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Codes from norm-trace curves: local recovery and fractional

decoding

Aidan W. Murphy

(ABSTRACT)

Codes from curves over finite fields were first developed in the late 1970’s by V. D. Goppa
and are known as algebraic geometry codes. Since that time, the construction has been
tailored to fit particular applications, such as erasure recovery and error correction using
less received information than in the classical case. The Hermitian-lifted code construction
of Lopez, Malmskog, Matthews, Pifiero-Gonzalez, and Wootters (2021) provides codes from
the Hermitian curve over F,. which have the same locality as the well-known one-point
Hermitian codes but with a rate bounded below by a positive constant independent of the
field size. However, obtaining explicit expressions for the code is challenging.

In this dissertation, we consider codes from norm-trace curves, which are a generalization
of the Hermitian curve. We develop norm-trace-lifted codes and demonstrate an explicit
basis of the codes. We then consider fractional decoding of codes from norm-trace curves,
extending the results obtained for codes from the Hermitian curve by Matthews, Murphy,

and Santos (2021).



Codes from norm-trace curves: local recovery and fractional

decoding

Aidan W. Murphy

(GENERAL AUDIENCE ABSTRACT)

Coding theory focuses on recovering information, whether that data is corrupted and changed
(called an error) or is simply lost (called an erasure). Classical codes achieve this goal by
accessing all received symbols. Because long codes, meaning those with many symbols, are
common in applications, it is useful for codes to be able to correct errors and recover erasures
by accessing less information than classical codes allow. That is the focus of this dissertation.
Codes with locality are designed for erasure recovery using fewer symbols than in the classical
case. Such codes are said to have locality r and availability s if each symbol can be recovered
from s disjoint sets of r other symbols. Algebraic curves, such as the Hermitian curve or the
more general norm-trace curves, offer a natural structure for designing codes with locality.
This is done by considering lines intersected with the curve to form repair groups, which are
sets of r + 1 points where the information from one point can be recovered using the rest of
the points in the repair group.

An error correction method which uses less data than the classical case is that of fractional
decoding. Fractional decoding takes advantage of algebraic properties of the field trace to
correct errors by downloading only a A-proportion of the received information, where A < 1.
In this work, we consider a new family of codes resulting from norm-trace curves, and study

their locality and availability, as well as apply the ideas of fractional decoding to these codes.
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Chapter 1

Introduction

The rise of Reed-Solomon codes used in applications over the past half century, along with
the work of V. D. Goppa [12] which allows constructions of codes over more general algebraic
curves, has lead to a wide area of research in coding theory. While the standard parameters of
these codes and algorithms are still of interest, newer concepts such as locality and availability
are more relevant in some settings. This focus is due to the application of codes from algebraic
geometry in areas such as distributed storage and other big data applications, where being
able to correct errors or recover erasures by accessing less data is often advantageous. Locality

and availability began to be investigated in the early 2010s [10, 11, 29].

We will see that locality and availability may arise naturally from the intersection of lines
with algebraic curves. The intersection of lines with the Hermitian curve is utilized in
the lifting procedure of [18], where Hermitian-lifted codes are defined and studied. The
Hermitian-lifted codes are interesting because they retain the natural locality of one-point
Hermitian codes, while also having the property of their rate being bounded below by a
constant independent of the field size. This lower bound on the rate in essence means that
the inefficiency of the codes has a fundamental upper bound. Despite these results, the codes

themselves lack explicit expression, as the relevant monomials are yet to be classified.

Norm-trace curves are a generalization of the Hermitian curves. Algebraic geometry codes
have been constructed from them [9], offering some improvements over Hermitian codes in

terms of relative distance or rate. Here we consider these curves in the construction similar



to Hermitian-lifted codes and investigate the properties of the resulting codes. We show that
these norm-trace-lifted codes are distinct from other constructions in the literature, and that

norm-trace-lifted codes are advantageous over Hermitian-lifted codes in several ways.

Locally recoverable codes such as the Hermitian-lifted codes, offer the advantage of recov-
ering data with less information than is classically needed by downloading only a subset of
received symbols for recovery. Fractional decoding is a procedure for error correction that
effectively downloads a fraction of the necessary information from received symbols. This
goal is achieved using algebraic properties of the field trace defined over finite fields. The
formulation of fractional decoding was first presented in [30], and followed by an extension
to Reed-Solomon codes in [24]. Most recently, this approach was modified for a new set of
codes from the Hermitian curve in collaboration with Gretchen L. Matthews and Welington

Santos.

In this work we extend these results to norm-trace curves, as well as introduce ideas to
improve the decoding radius for the algebraic geometry codes considered previously. The
ideas for improving the decoding radius of codes from Hermitian and norm-trace curves then
lead naturally to an application of fractional decoding techniques to Hermitian-lifted codes

and norm-trace-lifted codes.

This document is structured as follows. In the first chapter, Sections 1.1, 1.2, and 1.3, we lay
down the basic definitions relevant to algebraic function fields, algebraic curves, and coding
theory. Lastly, Section 1.4 describes the algebraic geometry codes that are relevant to to

this work.

The second chapter covers with norm-trace-lifted codes. Section 2.1 reviews Hermitian-lifted
codes. Section 2.2 discusses the intersection cardinalities of lines with norm-trace curves.

Section 2.3 then defines and develops norm-trace-lifted codes. Comparisons to other codes



are contained in Section 2.4, detailing rate, parameter, and basis monomial comparisons.
Lastly for norm-trace-lifted codes, a more general result on curve-lifted codes is presented in
Section 2.5, where they are specifically applied to Suzuki curves. Future research directions

are contained in Section 2.6, including conjectures related to this work.

The third and final chapter describes fractional decoding, and builds towards fractional de-
coding of the norm-trace-lifted codes in Chapter 2. In Section 3.1 all necessary definitions
are given, followed by the procedure for fractional decoding of Reed-Solomon codes. Section
3.2 contains collaborative work with Gretchen L. Matthews and Welington Santos on frac-
tional decoding of codes from the Hermitian curve, and these results are extended to codes
from the more general norm-trace curves. An improvement on these procedures involving
use of alternate lines for recovery is laid out in Section 3.3 and is applied to codes from Her-
mitian curves while also motivating application to Hermitian-lifted codes. The application
to Hermitian-lifted codes is found in Section 3.4. An analagous result for norm-trace-lifted
codes is contained in Section 3.5. Future research directions and conjectures related to this

work are contained in Section 3.6.

1.1 Algebraic function fields

Throughout, F, denotes the finite field with ¢ elements, where ¢ = p" is a power of some
prime p. In this section, we review the relevant definitions related to the theory of algebraic

function fields. See [27] for additional details.

Definition 1.1. Let z € F' be transcendental over K where F' is an extension of K. The

field
f(@)

K(z) = {m - J(@),g(x) € Kol g(z) # o}

3



is called the rational function field.

Definition 1.2. An algebraic function field F'/K of one variable over K is an extension
field ' O K such that F is a finite algebraic extension of the rational function field K (x)

for some element z € F' which is transcendental over K.

The following are examples of algebraic function fields.

Example 1.3. Let H = Fp2(z,y) where z and y are related by

y 4y =zt

The extension H /F,2 is known as the Hermitian function field.

For the next example, we need to define the field norm and trace with respect to the field

extension Fr /F,.

Definition 1.4. The norm of o € F,» with respect to the extension F,-/F, is

@ -1

Nqu/Fq (Oé) = a1,

The trace of o € F» with respect to the extension Fyr /F, is
r—1

Trg,, /r, (@) = Zaqi.

=0

It is well-known that Ng,/r, (a), Trr,, /r, (o) € Fq for any a € Fyr.

Example 1.5. Let F' = F,(x,y) where x and y are related by

r—1

yq +...+yq+y:l‘%'

4



The extension F'/F, is known as the norm-trace function field, since y? " 4+ ... 4y can be
"1

seen as the trace of y relative to the extension F,/F,, and 2’1 can be seen as the norm

of z relative to the extension F - /F,. Note that taking r» = 2 gives the Hermitian function

field.

As we will see, the Hermitian function field is of particular importance in the construction of
codes. We now proceed to the definition of a divisor, and subsequently the Riemann-Roch

space corresponding to a divisor.

Definition 1.6. A waluation ring of the function field F/K is a ring O C F with the

following properties:

1. KCOCF,and
2. forevery 2 € F, z€ Qor 27t € O.

Definition 1.7. A place P of the function field F'/K is the maximal ideal of some valuation

ring O of F'//K. Denote the set of places of F//K as Pp.

Definition 1.8. Let P € Pp.

1. The residue class field of P is Fp = Op/P. The map x — x(P) from F to F, U {oo}

is called the residue class map with respect to the place P.

2. The degree of P is deg P == [Fp : K|. A place of degree one is also called rational place
of F/K.

Definition 1.9. A discrete valuation of F/K is a function v : F' — Z U {oco} with the

following properties:

1. v(f) = oo if and only if f = 0.



2. v(fg) =v(f) +v(g) forall f,g € F.

3. v(f 4+ g) > min{v(f),v(g)} for all f,g € F.
4. There exists an element h € F with v(h) = 1.
5. v(a) =0forall 0 #a€ K.

Definition 1.10. The divisor group of F'/K, denoted Div(F'), is the free abelian group on
the places of F//K. The elements of Div(F') are called divisors of F'/K; in other words, a

divisor is a formal sum

D= Z npP with np € Z and np = 0 for almost all P € Pg.

PePp

The support of D is defined as
supp(D) = {P € Pr | np # 0}.

It will be convenient to write
D= anp

where S C Pp is a finite set with S 2O supp(D).

Definition 1.11. For a rational function h(z) = %, the o where f(a) = 0 and g(«) # 0

are called the zeros of h(x), and the a where g(a) = 0 are called the poles of h(x).
Definition 1.12. Let 0 # f € F and denote by Z (resp. ) the set of zeros (resp. poles)

of f in Pr. Then we define:

(f)o = va(f)P, the zero divisor of f,

PeZz



(f)oo = Z(—vp(f))R the pole divisor of f,

PeN

and

(f) = (f)o— (f)eo, the principal divisor of f.

Definition 1.13. For divisors

Dy= ) npPand Dy =Y mpP,

PePr PePr

we write Dy > Dy if np > mp for all P € Pp.

Definition 1.14. For a divisor D € Div(F'), the Riemann-Roch space associated with D is

LID)=A{feF|(f)=z-D}ru{o}.

In later sections, we often take D to be effective, meaning D > 0, i.e.

D= anP with np > 0 for all P € Pg.

PE]PF

In that case, the divisor D can be considered as a pole allowance; that is, the functions in
L(D) are those which have poles of order no more than np at each point P in the support

of the divisor D.

Example 1.15. Consider the rational function field F,(x)/F,. For the divisor D = mPy
where P, is the infinite place, the Riemann-Roch space associated to D is the set of poly-

nomials f(x) which have degree deg(f) < m.

Example 1.16. [26] Let H/F, be the Hermitian function field. For the divisor D = mP.,

where P, is the infinite place, the Riemann-Roch space is generated by a set of monomials

7



2%® which have poles of order no more than m at P,,. More precisely, the space £(D) is

generated by monomials 2%y where

aqg+b(g+1) <m.

Lastly, we build toward the definition of genus of function fields, which will also describe the

genus of the algebraic curves which correspond to the function fields.

Definition 1.17. The degree of a divisor D is defined as

deg(D) = Z vp(D) - deg(P).

PePp

Definition 1.18. For D € Div(F), the integer ¢(D) = dim L(D) is called the dimension of

the divisor D.

Remark 1.19. [27] For each divisor D € Div(F'), the space L£(D) is a finite-dimensional
vector space over K. More precisely, if D = D, — D_ with disjoint effective divisors D
and D_, where the components of D, denote poles and the components of D_ denote zeros,
then

((D) < deg(Dy) + 1.

Definition 1.20. The genus g of F/K is defined by

g = max{deg(D) —¢(D)+1: D € Div(F)}.

There is a result bounding the number of rational places that a function field with genus
g may have, called the Hasse-Weil bound. The Hasse-Weil bound will become relevant in

algebraic geometry codes because of the correspondence between rational places and rational

8



points on an algebraic curve.

Theorem (Hasse-Weil bound). The number N = N(F) of places of F//F, of degree one
satisfies the inequality

[N — (q+1)] < 294",
where g is the genus of the function field F'/F,.

We finish this section with definitions that are relevant to other constructions of codes from

norm-trace curves.

Definition 1.21. An adele of F/K is a mapping

PF—>F,

P — ap,

such that ap € Op for almost all P € Pr. We regard an adele as an element of the direct
product Il pep, F' and therefore use the notation o = (ap)pep,, or even shorter as o = (ap).
The set

Ar = {a: «ais an adele of F//K}
is called the adele space of F/K.

Definition 1.22. For D € Div(F') we define

Ap(D) ={a € Ap : vp(a) > —vp(D) for all P € Pr}.

Definition 1.23. A Weil differential of F/K is a K-linear map w : Ar — K vanishing on
Ap(D) + F for some divisor D € Div(F). We call

Qp = {w: wis a Weil differential of F'/K}

9



the module of Weil differentials of F//K. For D € Div(F) let

Qp(D) ={w € Qp : w vanishes on Ar(D) + F'}.

Definition 1.24. The divisor (w) of a Weil differential w # 0 is the uniquely determined
divisor of F'/K satisfying
1. w vanishes on Ap((w)) + F, and
2. if w vanishes on A(D) + F, then D < (w).
A divisor W is called a canonical divisor of F/K if W = (w) for some w € Qp.
We finish the background relevant to alternate code constructions with some definitions

about extensions of algebraic function fields.

Definition 1.25. An algebraic function field F’/ K’ is called an algebraic extension of F /K

if I/ O F'is an algebraic field extension and K’ O K.

Definition 1.26. Consider an algebraic extension F'/K’ of F'//K. A place P’ € Pp is said
to lie over P € Pp if P C P’. We also say P’ is an extension of P, or that P lies under P’,

and write P'|P.
Definition 1.27. Let F’/K’ be an algebraic extension of F'/K, and let P' € P be a place
of F'/K' lying over P € Pr. The integer e(P’'|P) := e with

vp(f) =e-vp(f) forall feF

is called the ramification index of P" over P. We say that P’|P is ramified if e(P'|P) > 1,

and P'|P is unramified if e(P'|P) = 1.

10



Definition 1.28. Let F'/K’ be an extension of F'/K of degree [F’ : F] =n and let P € Pp.

1. The place P splits completely in F'/F' if there are exactly n distinct places P’ € Pp
with P’|P.

2. The place P is totally ramified in F'/F if there is a place P’ € Pr with P’|P and
e(P'|P) = n.

1.2 Algebraic curves

Algebraic coding theory often uses the language of algebraic curves rather than function
fields. Here, the term algebraic curve refers to nonsingular, absolutely irreducible, projective
algebraic varieties of dimension one. In the rest of this document, we consider plane algebraic

curves.

The following definitions contain important bounds relevant to algebraic curves, as well as
definitions of some special classes of algebraic curves which we use to build codes (particu-

larly, norm-trace curves).
Definition 1.29. Denote by X'(F,) the F,-rational points on the curve X
Because of the correspondence between places of degree one in the relevant function field

and rational points on the respective curve, the Hasse-Weil bound gives an upper bound on

the number of F -rational points on any curve & over [F,, namely

|X(F,)| < g+ 1+ 29q"2.

Definition 1.30. An algebraic curve over F, whose number of F,-rational points meets the

Hasse-Weil bound with equality is called a maximal curve.

11



We now define an important curve known as the Hermitian curve.

Definition 1.31. Let X, be the projective closure of the curve defined by z9™ = y? + y
defined over F,.. This curve is known as the Hermitian curve.

Remark 1.32. [23] The genus of the Hermitian curve is g = @. The Hermitian curve is

maximal with respect to the Hasse-Weil bound, since there are ¢* + 1 points in X, (F2).
We consider the Hermitian curve over [F 2 instead of F, because the Hermitian curve is a
maximal curve over 2 and is not maximal over FF,.

Definition 1.33. The norm-trace curve X, over F, is defined by the affine equation

NFqT/]Fq (I’) = TrFqT /Fq (y) )

meaning

Xyp oot =y +-+yl 4y

Remark 1.34. The norm-trace curve X,, with r = 2 gives

Xy oI =y 4y,

the Hermitian curve over Fgo.

The following remarks about norm-trace curves will be utilized later when defining the

corresponding one-point codes and lifted codes.

Proposition 1.35. [9] For the norm-trace curve X, ., | X, (F,)| = ¢* ' + 1. Thus, there

1

are ¢*"~1 affine points on X,,.

Proof. Recall that the zeros of the norm-trace curve over F, are the points («a, ) such that
Nqu/Fq(a) = TT]qu/Fq(ﬂ)-

12



We claim that a = 0 € Fyr such that Ny, /r, (o) = 0. We further claim that given ¢ € F,\{0}

there are precisely a = qqi—_ll elements « € F,;- such that Ny, /r, (@) = ¢, and that given any

c € F, that there are precisely b = ¢"~* elements o € F» such that Trg,, /r, (@) = c.

This claim can be confirmed by the fact that Ny, /r, is a homomorphism from the multiplica-
tive group Fy-\{0} to the multiplicative group F,\{0}, and that Trg . 5, is a homomorphism

from the additive group F,- to the additive group F, [16, Theorem 2.23]. [ |

Remark 1.36. [21] The genus of the norm-trace curve is

(@t =1 (25 -1)

Unlike the Hermitian curve, in general, norm-trace curves are not maximal.

1.3 Linear codes

The material in the previous sections has applications in the theory of error correcting codes,
which have application where data is stored or transmitted, such as CDs, DVDs, servers that

store often-accessed data (such as movies on Netflix), and QR codes.

Basic definitions

Definition 1.37. A linear code C of length n over F, is an F,-subspace of Fy.

The elements of C' are called codewords. Given a code C of length n, the set of indices of

the codewords is [n] = {1,...,n}.

Definition 1.38. Let C be a linear code over F,, and wt(c) = [{i € [n] | ¢; # 0}| be the

13



weight of ¢ € Fy. We say C'is an [n, k,d] code if C is length n, k = dimg, (C) and
d = min{wt(c) | c € C\{0}}

is the minimum distance of C.

Definition 1.39. The rate of an [n, k,d] code C'is .

The rate of a linear code measures the efficiency of the code, being the ratio of the length &
of the string of data to be encoded, and the length n of the string after encoding. A code

with a higher rate introduces less redundancy during the encoding process. An analagous

parameter exists for the minimum distance.

Definition 1.40. The relative distance of an [n, k,d] code C'is <.

The minimum distance of a linear code satisfies the following bound.

Theorem (Singleton bound). For an [n, k, d] code C,

kE+d<n+1.

The Singleton bound shows that there is an inherent balance between the minimum distance
and the dimension of a linear code. Any code which meets this bound with equality is called

mazximum distance separable (or MDS).

Given an [n, k,d] code C over F,, let w € F, be a received word resulting from a sent

codeword ¢ € C'. We consider two situations:

Low=(wi,...,w,) € (Fp U{?})" where w; € {¢;, 7} for all i € [n],

2. w=(wy,...,w,) € Fy such that d(w,c) < Ld%lj

14



Here, the symbol 7 denotes an erasure, so that

1. an erasure occurs at position ¢ if and only if w; =7,

2. an error occurs at position ¢ if and only if w; # ¢;.

Note that positions of an erasure are known, while error positions are not apparent from w.

The goal is to determine the original codeword ¢ € C'.

Proposition 1.41. An [n,k,d] linear code C' is able to

o recover up to d — 1 erasures, or

e correct up to | 2| errors.

Proof. We follow the proofs of [13]. For each part, we consider minimum distance decoding,
which is a decoding procedure defined by choosing the nearest codeword in weight to the

received word.

First we prove that C' can recover up to d — 1 erasures. Let y € (Fy U{7})" be the received
word. We claim that there is a unique ¢ = (ay,...,a,) € C such that y; = a; for every i
where y; #7. For the sake of contradiction, assume that there are two distinct codewords
c1,c9 € C such that both ¢; and ¢, agree with y in the unerased positions. Note that this
assumption implies that ¢; and ¢y agree in the positions ¢ with y; #7 is not an erasure. Thus,
wt(ey — co) < |{i:y; =7} < d— 1, which contradicts the assumption that C' has minimum
distance d. Therefore, we may recover d — 1 erasures in y by finding the unique codeword

C1.
Now we prove that C' can correct up to |45 ] errors. Let ¢; € C be the transmitted codeword
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and y € F be the received word. Note that

wt(y —c1) < d.

Assume if y is decoded as ¢ and ¢y # ¢;. Note that

wt(y — o) < wit(y — ¢q).

Then,

wt(cy — co) < wt(ea —y) +wt(e; —y) <2 -wt(ep —y) <d—1

from the triangle inequality, which implies that the minimum distance of C' is at most d — 1,

a contradiction. Thus, it is possible to correct up to Ld%lj eITors. [ |

The above bounds on erasure recovery and error correction both assume access to all other
coordinates of the received word w. When the length of the code is large, this action is very
inefficient. The following concepts of locality and availability address how we may recover

the codeword ¢ while accessing less information.

Locality and availability

Codes with locality allow recovery of a codeword ¢ with much less information than is
normally needed for an [n,k,d] code C. Classical models for erasure recovery utilize all
symbols w; to recover the symbols ¢; where i € [n], w; =7. If a code has locality r, then
only r other coordinates of the received word are needed to recover an erasure, instead of

accessing all other coordinates.

Definition 1.42. A code C C F} with codewords ¢ = (cy,...,¢,) has locality r if for all
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i € [n], there exists

R; C [n]\{i}

where |R;| < r such that

¢ = 90<C Ri)

for some function ¢ : Fy — F,. Additionally;

o The set R; is called a recovery set for 1.

o The set R; := R; U {i} is called a repair group for i.

The parameters of an [n, k, d] code C' with locality r satisfy a Singleton-like bound [29]:

serenii ([ 1),

If the parameters of C' meet this bound with equality, C'is called an optimal locally recoverable

code.

There may be instances when not all the elements in a specific recovery set will be available.
Indeed, suppose w € Fy is received and w; =7. If there exists R; such that j € R; and w; =7,
then ¢; may not be recovered. Having multiple recovery sets is a solution to this problem.
For instance, if there exists some R, C [n]\{R; U {i}} and w; € F, for all j € R], then ¢;

may be recovered from R;. This feature is known as availability.

Definition 1.43. A code C C F;‘ has availability s if there exist recovery sets
Ri,17 ey Ri,s g [n}\{’&}

for each i € [n] such that

I
=

RiJ’ N Riﬂg
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for all j # t.

The condition that the sets be disjoint is meant to prevent erasures being common to several
recovery sets. An [n, k, d] locally recoverable code with locality r and availability s satisfies

another Singleton-like bound [28]:

1.4 Algebraic geometry codes

All codes considered in this dissertation are evaluation codes. These codes are formed by
taking a set of F,-valued functions, and evaluating those functions at a set of IF -rational
points on a curve X over I, where the functions have no poles. The precise definition is

given next.

Definition 1.44. Let V' be a set of F -valued functions that may be evaluated at points

Py, ..., P, ona curve X over a finite field IF,.

Evaluation codes have the form
C(D,V)={(f(P),....f(P)): feV}C IF?

where D = (Py,..., P,); that is, C(D, V) = ev(V') where

ev: V. — Fg

In the literature, D is often expressed as a divisor D = P;+---+ P, on X. The main examples

of evaluation codes are one-point algebraic geometry (AG) codes, particularly Reed-Solomon
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codes. In this work we also consider Hermitian codes and norm-trace codes.

Definition 1.45. Let F'/F, be an algebraic function field, D = P, + --- + P, be the sum
of n distinct places of F'/IF, of degree one, and G be a divisor with disjoint support from
D. The algebraic geometry code (or AG code) Cr(D, @) associated with divisors D and G

is defined as

Ce(D,G) =A{(f(P),.... [(P)): f € L(G)} S Fy.

Definition 1.46. An algebraic geometry code Cr(D, G) where G = mP,, for some m € Z*

is called a one-point algebraic geometry code.

The parameters of Cz(D, G) are detailed in the following theorem.

Theorem 1.47. [27] The algebraic geometry code Cr(D,G) is an [n, k,d] code with param-
eters

k> deg(G) — g+ 1,
d > n — deg(G).

Hence, Cr(D,G) satisfies

n—g+1<k4+d<n+1

Note that the code C,(D, G) is not necessarily MDS but its parameters are at most g away

from satisfying the Singleton bound with equality.

Reed-Solomon codes

Reed-Solomon codes are a family of algebraic geometry codes over the projective line IP%Fq,
and the functions to be evaluated are polynomials whose degrees are no more than some

k<n<aq.
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Definition 1.48. Let F, = {a1,...,a,}. Set positive integers k < n < ¢. Let

Folz]<k = {f € F,[z] : deg f < k}.

The Reed-Solomon code RS(q,n, k) is the evaluation code

RS(q,n, k) = {(flan), floa),..., flan)) : [ € Fylz]<r} € Fy.

Note that RS(q,n,k) = C.(D, (k—1)P) where P, is the point at infinity on the projective

line and D = P, + - -- + P, is the sum of the other [F -rational points.

_ k
To encode a message a = (ag, . .., ar1) € Fy, set

fa(x) = ag + a1 + agx® + - - - + ap_ 12"t

Then

(ag, - - ar—1) = (falan), falaa), ..., falan)) € Fy.

Remark 1.49. The Reed-Solomon code RS(q,n, k) is an [n, k,n — k + 1] code.

Proof. Set arbitrary messages m; # my € Fy, and denote by RS(m) € F} the encoded
message vector for message m. Note that f,, (), fm,(z) € F,[x] are distinct polynomials of

degree at most k — 1. Then, f,,, (x) — fm,(x) # 0 also has degree at most £ — 1. Note

wt(RS(m1) — RS(ms)) = d(RS(my), RS(ms)).

The weight of RS(my) — RS(ms) € RS(q,n, k) is

d(RS(ma), RS(m2)) = n — {ai : fini (i) = finy(0i) }-
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Because fp,, () — fm,(z) € F,[x]<k, it has at most & — 1 roots. Hence, the weight of
RS(my) — RS(my) is at least n — (k — 1) =n — k + 1. Thus, d > n — k + 1. According to

the Singleton bound, d =n — k + 1. [ |

Reed-Solomon codes maximal with respect to the Singleton bound. The codes to be defined
later, such as Hermitian codes, in general do not meet the Singleton bound with equality,

but rather exhibit other desirable parameters.

We give a few more definitions relevant to the fractional decoding procedures detailed in
Chapter 3. One object used often in Reed-Solomon error correction is the error locator

polynomial.

Definition 1.50. Let C' be a Reed-Solomon code, and let y be the received word from

codeword (p(«;))i, € C. An error locator polynomial is a polynomial F(z) such that

E(a;) = 0 if and only if y; # p(ou).

Recovering an error locator polynomial means discovering the locations where errors oc-
curred in a codeword. Lastly, fractional decoding requires understanding of interleaved

Reed-Solomon codes.

Definition 1.51. Consider the Reed-Solomon codes RS(q,n,k;), i € [m] each with evalu-
ation points {a,...,a’}. Consider the set of dimensions K = {ky,...,k,} An interleaved

Reed-Solomon code is the set of matrices
filad) o filon)

IRS(q,n,K,m) = : : S (fi(dd) ... fi(al)) € RS(q,n, k;),i € [m]
fm(ed") o fn(eg))
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Hermitian codes

Remark 1.52. [26] For the Hermitian function field F,(z,y) given by x4*! = 4+ y and for

m € Z*, the Riemann-Roch space £L(mPy) is
L(mPy) = <xayb :0<b<qg—1lag+blg+1) <m),
where Py is the point at infinity on &, (F ).

Definition 1.53. Let X, be the Hermitian curve defined over F .

Let P, be the point at infinity on &} (F,2), and
D=P +--+P,

be a divisor supported by the n := ¢® distinct F,2-rational points on X, other than Pj..

The one-point Hermitian code C(D, mPx) is

C(D,mPy) == {(f(P), ..., f(P) : [ € L(mPx)} C FL.

The maximality of Hermitian curves with respect to the Hasse-Weil bound has the benefit

of maximizing the length of the code, for the given genus and field size.

Proposition 1.54. [26, 31] The one-point Hermitian code C(D,mPy) is a [¢°, k,d] code

where the minimum distance d is dependent on the dimension k.

Let

A(m) ={0 <l < m: there exist nonnegative i,j € Z such that { =iq+ j(q+ 1)},
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and let

m = m?'x{é 0 e A(m)}.

Specifically for the codes C(D,mPs) we consider with m < ¢* — 1, if m = aq + b where
0 S b S a S q— 17

1
k:@ﬂwﬂ,

Norm-trace codes

Remark 1.55. [9] For the norm-trace function field F,(z,y) given by Ng . /v, (z) = Trr,_, /r, (y)

and for m € Z", the Riemann-Roch space £(mP,,) is

T
L(mPy) = <xayb 0 < bgqu—l,aqu—i—b(q 1> §m>,
q—

where P, is the point at infinity on X, (F,).

Definition 1.56. Let A, be the norm-trace curve defined by Ny, r,(z) = Trg, /r,(y)

defined over Fr.

Let P, be the point at infinity in X, (F,), and
D=P+---+P,

be a divisor supported by n = ¢*~! distinct F,--rational points on X, other than P..

The one-point norm-trace code C(D, mP,,) is

C(D,mPy) = {(f(P), .., [(Py) : f € L(mPx)} C .
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Proposition 1.57. [9, Theorem 1] The one-point norm-trace code C(D, mPy,) is a[¢* ', k, d|

code where the minimum distance d is dependent on the dimension k.

Specifically,

Summary

The codes we have covered thus far are Reed-Solomon codes, one-point Hermitian codes, and
one-point norm-trace codes. Table 1.1 contains the relevant information for each of these

codes, for comparison.

To reiterate, in each of the AG codes defined above, the divisors used are G = mP,,, and

D =P, +---+ P, the sum of all other rational points on X other than P,..

Table 1.1: Relevant algebraic geometry codes

Code C(D,G) Curve X Alphabet | Length
Reed-Solomon code IP’%Fq F, q
Hermitian one-point code X, xtl =yl 4y F, 7
Norm-trace one-point code | Xy, : Ny, /r, () = Trer/r, (y) Fyr g> !
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Chapter 2

Norm-trace-lifted codes

Hermitian-lifted codes are defined using Hermitian curves, similar to one-point Hermitian
codes, but designed for locality and availability. Hermitian-lifted codes retain the desirable
locality of one-point Hermitian codes, while also being advantageous for local recovery with
nonzero asymptotic rate. Thus, we consider a more general family of norm-trace curves to

use in a similar construction.

The structure of this chapter is as follows. Section 2.1 reviews Hermitian-lifted codes. Sec-
tion 2.2 discusses the intersection cardinalities of lines with norm-trace curves. Section 2.3
then develops norm-trace-lifted codes. Comparisons to other codes are contained in Section
2.4, detailing rate, parameter, and basis monomial comparisons. Lastly, for norm-trace-
lifted codes, a more general result on curve-lifted codes is presented in 2.5, where they are
specifically applied to Suzuki curves. Future research directions are contained in Section 2.6,

including conjectures related to this work.

2.1 Hermitian-lifted codes

We review the Hermitian-lifted codes of [18] in this section. This material motivates our
results in Section 2.3 and provides a natural basis for comparison. Hermitian-lifted codes
offer the benefit of having positive rate bounded below by a constant independent of the

field size ¢2, while retaining the locality afforded by one-point Hermitian codes.
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We start with a remark on the number of points of intersection between lines in the projective

space P% | and the Hermitian curve X,.
q

Remark 2.1. [15] Every non-tangent line over F,2 intersects the Hermitian curve X, over

Fs2 in ¢ + 1 distinct Fj2-rational points.

The Hermitian-lifted codes are defined to capitalize on the property in Remark 2.1. In
particular, as we will see, each set of points of intersection between a line and the Hermitian
curve forms a repair group of size ¢ + 1. On each line, only functions which restrict to low-
degree univariate polynomials are evaluated to define codewords. The functions restricted
to these lines give univariate polynomials. Then local recovery can take place by accessing
only those ¢ coordinates corresponding to points on the line, rather than all other ¢? — 1

points.

Thus, Remark 2.1 affects the desired degree of the polynomials to which functions f(x,y) €

IF,[z,y] restrict, motivating Definition 2.2.

Definition 2.2. Let

L= {Las(t) : a € F\{0},5 € Fp}

be the set of lines of the form

Los(t) = (t,at + B).

Given f € Fpelz,y], g € Fpelt], and Ly g : Fpelt] — Fgg, we say that f o L, g agrees with g on
X,, and write

f o La,ﬁ EXq g,
if
f(Lap(t)) = g(t)
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for all t € F 2 with L, 5(t) € A.

Let

VLop € L,3g € Fplt],
F =< feFelxyl:

and foL,g=x,9
Definition 2.3. Let n = ¢*, and X(Fp2) = {P,..., P,}. The Hermitian-lifted code on F
is

Cx, ={(f(P1),....f(Pn): f € F} CFph.

The Hermitian-lifted code is designed so that if any coordinate ¢; = f(P;) for i € [n] is
erased, then ¢; can be recovered from the other coordinates corresponding to any line on
which the evaluation point P; lies. Then, Reed-Solomon interpolation may be utilized in

order to recover the coordinate.

It is relevant to consider the composition M, 0 L, s(t) of a monomial M, ;(z,y) = x%y® with
a line L, g modulo a polynomial of interest resulting from the curve. It is this condition that
allows recovery of erasures which occur in a given repair group. That is because the repair
groups are formed by intersections of lines in IF32 with the Hermitian curve. The definitions

given below build towards the definition of a good monomial.

Definition 2.4. Given «a, 8 € F2, define
Dap(t) =t + %! + at + Tre , /7, (B) € Felt].

For a polynomial g(t) € F,2[t], define g, g(t) to be the remainder resulting from dividing ¢(¢)
by pa.s(t); i.e.
Ga,p(t) = g(t) mod p, ().
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Set

deg,, 5(g) = deg(ga,5(1))-

Notice that deg, 5(g) < ¢ for all g € Fp2[t], as deg(pa,s(t) = ¢+ 1.

Based on Remark 2.1, we are interested in monomials f(z,y) such that

dega,ﬁ(f ° La,ﬁ) <q.

Definition 2.5. A monomial M,;(z,y) = 2% is said to be good for X, if for all lines
La”g - L,

deg,, 5(Map o Lag) < q.

Remark 2.6. As opposed to one-point Hermitian codes, Hermitian-lifted codes have a rate
bounded below by a constant independent of the field size [18]. Specifically, it is shown that
the rate is bounded below by 0.007. This rate results from showing that there are sufficiently
many good monomials yielding linearly independent codewords. The actual number of good

monomials remains an open question.

We consider only one-point Hermitian codes with evaluation functions £(m Py, ) where m <
q? — 1. For monomials 2%9® € L((¢?> — 1) P,), the degree of the monomial restricted to a line
is a + b, since

(Map o Lag)(t) = () (at + 3)".

For Mypo0 Lag € F,a+b<q—1. Recall that aq + b(q + 1) < ¢*> — 1 for zy® € L(mP,,),
which in turn gives

a+b< {
Thus, if m < ¢> — 1, we then have natural locality for the one-point Hermitian codes.
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However, with this restriction, the rate of the one-point Hermitian code Cr(D, mPy,) is no

more than

m+1 1
3 < - —=>0as qg— o0,
q q

as mentioned in [18, Observation 2].

While it is true that rate for Hermitian-lifted codes Cx, are better than one-point Hermitian
codes Cr(D, mP,,), Hermitian-lifted codes suffer from a lack of expression for the evaluation
polynomials. The monomials x%® which form a basis for £(mP,,) are exactly those which
satisfy ag+b(g+1) < m. In contrast, no expression has yet been formulated for the monomials
which form a basis for F, which consists of the monomials in £(mP,,) in addition to a new

set of monomials.

2.2 Intersection numbers

For Hermitian-lifted codes, the locality (and thus the upper bound on the degree of the
polynomials g that the functions f € F needed to satisfy when restricted) comes from
Remark 2.1, a result on the intersection of lines with Hermitian curves. It is convenient that
this result for the Hermitian curve exists, since it is crucial to the defining of Hermitian-lifted
codes. We will use intersection numbers to adapting the Hermitian-lifted code construction

to other families of curves. A precise definition is given next.

Definition 2.7. Let X be an algebraic curve on ]Fg, and L, be a line over F,. The
intersection number between the curve & and the line L, g is the number of distinct affine

points of intersection in 2.

The intersection number is the number of points for which we consider Reed-Solomon-like

erasure recovery. The point at infinity is not included, because the evaluation functions for
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the codes considered in this work have poles there. Multiplicities at affine points P are

irrelevant, because only one evaluation can be used.

To define norm-trace-lifted codes, we need a result similar to Remark 2.1 on the intersection
between lines and the curves X,,. Such a result on the intersection number L,z N &, |

defines how high the degree a polynomial g can restrict to when considered over the inter-

section L, g N X, ,. Therefore, it is necessary to have the intersection numbers |L, 5 N X,

with non-tangent lines to define norm-trace-lifted codes.

Note the benefit of |L, s N X,| = ¢ + 1 for the Hermitian curve. Because of this result, all
non-tangent lines serve as repair groups. Lemma 2.10 in Section 2.2 accomplishes the same

goal; because we will determine

|LagNXo,| € {277 =127 + 1}

for non-tangent lines. Thus, all non-tangent lines continue to form repair groups of size
2r=1 — 1. Computation suggests that norm-trace curves have a similar property, as seen in

Section 2.2, though this property has not been proven for all norm-trace curves.

In general, the intersection number |L, 3 N X| between an arbitrary algebraic curve X and
line L, g is not known. Upper bounds do not suffice for our purpose, because the points
are needed for interpolation. For this reason, we restrict our attention to the case when
q = 2, where we can determine cardinalities of the intersections between lines and norm-

trace curves.
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Norm-trace curves

We do not consider horizontal lines because many of these lines are tangent, and so the
intersection between horizontal lines and the curve is not conducive for forming repair groups.

In particular, it may only contain a single point. We give a proof of this result below.

Definition 2.8. Let

L = {Las(t) : « € Fxr\{0}, 8 € Fyr}

be the set of lines of the form

Las(t) = (t,at + B).

In this work we denote the set of points on a line as
La,ﬁ = {Laﬁ(t) 't e Fgr}.

Lemma 2.9. Let ¢ = 2, and consider the norm-trace curve X, over For with r > 2. The
intersection between a line Lyg = 8 € . and Xy, over Far has cardinality of 1 or 2" + 1,

meaning | Loz N Xa,| € {1,274+ 1}.

Proof. The curve X,, we consider is written as

x2T*1:y2T_1+-'-+y2+y,

and we represent lines L, g(t) as pairs (t,at + ) € F3.. Then, points in the intersection

L, N X,, correspond to values t that satisfy the equation

2 =52 e B2 4 B = Trpy m, (B).
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The number of ¢ € For which are the roots of the polynomial h(t) = t*~ + Trg,, r,(8) is

exactly the cardinality of the intersection L, g N Xs,.

To find the number of such ¢ € Fyr, we wish to find the degree of d(t) = ged(h(t),t* —t),
with two cases of 3, which can only be 0 or 1. The reason finding this degree suffices is that

t2" — t has as its roots all 2" elements of Fy- as simple zeros.

Case 1: Let Try,, /r,(8) = 0. We use the Euclidean algorithm to find the ged, writing each
step in the form a = ¢gb + r:
t —t=0""Y () +t
7= (t) - () +(0)
Then
ged(h(t),t* —t) =t
since the degree of this polynomial is 1, |Ly 5N Xy, | = 1.

Case 2: Let Trg,, /r,(8) = 1. We again use the Euclidean algorithm, writing each step in the
form a = gb+ r:

t* —t=(t"""+1)-(t) +(0)
Then

ged(h(t),t? —t) =t "1 +1
since the degree of this polynomial is 2" — 1, |L, s N Xy, | = 2" + 1. |
Now we discuss non-horizontal lines. The following result captures the necessary information
to describe the locality of the code to be constructed.

Lemma 2.10. Let ¢ = 2, and consider the norm-trace curve over For with r > 2. The

intersection between a line L, g € L with a # 0 and the norm-trace curve X, over For has
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cardinality 271 — 1 or 2"~ + 1, that is,
| Xy, N Lapl € {2771 — 1,277 41}
Proof. The curve X,, we consider is written as
221 :yrfl +---+y2+y

and we represent lines L, 5(t) as pairs (¢, ot + 3) € F3.. Points in the intersection L, 5N Xa,,

correspond to values t that satisfy the equation
7 = (at+B8)" 4+ (at + B)* + (at + B).
Expanding the terms on the right with the Freshman’s Dream, we get
2 = () 4 4+ () + B ot + 8

271 a2T71t2771 4+ .4 o?t? + at + TrFQT/FQ (6)

27‘71 2'r71

h(t) == 2t +o Pt at + TY]FQT/JFg(ﬂ) =0

The number of ¢ € Fyr which satisfy h(t) is exactly the cardinality of the intersection

Laj 0 Xy,

To find the number of such ¢ € Fyr, we wish to find the degree of d(t) = ged(h(t),t* —t).
Since 12" — ¢ factors into distinct linear terms over Far, so does d(t). Thus, the number of
points of intersection is exactly the degree of d(¢). The reason finding this degree suffices is
that t2° — ¢t has as its roots all 2" elements of For as simple zeros. Because the field trace of

[ can only be 0 or 1, we consider two cases as follows.
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Case 1: Let Try,, /r,(8) = 0. We use the Euclidean algorithm to find the ged, writing each

step in the form a = ¢gb + r. This work is expanded on following this lemma.
2t =" o T ka4 al) () + (@ a4 )

2 PP tat = (0T T e a1 (0 YT 2 a4 0)+(0)

To demonstrate the product above, see terms of these polynomials multiplied in Table 2.1.
Since the desired polynomial for this product is t* ' + (at)? + --- + (at)? + ot, those
entries are boxed in Table 2.1. Notice that these are the only entries that do not appear

twice in the table (and thus will not be canceled out when all the terms are added up).
Then
ged(h(t),t* —t) = & T4 pat® +t
since the degree of this polynomial is 271 + 1, [Ly 5 N Xy,| = 2771 + 1.
Case 2: Let Trg,, /r, () = 1. We again use the Euclidean algorithm, writing each step in the

form a = gb + r:

27‘—1 27"—1

2t =" o ok a Pt at+ 1) ()4 (@2 at?)

tzr_l + a2r—lt2r—l + . + at + 1 _ (a2r—1t2r—1+1 + L + atQ) . (a2r—1_1t2r—1_2 + . + a)

+ (azf—l—ltzr—l—l et 1)

a2r71_1t2r71+1 + o —I— at2 _ (0627"71_[:27"71—1 + L. + a) . (OétQ) _|_ (O)
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Table 2.1 contains all the details to justify this factorization. The product in the expression

above consists of all the entries except those in the last column. Notice that these are exactly

the terms in the remainder proposed above, with the exception of missing terms at + 1.

Then
ged(h(), ¥ —t) =¥ ¥ "4 4 a
since the degree of this polynomial is 2" ' — 1, |L, 5N X, | =271 — 1. |
Table 2.1: Lemma 2.10 multiplication table
a2 T2+ a2 T2 a3 at? t
aszl—ltT*l—Q 252T—1 (at)zplwrj%—; (at)QT*1+1 (awzr—l (Oét)zrfl—l
o2 122 (at)27*1+2“271 (at)rflq . (Oét)zT*ZH (0@27‘*2 (at)zT*q
Q2 122 (at)zr—1+2’“—371 (at)z’“—%z’"—_%ﬂ (at)zr—3+1 (at)r*?’ (at)zf—ffq
15414 (at)2*—1+15 (&t)27‘—2+15_ .. (at)" (@t>16 (at)15
a’tb (at)? 7 (at)? 47 ... (at)? (at)® (at)?
a’t? (at)? '3 (at)? 7 H3 ... (at)® (at)? (at)?
a (at)? '+ (at)? *+1 ... (at)? (at)? (at)!

Norm-trace curves, computational results

Lemma 2.10 gives the exact intersection numbers of norm-trace curves with non-horizontal

lines for the case when ¢ = 2. We already have the exact intersection number when r = 2
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from Remark 2.1. An open question is what intersection numbers between non-horizontal

lines and norm-trace curves are in general.

Table 2.2 gives computational results for these intersection numbers, where ¢ is along the
top of the chart, and r is along the left-hand side, and any entry with a star (x) is one where
only a subset of the line intersection numbers were computed (and so there may still be
more possible intersection numbers in those cases). Keep in mind again that these are the

intersections with non-horizontal lines shown in these tables.

Table 2.2: Intersection numbers of lines with norm-trace curves

q=3 q=4 q=>5 q=17 q=28 q="9
r=3 7.10 13,17.21 21,26,31 43,50,57x 57,65,73% 73,82,91x
r= 22.28.31 49.69 111,121,126,141% | 351,377 | 489,505,513,537x
r=>5 76,91 245,257 277 621,626%

r=6|229,244,256% | 981,1025,1045%
r=7| 742,793%

For ¢ > 9, we were only able to get partial computational results when r» = 3; we present

those results in Table 2.3.

Table 2.3: Intersection numbers of lines with norm-trace curves with r = 3

g =11 q=13 — 16 q=17
r=3 | 111,122,133 | 157,170,183 | 241,257,273 | 273,290,307+

Note that there seem to be only a few closely-clustered values for intersection numbers of
the norm-trace curves with non-horizontal lines. This pattern is also true of the partially
computed examples. There seem to be only a few possible values for intersection numbers,
that is, out of all ¢" possible points which a line occupies in Fgm only a couple possible
numbers for intersection cardinalities seem to exist. If this property were proven to hold
for all norm-trace curves, then additional norm-trace curves would be a good candidate to

replace the Hermitian curve in the Hermitian-lifted code construction.

36



Quotients of norm-trace curves, computational results

This project was inspired by the fact that norm-trace curves are a natural generalization of
Hermitian curves. However, the Hermitian curves are special among norm-trace curves in
the sense that they are maximal. With this property of the Hermitian curve considered, one
may want to consider other maximal curves (particularly curves covered by the Hermitian
curve) in this code-lifting construction [8]. We give the defining equations for these curves

below.

Consider a quotient of the Hermitian function field over F 2 has defining equation
=yt ty

where u|(g + 1), and consider a quotient of a norm-trace function field over F . has defining

equation

where u|%.

However, the computational evidence suggests these curves may not be good candidates since
the intersection cardinalities between lines and these curves is quite varied. This observation
is in contrast to the norm-trace curves over binary fields, which had only a few possibilities
for intersection numbers, and in general the lines exhibited a relatively uniform distribution
among the few intersection numbers. A computational example which shows the quotients

do not in general demonstrate clustering behavior is given in Figure 2.1.
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Figure 2.1: Distribution of intersection numbers of lines with ® = y® + y (over Fg,).

2.3 Norm-trace-lifted codes

Given Lemma 2.10, we now have the information on locality necessary to define norm-trace-
lifted codes. Recall that for the affine curve X, over Fr, |Xa,| = 227!, While there is
strong inspiration from Hermitian-lifted codes, we will see that some key differences make

the norm-trace-lifted codes attractive.

Definition 2.11. For f € For[z,y| and g € For[t] and a line L, g : For — F3,, we say that

foLyp agrees with g on X, ,, and write

f o La,ﬂ EXQJ‘ g,

if f(Lap(t)) = g(t) for all t € For with L, 5(t) € Xy,
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Definition 2.12. Let F be given by

VLa,B € L, Elg € FQT [t]<2r—172
F =R felFyx,y]:

and foL,p =x,, g

We define L this way because horizontal lines, lines with a = 0, intersect the curve &5, in
either 1 or 2" — 1 affine points, as shown in Section 2.2. This exclusion of lines affects the
availability of Theorem 2.18, but only slightly, because each point has only one horizontal

line which passes through it.

Definition 2.13. The norm-trace-lifted code C C (For)?* " is the evaluation code

CXz,r = {(f(x7y))(%,y)€X277.(F2r) - fe .7:}

Next, we consider the parameters of Cy,,. We show the rate of the norm-trace-lifted codes
with ¢ = 2 is asymptotically a nonzero constant with larger lower bound for large ¢ than

Hermitian-lifted codes. First, we review the Hermitian-lifted code analog.

Recall that a good monomial is a monomial which restricts to a sufficiently low-degree
polynomial on the intersection of a line with the relevant curve; in the case of Hermitian-lifted
codes, the Hermitian curve &} is the relevant curve. This requirement that the restriction
be low-degree is in order to allow for recovery of information by accessing only information
from the points in the intersection. There are two types of good monomials %" € F for
Hermitian-lifted codes: those with a + b < ¢, and those with a + b > ¢. Explicit expressions

are not known in the case a + b > q.

This distinction is important because the basis for the evaluation functions of one-point

Hermitian codes consist only of monomials where a+ b < ¢, while the Hermitian-lifted codes
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basis contains those monomials as well as a set of good monomials with a + b > ¢. It is
those good monomials with a + b > ¢ which cause the Hermitian-lifted codes to have an
asymptotically nonzero rate, while in contrast the asymptotic rate of one-point Hermitian

codes is zero.

For Hermitian-lifted codes, it is the case that when a + b < ¢ for a monomial z%°, that the
Yy’ € F. If a+b < q, then M, o L, s has degree in its remainder less than ¢ for all lines

L, g regardless of any division done to it by the polynomial

p(t) =t + (at) + at + Tre , /w, (B)-

a(q

However, the number of such monomials is TH) by counting, and the rate

(q(q+1)> 1
2
TIQ—Q+2—(]2—>OaSQ—>OO.

Hence, the monomials with a + b > ¢ needed to be counted in [18] to guarantee that the
rate is asymptotically bounded away from zero. It was identified as an open and challenging

problem to describe such monomials.

However, as we will see, the situation is different for norm-trace-lifted codes; that is, counting
the monomials 2%y’ which have a + b less than the locality of 2"~! — 2 is enough to give an

asymptotically nonzero rate. The following results state this fact more succinctly.

Lemma 2.14. Let Ma,b = w“yb. Then the set Of vectors
{(Ma,b(xvy))(m,y)exq’r 0<a< qr_l — 170 < b < qr . 1}

are linearly independent.
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Proof. We draw inspiration from [18]. The kernel of the evaluation map

ev: L(mPy) — F7.

q

fooom (F(P), L f(By))

of the ¢" affine points of the norm-trace curve &, is generated by

— q q
rat —y - Ty Y,
q’f‘
! —x,
and
qT
Yy -y
. . . E r—1 q"-1 r—1 s .
Under monomial orderings with x'«7 < y? | dx et —gy?  —... —yl—y2? —z; isa

Grobner basis for the kernel of the evaluation map, and so the evaluations of M,; cannot
contain any element from the kernel of the evaluation map. Thus, the evaluations of M,

are linearly independent. |

Thus, if we count the number of such good monomials with a +b < 27! — 2, we will get a

lower bound on dimension, and thus a lower bound on the rate.

As in [18, Definition 5], it is relevant to consider the composition M,y o L, g(t) modulo a

polynomial of interest resulting from the curve; the precise definitions are given below.

Definition 2.15. Given «, 8 € Fyr, define
pOé,B(t) — t2”'—1 + a2T71t2T71 + e _I_ at —I— TrFQT/FQ (/6) 6 qu [t]

For a polynomial ¢(t) € Fy-[t], define g, (%) to be the remainder resulting from dividing g(¢)
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by pas(t), i.e.

Jo,5(t) = g(t) mod pa,p(t).

Set

deg,, 5(g) = deg(ga,5(1))-

Notice that deg, 5(g) < 21 — 2 for all g € For[t], as deg(pas(t)) =271 — 1.

With the above definition, we note that we are interested in monomials M, ;(x,y) such that
degaﬁ(Ma,b 0Lag) < or—1 _ 9
Definition 2.16. A monomial M, ;(x,y) is said to be good for Xs, if for all lines L, g € L,

deg, 5(Mgp o Log) <277 —2.

Note that if M, is good, then M,;, € F. We wish to find a large set of good monomials

due to Lemma 2.14.

Lemma 2.17. Consider the norm-trace curve over For with r > 2. The rate of the norm-
trace-lifted code over For is asymptotically 0.25. For each r, there is some number €, where

the rate of the code over For is 0.25 — €., where €, — 0 as r — o0.

Proof. First observe that if M, is good, M,; € F. Since the locality of the code is 2r—1_2
by Lemma 2.10, we now count the monomials 2%y® which have a+b < 2"~! —2. The number
of such monomials is

(27’—1 _ 2)(27"—1 _ 1) B 227"—2 _ 27’ _ 2r—1 + 2
2 B 2

— 227’—3 . 27"—1 . 27‘—2 + 1.
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Then, since the number of affine points on Xy, is 22", the rate of the norm-trace-lifted

code is

22r—1 4 or or+1 22r—1'

Since

The rate is asymptotically bounded below by % = 0.25.

However, we may also show that there are no such good monomials z%y® with a+b > 271 —2.
Recall that 0 < a < 2" and 0 < b < 27!, and again that the locality of the code is
2'=1 — 2. To show that a monomial M, is not good, we must find some line L,~ g- such

that deg,. g.(Map 0 La»g-) > 2771 — 2.

We consider the following cases to show that no monomials with a +b > 2"~! — 2 are

good. In each case consider the specific line L o(t) = (¢,t), in other words we consider

(Ma,b o} L1’0)<t> = ta+b.

Case 1: Let 27! —2 < a+b < 2" — 1. Because the degree of p; o(t) is 2" — 1,
dega,B<Ma,b © Ll,o) = degaﬁ(z&“*b) —a+b>21 9

Thus, the monomial M, is not good.

Case 2: Let a+b=2" —1. Then,
deg, 5(Map 0 L1g) = deg, 5(t™*") = 2771 > 2771 — 2,

since t* "1 =¥ 4 ... 4+ t. Again the monomial M, is not good.
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Case 3: Let 2" — 1 < a+b < 2"+ 2L, Then, extending on the previous case,
dega,ﬁ(M(Lb o) LLO) = dega7ﬁ(ta+b) > 27~_1 > 27”—1 _ 9

Hence, the monomial M, is not good.

Since in each of the cases above, deg, 5(Mgpo0 L1g) > 2"~' —2, there are no good monomials

with @ + b > 271 — 2. Therefore the rate of the code is exactly 0.25 — &,. [ |

In this section we showed the rate of the norm-trace-lifted codes is asymptotically a nonzero
constant. The norm-trace curve also provides the following benefits over the Hermitian curve

in this construction:

o The rates of norm-trace-lifted codes asymptotically are better than those of the Hermitian-
lifted codes. Clearly 0.25 > 0.007, and beyond this observation, the highest rate given
in the computational examples of [18] is 0.20, and the Hermitian-lifted code rates only

decrease as ¢ — oc.

e The good monomials z%y® used in the norm-trace-lifted codes are easier to identify,
because the only requirement we have is that a +b < 2! — 2. This benefit is in
contrast to the Hermitian-lifted codes, where classifying the good monomials remains

a difficult problem.

Together with the results above from Section 2.2, we may now completely describe the
parameters of norm-trace-lifted codes. The following theorem summarizes the work done

thus far to determine the parameters of norm-trace-lifted codes.

Theorem 2.18. Let C be the norm-trace-lifted code arising from X,,. Then the code C is

an [22771,(0.25 — €,.) - 22771, > 2] code, with locality 2"~' — 2 and availability 2" — 1.
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Proof. First, we note that the results from Lemma 2.10 directly give the locality. Since each
line in IL intersects the curve Xy, in exactly 277! — 1 or 277! + 1 distinct affine points, the

locality is (277! — 1) — 1 = 2"~1 — 2. The dimension follows from Lemma 2.17.

Next we determine availability, which is the number of lines that pass through a given point
which intersect the curve in at least 2" =1 — 1 points. As this result describes all non-tangent
lines in the space, we count the number of non-tangent lines through any given point. For
any point P = («, 3), there are 2" distinct lines passing through P, corresponding to the
elements of Fyr. Thus the availability is 2" — 1, since we only consider non-tangent lines and

we are working over For. Note they intersect only at points associated with the erasure.

Now we show a lower bound on the minimum distance. We utilize the approach given in
[18]. If ¢ € C is a codeword with a nonzero symbol ¢; in the i position corresponding to
a point P, then f.(P) # 0. The position i has 2" — 1 disjoint recovery sets as we showed
above, each of which has at least one corresponding nonzero symbol in ¢. Thus, any nonzero

codeword must have nonzero entries in at least 2" nonzero positions. [ |

We proceed now to discuss the distinctness of norm-trace-lifted codes from other classes of

codes whose construction involves norm-trace curves.

One-point norm-trace codes

Consider one-point norm-trace codes over Fyr. We show that for m < 22772 —3.2"~! the one-
point norm-trace codes offer the locality from norm-trace curves. We prove that when this
is the case, that the basis for one-point norm-trace codes is distinct from norm-trace-lifted

codes, and so the codes themselves are distinct.

Proposition 2.19. Let X, be the norm-trace curve over For, and let r > 2. For m <
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22r72 - 3. 27‘71,
L(mPy) # F.

Proof. Let 2%y® € L(mP,). Recall that the basis for £(mPs,) consists of monomials x%®
where

a2 '+ (2" —1) < m.

Let m < 2%-%2 — 3.2"!: we show that for 2%’ € L(mPs), 2%y* € F. To do so, we show

that a + b < 27! — 2 with the following string of inequalities.

b 27”—1 b2r — b 22r—2 - 3. 2r—1
a+b<a-+2b— _ 4 + g{ =

51 5 J =27'-3] <2 -2

Therefore, if m < 22772 — 3 .21 then all monomials 2%y® € L(mP,,) are in the set F, and

thus we have that L(mP,) C F.

To see that these two sets are not equal, observe that y2r71_3 € F. However, for a monomial

¥’ to be in L(mPy),

2r—=2 _ 9  or—1
b < f > 312 ng”-z,

because m < 22772 —3.2"7L As
r2_2<orl 3

when r > 2, 42 3 & L(mPy). Therefore L(mPy) # F. "

In conclusion, the sets of evaluation polynomials L(mP,,) for one-point norm-trace codes are
distinct from the set of evaluation polynomials for F for norm-trace-lifted codes. Further,

the extent to which the basis monomials differ can visually be seen in Section 2.4.
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Geil’s codes E(s)

One of the first constructions of codes from norm-trace curves was given by Geil in [9]. There
are two sets of codes detailed in [9], the codes E(s) and the codes E(s). The construction uses
the more general Miura-Kamiya curves, and then details the particular case of norm-trace
curves. We follow that structure here, where we give the definitions for the more general

construction, followed by applications to norm-trace curves in particular.

Let a and b be relatively prime, p # 0, and F'(z, ) be such that any monomial z%y” in the

support of F'(x,y) satisfies ab+ Sa < ab. Consider the Miura-Kamiya curve given by
F(z,y) =2 — pwy’ — F'(z,y) € Fyz,y).

Define the ideal
J = (F(z,y),2" —z,y* —y) C Fylz,yl.

Denote the factor ring R = F,[z,y]/J. Consider the variety {Py,...,P,} = {P : F(P) =

2 T4 . S
0} C F;. It is well-known that the map ¢ : R — [} given by

o(H + J) = (H(P),...,H(P,))

is well-defined and is an isomorphism [7].

Geil considers codes with basis B that are constructed by considering images of ¢ of certain
subspaces of R. Lastly, let M(z1,...,z,,) denote the set of monomials in the variables

T1yeooy Ty

Definition 2.20. Given positive integers a, b let <, denote the weighted graded ordering

on M(xz,y) defined as follows. We have x*y® <, 27y’ if and only if one of the following
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conditions holds:

1. ab+ pa < ~b+ da, or
2. ab+ Pa =~yb+ da and [ < 9.

Definition 2.21. Let K be a field and let I C K|z, ..., z,,) be an ideal. Given a monomial
ordering < on M(z1,...,xy,), the set
AL() = {af . oapm 2t oo™ is not a leading monomial of any polynomial in 7}

m

is called the footprint of I with respect to <.

We may now define the codes F(s) and E(s). Denote Ny the non-negative integers.

Definition 2.22. Let p: M(z,y) — Ny be the map given by

plx'y?) = bi + aj.

For s € Ny define

Ls = spang {M +J: M € A, (J), p(M) < s}.

Define the code

Definition 2.23. Let D : M(z,y) — Ny be the map given by

D(wyy;) = min{bqg — (b — j)(q¢ —i),aq — (a —i)(q — j),bi + aj}.
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For s € Ny define

Ky = spang {M +J: M € AL, (J),D(M) < s}.

Define the code

With F(z,y) set, the codes E(s) are one-point norm-trace codes Cr(D, sP,,), discussed
previously. It remains to detail the codes E(s) In this section, we show by comparing
asymptotic rates that the codes E (s) are distinct from norm-trace-lifted codes. To do so,
we note [9, Example 5] deals specifically with the rates of the codes E(s) from norm-trace

curves when ¢ = 2.

Proposition 2.24. [9, Ezample 5] Let E(s) be defined with F(z,y) the norm-trace curve

and g = 2. If r is large, then the rate

k d d d
—~l——4+—-In(—).
n non n

Proof. Considering Definition 2.23, we see that for z'y’ € A (J) that

o bi + aj fori <q" —a
D(a'y’) =
bi+qj—ij fori>q —a
Thus, as ¢ = 2, all but a negligible number of elements x'y’ € A (J) satisfy D(z'y’) =
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271 + 27§ — ij, that is, all but a negligible number of elements satisfy

D(z'y?) — 27 %
2 —1 '

j =

Therefore, if r is large and s satisfies 0 < s < D(z* %) = n — 2", then the dimension k of

E(s) is approximately

ST o _ 9r—1;
/ s-2 ,Zdi:n—d+d-ln(g>.
0 2r — n

%1—g—|—gln(g)
n o n n

when r is large. [

Thus the rate of E(s) is

SIS

We now prove the main proposition of this section, the statement that the two families of

codes are distinct.

Proposition 2.25. The codes E(s) are distinct from norm-trace-lifted codes.

Proof. By Theorem 2.18, the minimum distance of norm-trace-lifted codes satisfies d > 2",

and these codes have length n = 2?"~1. By Proposition 2.24, for large r the rate of E(s) is
k d d d
—zl——+—-ln(—).
n n o n n
If these two codes are equivalent, then
d d d
l-—+—-In (—)
n o n n
will asymptotically be 0.25 as r goes to infinity. We consider the following two cases: that

50



where the expression for minimum distance d contains a term of 2"*%, and the case where

it is not.

Case 1: Suppose that d = f(r) and does not contain a term of the form 2*+* for some
number s. Then, f(r) divided by the length 22"~! trends towards zero as r goes to infinity,

and then

ﬁzl—MJrM.ln(M

n 922r—1 22r—1 227‘1) — lLasr— oo.

Since Theorem 2.17 implies that the asymptotic rate for the lifted codes is 0.25, we have in

this case that the codes are distinct.

Case 2: Suppose that d contains a term of the form 27 for some number s. The minimum
distance d can not exceed the length n, implying s < —1. We write d = 2% + f(r). Since
f(r) divided by the length 22"~! trends towards zero as r goes to infinity, and because 227+

divided by the length does not trend towards zero as r goes to infinity, that

~1

E B 22r+s + f(T) 22r+s + f(?”) 1 (22r+s + f(?")>
n

22r—1 221’—1 221’—1

22r+s f 22r+s f 22r+s f
=1- (227~—1 + 22&2) + <F + 2252) ‘In (227"—1 - 2252)
22r+s f(?“) 22r+s n (22r+s f(?") > N f(’f’) n <ﬁ N M)

- 92r—1 - 92r—1 + 92r—1 92r—1 + 92r—1 92r—1 92r—1 92r—1

=1

— 1 =28 4 25" (25 as r — o

Note that for s < —1 that 1 — 25%1 4+ 25%1 . In(25%1) is an increasing function, and that for
any integer value of s < —1, that 1 — 25! + 25t . In(25*1) £ (.25, which is the known
asymptotic rate of the norm-trace-lifted codes. Thus, in this case as well, the codes FE (s) are

not equivalent to norm-trace-lifted codes. |

Therefore, we see that the norm-trace-lifted codes are distinct from codes from norm-trace
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curves previously considered in the literature.

Codes of Barg, Tamo, and Vladut

Another construction of locally recoverable codes from algebraic curves is present in the work
of Barg, Tamo, and Vladut in [2], which is a generalization of the Tamo-Barg codes [29].
This construction is quite general, and the specific case of norm-trace curves is mentioned
in a paper by Ballico and Marcolla in [1] on higher Hamming weights. Here we will discuss
the general construction presented in [2], and then from [1] discuss the two classes of locally

recoverable codes from norm-trace curves. In the construction, r is the locality of the code.

The construction is the following. Let A and Y be smooth projective absolutely irreducible
curves over a field K. Let g : X — ) be a rational separable map of curves of degree r + 1.
Let the pullback ¢* : K(¥) — K(X) be the function that acts on K(Y) by ¢*(f)(P) =
f(g(P)), where f € K(Y) and P is a point on X. The map ¢* defines a field embedding
K(Y) — K(X), and we identify K()) with its image ¢*(K(Y)) C K(X).

Since ¢ is separable, the primitive element theorem implies that there exists a function

f € K(X) such that K(X) = K())(f), and satisfies the equation

2 b by =0,

where b; € K()). The function f can be considered as a map f : X — Pk, and we denote

its degree deg(f) by h.

Let S ={Py,..., P} C Y(K) be a subset of F,-rational points of ) and let D be a positive

divisor of degree ¢ > 1 whose support is disjoint from S. Assume that for S and g that

A=g(S)={Pj:i=0,...,r, and j € [s]} C X(K),
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g(P;;) = P; for all 4, 7,

and

b; € L(n;D) fori=0,1,...,r,
for some natural numbers n;.

Let {fi,..., fm} be a basis for £(D). The functions f; € K()), and thus are constant on
the fibers of the map g, analagous to the good polynomials g of the Tamo-Barg construction.

Consider the K-subspace V of K(X') of dimension rm generated by the functions

{fj-f:i=0,...,r—1, and j € [m]}.

Since D is disjoint from S, the evaluation map given by

ev: V= K(+1)s

F— (F(Py),i=0,...,r—1,j € [m])
is well-defined. The code C(D, g) = ev(F) C IE‘((JTH)S is the image of this evaluation map.

The work of Ballico and Marcolla discusses two classes of locally recoverable codes from norm-
trace curves over F, that result from this construction in [1, Remark 1]. The distinctness

of each of these codes from norm-trace-lifted codes is addressed below.

o The first family of codes in [1, Remark 1] are [¢* %, (t + 1)(¢""* — 1),¢" ' — 1] codes.
They are distinct from norm-trace-lifted codes, because with ¢ = 2, they have minimum
distance 2"~ —1. This minimum distance is strictly smaller than the minimum distance

of at least 2" for norm-trace-lifted codes which is shown in Theorem 2.18.

 The second family in [1, Remark 1] are [¢*" ' —¢" 1, (t+1)(g+---+¢ ), g+ -+q" ]

codes. They are distinct from norm-trace-lifted codes, because with ¢ = 2, they have a
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length of 22"~1 — 27=1. This length is strictly less than the length of norm-trace-lifted

codes, as norm-trace-lifted codes utilize all 22"~! affine points on the norm-trace curve.

Thus, neither of the codes discussed in [1] are equivalent to norm-trace-lifted codes.

Codes of Bartoli, Montanucci, and Quoos

The code construction of Bartoli, Montanucci, and Quoos in [3] uses facts about intersection
properties of automorphism subgroups to construct locally recoverable codes. In this work,
only one class of codes from norm-trace curves is described, and these codes are also distinct

from norm-trace-lifted codes.

Let F'/F, be a function field of genus ¢g. Consider s subgroups H; of the automorphism group
of F/F,, cach of sizes r; + 1, such that the group G ~ Q);_, H; is isomorphic to the internal
direct product of Hy,..., H,. Let P be a set of places in F' lying over m rational places in

the fixed field F¢ that are completely split in the extension F//F¢. Define

n= mH(m +1),
i=1
that is, n to be the total number of places of F' lying over the m selected rational places in
F¢.

Suppose that there exists a place P, of F' which is totally ramified in F'/F% and let Qg@ be
the unique place in F*i lying under P,,. For i € [s] suppose there exist functions z;, ¢; such

that

1. Zi € FHi and Supp((Z’L)OO) = {Qgg}?

2. w; € F\F" and supp((w;)eo) = { P},
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3. w; : P*i — F, is injective.

For each i € [s], let ¢; > 1 be such that
ri—1 ti ) ) )
Vi = {Z (Zag)zf) wi € F ag) € ]Fq}
(=0 \j=0
is contained in L((n — d)Px) for some 1 < d <nandlet V=_ Vi C L((n —d)P). If
dimg, (V') > 0, then there exists an

[n, dimg, (V), > d]

locally recoverable code.

The codes in [3, Section IV-E] are those which consider the specific case of the norm-trace
curve over [F .. They consider the following subgroups of the automorphism group of the

norm-trace function field:

1
H, = {(x,y) = (r+a,y) : Zaql =0,a G]Fq},

1=0

qefl
Hy = {(:E,y) = (2, y) t A€ Fye and AT = 1}.
With the subgroups H; and H,, we define the following codes.

Proposition 2.26. Let 0 < ty, and » = 1,2 satisfying
S= Mg+ M(q¢"—1) < ¢ (¢~ 1)

for

L

1
M, = max {h, 1 1 2} and My = maX{tz,qg_l — 2}
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Choosing

t—1

g T 2} and mo = min{zfg,qZ’1 — 2},
q —

my = min {tl,

there exists a [¢**" — ¢~ L, (my + 1)(mg + 1), ¢* 1 — ¢*=1 — S] locally recoverable code over

Fepe.

q

The codes from norm-trace codes in Proposition 2.26 differ from norm-trace-lifted codes in
multiple ways. Not only do they have a much smaller minimum distance of 2= — 1, but

they also have length of 22~ — 26=1 shorter than norm-trace-lifted codes.

2.4 Comparisons

Rate comparison to one-point norm-trace codes

In Section 2.3, we saw that one-point norm-trace codes are distinct from the norm-trace-
lifted codes defined here. A natural question is then, since they are distinct, how do their

asymptotic rates compare.

Determining the asymptotic rate of one-point Hermitian codes in [18] uses the fact that

m+1—g+dimL(K —mPy) <m+1

< —0asqg— o0
¢ ¢

for a canonical divisor K of the Hermitian function field &;. This bound is sufficient to
completely determine the asymptotic rate for one-point Hermitian codes, because the upper

bound given goes to zero as the field size increases.

To find the dimension of the one-point norm-trace code, we must count all pairs (a,b)

with a and b non-negative, and a2"~! + b(2" — 1) < 22772 — 3. 2771 To start, recall from
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Section 2.3 that for a monomial z%° € L(mP,), b < 2772 — 2. Similarly we can find
that @ < 277! — 3. The desired integer pairs are those within the triangle formed by the
points (0,0), (27! — 3,0), and (0,2"7% — 2). Taking a slightly larger triangle gives a slight

overestimate for the dimension, but does not affect the asymptotic result.

Proposition 2.27. The rate of one-point norm-trace codes Cr(D, mPy) with m < 22772 —

3 - 2"t defined over Fyr is asymptotically 0.125.

Proof. To find the dimension, we wish to find integer solutions within the triangle formed
by (0,0), (21 —2,0), and (0,2"2—1). By Pick’s theorem, for a plane polygon with integer
vertices,

A=74+-—1
2+2

where A is the area of the figure, ¢ the number of interior integer points, b the number of
boundary integer points. Because distinct monomials yield linearly independent codewords

by Lemma 2.14, and there are ¢ + b such monomials, the goal is to determine ¢ + b.

First, the number of boundary points is (2"7* — 2) + (2772 — 1) plus the number of points
on the diagonal of the triangle. The number of integer points on the segment connecting
the points (277! — 2,0) and (0,272 — 1) is simply the greatest common divisor of the two
non-zero components given, which is 272 —1, and so we gain an additional 2"~2 —3 boundary

integer points, giving a total of

2t -2+ (272 -1) 4272 -3=2"-6

integer points on the boundary.
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The area of the figure is just the area of a triangle, so

A=-(272-1) (2" —-2)=2""—2""41.

N —

With these two above calculations of A and b, we find the number of interior points to be

2" —6
2

z‘:A—g+1:(2QT—4—2T—1+1)—(

)_‘_1:227"—4_27‘_{_5’
and so the dimension is upper bounded by
i+b=2""" 1.

We can also see that asymptotically, the boundary points do not add much to the dimension.

With that observation, we finally have the rate of the code is asymptotically

22r—4 _ 1 1 1
W:§—22r71—>§a87ﬂ—)00.

The results of the above proof can be seen visually in Figures 2.4 and 2.5.

Basis monomial and good monomial comparisons

In the Hermitian case, the good monomials with a + b less than the locality ¢ were exactly
those which formed the basis for the one-point Hermitian codes. Monomials with a + b > ¢
were needed to guarantee that the associated code rate is asymptotically nonzero. This can

be seen in Figures 2.2 and 2.3.
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Note that in all of the figures in this section, a is on horizontal axis.

This is in contrast with the norm-trace-lifted codes, where the good monomials with a + b
less than the locality of 2"~! — 2 are the only good monomials, but still yield good asymptotic

rate results. This can be seen in Figures 2.4 and 2.5.

This triangular shape, justified by Lemma 2.17, is slightly different from what is observed in
the Hermitian case, where the monomials with a 4 b greater than the locality were necessary

for good rate results.

We may also compare the two lifted codes, shown in Figures 2.6 and 2.7; with these graphics
we can see why the rate results for the norm-trace-lifted codes may be much better than

those for Hermitian-lifted codes.

General tables

We compare the parameters of these norm-trace-lifted codes to the Hermitian-lifted codes of
[18]. Table 2.4 makes comparison with consistent alphabet size, that is, ¢> = 2. We also list
one-point Hermitian codes Cz(Py + - - -+ P, mPs) with pole allowance m < ¢* —1 and one-

point norm-trace codes C(P; + - - - + Py2r—1, mP,,) with pole allowance m < 2272 —3.271,

We also introduce another relevant metric.

Definition 2.28. The relative locality p of a code is defined to be the locality of the code

divided by the length of the code, that is,

Sl
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Figure 2.2: One-point Hermitian code compared with HLC when g = 4 (over Fyg).
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Figure 2.3: One-point Hermitian code compared with HLC when ¢ = 8 (over Fgy).
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Table 2.5 compares the Hermitian-lifted codes with the norm-trace-lifted codes based on
their locality; since the locality of the Hermitian-lifted codes are ¢ and the locality of the

norm-trace-lifted codes are 2"~ — 2, to make the two comparable we consider when g = 2771,

Table 2.4: One-point codes versus lifted codes comparisons, general

One-point Hermitian code | One-point Norm-trace code HLC NTLC
Alphabet size 2" 2" 2" 2"
Locality or/? or-t _9 2r/2 or-1 9
Availability 2" —1 2" —1 2" —1 2" —1
Length 23r/2 22r—1 23'r/2 22r—1
Dimension <2or <24 _1 > 0.007-2%7/2 | (0.25 —¢,) - 221
Rate =75 <3 - o > 0.007 0.25 — ¢,
Min. dist. See [26, 31] See [9] 2r <d 2 <d
Rel. Locality = > — = > — oy

Table 2.5: Lifted code comparisons, general

HLC NTLC
Locality 2r—1 2r—1 9
Alphabet Size 22r=2 2"
Availability 92r-2 _ 1 or 1
Length 23r=3 22r—1
Dimension > 0.007-2%73 | (0.25 —¢,) - 2% 1
Rate > 0.007 0.25 — ¢,
Min. Dist. 22r=2 < ( 2r<d

Specific values of r

Consider norm-trace-lifted codes Cy, , defined over Fy-. Tables 2.6, 2.7, and 2.8 take specific
instances of values of r, and are analogues to Table 2.4. The value of r used in each table is
noted in the top left block. These three tables specifically showcase comparisons based on

consistent alphabet size.

Note that the rates on the one-point norm-trace codes C1,(D, mP,,) are given by taking the

minimum value that m must be for the minimum distance to be nontrivial. Also, exact
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values for the dimensions and rates of the Hermitian-lifted codes are taken from Section 4

of [18].

Tables 2.9, 2.10, and 2.11 contain comparisons among Hermitian-lifted codes and norm-
trace-lifted codes based on similar locality, and are analogues to Table 2.5. Again, exact
values for the dimensions and rates of the Hermitian-lifted codes are taken from Section 4

of [18].

Note that there was no explicit computation done in [18] when r = 8, i.e. when ¢ = 27 = 128,

and so the table with » = 8 contains only bounds for the Hermitian-lifted codes.

2.5 Sporadic good monomials

It was discussed that the Hermitian-lifted codes required monomials %" with a + b greater
than the locality to have rate bounded away from zero; we shall call these sporadic, since

their pattern is yet to be determined.

Definition 2.29. Let X" be an algebraic curve such that |L, g N X'| > ¢ for all non-tangent
lines L, g, and consider the curve-lifted code Cx constructed from X with locality ¢. We call

a good monomial x%° for Cx sporadic if a + b > /.

However, monomials with @ 4+ b > 2"~! — 2 are not needed to guarantee that the associated
norm-trace-lifted code rate is asymptotically nonzero. Consider the two cases, the Hermitian

case and the norm-trace case with ¢ = 2, compared in the Table 2.12.

From Table 2.12 we might infer that, in general, the difference seems to be that the locality
for the norm-trace-lifted codes is strictly less than the second-highest degree of any term in
the defining curve equation. Specifically, the second-highest degree in the Hermitian curve

equation x4t = y? 4 y is ¢, and ¢ is exactly the locality of the Hermitian-lifted codes. This

64



Table 2.6: One-point codes versus lifted codes over Fg

(r=4) Hermitian code | Norm-trace code HLC NTLC
Alphabet size 16 16 16 16
Locality 4 6 4 6
Availability 15 15 15 15
Length 64 128 64 128
Dimension <16 12 13 21
Rate < 1=0.250 <2~ 0.094 | 2 ~0.203| 3 ~0.164
Min. dist. See [26, 31] See [9] 16 <d 16 <d
Rel. Locality % 1—16 — 6i4 % % — 6%1
Table 2.7: One-point codes versus lifted codes over Fgy
(r =16) Hermitian code | Norm-trace code HLC NTLC
Alphabet size 64 64 64 64
Locality 8 30 8 30
Availability 63 63 63 63
Length 512 2048 512 2048
Dimension <64 240 75 465
Rate <$=0125 | <20 ~0117 | 25 ~0.146 | 332 ~ 0.227
Min. dist. See [26, 31] See [9] 64 <d 64 <d
Rel. Locality i 6i4 — 10% 6i4 6i4 = W124
Table 2.8: One-point codes versus lifted codes over Fosg
(r=28) Hermitian code | Norm-trace code HLC NTLC
Alphabet size 256 256 256 256
Locality 16 126 16 126
Availability 255 255 255 255
Length 4096 32768 4096 32768
Dimension < 256 4032 505 8001
Rate <+ ~0.063 | <322~ 0123 | 22~ 0.123 | 200~ 0.244
Min. dist. See [26, 31] See [9] 256 < d 256 < d
Rel. Locality %6 21% - ﬁ ﬁ ﬁ — Flm
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Table 2.9: Lifted code comparisons with locality about 8

(r=4) HLC NTLC
Locality 8 6
Alphabet Size 64 16
Availability 63 15
Length 512 128
Dimension 75 21
Rate 22 ~0.146 | 2 ~0.164
Min. Dist. 64 <d 16 <d

Table 2.10: Lifted code comparisons with locality about 32

(r=06) HLC NTLC
Locality 32 30
Alphabet Size 1024 64
Availability 1023 63
Length 32768 2048
Dimension 3675 465
Rate % ~0.112 % ~ 0.227
Min. Dist. 1024 < d 64 <d

Table 2.11: Lifted code comparisons with locality about 128

(r=28) HLC NTLC
Locality 128 126
Alphabet Size 16384 256
Availability 16383 255
Length 2097152 32768
Dimension > 14680 8001
Rate >0.007 | s ~0.244
Min. Dist. 16384 < d 256 < d

Table 2.12: Comparing HLC and NTLC defining equations

Code Defining equation Largest z-power | Largest y-power | Locality

HLC 2T =yl 4y g+1 q q

NTLC | 2® 1=y "+ +y 2 —1 271 271 9
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situation is in contrast to the norm-trace-lifted codes, where the second-highest degree term

in the norm-trace curve equation is 2"~! and the locality of the code is 2"~ — 2.

We consider a broad class of curves and show that it cannot yield any sporadic monomials.
However, to apply this result to a specific curve does require the knowledge of the intersection

cardinality between lines and that given curve, which is in general not known.

Theorem 2.30. Suppose that X is a curve defined by p(z,y) = 0 over F,, where the degree
of any monomial %y’ on X is defined to be a + b. Call ¢ the locality of the associated
curve-lifted code. If the second-highest degree of any term in p(x,y) is greater than {, then

there are no sporadic good monomials for the curve-lifted defined by p(z,y).

Proof. We follow the second half of Lemma 2.17. Take the line Ly o(t) = (¢,t), so that
(Map o Lig)(t) =t Then, if a + b > ¢, see that

degaﬁ(ta—i—b) > ¢

since

gatb = 9+ mod p(z,y)

is a polynomial with degree no less than the second-highest degree of p(x,y), which we
assumed to be greater than the locality. Therefore, no monomial with a + b > ¢ can be a

sporadic good monomial. [ |

All of the above work, however, assumes that we use all non-tangent lines in the space for
recovery sets; considering a restricted set of lines to form the recovery sets might yield more
beneficial results. Consider again the case of norm-trace-lifted codes. The locality of norm-
trace-lifted codes is 2"~! — 2, and the second-highest degree of the defining equation is 2" .

The intersection L1 N Xy, any monomial 2%y’ will not restrict to a polynomial with low
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enough degree. However, the locality of 2"~! — 2 is defined because any non-horizontal line
intersected in at least 2"~' — 1 distinct affine points. In Lemma 2.10 we see that the non-
tangent lines intersect in exactly either 2"~! —1 or 2"~' +1 points. On lines with intersection

number 2"~! — 1, monomials a®y® will not restrict to a low degree polynomial.

Alternatively, one may take only the lines that have the bigger intersection number of 2" ~141.
Computations show that approximately half of the non-horizontal lines intersect the norm-
trace curve in 2"~! — 1 points, while the other half intersect in 2"~ 4 1 points. If only the
latter lines are taken, then it is feasible for a monomial to be good over just the set of lines

that intersect in 2"~ + 1 distinct points.

Suzuki-lifted codes

Theorem 2.30 gives criterion for determining if a curve X" yields sporadic good monomials.
It depends on knowing the intersection numbers between lines and the curve. This is in

general not known. The Suzuki curves are one family of curves where this information is

known [14, 19].

Definition 2.31. The Suzuki curve over Fy is defined by the equation

X, 2P —x)=9y! —y

where gy = 2" and ¢ = 22"*! for some positive integer n.

Remark 2.32. [14] For the Suzuki curve X, |X,,(F,)| = ¢*+ 1, so there are ¢* affine points

on &, over [F,.
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Proof. It is well-known that for o € F,, a? = a. Then for any P = («, 8) € FZ,

O/Jo(afI_a):aqo_O:O:5Q_57

and P is a point on the Suzuki curve over F,. [

Notice that there are only ¢* affine points in Fy; thus, every affine point over F, is a point
on the Suzuki curve X,,. Therefore, every line L, 3 over I, intersects the Suzuki curve in

exactly ¢ affine points, that is, at all ¢ affine points on L, g.

We proceed to give relevant definitions for Suzuki-lifted codes. For the following conditions,

let ¢ = 22"*! for some n € Z7.

Definition 2.33. Let
L:={Lns:acF\{0},5eF,}

be the set of lines
Las(t) = (¢, at + ).
Definition 2.34. For f € Fy[z,y] and g € F,[t] and a line Lop : F; — F2, we say that

foLyp agrees with g on X, and write

foLag=ux, g,

if f(Lag(t)) =g(t) for all t € F, with L, 5(t) € X,,.

Definition 2.35. Let F be given by

VL5 €L,3g € F,lt]<4—
F=qfelF,|zyl:

and fo Lag =x, g
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Definition 2.36. The Suzuki-lifted code C C (F,)? is the evaluation code

Cx, ={([(2,9) @myex.m,) : f € F}.

Thus, because the intersection number between lines and the Suzuki curve over I, is ¢, we
then have the locality is ¢ — 1. We now apply Theorem 2.30 to the Suzuki curve, in Theorem
2.37.

Theorem 2.37. There are no sporadic good monomials in the basis for the evaluation

functions of a Suzuki-lifted code.

Proof. Every line contained in Fg is such that every point is also a point on the Suzuki curve.
In other words, all ¢ points on any line in IFZ are on the Suzuki curve. Therefore, the locality
of the Suzuki-lifted code defined over F, is ¢ — 1. Notice that the defining equation for the

Suzuki curve may be re-written as
X, : pdot+a + yq _ xq0+1 —x=0.

Because ¢ = 22"t > 2" 41 = ¢y + 1 in general, we may see that the second-highest power
in the defining equation for the Suzuki curve is ¢q. Since ¢ — 1 < ¢, by Theorem 2.30, there

can be no good monomials x%® with a + b > ¢ in the basis for a Suzuki-lifted code. |

It is important to note that because the basis functions for the Riemann-Roch spaces from
the Suzuki function field are not strictly monomials, Theorem 2.37 does not entirely eliminate
Suzuki curves as a good candidate for lifting. The Riemann-Roch £(mP,,) space for the

Suzuki function field has the following basis, as described below [14].
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The five rational functions on the Suzuki curve X are

V4
y fq+qo = 57

fOZlv fq:

SRS

2 1 2 2
f(H‘QQO = qu0+ ) fq+2qo+1 = quququo + fq—?—%qo‘

Define the function f,, by

fo = 18 Tt a0 f 200 Tat2g 1

where

n = a1q + az(q + qo) + as(q + 2qo) + as(q + 2g0 + 1)

for non-negative integers a;. Then, the set of functions

is a basis for the space L(mPx).

This observation means that we may have need to consider good functions generally, outside
of good monomials. There may exist good functions which restrict sufficiently and yield

linearly independent codewords, but which are composed of monomials which are not good.

2.6 Future research

The first research direction is to find intersection numbers between lines and norm-trace
curves in cases other than ¢ = 2. If finding exact intersection numbers is not feasible, then
at the very least, (relatively) large lower bounds are sufficient. One possible approach may

be to turn the problem into an equivalent matrix rank problem, using results such as the
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Kénig-Rados theorem [16, Theorem 6.1]. It remains to be proven what |L, s N A&, .| is in

general.

Another idea is to disregard certain lines, as suggested in Section 2.5. The elimination of
lines with intersection numbers that are too low might have the effect of introducing sporadic
good monomials into the basis of the set of evaluation functions, leading to better bounds
on the rate of the code. Improvement of the norm-trace-lifted code rate might occur if the

recovery sets were a strict subset of non-tangent lines.

Yet another direction is to consider repair groups which are generated by low degree curves
other than lines, such as quadratics or cubics. Some work in this direction for Reed-Solomon
codes is present in [17]. These may intersect the norm-trace curves in many more affine
points than lines, and there exist some results on such intersections already [4, 5|. However,
a key consideration is that the desirable disjoint repair group property would most likely be
violated, since quadratics and cubics may intersect each other in more than one affine point,

unlike lines. We may be able to form some effective repair groups from higher degree curves.

Lastly, it may be interesting to consider other curves in this construction. We discussed
quotients of Hermitian curves and quotients of norm-trace curves in Section 2.3, and Suzuki
curves in Section 2.5. There may still exist other families of curves which may yield interest

results if considered with this lifting procedure.

In further work, we may also consider approaches to prove the following conjectures related to
norm-trace-lifted codes. First is a conjecture on the number of points of intersection between
lines and norm-trace curves, based on the computational results presented in Tables 2.2 and

2.3.

Conjecture 2.38. Let r = 3 and consider the norm-trace curve over Fgs. The intersection

between a line Lo g € L with o # 0 and the norm-trace curve X, 3 over Fys has cardinality
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of @ +vq+ 1, where v € {—1,0,1}.

By a similar argument as in the latter half of Lemma 2.17, assuming Conjecture 2.38, it can
be seen that there are no good monomials with a 4+ b greater than the locality in the case
when ¢ is even and r = 3. Thus, the rate may not be asymptotically nonzero, as opposed to

the case where we set ¢ = 2.

Second and lastly, as discussed at the end of Section 2.5, it might be the case that restricting
the set of lines forming recovery sets to those with high enough intersection number can yield
sporadic good monomials in the same way as in the Hermitian-lifted code. The following
conjecture focuses specifically on norm-trace-lifted codes with ¢ = 2 but might be modified
to capture a more general case. We state the norm-trace-lifted-specific version here because

we have the exact intersection numbers for lines with these curves.

Conjecture 2.39. For norm-trace-lifted codes with ¢ = 2, if the set of recovery sets consists
only of the non-tangent lines with intersection cardinality of 271 + 1 (so we discarded lines
with intersection 2"~ — 1), then there are sporadic good monomials in the basis for the set

of evaluation functions.
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Chapter 3

Fractional decoding of curve-lifted

codes

Chapter 2 focused on recovery of erasures by accessing less information than usually is
required. Fractional decoding techniques, introduced in [30], also facilitate error correction
by downloading less received data than classical decoding algorithms. These methods are
applicable in areas where data is stored, and has the possibility of corruption during storage.
Additionally, instead of retrieving data from a proper subset of received symbols, algebraic
properties of the field trace are employed to download only some A-proportion of the received

data (where A < 1).

In Section 3.1, the procedure for fractional decoding of Reed-Solomon codes is summarized.
Section 3.2 contains collaborative work with Gretchen L. Matthews and Welington Santos
on fractional decoding of codes from the Hermitian curve. These results are extended to
codes from the more general norm-trace curves in the same section. An improvement on
these procedures involving use of alternate lines for recovery is laid out in Section 3.3, and is
applied to codes from Hermitian curves, while also motivating application to Hermitian-lifted
codes. The application to Hermitian-lifted codes is found in Section 3.4, and an analagous
result for norm-trace-lifted codes is contained in Section 3.5. Future research directions and

conjectures related to this work are outlined Section 3.6.
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3.1 Preliminaries

We first set some notation. For n € Z*, recall [n] = {1,...,n}; we set [n] ={0,...,n—1}.

Consider the field extension F/F,, and recall that the field trace of a € Fp with respect

to this extension is

-1
Try /v, () = Zoﬂz eF,.
i=0

Remark 3.1. [16, Definition 2.30] Let B = {(o, ..., (s—1} be a basis for the extension F /IF,,
and {vp, ..., 1} be the corresponding dual basis of B with respect to the extension F /F,.

Then for each a € e,
—1
o = ZTrqu/Fq (CZ(I)Vz
i=0

Remark 3.2. Consider a polynomial
h(z) =g +aix+ - +agp_1z" ' € Felx] <k

For i € [{], let

k—1

hi(z) = ZTrqu/Fq (Giaw)z" € Fylz] <.

u=0

Then h(x) can be recovered from the set {h;(z) : i € [¢]}. Indeed,

/—1 /-1 k—1
> vihi(z) =) v (ZTque/Fq(Ci@u)if“)
e
— (ZTrFqZ/Fq (CZOéu)l/l) iL'u
u=0 \1i=0

k—1
= > a,x" = h(z).
u=0
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Remark 3.3. For o € Fg2, define
[, ={B€F::p'+p=a'}.

It is well-known that for all & € Fpe, [I'y| = ¢. These sets partition the affine points on the
Hermitian curve into ¢* distinct sets of ¢ points; that is, if we denote for each o € F,2 the

set

Py = {(a,8): B € Ta}

then

H(Fe) =) _ P

CVG]FqQ

Fractional decoding of Reed-Solomon codes

We now proceed to review the fractional decoding procedure of a code over F . introduced
in [24]. Because the elements of the base field F, can be expressed using fewer elements of
[F, than elements of F ¢, we correct errors by downloading less information than is usually
required. Specifically, for a code C' C IE‘ZZ, a received word may be expressed using ¢n symbols
of F,. Traditional decoding utilizes all {n symbols. Fractional decoding is a probabilistic
algorithm which uses only AMn symbols of F, where A < 1. The procedure for fractional
decoding of Reed-Solomon codes of Santos in [24] is presented first, since it inspired the

fractional decoding for codes from the Hermitian curve.

Suppose I' := {71,..., 7} C Fg, A = 7 where m € Z* such that m < ¢, m|k,

{’717"'7716}:/400"'0/4771—1Q]Fq
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with |A;| = £ for all j € [m]. For j € [m], we set
J m

p;(z) = H (x —a) € Fylz].

Then pj(a) = 0 for all @ € A;, and degp;(x) = |A;|. For
h(z) =ag+ax+ -+ a2t € F ez <k

and j € [m], define

Tj(h)(@) = Ao (@) (py(2)) ™0 + _Z_ hu () (pj ()"0 | € Fyla]a,

u=0
where k; = |A;|(( —m)(j + 1) + k.

Write
and

Hence, for each j € [m], see that

h(T) € RS(q",n, k) CFl

which implies that

7



Recalling that [A;| = £ for all j € [m], see that

ko < ki <- -+ <kp_1.

We consider now the virtual projection of C' = RS(q*, n, k) which is defined as the interleaved

Reed-Solomon code [24]:

C’pm = . :h € ]qu[a:]<k

mxXn
C Fm,

From here, we define the virtual projection of a received word y € IF;‘Z.

Definition 3.4. The virtual projection of y € FZ@ is

) N
& d
n(y) = cFpn
drtogpt et
where for each i € [n] and j € [m],
{—m—1

d} = Tre /5, (Cemgys) (0;(3) I 43 Tre g, (Guy) (3 (32)) 97 € By

u=0

The virtual projection of a codeword ¢ := ev(h) € RS(q%, n, k) may be viewed as a codeword
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of an interleaved Reed-Solomon code,

7(c) = € F .

These definitions are justified in the following lemma.

Lemma 3.5. [2/] Let c € RS(¢*,n, k) be a codeword. Assume that y = c + e is a received

word. If e = (eq,...,e,) has t nonzero coefficients e;,, ..., e; then the matriz 7(y) is a

t

corrupted codeword of Cp,, with at most t erroneous columns at the positions iy, ..., 1.
/4

Proof. 1f e = 0, then y = ¢ € C is a codeword, then we know that 7(y) is a codeword of the

virtual projection Cp,, . Note that
4

& =Ti(y) (1) = Tj(c + e)(v:) = Ty(c) (%) + Tj(e) (v:) = Ty(c) (7).

Clearly, if e; = 0, that is, if ¢ & {i1,...,%}, then Tj(e)(y;) =0 forall j =0,...,m —1. If

i €{i1,...,4}, then Tj(e)(v;) may be nonzero, so Y has at most ¢ erroneous columns. W

The results of Santos in [24] use the collaborative decoding results of [25] for interleaved
Reed-Solomon code. They provide a procedure for fractional decoding of Reed-Solomon

codes, which we now describe.

For j € [m] and s € [n — kj], let

Sjs = dj

ijrs'
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For each j € [m], define

S]O Sjt—l
S(]) — Sjl S]t c ]F((In_kj_t)Xt
_Sjnfkjftfl Sjnfkjf2_
and ) )
—S;
U(j) — _Sjt+1 c an_kj_t)xl‘
- jn—kj—l_
With these we set ) )
S(0)
S <mi:(n—kj—t)> xt
S = & Fq =
g(m—1)
and _ -
U©
UM (mzol(nkjt)> x1
U= e F,'™ :
[y (m—=1)
The system we wish to solve is
SA=1U,
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m—1

which is a system of ) (n — k; —t) equations in ¢ unknowns Ay, ..., A, where
7=0
Ay
Apy
A=
Ay

Solving SA = U produces an polynomial
t
E(z)=1+ ZAixi,
i=1

called an error locator polynomial, as discussed in Definition 1.50. If F(z) is separable over
F,, we will see that ¢ errors can be corrected; otherwise, the decoding is declared to be a

failure. We describe this procedure in the following steps:

1. Download the mn entries of the virtual projection of 7(y) € Fy**".
2. Determine the associated matrices S and U.
3. Solve the system SA = U to determine the error locator polynomial F(z).

4. If E(x) is separable over IF,[z], determine ¢. Otherwise, declare decoding failure.

The separability of E(x) gives the locations of the errors, which allows for decoding of
received word y. Note that this procedure only required downloading A\¢n symbols of [F,.
Since mn = An, this number of symbols is strictly less than the n symbols that are normally
required, since A < 1. There is a limit on the number of errors that a code can correct with

this procedure, called the A\-decoding radius.
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Definition 3.6. For A > %, we define the A-decoding radius of C' as the maximum number

of errors that C' can correct by downloading Anf symbols of F,, and denote it as 7).

Given an [n, k,d] linear code we should take A > £, because a codeword encodes k data

symbols. The decoder needs at least as many input symbols to decode the received word,
even if no errors are present. If A = 1, we return to the standard decoding problem. Thus,

the goal of fractional decoding is study error correction for A in the range % <A<

Proposition 3.7. [2/] Let C = RS(¢*,n,k) be a Reed-Solomon code. Then its virtual

projection code Cp,, (q,n,K) attains the mazimum possible decoding radius
/4

om (ﬁ—m)m_1 ,
TP’?_m—+2<n_k_ - ;|Ay|(J+1)>-

3.2 Fractional decoding of codes from the Hermitian

curve

Previously, we saw that Reed-Solomon codes achieve the optimal A-decoding radius for frac-
tional decoding schemes. Though these codes are maximal, extending fractional decoding
procedures to other classes of codes may allow us to utilize the desirable properties of those
codes. Specifically, considering fractional decoding techniques applied to codes from the Her-
mitian curve, the desirable locality of these codes allows for more opportunities for decoding,

which we will see in Section 3.3.

We now describe the procedure in [20] for fractional decoding of codes from the Hermitian
curve. The inspiration for applying fractional decoding to codes from the Hermitian curve
is that on each set &, N {r = a}, we may perform Reed-Solomon fractional decoding.

Throughout the rest of this section, because the Hermitian curve &} is maximal over [F 2, we
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consider the extension IF 2 /Fg.

In the Reed-Solomon case, for any extension size ¢, evaluation points with coordinates in I,
for the Reed-Solomon code are also evaluation points with coordinates in the extension field
F e, since I, C [F ¢, that is, points on the projective line over [F, may be considered points
on the projective line over [F . However, it is not immediately clear that for the Hermitian
curve over Fp that all its points are X, (Fp2) C X (F2¢), that is, it is not clear that the
affine points on the Hermitian curve over [F . are affine points on the Hermitian curve over

F 2.

q

Lemma 3.8. Let X : 20 = yqe—l—y be the Hermitian curve over F e and X, : 297 = yi+y
be the Hermitian curve over Fp. If £ is odd, the all affine points of X, with coordinates in

Fp2 are precisely the affine points of X,e with coordinates in Fg.

Proof. Let (a,b) € Fzg be an affine point of X,. It is the case that a? = q and b7 = b,
as F2\{0} is a cyclic group of order ¢* — 1 under multiplication. Note that since ¢ is odd

4 4
b? = b? and a? t! = a?*!. Therefore,
£ 4
al Tt =1b7 +b

if and only if

a™t =p1 4+ b

proving that X (Fp) = Xy (Fpe). |

Now we detail the fractional decoding procedure. Let f € L(MPy) C F2¢(X;) such that
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there exist a;; so that

LM—j(q+1>J

R-1L""q¢
flx,y) = Z Z ayz'y’ € Fpelz, y]
j=0 =0
for some R < g. For o € Fpe, let

ozf = f(aa y) € IFq% [y]<R-

Denote the set of functions in L(M P,) with degree in y strictly less than R by

R_ILM—jq({qH)J
Lrco(MPy) =3 flzy) =Y > aya'y’ : R<q oy €Fp p CFpaw,y).
j=0 i=0

Thus, we write the code from the Hermitian curve as

Conor (D, MPy) = {(f(PL),..., f(Pp) : f € Lrcg(MPx)}.

We now set an enumeration of the elements of F» = {a,..., a2} for the remainder of this

development, so that the evaluation points of Cr,_. (D, M P,) are

2

(Pr,....P,) = ((Pai,ﬂ)ﬁerai)le :

We may view a codeword as

ev(f) = (alf(ra1)7a2f<ra2)a coranf(Ta 2)) )

q q
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where for each 7 € [qQ]

aif(rai) = (%‘f(ﬁ))ﬁel“ai-

Notice that for i € [¢%] that

oif(Ta;) € RS(¢*,q, R).

The requirement R < ¢ guarantees that the minimum distance d of RS(¢%,q, R) satisfies

d > 2 by the Singleton bound.

We now proceed to develop analagous objects to those in Section 3.1, taking into account

the higher genus curve. Define subsets A;; C IF 2 such that

o m—1

Ty, C szo Ay CFp.

For i € [¢?] and j € [m], set

piy) = 1] w-0)

BeA;;
and
f—m—1
Ty ()W) = afromi () (i ()™ + Z aifu(y) (pig (y)) O+
u=0
where for u € [m], the function ,, f, is defined to be
aifuly) = Z TrIque/quz (Giaw)z" € For[z]<,
u=0

and

kij = [A|(0—m)(j +1)+ R

for all i € [¢?] and j € [m]. Then T;;(f)(Ta,) € RS(¢? ¢, kij). We now define the virtual

projection of a function f € Lp,(MPy).
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Definition 3.9. Suppose f € Lr,(MP.). The virtual projection of f is the matrix

[ To(N)Ta) o Tpo(f)(Tay) |
Ti1(f)Ta)) -+ Tpa(f)(Ta,

) | THOE) DEes) | gy
_Tl,m—l(f> (FOq) T Tq27m—1<f)(raq2)_

Note that for each i € [¢?] that ,,f can be recovered from p(f), since

T;,O(f) (Fai)

ﬂl Fai %
= | 00 | e

Tim-1(f)(Ta;)

contains the only information needed for recovery of o, f, since p(f) |r,, is the virtual pro-

jection of the codeword

V(o ) = 0, f(La;) € RS(q%, q, R).

Thus, we are able to use the Reed-Solomon fractional decoding procedure from [24] to recover

each ,, f assuming not too many errors have occurred.

We now proceed to describe recovering f from each ,,f. The number of terms of f is at

most ,
Rt | ]

1 2
YO 1sat - oNiead - L <ag <t
, ’ q “ 2
j=0 =0 =0
We then determine ¢* interpolation points, as f(a;, 5) = o, f(3) € F,ec for all g € T'y,. Thus,

f can be recovered from ,, f(y) for i € [¢%], unless too many errors have occurred.
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Lastly, we define the virtual projection of a received word y € FZZ .. For i € [¢%] write
Lo, = {Bir, -, Bigf CFee.
For i € [q2]7 ] € [m], and s € [q]’ set
. f—m—1
dgs = TI'IF‘qu/qu (Cffm+jy@')(pij(ﬁis»(ffm)(JJrl) + Z TrFqgg/qu(Cuyu)(pij(ﬁis))u(JJrl) c qu.
u=0

Definition 3.10. The virtual projection of y € FZ” is

m(y) = [Dl |- |Dq2] e Fp<»
where ) )
& Ay
4, d, ... d
D; = ! ? e IFZ;XCI
apt o dpTt o dp!

for all 7 € [¢?].

To see that 7(ev(f)) = p(f), see that Lemma 3.5 applies to each Reed-Solomon component
rho(f)|r,,. Notice that the virtual projection of y contains mn = Mn entries of Fp2, as
opposed to the usual ¢n entries of Fy. that is normally used in decoding. We proceed to
describe the fractional decoding algorithm, Algorithm 1. Suppose y € Cr,,_ (D, MPy) is a

received word.

We declare decoding failure if for some i € [¢?], o, f fails to be recovered with Reed-Solomon
decoding procedures. Thus for the Hermitian codeword to be recovered using Algorithm 1,

all ¢> Reed-Solomon procedures must be successful. This means that if too many errors are
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Algorithm 1 Virtual projection of codes from the Hermitian curve IRS decoder

Input: Received word y = ev(f) + e where f € Lr<y(MPx), A =m/l, and ¢ odd.
for i € [¢*] and j € [m] do

Download the entries of the virtual projection 7(y) € F/2*".
For each sub-matrix D; of w(y), perform the decoding procedure for Reed-Solomon codes
described in Section 3.1 to recover , f.
if ., f is recovered for each i € [¢?] then
for each s € [g] do
Calculate the points (e, o, f(Bis))-
Use the results of the previous step to recover f € Lr,(MPy).
end for
else
Declare decoding failure.
end if
end for
Output: f € Lro,(MP,) or a decoding failure.

concentrated in any I'y,,, the entire codeword will fail to be recovered. Indeed, observe that

we can correct ¢ errors with
min{Tal,...,Taqz} St<Tap ot Ta

where 7,, is the decoding radius of the Reed-Solomon code yielding submatrix D;. Improve-
ments to the decoding radius of codes from the Hermitian curve will be addressed in Section

3.3.

Fractional decoding of codes from norm-trace curves

The procedure for fractional decoding of codes from the Hermitian curve used Remark 3.3
to form sets I', which were of equal size. Each of these is a case where the Reed-Solomon
fractional decoding procedure may be applied. This property of the field trace to partition

the evaluation points from the Hermitian curve is present in other classes of algebraic curves
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as well, such as the norm-trace curves, or quotients of function fields coming from either the

Hermitian curve or norm-trace curves, which were introduced in Section 2.2.

Since norm-trace curves are defined over F,» and have ¢*~! affine points, we consider sets

r—1

Lo={BeF, 67" + 4+ +5=a""}

each of which has size ¢"~!. There are ¢" of them, one corresponding to each o € Fr.

An analog to Algorithm 1 consists of ¢" Reed-Solomon fractional decoding procedures on

RS(q", ¢!, R) for some R < ¢" L.

As in the Hermitian case, where X, (Fp2) C &¢(F2¢) by Lemma 3.8, we show for norm-trace
curves that Xy, (Fgr) € A ,.(F2¢). Note that the condition in Lemma 3.11 was formulated in
collaboration with Gretchen L. Matthews and Welington Santos, though the other discussion

on fractional decoding of codes from norm-trace curves was developed independently.

qu—l

Lemma 3.11. Let Xy, : x a1 =y

T Lyt oy be the norm-trace curve over g

r—1

and X, : T = y 4 -+ y? +y be the norm-trace curve over Fopr. If £ = 1 mod r,

the affine points of X, with coordinates in F are precisely the affine points of Xy, with

coordinates in Fr.

Proof. Let (a,b) € F2. be an affine point of X,,. It is well-known that a?" = a and b9 = b.

Note since ¢ = 1 mod r, that the following holds for all b € F:

e bq(t+1)r—'rt—1 _ bqr—l

bqar—n . bqh—z . bqr_q(l—l)'r—l . (bqr)q(l—l)r—é - bq(z_l)T_Z -

Therefore,

Tl
g _—1 o(r—1)

a1 =" b b,
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if and only if

proving that X . (Fgr) = &, (Fgr). |

1

Lemma 3.11 means that there exists at least ¢ ~' affine points of Xy, in Fyr when £

1 mod r. In the following text, we only consider the case when ¢ =1 mod r.

The procedure of fractional decoding for codes from norm-trace curves is inspired by that

for Hermitian curves described in Section 3.2. We consider sets

r—1

Lo={BeF, 6" + 45 +5=a""}

where a € F;» and consider the extension F e /Fgr.

Recall that on the norm-trace curve over F,-, z'y? € L(M Py) C Fr(X,,) if and only if

o (g -1
iq" 1+](qq_1>§M-

Consider f € L(MP.,) C Fre(X,e,) such that there exist a;; so that

R—1 N
Flay) =D aya'y’ € Fyelz,y]

§=0 i=0

for some R < ¢"!, where

For a € Fr, let



Set

R-1 N
Lrey-1(MPy) = {f(x,y) = ZZaijxiyj TR<q Yoy € quz} C Frefz,y).
=0 i=0
We must set an enumeration of the elements of Fyr = {ay, ..., a, } for the remainder of this

development, so that the evaluation points of Cz (D, MPy) are

T

(Pl, ce Pn) = ((Pai,ﬁ)ﬁérai)jzl ’

Thus, we write the code from the norm-trace curve as

Crpo s (D, MP) = {(f(P1),.... [(Py): f € Lreg—1(MPx)}.

Write the codeword as

ev(f) = (oqf(Fm)vagf(FaQ)a e 7aqrf(raqr)) :

Notice that for i € [¢"]

aif(Ta;) € RS(¢, " R).

We develop objects analagous to those Section 3.1, taking into account the higher genus

curve. Define subsets A;; C F,r such that

o m—1

Fai g =0 Az’j g qu'

For i € [¢"] and j € [m], set



and
l—m—1

T3 (D) = o feomes@) i)™ 43 7 fuly) (i () 0
u=0
where for u € M, the function , f,, is defined to be
kijfl
Oézfu(y) = Z TI‘]Fq,ng/]Fq'r (C’Lau>xu E ]qu [x]<l€1;j
u=0

and

for all i € [¢"] and j € [m]. Then T} ;(f)(Ta,) € RS(¢",¢" ", kij). We now define the virtual

projection of a function f € Lz ,r—1(MPy).

Definition 3.12. Suppose f € Lpy—1(MPx). The virtual projection of f is the matrix

[ To(Ta) o Tyo(H(Tay) |
T 1 Fal ce Tq@l | .
e ,(f:)( ) (f:)( | e
_Tl,m—l(f) (Fm) o Tqr,m—l(f)(raqr)_

Note that for each i € [¢"] that ,, f can be recovered from p(f), since

Tio(f)(Tay)

o= | 0

T;,mfl (f) (Faz‘)

contains the necessary information for recovery of o, f, since p(f) |r,, is the virtual projection
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of the codeword
v(o,f) = 0. f(Ta;) € RS(¢", 4", R).
Thus, we are able to use the Reed-Solomon fractional decoding procedure from [24] to recover

each ,, f assuming not too many errors have occurred.

We now proceed to describe recovering f from each ,, f. The number of terms of f is no more
than ¢ ~'. We then may determine ¢* ! interpolation points, as f(a;, 8) = o, f(8) € Fyre
for all p € I'y,. Thus, f can be recovered from , f(y) for i € [¢"], if not too many errors

have occurred.

Lastly, we define the virtual projection of a received word y € Fy,,. For i € [q"], write

Fai = {ﬁilv s Jﬁiqr_l} - ]Fq"'-

Fori € [¢"], j € [m], and s € [¢"7}], set
. f—m—1
dl, = TI“]FqM/]qu<C£—m+jyi)(pij (Bs))EmmEHD 4 Z Tr]FqM/IFqT(guyu)(pij(ﬁw))uo—‘rl) c€Fy.

u=0

Definition 3.13. The virtual projection of y € IFZM is

m(y) = [D1| |Dq7-] S
where _ -
o, &
. d:}l d:}Q dgqj_l  prr
_d?}’l dn=t ... dg‘:_ll_

for all i € [¢"].
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To see that 7(ev(f)) = p(f), see that Lemma 3.5 applies to each Reed-Solomon component
rho(f)| r,,- The virtual projection of y contains mn = Aln entries of Fyr, as opposed to the

usual ¢n entries of F,». We proceed to describe the decoding algorithm, shown in Algorithm

2.

Algorithm 2 Virtual projection of codes from norm-trace curves IRS decoder
Input: Received word y = ev(f) + e where f € Lr -1 (MPyx), A = m/{, and ¢ =
1(mod r).
for i € [¢"] and j € [m] do

Download the entries of the virtual projection 7 (y) € Fg-™".
For each sub-matrix D; of w(y), perform the decoding procedure for Reed-Solomon codes
described in Section 3.1 to recover ,, f.
if ., f is recovered for each i € [¢"] then
for each s € [¢"'] do
Calculate the points (a, o, f(Bis))-
Use the results of the previous step to recover f € Lp,r—1(MPy).
end for
else
Declare decoding failure.
end if
end for
Output: f € Lz ,—1(MPy) or a decoding failure.

We declare decoding failure if for some i € [¢"], o, f fails to be recovered with Reed-Solomon

decoding procedures.

3.3 Alternate recovery lines for the Hermitian case

As noted in Section 3.2, one weakness of the fractional decoding procedures for codes
Crp, (D, MP) from the Hermitian curve as it is presented in [20] is that, for the decoding
of the codeword ¢ € Cr,,_, (D, MPy) to be successful, the decoding for each Reed-Solomon
piece RS(¢*,q, R) has to be successful. A failure declared for any of the sets I',, means

declaring failure for the entire received word. Recall Remark 2.1, which stated that every
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non-tangent line over F2 intersects the Hermitian curve in exactly ¢ + 1 places.

Notice that the sets I',,, defined in [20] are vertical lines in the space FEQ; that is, sets of points
(o, B) with the first coordinate «, for some a € Fp. A failure of the fractional decoding
procedure of [20] means that too many errors are contained in one vertical line I',. However,
this inability to correct one Reed-Solomon component does not mean that there are too
many errors for the code to correct. Note that for vertical lines, since one place is the place
at infinity, there are only ¢ affine points of intersection; for other non-tangent lines, there

are ¢ + 1 affine points of intersection.

Thus, we consider fractional decoding using lines other than vertical lines. If there are too
many errors in one vertical set I',,, then considering other sets I' formed from non-vertical
lines may spread out the errors enough so that the errors may be corrected, by considering
Reed-Solomon components RS(¢*,¢+1, R). Such sets are compared to the standard vertical
sets 'y, in Figures 3.1 and 3.2, where Figure 3.1 represents the sets detailed in [20], and Figure

3.2 represents the new proposed lines for forming repair groups.

However, these sets of points are formed differently; in the original procedure, we restricted
the power on y in the function f to be at most some R < ¢. This is the same as restricting to
a low-degree polynomial in y on the relevant line x = «, which is exactly the idea employed
in the case of Hermitian-lifted codes Cl,, to only use polynomials which restrict to a low-
enough degree univariate polynomial on the intersection of any non-tangent line with the
Hermitian curve. Additionally, the basis for the space of evaluation polynomials for one-
point Hermitian codes C(D, M P,,) is contained in the basis F given for Hermitian-lifted
codes Cx,, and so all the evaluation polynomials f(x,y) € Lr<q(M Py) we have considered
so far have the restriction property that desired here. In other words, the set of evaluation

functions is all f € F from Definition 2.2.
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Figure 3.1: Partition of Hermitian points over Fi5 with vertical lines.
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Figure 3.2: Idea of a partition of Hermitian points over 14 with non-vertical lines.

A new procedure incorporating this idea is to start with vertical lines. If failure is declared for
any of the submatrices D; of the virtual projection, re-start the procedure with an alternate
set of parallel non-tangent lines. Non-vertical lines again partition the set of points, and
have the capacity to spread out the errors among the lines enough for correction. Instead of

forming sets

[, ={B€F:: B+ p=a’},

we need to parametrize the sets with two variables. Set a slope 0 # & € F2, and define ',
by

b ={(a,B) €Fp: B=da+p;, 87+ =o'},
In the above definition, the first condition that § = aa + [§; guarantees the points in F,/Bi lie

on the line formed by (; with slope &, and the second guarantees the points in ng are on

the Hermitian curve 297" = 5?4y over Fy2. The ¢* values of j3; € F2 form a partition {I'; }
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of the affine points on the Hermitian curve.

Since there are ¢> — 1 sets of non-horizontal lines, as there are ¢g> — 1 non-zero slopes &
for lines in 1532, this procedure allows for ¢> — 2 more opportunities to recover errors using

non-vertical, non-horizontal lines to partition the space ]Fgg.

However, because non-vertical non-tangent lines intersect the Hermitian curve in ¢+ 1 affine
points over F,2, we do not get the partition into ¢* sets each of size ¢ that we had when
considering only vertical lines. Instead, if we set & for the lines, then the set of lines with
slope & partition the affine points into ¢? — ¢ sets each of size ¢ + 1, and ¢ sets of size 1. We
then repair the ¢? — ¢ points partitioned by non-tangent lines, and if no failure occurs, then
for the remaining ¢ points consider all non-tangent lines through that point and perform the

fractional decoding procedure.

While this procedure is likely not the most efficient structuring of such a fractional decoding
algorithm for codes from the Hermitian curve with non-vertical lines, it does show that use

of non-vertical lines is possible. The procedure is described and presented in Algorithm 3.

3.4 Fractional decoding of Hermitian-lifted codes

It was discussed in Section 3.3 that the restriction that the degree R in y of f(x,y), namely
that R < g, for the codes from the Hermitian curve is in effect restricting the monomials x%y’
in an evaluation function f to be of low enough degree over the vertical line given by = = «
for some o € Fy2. This consideration is exactly the one made in defining good monomials in

the Hermitian-lifted code construction.

A key observation here is that not only the monomials for the one-point Hermitian codes

C(D, M P,,) are included in the basis for the evaluation functions, but also the sporadic good
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Algorithm 3 Virtual projection of codes from the Hermitian curve IRS decoder, non-vertical
lines
Input: Received word y = ev(f) + e where f € Lro(MP) with f € F, A = m/{, and
¢ odd.
Run Algorithm 1 for vertical lines
if f is recovered by Algorithm 1 then
return f € Lr,(MP,)
else
for & € F with & # 0 do
for 3; € F2 do
if ;.| = ¢+ 1 then
Download the entries of the virtual projection formed by the points of I'; , and
perform the decoding procedure for Reed-Solomon codes described in Section 3.1
to recover flr, .
end if z
end for
if all ¢> — ¢ functions f |pr_ were successfully recovered then

for each of the ¢ remaiﬂing affine points P do
for all non-tangent lines L through P do
Download the entries of the virtual projection formed by the points of L N
X, and perform the decoding procedure for Reed-Solomon codes described in
Section 3.1 to recover f|rnx,.
end for
end for
else
Break and iterate to a new a.
end if
if functions for each of the remaining ¢ points were recovered successfully then
Calculate evaluations of the relevant functions on each of the ¢ points.
Use the results of the previous step to recover f € Lro,(MPy) N F.
return f € Lr,(MP)NF
end if
end for
if f was not recovered during any iteration then
Declare decoding failure.
end if
end if
Output: f € Lr,(MP5)NF or a decoding failure.
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monomials x'y’ € F which had i+ j > ¢, where we recall that ¢ is the locality for Hermitian-
lifted codes Cy,. To define a fractional decoding procedure for codes from Hermitian-lifted
codes, notice that the space of evaluation functions f we may consider is larger than that for

the codes from the Hermitian curve considered thus far. Therefore, instead of considering

R_1 LM—j;q+1)J

f(x,y) = Z Z az'y’ € Fllz, y]
=0 =0

we consider the broader class of functions

fay) = Y ayMilzy) €F .yl
M’L,j (m,y)e]:
Recall F from Definition 2.12 is the set of monomials which, when considered over intersec-

tions &, N L, g, restrict to low-degree polynomials.

Additionally, because the set of evaluation functions is extended by considering the good
monomials of the Hermitian-lifted code construction, the improvement discussed in Section
3.3 is naturally incorporated into this procedure. Indeed good monomials restrict to low
enough degree polynomials on every non-horizontal line. The only change made to Algorithm
3 is that, because vertical lines only intersect the curve in ¢ affine points, we do not use those
for error correction. We are still able to use the procedure with the sets I';, formed by non-

tangent lines. This idea is presented in Algorithm 4.

3.5 Fractional decoding of norm-trace-lifted codes

Algorithm 4 in Section 3.2 extends naturally to norm-trace-lifted codes with ¢ = 2. This is

enabled by the intersection numbers | L, 3N X5 | of non-horizontal lines with the curve being
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Algorithm 4 Virtual projection of Hermitian-lifted codes IRS decoder

Input: Received word y = ev(f) + e where f € F, A =m/{, and ¢ odd.
for & € F» with & # 0 do
for 3; € F2 do
if |I';,| = ¢+ 1 then
Download the entries of the virtual projection formed by the points of I'; , and
perform the decoding procedure for Reed-Solomon codes described in Section 3.1
to recover flr, .
end if Z
end for
if all ¢> — ¢ functions f|1"/ﬁ‘ were successfully recovered then

for each of the ¢ remaiﬂing affine points P do
for all non-tangent lines L through P do
Download the entries of the virtual projection formed by the points of LN A, and
perform the decoding procedure for Reed-Solomon codes described in Section 3.1
to recover f|rnx,-
end for
end for
else
Break and iterate to a new a.
end if
if functions for each of the remaining ¢ points were recovered successfully then
Calculate evaluations of the relevant functions on each of the ¢ points.
Use the results of the previous step to recover f € F.
return f e F
end if
end for
if f was not recovered during any iteration then
Declare decoding failure.
end if
Output: f € F or a decoding failure.
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at least 277! — 1 from Lemma 2.10.

By Lemmas 2.9 and 2.10, there all tangent lines have slope zero. However, because non-
tangent lines do not all intersect the curve in the same number of places as the Hermitian
curve does, the error correcting capacity of the Reed-Solomon blocks is restricted by the
smallest intersection number of 2"~* — 1. This bound is analagous to the locality in the
case of the norm-trace-lifted codes. Additionally, as a result of the non-constant intersection
numbers, the blocks D; are of slightly different widths, either 2"~ —1 or 2"~' 4 1. No issue is
presented however, as having 2! + 1 evaluation points instead of 2"~ — 1 does not decrease
the effectiveness of fractional decoding of the Reed-Solomon block. Algorithm 5 describes

this procedure.

Algorithm 5 Virtual projection of norm-trace-lifted codes IRS decoder

Input: Received word y = ev(f) + e where f € F, A =m/{, and £ = 1(mod r).
for & € For with & # 0 do
for 5, € Fyr do
Download the entries of the virtual projection formed by the points of I, ., and perform
the decoding procedure for Reed-Solomon codes described in Section 3.1 to recover
Fley,
end for
if all 2" Reed-Solomon blocks are successfully decoded then
Calculate evaluations of the relevant functions on each of the ¢?"~! points.
Use the results of the previous step to recover f € F.
return f e F
end if
end for
if f was not recovered during any iteration then
Declare decoding failure.
end if
Output: f € F or a decoding failure.
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3.6 Future research

The fractional decoding procedure of [24] shows that Reed-Solomon codes achieve the optimal
A-decoding radius for fractional decoding procedures. One problem for future research is to
determine the A-decoding radius for these codes from Hermitian curves and norm-trace
curves. Just as in the work of [20] on codes from the Hermitian curve, it is still an open

problem to determine the exact A-decoding radius for any of the codes discussed.

Another direction of research is to consider the fractional decoding of more general norm-
trace-lifted codes. However, the same issue of not knowing the intersection number between
lines and norm-trace curves is prohibitive. The family of Suzuki curves could yield interesting
results, because of their space-filling nature, as every line over [, intersects the Suzuki curve
in ¢ distinct affine points. However, there may be challenges generated by basis elements of
L(mPy) that are not polynomials. Beyond the Suzuki curve, there may be other curve-lifted

codes that can be decoded in this fashion.

A final direction of research worth mentioning is using other interleaved codes from algebraic
geometry codes, like the Hermitian code, and the collaborative decoding results that already
exist for such codes [6, 22]. Although fractional decoding of codes from the Hermitian curve
in the fashion of [20] suggests fractional decoding of Hermitian-lifted codes, it is still an
interesting question to see if interleaved Hermitian codes can be utilized in these decoding

procedures.

In further work, we may also consider approaches to prove the following conjecture related

to norm-trace-lifted codes.

In Section 3.2, the procedure of fractional decoding of codes from the Hermitian curve was
adapted to the more general norm-trace codes. Because this partitioning property is inherent

to the field trace, not just to Hermitian curves or norm-trace curves, it could be that the
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extension to the quotients defined in Section 2.2 is just as straightforward.

Conjecture 3.14. The fractional decoding procedures laid out in Algorithms 1 and 2 apply

similarly to curves from quotients of the Hermitian and norm-trace function fields.

For the above conjecture, however, we need results analagous to those in Lemma 3.8 and

Lemma 3.11.

The methods of fractional decoding applied to codes from both the Hermitian and norm-trace
curves suggests there is much more work to be done applying fractional decoding techniques
to codes from algebraic curves. This is an area of interest, since the locality and availability
naturally offered by utilizing these algebraic curves is beneficial in data storage applications,
where fractional decoding may also be applied. Additionally, the extension of fractional
decoding to norm-trace-lifted codes may suggest an approach to fractional decoding of locally
recoverable codes in general, as well as a bound on the decoding radius of codes with locality

and availability.
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