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Schur-class of finitely connected planar domains: the test-function approach

Moises Daniel Guerra Huaman

(ABSTRACT)

We study the structure of the set of extreme points of the compact convex set of matrix-
valued holomorphic functions with positive real part on a finitely-connected planar domain
R normalized to have value equal to the identity matrix at some prescribed point ¢, € R.
This leads to an integral representation for such functions more general than what would
be expected from the result for the scalar-valued case. After Cayley transformation, this
leads to a integral Agler decomposition for the matrix Schur class over R (holomorphic
contractive matrix-valued functions over R). Application of a general theory of abstract
Schur-class generated by a collection of test functions leads to a transfer-function realization
for the matrix Schur-class over R, extending results known up to now only for the scalar
case. We also explain how these results provide a new perspective for the dilation theory for
Hilbert space operators having R as a spectral set.
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Chapter 1

Introduction

Given two Hilbert spaces U and Y, we let S(U,)) denote the Schur class of holomorphic
functions on the unit disk D with values in the closed unit ball of £(U,)) of bounded linear
operators between the Hilbert space i and ). Then it is well known that the following three
statements are equivalent:

1. Ses,)).
2. The de Branges-Rovnyak kernel
1= S(2)S(w)*

K
s(z,w) 1—-zw
is a positive kernel on D, i.e.
N
> (Ks(zi,2)y5,pi)y > 0 (1.1)
ij=1

forall zq,...,2v €D, y1,...,yn €Y, N =1,2,...

3. S has a contractive transfer function realization, i.e. there is a Hilbert space X and a

contractive operator matrix
A B X X
o-[o o) bl

/
(s0 ol + 112 < + el it 0[] = 7] so thae

S(z) =D+ 2C(I —2zA)™'B, for z € D.



Jim Agler generalized the previous equivalences for the case of the Schur class of holomorphic
functions on D? with values in the closed unit ball of £(U,Y) of bounded linear operators
between the Hilbert space U and Y denoted by Spz(U, ). That is,

1. Se SbQQJ,JO.

2. There exist two positive positive kernels K;(z,w) and K3(z,w) on D? so that

I —5(2)S(w)" = (1 = zyw7) K (z,w) + (1 — 20w3) Ka(2, w).

3. S has a contractive 2D transfer function realization, i.e. there is a contractive operator
matrix of the form

Ay A B B4 X
U= 1421 /422 132 : ‘X% — ‘%é
¢ G D] |u Y|

so that

B I 0 [ ly, 0 | [An Ap -
5(21,22) = D+[Cl 02} |:|:O I:| - 0 Z2IX2_ |:A21 A22:|:|

lejﬁ 0 131
0 ZQ]A& 132 ’

The same equivalences cannot be generalized for the case of Spa(U,Y) (d > 2). If we want
similar equivalences like the ones above it is necessary to define a new family of functions,
namely the Schur-Agler class, that is

SAp(U,Y) = {S : D? — LU,Y):||S(Ty,---,Ty)| <1 for all commutative

Ty, Ty € BL(K) where S(T), -+, Ty) = Z S, ® T™ belongs to

d
nezs

LUK, YRK)iIf S(z1, - ,24) = Z Snz"}.

d
nezs

Remarkably, using the von Neumann inequality or the Sz-Nagy dilation theorem ([3], Chap-
ter 10, Section 2), it can be proven that SAp(U,Y) = S(U,)). Also for the case of D? it
can be shown (by Ando dilation theorem) that SAp2(U,Y) = Sp=(U,Y). But for the case
d > 2 it is only true that SAp«(U,Y) € Spa(U, ) (see Paulsen [20] for an overview).

For this new setting of Schur-Agler class we have the following equivalences (due to [1]):

1. 5'6(5J4Dda4,)0.



2. There exist positive kernels K7, --- , K; on D? so that

I—5(z)S(w) = (1—zwg)Ki(z,w). (1.2)

hE

3. There exists a contractive

so that
S(z)=D+C(I — Z(z)A)*lZ(z)B,
X1 Z1IX1
where X = | 1 | and Z(z) =
Xd Zd-[Xd

If we use the alternative characterization of positive kernels, i.e. condition (1.1) (with a
general domain (2 in place of the unit disk D on a function K : Q x Q@ — L£())) is equivalent
to the condition:

There ezists a Hilbert space X and a function H : Q — L(X,)) so that K(z,w) has a
Kolmogorov decomposition

K(z,w) = H(z)H(w)",

then we see that (1.2) can be rewritten in the form: there exists Hilbert spaces X1, ..., Xy
and functions H; : D* — L(X;,Y) so that

I—8(2)S(w)* = Hi(2)(I — z07) Ly, H;(w)". (1.3)

i=1

Dritschel and McCullough have developed a different approach for the Schur-Agler class,
namely, the test function approach. This approach consists in considering a collection ¥ of
holomorphic functions defined over a set 2 C C. Also, let us consider admissible kernels
K :QxQ — C, that is (1 — ¥(2)¥(w))K(z,w) positive kernel for each ¢ € W. And then
define the Schur-Agler class associated to the family ¥, namely

SAy ={5:Q—C:(I—-5(2)S(w))K(z,w) positive kernel for all admissible kernels K}.

It has been proved that if we take Q = D? and U = {1y,...,¢q} with ¢(2) = 2 then
SAy = SAp(C,C).

Under the assumptions that the family W separates point and sup,cy [¢(2)] < 1 for each
z € , one has the following equivalences (given by Dritschel-Marcantognini-McCullough



[16] and closely related to earlier work of Ambrozie [4]). To state the result one recall the
notion of completely positive kernel:

I':QxQ— L(ADB)

is completely positive kernel if

M
Z b:T'(z;, zj)[a;a;]b; > 0 (as an element of B),

ij=1
for all z1,...,2y € Q,aq,...,ap € A by,....by € Band M = 1,2,... (see Section 2.2.3
below).

We introduce the notation E(z) € Cy(V, L(Ur, V7)) : E(2)(¢) = ¥(2) (see Chapter 3, equa-
tion (3.2)).

1. S e SAy,

2. S has Agler decomposition, that is, there exists a completely positive kernel:
F:QxQ— L(C(P),C),

so that:

I —8(2)S(w) = T(z,w)(I — E(2)E(w)),

3. S has a contractive transfer function realization, that is there is a colligation:

o= o o) [e] - [¢]

where X' =Hilbert space equipped with a x-representation p : Cp(¥) — L(X') so that

S(z) = D+ C(I = p(E(2)) A)~' p(E(2)) B. (1.4)

For the case Q) = R is a planar domain with m+1 holes with boundary R consisting of m+1
connected components R, . .., 0, R (with dyR the boundary of the unbounded components
of C\ R), Dritschel-McCullough [17] (when m = 2) and Pickering [22] (general m) prove
that there is a collection of test functions indexed by the R-torus Tr = OyR X - -+ X 9, R
U={¢,:a€Tr=0Rx-0,R} sothat Sg(C,C) = SAy, and the Agler decomposition
((2) in the latter equivalences) is given by an integral representation, more specifically, there
is a completely positive kernel I' : R x R — L(C(Tg),C) so that

[=5(2)S(w) = T(z,w)[I =E(2)E(w)] = [ H(z,@)(1=ta(2)a(w))H(w,a)" du(e). (1.5)

Tr



Note that (1.3) has the form (1.5) (with D? in place of R) if ¥ is taken to be the coordinate
functions ¥ = {¢;(2) = z; : i = 1,...,d}, {1,2,...,d} in place of T and u is taken to be
the discrete measure consisting of a unit point mass at each i € {1,...,d}.

The work of [17, 22] left open what is the analogue of (1.5) where S is in the operator-
valued Schur-class Sg(U,)) over R, i.e. the set of operator-valued functions over R with
norm less or equal than 1. It turns out that analysis of the form of such an Agler decomposi-
tion (1.5) for the square matrix-valued Schur class Sg (U, U) is instrumental for one approach
to the spectral set question over R, which we now describe.

Spectral set question Let R denote a domain in C with boundary dR. We say that
an operator 1" on a complex Hilbert space X has R (the closure of R) as a spectral set if
o(T) C R and

Is(T)| < lIsllr = sup{[s(2)| : = € R}

for every rational function s with poles off R.

The operator T' on X has a OR-normal dilation if there exists a Hilbert space K containing
X and a normal operator N on K so that

S(T) = P,'vS(N)|)(,

for every rational function f with poles off X, where Py is the orthogonal projection of K
onto X. It is easy to show that R is a spectral set for T" if T" has a 0R-normal dilation

The spectral set question is the converse: if T" has X as a spectral set then does it
follow that T" has a 9R-normal dilation?

Arveson reformulated the problem as follows: T has a dR-normal dilation if and only if
the representation ¢(s) = s(7) is a unital completely contractive algebra homomorphism
from Sk into £(X). So in Arveson language the spectral question is equivalent to asking
whether or not every contractive unital representation ¢(s) = s(7') is still contractive for S
in the matrix-valued Schur class? In other words, given an operator 7' for which s(7") has
norm at most 1 for all scalar-valued Schur class functions s, does it follow that S(7) has
norm at most 1 for all matrix-valued Schur class functions S7

If it can be shown that, if equation (1.5) holds for matrix-valued Schur class in the fol-
lowing form: given S in the matriz-valued Schur class there exists p (still scalar measure),
H(z, ) matriz-valued and 1, still scalar so that equation (1.5) still holds then the Arveson
reformulation of the spectral set question holds, and hence the spectral set question would
have a positive solution.

It was the contribution of Dritschel-McCullough [17] to actually construct a 2 x 2 matrix
Schur-class function S on a triply connected domain having additional symmetries where the



representation (1.5) fails; this was a key step in verifying that the spectral set question itself
has a negative answer. We note that Agler-Harland-Raphael [2] also obtained a counterex-
ample to the spectral set question over R using an alternative computational approach.

Our contribution is to obtain a more general representation which holds for matrix-valued
Schur class in general (matrix-valued Schur class has had a important role on operator theory
see e.g. [5],[13]). This leads to a realization formula (1.4) for the matrix-valued Schur class
over multiply-connected domain R. We actually present general theory for Schur-class with
respect to matrix-valued collection of test functions. Just as in the scalar case we arrive
at the representation (2) by a Cayley transformation of the corresponding representation
function of the Herglotz class

H={f€ Hol(R): Re f >0}

normalized to have f(ty) = I. The integral representation of the Herglotz class in turn,
follows from Choquet theory applied to this normalized convex set.

It turns out that an extreme point of this set fails, in general, to be expressible as a matrix-
convex linear combination of scalar extreme points. This gives an alternate explanation for
the failure rational dilation on multiply connected domains.

This dissertation is organized as follows. After a preliminary chapter reviewing needed
basic material concerning reproducing kernel Hilbert spaces, C*-algebras of matrix-valued
continuous functions and some convexity analysis, Chapter 3 presents the main result of
this thesis, that is, the analysis of operator-valued test-function approach which leads us to
equivalent statements like the ones obtained for the Schur class for the unit disk (and the
bidisk) and the Schur-Agler class of D?. The fourth chapter presents the Herglotz class of
finitely connected planar domains and the analysis of its extreme points. Finally the last
chapter uses the theory developed in Chapter 4 to provide an alternative perspective on the
spectral set question for the case of a finitely connected planar domain.



Chapter 2

Preliminaries

2.1 (A, B)-correspondences

We introduce some basic concepts of Hilbert C*-Modules and correspondences following
(19, 23].

Let B a C*-algebra and F a linear space. We say that E is a (right) pre-Hilbert C* module
over B if F is a right module over B and is endowed with a B-valued inner product (-, )g
satisfying the following axioms for any A\, u € C,e, f,g € E and b € B:

L (e +pf,9)e = Me, g)e + 1{f. 9)
2. {e-b, f)m = (e, f)rb;

3. {e, fYg = (f.e)E;

4. {e,e)p > 0 (as an element of B);

5. (e,e) = 0 implies e = 0;

6. (Ae)-b=re- (\D).

If E is a pre-Hilbert space module over B, then E is a normed linear space with norm given

by
1/2

lellz = [/{e,e) "~ |5-

Taking the completion of E with this norm we get what we shall call a Hilbert C*-module
over B.

Now we introduce the notion of an (A, B)-correspondence. If E is a right Hilbert C*-module



over B and A is another C*-algebra, we say that E is a (A, B)-correspondence if E is also a
left module over A which makes E an (A, B)-bimodule:

(a-e)-b=a-(e-b)foralla € A,ec Fandbe B
(Aa)-e=a-(Xe)
with the additional compatibility condition
(a-e flp={ea” flp.
We shall need the following definition.
Suppose that we are given three C*-algebras A, B and C together with an (A, B)-correspondence
E and a (B, C)-correspondence F'. Then we define the tensor product correspondence E ®p F

(usually abbreviated to ' ® F') to be the completion of the linear span of all tensors e @ f
(with e € E and f € F) subject to the identification

(e-b)®f=ex(b-f),
with left A-action given by

a-(e®f)=(a-e)®f
with right C-action given by

(e@f)-c=ea(f o),
and with C-valued inner product (-,-)ggr given by

(e® f,d @ fper = (e, Ve f, [P

Theorem 2.1.1. The inner product (-,-)ger is positive semidefinite.

Proof. Forey,...,.exy € E, fi,....,fneE€Fand N=1,2,...

N N
D e ® fiei® fiper = > (e e fj fi)r
ij=1 ij=1
J v
= > AMyfs, fiyr, ( My = (e, e:))
i,j=1

fi
= <M'i7i>FN7<M:(Mij)N><N7i: )7
In

SO
N

> (e @ fi e @ fiypor = (M- f, [)pn. (2.1)

ij=1



We have M;; can be seen as M;; = (e;,e;) = efe; (multiplication on the left by e}, where

7

el : £ — Bis given by ef = (-, ¢;)). Thus for ey,...,e,,b1,...,b. and r = 1,2,... we have
Z bieje;b; = <Z e;b;, Z eibi> > 0 (as an element of B),
ij=1 j=1 i=1 E

which proves that M is positive as an element of BY*¥. Therefore by general C*-algebra
theory applied to the C*-algebra BN*N, M has a positive semidefinite square root M2, and
(2.1) simplifies to

N
> e;® fi.ei® fiypor = (M- f, fypy = (M"?- f M2 f)px > 0.

,j=1
[l

Remark 2.1.1. Given a Hilbert space ‘H we can see H as a right Hilbert C*-module by making
B = C (complex numbers) and defining the right B-action by

e - b = be (scalar multiplication of b € C and e € H))

and
(e, )i = (e, f)r (complex conjugate of (f,e)g).
Moreover, H can be seen as (A, B)-correspondence by taking A4 = C and B = C, and defining

(a-e)-b=a-(e-b) = (ab)e (scalar multiplication), for all a,b € C and e € H.

Thus, given two Hilbert spaces E and F' we can also define the Hilbert space tensor product
E ® F as the tensor product of the (C, C)-correspondence E and (C, C)-correspondence F
subject to the identification

(be) ® f = e® (bf),
with left C-action given by

ale ® f) = (ae) @ f,
with right C-action given by

cle® f) =e®(cf),
where a,b,ce Cande € F, f € F,
and with C-valued inner product (-, )ger given by

<€®f7 €/®f/>E®F = <<67€/>Ef7 f/>F = <e7€/>E<f7 f/>E7
fore,e’ € Eand f, f' € F.

We note that it is standard in much of the literature to define a Hilbert C*-module to have
B-valued inner product linear in the second variable and conjugate linear in the first variable
(see e.g. [19]). We prefer to extend the convention for Hilbert spaces in the mathematical
literature to the Hilbert-module context.



10
2.2 Reproducing Kernel Hilbert Spaces

2.2.1 Positive Kernels

Suppose we are given a Hilbert space € and a set 2. We let £(€) denote the space of bounded
linear operators on £. We say that:

K:QxQ— L)

is a positive kernel if:
M

Z(K(wi,wj)ej,ei) > 0,

1,j=1

for all wy,...,wy € QL eq,...;epy e and M =1,2,3,....

The following result is well known (see [3]), and is a standard extension of the main re-
sult of [7] to the case of operator-valued kernels.

Theorem 2.2.1. Given K : Q x Q — L(E). The following are equivalent:

1. K 1is a positive kernel, i.e.

M

Z <K(w17 wj)ej7 67L>5 Z Oa

ij=1
for all wy,...,wy €Q,e1,...;ep €E and M =1,2,3,....
2. There is a Hilbert Space H of €-valued functions on €2 such that

(a) K(-,w)e € H for each w € Q and e € €, and,
(b) {f, K(-,w)e)y = (f(w),e)e, for each w € Q and e € £.

3. K has a Kolmogorov decomposition, 1i.e.
K(z,w) = H(z)H(w)* € L(E),
for some H : Q — L(X,E) where X is a Hilbert space.
Proof. (1) = (2) Define an inner product on the space H, of finite linear combinations of

kernel elements kye (w € Q, e € £) by

N

N N
<kaj€j,2kwiei> = Z<K(wi7wj)€j,€i>g
j=1 =1

Ho 3,j=1
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(the positive kernel assumption guarantees that the inner product is positive semidefinite).

Let ANV be the set of all elements H, having self inner product equal to 0. A consequence of
the Schwarz inequality is that the inner product is well defined and still positive semidefi-
nite on Ho/N. Let H be the Hilbert space completion of Hy/N. Elements f of H can be
identified as £-valued functions on 2 via the formula

(f(w), e)e = (f, kwe + Ny
When this is done, then an original kernel elements ke + N is identified with the function
(kwe + N)(2) = K(z,w)e.

(2) = (3) Take X = H. Define

H:Q— L(X,€)
H(z): f+— f(z), for each z € Q.
Then
Hw) : &= X
is given by
e— K(-,w)e.
Thus
H(z)H(w)'e = H(z)(K(-,w)e) = K(z,w)e. for alle € &,
therefore
K(z,w) = H(2)H(w)".
(3)= (1) For wy, ..., wy € Qand ey, ..., epy €€ and M =1,2,3... we have
M M
D (K(wiwy)ej e = > (H(wi)H(wj)ej, e:)e
i,j=1 b,j=1
M M
= < Z H(wj)*ej, Z H(wz)*el>
j=1 i=1 X
M 2
= || Hw)e| >0,
j=1
and conclude that K is a positive kernel. O]

Remark 2.2.1. If we are given a Hilbert space H whose elements are functions f : @ — &
such that for each w € Q, E, : f — f(w) is bounded then it is possible to find a positive
kernel K : Q2 x Q — L£(€) such that H = H(K) and satisfying
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1. K(-,w)e € H, for each w € Q and e € &; and
2. (f,K(-,w)e)yy = (f(w),e)s for each w € Q and e € £.

In fact, defining K(z,w) = E,E} we get the required positive kernel satisfying conditions
(1) and (2).

We now develop some results for matrix-valued kernels which we shall need which are close
to known results but do not appear in the literature in the precise form which we need.

Define the space H(K) ® U to be the Hilbert space tensor product of H(K) and Co(U, E)
(where Co(U, ) is collection of Hilbert Schmidt operator from U to £). Elements of H (K )®U
can be seen as functions f : Q — Co(U, E).

We have
K(,w)U e H(K)®U, for each U € Co(U, E)
and
(fs K w)U)poyeu = tr(U” f(w)).
We shall be particularly interested in right multiplication operators I, acting between two
such tensor-product spaces defined as follows. For ¢ : Q — L(U,)), define
Ry  HEK)®Y —H(K)U

f(z) = f(2)P(2).
We assume that Ry, so defined maps H(K)®Y onto H (K )QU. Let us compute (Ry)*K (-, w)U,
for U € Co(U, E).

(fs (Rp) K, w)U)nryey = (Bypf, K(w)U)y)su
= ((Ryf)(w), U)c,are)
(

= trlU" f(w)i(w)

I
4+~ S+
S 3
i

for all f € H(K) ® )Y, therefore
(RZZJ)*K('? w)U = K('? w>U¢(w>*



Proposition 2.2.2.

|Ry|l <1 as an operator from H(K)® Y — H(K) @ U

<~
0< Z tT[X(wi)K(wi, wj)X(wj)*] — tr[l/J(wi)X(wi)K(wi7 wj)X(wj>*w(wj)*]
= Z tr[ X (w;)" (1 — ¢ (wy) " (wi)) X (wi) K (wy, wy)]
for allwy,...;wy € Q, X 1 Q — Co(E,U) and M = 1,2, ...
~

kx.px(z,w) =tr[X(w) (I —(w)"Y(2)X(2)K(z,w)], is a positive kernel from

Q x Q to C for all functions X : Q — Co(E,U).

Proof. Note that ||Ry|| <1 if and only if

2 2

>0

—[(Ry)™ D K (- wy) X (wy)*

Jj=1

?

ZK('7wj)X(wj)*

for all wy, -+ ,wpy € Q, X : Q= Co(U,E) and M =1,2,--- .

2 2

>0,

M

> K w) X (w;)*

Jj=1

M

D K (- wi) X (wy) v (wy)"

Jj=1

< > K (L w) X (wy),> K wz’)X(wi)*>
H(K)U

j=1 i=1

—< Z K (- wy) X (wy) dh(w;)”, Z K(, wi)X(wi)*¢(wi)*> >0,
H(K)QY

j=1 i=1

i <K(wi7wj)X(wj)*vX(wi)*>

Ca(U,E)



14

=
3 X A ) X ) — D )X o Kt ) X ) )] 20,
=
> tr[X (wy) X (wi) K (wi, w5)] Z tr[X (w; )4 (w; )" (wi) X (wi) K (wy, wy)] = 0,
< M
Z tr[X (w;)* (I = (w;) " (wi)) X (wi) K (wi, wy)] > 0.
= -
kx i (2,w) = tr[X (w)" (I = (w)*¢(2)) X (2) K (2, w)]
is a positive kernel from Q x Q to C for each ¢ € ¥, and X : Q — Co(€,U). O

2.2.2 Dual kernel basis

Dual kernel basis for the scalar case appears in the work of Dristchel-Marcantognini-McCullough
[16].

Assume Q = {z1,..., 2y} consists of finitely many points and K : Q x Q@ — L(}) is a
strictly positive kernel on §2. Then we may form the dual kernel basis for H(/C) consisting
of functions

{0,,@y:i=1,...,N;y € Y}
where 6, ® y is given by
Z = Z;

)y,
<%®mw—{az%%.

Define the matrix [L(z;, z;)]7—; by

(L(zi, 2)y, 4 )y = (0, ®y,0,, ® Y )rec)-

One can compute
-1

Lz ) = (1K G 21
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In fact, given any f € H(K), we have f = Zj'\/[:1 0., ® f(zy), then

(f(z): )y = (f, K(,2)y)ni)

We conclude

Z K(zj, 20)L(z1, 2j0) f(25) = f(25),

J =1

for all f(z1),..., f(zny) € € and therefore

~1
Lz ) = (K Gaz)n)
Theorem 2.2.3. Given F be an L(E,E,)-valued function on §2, the following are equivalent:

1. Rp: H(K) ® &, = H(K) ® € is contractive.
2. v
> X (2) (I = F(2) F(2:)) X (2:) K (2, ;)] > 0,

1,7=1

for all choices of function X : Q — Co(Y, E).

N

D tr[L(zi, ) f(2) (L = F(z) F(22)) f(2)'] 2 0,

,j=1

for all choices of function f:Q — Cy(Es, ).

Proof. (1) < (2) amounts to Proposition 2.2.2.
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(1) < (3) Using dual kernels basis, we have that ||Rr|| < 1 if and only if

N
0<IAIP—IReAP = D {6 ® (). 8s ® f()muee.
ij=1
N
=) {8:, ® F(2)F(2), 02 © f(2:)F (20))ricyee
ij=1
N.]
= > (L2, 2) [ (), f(z))ese. )
7,7=1

=Y (L2, 2) F () F(2), F(20) F (20)eoe.3)

ij=1
N

= 3 0L ) F(2) I = F(2)F(20)") f ()],

ij=1

2.2.3 Completely Positive Kernels

Given two unital C*-algebras A and B and a set of points €2, we say
[:QxQ— L(A,B)

is a completely positive kernel if

M
Z biT'(2;, zj)[a;a;]b; > 0 (as an element of B),

ij=1
forall z1,...,z2p € Q,aq,...,ap € Aby,....,0py € Band M =1,2,...

In what follows, the symbol \/ stands for the closed linear span. The following refines
the results of [12] and [14].

Theorem 2.2.4. Given T': Q x Q — L(A, B), the following are equivalent:

1. T' s a completely positive kernel.

2. There is a (A, B)-correspondence H (') whose elements are B-valued functions

(w,a) — f(w,a) on Q2 x A
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which are conjugate linear in the A-argument with left A-action given by
ap - f(w7 CL) = f(U), azk)a)
such that
(a) ky.a, is given by
kwao(z,a) = T'(z,w)[a"ag]
is in H(L') for allw € Q and ay € A, and

(b)
f(w,a0) = (f, kwao) 2 ()
for allw e Q, ay € A.

3. T' has a Kolmogorov decomposition, i.e., there exists an (A, B)-correspondence H and
a mapping w +— k, from Q to H such that

C(z,w)[a] = (a - ky, k)3

Proof. (1) = (2) Take H(I') = \/{a - kub; a € A,b € B and w € 2}, with inner product

M M M
< ZCLJ‘ : kwjbja a; - kw,bz> = Z bff(wl, wj)[a;‘aj]bj.
H(T)

j=1 i=1 ij=1
(2) = (3) Take H = H(I") and define
J:Q— H(D)
W ky.
Then, clearly, by definition of the inner product (-, -)3r).
(a-kwi,k1)mma - kei(z,1) = (2, w)[al.
(3) = (1) Forall z1,...,2p € Q,aq,...,apy € A by, ..., by € Band M =1,2,..., we have

M M
D T (z, 2)lagailb; = D bi(agazku,, ku,)aub;
ij=1 ij=1
M
= Z <ij : /fwjbj, a; - kwibi>’H
ij=1
M M
= <Zaj-k:wjbj,2ai-kwibi> ZO
Jj=1 =1 H
since the B-valued H-inner product is positive semidefinite. O]

Note that in general

(a1 - kwag)(2,0) = kupaya(z,a) = T(z,w)[a"arao] = k. (z, aja).
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2.2.4 Schur Products

Given two positive scalar kernels one way to construct another positive kernel is multiplying
them pointwise (Schur product). For a non-commutative C* algebra this operation is possible
but not always will preserve positive definiteness. We will have to replace the pointwise mul-
tiplication by the pointwise composition of mappings, this clearly includes the usual scalar
Schur product if we identify z € C as w — zw in C.

Let us now have two completely positive kernels ' : Q x Q@ — L(A, B) (with A a unital
algebra) and T : Q x Q — L£(B,C). Following [14] we define the Schur product of I" and Y
by setting

(T o 1) (2, w)[a] = (2, w) [P(z, w)[a]} .

Theorem 2.2.5. Tol': Q x Q — L(A,C) is a completely positive kernel.

Proof. By Theorem 2.2.4 part (3):
T(z,w)[l] = (1 - by k) 3ucm)

wr 'z

and
[(z,w)[a] = {(a- k. kr>ﬂ(r‘).

w z
In the following computation we use the correspondence tensor product construction given
by Theorem 2.1.1.

We compute
(ToT)(zw)la] = T(zw)|[(zw)a]
D(z,w)la] - by k) ey

w?rz

a - Ky, KL Yagry - Koy, k2 ) aucr)

< w z
(a- k)@ kX kK @ kY

w?rz z

VAT eH(T)s
a-(ky@ky), kL @ kD) amyenr),

o~ o~~~

which by Theorem 2.2.4 implies T o I' is a completely positive kernel. ]

A immediate consequence of Theorem 2.2.5 is the following corollary.

Corollary 2.2.6.
H(Yol') =H(I') @ H(T).

Remark. For the particular case B = L(€) ( for some Hilbert space £), H in Theorem 2.2.4
(part (2)) will take the form H(I') = H(I') ® £. Then the equivalences in Theorem 2.2.4
will be given by the following theorem.
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Theorem 2.2.7. GivenI' : Q x Q — L(A, L(E)). The following are equivalent:

1. T' is a completely positive kernel.

2. There is a Hilbert space H = H(I') of E-valued functions on Q x A conjugate-linear in
A-argument, equipped with a *-representation p : A — L(H (L)) such that:

(a) T(-,w)[*ale € H(T) for each w € Q, a € A ande € E.
(b) {f,T(,w)[ale)syry = ((f(w,a), e)e.

3. I' has a Kolmorogov decomposition, i.e. there exists a Hilbert space X carrying a *-
representation m: A — L(X) and H : Q@ — L(X,E) so that

[(z,w)[a] = H(z)m(a)H (w)*.

2.3 Representation of C"*-algebras of matrix-valued con-
tinuous functions

We will need the following definitions:

1. Given a C*-algebra, a Hilbert space H, we will say the representation 7 : A — L(H)
is nondegenerate if the C*-algebra of operators 7(.A) has trivial null space.

Note that since 7 is self-adjoint, then 7 is nondegenerate is equivalent to the assertion
that the closed linear span [r(A)H] of all vectors of the form m(x)§, x € A, £ € H, is
all of H.

2. A representation 7w of A is called cyclic if there is £ € H such that [7(A)¢] = H.

3. Let m : A — L(H) a nondegenerate representation and let Hy be a subspace of H
invariant under 7(A). Then mo(7T") = m(T")|, defines a nondegenerate representation
of A on Hy. Such a 7q is called a subrepresentation of .

4. A representation 7 of A is said to be multiplicity-free if ™ does not have two nonzero
orthogonal equivalent subrepresentations.

Following the multiplicity theory on Arverson [8], we have 7 is multiplicity-free if
and only if 7(A)’ is abelian (as a von Neumann subalgebra of £(H)).

5. Given 7 : A — L(H) and 0 : A — L(K) two representations of A, we say 7 is

Y

equivalent o (and write m = o) if there is a unitary operator U : H — K such that
o(z) = Um(x)U* for all z € A.
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6. A nonzero representation of A is called irreducible if w(.A) commutes with no nontrivial
(self-adjoint) projections.

Let us consider a topological second countable completely regular Hausdorff space €2 and
Qg its Stone-Céch compactification (then Cc(£2g) and Cazy(c)(€25) are separable). We shall
see that for the case A = Cary(c)(€2) the representation theory is clearly tied up with the
theory of measures on (2g. Then we shall need the following elementary concepts of Borel
measures.

Let (X,9) a Borel measurable set. Given two Borel finite measures p and v defined on
(X, 1), we say that:

1. w is equivalent to v if they have the same null sets.

2. p and v are mutually singular (and write g L v) if there are disjoint measurable sets
A and B such that X = AU B and v(A) = u(B) = 0.

3. v is absolute continuous with respect to u if v(A) = 0 for each A for which p(A) = 0.

d
<Then we have the Radon-Nikodym derivative of v with respect to [d—y] ) .
1

Theorem 2.3.1. If w is a non degenerate cyclic x-representation of A = Cary(c)(Q2s) on a
separable Hilbert space H then there is a Borel measure pv on Qg such that

~

™ [

where m, 1s given by
7(F) = My on Ly (1) (2:2)

for F € A.

Proof. Since 7 is cyclic then there exists £ € H so that [7(A)¢] = H. We consider the matrix
units

0 -+ - 0
Ey=|i - 1 i,

with 1 in the ij entry. We define the representations m; of Cc(£23) via

Wz(f) = W(fEn)

We also define
Pi - C@(Qﬁ) —C
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by
pi(f) = (mi( )& ) = (T(fEu)E, E)n

This p; is a positive linear functional on Q. In fact if f > 0 then f = |g|?, g € Cc(Qs) and
therefore

pi(f) = (mi(g9)&, On = (mi(9)&, mi(9)E)n = 0.

Thus by Riesz-Markov theorem there is a positive Borel measure p; on €2 so that

pi(f) = /Qfdm-

If f€Cc(Qp) C L*(w;), then U; : Cc(Qg) — H given by U;(f) = mi(f)E is isometric, since

1122 oy Z/QIf\zdui = pillf1?) = (mi(|f )8, On = Imi( )83

Now, since Cc(€s) is dense in L?(y;) and the range of U; is dense in H then U; can be
extended to L?(p;) onto H.

Using the fact that 7 is cyclic we have

and, since m(E;) = n(E%) = n(Ey)* = 7(E}) = m(Ey;)* then m(E;;) is an orthogonal projec-
tion on H.

If feCc() (so finxn € Cuy(e)(23)) then 7(fInyn)T(Ey)€ is dense in m(Ey)H = H,;
and

|7 (fInxn)T(Ei)é |l = |7 (FEi) €l = 17 (F)ENm = 11f Nl £2us)-
Therefore (fInxn) can be extended to H; = 7(Ey;)H onto L(p;). Thus H; = L2 ().

And for g € L*(p,),

Ui(Myg) = Ui(fg) = m(fg)é
= n(fgbu)§
= 7(fInxn)T(9E:)E = 7(fIncn)mi(9)€ = 7(fInxn)Ui(g),
thus
UMy =7(fInxn)Ui. (2.3)
It can be shown
Uin(fE;;) = MU, (2.4)

In fact, given ¢’ € H then ¢ = U;(g) for some g € L?(y;) (this is possible since U; is onto),
then
MU3 (&) = MyU;U;(g) = M;g,
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and

Uin(fEj5)E = Uimi(f)Us(g) = Uimi()mi(9)§ = Uimi(f9)§ = UjU;(f9) = fg = Myg,

SO

We claim that
Urn(E;)U; « L () — L*(p;)

is unitary. In fact for f,g € L*(u;)

(Ui m(E;)Us(f), U (Eji)Ui(9)) L2y

We also have

U*ﬂ'(E]Z)UZMf = U*

Fm(Eji)m(fIn<n)Ui (using equation (2.3))
Uin(fE
7r(f

U*

J

)i
E“) ( Z)UZ
‘m(Ej;)U; (using equation (2.4)),

which implies

Uin(E)Usf = Ujm(E;)UiMy(1)
= MfU]*ﬂ'(Eﬂ)Uz(l)
= Mpp (where ¢ = Ujm(E;;)Us(1))
= M;M,1 = M,M/1 = M,f,

thus U]*W(EJZ)UZ = MSO.

By the claim stated above we have M, is a unitary operator which implies y; and p; are
absolutely continuous with respect to each other. We now introduce another isomorphism

Vi L*(pn;) — L*(ps) given by
AL

A
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then we have

2
dps; dp
Wi, - el
Pl e, /0 &

therefore, without loss of generality, we may assume p; = po = --- = uy = p.

}duj==/£|fﬁdui==Hinauﬂ,

Thus
N
He= (P H; = Lin ().
j=1
So there is U : H — LZ.x(p) such that for F € A

Un(F) = MpU.

Remark 2.3.1. Tt can be shown that if 7 = 7, for a Borel measure p then
m,(A) ={M;: fe L®u)}
and hence is abelian which implies that each 7, is multiplicity-free.

We also need the following important result given by Lemma 2.2.3 [8].

If A is a C*-algebra, and 7 is a nondegenerate multiplicity-free representation of A on a
separable Hilbert space then 7 is a cyclic representation.

A direct consequence of Lemma 2.2.3 [8] and Theorem 2.3.1 is the following.

Corollary 2.3.2. If 7 is a nondegenerate multiplicity-free representation of A = Chry(c)(£23)
then there is a Borel measure j1 on Qg with m = 7,.

This is our version of Theorem 2.2.4 [8].

We also have the following important result given by a corollary of Theorem 2.2.4 [8] (see
page 54 of [8]).

Corollary 2.3.3. Let H be a separable Hilbert space and let ™ be a representation of a
separable abelian C*-algebra on H. Then 7 is multiplicity-free if and only if 7 is a cyclic
representation.

We state here another important result from [8], namely Theorem 2.2.2, which will be im-
portant for our work.
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Corollary 2.3.4. If i and v are two Borel finite measures on X, then m, is equivalent to
m, if and only if p is equivalent to v. m, is disjoint from m, if and only if p L v.

Corollary 2.3.5. The irreducible representations of Cary(c)(2s) are given by point evalua-
tions: m = ms,, where ,, s a unit point mass measure supported at the point w € Qg so that
the spectrum of Cary(c)(Q25) (given by the equivalence classes of irreducible representations)
can be identified with Qg (including the Borel structure).

Corollary 2.3.6. If 7 is an irreducible representation of Cary(c)(£2g) then (F) is compact
(even finite dimensional with dimension equal N) for all F' € Cyry(c)(£2p).

Corollary 2.3.7. Any representation m of Cary(c)(23) on a separable Hilbert space is equiv-
alent to one of the form
00 Ty, & 1-my, @ 2.7, -

All this discussion is a mild generalization of sections 1.4 —1.5 in [8] where the representation
theory for the scalar-valued case A = Cc(€2g) is discussed. This derivation of the represen-
tation of a general representation of A = Cpz(c)(€2s) as a direct integral of irreducible
representations has the advantage of identifying explicitly the irreducible representations as
evaluations, as opposed to applying the results in Chapter 4 of [8] for the case of a general

GCR C*-algebra A.

2.4 Convexity Analysis

We will need the following definitions.

1. If Z is a real Banach space and W C Z, we say W is a wedge if a+b € VW and ta € W
whenever a,b € W and t > 0.

2. x € W is an extreme point of W if
x=(1—t)xy + t,,

with 21,29 € W and t € (0, 1), then z; = z and x5 = z.

3. x € W is an extreme direction in W if x # 0 and if
T =1 + 9,

with x1, 290 € W, then z1 = t12 and xo = tox for t1,t5 > 0.
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4. If W is a wedge, we say that the linear functional p on W strictly slices W if p(z) > 0
whenever x € W and x # 0.

If a linear functional p strictly slices W, we define
W, ={zeW: p(z) = 1},

then it is clear that every nonzero element x € VW can be represented uniquely in the
form x = tx, with ¢ > 0 and z; € W,.

Let X be a Hausdorff compact space.

5. We will denote by M (X) the space of complex Borel measures and M (X)¥*¥ to the
space of N x N matrix-valued complex Borel measures on X.

We consider the convex set

C={ue M(X)V*N: (A) positive (semidefinite) in CV*V for all Borel A, u(X) = I}.
(2.5)
The following lemma gives a characterization of extreme points of C which is convenient to
work with.

Lemma 2.4.1. u is an extreme point of C if and only if whenever v € M(X)N*N so that
v(X) =0 and p+v >0 implies v = 0.

Proof. (=) We can write

uz%(quV)Jr%(u—V)

with p & v € C, which implies (since p is an extreme point of M(X)V*N) uy+v=p=p—v
(and therefore v = 0).

(<) To show that p is an extreme point we consider the contrapositive, that is

p is not an extreme point implies there exists v # 0 in M (X)V*Y with v(X) = 0 and p +
v >0.

If 11 is not an extreme point then
p=try + (1 —t)
for some vy, € C and 0 <t < 1 with 14,5 # u. Then we have

pw=tu+ (1 —t)u=try+(1—1t)



26

and so
tp—r1) =1 =t)(rs —p) =r.

Then v is a measure so that v(X) = 0 and
ptv=p+1—==0)(vs—p)=tp+ (1 -t >0,
p—v=p—tlp—vy)=(1—-t)u+try >0

with v # 0 since p # vy, vs. m

We have an important result given by Lemma 1.3.4 [2], that relates the extreme point of W
and the extreme directions of W,, which we present here.

Lemma 2.4.2. Let Z be a real vector space, let W C Z be a wedge and let p be a linear
functional on Z that strictly slices W. If x is an extreme direction of W, then p(x) 'z is an
extreme point of W,. Conversely, if x is an extreme point of W, and t > 0, then tx is an
extreme direction of W.

Explicit characterization of extreme points leads to useful representation theorems in exam-
ples due to the following results given after the following two definitions.

1. Suppose X is an nonempty compact subset of a locally convex space F, and that pu is
a probability measure on X. (That is p is a nonnegative regular Borel measure on X
with p(X) =1). A point x € E is said to represented by pu if

f(z) = /X fdu (2.6)

for every continuous linear functional f on E. A consequence of the Hahn-Banach
theorem is that p uniquely determines its representor x whenever such z exists.

2. If p is a nonnegative regular Borel measure on the compact Hausdorff space X and S
is a Borel subset of X, we say that u is supported by S if (X \ S) = 0.

Theorem 2.4.3. (Krein-Milman Theorem). If X is a compact convex subset of a locally
convex space, then X 1is the closed convex hull of its extreme points.

Choquet theory gives the following refinement of the Krein-Milman theorem.

Theorem 2.4.4. Fvery point of a compact convexr subset X of a locally convexr space is
represented by a probability measure p on X which is supported by the closure of the extreme
points of X.

The proof of the equivalence of these two assertions is guaranteed by Proposition 1.2 [21].
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Remark 2.4.1. One can view the formula (2.6) as asserting the existence of the Pettis integral

T = /X wdp(z) (2.7)

(see e.g. Section IL.3 of [15]). However the proof in [21] (see Proposition 1.1 there) that,
for a given probability measure, there always exists an x € F satisfying (2.6) for all f € E*
uses no vector-valued integration theory, but rather uses duality and compactness arguments
together with an exploitation of the special form of the integrand F in (2.7) F(w) = w.

Theorem 2.4.5. (Choquet). Suppose that X is a metrizable compact conver subset of a
locally convex space E, and that xq is an element of X. Then there is a probability measure
w on X which represents xo and is supported by the extreme points of X.

2.5 Extreme points of convex sets of measures

Following Arveson [9], we say that

1. Given an Hilbert space H, an operator T' € L(H) lives in a closed subspace M of H if
both T and T* vanish on M+ (equivalently, M contains the range of both T and T*).

2. A finite collection { My, ..., My} of subspaces of a Hilbert spaces H is called weakly
independent if, whenever T;(€ L(H)) lives in M; and T} + -+ + Ty = 0 then T} =
coo =Ty = 0.

Example 1. Consider the wedge
W = {p: uis a positive scalar measure on a Hausdorff Borel space X},
then the set of extreme directions of W is
{td, : t >0, x € X, and J, is the point mass measure at z}.

To prove this assertion, let us fix p an extreme direction of YW and assume that its sup-
port is not a single point. Then there exist disjoint Borel sets A, Ay C X such that

(A1), 1(Az) > 0.

If we define p(u) = p(X) then p is a linear functional that strictly slices W and then
0<r=p(p)u(A;) < 1. We may define the following positive Borel measures

pn(B) =1~ p(p) " u(B N AY)

and
pa(B) = (1 —r) "' p(p) (BN (X \ Ay)),
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thus we have

rpn(B) + (1 = r)pa(B) = p(p) " (BN AL + p(p) " (B0 (X \ Ar)) = p(p) ™' u(B)
for all Borel subset B of X, therefore

rpn 4 (1= 7)pe = p(p) " .

But, by Lemma 2.4.2, p(u) ' is an extreme point of W, and so

and this implies

0 <r=p)~ p(Ar) = pa(A1) = (L =) "'p(p) (AN (X \ Ay)) =0

and this is certainly a contradiction. So it must be true that the support of p is a single point.
One can see that the other direction of the assertion is easily satisfied.

Example 2. If we consider the wedge
W ={p:pisan N x N positive operator measure on a Hausdorff Borel space X'}
then the set of extreme directions of W is given by the set

{tPd, : t > 0,6, is the point mass measure at x(€ X) and

P is a rank-1 orthogonal projection}.

The proof is somewhat similar to the proof given in Example 1. Let us fix p an extreme
direction of W.

Step 1. supp p = single point.

If the support of p were not a single point then there exist A, Ay disjoint Borel sets with
(Aq), u(Az) > 0 both not zero. Then p can be written as

M= 1+ 2

where 1;(E) = p(ENA;) for i = 1,2. So p1(Ag) = 0 which implies py # tu, which is a
contradiction with the fact p is an extreme direction of W.

Step 2. Assume p = PJ),. We want to show P is a rank-1 operator. If it were not so,
then, by the Spectral theorem, P = chvzl tr P, where P’s are rank-1 pairwise orthogonal
projections, and at least two t;’s are strictly greater than zero. But then P = Q1 + ()2 with
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Q; > 0 and @Q); # s; P which, again, implies p is not an extreme direction of W. So it must
be true P is a rank-1 operator.

The strict slice is given, in this case, by p(u) = tr u(X).

We also may define a slice (for N > 1) p(u) = p(X) and then
W, ={pneW: u(X) = Inxn}

As p is matrix rather than real valued there is no way to view W, is a strict slice of W.

We now present an important result, given by Arveson [9] (Theorem 1.4.10), that char-
acterizes the extreme points of the convex set C given by (2.5). We present here a proof
of such result using elementary tools which is an alternative to the representation-theoretic
proof given by Arveson.

Theorem 2.5.1. € M(X)N*N is an extreme point of C if and only if

k=1

with n > 1 where K4, ..., K, are positive operators satisfying

1. Ki+---+ K, =1 and
2. {[K;CN],--- | [K,CN]} is a weakly independent family of subspaces.
Proof. (<) Suppose there exists v € M (X)V*N such that v(X) =0 and g+ v > 0. Let us
take A to be a Borel set disjoint from {z1,...,z,}, then
0 < (utv)(A) = £0(A),

thus v(A) = 0. By Jordan decomposition theory v is supported on {z1,...,x,} and xav
must be the zero measure. So .
V= Z drj L]
j=1

Since v(X) = 0 then > 7 | L; = 0. Since £ v > 0, in particular (1 +v)({z;}) > 0 for each
j. This implies K; £ L; > 0 and so

~K; < L; < K.

And since K; = Z]kvz1 t, P, with P, ..., Py spectral resolution for CV with some t;’s being
zero, then

- Y R<-K<L;<K <) P
k,tp#0 k,tx 0
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If we let 0, = maxy_, tx, then
Kj < tmaz P [K;CN] — Z tmaw Pr-
ket 0

P N < K
max [K;CN]

thus
_tmazP[Kj(CN} < Lj < tmaxP[Kj(CN]a

and so L; lives on [K;CV].

Since {[K,;C"],...,[K,C"]} is a weakly independent family and Zjvzl L;=0then L; =0
for y =1,...,n. So v =0 and therefore, by Lemma 2.4.1, ;1 is an extreme point of C.

(=) Suppose p is an extreme point of C.

Step 1. #(supp pu) < N2,

Proof. Suppose there are n (n > N2) disjoint Borel sets Aq,..., A, with u(A;) > 0.
Define p; € M(X)N*N by

i (E) = n(ENA;j).

Then {1, ..., fin} is linearly independent in the real vector space [M(X)V*V]y of complex-
Hermitian matrix-valued measures on X. Now define real linear functionals on [M (X)V*N]y
by

Li:p— pi(X), 1<i<N,

<i<j <N,
<i<j <N

Lpeij : = Re pij(X), 1<
Limgj = Im pgi(X), 1<

N(N-1) , N(N-1)
2 T 32

So in total there are N + = N? real linear functionals.

Note that for 1 <7 < 7 < N we have
p5i(X) = g (X)*. (2.8)
Define now the real functional L on [M(X)V*VN]y by

Lyi(p)

L(p) = Ly ()
LRe,ij(:u)a 1 §Z<j§N
_le,ij(,u>a 1 §Z<j§N_
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Restricting L to \/{p,. .., 1tn} we realize that, by the null-kernel theorem, there exist real
coefficients ¢, ..., ¢, such that v =3, ey € \V{pa, - ., pn} with L(v) = 0. This implies

fori=1...N;

Vij(X) =0
for 1 <i < 7 < N; and using equation (2.9) then we have

Vij(X) =0
for 1 <i,7 < N. Therefore v(X) = 0.

: r ..
Now, take 0 < € < min {ﬁ . J with ¢; # 0}, then
Gj
1+xec; >0

for j =1,...,n. Then ev # 0 with ev(X) = 0, and for E C X a Borel set we have
(1% ev)(E) = (1% ec)u(E) > 0,

so, by Lemma 2.4.1, u is not an extreme point of C. O]

Step 2. We may assume that
K= Z 0z, K
j=1
with Z?Zl K;=Tand1<n<N?2

We show now, {[K;C"],...,[K,C"]} is a weakly independent family. Suppose not, then
there exist Ly, ..., L, so that L; lives in [K;C"], and Ly +--- + L,, = 0 but not all L; = 0.

We may assume L;’s are selfadjoint, since Ly + --- + L,, = 0 implies L7 +--- 4+ Ly = 0
and so (Ly + L}) + -+ (Ln + L;,) = 0. So may take L; as L; + L} if L; + L} # 0. And If

L:— L*
all L; + Lj are 0, then at leat one of % # 0 since not all L;’s are zero, in this case we

i
Ly —L;
choose L; to be 5 .

]

Define v = 377 6, L;, then v(X) = 0. We have L; lives in [K;C"] and so

for € > 0 small enough. Thus p+ ev > 0 with v # 0 and v(X) = 0, so by Lemma 2.4.1 y is
not an extreme point of C. O]
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Corollary 2.5.2. If € M(X)N*N is a spectral measure, i.e.

N
H = Z(Sxkpka
k=1

where 6, is the point mass measure at xy, (€ X) for k = 1,...,N, and Py,..., Py are
pairwise rank — 1 orthogonal projections summing to I. Then u is an extreme point of C.

Proof. We rewrite p as u = 2114\4:1 dy, Qr where {y1,...,ynm} are distinct points in X and
{Q1,...,Qun} are orthogonal projections (not necessarily rank-1) with Q;Q; = §;;Q; and
2?11 @; = I. Thus these orthogonal subspaces are certainly weakly independent. O

Let us show here an specific example of an extreme point of C which is not a spectral measure.

Consider X = {x1, 79,23} and take vi,vy,v3 to be three distinct unit vectors in C* any
two which are linearly independent in C? satisfying an additional condition given below.
Now consider the measure p on X define by

p({z;}) = C]U]

where ¢; > 0 for j = 1,2,3 with

C1U1V] + CoUVy + C3U3V5 = {0 1}

<so u(X) = B ﬂ)

Note that p so defined is not an spectral measure.

Under these conditions we have the following lemma.

Lemma 2.5.3. If v # 0 is a signed measure so that

v({z1, 2, 23}) = [8 8}

and (p £ v)({z;}) >0, then
v({x;}) = wjcju;v5

where —1 < w; < 1.

Proof. 1f we choose the orthonormal basis {v;, v; +1 and we write

i) = [ 2]

Wiz Wa2
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then
0 < Py (ptv)({z;}) Pujyr = 2P yev({2}) Py
This implies
Pjyrv({a;}) Py =0
and so

i) = [ ],

W12

and because of our choice of the orthonormal basis we have
c; O
b =3 9.

Thus
Cj + w11 j:wu

o)) = |50 Fo] 20

W11 0

implies w2 = 0 (and sov({z;}) = [ 0 0] ) . Also the fact that

v({z;}) < p({z;}) forces wiy <1

and
—v({z;}) < p({z;}) forces wy; > —1.

Now let us go back to the measure ;i defined above by u({x;}) = c;v;v}.
Assume g is not an extreme point then by Lemma 2.4.1 there is a measure v # 0 on X
such that
00
v(X) = {0 0}
and p+v > 0.

By Lemma 2.5.3
v({z;}) = wjcju;v;

where —1 < w; < 1.
Case 1. Two w's =0, say wy = wg = 0. Then v({z1}) = v({z2}) = 0 and so

0=v(X)=v({z}) + v({z2}) + v({zs}) = 0+ 0+ v({ws}) = v({ws}).
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Thus v = 0, which a contradiction.

Case 2. One w = 0, say w3 = 0. Then
* *
W1C1V10] = —W2C2V2Vy

with ¢1,¢y > 0 and {vy,v5} linearly independent. Then w; = wy = 0 and so v = 0 (again a
contradiction).

Case 3. No w = 0. Then there are at least two w’s with the same sign. By replacing
v by —v, we may assume that the common sign is positive. By relabeling we may assume
wy,wy > 0. We have

0 < (nEv)({zs}) = c3v30; £ wyczvzv; = 303035 F (W1C1V1V] + WaCaaV3)
because v({x1}) + v({z2}) + v({z3}) = 0. In particular this implies
0 < wic1v1v] + Wacavav;y < C3V3V;

Note wyc1v10] 4+ wacav9v3 a rank-2 operator while czvzv; a rank-1 operator.

Thus
0 S P{%}L (’U}lCl’UlU;< + UJQCQ'UQ’U;)P{,US}L S P{U3}L03U3U§P{U3}L =0

and so
Py (wiciv1v] + wacovpvy) Pryyyr = 0

which is a contradiction.

So our assumption must be incorrect and therefore any such i defined as above is an extreme
point.

As a specific example we may take the case where
I 1 v — 1/v2
1 — 0 y U2 — 1/\/§ )
V5

2

. C1 0 * 1 C1
101V = 0 0 , C2UUy — o

and we demand from c3 and v3 to be defined so that

3
¢ =35~ and ¢y = 2¢;.

. 10
C3V3V3 = [O 1:| — C1U1 — C2V2
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is a rank-1 operator. And we define p as above, that is

p({z;}) = cjuv;.

In Chapter 4 we shall have need to analyze more complicated convex sets of measures.

Let us now fix m continuous functions in C(X) fi,..., f,, and consider the convex set

C = {pe MX)VN: u(A) positive (semidefinite) in CV*V for all Borel A, u(X) =1,
and p(f;) =0, j=1,...,m}.

Then we may say the following about the extreme points of C.

Proposition 2.5.4. If p € M(X)N*N is an extreme point of C then

=2 0K
j=1
forn < N? (m+1).

Proof. Suppose there exist n (n > N?(m+1)) disjoint Borel sets Ay, ..., A, with p(4A;) > 0.
Then {1, ..., fin} is linearly independent in the real vector space [M(X)V*V]y of complex-
Hermitian matrix-valued measures on X. Now define real linear functionals on [M (X)V*N]y
by
Lpej : o Re pij(X),
Limij » ppe= Im puig(X),
Li,:p— pi(fe), 1<i<N,1
Lpeijr : b= Re puij(fr), 1 <i <
Limjr o= Imopi(fr), 1 <i <

So in total there are
N(N—-1) N(N -1 N(N -1 N(N -1
( >—|— ( )—{—Nm—{— ( )m+ ( >m——N2(m+1)

N
* 2 2 2 2

real linear functionals.
Note that for 1 <¢ <7 < N and 1 <r <m we have

p3i(X) = pi(X)" and pi(fr) = piz (fr)" (2.9)



Define now the real functional L on [M(X)V*VN]y by

[ La(p) |

N( )
Lpeij(n), 1<i<j<N
_ Lim.ii (1), 19 j<N
L) = Listu), 10 < m

LNJ”(#’)) ]— <r<m
Lieijr(p), 1<i<j<N,1<r<m
| Limajr(p), 1<i<j < N1<r<m]
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Restricting L to \/{p1,. .., tn} we realize that, by the null-kernel theorem, there exist real
coefficients ¢y, ..., ¢, such that v = > ey € /{1, ..., o} with L(v) = 0. This implies

vi(X)=0

fori=1...N;

for 1 <7 < j < N; and using equation (2.9) then we have

for 1 <4,j < N. Thus v(X) = 0.
Also
vi(fr) =0
fori=1...N,1 <r <m;
vij(fr) =0
for 1 <1< j < N,1<r <m;and using equation (2.9) then we have
vij(fr) =0

for 1 <4,7 < N,1<r<m. Thus v(f,) =0for 1 <r <m.

Similar reasoning to the one in Step 1 of Proposition 2.5.1 leads us to find ¢ > 0 small
enough so that p 4 ev > 0. So we have ev # 0, then by Lemma 2.4.1 1 is not an extreme

point of C.

]



Chapter 3

Test functions-Admissible
kernels-Agler Decomposition

3.1 The Main Result

Let £ a Hilbert space and K : Q x  — L£(&) a positive kernel (as defined in Chapter 2)
and let ¥ = {¢,,m € A}, where each ¢, : Q@ — L(Ur,Vr) (Ur and Y7 are Hilbert spaces).

Elements of W will be called test functions. We assume that the collection W satisfies

sup || (2)]] < 1 for each z € Q. (3.1)
TeEA

We say that K is W-admissible if Ry : f(w) — f(w)y(w) has operator norm < 1 as an
operator from H(K) ®@ Yr to H(K) ® Uy for all p € W. The collection of such K will be
denoted by Ky (&).

Let U and Y Hilbert spaces and S : Q — L(U,Y). We say that S is in SAy (U, DY) if
Rs: H(K)®U — H(K) ® Y has ||Rg|| < 1 for all K € Ky()). By Proposition 2.2.2 we
know equivalently S € SAg(U,)) if and only if

kx s = tr[X(w) [l = S(w)"S(2)] X (2) K (2, w)]

is a positive C-valued kernel for all K € Ky()) and all choices of X : Q — Co(Y,U).

For each z € (2 we define
]E(Z) U — £(Z/{T, yT)
by
E(2)(¥) = ¥(2). (3.2)
We will denote by Cp(¥, L(Vr,Ur)) the set of continuous bounded functions from ¥ to
L(Yr,Ur). We may view Cy(V, L(Vr,Ur)) as a (Co(V, L(Ur)), Co(¥, L(Vr)))-correspondence

37



38

as follows. Cy(V, L(Yr,Ur)) is a right module over Cy(V, L(Yr)) and a left module over
Co(V, L(Ur)). Then Cp(V, L(YVr,Ur))®X is the tensor product of (Cp (¥, L(Ur)),Co(V, L(V71)))-
correspondence Cy(V, L(Yr,Ur)) with (Cp(¥, L(Vr)), C)-correspondence X (with left action
of Cp(V, L(Yr)) on X given by the representation p).

The following is the main result of this chapter.

Theorem 3.1.1. Let Qo C Q. Given Sy : Qo — L(U,Y) and dim Yy < co. The following
are equivalent:

1. Sy extends to S € SAy(U,)),
2. So has an Agler decomposition, i.e., for all z,w € o we have
I = Sy(2)So(w)” = T(z, w)[I — B(=)E(w)],
for some completely positive kernel T' : Qo x Qo — L(Co(V, L(Vr)), L(D)).

3. So has a weakly coisometric realization, i.e., there is a colligation

U {gx g} | m R [Cb(\lf, L0 Ur) @ x}

so U* s isometric on

\/{ {LE(w)*([_ A*LE(w)*)_IC*yw} cw € Oy, Yy € y} - {Cb(\pvﬁ(yg)vuT» ®‘X} 7
Y

where X is equipped with a unital x-representation p : Co(V, L(Vr)) — L(X), so that:

So(2) =D+ C(I — LE(Z)*A)’ILE(Z)*B for all z € Q,

where
L]E(z)* X = Cb<‘lf, E(yT,Z/{T)) QKX
s given by
Lgy 2= E(2)" ® x,
and

By - Co(V, L(Vr, Ur)) @ X — X

1S given on a pure tensor by

By 1 9 @7 = p(E(2)g).
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3.2 Ingredients

Assume as a first case that Qy C ) is finite. We define

{2: Q0 x Qo = L(Y);Z2(z,w) =T'(z,w)[I —E(2)E(w)*], for some completely
positive kernel I' : Qy x Qo — L(Co(¥, L(V7)), L))} CV ={f: QxQ—= L)}

Then C is a cone included in V inheriting the topology of point-wise weak-* convergence
from V.

We shall need the following lemmas.
Lemma 3.2.1. C is closed.

Proof. Tt will suffice to show that:

pointwise —

given =, € C with =, Zthen =2 €C
(ie. Zp(z,w) =T (2, w)[I — E(z)E(w)*] for some I, completely positive kernel).
Step 1. Let us fix a positive integer n, we have that for a fixed z € €,
En(z,2) =Th(z, 2)[I — E(2)E(2)"].
We see that | E(z)]|e < 1 for each z € Q (by equation (3.1)). Hence

Ta(z, 2)[(1 = E(2)E(2)")"2(I = E(2)E(2)") (I - E(2)E(2)")"]
La(z, 2)[(1 = E(2)E(2)")" 2| ( — IE( JE(2)7)” 1H(f E(2)E(2)")"?]

)"
To(z, 2 [([ —E(Z)E(z)*)l/2< HE \2> 2)E(z *)1/2]
W)rn(z, ) - E(z)E(2)")]

= (i=Eep)>e

(2, 2)[I]

|
~—

IN

IN

|
VS
—_
|
HEH

which implies
1

LB
From the theory of Schur complement (e.g. 6 and 7, page 229 of [10]) we know

T (2, 2)|| < M,||Z.(z, 2)||, where M,

T (2, w) | < M| Za(z, 2) M2 Mo | Zn (0, w) [ 2.
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Step 2. Since () is finite, it follows that
|ITn (2, w)|| < M, for all z,w € Q.

Note that {I',,(z,w)} is contained in the space L(Cy(V, L(YVr)), L(Y)). It is well known (see
e.g. Corollary 2 page 230 [15]) that L£(Cy(V, L(Yr)), L(Y)) is isometrically isomorphic as a
Banach space to the dual space (Cp(V, £(Vr))®C1(Y))* where C1(Y) is the collection of trace
class operator from ) to ), and ® indicates the completion of the algebraic tensor product
in the projective tensor norm. In particular bounded subsets of L(Cy(V, L()r)), L(Y)) are
compact in the associated weak-* topology. Therefore there exists a converging subsequence
{T's, } to I', where
I (z,w) — T(z,w)

weak—*
means

tr(Lp(z,w0)[f]1X) — tr(D(z, w)[f]X)

k—o0

for each f € Cp(¥, L(YVr)) and X € C1(Y).

Clearly I' is a completely positive kernel since for all z1,...,2xy € Qo, ¥1,...,yny € YV and
F,...,Fy € Cb(\If, £(yT)>, we have:

N N
> (T 2)F Filyjuidy = Y tr(T(z ) [Fy Filyiwp) (yivs € Co(Y)
i,j=1 i,j=1
because it has rank 1)
N
= [lim 2<Fnk(2i72j)[ﬂ*ﬂ]yj,yi>y >0,
1,]J=

because each I';,, is a completely positive kernel. Thus we have
En(z,w) =Ty, (z,w)[I —E(2)E(w)"],

but

En, (2, 0) — E(z,w)

(in the weak-* topology of £(})), and

Loy (2, w)[I = E(2)E(w)] — Tz, w)[I — E(2)E(w)"],

k—o0

therefore
E(z,w) = D(z,w)[I — E(2)E(w)*],

and this concludes the proof. O

Lemma 3.2.2. If for all A € V* such that Re(A(G)) > 0 for all G € C then for S €
SAy(U,Y) we have Re(A(I — S(2)S(w)*)) >0, and I — S(2)S(w)* € C
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Proof. Let A = {I — S(z)S(w)*} and B = C. We have that A is compact and, by Lemma
3.2.1, B is closed. Also V is convex.

If I —S(2)S(w)* ¢ C, then, by Theorem 3.4 (part (b)) in [24], there exist A € V* and
01, 02 € R such that:

Re(A(I — S(2)S(w)")) < 01 < 09 < Re(A(G)), for all G € C.

Without loss of generality we can assume that o1, 09 < 0 since C is a cone, thus we have: If
I-S(z)S(w)* ¢ C, there exists A € V* such that Re(A(/—S5(2)S(w)*)) < 0 and Re(A(G)) >
0 for all G € C. Now taking the contrapositive of the statement above we get the desired
result. O

Lemma 3.2.3. If=(z,w) = H(z)H(w)* is a positive kernel (H : Q — L(X,))), then=Z € C.

Proof. Let 1y be any particular element of ¥. Then it suffices to find G so that

E(z,w) = G(2)(I = tho(2)tho(w)") G(w)". (3-3)

Once we have such G we can define " by I'(z, w)(f) = G(2)p(f)G(w)* where p(f) = f(wo)
and the representation (3.3) can be rewritten as

E(z,w) =T'(z,w)[I —E(z2)E(w)].

Let us pick any particular ¢y € ¥, so ¢y : Q — L(Ur, Yr) and choose yy € Vr,. Let us set
Py = (-, y0) : Yr — C. Then Py(I — ¢o(2)o(w)*) Py is an scalar-valued operator and so

Po(I = o (2)vo(w)") By =1 — Potho(z)tho(w) " Fy.
Since Pyio(2) is an operator from Uy to C, then
Potho(2) = [b1(2) b2(2) - -+ bu(2) bpsa(z) -],
thus

by (w)*
where |b2(w)*| ¢ B? 1<d< 0.

Then - is a positive kernel since Py1)o(2)vo(w)* Py is positive C-valued
1 — Pybo(2)1bo(w)* P 0tbo(2)bo (w)* Py
kernel and
1 o0
= Pw = w W * p* n’
1 — Pytho(2)vo(w)* P Z( 0o (2)tho(w)* Fy)

n=0
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where each term (Pyio(2)vo(w)*Py)™ is a positive C-valued kernel (by Theorem 2.2.5 and
the fact that the sum of positive kernels is a positive kernel), and hence has a Kolmogorov
factorization

T GO
Then
=(w) = H()H(w)
= HC) (=g P~ () ) B Hwy
= H(=)(Holz) Ho(w)* Py(T — (= o)) Py L) H(w)".
Now, since Ho(2) = [ho1(2) hoa(2) ---] : X — C, then,

E(z,w) = H(z2)H(w)"

= H(=)( D honl=)hon ()" Po(I = vi2)ubo(w)) g ) LeH (w)”

= > HE){hon(2) PoI = (=)0 (w)") P hon (w) L} H (w)*

R - i w)E 0
= G(z) 0 Bo(I = ho(2)bo(w)Fg -+ | G(w)*,
0
where G(2) = [H(2)ho1(z) H(2)hoa(2) - --]. O

Lemma 3.2.4. Given p: (¥, L(Vr)) — L(X) a unital x-representation. Define
C(U, LYV, Ur)) @ X = \[{F @z : F € C(¥, L(Vr,Ur)), x € X}
with inner product
(F@z,G®y)e,w corumexr = (pP(GF)z, y)x.
Then (-, ), (w.crur))ox 1S positive semidefinite.
Proof.

(FRx,GRY)cyw,comurnex = (F, Geyw,comur) T Y)x = (G F-z,y)x = (p(G"F)z,y) x,

thus, by Theorem 2.1.1, (-, ‘)¢, (v.c(yrur)@x 18 positive semidefinite. O
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Lemma 3.2.5. Given p as in Lemma 3.2.4 and H € Co(V, L(Vr,Ur)). Define
Ly: X — C’b(\If,E())T,Z/{T)) QKX

r— H®x

then

Ly :G®xw— p(HG)x.
Proof.

(Ly(G@x),y)x = (G, Lyy)e,w.covrir)ox
= (G®x, HQy)e,(w,covrir)ox
(p(H*G)z,y)x,

thus L3, (G ® z) = p(H*G)x. O

Lemma 3.2.6. Given p as in Lemma 3.2.4, then
P(E(2)E(w)") = L.y« Luw)-
Proof. For any particular x € X,

Ly Lewy(x) = Ly (E(w)* @ z)
= p(E(z)E(w)")x (by Lemma 3.2.5).

3.3 The proof of the Main Result

3.3.1 The case where () is finite

Proof. (1) = (2). Let us consider first Qy = {z1, ..., 2x}. Weneed to show I—Sy(2)Sy(w)* €
C. For such a purpose, using Lemma 3.2.2 it will be sufficient to prove the following.

If L € V* with Re(L(G)) > 0 for all G € C then Re(A(I — Sp(z)So(w)*)) > 0, and
I — So(Z)So(’LU)* eC.

Define

where we have set



[

Remark 3.3.1. L1(Z) = Re(L(Z)) in case =Y =
Let Hp,e = {f: Q — Y} with inner product:

N
(£9),  =TaBgg) + &Y tr(dry(z.))

j=1
where
Agg(z,w) = f(2)g(w)".
(), 1s clearly positive semidefinite since:
(Arp)" (2 w) = (Ap(w, 2))" = (f(w)f(2))" = f(2) f(w)" = (Arp)(z,w)
implies (by Remark 3.3.1)

(fs fru,, = Li(Apy) = Re(Afp) > 0 (because Ay ¢ € C (by Lemma 3.2.3)).

Then Hp, . ® U can be identified with {f : Qy — L(Ur, )} with inner product

(f9),  =Lidp)+e S 0By o 5).

L1,e ]:1

Now, for f € Hy,  the following two conditions are satisfied

L (App = Dpppp)’(z,w) = (Apy — Ay pg) (2, w), and

2.
(Aps = Dpupa)zw) = FEF@) = fEE)Gw)" fw)
= [ = () fw)’
H(=)(I — (=) (w)") H (w)"
— T(zw)[l - E()E(w)']

where I'(z, w)[f] = H(2)p(f)H (w)", with p(f) = f(¥),

which implies Af?f — Afﬂhfﬂ’ eC.

Note that for each w € Q the map f + f(w) is bounded since

N
1P = Li(Agg) + € Y tr(Ag gz, 25) 2 €l f(w)]”

j=1

44
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1
Thus the map E, : f — f(w) is bounded and ||E(w)|| < —. Furthermore R, is contractive
€

on Hp, ., since

AP = 1Rs I = La(Apg — Apy o) +¢ Ztr (25) (I = 9 (2)(2)") f(2)")

j=1

= Re(L(App— Apypy)) + € Zﬁ“(f(zj)(f —(2)¥(2)") f(2)7) = 0

because of the fact Ay — Ayy ry € C and equation (3.1).

Thus by Remark 2.2.1 there exists a positive kernel K, such that H, . = H(K.). And
|Ry|| <1 on Hp, . for all €, hence K, is W-admissible. Since Sy € SAg(U, ), we conclude
that Rg, : H(K) ® Y — H(K) ® U is contractive as well.

Also

(Apr = Afseps) (z,0) = ((App = Apsy,ps0)(w, 2))"
(f(w)f(2)" = f(w)So(w)So(2)" f(2)")"
= f(2)f(w)" = f(2)So(2)So(w)" f(w)*
= App(z,w) = Apsy pse (2, w)

= (Aps— Aysors)(z,w).

So, by Remark 3.3.1,

Li(Agp — Aysyrsy) = Re(L(Afy — Arso,rso))-
Then,

0 I~ IR I = LuArs = Arsors) +€ 30 = SolapSola ) (5))
= Re(L(Agy — Agrsorso)) .
S () — So(z) 5oz M (5))
s <2<f< )T = S(2)Su()") £ w)")

+e Ztr F(z)(L = So(zj)S0(2;)") f(z;)*) for all € > 0.

Letting € tend to zero then gives

Re(L(f(2)(I — So(2)So(w)*) f(w)*)) > 0 for all f.
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For the special case f(z) = I we have:
Re(L(I — So(2)So(w)*)) > 0.

Since L was arbitrarily chosen, then by Lemma 3.2.2, I — Sy(z)Sy(w)* € C.

3.3.2 Removal of the assumption that () is finite
Now we remove the assumption that €2, is finite.
We now assume that g is any subset of Q (including possibly €y = Q).

If we take F' to be a finite subset of {2y, then we define

Ap = {T':FxF — L(C,(V,L(Vr)), L(Y)) completely positive kernel :
I = Sp(2)So(w)" = I'(z, w)[1 = E(2)E(w)"] for z,w € F}

From the discussion above we have that Ap is nonempty and by Lemma 3.9 [18] is compact.
Now, for finite sets F' and G with F' C G C €y, we define

WG,F : AG — AF

We,r(T) =T|pxr.

Let F = collection of all finite subsets of )y partially ordered by inclusion, the triple
(Ap,Wg p, F) is an inverse limit of nonempty compact spaces. Consequently, by Kurosh’s
Theorem (see [6] page 75) , for each F' € F there is I'r € Ap so that whenever F,G € F
and I’ C G,

Wer(Tg) =Tp. (3.4)

Now, define
I': Qo x Qo — L(Co(V, L(Vr)), L(V))

[(z,w) =Tp(z,w),
where F' € F and z,w € F. Equation (3.4) guarantees that I' is well-defined.

Thus if F' is a finite subset, f,, fu, € C(¥, L(Vr)) and g., g, € L£(Y), then

> g T w)f fulgw = >, giTr(z,w)[f fulgw >0

zZ,WeF z,weF

since I'r is a completely positive kernel. Hence I' is positive, thus the proof of (1) = (2) is
complete.
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(2) = (3) Using Theorem 2.2.7 (part (3)) we have
['(z,w)la] = H(z)p(a)H(w)",
)

therefore making [ = ((I — Sy(2)So(w)*)Yw, Y)y, we have

2)E(w) Ty, y:)y

N H (W) Yw, y:)y

W) Y, H(2)"y:) x

y=)x — (p(E(2)E(w)") H (W) yuw, H(2)"y2) x

Vo) — (Li(oy LE@w) H(w) "yw) x (by Lemma 3.2.6)

I = (I'(z,w

~t
|
ﬁﬁ
gm
<!
=&

So

(Lewy H(W) Y, Le)-H(2) Y2) e, cvrstr)ex + (Yuws Yz)y
= (H(w) Yw, H(2)"y.) x + (So(W) Yw, So(2) Y )u-
Thus
v [wa)*H (w)*yw] — [H (w)*yw}
Yuw *

is isometric from

p=\/ { {LE(wVZU(w)*yw] } - [&7(‘1175(3}:5}7 Ur)) @ X]

onto

{E]: wennes)

Co(V, L(YVr,Ur)) ® X

We extend V' to all of by V|pr = 0. Thus V is a contraction

from Fb(\hﬁiyg”i{ﬂ) ®X] o {ﬁ
Write V = [g* g} where [é g} : {ﬂ o {Cb(‘kﬁ(yg}%)) ®X}, then
[éi gi} [wa)*i <w)*yw} _ [g %"U))?;ﬂ (3.5)
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From the first row of (3.5) we read off
A" Lg(wy- H(w) Yy + C*yo = H(w)"y
Since sup, {||¥(w)[|} <1 and [[A*]| <1, we see that I — A*Lg(,)- is invertible and
H(w)*yw = ([ - A*LE(w)*)_lc*ywa

then
LE(Z)*(I - A*LE(w)*)_IO*yw - LE(w)*H(w)*yw

From the second row of (3.5) we read off
B*LE(w)*H(w)*yw + D*yw = SO(w)*yw

then

which implies

So(z) = D+ C(I — Li.). A) ' Lig(y- B. (3.6)
) A B . . o . .
Making U = c plwe have U is weakly coisometric, i.e. U" is isometric on
1%
v{{MMfU A;@ ) Cyﬂ;weﬂwmey}

. \/ { {LE(w ) H(w)*y w} cw e, Yy, € y} = D (since U*|p = V is isometric).

Combining with (3.6) we see that U is a weakly coisometric realization of Sy and (3) follows.

(3) = (2). We are given Sy of the form (3.2) and must find I" so that (2) in the state-
ment of the Main Theorem holds, i.e. I" gives an Agler decomposition. We actually are able
to show that Sy extends to a function S defined on all of © for which (2) holds on all of 2.

Our candidate 1is:

D:QxQ— LC(V, L(YVr)), L))
L(z,w)[f] = C(I = Li.)- A) 7 p(f)(I = A" Ligqy-) ~ C7,
where f € Co(V, L(Vr)).
This candidate is certainly a completely positive kernel since

Dz, w)[f] = H)p(/) H(w)", for H(z) = O(T — L.y A)
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It remains to show:
I — So(2)So(w)* = C(I = L,y A) ™ p(I — E(2)E(w)*)(I — A* L)) ' C".

Since

A*Lyguy- (I — A* L)) 'C* + C* = [A* Ly + (I — A" Ly )](I — A* Ly ) 'C*
= (I — A" Ly, )'C",

then
U* LE(w)* (I - A*LE(w)*)_lc* _ (A C* L]E(w)* (I - A*LE(U})*)_IC*
I B D I
_ (I = A" L)) ' C”
- _D* + B*LE(w)*(I — A*LE(w)*)_lC* '
_ [ = A L)) IO
N S(w)* '

Because U is weakly coisometric, then:

<U* |:LE(w)*(I — A]*LE(w)*)_lC*

- L)« (I — A* Ly
N I

SO

D7 Cy, ) +

« | LE(zy (I — A" L o+
| v [Foer = 4L }y>
10 [Legy (I — A*Lgiy ) C*
)~ }y’{ﬂ?()( IE()) ]y/>7

)

Lgy«(1 — A* Ly e,
y I y I

(So(2)So(w) y,y/)
)7Cy Y)Y + (y )

B < [LE(w (I — A* L)) 10*}
/ ,
=
(C(I = Ly A) 7M1 — A* Ly
— (C(T = Loy A) " Loy Lisguye (T — A* Ly
—

((I - SO(Z)SO(W)*)?J;?/> =

O(I — Ly A) NI — L.y
- A*LE w)*)
C(I = L A) "' pI — E(2)E(w)")

Lg(w))
—lcv*y7 yl>

lc*y’ y/>'
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Therefore,
I — So(2)So(w)* = C(I = Ly A) " p(I — E(2)E(w)*)(I — A* L)) ' C".
Then I' given by

[z, w)[f] = H(2)p(f) H (w)"

with H(z) = C(I — L. A)~" does the job.

(2)*
(2) = (1) Since (2) in the statement of the Main theorem holds, then (3) also holds, that is
So(z) = D+ C(I — Li,y- A) "' L. B for all z € Q.

We realize that such a formula for Sj still makes sense if z € €0, therefore if we define
S(z) = D+ C(I — L. A) "' Li.)- B for all z € Q,

then S is an extension of Sy. So we have S has a weakly coisometric realization, therefore
S has an Agler decomposition over all € by the proof of (3) = (2) already done. Thus
without loss of generality we may assume that (2) holds with Qy = Q. We then show that
S e SAy(U,Y), that is Rg is contractive.

Let K € Kg(€), z1,...,28 € Q, [ : {z1,...,2n} = Co(V,€) and N = 1,2,.... Let us
define
Ke(Zi, Zj) = K(Zi, Zj) + 6252',]'.

This K. is an (strictly) positive kernel. Then using the theory of dual basis developed in
Section 2.2.2 we get L. so that
N N !
(e 2y = (Kl 2)10 )
Let us consider the kernel

N

P(z, 25) = Z tr{Le(zi, 25) f(2) (1 — S(27)S(2:)") f (2:)7];
then we have
P = Z tr[Le(zi, zj) f(2) H () p(1 — E(2))E(2:)")H (2:)" f(2:)"].

By Corollary 2.3.7, we may assume that p has the form

p:OO’]rMoo@ 1-7-‘-//51@ 271—#2@
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with values equal to operators on H = (LZy (100)) > ® Do | (Len (1tr))". With respect to this
decomposition, the operator H(z;)* then has column decomposmon

H(z)" = Loziioff({zzw} '

As each H,(z)*: Y — (LZx(ptr))" we have the still finer decomposition

H,(z)" = col!

m=1

H, ()"
where each H, (%) : Y = Lin () (r =00,1,2,3,...).
Finally we define H,,,(z;,%)* : Y — CV by

(Hrm(2:)"y)(¥) = Hym (20, 9) Y-
Then the adjoint of H,,,(%)* is given by

(Hy(22)) f = Hym(2) = / Hy (20,0 ()t ().

Then we get

> tr[Le(z, 2) Hia(25, ) (1 = (29 (20)") Hia(20,40)" f(20)7] > 0

4,j=1

for each ¢ because R, is contractive. Thus P > 0, and by Theorem 2.2.3 ((3) = (2)) we
have

Z tr[X (2;)* (I — S(2;)*S(2)) X (2:) Ke(2i, ;)] > 0,
ij=1
for X : {z1,...,2n} —j> Ca(E,U). Since € was any positive number then
Z tr[X (2;)" (I — S(2)*S(2:)) X (2:) K (2, 2)] > 0,
ij=1
therefore Rg is contractive (by Theorem 2.2.3) and hence S € SAy(U,)). O

Remark 3.3.2. It Ur = Yr then Cp(V, L(Vr, Yr)) @ X = X and Ly ,). = p(E(2)).



Chapter 4

Extreme Points

4.1 The Herglotz class of finitely connected planar do-
mains

Let R C C a finitely connected planar domain whose boundary X = 9R consists of m + 1
components R, ..., 0, R.

Let us define
M"(X) = {,ue M(X): / ¢idp =0 for i = 1,...,m}
X
where {¢1,...,¢n} is a fixed orthonormal basis for Lféh(da)L the subspace of measures
i € M(X) such that its associated harmonic function /i has a single-valued harmonic con-

jugate on R.

If we consider
Ci={re M"X):7>0, 71(X) =1},

then by [2], the extreme points of C; consist of the set

{Zwr&rr cx = (Tg,...,Ty) € 'JI‘R}
r=0

where Tg = QR X -+ X 9, R, w, > 0 and > jw, =1 and

Wo 0

52
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where

As in the classical case we may identify
H={Fc Hol(R)"¥ Re F >0, F(0)=1}C Hol(R™¥,
with the convex set
CV ={ue M"(X)"N >0, u(X) =1} c M(X)N*N

with the locally convex topology of the uniform convergence on compact subsets on H cor-
responding to the weak-* topology on CV.

We will denote by IIV the set of extreme point of C¥ and by IN = {F, : a € IV}
the set of extreme points of H.

Then Choquet theory implies

F(z) = /H Fale)dp(e)

We will attempt to classify, as in the Section 2.5, the extreme points of CV. For such purpose
we have the following result.

Theorem 4.1.1. If
N
p= ZMS)PIC
k=1

where Py, are pairwise orthogonal projections summing to In and ,ul(;) 's are scalar extreme
points of Cy then p is an extreme point of CV.

Proof. In order to prove the theorem we will use Lemma 2.4.1. Consider then
ve M"(X)*N so that v(X) =0and p+v > 0.
If we consider the orthonormal basis of CV {ey, ..., ex} we may write P; = eje;. Then
Pilp+ )Py = (15" £ v,

where v = e;ve;, then p £ yj(.;) e M"(X)N*N (for N = 1) with p

JJ J
I/J(-Jl-)(X) = 0. So, because ug-l) is an extreme point of Cy, 1/](-]1.) =0.

) 4 y](}) > 0 and

J
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If we use the orthonormal basis {ej,...,ex} to represent all N x N matrices, we have
AV 0 00 0 vy - YN
(1) * . .
= 0 0 0 and v = (Vl? ) (1)'
0 0 . 0 : VN-1,N
1 1)\ x 1 .
0 0 0 uy (mw) - )0
From v(X) = 0 we see that each of the scalar measures 1/( ) (1 <i4,7 <N) has VJ(})(X) =0
Note (1) 0 )
Ha 1 T Trin
(1) * . .
+v
L 4+ = ( .12 ) 0
o ) ) in(l_f’N
() o N)* My

Hence, for each pair of indices 7, j (i < j) and each Borel set A
1 1
(D) v (8)

v (A) i (A)

¥ J

> 0.

Taking the determinant gives
1 1 1
vy (D) < i (A ().
(1)

In particular, v;;”(A) = 0 whenever either u(l)(A) 0 or u(l)(A) = 0. By assumption "

i i 7
is an extreme point of Cy, then, using Lemma 1.3.5 [2], we have

o Z“’
0 ;

where wy” is a positive number, 0 @ is a unit point mass measure at J?r (that belongs to
the r-th component of X).

In particular V( ) has the form

m
r=0

(#7) _ @) _ ()

(i7) are real numbers such that w,”’ = 0 whenever it is not the case that x,”’ = z,”’.

where wy

The condition that l/i(jl)(X ) = 0 forces that

S 1(}']') -0
;w
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(since I/i(jl) has the form > " wﬁij)(sm(i) and Vi(jl) € M"(X)N*N (for N = 1)). Tt follows (using
the notation as in section 1.3 of [2])
w(()ij)
€ Ker A(a®).
0l
But, by the analysis done in section 1.3 of [2], dim Ker A(a”) = 1 and Ker A(a®) has

basis vector
(4)

Wo
: | such that w(® >0
wl?
for all s =0,1,...,m. In particular if
w'®
0
wl)

is not the zero vector then all the components have constant sign which contradicts the

condition .
Z w) = 0.

r=0

We conclude that VZ-(jl) is the zero measure for all 7, 7 and hence v = 0. And hence p is an
extreme point of CV. O

4.2 The Schur class

In this section we study the Schur class Sg(CY) over R, i.e. holomorphic functions on
R whose values are contractive NV x N matrices. The following give a precise equivalence
between the strict Schur class (S with values equal to strict contractions on R) and the
Herglotz class over R.

Theorem 4.2.1. Let S : R — CV*N is analytic with ||S(z)|| < 1 for z € R, then
F=(1+S)1-S5"

has positive real part.

Proof. Clearly F' is well defined since ||S|| < 1. Now, take z € R and let

U(z) =[1+8)L =9+ [T+ )T -5 "))
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Then
U(z) = [T+SEII—SE]+[[I=SEII+5(2)7]
= ([ =SEITI = SE)W + S(2)] + [+ S(2) ][I = S(2)]}I - S(2)]
(1= S5E)]" 1] {21 25(2) S(2)}I —S(2)] ™

For F,, € IV define Sa = (Fo —1)(Fq +1)~!. Now we have the following important result.

Theorem 4.2.2. If S : R — CY*¥ is analytic with ||S(z)|| < 1 forz € R (S € SY(CN,C"))
then there is a positive measure p on IV and a measurable function h whose values are
functions h(-, @) analytic in R so that

I—5(z)S(w) = /HN h(z, @)[I — So(2)Sa(w)*|h(w, a)*pu(dey).

Proof. Case 1: S(0) = 0. Then ||S(x)|| < 1 for x € R by the Maximum Modulus Theorem
for matrix-valued holomorphic functions.

Let
F=1+9)1-9)" (4.1)

we have:

F0)=(1+S)(1—8)"10) = [T+ S0)][I - S(0)] ' =1.
Also by Theorem 4.2.1 F' is positive definite. Therefore F' belongs to H.

On the other hand, from (4.1) we get S = (F + 1) '(F —1). Let
V=I-5(z)S(w)".

Then

Vo= [F(z)+1
— [P()+ [ 7HIF ) + DIF@) + 11" = [F(2) = () = 1"} Fw) + 1
— [F(2) + I]"Y2[F(2) + F(w) ]} F(w) + I]*"
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So
V=1-S5(2)S(w) =2[F(2)+ I'[F(2) + F(w)*][[F(w) + I]"1*. (4.2)

Since IV is compact, by Theorem 2.4.4, then there exists a (regular Borel) probability
measure v on II"V such that

L(F) = /H L(Fa)v(dev),

for every linear functional L : H — C. In particular L : F' — F(z) is such a linear functional
and hence

FEL = | [Fal2lpldo.

Let us abbreviate this to the matrix identity
FE) = [ Falolda)
for each z € R, where F,, € IIN. Then Fy = (1 — So) " (Sa + 1).
Now, back in (4.2), we have:
Vo= 2R+ nl{ [ Faewtde + ([ Fatwwtae)) bire) 07
= [ AFE) 7R + Faw)l[F () + 17 Yo(de

_ / {2 2) + 17 = Sal2)] M [Salz) + 1]

+ ([T — Sa(w)] ' HIF (w) + 17" fu(dey).
If we let
W = [I = Sa(2)] 7 [Sa(2) + I] + [Sa(w) + I][[I = Sa(w)] '],
then
W = [I = Sa(2)] " {[Sa(2) + I|[I = Sa(w)]*
+ [ (2)][ a(w) ]}[[I Sa (w)} o
= I— Sa( )]_1]

Putting W back in the equation for V', we get:

V= [ {2PE)+ 17 = a2 = Sa(2)Sa(w)"])

X[ = Sa(w)] T HIF (w) + f]‘l]*}V(da)
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I=5(2)5(w)" = /HN h(z, @) = Sa(2)Sa(w) [h(w, a)"v(da)
where h(, @) = 2[f(-) + 1] {1 — Sa()] "
Case 2: S(0) = A( with A # 0). Assume ||A|| < 1, so [ — A*A is invertible.
Let Dy« = (I — AA*)Y?2 and D4 = (I — A*A)'/2. We have

A (I — AA*) = (I — A*A)A* and A(I — A*A) = (I — AAM)A.

Also the following identities are satisfied (see [25])

1. A*Dye = DyA*;

2. ADjy = Dy A,

3. A% (D) = (Da) A%,
4. A(Dy)™t = (D)L A;

Let
o —A*(DA*)_I D[Zl
and Tg : CV*N 5 CNXN he defined as follows:

Ts(Y) = [(Da)"'Y = A(Da) '[=A"(Da) Y + (Da) 7' 7,

whenever —A*(D+)"'Y + (D) ™! is invertible. This holds for all Y with ||Y]] < 1 since

O ¥ A
SJS—J,J—[O ]].

We have

(Ts)™'(Y) = [(Da)" + YA (Da) | HA(DA) ™ + Y (Da) 7]
= DI+ YA HA+Y) Dy

Now let ¢ : R — C¥*¥ be defined as
p(z) = Ts((2))
Then, clearly, ¢ is analytic on R and [|¢|| < 1, and,

©(0) = T5(4(0)) = Ts(A) = 0 (using 4),
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then ¢ satisfies the conclusion of Case 1.

On the other hand, let

L=1—(Ts) " (e()[(Ts)* (p(w))]",
then:
L = I-Dall+p(2)AT A+ p(2)|(Da) (Da)
XA+ (p(w))"]II + Alp(w))’) " Da-
= D[l + 9 AT + (2 YD) [ + Ap(w)’)

— (A4 (D) A" + (p()) T + Alp(w))] ™ Dar

Let us simplify the expression inside { e } in the previous equation,

[} = 1Da) 2+ p(2) A" (D) 2l + Ap(w)']
[A(D4) "% + @(2)(Da) 2][A" 4 o(w)*]
(Da-)7? = A(Da) 2 A" 4 9(2)[A*(Da-)2A — (Da) ?)[p(w)]" (using 4),
(D) 21 — AA*) 4+ @(2)(A*A — I)(D4) " *[p(w)]* (using 3, and 4),
I —¢(2)(p(w))" (using the definition of D «and Dy).

Back in the equation for L, we get:

L = Dae [T+ () A7) H{T = p(2)(p(w))" I + Alp(w))'] " D
Since ¢ satisfies the conclusion of Case 1, we have
I-5(z)S(w)* = L
- Dal+ptaaT{ [
X[+ A(p(w))] " Da-

Wz )l - sa<z>sa<w>*m<w,a)*u<da>}

N

I—5(z)S(w)" = H(z,a)[I — Sa(2)Sa(w) | H(w, a)*pu(der),

HN
where

H(-, o) = Dy [I + p(2)A* ] h(-, o).
[

Application of the Main Theorem (2) = (3) together with Remark 3.3.2 gives us the follow-
ing.



Corollary 4.2.3. (Transfer function realization). If S € Sg(CN,CY) then there is

o=le o] +|e] - [eY

where X is equipped with a unital x-representation p : Cy(IIN, CN*N) — L(X), so that:

S(z) = D+ C(I — p(E(2))A) " p(E(2))B for all z € Q.
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Chapter 5

The spectral set question

Let us recall the spectral set question which we presented in the introduction.

Let R denote a domain in C with boundary OR. We say that an operator 7' on a com-
plex Hilbert space X has R (the closure of R) as a spectral set if o(7") C R and

Is(T)| < lIsllr = sup{[s(2)| : = € R}
for every rational function s with poles off R.

The operator 7" on X has a OR-normal dilation if there exists a Hilbert space K containing
X and a normal operator N on K with o(N) C OR so that

S(T) = PXs(N>|X,

for every rational function f with poles off X, where Py is the orthogonal projection of K
onto X. It is easy to show that R is a spectral set for T if T" has a 0R-normal dilation

The spectral set question is the converse: if T" has X as a spectral set then does it
follow that T" has a 9R-normal dilation?

Let us also recall the Arveson reformulation for the spectral set question.

Given an operator T" for which $(7") has norm at most 1 for all scalar-valued Schur class
functions s, does it follow that S(7") has norm at most 1 for all matrix-valued Schur class
functions S?

Let us define

H, = {F € Hol(T)¥ Re F >0, F(0) =1} C Hol(T)"¥,

61
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Using Herglotz representation theory (studied in [2]) we have that for F' € H; with F'(0) = I

F' can be represented as
E+ 2
F(z) = dp(§) (5.1)

T€—2

where p is a matrix-valued measure.

Also, by the results of Chapter 4, we know that elements « of II"V have the form a =
(&1, & Ky, .. Ky) where & € T, K; € CVN K; >0, Ky + -+ K, = I and
{[K;,CN] : j =1,...,n} is weakly independent. So, given ax € IV let us write n = n(a),
¢ =¢(a) and K; = K;(a) to indicate the dependence on ce. Then Choquet theory analysis
tells us that any F' € ‘H; with F/(0) = I can be represented as

n(a)

F(z):/HNZ

j=1

&ila)+ 2

fj(a) — ZKj(a)d“(a)> (52)

where K is a positive operator and p is a scalar measure.

It is well known (see [20]) that the spectral set question over the unit disk has a posi-
tive answer. We show here how this follows easily from either representation (5.1) or (5.2);
this gives a different proof from those presented in the standard texts (see e.g. [20]).

If S is in Sp(CY,CY) with S(0) = 0 then we can write
S(z) = (F(2) + )7 (F(2) = I)
where F' € H;, then using representation (5.1) we get

I=8(z)S(w)" = (F(z)+ I)7[(F(2) + I)(F(w)" + 1)
—(F(z) -

| RN
—
!
—~
S
~
*
_l’_
~
SN~—
L
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[=S()S(T)" = A(F(z) +1)" /(IN (€I =T)"H(Iy @ (I = TT"))
x(In @ (&1 = T*)™))(dp(€) ® L) (F(w)" + 1)~
= 4F()+ D)7 ( ® (61 = T) ") (dp'?(€) ® L)

(In® (- TT*))(IN ® (1 —T*) ™)) (dp*() ® Ix)
X (F(w)* + 1)~

So it follows from the last equality that if 7" is a contraction then so it S(7"), thus the Arveson
reformulation of the spectral set question for ID has a positive answer.

We may obtain this same result using the second representation of F. If we go over the
previous calculations for I — S(2)S(w)* and I — S(T)S(T)* we get

M n(a)

—S(z)S(w)" = z 201 = 20) (a)dp(a
[-S@S@" = AP+ |3 || st T K adue)
X (F(w)* + 1)~
M n(a) _
= 2AF(2) +1 )2 20— =)
FH I 2 o o ) @ -
<) dp(e0) | (Plw) + 1)

[—S(T)S(T)" = 2(F(T)+1I)"

Z/HN Q)2 @ Iy)(Iy ®2(& ()] = T)™)

x(Iy @ (1= TT))(Ix ® (§(a)] = T7))(K;(e)"* @ Ly)dp(ex)
x(F(T) + 1)~
then, again, if 7" is a contraction so is S(T").

We would like now to study the spectral set question for the general finitely connected
planer domain R with this same approach.

Theorem 1.1.21 of [2] tells us that for f scalar-valued holomorphic with positive real part
and f(to) = 1 we have

f(z) = i Ja(2)dp(e),
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with u a probability measure on Tr and for a € Tg,

fule) = [ PN
R
where 11, is an extremal measure associated with o € Tx.

Naive Congecture 1: If F'is N x N matrix-valued holomorphic on R with positive real
part and F(tg) = I then

F(z) = ] Jfa(2)dp(a)

with p a positive matrix measure with p(Tg) = I.

If we suppose Naive Conjecture 1 is true then

[=S@SET) = 2APD)+ 17 [ (fall) + L0 )du(a) (FTY + 1)

Tr

= AP+ 17 [ (Re fu(D)du(@)(FT) + D)7

Tr

Then if Re f,(T) > 0 for all a then I — S(T)S(T)* > 0, and so we would have a positive
answer for the spectral set question but this is a contradiction to Lemma 1.6 of [17] and
Section 2.6 of [2].

What we do know for the multiply connected domain is that if F'is a N x N matrix-valued
holomorphic on R with Re F(z) > 0 and F(ty) = I then

Re F(z) = / PN,
R
We define CV to be
cN = {u € M(OR)MN . i positive, u(OR) = Iy and ¢;(N)dpu(X) =0, j=1,... ,m},
R
where the ¢;’s are the ones introduced in Section 4.1.
We use the second representation of F' to go after the extreme points of CV.

Naive Conjecture 2: The extreme points of CV are of the form
1
S
j=1
(1)

where the y1;’s are extreme points of C; (introduced in Section 4.1) and the K;’s are positive
operators satisfying



1. Ki1+---+ K, =1 and
2. {[K;CN]:j=1,...,n} is weakly independent.

If Naive Conjecture 2 holds, then

n(e)
FE) = [ 1)K @dula),

1 M
where fx(jza) = ,u§ ),
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Then S(z) = (F(2) + I)"*(F(2) — I) belongs to Sg(CY,C") with S(0) = 0 and, mak-

ing similar calculations to the ones done for the disk case, we have

(o)
1= 8@y = 2Ar) 07 Y [ e (1,

x () Pdp(a)(F(w)* + 1)~

n(a)

r-smsy = 2Ar@) Y [ ()

Jj=1

1

(RN

Thus if Re fijlza)(T) > 0 for all & then I — S(T)S(T)* > 0, and so the spectral set question
is answered affirmatively. Then again this is contradiction to Lemma 1.6 of [17] and Section

2.6 of [2].

We may try to reform the Naive Conjecture 2. To achieve that we take p = >

)

and since p;  is an extreme point of C; then

r=0
SO .
= Z w§7)5 K
7=1 r=0
Let ¢V, ... y{"™) distinct elements in the list 2\, ... 2™

, then

=33 (X )

=i = . j k
r=0 k=1 j:I£J):y£)

n (
j=1H;

I)Kj
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Let us demand that B .
K, := Z wf?)Kj >0

siald =y

and {[K,;CN]:r=0,...,m;k=1,...,n,} is weakly independent.

Reformed Conjecture: i is an extreme point of CVV if and only if

1
s
7j=1

(1)

where 1, are distinct extreme points of C;. And the K;’s are self-adjoint operators satisfying

1. Ki+---+ K, =1,
2. [?T,kz(), and

3. {[f(r,k(CN] cr=0,...,m;k=1,...,n,.} is weakly independent.

Condition (1) in the Reformed Conjecture is equivalent to

With this Reformed formulation we may say the following.

Theorem 5.0.4. If
=3,
j=1

W are distinct extreme points of Ci. And the K;’s are self-adjoint operators satisfying

where fui;

1K+ + K, =1,

2. Kyy >0 forr=0,...,m,k=1,...,n,, and

3. {[JN(,,JCCN] cr=0,....,m;k=1,...,n,} is weakly independent.
Then p is an extreme point of CV.

Proof. Suppose there exists v € M (X)M*¥ such that v(X) =0 and u + v > 0. Let us take
A to be a Borel set disjoint from {yﬁk) cr=0,...,mk=1,...,n,}, then

0 < (ptv)(A)=+v(A),



thus ¥(A) = 0. By Jordan decomposition theory v is supported on {y,(«k) cr=0,....,m k=

1,...,n,} and xav must be the zero measure. So
m Ny
V= E E 5y('k)L7«7k
r=0 k=1

Since v(X) =0 then Y " (S0, r,k' Since p + v > 0, in particular (p £ V)({yﬁk)}) > 0 for
r=0,...,mk=1,...,n,. This implies K, £ L, > 0 and so

_Kr,k S Lr,k S Kr,k

And since I?r’k = 21111 t, P, with Py, ..., Py spectral resolution for CV with some t;’s being
zero, then

If we let ¢, = max{il t;, then

Krk < tmaa} [K &CN] Z Zfmaacpl

1,t;#0
Similarly
_tma:cP[K «CN] < KT’k‘;
thus B
_tma:cp[f(nk(cN} < Lr,k < tmaacP[[?qu(cN]a
and so an lives on [f(nk(CN].
Since {[K,xCN] : 7 =0,...,m;k = 1,...,n,} is weakly independent and Yo, Lok
then L, = 0 for r :O,...,m,k‘ =1,...,n,. Sov =0 and therefore, by Lemma 2.4.1, p is
an extreme point of C. O

We expect that there exist such extreme points p = Z;;l ,ug-l)K ; for which not all K; are
positive semidefinite.

The fact that the elements of IIV cannot be written as matrix-convex combinations of scalar
extreme points explains how this approach to proving the spectral set question in the af-
firmative breaks down. With additional work this analysis of the structure of the extreme
points should lead to an alternative negative solution of spectral set question.
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