurement of in-plane velocities 

(translations along x and y axes), using the VPI Sensor. Their technique 
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utilizes measurements taken in three independent positions (shots of a single 

point from different view angles). During this procedure, the VPI Sensor is 

physically moved from one position to the next. Data collection happens in 

different time intervals. The simultaneous use of three lasers is still under 

consideration. This means that five degrees of freedom are available based on 

these collective works; x, y, Z, 8x , and By [15,16,17,18,19]. 

The remaining degree of freedom is the rotation about the z-aXIS, 8z . The 

purpose of this research is to develop a method of measurement or extraction 

of 8z . In order to reach this goal, a combination of analytical and numerical 

methods was used. Linking the work of the above researchers is of great 

importance, because the full-field velocity data of a vibrating surface, can now 

be determined using laser vibrometry. 

Dealing with three-dimensional vibration of structures directly, could 

complicate calculations. In order to simplify this case scenario, this research 

is focused on vibrations of rectangular or square isotropic-thin plates. There 

is not any load applied, and the boundary conditions are free-free-free-free. 

Plate thickness for most calculations is negligible. The material used is 

structural steeL 

Before any calculations, a basic knowledge of in-plane vibrations is needed. 

The next chapter, is a review of the theory behind in-plane vibrations and 

modal geometric characteristics. 
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It is assumed that the reader has some understanding of vibrations and modal 

analysis. If not, elementary textbooks such as Thomson [20], and Bendat [21] 

can be used as references. 
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Chapter 2 

Literature Review 

This chapter is a review of literature already existing on contour mode shapes 

of thin rectangular plates. The history of these relatively recent developments 

will be explored, in order to justify their significance. The in-plane mode 

shapes are grouped according to their geometric characteristics. Finally, the 

terms "drilling-mode shape" and "drilling degree of freedom" will be briefly 

explained and reviewed. 

2.1 In-Plane Mode Shapes of Rectangular Plates 

The elastic vibrations of solid bodies with rectangular shape have been the 

object of many scientific investigations in the last two centuries. 

Nevertheless, few solutions are available in the literature and they are 

governed by many restrictions and limitations [22,23]. The vibration of plates 

with different geometry including rectangular, is covered by Leissa [24]; 

however, solutions of in-plane vibration are not present there. 
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Some work has been done on in-plane vibration of rotating blades uSing 

shallow shell theory and the Ritz method to determine the frequencies and 

mode shapes of turbomachinery blades [25,26,27,28,29]. 

Analytical solutions of in-plane vibration for rectangular plates are very few, 

and usually are not closed-form in nature. Most of them utilize Rayleigh-Ritz 

approximation techniques; moreover, the derivations are tedious and 

complicated. The equations of in-plane motion are coupled to the equations of 

out-of-plane motion, and uncoupling them is a very complex procedure. It is 

difficult to obtain exact solutions because of restrictions imposed by boundary 

conditions to the differential equations of motion. The boundary conditions of 

a plate can complicate or simplify the desired solution. A free-free-free-free 

condition is commonly used. Partial-differential equation solutions using 

separated variables, do not easily satisfy the conditions on all the plate 

surfaces at the same time. 

Wauer [30], describes a method of calculating in-plane mode shapes and 

natural frequencies for free-free-free-free rectangular plates. In [30], missing 

symbols and inconsistent use of equations creates chaotic mathematical 

manipulations. Corrections to this paper are available from its author but they 

too have problems. Kobayashi [31], uses the Ritz method to determine in­

plane mode shapes for point-supported rectangular plates. In [31], not enough 

information is presented for the reader to reproduce the results. 
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From a theoretical point of VIew, the above solutions can be of great 

importance. Nevertheless, performing an experiment to measure in-plane 

vibrations by mechanical means could be very challenging. There is a large 

number of out-of-plane modes that appear before the first in-plane mode, not 

to mention the fact that out-of-plane and in-plane mode shapes could be very 

closely coupled with each other. Also, the in-plane mode shapes are difficult 

to excite without having a way to predict the out-of-plane motion in the 

neighborhood of the desired natural frequency. For all these reasons, 

literature based on experiments measuring in-plane vibrations of rectangular 

plates is almost non-existent. 

Lloyd [32], makes use of a finite-difference method to calculate in-plane mode 

shapes of rectangular and square plates of piezoelectric ceramic. Utilizing the 

electric properties of thin, rectangular piezoelectric resonators, he 

experimentally excites several in-plane mode shapes. The mode shapes are 

grouped according to their geometrical configuration and electrical properties 

like the piezoelectric strength. Then, the numerical solutions are compared to 

experimental results and closed-form theoretical solutions, if available. 

Closed-form theoretical solutions are given only for specific mode shapes. 

These are present for square plates or rectangular plates of 3: 1 aspect ratio. 

They are called "Lame mode shapes" after the French mathematician Lame 

[33,34,35] who first described their characteristics. 
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The exact theory of Lame could be used as a foundation for theoretical 

simulations. As a result, it is employed in this research as a reference in order 

to validate numerical results. 

2.2 In-Plane Mode Geometry 

Lloyd [32], groups in-plane mode shapes of rectangular thin plates according 

to their geometry. Different aspect ratios of rectangular plates are considered 

for each mode shape, in order to clarify the characteristics of that particular 

natural frequency. Two types of contour mode shapes are discussed: the 

flexural and the extensional type. The flexural contains modes of "bending", 

and "shear" type. The extensional contains modes of "length", "edge", and 

"radial" type. This notation fails to convey to the reader a clear understanding 

for in-plane mode shapes. Using finite elements, Kawai [36] specifies some 

additional flexural and extensional modes that were not included in Lloyd's 

work. 

Based on [37,30,31], a new notation is used for later publications. For a free­

free-free-free, thin, rectangular plate the boundary conditions are symmetric. 

The in-plane modes will be symmetric or anti symmetric with respect to the x­

axis and y-axis. Symmetry about an axis is defined as exact correspondence of 

geometrical configuration on opposite sides of the specific dividing axis 

(mirror-image concept). When there is no symmetry about an axis, then the 

structure is anti symmetric about this axis. 
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Four possible cases need to be studied, and the first eight in-plane mode 

shapes will be introduced (two of each case). 

1. Antisymmetric-Syn,metric Case (AS-#) 

The first case includes all in-plane mode shapes that are antisymmetric with 

respect to x-axis and symmetric with respect to y-axis (mirror image about the 

y-axis). 

AS-l 

This is the in-plane "bending" mode. The long side is a half cycle of a sine 

wave. The flexural characteristics become more evident as the aspect ratio 

becomes greater (see Fig. 2). 

AS-2 

This is another "bending" mode. It IS the first overtone or second spatial 

harmonic of AS-l (see Fig. 3). 

2. Symmetric-Symmetric Case (SS-#) 

The second case includes all in-plane mode shapes that are symmetric with 

respect to x-axis and symmetric with respect to y-axis (mirror image about 

both the x-axis and y-axis). 

SS-1 

It is the fundamental "length" mode of vibration (see Fig. 4), an extension 

along the length of the structure. 
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As one side becomes larger compared to the other, the transverse vibration of 

the long side is small compared to the longitudinal vibration of the short side. 

Approaching square dimensions (not shown here), the characteristics of this 

mode decline. This is a Lame result described in detail in chapter 4. 

88-2 

The "edge" mode, shown in Fig. 5, acquired its name from displacement 

patterns which suggest that motion is confined to the corners of the plate. For 

a 3: 1 aspect-ratio plate (not shown here), the corners do not translate but 

simply rotate. This is another Lame result described in detail in chapter 4. 

3. Antisymmetric-Antisymmetric Case (AA-#) 

The third case is valid for in-plane mode shapes that are antisymmetric with 

respect to x-axis and anti symmetric with respect to y-axis. Neither the x or y 

axes are axes of symmetry for the plate. 

AA-l 

The first "shear" in-plane mode is shown in Fig. 6. The shear characteristics 

of this mode, are more evident for a square plate. 

AA-2 

The second "shear" mode is shown in Fig. 7. This IS the second spatia] 

harmonic of the AA-l along the short side. 
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IN-PL.t\fE l'IXlAL J\NAL'l/SIS FOR REC'I7\NGUIAR PLATE 
LO~E:4 MODE: 4 FREQ: 3385.100 
DISPIACEM!:NT - .MAG MIN: 1. 70E~1 MAX: 1.36.&f.OO 

y 

Lx 
eet ratio 2: 1, f-f-f-f. 

Figure 2. In-plane vibration patterns of displacement, nlode AS-I. 

IN-PLAt£ l'IXlAL J\NAL'l/SIS FOR REC'rANGUIAR PLATE 
LO~E:8 MODE: 8 FREQ: 8487.716 
DISPIACDENT - MAG MIN: 1.40E..;;ol MAX: 1. OO.&f.QO 

y 

Lx 
eet ratio 2:1, f-f-f-f. 

Figure 3. In-plane vibration patterns of displacement, mode AS-2. 
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IlI-PLAr£ 1'tDAL 1W.LtsIS FOR RECT1\NGUIAR PLA:rE 
ID.ADC::!\.SE:5 l'IDE: 5 FREQ: 5073.406 
mSPIAc:&r£NT - MAG MIN: 6.14E..;;o2 MAX: 1.OOEi+-OO 

- ""'- ·r ·r -- r I""~ or .- -1 II I I I I I 
-f- l- I-- - - -- -I- --

I I I I ! ! ! I! 
1 T -, T T T T I 
l rr -l- I J ~r 

- ~ -- .1.. .1.. --L ... .L -L. .1.. .... --1 

y 

Lx 

Figure 4. In-plane vibration patterns of displacement, mode SS-I. 

IN-PI.AtE K:DAL JIflALi!SIS FOR RECTANGUIAR PLATE 
ID.ADC::!\.SE:9 MCDE:9 FREQ: 9159.152 
mspI.ACEl£NT - MAG MIN: 6.21£..;;02 MAX: 1. 29&rOO 

y 

Lx 
eet ratio 2: 1, f-f-f-f. 

Figure 5. In-plane vibration patterns of displacement, mode SS-2. 
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IN-PLAtE ~ ANALi:SIS P'OR RECTANGUIAB PLATE 
to~E:6 MCOE:6 FREQ: 5750.559 
DISPIACE!£NT - l1lIoG MIN: 1.03E.:o1 MAX: 1.04S+-00 

y 

Lx 

Figure 6. In-plane vibration patterns of displacement, mode AA-l. 

IN-PINE l1!DAL ANALi:SIS FOR RECTANGutAR PJ:ATE 
1D~E:7 MODE:7 FREQ: 8428.483 
DISPtACEl'ENT - MAG KIN: S.66E.;;o2 MAX: 1. aOE+{) 0 

y 

Lx 
eet ratio 2: 1, f-f-f-f. 

Figure 7. In-plane vibration patterns of displacement, mode AA-2. 
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4. Symmetric-Antisymmetric Case (SA-#) 

The final and fourth case is for in-plane mode shapes that are symmetric with 

respect to x-axis and antisymmetric with respect to y-axis (mirror image about 

the x-axis). 

SA-! 

This is a mode combining "extensional" and "flexural" characteristics as shown 

in Fig. 8. 

SA-2 

It is the second x-axis spatial harmonic of the SA-I in-plane mode (see Fig. 9). 

Figures 2 to 9, were developed using finite element analysis in I-DEAS version 

4.1. 2 A thin, rectangular plate of aspect ratio 2: 1 was used. Boundary 

conditions are free for all sides. The finite elements are thin shell, linear 

quadrilaterals. The material is steel of: E = 204GPa v = 0.29, and p = 

7820kg/m3 . 

2 After the third or fourth mode shape the accuracy is reduced significantly. 
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Figure 8. In-plane vibration patterns of displacement, mode SA-I. 
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Figure 9. In-plane vibration patterns of displacement, mode SA-2. 
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2.3 Lame Theory 

Lame [33] was the first to describe three-dimensional vibration of isotropic, 

rectangular parallelepipeds with all six faces traction-free. These solutions are 

closed-form and exact. Mindlin [35] used the Lame theory for the calculation 

of two-dimensional simple modes of crystals. Considering the stress-strain 

relation and using the theory of elasticity he determined the equations of 

motion for simple crystals (displacement of the form u(x,y,t) and v(x,y,t». 

The stress-equations of motion are: 

(2.1) 

The stresses TJ and T2 are functions of the au/ax, av/ay and terms of elastic 

compliances Spq (where p,q = 1,2 for plane stress), Evaluating a set of 

equations in [35] for T] and T2 equal to zero at the corner points of the 

rectangular crystal, the equations of motion are: 

u =Acos(~ x)sin(1J y)eiro 
t, v=Bsin(~ x)cos(1J y)eirot

, (2.2) 

The angular frequency of the vibration is given in Eq. (2.3). Note that there is 

a 1l in the equation which is very unusual. 

m=(rcIL)JElp (2.3) 
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Dividing the angular frequency with 2n results in a frequency measured in Hz 

given by Eq. (2.4). 

_ 1 fE7 
f - 2L ViP (2.4) 

Lloyd [32] used the Lame theory [33] and Mindlints work for crystals [35] as a 

reference for his experimental results. The equations listed below are based 

on Eqs. (2.2 and 2.4). 

(nx) . (ny) Dy=-Ccos L sm L 

_ o.sJ% 
In - LJf+V 

(2.5) 

The above equations are valid for a square-isotropic thin plate. In chapter 4 

these formulas are used for analytical simulations. The next section is used in 

order to clarify the terminology of this thesis. 
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2.4 Drilling Degrees of Freedom and Drilling Mode Shapes 

The term "drilling degrees of freedom" is used for motion associated to in­

plane rotation. It is widely used for literature related to the finite element 

methods. Most finite element codes do not possess drilling degrees of 

freedom. According to Knight [38], the drilling degrees of freedom are often 

present in a code but they give inaccurate results. They have the form of a 

spring constant, and their presence makes other calculations within the 

algorithm possible. 

Attempts to develop finite elements that utilize all six degrees of freedom have 

mostly failed. Some researchers were more successful than others; however, 

the accuracy of their results is very debatable. For a detailed description of 

such work refer to Hughes [39], Sze [40], and Handa [41]. 

A "drilling-mode shape" is a state of vibration with a displacement 

configuration corresponding to in-plane angular motion. It is called "drilling" 

because of the resulting activity that takes place when a drill is used on a wall 

or a plane. Transducer technology limitations made research on drilling mode 

shapes almost impossible. Late advancements like the development of 

rotational accelerometers and laser vibrometry, allow in-plane vibrations and 

drilling mode vibrations to receive the experimental attention that they deserve 

[11,15]. 
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Chapter 3 

Theory 

As explained in the previous chapters, the extraction of rotational degrees of 

freedom from a spatial array of translational degrees of freedom is desired. 

F or such computation, a mathematical formulation relating the rotational 

degrees of freedom to the translational degrees of freedom must be known. In 

this chapter the above formulation is accomplished with the use of vector 

calculus. 

3.1 The Curl 

The word "curl" itself suggests that it has to do with things rotating, swirling, 

or curling around. The curl is defined with the aid of a line integral around a 

closed path [42]. In Fig. 10, curve C is traced so that the enclosed area IlS is 

always to the left. Using the right-hand rule the normal points "up" as shown. 

Every closed path defines a plane. There is an infinite number of paths (planes 

of different normal) to enclose a point of a given vector function F(x, y, z). 

Theory 23 



z 

x 

left 

(x,y,z) 

Figure 10. Convention for calculation of curl. 

Theory 

n 

t 

y 

24 



For one specific path of a closed curve C with a unit normal 0, let s be the arc 

length measured along the curve C. Let also t denote a unit vector tangent to 

the curve C of the closed path. If AS is the enclosed area of the path, using 

the right-hand rule convention the integral I given in Eq. (3.1) is calculated 

(see Fig. 10). 

I = lim ~,( F·t ds 
4S~L1Sj 

(3.1) 

When the integral of Eq. (3.1) is evaluated for a path whose normal is i, the 

result is Eq. (3.2). 

aF aFy I =_z __ 
x dy az (3.2) 

Similarly, when the integral of Eq. (3.1) is evaluated for a closed path of 

normal j and for a closed path of normal k the results are Eq s. (3.3 and 3.4). 

I - aFx aFz 
y -ih- ax 

aFy aF I = ___ x 
z ax dy 

(3.3) 

(3.4) 

The quantities given in Eqs. (3.2, 3.3, and 3.4) are the Cartesian components 

of a vector called It curl of Fit. This vector is given in Eq. (3.5). 
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curl F = Ix i + Iy j + Iz k (3.5) 

Schey [42] defines the curl as the limit of the ratio of circulation to area as the 

area tends to zero. The curl of F is also considered as a vector function of 

position because the limit of Eq. (3. 1) has different values for different points 

(x, y, z). In the early calculus textbooks the word rotation (abbreviated "rof') 

was used for what is called now the curl. In general, the curl of three­

dimensional vector field measures the tendency for angular motion (rotation) 

around every point of the field. 

In order to simplify these derivations, the Cartesian coordinate system has 

been used. When the Cartesian coordinate system is not the most convenient 

way for calculations the cylindrical or the spherical systems can be used. For 

a cylindrical coordinate system the curl is given in Eq. (3.6). 

curl F = (l.- dFz _ dFf}) r + (dF,. _ dFZ) 9 + (1 d(rFf}) _l.- aFr) z (3.6) 
r de dz az dr r dr r de 

Likewise, for a spherical coordinate system the curl is given in Eq. (3.7). 

curl F = - r + r -- 9 ( 1 a(sinBFq,J 1 aFf} J (1 aF 1 a(rFq,JJ 
r sin e ae r sin e acp r sin e acp r ar 

+ (1 d(rFf}) _!.. dFr ) «I» 

r dr r ae 
(3.7) 
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In many math books the curl of a function is given as a "del cross Fit. 

curl F = V x F (3.8) 

For this research the Cartesian coordinate system is used because it provides 

an easy and convenient way to express the equations; however, Eq. (3.5) is 

still difficult to memorize. A mnemonic device to remember the curl in a 

Cartesian coordinate system is given in Eq. (3.9). 

(3.9) 

When the three by three determinant of Eq. (3.9) is expanded the result is 

i denti cal to Eq. (3.5). (Provided that for example (! )Fy = a~ is a valid 

assumption. ) 
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3.2 The Curl of a Translational Velocity Field 

In section 3.1 the curl is defined and its basic meaning is explained. A more 

careful examination leads to results of great significance for this research. 

Going back to the original model of chapters 1 and 2, assume a three­

dimensional vibration of a thin-rectangular plate with free-free-free-free 

boundary conditions. Utilizing a Cartesian coordinate system where x and y 

are the in-plane directions; and z, the out-of-plane direction, assume a linear 

velocity vector field given in Eq. (3.10). 

v (x, y, z) = Vx i + Vy j + Vz k (3.10) 

Based on derivations of section 3.1, the "curl" of the linear velocity field is 

given in Eq. (3.11). 

(3.11 ) 

For a thin rectangular plate of thickness t, the gradient with respect to z is 

avy av 
negligible; in other words, when t ~ 0 then -a;- ~ 0 and a: ~ O. The 

remaining terms are given in Eq. (3.12). 

( av.. J. (av..). ( av. av.. J curl (V(x,y,z» = a; I + - a: J + ~ - a; k (3.12) 
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Each term of Eq. (3.12) has a physical meaning. Using fundamental principles 

from mechanics of materials and beam bending, the slope dz/dy measures the 

angle of flexure as shown in Fig. 11 (for small angles dz/dy = tan6 = 6). The 

derivative of the angle with respect to time results in ex, which is the angular 

velocity vector with direction normal to the plane coming out of the page 

when looking at Fig. 11. Using the above definition of rotation for flexure of 

solid bodies, the first two terms of Eq. (3.12) can be interpreted as follows: 

(1;. = a~ (angular velocity about x-axis) 

8 = - avz (angular velocity about y-axis). 
y ax 

(3.13 ) 

(3.14) 

Using a similar approach shown in Fig. 12 the third term of Eq. (3.12) is 

interpreted as the total angular velocity about z-axis measured by the two 

partial derivatives given in Eq. (3.15). 

. avy av 
6z = -a;- - a: (angular velocity about z-axis) (3. 15) 

Eq. (3.15) is the fundamental equation of this research. It relates the 

rotational degrees of freedom to the translational degrees of freedom. The 

angular velocity about the out-of-plane z-axis (8z ) is a function of the linear 

in-plane velocities (Vx and Vy ). 
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Figure 11. Measurement of rotation in flexure of bodies. 

i:-----i .... X 

ay 
-8 2 

... 

Figure 12 .. Total angular velocity for in-plane flexure of plates. 
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F or a spatial array of translational degrees of freedom, the rotational degrees 

of freedom are extracted for each point by performing two steps. First, take 

the partial derivatives of the in-plane velocities according to Eq. (3.15). 

Then, subtract the two terms. As a result the value of the angular velocity for 

the every point of the array is determined. 

Proper use of Eq. (3. 15) makes possible the calculation of drilling-mode 

shapes provided the in-plane translations are known. In the chapters to 

follow, the reader is introduced to numerical and analytical techniques that 

were used for the extraction of drilling-mode shapes. 

It is important to notice that Eqs. (3.13,3.14, and 3.15) are valid for thin 

surfaces; in other words, for surfaces where the gradient with respect to 

thickness is small enough to be considered negligible. When a solid cube is 

vibrating in a three-dimensional manner, all terms of Eq. (3.11) have to be 

considered. In this case there are no dominating dimensions in the structure 

because all length, width, and height are equal; moreover, all gradients with 

respect to x, y, and z directions are equally important and significant. The 

extraction of angular degrees of freedom of such a vibrating structure is a 

more complicated procedure. 

The three-dimensional vibration of thin-rectangular plates is a simpler case 

where the length and the width of the plate are the dominating dimensions. 
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The thickness is small, and the extraction of angular degrees of freedom is 

performed easier because all gradients with respect to z direction are 

negligible (! --7 oJ 

Finally, it is important to notice that this thesis deals with flexure of solid 

plates. Rotation of rigid bodies around an axis of constant angular velocity 

gives a different meaning to the curl but it is also a different case [43]. In 

fluid mechanics the curl of the linear velocity field is called vorticity and it is 

equal to twice the angular velocity vector [44]. This should not confuse the 

reader. In this thesis, based on the definition of rotation for flexure of solid 

bodies, the curl of the linear velocity field is equal to the angular velocity 

field [45]. 
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Chapter 4 

Analytical Simulations 

In the previous chapter the relation between the translational and rotational 

degrees of freedom is successfully derived by utilizing the "curl". Before the 

developing of an algorithm that handles real-life experimental data, there is a 

need for a reference solution. In other words, taking the curl of a threeM 

dimensional translational-velocity field is not enough for the extraction of the 

rotational-velocity field. In order to validate the results, it is important to 

know how accurate they are. 

In this chapter a closedMform analytical solution is developed which is used as 

a reference for the numerical calculations of the next chapters. Acquiring a 

complete solution consists of two steps. First simulate the in-plane 

translational velocities and second calculate the rotational velocities by using 

the curl. As explained earlier, for simplification the vibrating structure is a 

thin-rectangular plate with free-free-free-free boundary conditions. To avoid 

unnecessary-tedious calculations of complicated-mode shapes, the exact theory 

of Lame is used as a foundation for theoretical simulations [32,33,35]. 
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A Lame mode of a thin-rectangular plate has corners that do not translate in 

either x or y axes. The equations of motion for in-plane displacements are 

simple harmonic functions. The Lame theory is valid only for two in-plane 

mode shapes. The SS-1 (Symmetric-Symmetric-l) mode shape of a square 

plate, and the SS-2 (8ymmetric-Symmetric-2) mode shape of a 3: 1 aspect-ratio 

rectangular plate. As explained in chapter 2, these two in-plane mode shapes 

are symmetric with respect to both x and y axes. For the same plate, the S8-1 

as expected has a lower natural frequency than SS-2; however, the 

characteristics of a Lame mode will not be present if the aspect ratio of the 

rectangular plate is other than 1: 1 or 3: 1. 

4.1 Lame-Mode Shape of a Square Plate 

In [32] a closed-form theoretical solution is available for the Lame mode (SS-

1 mode) of a square-isotropic thin plate with boundary conditions free-free­

free-free. The equations of motion for in-plane displacements and natural 

frequency are given. The displacement field is described in Eqs. (4.1 and 4.2) 

and shown in Fig. 13. 

Analytical Simulations 

D. = C Sin( ; )co{ y ) 
Dy =-cco{ 7 )sin ( y) 

( 4.1) 

(4.2) 
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Figure 13. Lame mode of a square plate, displacement field. 
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In order to get the velocity field multiply each displacement equation with JOJ 

(where OJ = 21Cin and in is the natural frequency). Assuming Cj = jOJC, the 

velocity field is described in Eqs. (4.3 and 4.4). The in-plane velocities can be 

simulated (using Axum 2.0) for a llxll spatial array as shown in Figs. 14 and 

15. 

(4.3) 

(4.4) 

For a square-isotropic thin plate of known properties, the natural frequency of 

the Lame mode is easily calculated by Eq. (4.5). 

0.5..JE/p 
in = LJf+V (4.5) 

For a structural-steel square plate: E = 206.8GPa, p = 7820kg/m3 , v = 0.29, 

and L = 1. Om. Using Eq. (4.5) results in in = 2263. 7Hz. This result will be 

verified in later chapters by the use of numerical methods. In order to extract 

the angular velocity field from Eqs. (4.3 and 4.4) the a Vxlay and a V;ax need 

to be calculated. Performing partial differentiation in this manner gives Eqs. 

(4.6 and 4.7). 
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Figure 14. Lame mode of a square plate, in-plane velocity VX • 

Figure 15. Lame mode of a square plate, in-plane velocity Vy. 
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a~ =-c, ~ Sin( 7}in( i) 

a~ = c, ~ sin( 7 )sin ( i ) 

(4.6) 

(4.7) 

Subtracting Eq. (4.6) from Eq. (4.7) results in Eq. (4.8) which is an explicit 

closed-form solution for a Lame-drilling velocity mode shape ( for square thin 

plate). 

(4.8) 

where C2 = 2rcC1IL; and x, yare the Cartesian coordinates. The two partial 

derivatives have been simulated for the 11 xlI spatial array of points as shown 

in Figs. 16 and 17. Likewise, Fig. 18 is a simulation of the Lame-drilling 

mode shape for a thin-square plate. 

Please notice that the maxima and minima of rotational motion are located at 

the corners of the plate as expected. 
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Figure 16. Lame mode of a square plate, oVyfc}x. 
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Figure 17. Lame mode ofa square plate, oVxic)y. 
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Figure 18. Drilling-Lame mode of a square plate, 9z • 
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4.2 Lame-Mode Shape of a Rectangular Plate 

In [32] a closed-form theoretical solution is also available for the Lame mode 

(SS-2 mode) of a rectangular-isotropic thin plate (3: 1 aspect ratio) with 

boundary conditions free-free-free-free. The equations of motion for in-plane 

displacements and natural frequency are given. The displacement field is 

described in Eqs. (4.9 and 4.10) and shown in Fig. 19. 

Dx = CSin( 3:: }o{ Z) 

Dy = -C co{ 3:: }in( r ) 
(4.9) 

(4.10) 

In order to get the velocity field multiply each displacement equation with jm 

(where (J) = 2tcin and in is the natural frequency). Assuming C] = j(J)C~ the 

velocity field is described in Eqs. (4.11 and 4.12). The in-plane velocities can 

be simulated (using Axum 2.0) for a 6x16 spatial array as shown in Figs. 20 

and 21. 

Analytical Simulations 

Vx = C, Sine:: )co{ Z) 

Vy = -C, cof:: }in( Z J 

(4.11) 

(4.12) 
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Figure 19. Lame mode of a rectangular plate, displacement field. 
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3: 1 as eet ratio 

Figure 20. Lame mode of a rectangular plate, in-plane velocity VX • 

3: 1 as eet ratio 

Figure 21. Lame mode of a rectangular plate, in-plane velocity Vy. 
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F or a rectangular-isotropic thin plate (3: 1 aspect ratio) of known properties, 

the natural frequency of the Lame mode is easily calculated by Eq. (4. 13). 

(4.13) 

For a structural-steel square plate: E = 206.8GPa, p = 7820kg/m3, v = 0.29, 

and LJ = 1.5m (LJIL2 = 3). Using Eq. (4.13) results in in = 4527.7Hz. This 

result will be verified in later chapters by the use of numerical methods. In 

order to extract the angular velocity field from Eq s. (4.11 and 4. 12) the a Vxldy 

and aV;ax need to be calculated. Performing partial differentiation in this 

manner gives Eqs. (4.14 and 4.15). See Figs. 22 and 23. 

a~ c 1C • (3nx) . ('tV) dy = - 1 4. sIn I; stn 4. (4.I4) 

-=3C -sIn - sin -a~ 1C • (3nx) . (~) 
ax ILl 4 4. 

(4.15) 

Subtracting Eq. (4.14) from Eq. (4.15) results in Eq. (4.16) which is an 

explicit closed-form solution for a Lame-drilling velocity mode shape ( for a 

rectangular-thin plate, 3: 1 aspect ratio, and free-free-free-free boundary 

conditions). 

Analytical Simulations 44 



3: 1 as ect ratio 

Figure 22. Lame mode of a rectangular plate, a V.vax. 

3: 1 as ect ratio 

Figure 23. Lame mode of a rectangular plate, a v fiy. 
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(4.16) 

where C2 = CI j 2.+_1_); and x, yare the Cartesian coordinates. 
"\ LI L2 

For all 

analytical simulations of section 4.2 a 6x 16 spatial array of points is used. 

Finally, Fig. 24 is a simulation of the Lame-drilling mode shape for a thin­

rectangular plate (3: 1 aspect ratio with free-free-free-free boundary 

conditions). 

Please notice that like the square plate the maxima and minima of the 

rotational motion are located at the corners of the plate. In addition, maxima 

and minima are also located along each long side for 1/3 and 2/3 of side L j • 

All these analytical simulations of in-plane translational velocities and drilling­

velocity mode shapes, can be used as a foundation for the numerical 

calculations of the next chapter. In chapter 5, drilling degrees of freedom are 

extracted numerically using MATLAB, and the results are compared to the 

theory of chapter 4. 
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3: 1 as ect ratio 

Figure 24. Drilling-Lame mode of a rectangular plate, ez • 
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Chapter 5 

Numerical Simulations 

In this chapter numerical methods are used for the calculation of in-plane 

translational velocities and the extraction of rotational degrees of freedom 

from a nodal-spatial array of translational degrees of freedom. 

5.1 I-DEAS Finite Element Dynamic Code 

A finite element dynamic code in I-DEAS 4.13 is used for generation of in­

plane velocities for a spatial array of nodes. This spatial array is a 

representation of an isotropic-thin rectangular plate with boundary conditions 

free-free-free-free. The aspect ratio of the rectangular plate is either 1: 1 

(square plate) or 3: 1. For these two cases the Lame-mode shape is present, 

and its explicit closed-form theoretical solution is given in chapter 4. 

Consequently, the theoretical results can be used as a reference for the 

numerical results. 

3 I-DEAS 4.1 is a registered trademark of SDRC University. 
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The first step in finite element analysis is to enter the properties of the model. 

The material properties of the plate are E = 206GPa, p = 7820kg/m3, and v = 

0.29 (structural steel). The dimensions of the square plate are L = l.Om and t 

= 0.0254m (11xl1 spatial array of nodes). The dimensions of the rectangular 

plate are LJ = 1.5m, L2 = 0.5m, and t =0.0254m (6x16 spatial array of nodes). 

The element used for in-plane dynamic analysis in I-DEAS is thin-shell linear 

quadrilateral. Generally, the thin-shell linear quadrilateral has all six degrees 

of freedom active per point; however, the drilling degree of freedom is 

artificial [38]. Therefore, it cannot be calculated directly from most 

commercially distributed finite element codes. Some finite element codes 

under special formulation make use of the drilling degree of freedom, but they 

are complicated and difficult to implement [39,40,41]. In this case, in order to 

perform in-plane dynamic analysis only the in-plane translations x and y were 

activated. The rest degrees of freedom remained inactive [46]. 

Next, Guyan reduction is used for solving the equations. Ordinarily, the 

Guyan reduction is used as a mass condensation technique. Condensation 

reduces the number of degrees of freedom which reduces the computing time 

[47]. When properly used there is no significant loss in accuracy. I-DEAS 4.1 

also utilizes simultaneous vector iterations (SVI solver) for dynamic analysis. 

The SVI solver is recommended for most dynamic cases; nevertheless, for in­

plane dynamic analysis the SVI solver would not work. The only way to 

perform in-plane dynamic analysis using I-DEAS 4.1, is to use Guyan 

reduction without mass condensation. 
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Guyan reduction without mass condensation takes place when all degrees of 

freedom are master with no slave degrees of freedom present in the spatial 

array of nodes. That means 242 master degrees of freedom for the square 

plate and 192 master degrees of freedom for the rectangular plate (3: 1 aspect 

ratio ). 

For better representation of the results, both consistent-mass and lumped-mass 

models are considered. The consistent-mass model is based on a mass-matrix 

formulation as described in [47,48]. The lumped-mass model replaces 

continuum configuration with discrete masses connected by massless elements 

which have the same elastic properties as the continuum configuration [48]. 

According to Knight [38], the consistent-mass solution overestimates the 

actual eigenvalue solution and the lumped-mass solution underestimates the 

actual eigenvalue solution. As a result, the actual eigenvalue solution is found 

between the two. In most cases, the consistent-mass model is more accurate; 

thus, more frequently used. 

In Appendix-A, the first three in-plane mode shapes of a square plate (all 

specifications mentioned in the beginning of this section) are found for using 

consistent-mass model. Likewise, in Appendix-B, the first three in-plane mode 

shapes of a rectangular plate (all specifications also mentioned in the 

beginning of this section) are found using the consistent-mass model. 
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The accuracy of the results is dropping as the natural frequency of the mode 

shape becomes higher in value. In section 5.3.1 will be shown that up to the 

third in-plane eigenvector, the results are accurate. Hence, the square-plate 

Lame mode can be found using finite elements in I-DEAS 4.1. This happens 

because the SS-1 mode shape, corresponding to the square-plate Lame mode, 

is the third in-plane eigenvector appearing in the finite element solution. To 

the contrary, the SS-2 mode shape, corresponding to the rectangular-plate 

(3: 1 aspect ratio) Lame mode, is the ninth in-plane eigenvector to appear in 

the finite element solution and could not be adequately analyzed for the given 

number of degrees of freedom. Due to the special use of the Gyan reduction 

solver with all degrees of freedom specified as master and no slave degrees of 

freedom present, the I-DEAS software does not accept more than 250 master 

degrees of freedom used [46]. As a result, software limitations do not allow a 

sufficient increase in the number of degrees of freedom to get more accurate 

solutions. 

Up to this point theoretical analysis was one way to generate the in-plane 

translational velocities Vx and Vy (Lame eigenvectors only). The finite element 

method is an alternative way of performing the same operation. Of course, 

there is some loss in accuracy; but at least it provides accurate results for the 

first three in-plane mode shapes of the structure. This means that additional 

solutions of other eigenvectors different than the Lame mode can be described 

successfully. 
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The simulation of the in-plane translational velocities Vx and Vy is of great 

importance because they are the input of the MATLAB code. The MATLAB 

code is used for the extraction of the drilling-angular velocities as explained 

next. 
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5.2 MATLAB Drilling-Velocity Extraction Code 

Sun [16] performed angular velocity extraction using one-dimensional Discrete 

Fourier Transform-Inverse Discrete Fourier Transform (DFT -IDFT) technique. 

Using this process on MATLAB4 he determines successfully 8% and By [49]. 

The same technique with few modifications can be used for the calculation of 

the drilling-angular velocity 8z • 

As mentioned in the previous section, the in-plane translational velocities Vx 

and Vy are loaded as the input. This is done in the form of two separate 

spatial arrays Vx and Vy . As shown in chapters 3 and 4, partial differentiation 

of the two arrays and then subtracting one array from the other determines the 

drilling-mode shape. This is true, but in reality this case is more complicated 

than it seems. Using experimental data means that both spatial arrays contain 

noise. Hence, velocity data smoothing is needed in addition to differentiation. 

The finite difference method seems to be a solution; however, Kochersberger 

[15] refers to the finite difference method as a noise amplifier. All the above 

reasons make the DFT -IDFT technique very suitable, because it acts as a 

lowpass spatial filter, and differentiation is relatively simple in the spatial 

frequency domain. Differentiation is attained by multiplying the spatial 

frequency data with the proper frequency-domain differentiation operator. 

4 MATLAB is a registered trademark of Math Works, Inc. 
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In other words, for differentiation with respect to x multiply spatial frequency 

data with jwx and for differentiation with respect to y multiply spatial 

frequency data with j Wy. 

The major problem with using this technique is that it requires spatial periodic 

data to reduce leakage. In general, spatial data are not periodic in a real 

structure. The periodicity problem of the spatial data is solved and described 

in detail in [16]: 

"One effective method for making sequence periodic is to connect its 

two end points with a straight line. The curve is then replotted on the 

original axes by using the velocity differences between the original curve 

and the connecting line. This "shears" the data sequence so that its end 

points lie on the x axis or a "DC" line defined by left end point. The 

waveform is then rotated through 1800 counterclockwise about its right 

end point. This forms a new curve continuous in amplitude and slope at 

end points and middle. While this produces a periodic record, the cost 

is twice as much data to be processed." 

In order for the code to work properly, the plate dimensions and the number 

of spectral lines must be specified. The only important dimensions for the 

MATLAB algorithm are the length and the width of the plate. Thickness does 

not enter the calculations (thin plate). 
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The number of spectral lines is also a very critical issue. Sun [16] uses a 

preliminary rule of thumb and suggests: 

" ... at least 2.5 basic spatial harmonics must be retained. In the double 

size spatial domain this would mean 5.0 times the basic spatial harmonics . 

... there is a tradeoff here. The more spatial spectral lines that are retained 

the better the reconstruction where there is no noise in the data. However, 

the more retained spectral lines the greater chance that the noise will be 

reproduced in the reconstructed smoothed spatial shape." 

Sun's rule of thumb works fine in this research; however, best results are 

obtained for half the number suggested by Sun. This could be the result of the 

fact that the arrays used in this research are very coarse (approximately one 

hundred points) compared to the experimental arrays used by Sun (thousands 

of points). 

Appendix-C contains the MATLAB code used for numerical extraction of the 

drilling mode shapes. In order to validate the numerical procedures discussed 

in the last two sections, theory is going to be used as reference where 

possible. 
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5.3 Validation of Numerical Methods 

When numerical methods like the I-OEAS and MATLAB code are used for 

solutions of the nature as specified earlier in this chapter, there is no way to 

know how accurate the results are. Nevertheless, the analytical solutions of 

chapter 4 provide the means for comparison and can be used as a reference. 

5.3.1 Theory vs. Finite Element Code 

The Lame in-plane mode shape of a square-thin plate (llxll nodal-spatial 

array) with boundary conditions free-free-free-free, is calculated with I-OEAS 

4.1 and shown in Fig. 25. Note that the corners of the plate are not stationary 

as the closed-form solution finds. In order to find out how close the finite 

element results are to theory, Table 1 is constructed. Table 1 shows the % 

error of in-plane velocity Vx as defined by Eq. (5.1). The matrix of the in-

plane velocity Vy is equal to the negative of the inverse of Vx matrix, and as a 

result it does not need to be compared to the theory. 

V theory _ V fo 
%e"or= x x xlOO V theory 

x 

(5.1) 

In Table 1 the symbol "UNO" stands for undefined (division by zero). The 

maxima of the error occur around the perimeter of the plate. Within the plate 

the calculations seem to be very accurate. 
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Figure 25. Lame mode of square plate by using I-DEAS 4.1. 
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Table 1. Validation of finite element code, %error of Vx • 

2 3 4 s 6 7 8 9 10 11 

UNO UNO UNO UNO UNO UNO UNO UNO UNO UNO UNO 

2 -8.6 -8.3 -8.2 -8.0 -7.8 0.0 7.8 8.0 8.2 8.3 8.6 

3 -2.6 -2.3 -2.1 -2.0 -2.0 0.0 2.0 2.0 2.1 2.3 2.6 

4 -0.9 -0.6 -0.4 -0.3 -0.2 0.0 0.2 0.3 0.4 0.6 0.9 

S -0.2 0.1 0.3 0.4 0.4 0.0 -0.4 -0.4 -0.3 -0.1 0.2 

6 0.0 0.3 0.6 0.6 0.6 0.0 -0.6 -0.6 -0.6 -0.3 0.0 

7 -0.2 0.1 0.3 0.4 0.4 0.0 -0.4 -0.4 -0.3 -0.1 0.2 

8 -0.9 -0.6 -0.4 -0.3 -0.2 0.0 0.2 0.3 0.4 0.6 0.9 

9 -2.6 -2.3 -2.1 -2.0 -2.0 0.0 2.0 2.0 2.1 2.3 2.6 

10 -8.6 -8.3 -8.2 -8.0 -7.8 0.0 7.8 8.0 8.2 8.3 8.6 

11 UNO UNO UNO UNO UNO UNO UNO UNO UNO UNO UNO 

Numbers from 1 to 11 are horizontal and vertical nodal positions. 
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5.3.2 Theory vs. MA TLAB Code 

Two 16x6 arrays of discrete theoretically exact in-plane translational 

velocities Vx and Vy for the Lame mode of a thin-rectangular plate (aspect 

ratio 3: 1 with boundary conditions free-free-free-free), are now used as an 

input for the MATLAB code. The output is a numerically calculated drilling 

mode shape. This mode shape is compared to the theoretical one calculated in 

chapter 4. 

Since the in-plane velocities are noiseless and smooth, the filtering of the 

DFT -IDFT process does not affect the results, and the drilling mode shape 

entirely agrees with the theory. In other words the error throughout the array 

is zero. The number of spectral lines along the long side of the plate is 3. The 

number of the spectral lines along the sort side of the plate is 1. Other 

combinations also work. In general, for this MATLAB code the number of 

spectral lines along the two sides (nsx and nsy) is controlled by Eq. (5.2). 

For a (n,m) array of points, 

nsx < 2n-2 and nsy < 2m-2 (5.2) 

The number of points along each side is doubled because the data length is 

doubled in order to make the data periodic. The two points subtracted 

represent the two end points. The partial derivative of Vy with respect to x 

and the partial derivative of Vx with respect to yare given in Figs. 26 and 27 

respectively. The drilling-mode shape is shown in Fig. 28. 
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3: 1 as eet ratio 

Figure 26. MA TLAB code, d VyldX. 

3: 1 as eet ratio 

Figure 27. MATLAB code, dVx!dy. 
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3: 1 as eet ratio 

Figure 28. MATLAB code, drilling-mode shape. 
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5.3.3 Theory vs. Finite Element+MATLAB Code 

In this section both numerical methods (finite element and MATLAB code) 

will be utilized in obtaining estimates of the drilling-mode shapes. First, the 

finite element method using I-DEAS 4.1 is used to acquire in-plane 

translational velocities using an 11 x 11 equally spaced nodal array. Then, the 

MATLAB code filters, takes the partial derivatives and forms the proper 

differences of the partials to yield the drilling-angular velocities. The number 

of spectral lines along each side is 2. 

The in-plane translational velocities simulated in I-DEAS are shown in Figs. 

29 and 30. Next, using MATLAB the partial derivative of Vy with respect to x 

and the partial derivative of Vx with respect to yare calculated and given in 

Figs. 31 and 32. Finally, the drilling-mode shape is shown in Fig. 33. 

Table 2 contains the %error of the drilling-mode shape (llxl1 spatial-nodal 

array) of Fig. 33 with respect to the theory. The %error is defined in Eq. 

(5.3). 

ilheory _ 9!e+MATLAB 

%error= z • Z xl 00 
(fheory 

z 

(5.3) 

It is interesting to observe in Table 2 that the %error of the drilling-mode 

shape has maxima less than 2%; moreover, in Table 1 the %error of the in-
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plane velocities can reach values up to 9%. The last few sections validate the 

feasibility of both I-DEAS 4.1 or MATLAB code. 

Based on comparisons with theory, these numerical methods provide accurate 

results in the absence of "noise" but are affected by the accuracy of the finite 

element estimate. The estimate may have non-random, non-noise like bias in 

the calculation of the eigenvectors. The errors shown in Table 2 should not be 

taken as measures of the effect of noise such as measurement noise. They are 

only a measurement of the finite element's biased eigenvector errors. 

A view of Table 2 shows that there is an anti symmetric bias about the 

horizontal and vertical lines of symmetry of the plate. Thus, the effect of 

potential experimental noise must be investigated in the estimate of the drilling 

modes. 
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Figure 29. Finite element code, in-plane translational velocity Vx • 

Figure 30. Finite element code, in-plane translational velocity Vy. 
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Figure 31. Finite element+MATLAB code, avy/ax. 

Figure 32. Finite element+MATLAB code, ()Vx/()y. 
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Figure 33. Finite element+MATLAB code, drilling-mode shape. 
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Table 2. Finite element+MATLAB code, %error in 8z • 

2 3 4 5 6 7 9 10 11 

0.00 -0.08 -0.07 -0.07 -0.06 0.00 0.06 0.07 0.07 0.08 0.00 

2 -0.08 -0.15 -0.16 -0.14 -0.14 0.00 0.14 0.14 0.16 0.15 0.08 

3 -0.07 -0.16 -0.15 -0.15 .0.12 0.00 0.12 0.15 0.15 0.16 0.07 

4 -0.07 -0.14 -0.15 -0.14 -0.11 0.00 0.11 0.14 0.15 0.14 0.07 

5 -0.06 -0.14 -0.12 -0.11 -0.10 0.00 0.10 0.11 0.12 0.14 0.06 

6 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

7 0.06 0.14 0.12 0.11 0.10 0.00 -0.10 -0.11 -0.12 -0.14 -0.06 

8 0.07 0.14 0.15 0.14 0.11 0.00 -0.11 -0.14 -0.15 -0.14 -0.07 

9 0.07 0.16 0.15 0.15 0.12 0.00 -0.12 -0.15 -0.15 -0.16 -0.07 

10 0.08 0.15 0.16 0.14 0.14 0.00 -0.14 -0.14 -0.16 -0.15 -0.08 

11 0.00 0.08 0.01 0.07 0.06 0.00 -0.06 -0.07 -0.07 -0.08 0.00 

Numbers from 1 to 11 represent the horizontal and vertical nodal positions 
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5.3.4 Theory vs. MA TLAB Code with Noise Content 

As explained in previous sections, experimental data acquired from vibrations 

of real structures contain noise. In order to test the sensitivity of the 

MATLAB code to such noise, Gaussean noise is added (with a standard 

deviation 1 % of the maximum translational in-plane velocity of the entire 

plate) to the theoretical in-plane translational velocities (16x6 nodal spatial 

array, thin-rectangular plate of aspect ratio 3: 1, free-free-free-free). Since 

this investigation does not deal with real experimental data, noise is generated 

using the MATLAB random number generator. The random number generator 

generates noise with a normal distribution (mean 0 and variance = 1). The 

noise addition is controlled from Eq. (5.4). 

noise = 0.01 x V max x randomJI. (5.4) 

where random# stands for a random number from a Guassean random number 

generator with zero mean and unity variance, and V max is the maximum 

velocity value of the array . Next, the MATLAB code is utilized, and the 

drilling-angular velocity mode shape is obtained as before by using 3 spectral 

lines along the long side of the plate and 1 spectral line along the short side of 

the plate. To examine the error distribution of the noise contaminated drilling 

mode, simple statistical techniques are applied. Wicks [50] suggests Monte­

Carlo analysis of the data. This technique requires a sufficient number of 

samples (N)30). 
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In this case each sample is 16x6 nodal spatial array of drilling-angular 

velocities. Gathering many samples, provides statistical information that can 

be used to estimate 6z for each point of the array. Since the actual value of 6z 

is known from theory, error discussions are possible. 

A Monte-Carlo analysis is used for N = 100. The in-plane translational 

velocities (contaminated with noise) of sample number 50 are shown in Figs. 

34 and 35. The noise-contaminated drilling mode is given in Fig. 36. The 

mean of the samples 6z is calculated by Eq. (5.5). Table 3 shows the sample 

mean value of each point of the array computed from 100 independed 

observations. The random variable 8z.; is being used as an estimator for the 

true mean value JliJ. When the number of samples approaches the infinity 
zJ 

then the true mean value should be equal to the theoretically calculated value 

of drilling velocity at that point of the array. A table of the theoretically 

calculated values is presented at the end of this section. 

(5.5) 

The standard deviation of the samples is given in Eq. (5.6). Table 4 shows the 

standard deviation of each point of the array for 100 samples. 

(5.6) 
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Figure 34. Gaussean noise (0 = 1 % of V max), in-plane velocity Vx • 

Figure 35. Gaussean noise (0 = 1 % of V max), in-plane velocity Vy• 
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3: 1 as ect ratio 

Figure 36. Gaussean noise (a = 1 % of V max), drilling mode. 
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Table 3. Sample mean value of drilling-mode shape, N = 100. 

1 2 3 4 5 

1 .. 0.9999 .. 0.8085 -0.3086 0.3090 0.8087 

2 -0.8089 -0.6540 -0.2496 0.2500 0.6542 

3 -0.3096 -0.2503 -0.0954 0.0958 0.2505 

4 0.3090 0.2500 0.0956 -0.0954 -0.2499 

5 0.8090 0.6543 0.2500 -0.2499 -0.6542 

6 0.9997 0.8084 0.3088 -0.3088 -0.8084 

7 0.8081 0.6534 0.2495 -0.2496 -0.6535 

8 0.3096 0.2502 0.0955 -0.0956 -0.2503 

9 -0.3095 -0.2505 -0.0958 0.0956 0.2503 

10 -0.8090 -0.6544 -0.2501 0.2499 0.6543 

11 -1.0000 -0.8088 -0.3091 0.3089 0.8087 

12 -0.8089 -0.6541 -0.2500 0.2498 0.6541 

13 -0.3098 -0.2505 -0.0958 0.0956 0.2505 

14 0.3087 0.2498 0.0954 -0.0956 -0.2498 

15 0.8090 0.6544 0.2500 -0.2501 -0.6544 

16 0.9998 0.8087 0.3089 -0.3091 -0.8087 

Numbers from 1 to 6 represent the horizontal nodal positions. 

Numbers from 1 to 16 represent the vertical nodal positions. 
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0.9998 

0.8088 

0.3096 

-0.3090 

-0.8089 

-0.9996 

-0.8080 

-0.3095 

0.3096 

0.8090 

0.9999 

0.8088 

0.3098 

-0.3088 

-0.8091 

-0.9999 
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Table 4. Sample standard deviation of drilling-mode shape, N =100. 

1 2 3 4 5 

1 0.0066 0.0057 0.0041 0.0042 0.0054 

2 0.0063 0.0055 0.0036 0.0038 0.0056 

3 0.0050 0.0044 0.0027 0.0027 0.0044 

4 0.0048 0.0042 0.0019 0.0019 0.0042 

5 0.0048 0.0041 0.0023 0.0020 0.0040 

6 0.0060 0.0049 0.0028 0.0027 0.0048 

7 0.0056 0.0048 0.0026 0.0028 0.0041 

8 0.0054 0.0046 0.0024 0.0023 0.0039 

9 0.0057 0.0050 0.0025 0.0022 0.0043 

10 0.0056 0.0048 0.0027 0.0025 0.0045 

11 0.0055 0.0047 0.0027 0.0028 0.0044 

12 0.0058 0.0047 0.0021 0.0024 0.0047 

13 0.0056 0.0044 0.0021 0.0020 0.0043 

14 0.0061 0.0046 0.0026 0.0028 0.0045 

15 0.0065 0.0060 0.0033 0.0039 0.0053 

16 0.0069 0.0058 0.0043 0.0042 0.0052 

Numbers from 1 to 6 represent the horizontal nodal positions. 

Numbers from 1 to 16 represent the vertical nodal positions. 
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0.0067 

0.0056 

0.0050 

0.0051 

0.0048 

0.0057 

0.0052 

0.0051 

0.0057 

0.0058 

0.0051 

0.0058 

0.0054 

0.0060 

0.0068 

0.0066 
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Using Eqs. (5.5 and 5.6), if 8z and S6 are the mean and the standard deviation 
z 

of a random sample (nodal-spatial array) from a normal population with 

unknown variance a; , a 95% confidence interval for the true average 116 can 
z z 

be found as shown in Eq. (5.7). 

(5.7) 

The upper and lower bounds of the interval are given in Table 5 and Table 6 

respectively _ Table 7 contains the actual values of the drilling-mode shape as 

calculated from the theory. It is easy to notice that the actual values are 

within the intervals for all points of the array_ The Statistics successfully 

estimate the true value of the drilling-angular velocity for every point of the 

spatial array. 
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Table 5. Upper bound of 95% confidence interval, N = 100. 

1 2 3 4 5 

1 -0.9986 -0.8074 -0.3078 0.3099 0.8098 

2 -0.8077 -0.6529 -0.2489 0.2508 0.6553 

3 -0.3086 -0.2494 -0.0949 0.0963 0.2513 

4 0.3100 0.2508 0.0960 -0.0950 -0.2490 

5 0.8100 0.6551 0.2504 -0.2495 -0.6534 

6 1.0009 0.8094 0.3093 -0.3083 -0.8075 

7 0.8092 0.6544 0.2500 -0.2491 -0.6527 

8 0.3107 0.2511 0.0959 -0.0952 -0.2496 

9 -0.3084 -0.2495 -0.0953 0.0961 0.2512 

10 -0.8079 -0.6534 -0.2496 0.2504 0.6552 

11 -0.9989 -0.8079 -0.3085 0.3095 0.8095 

12 -0.8077 -0.6532 -0.2495 0.2503 0.6550 

13 -0.3087 -0.2497 -0.0954 0.0960 0.2513 

14 0.3099 0.2507 0.0959 -0.0950 -0.2489 

15 0.8103 0.6556 0.2506 -0.2494 -0.6534 

16 1.0011 0.8099 0.3098 -0.3083 -0.8077 

Numbers from 1 to 6 represent the horizontal nodal positions. 

Numbers from 1 to 16 represent the vertical nodal positions. 
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1.0011 

0.8099 

0.3106 

-0.3080 

-0.8080 

-0.9985 

-0.8070 

-0.3085 

0.3107 

0.8101 

1.0009 

0.8099 

0.3108 

-0.3076 

-0.8078 

-0.9986 
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Table 6. Lower bound of 95% confidence interval, N = 100. 

1 2 3 4 5 

1 -1.0012 -0.8096 -0.3094 0.3082 0.8077 

2 -0.8101 -0.6551 -0.2503 0.2493 0.6531 

3 -0.3106 -0.2512 -0.0959 0.0952 0.2496 

4 0.3081 0.2492 0.0953 -0.0958 -0.2507 

5 0.8081 0.6535 0.2495 -0.2503 -0.6550 

6 0.9986 0.8074 0.3082 -0.3093 -0.8094 

7 0.8070 0.6525 0.2490 -0.2502 -0.6543 

8 0.3085 0.2493 0.0950 -0.0961 -0.2511 

9 -0.3106 -0.2514 -0.0963 0.0952 0.2495 

10 -0.8101 -0.6553 -0.2506 0.2495 0.6534 

11 -1.0011 -0.8097 -0.3096 0.3084 0.8078 

12 -0.8100 -0.6551 -0.2504 0.2494 0.6532 

13 -0.3110 -0.2514 -0.0962 0.0952 0.2497 

14 0.3075 0.2489 0.0949 -0.0961 -0.2507 

15 0.8078 0.6533 0.2493 -0.2509 -0.6555 

16 0.9985 0.8076 0.3081 -0.3099 -0.8097 

Numbers from 1 to 6 represent the horizontal nodal positions. 

Numbers from 1 to 16 represent the vertical nodal positions. 
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0.9985 

0.8077 

0.3086 

-0.3100 

-0.8099 

-1.0007 

-0.8090 

-0.3105 

0.3085 

0.8079 

0.9989 

0.8076 

0.3087 

-0.3100 

-0.8104 

-1.0011 
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Ta ble 7. Actual values of drilling-mode shape. 

1 2 3 4 5 

1 -1.0000 -0.8090 -0.3090 0.3090 0.8090 

2 -0.8090 -0.6545 -0.2500 0.2500 0.6545 

3 -0.3090 -0.2500 -0.0955 0.0955 -0.2500 

4 0.3090 0.2500 0.0955 -0.0955 -0.2500 

5 0.8090 0.6545 0.2500 -0.2500 -0.6545 

6 1.0000 0.8090 0.3090 -0.3090 -0.8090 

7 0.8090 0.6545 0.2500 .. 0.2500 -0.6545 

8 0.3090 0.2500 0.0955 -0.0955 -0.2500 

9 -0.3090 -0.2500 -0.0955 0.0955 0.2500 

10 -0.8090 -0.6545 -0.2500 0.2500 0.6545 

11 -1.0000 -0.8090 -0.3090 0.3090 0.8090 

12 -0.8090 -0.6545 -0.2500 0.2500 0.6545 

13 -0.3090 -0.2500 -0.0955 0.0955 0.2500 

14 0.3090 0.2500 0.0955 -0.0955 -0.2500 

15 0.8090 0.6545 0.2500 -0.2500 -0.6545 

16 1.0000 0.8090 0.3090 -0.3090 -0.8090 

Numbers from 1 to 6 represent the horizontal nodal positions. 

Numbers from 1 to 16 represent the vertical nodal positions. 
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1.0000 

0.8090 

0.3090 

-0.3090 

-0.8090 

-1.0000 

-0.8090 

-0.3090 

0.3090 

0.8090 

1.0000 

0.8090 

0.3090 

-0.3090 

-0.8090 

-1.0000 
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Chapter 6 

Applications 

As shown in the prevIous chapter, a numerical method (MATLAB code) is 

used to extract drilling-angular velocities from a translational-velocity field. 

The sensitivity of MATLAB code to data containing noise is checked by 

comparing to theoretical closed-form solutions of the same in-plane mode 

shape (Lame mode). Utilizing this code in addition to the MATLAB code 

written by Sun [16] results In a complete three-dimensional description of 

rotational velocities 8x ,8y , and 8z • Some possible applications of the 

MATLAB code are explored next. 

6.1 Numerical Applications 

In sections of the prevIous chapter is shown that uSing the finite element 

method (I-DEAS 4.1) for simulation of in-plane velocities results in error up 

to 9%. It is also shown that using these velocities as an input for the 

MATLAB code results in calculation of drilling-angular velocities with error 

less than 2%. The errors do not contain any noise and they are a measurement 

of the finite element's biased eigenvector errors. 
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In some cases in-plane mode shapes other than the Lame mode shape need to 

be considered. Provided the finite element code is accurate enough this can be 

accomplished easily. In I-DEAS 4.1 the calculation of in-plane mode shapes 

(with limitations explained in chapter 5) is reasonably accurate for the first 

three to five eigenvectors depending on the accuracy desired. 

In Fig. 37 the first in-plane eigenvector using I-DEAS 4.1 is determined. This 

finite element analysis is performed for square-thin plate (11 xlI nodal-spatial 

array) with boundary conditions free-free-free-free. 

Figures 38 and 39 show the in-plane translational velocities V~ and Vy 

calculated in I-DEAS and used as input for the MATLAB code. Figures 40 

and 41 show the partial derivatives of the above velocities with respect to y 

and x respectively. Finally, Fig. 42 shows the drilling-mode shape for the first 

in-plane mode of the square plate. 

Observe the saddle shaped drilling-mode. The maxima and minima occur at 

the half-points of the four sides of the square plate as expected. 
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Figure 37. First in-plane mode of a square plate using I-DEAS 4.1. 
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Figure 38. First in-plane mode of a square plate, V,r 

Figure 39. First in-plane mode of a square plate, Vye 
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Figure 40. First in-plane mode of a square plate, dVJdX. 

Figure 41. First in-plane mode ofa square plate, dVjdy. 
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Figure 42. First in-plane mode of a square plate, 6:. 
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6.2 Experimental Applications 

This research can be used as a theoretical foundation for drilling-mode 

extraction from three-dimensional velocity data using a one-dimensional laser­

Doppler vibrometer. VPI sensor (see chapter 1) is a one-dimensional, laser­

Doppler vibrometer which is used for velocity data acquisition of the line-of­

sight structural motion. Utilizing experimental measurements taken in three 

independent positions (laser shots of a single point from different view angles) 

and the MATLAB codes written for angular-velocity extraction, all six degrees 

of freedom for a point of a structure can be acquired. 

As explained in chapter 1, real-life vibrations of structures are always three 

dimensionaL Utilizing this work and the findings of other researchers on the 

field along with laser vibrometry, three-dimensional vibration can be 

measured. 
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Chapter 7 

Conclusions and Recommendations 

The following statements conclude this work and can be used from other 

researchers as a source for further developments using laser vibrometry. 

7.1 Conclusions 

This research is a theoretical study in extraction of drilling-angular velocities 

using a spatial-nodal array of translational velocities. Although much work 

has been done formulating the equations relating the angular to tranlational 

velocity field, and developing theoretical and numerical simulations of in-plane 

and drilling mode shapes, very little has been done using experimental real-life 

data. Hopefully, this thesis can be linked and carefully integrated with the 

work of other researchers in the area of three-dimensional vibrometry using 

lasers, to create the means of measuring three-dimensional vibrations of 

structures. The following statements are of great significance and importance 

for the continuation of this work: 
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• Theoretical closed-form solutions of in-plane translational velocities and 

drilling-angular velocities are used as a reference for the numerical 

calculations. 

• All theoretical simulations are performed for the Lame in-plane mode shape 

of rectangular plates (aspect ratio 1: 1 or 3: 1) because of its simple 

mathematical description. 

• The finite element code using I-DEAS 4. 1 is used as an alternative way to 

simulate in-plane translational velocities and it is accurate for a limited 

number of eigenvectors (first three to five in-plane modes). 

• The MATLAB code used for the numerical extraction of drilling-angular 

velocities, requires that the in-plane translational velocities are already 

known and measured. 

• The MATLAB code was originally designed for plates of known dimensions 

and negligible thickness. The aspect ratio of the rectangular plate is an 

input for the code. 

• The number of spectral lines used is a variable but in the double-size 

spatial domain 2.5 to 5.0 times the basic spatial harmonics of each side is 

suggested. 
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• Real-life experimental data contain noise. Even though, low-pass filtering 

is performed during the OFT-10FT procedure, additional filtering of the in­

plane translational velocities may be required for best results. When large 

amounts of noise are contained in points close to the edge or the corner of 

the plate, it is important to filter this noise out before the OFT -IDFT 

process, so that is not duplicated during the mirroring of the data length 

procedure. 

As a conclusion, this thesis provides the means for theoretical determination 

of drilling-mode shapes using analytical and numerical techniques. The final 

section of this thesis is used for useful recommendations. 
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7.2 Recommendations 

It is recommended that an experiment is carefully set up to acquue 

experimental data and validate the feasibility of the work presented in this 

thesis. Utilizing laser shots of a single point from different view angles by 

using a one-dimensional laser vibrometer like VPI sensor, the three­

dimensional translational velocity field can be measured [18,19]. The 

extraction of the angular velocity field can be accomplished by using the 

MATLAB code presented in this thesis and the MATLAB code written by Sun 

[16]. Additional filtering of the experimental noise content is suggested prior 

the DFT -IDFT procedure. Using a "median" filter is an option worth 

examining; even though, a median filter does not work properly for the edges 

and corners of the rectangular plate. However, with some nl0difications 

median filtering could be applied for pre-smoothing of the velocity data. 

Concluding, it is worth mentioning that even though this theoretical study is 

based on rectangular-thin plates of certain aspect ratio and free-free-free-free 

boundary conditions, it is envisioned that this thesis will be used as 

groundwork for three-dimensional laser vibrometry for structures of arbitrary 

shape and boundary conditions. 
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Appendix-A 

The First Three In-Plane Modes of a Square Plate 

Figure AI. Square plate, first in-plane eigenvector. 
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L. 

Figure A2. Square plate, second in-plane eigenvector. 

Figure A3. Square plate, third in-plane eigenvector. 

The First Three In-Plane Modes of a Square Plate 95 



Appendix-B 

The First Three In-Plane Modes of a Rectangular Plate 

IN-PL.tVE l«DAL ANAL~IS FOR REcmNGUlAR PLATE 
UO~E:4 MCD£:4 FREQ: 886.0511 
DISPlACD£NT - MAG MIN: 1.49£...:01 }W{; 1. 21E+OO 

y 

Lx 
3: 1 as eet ratio 

Figure Bl. Rectangular plate, first in-plane eigenvector. 
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IN-PINE M:DAL J\NAL~IS FOR RECTANGUIAR PLATE 
LO~E:5 MCDE:5 FREQ: 1703.3212 
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Figure B2. Rectangular plate, second in-plane eigenvector. 

IN-PLAlE w=DAL JiNAL~IS FOR RECTANGUIAR PLATE 
LO~E:6 HCDE:6 FREQ: 1813.2924 
DISPlACEl£NT - MAG MIN: 1.94E.;:o1 MAX: 1.29Ei+OO 

y 

Lx 
3: 1 as ect ratio 

Figure B3. Rectangular plate, third in-plane eigenvector. 
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Appendix-C 

MATLAB Code for Extraction of Drilling-Mode Shapes 

% Please load data file and then assign zx=filex, zy=filey before executing 

nsx=input('number of spectral lines ?');nsy=input('number of spectral lines ?'); 

xlink=input(,xlink=?');ylink=input(,ylink='); 

ms=[I, 1,0.75]; 

vew=[ -35,25]; 

subplot(221 ) 

mesh(zx, vew,ms) 

xlabel(,x-axis in-plane velocity data') 

mesh(zy,vew,ms) 

xlabel(,y-axis in-plane velocity data') 

[n,m]=size(zy); 

% calculation of spatial omega 

omegax=2 * pi/xlink; 

omegay=2 *pi/ylink; 

% smoothing process 

x=O:n-l; 

zl =zy; 

for ii=l :m; 

w= z 1 ( : , ii); ii 

% rotate data record 

slop=(w(n)-w(l »/(x(n)-x(l »; 
w(: )=w(: )-slop *x(:); 

% mirror and flip 
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w(n+ 1 :2*n-2)=-w(n-1 :-1 :2)+2 *w(n); 

% fft-filtering-ifft 

w=fft(w); 

w(nsx+2: 2 *n-2-nsx)=zeros( 1,2 *n-3-2 *nsx); 

w(I)=O; 

% differentiation in frequency domain 

for kk=l :nsx; 

w(kk+ 1 )=kk*i*omegax*w(kk+ 1); 

w(2 *n-I-kk)=-kk*i *omegax*w(2 *n-I-kk); 

end 

w=ifft(w); 

for kk=l :n; 

zl (kk,ii)=w(kk); 

end 

end 

mesh(zl,vew,ms) 

xlabel('partial dVy/dxt) 

[n,m]=size(zx) 

z2=zx';u=n;n=m;m=u; 

x=O:n-l; 

for ii=l :m; 

w=z2(:,ii); ii 

slop=(w(n)-w( 1 »/(x(n)-x(l »; 
w(: )=w(: )-slop *x(:); 

w(n+l :2*n-2)=-w(n-l :-1 :2)+2*w(n); 
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w=fft(w); 

w(nsy+2:2 *n-2-nsy )=zeros( 1,2 *n-3-2 *nsy); 

w(I)=O; 

for kk= 1 :nsy; 

w(kk+ 1 )=kk*i *omegay*w(kk+ 1); 

w(2 *n-l-kk)=-kk*i * omegay*w(2 *n-l-kk); 

end 

w=ifft(w); 

for kk=l :n; 

z2 (kk, ii )=w(kk); 

end 

end 

z2=z2'; 

mesh(z2, vew,ms) 

xlabel('partial dVx/dy') 

pause 

% calculation of drilling mode 

thetaz=zl-z2; 

subplot 

mesh(thetaz, vew,ms) 

xlabeI(,z-axis angular velocity') 

pause 

tz=real(thetaz) 

end 
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