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AN AFFINE QUANTUM COHOMOLOGY RING FOR FLAG MANIFOLDS
AND THE PERIODIC TODA LATTICE

AUGUSTIN-LIVIU MARE AND LEONARDO C. MIHALCEA

ABSTRACT. Consider the generalized flag manifold G/B and the corresponding affine flag manifold
Flc. In this paper we use curve neighborhoods for Schubert varieties in F¢g to construct certain
affine Gromov-Witten invariants of F¢g, and to obtain a family of “affine quantum Chevalley”
operators Ao, ..., A, indexed by the simple roots in the affine root system of G. These operators
act on the cohomology ring H* (F{¢) with coefficients in Z|qo, . . ., ¢»]. By analyzing commutativity
and invariance properties of these operators we deduce the existence of two quantum cohomology
rings, which satisfy properties conjectured earlier by Guest and Otofuji for G = SL,(C). The first
quantum ring is a deformation of the subalgebra of H*(F{g) generated by divisors. The second
ring, denoted QH(G/B), deforms the ordinary quantum cohomology ring QH*(G/B) by adding
an affine quantum parameter go. We prove that QH;(G/B) is a Frobenius algebra, and that the
new quantum product determines a flat Dubrovin connection. Further, we develop an analogue of
Givental and Kim formalism for this ring and we deduce a presentation of QH},(G/B) by generators
and relations. The ideal of relations is generated by the integrals of motion for the periodic Toda
lattice associated to the dual of the extended Dynkin diagram of G.
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1. INTRODUCTION

Let G be a simply connected, simple, complex Lie group and B C G a Borel subgroup. Let
G := C*x G(C[t,t™1]) where C* acts by loop rotation, and B C G be the standard Iwahori subgroup
of G determined by B. Associated to this data there is the finite (generalized) flag manifold G/B and
the affine flag manifold F¢q := G/B. The first is a finite dimensional complex projective manifold,
while the second is an infinite-dimensional complex projective ind-variety. An influential result of
Givental and Kim [23] (for G = SL;,+1(C)) and Kim [36] (for all G) states that the ideal of relations
in the quantum cohomology ring QH*(G/B) of the generalized flag manifold G/B is generated by
the integrals of motion of the Toda lattice associated to the dual root system of G. Soon after
that, Guest and Otofuji [29, 54] (for G = SLy,4+1(C)) and Mare [45] (for G of Lie types A, By, Cp)
assumed that there exists a (still undefined) quantum cohomology algebra QH*(F/¢) for the affine
flag manifold F¢g, which satisfies the analogues of certain natural properties enjoyed by quantum
cohomology, such as associativity, commutativity, the divisor axiom etc. The list of conjectured
properties includes the fact that the quantum multiplication of Schubert divisor classes satisfies a
quadratic relation determined by the Hamiltonian of the dual periodic Toda lattice. With these
assumptions they proved that the ideal of relations in QH*(F/¢) is determined by the integrals of
motion for the periodic Toda lattice associated to the dual of the extended Dynkin diagram of G.

In fact, Guest and Otofuji considered in [29] two other rings related to the cohomology ring
H*(F{q). Oneis H4(G/B), which is an isomorphic copy of the ordinary cohomology ring H*(G/B)
inside H*(F/¢), induced by an evaluation morphism (we will explain this below). The other is the
subring H# (Flg) € H*(Flg) generated by the Schubert divisor classes. It is well known that
H*(G/B) is generated by the divisor classes (over Q), but for affine flag manifolds H# (F/g) is a
proper subring of H*(F{g). It was also conjectured in [29] that these two rings are closed under
the hypothetical quantum product on H*(F/s), and as a consequence the authors deduced that
the integrals of motion of the periodic Toda lattice generate the ideal of relations in these rings.

The main goal of this paper is to rigorously define quantum products on the rings H}5(G/B)
and H?# (Flg), for G of all Lie types, which will satisfy the analogues of the properties predicted in
[29, 54, [45]. We will then identify the ideal of relations in the quantum ring QH}(G/B) determined
by H}4(G/B) with the conserved quantities of the periodic Toda lattice associated to the dual of
the extended Dynkin diagram for G (these diagrams correspond to twisted affine Lie algebras).
The definition of the quantum product involves the geometry of spaces of rational curves inside
Schubert varieties of /¢, as encoded in the “curve neighborhoods” of (finite-dimensional) Schubert
varieties 2 C Flg. The curve neighborhood ©4(2) for a degree d € Ha(F{q) is the subvariety of
Fl¢g containing the points on all rational curves C' C F{g such that CNQ # () and the degree of C
is [C] = d. Because 2 is finite dimensional so is ©4(f2), an observation which goes back to Atiyah
[1]. Curve neighborhoods appeared in several recent studies of quantum cohomology and quantum
K-theory rings of homogeneous spaces [10} [11].

1.1. Statement of results. In what follows we give a more precise version of our results. We first
fix some notations. Let ¢ = (qo,- . ., qn) denote the sequence of quantum parameters indexed by the
simple roots {ay, ..., a,} in the affine root system associated to G. Let degq; = 2 (see Remark
for geometry behind this). The cohomology ring H*(G/B) is a graded Z-algebra with a basis given
by Schubert classes o, € H*(")(G/B), where w € W varies in the Weyl group of G. Similarly,
the cohomology ring H*(F/{g) is a graded Z-algebra with a basis given by affine Schubert classes
£ € H2W) (Flg), where w € W,g varies in the affine Weyl group of G. Here ¢(w) denotes the
length function for the Coxeter groups W and W,g. In what follows we consider complex degrees,
which are half the topological degrees; e.g. dego,, = ¢(w). By s; we denote the simple reflection
corresponding to the simple root «;. Let €; 1= ¢,, and o0; := 05,.
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Fix d € Hy(Flg) an effective degree and write d = doay + -+ - + dpa,, where d; € Z>o and o)
are the simple affine coroots of G. Let {)Ag,..., A\,} be a set of fundamental weights dual to the
coroot basis under the evaluation pairing (-,-), i.e. (A\i,a) = d;; (the Kronecker symbol). By q?

we will mean qgo .- q%: note that degq? = 2(dg + - - - + d,,). Fix also s;,u,w € Wag. Consider the
Schubert variety X (w) := BwB/B C Flg. This is a projective variety of complex dimension ¢(w).
A key definition in this paper is that of the “Chevalley” Gromov-Witten invariants (e;, e, [X (w)]),
where [X(w)] € Hgy)(Flc) is the fundamental class. Let ©g(w) = ©4(X(w)) be the curve
neighborhood of X (w), defined rigorously in Theorem [5.2| below. By definition (g;, €y, [X (w)]),; =0
unless 1 + ¢(u) = £(w) + degq?. This is a familiar condition from quantum cohomology which is
equivalent to the fact that the quantum multiplication is homogenous (or that the subspace of the
moduli space of stable maps consisting of maps passing through classes represented by ¢;, e, and
[X (w)] has expected dimension 0). If 1 + £(u) = £(w) + deg ¢? then we define

(eir2ur (X (w0)])g = (Mird) / e N [Oa(w)],

Flg

where N is the cap product between cohomology and homology and the integral means taking
the degree 0 homology component. This definition is the natural generalization of the analogous
formula for the corresponding Gromov-Witten invariants of G/B, recently proved by Buch and
Mihalcea in [II]. Note that the integral is nonzero only when dim ©4(X(w)) = ¢(u), which is a
very strong constraint on the possible degrees d that may appear. We prove in §6| that d = o,
the dual of a positive affine real root o which satisfies ¢(s,) = 2ht(a") — 1, where ht denotes the
height. There are finitely many such coroots a¥, because they satisfy aV < ¢ := a + 6" where ¢
is the imaginary coroot, and 6 is the highest root of the finite root system; see Proposition [6.5

Define the free Z[g]-module QH*(Flq) := H*(Flg) ®z Z[q] graded in the obvious way. The
definition of the Gromov-Witten invariants above allows us to define the family of Z[g]-linear,
degree 1 operators of graded Z[g]-modules A; : QH*(Flg) — QH*(Flq) given by

Al(e’;‘u) =E&; Ey + Z <€u7 &, [X(w)]>dqd€U)7
deHa(Flg),d#0

where ¢; - £, is the ordinary multiplication in H*(F¢g). These operators can be interpreted as
affine quantum Chevalley operators on H*(F/). In Theorem We find an explicit combinatorial
formula for these operators, which generalizes to the affine case the quantum Chevalley formula of
Peterson, proved by Fulton and Woodward [21].

Let 7 C Band T' C B be maximal tori. Let e; : G/T — G/T be the map obtained by evaluation
of loops at t = 1. Since G/T and G/T are affine bundles over the corresponding flag manifolds
Flg and G/B, this induces a map e} : H*(G/B) — H*(F/{g). We analyze this map in §4/and prove
that it is injective and that

ef(0;) = &; —mygo, (1 <i<n), where ¥ =mya) + - +mua,..

In the topological category this map was studied by Mare [45] and it played a key role in Peterson’s
“quantum=affine” phenomenon [55] proved by Lam and Shimozono [42]. Using this map define

»#(G/B) = ej(H*(G/B)), which is a graded subalgebra of H*(F/q) isomorphic to H*(G/B).
Recall also the subalgebra H? (F/g) of H*(Flg) generated by Schubert classes g, ...,e,. The
main result of this paper, proved in §7] below, is the following:

Theorem 1.1. The affine quantum Chevalley operators A; satisfy the following properties:

(a) The operators A; commute up to the imaginary coroot, i.e. for any w € Wyg and any
0<14,5 <n we have

Aihj(2w) = AjAi(ew) mod ¢° = gog”;
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(b) The modified operators A; —m;Ay commute (without any additional constraint), i.e. for any
w € Wag and any 1 < i,7 < n we have

(Ai = miAo)(Aj — mjNo)(ew) = (A — miAo)(Ai — milo)(cw);

(c) Let 0 < i < n. Then the Chevalley operator A; preserves the submodule QH? (Flg) =
H#(Fle) ® Z[q).
(d) Let 1 < i < mn. Then the modified Chevalley operator A; — m;Ag preserves the submodule
ar(G/B) @ Zlq].

As we show in Remark the restriction on commutativity up to ¢¢ from part (a) cannot be
removed, even for G = SLy(C). In gj we use the algebra generated by the commuting operators
A; — m;Ag, together with the fact that Schubert divisors o; generate H*(G/B) over Q, to give the
definition of a product on H!4(G/B) ® Q[g]. Using the injective algebra homomorphism e} one can
transfer this product by Q[g]-linearity and define a product x5 on QH}s(G/B) := H*(G/B) ® Q|q].

Corollary 1.2. The pair (QH:4(G/B), *ag) is a graded, commutative, associative Q[q]-algebra with
a Q[q]-basis given by Schubert classes oy, where w varies in W. Further, the Q|q1, . . ., qn]-algebra
QH}z(G/B)/{qo) is naturally isomorphic to the ordinary quantum cohomology algebra QH*(G/B).

A similar product can be defined on the quotient QH (F£g)/(¢°) which makes it a graded, com-
mutative Z[g]-algebra. The multiplication in both rings is determined by the Chevalley operators,
thus one can algorithmically calculate any quantum products. An interesting fact is that the struc-
ture constants in QH}4(G/B) with respect to the Schubert basis are in general not positive, although
the affine Chevalley operator A;, and thus the quantum products g;%,5 on QH? (Flg)/(¢°), are pos-
itive. See below for some examples. Note that for G = SL,,(C) the ring QH}5(G/B)/(¢¢) was
constructed with different methods in [46].

The proof of Theorem is based on several different techniques. On one side one needs the
precise combinatorial formula for A;, which requires a study of the geometry and combinatorics of
the relevant curve neighborhoods. Once this is done, we perform in §§| a thorough investigation of
the “Chevalley” roots a which may appear in the formula for A;. We mentioned above that these
are the affine positive real roots a such that £(s,) = 2ht(a¥) — 1, and satisfy oV < ¢ = o +60V. We
use this investigation to establish an involution of the set of certain chains of length 2 in the affine
analogue of the quantum Bruhat graph defined by Brenti, Fomin, and Postnilov [9]. These chains
help calculate the quantities A;Aj(ey), and the involution corresponds to proving the identity in
(a). The identity in (b) is an easy extra calculation, although we find it surprising that the ¢¢
constraint can be removed; it would be interesting to give an independent explanation of this fact.

The proof of properties (c) and (d), which are equivalent to the closure of the corresponding
quantum products, turn out to be equivalent to certain properties of the divided difference operators
acting on H*(F/g) and H*(G/B). Part (c) is a consequence of the Leibniz formula for these
operators. Part (d) is much more subtle and requires certain facts which might be of independent
interest. Let R,g be the Coxeter ring generated by the divided difference operators D; (0 <
i < n) associated to simple roots, acting on H*(F¢s). These operators satisfy D? = 0 and the
braid relations; see below and [40, Ch. 11] for details. Similarly let R be the Coxeter ring
of Bernstein-Gelfand-Gelfand (BGG) divided difference operators from [5] acting on H*(G/B),
generated by 0; for 1 < i < n. We prove in Theorem that there is a ring homomorphism
7 : Rag — R such that n(D;) = 0; for 1 <i < n and n(Dy) = d_g where J_gy is the BGG operator
associated to the (negative) root —6. Since the braid relations are satisfied, one can define an
operator D,, € Rug for any w € W,g by composition Dy, := D;, --- D;, where w has a reduced
word w = Sq,, ... Sa, - Similarly one defines 0,, € R for w € W. The key formula needed to prove
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(d) is that D,, and e] commute with each other via m, i.e. for any a € H*(G/B),
Dy (ei(a)) = e1(m(Dw)(a)) € H'(Fla);

cf. Theorem [4.3] In fact, with these notations we show in §7] that the Chevalley multiplication
formula in QH}4(G/B) is given by

O *aff Ow = 0 - Oy + Z<)" — mi)\o,OzV)qav?T(DSa)(O'w), 1<i<n, weW

«

where the sum is over affine positive real roots a such that £(s,) = 2ht(aV) — 1 and Dy, is the
affine BGG operator. This formula is similar to the quantum Chevalley formula from the finite
case [21].

The second part of the paper is devoted to the study of the Dubrovin and Givental-Kim for-
malisms for the quantum product *,4 on H*(G/B), in analogy to the study from [13] and [22] [36] of
the ordinary quantum product on H*(G/B); our treatment is inspired from [12]. More precisely, let
(-,-) be the Poincaré pairing on H*(G/B) extended linearly over Clg]. Then QH#(G/B) is a Frobe-
nius algebra, i.e. it satisfies (a xaf b, ¢) = (a,b %, ¢) for any a,b,c € H*(G/B). In §9) we construct
the analogue of Dubrovin connection V" on the trivial bundle H?(G/B) x H*(G/B) — H?(G/B),
and we prove it is flat (Theorem [9.5)); here h € C* is a parameter. Following [22] we define the
Givental connection to be V := hV /", Let Vj, /0z; be the derivation corresponding to the vector
field 0/0z; where z; is the coordinate on H?(G/B) corresponding to the Schubert class o;. The
flatness of the Dubrovin connection V" together with an argument of Mare [45] imply that the
system of quantum differential equations

h/0zi(s) = oi *at $ <= Vgja,,(s) =0; i€ {l,...,n}

has nontrivial solutions s in the ring of formal power series C[[qo, - - -, n]][21, - -, zn][A7!] Wwhere
¢; = e* for 1 < i < n and where there is a relation ¢° = gog]" ---¢)» = 1. See Remark for
an interpretation of this relation. Further, for each w € W one can find solutions s,, which have
the leading term o,,. These are the main ingredients needed to adapt the Givental-Kim formalism
from [22, [36] to the affine case, and relate the ring QH}4(G/B) to the periodic Toda lattice. The
key fact which makes this possible is the quadratic relation in QH}(G/B):

n

n
D (@ |of)oixam 05 = (6716V)q0 + > _ ([0} )i,
i =1 i1

where (-|-) is the Killing form on the Lie algebra of G normalized so that (0|0) = 2. The quantization
of this relation corresponds to the differential operator

n n

ho ho
M= Y (ola) g g — 0V100) = 3 (ol })e
3,j=1 =1

acting on the ring of formal power series above. Here 0/0z; is the partial derivative and h and
e* act by multiplication; see for details. The operator H is the Hamiltonian of the quantum
periodic Toda lattice associated to the dual of the extended Dynkin diagram for G. (Sometimes
this is referred to as the quantum periodic Toda lattice for the short dominant root 6V, and it
corresponds to a twisted affine Lie algebra.) The complete integrability of this system has been
established by Goodman and Wallach [25] for G of Lie types A, By, Cpn, D, and Eg, and by Etingof
[15] in the simply laced Lie types (in these cases, there is no difference between the dual and the
non-dual versions of the periodic quantum Toda lattice). For the remaining types Fy and Go the
integrability has been proved by Mare [47].
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The relevance of complete integrability comes from the fact that by the Givental-Kim formalism
any differential operator Hj which is polynomial in e*,9/0z; and h, and which commutes with H
gives a relation in QH}(G/B). This leads to the second main result of this paper, proved in

Theorem 1.3. The algebra QH:4(G/B) has a presentation of the form Q[q][x1, ..., x,]/I where
1 is the ideal generated by the integrals of motion of the dual periodic Toda lattice associated to G,
and where the indeterminates x; correspond to the Schubert divisors o;.

Observe that the ideal of relations is determined by the integrals of motion for the ordinary (non-
quantum) dual periodic Toda lattice: recall that they are obtained from the differential operators
in the quantum version after taking top degree terms and making certain substitutions.

This theorem naturally generalizes the results of Givental and of Kim [23] [36] for the ordinary
quantum cohomology ring QH*(G/B). In fact, there has been recently a flurry of activity relating
quantum cohomology and quantum K-theory of the (cotangent bundle of) flag manifolds to inte-
grable systems, and eventually to quantum groups; see e.g. [24], 53], [8, 48, 27, 26]. A connection
between the periodic Toda lattice and certain 1-point Gromov-Witten invariants for affine flag
manifolds appears in the work of Braverman [7]. He studies a particular compactification of the
space of rational curves in F¢g with one marked point, called based quasi-map spaces. Using this
he constructs an equivariant J-function which is an eigenvector for a differential operator related
to the Hamiltonian H. Since in the finite case the J-function is determined by flat sections of the
Givental connection, it is natural to expect that an equivariant version of the aforementioned flat
sections g,, will be related to Braverman’s J-function.

Acknowledgements. This paper benefited from interactions with many people. L. Mare would
like to thank Martin Guest and Takashi Otofuji for useful discussions. L. C. Mihalcea would like to
thank Prakash Belkale, Dan Orr, Alexey Sevastyanov, Chris Woodward for stimulating discussions;
Shrawan Kumar and Mark Shimozono for patiently answering many questions about the geometry
and combinatorics of affine flag manifolds; Pierre-Emmanuel Chaput, Nicolas Perrin and Anders
Buch for inspiring collaborations to various projects where the curve neighborhoods played a key
role; special thanks are due to Anders Buch for insightful comments and discussions.

2. PRELIMINARIES

The goal of this section is to set up notations and recall some basic facts about Lie algebras
and their affine versions, and about the cohomology of the associated flag varieties. Throughout
this article G will denote a complex simple, simply connected Lie group. We fix T' C B C G a
maximal torus included in a Borel subgroup of G. Let g and h be the Lie algebras for G and T.
The corresponding sets of roots and coroots are IT C h* and ITV := {a" | « € II} C h. Pick a simple
root system along with the corresponding coroots:

A={a,...,;an}, AYV={ay,...,a }.
This determines the partition of II into positive and negative roots: II = IIT UTI".

Denote by (+|) the Killing form of g, which we normalize in such a way that (a|a) = 2, for any
long root « (recall that the restriction of (-|-) to b is non-degenerate, see e.g. [18 Section 14.2]).
Let (, ) : h* x h — C be the evaluation pairing, and let {w1,...,wn} C h* be the fundamental
weights satisfying (w;, /) = dij. Set W := Ng(T)/T the Weyl group. This is generated by the
simple reflections s; := s, corresponding to the simple roots a;. For w € W, the length ¢(w)
equals the number of simple reflections in any reduced word decomposition of w; wqy denotes the
longest element of W.

The (finite) flag variety G/B is a complex projective manifold of dimension ¢(wp). The group G
acts transitively on the left. The Schubert varieties X (w) := BwB/B and Y (w) = B~wB/B are
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irreducible subvarieties of G/B so that dim X (w) = codim Y (w) = ¢(w), where B~ = woBwy is the
opposite Borel subgroup. For now we consider the homology H.(G/B) and cohomology H*(G/B)
with integral coefficients, but occasionally we will need to work over Q, and we will specify when
this is the case. The homology is a free Z—module with a basis given by fundamental classes
[X(w)] € Hyyu)(G/B), where w varies in W. The Poincaré pairing H*(G/B) ® H«(G/B) — Z
sending a ® b to fG /pan b is nondegenerate; here the integral denotes the push forward to a point.
Let 0, € H¥*(™(G/B) denote the dual class of [X(w)] with respect to this pairing. Since the
intersection X (w) NY (w) is transversal and it consists of a single T-fixed point e, oy, is naturally
identified with [Y (w)].

For each integral weight A € h* we denote by C, the 1-dimensional T-module of weight A, defined
by z.u = A(z)u. Recall that the Borel group B can be written as the product B = UT, where U is
the unipotent subgroup. Then we regard C, as a B-module by letting elements of U act trivially.
Let £y be the G-equivariant line bundle over G/B

Ly:=GxBC_,=(GxC)/B

where B acts on G x C by b.(g,u) = (gb~1, A\(b)"tu). With these definitions we have that c;(Ly,) =
[V (si)]; see e.g. [T} §8]. This identifies H*(G/B) = @7, [Y (s;)] with the (integral) weight lattice
@ Zw;. We can further identify Hy(G/B) with the coroot lattice @& ,Za; by letting [X(s;)]
correspond to af. Then the restriction of the Poincaré pairing to H*(G/B) ® Ha(G/B) is identified
to the evaluation pairing ( , ).

2.1. Affine Kac-Moody algebras. Next we establish the main notation for the affine root sys-
tems and the coresponding Lie algebras, following the references [33, 40]. Let g.g be the affine
(non-twisted) Kac-Moody Lie algebra associated to g (cf. e.g. [33, Ch. 7] or [40, Section 13.1]). By
definition,

Jaff = ‘C(g) & Cc® Cd7
where L(g) := g ® C[t,t7!] (t € C*) is the space of all Laurent polynomials in g and where ¢
is a central element with respect to the Lie bracket in g,g. The Cartan subalgebra of g.g is

hatt :=Hh @ Cc® Cd and let (, ) : his X hag — C be the evaluation pairing. The affine root system
ILg associated to g.g consists of

e md + a, where m € Z and « € II (these are called the (affine) real roots).
e md, m € Z\ {0} (these are the imaginary roots).

Here the embedding II C Il,s identifies a root o € II with the linear function on h,g whose
restriction to b equals to o and which satisfies (o, ¢) = (a,d) = 0. The imaginary root § of b is
defined by

dlpwce =0 and (d,d) = 1.
The (affine) simple root system A,g C Il is
Aggi={ap:=0—-0,01q,...,04}
where 6 € II is the highest root. As in the finite case, this determines a partition Il,g = H:ﬂ UIL ¢

into positive and negative roots. Denote by II'g and H;ff’+ the set of affine roots which are real,

respectively the subset of positive real roots. Then H;%Jr contains the finite positive roots along
with mé + o, where m > 0 and a € II. For a,b in the root lattice @, <,, Zoy, we say that a < b if
b — a is a linear combination with non-negative coefficients of aq,...,a,. By a < b we mean a < b
and a # b. The (affine) simple coroot system is the subset AY; C hag:

VooV VARY, v
Ay i={ayg =c—0"af,...,a,}.
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The affine Weyl group Wag of gag relative to hag is by definition the subgroup of GL(h%s) generated
by the simple reflections so, ..., Sn, where s;(A) := X — (A, o )a; for A € b¥p and 0 < i < n. It
turns out that W,g leaves Il invariant. Further, o € Il,g is a real root if and only if a = wa; for
some w € Wyg and 0 < i < n. Then the resulting reflection s, € W,g is independent of choices of
w and «; and it is the linear automorphism of b g

sa(A) = A= (N, a)a; (N €big).

For each w € W,g one defines the length ¢(w) to be the minimal length of a reduced word of w in
terms of the generating system sg, ..., s,. Recall that if w € W, and « € H;ﬁf, then:

o ((wsq) < l(w) (resp. L(wsq) > £(w)) if and only if wa < 0 (resp. wa > 0).
e (Strong Exchange Condition) If £(ws,) < ¢(w) and w = s;, - - - s;, is a (possibly not reduced)
expression then wsq = si, -+ 8;; -+ 84, for some 1 < j < k.

See e.g. [40] §1.3] for details. These facts also follow because (W, {so,. .., sn}) is a Coxeter group;
see e.g. [31] or [6].

If & = way; then the coroot a¥ := we is independent of choices of w and «;. The set {a" | a €

7%} consists of the real roots of the Kac-Moody affine Lie algebra gY; which is associated to the
Langlands dual simple Lie algebra g¥ of g, and whose root system is ITIV. The simple root system
of gYg is AYy and the roots of gYs are:

e mc+ aV, where m € Z and « € II (the real coroots).
e mc, m € Z \ {0} (the imaginary coroots).

We still denote by < the ordering on the coroot lattice determined by the positive coroots. An
alternative description of the coroots can be obtained in terms of the invariant bilinear form (-|-)
on g.g given by

(2.1) (u+ 71+ s1d|v + roc + sad) = 1189 + 8179 + Res(t ! (u, v)),

for all u,v € L(g) and ry,79,5s1,s2 € C. Here (u,v) is the function C* — C given by (u,v)(t) =
(u(t)|v(t)) and Res stands for residue. This inner product is invariant, in the sense that ([a1, az]|ag) =
(a1l|[ag, as]), for all aj,as,as € gag. Its restriction to g coincides with the biinvariant metric we
have considered initially. The restriction of (:|-) to hag X hag is nondegenerate and invariant under
Wag, hence it induces a linear isomorphism v : hag — blg. We have

2071 ()

(ala)
for any root o € II'§, therefore the duals of finite roots are exactly the finite coroots. The identity
(2.2) implies that sq = s,v, hence the affine Weyl groups of g.g and g;/; coincide.

The restriction of the inner product (2.1) to h.g is nondegenerate. Thus it induces an inner
product on b4, in particular on its subspace h* @ Cé. Denote by by the subspace of h* spanned
by the roots, i.e., the elements of II. Observe that Il is contained in hp © RJ.

(2.2) oV =

Remark 2.1. For z € hy @ R, we have

o (z|x) >0
e (z|z) =0 if and only if z € RJ.

Indeed, one can see from ((2.1) that if = zo + rd, with zp € h* and r € R then (z|z) = (xo|zo).
The claim follows because the inner product (zg|zo) is the Killing form and its restriction to by is
strictly positive definite [I8, Section 14.2].

The following property of the root system Il will be useful; see [33, Proposition 5.1]:
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Proposition 2.2. Let o € II'g and 8 € l,g. Then there is an equality:

{5+ka‘k€Z}ﬁ(HaHU{O}) :{ﬁ—pa,ﬁ—(p—l)a,,6+(q—1)a,ﬁ+qa},
where p,q € Zy are such that p — q = (B,a"). In particular, {3,a") € Z.

2.2. Affine flag varieties and their cohomology. In this section we recall some basic facts
about affine flag varieties and (co)homology. Our main reference is [40], especially Chapters 7,
11 and 13. Let G(C[t,t7!]) be the group of Laurent polynomials loops C* — G (cf. [40, Def.
13.2.1]) and let G be the semidirect product C* x G(C[t,t!]) where C* acts by loop rotation,
ie. (z-79)(t) = v(tz) for v = y(t) € G(C[t,t71]). As explained in [40, 13.2.2] there is a group
homomorphism e : C* x G(C[t]) - C* x G sending (z, g(t)) to (z,¢(0)) obtained by evaluation at
t = 0. Define B := e 1(C* x B) and U := e (1 x U) where U C B is the unipotent subgroup
of B. The restriction of the semidirect product defining G to C* x G is actually a direct product
hence the standard maximal torus 7 C B is isomorphic to C* x T'. The subgroup B is the standard
Iwahori subgroup of G and there is a semidirect product B = U - (C* x T'). With these notations
the affine flag variety F/{g associated to the group G is Flg := Q/Bﬂ

The flag variety F¢c has a natural structure of a projective ind-variety, i.e. it has a filtration
Xy C Xy C .... C Flg where X; are finite dimensional projective algebraic varieties and the
inclusions X; C X4 are closed embeddings. This filtration is used to endow F{g with the strong
topology. We consider the homology and cohomology relative to this topology, with Z coefficients.

As in the finite case, the Schubert varieties X (w) := BwB/B are irreducible complex projective
varieties of dimension ¢(w). Notice that we used the same notation X (w) as in the finite case.
The context should clarify any confusions; as a general rule, if w € W,g (as is the situation here)
then X (w) C Flg. The fundamental classes [X(w)] € Hyy)(Flg) form a Z-basis of H.(Flg)
as w varies in Wg. Denote by {e,, | w € W} the dual basis of H*(F/{g) relative to the natural
“cap” pairing H*(Flg) @ H.(Flg) — Z sending a ® b to ch aNb. Thus (g, [Xy]) = dypy for all
v,w € Wag, where d,,, is the Kroenecker delta. We refer to {e,, | w € W,g} as the Schubert basis
in H*(F(g); note that e, € H*()(Fl). We will use the notation &; := e, , for 0 < i < n.

Let Mg, ..., A, denote a set of fundamental weights relative to A,g. Then A\; € b are determined
by

<)\i7 Ot;/> = 51’]’ and <)\l, d> = 0; 0< ’i,j <n.
As in the finite case, for each integral weight A € b}g there is an associated line bundle £, =
G xB C_, where the T-module C_j is extended over B by letting & C B act trivially. It is proved
in [40, p. 405] that ¢1(£y,) = &;, for 0 < i < n. Since we could not find a reference, we include
the proof of the following proposition.

Proposition 2.3. The line bundle Ls associated to the imaginary root is trivial on Flq.

Proof. Take an equivalence class [g,u] € G x® C_s for g € G and u € C.  We can choose a
representative for the coset of gB of the form g = (1, ¢’) € C* x G(C[t,t7!]). The restriction of § to
U-(1xT) is trivial. Hence if (1, §) € G is such that [(1, g),a] = [(1,¢'),u] in L (for some 4 € C) then
(1,9)B = (1,¢")B and @ = u. Therefore the application sending [(1,¢), u] to ((1,¢")B,u) € G/BxC
is well defined and it gives an isomorphism of line bundles between L5 and G/B x C. g

We notice now that s = h* @ Co @ CAg. Therefore, by identifying e; with A\; and [X (s;)] with
o) (0 < i < n) we can identify the Poincaré pairing H*(F/g) ® Ha(Flg) — Z to the restriction

1By [40l Corollary 13.2.9] G is closely related to the Kac-Peterson group discussed in §7.4 of loc. cit., which itself
is a subgroup of the Kac-Moody group associated to G. Although all these groups are distinct, their flag varieties
coincide; see p. 231 of loc.cit.
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of the evaluation pairing ( , ) to (®]L,Z\;) x (@]_gZay). With these notations, the Chevalley
formula in H*(Flg) states that if 0 < < n and w € W,g then

(23) & Ew = Z<)\i)av>8wsau

e

where the sum runs over all positive real roots « € Hggﬁ such that ¢(wsy,) = (w) + 1. See [40,
Theorem 11.1.7 (i) and Corollary 11.3.17, Eq. (3)].

3. A MORPHISM BETWEEN THE AFFINE AND FINITE NIL-COXETER RINGS

Let R.g and R be the nil-Coxeter rings of divided difference operators associated to the affine
Weyl group W,g respectively the finite Weyl group W. A generalization of these rings, called
the nil-Hecke rings, has been studied by Kostant and Kumar [39] in the more general setting of
equivariant cohomology of Kac-Moody flag varieties; see also [40, §11.1]. The main goal of this
section is to construct a ring homomorphism 7 : R,g — R; see Theorem below. We recall next
the relevant definitions.

Denote by D; : H*(Flg) — H*2(Flg) (where 0 < i < n and k > 0) the affine BGG operator
acting on the Schubert basis of H*(F{q) by

Dife,) = {s if ((vsi) < £(v);

0 otherwise.

Geometrically, these operators arise as “push-pull” operators in a fibre diagram of P'-bundles on
Kashiwara’s “thick” flag manifold; see [35]. The operators D; satisfy the nilpotence and braid
relations:

(3.1) D}=0; D;D;---=D;D;--- (my factors), 0<i,j<n

where m;; is the order of s;s; in Wyog. This implies that for each w € W,g with a reduced word
w = §;, - -+ s;, there is a well defined operator D,, := D;, - -- D;, which is independent of the choice
of the word. Then R.g has a Z-basis given by elements D,, (w € W,g) [40, Theorem 11.2.1] with
the multiplication given by composition.

If we omit the “affine” operator Dy, replace the affine Weyl group by the finite Weyl group
W, and the cohomology ring H*(F{g) by H*(G/B), we obtain the description of the finite nil-
Coxeter ring R. To distinguish them from the affine case, we denote the finite BGG operators by
0; and 0y, respectively. In fact, 0; are just special cases of the classical divided difference operators
0o : H*(G/B) — H*(G/B), a € 1II (any finite root), which were defined by Bernstein, I. M. Gelfand,
and S. I. Gelfand in [5]. More precisely, we have 0; = 0q,, 1 < i < n. We note that for any a € II,
the operator 9, is originally the endomorphism of Sym(f)(*@) given by

id — s,
(3.2) Oa = pt
One then uses the Borel presentation H*(G/B;Q) = Sym(h@)/(Sym(hf‘@)Eﬁ/), where <Sym(h@)y>
is the ideal of Sym(b@) generated by the non-constant W-invariant polynomials. Recall that this
presentation arises by identifying each w; with ¢1(Ly,), 1 <4 < n (the line bundles L, are defined
in §2/above). We notice that the operator d, preserves integral cohomology classes. For future use
we record the following well-known Leibniz properties satisfied by the BGG operators:

Proposition 3.1. (a) Let a be a root in the finite root system II and x,y € H*(G/B). Then
da(zy) = Oa(2)y + 20a(y) — c1(La)0a(2)0a(y).
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(b) For any 0 <1i <n and any z,y € H*(Flg) we have
Di(zy) = Di(x)y + 2Di(y) — c1(La;) Di(x) Di(y).

Proof. (a) From we deduce easily that for any f,g € S(hg) we have
(3'3) 8a(fg) :8o<(f)g+sa(f)aa(g)'

It only remains to observe that s, (f) = f — adn(f), and use the aforementioned Borel isomorphism
H*(G/B; Q) = Sym(bgy)/(Sym(b5))-

(b) By [40, Theorem 11.1.7 (4) and Theorem 11.3.9] we have that D;(zy) = D;(x)y+ si(z)D;(y).
But from [40, Theorem 11.3.9] combined with [40, Eq. (7), p. 373], we have s;(z) = v—c1(Lq,)Di(x).
This finishes the proof. ([l

Remark 3.2. The divided difference operator d, can also be defined by

(3.4) Oa = 10570 1

where w € W, a; € A are such that w(«;) = «, and 7}, : H*(G/B;Z) — H*(G/B;Z) is the degree
0, Z-algebra automorphism determined by the right Weyl group action of w € W on H*(G/B). We
will use this alternate definition in §9|below, and we refer to [37, 59] for the explicit construction and

formulas for r,, in the finite setting. Notice also that the same definition extends in the Kac-Moody
generality, see e.g. [40, p. 387].

The main result of this section is:

Theorem 3.3. There is a well-defined ring homomorphism m : R.g — R sending D; to 0; if i # 0
and Dy to O_gy, where 6 is the highest root of the finite root system II.

Before proving the theorem, we remark that the homomorphism 7 appeared in Peterson’s lecture
notes [55], but we could not find a proof for its properties therein. The strategy of proof uses two
facts: that the nil-Coxeter ring R, has a presentation with generators D; and relations , and
that these relations are preserved under the push-forward by .

Define A.g the ring with generators A;, for 0 < i < n and relations (3.1)) where we replace D;
by A;. There is a ring homomorphism a : A, — R.g sending A; to D;.

Lemma 3.4. The ring homomorphism a : Axg — Rag s an isomorphism.

This lemma appears to be known among experts, although we could not find a reference for it.
We are grateful to S. Kumar who suggested to us the approach used in the proof.

Proof. Let w € Wag with a reduced expression w = s;, ---s;,. There is a well defined element
Ay = A;, -+ A, in Ayg. To finish the proof it suffices to show that {A,, | w € Wag} is a Z-basis
of A,g. First, this set is linearly independent, since a(Ay) = Dy, and {D,, | w € W,g} is a basis of
R.g. To show that A, span the Z-module A,g, it suffices to show that for i1,...,ix € {0,1,...,n}
we have

As; s 5 if 85, -+ 85, is a reduced expression

Ay i = v
0, otherwise.

We prove this claim by induction on k. The case k = 1 is clear, so let £ > 2 and assume that
w = 8 - s;, satisfies (u) < k. We have u = u's;,, where v := s;, ---s;,_,. If the word
Siy -+ Si,_, is not reduced, then by the induction hypothesis, A; ---A;, = A; -+ A;_ A, = 0.
If ¢(u) = k — 1 then ¢(u's;,) < ¢(u') and by the Exchange Condition (cf. e.g. [31, p. 14]), there
exists a reduced expression for v/ which ends with s;,, that is v’ = sj, --- s, ,si,. We then have

Tk—1 Jk—2
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Proof of Theorem [3.3, By Lemma[3.4]it suffices to show that the relations (3.1]) are preserved under
7. Since the map W — Wg sending s; to s; (i # 0) is an injective group homomorphism, it suffices
to check that

(3.5) 839 =0; 0;0_g---=0_90;- - (mg; factors ), 1<i<mn,

where my; is the order of sgs; in the affine Weyl group W,g. It is known that

,if (g, o Wi, o) =0

Mo — 7 <Oé(), ><O¢z,040> 1

(56) %=\ 4, i {ao,aY ) (o, o) =2
if (

ap, & ><al7a0> :37

see for instance [33, Proposition 3.13, p. 41] Observe that for any 1 < i < n we have
(i, o) = (e, —0Y) and (ap, o)) = (=0, a)).

Consider the root system generated by —6 and «;. A case by case analysis of the extended Dynkin
diagrams (see e.g. [33, Table Aff1, p. 44]) shows that if g is not of type C the elements of the
subsystem are —0, «;, and —0 + «; along with their negatives; if g is of type C, the subsystem
consists of —0, «;, —0+ a;, and —0 4 2q; along with their negatives. These roots are a root system
in Spang{—0,®;}. A system of simple roots is {—6, a;}. Thus, if V := Spang{a;’, —6"}, then the
operators 0_g, 0; : Sym(b(*@) — Sym(f)?@) leave Sym (V™) invariant and we have

azg‘sym(v*) = 0; 82'8_9 ce |Sym(V*) = 8_98i ce ‘Sym(V*) (m()i factors), 1 < /) < n;

here Sym(V*) denotes the symmetric algebra of V*. On the other hand, if V+ denotes the orthogo-
nal complement of V' in hg, it follows from that both d_g and 0; restricted to Sym((V+)*) are
identically 0. We take into account that Sym(h*) = Sym(V*) ® Sym((V+)*) and use the Leibniz
property to deduce that for f € Sym(V*) and g € Sym((V+)*) we have

9i(fg9) = 9i(f)g and 0_¢(fg) = 0-o(f)g-.
This proves equations . O

4. THE RING HOMOMORPHISM €] : H*(G/B) — H*(Flg)

It is well known that the finite flag variety G/B is homotopically equivalent to K/Tr where
K is a maximal compact subgroup of G and Ty its maximal (real) torus. Unpublished results
of Quillen (see e.g. [50, 52]) show that the affine flag variety F{¢ is homotopically equivalent to
LK /Tg, where LK is the group of (unbased) continuous loops f : S — K. Therefore there exists
a continuous map e : LK /Tr — K/Tr obtained by evaluating a loop f(¢) to ¢ = 1. This induces
a ring homomorphism

e : H(K/Tr) = H*(G/B) — H* (LK /Tr) = H*(Flq).

Mare proved in [45] that

(4.1) ej(oi) =e; —meg, 1<i<n,

where the integers m; are the coefficients 8¥ = myay + - - + mya,, of the dual of the highest root
0 € II in terms of the simple coroots. Since the ring H*(G/B) is generated (over Q) by monomials
in the Schubert divisors o;, the identity (4.1) determines the morphism ej. The main goal of this
section is to construct the morphism e in the algebraic category, and to study its properties. In
particular we will reprove the identity (4.1). The main new result is Theorem which states
that e commutes with divided difference operators, i.e. for any a € H*(G/B) and w € W,g there

is an identity
Dyei(a) = e1(m(Dy)a)
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where 7 : R,g — R was defined in Theorem This identity is the key step in proving that the
new quantum product we will define later is closed.

Consider the composition of morphisms:

t=1

e1: (C* x G(C[t,t~1))/(C* x T) —= G(C[t,t"])/T G/T

where the first morphism “cancels” the loop action by C* and the second is determined by the
natural evaluation map G(C[t,t71]) — G at t = 1. We abuse notation and denote the composition
by e1, as in the topological case. Note that the “algebraic” morphism e; does not extend to one
Flg = G/B — G/B because the evaluation map does not send the standard Iwahori subgroup of
G(C[t,t71]) into the Borel group B C G. However, as explained in [40J, p. 400] there is a fibre bundle
(C*x G(C[t,t71]))/(C* xT) — G/B in the strong topology with fibre the unipotent group U ~ B/T
which is contractible. This induces a ring isomorphism H*(G/B) ~ H*((C* x G(C[t,t71]))/(C* x T))
obtained by pulling back from H*(G/B) and an isomorphism between the corresponding homology
groups. Same discussion applies and it gives a ring isomorphism H*(G/B) ~ H*(G/T) and a
group isomorphism H,(G/B) = H.(G/T). Therefore there are well-defined ring, respectively group
homomorphisms e} : H*(G/B) — H*(G/B) and (e1)« : Hi.(G/B) — H.(G/B).

Proposition 4.1. The morphism e : H*(G/B) — H*(F{q) is injective.

Proof. There is an (algebraic) isomorphism G(C[t,t7!]) ~ G x G(C[t,t!])/G sending a loop § =
g(t) to (g(1),§G). This induces an isomorphism G(C[t,t~1])/T — G/T x G(C[t,t71])/G and ey is
given by composing this with the first projection. But the trivial fibration G/T x G(C[t,t1])/G —
G/T gives an injective map H*(G/T) — H*(G/T x G(C[t,t71])/G). This and the considerations
before the proposition prove the claim. ]

Let w € b* be an integral (finite) weight and consider the embedding ¢ : b* C bz = h*DCIDCAg
(cf. §2.1]) Denote by @ := 1(w) € big.
Proposition 4.2. Let w € h* be an integral (finite) weight. Then e;L, ~ Ly as line bundles on
(C* x G(C[t, 1)) /(C* x T). In particular, e}(c1(Ly)) = c1(Ly) in HX(Flg).

Proof. Let €} : G(C[t,t7'])/T — G/T be the morphism obtained by evaluation at ¢ = 1. It suffices
to prove the statement when e; is replaced by €].  Since £, is a G-equivariant bundle and €}
is equivariant with respect to the evaluation map e; : G(C[t,t!]) — G, it follows that elL, is
G(C[t,t™1])-equivariant. Thus it is determined by the character of its fibre at the identity coset. It
is easy to check that this character is ¢(w). O

If the expansion of w in terms of the finite fundamental weights is w = ajw1 + - -+ + anwy then
one calculates that @ = a1 A1 + -+ + apAy — (w,0Y)\o. In particular, if w = w; is a fundamental
weight in h* then ; = \; — m;\g and Proposition gives an algebraic proof of the identity (4.1]).

From now on in this section we consider homology and cohomology with rational coefficients.
The following is the main result for this section.

Theorem 4.3. For any a € H*(G/B) and any w € W,g there an identity

Dy(e1(a)) = ei(m(Dw)(a))
where m : Ryg — R is defined in Theorem [3.3,

Proof. The Schubert classes o; generate the ring H*(G/B) (over Q), therefore we may assume that
a =0y 04 for 1 <iq,...,9 < n. The proof is by double induction, first on length of w, then
on k. We take first w = s;, for 0 < i < n. For any 1 < j < n we have

Dj(ei(0j)) = Di(ej —mjeo) = 0ij — m;dio = ei(m(D;i)o;)
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where we used the identity d,(c1(Ly)) = (w,a”) (a € II) for 9;(c;) and d_g(o;). This identity
follows immediately from (3.2). Let now a be a monomial in H*(G/B) of degree > 2, and write
a = aiao where the degree of both a; and as is strictly less than dega. By the Leibniz rule from
Proposition [3.1}

(42)  Di(ei(araz)) = Di(ej(ar))er(az) + ej(a1)Di(er(az)) — e1(La,) Dile1(a1)) Dife1(az)).

By induction hypothesis D;(e](as)) = ej(m(D;)as) for s = 1,2. Further, ¢1(Lq,;) = €j(c1(Ly,)) if
i # 0, and ¢1(Lqy,) = €i(c1(L_p)) by Proposition and using that ¢;(L5) = 0 by Proposition
Since e] is a ring homomorphism, and invoking the Leibniz rule for J; respectively 0_p, these
identities show that the right hand side of equals e](m(D;)(ajaz)). This finishes the case when
¢(w) = 1, and assume now that ¢(w) > 1. Write w = w's;, with ¢(w") < £(w). Then D,, = D D;
and for a« € H*(G/B),

Dy (e1a) = Dy Di(eja) = Dy (e1(m(Di)a)) = ej(m(Dy)m(Dj)a) = e1(m(Dw)a),

where we used the induction hypothesis and the fact that 7 is a ring homomorphism. This finishes
the proof. O

Remark 4.4. Using the projection formula and Proposition [£.2] we obtain that

/ oj N (e1)«[X (si)] =/ el (o)) N[X (si)] = (\j —mjdo, ),
G/B Flg

therefore we have the following identities in Ho(G/B):

[X (54)] if 1 > 0;

(1.3) (e2):[X ()] = {_mlmsm e —ma[X(s)] =0,

Further, since the (affine or finite) Poincaré pairing is nondegenerate, one can define an action of
the divided difference operators D,, (u € Wog) and 0, (v € W) on homology, by duality:

/ a N Dy(b) = Dy(a)Nb; a€H (Flg),be Ho(Flg),
Fla Flg

and similarly for 9,. Then Theorem and the projection formula implies that for any w € W,g
and any b € H*(FKG)a (el)*(Dw(b)) = W(Dw)(el)*(b)‘

5. CURVE NEIGHBORHOODS OF AFFINE SCHUBERT VARIETIES

The goal of this section is to define curve neighborhoods of Schubert varieties in the affine flag
manifolds. This notion sits at the heart of the definition of the affine quantum Chevalley operators
from the next section. The definition extends the one from [10, II] where curve neighborhods
played a central role in the study of quantum cohomology and quantum K-theory of finite flag
manifolds.

Recall that if w € Wog then X (w) denotes the Schubert variety BwB/B C Flg and that X (w)
is a complex projective algebraic variety of dimension dim X (w) = ¢(w). Denote also by X (w)?
the Schubert cell BwB/B which is the B-orbit of the T-fixed point e, := wB. Recall that B acts
transitively on X (w)° and that X (w)? = C“) ([40, Proposition 7.4.16]). The Schubert variety is
the union of its Schubert cells: X (w) = |J,«,, X (v)°. The ind-variety structure of F/¢ is given by
the filtration X; C Xy C ... C Flg where X, = Uvew,g 0(0)<n X (v)-

Let d € Ho(Flg) be an effective degree. A rational curve of degree d in F{q is a morphism of
(ind-)varieties f : C' — Flg where C is an algebraic curve of arithmetic genus 0 (i.e. a tree of P1’s).
In particular, the image of f must be included in some stratum &,,. We will often abuse notation
and we will denote by C' the (scheme-theoretic) image of f. We can find w € W,y sufficiently
large such that d € Hao(X (w)). Recall from [20, Theorem 1] that there exists a projective scheme
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Mo 2(X(w),d) which parametrizes 2-point, genus 0 stable rational curves in X (w) of degree d.
Denote the evaluation maps at the two points by evy,eve : Mo 2(X(w),d) — X (w).

Definition 5.1. Let u, w be in the affine Weyl group such that © < w in the Bruhat ordering (thus
X(u) C X(w)). Fix an effective degree d € Ha(X(w)). The w-curve neighborhood ©} (u) of X (u)
is defined by

0OY (u) := eva(evy ' X (u)) C X (w)

endowed with the reduced scheme structure.

Because the evaluation maps are proper, this is a closed subscheme of X (w), and it consists of
the closure of locus of points x € X (w) such that there exists a rational curve f : P! — X (w) with
z € f(P!) and f(PY) N X (u) # 0.

Theorem 5.2. Let u € Wog and d € Ha(Flg) an effective degree. There exists a unique projective
variety Og(u) C Flg, called the curve neighborhood of X (u), satisfying the properties:

o OY(u) C Oq4(u) for any v € Wag such that v > u;
o there exists w € Wyg depending on u and d with O4(u) = O} (u).

A priori, this theorem can be deduced from the work of Atiyah [I], who proved that the locus
of points on rational curves of a fixed degree d, intersecting a fixed finite-dimensional subscheme
of Fl¢ is finite dimensional. However, we will give a different proof of this statement by analyzing
chains of T-stable of rational curves through X (u), in the same spirit as in [2I]. We need the
following general result:

Lemma 5.3. Let Z be an irreducible complex projective variety and H a complex algebraic torus
acting on Z. Let Q1,9 C Z be H-stable subschemes and assume that there exists a rational curve
C of degree d = [C] € Ha(Z) intersecting 1 and Qa. Then there exists an H-stable rational curve
of degree d intersecting €21 and §2o.

Proof. Consider the projective scheme M := M »(Z, d) parametrizing 2-point, genus 0 stable maps
of degree d to Z. Define the Gromov-Witten variety GWy(Q1, Q) := ev] (1) Nevy '(s), which
is a closed subscheme of M, nonempty by hypothesis. The H action on Z induces an action on
M, and because €)1,y are H-stable, it also induces an action on GWy(£21,€22). Borel fixed point
theorem (see e.g. [32] 21.2]) implies that there exists an H-fixed point on GWy(£1,s), and this
corresponds to a rational curve having the claimed properties. ]

Recall that the moment graph of F{qg is the graph with vertices given by w € Wog and edges
the irreducible T-stable curves in F¢q. By [40, Proposition 12.1.7] there exists an edge between u
and v iff v = us, where « is an affine real root.

Corollary 5.4. Let d € Hao(Flg) be an effective degree and u,v,w € Waog such that u < v < w.
Assume that the intersection ©F (u) N X (v)° is nonempty. Then there exists a T-stable rational
curve of degree d in X (w) joining e, with a T -fized point e, where z < u.

Proof. By hypothesis there exists a rational curve C' of degree d in X (w) which intersects X (u) and
the cell X (v)°. Since B acts transitively on X (v)?, and because X (u) is B-stable, we can find b € B
such that the translate b.C' contains e, and intersects X (u). This shows that the Gromov-Witten
variety GWy(X (u), {e,}) C Mo 2(X(w),d) is non-empty. Then we invoke Lemma to obtain
a T-stable rational curve of degree d joining X (u) to e,. But any irreducible T-stable curve in
Flg is isomorphic to P! and it joins a T-fixed point e, (b € Wag) to eps, Where a is an affine real
root. Therefore any 7 -stable curve intersecting X (u) contains a 7-fixed point e, in X (u), and this
finishes the proof. O
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Proof of Theorem [5.2. Uniqueness is clear, so we will prove the existence of ©4(u). Note that for
any w € Wag, the curve neighborhood ©} (u) is either empty, or B-stable; in the latter case it must
be a finite union of (B-stable) Schubert varieties. Let now w vary over all elements w € Wag such
that £(w) < n, for n fixed. Corollary implies that if there exists a rational curve C of degree d,
included in some X (w), and intersecting the Schubert variety X (u) and the Schubert cell X (v),
then there is a path of degree d in the moment graph of F/¢ joining a T-fixed point in X (u) to e,.
As n increases, since d is a fixed finite degree, there are finitely many such paths which contain a
fixed point from X (u), and there are finitely many such 7-fixed points in X (u). This implies that
the set of those v € W,g such that e, belongs to Ué(w)gn ©F (u) stabilizes, which in turn implies
that the variety Ue(w)gn ©} (u) stabilizes for n > ng, for some ng. Then take n > ng and w € Wag
such that w > v for any v € Wag with £(v) < n. The variety ©q(u) = U<, Off (1) satisfies all
the requirements in the theorem. - O

We noticed in the proof that the curve neighborhood ©,4(u) is a finite union of Schubert varieties.
The next corollary gives more precise information about this union. To state it, we recall the
definition of the Hecke product u-v of two elements u,v € W,g. If v = s; is a simple reflection then

i if l(us;) > ¢
u_Si:{us if £(us;) > £(u)

U otherwise .

In general, take a reduced expression v = s;, - -+ 8;, and define w- v := (... ((w- $i;) - Sip) * - - Sip)-
This endows W,g with a structure of an associative monoid; we refer to [11, §3] for further details.

Corollary 5.5. Let z}, ..., 25 be the Weyl group elements such that ©4(1) = X (z}) U...U X (2h).
Then:

(a) zfl are the mazimal elements in the Bruhat ordering so that there exists a path of degree < d
in the moment graph of Flqg containing 1 and z}.

(b) Fiz 1 <i <p. Then there exist affine positive real roots oy, . .., (not necessarily simple,
and depending on i) such that Z;Zl oz;/j =d and zy = Sa;, " ... Sa;, , where - denotes the Hecke
product.

(c) Oa(u) = X(u-2)U...UX(u-2h).

Proof. The proof is similar to that of results proved in the finite dimensional case in [I1} §5] so
we will be brief. Part (a) follows from the construction of the curve neighborhood in the proof of
Theorem Part (b) follows from properties of the Hecke product (see e.g. [LI), Proposition 3.1])
and from the fact that there must be a T-stable chain of curves (possibly non-reduced) from 1 to
each of 2} of degree equal to precisely d. Part (c) is the same as in the case when X = G/B, using
Corollary see [11, Theorem 5.1]. O

Remark 5.6. Unlike in the finite-dimensional case when X = G/B, the curve neighborhood of
a Schubert variety may no longer be irreducible. Indeed, take Fflqs to be the flag variety for
the affine Kac-Moody group of type A} and take d = o + oY the degree corresponding to the
imaginary (co)root. Then Corollary 5.5 implies that ©4(1) = X (sos1)UX (s150), which is obviously
reducible (see Figure 1). However, we will prove in Lemma below that the curve neighborhoods
relevant to the quantum Chevalley product remain in fact irreducible. A description for the curve
neighborhoods of Schubert varieties in the affine Lie type A} has been obtained in [51].

6. THE AFFINE QUANTUM CHEVALLEY OPERATORS

The goal of this section is to use the notion of curve neighborhoods from the previous section to
define the affine quantum Chevalley operators. These are the main new objects in this paper, and
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FiGURE 1. The moment graph for the affine flag variety of
type A}. The weight (k,¢) symbolizes the coroot kay + fay .
The two paths of weight o + oy starting at 1 are 1 — 59 —
sps1 and 1 — s; — s150¢.

their study will lead in §7] below to definitions of certain affine quantum cohomology rings. The
main technical result is Theorem [6.7, which gives an explicit combinatorial formula for the action
of these operators.

Recall that H*(F/¢) is a free graded Z-module, with a basis given by Schubert classes €., (w €
Wag) such that dege,, = £(w). Denote by ¢ = (g0, q1,- - -, qn) the sequence of quantum parameters,
which are indexed by the basis of Ho(F /). This is analogous to the finite case, where the quantum
parameters are indexed by the basis of the homology group Hy. We set degq; = 2 for 0 < ¢ < n.
For d = do[X (s0)] + -+ + dn[X (sn)] € Ha(Flg) an effective degree (i.e satisfying d; € Zy), we
denote by ¢? := qf)lo -++gdn. Under the identification Ha(Flg) ~ @1 Zay a degree can be regarded
as an element of the coroot lattice, so it has a well defined height defined by ht(d) = do + - - - + dp.
Then deg ¢ = 2ht(d). Consider QH*(Fl¢) := H*(Flg) ®z Z|q] the free Z[q]-module graded in the
obvious way.

Definition 6.1. Let 0 < ¢ < n. Define the Z[g|-linear, degree 1, endomorphism of graded Z|[q]-
modules A; : QH* (Flg) — QH*(Flg) by

Ai(ew) =i~ ey + > (ewen [X(W))aq"ew,
deHy (Fle),d#0

where ¢;-€,, is the ordinary Chevalley multiplication in H*(F/¢¢) from (2.3|) above and (g, €;, [X (w)]),
is the affine Gromov-Witten invariant defined by

(6.1) (w6, [X (w)])g = (Ai,d) / €u N [Oa(w)];

Flg
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here )\; is the affine fundamental weight from Notice that the requirement that A; has degree
1 implies that £(u) + 1 = deg ¢? + £(w).

Remark 6.2. To motivate that deggq; = 2, recall that for the finite flag variety G/B this degree
arises as fG/B c1(Tg ) N[X(si)] for i # 0, where T g is the tangent bundle of G//B. Since Flq is
infinite dimensional, an argument is needed to show that the corresponding tangent bundle, or at
least an analogue of its first Chern class, exists. As observed by Guest and Otofuji [29] and Mare
[45], this was done in differential geometric setting by Freed [I7]. More recently Kashiwara provided
an algebro-geometric approach in [41l, Appendix], where he calculated the canonical bundle of the
“thick” version of the flag manifold F/g.

Remark 6.3. The definition of the affine Gromov-Witten invariants is the natural generalization
of a formula for the ordinary Gromov-Witten invariants on G/B of the form (o, os,;, [ X (w)]), (for
i # 0 and w € W) which involves curve neighborhoods of Schubert varieties; see [11}, §7]. In the finite
case this formula is obtained from the divisor axiom in Gromov-Witten theory and a push-forward
formula [(evy).(evi[X (w)]) € H.(G/B) involving the evaluation maps ev; : My 3(G/B,d) — G/B;
see [I0] for a proof of this push-forward formula in cohomology and K-theory. However, the affine
flag variety F/g is infinite dimensional, and an analogous moduli space has not been constructed.
It would be interesting to construct the affine invariants above using moduli spaces.

Corollary implies that the quantity [ Fog Eul [©4(w)] is non-zero only if u = w - 2§ for some i
and in this case it equals 1. The latter condition turns out to be closely related to the upper bound
{(sq) < 2ht(a) — 1, where « is a positive real affine root. This bound is well-known for finite root
systems - see for instance [9, Lemma 4.3], |43, Lemma 3.2] or [I1, Theorem 6.1]. To prove it in the
affine case we need the following result:

Lemma 6.4. Let o be a positive, real, non-simple root. Then there exists a simple root «; € Aug
such that (o, o) > 0. For any such a; we have that £(sg, (o)) = £(sa)—2, ht(s;(a)) = ht(a)—(a, ;)
and ht(s;(a")) = ht(a¥) — (a;, V).

Proof. Because « is not simple, there exists a simple reflection s; € Weog such that £(sqas;) < €(sq).
Then sq (o) = a; — (a4, @¥)a is a negative root, thus both (a;,a) > 0 and (o, ) > 0. Further,
sisalai) = (o, ) Yy, @¥) = 1)y — (o, @V )ar s also a negative root. This proves the identity on
lengths and the one on heights is obvious. O

Proposition 6.5. Let o € H;%’Jr be an affine positive real root. Then there is an inequality
{(sq) < 2min{ht(a"),ht(a)} — 1. If the equality £(sq) = 2ht(a) — 1 holds then a¥ < ¢ =y + 60"
where ¢ is the imaginary coroot defined in §2.1]

Proof. We use induction on ht(aV). If £(s,) = 1, then a and " are simple, so ht(a") = ht(a) = 1.
If ht(a) > 1 then with the a; from Lemma and by induction hypothesis
U(54) = £(5i845;) + 2 < 2min{ht(s; (), ht(s;(a)¥)} — 1 + 2 < 2min{ht(a), ht(a*)} — 1.

This proves the first part of the lemma. Assume now that ¢(s,) = 2ht(a") — 1. Recall that
e = IV U{me+ B8Y :m > 0,8Y € IV}, If @ € TIV'F does not satisfy the inequality
aV < c then oV = ¢+, where 4 € II/;" is a positive real coroot. If v = a; for i # 0 then
(i, aY) = (i, e+ o)) = (i, o) = 2; if v = ap then (ag, ") = (ap,2¢ — 0Y) = (6,6Y) = 2. Thus
by Lemma

U(s4) = (5;545;) +2 < 2ht(s;(a")) + 1 = 2ht(a”) — 3.
Let now ht(y") > 1. Because 7" is real and positive, Lemma shows that there exists a simple
root «; such that (a;,v") > 0. But then (a;,a") = (a;,c + ) = (a;,7") > 0. Together with the
fact that s;(v¥) > 0 (because v is not simple) this implies that

si(@Y) =a¥ —{a;,aVa) =c+vY — (0, vV = c+s5i(7Y) > e
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Then s;(a) is a positive real root with ht(s;(«")) < ht(a") and s;(a)¥ > c¢. By the induction
hypothesis and Lemma [6.4]
U(sa) = £(8i505;) + 2 < 2ht(s;(a)") + 1 = 2ht(a”) — 2{a;, ") + 1 < 2ht(a) — 1.
Thus o < ¢ and the proof is finished. O

The following result is the key to the explicit calculation of the action of A;, and it generalizes
to Flg a similar result from [I1] in the case G/B.

Lemma 6.6. Letd € Ha(Flq) be an effective, non-zero degree. Assume that £(u)+1 = deg ¢ +L(w)
and that uw = w - 2} in the Bruhat ordering for some i. Then the following hold:

(1) d =« for some real affine coroot and d < ¢ = o + 6Y;
(2) £(sa) = degq® —1;
(3) the curve neighborhoods ©4(X (id)) and ©4(X (w)) are given by

O4(X(id)) = X(sa); Oa(X(w)) = X(wsq).

Proof. By Corollary we can find affine, positive real roots such that z} = Sai, " -+ Sa;, and
> izy ) =d. Since {(s,) < 2ht(a") — 1 by Proposition and because deg¢? = 2ht(d),

Lj

l(u) = L(w - zfi) < l(w)+ 6(3%1 Ce8a, ) < O(w) + Z(2ht(a;/j) -1)
j=1

= {(w) + 2ht(d) — r = L(w) + degq? —r = L(u) + 1 — 7.

This implies that » = 1 and that we have equality throughout. Thus zé = 54 and d = o with
U(54) = 2ht(a") — 1. Moreover, the Hecke product w - s, coincides with the usual product ws, in
Wag. The equality of curve neighborhoods follows from Corollary This finishes the proof. [

Lemma [6.6] implies immediately the following formula for A;:
Theorem 6.7. Let 0 < i <n. Then the affine quantum Chevalley operator A; is given by:
Ai(ey) =€ e + Z()\i, av>qo‘vsusa

where g; - €, 15 given by the Chevalley formula from , and the sum is over affine, positive, real
roots a satisfying £(usy) = £(u)+1—degq®’ . Further, any such o must satisfy {(sqo) = 2ht(a¥)—1,
therefore in particular o < c= oy +6".

The condition on « and the definition of the divided difference operator Dy, on H*(F/s) implies
that the expression for A; can be rewritten as:

(62) Az({‘:u) =& &yt Z<>‘Z7 av>qavDSa (Eu)

where the sum is over affine, positive, real roots o with £(s,) = 2ht(a") — 1. This generalizes the
quantum Chevalley operators from [55, 44] and it will be used in the next section to prove that
various quantum products we will define are closed.

7. TWO AFFINE QUANTUM COHOMOLOGY RINGS

From now on all the cohomology rings will be taken with coefficients over Q. Denote
by H#(Flg) the graded subring of H*(F/g) generated by the Schubert divisors ¢; for 0 < i < n.
Unlike in the finite case, the Schubert divisors do not generate the cohomology ring (even over Q),
therefore H# (F{g) is a strict subring of H*(F{g). Define the graded Q[g]-modules

QH# (Flg) == H* (Flg) 9 Qlgl;  QHig(G/B) := H*(G/B) ®q Qlq;
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the first is a graded submodule of H*(F/¢) ®g Qg|, and the grading on the second is determined
by dego,, = ¢(w) (for w € W) and degq; = 2. The goal of this section is to define the main new
rings in this paper:

e a ring structure on the Q[¢]-module QH};(G/B);
e a ring structure on the Q[q]/(¢¢)-module QH# (Fl¢)/(¢) where ¢¢ = qoq? " is the product
of the quantum parameters determined by the imaginary coroot.

Recall from §4] the formula ej(0;) = ¢; — m;eo (1 < i < n) where the integers m; are defined by
0¥ =>"  miay. Our first result is:

Theorem 7.1. (a) Let 0 < i < n. Then the Chevalley operator A; preserves the submodule
QH (Flg).

(b) Let 1 < i < n. Then the modified Chevalley operator A; — m;Ag preserves the submodule
e (H*(G/B)) ®q Qlg].

Proof. To prove (a), we use the expression for A;. It suffices to show that the divided difference
operators Dy, preserve the subring H# (F{g), for all 0 < k < n. This reduces to checking whether
Dy(gi, -+ -&;) € H#(Flg). This follows from induction on the number of terms in the monomial
€iy -+ -€i;0 if j = 1 then Dy(g;) = (N, oy)), and if j > 1 one uses the Leibniz formula from Proposition
and the induction hypothesis. We now turn to the proof of part (b). Let w € W. The identities
Dq, (ei(ow)) = €ef(m(Ds, )(u)) (Theorem and e} (o;) = &; — m;eo (Proposition imply that

(T1) (A= miho)(ef(ow)) = €f(07) - €f(0w) + Y (A = mido, ¥ )g™ i (m(Ds,) (0w)),

where the sum is as in (6.2). Since e] : H*(G/B) — H*(F/{¢) is a ring homomorphism, this finishes
the proof. O

To construct the quantum products advertised above, we need the following commutativity
properties of the operators A; and A; — m;Ag. The proof will be given in the next section.

Theorem 7.2. (a) The operators A; commute up to the imaginary coroot, i.e. for any w € Wag
and any 0 <1i,j < n we have

AiAj(ew) = AjAi(ey) mod ¢° = ngev.

(b) The operators Aj —m;Ay commute (without any additional constraint), i.e. for any w € Wag
and any 1 < 14,5 < n we have

(Ai —milo)(Aj — mjlAo)(ew) = (Aj — mjAo)(Ai — miAo)(ew)-

Remark 7.3. Without the condition on mod ¢¢ the commutativity in (a) fails already for G =
SL2(C). Recall that in this case Wag is the infinite dihedral group with generators sy and s; and
¢ =ay +ay. Then ¢° = qoq1 and AgA1(esys;) — A1Ao(Esysy) = ¢

7.1. A quantum product on QH};(G/B). Since the ring homomorphism e} : H*(G/B) —
H*(Flg) is injective by Proposition 70ne can use the expression ([7.1]) to define a Q[g]-linear
endomorphism on QH}(G/B), denoted A;, by

(7.2) Ni(ow) =0 0w + Z()\z —miro, V¢ (D Vow); 1<i<n; weW;

where the sum is over affine positive real roots a such that £(s,) = 2ht(a") —1. Recall that 7(Ds,)
is the operator acting on H*(G/B) defined in Theorem above and that 7(D,,)(H*(G/B)) C
HF2652)(G/B) for k > 0. This implies that A; has degree +1 on QH!z(G/B). Finally, the
commutativity of the operators A; —m;Ag from Theorem implies that the operators A; commute
as well.
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Denote by Q the (commutative) subring of the endomorphism ring Endg,(QH}¢(G/B)) gen-
erated by the operators Aj,...,A,. Then Q is also a Q[g]-module and there is a well defined
morphism of Q[g]-modules

¢:Q— QH(G/B);  o(®) = @(1).

Theorem 7.4. (a) The kernel of the morphism ¢ is an ideal in Q.
(b) The morphism ¢ is surjective.

Before proving the theorem we recall a graded version of Nakayama Lemma; see e.g. [14, Ex. 4.6]
or [49, Lemma 4.1]:

Lemma 7.5. Let R be a commutative ring graded by nonnegative integers and let I be an ideal in R
which consists of elements of strictly positive degree. Let M be an R-module graded by nonnegative
integers and let a1, az,... € M be a set of homogeneous elements (possibly infinite) whose images
generate M/IM as an R/I-module. Then ay,as,... generate M as an R-module.

Proof. Let a be a nonzero homogeneous element of M. We use induction on the degree of a. If
deg a = 0 the hypothesis implies that

(7.3) a=rya;, +---+r,a;, modIM

where 7;; are elements in R. Since I contains only elements of positive degree, it follows that the

equality holds in M as well. Let now dega > 0. Writing a as in 1) implies that a — 25:1 Tsli, =
P_ r'al for some (finitely many) 7/, € I and a’ € M. Again, since I contains only elements of
J=1"7"1 J i

positive degree, deg agj < dega for each j. The induction hypothesis implies that each a;j is an

R-linear combination of a;’s, which finishes the proof. O

Proof of Theorem [7.4. Part (a) follows immediately from the fact that Q is commutative. We now
turn to the proof of (b). Since the Q-algebra H*(G/B) is finitely generated and free it follows that
there exists a finite set Z of elements of the form o(i) := oy, - - - 0;, € H*(G/B) such that H*(G/B)
is generated as a Q-module by o(i) for i € Z. For each i = (i1,...,i5) € Z define the elements
o@(i) = Ajy Ay -+ Ay (1) € QH!(G/B). By the graded Nakayama Lemma above the elements
0@ (i) (i € T) generate the Q[g]-module QH!(G/B). But these elements are also in the image
»(Q), thus ¢ must be surjective. O

Theorem implies that we can define a product structure .5 on QH5(G/B) by:

(7.4) Oy kaff Oy *= [\uAv(l) = Au(o-v)

where A,, A, are any elements in the preimages of o, and o, respectively through ¢. Then one

extends this product by Q|g|-linearity. For example, ¢(A;) = o; and
n

(7.5) Oj *aff 05 = 04 - 05 + (5Z-jqi + mym;qo where ¥ = Zmza;/
i=1

In this language, the expression (7.2) gives an affine quantum Chevalley formula for o; *x.¢ 04 in
QH}¢(G/B). For further examples we refer to §12.1| below, where we work out the multiplication
in GHiy (SLs(C)/B).
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7.2. Properties of the ring (QH}4(G/B), *a1). By construction it follows that (QH}z(G/B), *af)
is a graded, commutative, Q[q]-algebra with a Q[g|-basis given by classes oy, for w € W. It is gen-
erated by classes o;, where 1 < ¢ < n. We will prove in below that the relations among the
generators can be described using the integrals of motion for the dual periodic Toda lattice. While
proving these facts we will also develop the Frobenius/Dubrovin formalism for QH(G/B): we
will prove in §9 below that it has a Frobenius structure, and that the quantum multiplication *,g
determines a flat Dubrovin connection on the trivial bundle H*(G/B) x H*(G/B) — H*(G/B).

Finally, the ring QH}z(G/B) is closely related to the ordinary quantum cohomology alge-
bra QH*(G/B) for G/B. Recall that the latter is the graded Qqi,...,¢,]-module H*(G/B) ®
Qlq1, - - -, gn] with the basis given by the usual Schubert classes o,, (w € W) and the usual grading.
The product, denoted by x, is given by

Cuxou= D (ouon [X(W))ed"ou
deHy(G/B),weW

where d = di[X (s1)] 4 -+ + dn[X (s)], ¢* = ¢ --- ¢, and (0, 00, [X (w)]), are the (ordinary)
Gromov-Witten invariants which count rational curves of degree d in G/ B intersecting general trans-
lates of Schubert varieties representing the cycles 0,0, and [X (w)]. In particular, the structure
constants of QH*(G/B) are non-negative integers. Then the ring QH};(G/B) is a deformation
of the ordinary quantum cohomology ring in the sense that there is an isomorphism of graded

Qlql/(q0)-algebras
QHZ¢(G/B)/{q0) ~ QH"(G/B)

preserving Schubert classes. This follows because the classes o; (1 < i < n) generate both algebras
(over the appropriate coefficient rings), and because the specialization gp = 0 of the affine quantum
Chevalley formula (7.2]) coincides with the ordinary quantum Chevalley formula conjectured by
Peterson and proved by Fulton and Woodward [2I]. However, unlike for QH*(G/B), the structure
constants for QH}4(G/B) are not positive in general. For instance, one can calculate that for
G = SL3(C) the coefficient of gy in 07 *af 05,5, 18

<)‘1 — Ao, a(\)/>7T(DU)(05152) = _8—9(08182) = 89(05182) =02 —01.

The last equality follows because 05,5, = 02 - 02 by the ordinary Chevalley formula and from the
Leibniz formula (Proposition .

7.3. A quantum product on QH"(Flg)/(¢¢). We will abuse notation and denote again by
*at the quantum product on QH# (F{g)/(q°). Tts definition is similar to that from the previous
section, so we will be brief. Define Q# to be the subring of Endgjg)/(ge) (QH7 (Flg)/(q°)) generated
by Ag,...,A,. By Theorem (b) this is a commutative ring and a Q[q]/(¢°)-module. One
can define a Q[q]/(¢¢)-module homomorphism ¢# : Q% — QH¥(Flg)/(q°) by ¢*(®) = ®(1).
Since Q7 is commutative, the kernel of ¢# is an ideal in Q#. By hypothesis the Q-module
H# (F{g) has a countable set of generators given by the images modulo qq, . . ., g, of the monomials
Aj ... A (1). By the Nakayama-type result from Lemma this implies that the set of these
monomials generate QH (F¢g)/(¢°) as a Q[q]/(¢¢)-module, which implies that o# is surjective.
Then for any a,b € H# (Flg) one can define a product:

@ *aft b= AaAp(1) = Au(D)

where A,, Ay are elements in the preimages of a and b respectively through ¢#. Then one extends
this product by Q[q]/(q¢)-linearity. This endows QH" (Flg)/(¢¢) with an associative, commutative
quantum product. When gy = 0 one recovers the ordinary quantum cohomology ring QH*(G/B),
thus QH? (Flg)/(¢°) is another deformation of QH*(G/B).
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8. THE COMMUTATIVITY OF THE CHEVALLEY OPERATORS: PROOF OF THEOREM [7.2]

The goal of this section is to prove part (a) of theorem for any w € Wyg and any 0 < 4,5 <n
we have

(8.1) Aihj(ew) = AjAi(e) mod ¢ = gog® .

8.1. Combinatorial preliminaries on roots appearing in Chevalley operators. Denote by
IS the set of all positive real affine roots a with the property that £(s,) = 2ht(a")—1. According
to Proposition any such root satisfies ¥ < ¢ = af +6V, and by Theorem these are precisely
the roots relevant for the Chevalley operators. The following lemma shows that roots a € IZIQE’JF

can be constructed inductively:

Lemma 8.1. Let o € f[g?f”L be a non-simple root. Then there exists a simple root a; € Aug such
that s;i(a) € LT, U(sisasi) = £(sa) — 2, and s;(@)Y = a" — ay.

Proof. Take the simple reflection s; guaranteed by Lemma above. Then
2ht(a¥) — 3 = l(s4) — 2 = (8i545i) < 2ht(s;(a)¥) — 1 = 2ht(a") — 2(ay,a") — 1,

where the inequality follows from Proposition But (a;, @) > 0 again by Lemma and this
implies that (a;, @) =1 and we have equality throughout. O

Proposition and Lemmas and below are affine versions of [44, Proposition 3.1, Lemma
3.2 and Lemma 3.3].

Proposition 8.2. A positive real root « is in ﬁ;fef’Jr if and only if it is simple, or else there exist
indices i1,...,ix € {0,...,n} (k> 2), where all indices different from 0 are possibly repeated, such
that:

e cach root a;, :=s;; -+~ iy () is in f[;fﬁ and it satisfies (v, si;_, -+ 8iy(0y)Y) = =1 for

all2 < j <k;

o o =5, - Si,(0y) and the expression So = Si), + - - Siy iy Sig * + * Sy, 15 reduced.

k

~ VgV g4qY
In particular, o’ = o + -+ ay) .

Proof. Applying repeatedly Lemma starting with o € f[;gﬁ yields the set of indices 71, ...,
and the roots with the claimed properties. To prove the converse, we use induction on 7 > 2. Let
B = si;_y - siy(cy,) as in the hypothesis and denote i := i; We will show that s;sgs; is reduced
and that s;(3) satisfies the required properties. First, s;(8Y) = Y + o because (;, ") = —1.
In particular, £(s;sg) = £(sg) + 1. By induction hypothesis, we know that 8 € II.2". We have
that s;sg(a;) = ((B, o) (i, BY) — 1)y — (i, BY) B is a positive root, which shows that £(s;s5s;) =
{(sg) 4 2. This finishes the proof. O

CorollaJIr'y 8.3. If G is simply laced then the set f[;?fﬂr coincides with the set of positive real roots
re,

a€llg" such that aV <ec.

Proof. We use induction on ht(«) > 1. The case when ht(a) = 1 is clear, and let ht(a) > 1. We
claim that there exists a simple root «; such that (a;,a") = 1. If a is a root in the finite root system,
we can take any «; such that a— «y; is a root. Since G is simply laced, the claim follows in this case
from the table on [30, p. 45]. If « is not in the finite root system, and because oV < ¢, we have
a¥ = c—a" where & € II'". Notice that o # o and oV < ¢ implies that @ < 6. Thus there exists
a finite simple root «; such that (a;,a") = —1 (otherwise & would be a dominant root, hence equal
to the highest root, see e.g. [25, p. 371]). This implies that {(a;, «V) = —(a;,@") = 1 and the claim is
proved. Let 3 := s;(«). This is a positive root because « is not simple. Further, ht(f) < ht(«) and
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by induction hypothesis we have that 3 € ﬁ;ﬁﬁ. We calculate that (o, 8Y) = (g, 0¥ — o) = —1,
so by Proposition the root a = s;(f) is in H;;Jr, which concludes the proof. ]

Remark 8.4. The Corollary above is false if G is not simply laced. In fact, the sets ITLq " NITT # I+
for each G not simply laced. A list with all roots in TI.2" N TI* can be found in [L1].

Lemma 8.5. (a) Let o, be two positive real roots such that {(sasg) = {(sa) + £(sg). Then
(@, %) < 0.

(b) Assume in addition that saSg # Sgsa and that o + Y is not a multiple of the imaginary
coroot ¢ = ayf + 0. Then at least one of (a, ) and (B,a") is equal to —1.

Proof. Since sqosg and sgs, are inverses to each other, ¢(sqs3) = £(s354). The hypothesis implies
that the root s, (8) = 8—(8,a")a > 0 and sg(a) = a—(a, 8Y)8 > 0; cf. [31], p. 116]. If (o, BY) > 0
then (8, a") > 0 also, because «a, 3 are not multiples of the imaginary root §, and by Remark
and equation . This implies that o > B8 and 8 > «, therefore « = 3, which implies that
{(sqsp) = 0, a contradiction. This proves part (a).

For part (b), we first notice that the hyothesis implies that (o, 3Y) < 0 and (3,a¥) < 0. Assume

that the claim in the lemma is not true, i.e. {(a,3Y) = 5136)) < —2 and (8,aY) = % < -2

Thus —(a|f) > (a|a) and —(a|B) > (8|B), which implies that (a|3)? > (a]a) - (B|8). On the other
side, by Cauchy-Schwartz inequality (a|8)? < (ala) - (B]3), and thus we have equality. This also
forces equalities —(|f) = (a|a) = (B|5), therefore (o + Bla+ ) = 0. By Remark [2.1] this implies
that a + 8 = md for some m € R. In fact, since «, 5 and § are in the root lattice, and § is part of
an integral basis for this lattice, it follows that m € Z. Then v~ (a + 3) = mc hence

2
al +8Y = LS
(afa)
But by hypothesis oV + 3 is not a multiple of ¢, and this finishes the proof. O

Lemma 8.6. Let o, f € TI.g" such that £(ses5) = U(sa) +L(sp), Sasp # Spsa and in addition
aV + Y <ec. Then oV +BV—7 where 7 is ar’oothaﬁ .

Proof. By Lemmawe can assume that (3,a") = —1. We need to show that v := sg(a) € g ™"
(since sg(a¥) = a” + (Y, this proves the claim). We will use induction on £(sg). If 8 is s1mple
the result follows from Proposition Cons1der now the case when 8 € ;;Jr is non-simple.
Take the index ¢ guaranteed by Lemma Then sg = s;53,5; where £(sg,) = {(sg) — 2, and
(e, 8Y) = 1. Combined with the fact that E(sa35) = ((sq)+£(sp) this implies that £(sqsi) > €(Sa),
thus so (i) = a; — (@, aV)a is a positive root. Then (a;, ") < 0 and «; # a.

We claim that the quantity (o, «V) € {—1,0}. Assume (a;,@") < —2 and let @ = md + & where
@ is a finite root, possibly negative. By the description of positive real roots and coroots from
it follows that ; = ad + &; and o = mc + &" where a,m € {0,1} (because 0 < a" < ¢ and
a; < <) and @; is in the finite root system, possibly negative. In fact, @; is either simple,
or it equals —6, the negative of the highest root. Notice that (a;, ") = (ozz, V). We claim that
&; # —a. This follows from analysis of the four possibilities for a,m € {0,1}. The only situations
when the equality occurs are when o +a; = ¢, but this is impossible since o + ) < ¥+ Y < c.
We deduce that («;|oi) = (&;|d;) > (a]a) = (a|a), where the inequality follows from Table on [30),
p. 45]. On the other side, the hypothesis that (a;, 3Y) = 1 implies that (8]|8) > (a;|a;), and the
condition that (8,a") = —1 implies that (a|a) > (8|8). Therefore (o) > (ci|a;), which is a
contradiction, and finishes the proof of the claim.

In what follows we will prove that the roots 81 := s;() and s;(«) satisfy the induction hypothesis.
First, notice that by construction £(sg,) < #(sg), and that 3; € H;;Jr. It is also clear that sg, s, () #
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Ss;(0)S8;» SO it Temains to check that s;(a) € IILg", (B1,si(a)") = —1 and that £(sg, s, () =
€(s,) + £(85,(a))- When this is done, it implies that v = sg,(si(a)) € Mg", and to finish the
proof we will show that v = s;(v/) is also in H;}fﬁ. We distinguish the following two situations:

Case 1. {(a;, ") = 0. This implies s;(«) = «, and because sg, s, has a decomposition given by a
reduced subword of sgs,, we obtain that ¢(sg,sq) = €(sg,) + {(sqa). Further,

—1=(B,a") = (si(fr),a”) = (B1,5i(0)") = (Br,a").
From the induction hypothesis, 7/ := sg, (@) is in II_g . Furthermore
(i, (7)) = {ai, sispsi(a”)) = —(ai, sp(a”)) = —(ei, 0’ + ) = 1.
Then by Proposition the root s;(7') is in [Tl ", and the proof in this case is done.
Case 2. (a;,a”) = —1. In this case the root s;(a) is in ﬁg?, by Proposition Further,
—1=(B,a") = (si(B1),a") = (B1,5i1()").

A simple calculation shows that s;sq (i) = —({o, @) + 1)a; + o and that sg, sisa (o) = a — (1 +
(a, )i — (1 + (o, BY)) 1, and both of these are positive roots. Then

€(8p,55,()) = L(5p,5i5a5i) = £(8p,5i5a) + 1 = L(sp,) + l(si5a5i) = £(sp,) + E(ssi(a)).

From the induction hypothesis we deduce that 7' := sg, s;(«) belongs to IZIS”H’Jr But (i, (7)Y) =

—{ay, ¥ + BY) = 0, therefore v = s;(7') =7/ is again in f[;?ﬁ

O

Lemma 8.7. Let o, 8 € II.g" such that 5455 # 855a, {(sass) = £(sa) + €(sp) and oV + BY £ ¢ =
ay +6Y. Then o¥ + Y =c.

Proof. Assume first that o + 3Y is not a multiple of c¢. The hypothesis implies that (o, V) #
0 therefore one of (o, V) and (B,a") must equal —1 by Lemma (b) Since the statement
is symmetric in « and B (because ¢(sqas3) = £(s35a)), we only need to consider the case when
{a, V) = —1. Then s,(BY) = B — {a, Y)Y = a¥ + B is a positive coroot, therefore s, () is a
positive root. On the other hand,

sasp(@) = sa(a = (@, 8Y)B) = sa(a+ ) = —a+ - (B,a")a = - ((8,a") + 1a,
which is a positive root because (3,a¥) < —1. This implies
U(35,(8)) = L(sa5p5a) > U(sasp) = 2ht(a” + ) — 2 = 2ht(s(B)") — 2.

Proposition [6.5 implies that £(s,,(g)) = 2ht(se(8)") — 1 and sa(8)" < c. Since s4(6)" = a¥ + Y,
this is a contradiction, therefore o + 8Y must be a multiple of c¢. Invoking again Proposition
we obtain that oV, 8Y < ¢, thus the only possibility is a¥ + 3" = c. O

Lemma 8.8. Let v be a non-simple root in f[;gﬁ and 1 a real positive root in Hgg’—’_ such that

6(87877) = E(Sv) — 1. Then <77:’YV> =1

Proof. Consider the reduced decomposition s, = s;, ---s; ---s; guaranteed by Proposition
Since £(sysy) < £(sy), the Strong Exchange Condition [31, p. 117] implies that there is a unique
index 4; which is removed from the expression of s, such that s.s, = s;, --- 5;3 -+ +8;,. Assume that
the removed index is in the second half of the decomposition of s, i.e. sy, = 55, -+~ 55 - - 51\] T
Then s, = s, =iy +**Si;_18i;Si;_1 ** iy ** Siy,, therefore n = s -+ s -+ 5;,_;(a;;), which is a
positive root because s;, - --s;, - Si; 18 reduced. Finally,
v , v
<777’7 > = <5ik TS Sij71(ai]’)7 Siy "0 Sig (ai1)> = <Si1 e Sij71(aij)a ai1>
= <aij75ij—1 to 5i25i1(az\'/1)> = _<aija Sij_q 51'2(042/1» =1

A similar calculation works when s,s;,; = s;, --- Sijt " Siy " Sige ]



26 A.-L. MARE AND L. C. MIHALCEA

Proposition 8.9. There is a bijection ¥ between the sets
A= {(a,B) e Ig" x 5" : (@, BY) # 0, L(sasp) = €(sa) + L(sp), 2’ + BY < c}
and
B:={(y,n) e Mg x g7 : U(sys,) = £(sy) — 1 > 0}
sending (c, B) to (v,n) such that vV = a" + Y and s48, = SaSg.

Proof. We first prove that ¥ is well defined. From Lemmas and we obtain that the pair
(7,7m) is the following:

(82) (")/ 77) _ (806(/8)704) = (ﬂ - (B,av>a,a) if <a75\/> =-1

’ (sg(a), sgsa(B)) = (a — (@, BY)B,a — ({o, 8Y) + 1)B) if (a, BY) < —1.
(In fact one can easily check the the formula for 1 in the branch for (o, 3Y) < —1 works also for
(o, BY) = —1.) Further, we have that (s, s;) = £(sqsg) = 2ht(a¥+5Y)—2 = 2ht(y") -2 = (s,)—1.
This implies that (v,n7) € B. Let now (ai,p1) € A such that U((«,)) = V((a1,51)). One

calculates that

—{(B,a") if (o, BY) = —1;

(v,n") = < V> . < v>

—(a, 8Y) if (o, 8Y) < —1.
Recall also that (n,7") = 1 by Lemma|g8.8] These formulas imply immediately that (o, 8) = (e, 1)
if (o, 8Y) = (a1,8)). If {a,BY) # (a1, )) we can assume that (o, 8Y) = (f1,a)) = —1. This
implies that (n,7") = (v,n¥) = 1, which forces (a, 8Y) = (a1, 8)), a contradiction. We conclude
that ¥ is injective. To prove surjectivity, take (v,n) € B. Consider the reduced decomposition
Sy = Sij * " 8iySiy Siy * - Siy, given by Proposition and recall that (n,7") = 1 by Lemma By
the Strong Exchange Condition we distinguish the following two cases:

Case 1. We have

(8.3) S8y = iy *** SiySiy Sig *++ 8i; * Sy,
for some j between 2 and k. This implies s, = s;, -5, 5i;8i;,, =" Sy, thus v = s;, -+ 84, (ay),

J

the latter being a positive root since the expression in (8.3|) is reduced. Set o =7 and 8 = s, (7).
Notice that s,(y) = s, -8, -+ - si (i, ) is a positive root, because the right-hand side in (8.3)) is
reduced. Then Y = s,(7Y) = v¥ — ¥, which implies that vV = «" + Y. We obviously have
58y = 8454, hence

U(sasp) = 2ht(y") — 2 = 2ht(a”) — 1 + 2ht(8Y) — 1.

From Proposition We deduce that a and 8 are both in TILg" and £(s4s85) = £(s4) + £(s5). If we
had sa$3 = $35q, then sys, = sps,, which is impossible, since (n,7") > 0.

Case 2. We have
(84) SySn = Sip " éij ©r8ip 80y Sip t  Siy,
for some j between 2 and k. We set 8 = —s4(n), and o = —s,5,(7y). Since £(sys,) < £(s,) it
follows that 8 > 0. The identity (8.4) and the expression for s, imply that

SySnSy = Siy *** Sij Sig,

therefore £(syspsy) < 2(k —j) +1 < 2(k — 1) = (sysy). Thus @ > 0. We have that ¥ =
¥ + (v,n")vY and ¥ =Y — ({v,n") — 1)v", which implies that o + Y = «V. We can also
easily check that s,s3 = s4s;. Same arguments as in the previous case show that o and 3 are both
in T2, that £(sess) = £(sa) + £(sp), and that s,ss # s554. This finishes the proof. O

For later use, we also record the following result:
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Lemma 8.10. Let a, 3 € 12" and v € 5" such that €(sasp) = £(sa) +€(sg) and " = oV +BY.
Then v € g™ if and only if (a, BY) # 0.

Proof. If (o, BY) # 0 then Lemma implies that a¥ + 3Y < ¢. Then « € ﬁ;ﬁ by Lemma
Conversely, assume that v € H;;f but («,8Y) = 0. Let u € W,g such that syu = s453. Then

U(syu) = £(sasp) = 2ht(a” + BY) — 2 = 2ht(y") — 2 = £(s,) — 1.

As in the proof of Lemma one uses the Strong Exchange Condition to obtain that u = s, for
n e H;f;f’Jr. Same lemma implies that (n,~7") = 1, so in particular s, and sy do not commute. But

_ _ 71 _ . . . .
SySy = SaSg = (SaS3)” " = spsy which is a contradiction. O

8.2. Quantum Bruhat chains and the proof of Theorem (a). In this section we intro-
duce the notion of quantum Bruhat chains, which is our main tool in the proof of the commutativity
of the Chevalley operators. The definition of these chains arises naturally from the study of the
terms which appear in the quantum Chevalley formula, and it generalizes to the affine case the
chains in the quantum Bruhat graph defined by Brenti, Fomin and Postnikov [9] for ordinary flag
varieties.

Definition 8.11. A (weighted) quantum Bruhat cover is a pair u — v where w, v are in Wg

and one of the following two conditions is satisfied:

e There exists a € H;g”L such that v = us, and £(v) = ¢(u) + 1. The weight of this cover is

\
1 and this situation is denoted by u —s v.
e There exists o € TI.¢" such that v = us, and £(v) = £(u) + 1 — 2ht(aV). The weight
a\/
of this cover is qo‘v and this situation is denoted by u 2 5 v. Notice that in this case

l(sq) = 2ht(a¥) — 1 by Lemma thus o € TG

A (weighted) quantum Bruhat chain of weight ¢" is an oriented sequence u — usy, — usaSg
of two quantum Bruhat covers such that the product of the two weights equals ¢~.

Notice that we only use length 2 chains, although this notion can be obviously extended to any
length. There are three types of quantum Bruhat chains:
aV " . . v
(1g) u — usq — usqsg, with weight .

&V \
(ql) u Ly Usa £, usa 53, with weight g
Ocv B\/
(qq) w L usq L uSqSg, with weight g e
We say that the last chain is of type (qq)’ if {a, 3Y) = 0; otherwise we say it is of type (qq)”.

Given u,v € W,og and k as before, we will determine all chains of weight ¢® between u and v.
Then we will use this information to show that the coefficient of ¢"¢, in A;Aj(e,) is symmetric in
i and j. This, together with the fact that H*(F/g) is an associative ring (hence commutativity
holds modulo qo, ..., gn) will complete the proof of part (a) of Theorem

In our analysis we will repeatedly use the following Lemma:

Lemma 8.12. Let o, 3 be in ﬁ;§g+ and u,v in Wyg such that v = us,sg and

an q,@,\/
(8.5) U — USq — USaSP

is a quantum Bruhat chain. Then we have {(sqs5) = €(sq) + £(s3).
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Proof. The quantum Bruhat chain conditions for (8.5) give £(usqsg) = ¢(u) + 2 — 2ht(a¥ + BY).
On the other hand, we have

U(usasg) > L(u) — U(sasp) > L(u) — U(sq) — L(sp) > l(u) +2 — deg(qa“rﬁv)’

thus all inequalities here must actually be equalities. ]

To prove commutativity, we will fix u, v € W,g and we distinguish three main cases: there exists

a quantum Bruhat chain from u to v of weight ¢* such that: (1) x # " for any v € IIL3"; (2)

% =" is a non-simple coroot, for v € 'z "; (3) x =" is a simple coroot.

8.2.1. Case 1: There exists a chain from u to v of weight ¢* and & # ", for any v € T.g". In
this case there exists a chain
\% B\/

q
U USq V= USaS3 ,

where a, 8 € TIL2™ satisfy k = oV + Y. If & £ c and (o, 8¥) # 0 then Lemma implies that
k= a4+ Y = c. We are only interested in commutativity modulo ¢¢, thus by Proposition and
Lemma we may assume from now on that (a, 3Y) = 0. Then there exists another chain of the
form

qﬂ\/ aV

q
U usp V= USpSa ,

and the exchange of o and 3 gives an involution on the set of chains from u to v of weight ¢*. The
coefficient of ¢"e, in AjA;(ey) is

> Qea )8+ DD (B, eY),

a\/+ﬁ\/:n va+,3\/=l€

which is symmetric in ¢, 7 and the proof is finished in this case.

8.2.2. Case 2: There exists a chain from u to v of weight ¢, where kK = v is a non-simple coroot

with v € TLg™". Denote by 7 : u — v the chain from u to v given by the hypothesis.

We claim that the Weyl group element svu_lv is a root reflection corresponding to an affine real

root. This is clear if the chain 7 is of type (ql). If it is of type (1q) then u~1vs, is a root reflection,
but then so is syu~'v = s,(u"'vs,)s,. Finally, if 7 is of type (qq) this follows from Proposition
Then we can define 7,7’ € II.2" as the unique positive real roots given by

Sy 1= svu_lv; Sy 1= u_1v87.
Notice that from definition it follows that " = +s,(n), and this leads to 2 situations, according to
whether the plus or minus sign occurs.

Case 2.1: ' = sy(n). We first notice that there is no chain of type (qq) between u and v. If this

v Y

.
were the case, by Proposition|[8.9[there would be one of type (ql) of the form 4 USy —= UV = US, Sy

with £(sys,) = £(s,) — 1. But then n” = n and s,(n”) < 0 which is a contradiction. We now claim
that there exist exactly 2 quantum Bruhat chains of weight ¢ between u and v given by:

\Y%
\ 1AV
2l n 2l

U
(8.6) U——>USy —>=V = USySpy , U USyy V= USy Sy .

\%

To prove the claim note that the root u(n’) > 0 if and only if us,(n) > 0. Since one of these two
chains exists (by hypothesis and from the definition of a quantum Bruhat chain) the equivalence
shows the other exists as well. Again by definition of a quantum Bruhat chain and the uniqueness
of v it follows that there cannot be another chain of type (1q) or (ql). The claim is proved.
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Then the coefficient of ¢"e, in A;jAj(ey,) is
Ny Qi)+ g™y iy Y) = gy ) ) + (N 5,07 )) (i)
= Ny ) ey g ) = () iy ) G-
This is clearly symmetric in ¢ and j.

Case 2.2: f = —s.(n). Notice that in this case us,(n) > 0 if and only if u(n’) < 0 therefore exactly
one of the two chains from can exist: if usy(n) > 0 then it is the first chain, otherwise it is
the second. In both situations Proposition yields a unique chain of the form

an qB\/
U USq V= USaSg

where a¥ + Y = 7Y, 453 # $85q and s48 = S48y = Sy Sy. From the formulas (8.2)) it follows that
v=a'+ 8% n' === (e, fY 0 = () ="

To conclude, in this case there exist exactly two chains between u and v, one of type (qq)” and the

other of type (1q) or (ql), depending on the sign of the root u(n'). We will analyze both cases.

Assume that we have the chain

\
q n -
U US~ UV = USySy .

Then the coefficient of ¢"e, in A;A;(ey) is
<)\j77V></\i7nv> + <)‘jvav><)‘i76v> = _<)‘j7’7v><)‘i76v> - <a75v><>‘i77v><)‘j77v> + <)‘j7av><AiMBV>
=i, B0 =) = BY) iy )Y = = (N BV, BY) = (s BY) ey ) (N, )

If we have the chain

nl\/ Y
U USyy U = USy Sy

Q

then the coefficient of ¢"e, in A;A;(e,) is
g™ XYy + (N e ) (N, BY) =
== )iy + ()Y ) )+ s ey (N, 8Y)
Ajs BY (i, B ) iy ) A (g @) (s BY) A+ () () (i)
BN+ N BNy Y) + (s ) (N, BY) 4 () Mgy (i)
BNV A A+ (g B (N e+ BY) 4 (A, @) (N, BY)
ST A IOV AT VA
a, BV )N, v ) (N, 4 (g, BY) iy @) + (g, ) (N, BY) + (N, 8Y) (N, BY)
S ANIOVILASTO VAR

In both situations the coefficient is symmetric in ¢ and j and we are done.

[0
[0

N o~ o~ o~

_|_

—~

_l’_

—~

8.2.3. Case 3: There exists a chain from u to v of weight ¢, where k = v is a simple coroot. This

case is similar to Case 2 above, but simpler because there cannot be a chain of type (qq) between
u and v (since 7 is a simple root). So we will be brief. As in Case 2 we can define the affine real
positive roots n,n € H;?r by s, = swuflfu and s, = uilvsﬂ,. We have again two situations,
depending on whether s, (n) equals ' or —n/. The case when s(n) = ' is identical to the case
2.1, except for the fact that we do not need to prove again the non-existence of the chain of type
(qq). Assume now that s,(n) = —n’. Then s,(n) = n — (n,7")7y is a negative root. Since 7 is a
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simple root this implies that n = v and (n,v") = 2, thus ¥ = —7. Therefore u = v and there exists
exactly one chain between u and v:

g’ 7Y .
u——>usy —>v=u ifu(y)<0

7Y ¢ .
u——>usy —>=v=u ifu(y)>0.

In both situations, the coefficient of ¢"e, in A;Aj(ey) is (A, ¥V) (N, "), which is clearly symmetric
in ¢ and j.

8.3. Proof of Theorem (b): commutativity of the operators A; — m;Ag. Recall that
0¥ = miay + -+ -+ mya,,. In this section we prove:

Theorem 8.13. For any 1 <1i,j7 <n and any u € Wyg we have
(87) (AZ - mZA())(AJ - mjA())€u = (A] - mjAo)(AZ - miAO)Eu-

Proof. As before, we need to show that for any v € Wog and any « in the affine coroot lattice, the
coefficient of ¢"¢, in the left hand side of is symmetric in ¢ and j. By Theorem (a) proved
in the previous section this is true for x < ¢, so from now on we will assume that £ £ ¢ = a +6".
Then Proposition and Lemma imply that there exists a quantum Bruhat chain of type (qq):

qav qB\/
U USq V= US,Sg

such that Kk = a¥ + Y, and either sos5 = sgsa OF SaS3 # S3Sq but then K = a¥ + Y = c. The
assumption on x implies that there cannot be any chains of type (1q) or (ql). If s4s3 = sgsa then
as in Case 1 from the previous section the coefficient of q‘”‘VjLﬁv Eusysy 0 the left hand side of 1)
is symmetric in ¢ and j. If s483 # $3Sq then @ + Y = ¢ and the coefficient of qav“jvsusasﬂ in
the left hand side of (8.7) is
<)\J7 Oév><)‘i7 Bv> - m2<)‘]7 av><)\07 Bv> —my <)\07 av><)‘i7 BV> + mimj<)‘0a a\/><)\0, /8v>

After ignoring the last term (since it is symmetric in 4, j), replacing 8" by ¢ — ", and using that
(Ai,c) = m; for i # 0 as well as (g, ¢) = 1, the expression above is equal to

_<)\i7 av><)\j, Oév> + mi<)\j, Oév><)\0, Oév> + mg </\i> Oév> </\0, Oév>

= (mi)\j + mj)\i, Oév><)\(), av> - <)\i7 av)<)\j, av),

which is symmetric in ¢ and j. n

9. THE FROBENIUS PROPERTY AND THE DUBROVIN FORMALISM

The goal of this section is to show that the algebra QH}(G/B) is a Frobenius algebra, and to
define an analogue V" of the Dubrovin connection, parametrized by a complex parameter /. Then
we will show how the associativity of the product x,g implies that V" is flat. These facts will be
used in the next section to define the Givental-Kim formalism for QH4(G/B), which eventually
leads to a presentation of this algebra by generators and relations. For the reminder of the paper
we will consider the cohomology H*(G/B) with complex coefficients, and QH;(G/B) as an algebra
over (C[q] = C[QOv s 7‘]71]

We abuse notation and denote by (-,-) the Poincaré pairing defined by

<a,b>:/G/Ba-b
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where a,b € H*(G/B) and the integral means the push-forward to a point. (Equivalently this
equals the coefficient of [pt] in oy, - 0,,.) We extend this pairing by C[g]-linearity to define a pairing
on QH}z(G/B). We prove in Theorem below that relative to this pairing, QH}4(G/B) is a
Frobenius algebra (see e.g. [28, §9.2] for this notion). We need the following lemma.

Lemma 9.1. Let a,b € H*(G/B) and let o € II be in the finite root system. Then (Oy(a),b) =
(@, 0a(b))-

Proof. We first prove the lemma in the case a = «; is a simple root. Let P; be the minimal parabolic
subgroup corresponding to «; and let m; : G/B — G/P; be the projection. It is well known that
di(a) = 7 (m;)«(a) where (m;), : H*(G/B) — H*"%(G/B) is the Gysin push-forward. (This formula
for 0; can be traced back to [0, §5.2]; we refer e.g. to [19] or [50, Appendix] for more on Gysin
push-forwards.) Then by the projection formula

PRICRE /G R CNORE /G @) (-0

Then the identity in the lemma for @ = «; follows because the last expression is symmetric in a
and b. For the general case we use the definition of J, from above. Let w € W such that
w(a;) = a for some 1 <4 < n. Then 0y = 7,0;r) _1 where 1y, : H*(G/B) — H*(G/B) is the ring
automorphism induced by the right action of W on cohomology. Because rjr> , = id it follows
that rj,[pt] = 7 _;[pt] = £[pt] € H*(G/B)H This implies that (ry,(a1),a2) = +(a1,7} _1(az)), for
any ai,az € H*(G/B). Then

(Oala),b) = (ry,0iy,-1(a),b) = £(0iry,-1(a), 7,1 (D))
(1 (@), i1 (8) = (D1 () = (0, a(0).
The third equality used the previously proved identity (9;(a),b) = (a, 9;(b)). O

Theorem 9.2. For any a1, a2, a3 € QH5(G/B) there is an identity (a1 *ag a2, az) = (a1, a2 % a3).
In particular, the algebra (QH.5(G/B), *ag) is a Frobenius algebra with respect to (-, -).

Proof. Recall that QH}4(G/B) has a C[g|-basis given by Schubert classes, and it is generated as an
algebra over C[g| by the Schubert divisors o1, ...,0,. Then we can assume that a; = o, a3 = o,
and as = o; for some u,v € W and 1 < i < n. By the Chevalley formula from above we
calculate that

<Uu *aff Uiya'v> = <Uu : Ui7UU> + Z<)\z - mi)\07 av>qa

«

\4

(m(Dsy)(ow), o),

where the sum is as in (7.2)) and 7 : R,g — R is the homomorphism between the nil-Coxeter rings
defined in Theorem [3.3] Notice now that

<0'u’0'i70'1)>:/ Uu'gi'av:<UU7ai‘0v>'
G/B

Thus to prove the theorem it remains to show that (7 (D, )(0w),04) = (o4, 7(Ds,)(0y)). Choose
a reduced word so = sj, i, - - - 55, where the indices i; € {0,1,...,n}. Theorem implies that
m(Ds,) = m(Dy; ) - - - m(D;, ) and each m(D;;) equals to either d;; or d_g. Then we can successively

apply Lemma [0.1] to get
(m(Ds, ) (0u), 00) = (7(Diy) - - 7(Dy ) (0w), 00) = {ou, 7(Diy,) - - - 7(Dy; )(00)) = (0w, 7(Ds,, ) (00)),

where the last equality follows because the reduced word of s, is symmetric. t

%In fact it can be shown that 7, [pt] = (—1)*“)[pt]. This follows because [pt] = ﬁ [Iscr+ B where the right hand
side is interpreted in the BGG presentation described after 1) above.
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We now turn to the definition of the Dubrovin connection associated to the quantum cohomology
ring QH}(G/B). Recall that a connection on a vector bundle £ — M is an operator V : I'(E) ®
I(TM) — I'(E) where TM denotes the tangent bundle of M and I'(E') denotes the ring of sections
of E. The operator V must satisfy the following properties:

o Vx(fo+71)=X(f)o+ fVx(0)+Vx(r) for any o,7 € T'(E), f € Ops (the ring of functions
on M) and X € I'(T'M);
e Vixyyv(o) = fVx(0o)+ Vy(o), for any f € Oy, 0 € T'(E) and X, Y € I(TM).

Consider now the complex vector space M := H?(G/B) with coordinates z = (z1,...,2,) cor-
responding to the basis 01,...,0,. This means that z; is the function H?(G/B) — C defined
by zi(o;) = 0i;, the Kronecker delta symbol; it can also be identified to the homology class
[X(s;)] € Ha(G/B) of the corresponding Schubert curve. We regard M as a formal scheme, i.e.
On = Cl[[z]] := C|[z1, ..., 2n]]- There is a trivial bundle E := M x H*(G/B). A section s € I'(E)

can be written as a finite sum Y ay,(2)0y, where a,(z) € Oy

Definition 9.3. Let h € C* be a complex parameter. Define V" : I'(E) @ T(TM) — T'(E) to be
the unique connection on E which satisfies
1 .
V5 /0 (0w) = 0% Oy (1< <7).
In order to regard o; xaf 04y in I'(E) we use the substitutions

(9.1) gii=e® (1<i<n); go:=e (amt tmnzm),

Remark 9.4. To motivate the last substitution gy = e~ (m121++mnzn) recall that the quan-
tum product *,5 we defined on H*(G/B) used the affine quantum Chevalley operators which we
transported from H*(F/q) via the injective ring homomorphism e] : H*(G/B) — H*(F/lg). Let

Zaft = (24, 2}, - -, 2,) be the coordinates on H?(F/¢) corresponding to the Schubert basis o, . . . , £,

’rTn

Then we identify o; <+ ef(0;) = €; — mieo, 1 < i < n, which leads to identifications z; <+ z,. In ad-
dition, notice that ef(H?(G/B)) is defined by the equation 2} +m1z} +- - +myz, = 0 in H2(Flg),
so one can formally define an extra coordinate zy on H2(G/B) by 2y := —(miz1 + - + mpz,).
The quantum parameters ¢, = ¢% (0 < i < n) and ¢ = €% (1 < i < n) are regarded as functions
on H%(Flq), respectively H?(G/B), and they transform with respect to the dual of e}, which is
(e1)« : Ho(Flg) — Ha(G/B). By the above identifications (or by applying the identity above)
one obtains that ¢} <+ ¢; for 1 <i <n and g <> qo :=€* =¢; """ ---q;™".

Of particular importance for us later will be the subgroup of sections of the form
[(E) ={s:s= ng,w(z)qdaw; 9dw(z) € Clz]}
where the (possibly infinite) sum is over d = (dg, du, ..., dy) € (Z>0)"** and w € W. Then for any
1 <4 <nand g(z) € C[z], we record the following:
dg(z 1
(9.2) Vg/azi (9(2)q%0w) = (gi) + (di — mido)g(z))qdaw + ﬁg(z)qdai *aff Ouw-
(]
Theorem 9.5. The Dubrovin connection V" is flat for any h € C*.

Proof. Since the vector fields 0/0z; and 0/0z; on T M commute with respect to the Lie bracket, it
suffices to show that

h A h A
V102V /02, (0w) = V39, V0., (0w)-
A calculation based on the Chevalley formula from ((7.2)) and the identity (9.2)) above shows that

1 v 1
V5102 V02, (Tw) = 7 D (A = mjdo, a¥) - (A = mido, @ )g™ T (Ds,)(ow) + 7301 %aft (9] *aff Ow),
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where the sum is over o € II.7" such that £(ws,) = £(w) + 1 — 2ht(a"). The sum is symmetric in
indices i and j and 0; *agt (0 *aff Ow) = 0 *afi (04 *aff Ow) by Theorem (b) and the definition of
Ko from ([7.4)). Therefore the roles of ¢ and j can be interchanged, and this finishes the proof. [

10. TOWARDS RELATIONS IN QH!4(G/B): THE GIVENTAL-KIM FORMALISM

Our goal from now on is to show that the ideal of relations in the ring QH}z(G/B) is given
by the non-constant integrals of motion for the periodic Toda lattice associated to the dual of
the extended Dynkin diagram of G. In fact, a result of Guest and Otofuji [29] for G of type A,
generalized by Mare to types A-C in [45], shows that if there exists a quantum cohomology ring
for Flq satisfying certain natural properties, then the relations are obtained from the conserved
quantities of the periodic Toda lattice. The ring QH};(G/B) satisfies the analogue of all these
properties, thus one can obtain the ideal of relations at least in types A-C.

We are pursuing here a slightly different approach, which emphasizes the role of the quantum
differential equations and of the Dubrovin - Givental formalism. This will lead to relations in
all types. We begin by adapting a method of Givental and Kim in [22] and [36] which produces
relations in quantum cohomology; our approach is inspired by the presentation of this method
given by Cox and Katz in [I2]. This method uses the quantum differential equations associated to a
renormalization of the Dubrovin connection, called the Givental connection, and certain differential
operators acting on solutions of these equations. A particular specialization of these operators leads
to relations in the quantum cohomology ring. In the next section we will identify these operators
with integrals of motion for the quantum, dual version of the periodic Toda lattice.

Consider the ring of operators Cl[e*]][0/0z][h] where
(10.1) z2=(21,...,2n); 0/0z=(0/0z1,...,0/0z,); € = (e*,€e*,...,e™),

and recall the convention ¢y = e® = e~ (mz1t=+mnzn) from (9.1). These operators act on
Cl[e?]][2][h, h~1] as follows. First, A, A~* and e act by multiplication. Now let g(z; h) € Clz; h, h™!]

and d = (dg,...,d,) € Zggl; set @ = edozot+dnzn For 1 <4 < n the operator 9/0z; acts by
(102) o lo(es e = (52(:i) + (d: = madohg(z: 1))

(This is the action compatible with the Dubrovin connection; see equation (9.2 above.)
Definition 10.1. Let & € C*. The Givental connection V is defined to be V := hv_%, ie. if
s = g(2)q%0, € T(E) is as in (9.2) then

Vajoz(s) = fi(agij)

(Technically, +V is a connection, but we follow tradition from [22} 36] to use this form.) We will

+ (dz - midO)g(z))ngw - g(Z)qui *aff Ow-

also use the “dual” Givental connection, defined by V= hVi.

The flatness of Dubrovin connection from Theorem implies that both V and V are flat.

Definition 10.2. The system of quantum differential equations is the system of PDE’s given by
(10.3) h0/0zi(s) = oi *ap s <= Vya,,(s) =0; i€ {l,...,n}.

Since V is flat, the classical Frobenius theorem (see e.g. [57) §4] or [28 p. 36] for a context similar
to ours) ensures that C° solutions of this system exist in some neighborhood of z = 0. However,
in what follows we require the existence of formal solutions s € I'(E)’. In the ordinary quantum
cohomology a fundamental solution of this system was constructed by Givental [22] (see also [12|
§10.2]) using 2-point Gromov-Witten invariants with a gravitational descendent. Since in our case
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we do not have a moduli space to help define the quantum multiplication, we will need to construct
these solutions directly. For this we rely on results from the aforementioned paper [45] where the
existence of such solutions is proved.

The following lemma is the analogue of Proposition 6.1 and Corollary 6.3 from [45].

Lemma 10.3. There exists a solution g, € I'(E) ® C[h'] of the system (m of quantum
differential equations of the form

g = 0w+ Y gou(zh Now+ Y gaw(zih g0,
v v,d

where gq,(z; 1Y) € C[2][A™Y] are polynomials. Both sums are over v € W, and the second sum is
also over d € (Z>0)" ™! such that d # 0 and d is not a multiple of ¢ = o +0"; further, the constant
term of the polynomial go., relative to the variables z is equal to 0.

Proof. For each 1 < i < n we denote by A; the matrix of the “quantum Chevalley” Cl[g]-linear
endomorphism A; : QH!(G/B) — QH!4(G/B) sending oy, to 0; aff 04p. Thus A; is a |[W| x |[W]|
matrix with coefficients in C[g]. One can see from the proof of Theorem that the flatness of
the Dubrovin connection is equivalent to the fact that the matrices A; mutually commute and that
0/0zi(Aj) = 0/0zj(A;) for any 7,j. Further, up to some reordering of the Weyl group elements,
and because of the affine quantum Chevalley formula, we can write A; as A; = A;(qd) + A7 where

° A;(qd) is strictly lower triangular, and its coefficients are linear combinations of ¢¢ = e*® :=
edoz0 ... ednzn wwhere d > 0 and (\; — m;Ag,d) # 0;
e A’ is strictly upper triangular and its coefficients do not depend on ¢ (in particular, the

diagonal of A is identically zero).

We temporarily suspend the convention ¢¢ = qogy"* -+ - ¢'» = 1 from (9.1, thus gy = €* is now
independent from ¢; = e*',..., g, = e**. Since the Chevalley rule in QH}4(G/B) only involves
powers ¢? where |d| < 14 my + --- + my,, this does not affect the coefficients of the matrices
Aj;. Further, consider the formal power series ring C[z1, ..., z,; A, A= Y[[e*, ..., e"]] and define a
“twisted derivative” operator 0/0z; acting as in : for g(z;h) € Clzy, ..., 20 h, A1) set

(10.4) 0 (9(z; h)edozo ... ed"’z”) = (@(z, h) + (di — mydo)g(2; ﬁ))edOZO ... gdn®n

The key fact is that this operator satisfies 0/0z;(e*0e™1%1 ... e™Mn?n) = (), therefore it also satisfies:

0 0
(105) aizl <g(Z, h)62d|ez()em1z1...emnzn:1> = (8—%(9(2, h)eZd)) |€zoem1z1...emn2n:1

as formal power series in zy,...,2,, where on the left hand side we considered the usual partial
derivative with respect to z;, and on the right the twisted derivative; the bars denote restrictions
to the given relation. Consider now the C[z; /A~ -module (C[z; A~ ')W!I and a function G =
> a0 Ga(z; ez .. ednzn  where Gg(z;h') € (Clz; h )Wl and d = (do,...,d,) € Z?gl.
Then 9/0z; acts componentwise on such functions. Consider also the system of PDE’s

0 1
- (G)=(74)G, 1<i<n.
5-(C) = (GA)G, 1<i<n

(The convention ¢¢ = 1 is still suspended and 8%1- is the twisted derivative.) According to [45]
Proposition 6.1] this system has a solution G = ) ;= Ga(2; hi~1)e*? which is uniquely determined by
the degree 0 part GY = GY(A~!) in the variables z of G for those degrees d satisfying (Ni—miAo, d) =
0. Fix an identification of H*(G/B) ® C[h~!] to C[h~1]WI as C[h~']-modules, and pick the vector
ew € C[h*1]|W| which corresponds to the Schubert class o,,. Define G8 = ey and Gg = 0 for the
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degrees d # 0 mentioned before, and denote by G,, the resulting solution of the PDE system. The
identity (10.5)) implies that the restriction of G, to ¢¢ = 1 satisfies the system of PDE’s

0 1 .
%(Gw|ezoemlzlmemn2n:1) = (ﬁAi)(Gw)‘6206""131~~em"2n:1; 1<i<n,
where in the left hand side we have the usual partial derivative. Then the Lemma follows by taking
gw to correspond to G, restricted to ¢¢ = 1, under the fixed identification. O

Let now P(e*, hd/0z, h) € Cl[e?]][h0/0z][h] be a differential operator where
ho/0z = (h0/0z1,...,h0/0zy,).

We will always regard e? to the left of 9/0z. We impose a grading on these operators with respect
to:

deggj =2, (0<j<n); degh=1; degd/dz =0, (1<i<n).
It will be convenient to define an operator denoted Pg which is obtained from P after making
substitutions e* = ¢; for 0 < i < n, and hd/0z; = @a/azi, for 1 < i < n, where V is the dual
Givental connection.

The following result, observed for the ordinary quantum cohomology ring in [12, Theorem 10.3.1]
(where it is attributed to B. Kim) will be repeatedly used:

Lemma 10.4. Let P = P(e*,hd/0z, h) € C[[e*]][0/0z][h] be a differential operator. Then
(10.6) P(e*,hd/0z,h){(gw, 1) = (gw,P@(1)>

where 1 = o, € H'(G/B), (-,-) denotes the Poincaré pairing, and g, is the flat section defined in
Lemma [10.5.

Proof. Let F =" f4.(2;h)q%0w and G = 3 ga.(2; h) g0y, where the sums are over d = (do, . . ., dp) €
(Z>o)"™ and w € W, and where fu, 94w € Clz;h,h~Y. Then using the Frobenius property
(O *aft Tiy Op) = (Ou, i *aff 0p) from Theorem [9.2| we obtain

1hd/0zi(F,G) = (V0. F, G) + (F,Vg/a.,G).
Take F':= g, and G := 1. The lemma follows because Vj5., g = 0 for all 4. O

The following analogue of Givental’s result [22, Corollary 6.4] (see also [45, Lemma 6.4]) shows
how this formalism leads to relations in QH}¢(G/B).

Proposition 10.5. Let P = P(e*, hd/0z, h) € C[[e*]][hd/0z][h] be a differential operator such that
deg P < degqoq? = 2(1 +mq + -+ + my) and which satisfies P{gy,1)q = 0 for all w € W and
all d = (dp,...,dy) withdy+---+d, <my+---+ my (the subscript d indicates the coefficient of
e*@). Then the specialization P(q,cixag,0) = 0 in the quantum cohomology ring Q¢ (G/B).

Proof. We adapt the proof of [12] Theorem 10.3.1], using ideas from [45, Lemma 6.4]. By Lemma
[10.4] we obtain that

0= P(.gwa 1> = <gwa P@(l»
Write Pe (1) = PO 4 ... 4+ P®) where P contains the terms which are multiples of qf)lo coo gl
with dg + - -+ + d,, = i (for now we regard % and the Schubert classes as parameters). Notice that
k<mi+---+my. Let g € H(G/B) ® C[z; i~1] be the component of g,, which does not depend
on q. Since the term independent of the variables z of g0 equals o, (by Lemma , it follows
that the elements g are a basis of H*(G/B; C[z; h~!]). Notice now that the part of degree 0 with
respect to q of (gu, Pg (1)) equals (g0, PO, Since this is true for all w € W, we deduce that
P = 0. Using this, we obtain that the part of total degree 1 with respect to ¢ of (9w, P& (1))
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equals (g0 PM), thus P(Y) = 0. Continuing this process we obtain that P() =0 for all 0 < i < k,
thus Pg (1) = 0. Now notice that

@8/3%1 . @a/az% (1) =04y *aff - - - Xaff 03y, + hPl
where P; depends on ¢, Schubert classes ¢, and . Then we can write
P& (1) = P(q, oixat; 0) + P2 (q, oi*att, 1)

where P, contains nonnegative powers of i. This is an identity in A, therefore we can make i =0
to deduce that P(q,oi%a,0) = 0 as claimed. g

An operator P = P(e®, hd/0z,h) satisfying P{gy,,1) = 0 for all w € W is called a quantum
differential operator. When studying the ordinary quantum cohomology ring QH*(G/B), such
operators annihilate the J-function of G/B. A first example of a quantum differential operator is
the Hamiltonian of the dual version of the quantum periodic Toda lattice:

S hd hd =
— ViV ViV L2 VIV 2

(10.7) H = izl(% o] )87%87% —(07107)e* — ;(0@ o )e,

where (-|-) is the Killing form on b from §2| above. (We shall discuss more about this Hamiltonian

in the next section.) Indeed, by Lemma H{gw,1) = (gu, H¢ (1)), so it suffices to show that

He(1) = 0. This is equivalent to showing that

n

> (@ |o))oi xa 05 = (0716%)q0 + > ()|} )gi-

ij=1 i=1
The last identity holds because szzl(a;/ |af)oi - 0j = 0 (as this is a non-constant element of
Sym(ba)w in the Borel presentation of H*(G/B)), and using the formula 1) for o; xafr 0;.

Next is the key technical result which will determine the ideal of relations of QH}¢(G/B). For
the ordinary quantum cohomology this was proved by B. Kim [36, Lemma 1], and in a more general
context by the first author in [45, Theorem 5.1].

Theorem 10.6. Let D = D(e?, hd/0z, k) be an operator such that:

(1) Dg(1) = 0 modulo qo,q1,---,qn, i-e. D is a deformation of an ordinary Borel relation in
Sym(h*)"" for H*(G/B);

(2) D has degree at most degq? = 2(my + --- 4+ my);

(3) D commutes with the Hamiltonian H from (10.7), i.e. [H,D] = 0.

Then for all w € W and all d = (dy, . ..,dy) € (Z>0)" ! with do + -+ dy < my + -+ my, the
identity D(gw, 1)a = 0 holds. In particular, D(q, oi*an,0) = 0 in QH:4(G/B).

The proof requires the following lemma proved in [45, Lemma 6.5]:

Lemma 10.7. Let g = go+ 4~ 9d(2; 1 A~ 1)e*® € Clz; AL, R[[e?]] be a formal power series which
satisfies go = 0 and H(g) = 0. Then g4 = 0 for any degree d = (do, . ..,dn) € (Z>0)" ™' such that
do+-+dy <myp+-+my.

Proof of Theorem[10.6, By Lemma

0= D<gw?H@(1)> = DH(gw, 1) = HD(gu, 1) = H<gw>D@(1)>'
Let g := (guw, Dg(1)) € Clz; h,hi~][[e*]]. The hypothesis (1) implies that go = 0, and Lemma
that g4 = 0 for dg+---+d,, < my+---+my,. Since g = D(gy, 1), we can use Proposition and
get to the desired conclusion. O
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11. THE PERIODIC TODA LATTICE AND RELATIONS IN QH!4(G/B)

The strategy to obtain the ideal of relations for QH}4(G/B) is to produce some differential
operators #H; which deform the Borel relations in H*(G/B) and commute with the Hamiltonian
operator ‘H from ({10.7). Then by Theoremeach ‘H; gives a relation, and it is easy to show that
these generate the ideal of relations. It turns out that the differential operators we need are the
integrals of motion for the integrable system called the quantum periodic Toda lattice associated
to the dual of an extended Dynkin diagram. Such operators were constructed by Etingof [15] in
the non-dual case and all Lie types, and in the dual case by Goodman and Wallach [25] for G
of Lie types A, — D,, and Eg. In [47], Mare used Dynkin automorphisms and the results from
[25] to construct such operators in the remaining Lie types Fy and Gy. This is consistent to the
philosophy of B. Kim [36] that the relations in quantum cohomology of G/B are given by integrals
of motion for the Toda lattice of the Langlands dual root system. In what follows we recall the
relevant facts about the (quantum) periodic Toda lattice and its integrability.

11.1. The dual, quantum, periodic Toda lattice. Recall that g denotes a complex simple Lie
algebra, with the simple coroot system AV C IIV. The periodic quantum Toda lattice associated to
AY U{-0"} is determined by the differential operator H given by equation . The integrals
of motion are differential operators D € Cle?, hd/0z, h] that commute with #, i.e. [H,D] = 0. In
the case one can find n = rank(A) integrals that are independent and are in involution then the
system is completely integrable.

Remark 11.1. In the literature there are two integrable systems associated to g with the name of
(classical) periodic Toda lattice. One is associated to AU {—6}, the other is the “dual” one above,
associated to AV U {—60"}, which corresponds to a twisted affine Lie algebra. The first system was
classically studied by Kostant [38]. Adler and van Moerbeke [3, 4] studied both systems in the
context of geometry of Abelian varieties.

We recall the main ideas behind the construction of integrals of motion for the dual quantum
periodic Toda lattice. We follow the method of Goodman and Wallach [25], based on the notion of
the (az +b)-(Lie) algebra associated to the extended simple root system AYU{—6"}. For finite Lie
types, this is the Lie algebra bY /[uY,u"] where b is the Borel subalgebra for A, and u the nilpotent
algebra. It played a key role in Kim’s paper [36]. Consider a complex vector space u of dimension
n+ 1 along with a basis {X, |« € {—60,a1,...,a,}}. Put b :=h* D u, and define on this space the
Lie bracket [, | as follows:

(i) [, ] is identically zero on both h* and u
(ii) for any A € h* and any o € {—0, 1, ...,a,} one has [\, X,] = (A, ") X,.

Let wy,...,w, € b* be the fundamental weights, i.e. (w;, oz}’) = 0;; (the Kronecker symbol), for all
1 <i,5 < n. The corresponding PBW basis of the universal enveloping algebra U(b) consists of

;11“ .- w:k ngi . -ng_:, where a;,,bj, € Z>p and ;, € {—0, 1, ..., a,}. A key role will be played
by the subspace U(b)e, C U(b) which is spanned by the elements as before but where all powers
b;, are even. Consider the canonical filtration U;(b) C Uy(b) C ... C U(b). We say that P € U(b)

has degree k if P € U(b) \ Ug—1(b). The Laplacian of b is the element

w,

Q.= Z (o) o) Ywiw; + ZX?Y e U(b).

3,j=1

The projection b — h* induces a degree preserving algebra homomorphism p : U(b) — U(h*) =
Sym(h*) called the symbol homomorphism. Choose fundamental homogeneous generators fi, ..., fn
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of Sym(b*)W; by convention take fi := szzl(aiv\a}/)wiwj and assume that deg f; < deg f; when-

ever i < j. The sequence of degrees of f;, together with the quantity mq +...+m, = + deg (]9v are

2
recorded in the table below (cf. [31], §3.7]).

Type | degfi,...,deg fy domi
A, 2.3, ...n+1 7
B, 2,4,6,...,2n M — 2
Ch 2,4,6,...,2n n
D, 2,4,6,...,2n—2,n 2n — 3
Es 2.5,6,8,9,12 1
Er 2,6,8,10,12,14,18 17
Ey | 2,812 14,18,20,24,30 | 29
F 2,6,8,12 8
Gy 2.6 3

Theorem 11.2. ([25], [15], [47]) Fizi € {1,...,n}. There exists a unique ; € U(b)ey such that:
o [0,0] = 0;

o O, has degree equal to deg f;;
o the symbol u(SY;) = f; is the chosen generator of Sym(h*)W.

Further, for Qy :=Q and for any 1 <1,j <n, [Q;,Q;] =0.

This result was proved by Goodman and Wallach [25] for types A,, — D,, and Eg, and by Mare
[47] in the types Fy and Go. Etingof [I5] proved earlier the integrability of the (non-dual) quantum
periodic Toda lattice, for all Lie types, and this implies the above result for the simply laced Lie
algebras. We refer to [47] for details.

11.2. Quantization of U(b) and commuting differential operators. We will quantize the
operators ; from Theorem by adapting the procedure outlined e.g. in [36]. We recall from
above the ring C[[e*]][0/02][h] consisting of operators acting on C[z][[e?]][h, A!]. Define the
linear map p : b — C[[e?]][0/02][h, h~!] given by

V=1 V=1 s
o) =2 p(Xa) = 250 oYl (1 < i < m), p(X ) = 2L )Y

Then one can check that p preserves the Lie bracket, thus it is a morphism of Lie algebras. For
example, if g(z; k) € Clz; h, h~1] then

2 2 ot
pleplis) ot 1)e"t) = 20 (XS ) )¢
(dj —mjdo) agézh) + (di — mido) (d; — m;do)g(2; ﬁ))7

and this shows that p(jw;,w;]) = [p(w;), p(w;)] = 0. Therefore there exists a well-defined Lie algebra
homomorphism p : U(b) — C[[e?]][0/0z][h, h~]. Define

(11.1) H o= hd8ip(Qy), 1<i<n.
In particular, H; = A?p(2) = 4H where H is the operator defined in ((10.7).
Corollary 11.3. Let 1 <¢ < n. Then the operator H; has the following properties:

o H; belongs to Cle*][h0/0z][h];
L4 [/HZ,/H] = 0,‘
o H; has degree degH; < deg ¢’ .
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In particular, the specialization H;(q; oxxag; 0) = 0 in QH5(G/B).

Proof. The fact that the operators are in the subring Cle*][hd/0z][h] follows because by construction
the integrals of motion 2; are in the subspace U(b)e,. Using the PBW basis for U(b)e,, notice that
any element in p(U(b)e,) has degree 0, where (recall) degh = 1, degd/0z; = 0 and dege” = 2.
Thus deg H; = deg€); = deg f;. Now we use again the table with deg f; from above to notice that
max{deg f;} < deg ¢®". The commutation is immediate from the fact that p preserves Lie brackets.
Finally, the relation in QH}¢(G/B) is now immediate from Theorem [10.6] O

11.3. The dual, classical, periodic Toda lattice. Relations in QH}4(G/B). Corollary
shows that the quantum dual periodic Toda lattice is integrable. In fact, Theorem [11.2| can also be
used to prove the integrability at the classical level of that system. To describe this Hamiltonian
system, let hg be the real span Spang AY and hr X bk its cotangent bundle. The Hamiltonian
function is H : hr x by — R defined by

n
(11.2) H(r,s) = [r* + e 200 4 3" e2oad) -y e hp, s € b
i=1
The norm involved in the equation above is the one induced by the Killing form. Conserved quan-
tities of this system are real functions on hg X b that commute with H with respect to the Poisson
bracket. To construct such functions, consider again the PBW basis {w{* - - - wi» X, gfl’l e X gf;”X 3%0}
of U(b)ey, where a;,b; € Z>¢. With respect to this basis we can write each €; (1 <i < n) as

Q= Hi(wr,...,wn, X2, ..., X2 X2) + Hl(wi,...,wn, X2 ..., X2, X2y)
where H; is homogeneous of degree deg(); and deg H] < deg H;. After the change of variables
(11.3) Xo, =€), X g = e 500
the homogeneous polynomials H; are the aforementioned conserved quantities.

To obtain relations in QH}¢(G/B) we need to consider the substitutions
(11.4) wi =5 Xa, = —(of|af)a; X2 =—(0"10")qo.

We abuse notation and we keep the notation H; = H;(g;x) for the resulting polynomial in C[g; z],
where ¢ = (qo,...,qn) and © = (z1,...,2,). By Theorem there is a surjective C[q]-algebra
homomorphism @ : C[¢; z] — QH}4(G/B) obtained by sending x; to ¢;. The main result of this
section identifies the kernel of this homomorphism. It is the affine analog of B. Kim’s theorem [36),
Theorem IJ.

Theorem 11.4. The kernel of ® is the ideal generated by the conserved quantities H;(q;z) (1 <
i < n) of the dual periodic Toda lattice. Equivalently, there is a Clq]-algebra isomorphism

Clg; z]/(Hi(g; ), ..., Hy(q: z)) — QH(G/B)

sending x; to o;.

Proof. From the definitions of H; and H; one can easily see that ®(H;(q; z)) equals the specialization
H;(q; ox*ag; 0). This and Corollary imply that each such H; is in the kernel of ®. The rest
of the theorem follows from a standard Nakayama-type argument, going back to Siebert-Tian [58].
We briefly remind its main idea. First, notice that the specializations H;(0;z) at ¢ = 0 equal
the polynomials f; which are the homogeneous generators of the ideal of relations in the Borel
presentation of the graded C-algebra H*(G/B) = QH(G/B)/(qo, - - -,qn). Second, the images of
H;(q; x) give (homogeneous) relations in QH}(G/B). These two facts, together with the fact that
QH};(G/B) is graded, imply that the polynomials H;(q; x) generate the ideal of relations. We refer
to [20, Proposition 11] for full details about this argument. O
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12. EXAMPLES

In this section we illustrate Theorem by two examples, and we also calculate the multipli-
cation in QH}4(SL3(C)/B).

Example 12.1. Let G = SL,(C), thus G/B = Fl(n), the variety which parametrizes complete
flags F} C ... C F, := C". In this case, hr can be identified with the hyperplane in R™ consisting

ofall r = (r1,...,7y) with 71 +--- + 7, = 0. In this identification the coroots are given by
o) =ei—ei1,1<i<n—1, 0V=af+---+a _;=e1 —ep,
where ey, ..., ey, is the canonical basis of R". Let s = (s1,...,sy,) be the coordinates on bj induced

from R™. The Hamiltonian function of the periodic Toda lattice is in this case

n n

H(r,s) = E r2 4 E 25175141 where spiq1 1= s1.
i=1 i=1

To describe the integrals of motion, we follow [3, pp. 292-294] (see also [2, pp. 81-82]). Consider
the matrix

—V2r e2(s1=s2) 0 0 . 0 %
1 —\/2ry  e2(s27s3) 0 . 0 0
0 1 —V/2rg  e2(ssmsa) 0 0
A= . ) . . )
0 0 0 0 crr =21 €2(sn-175n)
e2(sn=s1) 5 0 0 0 .. 1 —2r,

where z is a complex parameter. Its characteristic polynomial is
n—1 1
det(A+ ML) = > H A" Fh 4 A" 4 (—1)* ! (z + > :
z
k=1

where Hj, are independent of z (note that \»~! does not occur in the expansion above, since its
coefficient is —v/2(ry + ... 4+ 7,) = 0). For example, the coefficient of A\"~? is

Hi =2 Z TiTj — Ze Si—sitl) — _ Zr Zez(s’ sit1)

1<i<j<n

which equals —H. The functions H1, ..., H,_1 are the desired integrals of motion. Note that each
Hj, is a polynomial in r; and e2(5—%i+1) homogeneous of degree 2k relative to degr; = deg e ~Si+1 =
1. To obtain the relations in the quantum cohomology ring from Theorem [I1.4] we take into account
the formal changes of variables (11.3) and (11.4). In this case they give

mi =iy 2T = _og; 2T — 94y,

With our identifications, (w;,r) = 1+ - - +7;, thus the coordinates r = (r1,...,7,) € bhr are given
by:

1= (w1, 7),ma = (Wa — w1, 7)oy 1 = (Wno1 — Wn—2,7),Tn = —(Wp—1,T).
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By Theorem [11.4} QH}4(F1(n)) is isomorphic to Clqo,...,gn—1;1,...,Zn—1] modulo the ideal
generated by H; (q, x),...,Hp—1(q; z), which arise from the matrix

I q1 0 0 . 0 —%
-1 Tro9 — I1 q2 0 . 0 0
0 -1 r3 — T2 Q3 e 0 0
Al ) = . . :
0 0 0 0 Tn—1 — Tn-2 gn—1
qoz 0 0 0 -1 —Tp_1

via
n—1
k=1

Geometrically, z; is the first Chern class of the dual of the i-th tautological line bundle on Fl(n)
which has fibre over F} C ... C F, equal to (F;/F;—1)*. This result is in the same spirit as the
main result of [29].

Example 12.2. Consider now G = Sping(C) which is a group of type By. The flag variety
parametrizes flags Iy C F, C C® which are isotropic with respect to a nondegenerate symmetric
bilinear form. We identify both hr and b with R2. A simple root system along with the highest root
isay = e1,ay = ea—ey, 0 = e1+ez, and their duals are af = 2e1, 0y = ea—e1,0Y = e1+e3 = o) +ay.

The Weyl group invariants are f; = y? +y3 and fo = 3% - y2 where y1, 92 are the coordinates in h*.

In terms of fundamental weights we have y; = 2w; — w9 and Yo = wo.

The quantum Hamiltonian from (10.7)) is

ho ko ho ko ho ho
R PR o z20 zZ1 z2
HQ N 4821 821 4821 822 + 2822 822 2e7 —de 2e

and it corresponds to the degree 2 relation in QH4(G/B)
Ry =407 *at 01 — 401 *agt 02 + 202 % 02 — 20 — 4q1 — 2¢o.

Using the method of ax + b algebras from one obtains the quantum Hamiltonian of degree 4

292 292 393 494 292 292
O L Y LY Y S
821 822 821 822 821 82’2 82’1 822 (92’ 622 822
h2o? h h h
—2e2 —— 9 + e2%0 _ 9ePotE2 4 222 _ 462078 — 4¢e” 78 4 4e* 9 — 470 — 4e*2,
822 071 071 822

After taking the homogeneous part of degree 4 and making substitutions ¢; = e* and o; = ga one

obtains the second relation in the quantum cohomology ring
Ry = 40% *aff cr% — 401 *af ag — 4qgo1 *aff 02 + 4qo01 *af 02 + 03 + 2q00'% — 4qla%
—2¢205 + @ — 2q0q2 + G,

where by ¢¥ we mean multiplication with respect to ,g. In other words, QH¢(G/B) is the ring
(C[q07 q1,492; 21, $2]/<H1, H2> where

Hy = 423 — 4xym9 + 223 — 2q0 — 4q1 — 2¢2

Hy = 4x3ad — dxya3 — dqowrxa + Aqory e + 25 + 2q0w5 — 4quh — 2q023 + G2 — 29092 + G5,

and x; is sent to the Schubert class o;, for i = 1, 2.
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12.1. The multiplication table in QH4(F1(3)). Using the Chevalley formula (7.2]), and setting

wy = 818251, one calculates that:
Ow 01 *aff Ow 09 *aff Ow
01 Osysy T (QO + QI) Os1s5 T Osys1 + Q0
02 Os1s9 T 0sps1 + Q0 Osys9 T (QO + QQ)
Tsys0 Two + G002 — qoo1 (g2 — qo0)o1 + qoo2
Oss1 qoo1 + (q1 — qo)o2 Owy + G001 — qoo2
Twy | 900sys1 + (90 + q1)0s15, + q2(q1 — q0) | Q0Ts1s, + (90 + G2)0s,s5, + q1(q2 — qo)

Then one finds the “affine quantum Schubert polynomials”:
Osisy = 02 %aff 02 — (q0 + G2);  Osys = O1%aio1 — (q0 + q1);

Owg = O1 *aff 02 *aff 02 — G201 — q002-

Note that there is a symmetry obtained by exchanging 1 <+ 2 and keeping 0 fixed. (This follows

from the corresponding symmetry of the affine Dynkin diagram of type Agl) .) Therefore to finish the
multiplication table it suffices to calculate 0, s, *aff Ty 595 Os; 50 %aff Tsas1s Osys0%aff Twy ANA Oy *aff Ty -

We obtain:
Twp *aff Twy = q1(q2 — q0)Tsys, + G2(q1 — q0) 05155 + 30162
Ow Og159 *aff Ow
08182 (QQ - QO)03231 - q008182 + 26]0Q2

[1]
2]

Osys1 | Q00s1s5 T Q00sys; T q1G2 + QO(QI + Q2)
Ty 2q0q201 + (q192 — Qg1 — G0q2)02
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