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I. INTRODUCTION AND LITERATURE REVIEW

Increased use of composite, anisotropic materials for structural
elements has enhanced the importance of obtaining mathematical solu-
tions for some of the boundary value problems which are encountered.
An impact loading on the end of a circular, cylindrical shell is a
dynamic problem encountered in many situations. If the cylinder is
constructed from composite, anisotropic material, one straightforward
arrangement is a series of helically wound fibers embedded in a matrix.
Such a material will, in general, exhibit orthotropic behavior, which
introduces an element of asymmetry to the problem, since neither of
the principal directions is parallel to the shell axis.

The purpose of this effort is to develop and solve a set of
equations for the impact response of a semi-infinite, cylindrical
membrane shell of helically-oriented, linearly-elastic, orthotropic
material. No closed-form solution has ever been obtained for the
simpler problem of an isotropic, cylindrical membrane including
radial inertia. Therefore, it is obvious that an approximate technique
is required to obtain a solution for the orthotropic case. Of
several available techniques, the method of characteristics stands out
as best suited for this problem. Because the paths chosen in the time-
space plane are lines of discontinuity in the first derivatives, the
compatibility relations reduce to simpler form and the pertinent

parameters, such as wavespeeds, become readily apparent.



With these considerations in mind, compatibility relations and
wave speeds are developed from the equations of motion and constitutive
relations, and the problem is solved numerically using the method of
characteristics. Because of the asymmetry mentioned above, the
mathematical formulation yields two sets of linear characteristics
with different slopes. The second set is associated with a torsional
disturbance which is absent in symmetrical configurations.

The method of characteristics was applied to the Timoshenko beam
by Leonard and Budiansky1 [11]. Other investigators [9,10] considered
impact of semi-infinite, cylindrical, membrane shells of isotropic
elastic or viscoelastic material, utilizing Laplace transforms to
obtain solutions of the simplified equations. Spillers [1] extended
the latter investigation to include bending, rotary inertia and trans-
verse shear (Timoshenko shell), but turned to the method of
characteristics for solutions, since the equations became too
complex to be dealt with by transform methods. Subsequently, Chou
and Mortimer [4] outlined a general procedure for the solution of
elastic wave problems involving one space variable by the method of
characteristics. Counts and Bennett [2], on the other hand, showed
how a dynamic finite element technique could be used to obtain solu-
tions for both semi-infinite and finite cylindrical and conical

membrane shells.

!Numbers in brackets refer to the appended list of references.



Thus far, the work, whether assuming elastic or viscoelastic
behavior, membrane or Timoshenko shell, finite or semi-infinite
extent, was based upon isotropic material properties. Reuter [3]
presented a solution for impact of a semi-infinite cylindrical
membrane shell of helically-oriented orthotropic material, but
neglected circumferential stress, in order to obtain a solution using
transforms. The same author [8] subsequently analyzed the same shell
including radial inertia, but for a harmonic disturbance for which
he obtained stress and displacement ratios and dispersion curves.

Using the method of characteristics to analyze the impact of a
cylindrical membrane shell of helically-oriented, orthotropic material,
including radial inertia, is an important advance beyond the efforts
outlined above. The aforementioned analysis, developed in ensuing
chapters, introduces not just an additional method for obtaining a
solution already available by other means, but results which are more
comprehensive than those obtained previously. The method of character-
istics is able to handle numerically the resulting set of three second
order, partial differential equations with coupled terms, which defy

solution in closed form.



II. FORMULATION OF THE PROBLEM

Equations of Motion

In Figure 1, the cylindrical coordinates indicated are x in the
axial direction, ¢ in the circumferential direction, and r in the radial
direction. The equation of motion will be written in each of these
coordinate directions. For this purpose Ups Uy, and ug are defined as
the particle displacements in the x, ¢, and r directions. Ox’ 0¢, ex,
and e¢ represent the normal stresses and strains in the directions in-
dicated by the subscripts. Finally, T and y represent the shear stress
and strain.

Summing forces in the x direction for the differential shell seg-

ment in Figure 2 yields the following equation

a0
X

e dx(hRd¢) = (hRdddx) pu

1 (2.1)

where p is the mass density of the shell material and ﬁl is the second
partial temporal derivative of the axial displacement (i.e., the axial

particle acceleration). Simplification leads to

¢ e
Ox = puy (2.2)

where the prime indicates differentiation with respect to x. Equation
2.2 is the equation of motion in the axial direction. Similar equations
are obtained in the other two coordinate directions. They are

T’ = Rpii2 (2.3)

in the circumferential direction and

- 0, = Rpu

o (2.4)

3



in the radial direction. It should be noted here that u, is angular
particle displacement, which is expressed in radians and is therefore
dimensionless. In their present form, the equations of motion are
valid for any material, but the assumption of orthotropic properties

will be introduced below.

Strain-Displacement and Constitutive Equations

The following expressions relate the strains to the displacements

in the cylinder:

ex = ui (2.5)
€¢ = u3/R (2.6)
and Y = Rné (2.7)

where, again, primes indicate differentiation with respect to x. Fur-
thermore, the equations listed below relate the stresses to the strains

for an orthotropic material.

ox = Q11 ex + le €¢ + Q13 Y (2.8)
S ='(521 €x+622 e¢+623 Y (2.9)
and T ='651 €, +'652 €5 +'653 Y (2.10)

where the 6;j's represent stiffness coefficients, which will be explain-
ed in the section on stiffness coefficients in terms of material pro-
perties.

Substituting equations 2.5-7 into equatiomns 2.8-10, the expressicns
relating stresses to displacements are

u
- ! __2 '
o Q11 uy + le R + Q13 Ru2 (2.11)



(<)}

+ Q23 Rué (2.12)

-0 ] Y Y '
and T = Q31 uy + Q32 + Q,, Ru (2.13)

Wave Equations

The following equations result from substitution of equations 2.11-

13 into the equations of motion, 2.2-4, and rearrangement.

Q
W' - £ G- - 112 u! - R A3 ul (2.14)
1 6 1 Ra‘ 3 ) 2
11 11 11
Q Q
oo o131 kW 132, (2.15)
2 ’6 2 Ra 1 RZ q 3
33 33 33
Q Q Q
- _ 1 22 _ 1721 , 23
uz = Rz —-p Uy R b uy 0 2 (2.16)
Non-Dimensionalization of the Wave Equations
The following definitions are made:
u
Y
Ul = R (2.17)
U2 =u, (2.18)
u
-3
U3 =R (2.19)
X
X =3 (2.20)
o
T =t R (2.21)
E
LL
¢ = \/m—r‘) (2.22)

LT TL



where !

< is a wave speed, ELL is the longitudinal Young's modulus
(i.e., parallel to the fibers), and ViT and VL are the orthotropic
Poisson's ratios. Furthermore,

o = ___% for i=1,2,3 and j=1,2,3 (2.23)

Utilizing the above definitions, expressions can be derived for

the derivatives in the wave equations in terms of the new non-dimension-

al variables. For example,

R U TR S Rie SR> S RO UL R
1 9x X 9% oX aul o0xX X R X 1
2 2
wotio 2 Py op My P11y,
5 2 ox X )4 9X/ 9% 2 R R
X X

Through a similar process, all the following expressions can be

produced.
Ull
uy = ii (2.24)
2
c ..
4, = — U (2.25)
1 R 1 :
U"
w2
Y T T2 (2.26)
R
1

¢ 1is a constant, representing a wave speed, which is introduced for
tfe purpose of non-dimensionalization. The value assigned,

E

\/‘ETI:GEQG——T , has been chosen because it causes the greatest sim-
1T TL

plification.



2
C
i, =2 i ' (2.27)
2 R2 2 :
2
. e, .
uy = R U3 (2.28)
LY
ul U1 (2.29)
T
ul = }Eé (2.30)
2 R *
[t |
u, U3 (2.31)

Substituting equations 2.,24-31 and equations 2.23 into equations

2.14-16, the wave equations are reduced to

. Q Q
UI _al_Ul +.(_2_E U; = _.6];2_[]:'; (2.32)
11 11 11
- Q Q
o - __!-__U +.._-]-.§. " = - —BEU' (2.33)

2 Q33 2 Q33 1 Q33 3

and U (2.34)

3 Q1 U3 = Q3 Uy - QU

Stiffness Coefficients in Terms of Material Properties

The macro-mechanics approach is assumed in developing expressions
for the properties of the shell material. That is, the fiber-resin
geometry is ignored and the lamina is assumed to be a homogeneous,
orthotropic medium. The ensuing formulation parallels that of Ashton,
Halpin, and Petit [5].

The constitutive relations can be written in matrix notation as



o - o -
oL Qf; 4, © s
= * *
Oy Q%, Q%, 0 € (2.35)
| LT i 0 0 203, 1 Y/ ZJ

where L. and T represent respectively the directions parallel and per-
pendicular to the fibers in the surface of the membrane, and 3 repre-
sents the direction of the outward normal to the surface. In this

reference system, the components of the Hooke's law or stiffness matrix

are
QOfy = B/ A=Vpp¥p)
Q3 = Bpp/ (= pVpy)
Qfy = Vo B/ Q-VppVp) = Vop Fpr/ VeV 1 (2.36)
%3 = Cup
U3 =Y3=0

There are four independent elastic constants: the Young's moduli

parallel and perpendicular to the fibers in the surface, ELL and ETT:

the shear modulus, GLT; the major Poisson's ratio, vLT’ The fifth

constant can be expressed as

E

TT
Y =V ., = (2.37)
TL LT ELL

The constitutive relations can be transformed to the x, ¢, r
reference system shown in Figures 1 and 2. Equations 2.8-10 represent
these transformed relations. Using the form given by Tsai and Pagano

[7), the stiffness coefficients are written
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line parallel
to x-axis

helical fiber

Figure 1. Section of a circular cylindrical membrane, indicating
coordinate directions and orientation of a representative
fiber with helix. angle 0.
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g
_ X
T
T
s
T
dx
%%

centerline of cylinder—%»

Figure 2. Free-body diagram of a differential segment of the membrane

with a thickness, h, and a mid-surface radius cf R.
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Qll = Wl + W2 cos(20) + w3 cos (46)

552 = Wl - W2 cos (20) + w3 cos (46)

aiZ =W, - W3 cos (46) (2.38)
Qqy = Wy - Wy cos (46)

6i3 = - %-Wz sin (28) - W3 sin (46)

aé3 = - %-Wz sin (26) + W3 sin (46)

where

-1
W) =g (3Qf; *+ 3¢5, + 20f, + 4Q%,

=1 -

W, =3 Qf; - @)
=1 - -

Wy =g Qfp * Q5 - 207, - 403y (2.39)
_1 -

W, =g Qf; + @5, + 60}, - 4Q%y)

1
Ws =g (@f; +Q5, - 20f, + 4Q%,)

and Wl, W4, and W5 are invariant with respect to 8, the helix angle

shown in Figure 1. Finally, the 6& 's are non-dimensionalized via

3

equations 2.23 to yield the Qij's.



III. DEVELOPMENT OF WAVE-SPEED AND COMPATIBILITY RELATIONSHIPS

Expressions for the axial propagation speeds of the longitudinal
and torsional waves, as well as compatibility relations wvalid in the
characteristic directions must be developed before a numerical solution
can be formulated. The requisite equations can be written as functions
of the material properties and helix angle through consideration of the
non-dimensional wave equations (2.32-34). The procedure followed here
is that of Chou and Perry [6].

As a first step it is useful to introduce a general second order

operator, Dij’ where

2 2 2

=4 9 2 -
Dy = Ay 2 *+ Bys 3e5t * Gy " (1, = 1,2,....,0) (3.1

This is written in terms of two independent variables, x and t, which

in this case represent axial position and time respectively. Utilizing

this operator, a system of wave equations can be expressed as

i Yy = Ri (i =1,2,....,n) (3.2)

I o~13
o
(e

i=1

where the Uj's are displacements and the Ri's are functions of the dis-

placements and their first derivatives. Equations 2.32-34, expressed

in the foregoing notation, take the form

D, Uy + Dy, Uy = R (3.3)
Dyy Uy # Dy Uy = Ry (3.4)
D33 U3 = R3 (3.5)

13
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Now, according to Chou [6], equations 3.3 and 3.4 are hyperbolic
and equation 3.5 is a parabolic equation, weakly coupled to the previous
two. The term "weakly" indicates that no second derivatives are in-
volved in the coupling. The weakly-coupled equation can be analyzed
independently, and the two hyperbolic equations can be considered as a
separate system for which characteristics can be found.

A system of two second order equations in two independent variables

(e.g., position and time) can be written in general form as

" " 1 1 Ty .v___
AlUl + BlU2 + ClUl + D1U2 + ElUl + FlU2 Rl (3.6)
AUY + B U+ CU + DU, +EU +FU =R (3.7)

271 272 271 272 271 272 T2

where primes and dots indicate differentiation with respect to position
and time respectively. In order to express equations 2.32 and 2.33 in

this form, the following definitions must be made:

Q Q

13 1 12
A = 1; B = == C, = - -3 D. = E = F = 0; R. = - '—""U'
1 1 Q,”1 Q. 1 171 1 q,; 3

(3.8)

Q Q

13 1 32
A, = H B. = 1; C. = 0; D, =-—=—; E_=F, = 0; R. = - == ¢!

Next, a series of differential relations, valid along any curve in the

X - T plane can be written as follows:

dv) = U} ax + ﬁi dT (3.9)
dﬁl = 6i ax + ﬁl dt (3.10)
au} = Uy dX + U} oT (3.11)
du, = U! dX + 52 dT (3.12)
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Equations 3.6, 3.7, and 3.9-12 form a set of six equations in six
unknowns, namely the six possible second derivatives. This set may be

expressed in matrix notation as

— — — —
7"
A, B ¢ D E F rﬁl R
"
A, B, C, D, E, F,| |U} R,
0 0 dT 0 d&x O u, | = |du
2 1 (3.13)
o o o dr o | |u, du,
oy '
& 0 0 0 dr © i duy
0 d& 0 O 0 dT ﬁé du)
L -— DU NI —

The foregoing equations are all valid throughout the X - T plane. It

is necessary, at this stage, to write expressions which are valid for
points in the X - T plane at which there are jumps (i.e., discontinuities)
in the first derivatives. The locus of all such points is the network
of characteristics which describes the dynamic response of the membrane.
Indeterminacy of the second derivatives at a given point is a necessary
and sufficient condition for jumps in the first derivatives to occur at
that point. The indeterminacy condition is satisfied in equations 3.13
if the determinant of the coefficient matrix and the determinants of

the six possible matrices formed by replacing one column in the co-
efficient matrix with the right hand column vector are all simultaneous-
ly set equal to zero (in other words, if application of Kramer's Rule

yields solutions of zero-over-zero for all the second derivatives).
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Expressions for Wave Speeds

Setting the determinant of the coefficient matrix in equations
3.13 equal to zero after substitution of equations 3.8, the following

is obtained:

2
Q
(@n® - 51— (@x)? (@n? - 13 (@n® - al— @x? (ar)?
33 Q;:Q33 11
1 4
@ = o (3.14)
Q1933

Dividing through by (dX)4 and applying the quadratic rule yields

7

(QIJZ ) (Q 117%;3 [ ‘// 09323579 5) (3.15)

& "2 7 :
Q193" Q13 (Q,%+Q35)

It can be shown, for the feasible range of material properties and for

all helix angles, that
2
Q1033 = Qp3) > 0

(Qll + Q33) >0 (3.16)
4(Qq Qan = Q22)
1193 ~ Y3

and > <1
(Qll + Q33)

Under these conditions, equation 3.15 yields four real, distinct roots,

p(p = dT/dX). Let

Q,, +Q
T =_% 11 733 5 (3.17)
Q193 = Q4
=1
and ¥ = > (Q11 + Q33) (3.18)
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Then, the four roots can be written

1/2
o=+ {1 - a - ymotA)
1/2
p] = - {T11 - @ - v /%)
(3.19)
1/2
p; -+ {1+ (1 - Y}
1/2
p; = - {T11+ - ymot*)

These are the slopes of the four sets of characteristics in the X - T
plane. The magnitude of the first two roots is smaller than that of
the second two roots. Since these magnitudes represent the inverses of
the wave speeds, the first two roots are indicative of the greater wave
speed and are, consequently, associated with the longitudinal wave.
Similarly, the last two roots, indicating the lesser wave speed, are

associated with the torsional wave.

Compatibility Relations

Next, if the right hand vector is substituted for the first column
of the coefficient matrix in equations 3.13 and the determinant of the

resulting matrix is set equal to zero, the following is obtained:

1 2 1 1 3 1 .
- + p ] du! + [p —— - p ——-—] du
[ Q;,Q34 Q, 1 Q7,055 Qy 1

Q Q .
2 Q3 K
+ [- P ———————] du! + [p -——————] du (3.20)
Q1933 2 Q10331 2
Q Q,, Q,,Q
= [p2 Er_%z__ dUé . pa("Eii N Q13q3z) Ug] X
1193 1 9193
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dT . + - + -
@ Substitution of the roots, Pys Pys Py and Pys into

where p =
equation 3.20 yields four compatibility relationships valid along the
four types of characteristics. Replacing each of the second through
sixth columns of the coefficient matrix by the right hand vector in
equation 3.13 yields five additional matrices. Setting the determinants
of these matrices equal to zero produces five more equations of the form
of equation 3.20 which, upon insertion of the four roots, generate addi-
tional compatibility relationships. However, as Chou asserts [6]: "It
can be shown that after substitution of any root %% into any two of the

six equations ... if the two equations contain the same differentials

(any or all of du,, du! dUz, dUé, or dX) then the two equations produce

1 1
one identical compatibility relation." In the present case, it turns
out that each of the six equations produces the same four compatibility
relations. Thus, the four independent compatibility relations can be
formulated by simply substituting each of equations 3.19 into equation
3.20.

If, in equation 3.20, the "dX term" is shifted to the left hand side

and the equation is divided through by the coefficient of dUi, the

following can be written:

' - ' ) ' =
dU1 + ndU1 + |<dU2 + XdU2 + uU3 dX 0 (3.21)
3
P-P Qy,
where n=-—— (3.22)
2
P Q3371
2
~P Q5
= — 13 (3.23)

2
P Qy5-1
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3
A= — (3.24)
2
P Q3,1
2 4
TPTQp + P (Q15035705405,)
U= (3.25)
2
P Q3571
U au .
'____3—__._30511= _d-_'I_‘
but U335 "o & UsEx (3.26)
Substituting equation 3.26 into equation 3.21 yields
' . ' . . )
dU1 + ndUl + KdU2 + )\dU2 + uU3 dT 0 (3.27)

where it should be noted that the coefficients are simply functions of
the material properties and the helix angle.

By substituting the roots, from equations 3.19, for p in equations
3.22-25, four sets of coefficients are obtained for use in equation 3.27,

The four equations produced can be expressed in matrix notation as

— —_ — - —
+ + + + du
1 nl Kl Al uldT 1 0
- - - - du
1 nl Kl Al uldT 1 0
dul | = (3.28)
+ + + + 2
1 n2 K2 AZ usz ) 0
L _ du,
1 n, K, Az usz ﬁ 0
L I T T S T
where n¥ = n(p)
P = pl, etc.

170 solve these equations uniquely, a fifth equation is required. This
is obtained from the radial motion equation as developed in Chapter V

beginning with equation 5.17.



20

Cases of Degeneracy

0° and 90° Helix Angles. Substituting 6 = 0° or 90° into the

expression for Q,, (equations 2.38) gives
13

Q3

Then, from equations 2.23

Q3

Substituting this into equations 3.23-24 yields

kK=XA=0 (8 =0° 90°

=0 (0 = 0°, 90°)

=0 (6 = 0°,

Thus, no matter what value of p is used, the third and fourth columns

of the coefficient matrix in equations 3.28 are all zeros.

The

solutions for the four differentials and radial velocity (ﬁ3) are,

therefore, indeterminate.

Isotropy. If the shell material is assumed to be isotropic,

Eyp = Epp = E

Vit = VL =V
_E

Grr = € = 3T

Using these relations in equations 2.36, and solving for W

in equations 2.39 results in

2 and W3
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wz = W3 = 0 (isotropic)

From equations 2.38 and equations 2.23, thils condition produces

Q3 =0

As in the case of 0° and 90° helix angles, the foregoing indicates in-
determinate solutions for equations 3.28.

All of these degenerate cases are ones in which the solution is un-
coupled. That is, a normal stress input at the end of the cylinder
generates a longitudinal wave, but no coupled torsional wave. Although
the general formulation, as it stands, will not yield solutions for
these special cases, equations which produce solutions for them can be
developed using the same procedure presented here.

For the cases of 0° and 90° helix angles, if the definition is made
that
ey - P

3 ? (3.29)

g

two compatibility relations can be written as follows:

+ uU,dT = 0 (6 = 0°, 90°) (3.30)

1
du! + ndu 3

1 1

dUé + E;dU2 =0 (6 = 0°, 90°) (3.31)

For the 0° and 90° cases, these replace equation 3.27. Notice that there
is no coupling of terms between equations 3.30 and 3.31. Furthermore,
the wave speed equation is

Q; tQ
p4 _ 1 33 p2 " =0 (e =0° 90° (3.32)

Q1,935 Q1933



which has roots
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ot = (2
Py = - (Qll)'l/2
py = (@3 "2
py = - (@7

(3.33)

Substitution of pI and pI into equation 3.30 yields two equations

valid along the characteristics governing the longitudinal wave.

Similarly, substitution of p; and p; into equation 3.31 produces a pair

of equations valid along torsional wave characteristics.

A parallel formulation can be done for the isotropic case, which

has been solved several times in the literature.

Further comment on

these degenerate cases will be made in the presentation of results.



IV. FORMULATION OF JUMP RELATIONS
ANLD BOUNDARY CONDITIONS

The X-T Plane

The four roots of equation 3.14, given in equations 3.19, are the
values of %% which designate the characteristic directions in the X-T

plane. They are, therefore, the inverses of the non-dimensionalized
wave speeds.

-1
+.
1= (pl) (4.1)

[¢]
i

-1
c, = (&) 4.2)

where ¢y and ¢, are non~-dimensionalized wave speeds. Henceforth in
the development, the subscript "1" is used to designate entities re-
lated to the longitudinal compression wave, and the associated charac-
teristics are referred to as primary. The subscript '2" pertains to
the torsional wave, and the associated characteristics are called
secondary characteristics.

An overall view of the grid formed by a set of equally spaced

primary characteristics is shown in Figure 3. The primary leading

characteristic shows the rate of advance of the longitudinal wave

front. The secondary leading characteristic shows the progress of the

lagging torsional disturbance. Within the grid, there are three groups
of geometric figures which the characteristics and boundary delimit.
Difference equations, necessary for the numerical solution, will be

developed for interior quadrangles (e.g., (A)) and quadrangles lying

23
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secondary leading
characteristic

J (slope = p;)

primary leading
characteristic

+
(slope = pl)

QUIESCENT
REGION

Y

Figure 3. Portion of X-T plane showing primarv and secondary leading

characteristics and representative elements delinited by
the characteristics.
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along the primary leading characteristic (e.g., (B)), and then for
triangles on the boundary (e.g., (C)). First, however, jump relations

and boundary conditions must be formulated.

Jumps Across a Positive Primary Characteristic

As proven by Chou [4], there can be no jumps (discontinuities) in
the first derivatives across lines in the‘X—T plane which are not
characteristics. Relations, valid for jumps across a positive primary
characteristic, are developed here using Chou's method. In Figure &4
are shown two positive primary characteristics (CI) with a negative
primary (CI), negative secondary (C;), and a positive secondary charac-

+
teristic (CZ) which pass through a common point (A) on one of the C1

characteristics.

The second of equations 3.28 can be integrated along C; from A to

+
B. The third and fourth of equations 3.28 can be integrated along C2

- +
from A to D and along C, from A to C respectively. If Cl(2) is then

2
allowed to approach CI(l), in the limit as the distance between them

goes to zero the aforementioned integrated expressions become

[Ull + n [U 1 + K [U ] + A [ﬁz] = 0 (across C;)
[Uj] +n, (6,1 +«, (U] + 2 (§,] =0 (across C}) (4.3)
[03] + 2 (U] + &) [U3] + 23 (0] =0 (across )

where [ ] means '"the jump in." The validitv of this operation depends,

of course, on the fact that the coefficients of dT are finite.
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A\

. + . - -
Figure 4. Two adjacent Cl characteristics, showing a Cl’ a C2, and
+ +
a C, characteristic which intersect one of the C, charac-

2 1

teristics at a common point.
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Jumps Across a Positive Secondary Characteristic

Through a process parallel to that used to develop equations 4.3,

a set of equations for jumps across a positive secondary characteristic

are obtained. They are

[Ui] + nI [ﬁll + KI [Ué] + AI [ﬁz] 0 (across C;)

(U] +n} [0,] + &} (U] + X7 [0,]

]

0 (across C;) (4.4)

]

[U]] +n, (0,1 + 5 [U)) + A5 [0,] =0 (across Cy)

Propagation of Jumps Along Characteristics

The first of equations 3.28 is valid along all positive primary

+ +
characteristics. If one C1 characteristic approaches another C1
characteristic, in the limit as the distance between them goes to zero

the following is obtained:
\ + e + ' S P +
d[Ul] + ny d[ul] + Ky d[U2] + Al d[Uz] =0 (along Cl) (4.5)

Since equations 4.4 comprise three equations in four unknowns, any
three of the jumps can be expressed in terms of a constant times the
remaining jump. Such expressions can then be substituted into equa-
tion 4.5. Since the differential of a constant-times-a-jump is equal
to the constant times the differential of the jump, the fact that
equation 4.5 can be written entirely in terms of one jump variable
indicates that the differential of that jump variable must be equal
to zero. The same thing, of course, is true for the other three jump

+
variables. Consequently, jumps propagate along Cl characteristics
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with constant magnitudes. A similar conclusion can be drawn for C;

characteristics.

Boundary Conditions at the Wall

It will be seen, in the development of the difference equations
in the next chapter, that two equations beyond the compatibility re-~
lations (equations 3.28) are required to obtain a solution at the wall.
The first condition is self-evident. Once the semi-infinite cylinder
has impacted the wall, the axial velocity of its end must be zero.

Therefore,

U =0 (T >0) (4.6)

To provide a second condition, the shear stress is assumed to be zero
at the wall. Non-dimensionalizing equation 2.13 by using equations

2.17-19, the following is obtained:
- 1 '
S12 7 U101 * Q305 * Q3005

where 812 represents the non-dimensional shear stress. Thus, at the
wall,

Q3pUp + Q305 + Q3,U3 = 0 (X = 0) (4.7)

"Initial" Conditions

It is possible to begin the numerical solution along the X-axis

(i.e., T = 0, X > 0) where all displacements and derivatives, except
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the axial velocity, are zero. However, none of the aforementioned
variables change value anywhere below the primary leading character-
istic. Integration over this quiescent region (shown in Figure 3)
would use computer time and increase numerical inaccuracy. Therefore,
it is desirable to specify "initial" conditions along the primary
leading characteristic, not the X-axis.

The velocity of the cylinder, just before impacting the wall, is
defined as —VO. It is designated a negative because the direction of
wave propagation has been defined as positive (i.e., increasing X).
Time zero is defined as immediately after impact. Thus, at the origin
X=0,T=0), a jump in axial velocity has just occurred and can be
represented

[, ] =0 = (-V) =+V (4.8)

origin 0

+

It has been shown that jumps propagate along C, and C+ character-

1 2
istics with constant magnitudes. Thus, jumps across the p.f.c. at any
point along its length are identical to the jumps across the p.f.c.
at the origin, and equations 4.3 are applicable in all such cases. In
addition, equations 4.4 are valid for jumps across the secondary lead-
ing characteristic (s.f.c.) at all points along its length, including
the origin, and the jumps have identical values everywhere along the
characteristic.

At this stage, it 1is useful to examine the situation at the origin

more closely. The latter point is the only one in the X-T plane which

lies on both the p.f.c. and the s.{.c. Therefore, the jump in any
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variable at the origin must be the sum of its jumps across the p.fL.c.

and the s.f.c. Considering that U, Ué, and U, are all zero just be-

3
fore impact and that these three variables must satisfy equation 4.7

at the wall (and, therefore, at the origin) just after impact, the

following obtains:

Qy,[U]] + Qy,1U5] + QU] 0 (4.9

origin origin origin

Jumps in the radial displacement, U3, are not admissible, if continuity
of the membrane surface is to be preserved. Therefore, setting the
third term in equation 4.9 equal to zero and writing the remaining

jumps in terms of their components across the p.£.c. and the s.f.c.,

yields
Q,, ([U]] + [U7] + Q.. (U] + [U!] =0
31 1 p.L.c. Vs.t.c. 33 2 p.£.c. 2 s.L.c.
(4.10)
The jump in equation 4.8 can also be split into two parts, as
follows:
[Ul] + [Ul] = +VO (4.11)
p.L.c. s.k.c.

There are, now, eight jump relations written in terms of eight
variables. These include equations 4.3, 4.4, 4,10, and 4.11. If the

velocity of the cylinder before impact, V., is set equal to unity to

0,

normalize the solution, the foregoing set of equations can be written

in matrix notation as:
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_ — —_ -
- - - '
1 Ny K Al 0 0 0 0 [Ul] 0
p.L.c.
1 n2 Kz AZ 0 0 0 0 [Ul] 0
p.L.c
1 n; K; A; 0 0 0 o ||[u'] 0
2
p.L.c
0 0 0 0 1 ny Ky Al [UZ] . 0
p.L.c. | (4.12)
+ + +
0 0 0 0 1 ny Ky kl [U1] 0
s.f.c
0 0 0 0 1 nz K2 AZ [Ul] 0
s.t.c
L
Q33 0 Q33 0 Qy 0 Q35 0 []IU;] 0
s.2.c.
0 1 0 0 0 1 0 0 [|[U,] 1
2
_l s.f.c. |

Since the radial wave equation, 2.34, is parabolic, the radial velocity

experiences no jumps. Thus,

=0 (4.13)

The values of the first derivatives assigned as "initial" condi-
tions along the p.f.c. are those which exist immediately after the
jumps have occurred. Therefore,

(U.) = -v_+ [U.] (4.14)
1 p.L.c. ° 1 p.L.c.

Since the remaining first derivatives have zero values in the quies-

cent region, the values assigned to them along the p.f.c. are identical

to the values of their jumps across the n.l.c.
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The magnitudes of the jumps across the s.f.c., as obtained from
equations 4.12, are not needed as input in order to produce solutions.
The jumps across the s.f.c. are generated by the numerical integration
and the values from equations 4.12 can be used to check the results of

the integration.



V. DEVELOPMENT OF THE DIFFERENCE EQUATIONS

As indicated in the last chapter, difference equations are to be
developed for each of the categories of geometrical figures (A, B, and
C) delimited by the finite difference grid shown in Figure 3. These
equations will, subsequently, provide the means to integrate numerically
throughout the X-T plane and calculate the values of displacements,

velocities, stresses, etc.

Quadrangles

Shown in Figure 5 is an interior quadrangle bounded by segments
of four primary characteristics, designated CI and CI. Since a set of
characteristics can be drawn through any point in the X-T plane,
secondary characteristics (C; and CE) are drawn through point P and

intersect the lower pair of primary characteristics at points M* and

0*. From Figure 5, the following relations can be written:

(using equation 4.1) B = arctan ¢y (5.1)
(using equation 4.2) o = arctan <, (5.2)
Yy=7m"-a-28 (5.3)

L
PN = 2AT (5.4)

__
PN represents the length of the line connecting points P and XN.

All such designations represent line lengths between two points.

33
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Figure 5. An interior quadrangle bounded by segments of four primary
characteristics.



NM* = PN sina/siny (5.5)
NM = AT secR (5.6)
* % '
NO* B (= ¢ by definition) (5.7)
NO NM
_ 2 sino cosB
¢ = siny (5.8)
(using equations 5.4,5,8) AT* = 2AT - NM* cosB = AT(2-T) (5.9)

Now, if the values of a function of X and T are known at points I,
N, and O, the values at M* and O% can be found by linear interpolation

using C.

C g+ 8lC D mC )y (5.10)

C yse M

C dgx = € D +2lC =€ )l (5.11)

where ( ) represents any one of the variables defined in the X-T plane
(e.g., Ui, 61’ etc). This is, of course, based upon the assumption
that functions of X and T vary approximately linearly from N to M and
N to O for AT sufficiently small. A further assumption is

(U3)1 + (U
377 = 2

3)2

AT (5.12)

for AT sufficiently small. Using these approximating assumptions, each
of equation 3.28 can be integrated along the appropriate characteristic.
[WH, = @D+ [0, = (B, ]+ [, - U]
1’p 1'M 1 1’p 1M 1 2°p 2°M°

+
+ . . ul . . -
F AT 10, = )] + 5 [ + (B),] a1 = 0

(5.13)
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From O to P (along CI),

[(Up = W]+ 0y [0, = (@)1 +«] [, = U))]
- : My :
+ AL 1), = (0y)0] +—= [(Fy) ) + ()] AT = 0

. (5.14)
From M* to P (along C2),

' I + '
[WDp = D) + 1y (D), = @)l + 65 LW, - WU)),]

uy )
+ - [(0.)., + ;)] AT* = 0

+ ° °
Ay [(Uy)p = (Uy) 3)

2 M*]
(5.15)

From 0* to P (along C;),

[(Up = WD, + 0y [, = W) ,) +k, [, = U)),]

U

- o . 2 . _
+ X, L), - (0,0, + = (@), + ()1 a1+ =

(5.16)

where equations 5.10-11 are used to calculate ( ) and ( )

M* o*’

If the values of all the first derivatives are known at points M,
N, and O and their values at M* and O* are calculated using equations
5.10-11, the only unknowns in equations 5.13-16 are the values of the
derivatives at point P. However, since five such unknowns appear in
the latter four equations, another equation is required. Equations
5.13-16 were derived from the two hyperbolic wave equations, equations

2.32-33. The additional equation is supplied by the radial wave

equation, equation 2.34, which is parabolic. Thus, from equation 2.34
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o v _ "
T Uz = 7 iU T QiU - Qul,
Remembering that . .
v, = & dr + &5 dx
3° 7ot ox 44

if a path is chosen along which X is a constant

3U
37 ToT

Using equation 5.19, equation 5.17 can be written
L] = _ ' _ ' _ -
dU3 ( Q21U1 Q23U2 Q22U3) dT (X = constant)

AT is assumed sufficiently small to allow the approximation

du, = ——é-dT (X = constant)

( )y +C)
f()dté N P

where ( ) represents U', Ué, Uy or U,.

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

Using equation 5.21, equation

5.20 can be written in finite difference form between points N and P

as follows:

. . V1 ., .
(Bpp = @)y = { - =5~ LWy + WDy] -

_32_2_[(1]) + (U, ] } 2aT
2 3’N 3’p

Furthermore,
P

Ug)p = (Uy)y + £ U,dT

Using equation 5.21, this becomes

@y + @

(u

2 [y + @

Pp = WUy +

2p!

(5.22)

(5.23)

(5.24)
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Substituting equation 5.24 into equation 5.22 and rearranging terms

leads to
21,, (D)% + 11 (B, + 10,00 = 11 (B = { = Qp (WD
+ (U] = Qpy [UY L+ (U] - 20, (W)} AT (5.25)

Upon rearrangement, equations 5.13-16 and equation 5.25 yield, in

matrix notation,

]

+ —— pro— wmanany - -
u
+ + + __l' '
1 on oK Ay T U)p Rl
- _ ooy
1 n K \] AT @)y R,
S
+ + + M
1 n, K, )\2 -2—AT* (Ué)p - Ry (5.26)
- - -, .
*
L ny K Ay FAT Uy)p R,
Q Q .
AT 0 Q—Z—QAT 0 Q—ZZ-AT2+—L 0, R
21 21 Q3 Sj

2This equation could be divided through by AT. However, the (A’l‘)‘-1

terms produced thereby cause problems in the computer solution. The
equation, is therefore, left in its present form which is the one used

in the computer program.
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where

+
u
. + . + S | .
Ry = Uy + 0Oy + k(O + A U)y - —5 AT (Uy)y
(5.27)
' -_— - -_— e UI [}
= ' - —
Ry = (Upg + 0 U)o + kU + A, (U) g - —5 AT (Uy),
(5.28)
U+
e +,. +, + ) .
Ry = Wy ¥ My + K000y + A0 (U) e = =7 8T* (Ug)yy
(5.29)
- i, _ . My .
- ] 1 - ——
R, = (U gw + MU g + K W) gy + X (Un) gy = 5 AT* (Ug)
(5.30)
Q Q
23 1 22 2 ..
R, = - AT(U"). - =23 AT(U!). + 2 - 22 A7% (0.)
5 Vn 7 qQ, vt QT Oy, 3N
2Q
- ——22-(U ). AT (5.31)
Q; ¥N

For any quadrangular element within the grid, if the values of all the
first derivatives and the radial displacement (U3) are known at the
three lower vertices, equations 5.26 can be used to calculate the values
of the first derivatives at the uppermost vertex. For quadrangles
which lie along the primary leading characteristic, equations 5.26 are
valid, but certain additional information is available. In such quad-
rangles, points N, O*, and O all lie on the p.£.c. Therefore, the
values of the first derivatives at these three points are immediately
known from the "initial" conditions formulated in the last chapter. As
indicated there, the values are identical for all points lying on the

p.L.c.
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Triangles on the Boundary

Figure 6 represents a boundary triangle, an example of which has
been designated C in Figure 3. One secondary characteristic can be
drawn through point P as shown. Again, as in the case of quadrangles,
compatibility equations can be integrated along appropriate character-
istics and expressed in finite difference form. Between O and P,
equation 5.14 is again valid, as is equation 5.16 between O* and P.
However, imposing the boundary condition expressed in equation 4.6,

(Ul)P is set equal to zero in these two equations, yielding

[UDp = W] = nj @)+ ] [, - W]+ M [(T,)p = (0,),]
Wy . )
+-—E [(U3)0 + (U3)P] AT = 0 (5.32)

and
[(UDp = U ] = Ny (U e+, (UYL = (U1 + Ay [(U,),

. My . .
= (U)00] + =5 [(WUy) o, + (U] AT* = 0 (5.33)

where equations 5.9 and 5.11 are used to calculate AT* and ( ) The

O* "
radial wave equation, expressed in finite difference form between points
N and P (equation 5.25), provides a third relation. To obtain a fourth

relation, the shear boundary condition at the wall (equation 4.07) is

written for point P as follows:

Q31(Ui)1> + (233(05)P + Q32(U3)P =0 (5.34)

Substituting for (U3)P from equation 5.24,
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AT*

Figure 6. A triangle on the boundary delimited by segments of two
primary characteristics and the time axis.
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Uy UPp + Qg3(Up + Qgp [Wydy + (Wydy AT + (Uy)p AT] = 0
(5.35)

Rearranging equations 5.32, 33, 25, and 35, and writing them in

matrix notation, yields

r _ - — rooA
T
— 1
1 Kl >‘1 2AT (Ul)P R2
T
— * 1
1K, A = AT ), R,
= (5.36)
Q Q .
AT 63§AT 0 Q22AT2 + = @), R,
21 21 Q3
Q Q .
1 Q33 0 Q32AT Uy R¢
i 31 31

where R2, R4, and R_. are defined by equations 5.28, 30, and 31 respec-

5
tively and

Q
= - 32 ;
R = - o [(Uy)y + (Uy)y AT (5.37)

For any triangular element at the wall boundary, if the values of all
the first derivatives and the radial displacement (U3) are known at the
two lower vertices, equations 5.36 can be used to calculate the values of

the first derivatives at the uppermost vertex.



VI. NUMERICAL INTEGRATION PROCEDURE

The order in which the integration is carried out 1is indicated by
the numbering of the grid points in Figure 7. First, values are assign-
ed at points 1 and 2 by using the "initial" conditions formulated in
Chapter IV. Equations 5.36 then yield values for point 3. Axial
velocity, ﬁl’ is zero at the latter point, as it is at all points for
which X equals zero. Since point 4 is on the p.f£.c., the "initial"
conditions again supply values there. With the values at 2, 3, and &4
known, equations 5.26 yleld values for point 5. Knowing the values at 3
and 5, equations 5.36 are used to generate the values at point 6. Con-
tinuing this procedure, values are generated for all grid points. A
cut-off time, Tmax’ indicated by the dashed line in Figure 7, is

specified.

Convergence

The spacing of the grid is changed by specifying a different time
interval, AT. As the grid is made finer, numerical convergence of the
solution is assumed to have been achieved when plots of the output
variables show no noticeable change for successive halvings of the time

interval.

Secondary Jumps

Jumps in the first derivatives must occur across the secondary lead-
ing characteristic. These jumps are generated in the numerical sol-

tions. Their relative magnitudes and locations (i.e., X and T coordi-
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Figure 7. Portion of X-T plane indicating order of numerical integra-
tion. Tmax is cut-off time for the solution.



45

nates) can be checked by utilizing the secondary jump relatioms and

torsional wave speed.

Parabolic Interpolation

Values of the varlables at points designated M* and 0% in Figure 5
are calculated in the program using parabolic interpolation, not the
linear interpolation specified in equations 5.10-11. The expressions
used in this non-linear interpolation procedure, which refines the
numerical integration somewhat, are developed below.

In Figure 8, a quadrangle from the grid is shown with part of two
adjacent quadrangles. Two scales, defined so that the horizontal dis-
tance between adjacent grid points is unity, are indicated. S+ is used
for interpolating between N and O, and S~ for interpolating between N
and M, Using these scales, [, as defined in equation 5.7, is the
horizontal distance between N and O* or between N and M*. This sort
of normalized system of measurement can be used, because the function
values are being proportioned according to the relative spacing between

the points. Thus,
sty =05 st = 1.0; sTo%) = 1.0+ z; sTO) = 2.0 (6.1)

If a function, f, is assumed to have a second degree variation between

points M and O, it can be written
+ +.2 +, +
f=a(sH+b (s + ¢ (6.2)
+ _+ + , .
where a , b , and ¢ are constants. Using equations 6.1 in equation 6.2

yields
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Figure 8. Normalized scales used in parabolic interpolation.
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£ =
M (6.3)
£ =a +bT 4+t
N
and
£, = sat + v+ ot

where fM_ represents the function evaluated at M , etc. Solving equa-

tion 6.3 for the coefficients gives

a+ ) fM_ - ZfN + fO

2
- 3f,_+ 4f_ -~ £

bt = —F N_© (6.4)

2
and
+
c = fM_

Likewise, for interpolating between N and M, a function, f, can be de-

fined by
- -2 . . -
f=a(S8) +b ((S)+c (6.5)
where
o fo_ - ZfN + fM
2
- 3f _+4Ff - f
b = 0 . S — (6.6)
and
c = f

0—



VII. DISCUSSION OF RESULTS AND CONCLUSIONS

Discussion of Results

With the exception of isotropic results, which will be discussed
subsequently, no theoretical or experimental data are available to
determine, by comparison, the validity of the numerical solutions.
Therefore, beyond careful rechecking of the steps involved in producing
the program, acceptability of the results must be based upon internal
consistency. Since "initial' conditions along the p.f.c. are imposed,
they are of no use in checking results. Although two conditions are
imposed at the wall (i.e. zero axial velocity and zero shear stress),
the values of some of the variables are generated numerically and may
be useful in comparisoms.

The most convincing piece of evidence is contributed by the jumps
in the first derivatives generated at the s.f.c. by the numerical
procedure. Equations 4.12 represent conditions that must be satisfied
at the origin, which is, as stated previously, located on both the
p.£.c. and the s.£.c. Since jumps propagate along the characteristics
with constant magnitudes, the jump values resulting from simultaneous
solution of equations 4.12 are valid everywhere along the leading
characteristics. Although the jumps across the p.f.c. are imposed in
the boundary conditions, if any jumps appear at the s.f.c., they are
generated by numerical integration of the compatibility relations.
Thus, if jumps occur in the output variables at the position of the

s.f.c. and they are of the magnitude and sign predicted by equations

4.12, there is ample reason to be confident of the procedure.

48
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Oscillatory Behavior. There is one apparent problem encountered

in the output. Oscillations are observed just behind the s.f.c., an
example of which is shown in Figure 9. The location of this oscillatory
behavior is no surprise. It occurs immediately beyond the point at
which the numerical procedure has generated a '"nearly-infinite"

gradient to model the jump in velocity at the secondary wavefront.
Oscillations of this sort are found in all the output only for the
variables which exhibit jumps at the s.f.c. Radial velocity, for
example, does not have jumps and exhibits no oscillations. Likewise,
when negligibly small jumps occur, as in the 'mear-isotropic" case

shown in Figure 10, no perceptible oscillations occur.

It would appear that use of a larger time interval for the
numerical integration could eliminate the oscillations. This should
certainly be true for some larger interval. However, solutions re-
sulting from use of intervals two and four times greater than the one
used in Figure 9 still contain oscillations, although they generate
essentially identical values for all points outside of the oscillatory
regions. Further enlargement of the interval does not seem to be a
profitable route. The increased crudeness of the approximations would
just make the overall results inaccurate. Likewise, decreasing the
time interval does not result in a narrowed oscillatory region,
although a smaller interval does cause an oscillation of higher
frequency and greater amplitude. Thus, contraction of the interval

is not promising.
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Figure 9. Spatial variation of non-dimensionalized axial velocity,
showing oscillations behind the secondary wavefront (6 = 45°;
ETT/ELL = 0.1; GLT/ELL = 0.0333...; VLT = 0.3; T = 5.0;

AT = 0.00625).
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On the other hand, if a faired curve is drawn through the
oscillations, the result is invariably a jump across the s.f.c.
which is equal to the one predicted by equations 4.12. Such a fairing
is shown in Figure 9. This procedure is followed for all the output,
and the oscillations are not shown in subsequent figures.

It is not unexpected that membrane equations should have a
difficult time modeling shock phenomena. However, it appears that the
overall results of this formulation are a reasonable model of the
dynamic response of a helically wound shell. This is certainly a
positive step toward understanding the response of such an anisotropic
shell. It is felt that the introduction of bending, transverse shear,
and rotary inertia would obviate oscillations.

The Isotropic Case. As explained in Chapter III, this formulation

will not yield solutions under isotropic conditions. If E11 = E22 = E
and G = E/2(1+V) and/or 6 = 0° or 90°, the compatibility equations
become indeterminate. However, if 'near-isotropic" conditions are
assumed, reasonable results are obtained as indicated in Figure 10.

In this case, was considered to be one percent larger than E

Bl1 22°

so that Ell/E22 = 1,01, Additionally, the helix angle was assumed to
be 1° and G = Ell/2(1+v), where V = %u
The two solutions are essentially identical at X = 2.0, the
location of the primary wavefront, because the calculated jumps across
the p.£.c. are of almost identical magnitudes in both cases. However,

the differences between them gradually become apparent as the numerical

integration proceeds. In the '"near isotropic' case, there is a
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torsional wave with a non-dimensional wave speed of about 0.574 which
has some limited effect on the behavior of the membrane.

The axial stress curve may appear, at first, to be inconsistent
with the others. Nevertheless, the maximum percent difference, based
upon the isotropic curve, is less than fifteen percent. This is no
larger than the percent differences encountered in the other variables.
The fact that the curvature of the axial stress plot is reversed from
the isotropic to the '"near-isotropic' case appears troublesome., How-
ever, it must be remembered that there are constraints on the values
at both ends due to the imposed boundary conditions. Similar con-
straints on the other variables do not cause such a marked change in
curvature simply because the maximum separation between the curves in
each other pair is several times smaller than it is for the axial
stress curves.

Assumed Material Properties. Values for three parameters

(i.e. E22/E /Ell, and V 2) are necessary to completely specify

11° ©12 1

the properties of the shell material. In all the cases presented here,
one representative set of material properties has been assumed. These
properties roughly approximate the values for boron-epoxy and carbon-
epoxy composites given by Ashton, Halpin, and Petit [5]. It is
assumed that the longitudinal Young's modulus (Ell) is ten times the

transverse modulus (E The value of the orthotropic shear modulus

22)'

(GIZ) is set at one-thirtieth of E11 and v12 is specified as 0.3.

Varying the Helix Angle. Once the material properties have been

assigned, the only remaining parameter, necessarv to describe the
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shell completely, is the helix angle defined in Chapter I. The re-
striction on the value of the helix angle is 0°<|8‘<90°. The speeds
of the compression and torsion waves vary with the helix angle. As 6
approaches 0°, the dimensionless speed of the former wave should
approach 1.0, since the effective modulus in the axial direction

approaches E As O increases in value, the effective axial modulus

11°
decreases, causing the speed of the compression wave to diminish. The
torsion wave is harder to characterize. One thing that can be said,
however, is that it should propagate more slowly than the other
disturbance.

In Figure 11, the variations of the wave speeds with helix angle

are shown for the assumed material properties. The value of c, as 5]

approaches 90° is predictable from the value at 0°, since c; is pro-
portional to the square root of the effective axial modulus. For

B = 90°, the fibers are wrapped circumferentially and the axial modulus

is E22. As stated above, for 8 = 0° the axial modulus is Ell' Thus,
(cy)
E E 17
§£ = 10.0 = E_ll.:_'- 3.16 _(_C_).O_. = 3,16
22 22 1 90°
Therefore, since (cl) = 1.0, the predicted value of (Cl) is about
0° 90°

0.316, which compares favorably with the value in Figure 11.

Three helix angles (i.e. 15°, 45°, and 75°) have been chosen for
purposes of comparison. In Figure 11, it can be seen that <, is nearly
maximal and <) is nearly minimal at 15°. At 45°, the values of the

wave speeds are intermediate. At 75°, the value of c, has dropped and

1
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that of c, has risen so that they are about at the point of closest
approach.

A comparison of dimensionless circumferential velocity at T = 2.4
for the three helix angles is shown in Figure 12. It can be seen that
the primary wave front (located at the extreme right of each curve)
advances more rapidly, the smaller the helix angle, but that the
secondary wave front slows down with decreased angle. This is as
indicated by the wave speeds in Figure 11. Thus, while the primary
wave has far outstripped the secondary wave for the 15° helix angle,
the two wave fronts are practically coincident for the 75° configura-
tion at the time shown. The proximity of the two disturbances in the
latter case causes more pronounced gradients on either side of the
torsional wave front. An additional aspect of interest is the trend
of the jumps at each wave front. Across the p.%£.c., the jump in
circumferential velocity increases as the helix angle is expanded,
whereas the jump at the secondary wave front decreases under the
same condition.

In Figure 13, the dimensionless shear stress parallel (and
perpendicular) to the fibers is compared for the three helix angles
at T = 2.4. Again, there are more pronounced gradients on either
side of the s.%.c. for the 75° case in which the two wave fronts are
in close proximity. The nearly constant shear stress beyond the wave
fronts in the 15° and 45° cases is a curious result. However, this
condition does not hold for all time after T = 2.4, as is evident

from the curve for SL in Figure 15.

T
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Figure 12. Spatial variation of dimensionless circumferential velocity
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Figure 13. Spatial variation of dimensionless shear stress in fiber
direction at T = 2.4 for helix angles of 15°, 45°, and
° = . = . = .
75 (ETT/ELL = 0.1; GLT/ELL 0.0333...; Vi 0.3;

AT = 0.0125).
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Results After a Greater Time Lapse. Considering a 45° helix

angle, at T = 10.0, both wave fronts are more than two spatial units
from the end of the cylinder. This means that the wave fronts have
moved more than a diameter away from the wall, since x has been non-
dimensionalized with respect to the cylinder radius. The spatial
variations at this time have changed markedly from those presented in
Figures 12 and 13.

The dimensionless velocities in the three coordinate directions
are shown in Figure 14. As expected, the radial velocity does not
exhibit a jump at the torsional wave front. Furthermore, the cir-
cumferential velocity changes sign as it crosses the s.f.c., indicating
that the direction of rotation of the shell material actually reverses
from one side of the wavefront to the other.

In Figure 15, dimensionless stresses are presented. The jumps in
ST and SLT across the s.f.c. are very small and, in line with what
was stated previously, no perceptible oscillations occurred in the
output, This was not the case for SL’ which exhibits a sizable jump
at the secondary wave front. At T = 10.0, the critical parameter is
ST, the stress across the fibers. Not only does this variable exhibit

greater magnitudes, in both tension and compression, than the other

stresses, but it is oriented in the direction of least material strength.

Conclusions

Parametric Study. It is evident that the results presented herein

are not by any means complete. The number of curves which could be
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developed for just one set of material properties is, of course, very
large. The complete results for cases at times around T = 10.0 or
beyond become voluminous, and orderly paring of the output is impera-
tive. A parametric study should be undertaken based upon spatial
and/or temporal profiles of the various parameters, possibly concen-
trating on stresses. Such a study is now feasible, using the computer
program, HELCYD, presented in the appendix. However, further evidence
is necessary to enhance the usefulness of the information provided.

Experimental Data and Rate-Dependence. Experimental data are

needed to confirm or disprove the validity of the assumptions made in
this analysis. Practically speaking, the problem should be extended to
the cylinder of finite length before any comparisons are attempted.
The method of characteristics, as developed here for the case of no
reflections, should provide a convenient vehicle for introduction of
reflections. A right hand wall with boundary conditions assigned must
be introduced, and an additional pair of leading characteristics with
reversed slopes must be added for each reflection. Thus, the p.f.c.'s
would form a zig-zag pattern between the walls for increasing time,
and the s.f.c.'s would form a similar pattern with lower frequency.
Even the assumption of a finite membrane of linearly elastic
material might not yield results sufficiently close to experimental
data. There are two additional factors, either or both of which might
be necessary to reproduce experimental results within recognizable
limits. Unless a very thin cylindrical lamina can be constructed and

tested accurately using strain gages, laser techniques, holography,
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or some other method, the membrane assumption may have to be expanded
to consideration of a Timoshenko shell. Moreover, many composite
materials are known to have rate-dependent properties. Thus,
viscoelastic parameters may be necessary to provide an identifiable
correlation between the numerical and experimental data. These para-
meters would have to be defined to fit the numerical curves to
experimental results, after which additional experiments could be
utilized to test the predictive capability of the numerical solution.

Tests to Determine Material Properties. Once a numerical pro-

cedure, capable of reproducing empirical results with sufficient
reliability, is developed, the problem may be reversed. The numerical
solution might then be employed, in conjunction with data from a
helically-wound test specimen, to find material properties (including
any viscoelastic parameters) of any given composite material. The
potential capability for designing a procedure whereby data from one
standard test specimen is used to completely specify the properties

of a given composite material is perhaps one of the most important
justifications for accurate numerical modeling of the dynamic response
of a helically wound cylinder.

Concluding Remarks. This thesis has been undertaken with the

realization that it encompasses one small step in a larger scheme.

Its primary merit lies in the extension of the method of characteristics
to a problem involving two superimposed wave phenomena which are
generated simultaneously. This, to the author's knowledge, has not

been presented previously in the literature. The concept of having a
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set of equations involving the jumps at both wave fronts, which must be
valid simultaneously at the origin, is new. This set of equations
(4.12) includes three equations for jumps across the p.f.c., three for
jumps across the s.£.c. and an additional two equations to account for
boundary conditions at the wall. The concept could easily be expanded
to a problem involving three or more superimposed wave phenomena, with
the number of equations to be satisfied at the origin expanding
proportionally.

Now that the jumps generated by the numerical solution at the
torsional wave front and those predicted by the simultaneous equations
valid at the origin have been shown to be equivalent, an alternative
procedure for the numerical integration is possible. The integration
can be halted just below the s.f.c. The jumps calculated from the
simultaneous equations can then be added to the values computed by the
numerics and the resulting values assigned as boﬁndary conditions along
the s.£.c. before the integration proceeds. Thereby, the problems
involved in generating the steep gradients at the wave front could be

circumvented.
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APPENDIX

Program HELCYD

The computer program which produces the numerical solutions, code-~
named HELCYD, is written in Fortran IV for the IBM 360 system at
Virginia Polytechnic Institute and State University. All floating-
point variables and function subprograms are specified in double
precision. All variables are floating-point, except those whose names
begin with an I or a J. The program consists of an executive routine,
primarily responsible for input-output, incrementing and sequencing,
plus six subroutines. A complete listing is included in this appendix.
Comment cards have been introduced to relate the various parts of the
program to the equations and procedures developed in the text. The
variable names have been made parallel to those used in the text. An
abridged nomenclature, sufficient to clarify the logic of the naming

system, precedes the listing.

Input

Four data cards are required to completely specify the input, as
follows:

Card 1 (material properties and helix angles)
FARMAT(6D12.5)
ERATIZ .... Ell/E22 is specified. It is inverted in the program to

yield E22/E11

GRATI# .... E../G

11 is specified. It is also inverted.

12
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GNUl12 .... Vio

ANGSRT; ANGFIN; ANGINT .... 6 (in degrees).

3 6., . .3 0,
start’ finish’ e1nterval

A group of cases, with the helix angle uniformly incremented

between them, can be specified. If estart < efinish’ einterval

must be positive. If § must be negative.

start > Ofinish’ Cinterval

The interval is simply added to the starting value in each
successive case. When the finishing value is passed, the program

stops. Therefore, there will be output at © only if the

finish

range between estart and efinish is evenly divisible by einterval'

Card 2 (time specifications)
FERMAT (5D12.5)

DTSRT; DTFIN; DTINT .... AT These para-

start’ ATfinish; ATinterval'

meters are specified exactly as the helix angles on card 1. The

only point of distinction is that, when AT is passed, the

finish
program increments 6 and then begins incrementing AT from
AT once again. Thus, all values of AT are run for each

start

helix angle.

TMAX .... Tmax is the upper limit of the numerical integration and is
the same for all cases in a given run. If Tmax is not evenly
divisible by AT, the integration is carried one point beyond Tmax'

DTDAT .... A permits the reduction of voluminous output. If it

Tdata
is left blank, values are printed for all grid points. When a
non-zero value is specified, it is divided by AT in each case and

the result is truncated to an integer (I). Then data for every

Ith row of grid points, starting with the origin, are printed.
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Card 3 (banded output specifications)

FERMAT (4D12.5)

XBl; XEl; XB2; XE2 .... Beginning and ending values of X for two bands
of data. Only data for which XBl < X < XEl or XB2 < X < XE2 is
printed. If only one band is desired, XBl and XE1l are left
blank. n.b. The options on cards 3 and 4 cannot be used
simultaneously. If card 3 is used, card 4 must be left entirely

blank and vice versa.

Card 4 (banded output specifications continued)
FORMAT (4D12.5)
TB1; TEl; TB2; TE2 .... Parallel to card 3, except that bands are

specified for T, not X.

Output

Values of velocities, spatial derivatives, radial displacement,
and various stresses are specified for each grid point. 1In all,
twelve variables are tabulated and their identities are clearly
indicated on the output. Wave speeds, magnitudes of jumps across
leading characteristics, and locations and values of stress maxima

are included for each case.

Exemplary Nomenclature

Program Text
AM a
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Program Text
BP pt
Cl cl
DT AT
DTAS AT*

+
ETALP ulf
KAP IM KI
LAM2P A*z‘
MU2M “E

+
P1P 124
Q11 Q1
U3 Uy
ulDg U,

L
U2PR u)
U1DALC (61)

p-L.c

W1 W
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IMPLICIT REAL*B8{(A—-Hy,K-12)

COMMON/RTS/ W1y W29 W3 y W49 W5, THETA9Q11,Q12,Q13,021,Q22+4Q235Q31,Q32,
1G33,CHI yUPSLUNyCHUPyP2PsP1PETALPyKAP1P L AMIPyMULPL,ETAIM,KAP1 M,
ZLAMIMyMULIM ETAZP o KAPZP s LAMZP s MUZP »ETAZM JKAP2ZMy LAMZM, MUZM

COMMUON/PRM/ALPHABETAyGAMMAZZETA DT yDTAS KL K2 9K39K4yL 1 4L 24L 3,04,
ILSs L6y MLy M2y M3y M4 g NLy N2g N3y N4y NS o NO oKL 1 oKM1 yKN1yKL2 yKM2 9 KN2yKL12,
PKM129KN1I2sLNS56sML244MN24 o NLSO oML 9y NNy NL s NV DXy NLT o LNT

COMMUN/BNI/R1yR29RIyR4 9ROy RE9KRIyKRZ2HyKR1I29yLR569yMR249NRS569MRyNR
JU3DOT sUlIPRASsULDUAS,U2PRASZU2DUASsUBDCAS,UIPRyULIDDU2PRU2D0,U3D0,
2U3,Ul1PRP,U1DGP,U2PRP,UZ2D0CP,U3D0P

CUMMON/SPE/COSTHy SINTHy SLMAX 9 STMAX g SLTMAX 9 XSL s TSL o XSTeTST o XSLT,
1TSLT»TeTMAX s INEX . INDAT UNDAT

COMMGN/XTRB/XEL 9 XEL1 9 XB29XE2 9y TB1lyTEL s TB2yTE2 9 XBE s SXT

DIMENSION U1PR(21Q0),U1DU(210)4U2PR(210),U2D0(210),U3D0(210),
1U3(210) yULPRP(210),ULDOP{210)U2PRP(210),U2D00P(210),U3D0P(210)

DIMENSICN A(64),8(8)

INPUT CATA ARE READ. E1i/£22 AND E11/C12 ARE INPUT AND THEN IN-
VERTED. FOR A BATCH OF CASES WITH CIFFERENT HELIX ANGLES, THE
STARTING AND FINAL ANGLES AND INTERVAL BETWEEN ANGLES IN SUCCEED-
ING CASES ARE SPECIFIED.

READ{S5450) ERATIONGRATIO,GNULZ2y ANGSRTyANGFINyANGINT
FCRMAT(6D12.5)

READ(5460) DTSRTDTFINSDTINT s TMAXDTCATY
FURMAT(5D12.5)

READ(5462) XBlyXElyeXB2+XE2,TR14TELlsTB2,TEZ2
FORMAT(4D12.5)

XBE= XBl+XEl1+XBZ+XE2

SXT= XRE+TB1+TEL+TB82+TEZ2

RATIC= 1.D0/ERATIO

GRATIU= 1.,D0/GRATIO

0L
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WRITE(6465) ERATIGyGRATIONGNUL12,TMAX

FORMAT(1H1y 41Xy 44HASSUMED NON-DIMENSIONAL MATERIAL PROPERTIES://1H
10937X+37HRATIC CF YOUNG'S MODULI (E22/E11)-——=9yD14.7//1H0,22X,68HR
2ATIO OF SHEAR MODULUS TC LONGITUDINAL YOUNG'S MODULUS (Gl2/E11)——-
3—9D14.7//1H0, 43Xy 26HPOISSON®'S RATIO (NU1Z2)————4D14.7//1H0,31X,38HT
4HIS ANALYSIS IS CARRIED UP TO TIME = ,D14.7,11H INCLUSIVE.)

W1l THRCUGH W5 ARE DEFINEC AS IN EQS. 2.39, EXCEPT THAT THEY HAVE,
IN EFFECT, BEEN DIVIDED THRCUGH BY RHO¥CUZERO)*%2 (NON—-DIMENSION~-
ALIZED). THUSy THE STIFFNESSES, G{I,J)y WILL NOT HAVE TO BE DIV-
IDED BY THIS FACTCR WHEN THEY ARE CALCULATED IN TERMS OF THE W
PARAMETERS.

Wl= 0.125D0%(3.D0+3.,DO¥ERATIO42.D0O*GNUL2*%ERATIO+4,D0*%GRATIO*( 1.D0—
1GNU12%GNU12*ERATIO))

W2= 0.5D00%(1.D0-ERATIQ)

W3= 0.125D0*%(1 .DO+ERATIO-2.D0*%GNU12*ERATIO-4.DO*GRATIO*(1.00-GNU12
1*GNU12*%ERATIG))

Wa= 0,125D0%(14DO+ERATIO+6DO*GNUL12%ERATIO-4.DO*GRATIU*(1.D0-GNU12
1#GNUL2*ERATIG))

W5= W34+GRATIO*(1.C0-GNU12*GNU12*ERATIC)

THE HELIX ANGLE AND TIME INTERVAL ARE CEFINED AT THE BEGINNING UF
EACH CASE,

THETAD= ANGSRT-ANGINT

DT= DTSRT-DTINT

THETAD= THETAD+ANGINT
IF{THETAD.GT.ANGFIN) STGP

THETA= THETAD*0,017453252519543D0
COSTH= CCOS(THETA)

SINTH= DSIN(THETA)
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SUBROUTINE ROOTS CALCULATES THE ROOTS GF THE WAVE SPEED EQUATION
AS DEFINED IN EQS. 3.19. IT THEN GENERATES THE COEFFICIENTS IN

EQS. 3.28.

CALL RCCTS

WAVE SPEEDS ARE CALCULATED AS IN £QS. 4.1-2,.
Cl= 1.0C/P1P

C2= 1.D0/P2P
WRITE(64975) THETAD,C1,C2

75 FORMAT(1H1940Xy29HTHE ASSUMED ANGLE CF WRAP IS ,F8.4,9H DEGREES.//

11HO»43Xy31HTHE SPEED OF THE AXIAL WAVE IS ,F8.5//1H 541Xy 35HTHE SP
2EED OF THE TORSIONAL WAVE IS ,F8.5)

THE TIME-INTERVAL IS INCREMENTED AT THE BEGINNING GF EACH NEW CASE

80 DT= DTH+DTINT

UX= DT/P1P
IF({IDTeGTDTFIN) AND(DTINToGTe0eD0))eOR{(DT.LTLDTFIN).AND.(DTIN
1T.LT.0.00))) GO TC 70

AN INDEX, LIMITING PRINTED GQUTPUT, IS DEFINED. IT GOVERNS WHETHER
EVERY, EVERY SECUONDy OK EVERY THIRD, ETC. VALUE IS PRINTED,

INDAT= IDINT(DTDAT/(2.D0%DT))
IFUINDAT.EQ.O0) INCAT= 1
INEX= 0

SUBROUTINE PARAMS COMPUTES A NUMBER OF INTERMEDIATE PARAMETERS
NEEDED IN THE DIFFERENCE EQUATIONS.

[44
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81

82

CALL PARAMS

THE ELEMENTS IN THE MATRIX EQe.y 4.12y ARE DEFINED. THKE (A) ARRAY
REPRESENTS THE COEFFICIENT MATRIX ARRANGED COLUMNWISE. THE (B)
ARRAY REPRESENTS THE RIGHT HANC COLUMN VECTCR. ALL ELEMENTS CF
(A) ARE ZERCED AND THEN THE NCN—-ZERC CNES ARE DEFINED.

LO 81 J= 1,€4

AlJ)= C.DO
CONTINUE

DO 82 J= 148
B{J)= C.D0
CONTINUE
A{l)= 1.D0O
A(2)= 1.C0
A(3)= 1.D0C
A(l6)= 1.00

Al36)= 1.C0
A(37)= 1.D0
A{33)= 1.DO

A{48)= 1.TCO
B{8)= 1.0C
AlT)= Q31
A(23)= Q33
A(39)= (31
A(55)= Q33

A(S9)= ETALM

A(10)= ETA2M
A(ll)= ETAZP
A(44)= ETALP
A(45)= ETALM

€L
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Al46)= ETAZM
A(17)= KAFP1M
A(18)= KAP2M
A(139)= KAP2P
A(52)= KAP1P
A(53)= KAP1WM
A{54)= KAP2M
A(25)= LAMIM
A(26)= LAMZY¥
A(27)= LAM2P
Al60)= LAMLP
A(61)= LAM1IM

= LAM2Z2M

SUBROUTINE SEQSG SOLVES SETS CF SIMULTANEOUS EQUATIONS OF FORM
(A)*{X)=(B)y WHERE (A) IS AN N BY N MATRIX, AND (X) AND (B) ARE
COLUMN VECTORS WITH N TERMS. HERE AN 8 BY 8 SYSTEM IS INPUT.

CALL SEQSO(24ByJN,yJKS)
IF(JUKS.EQ.0) GG TC 84
WRITE(6,433)

83 FORMAT(1lH+95X28HTHE JUMP MATRIX IS SINGULAR )

sTOP

84 WRITE(€+85) (B(J)yJ=1,48)

85 FORMAT(1HC»2X,58BHJUMPS ACROSS THE PRIMARY LEADING CHARACTERISTIC:
1 (ULIPR)= 4FS.5910H (UlDC)Y= 4F9.55s10H (U2PR)= ,F9.5,1CH (U2D0C)=
29F9e59//+2Xy58HIJUMPS ACROSS SECCNDARY LEADING CHARACTERISTIC: (
3ULPR)= +FG.5910H (U1lDO)= 4F9.5,10H (U2PR)= 4F9.5,10H (U2D0)= ,F
49.5)

U1D0LC= —-1.D0+B(2)
U1PRLC= 8(1)

L7
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U2PRLC= B(3)
U2D0LC= B(4)

HEADINGS FOR THE CUTPUT ARE WRITTEN.,

WRITE(6454) DT
94 FORMAT(1H1948X,21HTHE TIME INTERVAL IS 4F9.6/1H 469Xy 9H———"——-)
WRITE(645C0)
500 FORMAT(1HO y 12 6H®% skt dokdok s doode e e otk oo ook st s skt o skt oo ol ook s ok
1 %tk et e oo b e ok ook o ook o e oo ok e e ok ok ko s ok sk otk ok o ok ok ok kR Rk ok R ok K K
2k kdkk /)

WRITE(6455)

95 FORMAT(1H+,9K AXIAL 43H = 49H ELAPSEL +3H : ,14H AXIAL 3
XH 2 914H AXIAL ) 2
1H 3915HCIRCUMFERENTIALy2H 39 15HCIRCUMFERENTIALy3H 3 414H RADIAL
Z »3H 3 414H RADIAL /1H 5 10HCOGRDINATE 2H: ,9H TIME »3H
3 3 914H SPATIAL 93H 3 s14H VELOCITY v3H : ,14H SPATIAL

& #3H 3 914H VELOCITY 23H : 414H VELOCITY 23H 3 ,14H DISP
SLACEMENT /1H 39Xy3H 2 99Xy3H 2 ,14H DERIVATIVE 3H & ,14X,3H
614H DERIVATIVE +3H 2 414Xy3H 3 514X93H 2 /1H »9H {(x) »3H

?

’
TGH (7) »3H ¢ y14H (U1PR) +»3H : »14H (Uib0) 23H )
814H (UZ2PR) »3H 2 y14H (u2006) »3H 3 914H (U3D0) ’
93H ¢ 414H (u3) )
WRITE(6,500)
WRITE(6,9¢)
9¢ FORMAT({1H+9SXe3H 2 49X93H 2 ,14H AXIAL 22H 34915HCIRCUMFEREN

ITIALy3H = s14H SHEAR STRESS 93H : ,14H LONGITUDINAL ,3H 2 414H TR
ZANSVERSE #3H 3 y14H SHEAR STRESS /1H s9X43H 3 49Xy3H = ,14H ST
3RESS 13H 2 914H STRESS 22H 2915H(AXTIAL- s3H : ,14
4H STRESS v3H 2 514H STRESS #3H  y14H(LGNGITUDINAL-/1H
5 99Xy 3H 3 99X9e3H 2 914Xe3H 2 514Xy2H 2,16HCIRCUMFERENTIAL) »2H: ,14
6H{ALCNC FIBERS)92H 2915H(ACRCSS FIBERS) 3H 2 ,14H TRANSVERSE) /1H

St
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T ¢9Xe3H = 39X93H 3 914H {S1) e3H 2 S14H {52) *3H 2

8 314H (S12) +3H ¢ 14K (sv) #3H 2 ¢14H (sT)
9 93H 3 414H (SL7) )

WRITE(6,5C0)

IK= 0

IMAX= C

STRESS MAXIMA VARIABLES ARE ZEROEC.

SLMAX= C
STMAX= O
SLTMAX= O
I=1

VALUES ARE DEFINED AT THE ORIGIN TO PREPARE FOR INTEGRATION IN
THE ORDER SHCOWN IN FIG. 7.

ulbDo(1)= UlDOLC
ULPR(1)= U1FRLC
uz2D0(1)= u2DCLC
U2PR(1)= U2PRLC
U3Dotl1l)= 0.D0
U3(l)= C.DO

SUBROUTINE SIGEP IS CALLED FOR EACH GRID POINT. IT CALCULATES THE
STRESSES FRCM THE FIRST DERIVATIVES AND RADIAL DISPLACEMENT, MONI-
TORS THE STRESS MAXIMA, INCREMENTS X AND T, AND GOVERNS PRINT-DUT.

CALL SIGEP(IsIK,yIMAX)
I= 2

THE SAME VALUES ARE ASSIGNED AT (2) AS AT (1){(SHOWN IN FIG. 7),

9L
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SINCE THEY ARE BOTH ON THE P.L.C.

UlDot2)= U10GC(1)
ULPR(Z2)= UlPRI1)
U200t 2)= U2CC(1)
U2PR(2)= U2PR(1)
u3p0(2)= U3DG(1)
u3(2)= u3ll)

SUBROUTINE BUOUND PERFGRMS THE CALCULATIGNS FCR TRIANGLES ON THE
BOUNDARY (FIG.6).

CALL BCUND
CALL SIGEP(I,IKyIMAX)

SUBSCRIPT ASSOCIATYED WITH POINT M IN FIG.7 IS COMPUTED. AFTER

POINT M, SUBSEQUENT DIAGONALS OF GRID PGINTS ARE TERMINATED AT THE
UPPER BGUNLC CEFINED BY TMAX, NGT AT THE ORDINATE. ALSO, SUBSCRIPT
ING WILL BE SHIFTED FOR THESE DIAGONALS TOC CCNSERVE COMPUTER SPACE

TM= TMAX/CT

TN= TM+0.9999%99D0

JTMAX= IDINT(TM)

JTNAX= IDINT(TN)

IFIJTMAXNELJTNAX) JTMAX= JTMAX+1
IF(JTMAX/2%2,LT.JTMAX) JTMAX= JTMAX+1
IMAX= JTMAX/2+1

THE DC LOCP ENDING AT 110 CARRIES THE INTEGRATIUN UP TO POINT M
(FIG. 7).

DO 11C I=3,1IMAX

LL
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ULDO( I)= L1DO(I-1)
ULPR(I)= U1PR(I-1)
U2D0(1)= U2DC(I-1)
U2PR{I)= U2PR(I-1)
U3D0(1)= U3DC(I-1)
U3(I)= U3(I-1)

IP= I

IN= 1-2

DO 160 J=1,IN

IP= IP-1

IF(J.EG.1) IL=1

SUBROUTINE INTER PERFORMS THE CALCULATIONS FOR INTERICR QUADRAN-
GLES (FIG. 5).

CALL INTERCUIP,IL)

IL= 0
100 CONTINUE

u200T= U2c0(1)

CALL ECUND

CALL SICGEP(I.IKyIMAX)
110 CONTINUE

= [MAX
IP= I1MAX-1
IN= IMAX-2
1Q= IP-2
IK= 2

SUBSCRIPTING IS SHIFTED BY ONE AT THE BEGINNING OF EACH DIAGONAL
AFTER PULINT M (FIG. 7).

DO 150 J= 1,1IN

8L
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130
135

1490

150

DO 120 JRr= JyIP
ULPR{JR)= ULIPK(Jk+1)
U1lDO(JR)= UIDO{JR+1)
UZ2PR{JR)= U2PR{JK+]1)
U2D0(JR) = U2DCLJR+1)
U3DO(JR)= U3DG(JE+1)
U3(JR)= U3(JR+1)
CONTINUE

IF(J.GT.IC) GO TG 135

DO 130 JR= JyrlIQ
ULPRP(JR)= ULPRP(JR+1)
ULDOP(JR)= U1DOP(JR+1)
U2PRP (JR)= U2PRP(JR+1)
U2DOP(JR)= U2D0P(JR+1)
U3DOP(JR)= U3DOP(JR+1)
CONTINUE

UIPR{IMAX)= ULPR(IMAX-1)
U1DC( IMAX)= UIDC{IMAX-1)
UZ2PREIMAX)= UZ2PK(IMAX-1)
U2D0( IMAX )= UZ2DGLIMAX-1)
U3DO(IMAX)= U3DC(IMAX-1)
U3(IMAX)= U3(IMAX-1)

Jo= IP-J

DO 140 JR= 1,4Q
IF(JR.EC.1) IL= 1

CALL INTER{IMAX-JR,IL)
It= 0

CUNTINUE

I= I-1

CALL SIGEPU{IoIKyIMAX)
CONTINUE

1= 1-1

It

6L
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CALL SICEP(I,IK,IMAX)
THE STRESS MAXIMA ARE PRINTED AT THE END CF EACH CASE.

WRITE(€4500)
WRITE(63170) SLMAXyXSLaTSLsSTMAX 9y XSTeTSTeSLTMAX XSLTTSLT

176 FORMAT(1H+,126HMAXIMUM STRESSES OCCURRING IN THE ABOVE CASE: LO

INGITUDINAL = IN DIRECTICN GF FIBERS TRANSVERSE = PERPENDICULAR
2T0 FIBERS///719X936HTHE MAXIMUM LONGITUDINAL STRESS WAS ,014.7,8H A
3T X = 9F9e5912H AND TIME = yF9.591He//20X,34HTHE MAXIMUM TRANSVERS
4E STRESS KWAS +D14.748H AT X = 9F9.5912H AND TIME = 4F9.551He/ /710X,
555HTHE MAXIMUM SHEAKRK STRESS (LONGITUDINAL-TRANSVERSE) WAS 4D14.7,8
6H AT X = 3F9¢5912H AND TIME = 4F9.541H.)

WRITE(6,4500)

GO TO 8O

END

08
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SUBROUTINE ROOTS
IMPLICIT REAL*8(A-HyK-2)

COMMO
1Q33,C
2LAMIM

ROUTS
COEFF
SUBRO

C2TH=
C4TH=
S2TH=
S4TH=

NON-D
P ARAM

Ql1l=
Q22=
Q33=
Ql2=
Q21=
Q13=
Q31=
Q23=
Q32=

CHI A

CHI=

N/RTS/WN1yo W29 W34 W4y W5y THETA»Q11,0129Q134Q21,Q22,Q239Q31,Q32,
HIoUPSLONyCHUPyP2PyPIPHETALPKAPLIPJLAMIP,MULP,ETALM,KAP1M,
sMULMZETAZ2P, KAPZ2Py LAM2P, MU2PZETAZM KAP2M, LAMZ2M, MUZM

OF THE WAVE SPEED EQUATIUN, STIFFNESS COEFFICIENTS, AND
ICTENTS IN THE COMPATIBILITY RELATIONS ARE PRODUCED IN THIS
UTINE.

DCOS{2.DO*THETA)
DCOS{4.DO*THETA)
CSIN(2.DO*THETA)
DSIN(4.DO*THETA)

IMENSIONAL STIFFNESS COEFFICIENTS ARE DEFINED IN TERMS OF W
ETERS FROM MAIN.

WI+W2¥C2TH+W3*C4TH
WI-W2*C2TH+W3%C4TH
W5-W3*CaTH

W4~W3*C4TH

Q12
~GoS5CO*W2%S2TH-W3%S4TH
Q13
~CoeS5D0*W2XS2TH+W3*S4TH
Q23

ND UPSILON ARE DEFINED AS IN EQS. 3.17-18.

0.5D0%(Q11+Q33)

UPSLON= 0.5D0%(0114Q33)/(Q11%Q33-Q13*Q13)

18
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50

60

70
80

90

IF(CHI.LE.O0.DO)
CHUP= 1.00-(1.D0/ (UPSLON%CHI))

GC TO 120

IF((CHUP.LEZ0.DO) .OR. {CHUP.GE.1.D0)) GC TOC 120

THE VALUES OF Pl1)+ AND P(2)+ ARE CALCULATED AS IN EQS. 3.19.

P2P= DSQRTI(UPSLCN*(1.DO+DSQRT{CHUP)))
P1P= DSCGRT(UPSLON*{1.D0-DSQRT(CHUP)))

DO 110 I=1,4
IF(I-2) 504€0,70

RT= P1P
60 TO 100

VALUES FOR COEFFICIENTS IN EQS.

ETALP= ETA
KAP1P= KAP
LAMIP= LAN

MULP= MU

RT= —P1P

GO TO 100
IF(I-3) 8Cy80,90
ETAIM= ETA
KAPLM= KAP
LAMIM= LAM

MULM= MU

RT= P2P

GO TO 100

ETA2P= ETA
KAP2P= KAP
LAM2P= LAM

MUZ2P= MU

3.28 ARE GENERATEU.

Z8



100

110

120
130

R¥= —=P2F

ETA= (RT-RT**3%Q33)/(RT*RT*Q33-1.L0)
KAP==(RT*RT*Q13)/(RT*RT*Q33-1.D0)

LAM= KAP*¥RT

MU= (—RT*RT*Q12+RT*¥4%(Q12*%Q33-Q13%Q32))/(RT*RT*Q33-1.D0)

CONTINUE
ETA2M= ETA
KAP2M= KAP
LAM2Z2M= LAM
MU2M= MU
RETURN

WRITE(69130) CHI CHUP»,C114Q135Q33 W1, W29W3yW4y W5, THETA

FORMAT(//" THERE ARE NOT FOUR REALy DISTINCT ROOTS. CHI=",F13.6,"
1y CHUP='3F13.69"%'y Qll=%yF 1369y Ql3=V,F13.69//7" Q33=%yF13.69%'y W1l
2='1F13.6"’ N2=',F13.6,', N3='.F13.6,', N4="F13.6.', H5='1F13o6"
3y THETA="9F13.64/)

STOP

END
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SUBROUTINE PARAMS

IMPLICIT REAL*8(A-HyK-Z)

COMMON/RTIS/WL o W29 W3 9y Wa4 W5, THETA,Q114+C12+,Q13,0214Q22+Q23,Q31,Q32,
1Q339CHIyUPSLGONyCHUPsP2PyP1PoETALP yKAPLP oLAMIPyMULPyETALIMyKAP1M,
ZLAMIM MULIMZETAZP yKAP2P 3 LAMZP 9 MUZ2PyETAZNM JKAPZM,LAMZ2My MUZM

COMMUN/PRM/ALPHA)BETA GAMMA,ZETA,DT yDTAS K1 9K29K33K4yL19L2yL3,L 4,
1L5:,L6 M1, M2, M3 9 M4 9 NI gN2 g N3 gNGg NSy N6 9 KL ] 9 KML s KNL 9 KL2 9KM29KN2,KL 12,
2KML23KN12 9 LNS56y ML249MN24yNLS6 9 ML 9yMN 9y NL 9 NMy DXy NLT o LNT

VARIGUS INTERMEDIATE PARAMETERS, NECESSARY FOR THE FINITE-
CIFFERENCE SOLUTIGN ARE CCOMPUTED IN THIS SUBROUTINE.

PARAMETERS DEFINED IN EQS. 5.1-9 ARE CALCULATED.

ALPHA= 1.00/P2P

ALPHA= DATAN(ALPHA)

BETA= 1.DO/P1P

BETA= CATAN(BETA)

GAMMA= 3,1415926535SD0—ALPHA-BETA

ZETA= 2.DO0*DSIN(ALPHA)*DCOS(BETA)/DSIN(GAMMA)
DTAS= OT*(2.D0-ZETA)

SINCE ThHE SCLUTIONS OF EQS. 5.26 AND THUSE CF EQS. 5.36 WERE WORK-
ED OUT BY HAND, INTERMEDIATE QUANTITIES WERE DEFINED TO SIMPLIFY
THE ALGEBRA. VALUES FOR THE LATTER ARE GENERATED BELOW.

Kl= ETALlP
K2= ETAIM
K3= ETAZ2P
K4= ETAZM
Ll= KAP1P
L2= KAP1M

%8



L3=
L4=
L5=
L6=
Ml=
p2=
¥3=
M4=
Nl=
N2=
N3=
N4=
NS=
N6=
KL1l=
KM1=
KN1=
KL2=
KM2=
KN2=
KL12
KM12
KN12
LN56
ML24
MN24
NL56
ML=
MN=
NL=
NM=
LNT=

KAP2P

KAP2M

Q23/Q21*DT

Q33/Q31

LAM1P

LAMLM

LAMZP

LAM2M

MU1P*CT/2.D0

MULM*CT/2.D0

MU2P%DTAS/2.00

MU2M*DTAS/2.D0

Q22%DT*DT/Q21+1.D0/Q21

Q32%DT/Q31
(K4—K3) % (K1%L2-K2#L 1) =(K2=-K1) *{K3*L4~K4*L3)
(K4—K3) ¥ (K1 #M2—K2%ML )= (K2-K1 ) * (K3*M4—K4%M3 )
(K4—K3)*(K1%N2-K2%N1 )= (K2-KL )% (K3*N4—K4*N3 )
(K2=K1)%{L4~L3)-(K4~-K3)*{L2-L1)
(K2=K1)*{M4—M3 )—(K&~K3 )% (M2-M1)
(KZ=K1 )% (N4=N3)—(K4~K3)*(N2-N1)

= (K1%L2-K2%L1)/(K2-K1)

= (K1#M2-K2%M1)/{K2-K1)

= (K1*¥N2-K2%N1)/(K2-K1)

= (L5*%N6=L6%N5)/(L6-L5)

= (M2%L4-MA*1L2)/(M4—M2)

= (N2EN4—M4XN2) / (M4—M2)

= (NS*L6~N6*L5) /(N6-N5)

KM2*KL1-KL2%KM]

KM2%KN1-KN2%KM1

KN2*KL1-KL2%KN1

KN2%KNL-KM2*KN1
(L5%N6=L6%N5) /{L6%DT~L5)

G8



NLT= (N5%L6-N6*L5)/(N6*DT—-N5)
RETUKRN
END
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40

SUBROUTINE SEQSC(AsByJIN,»JKS)
IMPLICIT REAL*B{A-HyK-Z)
DIMENSICN A(641,B(8)

A SET CF N EQUATICNS IN N UNKNOWNS IS SCLVED IN THIS SUBROUTINE.

FORWARL SCLUTION

TUL= C.DO

JKS= 0

JJd= =JN

DO 65 Jd= 1,4JN

JY= J+1

JJd= JJ+JN+1

BIGA= (C.DQ

IT= JJ-J

DO 30 I= JesJN

SEARCH FCR MAXIMUM CCEFFICIENT IN CCLUMN
IJd= 1T+#1]

IF(DABS(BIGA)-DABS(A(IJ))) 20,30,30
BIGA= A(1IJ)

IMAX= 1

CONTINUE

TEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX)
IF{DABSIBIGA)-TOL) 35,35,40

JKS= 1

KFETURN

INTERCHANGE ROWS IF NECESSARY

Il1= J+IN%:{(J-2)

IT= IMAX-J
DO 50 JK= JdydN
I1= T14JN

12= 11+17

L8



50

55

60
65

T0

80

SAVE= A(I1)
A(Il)= A(12)
A(I2)= SAVE

DIVIDE EQUATION BY LEADING COEFFICIENT

AlIl)= A{I1)/BIGA

SAVE= B(IMAX)

BUIMAX)= B(J)

B(J)= SAVE/BIGA
ELIMINATE NEXT VARIABLE
IF{J-JN) 55,570,455

1QS= JK*(J-1)

CO 65 IX= JYyJN

IXJd= ICS+IX

IT= J~-1X

DO 60 JX= JYeJN

IXJdX= JINx(JIX-1)+1IX

JIX= IXJIX+IT

ACIXIX)= ACIXIX)=(ALIXI)*A(JIX))
BUIX)= BOIX)=(BLJ)I*A(IXJ)})
BACK SCLUTION

JNY= JN-1

IT= JN*JN

DO 80 J= 1,JNY

IA= 17-J

I8= JN-J

IC= JN

DO 80 JK= 14d

B{IB)= BLIB)-A(IA)*B(IC)

1A= TA-JN
IC= IC-1
RETURN

END
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SUBROUTINE BOUND

IMPLICIT REAL*8(A-HyK~-1)

COMMON/RTS/W1 sy W2 3 W3 s W4 9y W5, THETASQ115Q12+9Q13,G219Q22+Q239Q31+4Q32,
1Q334CHIJUPSLONoCHUP9P2F4P1PETALPKAPLF ,LAMIP,MULPL,ETALIM,KAPLM,
CLAMIM, MUL M ETA2PyKAP2PLAMZP s MUZPyETAZM ,KAP2M, L AMZM, MU2ZM

COMMON/PRM/ALPHA BETA,GAMMAZZETA,DT yDTAS, K1 9K25K35K49L 15L2,4L3,L4,
1L5,L69 MYy M2 9M39 MGy NIy N2y N3 gNGy NSy N6 9KLLT JKMI g KNL1gKL2yKM2,KN2sKL12,
2KM129KN129yLNSG o MLZL4 s MN24 9 NLSG 9 MLy MNgNLy NMy DXy NLT o LNT

COMMON/BNI/R14R29R3 9gR49R5yRE9KR1 g KR2yKR129LR565sMR245 NR569MRyNRy
1U3D0TUlPRAS,U1DCAS yU2PRASyU2DCASU3D0OAS,UIPR,ULDO,U2PR4U2D0,U3D0,
2U34U1PRPULIDOP,U2PRP,U2DOP,U3DCP

DIMENSICGN ULIPR(21C),ULDC0(210),U2PR(210),,U2D0{210),U3DC(210),
1U3(210) »UL1PRP(210),U1D0CP(210)U2PRP(21C),U2DCP(210),U3D0P(210)

CALCULATICNS FOR TRIANGLES ON THE BCUNDCARY ARE PERFORMED IN THIS
SUBROUTINE (SEE FIG. 6).

ULPRP(1)= U1PR(1)
UlDoP(1)= U1DC(1)
U2PRP(1)= U2PRI(1)
u200pP(1)= U2DC(1)
U3D0PI(1)= U3DG(1)

R PARAMETERS FOR THE RIGHT HAND SIDE COF EQS. 5.36 ARE COMPUTED.

R2= ULIPR(2)+ETAIMXUIDG(2)+KAPIM*¥U2PR{2)+LAM1IM*U2D0(2)-MUIM/2.D0*DT
1*U3D0(2)

EQS. 5.10-11 ARE USED TO LINEARLY INTERPOLATE, TO FIND VALUES AT
THE ASTERISKED PGINT IN FIG. 6.

ULPRAS= UIPR{1)+ZETA*(ULPR(2)-U1PR{1))
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UIDOAS= UICC(1)+ZETAX(ULIDO(Z2)~ULDG(1))

U2PRAS= UZ2PRI1)I+ZETA*(U2PR(2)-U2PR(1))

U2DCAS= UZDO(1)+ZETA*(U2D0(2)-U200C(1))

U3DOAS= U3DG(1)+ZETA*(U3DO(2)-U3DC(1))

R4= ULIPRAS+ETAZM*ULDCAS+KAP2M*U2PRAS+LAMZM*U2DOAS~MU2M/ 2. D0*DTAS*
1U3DOAS

R5= —U1PR(1)*DT-Q23/7Q21*DT*U2PRI1)I+(1.C00/Q21-Q22/Q21*DT*DT )*
1U3D0(1)-2.DC*Q22/€21*%DT*U3(1)

R6= =G32/7C31*(U3(1)+U3DG(1}*DT)

INTERMEUIATE QUANTITIES, DEFINED TO SIMPLIFY THE ALGEBRA IN THE
SOLUTICN CF EQS. 5.369 ARE COMPUTED.

MR24= (M2%R4—MG*R2)/{(M4—M2)

LR56= (LS5*R6-L6XRS5)/{L6-LS)

NR56= (N5%R6~N6*R5)/(N6-N5)

ULPR{1)= (ML24*NRSEXLNSE6+MN24%LR56F¥NLS6—MR24%NLS6*LNS6) / INLT*LNT-
IML24% L NT-MN24*NLT)*{NLT*LNT)/ {NLS€*LNS6)

UlDo(1)= C.CC

U2PR(1)= ULIPR(1)/NLT4+NR56/NL56

U3DO0T= Uu3DC(1)

U3D0O(1)= ULPRI1)/LNT+LR56/LN56

U2D00(1)= (L&-L2)/(M2-M4)*xU2PR{1)+{N4—N2)/(M2—-M4)*U3DU(1)-(R4—R2)/
1{M2-M4)

U3(1)= U3(1)+(U3DOT+U3DG(L)I*CT

RETURN

END
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SUBROUTINE INTER(IP,IL)

IMPLICIT REAL*B8(A-HyK-Z)

COMMUON/RTS/W1 W2 9 W3 9 W49W5,THETA5011,5Q12,Q13,0219Q22,Q239Q31+Q32,
1033, CHIsUPSLONSCHUP yP2PyP1P9yETALPoKAP1P,LAMIPyMULPyETALI My KAPLM,
2LAMIM MULNMJETAZP s KAP2P s LAM2P o MUZP o ETAZNM yKAP2My LAMZM, MU2ZM

COMMON/PRM/ALPHAy BETAsGAMMAy ZETA9DT sDTAS 9K1 9K29K39K4ylL 19L24L3 4L 4,
1LS59 L6 oMLy M2 9 M3 g MG 3 NL g N2y N3y NGy NSy NH KL 1 9 KML1 9 KNL 9 KLZ29KM24KN29KL12,
2KM129KN129LN569ML24 9y MN24 s NLS56 s MLy MNgNLyNMy DXy NLT o LNT

COMMON/BNI/R19R29RByR49R5yROEJKR13KR2Z,KR129LR569MR249NR563 MRoNR
LU3DOT 3UlPRAS,ULDUAS yU2PRAS UZDCAS9U3DCAS, UIPRyULD0,U2PR,U2DO,U3DO,
2U3,U1PRP,U1ID0OP,U2PRP,UZ2DOP,U3CCP

DIMENSION ULPR(210),Ul00(210),U2PR(21C),U200(210),U3D0(210),
1U3(210)4U1PRP(210),ULDCP(210)»U2PRP(21C),U2D0P(210),U3DCP(210)

CALCULATICNS FOR INTERIOR QUACRANGLES ARE PERFORMED IN THIS SuB-
ROUTINE (SEE FIG. 5).

R PARAMETERS FROM THE RIGHT HANLC SIDE CF EQS. 5.26 ARE COMPUTED.

Rl1= UIPR{IP-1)+ETALP*ULDO(IP-1)+KAPLIP*U2PR{IP-1)+LAMLIP*UZ2DO(IP-1)~-
1MULP/2.C0*DT*U3DO(IP-1)

R2= ULPR(IP+1L)+ETAIMXULIDO(IP+1)+KAPLMR*UZ2PR{IP+1)+LAMIMXY200(IP+]1)—
1MUIM/ 2.L0*DT%xU3D0C(IP+])

R5= ~UIPRUIP)*DT-Q23/Q21*DT*U2PRIIP)I+(1.D0/Q21~-Q22/Q21*DT*DT) *
1U3D0(IP)}-2.D0%Q22/Q21*DT*U3(IP)

IF{IL.NE.1) GO TO 3C

LINEAR INTERPCLATICN MUST BE USED BETWEEN POINTS N AND M IN FIG. 5
IF THE QUADRANGLE LIES ON THE P.L.C.

ULPRAM= ULPR{IPI+ZETA*{UIPR(IP-1)-ULIPR(IP))
U1D0AM= Ul1DC(IP)+2ETA*(ULIDO(IF-1)-UlDOLIP))
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41

U2PRAM= U2PR{IPI+ZETAX(UZPR{IP-1)-U2PR(IP))

U2DCAM= UZ2DC(IP)+ZETAX{U200(IP-1)-U20DC(IP))

U3DOAM= U3DC(IP)+ZETA*(U3DO(IP-1)-U3DOLIP))

R3= ULPRAM+ETAZ2P*U1DCAM+KAP2P*UZ2PRAMHLAMZP*U2DOAM—MU2P/2.D0%DTAS*
1U3D0AM

U1PRAS= U1PR(IP)

UlDOAS= U1DG(IP)

U2PRAS= UZPR{1IP)

U2DCAS= U2DC(IP)

U3D0OAS= U3D0(1P)

R4= UIPKAS+ETA2M*ULDOASH+KAP2M*U2PRAS+LAMZM:UZ2DOAS—-MU2M/ 2. D0%DTASK
1U3DOAS

GO 7O 66

PARABCLIC INTERPOLATICON IS USED TG CALCULATE ASTERISKED QUANTITIES
(FIG. 5) FOR ALL QUACRANGLES NOT ON THE Pl.lL.C. (SEE EQS. 6.1-6 AND
FIG. 8).

UF1l= UlFR(IP-1)

UF2= U1lPRIIP)

UF3= UIPR{IP+1)

UF4= U1PRM

UF5= U1PRP(IP-1)

DO 50 JK= 1,5

AM= (UF4-2.DO*UF2+UF1)/2.D0

BM= (~3.DO0*UF4+4.D0*UF2-UF1)/2.D0
CM= UF4

AP= (UF5-2.C0%UFc+UF3)/2.D0

BP= (-3.D00%UFS+4.D0*%UF2-UF3)/2.00
CP= UFS

GC TO (41942943944945)4JK

ULlPRAM= AMX(1.DO+ZETA)*%24BM*{1.D0+ZETA)+CM
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UlPRAS= AP*{1.DO+ZETA)**24BP*(1.D0+ZETA)HCP
UFl= ulDClIP-1)

UF2= UlDO(IP)

UF3= UIDG(IP+1)

UF4= ULLCOM
UF5= U1DOP(1IP-1)
G0 TO 5C

UlDOANM= AM¥{1.DO+ZETA)*424BM*(1.CO+ZETA)4+CM
ULDOAS= AP*(1.DO+ZETA)**2+BP*(1.D0+ZETA)+CP
UFl= UZ2PRUIP-1)

UF2= U2PR(IP)

UF3= U2PR(IP+1)

UF4= U2PRM
UFS= U2PRP(IP-1)
G0 TG 50

U2PRAM= AM*(1.D0+ZETA)**¥2+BM*(1.D0+ZETA)+CM
UZPRAS= AP*(1.DO+ZETA)*%2+BP*(1.D0+ZETA)+CP
UFl= u20ciIpP-1)

UF2= U2DC(IP)

UF3= U200(1P+1)

UF4= U2DCM
UF5= U2CCP(IP-1)
G0 TO 50

U2D0AM= AM¥ (L .DO+ZETA)**2+BM¥(1.DO+ZETA)+CM
U2DOAS= AP*(1.DO+ZETA)**2+BP*(1.D0+ZETA)HCP
UFl= U3DC(IP~1)

UF2= U3LOL(IP)

UF3= U3LG(IP+1)

UF4= U3DCM
UF5= U3DOP(1P-1)
GO TO 5C

U3DOAM= AM¥(1.DO+ZETA)*%*24+4BM*(1.CO+ZETA)+CM
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50

60

U3DOAS= AP*{1.DO+ZETA)*%24BP*(1.DC+ZETA)+CP

CCNTINUE

R3= ULPRAM+ETA2P*UIDCAM+KAP2P*U2PRAMHLAMZP*U2DOAM-MU2P/2.DO*DTASH
1U3DOAM

K4= ULPRAS+ETAZM%:ULDOAS+KAP2M*U2PRAS+LAMZMXU2D0AS-MUZM/2. DO*XDTASk
LU3DOAS

ULPRP{IP)= ULlPR(IP)

uldoP(IP)= U1lDO(IP)

U2PRP{IP)= U2PR(IP)

uz2daP(IP)= U2D0(IP)

U3D0P(IP)= U3DO(IP)

UlPRM= ULlPRILIP)

U1lDOM= U100O(IF)

U2PRM= U2FR(IP)

U2D00M= u2eC(iP)

U3D0OM= U3DG(IP)

INTERMEDIATE QUANTITIES, DEFINED TC SIMPLIFY THE ALGEBRA IN THE
SOLUTIONS OF EQS. 5.269 ARE COMPUTED.

KR1= (K&4-K3)*(K1¥R2-K2%R1)-(K2-K1)*(K3*%R4-K4*R3)

KR2= (K2-K1)*{R4—-R3)—-(K4—-K3)*(R2-R1)

KR12= (K1%¥R2-K2*R1l)/{K2-K1)

MR= KM2*KR1-KR2%KM1

NR= KNZ2*KR1-KR2*KN1

U2PRUIP)= (R5-DT*(KM12%¥NR/NM+KN12*MR/MN-KR12)-NS*MR/MN)/(DT*{KL12~-
1KM1Z2XNL /NM=KN12%ML/MN)~-NSHML /MN+L5)

ULIPR(IP)= (KL12-KM12%NL/NM-KN12*ML/MN)*U2PR{IP)+KML2ENR/NM+KN12%MR
1/MN-KR12

ULDOCIF)= ((L2-L1)/(K1-K2)-(M2-ML)&NL/ ((K1-K2)*NM)=(NZ2-N1)*ML/((K1
1-K2)*MN) ) *U2PR(IP)+(M2-M1)*NR/ ( (K1-K2)%NM)+(N2-N1)*MR/ ((K1-K2)*MN)
2={R2-R1)/(K1-K2)
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UZ2DOCIP)= ~NL*UZPRUIP)/NM+NR/NM
U3D0T= L3PoliPrP)

U3DOC(IP)= —ML*U2PR(IP)/MN+MR/MN

U3(IP)= U3(IP)+{U3DCT+U3DO(IP))*DT
RETURN

END
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SUBROUTINE SIGEP{1I4IK,IMAX)

IMPLICIT REAL%*B(A-H,K~-1)

COMMON/RTS/W1lo W29 W3 o W4 WS 9 THETA,QL114Q12,Q13,021,C229Q234031+Q32,
1933 yCHI UPSLONyCHUPP2PsP1PLETALP KAPLIP,LAM]IPMULP,ETALM,KAPLM,
CLAMIM Gy MUL M, ETAZP s KAP2P 9y LAM2P o MUZP yETAZN JKAP2M,LAM2M, MUZM

COMMON/PRM/ALPHAsBETASCAMMASZETAS DT 9 DTAS KL 9K29K3 yKbgl 1oL 24L3 5L 4%y
LUSy L6y ML g M2 g M3 g M4 g NLyNZ2aN3 g NGy NSy N6 KL1 9 KML g KNLyKL29KM2,KN2,KL 12,
2KM12sKN129LNS56yML24 9 MN2 4o NLSE 9 MLy BNy NL o NMyEX o NLT 4 LNT

CUMMON/BNI/R19R23R3 R4y R5 3ROy KR1 p)KR29KR129LR564MR24yNR564MRyNR,
1U3DOT,ULIPRAS,ULDCAS,U2PRAS,U2COAS»U3DOAS,ULIPRHULDG,U2PR,U2D0O,U3DO,
2U3,U1PRP,UL1DCPs U2PRP,UZ2D0P,U3LCOP

COMMUN/SPE/COSTHy SINTHySLMAX s STMAX s SLTMAX 9 XSLeTSL ¢ XSToTSTXSLT,
ITSLTe ToTMAX,INEX, INDAT o UNDAT

COMMON/XTE/XBLlyXELlgXB2sXE29 TB1yTEL19TB23TE29 XBE s SXT

DIMENSION ULPR{210),UlDC(210),U2PR(210),U2D010210),U3D0(210),
1U3(210) sULPRP(21C),U1IDOP(210),U2PRP(210),U200P(210),U3D0OP(210)

STRESSES AND STRESS MAXIMA ARE CALULATEDy X AND T ARE INCREMENTED,
AND PRINT-CUT IS GOVERNED BY THIS SUBROUTINE.

J= IABS(IK*IMAX-1)
EI= DFLCAT(J)

T= (DI-1.00)*DT

X= (DI-1.00)*DX
IF(IK.EG.0) GO TO 40
IM= IMAX+1
1F(J/2%2.EQ.J) GC TO 30
GO TO 55

IM= IMAX

T= T+DT

X= X-DX

G0 TO 55
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4G M= I+1
IF(I/2%2.EG.1) GC TC 50
GG Tu 55

50 IM= 1
T= T+DT
X= X-DX

55 INEX= INEX+1
IF(INDAT.EQ.1) GU TG 60
JNDAT= INEX-{INEX/INDAT*INDAT)
INK= 0

60 DO 150 JB=1,41,2
I1Q= IM-JB

NON-DIMENSIGNALIZED STRESSES ARE CALCULATED (1=PARALLEL TO AXIS/
2=PERPENDICULAR TC AXIS/L=TANGENY TO FIBERS, I.E. LONGITUDINAL/

T=NORMAL TO FIBERSy I.E. TRANSVERSE).

S1= Q1l1*U1lPR(IQ)I+Q13*U2PRIIQ)+Q12*U3(1Q)
$2= Q21*%ULPRUIQ)I+Q23*U2PRIIQ)+Q22*U3(IC)
$12= Q31*U1PRIIQ)+Q33*U2PRIIQ)+Q32*U3(IQ)
SL= S1*COSTH*COSTH#S2%SINTH*SINTH4+2.D0*S12%SINTH*COSTH
ST= S1*SINTH®*SINTH#S2%COSTH*COSTH-2.D0*S512*SINTH*COSTH
SLT= (S2-S1)*SINTHX*COSTH+S12%(CCSTH¥COSTH-SINTH*SINTH)

A RUNNING RECORD CF STRESS MAXIMA IS KEPT.

IF{DABS(SLMAX)-DABS(SL))70,80,80
70 SLMAX= SL

XSL= X

T5L= 7
80 IF(DABS(STMAX)-DABS(ST)}) 9(6410C,100
90 STMAX= ST
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1006
110

111

125

130

140

X5T= X

18T=T

IF(DABS(SLTMAX)-DABS{SLT)) 110,111,111
SLTMAX= SLT

XSLT= X

TSLT= T

IF LIMITED OUTPUT HAS BEtN SPECIFIED, SPECIFICATIUONS ARE CHECKED
TO SEE IF THIS DATA SHOULD BE PRINTED. If SO, THE WRITE STATEMENT
IS EXECUTED.

IF{SXT.LT.0.,0000001) GG TO 120
IF(XBE.LT.0.0006001) GC TG 113
IF({XeLT.XB1)oOR.{X.GTeXE2)) GO TO 140
IF{(XeGTeXEL) sAND(XoLToXB2)) GO TO 140
IFC{SXT-XBE)«LT.{(C.0000001)) GO TC 125
IF((T.LT.TB1).OR.{T.GT.TE2)) GO TC 140
IF((TeGTTEL1) e AND(T.LT.TB2)) GG TO 140
G0 TO 125

IF{INCAT.EQ.1) GG TO 125

IF(JNDAT.NE.1) GO TC 140

INK= INK+1

IF(T.GE.TMAX) GO TC 125
IF(UINK~INK/INDAT*INDAT).NE.1) GO TO 140
WRITE(64130) XoT,ULPR(IQ),ULDO(IQ),U2PR{IQ),U2DG(IQ),U3DODCIQ),

1U3(IQ)eS19S29S12+SLsSTLSLT

FORMAT(1HO92{F9.593X) 96(D14e743X)//25X6(D14.743X)/)

THE TEMPCRAL AND SPATIAL COOKCINATES ARE INCREMENTED.

T= T+2.00%D7
= X=2.L0%DX
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150 CONTINUE
RETURN
END
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WAVE PROPAGATION IN A SEMI-INFINITE,
CYLINDRICAL, ORTHOTROPIC MEMBRANE
by

James J. Brickley, Jr.

(ABSTRACT)

A semi-infinite, cylindrical membrane of fiber-reinforced material
with the fibers oriented helically along the membrane is considered.
The equations of motion are written in terms of the orthotropic materi-
al properties and are solved for the condition of indeterminancy in the
second derivatives of the displacements.

This produces compatibility relations, valid along characteristics
in the time-space plane, and wave speed equations. Due to the fiber
orientation, an extensional disturbance generates a concomitant torsion-
al disturbance, which propagates with a slower wave speed. The solu-
tion, thus, involves two sets of superimposed characteristics.

The pertinent equations are written in finite-difference form and
solved numerically. Some generalization is achieved due to non-
dimensionalization of the equations. Results are presented for various
fiber orientations using representative material properties. The
relationship of the results to the isotropic case is also discussed.
Finally, documentation of the computer program, developed for the

numerical solution, is appended.
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