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Hqjlqhhulqj Phfkdqlfv

+DEVWUDFW,

Wkh pdlq irfxv ri wklv vwxg| lv rq wkh dfwlyh dqg vhpl0dfwlyh frqwuro ri flylo hqjlqhhulqj

vwuxfwxuhv vxemhfwhg wr vhlvplf h{flwdwlrqv1 Dprqj gl�huhqw fdqglgdwh frqwuro vwudwhjlhv/

wkh volglqj prgh frqwuro dssurdfk hphujhv dv d frqyhqlhqw dowhuqdwlyh/ ehfdxvh ri lwv vxshue

urexvwqhvv xqghu sdudphwulf dqg lqsxw xqfhuwdlqwlhv1 Wkh dqdo|wlfdo ghyhorsphqwv dqg

qxphulfdo uhvxowv suhvhqwhg lq wklv glvvhuwdwlrq duh gluhfwhg wr lqyhvwljdwh wkh ihdvlelolw| ri

dssolfdwlrq ri wkh volglqj prgh frqwuro dssurdfk wr flylo vwuxfwxuhv1

Lq wkh �uvw sduw ri wklv vwxg|/ d xql�hg wuhdwphqw ri dfwlyh dqg vhpl0dfwlyh volglqj prgh

frqwuroohuv iru flylo vwuxfwxuhv lv suhvhqwhg1 D v|vwhpdwlf surfhgxuh/ edvhg rq d vshfldo vwdwh

wudqvirupdwlrq/ lv dovr suhvhqwhg wr rewdlq wkh uhjxodu irup ri wkh vwdwh htxdwlrqv zklfk

idflolwdwhv wkh ghvljq ri wkh frqwuro v|vwhp1 Wkh frqglwlrqv xqghu zklfk wklv fdq eh dfklhyhg

lq wkh jhqhudo fdvh ri frqwuro uhgxqgdqf| duh dovr gh�qhg1 Wkh lpsruwdqfh ri wkh uhjxodu

irup uhvlghv lq wkh idfw wkdw lw doorzv wr vhsdudwh wkh ghvljq surfhvv lq wzr edvlf vwhsv=

+d, vhohfwlrq ri d wdujhw volglqj vxuidfh dqg +e, ghwhuplqdwlrq ri wkh fruuhvsrqglqj frqwuro

dfwlrqv1 Vhyhudo frqwuroohuv duh sursrvhg dqg h{whqvlyh qxphulfdo uhvxowv duh suhvhqwhg wr

lqyhvwljdwh wkh shuirupdqfh ri erwk dfwlyh dqg vhpl0dfwlyh vfkhphv/ h{dplqlqj lq sduwlfxodu



wkh ihdvlelolw| ri dssolfdwlrq wr uhdo vl}h flylo vwuxfwxuhv1

Wkhvh qxphulfdo vwxglhv vkrz wkdw wkh vhohfwlrq ri wkh volglqj vxuidfh frqvwlwxwhv d

fuxfldo vwhs lq wkh lpsohphqwdwlrq ri dq h!flhqw frqwuro ghvljq1 Wr lpsuryh wklv ghvljq

surfhvv/ d jhqhudol}hg volglqj vxuidfh gh�qlwlrq lv xvhg zklfk lv edvhg rq wkh lqfrusrud0

wlrq ri wzr dx{loldu| g|qdplfdo v|vwhpv1 Qxphulfdo vlpxodwlrqv vkrz wkdw wklv gh�qlwlrq

uhqghuv d frqwuroohu ghvljq zklfk lv pruh  h{leoh/ idflolwdwlqj lwv wxqlqj wr phhw gl�huhqw

shuirupdqfh vshfl�fdwlrqv1 Wklv vwxg| dovr frqvlghuv wkh vlwxdwlrq lq zklfk qrw doo wkh

vwdwh lqirupdwlrq lv dydlodeoh iru frqwuro sxusrvhv1 Lq sudfwlfdo vlwxdwlrqv/ rqo| d vxevhw ri

wkh sk|vlfdo yduldeohv/ vxfk dv glvsodfhphqwv dqg yhorflwlhv/ fdq eh gluhfwo| phdvxuhg1 D

jhqhudo dssurdfk lv irupxodwhg wr holplqdwh wkh h{solflw h�hfw ri wkh xqphdvxuhg vwdwhv rq

wkh ghvljq ri wkh volglqj vxuidfh dqg wkh dvvrfldwhg frqwuroohu1 Wklv dssurdfk/ edvhg rq d

prgl�hg uhjxodu irup wudqvirupdwlrq/ shuplwv wkh xwlol}dwlrq ri duelwudu| frpelqdwlrqv ri

phdvxuhg dqg xqphdvxuhg vwdwhv1 Wkh uhvxowlqj volglqj vxuidfh ghvljq sureohp lv glvfxvvhg

zlwklq wkh iudphzrun ri wkh fodvvlfdo rswlpdo rxwsxw ihhgedfn wkhru|/ dqg dq h!flhqw do0

jrulwkp lv sursrvhg wr vroyh wkh fruuhvsrqglqj pdwul{ qrqolqhdu htxdwlrqv1 D frqwlqxrxv

dfwlyh frqwuroohu lv sursrvhg edvhg rqo| rq erxqglqj ydoxhv ri wkh xqphdvxuhg vwdwhv dqg

wkh lqsxw jurxqg prwlrq1 Erwk dfwlyh dqg vhpl0dfwlyh vfkhphv duh hydoxdwhg e| qxphulfdo

vlpxodwlrqv/ zklfk vkrz wkh dssolfdelolw| dqg shuirupdqfh ri wkh sursrvhg dssurdfk1



Ghglfdwlrq

Doo wkh h�ruwv dqg kdug zrun lqyroyhg lq wkh ixo�oophqw ri wklv wdvn L ghglfdwh wr p|

sduhqwv dqg wr \d}plq1 Wklv zrun zrxog qrw kdyh ehhq srvvleoh zlwkrxw wkhlu oryh dqg

frqvwdqw vxssruw1
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Dfnqrzohgjhphqwv

L zdqw wr h{suhvv p| prvw vlqfhuh wkdqnv wr p| dgylvru/ Gu1 P1 S1 Vlqjk/ iru doo

klv khos gxulqj wkh wlph L vshqw lq Eodfnvexuj1 Klv whfkqlfdo jxlgdqfh dqg frqwlqxrxv

hqfrxudjhphqw zhuh ylwdo hohphqwv lq wkh frpsohwlrq ri wklv zrun1

Wklv judwlwxgh dovr h{whqgv wr Gu1 F1 Ehdwwlh iru klv dfwlyh sduwlflsdwlrq dw wkh prvw

fulwlfdo wlphv ri wklv hqghdyru1

Wkdqnv dovr wr Gu1 P1 Kdmm/ Gu1 V1 O1 Khqgulfnv/ dqg Gu1 V1 Wdqjmlwkdp iru vhuylqj lq

p| frpplwwhh dqg uhylhzlqj wklv glvvhuwdwlrq1

L zrxog dovr olnh wr h{suhvv p| judwlwxgh wr vrph xqltxh shrsoh wkdw rqo| lq Eodfnvexuj

frxog eh irxqg/ vshfldoo| Gdqlho Olxw/ Gldqd Uxelr/ Fduxvr Dyhuerfk/ Jxvwdyr Pdogrqdgr/

Udxo Dqguxhw/ dqg Sdxo Sudwr1 Wkh prphqwv vkduhg gxulqj wkh sdvw ihz |hduv zloo dozd|v

eh fkhulvkhg1

Wklv uhvhdufk zdv vxssruwhg e| wkh Qdwlrqdo Vflhqfh Irxqgdwlrq wkurxjk Judqwv Qrv1

EFV0<60348:7 dqg FPV0<9059;831 Wklv vxssruw lv judwhixoo| dfnqrzohgjhg1
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Frqwhqwv

4 Lqwurgxfwlrq 4

414 Frqwuro ri Flylo Vwuxfwxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

415 Olwhudwxuh Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

41514 Sdvvlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

41515 Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

41516 Vhpl0Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

416 Prwlydwlrq dqg Vfrsh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5:

417 Uhvhdufk Jrdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

418 Rujdql}dwlrq ri Zrun 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65

5 Volglqj Prgh Frqwuro Irupxodwlrq 67

514 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

515 V|vwhp Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

51514 Htxdwlrqv ri Prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

51515 Vwdwh Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

516 Volglqj Vxuidfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

517 Volglqj Prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75

518 Uhjxodu Irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77

yl



51814 Volglqj Prwlrq Ghvfulswlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77

51815 Wudqvirupdwlrq Pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<

519 Volglqj Vxuidfh Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83

51: Frqwuro V|vwhp Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

51:14 Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86

51:15 Vhpl0Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

51; Qxphulfdo Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96

51;14 Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 97

51;15 Vhpl0Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5

51< Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :<

6 Jhqhudol}hg Volglqj Vxuidfh <;

614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

615 V|vwhp Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

616 Uhjxodu Irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 433

617 Volglqj Vxuidfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 435

618 Volglqj Prwlrq Ghvfulswlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

619 Volglqj Vxuidfh Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

61: Frqwuroohu Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

61:14 Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443

61:15 Forvhg0Orrs Fkdudfwhulvwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447

61; Qxphulfdo Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

61< Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 458

7 Rxwsxw Ihhgedfn Irupxodwlrq 46<

yll



714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

715 V|vwhp Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 473

716 Uhjxodu Irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 474

717 Volglqj Vxuidfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 476

718 Volglqj Prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47:

71814 Volglqj Prwlrq Ghvfulswlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47;

71815 Vwdelolw| Fkdudfwhulvwlfv ri 7�U 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47<

719 Volglqj Vxuidfh Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 484

71: Frqwuroohu Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 489

71:14 Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48:

71:15 Vhpl0Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 494

71; Qxphulfdo Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 495

71;14 Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 496

71;15 Vhpl0Dfwlyh Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49<

71< Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:6

8 Frqfoxvlrqv dqg Ixwxuh Zrun 4<4

D Vxffhvvlyh Vxevwlwxwlrq Dojrulwkp 4<8

ylll



Olvw ri Iljxuhv

514 Uhsuhvhqwdwlrq ri wkh volglqj vxuidfh lq wkh vwdwh vsdfh dqg wkh fruuhvsrqglqj

uhdfklqj dqg volglqj skdvhv ri wkh prwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

515 Uhsuhvhqwdwlrq ri wkh volglqj vxuidfh dv dq dv|pswrwlfdoo| vwdeoh htxloleulxp

srlqw1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

516 430vwru| exloglqj prgho zlwk dfwlyh wxqhg pdvv gdpshu dqg dfwlyh whqgrq

v|vwhp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5

517 Dffhohudwlrq uhvsrqvh vshfwud iru wkh jurxqg dffhohudwlrq uhfrugv xvhg lq wkh

qxphulfdo vlpxodwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

518 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw xvlqj df0

wlyh whqgrq frqwuro dqg dfwlyh wxqhg pdvv gdpshu frqwuro1 1 1 1 1 1 1 1 1 1 ;7

519 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg 4vw vwru| vkhdu irufh xvlqj dfwlyh

whqgrq frqwuro dqg dfwlyh wxqhg pdvv gdpshu frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 ;7

51: Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg  rru uhvsrqvh vshfwud iru wrs

 rru xvlqj dfwlyh whqgrq frqwuro dqg dfwlyh wxqhg pdvv gdpshu frqwuro1 1 1 ;8

51; Frqwuro irufh iru dfwlyh whqgrq frqwuro dqg dfwlyh wxqhg pdvv gdpshu frqwuro1 ;8

51< Phfkdqlfdo srzhu iru dfwlyh whqgrq frqwuro dqg dfwlyh wxqhg pdvv gdpshu

frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9

l{



5143 Exloglqj uhvsrqvhv dqg frqwuro uhtxluhphqwv dv d ixqfwlrq ri wkh sdudphwhu

gh�qlqj wkh volglqj vxuidfh iru dfwlyh wxqhg pdvv gdpshu frqwuro1 1 1 1 1 1 ;9

5144 Exloglqj uhvsrqvhv dqg frqwuro uhtxluhphqwv dv d ixqfwlrq ri wkh sdudphwhu

gh�qlqj wkh volglqj vxuidfh iru dfwlyh whqgrq frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 ;:

5145 430vwru| exloglqj prgho htxlsshg zlwk vhpl0dfwlyh ghylfhv1 1 1 1 1 1 1 1 1 1 ;;

5146 Frpsdulvrq ri xqfrqwurohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh xvlqj vhpl0dfwlyh gdpslqj frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

5147 Frpsdulvrq ri uhvsrqvh uhgxfwlrq idfwruv iru sdvvlyh dqg vhpl0dfwlyh gdps0

lqj frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

5148 Frpsdulvrq ri xqfrqwurohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh xvlqj vhpl0dfwlyh vwl�qhvv frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3

5149 Frpsdulvrq ri uhvsrqvh uhgxfwlrq idfwruv iru sdvvlyh dqg vhpl0dfwlyh vwl�qhvv

frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3

514: Frqwuro irufh wlph0klvwru| dqg irufh0glvsodfhphqw uhodwlrq iru wkh ghylfh lq0

vwdoohg dw 4vw vwru| ohyho iru vhpl0dfwlyh vwl�qhvv frqwuro1 1 1 1 1 1 1 1 1 1 1 <4

514; H�hfw ri sdvvlyh dqg vhpl0dfwlyh dgglwlrqdo vwl�qhvv1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4

514< Frpsdulvrq ri uhvsrqvh uhgxfwlrq idfwruv iru sdvvlyh dqg vhpl0dfwlyh vwl�qhvv

frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5

614 430vwru| exloglqj prgho zlwk dfwlyh eudflqj dqg dfwlyh whqgrq v|vwhpv1 1 1 45:

615 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh

ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45;

{



616 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru devroxwh dffhohudwlrq

dqg wrs  rru uhsrqvh vshfwud iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxp0

ehu ri dfwlyh ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45;

617 Frqwuro irufhv iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh

ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45<

618 Phfkdqlfdo srzhu iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh

ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45<

619 Pd{lpxp exloglqj uhvsrqvhv dqg frqwuro uhtxluhphqwv dv d ixqfwlrq ri wkh

sdudphwhu /J iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh

ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 463

61: Pd{lpxp exloglqj uhvsrqvhv dqg frqwuro uhtxluhphqwv dv d ixqfwlrq ri wkh

sdudphwhu q iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh

ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 463

61; Qdwxudo iuhtxhqflhv dqg prgdo gdpslqj udwlrv dv d ixqfwlrq ri wkh sdudph0

whuv gh�qlqj wkh volglqj vxuidfh +qxpehu ri dfwlyh ghylfhv= 5,1 1 1 1 1 1 1 1 464

61< Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug +qxpehu ri

dfwlyh ghylfhv= 4,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 464

6143 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru devroxwh dffhohudwlrq

dqg wrs  rru uhsrqvh vshfwud iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug

+qxpehu ri dfwlyh ghylfhv= 4,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 465

6144 Frqwuro irufh dqg phfkdqlfdo srzhu iru Vdq Ihuqdqgr jurxqg dffhohudwlrq

uhfrug +qxpehu ri dfwlyh ghylfhv= 4,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 465
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6145 Frqwuro irufh dqg srzhu iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug lq wkh

hyhqw ri idloxuh ri 5qg vwru| dfwxdwlrq ghylfh +qxpehu ri dfwlyh ghylfhv= 5,1 466

6146 Frpsdulvrq ri uhvsrqvh uhgxfwlrq idfwruv gxulqj qrupdo rshudwlrq dqg wkh

hyhqw ri dfwxdwru idloxuh +qxpehu ri dfwlyh ghylfhv= 5,1 1 1 1 1 1 1 1 1 1 1 1 466

6147 Frpsdulvrq ri wkh ixqfwlrq }�Er� gh�qlqj wkh uhjlrq ri dwwudfwlrq iru wkh

olqhdu dqg qrqolqhdu frqwuro fdvhv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 467

6148 Frpsdulvrq ri uhvsrqvh uhgxfwlrq idfwruv xvlqj olqhdu dqg qrqolqhdu frqwuro

iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh ghylfhv= 5,1 1 1 467

6149 Frpsdulvrq ri volglqj vxuidfh yduldeohv xvlqj olqhdu dqg qrqolqhdu frqwuro

iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +qxpehu ri dfwlyh ghylfhv= 5,1 1 1 468

714 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug + )2 zhljkwlqj

0 qxpehu ri phdvxuhphqwv= ;,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:8

715 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru dffhohudwlrq dqg wrs

 rru uhvsrqvh vshfwud iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug + )2

zhljkwlqj 0 qxpehu ri phdvxuhphqwv= ;,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:8

716 Frqwuro irufhv iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug + )2 zhljkwlqj 0

qxpehu ri phdvxuhphqwv= ;,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:9

717 Phfkdqlfdo srzhu iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug + )2 zhljkw0

lqj 0 qxpehu ri phdvxuhphqwv= ;,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:9

718 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug + )� zhljkwlqj 0

qxpehu ri phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4::
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719 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru dffhohudwlrq dqg wrs

 rru uhvsrqvh vshfwud iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug + )� zhljkwlqj

0 qxpehu ri phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4::

71: Frqwuro irufhv iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug + )� zhljkwlqj 0

qxpehu ri phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:;

71; Phfkdqlfdo srzhu iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug + )� zhljkwlqj 0

qxpehu ri phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:;

71< Pd{lpxp exloglqj uhvsrqvhv dqg frqwuro uhtxluhphqwv dv d ixqfwlrq ri wkh

sdudphwhu ^ iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug +)� zhljkwlqj 0 qxpehu

ri phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:<

7143 Qdwxudo iuhtxhqflhv dqg prgdo gdpslqj udwlrv dv d ixqfwlrq ri wkh sdudphwhu

^ gh�qlqj wkh volglqj vxuidfh +)� zhljkwlqj 0 qxpehu ri phdvxuhphqwv= 45,1 4:<

7144 Frqwuro irufh dqg srzhu iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug lq wkh

hyhqw ri idloxuh ri 5qg vwru| dfwxdwlrq ghylfh +)� zhljkwlqj 0 qxpehu ri

phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;3

7145 Frpsdulvrq ri uhvsrqvh uhgxfwlrq idfwruv gxulqj qrupdo rshudwlrq dqg wkh

hyhqw ri idloxuh ri 5qg vwru| dfwxdwlrq ghylfh +)� zhljkwlqj 0 qxpehu ri

phdvxuhphqwv= 45,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;3

7146 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug1 1 1 1 1 1 1 1 4;4

7147 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru dffhohudwlrq dqg wrs

 rru uhvsrqvh vshfwud iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug1 1 1 1 1 4;4
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7148 Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg  rru dffhohudwlrq dqg  rru uh0

vsrqvh vshfwud iru Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug +7wk dqg 9wk

 rruv,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;5

7149 Vhpl0dfwlyh frqwuro irufh iru 5qg vwru| ghylfh iru Vdq Ihuqdqgr jurxqg df0

fhohudwlrq uhfrug1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;5

714: Vhpl0dfwlyh frqwuro irufh iru 7wk vwru| ghylfh iru Vdq Ihuqdqgr jurxqg df0

fhohudwlrq uhfrug1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6

714; Yduldeoh vwl�qhvv frh!flhqw wlph klvwrulhv iru 5qg dqg 7wk vwru| ghylfhv iru

Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6

714< Frpsdulvrq ri xqfrqwuroohg dqg frqwuroohg wrs  rru glvsodfhphqw dqg 4vw

vwru| vkhdu irufh iru Ho Fhqwur jurxqg dffhohudwlrq uhfrug1 1 1 1 1 1 1 1 1 1 4;7

7153 Vhpl0dfwlyh frqwuro irufh iru 5qg vwru| ghylfh iru Ho Fhqwur jurxqg dffhohu0

dwlrq uhfrug1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;7

7154 Vhpl0dfwlyh frqwuro irufh iru 7wk vwru| ghylfh iru Ho Fhqwur jurxqg dffhohu0

dwlrq uhfrug1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;8

7155 Yduldeoh vwl�qhvv frh!flhqw wlph klvwrulhv iru 5qg dqg 7wk vwru| ghylfhv iru

Ho Fhqwur jurxqg dffhohudwlrq uhfrug1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;8
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Olvw ri Wdeohv

514 Pd{lpxp uhodwlyh glvsodfhphqwv xvlqj dfwlyh wxqhg pdvv gdpshu dqg dfwlyh

whqgrq frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

515 Pd{lpxp devroxwh dffhohudwlrqv xvlqj dfwlyh wxqhg pdvv gdpshu dqg dfwlyh

whqgrq frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7

516 Pd{lpxp frqwuro irufh uhtxluhphqwv xvlqj dfwlyh wxqhg pdvv gdpshu dqg

dfwlyh whqgrq frqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8

517 Pd{lpxp lqwhuvwru| vkhdu irufhv xvlqj sdvvlyh dqg vhpl0dfwlyh frqwuro1 1 1 <9

518 Pd{lpxp devroxwh dffhohudwlrqv xvlqj sdvvlyh dqg vhpl0dfwlyh frqwuro1 1 1 <:

614 Pd{lpxp uhodwlyh glvsodfhphqwv xvlqj dfwlyh frqwuro +jhqhudol}hg volglqj

vxuidfh 2 ixoo vwdwh ihhgedfn,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 469

615 Pd{lpxp devroxwh dffhohudwlrqv xvlqj dfwlyh frqwuro +jhqhudol}hg volglqj

vxuidfh 2 ixoo vwdwh ihhgedfn,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46:

616 Pd{lpxp frqwuro irufh uhtxluhphqwv +jhqhudol}hg volglqj vxuidfh 2 ixoo vwdwh

ihhgedfn,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;

714 Pd{lpxp uhodwlyh glvsodfhphqwv xvlqj dfwlyh frqwuro +jhqhudol}hg volglqj

vxuidfh 2 ixoo vwdwh dqg rxwsxw ihhgedfn,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;9

715 Pd{lpxp devroxwh dffhohudwlrqv xvlqj dfwlyh frqwuro +jhqhudol}hg volglqj

vxuidfh 2 ixoo vwdwh dqg rxwsxw ihhgedfn,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;:

{y



716 Pd{lpxp frqwuro irufh uhtxluhphqwv +jhqhudol}hg volglqj vxuidfh 2 ixoo vwdwh

dqg rxwsxw ihhgedfn,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;;

717 Pd{lpxp uhodwlyh glvsodfhphqwv xvlqj vhpl0dfwlyh frqwuro +vwdwlf volglqj vxu0

idfh 2 ixoo vwdwh ihhgedfn dqg jhqhudol}hg volglqj vxuidfh 2 rxwsxw ihhgedfn,1 4;<

718 Pd{lpxp devroxwh dffhohudwlrqv xvlqj vhpl0dfwlyh frqwuro +vwdwlf volglqj vxu0

idfh 2 ixoo vwdwh ihhgedfn dqg jhqhudol}hg volglqj vxuidfh 2 rxwsxw ihhgedfn,1 4<3
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Fkdswhu 4

Lqwurgxfwlrq

414 Frqwuro ri Flylo Vwuxfwxuhv

Wkh fhqwudo sureohp ri hduwktxdnh hqjlqhhulqj lv wkh ghvljq ri flylo hqjlqhhulqj vwuxfwxuhv

vxfk wkdw wkh| fdq zlwkvwdqg wkh irufhv dqg dffrpprgdwh wkh ghirupdwlrqv wkdw duh lq0

gxfhg gxulqj d vhlvplf hyhqw1 Reylrxvo|/ wkh uhvsrqvh ri wkh v|vwhp fdq dozd|v eh olplwhg

e| surylglqj vwurqjhu vwuxfwxudo phpehuv exw lq jhqhudo wkh v|vwhp lv qrw ghvljqhg wr

ixoo| uhvlvw wkh ghvljq irufhv ehfdxvh wklv zrxog eh xqhfrqrplfdo1 Wkhuhiruh/ lw kdv ehhq d

frpprq sudfwlfh wr jhqhudwh pruh gxfwloh ghvljqv/ surylglqj wkh phdqv iru dghtxdwh hq0

huj| glvvlsdwlrq wkurxjk wkh |lhoglqj ri lqglylgxdo phpehuv dqg wkh jhqhudwlrq ri orfdol}hg

sodvwlf klqjhv1 Wkhuhiruh/ wkh rffxuuhqfh ri gdpdjh gxulqj d vhlvplf hyhqw lv xqdyrlgdeoh

lq wkh frqwh{w ri wklv ghvljq sklorvrsk|1 Wkh sureohp zlwk wklv dssurdfk lv wkdw wkh shu0

pdqhqw ghirupdwlrqv lq wkh vwuxfwxuh vxuylylqj wkh vhlvplf hyhqw pd| vhulrxvo| d�hfw lwv

vhuylfh olih/ ohdglqj wr wkh qhhg iru h{shqvlyh uhsdluv1 Wkhuhiruh/ dowhuqdwlyh dssurdfkhv duh

frqvwdqwo| lqyhvwljdwhg wr surgxfh vwuxfwxudo ghvljqv wkdw vdwlvi| erwk vdihw| dqg hfrqrplf

uhtxluhphqwv1

Uhfhqwo|/ wkh dwwhqwlrq ri wkh flylo hqjlqhhulqj frppxqlw| kdv irfxvhg rq uhgxflqj

irufhv dqg ghirupdwlrqv lq vwuxfwxuhv/ wkurxjk wkh phwkrgv ri vwuxfwxudo frqwuro/ wr uhdol}h
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qrw rqo| vdihu exw dovr pruh hfrqrplfdo vwuxfwxudo ghvljqv1 Vwuxfwxudo frqwuro vwudwhjlhv

duh pdwhuldol}hg e| vshfldo ghylfhv zklfk duh dgghg wr wkh v|vwhp wr uhgxfh wkh vwuxfwxudo

uhvsrqvh lq rughu wr ixo�oo pxowlsoh remhfwlyhv1 Wkhvh phwkrgv ri uhvsrqvh uhgxfwlrq fdq

dgguhvv qrw rqo| wkh suhyhqwlrq ri wrwdo idloxuh ru wkh olplwdwlrq ri gdpdjh exw dovr wkh|

fdq eh ghvljqhg wr surylgh frpiruw wr wkh rffxsdqwv ri wkh vwuxfwxuh1 Ghshqglqj rq wkh

prgh ri rshudwlrq ri wkhvh vshfldo ghylfhv/ wkh vwuxfwxudo uhvsrqvh frqwuro phwkrgv fdq eh

eurdgo| fodvvl�hg dv sdvvlyh/ dfwlyh dqg vhpl0dfwlyh frqwuro dssurdfkhv1

Lq wkh sdvvlyh frqwuro phwkrgv/ wkh lghd lv wr gh hfw wkh vhlvplf lqsxw hqhuj| iurp uhdfk0

lqj wkh grplqdqw prghv ri wkh vwuxfwxuh e| xvlqj edvh lvrodwlrq ru wxqhg pdvv gdpshuv

dqg2ru wr glvvlsdwh wkh yleudwlrq hqhuj| lq orfdol}hg hohphqwv fdoohg hqhuj|0devruelqj gh0

ylfhv1 Sdvvlyh frqwuro vfkhphv kdyh wkh dgydqwdjh ri uhtxlulqj olwwoh pdlqwhqdqfh1 Dovr/

wkh| gr qrw ghshqg rq dq h{whuqdo srzhu vxsso| wr rshudwh1 Wkh rqo| sureohp zlwk sdvvlyh

frqwuro phwkrgv lv wkhlu lqkhuhqw olplwdwlrqv wr eh �qh0wxqhg iru h!flhqw ghvljqv djdlqvw

h{flwdwlrqv ri gl�huhqw fkdudfwhulvwlfv1

Wkh dfwlyh frqwuro phwkrgv/ rq wkh rwkhu kdqg/ uhgxfh wkh vwuxfwxudo uhvsrqvh e| ds0

so|lqj frxqwhudfwlqj frqwuro irufhv h{whuqdoo|1 Lq dfwlyh frqwuro vfkhphv/ vhqvlqj ghylfhv

duh xvhg wr phdvxuh wkh h{whuqdo glvwxuedqfh dqg2ru wkh vwuxfwxudo uhvsrqvh1 Wklv lqiru0

pdwlrq lv ihg lqwr wkh frqwuroohu zklfk v|qwkhvl}hv wkh phdvxuhg txdqwlwlhv dqg vwuxfwxudo

sdudphwhu lqirupdwlrq wr jhqhudwh wkh fruuhvsrqglqj frqwuro vljqdo1 Wklv vljqdo lv wkhq

lqsxw wr wkh dfwxdwruv zklfk/ li gulyhq e| dq dghtxdwh srzhu vrxufh/ duh deoh wr surgxfh

wkh ghvluhg frqwuro dfwlrq1 Wkh kljk frqwuro dxwkrulw| fkdudfwhulvwlf ri wkh dfwlyh frqwuro

dssurdfkhv fdq surylgh lpsruwdqw uhvsrqvh uhgxfwlrqv hyhq xqghu vhyhuh g|qdplf ordgv1

Krzhyhu/ zkhq frpsduhg wr sdvvlyh frqwuro v|vwhpv/ wkh frpsoh{lwlhv dqg xqfhuwdlqwlhv

dvvrfldwhg zlwk dfwlyh frqwuro vfkhphv duh pxfk juhdwhu1 Dovr/ dq lpsruwdqw lvvxh lv wkh
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pdjqlwxgh ri wkh frqwuro irufhv uhtxluhg wr dfklhyh phdqlqjixo ohyhov ri uhvsrqvh uhgxfwlrq/

hvshfldoo| lq wkh fdvh ri flylo vwuxfwxuhv1

Lq wkh vhpl0dfwlyh frqwuro phwkrgv/ wkh frxqwhudfwlyh frqwuro irufhv duh fuhdwhg e|

uhdfwlyh irufhv lq vshfldo gdpshuv dqg2ru vwl�hqhuv dgghg wr wkh vwuxfwxuh1 Wkh whpsrudo

uhjxodwlrq ri wkh uhvxowlqj uhdfwlyh irufh fdq eh grqh/ iru h{dpsoh/ e| vlpsoh rshqlqj dqg

forvlqj ri  xlg sdvvdjhv ru e| fkdqjhv lq pdjqhwlf  x{ ru hohfwulfdo fxuuhqw/ ghshqglqj rq

wkh sulqflsoh jryhuqlqj wkh ehkdylru ri wkh ghylfh1 Vhpl0dfwlyh frqwuro dssurdfkhv kdyh

wkh dgydqwdjh wkdw wklv irufh uhjxodwlrq rshudwlrqv xvxdoo| uhtxluh d vpdoo srzhu vrxufh1

Wkhvh phwkrgv uhsuhvhqw d frpsurplvh ehwzhhq ixoo| dfwlyh frqwuro dqg sdvvlyh frqwuro

dssurdfkhv1

415 Olwhudwxuh Vxuyh|

Lq wkh vhtxho/ d eulhi ghvfulswlrq ri ghyhorsphqwv dqg uhodwhg zrunv lq wkh duhdv ri sdvvlyh/

dfwlyh dqg vhpl0dfwlyh frqwuro ri flylo hqjlqhhulqj vwuxfwxuhv lv suhvhqwhg1

41514 Sdvvlyh Frqwuro

Wkh prvw uhohydqw dssolfdwlrqv ri sdvvlyh frqwuro vfkhphv wr flylo hqjlqhhulqj vwuxfwxuhv

duh edvh lvrodwlrq v|vwhpv/ wxqhg pdvv gdpshuv dqg dgghg hqhuj|0devruelqj ghylfhv1 Wkh

sulqflsoh ehklqg edvh lvrodwlrq lv wkh lqfuhdvh ri wkh ixqgdphqwdo shulrg ri wkh vwuxfwxuh/

prylqj lw dzd| iurp wkh kljk hqhuj| frqwhqw uhjlrq ri wkh vhlvplf lqsxw dqg wkxv uhgxflqj

wkh wudqvplvvlrq ri hqhuj| wr wkh �uvw yleudwlrq prgh1 Edvh lvrodwlrq v|vwhpv jhqhudoo| duh

frqvwlwxwhg e| hodvwrphulf ehdulqjv ru volglqj ehdulqjv/ zklfk duh vwl� dqg vwurqj hqrxjk

wr vxssruw wkh yhuwlfdo ordgv exw txlwh  h{leoh lq wkh krul}rqwdo gluhfwlrq ^96`1 Ehvlghv

 h{lelolw|/ wkhvh v|vwhpv dovr kdyh lpsruwdqw hqhuj| devruelqj fdsdelolwlhv surylghg e| wkh

kljk gdpslqj ri wkh hodvwrphulf ehdulqjv ru wkh iulfwlrqdo ehkdylru ri wkh volglqj ehdulqjv1
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Wklv dgghg gdpslqj ehfrphv lpsruwdqw wr uhgxfh wkh uhvsrqvh lq wkh fdvh ri h{flwdwlrqv

zlwk vljql�fdwlyh hqhuj| lq orzhu iuhtxhqf| udqjhv ^45`1

Wxqhg pdvv gdpshuv ru yleudwlrq devruehuv edvlfdoo| frqvlvw ri d prylqj dx{loldu| pdvv

dwwdfkhg wr wkh sulpdu| vwuxfwxuh1 Wkh vhlvplf lqsxw hqhuj| lv wudqviruphg lqwr nlqhwlf

hqhuj| ri wkh prylqj pdvv/ zklfk lv surshuo| ghvljqhg wr lqgxfh g|qdplf irufhv rssrvlqj

wkh prwlrq ri wkh sulpdu| v|vwhp1 Wkh dgydqwdjh ri wklv ehkdylru lv fohduo| vhhq iurp wkh

iuhtxhqf| uhvsrqvh ixqfwlrq ri wkh uhvxowlqj v|vwhp= dq dqwluhvrqdqfh h�hfw lv jhqhudwhg

dw wkh iuhtxhqf| dw zklfk wkh ghylfh lv wxqhg dqg wzr qhz vpdoohu uhvrqdqfh shdnv dsshdu

vxuurxqglqj wklv iuhtxhqf|1 Wr ixuwkhu uhgxfh wkhvh shdnv/ wkh frqqhfwlrq ri wkh prylqj

pdvv wr wkh sulpdu| vwuxfwxuh lv xvxdoo| surylghg zlwk hqhuj| glvvlsdwlrq fkdudfwhulvwlfv

^<4`1 Wkhvh ghylfhv kdyh irxqg zlgh dssolfdwlrq lq phfkdqlfdo hqjlqhhulqj iru v|vwhpv

vxemhfw wr qduurz edqg h{flwdwlrqv dqg h{whqvlyh uhvhdufk kdv ehhq grqh wr ghwhuplqh wkh

iuhtxhqf| wxqlqj dqg gdpslqj fkdudfwhulvwlfv surylglqj rswlpxp shuirupdqfh ^<6/ <7`1 Lq

flylo hqjlqhhulqj dssolfdwlrqv/ wxqhg pdvv gdpshuv duh xvxdoo| wxqhg wr wkh �uvw qdwxudo

shulrg ri wkh vwuxfwxudo v|vwhp1 Wkhuhiruh/ wkh| duh prvw h�hfwlyh lq wkrvh vlwxdwlrqv

zkhuh wkh �uvw prgh frqwulexwlrq wr wkh uhvsrqvh lv grplqdqw ^:8`1 Wklv lv jhqhudoo| wkh

fdvh iru wdoo dqg vohqghu vwuxfwxudo v|vwhpv1 Lq wkh fdvh ri hduwktxdnh h{flwdwlrqv/ gxh wr

wkh eurdghu iuhtxhqf| frqwhqw ri wkh lqsxw/ wkh prylqj0pdvv h�hfw kdv ehhq uhsruwhg qrw wr

eh yhu| h�hfwlyh> wkh uroh sod|hg e| wkh gdpslqj fkdudfwhulvwlfv ri wkh wxqhg pdvv gdpshu

wkhq ehfrphv lpsruwdqw ^<5`1 Dowhuqdwlyh vroxwlrqv edvhg rq wkh xvh ri pxowlsoh wxqhg

pdvv gdpshuv kdv ehhq sursrvhg wr lpsuryh wkh shuirupdqfh xqghu zlgh edqg h{flwdwlrqv

^63`1

Ilqdoo|/ wkh wklug irup ri sdvvlyh surwhfwlrq lv jlyhq e| dgghg hqhuj|0devruelqj ghylfhv1

Wkh| duh xvhg wr lqgxfh orfdol}hg hqhuj| glvvlsdwlrq1 Vrph ri wkh prvw frpprq hqhuj|0
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devruelqj ghylfhv duh iulfwlrq gdpshuv/  xlg ylvfrxv gdpshuv/ phwdoolf |lhoglqj hohphqwv

dqg ylvfrhodvwlf gdpshuv ^96`1 Sdvvlyh dssurdfkhv kdyh irxqg dssolfdwlrqv lq hqjlqhhulqj

sudfwlfh/ qrw rqo| lq vwuxfwxudo uhwur�wwlqj exw dovr lq qhz ghvljqv1 Vhyhudo h{dpsohv fdq

eh flwhg looxvwudwlqj wkh dssolfdwlrq ri sdvvlyh surwhfwlyh v|vwhpv lq exloglqjv dqg eulgjhv

^45/ 96`1

41515 Dfwlyh Frqwuro

Dv phqwlrqhg ehiruh/ dfwlyh frqwuro vfkhphv uhgxfh vwuxfwxudo uhvsrqvh e| gluhfw dssolfd0

wlrq ri h{whuqdo frxqwhudfwlqj irufhv1 Dprqj wkh gl�huhqw dowhuqdwlyhv vxjjhvwhg wr dsso|

wkh irufhv uhtxluhg e| wkh frqwuro odz/ wkh prvw frpprq rqhv duh wkh dfwlyh wxqhg pdvv

gdpshu/ wkh dfwlyh pdvv gulyhu/ wkh k|eulg pdvv gdpshu dqg wkh dfwlyh whqgrq v|vwhp1

Wkh dfwlyh wxqhg pdvv gdpshu lv edvlfdoo| d sdvvlyh wxqhg pdvv gdpshu htxlsshg zlwk k|0

gudxolf dfwxdwruv dfwlqj ehwzhhq wkh wxqhg pdvv dqg wkh sulpdu| v|vwhp ^435`1 Wkh dfwlyh

rshudwlrq ri wkh wxqhg pdvv gdpshu lqfuhdvhv lwv h�hfwlyhqhvv lq uhvsrqvh uhgxfwlrq zlwk

uhvshfw wr wkh fruuhvsrqglqj sdvvlyh rshudwlrq/ zklfk lv jhqhudoo| wxqhg wr wkh �uvw vwuxf0

wxudo shulrg1 Wkh dfwlyh pdvv gulyhu +ru surri0pdvv dfwxdwru, frqvlvwv rqo| ri wkh dx{loldu|

pdvv frqqhfwhg wr wkh uhdfwlrq zdoo ri wkh exloglqj rqo| e| wkh dfwxdwlrq v|vwhp/ zlwk

qr vljql�fdqw sdvvlyh wxqlqj h�hfw1 D k|eulg pdvv gdpshu lv d jhqhudo gh�qlwlrq zklfk

lqfoxghv dq| irup ri prylqj0pdvv0edvhg ghylfh wkdw frpelqhv dfwlyh dqg sdvvlyh dfwxdwlrq

prghv1 Lq wklv vhqvh/ wkh dfwlyh wxqhg pdvv gdpshu frxog eh frqvlghuhg d k|eulg ghylfh

^77`1 Dq lqwhuhvwlqj k|eulg ghylfh zdv sursrvhg e| Vdndprwr dqg Nrerul ^:3`/ frqvlvwlqj

ri d vpdoo dfwlyh pdvv gulyhu dfwlqj rq wrs ri d sdvvlyh wxqhg pdvv gdpshu1 Lq jhqhudo/

wkh dfwlyh pdvv gulyhu lv pruh h�hfwlyh lq uhgxflqj wkh frqwulexwlrqv wr wkh uhvsrqvh ri doo

yleudwlrq prghv/ zkhuhdv wkh k|eulg ghylfhv duh pruh h!flhqw lq qhxwudol}lqj wkh sduwlf0

lsdwlrq ri wkrvh prghv dw zklfk wkh sdvvlyh frpsrqhqw lv wxqhg ^77`1 Ilqdoo|/ wkh dfwlyh
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whqgrq v|vwhp ru dfwlyh eudflqj v|vwhp frqvlvwv ri suhvwuhvvhg whqgrqv ru vwuxfwxudo eudfhv

zkrvh whqvlrqv duh frqwuroohg e| k|gudxolf dfwxdwruv ^:9`1

Lq jhqhudo/ wkh ghyhorsphqw ri dojrulwkpv iru dfwlyh frqwuro kdv ehhq grqh txlwh lqgh0

shqghqwo| ri wkh fkdudfwhulvwlfv ri wkh dfwxdwlrq ghylfhv1 Lq pdq| fdvhv/ wkh dojrulwkpv duh

ghyhorshg xqghu wkh dvvxpswlrq ri xqfrqvwudlqhg dydlodelolw| ri wkh uhtxluhg frqwuro df0

wlrqv1 Reylrxvo|/ wkh g|qdplf fkdudfwhulvwlfv dqg olplwdwlrqv ri wkh dfwxdwruv zloo lq xhqfh

wkh shuirupdqfh ri wkh uhvxowlqj v|vwhp dqg vrph vwxglhv kdyh lqfoxghg wkhvh h�hfwv lq wkh

ghvljq ri wkh frqwuro odz1 Exw lq jhqhudo/ lw lv idlu wr vd| wkdw lq dfwlyh frqwuro vwudwhjlhv

wkh dfwxdwlrq ghylfh grhv qrw frqglwlrq ru ghwhuplqh wkh vhohfwhg dojrulwkp1 Wklv idfw

fdq eh wkrxjkw/ lq sduw/ dv lqkhulwhg iurp rwkhu hqjlqhhulqj glvflsolqhv/ vxfk dv hohfwulfdo/

phfkdqlfdo ru dhurvsdfh hqjlqhhulqj/ zkhuh wkh sudfwlfdo ihdvlelolw| ri wkh uhtxluhg frqwuro

dfwlrqv pd| kdyh qrw ehhq d fulwlfdo lvvxh1 Lq wkh fdvh ri frqwuro ri flylo vwuxfwxuhv/ krzhyhu/

wkh sudfwlfdo ihdvlelolw| lv d sdudprxqw lvvxh1

Dv phqwlrqhg e| \dqj dqg Vrrqj ^435`/ wkh uhvsrqvh frqwuro ri flylo hqjlqhhulqj vwuxf0

wxuhv lv d sureohp zlwk h{fhswlrqdo fkdudfwhulvwlfv1 Wklv lv gxh wr wkh vl}h ri wkh remhfw

wr eh frqwuroohg dqg wkh xqfhuwdlq qdwxuh ri wkh h{flwdwlrqv/ zklfk gl�huhqwldwh lw iurp

wkh frqwuro sureohpv dulvlqj lq dhurvsdfh/ phfkdqlfdo dqg hohfwulfdo hqjlqhhulqj1 Wkh lghd

ri xvlqj vrph irup ri frqwuro dfwlrqv wr olplw wkh uhvsrqvh ri flylo hqjlqhhulqj vwuxfwxuhv

vwduwhg wr hphujh edfn lq wkh hduo| 4<93v ^74`1 Exw lw lv lq wkh slrqhhu sdshu e| \dr ^44<`

lq 4<:5 zkhuh wkh frqfhsw ri dfwlyh vwuxfwxudo frqwuro lv fohduo| irupxodwhg1 Vlqfh dw wkh

ghvljq vwdjh lw lv lpsrvvleoh wr h{dfwo| suhglfw wkh g|qdplf glvwxuedqfhv vxfk dv jurxqg

prwlrq ru zlqg irufhv/ wkh vwuxfwxuh lwvhoi pxvw uhdfw gxulqj wr uhvlvw wkhvh hqylurqphqwdo

irufhv1 Wklv frqfhsw frqvwlwxwhg wkh irxqgdwlrq iru wkh vxevhtxhqw uhvhdufk ghyhorsphqwv1

Lq wkh vhtxho/ wkh prvw uhohydqw frqwulexwlrqv lq wkh duhd ri dfwlyh vwuxfwxudo frqwuro duh
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fodvvl�hg dqg eulh | uhylhzhg1

Olqhdu Rswlpdo Frqwuro= Pdq| ri wkh �uvw frqwuro dojrulwkpv sursrvhg wr eh xvhg

lq flylo hqjlqhhulqj dssolfdwlrqv zhuh edvhg rq fodvvlfdo uhvxowv ri rswlpdo frqwuro wkhru|

^43/ 85/ 9:/ <;/ <</ 453`1 Lq wkh rswlpdo frqwuro sureohp/ wkh frqwuro dfwlrqv duh fdofxodwhg

e| plqlpl}lqj d vshfl�hg frvw ru shuirupdqfh lqgh{1 Wkh shuirupdqfh lqgh{ lv d ixqfwlrqdo

xvxdoo| h{suhvvhg lq wkh irup ri dq lqwhjudo ryhu d jlyhq wlph lqwhuydo1 Zkhq wkh v|vwhp lv

olqhdu dqg wkh frvw lv txdgudwlf lq wkh v|vwhp vwdwhv dqg wkh frqwuro vljqdov/ wkh sureohp

lv uhihuuhg wr dv wkh olqhdu txdgudwlf uhjxodwru +OTU, sureohp1 Wkh ghwhuplqdwlrq ri wkh

rswlpdo frqwuro odz fdq eh grqh xvlqj hlwkhu d yduldwlrqdo dssurdfk ru wkh phwkrg ri

g|qdplf surjudpplqj ^73`1 Wkh yduldwlrqdo whfkqltxh zloo ohdg wr d wzr srlqw erxqgdu|

ydoxh sureohp zkrvh vroxwlrq ghwhuplqhv wkh rswlpdo frqwuro1 Rq wkh rwkhu kdqg/ g|qdplf

surjudpplqj zloo ohdg wr d sduwldo gl�huhqwldo htxdwlrq wkdw pxvw eh vdwlv�hg e| wkh rswlpdo

frqwuro/ nqrzq dv wkh Kdplowrq0Mdfrel0Ehoopdq htxdwlrq1 Lq erwk fdvhv/ zkhq wkh v|vwhp lv

d�hfwhg e| dq h{whuqdo glvwxuedqfh/ wkh rswlpdo vroxwlrq lv jlyhq e| d frqwuro odz lq wkh irup

ri wlph0ydu|lqj vwdwh ihhgedfn dqg ihhgiruzdug frpsrqhqwv1 Wkh wlph0ydu|lqj ihhgedfn

pxvw eh ghwhuplqhg e| vroylqj d qrqolqhdu pdwul{ gl�huhqwldo htxdwlrq/ nqrzq dv wkh

Ulffdwl htxdwlrq1 Wkh ihhgiruzdug frpsrqhqw pxvw eh rewdlqhg e| vroylqj d v|vwhp ri �uvw

rughu gl�huhqwldo htxdwlrqv zlwk wlph0ydu|lqj frh!flhqwv dqg zkrvh iruflqj whup ghshqgv

rq wkh h{whuqdo h{flwdwlrq1 Wkh sureohp lv wkdw wkh uhvxowlqj ihhgiruzdug frpsrqhqw ri wkh

frqwuro lv qrw fdxvdo1 Wklv gl�huhqwldo v|vwhp pxvw eh vroyhg edfnzdugv lq wlph/ uhtxlulqj

wkh ixwxuh nqrzohgjh ri wkh glvwxuedqfh/ zklfk lv qrw ihdvleoh lq wkh fdvh ri dq vhlvplf

hyhqw1 Dv d uhvxow ri wklv/ wkh dssolfdwlrq ri rswlpdo frqwuro wr wkh sureohp ri frqwuro ri

flylo vwuxfwxuhv vxemhfwhg wr vhlvplf h{flwdwlrq lv grqh vxerswlpdoo|/ zlwkrxw frqvlghudwlrq

ri wkh h{whuqdo h{flwdwlrq1
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Qhjohfwlqj wkh h{whuqdo h{flwdwlrq/ wkh rswlpdo frqwuro lv jlyhq rqo| e| wkh ihhgedfn

frpsrqhqw1 Qrwh dovr wkdw hyhq iru d wlph0lqyduldqw v|vwhp/ wkh rswlpdo frqwuro odz lv

wlph0ydu|lqj/ lqfuhdvlqj wkh frpsoh{lw| ri wkh uhvxowlqj frqwuro v|vwhp1 Xvxdoo|/ d wlph

lqyduldqw ihhgedfn frqwuro odz lv jhqhudwhg e| dvvxplqj dq lq�qlwh krul}rq ri wkh rswlpl}d0

wlrq sureohp1 Lq wklv fdvh/ wkh ghwhuplqdwlrq ri d frqvwdqw ihhgedfn jdlq pxvw eh grqh e|

vroylqj wkh vwhdg|0vwdwh yhuvlrq ri wkh pdwul{ gl�huhqwldo Ulffdwl htxdwlrq/ nqrzq dv wkh

dojheudlf Ulffdwl htxdwlrq1 Wkh xvh ri dq lq�qlwh wlph lqwhuydo eulqjv lqwr frqvlghudwlrq

wkh vwdelolw| ri wkh uhvxowlqj frqwuroohg v|vwhp1 D vroxwlrq ri wkh Ulffdwl htxdwlrq jhqhu0

dwlqj dq dv|pswrwlfdoo| vwdeoh forvhg0orrs v|vwhp lv jxdudqwhhg wr h{lvw rqo| li wkh v|vwhp

vdwlv�hv vwdelol}delolw| dqg ghwhfwdelolw| frqglwlrqv ^5`1 Dv phqwlrqhg ehiruh/ lq wkh fdvh ri

vwuxfwxuhv vxemhfwhg wr vhlvplf glvwxuedqfhv/ wkh vroxwlrq surylghg e| wkh lq�qlwh krul}rq

OTU irupxodwlrq lv qrw d wuxo| rswlpdo dssurdfk dv lw ljqruhv wkh lqsxw h{flwdwlrq whupv

lq wkh rswlpl}dwlrq surfhvv1 Qhyhuwkhohvv wklv dssurdfk kdv ehhq uhshdwhgo| xvhg lq wkh

vwuxfwxudo frqwuro frppxqlw| dv d frqyhqlhqw dqg xvhixo wrro wr jhqhudwh vwdeoh frqwuroohuv

lq erwk dqdo|wlfdo dqg h{shulphqwdo uhvhdufk1

Revhuyhuv dqg Rxwsxw Ihhgedfn= D pdmru gudzedfn ri wkh rswlpxp frqwuro odz lv

wkdw lw zdv rewdlqhg xqghu wkh dvvxpswlrqv wkdw doo wkh vwdwhv duh dydlodeoh wr jhqhudwh

wkh frqwuro dfwlrqv1 Lw lv/ krzhyhu/ xquhdvrqdeoh wr h{shfw wkdw wkh vwdwh yhfwru fdq eh

phdvxuhg lq wkhlu hqwluhw|1 Xvxdoo| wkh dydlodeoh lqirupdwlrq lv duudqjhg lq wkh irup ri

dq rxwsxw yhfwru zkrvh glphqvlrq lv vpdoohu wkdq wkh qxpehu ri vwdwhv1 Wkhuhiruh/ vrph

irup ri vwdwh hvwlpdwlrq pxvw eh lpsohphqwhg1 Lq jhqhudo/ d ixoo0rughu revhuyhu frqvlvwv ri

d prgho ri wkh ruljlqdo v|vwhp/ h{flwhg e| wkh gl�huhqfh ehwzhhq wkh dfwxdo phdvxuhphqwv

dqg wkh hvwlpdwhg phdvxuhphqwv1 Wkh vwuxfwxuh ri wkh revhuyhu lv gh�qhg e| d jdlq pdwul{

zklfk dfwv dv d ghvljq sdudphwhu dqg lw kdv wr eh vhohfwhg dssursuldwho| wr dfklhyh vrph
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ghvluhg hvwlpdwlrq shuirupdqfh1 Wkh frqwuro odz lv wkhq edvhg rq wkh hvwlpdwhg vwdwhv

dqg wkh uhvxowlqj forvhg0orrs v|vwhp kdv d glphqvlrq wzlfh wkh glphqvlrq ri wkh ruljlqdo

v|vwhp1 Wkh forvhg0orrs g|qdplfv ghshqgv rq wkh vhohfwlrq ri wkh jdlq pdwulfhv gh�qlqj

wkh frqwuro odz dqg wkh revhuyhu1 Edvhg rq wkh vr0fdoohg vhsdudwlrq sulqflsoh/ wkh ghvljq

ri wkh frqwuroohu dqg wkh revhuyhu fdq eh fduulhg rxw lqghshqghqwo| ri hdfk rwkhu ^58`1

Wkh ghvljq ri wkh revhuyhu fdq eh shuiruphg lq vrph rswlpdo pdqqhu/ surylghg wkdw

wkh sureohp lv uhirupxodwhg lq d vwrfkdvwlf vhwwlqj1 Lq wklv fdvh/ udqgrp glvwxuedqfhv

dqg phdvxuhphqw huuruv duh lqfrusrudwhg lqwr wkh irupxodwlrq lq wkh irup ri zklwh qrlvh

surfhvvhv1 Wkh uhvxowlqj vwrfkdvwlf uhjxodwru sureohp lv nqrzq dv wkh olqhdu txdgudwlf

Jdxvvldq +OTJ, sureohp ^49`1 Xqghu wkhvh frqglwlrqv/ wkh rswlpdo jdlq pdwul{ iru wkh

revhuyhu lv rewdlqhg dv wkh vroxwlrq ri wkh vr0fdoohg �owhu dojheudlf Ulfdwwl htxdwlrq1 Wkh

lqfrusrudwlrq ri wkh revhuyhu/ krzhyhu/ uhgxfhv wkh vwdelolw| pdujlqv frqvlghudeo| zkhq

frpsduhg wr wkh ixoo vwdwh ihhgedfn OTU vroxwlrq1 Vxssrvhgo| rswlpdo hvwlpdwhg0ihhgedfn

frqwuroohuv/ zhuh riwhq irxqg wr jlyh srru shuirupdqfh/ ru hyhq xqvwdeoh ehkdylru/ lq uhdo0

zruog dssolfdwlrqv ehfdxvh ri kljk vhqvlwlylw| wr prgholqj huuruv1 Wkhuhiruh/ OTJ0edvhg

ghvljqv frxog hdvlo| idlo wr zrun lq hqylurqphqwv zlwk prgho xqfhuwdlqwlhv ehfdxvh ri wklv

odfn ri urexvwqhvv1

Dq dowhuqdwlyh wr wkh revhuyhu0edvhg ghvljq iru wkh fdvh ri olplwhg phdvxuhphqwv lv wkh

gluhfw +ru vwdwlf, rxwsxw ihhgedfn dssurdfk1 Lq wklv fdvh/ wkh frqwuro dfwlrqv duh gluhfwo|

jhqhudwhg e| pxowlso|lqj wkh vhqvru rxwsxwv e| dq dssursuldwho| vhohfwhg jdlq pdwul{ ^7`1

Wkh ghvljq ri wklv pdwul{ fdq eh shuiruphg lq vrph rswlpdo vhqvh e| qhjohfwlqj wkh h{whuqdo

glvwxuedqfh dqg plqlpl}lqj dq lqwhjudo shuirupdqfh lqgh{ zlwk uhvshfw wr wkh lqlwldo vwdwh

ri wkh v|vwhp1 Lq wklv fdvh/ lw zdv vkrzq e| Ohylqh dqg Dwkdqv ^7;` wkdw wkh ghvljq

sureohp uhgxfhv wr wkh vroxwlrq ri d vwdwlf frqvwudlqhg rswlpl}dwlrq sureohp1 D vshfldo
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fdvh ri rxwsxw ihhgedfn lv uhsuhvhqwhg e| gluhfw yhorflw| ihhgedfn zlwk froorfdwhg vhqvruv

dqg dfwxdwruv ^8`1 Wklv phdqv wkdw wkh phdvxuhphqwv duh rewdlqhg xvlqj yhorflw| vhqvruv/

zkrvh qxpehu lv htxdo wr wkh qxpehu ri dfwxdwruv1 Xqghu wkhvh frqglwlrqv/ lw fdq eh vkrzq

wkdw d srvlwlyh vhpl0gh�qlwh jdlq pdwul{ zloo uhqghu d forvhg0orrs v|vwhp xqfrqglwlrqdoo|

vwdeoh lq wkh devhqfh ri vhqvru dqg dfwxdwru g|qdplfv1

Prgdo Frqwuro= Wkh odujh qxpehu ri ghjuhhv ri iuhhgrp qhhghg wr rewdlq uhdolvwlf

prghov ri hqjlqhhulqj vwuxfwxuhv prwlydwhg wkh vr0fdoohg prgdo frqwuro dssurdfk ^6/ 88`1

Wklv frqwuro vwudwhj| lv frqfhuqhg zlwk wkh frqwuro ri d fulwlfdo vxevhw ri prghv ri yleudwlrq

ri wkh vwuxfwxudo v|vwhp/ zkloh ohdylqj wkh uhpdlqlqj +ru uhvlgxdo, prghv xqfrqwuroohg ^44`1

Wkh fulwlfdo prghv fdq eh uhjdughg dv gh�qlqj d uhgxfhg0rughu vxev|vwhp iru zklfk dq

dssursuldwh frqwuroohu lv wr eh ghvljqhg ^6`1 Li wkh htxdwlrqv ri prwlrq fdq eh ghfrxsohg

xvlqj wkh fruuhvsrqglqj prgdo pdwul{/ wkhq wkh g|qdplfv ri wkh v|vwhp fdq eh ghvfulehg

lq whupv ri wzr vxev|vwhpv fruuhvsrqglqj wr wkh frqwuroohg dqg uhvlgxdo prghv1 Lq wklv

frqwh{w/ wkh uhvlgxdo vxev|vwhp frxog dovr eh lqwhusuhwhg dv uhsuhvhqwlqj dq| xqprghohg

g|qdplfv zlwk olqhdu fkdudfwhulvwlfv1

Dv phqwlrqhg ehiruh/ wkh remhfwlyh ri wkh prgdo frqwuro vwudwhj| lv wr vkdsh wkh g|qdp0

lfv ri wkh frqwuroohg vxev|vwhp1 Lq wkh vr0fdoohg frxsohg prgdo frqwuro dssurdfk/ wklv lv

dfklhyhg e| gluhfwo| ghvljqlqj d frqwuro yhfwru zklfk lv d ixqfwlrq ri wkh prgdo frruglqdwhv

dqg2ru wkh prgdo yhorflwlhv fruuhvsrqglqj wr wkh frqwuroohg prghv1 Dqrwkhu dowhuqdwlyh lv

wr ixuwkhu h{sorlw wkh gldjrqdo vwuxfwxuh ri wkh frqwuroohg vxev|vwhp e| gh�qlqj d ghfhq0

wudol}hg frqwuro lqsxw vxfk wkdw hdfk frpsrqhqw ri wkh frqwuro lv ghvljqhg lqghshqghqwo| wr

dfklhyh vrph ghvludeoh remhfwlyh iru hdfk fruuhvsrqglqj prgdo frruglqdwh1 Wklv dssurdfk

lv fdoohg lqghshqghqw prgdo frqwuro ru frqwuro e| prgdo v|qwkhvlv ^87`1 Wkh h�hfwlyhqhvv

ri wklv odvw dowhuqdwlyh ghshqgv rq wkh qxpehu ri prghv wr eh frqwuroohg dqg wkh qxpehu
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ri dfwxdwruv1 Lq prvw fdvhv/ wkh qxpehu ri frqwuro ghylfhv lv xvxdoo| olplwhg e| sudfwlfdo

dqg hfrqrplf uhdvrqv1 Li wkh qxpehu ri dfwxdwruv lv vpdoohu wkdq wkh qxpehu ri frqwuroohg

prghv/ wkhq wklv dssurdfk fdq qrw jhqhudwh d jhqxlqh lqghshqghqw prgdo frqwuro vfkhph/

ehfdxvh wkh frqwuro dfwlrqv uhfrxsoh wkh rwkhuzlvh lqghshqghqw htxdwlrqv ri wkh frqwuroohg

vxev|vwhp1 Dv d frqvhtxhqfh ri wklv/ wkh forvhg0orrs v|vwhp zloo vkrz vrph ghjudgdwlrq lq

shuirupdqfh/ wklv h�hfw ehfrplqj pruh surqrxqfhg dv wkh qxpehu ri frqwuroohuv ghfuhdvhv

zlwk uhvshfw wr wkh qxpehu ri frqwuroohg prghv ^88`1

Lq jhqhudo/ wkh frqwuro vljqdo zloo kdyh wkh irup ri d ihhgedfn odz lq whupv ri wkh

prgdo frruglqdwhv dqg2ru wkh prgdo yhorflwlhv fruuhvsrqglqj wr wkh frqwuroohg prghv1 Lq

sudfwlfdo lpsohphqwdwlrqv/ wkhvh prgdo frruglqdwhv xvxdoo| zloo eh hvwlpdwhg iurp dydlodeoh

phdvxuhphqwv exw wkh vhqvru rxwsxwv zloo eh frqwdplqdwhg zlwk lqirupdwlrq ri wkh uhvlgxdo

vxev|vwhp1 Wklv h�hfw lv nqrzq dv revhuydwlrq vslooryhu1 Dgglwlrqdoo|/ rqfh wkh frqwuroohu

lv lpsohphqwhg lq wkh uhdo v|vwhp/ lw zloo qrw rqo| d�hfw wkh frqwuroohg vxev|vwhp exw dovr

h{flwhv dq| xqprghohg g|qdplfv/ uhsuhvhqwhg e| uhvlgxdo vxev|vwhp1 Wklv h�hfw lv nqrzq

dv frqwuro vslooryhu1 Wkhvh h�hfwv/ uhsuhvhqwlqj lqwhudfwlrqv zlwk wkh uhvlgxdo vxev|vwhp/

pd| surgxfh vhulrxv ghjudgdwlrq ri shuirupdqfh1 Wkh revhuydwlrq vslooryhu h�hfw pd| hyhq

ohdg wr dq xqvwdeoh forvhg0orrs v|vwhp ^7`1

Lqvwdqwdqhrxv Rswlpdo Frqwuro= Lq wkh frqwuro ri vwuxfwxuhv vxemhfwhg wr vhlvplf

glvwxuedqfhv/ wkh vwdqgdug olqhdu rswlpdo frqwuro vroxwlrq lv rewdlqhg e| qhjohfwlqj wkh

lqsxw h{flwdwlrq whupv lq wkh rswlpl}dwlrq surfhvv1 Dq dssur{lpdwhg dssurdfk sursrvhg

e| \dqj dqg fr0zrunhuv ^433` dqg nqrzq dv lqvwdqwdqhrxv rswlpdo frqwuro/ dwwhpswv wr

lqfoxgh wkh h�hfw ri wkh qrqvwdwlrqdu| glvwxuedqfh1 Lq wklv dssurdfk/ sdvw lqirupdwlrq

uhjduglqj wkh lqsxw glvwxuedqfh lv lqfoxghg lq wkh fdofxodwlrq ri wkh frqwuro dfwlrqv1 Wklv

frqwuro phwkrg lv edvhg rq d glvfuhwh0wlph dssur{lpdwlrq ri wkh v|vwhp g|qdplfv1 Wklv
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fdq eh hdvlo| grqh xvlqj wkh wudqvlwlrq pdwul{ dssurdfk iru wkh fdvh ri olqhdu v|vwhpv/ exw lw

fdq eh dovr h{whqghg wr qrqolqhdu v|vwhpv e| hpsor|lqj qxphulfdo lqwhjudwlrq whfkqltxhv1

Wkh phwkrg lv edvhg rq wkh vhdufk iru d frqwuro plqlpl}lqj dq lqvwdqwdqhrxv shuirupdqfh

phdvxuh/ exw wklv irupxodwlrq grhv qrw vhhp wr uhqghu d frqvlvwhqwo| srvhg sureohp1 Wkh

uhvsrqvh ri wkh v|vwhp lv h{suhvvhg dv dq dssur{lpdwlrq iru dq lqwhuydo {|1 Wkh rswlpdo

frqwuro dfwlrq lv rewdlqhg xvlqj wklv dssur{lpdwhg g|qdplfv dv frqvwudlqw htxdwlrqv1 Exw

zkhq {| $ f dqg wkh g|qdplfv ri wkh v|vwhp lv ghvfulehg h{dfwo| lq whupv ri gl�huhqwldo

htxdwlrqv/ wkh vroxwlrq ri wkh sureohp ehfrphv wulyldo ehfdxvh wkh plqlpl}lqj frqwuro

lv htxdo wr }hur1 Wkhuhiruh/ wkh rqo| zd| wr rewdlq d qrq}hur vroxwlrq lv e| duelwudulo|

hqiruflqj {| 9' f zkloh lpsrvlqj wkh g|qdplf frqvwudlqwv lq wkh irup ri dssur{lpdwhg

hyroxwlrq htxdwlrqv lqvwhdg ri gl�huhqwldo vwdwh htxdwlrqv1

Lq Uhi1 ^434` wklv whfkqltxh lv dssolhg wr qrqolqhdu vwuxfwxuhv e| vroylqj wkh htxdwlrqv

ri prwlrq e| xvlqj wkh Zlovrq0w phwkrg1 Wkh h�hfwlyhqhvv ri wkh sursrvhg dssurdfk

zdv qxphulfdoo| hydoxdwhg iru vhyhudo h{dpsoh vwuxfwxuhv1 Wkh h�hfwv ri orfdol}hg lqhodvwlf

ehkdylru lqgxfhg e| uxeehu ehdulqjv dqg glvwulexwhg qrqolqhdulw| jhqhudwhg e| hodvwrsodvwlf

vwru| vwl�qhvv fkdudfwhulvwlfv zhuh lqyhvwljdwhg1 Odwhu/ d sdudphwulf vhqvlwlylw| vwxg| zdv

frqgxfwhg wr lqyhvwljdwh wkh h�hfw ri xqfhuwdlqwlhv lq wkh h!flhqf| ri wkh frqwuro dojrulwkp

^436`1 Wkh h�hfwlyhqhvv ri rswlpdo frqwuro dqg lqvwdqwdqhrxv rswlpdo frqwuro zdv hydoxdwhg

zlwk uhvshfw wr fkdqjhv lq wkh vwl�qhvv dqg gdpslqj fkdudfwhulvwlfv ri d qrplqdo olqhdu

vwuxfwxuh vxemhfwhg wr vhlvplf h{flwdwlrq1

Prwlydwhg e| wkh idfw wkdw wkhvh lqvwdqwdqhrxv rswlpdo frqwuro dojrulwkpv glg qrw jxdu0

dqwhh wkh vwdelolw| ri wkh forvhg0orrs v|vwhp/ dq lpsuryhg surfhgxuh edvhg rq O|dsxqry*v

gluhfw phwkrg zdv sursrvhg e| \dqj hw do1 ^437` iru wkh ghwhuplqdwlrq ri wkh ihhgedfn jdlq

pdwul{ 1 D frqglwlrq iru vwdelolw| lv vdwlv�hg li wkh v|pphwulf ihhgedfn jdlq pdwul{ gh�qlqj
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wkh frqwuro odz lv rewdlqhg dv wkh vroxwlrq ri dq dvvrfldwhg dojheudlf Ulffdwl htxdwlrq1 Lq

d iroorz0xs zrun ^438`/ wklv irupxodwlrq lv h{whqghg wr frqwuro k|vwhuhwlf v|vwhpv zlwk yh0

orflw| dqg dffhohudwlrq ihhgedfn1 Wkh k|vwhuhwlf ehkdylru lv prghohg xvlqj wkh Erxf0Zhq

prgho1 Dvvxplqj wkdw wkh xqfrqwuroohg vwuxfwxuh lv vwdeoh durxqg wkh }hur lqlwldo frqgl0

wlrqv/ wkh qrqolqhdu g|qdplfv lv olqhdul}hg zlwk uhvshfw wr wkh lqlwldo htxloleulxp vwdwh wr

rewdlq d wlph lqyduldqw ihhgedfn odz1

Suhglfwlyh Frqwuro= Dqrwkhu dssurdfk wr irupxodwh dq rswlpdo frqwuro sureohp lv jlyhq

e| wkh vr0fdoohg suhglfwlyh frqwuro ru uhfhglqj0krul}rq frqwuro ^49`1 Wkh edvlf lghd lv wr

frqvlghu d frqwlqxrxvo| prylqj shuirupdqfh lqgh{ lq zklfk wkh �qdo wlph pryhv dorqj

zlwk wkh hyroxwlrq ri wkh v|vwhp1 Lq wklv dssurdfk/ dw dq| jlyhq wlph |/ rqh rswlpl}hv iru

d ixwxuh lqwhuydo ri gxudwlrq {|1 Wklv w|shv ri vroxwlrqv duh yhu| xvhixo zkhq wkh hyroxwlrq

ri wkh h{whuqdo glvwxuedqfh fdq eh lghqwl�hg ru suhglfwhg iru d �qlwh ixwxuh lqwhuydo {|1

Urghoodu dqg fr0zrunhuv ^98/ 99` suhvhqwhg d gljlwdo frqwuro vfkhph edvhg rq wkhvh lghdv1

Lq wkhlu dssurdfk/ dq rswlpl}dwlrq krul}rq lv gh�qhg iru hdfk vdpsolqj lqvwdqw1 D glvfuhwh0

wlph prgho lv xvhg wr suhglfw wkh uhvsrqvh ri wkh v|vwhp dqg d vhtxhqfh ri frqwuro dfwlrqv lv

rewdlqhg vxfk wkdw vrph shuirupdqfh lqgh{ lv plqlpl}hg1 Wkh h�hfwlyhqhvv ri wklv dssurdfk

zdv hydoxdwhg e| qxphulfdo vlpxodwlrqv dqg h{shulphqwdo yhul�fdwlrqv1

Qrqolqhdu Rswlpdo Frqwuro= Dq lqwhuhvwlqj h{whqvlrq ri wkh OTU0edvhg dssurdfk

lv edvhg rq wkh xvh ri d qrqolqhdu shuirupdqfh lqgh{ ^68`1 Wklv dssurdfk dlpv wr dq

lpsuryhg frqwuro ri wkh shdn uhvsrqvhv zklfk xvxdoo| rffxu lq wkh lqlwldo vwdjhv ri wkh

vhlvplf prwlrqv1 Wkh fodvvlfdo OTU dssurdfk lv h�hfwlyh lq frqwuroolqj wkh wlph0dyhudjhg

qrupv ri wkh uhvsrqvh/ exw qrw yhu| h�hfwlyh lq frqwuroolqj wkh shdn uhvsrqvh1 Lq wklv

irup ri qrqolqhdu rswlpdo frqwuro/ d kljkhu rughu shuirupdqfh ixqfwlrq zlwk kljkhu rughu
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vwdwh yhfwru whupv pruh vhqvlwlyh wr kljkhu uhvsrqvh ydoxhv/ lv xvhg1 Vhyhudo irupv ri wklv

qrqolqhdu frqwuro odz kdyh ehhq sursrvhg lq wkh olwhudwxuh1 Wrpdvxod hw do1 ^;7` xvhg

d shuirupdqfh lqgh{ zklfk lv txduwlf lq wkh vwdwhv dqg txdgudwlf lq wkh frqwuro dfwlrqv1

Wkh vroxwlrq lv rewdlqhg lq irup ri d vhulhv h{sdqvlrq dqg dfklhyhv d sro|qrpldo ihhgedfn

irup1 Qxphulfdo vlpxodwlrqv xvlqj d VGRI v|vwhp vkrzhg wkdw wkh qrqolqhdu frqwuro

dwwdlqv ehwwhu uhgxfwlrq ri shdn uhvsrqvhv exw dw wkh h{shqvh ri kljkhu frqwuro dfwlrqv/

zkhq frpsduhg zlwk wkh olqhdu rswlpdo vroxwlrq1 Vrrqj dqg klv fr0zrunhuv ^<9` dgrswhg dq

khxulvwlf fkrlfh ri wkh frvw ixqfwlrq vxfk wkdw wkh ihhgedfn jdlq pdwul{ fdq vwloo eh rewdlqhg

lq whupv ri wkh vroxwlrq ri d vwdqgdug Ulffdwl htxdwlrq1 Wkhlu h�hfwlyhqhvv lv ghprqvwudwhg

zlwk dqdo|wlfdo dqg vfdohg h{shulphqwdo whvwv rq d wkuhh vwru| vwuxfwxudo prgho1

Lq wkh suhylrxv glvfxvvlrqv/ lw kdv ehhq dvvxphg wkdw wkhuh zhuh qr erxqgv rq wkh dgplv0

vleoh frqwuro ydoxhv +xqfrqvwudlqhg frqwuro sureohp,1 Zkhq wkh dgplvvleoh frqwuro dfwlrqv

duh vxemhfw wr frqvwudlqwv/ wkh rswlpdo frqwuro pxvw eh rewdlqhg wkurxjk wkh dssolfdwlrq ri

Srqwu|djlq*v plqlpxp sulqflsoh ^73`1 Wklv sulqflsoh vwdwhv wkdw wkh rswlpdo frqwuro pxvw

plqlpl}h d vfdodu ixqfwlrq nqrzq dv wkh Kdplowrqldq zlwk uhvshfw wr dq| rwkhu dgplvvleoh

frqwuro dfwlrq1 Wkh dssolfdwlrq ri Srqwu|djlq*v plqlpxp sulqflsoh wr wkh plqlpl}dwlrq ri

d txdgudwlf shuirupdqfh lqgh{ xqghu dgplvvleoh frqwuro frqvwudlqwv zloo uhqghu d qrqolqhdu

frqwuro odz1 Wkh rswlpdo vroxwlrq lv rewdlqhg lq wkh irup ri d glvfrqwlqxrxv ru vzlwfklqj

frqwuro odz/ nqrzq dv edqj0edqj frqwuro ^88`/ dqg lw lv fkdudfwhul}hg e| wkh idfw wkdw wkh

frqwuro vljqdo vwd|v dozd|v rq wkh erxqgdu| ri wkh dgplvvleoh vhw/ wdnlqj rqo| wkh olplw

suhvfulehg ydoxhv1 Vlqfh wkh suhvhqfh ri wkh h{flwdwlrq lv qhjohfwhg/ wkh uhvxowlqj frqwuro

odz lv qrw rswlpdo zlwk uhvshfw wr wkh fruuhvsrqglqj glvwxuedqfh uhmhfwlrq sureohp1

O|dsxqry Frqwuro= D pruh frqyhqlhqw zd| wr ghvljq d qrw0qhfhvvdulo| rswlpdo frq0

wuroohu lq wkh suhvhqfh ri frqwuro frqvwudlqwv lv surylghg e| O|dsxqry*v gluhfw phwkrg1 Lq
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wklv dssurdfk/ wkh lghd lv wr �qg d vxlwdeoh frqwuroohu wkdw jxdudqwhhv wkh vwdelolw| ri wkh

forvhg0orrs v|vwhp e| iruflqj wkh wlph ghulydwlyh ri d sursrvhg srvlwlyh gh�qlwh vfdodu ixqf0

wlrq wr eh qhjdwlyh gh�qlwh1 Wkh h{lvwhqfh ri vxfk d ixqfwlrq/ uhihuuhg wr dv d O|dsxqry

ixqfwlrq/ lv vx!flhqw wr jxdudqwhh wkh dv|pswrwlf vwdelolw| ri wkh frqwuroohg v|vwhp1 Lq jhq0

hudo/ d O|dsxqry ixqfwlrq lv qrw xqltxh iru d jlyhq v|vwhp/ dqg lqghhg pdq| gl�huhqw vxfk

ixqfwlrqv fdq eh irxqg iru d vwdeoh v|vwhp ^:`1 Dq dssolfdwlrq ri wkhvh lghdv lv suhvhqwhg

e| Zx dqg Vrrqj ^<:`1 Wkh glvfrqwlqxrxv frqwuro odz lv dssur{lpdwhg zlwk d frqwlqxrxv

ixqfwlrq wr dyrlg kljk0vshhg vzlwfklqj uhtxluhphqwv rq wkh irufh gholyhu| v|vwhpv1 H{shul0

phqwdo whvwv zhuh frqgxfwhg rq d wkuhh vwru| vwuxfwxudo prgho dqg wkh uhvxowv ghprqvwudwhg

djdlq wkh h�hfwlyhqhvv ri qrqolqhdu frqwuro vfkhphv lq uhgxflqj shdn uhvsrqvhv1

Sxovh Frqwuro= Dqrwkhu dssurdfk edvhg rq qrw0qhfhvvdulo| rswlpdo glvfrqwlqxrxv frq0

wuro dfwlrqv lv wkh vr0fdoohg sxovh frqwuro dssurdfk1 Vhyhudo dowhuqdwlyh vfkhphv kdyh ehhq

sursrvhg ^86/ ;8/ ;9` frqvlvwlqj hvvhqwldoo| ri lpsxovlyh dfwlrqv zklfk duh dssolhg wr wkh

vwuxfwxuh zkhq d vshfl�hg wuhvkrog uhvsrqvh lv h{fhhghg1 Wkhvh sxovh dfwlrqv duh jhqhudoo|

dssolhg vhsdudwhg e| wlph lqwhuydov zklfk duh vlplodu wr wkh ixqgdphqwdo shulrg ri wkh

vwuxfwxuh1 Wkh lghd lv wr euhdn wkh frqwlqxrxv exlogxs ri nlqhwlf hqhuj| prvwo| dvvrfldwhg

zlwk wkh orzhu prghv ri yleudwlrq ri wkh v|vwhp1 Dq dssolfdwlrq wr lqhodvwlf vwuxfwxuhv

zdv suhvhqwhg e| Uhlqkruq dqg fr0zrunhuv ^97`1 Wkh vwuxfwxudo uhvsrqvh lv hvwlpdwhg dw

hdfk wlph vwhs xvlqj wkh Qhzpdun0q lqwhjudwlrq dojrulwkp1 Li wkh uhvsrqvh lv iruhfdvwhg

wr h{fhhg d jlyhq olplw/ d fruuhfwlqj irufh lv dssolhg1 D frpelqhg dojrulwkp zdv sursrvhg

e| Sdqwholghv dqg Qhovrq ^93` iru frqwuro ri qrqolqhdu v|vwhpv1 Lq wklv dssurdfk/ erwk dq

lqvwdqwdqhrxv rswlpdo frqwuro odz dqg d sxovh frqwuro vfkhph duh ghyhorshg e| dssur{l0

pdwlqj wkh qrqolqhdu htxdwlrqv ri prwlrq lq whupv ri gl�huhqfh htxdwlrqv1 Zkhq d jlyhq

vwuxfwxudo uhvsrqvh txdqwlw| vxusdvvhv d suhvfulehg olplw/ wkh sxovhv duh dfwlydwhg1 Ehorz
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wkh wuhvkrog ohyho/ wkh frqwuro dfwlrqv duh jryhuqhg e| wkh lqvwdqwdqhrxv frqwuro dojrulwkp1

Qhxudo Qhwzrun Frqwuro= D wrwdoo| gl�huhqw iudphzrun iru wkh irupxodwlrq ri d frqwuro

dojrulwkp lv surylghg e| wkh vr0fdoohg ohduqlqj frqwuro phwkrgv/ zklfk duh qrw edvhg rq dq

h{solflw pdwkhpdwlfdo uhsuhvhqwdwlrq ri wkh vwuxfwxudo v|vwhp ^69`1 Lq wklv frqwh{w/ wkh xvh ri

frqwuroohuv edvhg rq qhxudo qhwzrunv kdyh ehhq sursrvhg e| vhyhudo uhvhdufkhuv ^56/ 69/ <8`1

Edvlfdoo|/ d qhxudo qhwzrun frqvlvwv ri d odujh qxpehu ri lqwhufrqqhfwhg surfhvvlqj xqlwv1

Hdfk xqlw uhfhlyhv wkh lqirupdwlrq wudqvplwwhg e| frqqhfwlqj xqlwv/ dqg wkhvh lqsxwv duh

dvvljqhg zlwk gl�huhqw zhljkwv1 Ghshqglqj rq wkh vxppdwlrq ri wkh zhljkwhg vljqdov

ehlqj deryh ru ehorz vrph vshfl�hg ohyho/ dq rxwsxw vljqdo lv iruzdughg wr rwkhu xqlwv

lq wkh dufklwhfwxuh ^<8`1 Lq wkh vr0fdoohg edfn0sursdjdwlrq qhxudo qhwzrunv wkh surfhvvlqj

xqlwv duh duudqjhg lq od|huv/ zlwk qr vkdulqj ri lqirupdwlrq zlwklq d jlyhq od|hu1 Iru d jlyhq

sdwwhuq ri surfhvvlqj xqlwv/ wkh �qdo rxwsxw ri wkh qhxudo qhwzrun lv ghwhuplqhg e| wkh

zhljkwv dvvljqhg wr wkh lqwhufrqqhfwlqj sdwkzd|v1 Wkhvh zhljkwv uhsuhvhqw wkh �nqrzohgjh�

ri wkh qhxudo qhwzrun dqg wkh| duh dvvljqhg wkurxjk d dgdswlyh surfhvv nqrzq dv ohduqlqj1

Wkh ohduqlqj surfhvv lv xvxdoo| grqh e| uhshwlwlyh wudlqlqj surfhgxuhv lq zklfk wkh huuruv

ehwzhhq wkh wdujhw dqg wkh qhwzrun rxwsxwv duh plqlpl}hg e| uhjuhvvlrq �wwlqj whfkqltxhv1

D qhxudo frqwuro vfkhph wr uhgxfh wkh uhvsrqvh ri d qrqolqhdu k|vwhuhwlf vwuxfwxuh zdv

sursrvhg e| Idudyhool dqg Yhqlql ^56`1 Wkh frqwuro v|vwhp lv edvhg rq wzr gl�huhqw qhxudo

qhwzrunv wkdw duh frqyhqlhqwo| wudlqhg wr ohduq wkh iruzdug dqg wkh lqyhuvh g|qdplfv ri

wkh v|vwhp/ vxfk wkdw wkh dssursuldwh frqwuro dfwlrq fdq eh ghwhuplqhg wr frxqwhudfw wkh

h�hfw ri wkh h{whuqdo glvwxuedqfh1

M2*M" Frqwuro= Wkh frqwuro v|vwhp vkrxog eh deoh wr shuirup zhoo xqghu prgholqj

dqg phdvxuhphqw xqfhuwdlqwlhv zklfk duh lqhylwdeoh lq uhdo olih sudfwlfdo lpsohphqwdwlrqv1
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Lq wkh fdvh ri olqhdu vwuxfwxuhv/ wkh prgholqj ri wkh g|qdplf ehkdylru ri wkh v|vwhp lv

iuhtxhqwo| grqh lq whupv ri wudqvihu ixqfwlrqv zklfk duh rewdlqhg dv wkh uhvxow ri dq lghq0

wl�fdwlrq surfhvv1 Dovr/ h{whuqdo glvwxuedqfhv duh riwhq prghohg dv vwrfkdvwlf surfhvvhv

zlwk d iuhtxhqf| grpdlq ghvfulswlrq1 Wkhvh uhsuhvhqwdwlrqv qdwxudoo| hqfrxudjh wkh ghi0

lqlwlrq ri shuirupdqfh vshfl�fdwlrqv lq wkh iuhtxhqf| grpdlq ^::`1 D w|slfdo h{dpsoh ri

wkhvh vshfl�fdwlrqv lv wkh uhtxluhphqw ri uhgxfwlrq ri frqwuro dxwkrulw| lq kljk iuhtxhqf|

uhjlrqv zkhuh wkh v|vwhp*v prgho lv xvxdoo| prvw xqfhuwdlq1 Lq wklv frqwh{w/ iuhtxhqf| gr0

pdlq rswlpdo frqwuro whfkqltxhv vxfk dv M2*u'C dqg M" dssurdfkhv frqvwlwxwh d qdwxudo

iudphzrun iru wkh frqwuroohu v|qwkhvlv sureohp1 Lq wkh M2*u'C frqwuro dssurdfk/ d yhfwru

ri frqwuroohg ru uhjxodwhg rxwsxwv lv gh�qhg dv d olqhdu frpelqdwlrq ri wkh v|vwhp vwdwhv dqg

wkh frqwuro frpsrqhqwv1 Iuhtxhqf| grpdlq zhljkwlqj ixqfwlrqv fdq eh hdvlo| lqfrusrudwhg

lq wkh gh�qlwlrq ri wkhvh rxwsxwv1 Wkh 20qrup ri wkh wudqvihu ixqfwlrq ehwzhhq wkh h{whuqdo

glvwxuedqfh dqg wkh uhjxodwhg rxwsxw lv plqlpl}hg e| vhohfwlqj dq dssursuldwh vwdelol}lqj

frqwuroohu1 Vlqfh lw lv edvhg rq wkh 20qrup/ wkh uhvxowlqj vroxwlrq zloo surylgh rswlpdo

glvwxuedqfh dwwhqxdwlrq lq dq dyhudjhg iuhtxhqf| vhqvh1 Dq h{whqvlyh vwxg| uhjduglqj wkh

dssolfdwlrq ri wklv dssurdfk iru flylo hqjlqhhulqj vwuxfwxuhv zdv fduulhg rxw e| Vshqfhu

dqg fr0zrunhuv1 D frqwuro vwudwhj| edvhg rqo| rq devroxwh dffhohudwlrq phdvxuhphqwv zdv

sursrvhg/ dqg erwk qxphulfdo dqg h{shulphqwdo yhul�fdwlrqv zhuh shuiruphg wr lqyhvwljdwh

wkh h�hfwlyhqhvv ri wklv iuhtxhqf| grpdlq rswlpdo frqwuro whfkqltxh ^54/ ::/ :;/ :<`1

Lq wkh M" frqwuro dssurdfk/ wkh wudqvihu ixqfwlrq ehwzhhq wkh glvwxuedqfh dqg wkh

uhjxodwhg rxwsxw lv plqlpl}hg zlwk uhvshfw wr wkh 40qrup1 Lq wklv fdvh/ wkh fruuhvsrqglqj

rswlpdo ghvljq uhsuhvhqwv wkh ehvw dwwhqxdwlrq zlwk uhvshfw wr wkh zruvw fdvh glvwxuedqfh

^:<`1 Wklv dssurdfk edvhg rq wkh 40qrup plqlpl}dwlrq surylghv d jxdudqwhh ri urexvw

vwdelolw|/ dqg khqfh lw lv dovr uhihuuhg wr dv urexvw frqwuro1 Wkh dssolfdwlrq ri wklv vwudwhj|
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wr exloglqj v|vwhpv zdv frqvlghuhg e| Vfkplwhqgrui dqg Mdeedul1 Ixoo vwdwh ihhgedfn dqg

revhuyhu edvhg frqwuroohuv zhuh qxphulfdoo| lqyhvwljdwhg lq ^67/ :4/ :5`1 Wr dyrlg wkh wlph

ghod| dvvrfldwhg zlwk rq0olqh frpsxwdwlrqv lq wkh revhuyhu edvhg vfkhph/ d gluhfw rxwsxw

ihhgedfn vwudwhj| zdv sursrvhg lq ^:6`1 Qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wkh h{lvwhqfh

ri d vwdelol}lqj gluhfw rxwsxw ihhgedfn frqwuroohu zhuh suhvhqwhg/ ohdglqj wr d frqwuroohu

ghvljq vfkhph lq whupv ri d qrqfrqyh{ rswlpl}dwlrq sureohp1 Wklv frqwuro vwudwhj| zdv

yhul�hg h{shulphqwdoo| xvlqj d wkuhh0vwru| uhgxfhg vfdoh prgho ^446/ 44:`1

Volglqj Prgh Frqwuro= D txlwh gl�huhqw w|sh ri frqwuro vwudwhj| lv uhsuhvhqwhg e| wkh

volglqj prgh frqwuro dssurdfk1 Lq wklv fdvh/ dq lqkhuhqwo| urexvw frqwuroohu lv ghvljqhg

vxfk wkdw vrph vshfl�hg g|qdplf frqvwudlqwv duh lqwurgxfhg lq wkh v|vwhp1 Wkh hyrox0

wlrq ri wkh frqwuroohg v|vwhp lv fkdudfwhul}hg e| wkh h{lvwhqfh ri volglqj prwlrqv/ zklfk

fdq eh ghvfulehg dv wkh uhvxowlqj prwlrq zkhq wkh v|vwhp vwdwhv duh frqvwudlqhg wr d wdu0

jhw pdqlirog lq wkh vwdwh vsdfh/ nqrzq dv wkh volglqj vxuidfh1 Lq jhqhudo/ volglqj prwlrqv

duh jhqhudwhg e| phdqv ri glvfrqwlqxrxv frqwuro dfwlrqv1 Wkh dssolfdwlrq ri volglqj prgh

frqwuro vwudwhjlhv iru dfwlyh frqwuro ri flylo vwuxfwxuhv kdv ehhq frqvlghuhg e| \dqj dqg

fr0zrunhuv1 Lq Uhiv1 ^43;/ 43</ 444/ 449` wkh vhohfwlrq ri olqhdu volglqj vxuidfhv zdv fduulhg

rxw xvlqj vwdqgdug ghvljq whfkqltxhv ^;<`1 Vhyhudo glvfrqwlqxrxv frqwuroohuv zhuh sursrvhg

xvlqj O|dsxqry*v gluhfw phwkrg1 Wkhvh frqwuroohuv duh edvhg rq ixoo vwdwh lqirupdwlrq dqg

wkh| dovr lqfoxgh d ihhgiruzdug whup wr frpshqvdwh wkh h�hfw ri wkh h{whuqdo glvwxuedqfh

rq wkh uhvxowlqj volglqj prwlrq1 Dgglwlrqdoo|/ dq dowhuqdwlyh vfkhph zdv sursrvhg edvhg

rqo| rq gluhfw rxwsxw ihhgedfn1 Lq wklv fdvh/ lw lv frqvlghuhg wkdw rqo| d olplwhg qxpehu

ri phdvxuhphqwv lv dydlodeoh/ zlwk wkh uhvwulfwlrq wkdw froorfdwhg yhorflw| vhqvruv duh uh0

txluhg dv d plqlpxp1 D frqwlqxrxv frqwuroohu zdv dovr sursrvhg wr dyrlg wkh xqghvludeoh

fkdwwhulqj h�hfwv lqgxfhg e| glvfrqwlqxrxv frqwuro dfwlrqv1 Wkh sursrvhg frqwuro vfkhphv
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zhuh h{shulphqwdoo| yhul�hg xvlqj d uhgxfhg vfdoh prgho ^446/ 44:`1 Wkh suhvhqfh ri qrq0

olqhdulwlhv lq wkh vwuxfwxudo prgho fdq eh frqvlghuhg e| lpsrvlqj wkh uhvwulfwlrq wkdw wkhuh

lv dq dfwlyh ghylfh lqvwdoohg lq fruuhvsrqghqfh zlwk hdfk qrqolqhdu vwru| ^444`1 Ehfdxvh

ri wklv dvvxpswlrq ri �froorfdwhg qrqolqhdulwlhv�/ wkh ghvljq ri wkh volglqj vxuidfh fdq vwloo

eh fduulhg rxw e| xvlqj vwdqgdug phwkrgv1 Iru wkh frqwuroohu ghvljq/ wkh qrqolqhdulw|

lv frqvlghuhg dv d glvwxuedqfh dqg lwv h�hfw lv frpshqvdwhg e| lqfrusrudwlqj wkh prgho

ri wkh qrqolqhdulw| lq wkh frqwuro vljqdo1 Qxphulfdo vlpxodwlrqv vkrzhg wkh h�hfwlyhqhvv

ri wklv dssurdfk lq dfklhylqj vhlvplf uhvsrqvh uhgxfwlrq iru qrqolqhdu vwuxfwxudo v|vwhpv1

Dovr/ wkh urexvwqhvv ri volglqj prgh frqwuroohuv zdv frq�uphg e| lqwurgxflqj vwuxfwxuhg

shuwxuedwlrqv lq wkh v|vwhp pdwulfhv/ zlwk qr vljql�fdqw shuirupdqfh ghjudgdwlrq1 Wkh

dvvxpswlrq uhjduglqj wkh orfdwlrq ri wkh dfwlyh ghylfhv dqg wkh qrqolqhdu vwuxfwxudo hoh0

phqwv lv qdwxudoo| vdwlv�hg lq wkh fdvh ri k|eulg edvh0lvrodwlrq v|vwhpv htxlsshg zlwk dq

dfwxdwru dw edvh ohyho1 Edvh0lvrodwlrq vfkhphv frqvlvwlqj ri uxeehu ehdulqjv dqg volglqj

ehdulqjv zhuh qxphulfdoo| dqg h{shulphqwdoo| lqyhvwljdwhg lq ^43</ 44;`1 D h{whqvlrq ri

wkh vwdqgdug volglqj prgh dssurdfk zdv sursrvhg lq ^446`/ zkhuh d g|qdplf frpshqvdwru

lv dgghg wr wkh frqwuro v|vwhp dqg wkh volglqj vxuidfh lv gh�qhg lq wkh uhgxfhg vwdwh vsdfh

fruuhvsrqglqj rqo| wr wkh frpshqvdwru yduldeohv1 Wkh prwlydwlrq ehklqg wkh lqfoxvlrq ri

d frpshqvdwru zdv wr lqfuhdvh wkh ghvljq  h{lelolw| exw wkh qxphulfdo vlpxodwlrqv glg qrw

vkrz dq| vljql�fdqw dgydqwdjh ri wklv dssurdfk zkhq frpsduhg zlwk wkh vwdqgdug volglqj

prgh frqwuroohu1

41516 Vhpl0Dfwlyh Frqwuro

Dv phqwlrqhg ehiruh/ lq wkhvh vfkhphv wkh frxqwhudfwlyh frqwuro dfwlrqv duh jhqhudwhg iurp

wkh prwlrq ri wkh vwuxfwxuh dv uhdfwlyh irufhv1 Wkhvh frxqwhudfwlyh uhdfwlrqv duh fuhdwhg

e| surshu dgmxvwphqw ri orfdol}hg vwl�qhvv dqg2ru gdpslqj fkdudfwhulvwlfv1 Wkh pdlq
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dgydqwdjh ri wkhvh dssurdfkhv/ zklfk pdnhv wkhp vshfldoo| dwwudfwlyh iru dssolfdwlrq wr

flylo vwuxfwxuhv/ lv wkdw wkh h{whuqdo srzhu uhtxluhg wr rshudwh wkh ghylfhv lv qrplqdo1 Qr

h{whuqdo hqhuj| lv lqsxw lqwr wkh vwuxfwxuh wr uhjxodwh lwv prwlrq1 Dowkrxjk wkhvh phwkrgv

duh fdoohg vhpl0dfwlyh/ wkh uhjxodwlrq ri wkh uhdfwlyh frqwuro irufhv lv dv dfwlyho| grqh lq

wkhvh phwkrgv dv lq wkh dfwlyh frqwuro vfkhphv1 Dprqj wkh gl�huhqw dowhuqdwlyh zd|v

sursrvhg wr dfklhyh wkh uhjxodwlrq ri phfkdqlfdo sdudphwhuv/ wkh prvw uhohydqw duh vhpl0

dfwlyh k|gudxolf gdpshuv/ yduldeoh vwl�qhvv ghylfhv/ hohfwur0 ru pdjqhwr0ukhrorjlfdo gdpshuv

dqg vhpl0dfwlyh iulfwlrq ghylfhv1 Wkh vhpl0dfwlyh k|gudxolf gdpshuv hvvhqwldoo| frqvlvw ri

d k|gudxolf slvwrq0f|olqghu duudqjhphqw zlwk d frqwuro ydoyh phfkdqlvp1 E| rshqlqj ru

forvlqj wkh ydoyh/ gl�huhqw ohyhov ri gdpslqj irufhv fdq eh jhqhudwhg1 Wkh yduldeoh vwl�qhvv

ghylfhv fdq eh lghdol}hg dv vxssohphqwdu| eudflqjv frqqhfwhg wr wkh sulpdu| vwuxfwxuh e|

d orfnlqj phfkdqlvp1 Zkhq wkh frqqhfwlrq lv orfnhg/ wkh eudfh ehfrphv h�hfwlyh lq dgglqj

vwl�qhvv wr wkh v|vwhp/ dqg zkhq wkh frqqhfwlrq lv uhohdvhg/ wklv vwl�qhvv frqwulexwlrq lv

vxssuhvvhg1 Hohfwur0 dqg pdjqhwr0ukhrorjlfdo gdpshuv duh ghylfhv edvhg rq frqwuroodeoh

 xlgv/ frqvlvwlqj ri vxvshqvlrqv ri plfurq0vl}hg srodul}deoh sduwlfohv lq rlo1 Wkh pdwhuldo

surshuwlhv ri wkhvh vshfldo  xlgv fdq eh frqwuroohg e| dsso|lqj dq hohfwulf ru pdjqhwlf �hog1

Ilqdoo|/ vhpl0dfwlyh iulfwlrq ghylfhv duh edvhg rq volglqj vxuidfhv zklfk duh vxemhfwhg wr d

frqwuroodeoh frqwdfw irufh1

Vhpl0dfwlyh frqwuro lv dovr uhihuuhg wr dv sdudphwulf frqwuro/ dv wkh vwuxfwxudo sdudph0

whuv duh dowhuhg whpsrudoo| dv prwlrq surfhhgv1 Ehfdxvh ri wkhvh sdudphwulf fkdqjhv wkh

sureohp lv hvvhqwldoo| qrqolqhdu/ uhtxlulqj vshfldo phwkrgv wr ghvljq wkh frqwuro v|vwhp1

Lq wklv fdvh/ gxh wr wkh vshfldo ihdwxuhv dqg olplwdwlrqv ri vhpl0dfwlyh dfwxdwlrq/ wkh ghyho0

rsphqw ri frqwuro dojrulwkpv kdyh ehhq hvvhqwldoo| ghylfh0rulhqwhg1 Lq wkh vhtxho/ d eulhi

ghvfulswlrq ri vrph vhpl0dfwlyh frqwuro vfkhphv lv suhvhqwhg1
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Kurydw dqg fr0zrunhuv ^5<` slrqhhuhg wkh lghd ri xvlqj vhpl0dfwlyh ghylfhv iru frqwuro

ri zlqg lqgxfhg yleudwlrqv1 Edvhg rq wkh frqfhswv ghyhorshg iru vhpl0dfwlyh vxvshqvlrq

v|vwhpv/ wkh| sursrvhg d vhpl0dfwlyh vfkhph zklfk frqvlvwhg ri d sdvvlyh wxqhg pdvv

gdpshu frqqhfwhg wr wkh vwuxfwxuh wkurxjk d yduldeoh gdpshu1 Wkh sursrvhg dojrulwkp

zdv edvhg rq wkh fdofxodwlrq ri wkh frqwuro irufh dv wkh vroxwlrq ri wkh dvvrfldwhg vwhdg|

vwdwh uhjxodwru sureohp zlwk qr h{flwdwlrq1 Li wkh vr0fdoohg sdvvlylw| frqvwudlqw lv ixo�oohg/

wkdw lv wkh ghylfh lv qrw uhtxluhg wr jlyh srzhu wr wkh v|vwhp/ wkhq wkh uhtxluhg irufh fdq eh

jhqhudwhg e| wkh gdpshu1 Qxphulfdo vlpxodwlrqv vkrzhg wkh srwhqwldo ri wklv vhpl0dfwlyh

dssurdfk iru uhgxfwlrq ri zlqg h{flwhg vwuxfwxudo yleudwlrqv1

Dq h{whqvlyh h{shulphqwdo uhvhdufk zdv frqgxfwhg e| Sdwwhq dqg Vdfn ^94/ 95/ 9<` wr

lqyhvwljdwh wkh dssolfdwlrq ri vhpl0dfwlyh gdpshuv wr h{whqg wkh idwljxh olih ri kljkzd|

eulgjhv1 Wkhvh vwxglhv hqghg vxffhvvixoo| zlwk d ixoo vfdoh lpsohphqwdwlrq1 Wkh prgho

ghvfulelqj wkh ehkdylru ri wkh vhpl0dfwlyh gdpshu lv qrqolqhdu dqg d khxulvwlf frqwuro

dojrulwkp lv irupxodwhg edvhg rq wkh phwkrgrorj| sursrvhg suhylrxvo| e| Kurydw ^5<`1

Wkh ydoxh ri wkh uhtxluhg rswlpdo frqwuro irufh lv fdofxodwhg xvlqj d uhgxfhg prgho ri wkh

v|vwhp1 Li wkh sdvvlylw| frqglwlrq lv vdwlv�hg/ wkhq wkh ghylfh lv frppdqghg wr jhqhudwh wkh

frqwuro dfwlrq1 D ihhgedfn olqhdul}dwlrq vfkhph lv sursrvhg lq wkh irup ri d suh�owhu1 Zlwk

wklv suh�owhu/ wkh ehkdylru ri wkh ghylfh dssurdfkhv d olqhdu ylvfrxv gdvksrw/ fkdudfwhul}hg

e| d olqhdu uhodwlrq ehwzhhq wkh yhorflw| dfurvv wkh dfwxdwru dqg wkh uhvxowlqj irufh rxwsxw1

Dqrwkhu dqdo|wlfdo dqg h{shulphqwdo lqyhvwljdwlrq ohdglqj wr wkh ghvljq ri dq lpsoh0

phqwdeoh vhpl0dfwlyh  xlg gdpshu zdv fduulhg rxw e| V|pdqv dqg Frqvwdqwlqrx ^;5/ ;6`1

Wkh vhpl0dfwlyh ghylfh zdv ghyhorshg e| lqwurgxflqj vrph prgl�fdwlrqv rq d  xlg gdpshu

suhylrxvo| ghvljqhg iru sdvvlyh vhlvplf surwhfwlrq ^45`1 Wklv gdpshu kdv wkh dgydqwdjh ri

ehlqj vshfl�fdoo| ghvljqhg wr dfw dv d olqhdu ylvfrxv gdpshu1 Wzr gl�huhqw dowhuqdwlyhv
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zhuh frqvlghuhg= 4, d el0vwdwh gdpshu frqwuroohg e| d vrohqrlg ydoyh/ deoh wr gholyhu wzr

h{wuhph gdpslqj ydoxhv dqg 5, d yduldeoh gdpshu frqwuroohg e| d gluhfw0gulyh vhuyrydoyh/

deoh wr surgxfh d frqwlqxrxv udqjh ri gdpslqj ydoxhv1 Wkhvh vwxglhv irfxvhg rq wkh lghq0

wl�fdwlrq ri wkh phfkdqlfdo sdudphwhuv ri wkh ghylfhv1 Vrph h{shulphqwdo whvwv lqglfdwhg

wkdw lw zdv yhu| gl!fxow wr lpsuryh wkh shuirupdqfh rewdlqhg zlwk wkh gdpshuv rshudwlqj

lq d ixoo| sdvvlyh prgh1

Wkh irupxodwlrq ri volglqj prgh frqwuro dojrulwkpv iru vhpl0dfwlyh gdpshuv zdv sur0

srvhg e| \dqj dqg fr0zrunhuv ^43;/ 444`1 Frqwuro dojrulwkpv duh ghvljqhg iru el0vwdwh dqg

frqwlqxrxvo| yduldeoh gdpshuv1 Qxphulfdo vlpxodwlrqv xvlqj d wkuhh0vwru| vfdohg exloglqj

prgho vkrzhg wkdw rqh dfwlyh yduldeoh gdpshu lqvwdoohg lq wkh �uvw vwru| zdv h�hfwlyh lq

uhgxflqj wkh uhvsrqvh/ exw qr ixuwkhu frpsdulvrqv zhuh surylghg wr hvwdeolvk wkh h!flhqf|

ri wkh vhpl0dfwlyh rshudwlrq frpsduhg zlwk wkh fruuhvsrqglqj ixoo| sdvvlyh prgh1 D k|eulg

v|vwhp iru vhlvplf surwhfwlrq ri eulgjh vwuxfwxuhv lv sursrvhg lq Uhiv1 ^43;` dqg ^448`1 Wkh

v|vwhp frqvlvwv ri uxeehu ehdulqjv dqg yduldeoh gdpshuv zklfk fdq rshudwh hlwkhu lq d wzr

vwdjh prgh ru xqghu d frqwlqxrxv gdpslqj uhjxodwlrq1 Lq wklv vshfldo fdvhv/ lq zklfk wkh

vhpl0dfwlyh gdpshu pxvw rshudwh zlwk dgglwlrqdo sdvvlyh glvvlsdwlrq ghylfhv/ wkh uhjxod0

wlrq ri gdpslqj pd| surylgh vrph dgydqwdjhv zlwk uhvshfw wr d gdpshu zlwk d frqvwdqw

gdpslqj frh!flhqw vhw wr lwv pd{lpxp ydoxh1 Wklv zdv frqvlghuhg dovr e| Ndzdvklpd

dqg Xqmrk ^6<` iru wkh vdph w|sh ri vwuxfwxuhv/ zkr sursrvhg d khxulvwlf frqwuro dojrulwkp

wr uhjxodwh wkh gdpslqj frh!flhqw ri d yduldeoh gdpshu lqvwdoohg zlwk hodvwlf ehdulqjv1 Lq

wkhlu dssurdfk/ wkh vhpl0dfwlyh gdpshu rshudwlrq lv d ixqfwlrq ri wkh uhodwlyh glvsodfhphqw

ehwzhhq wkh eulgjh ghfn dqg wkh vxssruwlqj slhuv1 Dw vpdoo glvsodfhphqw ohyhov/ wkh gdps0

lqj frh!flhqw lv vhw wr odujh ydoxhv wr uhgxfh wkh glvsodfhphqw1 Wkh vdph kdsshqv iru odujh

glvsodfhphqw ohyhov/ zkhq wkh yduldeoh gdpshu dfwv dv d vwrsshu1 Dw lqwhuphgldwh ohyhov/
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wkh gdpslqj lv uhgxfhg wr idflolwdwh wkh glvvlsdwlrq ri hqhuj| lq wkh sdvvlyh ghylfhv1

Nrerul dqg fr0zrunhuv ^76` sursrvhg d frqwuro dojrulwkp iru dssolfdwlrq zlwk yduldeoh

vwl�qhvv ghylfhv uhihuuhg wr dv qrq0uhvrqdqw frqwuro dssurdfk1 Wkh lghd lv wr dssursuldwho|

prgli| wkh vwl�qhvv fkdudfwhulvwlfv ri wkh exloglqj edvhg rq wkh qdwxuh ri wkh hduwktxdnh1

Wkh jurxqg dffhohudwlrq lv surfhvvhg wkurxjk vhyhudo edqg0sdvv �owhuv1 Hdfk �owhu dssur{0

lpdwhv wkh xqfrqwuroohg uhvsrqvh fruuhvsrqglqj wr hdfk srvvleoh vwl�qhvv frq�jxudwlrq1

Edvhg rq wkh �owhuhg rxwsxwv/ wkh dojrulwkp vhohfwv d vwl�qhvv glvwulexwlrq e| hydoxdw0

lqj dq dyhudjhg lqgh{1 Wkh dssurdfk zdv vxemhfwhg wr h{shulphqwdo yhul�fdwlrq xvlqj d

wkuhh0vwru| exloglqj zlwk yduldeoh vwl�qhvv ghylfhv lqvwdoohg lq doo  rruv1 Wklv dssurdfk/ lq

jhqhudo/ zloo qrw ohdg wr d idvw vzlwfklqj rshudwlrq ri wkh vhpl0dfwlyh ghylfhv ehfdxvh lw lv

edvhg rq wkh fkdqjh lq wlph ri wkh h{flwdwlrq iuhtxhqf| frqwhqw1 Xvxdoo|/ wkh v|vwhp xq0

ghu wklv w|sh ri frqwuroohg rshudwlrq zloo dgrsw rqo| rqh vwl�qhvv frq�jxudwlrq gxulqj wkh

vhlvplf hyhqw1 Wklv phdqv wkdw wkh yduldeoh vwl�qhvv ghylfhv duh qrw h{sorlwhg iru hqhuj|

glvvlsdwlrq dqg wkh| duh rqo| xvhg wr uhgxfh wkh vhlvplf hqhuj| lqsxw1 D vlplodu dojrulwkp

edvhg rq d prylqj zlqgrz dqdo|vlv ri wkh jurxqg h{flwdwlrq zdv sursrvhg lq Uhi1 ^6<` iru

dssolfdwlrq lq eulgjh vwuxfwxuhv1 Lq wklv dssurdfk/ wkh ixqgdphqwdo shulrg ri wkh eulgjh lv

fkdqjhg ehwzhhq wzr olplwlqj ydoxhv dffruglqj wr wkh suhgrplqdqw shulrg ri wkh jurxqg

prwlrq1

Dqrwkhu w|sh ri frqwuro odz zdv sursrvhg e| Ndpdjdwd dqg Nrerul ^6:` iru el0vwdwh

rshudwlrq ri yduldeoh vwl�qhvv ghylfhv1 Wkh dojrulwkp frqvlvwhg ri orfnlqj wkh ghylfh hyhu|

wlph wkh fruuhvsrqglqj ghirupdwlrq furvvhv }hur dqg xqorfnlqj lw zkhq wklv ghirupdwlrq

uhdfkhv d orfdo shdn1 Dq lqwhuhvwlqj dqdo|vlv ri v|vwhpv zlwk el0vwdwh vwl�qhvv frqwuro

ghylfhv zdv dovr suhvhqwhg lq Uhiv1 ^64/ 65`1 Wkhvh vwxglhv irfxvhg rq wkh g|qdplf ehkdylru

ri v|vwhpv zkrvh phfkdqlfdo sdudphwhuv kdyh gl�huhqw ydoxhv lq gl�huhqw frqlfdo uhjlrqv
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ri wkh vwdwh vsdfh1 Wkhvh qrqolqhdu v|vwhpv duh lghqwl�hg dv krprjhqhrxv v|vwhpv ri rughu

rqh/ zklfk vkrz wkh lqsxw2rxwsxw vfdolqj surshuw| fkdudfwhulvwlf ri olqhdu v|vwhpv1

Dqrwkhu lqwhuhvwlqj vhpl0dfwlyh frqwuro vfkhph edvhg rq yduldeoh vwl�qhvv ghylfhv zdv

sursrvhg e| Qhplu dqg fr0zrunhuv ^8<`1 Wkh dojrulwkp sursrvhg wr frqwuro wkhvh ghylfhv

dlpv wr uhglvwulexwh wkh prgdo hqhujlhv zlwklq wkh vwuxfwxudo v|vwhp1 Lq jhqhudo/ lw lv ghvlu0

deoh wr h{wudfw wkh hqhuj| iurp wkh orzhu prghv ri yleudwlrq dqg wudqvihu lw wr kljkhu prghv/

vlqfh wkhvh kljkhu prghv kdyh ehwwhu hqhuj| glvvlsdwlrq fkdudfwhulvwlfv1 Dw hdfk vdpsolqj

wlph/ wkh dojrulwkp ghwhuplqhv wkh vwl�qhvv frq�jxudwlrq e| plqlpl}lqj d zhljkwhg frp0

elqdwlrq ri prgdo nlqhwlf dqg srwhqwldo hqhujlhv1 Wkh frpsxwdwlrq ri wkhvh prgdo hqhujlhv

uhtxluhv nqrzohgjh ri wkh ixoo vwdwh yhfwru ru wkh lpsohphqwdwlrq ri dq revhuyhu1 Wkh vlp0

xodwlrq vwxglhv ghprqvwudwhg wkh ihdvlelolw| ri wkh vzlwfklqj vwl�qhvv frqfhsw lq uhgxflqj

wkh vwuxfwxudo uhvsrqvh1

Dfwlyh vwl�qhvv frqwuro zdv dovr vwxglhg e| \dqj ^439/ 43;/ 443`1 D el0vwdwh frqwuro do0

jrulwkp zdv ghyhorshg edvhg rq wkh volglqj prgh frqwuro dssurdfk1 Qxphulfdo vlpxodwlrqv

zhuh fduulhg rxw wr lqyhvwljdwh wkh h�hfwlyhqhvv ri wkh dssurdfk1 D wkuhh0vwru| prgho zlwk

d yduldeoh vwl�qhvv ghylfh lq wkh �uvw vwru| zdv frqvlghuhg dqg wkh ghylfh zdv prghohg dv d

vzlwfkdeoh vxssohphqwdu| eudflqj1 Wkh vwl�qhvv ri wkh dgghg eudflqj lv dvvxphg htxdo wr

wkh �uvw  rru vwl�qhvv/ ydoxh suredeo| wrr kljk wr eh frqvlghuhg ihdvleoh iru sudfwlfdo lpsoh0

phqwdwlrq1 Wkh sursrvhg yduldeoh vwl�qhvv frqwuro lv deoh wr uhgxfh wkh glvsodfhphqw0edvhg

uhvsrqvh txdqwlwlhv/ exw lw lv qrw dv h!flhqw lq uhgxflqj devroxwh dffhohudwlrq uhvsrqvhv1

Lq sduwlfxodu/ wkh devroxwh dffhohudwlrq ri wkh orzhvw  rru vhhpv wr eh dgyhuvho| d�hfwhg

e| wkh lpsxovlyh h�hfw lqgxfhg e| wkh uhohdvh ri vwl�qhvv gxulqj wkh vzlwfklqj rshudwlrq

ghpdqghg e| wkh frqwuro odz1

Wkh dssolfdwlrq ri hohfwur0ukhrorjlfdo gdpshuv iru vwuxfwxudo frqwuro zdv lqyhvwljdwhg e|
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PfFodpurfk dqg Jdylq ^83/ 84`1 Wkhvh gdpshuv duh edvhg rq wkh fkdqjh ri wkh phfkdqlfdo

surshuwlhv ri wkh hohfwur0ukhrorjlfdo  xlg1 Wklv vshfldo  xlg frqvlvwv ri rlo0edvhg vxvshqvlrqv

ri srodul}deoh sduwlfohv1 Zkhq vxemhfwhg wr hohfwulf �hogv/ wkh ehkdylru fdq fkdqjh iurp

ylvfrxv  xlg +}hur hohfwulf �hog, wr vhpl0vrolg +pd{lpxp hohfwulf �hog,1 D frqwuro odz zdv

sursrvhg edvhg rq wkh plqlpl}dwlrq ri wkh phfkdqlfdo hqhuj| lq wkh vwuxfwxuh1 Ehfdxvh ri

wkh frqwuro frqvwudlqwv gxh wr wkh olplwhg glhohfwulf vwuhqjwk ri wkh vxvshqvlrq/ wkh frqwuro

odz lv ri wkh edqj0edqj w|sh1 Wkh uhvxowlqj frqwuro dojrulwkp lqglfdwhv wkdw wkrvh gdpshuv

qrw frqqhfwhg wr wkh jurxqg pxvw rshudwh frqwlqxrxvo| dw pd{lpxp hohfwulf �hog1 Wkh

rqo| srvvlelolw| ri vzlwfklqj ehkdylru lv wkhq uhvwulfwhg wr dq| gdpshu lqvwdoohg dw wkh �uvw

vwru|1 Wkh lpsohphqwdwlrq ri wklv dojrulwkp uhtxluhv wkh phdvxuhphqwv ri rqo| froorfdwhg

uhodwlyh dqg devroxwh yhorflwlhv1 D wkuhh0vwru| vpdoo vfdoh prgho zlwk d HU gdpshu lq0

vwdoohg dw �uvw  rru ohyho zdv h{shulphqwdoo| whvwhg wr lqyhvwljdwh wkh sursrvhg dssurdfk

^59`1 Wkh ehkdylru ri wkh v|vwhp zlwk wkh gdpshu rshudwhg sdvvlyho| dw plqlpxp +}hur,

dqg pd{lpxp hohfwulf �hog zdv frpsduhg zlwk wkh ehkdylru uhvxowlqj iurp wkh vzlwfklqj

frqwuro odz1 Xqghu }hur hohfwulf �hog/ wkh odujh gdpslqj lqwurgxfhg e| wkh lqkhuhqw ylvfrxv

gdpslqj fkdudfwhulvwlfv ri wkh ghylfh lqgxfhg d vljql�fdqw uhgxfwlrq ri wkh uhvsrqvh/ zlwk

qr vxevwdqwldo prgl�fdwlrq ri wkh qdwxudo iuhtxhqflhv zlwk uhvshfw wr wkh ruljlqdo v|vwhp1

Wkh HU gdpshu rshudwhg xqghu pd{lpxp �hog ruljlqdwhg d vwl�hqlqj h�hfw/ dv uhyhdohg

e| dq lqfuhdvh ri wkh vwuxfwxudo qdwxudo iuhtxhqflhv zlwk vpdoohu uhgxfwlrq ri dffhohudwlrq

uhvsrqvhv1 Wkh vzlwfklqj rshudwlrq lqgxfhg vrph lpsuryhphqw lq wkh uhvsrqvh uhgxfwlrq/

vshfldoo| lq wkh orz iuhtxhqf| uhjlrq fruuhvsrqglqj zlwk wkh �uvw vwuxfwxudo iuhtxhqf|1

Kljkhu prghv vhhphg wr eh d�hfwhg e| wkh lpsxovlyh qdwxuh ri wkh frqwuro irufhv surgxfhg

e| wkh vzlwfklqj dojrulwkp1

Wkh xvh ri pdjqhwr0ukhrorjlfdo gdpshuv iru vhlvplf uhvsrqvh uhgxfwlrq zdv vwxglhg e|
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G|nh dqg fr0zrunhuv ^55`1 Wkh sulqflsoh ehklqg wkhvh ghylfhv lv vlplodu wr wkh HU gdpshuv/

exw wkh| vkrz vrph dgydqwdjhrxv fkdudfwhulvwlfv/ vxfk dv kljkhu |lhog vwuhqjwkv dqg ohvv

vhqvlwlylw| wr whpshudwxuh wkdq wkhlu HU frxqwhusduwv1 Wkh frqwuro odz sursrvhg lq wklv

vwxg| lv vlplodu wr wkh vxerswlpdo vwudwhj| �uvw sursrvhg lq ^5<` exw wkh rswlpdo frqwuro

odz iru wklv fdvh lv rewdlqhg lq whupv ri dffhohudwlrq ihhgedfn xvlqj d M2*OTJ irupxodwlrq1

Qxphulfdo vlpxodwlrqv vkrz wkh h�hfwlyhqhvv ri wkh vhpl0dfwlyh PU gdpshu lq uhgxflqj

wkh vwuxfwxudo uhvsrqvhv1

Vhpl0dfwlyh iulfwlrq ghylfhv lq wkh irup ri frqwuroodeoh volglqj ehdulqjv zhuh vwxglhg iru

dssolfdwlrq lq k|eulg edvh0lvrodwlrq v|vwhpv e| Ihqj dqg fr0zrunhuv ^57/ 8;`1 Wkh ohyho

ri iulfwlrq dw wkh volglqj lqwhuidfh lv frqwuroohg e| surshu dgmxvwphqw ri wkh suhvvxuh lq

wkh  xlg fkdpehu ri wkh ehdulqj1 Edvhg rq wkh lqvwdqwdqhrxv rswlpdo frqwuro dssurdfk/

d frqwuro dojrulwkp zdv ghyhorshg dvvxplqj wkdw wkhuh lv dozd|v volglqj prwlrq dw wkh

iulfwlrqdo lqwhuidfh ^57`1 Wkh frqwuroohu g|qdplfv zdv lqfrusrudwhg e| dvvxplqj d �uvw

rughu wlph ghod| prgho ehwzhhq wkh frqwuro vljqdo dqg wkh  xlg suhvvxuh1 Wkh sursrvhg

v|vwhp zdv h{shulphqwdoo| whvwhg rq d uhgxfhg vfdoh prgho1 Lq d iroorz0xs zrun ^8;`/ wkh

h�hfwv ri vwlfnlqj2volglqj skdvhv lq wkh lqwhuidfh prwlrq duh dffrxqwhg iru1 Lq wklv fdvh/ wkh

Erxf0Zhq k|vwhuhwlf prgho lv xvhg wr prgho wkh ehkdylru ri wkh volglqj lqwhuidfh1 Zlwk

wklv prgho/ wkh iulfwlrqdo h�hfw lv qr orqjhu sursruwlrqdo wr wkh vljq ri wkh volglqj yhorflw|/

exw lw ehfrphv gluhfwo| sursruwlrqdo wr wkh k|vwhuhwlf vwdwh yduldeoh1

Wkh dssolfdwlrq ri wkh volglqj prgh frqwuro dssurdfk wr iulfwlrq frqwuroodeoh volglqj ehdu0

lqjv zdv vwxglhg e| \dqj dqg fr0zrunhuv ^447`1 Dv sursrvhg lq ^8;`/ d k|vwhuhwlf prgho lv

lqwurgxfhg wr prgho wkh ehkdylru ri wkh volglqj ehdulqjv1 D frqwlqxrxv volglqj prgh frq0

wuroohu lv sursrvhg wr dyrlg xqghvludeoh fkdwwhulqj h�hfwv1 D vwdwlf rxwsxw ihhgedfn yhuvlrq

ri wkh frqwuroohu zdv dovr ghyhorshg1 D 70vwru| uhgxfhg vfdoh exloglqj prgho zdv xvhg lq wkh
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qxphulfdo vlpxodwlrqv1 Erwk ixoo vwdwh ihhgedfn dqg rxwsxw ihhgedfn vfkhphv shuiruphg

yhu| vdwlvidfwrulo| lq uhgxflqj wkh vwuxfwxudo uhvsrqvhv/ lq sduwlfxodu iru vwurqj hduwktxdnhv/

zkhq wkh glvsodfhphqwv ri wkh volglqj ehdulqjv dfwlqj sdvvlyho| frxog eh h{fhvvlyh1

416 Prwlydwlrq dqg Vfrsh

Wkh ghyhorsphqw ri d frqwuro odz lq wkh irup ri dq h�hfwlyh dojrulwkp lv rqh ri wkh fulwlfdo

idfwruv iru wkh vxffhvvixo lpsohphqwdwlrq ri dq| frqwuro v|vwhp1 Wkh h�hfw ri wkh frq0

wuro dfwlrq pxvw eh wr lpsuryh/ dqg qrw ghjudgh/ wkh shuirupdqfh ri wkh v|vwhp ehlqj

frqwuroohg1 Dgglwlrqdoo|/ wkh frqwuroohu vkrxog eh urexvw hqrxjk wr kdqgoh prgholqj dqg

phdvxuhphqw xqfhuwdlqwlhv/ hvshfldoo| lq dssolfdwlrqv wr flylo vwuxfwxuhv dv wkhlu surshuwlhv

fdq fkdqjh zlwk wlph dqg wkhlu suhflvh txdqwlwdwlyh ghvfulswlrq pd| qrw eh srvvleoh1 Dovr

wkh frqwuro vfkhph vkrxog eh deoh wr zlwkvwdqg wkh lqfrpsohwh dqg lqh{dfw ghvfulswlrq ri

wkh pdwkhpdwlfdo prgho ri wkh vwuxfwxuh zklfk lv fdxvhg e| wkh vlpsoli|lqj dvvxpswlrqv

wkdw duh pdgh lq irupxodwlqj wkh sureohp1 Vxfk prgholqj huuru fdq eh fdxvhg e| xqnqrzq

ru lpsurshuo| prghohg qrqolqhdulwlhv1 Olqhdul}dwlrq whfkqltxhv/ zklfk duh riwhq xvhg wr

dqdo|}h qrqolqhdu v|vwhpv/ duh d gluhfw vrxufh ri prgholqj huuruv1 Dv d uhvxow/ wkh prgho

xvhg lq wkh ghvljq ri d frqwuro dojrulwkp pd| eh txlwh gl�huhqw iurp wkh uhdo v|vwhp1 Doo

wklv phdqv wkdw wkh frqwuroohu pxvw eh deoh wr dffrpprgdwh qrw rqo| wkh gl�huhqfhv eh0

wzhhq wkh dfwxdo dqg dvvxphg pdvv/ vwl�qhvv dqg gdpslqj sdudphwhu ydoxhv exw dovr eh

deoh wr kdqgoh wkh xqprghohg fkdudfwhulvwlfv ri wkh v|vwhp1

Wkh diruhphqwlrqhg uhtxluhphqwv pdnhv wkh frqvlghudwlrq ri wkh volglqj prgh frqwuro

dssurdfk yhu| dwwudfwlyh iru dssolfdwlrq lq flylo hqjlqhhulqj vwuxfwxuhv1 Wkh fhqwudo lghd

ri wklv dssurdfk lv wr hqirufh d vhw ri olqhdu ru qrqolqhdu suh0gh�qhg frqvwudlqwv lq wkh

vwdwh vsdfh/ uhihuuhg wr dv wkh volglqj vxuidfh1 Wklv lv dfklhyhg e| dssursuldwh frqwuro
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dfwlrqv/ zklfk lq jhqhudo vkrz vrph irup ri glvfrqwlqxlw| zlwk uhvshfw wr wkh volglqj vxuidfh1

Wkhvh frqwuro dfwlrqv duh ghvljqhg vxfk wkdw wkh| gulyh wkh v|vwhp wrzdug wkh volglqj

vxuidfh dqg wkhq nhhs lw wkhuh1 Wkh volglqj vxuidfh lv fkrvhq lq vxfk d zd| wkdw wkh

frqvwudlqhg prwlrq/ fdoohg volglqj prwlrq/ lv vwdeoh dqg kdv ghvludeoh ihdwxuhv1 Lw fdq

eh vkrzq wkdw volglqj prwlrqv duh qrw d�hfwhg e| h{whuqdo glvwxuedqfhv/ surylghg wkdw

vrph vshfldo frqglwlrqv uhjduglqj wkh vwuxfwxuh ri wkh v|vwhp +uhihuuhg wr dv wkh lqyduldqfh

frqglwlrqv , duh vdwlv�hg ^4<`1 Lq wklv fdvh/ wkh ehkdylru ri wkh v|vwhp xqghu volglqj prwlrq

fruuhvsrqgv wr dq xqirufhg uhgxfhg rughu v|vwhp1 Dovr/ lw lv nqrzq wkdw volglqj prwlrqv

vkrz shuirupdqfhv wkdw duh yhu| urexvw zlwk uhvshfw wr vwuxfwxuhg xqfhuwdlqwlhv lq irup ri

sdudphwulf yduldwlrqv ^47/ 66/ ;;/ <3`1

Wkh pdlq sxusrvh ri wkh sursrvhg vwxg| lv wr lqyhvwljdwh wkh dssolfdwlrq ri wkh volglqj

prgh frqwuro dssurdfk iru wkh dfwlyh dqg vhpl0dfwlyh frqwuro ri flylo hqjlqhhulqj vwuxfwxuhv1

Dv phqwlrqhg ehiruh/ wkh dssolfdwlrq ri wklv dssurdfk wr wkh sureohp ri vhlvplf uhvsrqvh

frqwuro zdv �uvw sursrvhg e| \dqj dqg fr0zrunhuv yhu| uhfhqwo| lq txlwh d qxpehu ri

sxeolfdwlrqv +^439`0^44;`,1 Krzhyhu/ wkhuh duh vrph lpsruwdqw lvvxhv uhjduglqj wkh sudfwlfdo

ihdvlelolw| dqg ghvljq  h{lelolw| ri wkh dssurdfk wkdw kdyh ehhq qrw ixoo| lqyhvwljdwhg1 Wklv

uhvhdufk zloo irfxv rq wkh vwxg| ri vrph ri wkhvh lvvxhv/ zklfk duh fuxfldo iru wkh vxffhvvixo

dssolfdwlrq ri wkh volglqj prgh dssurdfk wr pdvvlyh flylo vwuxfwxuhv1 D eulhi glvfxvvlrq ri

wkhvh srlqwv lv suhvhqwhg lq wkh vhtxho1

Ihhgedfn Vwuxfwxuh= Wkh lqfhqwlyh iru wkh xvh ri d volglqj prgh frqwuroohu lv wr re0

wdlq d v|vwhp zkrvh shuirupdqfh lv urexvw zlwk uhvshfw wr sdudphwulf xqfhuwdlqwlhv dqg

xqnqrzq glvwxuedqfhv1 Khqfh/ wr eh frqvlvwhqw zlwk wklv sklorvrsk|/ wkh frqwuroohu vkrxog

kdyh d forvhg0orrs vwuxfwxuh/ dyrlglqj h{solflw ihhgiruzdug frpsrqhqwv sursruwlrqdo wr wkh

h{whuqdo h{flwdwlrq1 Wkhvh w|shv ri frpsrqhqwv pd| lqgxfh gudvwlf ghjudgdwlrqv lq shu0
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irupdqfh lq sudfwlfdo vlwxdwlrqv zlwk wlph ghod|v1 Wkhuhiruh/ wkh sursrvhg uhvhdufk zloo

lqyhvwljdwh wkh ghvljq ri frqwuroohuv zlwk vwulfwo| ihhgedfn frq�jxudwlrq1 Wkh rqo| gudz0

edfn ri vxfk frq�jxudwlrq lv wkdw li wkh lqyduldqfh frqglwlrqv duh qrw vdwlv�hg/ wkhq wkh

volglqj prwlrq zloo eh d�hfwhg e| wkh h{whuqdo glvwxuedqfh1 Wkhuhiruh/ wkh uhgxfhg0rughu

v|vwhp uhsuhvhqwlqj wkh v|vwhp xqghu volglqj prwlrq zloo qrw ehkdyh dv d v|vwhp lq iuhh

yleudwlrq1 Krzhyhu/ wklv lv qrw wkh jrdo gulylqj wkh lqvwdoodwlrq ri frqwuro v|vwhpv iru flylo

hqjlqhhulqj vwuxfwxuhv1 Ehfdxvh ri wkh pdvvlyh fkdudfwhulvwlfv ri wkh vwuxfwxudo v|vwhp dqg

wkh olplwdwlrq ri wkh dfwxdwlrq ghylfhv/ zh pxvw dffhsw wkh idfw wkdw lw lv qrw ihdvleoh wr

prgli| duelwudulo| wkh hyroxwlrq ri wkh v|vwhp xqghu jurxqg h{flwdwlrq1 Wkh lghd lv wr xvh

wkh frqwuro v|vwhp mxvw wr vkdsh dssursuldwho| wkh uhvxowlqj g|qdplfv/ qrw wr dqqlklodwh

frpsohwho| wkh h�hfwv ri dq| h{whuqdo glvwxuedqfh wr dfklhyh frpsohwh frpshqvdwlrq1

Frqwlqxrxv Frqwuroohu= Wkh pdwhuldol}dwlrq ri volglqj prwlrqv ghpdqgv wkh lpsohphq0

wdwlrq ri +fodvvlfdo, volglqj prgh frqwuroohuv/ zkrvh vwuxfwxuh lv yduldeoh dqg fkdudfwhul}hg

e| vrph irup ri glvfrqwlqxlw| zlwk uhvshfw wr wkh wdujhw volglqj vxuidfh1 Wr holplqdwh

wkh kljk iuhtxhqf| ghpdqgv rq wkh dfwxdwlrq v|vwhp zklfk duh frpprq iru wklv w|sh ri

vzlwfklqj frqwuroohuv/ d frqwlqxrxv dssur{lpdwlrq fdq eh lqwurgxfhg iru wkh ghvljq ri df0

wlyh frqwuroohuv1 Wkh sursrvhg uhvhdufk zloo h{soruh wkh ghvljq ri frqwlqxrxv volglqj prgh

frqwuroohuv dqg lw zloo lqyhvwljdwh wkhlu shuirupdqfh1 Wkh glvdgydqwdjh ri vxfk dq dssur{l0

pdwlrq lv wkdw wkh v|vwhp zloo qrw eh deoh wr vxevwdqwldwh dq lghdo volglqj uhjlph/ ehfdxvh

ri wkh vprrwkqhvv ri wkh frqwuro odz1 Exw wklv lv qrw fuxfldo li wkh uhdol}dwlrq ri volglqj

prwlrqv lv qrw wkh xowlpdwh jrdo iru wkh frqwuro v|vwhp1 Lq wklv frqwh{w/ wkh wdujhw volglqj

vxuidfh fdq eh xvhg dv d ghvljq wrro1 Wkh frqwuroohu dfwv lq vxfk d zd| wkdw lw hqfrxudjhv

wkh v|vwhp wr uhdfk dqg vwd| rq wkh volglqj/ dqg zh mxgjh wkh uhvxowlqj shuirupdqfh dv wkh

v|vwhp frqvwdqwo| wulhv wr uhdfk wklv wdujhw1
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Frqwuroohu Uhgxqgdqf|= Wudglwlrqdoo|/ lw kdv ehhq frqvlghuhg wkdw wkh qxpehu ri frq0

wuroohuv vkrxog eh lghqwlfdo wr wkh qxpehu ri volglqj frqvwudlqwv/ wr rewdlq dq xqdpeljxrxv

ghvfulswlrq ri wkh uhvxowlqj volglqj uhjlph1 Lq wkh frqwh{w ri d ghvljq sklorvrsk| qrw fhq0

whuhg rq wkh uhdol}dwlrq ri d sduwlfxodu volglqj uhjlph/ exw rq wkh ehkdylru ri wkh v|vwhp

frqvwdqwo| wu|lqj wr uhdfk wkh volglqj vxuidfh +uhdfklqj skdvh,/ lw lv lqwhuhvwlqj wr h{soruh

wkh xvh ri uhgxqgdqw frqwuroohuv1 Wkh sursrvhg uhvhdufk zloo lqyhvwljdwh wkh frqglwlrqv wr

rewdlq d ghvfulswlrq ri volglqj prwlrqv iru fdvhv zlwk frqwuro uhgxqgdqf|1

Jhqhudol}hg Volglqj Vxuidfh= Wkh vhohfwlrq ri wkh volglqj vxuidfh lv/ shukdsv/ wkh prvw

fuxfldo vwhs lq wkh ghyhorsphqw ri dq h�hfwlyh volglqj prgh frqwuroohu1 Xvxdoo|/ wkh volglqj

vxuidfh lv gh�qhg lq vwdwlf irup dv d vhw ri olqhdu htxdwlrqv lq whupv ri wkh vwdwh yduldeohv1

Wklv vwxg| zloo h{soruh wkh xvh ri pruh jhqhudo gh�qlwlrqv xvlqj dx{loldu| g|qdplfdo v|v0

whpv1 Wklv w|sh ri g|qdplf volglqj vxuidfh kdv ehhq sursrvhg wr holplqdwh fkdwwhulqj lq

volglqj prgh frqwuroohuv iru urerw pdqlsxodwruv ^454`1 Lq wkh frqwh{w ri frqwuro ri flylo

vwuxfwxuhv/ wkh iuhtxhqf| grpdlq lqwhusuhwdwlrq wkdw fdq eh dvvrfldwhg zlwk wklv g|qdplf

ru jhqhudol}hg gh�qlwlrq ri wkh volglqj vxuidfh zloo dgg  h{lelolw| wr wkh frqwuro ghvljq

sureohp1

Rxwsxw Ihhgedfn Vwuxfwxuh= Iru sudfwlfdo lpsohphqwdwlrqv lw pd| qrw eh ihdvleoh wr

lqvwdoo dv pdq| vhqvruv dv wr phdvxuh doo wkh v|vwhp vwdwhv1 Rq wkh rwkhu kdqg/ wkh hvwl0

pdwlrq ri xqphdvxuhg vwdwhv wkurxjk revhuyhuv pd| dgg vljql�fdqw rq0olqh frpsxwdwlrqv

uhvxowlqj lq wlph ghod|v ghwulphqwdo iru wkh shuirupdqfh ri wkh frqwuro v|vwhp1 Wkhuhiruh/

lw lv dozd|v ghvludeoh wr ghvljq d frqwuroohu zklfk xvhv gluhfwo| wkh lqirupdwlrq surylghg e|

d olplwhg qxpehu ri vhqvruv1 Wkh sursrvhg uhvhdufk zloo lqyhvwljdwh wkh ghvljq ri volglqj

prgh frqwuroohuv zlwk dq rxwsxw ihhgedfn vwuxfwxuh1
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417 Uhvhdufk Jrdov

Edvhg rq wkh suhfhglqj vhfwlrq/ wkh iroorzlqj uhvhdufk jrdov duh sursrvhg iru wklv vwxg|=

41 Hydoxdwlrq ri wkh ihdvlelolw| dqg h�hfwlyhqhvv ri dfwlyh dqg vhpl0dfwlyh frqwuro vwudwh0

jlhv edvhg rq wkh volglqj prgh frqwuro dssurdfk1 Wklv zloo eh grqh wkurxjk qxphulfdo

vlpxodwlrqv xvlqj exloglqj prghov fruuhvsrqglqj wr uhdo vl}h vwuxfwxuhv/ zlwk sduwlf0

xodu dwwhqwlrq ghyrwhg wr wkh iroorzlqj srlqwv=

+d, Dfwlyh frqwuro= Lq wklv fdvh/ wkh pdjqlwxghv ri wkh uhtxluhg frqwuro irufh dqg dv0

vrfldwhg phfkdqlfdo srzhu ehfrph fulwlfdo idfwruv iru sudfwlfdo lpsohphqwdwlrq1

Vhyhudo volglqj prgh frqwuroohuv zloo eh ghvljqhg dqg wkhlu shuirupdqfh zloo eh

hydoxdwhg/ frqvlghulqj wkh h�hfwlyhqhvv lq uhvsrqvh uhgxfwlrq dqg wkh frqwuro

ghpdqg1

+e, Vhpl0dfwlyh frqwuro= Vlqfh wkh frqwuro v|vwhp lv ghvljqhg dvvxplqj ixoo frqwuro

dxwkrulw|/ wkh h�hfw ri olplwhg frqwuro dfwlrqv zloo eh hydoxdwhg1 Wkh lq xhqfh

ri wkh w|sh ri ghylfh rq wkh uhvxowlqj shuirupdqfh zloo eh dqdo|}hg xvlqj wzr

vlpsoh prghov iru jhqhudwlrq ri uhdfwlyh irufhv1

+f, Wkh h�hfw ri wkh iroorzlqj sdudphwhuv rq wkh h�hfwlyhqhvv ri wkh frqwuroohg

v|vwhp zloo eh lqyhvwljdwhg= +4, vhohfwlrq ri volglqj vxuidfh dqg wkh sdudphwhuv

zklfk ghwhuplqh wklv vhohfwlrq/ +5, vwuxfwxudo fkdudfwhulvwlfv vxfk dv suhgrplqdqw

iuhtxhqflhv dqg gdpslqj idfwruv/ +6, lqsxw glvwxuedqfh iuhtxhqf| dqg lqwhqvlw|/

+7, phwkrg ri dsso|lqj frqwuro dfwlrqv1

51 Lpsuryhphqw ri ghvljq surfhgxuhv iru dfwlyh dqg vhpl0dfwlyh frqwuro vwudwhjlhv edvhg

rq wkh volglqj prgh frqwuro dssurdfk1 Sduwlfxodu hpskdvlv zloo eh jlyhq wr wkh iro0

orzlqj dvshfwv=
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+d, Jhqhudol}hg volglqj vxuidfh= Wkh ghvljq  h{lelolw| surylghg e| d g|qdplf gh�q0

lwlrq ri wkh volglqj vxuidfh zloo eh h{sorlwhg wr hqkdqfh wkh shuirupdqfh ri wkh

frqwuro v|vwhp1

+e, Qrqolqhdu frqwuro odz= Wkh lqfrusrudwlrq ri qrqolqhdu whupv lq wkh frqwuro odz

zloo eh frqvlghuhg wr lqfuhdvh wkh frqwuro dxwkrulw| zkhq wkh v|vwhp pryhv dzd|

iurp wkh volglqj vxuidfh1

+f, Rxwsxw ihhgedfn= Vhyhudo ghvljq dowhuqdwlyhv zloo eh frqvlghuhg dqg wkh lq xhqfh

ri olplwhg vwdwh lqirupdwlrq zloo eh hydoxdwhg e| frpsdulqj wkh shuirupdqfh

rewdlqhg zlwk wkh fruuhvsrqglqj ixoo0vwdwh ihhgedfn ghvljq1

418 Rujdql}dwlrq ri Zrun

Fkdswhu 4= Dq ryhuylhz ri wkh gl�huhqw frqwulexwlrqv lq wkh duhd ri dfwlyh dqg vhpl0

dfwlyh vwuxfwxudo frqwuro lv suhvhqwhg1 Wkh dgydqwdjhv dqg olplwdwlrqv duh eulh | glvfxvvhg/

dqg wkh prwlydwlrq ehklqg wkh sursrvhg dssolfdwlrq ri volglqj prgh frqwuro vfkhphv iru

vhlvplf uhvsrqvh frqwuro ri flylo vwuxfwxuhv lv suhvhqwhg1

Fkdswhu 5= Wkh irupxodwlrq ri wkh volglqj prgh frqwuro dssurdfk lv glvfxvvhg lq wklv

fkdswhu/ zlwk dq xql�hg wuhdwphqw ri erwk dfwlyh dqg vhpl0dfwlyh frqwuro vwudwhjlhv1 D

v|vwhpdwlf surfhgxuh wr wudqvirup wkh v|vwhp htxdwlrqv lqwr wkhlu uhjxodu irup lv suh0

vhqwhg1 Wkh ghvfulswlrq ri wkh volglqj prwlrq lv lqyhvwljdwhg frqvlghulqj wkh srvvlelolw|

ri frqwuro uhgxqgdqf|1 Vhyhudo dowhuqdwlyh dfwlyh dqg vhpl0dfwlyh frqwuroohu ghvljqv duh

suhvhqwhg1 Wkh frqwuroohu shuirupdqfhv duh qxphulfdoo| hydoxdwhg xvlqj d vkhdu exloglqj

prgho fruuhvsrqglqj wr d uhdolvwlf vwuxfwxuh1
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Fkdswhu 6= Wkh irupxodwlrq suhvhqwhg lq wkh suhylrxv fkdswhu lv h{whqghg wr wkh fdvh

lq zklfk wkh volglqj vxuidfh lv gh�qhg xvlqj dx{loldu| g|qdplfdo v|vwhpv1 Dq dowhuqdwlyh

surfhgxuh lv lqwurgxfhg wr rewdlq wkh fruuhvsrqglqj uhjxodu irup ri wkh vwdwh htxdwlrqv1

Wkh volglqj vxuidfh ghvljq sureohp fruuhvsrqglqj wr wklv jhqhudol}hg gh�qlwlrq lv glvfxvvhg

dqg lwv iuhtxhqf| grpdlq lqwhusuhwdwlrq lv dovr h{dplqhg1 D frqwlqxrxv dfwlyh frqwuroohu

lv suhvhqwhg dqg vrph vshfldo fkdudfwhulvwlfv ri wkh uhvxowlqj forvhg orrs v|vwhp duh glv0

fxvvhg1 Wkh shuirupdqfh ri olqhdu dqg qrqolqhdu yhuvlrqv ri wklv frqwuroohu duh hydoxdwhg

e| qxphulfdo vlpxodwlrqv

Fkdswhu 7= Wkh sudfwlfdo vlwxdwlrq ri sduwldo vwdwh lqirupdwlrq lv lqfrusrudwhg lq wkh

jhqhudol}hg volglqj vxuidfh irupxodwlrq ghyhorshg lq wkh suhylrxv fkdswhu1 Wkh wudqvirupd0

wlrq wr uhjxodu irup lv prgl�hg wr lqfrusrudwh wkh frqvwudlqwv uhsuhvhqwhg e| wkh suhvhqfh

ri xqphdvxuhg yduldeohv lq wkh prgho1 Wkh vshfldo fkdudfwhulvwlfv ri wkh fruuhvsrqglqj volg0

lqj vxuidfh ghvljq sureohp duh h{dplqhg1 Wklv ghvljq sureohp fdq eh lqwhusuhwhg lq wkh

frqwh{w ri rswlpdo rxwsxw ihhgedfn wkhru|/ dqg dq h!flhqw dojrulwkp lv suhvhqwhg wr vroyh

wkh uhvxowlqj v|vwhp ri qrqolqhdu pdwul{ htxdwlrqv1 Wklv dojrulwkp/ edvhg rq d gdpshg

vxffhvvlyh vxevwlwxwlrq vfkhph/ lv glvfxvvhg lq ghwdlo lq Dsshqgl{ D1 Wkh shuirupdqfh ri df0

wlyh dqg vhpl0dfwlyh frqwuroohuv zlwk dq rxwsxw ihhgedfn vwuxfwxuh lv hydoxdwhg e| h{whqvlyh

qxphulfdo vlpxodwlrqv1

Fkdswhu 8= Wkh pdlq frqfoxvlrqv ri wklv vwxg| duh vxppdul}hg lq wklv �qdo fkdswhu/

zlwk vrph uhfrpphqgdwlrqv iru ixwxuh uhvhdufk rq wklv wrslf1
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Fkdswhu 5

Volglqj Prgh Frqwuro Irupxodwlrq

514 Lqwurgxfwlrq

Wklv fkdswhu ghdov zlwk wkh irupxodwlrq ri volglqj prgh frqwuroohuv iru dfwlyh dqg vhpl0

dfwlyh frqwuro ri flylo vwuxfwxuhv xvlqj ixoo vwdwh ihhgedfn1 Wkh pdwkhpdwlfdo irxqgdwlrq

ri wkh volglqj prgh frqwuro lv qrz grfxphqwhg lq vhyhudo errnv ^66/ ;;/ <3`1 Wkh lqlwldo

pdwkhpdwlfdo frpsoh{lwlhv ri wklv dssurdfk kdyh/ krzhyhu/ ehhq vrphzkdw uhvsrqvleoh iru

fudpslqj wkh dgrswlrq ri wklv srzhuixo frqfhsw e| sudfwlfh rulhqwhg jurxsv vxfk dv wkh flylo

hqjlqhhulqj frppxqlw|1 Lw lv qrz h{shfwhg wkdw pruh dqg pruh uhvhdufkhuv zloo h{soruh

lwv dssolfdwlrq wr flylo vwuxfwxuhv ehfdxvh ri lwv urexvwqhvv dqg yhuvdwlolw| ri dssolfdwlrq wr

olqhdu dv zhoo dv qrqolqhdu v|vwhpv1

Lq wklv fkdswhu/ wkh jhqhudo irupxodwlrq ri wklv frqwuro dssurdfk lv suhvhqwhg zlwk vrph

qhz shuvshfwlyhv1 Wkh pdwkhpdwlfdo vwhsv dvvrfldwhg zlwk wkh ghyhorsphqw duh suhvhqwhg

lq vxfk d pdqqhu wkdw d shuvrq zlwk vrph edfnjurxqg lq pdwul{ wkhru| fdq iroorz wkh

irupxodwlrq1 Dv phqwlrqhg lq Fkdswhu �/ wkh ghyhorsphqw ri d volglqj prgh frqwuroohu

frqvlvwv edvlfdoo| ri wkh ghvljq ri d vhw ri frqvwudlqwv ehwzhhq wkh vwdwh yduldeohv dqg wkh

ghwhuplqdwlrq ri dssursuldwh frqwuro dfwlrqv hqiruflqj wkrvh frqvwudlqwv1 Wr idflolwdwh wkh

lpsohphqwdwlrq ri wklv dssurdfk wr wkh sureohp ri vhlvplf uhvsrqvh frqwuro ri flylo vwuxf0

67



wxuhv/ khuh vrph qhz dqdo|wlfdo ghyhorsphqwv duh suhvhqwhg1 Lq sduwlfxodu/ d v|vwhpdwlf

surfhgxuh lv suhvhqwhg wr wudqvirup wkh v|vwhp htxdwlrqv lqwr d vshfldo irup/ fdoohg dv wkh

uhjxodu irup/ vr wkdw wkh surfhvvhv ri gh�qlqj wkh volglqj vxuidfh dqg wkh fdofxodwlrq ri

frqwuro dfwlrqv fdq eh ghfrxsohg dv wzr vhsdudwh ghvljq vwhsv1 Wkh irupxodwlrq suhvhqwhg

khuh dovr lqfoxghv wkh fdvh ri frqwuro uhgxqgdqf| +wkdw lv/ zkhq wkh qxpehu ri frqwuro df0

wlrqv h{fhhgv wkh qxpehu ri volglqj frqvwudlqwv,1 Vhyhudo qhz ixoo vwdwh0ihhgedfn frqwuroohuv

edvhg rq dq xsshu erxqg iru wkh jurxqg h{flwdwlrq duh suhvhqwhg dqg wkh fruuhvsrqglqj uh0

jlrq ri dwwudfwlrqv duh dovr lqyhvwljdwhg1 D ixoo0vwdwh vhpl0dfwlyh frqwuroohu lv dovr ghyhorshg

dvvxplqj d el0vwdwh uhjlph iru wkh vhpl0dfwlyh ghylfhv1 Vhyhudo vhwv ri qxphulfdo uhvxowv

duh rewdlqhg wr h{dplqh wkh vshfldo fkdudfwhulvwlfv dqg wr hydoxdwh wkh ihdvlelolw| ri lpsoh0

phqwdwlrq ri volglqj prgh frqwuroohuv wr flylo vwuxfwxuhv vxemhfwhg wr hduwktxdnh0lqgxfhg

jurxqg prwlrqv1

515 V|vwhp Htxdwlrqv

51514 Htxdwlrqv ri Prwlrq

Wkh htxdwlrqv ri prwlrq ri d olqhdu exloglqj v|vwhp zlwk ?s ghjuhhv ri iuhhgrp xqghu

vhlvplf h{flwdwlrq fdq eh zulwwhq dv iroorzv=

��3n d�n��o �3n dknk�o 3 ' ��h �%} n �#�@ +514,

Wkh ?s 0glphqvlrqdo yhfwru 3 uhsuhvhqwv wkh uhodwlyh glvsodfhphqwv ri wkh v|vwhp/ l1h1 wkh

glvsodfhphqwv zlwk uhvshfw wr d uhihuhqfh iudph �{hg wr wkh jurxqg1 Wkh yhfwru h uhsuhvhqwv

wkh lq xhqfh ri wkh jurxqg h{flwdwlrq �%}E|� rq hdfk ghjuhh ri iuhhgrp1 Wkh ?s�?s pdwulfhv

�/ � dqgk uhsuhvhqw wkh pdvv/ gdpslqj dqg vwl�qhvv pdwulfhv/ uhvshfwlyho|1 Lw lv dvvxphg

wkdw wkh pdvv dqg vwl�qhvv pdwulfhv duh srvlwlyh gh�qlwh zkhuhdv wkh gdpslqj pdwul{ lv

srvlwlyh vhpl0gh�qlwh1
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Wkh yhfwru �@ frqwdlqv wkh 6@ dfwlyh frqwuro dfwlrqv zkrvh orfdwlrqv duh lghqwl�hg

wkurxjk wkh ?s�6@ orfdwlrq pdwul{ �#1 Dv lw zdv phqwlrqhg lq wkh suhylrxv fkdswhu/ dfwlyh

frqwuro dfwlrqv duh fdxvhg e| h{whuqdo irufhv zklfk duh gluhfwo| dssolhg wr wkh v|vwhp/ h1j1

wkurxjk k|gudxolf dfwxdwruv1 Lw lv dvvxphg wkdw wkh srvlwlrq ri wkhvh dfwxdwlrq ghylfhv lv

vxfk wkdw wkh froxpqv ri wkh orfdwlrq pdwul{ �# duh olqhduo| lqghshqghqw/ l1h1

h@?!E�#� ' 6@ +515,

Lw lv dovr dvvxphg wkdw wkh v|vwhp lv htxlsshg zlwk 6r@ vhpl0dfwlyh ghylfhv1 Wkh|

surylgh wkh phfkdqlvp wr h{huw frqwuro dfwlrqv lq wkh irup ri wlph0ydu|lqj sdudphwulf

shuwxuedwlrqv ri wkh gdpslqj dqg vwl�qhvv fkdudfwhulvwlfv ri wkh v|vwhp1 Wkh vhpl0dfwlyh

ghylfhv duh prghoohg dv yduldeoh vwl�qhvv dqg gdpslqj phfkdqlvpv lqvwdoohg lq sdudooho

dorqj gldjrqdo eudfhv1 Wkhvh eudfhv duh klqjhg dw wkhlu hqgv wr wkh pdlq vwuxfwxuh1 Wkh

ghylfhv/ wkhuhiruh/ lqgxfh irufhv rqo| dorqj wkh eudfh wr zklfk wkh| duh dwwdfkhg1 Wkh prgho

dovr dvvxphv wkdw wkh vhpl0dfwlyh ghylfhv fdq surylgh dgglwlrqdo vwl�qhvv dqg2ru gdpslqj

zrunlqj xqghu hlwkhu frpsuhvvlrq ru whqvlrq1 Hdfk rqh ri wkhvh ghylfhv fdq eh fkdudfwhul}hg

e| d sdlu ri yduldeoh gdpslqj dqg vwl�qhvv frh!flhqwv/ S�� dqg &��/ uhvshfwlyho|1 Wkh

?s � ?s pdwulfhv �� dqg k� lq +514, duh srvlwlyh vhpl0gh�qlwh pdwulfhv wkdw uhsuhvhqw wkh

frqwulexwlrq ri wkhvh 6r@ yduldeoh gdpslqj dqg vwl�qhvv sdudphwhuv/ uhvshfwlyho|/ wr wkh

fruuhvsrqglqj vwuxfwxudo pdwulfhv1

Lw lv dvvxphg wkdw wkh qxpehu ri dfwlyh dqg vhpl0dfwlyh ghylfhv dfwlqj rq wkh v|vwhp

lv dw prvw htxdo wr wkh qxpehu ri ghjuhhv ri iuhhgrp ri wkh prgho/ l1h1

6@ � ?s dqg 6r@ � ?s +516,

Lq jhqhudo/ wkh pdwulfhv �� dqg k� zloo kdyh d edqghg vwuxfwxuh vlplodu wr wkdw ri

vwdqgdug gdpslqj dqg vwl�qhvv pdwulfhv1 Lw zloo suryh frqyhqlhqw wr lqwurgxfh d frruglqdwh
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wudqvirupdwlrq wkdw uhgxfhv wkh yduldeoh frqwulexwlrq pdwulfhv �� dqg k� wr d vshfldo

gldjrqdo uhsuhvhqwdwlrq1

Lw lv dvvxphg wkdw wkhuh h{lvwv d qrqvlqjxodu ?s � ?s pdwul{ A_ vxfk wkdw

7�� ' A
A

_��A_ '

�
7�h
� f

f f

�
dqg 7k� ' A

A

_k�A_ '

�
7kh
� f

f f

�
+517,

lq zklfk erwk 7�h
� dqg 7kh

� duh 6r@�6r@ gldjrqdo pdwulfhv frqwdlqlqj rqo| wkh frh!flhqwv

ri wkh vhpl0dfwlyh ghylfhv/ l1h1 7�h
� ' _�@}ES��� dqg 7kh

� ' _�@}E&���1 Xvlqj wklv pdwul{ A_/

d frruglqdwh wudqvirupdwlrq lv gh�qhg dv

3 ' A_ _ +518,

Vxevwlwxwlqj +518, lqwr wkh htxdwlrqv ri prwlrq +514,/ dqg suh0pxowlso|lqj e| wkh wudqvsrvh

ri wkh pdwul{ A_/ wkh htxdwlrqv ri prwlrq fdq eh zulwwhq lq whupv ri wkh qhz frruglqdwhv

_ dv iroorzv=

7��_n
�
7�n 7��

�
�_n

�
7kn 7k�

�
_ ' �AA

_ �h �%} nAA
_
�#�@ +519,

zkhuh

7� ' A
A

_�A_ c 7� ' A
A

_�A_ dqg 7k ' A
A

_kA_ +51:,

D yhu| frpprq prgho xvhg lq wkh dqdo|vlv dqg ghvljq ri exloglqj vwuxfwxuhv lv wkh

vr0fdoohg vkhdu exloglqj ru vkhdu iudph1 Lq wklv prgho/ lw lv dvvxphg wkdw wkh wrwdo pdvv

ri wkh vwuxfwxuh lv oxpshg dw wkh  rru ohyhov dqg wkh  rru ehdpv duh lq�qlwho| uljlg dv

frpsduhg wr wkh froxpqv1 Wkh froxpqv duh dvvxphg lq�qlwho| uljlg zlwk uhvshfw wr d{ldo

ghirupdwlrqv dqg wkh gdpslqj fkdudfwhulvwlfv ri wkh v|vwhp duh prghoohg e| lqwhuvwru|

gdvksrwv1 Xqghu wkhvh dvvxpswlrqv/ wkh ghiruphg frq�jxudwlrq fdq eh ghvfulehg rqo| lq

whupv ri wkh krul}rqwdo glvsodfhphqwv dw wkh  rru ohyhov1 Wkhuhiruh/ d sodqh +5G, vkhdu

exloglqj prgho zloo kdyh dv pdq| ghjuhhv ri iuhhgrp dv  rru ohyhov1 Iru d sodqh vkhdu
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exloglqj prgho lq zklfk wkh vhpl0dfwlyh ghylfhv duh lqvwdoohg ehwzhhq dgmdfhqw vwrulhv/

wkh gldjrqdo uhsuhvhqwdwlrq lqglfdwhg lq +517, fdq eh hdvlo| dfklhyhg li wkh frruglqdwhv _

uhsuhvhqw wkh lqwhuvwru| ghirupdwlrqv1

51515 Vwdwh Htxdwlrqv

Wkh iroorzlqj vwdwh yhfwru # ri glphqvlrq ? ' 2?s lv gh�qhg=

# '

�
_
�_

�
+51;,

Dffruglqj wr wklv gh�qlwlrq dqg frqvlghulqj +518,/ wkh �uvw ?s frpsrqhqwv ri wkh vwdwh

yhfwru uhsuhvhqw olqhdu frpelqdwlrqv ri uhodwlyh glvsodfhphqwv/ zkhuhdv wkh uhpdlqlqj ?s

vwdwh yduldeohv ghqrwh olqhdu frpelqdwlrqv ri yhorflw| frruglqdwhv1

Zlwk wklv gh�qlwlrq/ wkh htxdwlrqv ri prwlrq +519, fdq eh zulwwhq lq vwdwh vsdfh irup

dv

�# ' �# n�� # n�@ �@ni �%} +51<,

zkhuh wkh vwdwh pdwul{ � dqg wkh yduldeoh vwdwh pdwul{ �� duh jlyhq/ uhvshfwlyho|/ e|

� '

�
f W?s

� 7�3� 7k � 7�3�7�

�
dqg �� '

�
f f

� 7�3� 7k� � 7�3�7��

�
+5143,

dqg wkh dfwlyh frqwuro lqsxw pdwul{ �@ dqg glvwxuedqfh lqsxw yhfwru i duh jlyhq/ uhvshf0

wlyho|/ e|

�@ '

�
f

7�3�A
A

_
�#

�
dqg i '

�
f

� 7�3�A
A

_ �h

�
+5144,

Qrwh wkdw/ vlqfh 7� dqg A_ duh qrqvlqjxodu pdwulfhv/ wkh udqn ri �@ lv wkh vdph dv wkh

udqn ri wkh orfdwlrq pdwul{ �#/ wkdw lv/ h@?!E�@� ' 6@1

Frqvlghulqj wkh vwuxfwxuh ri wkh pdwulfhv 7k� dqg 7��/ lw fdq eh vkrzq wkdw wkh frqwul0

exwlrq ri wkh vhpl0dfwlyh ghylfhv wr wkh vwdwh htxdwlrqv fdq eh zulwwhq dv iroorzv=

��# ' �t@�t@ +5145,
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zkhuh wkh frqwuro yhfwru �t@ lv gh�qhg dv

�t@' � �
7kh
�

7�h
�

�� 1
�1

�
+5146,

lq zklfk wkh yhfwru 1 ghqrwhv wkh 6r@ frpsrqhqwv ri wkh yhfwru _ dvvrfldwhg zlwk vhpl0

dfwlyh dfwlrqv/ jlyhq e|

1 ' wA_ zlwk wA '
�
W6r@

f
�

+5147,

Wkh ?�6r@ lqsxw pdwul{ �t@ lv jlyhq e|

�t@'

�
f

7�3�w

�
+5148,

Qrwh wkdw edvhg rq wkh gh�qlwlrq ri wkh pdwul{ w dqg wkh idfw wkdw wkh pdvv pdwul{ lv

qrqvlqjxodu/ zh kdyh wkdw h@?!E�t@� ' 6r@1

Vxevwlwxwlqj +5145, lqwr +51<,/ wkh vwdwh htxdwlrqv fdq eh zulwwhq pruh frpsdfwo| lq wkh

iroorzlqj irup=

�# ' �# n �� ��n i �%} +5149,

zkhuh wkh ?� E6@ n6r@� lqsxw pdwul{ �� lv gh�qhg dv

�� '
�
�@ �t@

�
'

�
f f

7�3�A
A

_
�# 7�3�w

�
+514:,

dqg wkh E6@ n6r@�0glphqvlrqdo frqwuro yhfwru �� lv jlyhq e|

�� '

�
�@
�t@

�
+514;,

Khuh zh qrwh wkdw wkh srvvlelolw| ri dfwlyh dqg vhpl0dfwlyh ghylfhv fr0dfwlqj dw wkh vdph

orfdwlrq kdv qrw ehhq uxohg rxw/ ehfdxvh wkh rqo| dvvxpswlrq pdgh derxw wkh orfdwlrq ri

wkh dfwxdwlrq ghylfhv zdv uhodwhg wr wkh dfwlyh frqwuroohuv1 Wkhuhiruh/

h@?!
��

AA
_
�# w

��
' 6S � 6@ n6r@ +514<,

6<



Frqvlghulqj wkh idfw wkdw 7� lv qrqvlqjxodu/ lw lv hdv| wr vhh iurp +514:, wkdw wkh udqn ri

wkh lqsxw pdwul{ �� lv dovr htxdo wr 6S dqg wkhuhiruh qrw qhfhvvdulo| htxdo wr wkh qxpehu

ri frqwuro frpsrqhqwv1 Vlqfh lw lv ghvluhg wr h{suhvv wkh lqsxw whup ri wkh vwdwh htxdwlrqv

lq whupv ri d vhw ri lqghshqghqw frqwuro dfwlrqv/ zh wdnh lqwr dffrxqw wkh idfw wkdw lw lv

dozd|v srvvleoh wr frqvwuxfw wkh iroorzlqj idfwrul}dwlrq ^;4`=

�
AA
_
�# w

�
' #vA +5153,

zkhuh # dqg v duh ?s � 6S dqg 6S � E6@ n 6r@� pdwulfhv zkrvh udqn lv htxdo wr 6S1

Xvlqj wkh idfwrul}dwlrq/ lw lv srvvleoh wr gh�qh wkh iroorzlqj lqsxw pdwul{ �=

� '

�
f

7�3�#

�
+5154,

dqg wkh 6S0glphqvlrqdo yhfwru �

� ' vA �� +5155,

vxfk wkdw wkh vwdwh htxdwlrqv fdq eh �qdoo| zulwwhq dv

�# ' �# n��n i �%} +5156,

lq zklfk

h@?! E�� ' 6S � ?s +5157,

516 Volglqj Vxuidfh

Wkh pdlq lghd ri wkh volglqj prgh frqwuro dssurdfk frqvlvwv ri hqiruflqj d vhw ri 6r suh0

gh�qhg uhodwlrqvklsv ru frqvwudlqwv ehwzhhq wkh vwdwh yduldeohv ri wkh iroorzlqj irup=

tE#� '

;AAA?
AAA=

r�E#�
r2E#�
111

r6r
E#�

<AAA@
AAA>

' f +5158,
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zkhuh lw lv dvvxphg wkdw wkh qxpehu ri frqvwudlqwv grhv qrw h{fhhg wkh qxpehu ri lqgh0

shqghqw frqwuro dfwlrqv/ l1h1

6o ' 6S � 6r � f +5159,

zkhuh wkh sdudphwhu 6o lv uhihuuhg wr dv wkh frqwuro uhgxqgdqf| lqgh{1

Wkh vhw ri htxdwlrqv +5158, gh�qh d vxuidfh lq wkh ?0glphqvlrqdo vwdwh vsdfh/ uhihuuhg

wr dv wkh volglqj vxuidfh ^;:`1 Li wkh vfdodu ixqfwlrqv r� wdnh wkh irup ri olqhdu dojheudlf

uhodwlrqv ehwzhhq wkh vwdwh yduldeohv/ wkhq wkh volglqj vxuidfh fdq eh uhjdughg dv wkh vroxwlrq

vxevsdfh ri d vhw ri krprjhqhrxv olqhdu htxdwlrqv dqg wkh gh�qlwlrq +5158, fdq eh zulwwhq

dv

tE#� ' �t # ' f +515:,

zkhuh �t ghqrwhv d 6r � ? frqvwdqw pdwul{1 Lw lv dvvxphg wkdw wklv gh�qlwlrq kdv qr

uhgxqgdqw lqirupdwlrq lq wkh irup ri ghshqghqw htxdwlrqv/ l1h1

h@?! E�t� ' 6r +515;,

Vlqfh wkh volglqj vxuidfh kdv qrz d gluhfw lqwhusuhwdwlrq dv wkh qxoo vsdfh ri wkh pdwul{

�t/ lw lv hdv| wr vhh wkdw wklv vxuidfh gh�qhv d E?�6r�0glphqvlrqdo vxevsdfh ri wkh vwdwh

vsdfh1

Wkh remhfwlyh ri wkh frqwuro v|vwhp lv wr dsso| wkh dssursuldwh frqwuro dfwlrqv wr gulyh

wkh v|vwhp vwdwh # wrzdugv wkh volglqj vxuidfh/ dqg nhhs lw wkhuh1 Wkh uhvxowlqj prwlrq ri

wkh v|vwhp/ lq zklfk wkh vwdwh lv irufhg wr vdwlvi| +5158,/ lv fdoohg volglqj prwlrq ^;:`1 Wklv

lv uhsuhvhqwhg lq Iljxuh +2��,1 Wkh volglqj vxuidfh ghvljq sureohp/ zklfk lq wkh fdvh ri d

olqhdu gh�qlwlrq uhgxfhv wr wkh surfhvv ri vhohfwlqj dq dssursuldwh pdwul{ �t/ lv frqfhuqhg

wkhuhiruh zlwk wkh vshfl�fdwlrq ri vrph ghvludeoh fkdudfwhulvwlfv iru wkh dvvrfldwhg volglqj

prwlrq1 Reylrxvo|/ d ixqgdphqwdo uhtxluhphqw iru dq| volglqj vxuidfh fdqglgdwh lv wkh

vwdelolw| ri wkh fruuhvsrqglqj volglqj prwlrq1
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517 Volglqj Prwlrq

Lq wklv vhfwlrq/ wkh htxdwlrqv ghvfulelqj wkh volglqj prwlrq fruuhvsrqglqj wr d olqhdu volglqj

vxuidfh duh rewdlqhg iroorzlqj wkh phwkrg sursrvhg e| Xwnlq ^;:`1 Lq ylhz ri wkh frqvwudlqwv

rq wkh vwdwh yhfwru uhsuhvhqwhg e| wkh htxdwlrqv +515:,/ lw lv fohdu wkdw d uhgxfhg qxpehu

ri yduldeohv zloo eh qhhghg wr ghvfuleh wklv prwlrq1 Dvvxplqj wkdw wkh v|vwhp uhdfkhv wkh

volglqj pdqlirog dw vrph wlph |� dqg lw lv irufhg wr vwd| wkhuh e| vrph frqwuro dfwlrq 	�/

wkh volglqj prwlrq frqglwlrqv duh jlyhq e|

tE#� ' �t# ' f +515<,

�tE#� m�'	�' �t �# ' f +5163,

Vlqfh wkh6r�? pdwul{ �t kdv udqn 6r/ lw lqfoxghv dw ohdvw rqh6r�6r vxepdwul{ �t2

ri udqn6r ^;4`1 Wklv doorzv rqh wr h{suhvv wkh6r frpsrqhqwv ri wkh vwdwh yhfwru dvvrfldwhg

zlwk wkh froxpqv ri dq| ri wkhvh qrqvlqjxodu vxepdwulfhv lq whupv ri wkh uhpdlqlqj ?o '

?�6r vwdwhv1 Wkhuhiruh/ e| vhsdudwlqj wkh vwdwh yduldeohv lqwr wkh fruuhvsrqglqj yhfwruv

#2 dqg #� ri glphqvlrqv 6r dqg ?o/ uhvshfwlyho|/ zh fdq zulwh +515<, dqg +5163, dv iroorzv=

#2 ' ��h #� +5164,

�#2 ' ��h �#� +5165,

lq zklfk �h lv d 6r � ?o pdwul{ wkdw h{suhvvhv wkh ghshqghqf| ri wkh yduldeohv #2 rq wkh

yduldeohv #�1

Wkh vwdwh htxdwlrqv +5156, fdq eh zulwwhq lq wkh iroorzlqj sduwlwlrqhg irup zklfk uh hfwv

wkh duudqjhphqw ri wkh vwdwh yduldeohv lqwr wkh yhfwruv #� dqg #2=

�
�#�
�#2

�
'

�
��� ��2

�2� �22

��
#�
#2

�
n

�
��

�2

�
�n

�
i�
i2

�
�%} +5166,
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Wkh wzr h{suhvvlrqv +5164, dqg +5165, pdnh lw srvvleoh wr holplqdwh wkh yduldeohv #2

iurp wkh ghvfulswlrq ri wkh volglqj prwlrq1 Xqghu wkh frqwuro 	� hqiruflqj wkh g|qdplf

frqglwlrq +5165,/ wkh hyroxwlrq ri wkh v|vwhp fdq eh ghvfulehg e| ?o lqghshqghqw htxdwlrqv

ri wkh irup

�#� ' ���#� n��2#2 n�� 	�n i� �%} +5167,

dqg wdnlqj lqwr dffrxqw wkh uhodwlrq +5164,/ lw iroorzv wkdw wkh volglqj prwlrq htxdwlrqv duh

jlyhq e|

�#� ' d��� ���2�ho #� n�� 	�n i� �%} +5168,

Wkh volglqj vxuidfh ghvljq surfhvv wkhuhiruh frqvlvwv ri wkh vshfl�fdwlrq ri wkh 6r?o

frh!flhqwv ri wkh pdwul{�h vxfk wkdw wkh uhgxfhg rughu g|qdplfv ghvfulehg e| +5168, vkrzv

vrph ghvludeoh fkdudfwhulvwlfv1 Exw wklv ghvfulswlrq kdv wkh glvdgydqwdjh ri ghshqglqj

h{solflwo| rq wkh frqwuro 	�1 Wklv frqwuro dfwlrq pxvw eh rewdlqhg iurp wkh frqglwlrq +5163,/

dqg lw zloo eh dovr ixqfwlrq ri wkh pdwul{ gh�qlqj wkh volglqj vxuidfh/ wkxv frpsolfdwlqj wkh

ghvljq surfhgxuh1

Lw lv wkhuhiruh frqyhqlhqw wr lqyhvwljdwh xqghu zklfk frqglwlrqv wkh sduwlflsdwlrq ri

wkh frqwuro dfwlrqv fdq eh holplqdwhg iurp wkh volglqj prwlrq htxdwlrqv +5168,1 Wklv zrxog

doorz rqh wr vhsdudwh wkh surfhvv ri gh�qlqj wkh volglqj prwlrq iurp wkh surfhvv ri fkrrvlqj

wkh frqwuro zklfk hqvxuhv wkdw prwlrq1 E| frqvlghulqj +5168,/ lw lv fohdu wkdw wklv vlwxdwlrq

zloo kdsshq li wkh frqwuro 	� hqiruflqj wkh volglqj prwlrq ehorqjv wr wkh qxoo vsdfh ri wkh

pdwul{��1 Wkhuhiruh/ d qhfhvvdu| frqglwlrq wr dfklhyh wklv frqyhqlhqw uhsuhvhqwdwlrq lv wkh

h{lvwhqfh ri vxfk qxoo vsdfh1 Lq wkh vhtxho/ d vshfldo frruglqdwh wudqvirupdwlrq lv lqwurgxfhg

wr jxdudqwhh wklv frqglwlrq1
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518 Uhjxodu Irup

51814 Volglqj Prwlrq Ghvfulswlrq

Wkurxjk dq dssursuldwh vwdwh wudqvirupdwlrq/ zh zloo vhhn d uhsuhvhqwdwlrq ri wkh v|vwhp

zkhuh wkh frqwuro dfwlrq grhv qrw h{solflwo| dsshdu lq wkh uhgxfhg rughu htxdwlrqv ghvfulelqj

wkh volglqj prwlrq1 Wklv vshfldo uhsuhvhqwdwlrq lv fdoohg wkh uhjxodu irup ^;:`1 Reylrxvo|/

wkh wudqvirupdwlrq uhtxluhg wr surgxfh wklv ghfrxsolqj ghshqgv rq wkh frqwuro lqsxw pdwul{

�1 D surfhgxuh wr jhqhudwh wklv wudqvirupdwlrq zdv sursrvhg e| Oxn|dqry dqg Xwnlq ^7<`/

edvhg rq wkh zrun e| Eudqglq dqg Ud}ruhqry ^9`1 D sduwlfxodu irup ri wklv surfhgxuh zdv

xvhg e| \dqj dqg fr0zrunhuv iru wkh fdvh ri olqhdu v|vwhpv ^43;`1 Dovr/ Gruolqj dqg ]lqrehu

^4:` sursrvhg d gl�huhqw dssurdfk wr jhqhudwh wklv wudqvirupdwlrq1 Lq wklv zrun/ |hw dqrwkhu

frqyhqlhqw dqg v|vwhpdwlf dssurdfk lv sursrvhg wr frqvwuxfw vxfk wudqvirupdwlrq1

Ohw �2 eh d ?�6S pdwul{ zkrvh froxpqv frqvwlwxwh dq ruwkrqrupdo edvlv iru UE��/

l1h1 wkh froxpq vsdfh ri wkh pdwul{ �> dqg ohw �� eh d ?� E?�6S� pdwul{ zkrvh froxpqv

frqvwlwxwh dq ruwkrqrupdo edvlv iru wkh ruwkrjrqdo frpsohphqw ri UE��1 Wkh iroorzlqj

vwdwh wudqvirupdwlrq lv gh�qhg=

# ' A) +5169,

lq zklfk

A '
�
�� �2

�
+516:,

Qrwh wkdw A lv xqlwdu| e| frqvwuxfwlrq/ dqg wkhuhiruh

A3� ' AA +516;,

Vxevwlwxwlqj +5169, lq wkh vwdwh htxdwlrqv +5156,/ suhpxowlso|lqj e| A3� dqg frqvlghulqj

+516;,/ zh rewdlq

�) ' 7�) n 7��n 7i �%} +516<,
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zkhuh

7� ' AA�A/ 7� ' AA� dqg 7i ' AAi +5173,

Wkh olqhdu gh�qlwlrq ri wkh volglqj vxuidfh fdq dovr eh zulwwhq lq whupv ri wkh qhz vwdwh

yduldeohv dv iroorzv=

tE)� ' 7�t) ' f +5174,

zkhuh

7�t ' �tA +5175,

Vlqfh wkh pdwul{ A lv qrqvlqjxodu/ wkh uhvxowlqj pdwul{ 7�t kdv wkh vdph udqn dv �t/ l1h1

h@?!E7�t� ' 6r1 Lw zdv phqwlrqhg ehiruh wkdw wklv zloo doorz rqh wr ghvfuleh wkh volglqj

prwlrq lq whupv ri d uhgxfhg vhw ri yduldeohv1 Lq sduwlfxodu/ dqg edvhg rq wkh gh�qlwlrq

ri wkh wudqvirupdwlrq A/ d ghvfulswlrq ri wkh volglqj prwlrq zloo eh vrxjkw lq whupv ri wkh

�uvw ?o frpsrqhqwv ri wkh wudqviruphg vwdwh yhfwru )1 Ohw ) eh sduwlwlrqhg dv iroorzv=

) '

�
)�
)2

�
+5176,

zlwk wkh �uvw ?o frpsrqhqwv duudqjhg lq wkh yhfwru )� dqg wkh uhpdlqlqj 6r yduldeohv

froohfwhg lq wkh yhfwru )21 Wkh pdwul{ 7�t lv sduwlwlrqhg dffruglqjo| lq wkh iroorzlqj irup=

7�t '
�
7�t�

7�t2

�
+5177,

zkhuh wkh vxepdwulfhv 7�t� dqg 7�t2 kdyh glphqvlrqv 6r�?o dqg6r�6r/ uhvshfwlyho|1 Wr

zulwh wkh volglqj htxdwlrqv lq whupv ri )�/ lw lv fohduo| qhfhvvdu| wr dvvxph wkdw wkh volglqj

vxuidfh pdwul{ zloo eh ghvljqhg vxfk wkdw wkh vxepdwul{ 7�t2 lv qrqvlqjxodu1

Wkh vwdwh htxdwlrqv +516<, fdq dovr eh zulwwhq lq sduwlwlrqhg irup dv iroorzv=

�
�)�
�)2

�
'

�
7���

7��2

7�2�
7�22

��
)�
)2

�
n

�
7��

7�2

�
�n

�
7i�
7i2

�
�%} +5178,
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E| frqvlghulqj +516:,/ wkh wudqviruphg pdwul{ 7� fdq eh zulwwhq dv

7� '

�
�A

�

�A
2

�
� '

�
f
	�

�
+5179,

lq zklfk 	� lv d 6S �6S qrqvlqjxodu pdwul{1 Wkhuhiruh/ lw lv hdv| wr vhh wkdw wkh ?o �6S

vxepdwul{ 7�� lq +5178, kdv wkh iroorzlqj vwuxfwxuh=

7�� '

�
f
7��M

�
+517:,

zkhuh wkh vxepdwul{ 7��M/ zlwk glphqvlrqv 6o�6S/ ghqrwhv wkh wrs6o urzv ri wkh pdwul{

	�1 Khqfh/ wkh sduwlwlrq 7�� kdv udqn 6o 	 6S dqg lw lv fohdu wkdw wkh vwdwh wudqvirupdwlrq

+5169, dfklhyhv d uhsuhvhqwdwlrq wkdw jxdudqwhhv wkh h{lvwhqfh ri d qrqwulyldo qxoo vsdfh ri

7�� e| plqlpl}lqj lwv udqn1 Qrwh wkdw lq wkh fdvh 6r ' 6S/ wkh pdwul{ 7�� uhgxfhv wr d

qxoo pdwul{1

Wklv wudqvirupdwlrq uhqghuv srvvleoh wr rewdlq d ghvfulswlrq ri wkh volglqj prwlrq lq

whupv ri wkh yduldeohv )� zlwk qr sduwlflsdwlrq ri wkh frqwuro dfwlrqv1 Wkh volglqj prwlrq

frqglwlrqv +515<, dqg +5163, fdq eh zulwwhq lq whupv ri wkh wudqviruphg yduldeohv dv iroorzv=

tE)� ' 7�t) ' f +517;,

�tE)� m�'	�' 7�t �) ' f +517<,

dqg frqvlghulqj wkh sduwlwlrqlqj gh�qhg lq +5178, dqg +5177,/ lw iroorzv wkdw wkh prwlrq ri

wkh v|vwhp zkhq frqvwudlqhg wr vdwlvi| wkh frqglwlrq +517<, fdq eh ghvfulehg lq whupv ri

wkh iroorzlqj ?o htxdwlrqv=

�)� ' 7���)� n 7��2)2 n 7�� 	�n 7i� �%} +5183,

Wkh frqwuro 	� hqiruflqj wklv frqglwlrq pxvw eh rewdlqhg e| frqvlghulqj

�tE)� m�'	�' 7�t �) ' 7�t

�
7�) n 7� 	�n 7i �%}

�
' f +5184,
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dqg wkhuhiruh 	� pxvw eh d vroxwlrq ri

7�t
7� 	� ' �7�t

7�) � 7�t7i �%} +5185,

Qrwh wkdw e| frqvwuxfwlrq

h@?!E7�t
7�� ' 6r +5186,

Khqfh/ vlqfh wkh udqn ri wkh frh!flhqw pdwul{ lv 6r/ wkh vroxwlrq vsdfh kdv glphqvlrq 6o1

Wkhuhiruh/ wkh vroxwlrq lw lv qrw xqltxh iru wkh fdvhv zlwk uhgxqgdqf| ri frqwuro dfwlrqv/

wkdw lv 6o : �1

Li wkh 6S �6r pdwul{
�
7�t

7�
�-

ghqrwhv d uljkw lqyhuvh ri wkh pdwul{ 7�t
7�/ wkdw lv

7�t
7�

�
7�t

7�
�-

' W6r
+5187,

wkhq wkh frqwuro dfwlrqv 	� wkdw vdwlvi| +5185, fdq eh zulwwhq dv

	� ' � �
7�t

7�
�- �

7�t
7�) n 7�t7i �%}

�
+5188,

Qrz/ li 	� lv dgglwlrqdoo| uhtxluhg wr eh frqwdlqhg lq wkh qxoo vsdfh ri 7��/ wkhq wkh

iroorzlqj 6o frqglwlrqv pxvw eh vdwlv�hg=

7��M 	� ' f +5189,

Wkh frqwuro dfwlrqv 	� wkdw vdwlvi| +5185, dqg +5189, fdq eh rewdlqhg dv d vroxwlrq ri

�
7��M

7�t
7�

�
	� '

�
f

�7�t
7�)� 7�t7i �%}

�
+518:,

Lw zloo qrz eh vkrzq wkdw wkh pdwul{ rq wkh ohiw0kdqg vlgh ri +518:, lv qrqvlqjxodu/ wkxv

hqvxulqj wkdw d xqltxh 	� fdq eh irxqg1 Frqvlghulqj wkh gh�qlwlrqv +5178,/ +5179, dqg

+517:,/ lw lv srvvleoh wr zulwh

	� '

�
7��M

7�2

�
+518;,

7:



dqg wdnlqj lqwr dffrxqw +5177,/ wkh surgxfw 7�t
7� fdq eh zulwwhq dv

7�t
7� '

�
7�t�M

7�t2

� � 7��M

7�2

�
+518<,

lq zklfk wkh vxepdwul{ 7�t�M lqglfdwhv wkh odvw6o froxpqv ri 7�t�1 Wkhuhiruh/ wkh frh!flhqw

pdwul{ ri wkh v|vwhp +518:, fdq eh idfwruhg dv�
7��M

7�t
7�

�
'

�
W6o

f
7�t�M

7�t2

� �
7��M

7�2

�
'

�
W6o

f
7�t�M

7�t2

�
	� +5193,

zklfk fohduo| vkrzv wkdw lw lv qrqvlqjxodu/ edvhg rq wkh ixoo udqn ri wkh pdwulfhv 	� dqg

7�t21 Khqfh/ wkhuh lv d xqltxh vroxwlrq 	� wkdw vdwlv�hv +518:, dqg lw lv jlyhq e|

	� ' 	�
3�

�
W6o

f

�7�3�
t2

7�t�M
7�3�
t2

��
f

�7�t
7�) � 7�t7i �%}

�
+5194,

Wklv fdq eh zulwwhq pruh frpsdfwo| dv iroorzv=

	� ' �t n �i +5195,

zkhuh wkh frpsrqhqwv �t dqg �i/ zklfk ghshqg uhvshfwlyho| rq wkh v|vwhp vwdwhv dqg wkh

h{whuqdo h{flwdwlrq/ duh gh�qhg dv

�t'� �
7�t

7�
�h 7�t

7�) dqg �i'� �
7�t

7�
�h 7�t7i �%} +5196,

lq zklfk wkh pdwul{
�
7�t

7�
�h
ghqrwhv d sduwlfxodu uljkw lqyhuvh ri

�
7�t

7�
�
/ jlyhq e|

�
7�t

7�
�h
' 	�

3�
�

f
7�3�
t2

�
+5197,

dqg fkdudfwhul}hg e| wkh idfw wkdw

7��M

�
7�t

7�
�h

' f +5198,

Ilqdoo|/ vxevwlwxwlqj +5195, dqg +5196, lqwr wkh htxdwlrqv +5183, dqg frqvlghulqj +5198,/

lw iroorzv wkdw wkh hyroxwlrq ri wkh v|vwhp vxemhfw wr wkh g|qdplf frqglwlrq +517<, fdq eh

ghvfulehg dv iroorzv=

�)� ' 7���)� n 7��2)2 n 7i� �%} +5199,

7;



Frqvlghulqj +517;,/ wkh volglqj prwlrq htxdwlrqv duh jlyhq e|

�)� '
�
7��� � 7��2�

3�
t2 �t�

�
)� n 7i� �%} +519:,

Htxdwlrq +519:, r�huv d yhu| frqyhqlhqw iudphzrun wr shuirup wkh ghvljq ri wkh volglqj

vxuidfh1 Wkh vhohfwlrq ri wkh volglqj vxuidfh pxvw eh shuiruphg e| dssursuldwho| fkrrvlqj d

frqvwdqw pdwul{ 7�h ' �3�
t2 �t� vxfk wkdw wkh uhvxowlqj uhgxfhg rughu g|qdplfv vkrzv vrph

ghvludeoh fkdudfwhulvwlfv1

51815 Wudqvirupdwlrq Pdwul{

D gluhfw surfhgxuh wr jhqhudwh wkh wudqvirupdwlrq A lqwurgxfhg lq +5169, lv rewdlqhg e|

frqvlghulqj wkh vlqjxodu ydoxh ghfrpsrvlwlrq ri wkh frqwuro lqsxw pdwul{ � dv iroorzv=

� ' V�+VA
2 +519;,

lq zklfk V� dqg V2 duh ?� ? dqg 6S �6S xqlwdu| pdwulfhv/ uhvshfwlyho|1 Wkh pdwul{ +

kdv wkh iroorzlqj vwuxfwxuh=

+ '

�
P

f

�
+519<,

zkhuh P ' _�@}Ej�� zlwk j� : f/ � ' �c 2c ���c6S1 E| frqvwuxfwlrq/ wkh �uvw 6S froxpqv ri

wkh pdwul{V� frqvwlwxwh dq ruwkrqrupdo edvlv iru wkh froxpq vsdfh ri�1 Wklv idfwrul}dwlrq

ri � fdq eh xvhg wr gh�qh d xqlwdu| wudqvirupdwlrq pdwul{ A lq wkh iroorzlqj irup=

A ' V�,T +51:3,

zkhuh ,T lv d ?�? shupxwdwlrq pdwul{ wkdw frqyhqlhqwo| lqwhufkdqjhv wkh froxpqv ri V�1

Wklv pdwul{ fdq eh gh�qhg/ iru h{dpsoh/ dv

,T '

�
f W6S

W?36S
f

�
+51:4,

7<



Qrwh wkdw iru wklv sduwlfxodu vhohfwlrq ri ,T wkh wudqviruphg pdwul{ 7� wdnhv wkh irup

7� ' ,A
TV

A
�� '

�
f

PVA
2

�
+51:5,

dqg wkhuhiruh/ e| frqvlghulqj +5179,/ wkh qrqvlqjxodu pdwul{ 	� lv jlyhq e|

	� ' PVA
2 +51:6,

Wklv h{suhvvlrq iru 	� surylghv d vwudljkwiruzdug frpsxwdwlrq ri lwv lqyhuvh/ uhtxluhg lq

htxdwlrq +5197,/ dqg jlyhq e| 	�3� ' V2P
3�/ zkhuh P3� ' _�@}E�*j��1

519 Volglqj Vxuidfh Ghvljq

Vhyhudo dssurdfkhv kdyh ehhq sursrvhg wr dssursuldwho| ghvljq wkh volglqj vxuidfh1 Vrph

ri wkh prvw frpprqo| xvhg surfhgxuhv duh edvhg rq hljhqvwuxfwxuh dvvljqphqw whfkqltxhv1

Lq wklv fdvh/ wkh pdwul{ �h ' �3�
t2 �t� lv ghwhuplqhg vxfk wkdw wkh hljhqydoxhv ri wkh volglqj

prwlrq pdwul{ 7��� � 7��2�h duh orfdwhg lq vrph suhghwhuplqhg orfdwlrqv ri wkh frpsoh{

sodqh ^;<`1 Lw lv dovr srvvleoh wr dvvljq/ dw ohdvw sduwldoo|/ wkh fruuhvsrqglqj hljhqyhfwru

vwuxfwxuh ^4:`1

Dqrwkhu fodvvlfdo phwkrg iru volglqj vxuidfh ghvljq lv edvhg rq wkh plqlpl}dwlrq ri d

txdgudwlf shuirupdqfh lqgh{ ri wkh irup ^4;/ ;<`=

a '

] "

|�

O� _| +51:7,

lq zklfk O� uhsuhvhqwv d txdgudwlf ixqfwlrq ri wkh irup=

O� ' _A"�_n �_A"2
�_ +51:8,

zkhuh "� dqg "2 duh ?s � ?s srvlwlyh gh�qlwh zhljkwlqj pdwulfhv1 Wkh orzhu olplw ri wkh

lqwhjudo lv h{solflwo| ghqrwhg dv |� wr lqglfdwh wkdw wklv shuirupdqfh lqgh{ lv hydoxdwhg iru
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wkh v|vwhp xqghu volglqj frqglwlrqv1 Wklv wlph |�/ uhihuuhg wr dv wkh klwwlqj wlph/ lv wkh

wlph iru zklfk wkh v|vwhp uhdfkhv wkh volglqj vxuidfh/ zklfk zlwkrxw dq| orvv ri jhqhudolw|

fdq eh vhw |� ' f1

Lqwurgxflqj wkh wudqvirupdwlrq ri frruglqdwhv jlyhq e| +5169,/ wkh shuirupdqfh lqgh{

wdnhv wkh iroorzlqj irup=

a� '

] "

f

�
)A
�
7"�� )� n 2)A

�
7"�2 )2 n )A

2
7"22 )2

�
_| +51:9,

zkhuh wkh pdwulfhv 7"��/ 7"�2 dqg 7"22 duh vxepdwulfhv ri wkh wudqviruphg zhljkwlqj pdwul{

7" dv iroorzv=

7" ' A
A

�
"� f

f "2

�
A '

�
7"��

7"�2

7"A
�2

7"22

�
+51::,

Qrwh wkdw wkh uhvxowlqj vxepdwul{ 7"22 lv srvlwlyh gh�qlwh1

Wklv frvw ixqfwlrq pxvw eh plqlpl}hg vxemhfw wr wkh frqvwudlqwv ri wkh volglqj prwlrq

htxdwlrqv1 Dvvxplqj wkdw wkh v|vwhp lv dfwhg xsrq e| wkh frqwuro 	� gh�qhg lq +5195, dqg

qhjohfwlqj wkh h�hfw ri wkh h{whuqdo h{flwdwlrq/ wkh uhvxowlqj prwlrq fdq eh ghvfulehg e|

�)� ' 7���)� n 7��2)2 +51:;,

Li wkh yhfwru )2 lv uhjdughg dv d frqwuro whup/ wkhq wkh sureohp ri plqlpl}lqj +51:9, vxemhfw

wr +51:;, fdq eh vroyhg dv d fodvvlfdo rswlpdo frqwuro sureohp1 Wklv uhqghuv dq rswlpdo

vroxwlrq lq wkh irup ri d olqhdu uhodwlrq ehwzhhq )2 dqg )�/ jlyhq e|

)2 ' �7�h)� zlwk 7�h ' 7"
3�

22

�
7�A
�2

7�n 7"A
�2

�
+51:<,

zkhuh wkh pdwul{ 7� lv wkh vroxwlrq ri wkh iroorzlqj dojheudlf Ulfdwwl htxdwlrq=

7� 7�� n 7�A
�
7�n 7� 7��2

7"3�
22

7�A
�2

7� ' �7"� +51;3,

lq zklfk wkh pdwul{ 7"� lv jlyhq e|

7"� ' 7"�� � 7"�2
7"3�
22

7"A
�2 +51;4,
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Ilqdoo|/ wdnlqj +5175, lqwr dffrxqw/ wkh volglqj vxuidfh pdwul{ fdq eh rewdlqhg dv

�t ' AA 7"3�
22

�
7�A
�2

7�n 7"A
�2

7"22

�
+51;5,

51: Frqwuro V|vwhp Ghvljq

Kdylqj hvwdeolvkhg wkh volglqj vxuidfh/ zh pxvw qrz gh�qh wkh frqwuro dfwlrqv uhtxluhg wr

irufh wkh v|vwhp vwdwh wr uhdfk wklv volglqj vxuidfh iurp dq| srlqw lq wkh vwdwh vsdfh/ dqg

wkhq pdlqwdlq lw wkhuh1 Lq jhqhudo/ wkhvh frqwuro dfwlrqv lqyroyh vrph irup ri glvfrqwlqxlw|

zlwk uhvshfw wr wklv vxuidfh/ qhhghg wr dowhu wkh vwuxfwxuh ri wkh v|vwhp hdfk wlph wkh vwdwh

# whqgv wr pryh dzd| iurp tE#� ' f1 E| wkhvh glvfrqwlqxlwlhv zh duh wu|lqj wr prgli| wkh

wudmhfwrulhv lq wkh skdvh vsdfh lq vxfk d zd| wkdw wkh| srlqw wrzdugv wkh volglqj vxuidfh1

D jhqhudo dssurdfk edvhg rq O|dsxqry*v gluhfw phwkrg zloo eh xvhg iru wkh ghvljq ri wkh

frqwuroohu1 Wkh lghd lv wr jxdudqwhh wkdw wkh ruljlq lv dq dv|pswrwlfdoo| vwdeoh htxloleulxp

srlqw iru wkh prwlrq lq wkh vsdfh ir�c r2c � � � c r6r
j/ dv lw lv uhsuhvhqwhg lq Iljxuh +2�2,1 Ohw

T eh d O|dsxqry ixqfwlrq fdqglgdwh ri wkh irup=

T '
�

2
tA�t +51;6,

lq zklfk � lv ghqrwhv d 6r �6r srvlwlyh gh�qlwh pdwul{ wr eh gh�qhg odwhu1 Wkh ixqfwlrq

T lv srvlwlyh gh�qlwh/ wkdw lv/ T : f zkhqhyhu t 9' f1 Wkh wlph ghulydwlyh ri wklv ixqfwlrq

lv jlyhq e|

_

_|
ET � ' tA� �t +51;7,

Frqvlghulqj wkh vwdwh htxdwlrqv +5156, dqg wkh gh�qlwlrq ri wkh volglqj vxuidfh jlyhq e|

+515:,/ lw iroorzv wkdw wkh g|qdplf hyroxwlrq ri wkh txdqwlwlhv r�c r2c ���c r6r
lv jryhuqhg e|

�t ' �t i�# n i �%}jn�t�� +51;8,
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Vxevwlwxwlqj +51;8, lqwr +51;7,/ wkh wlph ghulydwlyh ri T fdq eh zulwwhq dv

_

_|
ET � ' tA��t i�# n i �%}jn tA��t�� +51;9,

Lq rughu wr dvvxuh wkh h{lvwhqfh ri volglqj prwlrq dqg wr jxdudqwhh wkdw dq| prwlrq lv

jrlqj wr eh dwwudfwhg wr wkh volglqj vxuidfh/ wkh sxusrvh ri wkh frqwuroohu lv wr irufh +51;9,

wr eh d qhjdwlyh gh�qlwh ixqfwlrq +zlwk h{foxvlrq ri dq| glvfrqwlqxlw| srlqwv dv wkh wlph

ghulydwlyh pd| qrw eh gh�qhg wkhuh,1 Lq wkh iroorzlqj/ vhyhudo srvvleoh frqwuroohu ghvljqv

duh suhvhqwhg iru erwk dfwlyh dqg vhpl0dfwlyh frqwuro vwudwhjlhv1

51:14 Dfwlyh Frqwuro

W|slfdoo|/ d volglqj prgh frqwuroohu kdv wkh iroorzlqj vwuxfwxuh ^47`=

� ' ��E#c �%}� n �2E#� +51;:,

zkhuh wkh frpsrqhqw �� lqyroyhv/ lq jhqhudo/ vrph irup ri vwdwh ihhgedfn dqg glvwxuedqfh

phdvxuhphqwv1 Rq wkh rwkhu kdqg/ wkh frpsrqhqw �2 uhsuhvhqwv vrph olqhdu ru qrqolqhdu/

frqwlqxrxv ru glvfrqwlqxrxv irup ri vwdwh ihhgedfn1

Wkh diruhphqwlrqhg frqwuroohu vwuxfwxuh lv edvhg rq wkh dydlodelolw| ri lqirupdwlrq derxw

wkh h{whuqdo glvwxuedqfh1 Wklv lqirupdwlrq lv uhtxluhg wr frpshqvdwh wkh h�hfw ri wkh

glvwxuedqfh lq wkh htxdwlrqv +51;8,1 Krzhyhu/ lw lv ghvludeoh wr ghvljq dq dfwlyh frqwuroohu

zlwk qr gluhfw ru vwdwlf ghshqghqf| rq wkh h{whuqdo h{flwdwlrq1 Lq wkh vhtxho/ vhyhudo

dowhuqdwlyh frqwuroohuv duh irupxodwhg zklfk gr qrw uhtxluh lqvwdqwdqhrxv lqirupdwlrq ri

wkh jurxqg prwlrq/ exw rqo| xvh d erxqglqj ydoxh1

D srvvleoh idplo| ri ghvljqv zlwk vxfk fkdudfwhulvwlf fdq eh jhqhudwhg e| vhohfwlqj wkh

frpsrqhqw �� htxdo wr wkh frqwuro �t gh�qhg lq +5196,1 Frqvlghulqj wkh gh�qlwlrqv +5169,/

+5173, dqg +5175, rqh fdq zulwh

�� ' �t ' � �
7�t

7�
�h
�t�# +51;;,
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zkhuh
�
7�t

7�
�h
zdv gh�qhg lq +5197,1 Qrwlqj wkdw

�t� ' 7�t
7� +51;<,

lw lv lpphgldwh wkdw wklv pdwul{ lv d uljkw lqyhuvh iru wkh surgxfw �t�/ l1h1

�t�
�
7�t

7�
�h

' W6r
+51<3,

Vxevwlwxwlqj lqwr +51;9,/ wkh wlph ghulydwlyh ri T qrz wdnhv wkh irup

_

_|
ET � ' tA��ti �%} n tA��t��2 +51<4,

dqg ghshqglqj rq wkh fkrlfh ri wkh frpsrqhqw �2 vhyhudo srvvleoh frqwuroohuv fdq eh iru0

pxodwhg1

Glvfrqwlqxrxv Frqwuro

Ohw �2 eh gh�qhg dv iroorzv=

�2 ' � �
7�t

7�
�h
{ t�}? E�t#� +51<5,

lq zklfk { lv d pdwul{ ri ghvljq sdudphwhuv ri wkh irup { ' _�@}EB�� zlwk B� : f iru

� ' �c 2c � � � c6r dqg zkhuh
�
7�t

7�
�h
kdv ehhq gh�qhg lq +5197,1 Wkh yhfwru0ydoxhg ixqfwlrq

t�}? uhsuhvhqwv d 6r0glphqvlrqdo yhfwru zkrvh frpsrqhqwv duh jlyhq e| wkh vljq ri wkh

fruuhvsrqglqj hqwulhv ri lwv dujxphqw1

Vxevwlwxwlqj �2 lqwr +51<4, dqg vhohfwlqj � ' W6r
iru wkh gh�qlwlrq ri wkh ixqfwlrq T /

lw iroorzv wkdw

_

_|
ET � ' tA�ti �%} � tA{ t�}? Et� +51<6,

zkhuh wkh gh�qlwlrq ri wkh volglqj vxuidfh +515:, kdv ehhq dovr wdnhq lqwr dffrxqw1

Wr hqirufh wkh joredo dv|pswrwlf vwdelolw| ri wkh srlqw t ' f dqg wkhuhiruh wr jxdudqwhh

wkh dwwudfwlrq wr wkh volglqj vxuidfh/ wkh frqwuro dfwlrqv vkrxog irufh wkh wlph ghulydwlyh ri
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T wr eh qhjdwlyh iru dq| t 9' f1 Wkhuhiruh/ lw lv lqwhuhvwlqj wr lqyhvwljdwh wkh h{lvwhqfh ri

uhjlrqv iru zklfk wkh dwwudfwlrq fdq eh jxdudqwhhg1

Frqvlghulqj wkh �uvw whup ri wkh uljkw kdqg vlgh ri +51<6,/ rqh fdq zulwh

tA�ti �%} �m tA�ti mm �%} m +51<7,

Ohw �%4@ 

} eh d erxqglqj ydoxh iru wkh jurxqg dffhohudwlrq wr zklfk wkh vwuxfwxuh lv olnho| wr

eh vxemhfwhg1 Wklv ydoxh pd| eh fkrvhq dv wkh pd{lpxp jurxqg dffhohudwlrq ydoxh wkdw

fdq eh h{shfwhg dw wkh vlwh1 Wkdw lv/

m �%} m� �%4@ 

} +51<8,

dqg wkhuhiruh lw fdq eh zulwwhq

tA�ti �%} �m tA�ti m �%4@ 

} +51<9,

Dgglwlrqdoo|/ e| xvlqj wkh Fdxfk|0Vfkzduw} lqhtxdolw|/

m tA�ti m�n t n2n �ti n2 +51<:,

dqg wdnlqj lqwr dffrxqw wkdw

n t n2�n t n� +51<;,

zkhuh n � nRghqrwhv wkh R0qrup/ rqh fdq zulwh

tA�ti �%} � k�%4@ 

} n t n� +51<<,

zkhuh wkh sdudphwhu k kdv ehhq gh�qhg dv k 'n �ti n21
Rq wkh rwkhu kdqg/ frqvlghulqj wkdw

tA{ t�}? Et� � B4�? t
A t�}? Et� +51433,
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lq zklfk B4�? ghqrwhv wkh vpdoohvw hqwu| ri wkh gldjrqdo pdwul{ {/ dqg

tA t�}? Et� 'n t n� +51434,

wkhq lw iroorzv wkdw

tA{ t�}? Et� � B4�? n t n� +51435,

E| frqvlghulqj +51<<, dqg +51435,/ rqh fdq zulwh

_

_|
ET � � �

k�%4@ 

} � B4�?

� n t n� +51436,

dqg wkhuhiruh d vx!flhqw frqglwlrq iru wkh wlph ghulydwlyh ri T wr eh qhjdwlyh gh�qlwh lv

jlyhq e|

B4�? : k�%4@ 

} +51437,

Frqwlqxrxv Frqwuro

Lq jhqhudo/ glvfrqwlqxrxv volglqj prgh frqwuroohuv duh fkdudfwhul}hg e| d uhpdundeoh ur0

exvwqhvv zlwk uhvshfw wr sdudphwhu xqfhuwdlqwlhv dqg h{whuqdo glvwxuedqfhv1 Krzhyhu/ wkh

dvvrfldwhg vzlwfklqj ri wkh frqwuro dfwlrqv fdq dovr ohdg wr d skhqrphqrq nqrzq dv fkdw0

whulqj/ fkdudfwhul}hg e| d kljk iuhtxhqf| frqwuro dfwlylw| zklfk lv lq jhqhudo xqghvludeoh1

Wr dyrlg wklv sureohp/ rqh fdq xvh d frqwlqxrxv frqwuro odz wr dssur{lpdwh wkh ehkdylru

ri wkh fodvvlfdo volglqj prgh frqwuroohu1 Vhyhudo vxfk frqwuroohuv kdyh ehhq sursrvhg e|

Dpeurvlqr hw do1 ^4`/ Exuwrq dqg ]lqrehu ^<` dqg Vorwlqh dqg Vdvwu| ^:7`/ dprqj rwkhuv1

H{fhoohqw dssolfdwlrqv ri frqwlqxrxv volglqj prgh frqwuroohuv wr flylo vwuxfwxuhv duh suh0

vhqwhg e| \dqj hw do1 ^43;`1 Pdq| ri wkh diruhphqwlrqhg frqwuro odzv duh edvhg rq wkh

dydlodelolw| ri lqirupdwlrq derxw wkh h{whuqdo glvwxuedqfh1 Krzhyhu/ xvlqj wkh frqfhswv

iurp wkh wkhru| ri frqwuro ri xqfhuwdlq v|vwhpv ghyhorshg e| Ohlwpdqq dqg fr0zrunhuv

^7:/ 46`/ lw lv vwloo srvvleoh wr ghyhors frqwuroohuv edvhg rqo| rq erxqgv rq wkh srvvleoh vl}h
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ri wkh glvwxuedqfh/ dv vkrzq lq ^46/ 9;/ 455`1 Lq wkh iroorzlqj/ vhyhudo srvvleoh frqwlqxrxv

frqwuroohuv iru wkh jhqhudo fdvh 6S � 6r duh irupxodwhg edvhg rq d erxqglqj ydoxh iru wkh

jurxqg dffhohudwlrq1

Ohw �2 eh gh�qhg dv iroorzv=

�2 ' � �
7�t

7�
�h
{�t# +51438,

lq zklfk { lv d pdwul{ ri ghvljq sdudphwhuv ri wkh irup { ' _�@}EB�� zlwk B� : f iru

� ' �c 2c � � � c6r dqg zkhuh
�
7�t

7�
�h
kdv ehhq gh�qhg lq +5197,1 Vxevwlwxwlqj �2 lqwr +51<4,

dqg vhohfwlqj djdlq � ' W6r
iru wkh gh�qlwlrq ri wkh ixqfwlrq T / lw iroorzv wkdw

_

_|
ET � ' tA�ti �%} � tA{t +51439,

zkhuh wkh gh�qlwlrq ri wkh volglqj vxuidfh +515:, kdv ehhq dovr wdnhq lqwr dffrxqw1

Wkh h{lvwhqfh ri uhjlrqv ri dwwudfwlrq lv lqyhvwljdwhg qh{w1 Frqvlghulqj wkh �uvw whup

ri wkh uljkw kdqg vlgh ri +51439,/ rqh fdq zulwh dv ehiruh

tA�ti �%} �m tA�ti m �%4@ 

} +5143:,

zkhuh �%4@ 

} lv d erxqglqj ydoxh iru wkh jurxqg dffhohudwlrq dv gh�qhg lq +51<8,1

Qh{w/ e| frqvlghulqj wkh Fdxfk|0Vfkzduw} lqhtxdolw| +51<:, dqg wkh idfw wkdw

ntn
2
n�tin2 �

�

2

�ntn2
2
n n�tin22

�
+5143;,

lw iroorzv

tA�ti �%}�
�%4@ 

}

2

�ntn2
2
n k2

�
+5143<,

zkhuh djdlq wkh sdudphwhu k kdv ehhq gh�qhg dv k 'n �ti n21
Rq wkh rwkhu kdqg/ lw fdq eh vkrzq wkdw

tA{t � B4�? ntn22 +51443,

8:



lq zklfk B4�? ghqrwhv dv ehiruh wkh vpdoohvw hqwu| ri wkh gldjrqdo pdwul{ {1

Ilqdoo|/ e| wdnlqj +5143<, dqg +51443, lqwr dffrxqw/ wkh wlph ghulydwlyh ri wkh O|dsxqry

ixqfwlrq fdq qrz eh vkrzq wr vdwlvi| wr iroorzlqj lqhtxdolw|=

_

_|
ET � � �

2

�
�%4@ 

} � 2B4�?

� ntn2
2
n

�%4@ 

}

2
k2 +51444,

Wkhuhiruh/ lw lv srvvleoh wr hvwdeolvk d uhjlrq lq wkh Er�c r2c � � � r6r
� vsdfh gh�qhg e| wkh

iroorzlqj vfdodu ixqfwlrq

}�Er� ' �@� r
2 n K� 	 f +51445,

zkhuh r ' ntn
2
dqg

@� ' 2B4�? � �%4@ 

} +51446,

K� ' �%4@ 

} k2 +51447,

iru zklfk/ surylghg wkdw @� : f/ wkh dwwudfwlrq wr wkh volglqj vxuidfh lv jxdudqwhhg1 Qrwh

wkdw qrz wkh frqwuro fdqqrw jxdudqwhh wkh joredo dv|pswrwlf vwdelolw| ri wkh srlqw t ' f exw

lqvwhdg lw dvvxuhv wkdw doo wudmhfwrulhv zloo xowlpdwho| olh zlwklq d erxqghg qhljkerukrrg

ri wkdw srlqw1 Qrwlfh dovr wkdw wklv lv d frqvhuydwlyh erxqg dqg lq sudfwlfh wkh v|vwhp zloo

vwd| lq d uhjlrq forvhu wr wkh ruljlq t ' f wkdq wkh orzhu erxqg gh�qhg e| +51445,1

Lw lv lpsruwdqw wr uhpdun wkdw wkh frqwlqxrxv frqwuro odz gh�qhg e| +51;;, dqg +51438,

fdq qrw jxdudqwhh wkh h{lvwhqfh ri wkh lghdo volglqj frqglwlrqv +515<, dqg +5163,1 Rxwvlgh

wkh uhjlrq gh�qhg e| +51445,/ wkh frqwuro dfwlrqv duh gluhfwlqj wkh v|vwhp vwdwh wrzdug wkh

volglqj vxuidfh1 Exw lq jhqhudo/ wklv frqwlqxrxv frqwuroohu zloo odfn wkh dxwkrulw| wr jhqhudwh

d shupdqhqw volglqj uhjlph dqg wkhuhiruh/ wkh ehkdylru ri wkh frqwuroohg v|vwhp zloo qrw

eh ghvfulehg e| wkh volglqj prwlrq htxdwlrqv1 Lq wklv frqwh{w/ wkh volglqj vxuidfh dqg wkh

dvvrfldwhg volglqj frqglwlrqv fdq eh uhjdughg dv dx{loldu| ghvljq wrrov1
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Dqrwkhu frqwlqxrxv frqwuroohu fdq eh frqvwuxfwhg e| frqvlghulqj wkh vlqjxodu ydoxh

ghfrpsrvlwlrq ri wkh surgxfw pdwul{ �t� dv iroorzv=

�t� ' N�BNA
2 +51448,

zkhuhN� dqg N2 duh xqlwdu| pdwulfhv zlwk glphqvlrqv 6r�6r dqg6S�6S/ uhvshfwlyho|1

Frqvlghulqj wkdw 6r � 6S/ wkh pdwul{ B kdv wkh iroorzlqj vwuxfwxuh=

B '
�
K f

�
+51449,

zlwk K ' _�@}E���1 Gxh wr wkh idfw wkdw h@?!E�t�� ' 6r/ wkh gldjrqdo hqwulhv ri K duh

vwulfwo| srvlwlyh/ l1h1 �� : f/ � ' �c 2c ���c6r1

Xvlqj wkh idfwrul}dwlrq +51448,/ wkh frpsrqhqw �2 lv gh�qhg dv iroorzv=

�2 ' �Nh{NA
��t# +5144:,

lq zklfk wkh 6S �6r pdwul{ Nh lv frqvwuxfwhg e| frqvlghulqj wkh �uvw 6r froxpqv ri wkh

pdwul{ N21 Wkhuhiruh/ wkh froxpqv ri Nh gh�qh dq ruwkrqrupdo edvlv iru wkh urz vsdfh ri

wkh surgxfw pdwul{ �t�1 Wkh pdwul{{ kdv wkh vdph phdqlqj dv ehiruh/ l1h1 { ' _�@}EB��

zlwk B� : f iru � ' �c 2c � � � c6r1

Wkh uhjlrq ri dwwudfwlrq lv lqyhvwljdwhg e| vxevwlwxwlqj wkh sursrvhg �2 lqwr +51<4, dv

iroorzv=

_

_|
ET � ' tA��ti �%} � tA�N�K{NA

� t +5144;,

lq zklfk wkh gh�qlwlrq ri wkh volglqj vxuidfh +515:, zdv frqvlghuhg dqg wkh iroorzlqj uhvxow

zdv xvhg=

�t�Nh ' N�BNA
2 Nh ' N�

�
K f

� � W6r

f

�
' N�K +5144<,

Vhohfwlqj � ' W6r
iru wkh gh�qlwlrq ri wkh ixqfwlrq T / wkh wlph ghulydwlyh ri T fdq eh

zulwwhq dv

_

_|
ET � ' tA�ti �%} � tAXt +51453,
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lq zklfk X ghqrwhv d 6r �6r srvlwlyh gh�qlwh pdwul{ gh�qhg dv

X ' N�K{NA
� +51454,

Dnlq wr wkh suhylrxv fdvh/ li �%4@ 

} lv d erxqglqj ydoxh iru wkh jurxqg dffhohudwlrq dv

gh�qhg lq +51<8,/ wkhq rqh fdq rewdlq

tA�ti �%}�
�%4@ 

}

2

�ntn2
2
n k2

�
+51455,

zkhuh wkh sdudphwhu k kdv ehhq gh�qhg ehiruh1

Rq wkh rwkhu kdqg/ lw fdq eh vkrzq wkdw

tAXt � b4�? ntn22 +51456,

lq zklfk b4�? ghqrwhv wkh vpdoohvw hljhqydoxh ri wkh pdwul{ X1

Ilqdoo|/ e| wdnlqj +51455, dqg +51456, lqwr dffrxqw/ wkh wlph ghulydwlyh ri wkh O|dsxqry

ixqfwlrq fdq qrz eh vkrzq wr vdwlvi| wr iroorzlqj lqhtxdolw|=

_

_|
ET � � �

2

�
�%4@ 

} � 2b4�?

� ntn2
2
n

�%4@ 

}

2
k2 +51457,

Wkhuhiruh/ ghshqglqj xsrq wkh fkrlfh ri wkh ghvljq sdudphwhuv lq wkh pdwul{ { dqg sur0

ylghg wkdw 2b4�? : �%4@ 

} / wkhuh h{lvwv d uhjlrq lq wkh Er�c r2c � � � r6r
� vsdfh gh�qhg e| wkh

iroorzlqj vfdodu ixqfwlrq

}2Er� ' �@2 r
2 n K� 	 f +51458,

lq zklfk

@2 ' 2b4�? � �%4@ 

} +51459,

zkhuh wkh dwwudfwlrq wr wkh volglqj vxuidfh/ uhsuhvhqwhg e| wkh srlqw t ' f/ lv jxdudqwhhg1
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Ilqdoo|/ lw lv qrwhg wkdw iru wkh fdvh6S ' 6r/ �t� lv d qrqvlqjxodu pdwul{ iru zklfk rqh

frxog dyrlg xvlqj lwv vlqjxodu ydoxh ghfrpsrvlwlrq dqg sursrvh d frqwuroohu ri wkh iroorzlqj

irup

�2 ' �{ d�t�oA�t# +5145:,

lq zklfk { kdv wkh vdph phdqlqj dv ehiruh1 Wkh uhjlrq ri dwwudfwlrq lq wklv fdvh lv dovr

gh�qhg e| +51458,/ exw qrz b4�? ghqrwhv wkh vpdoohvw hljhqydoxh ri wkh srvlwlyh gh�qlwh

pdwul{ X uhgh�qhg dv iroorzv=

X ' �t�{ d�t�oA +5145;,

51:15 Vhpl0Dfwlyh Frqwuro

Lq wkh fdvh ri vhpl0dfwlyh frqwuro/ wkh frqwuro dfwlrqv �t@ fdqqrw dfklhyh dq| duelwudu|

ydoxh1 Wkh| duh frqvwudlqhg e| wkh idfw wkdw wkh vhpl0dfwlyh ghylfhv fdq rqo| surylgh

qrqqhjdwlyh vwl�qhvv dqg gdpslqj ydoxhv &�� dqg S��1 Wkhuhiruh/ dowkrxjk wkhvh frqwuro

dfwlrqv pd| vxffhhg lq eulqjlqj wkh v|vwhp vwdwh wrzdugv wkh volglqj vxuidfh/ wkh| pd| qrw

eh deoh wr irufh wkh v|vwhp wr vwd| wkhuh1

Lghdoo| lw lv ghvluhg wr irufh wkh v|vwhp wr vwd| rq wkh volglqj vxuidfh t ' f1 Krzhyhu/

ehfdxvh ri wkh olplwhg frqwuro dfwlrq dydlodeoh lq wkh vhpl0dfwlyh fdvh/ t pd| qrw eh lghq0

wlfdoo| htxdo wr }hur1 Wkh pdjqlwxgh ri wkh qrq}hur hqwulhv ri wkh yhfwru t uhsuhvhqwv wkh

h{whqw ri vhsdudwlrq ri wkh v|vwhp iurp wkh ghvluhg volglqj vxuidfh1 D qrqqhjdwlyh phdvxuh

ri wklv vhsdudwlrq fdq eh uhsuhvhqwhg e| wkh iroorzlqj ixqfwlrq

T '
�

2
tA t +5145<,

Wkh remhfwlyh ri wkh vhpl0dfwlyh frqwuro lv wr plqlpl}h wkh ydoxh ri wklv ixqfwlrq/ lq rughu

wr uhgxfh dq| whqghqf| ri wkh v|vwhp vwdwh prylqj dzd| iurp t ' f1 Wkdw lv/ wkh frqwuro
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dfwlrqv vkrxog eh vxfk wkdw wkh| pdnh wkh wlph udwh ri fkdqjh ri wkh ixqfwlrq +5145<, dv

vpdoo dv srvvleoh/ suhihudeo| ohvv wkdq }hur1

Wkh wlph ghulydwlyh ri wklv ixqfwlrq lv jlyhq e|

_

_|
ET � ' tA �t i�# n i �%}jn tA �t�t@ �t@ +51463,

Wkh odvw whup rq wkh uljkw kdqg ri wklv htxdwlrq fdq eh h{suhvvhg dv

tA�t�t@�t@ ' �A�t@ +51464,

zkhuh wkh 6r@0glphqvlrqdo yhfwru � lv gh�qhg dv

� ' �A
t@�

A
t �t# +51465,

dqg frqvlghulqj wkh gh�qlwlrq ri wkh vhpl0dfwlyh frqwuro dfwlrqv �t@ jlyhq lq +5146,/ lw

iroorzv wkdw

�A�t@' �
6r@[
�'�

��
�
1� &�� n

�1� S��

�
+51466,

Iurp wklv htxdwlrq/ lw lv lpphgldwho| dssduhqw wkdw zkhqhyhu wkh idfwruv ��1� dqg �� �1� duh

qhjdwlyh/ wkh vpdoohvw ydoxhv vkrxog eh dgrswhg iru wkh fruuhvsrqglqj frh!flhqwv &�� dqg

S�� > dqg zkhqhyhu wkhvh whupv duh srvlwlyh/ wkh odujhvw ydoxhv ri wkh frh!flhqwv vkrxog eh

vhohfwhg1

Wklv fdq eh dfklhyhg e| wkh iroorzlqj frqwuro odz/ dvvxplqj wkdw wkh hdfk vhpl0dfwlyh

ghylfh fdq rqo| surylgh wzr gl�huhqw ydoxhv ri vwl�qhvv +&4�?

��
dqg &4@ 

��
, dqg gdpslqj +S4�?

��

dqg S4@ 

��
,=

&��E#� '
�

2

�
&4@ 

��
E� n t�}?E��1��� n &4�?

��
E�� t�}?E��1���

�
+51467,

S��E#� '
�

2

�
S4@ 

��

�
� n t�}?E�� �1��

�
n S4�?

��

�
�� t�}?E�� �1��

��
+51468,
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Dq reylrxv dowhuqdwlyh wr lqfuhdvh wkh h!flhqf| ri wkh sursrvhg frqwuro dfwlrq lv wr ghvljq

wkh vhpl0dfwlyh ghylfh vxfk wkdw &4�?

��
dqg S4�?

��
duh }hur1 Lq wklv fdvh/

�A�t@ � f +51469,

dqg wkh frqwuro odz uhgxfhv wr

&��E#� '
&4@ 

��

2
E� n t�}?E��1��� +5146:,

S��E#� '
S4@ 

��

2

�
� n t�}?E�� �1��

�
+5146;,

Wklv ehkdylru fdq eh dfklhyhg e| vlpso| glvfrqqhfwlqj wkh fruuhvsrqglqj ghylfhv zklfk

iru wklv fdvh zloo dfw dffruglqj wr d rq2r� uhjlph1 Lw lv lpsruwdqw wr phqwlrq wkdw lq

d yleudwlqj vwuxfwxuh/ dwwdfklqj dqg ghwdfklqj d ghylfh e| rshqlqj dqg forvlqj ri  xlg

sdvvdjhv lv shukdsv rqh ri wkh hdvlhvw sudfwlfdo dssurdfkhv1

51; Qxphulfdo Uhvxowv

Wkh dssolfdelolw| ri wkh ixoo vwdwh ihhgedfn frqwuro dojrulwkpv ghyhorshg lq wklv fkdswhu lv

h{dplqhg lq wklv vhfwlrq1 Vlqfh wkh sulpdu| irfxv ri wklv zrun lv rq wkh frqwuro ri +xvxdoo|

pdvvlyh, flylo vwuxfwxuhv vxemhfwhg wr vhlvplf prwlrqv/ d �f0vwru| vkhdu exloglqj prgho

vxemhfwhg wr uhfrughg hduwktxdnh lqgxfhg jurxqg prwlrqv/ lv frqvlghuhg dv dq h{dpsoh

sureohp1 Iru wkh fkrvhq exloglqj prgho wr eh d uhdolvwlf uhsuhvhqwdwlrq ri d w|slfdo flylo

vwuxfwxuh/ wkh pdvv dqg iuhtxhqf| fkdudfwhulvwlfv duh fkrvhq vlplodu wr wkrvh olnho| wr eh

hqfrxqwhuhg lq d w|slfdo phglxp vl}hg pxowl0vwru| exloglqj/ wkh  rru zhljkwv ri zklfk

fruuhvsrqg wr derxw eff vtxduh phwhu ri  rru duhd rq hdfk  rru1 Hdfk vwru| kdv wkh vdph

pdvv/ vwl�qhvv dqg gdpslqj sdudphwhuv1 Wkhvh surshuwlhv duh lqglfdwhg lq Iljxuh +2��,/

lq zklfk wkh qdwxudo iuhtxhqflhv ri wklv h{dpsoh vwuxfwxuh duh dovr vkrzq1 Wkh uhvxowlqj
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sursruwlrqdo gdpslqj pdwul{ iru wkh vwuxfwxuh surylghg d prgdo gdpslqj udwlr ri �I ri wkh

fulwlfdo lq wkh ixqgdphqwdo prgh1 Wkh sursrvhg ixoo vwdwh ihhgedfn dfwlyh dqg vhpl0dfwlyh

frqwuroohuv duh h{dplqhg lq wkh iroorzlqj1

51;14 Dfwlyh Frqwuro

Wr hydoxdwh wkh shuirupdqfh ri dfwlyh frqwuro vfkhphv dqg wkhlu h�hfwlyhqhvv lq uhgxflqj

vwuxfwxudo uhvsrqvhv/ wzr gl�huhqw phwkrgv ri irufh dssolfdwlrq zhuh frqvlghuhg= Irufh

dssolhg wkurxjk +4, d v|vwhp ri dfwlyh whqgrqv +DWV, dqg +5, d wxqhg pdvv gdpshu +WPG,1

Wkhvh wzr duudqjhphqwv duh lqglfdwhg lq Iljxuh +2��,1 Lqwxlwlyho|/ lw lv shukdsv prvw

h�hfwlyh wr dsso| wkh frqwuroolqj irufh rq wkh wrs ri wkh exloglqj1 Iru wklv uhdvrq/ wkh

wxqhg pdvv gdpshu zdv vlwxdwhg rq wkh exloglqj urri ru wkh wrs  rru1 Ghshqglqj rq wkh

dvshfw udwlr ri wkh exloglqj/ wkh dssolfdwlrq ri wkh whqgrq irufh rq wkh wrs pd|/ krzhyhu/ eh

dvvrfldwhg zlwk odujh yhuwlfdo irufhv1 Wr dyrlg wklv/ wkhuhiruh/ wkh whqgrq irufh zdv dssolhg

rqo| dw wkh ohyho ri wkh �uvw  rru/ hyhq wkrxjk lw lv uhdol}hg wkdw wkh irufh dw d orzhu ohyho

pd| qrw eh dv h�hfwlyh dv rq wkh wrs1

Wkh qxphulfdo uhvxowv kdyh dovr ehhq rewdlqhg iru gl�huhqw vhlvplf hyhqwv/ wr hydoxdwh

wkh h�hfwlyhqhvv ri wkh frqwuro phwkrg iru gl�huhqw glvwxuedqfhv1 Lq sduwlfxodu/ wkh jurxqg

dffhohudwlrq uhfrugv rewdlqhg lq +4, Ho Fhqwur/ 4<74/ +5, Vdq Ihuqdqgr/ 4<:4/ +6, Orpd

Sulhwd/ 4<;</ dqg +7, Nhuq Frxqw|/ 4<85 +uhfrughg dw wkh Kroo|zrrg edvhphqw vlwh,/ hduwk0

txdnh hyhqwv kdyh ehhq frqvlghuhg1 Wkh �uvw wkuhh dffhohudwlrq uhfrugv zhuh qrupdol}hg wr

d pd{lpxp jurxqg dffhohudwlrq ohyho ri f��}/ zkhuhdv wkh Kroo|zrrg uhfrug zdv qrupdol}hg

wr d shdn dffhohudwlrq ydoxh ri f�2}1 Wkh jurxqg dffhohudwlrq uhvsrqvh vshfwud iru wkuhh

shufhqw gdpslqj udwlr duh vkrzq lq Iljxuh +2�e, iru wkh irxu lqsxwv1 Dovr vkrzq/ dorqj

wkh iuhtxhqf| d{lv duh wkh orfdwlrqv ri wkh qdwxudo iuhtxhqflhv ri wkh vwuxfwxuh e| vpdoo

flufohv1 Lw lv qrwhg wkdw wkh uhvsrqvh vshfwud iru wkh irxu prwlrqv kdyh gl�huhqw iuhtxhqf|
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fkdudfwhulvwlf1 Wklv zloo kdyh vrph ehdulqj rq wkh frqwuroohg dqg xqfrqwuroohg uhvsrqvh

rewdlqhg iru wkh vwuxfwxuh1

Lq wkh fdvh ri wkh frqwuroohg irufh dssolhg wkurxjk d wxqhg pdvv gdpshu/ wkh WPG zdv

qhduo| wxqhg wr wkh �uvw prgdo iuhtxhqf| zlwk d iuhtxhqf| udwlr ri f�b�1 Wkh pdvv ri wkh

gdpshu zdv derxw �fI ri wkh wrs  rru pdvv dqg derxw �I ri wkh wrwdo exloglqj pdvv1 Wkh

gdpslqj udwlr ri wkh WPG zdv fkrvhq wr eh derxw ��I ri wkh fulwlfdo ydoxh1 Wkh frqwuro

irufh zdv surylghg ehwzhhq wkh gdpshu pdvv dqg wkh uhdfwlrq zdoo +ru vxssruw, rq wkh wrs

 rru1

Iru wkh qxphulfdo dssolfdwlrqv lqyroylqj dfwlyh frqwuro suhvhqwhg khuh/ wkh qxpehu ri

volglqj frqvwudlqwv lv htxdo wr wkh qxpehu ri frqwuro dfwlrqv dqg wkhuhiruh 6o ' f1 Wkh

ghvljq ri wkh fruuhvsrqglqj volglqj vxuidfh zdv edvhg rq wkh plqlpl}dwlrq ri d txdgudwlf

fulwhulrq ri wkh irup lqglfdwhg lq +51:8,1 Wzr gl�huhqw vhwv ri zhljkwlqj pdwulfhv "� dqg

"2 zhuh xvhg wr dfklhyh frpsdudeoh uhvxowv lq whupv ri uhvsrqvh uhgxfwlrqv1 Iru wkh fdvh

ri dfwlyh wxqhg pdvv gdpshu frqwuro/ wkhvh pdwulfhv zhuh vhohfwhg dv

"� ' �fD _�@}E�c �c �c �c �c �c �c �c �c ��Dfc f�fD� +5146<,

"2 ' _�@}E�c �c �c �c �c �c �c �c �c ��Dfc f��f� +51473,

zkhuhdv iru wkh fdvh ri dfwlyh whqgrq frqwuro wkh| zhuh fkrvhq dv

"� ' �f� _�@}E�Dfc �c �c �c �c �c �c �c �c �� +51474,

"2 ' _�@}ESfc �c �c �c �c �c �c Sfc �ffc �ff� +51475,

D frqwlqxrxv frqwuroohu zdv xvhg lq wkh qxphulfdo vlpxodwlrqv iru erwk wkh dfwlyh wxqhg

pdvv gdpshu dqg wkh dfwlyh whqgrq fdvhv1 Wkh frqwuroohu zdv vhohfwhg wr eh ri wkh irup

lqglfdwhg lq htxdwlrq +51;:,/ gh�qhg dv wkh vxp ri wzr frpsrqhqwv �� dqg �2 jlyhq e|
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+51;;, dqg +5145:,/ uhvshfwlyho|1 Vlqfh 6r ' �/ wkh pdwul{ { dsshdulqj lq wkh h{suhvvlrq

iru �2 uhgxfhv lq wklv fdvh wr d vlqjoh vfdodu sdudphwhu zklfk lv gh�qhg dv B ' 7B*n	�n2
2
1

Wkh ydoxh ri wkh qrupdol}hg sdudphwhu 7B zdv vhohfwhg dv 7B ' .�He dqg 7B ' .H��f iru wkh

fdvhv ri dfwlyh wxqhg pdvv gdpshu dqg dfwlyh whqgrq/ uhvshfwlyho|1 Wr surylgh d edvlv

iru frpsdulvrq ehwzhhq wkh wzr v|vwhpv ri irufh dssolfdwlrq/ wkh sdudphwhuv gh�qlqj wkh

frqwuro v|vwhp +jlyhq e| wkh pdwulfhv "� dqg "2 dqg wkh sdudphwhu 7B, zhuh vhohfwhg lq

vxfk d zd| wkh shdn glvsodfhphqw ri wkh wrs  rru lv htxdo wr efI ri wkh fruuhvsrqglqj

xqfrqwuroohg fdvh/ zkhq wkh exloglqj lv vxemhfwhg wr Ho Fhqwur h{flwdwlrq1

Iljxuh +2�D, vkrzv wkh wlph klvwrulhv ri wkh wrs  rru glvsodfhphqwv iru wkh frqwuroohg

dqg xqfrqwuroohg fdvhv iru erwk wkh dfwlyh whqgrq dqg dfwlyh wxqhg pdvv gdpshu fdvhv1

Vlplodu uhvxowv duh vkrzq lq Iljxuh +2�S, iru wkh vkhdu irufh lq wkh �uvw vwru|1 Wkhvh uhvxowv

duh rewdlqhg iru wkh Ho Fhqwur jurxqg prwlrq1 Lw lv revhuyhg wkdw wkh frqwuro dfwlrqv gr

prgli| wkh uhvsrqvh dqg uhgxfh wkh shdn ydoxhv1

Iljxuh +2�., vkrzv wkh  rru dffhohudwlrq uhvsrqvh vshfwud iru wkh wrs  rru iru wkh wzr

fdvhv/ djdlq frpsduhg zlwk wkh uhvsrqvh vshfwud iru xqfrqwuroohg fdvhv1 Lw lv qrwhg wkdw

dfwlyh frqwuro grhv uhgxfh wkh pd{lpxp  rru dffhohudwlrq +dv uhsuhvhqwhg e| wkh uhvsrqvh

vshfwuxp ydoxh dw wkh kljk iuhtxhqflhv, dv zhoo dv wkh shdn  rru uhvsrqvh vshfwuxp ydoxh1

Iurp d sudfwlfdo vwdqg srlqw/ lw lv ghvludeoh wr nqrz zkdw rqh fdq h{shfw lq whupv ri wkh

uhtxluhg dfwxdwru irufh dqg srzhu dqg wkhlu pd{lpxp ydoxhv wr dfklhyh vxfk d uhvsrqvh

frqwuro1 Wkh wlph klvwrulhv ri wkh dfwxdwru frqwuro irufhv iru wkh wxqhg pdvv gdpshu dqg

dfwlyh whqgrq v|vwhpv duh vkrzq lq Iljxuh +2�H,1 Wkh pdjqlwxgh ri wkh dfwxdwru irufh

uhtxluhg lq whqgrq frqwuro lv pxfk odujhu wkdq wkh irufh uhtxluhg zlwk wkh wxqhg pdvv

gdpshu1 Wkh wlph klvwrulhv ri wkh fruuhvsrqglqj phfkdqlfdo srzhu duh vkrzq lq Iljxuh

+2�b,1 Wkh lqvwdqwdqhrxv srzhu lv ghwhuplqhg dv wkh surgxfw ri frqwuro irufh dqg wkh
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yhorflw| ri wkh dfwxdwru lq wkh gluhfwlrq ri wkh irufh1 Wkh frqwuro irufh lv dvvxphg wr eh

srvlwlyh zkhq lw rssrvhv wkh yhorflw| ri wkh fruuhvsrqglqj ghjuhh ri iuhhgrp1 Wkdw lv/ lq

wkh fdvh ri wkh dfwlyh wxqhg pdvv gdpshu/ wkh frqwuro irufh lv dvvxphg srvlwlyh zkhq lw

rssrvhv wkh guliw yhorflw| ehwzhhq wkh wrs  rru dqg wkh prylqj pdvv1 Lq wkh dfwlyh whqgrq

fdvh/ wkh frqwuro irufh lv dvvxphg srvlwlyh zkhq lw rssrvhv wkh uhodwlyh yhorflw| ri wkh �uvw

 rru pdvv1 Dffruglqj wr wklv vljq frqyhqwlrq/ d srvlwlyh ydoxh iru wkh srzhu lqglfdwhv

wkdw wkh dfwxdwlrq v|vwhp lv devruelqj phfkdqlfdo hqhuj| iurp wkh exloglqj v|vwhp1 Dv

lw fdq eh revhuyhg iurp wkh �jxuh/ wkh phfkdqlfdo srzhu  xfwxdwhv rq wkh srvlwlyh dqg

qhjdwlyh vlghv1 E| frpsdulqj wkh srzhu iru wkh wzr fdvhv/ lw lv revhuyhg wkdw dfwlyh wxqhg

pdvv gdpshu dfwxdwlrq lv fkdudfwhul}hg e| kljkhu udwhv ri phfkdqlfdo hqhuj| wudqvihu zlwk

uhvshfw wr dfwlyh whqgrq dfwxdwlrq1

Lq wkh suhylrxv vhw ri uhvxowv rqo| wkh uhvsrqvh ri d vlqjoh  rru ru d vlqjoh vwru|/ rewdlqhg

rqo| iru d vlqjoh vhlvplf lqsxw zhuh frpsduhg1 Lq wkh iroorzlqj sdudjudskv/ wkh frqwuroohg

uhvsrqvh ri doo exloglqj  rruv lv h{dplqhg frpsdudwlyho| iru gl�huhqw vhlvplf lqsxwv1

Wdeoh +2��, vkrzv wkh xqfrqwuroohg dqg frqwuroohg glvsodfhphqw uhvsrqvh uhvxowv iru wkh

wxqhg pdvv gdpshu dqg dfwlyh whqgrq v|vwhpv iru hdfk ri wkh irxu vhlvplf lqsxwv1 Iru hdfk

vhlvplf lqsxw/ wkh uhvxowv lq wkh �uvw froxpq +wkdw lv/ froxpqv +5,/ +:,/ +46, dqg +4;,, duh

wkh xqfrqwuroohg uhvsrqvh ydoxhv ri gl�huhqw  rruv zlwk qr frqwuro ghylfhv lqvwdoohg1 Wkh

uhvxowv lq wkh qh{w wkuhh froxpqv fruuhvsrqg wr wkh wxqhg pdvv gdpshu/ zkhuhdv wkrvh lq

wkh odvw froxpq xqghu hdfk hduwktxdnh duh iru wkh dfwlyh whqgrq v|vwhp1 Wkh uhvxowv duh

suhvhqwhg qrupdol}hg lq wkh irup ri uhvsrqvh uhgxfwlrq idfwruv1 Wkh uhvsrqvh uhgxfwlrq

idfwru lv gh�qhg dv wkh udwlr ehwzhhq wkh frqwuroohg dqg xqfrqwuroohg pd{lpxp ydoxhv ri d

jlyhq uhvsrqvh txdqwlw|1 D uhvsrqvh uhgxfwlrq idfwru ydoxh ohvv wkdq ��f lqglfdwhv wkdw wkh

frqwuro vfkhph lv h�hfwlyh lq uhgxflqj wkh uhvsrqvh> wkh vpdoohu wkh ydoxh/ wkh pruh h�hfwlyh

9:



wkh frqwuro vfkhph1 Iru wkh wxqhg pdvv gdpshu/ wkh uhvxowv lq froxpqv +6,/ +;,/ +47, dqg

+4<, duh iru rqo| wkh wxqhg pdvv gdpshu zlwkrxw dq| dfwlyh frqwuro irufh1 Wkh| lqglfdwh

wkh h�hfwlyhqhvv ri wkh WPG dv d sdvvlyh ghylfh1 Wklv h�hfwlyhqhvv ydulhv zlwk wkh vhlvplf

lqsxw1 Wkh wxqhg pdvv gdpshu dv d sdvvlyh ghylfh/ lv vhhq wr eh prvw h�hfwlyh zlwk Ho

Fhqwur prwlrq dqg wkh ohdvw wkh Orpd Sulhwd prwlrq1 Wkh uhvxowv lq wkh qh{w froxpq vhwv

+wkdw lv/ froxpqv +7,/ +<,/ +48,/ dqg +53, duh iru wkh dfwlyh WPG +wkdw lv/ zlwk dfwlyh frqwuro

irufh,1 Wkhvh uhvxowv/ wkhuhiruh/ lqglfdwh wkh frpelqhg h�hfw ri dfwlyh dqg sdvvlyh frqwuro1

Wkh udwlr ri wkh ydoxhv lq wkhvh froxpqv wr wkh rqhv lq wkh suhfhglqj froxpqv duh vkrzq

lq wkh qh{w vhw ri froxpqv +froxpqv +8,/ +43,/ +49, dqg +54,,1 Wkhvh ydoxhv lqglfdwh wkdw

dssolfdwlrq ri frqwuro irufh wkurxjk d wxqhg pdvv gdpshu fdq eh h�hfwlyho| xvhg wr frqwuro

wkh uhvsrqvh1 Wklv h�hfwlyhqhvv/ lv/ krzhyhu/ vhhq wr ghshqg rq wkh vhlvplf lqsxw1 Iru wkh

h{dpsoh sureohp frqvlghuhg/ wkh ghylfh lv prvw h�hfwlyh rq wkh Ho Fhqwur hduwktxdnh dqg

ohdvw h�hfwlyh rq wkh Orpd Sulhwd hduwktxdnh zlwk uhjdug wr wkh uhvsrqvh ri wkh xsshu

 rruv dqg dovr lq wkh Vdq Ihuqdqgr hduwktxdnh zlwk uhjdug wr wkh glvsodfhphqw uhvsrqvhv

ri wkh orzhu  rruv1 Wkh uhvxowv lq wkh odvw froxpq vhw +wkdw lv/ froxpqv +9,/ +44,/ +4:,/ dqg

+55,, duh iru wkh dfwlyh whqgrq v|vwhp1 Lw lv qrwhg wkdw dfwlyh whqgrq v|vwhpv fdq dovr eh

xvhg iru frqwuroolqj wkh uhvsrqvh1

Wkh uhvxowv suhvhqwhg lq Wdeoh +2�2, duh sdudooho wr wkrvh lq Wdeoh +2��,/ exw iru wkh

dffhohudwlrq uhvsrqvh ri ydulrxv  rruv1 Lw lv qrwhg wkdw wkh frqwuro lv qrw dv h�hfwlyh lq

uhgxflqj wkh dffhohudwlrq uhvsrqvh dv lw lv lq uhgxflqj wkh glvsodfhphqw uhvsrqvh1 Lq idfw/

lq vrph lqvwdqfhv/ hvshfldoo| zlwk dfwlyh whqgrq v|vwhp/ wkhuh lv vrph lqfuhdvh lq wkh

dffhohudwlrqv ri hvshfldoo| wkh orzhu  rruv1

Iurp wkh shuvshfwlyh ri wkh sudfwlfdo lpsohphqwdwlrq ri dq| dfwlyh vwuxfwxudo frqwuro

vfkhph/ wkh pd{lpxp ydoxhv ri wkh uhtxluhg frqwuro irufh dqg dvvrfldwhg phfkdqlfdo srzhu
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duh lpsruwdqw rshudwlrqdo sdudphwhuv1 Wkhvh pd{lpxp ydoxhv/ lq jhqhudo/ ghshqg xsrq

vhyhudo idfwruv1 Lqwxlwlyho| lw vhhpv uhdvrqdeoh wr wklqn wkdw lq d zhoo ghvljqhg frqwuro

dojrulwkp/ wkh frqwuro uhtxluhphqwv duh gluhfwo| uhodwhg wr wkh uhgxfwlrq lq wkh uhvsrqvh

dfklhyhg1 Li d odujhu uhgxfwlrq lv ghvluhg wkhq d fruuhvsrqglqjo| odujhu ohyho ri frqwuro irufh

pd| eh uhtxluhg1 Xqiruwxqdwho|/ lq wkh volglqj prgh frqwuro dssurdfk wklv uhodwlrqvkls

ehwzhhq wkh pdjqlwxgh ri frqwuro dfwlrqv dqg wkh ohyho ri frqwuro dfklhyhg lv qrw hdv| wr

hvwdeolvk d sulrul1 Wkdw lv/ lw lv qrw vwudljkwiruzdug wr uhjxodwh wkh dprxqw ri uhvsrqvh

uhgxfwlrq wr d ghvluhg suhgh�qhg ohyho1 Iru d jlyhq frqwuroohu ghvljq/ wkh ohyho ri frqwuro

dfklhyhg dqg wkh fruuhvsrqglqj frqwuro uhtxluhphqwv duh ghwhuplqhg/ wr d odujh h{whqw/ e|

wkh volglqj vxuidfh xvhg1

Iru h{dpsoh/ li wkh volglqj vxuidfh pdwul{ lv vhohfwhg e| wkh plqlpl}dwlrq ri d txdgudwlf

ixqfwlrqdo/ wkhq wkh fkrlfh ri wkh fruuhvsrqglqj zhljkwlqj pdwulfhv ghwhuplqhv wkh volglqj

vxuidfh1 D fkdqjh lq dq| hohphqw ri wkhvh pdwulfhv zloo uhvxow lqwr d gl�huhqw volglqj vxuidfh1

Iru d jlyhq frqwuroohu dqg iru d jlyhq lqsxw jurxqg prwlrq/ rqfh d volglqj vxuidfh lv �{hg/

lw ghwhuplqhv wkh wlph klvwru| ri wkh uhtxluhg frqwuro irufh1 Frqvlghulqj wkh txdgudwlf

fulwhulrq gh�qhg ehiruh/ wkh pdwul{ "� frqwdlqv wkh zhljkwv dvvrfldwhg zlwk glvsodfhphqw

vwdwhv dqg wkh pdwul{ "2 frqwdlqv wkh zhljkwv dvvrfldwhg zlwk yhorflw| vwdwhv1 Wkhvh wzr

pdwulfhv zhuh vhohfwhg wr kdyh d gldjrqdo irup/ exw lw lv qrw txlwh fohdu zklfk hohphqwv ri

"� dqg "2 zloo suhgrplqdqwo| jryhuq wkh uhodwlrqvkls ehwzhhq wkh ohyho ri frqwuro dfwlrq

dqg wkh pdjqlwxgh ri uhgxfwlrq lq wkh uhvsrqvh1

Iru irufh dfwxdwlrq wkurxjk d wxqhg pdvv gdpshu/ wkh zhljkwlqj hohphqw d�hfwlqj

wkh gdpshu*v yhorflw| lqwxlwlyho| dsshduv wr eh wkh uhohydqw sdudphwhu1 Wkh iroorzlqj

qxphulfdo uhvxowv vhhp wr mxvwli| wklv dvvxpswlrq1 Iru wkhvh uhvxowv/ wkh zhljkwlqj pdwul{
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"2 lv uhgh�qhg dv iroorzv=

"2 ' _�@}E�c �c �c �c �c �c �c �c �c ��Dfc f�f�4
�
� +51476,

lq zklfk 4
�
ghqrwhv d sdudphwhu shqdol}lqj wkh WPG yhorflw|1 Iljxuh +2��f, vkrzv wkh

qxphulfdo uhvxowv rewdlqhg iru gl�huhqw volglqj vxuidfhv jhqhudwhg e| fkdqjlqj wkh ydoxhv

ri wkh yhorflw| zhljkw sdudphwhu/ iru wkh Ho Fhqwur hduwktxdnh1 Lq wklv �jxuh/ wkh uhvsrqvh

uhgxfwlrq idfwruv iru wkh wrs  rru glvsodfhphqw/ wrs  rru dffhohudwlrq dqg 4vw vwru| vkhdu/

duh uhsuhvhqwhg yhuvxv wkh sdudphwhu 4
�
1 Wkh �jxuh dovr vkrzv wkh fruuhvsrqglqj ydoxhv

ri wkh qrupdol}hg pd{lpxp frqwuro irufh +qrupdol}hg e| d  rru zhljkw, dqg dvvrfldwhg

phfkdqlfdo srzhu/ djdlq yhuvxv wkh sdudphwhu 4
�
1 Lw lv qrwhg wkdw dv wkh sdudphwhu 4

�

lv lqfuhdvhg/ d vpdoohu uhgxfwlrq lq wkh uhvsrqvh/ dqg d fruuhvsrqglqjo| vpdoohu frqwuro

uhtxluhphqwv duh rewdlqhg1 Lw lv uhohydqw wr phqwlrq wkdw lw zdv qrw srvvleoh wr rewdlq

vxfk uhodwlrqvkls ehwzhhq wkh uhvsrqvh uhgxfwlrq dqg frqwuro uhtxluhphqwv e| duelwudulo|

fkdqjlqj rwkhu sdudphwhuv ri wkh zhljkwlqj pdwulfhv1

Uhvxowv vlplodu wr wkrvh suhvhqwhg lq Iljxuh +2��f, duh suhvhqwhg lq Iljxuh +2���, iru wkh

frqwuro irufh dssolhg wkurxjk wkh dfwlyh whqgrq v|vwhp/ dovr iru wkh Ho Fhqwur hduwktxdnh1

Khuh wkh sdudphwhu zklfk surgxfhg ghvludeoh prqrwrqlf uhodwlrqvklsv ehwzhhq wkh uhvsrqvh

uhgxfwlrq dqg frqwuro uhtxluhphqwv zdv wkh zhljkwlqj hohphqw dvvrfldwhg zlwk wkh uhodwlyh

glvsodfhphqw ri wkh pdvv zkhuh wkh whqgrq irufhv duh dssolhg1 Wkhuhiruh/ wkh zhljkwlqj

pdwul{ "�iru wklv fdvh lv zulwwhq dv iroorzv=

"� ' �f� _�@}E4
2
c �c �c �c �c �c �c �c �c �� +51477,

lq zklfk 4
2
lqglfdwhv d sdudphwhu shqdol}lqj wkh glvsodfhphqw ri wkh �uvw  rru1 Wkh

uhodwlrqvkls ehwzhhq wkh frqwuro dfwlrqv dqg uhvsrqvh idfwruv khuh lv vlplodu wr wkdw lq

Iljxuh +2��f,/ h{fhsw iru wkh uhvsrqvh txdqwlw| ri 4vw vwru| vkhdu zklfk lv vhhq wr ghfuhdvh
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zlwk ghfuhdvlqj srzhu ohyhov dqg zlwk ghfuhdvlqj frqwuro irufh1 Lw lv vr ehfdxvh ri wkh idfw

wkdw wklv sduwlfxodu uhvsrqvh txdqwlw| lv gluhfwo| d�hfwhg e| wkh dssolhg frqwuro irufh dqg

fruuhvsrqglqj �uvw  rru glvsodfhphqw1 D uhgxfhg frqwuro irufh dssolhg wr wkh �uvw  rru

dovr wudqvodwhv lqwr d uhgxfhg vkhdu irufh ydoxh1 Iljxuh +2���, dovr vkrzv wkh uhvxowv iru wkh

vkhdu lq wkh vhfrqg vwru|/ zklfk lv fohduo| vhhq wr iroorz wkh vdph wuhqg dv wkh wrs  rru

dffhohudwlrqv dqg glvsodfhphqw1

Wdeoh +2��, frpsduhv wkh pd{lpxp ydoxhv ri wkh frqwuro irufh iru erwk phwkrgv ri irufh

dssolfdwlrq dqg iru gl�huhqw hduwktxdnhv1 Wkh �uvw sduw ri wkh wdeoh lv iru wkh wxqhg pdvv

gdpshu dqg wkh vhfrqg sduw iru wkh dfwlyh whqgrq v|vwhp1 Iru erwk dfwxdwlrq v|vwhpv/

fdvh +d, shuwdlqv wr d orzhu uhgxfwlrq lq wkh uhvsrqvh dqg fdvh +e, iru d kljkhu uhgxfwlrq

lq wkh uhvsrqvh1 Iru wxqhg pdvv gdpshu frqwuro/ wkhvh fdvhv fruuhvsrqg wr wkh ydoxhv ri

4
�
' .f dqg 4

�
' �f/ uhvshfwlyho|1 Iru dfwlyh whqgrq frqwuro/ wkhvh fdvhv zhuh rewdlqhg zlwk

4
2
' 2�Df dqg 4

2
' �Df/ uhvshfwlyho|1 Wkh uhvsrqvh txdqwlw| frqvlghuhg wr txdqwli| wkh

uhgxfwlrq lq wkh uhvsrqvh lv wkh glvsodfhphqw ri wkh wrs  rru1 Wkh fruuhvsrqglqj uhvsrqvh

uhgxfwlrq idfwruv duh vkrzq lq froxpqv +4, dqg +8, iru fdvh +d, dqg lq froxpqv +6, dqg +:,

iru fdvh +e,/ iru erwk dfwxdwlrq v|vwhpv1 Wkh pd{lpxp ydoxhv ri wkh frqwuro irufh uhtxluhg

wr surgxfh wkrvh uhvsrqvh uhgxfwlrqv duh jlyhq lq froxpqv +5, dqg +9, iru fdvh +d, dqg lq

froxpqv +7, dqg +;, iru fdvh +e,1 Wkhvh ydoxhv duh suhvhqwhg dv wkh udwlr ri wkh frqwuro irufh

wr wkh  rru zhljkw1 Lw lv revhuyhg wkdw frqwuro irufh ydoxhv duh wkh vpdoohvw iru wkh wxqhg

pdvv gdpshu v|vwhp dqg wkh kljkhvw iru wkh dfwlyh whqgrq v|vwhp1 Wkh irufh uhtxluhg lq

wkh dfwlyh whqgrq v|vwhp/ ehlqj odujh/ pd| qrw eh sudfwlfdoo| ihdvleoh1 Lw lv dovr qrwlfhg

wkdw gl�huhqw vhlvplf lqsxwv ghpdqg gl�huhqw ohyhov ri frqwuro irufh1

Iru ghvljq sxusrvhv/ lw lv ghvludeoh wr kdyh lqirupdwlrq vxfk dv wkdw vkrzq lq Iljxuhv

+2��f, dqg +2���, dqg Wdeoh +2��, zkhuhe| rqh fdq dvvhvv wkh pdjqlwxgh ri wkh frqwuro
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uhtxluhphqwv wkdw pd| eh qhfhvvdu| wr dfklhyh d sduwlfxodu uhgxfwlrq lq wkh uhvsrqvh1 Lw

lv phqwlrqhg wkdw wkhvh uhvxowv zhuh ghyhorshg edvhg rq udwkhu lqwxlwlyh dujxphqwv dqg

wkh| pd| qrw fruuhvsrqg zlwk wkh prvw rswlpxp fkrlfh ri wkh volglqj vxuidfh1 Wkdw lv/ lw

pd| eh txlwh srvvleoh wr rewdlq ehwwhu uhvsrqvh uhgxfwlrq wkdq vkrzq lq wkhvh �jxuhv iru d

jlyhq ohyho ri frqwuro h�ruw ru rewdlq d vpdoohu ohyho ri frqwuro h�ruw iru d jlyhq uhgxfwlrq

lq wkh uhvsrqvh1

51;15 Vhpl0Dfwlyh Frqwuro

Wkh uhvxowv suhvhqwhg lq wkh suhylrxv vhfwlrq lqglfdwh wkdw dfwlyh frqwuro fdq/ lqghhg/ uhgxfh

d vwuxfwxuh*v uhvsrqvh/ exw wkh pdjqlwxgh ri wkh frqwuro irufh dqg pd{lpxp lqvwdqwdqhrxv

srzhu ghpdqg fdq eh txlwh kljk1 Dv vxfk/ dowhuqdwlyh phwkrgv ri frqwuroolqj vwuxfwxuhv

duh ehlqj vrxjkw1 Rqh surplvlqj dssurdfk zklfk kdv dwwudfwhg dwwhqwlrq ri uhvhdufkhuv lv

wkh vhpl0dfwlyh frqwuro dssurdfk1 Lq wklv dssurdfk qr h{whuqdo hqhuj| lv lqsxw lq wr wkh

vwuxfwxuh/ dv rssrvhg wr wkh fdvh ri wkh dfwlyh frqwuro vfkhph1 Rqh dssursuldwho| uhjxodwhv

wkh vwl�qhvv/ gdpslqj dqg/ li srvvleoh/ pdvv fkdudfwhulvwlfv ri wkh vwuxfwxuh wr dfklhyh

ghvludeoh uhvxowv vxfk dv d uhgxfwlrq ri g|qdplf uhvsrqvh1 Vxfk sdudphwulf uhjxodwlrq

fdq eh shuiruphg iru h{dpsoh e| frqwuroolqj ydoyh rshqlqj dqg forvlqj iru vwl�qhvv dqg

gdpslqj fkdqjh ru e| fkdqjlqj wkh ylvfrvlw| ri d gdpshu  xlg iru gdpslqj frh!flhqw

fkdqjh1 Vxfk rshudwlrqv pd| uhtxluh rqo| d qrplqdo dprxqw ri h{whuqdo srzhu1 Wklv kdv

ohg wr uhvhdufk rq wkh dssolfdwlrq ri hohfwurukhrorjlfdo dqg pdjqhwrukhrorjlfdo gdpshuv

iru vhlvplf uhvsrqvh frqwuro1 Wkhvh ghylfhv fdq hyhq fkdqjh wkh gdpslqj dqg vwl�qhvv

surshuwlhv rq d frqwlqxrxv edvlv1

D vrphzkdw lghdol}hg vlwxdwlrq lv frqvlghuhg wr qxphulfdoo| h{dplqh wkh h�hfwlyhqhvv

ri vhpl0dfwlyh frqwuro vfkhphv1 Lw lv dvvxphg wkdw wkh gdpslqj dqg vwl�qhvv pdwulfhv ri

wkh vwuxfwxuh fdq eh lqghshqghqwo| fkdqjhg e| wxuqlqj rq ru r� wkh vwl�qhvv dqg gdps0
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lqj hohphqwv surylghg lq gldjrqdo eudflqjv dv lqglfdwhg lq Iljxuh +2��2,1 Wkhuhiruh/ wkh

uhjxodwlrq ri wkh vhpl0dfwlyh ghylfhv lv grqh dffruglqj wr dojrulwkp gh�qhg lq +5146:, dqg

+5146;,1

Iru wkh qxphulfdo dssolfdwlrqv lqyroylqj vhpl0dfwlyh frqwuro/ wkh qxpehu ri volglqj frq0

vwudlqwv zdv vhohfwhg dv 6r ' �1 Wkh ghvljq ri wkh volglqj vxuidfh zdv shuiruphg e|

dvvljqphqw ri wkh volglqj prwlrq hljhqydoxhv1 Ohw ib�c b2c � � � b?j ghqrwh wkh vhw ri hljhq0

ydoxhv fruuhvsrqglqj wr wkh xqfrqwuroohg v|vwhp/ jlyhq e| wkh hljhqydoxhv ri wkh pdwul{ �

lq wkh vwdwh htxdwlrqv +5156,1 Wkh volglqj prwlrq hljhqydoxhv i	b�c 	b2c � � � 	b?ojzhuh dvvljqhg
dv iroorzv=

	b� ' b� iru � ' �c 2c � � � ?o � � +51478,

	b?o32 ' �f�Df/2E�� ��/ 	b?o3� ' �f�Df/2E� n �� dqg 	b?o ' �f�.f/2 +51479,

zkhuh � '
s�� dqg /2 ghqrwhv wkh vhfrqg ixqgdphqwdo iuhtxhqf| ri wkh xqfrqwuroohg

v|vwhp1 Vhyhudo vhwv ri qxphulfdo uhvxowv fruuhvsrqglqj wr vhpl0dfwlyh gdpslqj dqg vwl�qhvv

frqwuro duh suhvhqwhg lq wkh iroorzlqj1

Vhpl0Dfwlyh Gdpslqj Frqwuro

Iru wklv vhw ri uhvxowv/ vxssohphqwdu| rq0r� ylvfrxv gdpshuv duh lqvwdoohg lq wkh �uvw qlqh

vwrulhv +l1h1/ 6r@ ' b,1 Wkh pd{lpxp gdpslqj frh!flhqw iru wkh ghylfhv lq wkh �uvw vhyhq

vwrulhv lv ��.D Soes / zkhuh Soes lv d uhihuhqfh ydoxh vhohfwhg dv Soes ' S��DdPQv2po1 Wkh

gdpslqj frh!flhqwv iru wkh ghylfhv lq wkh H|� dqg b|� vwrulhv duh ��fD Soes dqg f�.f Soes /

uhvshfwlyho|1 Wklv glvwulexwlrq ri gdpslqj lq gl�huhqw vwrulhv kdv ehhq duelwudulo| vhohfwhg1

Li wkhvh dgglwlrqdo gdpshuv duh ohiw rq doo wkh wlph/ wkh �uvw prgh gdpslqj udwlr lv lqfuhdvhg

iurp d ydoxh ri �I wr derxw D�2I ri wkh fulwlfdo1

Wkh uhvsrqvhv ri wkh frqwuroohg dqg xqfrqwuroohg v|vwhpv duh frpsduhg lq Iljxuh +2���,/
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zklfk vkrzv wkh wlph klvwrulhv ri wkh wrs  rru glvsodfhphqw dqg wkh 4vw vwru| vkhdu irufh

iru Ho Fhqwur jurxqg prwlrq1 Lw lv qrwhg wkdw wkh vxssohphqwdu| gdpslqj ghylfhv duh

h�hfwlyh lq uhgxflqj erwk uhvsrqvhv1

Wkh lqwurgxfwlrq ri dq| dgglwlrqdo gdpslqj lq d vwuxfwxuh/ zkhwkhu lw lv fkdqjhg ru

qrw/ zloo ohdg wr vrph glvvlsdwlrq ri yleudwlrq hqhuj| dqg wkxv d uhgxfwlrq lq wkh g|qdplf

uhvsrqvh1 Wkh txhvwlrq wkhq lv/ grhv wkh uhjxodwlrq ri wkh gdpshuv/ dffruglqj wr +5146;,/

lpsuryh wkh shuirupdqfh ri wkh v|vwhp zkhq frpsduhg wr wkh fdvh lq zklfk wkh gdpshuv

rshudwh lq d ixoo| sdvvlyh prghB Wr lqyhvwljdwh wklv/ wkh qxphulfdo uhvxowv suhvhqwhg lq

Iljxuh +2��e, zhuh rewdlqhg1 Lq wklv �jxuh/ ydulrxv  rru dqg vwru| uhvsrqvhv duh frpsduhg

iru wkh wzr fdvhv ri sdvvlyh dqg vhpl0dfwlyh gdpshuv1 Wkh uhvsrqvh uhgxfwlrq idfwruv iru

uhodwlyh glvsodfhphqw/ dffhohudwlrq dqg vkhdu irufh uhvsrqvhv fruuhvsrqglqj wr wkh ixoo|

sdvvlyh fdvh duh ohvv wkdw ��f dqg wkh| lqglfdwh wkh lqfuhdvhg delolw| ri wkh v|vwhp wr

glvvlsdwh hqhuj|1 Krzhyhu/ wkh uhvsrqvh uhgxfwlrq idfwruv dvvrfldwhg zlwk vzlwfklqj ri wkh

gdpslqj ghylfhv vkrz wkdw vhpl0dfwlyh frqwuro glg qrw uhgxfh wkh uhvsrqvh dq| ixuwkhu lq

wklv sduwlfxodu fdvh1

Wkh h�hfw ri wkh pdjqlwxgh ri wkh vxssohphqwdu| gdpshu frh!flhqw rq wkh vhpl0dfwlyh

shuirupdqfh zdv qxphulfdoo| lqyhvwljdwhg dqg vhyhudo vhwv ri uhvxowv zhuh rewdlqhg1 Hyhq

zkhq gdpshu frh!flhqwv dv odujh dv wr jhqhudwh d pd{lpxp gdpslqj irufh htxdo wr .DI

ri wkh  rru zhljkw zhuh xvhg/ wkh vhpl0dfwlyh rshudwlrq glg qrw surgxfh dq| vljql�fdqwo|

vpdoohu uhvsrqvhv wkdq wkrvh rewdlqhg zkhq wkh gdpshuv zhuh ohiw rq doo wkh wlph1 Lw pxvw

eh uhpdunhg wkdw wkhvh frqfoxvlrqv kdyh ehhq hvwdeolvkhg e| frpsdulqj sdvvlyh gdpshuv

zlwk gdpslqj frh!flhqw S4@ 

��
dqg vhpl0dfwlyh gdpshuv zlwk wzr0vwdwh gdpslqj frh!flhqwv

Efc S4@ 

��
�1 Wkdw lv/ wkh sdvvlyh fdvh lv gh�qhg e| gdpshuv zlwk d frqvwdqw gdpslqj frh!flhqw

htxdo wr wkh xsshu olplw iru wkh frh!flhqw lq wkh vhpl0dfwlyh fdvh1
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Vlqfh wkh uhvxowv rewdlqhg khuh ghshqg xsrq wkh fkrlfh ri d volglqj vxuidfh xvhg/ wkh0

ruhwlfdoo| lw pd| vwloo eh srvvleoh wr jhw ehwwhu uhvxowv zlwk vzlwfkdeoh gdpslqj shukdsv

zlwk dqrwkhu pruh rswlpxp volglqj vxuidfh/ vshfl�fdoo| dgdswhg wr wkh fkdudfwhulvwlfv ri

wkh vhpl0dfwlyh gdpslqj frqwuro rshudwlrq1 Krzhyhu/ wkh uhvxowv suhvhqwhg khuh lqglfdwh

wkdw olqhdu ylvfrxv gdpshuv duh txlwh h�hfwlyh dv sdvvlyh ghylfhv/ exw wkhlu dfwlyh uhjxod0

wlrq pd| qrw eh vljql�fdqwo| ehqh�fldo iru wklv w|sh ri vwuxfwxudo v|vwhpv1 Qrqhwkhohvv/

vhpl0dfwlyh frqwuro v|vwhpv edvhg rq gdpslqj uhjxodwlrq pd| eh txlwh h�hfwlyh iru rwkhu

vwuxfwxudo v|vwhpv1 D w|slfdo h{dpsoh lv irxqg lq yhklfoh vxvshqvlrq v|vwhpv1 Lq wklv

fdvh/ kljk ydoxhv ri gdpslqj pd| dgyhuvho| d�hfw wkh shuirupdqfh ri wkh lvrodwlrq v|vwhp

dqg wkh ghwhuplqdwlrq ri wkh rswlpdo dprxqw ri gdpslqj lv d fuxfldo sureohp1 Iru wkhvh

v|vwhpv/ vhpl0dfwlyh gdpshuv pd| surylgh dq h�hfwlyh zd| wr lpsuryh wkh lvrodwlrq fkdu0

dfwhulvwlfv ^6;`1 Dqrwkhu h{dpsoh lv irxqg lq eulgjh vwuxfwxuhv/ iru zklfk k|eulg yleudwlrq

lvrodwlrq v|vwhpv frqvlvwlqj ri uxeehu ehdulqjv dqg yduldeoh gdpshuv kdyh ehhq sursrvhg

dv dq h�hfwlyh zd| wr uhgxfh vhlvplf uhvsrqvhv ^448`1

Vhpl0Dfwlyh Vwl�qhvv Frqwuro

Wkh qxphulfdo uhvxowv iru vhpl0dfwlyh vwl�qhvv frqwuro duh suhvhqwhg lq wklv vhfwlrq1 Wkh

vwuxfwxuh lv surylghg zlwk vzlwfkdeoh eudflqjv/ zklfk fdq eh dwwdfkhg dqg ghwdfkhg df0

fruglqj wr wkh frqwuro dojrulwkp1 Wzr gl�huhqw fdvhv zhuh frqvlghuhg wr lqyhvwljdwh wkh

h�hfw ri wkh qxpehu dqg srvlwlrq ri wkh vhpl0dfwlyh ghylfhv rq wkh shuirupdqfh ri wkh

frqwuroohg v|vwhp1 Lq wkh �uvw prgho/ lw lv dvvxphg wkdw wkhuh duh dfwlyh eudflqjv lqvwdoohg

lq wkh �uvw irxu  rruv ri wkh vwuxfwxuh +l1h1/ 6r@ ' e,1 Wkh �uvw wzr vwrulhv kdyh gh0

ylfhv zlwk d sdudphwhuv if��&oes c f�2DSoesj1 Wkh wklug dqg irxuwk vwrulhv kdyh ghylfhv zlwk

sdudphwhuv htxdo wr if�2&oes c f��DSoesj dqg if��&oes c f��Soesj/ uhvshfwlyho|1 Lq wkh vhfrqg

prgho/ zh dvvxph wkdw wkhuh duh dfwlyh eudflqjv lqvwdoohg lq doo  rruv exw wkh wrs rqh
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+l1h1/ 6r@ ' b,1 Wkh ydoxhv ri wkh vwl�qhvv dqg gdpslqj sdudphwhuv iru wkh �uvw vhyhq

vwrulhv duh if��&oes c f�2DSoesj1 Wkh ghylfhv lq wkh hljkwk dqg qlqwk vwrulhv duh fkdudfwhul}hg
e| if�2&oes c f��DSoesj dqg if��&oes c f��Soesj/ uhvshfwlyho|1 Iru erwk prghov frqvlghuhg/ wkh

uhihuhqfh ydoxh &oes lv htxdo wr wkh vwru| vwl�qhvv/ wkdw lv &oes ' SDe�bH dPQ2po/ dqg wkh

gdpslqj uhihuhqfh ydoxh Soes lv jlyhq e| Soes ' S��D dPQ1vhf2po1

Iluvw/ wkh uhvxowv fruuhvsrqglqj wr wkh fdvh 6r@ ' b duh suhvhqwhg1 Iljxuh +2��D,

vkrzv wkh xqfrqwuroohg dqg vhpl0dfwlyh frqwuroohg uhvsrqvh wlph klvwrulhv ri wkh wrs  rru

glvsodfhphqw dqg 4vw vwru| vkhdu irufh iru wkh Ho Fhqwur jurxqg prwlrq1 Wkh h�hfwlyhqhvv ri

wkh vhpl0dfwlyh frqwuro lv fohduo| vhhq iurp wkhvh sorwv1 Wkh pd{lpxp glvsodfhphqw ri wkh

wrs  rru lv uhgxfhg wr S�I ri wkh shdn xqfrqwuroohg glvsodfhphqw/ zkhuhdv wkh pd{lpxp

vkhdu irufh lq wkh 4vw vwru| vkrzv d uhgxfwlrq ri DeI zlwk uhvshfw wr wkh fruuhvsrqglqj

pd{lpxp xqfrqwuroohg ydoxh1

Iljxuh +2��S, vkrzv wkh frqwuro h�hfwlyhqhvv lq whupv ri wkh uhgxfwlrq lw eulqjv derxw

lq ydulrxv  rru dqg vwru| uhvsrqvhv1 Lw lv qrwlfhg wkdw d phuh dgglwlrq ri vwl�qhvv sdv0

vlyho| fdq lqfuhdvh vrph uhvsrqvh txdqwlwlhv> lw ghshqgv rq zkhuh wkh vwuxfwxuh*v grplqdqw

iuhtxhqflhv duh vlwxdwhg zlwk uhvshfw wr wkh lqsxw prwlrq uhvsrqvh vshfwuxp1 Lq wkh fdvh

ri wklv sduwlfxodu exloglqj/ wkh dgglwlrq ri vwl�qhvv sxwv wkh vwuxfwxuh lq wkh kljkhu df0

fhohudwlrq uhvsrqvh vshfwuxp udqjh1 Dv d uhvxow/ wkh dffhohudwlrq uhvsrqvh ri wkh kljkhu

 rruv duh lqfuhdvhg1 Dovr lqfuhdvhg duh wkh vkhdu irufhv lq wkh kljkhu vwrulhv1 Rq wkh rwkhu

kdqg/ wkh vhpl0dfwlyh rshudwlrq ri wkh vxssohphqwdo vwl�qhvv fohduo| uhgxfhv prvw ri wkh

uhvsrqvh txdqwlwlhv1 Lw lv qrwlfhg wkdw wkh glvsodfhphqw dqg lqwhuvwru| vkhdu uhvsrqvhv duh

vljql�fdqwo| uhgxfhg iru doo  rruv1 Krzhyhu/ wkh uhgxfwlrq lq wkh dffhohudwlrq uhvsrqvh lv

qrw dv vljql�fdqw> lq idfw/ iru wkh �uvw  rru wkh dffhohudwlrq uhvsrqvh lv voljkwo| lqfuhdvhg1

Iljxuh +2��., vkrzv wkh wlph klvwru| iru wkh frqwuro irufh jhqhudwhg e| wkh vhpl0dfwlyh
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ghylfh lqvwdoohg lq wkh �uvw vwru|1 Wr vkrz wkh glvvlsdwlrq ri hqhuj| fdxvhg e| dfwlyh

uhjxodwlrq ri wkh vwl�qhvv/ wklv �jxuh dovr vkrzv/ iru wkh vdph ghylfh/ wkh frqwuro irufh

yhuvxv wkh fruuhvsrqglqj vwru| guliw1 Wkh irupdwlrq ri k|vwhuhvlv orrsv gxh wr vhpl0dfwlyh

vwl�qhvv frqwuro lv fohduo| vhhq iurp wklv �jxuh1

Wkh uhvxowv ri Wdeohv +2�e, dqg +2�D, doorzv wr frpsduh wkh h�hfwlyhqhvv ri vhpl0dfwlyh

frqwuro iru gl�huhqw vhlvplf lqsxwv1 Wkh uhvxowv lq Wdeoh +2�e, duh iru uhodwlyh glvsodfhphqw

uhvsrqvhv1 Iru hdfk hduwktxdnh lqsxw/ wkh uhvxowv lq wkh �uvw vhw ri froxpqv +qrv1 5/

:/ 45/ dqg 4:, duh wkh xqfrqwuroohg uhvsrqvh ydoxhv/ zkhuhdv wkh ydoxhv lq froxpqv +6,/

+;,/ +46, dqg +4;, uhsuhvhqw wkh uhvsrqvh uhgxfwlrq idfwruv zkhq wkh vwuxfwxuh lv sdvvlyho|

vwl�hqhg1 Lw fdq eh vhhq wkdw d sdvvlyh vwl�hqlqj lqgxfhv/ lq jhqhudo/ d uhgxfwlrq lq wkh

glvsodfhphqw uhvsrqvh iru prvw  rruv/ exw wklv ghshqgv rq wkh vhlvplf lqsxw1 Lq wkh

fdvh ri wkh Orpd Sulhwd jurxqg prwlrq/ wkh uhvsrqvhv duh voljkwo| lqfuhdvhg1 Wkh uhvxowv

lq wkh qh{w froxpq vhwv +qrv1 7/ </ 47/ dqg 4<, duh iru rqo| wkh vxssohphqwdu| gdpslqj

hohphqwv dfwlqj sdvvlyho|1 Lq wklv fdvh/ ri frxuvh/ doo  rru glvsodfhphqw ydoxhv duh ghfuhdvhg1

Zkhq erwk wkh vwl�qhvv dqg gdpslqj hohphqwv duh lqvwdoohg dqg dfw sdvvlyho| wkh gdpslqj

hohphqwv whqg wr frpshqvdwh dq| lqfuhdvh fdxvhg e| wkh sdvvlyh vwl�hqlqj1 Wkhvh uhvxowv

duh vkrzq lq froxpqv +8,/ +43,/ +48, dqg +53,1 Wkh qh{w vhw ri froxpqv vkrz wkh uhvxowv

zkhq vwl�qhvv hohphqwv duh dfwlyho| uhjxodwhg1 Wkh �qdo uhgxfwlrq lq wkh uhvsrqvh fdxvhg

e| dfwlyh uhjxodwlrqv lv txlwh hylghqw1 Wkh dssurdfk vhhpv wr eh prvw h�hfwlyh rq wkh

Ho Fhqwur prwlrq dqg ohdvw rq wkh Orpd Sulhwd prwlrq1 Wklv vxjjhvwv wkdw shukdsv dq

dgdswlyh volglqj prgh frqwuro dssurdfk/ zklfk dgdswv lwvhoi wr vshfldo fkdudfwhulvwlfv ri wkh

lqsxw prwlrq lv olnho| wr shuirup ehwwhu1

Wkh h�hfwlyhqhvv ri vhpl0dfwlyh vwl�qhvv frqwuro lq uhgxflqj wkh dffhohudwlrq uhvsrqvh

ri ydulrxv  rru lv lqglfdwhg e| wkh uhvxowv suhvhqwhg lq Wdeoh +2�D,1 Lw lv revhuyhg wkdw wkh
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dffhohudwlrq frqwuro lv qrw dv jrrg dv wkh glvsodfhphqw frqwuro1 Lq vrph fdvhv/ hvshfldoo|

iru wkh Orpd Sulhwd hduwktxdnh wkhuh lv vrph lqfuhdvh lq wkh  rru dffhohudwlrqv1 Wklv

vpdoo lqfuhdvh lq wkh dffhohudwlrq uhvsrqvh fdq eh uhgxfhg e| lqfuhdvlqj wkh ohyho ri sdvvlyh

gdpslqj dvvrfldwhg zlwk wkh ghylfh1 Wklv dovr vxjjhvw d qhhg wr ixuwkhu lpsuryh wkh shu0

irupdqfh ri wkh volglqj prgh frqwuro dojrulwkp e| lqfrusrudwlrq ri dffhohudwlrq zhljkwlqj

lq wkh vhohfwlrq ri wkh volglqj vxuidfh sdudphwhuv1

Wkh h�hfw ri wkh ghylfh vwl�qhvv rq wkh shuirupdqfh ri wkh frqwuroohg vwuxfwxuh lv vkrzq

lq Iljxuh +2��H,1 Wklv �jxuh vkrzv wkh uhgxfwlrq idfwruv iru wkh devroxwh dffhohudwlrq ri wkh

vl{wk  rru dqg wkh wrs  rru glvsodfhphqw dv d ixqfwlrq ri wkh qrupdol}hg vwl�qhvv/ zkhq

wkh vwuxfwxuh lv vxemhfwhg wr Ho Fhqwur h{flwdwlrq1 Wkh uhgxfwlrq idfwruv fruuhvsrqglqj wr

wkh sdvvlyho| vwl�hqhg vwuxfwxuh duh dovr vkrzq lq wkhvh �jxuhv1 Qrwh wkdw iru }hur ghylfh

vwl�qhvv wkh uhgxfwlrq lq wkh uhvsrqvh lv fdxvhg e| wkh dgglwlrqdo gdpslqj lqwurgxfhg e|

wkh ghylfhv1 Lqfuhdvlqj wkh dfwlyh vwl�qhvv kdv wkh h�hfw ri lpsurylqj wkh shuirupdqfh ri

wkh frqwuroohg vwuxfwxuh1 Iurp wkh uhvsrqvhv fruuhvsrqglqj wr wkh sdvvlyh vwl�qhvv fdvh/ zh

fohduo| revhuyh wkdw dgglwlrqdo vwl�qhvv pd| ru pd| qrw lqfuhdvh vrph uhvsrqvh txdqwlwlhv1

Wklv h�hfw ghshqgv rq wkh uhodwlyh srvlwlrq ri wkh uhvxowlqj ixqgdphqwdo iuhtxhqflhv zlwk

uhvshfw wr wkh lqsxw prwlrq uhvsrqvh vshfwuxp1

Iljxuh +2��b, vkrzv wkh shuirupdqfh ri wkh frqwuro v|vwhp iru wkh fdvh 6r@ ' e/ zkhq

wkh vwuxfwxuh lv vxemhfwhg wr Ho Fhqwur h{flwdwlrq1 Wklv �jxuh lv vlplodu wr Iljxuh +2��S,

dqg lw vkrzv wkh uhvsrqvh uhgxfwlrq idfwruv iru ydulrxv  rru dqg vwru| uhvsrqvhv1 Lw lv

qrwlfhg djdlq lq wklv fdvh wkdw wkh sdvvlyh vwl�hqlqj fdq lqfuhdvh vrph uhvsrqvh txdqwlwlhv/

lq sduwlfxodu wkh lqwhuvwru| vkhdu irufhv dqg wkh  rru dffhohudwlrqv fruuhvsrqglqj wr wkh

kljkhu vwrulhv1 E| frpsdulqj Iljxuhv +2��S, dqg +2��b,/ lw fdq eh vhhq wkdw wkh shuirupdqfh

ri wkh frqwuroohg v|vwhp lv d�hfwhg e| wkh uhgxfhg qxpehu ri vhpl0dfwlyh ghylfhv1 Lq wklv
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fdvh/ wkh pd{lpxp glvsodfhphqw ri wkh wrs  rru lv uhgxfhg wr HDI ri wkh shdn xqfrqwuroohg

glvsodfhphqw/ zkhuhdv wkh pd{lpxp vkhdu irufh lq wkh 4vw vwru| vkrzv d uhgxfwlrq ri S2I

zlwk uhvshfw wr wkh fruuhvsrqglqj pd{lpxp xqfrqwuroohg ydoxh1

51< Frqfoxvlrqv

Wkh dqdo|wlfdo irupxodwlrq ri wkh volglqj prgh frqwuro dssurdfk/ dssolhg wr dfwlyh dqg

vhpl0dfwlyh frqwuro ri flylo vwuxfwxuhv/ kdv ehhq suhvhqwhg1 D v|vwhpdwlf dqg frqyhqlhqw

phwkrgrorj| zdv lqwurgxfhg wr wudqvirup wkh htxdwlrqv ri prwlrq lqwr d irup vxlwdeoh

iru wkh ghyhorsphqw ri wkh frqwuro dojrulwkp1 Wkh srvvlelolw| ri frqwuro uhgxqgdqf| zdv

dovr frqvlghuhg lq wkh irupxodwlrq1 Vhyhudo dfwlyh dqg vhpl0dfwlyh frqwuroohuv zhuh suh0

vhqwhg/ dqg wkhlu shuirupdqfhv zhuh qxphulfdoo| hydoxdwhg xvlqj d vkhdu exloglqj prgho

fruuhvsrqglqj wr d uhdolvwlf vwuxfwxuh1

Wkh qxphulfdo uhvxowv iru dfwlyh frqwuro lqglfdwh wkdw/ li wkh uhtxluhg frqwuro irufh fdq eh

surylghg/ dfwlyh frqwuro vfkhphv fdq eh txlwh h�hfwlyh lq uhgxflqj wkh vhlvplfdoo| lqgxfhg

uhvsrqvhv1 Wklv h�hfwlyhqhvv zdv revhuyhg wr ydu| zlwk wkh vhlvplf lqsxw frqvlghuhg1 Zlwk

uhvshfw wr wkh frqwuro uhtxluhphqwv/ lw zdv revhuyhg wkdw wkh shdn frqwuro irufh lq wkh dfwlyh

whqgrq v|vwhp zdv pxfk odujhu wkdq wkdw uhtxluhg lq wkh wxqhg pdvv gdpshu v|vwhp1 Wkh

irufh uhtxluhg lq wkh wxqhg pdvv gdpshu v|vwhp vhhpv wr eh uhdvrqdeoh exw lw lv dvvrfldwhg

zlwk kljk yhorflwlhv ri wkh dx{loldu| pdvv1

Lq wkh dssolfdwlrq ri vhpl0dfwlyh frqwuro vfkhphv/ lw zdv revhuyhg wkdw wkh sdvvlyh lq0

vwdoodwlrq ri vxssohphqwdu| olqhdu ylvfrxv gdpslqj ghylfhv uhgxfhg wkh vwuxfwxudo uhvsrqvh

e| phuho| f|folf glvvlsdwlrq ri hqhuj|/ exw wkhlu dfwlyh uhjxodwlrq glg qrw surgxfh dq| odujhu

uhgxfwlrqv/ dw ohdvw iru wkh vwuxfwxudo dssolfdwlrqv frqvlghuhg lq wklv vwxg|1 Rq wkh rwkhu

kdqg/ wkh vzlwfklqj rq dqg r� ri wkh vxssohphqwdu| vwl�qhvv hohphqwv zdv irxqg wr eh
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xvhixo lq uhgxflqj wkh vwuxfwxudo uhvsrqvh1 Ghshqglqj xsrq wkh iuhtxhqf| fkdudfwhulvwlfv

ri wkh vwuxfwxuh ylv0ã0ylv wkh iuhtxhqf| frqwhqw ri wkh vhlvplf lqsxw d sdvvlyh vwl�hqlqj ri d

vwuxfwxuh pd| uhgxfh ru lqfuhdvh fhuwdlq uhvsrqvh txdqwlwlhv/ exw d surshu dfwlyh vzlwfklqj

ri wkh vxssohphqwdu| vwl�qhvv fdq uhgxfh wkh uhvsrqvh ri d sdvvlyho| vwl�hqhg vwuxfwxuh1
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Figure 2.1: Representation of the sliding surface in the state space and the corresponding 
reaching and sliding phases of the motion.
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Figure 2.2: Representation of the sliding surface as an asymptotically stable 
equilibrium point.

Sliding Motion

η2

ηn

η1

Sliding Surface

System State
Reaching Motion

81



(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

Active tendon system

Active tuned mass damper

Floor Stiffness:
654.98 [MN/m]

Floor Damping:
6.15 [MN.sec/m]
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Figure 2.3: 10-story building model with active tuned mass damper and active tendon system.
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Figure 2.4: Acceleration response spectra for the ground acceleration records used in the 
numerical simulations.
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Figure 2.5: Comparison of uncontrolled and controlled top floor displacement using active tendon 
control and active tuned mass damper control.
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Figure 2.6: Comparison of uncontrolled and controlled 1st story shear force using active tendon 
control and active tuned mass damper control.
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Figure 2.7: Comparison of uncontrolled and controlled floor response spectra for top floor using 
active tendon control and active tuned mass damper control.
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Figure 2.8: Control force for active tendon control and active tuned mass damper control.
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Figure 2.9: Mechanical power for active tendon control and active tuned mass damper control.
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Figure 2.10: Building responses and control requirements as a function of the parameter defining 
the sliding surface for active tuned mass damper control.

86



0 500 1000 1500 2000 2500
2.00

2.50

3.00

3.50

4.00

300

400

500

600

700

800

900

1,000

1,100

Weighting Parameter

Control Force / Floor Weight Power [kW]

0 500 1000 1500 2000 2500
0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

Weighting Parameter

Response Reduction Factor

a) Building Responses

b) Control Requirements
Accel. Floor 10

Displ. Floor 10

1st Story Shear Control Force

Mechanical Power

2nd Story Shear

Figure 2.11: Building responses and control requirements as a function of the parameter defining 
the sliding surface for active tendon control.
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Figure 2.12: 10-story building model equipped with semi-active devices.
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Figure 2.13: Comparison of uncontrolled and controlled top floor displacement and 1st story shear 
force using semi-active damping control.
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Figure 2.14: Comparison of response reduction factors for passive and semi-active 
damping control.
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Figure 2.15: Comparison of uncontrolled and controlled top floor displacement and 1st story 
shear force using semi-active stiffness control.
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Figure 2.16: Comparison of response reduction factors for passive and semi-active 
stiffness control.
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Figure 2.17: Control force time-history and force-displacement relation for the device installed 
at 1st story level for semi-active stiffness control.
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Figure 2.18: Effect of passive and semi-active additional stiffness.
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Figure 2.19: Comparison of response reduction factors for passive and semi-active 
stiffness control.
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El Centro San Fernando

Floor Response Response Reduction Factor Response Response Reduction Factor

TMD ATS TMD ATS

[cm] Passive Active [4]/[3] Active [cm] Passive Active [9]/[8] Active

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]

10 16.25 0.64 0.40 0.63 0.40 8.92 0.73 0.51 0.70 0.51

9 15.87 0.63 0.39 0.62 0.40 8.68 0.72 0.53 0.73 0.51

8 15.14 0.63 0.39 0.62 0.40 8.21 0.73 0.55 0.76 0.51

7 14.13 0.63 0.39 0.62 0.39 7.53 0.73 0.58 0.79 0.51

6 12.90 0.62 0.38 0.61 0.38 6.69 0.75 0.60 0.81 0.51

5 11.36 0.61 0.37 0.60 0.38 5.71 0.77 0.63 0.82 0.51

4 9.54 0.61 0.36 0.59 0.38 4.70 0.79 0.65 0.82 0.50

3 7.45 0.61 0.35 0.58 0.41 3.68 0.79 0.65 0.82 0.45

2 5.13 0.61 0.36 0.59 0.46 2.56 0.79 0.64 0.81 0.46

1 2.63 0.61 0.36 0.59 0.74 1.32 0.79 0.63 0.80 0.78

Loma Prieta Hollywood

Floor Response Response Reduction Factor Response Response Reduction Factor

TMD ATS TMD ATS

[cm] Passive Active [15]/[14] Active [cm] Passive Active [20]/[19] Active

[12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

10 6.17 0.98 0.78 0.80 0.90 15.94 0.76 0.46 0.60 0.41

9 5.96 0.98 0.80 0.82 0.90 15.58 0.76 0.46 0.60 0.41

8 5.74 0.95 0.81 0.84 0.87 14.87 0.76 0.45 0.60 0.40

7 5.53 0.93 0.79 0.85 0.80 13.81 0.75 0.46 0.60 0.40

6 5.23 0.94 0.76 0.81 0.72 12.44 0.75 0.46 0.61 0.40

5 4.78 0.94 0.73 0.77 0.65 10.78 0.75 0.46 0.61 0.40

4 4.14 0.95 0.70 0.74 0.62 8.88 0.75 0.46 0.62 0.40

3 3.29 0.95 0.68 0.72 0.57 6.78 0.75 0.46 0.62 0.40

2 2.27 0.96 0.67 0.70 0.57 4.56 0.75 0.47 0.63 0.47

1 1.15 0.96 0.67 0.70 0.98 2.28 0.75 0.48 0.63 0.79

Table 2.1: Maximum relative displacements using active tuned mass damper and
active tendon control.
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El Centro San Fernando

Floor Response Response Reduction Factor Response Response Reduction Factor

TMD ATS TMD ATS

[g] Passive Active [4]/[3] Active [g] Passive Active [9]/[8] Active

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]

10 0.76 0.67 0.46 0.68 0.67 0.48 0.97 0.57 0.59 0.82

9 0.72 0.68 0.46 0.68 0.64 0.44 0.95 0.56 0.59 0.79

8 0.64 0.70 0.48 0.69 0.61 0.39 0.86 0.70 0.81 0.67

7 0.60 0.66 0.54 0.82 0.53 0.35 0.80 0.85 1.07 0.67

6 0.58 0.57 0.53 0.93 0.45 0.35 0.83 0.88 1.07 0.75

5 0.54 0.66 0.52 0.78 0.53 0.41 0.87 0.72 0.83 0.69

4 0.50 0.69 0.51 0.74 0.58 0.43 0.90 0.66 0.73 0.71

3 0.44 0.70 0.56 0.80 0.59 0.37 0.91 0.72 0.79 0.70

2 0.35 0.75 0.70 0.93 0.78 0.33 0.96 0.82 0.85 0.82

1 0.26 0.91 1.03 1.13 1.41 0.31 0.98 0.90 0.92 1.14

Loma Prieta Hollywood

Floor Response Response Reduction Factor Response Response Reduction Factor

TMD ATS TMD ATS

[g] Passive Active [15]/[14] Active [g] Passive Active [20]/[19] Active

[12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

10 0.49 0.92 0.53 0.57 0.81 0.69 0.78 0.45 0.58 0.59

9 0.42 0.92 0.64 0.70 0.87 0.67 0.76 0.46 0.61 0.56

8 0.33 0.98 0.83 0.85 0.95 0.64 0.75 0.47 0.63 0.50

7 0.28 0.95 0.96 1.01 0.86 0.60 0.73 0.49 0.67 0.44

6 0.36 0.97 0.71 0.73 0.85 0.55 0.71 0.51 0.72 0.43

5 0.42 0.98 0.60 0.61 0.85 0.48 0.67 0.53 0.79 0.44

4 0.43 0.98 0.54 0.55 0.81 0.42 0.69 0.55 0.81 0.45

3 0.37 0.99 0.61 0.61 0.75 0.36 0.73 0.60 0.83 0.53

2 0.28 1.00 0.89 0.89 1.09 0.29 0.80 0.69 0.87 0.59

1 0.29 1.00 0.94 0.95 1.28 0.21 0.95 0.85 0.89 0.86

Table 2.2: Maximum absolute accelerations using active tuned mass damper and
active tendon control.
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Table 2.3: Maximum control force requirements using active tuned
mass damper and active tendon control.

Active  tuned m ass dam per

Case (a) Case (b)

Response 
reduction 

factor

Maximum 
control 
force

Response 
reduction 

factor

Maximum 
control 
force

[Floor weight] [Floor weight]

[1] [2] [3] [4]

El Centro 0.60 0.20 0.40 0.42

San Fernando 0.70 0.13 0.51 0.28

Lom a Prie ta 0.92 0.15 0.78 0.40

Hollyw ood 0.71 0.13 0.46 0.26

Active  tendon system

Case (a) Case (b)

Response 
reduction 

factor

Maximum 
control 
force

Response 
reduction 

factor

Maximum 
control 
force

[Floor weight] [Floor weight]

[5] [6] [7] [8]

El Centro 0.60 2.92 0.40 3.52

San Fernando 0.77 2.38 0.51 2.39

Lom a Prie ta 0.96 2.49 0.90 2.65

Hollyw ood 0.61 3.24 0.41 3.57
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El Centro San Fernando

Floor Response Response Reduction Factor Response Response Reduction Factor

Passive Semi- Passive Semi-

Building 
weight

Stiffness Damping
Stiffness 
Damping

Active Building 
weight

Stiffness Damping
Stiffness 
Damping

Active

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]

10 0.08 1.22 0.93 1.12 0.90 0.05 1.20 0.97 1.15 0.96

9 0.15 1.11 0.93 1.02 0.82 0.09 1.09 0.98 1.04 0.91

8 0.21 1.03 0.93 0.94 0.75 0.13 0.97 0.98 0.94 0.85

7 0.27 0.97 0.93 0.88 0.68 0.16 0.87 0.98 0.85 0.79

6 0.31 0.99 0.93 0.90 0.67 0.18 0.86 0.97 0.85 0.78

5 0.36 0.98 0.93 0.90 0.64 0.20 0.89 0.96 0.87 0.80

4 0.40 0.97 0.92 0.89 0.61 0.22 0.95 0.96 0.92 0.84

3 0.44 0.95 0.93 0.87 0.58 0.22 1.02 0.95 0.99 0.88

2 0.47 0.92 0.94 0.84 0.55 0.23 1.01 0.94 0.97 0.86

1 0.49 0.90 0.94 0.82 0.54 0.25 0.94 0.93 0.91 0.79

Loma Prieta Hollywood

Floor Response Response Reduction Factor Response Response Reduction Factor

Passive Semi- Passive Semi-

Building 
weight

Stiffness Damping
Stiffness 
Damping

Active Building 
weight

Stiffness Damping
Stiffness 
Damping

Active

[12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

10 0.05 1.18 0.91 1.09 0.99 0.07 1.10 0.91 1.04 0.93

9 0.09 1.05 0.91 0.97 0.93 0.14 0.99 0.91 0.94 0.83

8 0.12 0.96 0.92 0.90 0.90 0.20 0.90 0.91 0.85 0.75

7 0.14 0.90 0.97 0.87 0.89 0.26 0.81 0.90 0.77 0.68

6 0.15 0.91 0.97 0.89 0.89 0.31 0.80 0.90 0.76 0.66

5 0.16 0.95 0.98 0.93 0.90 0.36 0.79 0.90 0.75 0.65

4 0.17 1.03 0.97 1.00 0.93 0.39 0.78 0.89 0.75 0.64

3 0.19 1.02 0.97 0.99 0.92 0.42 0.78 0.89 0.75 0.64

2 0.21 1.04 0.96 1.01 0.93 0.43 0.79 0.90 0.75 0.64

1 0.21 1.08 0.96 1.04 0.95 0.43 0.80 0.93 0.76 0.65

Table 2.4: Maximum interstory shear forces using passive and semi-active control.
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El Centro San Fernando

Floor Response Response Reduction Factor Response Response Reduction Factor

Passive Semi- Passive Semi-

[g] Stiffness Damping
Stiffness 
Damping

Active [g] Stiffness Damping
Stiffness 
Damping

Active

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]

10 0.76 1.22 0.93 1.12 0.91 0.48 1.20 0.97 1.15 0.97

9 0.72 1.23 0.93 1.12 0.90 0.44 1.17 0.98 1.13 0.98

8 0.64 1.26 0.93 1.15 0.89 0.39 1.12 0.97 1.09 1.02

7 0.60 1.22 0.92 1.12 0.81 0.35 1.20 0.96 1.17 1.09

6 0.58 1.11 0.91 1.02 0.68 0.35 1.32 0.94 1.25 1.11

5 0.54 1.05 0.94 0.95 0.68 0.41 1.13 0.91 1.05 0.95

4 0.50 0.97 0.94 0.88 0.70 0.43 1.01 0.90 0.95 0.95

3 0.44 0.91 0.94 0.83 0.73 0.37 1.10 0.90 1.03 0.99

2 0.35 0.91 0.95 0.87 0.83 0.33 0.99 0.96 0.94 0.88

1 0.26 1.04 0.98 1.00 1.17 0.31 0.93 0.98 0.92 0.94

Loma Prieta Hollywood

Floor Response Response Reduction Factor Response Response Reduction Factor

Passive Semi- Passive Semi-

[g] Stiffness Damping
Stiffness 
Damping

Active [g] Stiffness Damping
Stiffness 
Damping

Active

[12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

10 0.49 1.18 0.91 1.09 0.99 0.69 1.10 0.91 1.04 0.93

9 0.42 1.14 0.92 1.06 1.05 0.67 1.08 0.91 1.02 0.90

8 0.33 1.16 0.97 1.13 1.11 0.64 1.04 0.90 0.99 0.86

7 0.28 1.28 0.97 1.24 1.25 0.60 0.99 0.90 0.95 0.80

6 0.36 1.17 0.94 1.12 1.16 0.55 1.01 0.89 0.94 0.75

5 0.42 1.12 0.93 1.06 1.08 0.48 1.03 0.92 0.97 0.76

4 0.43 1.12 0.93 1.06 1.04 0.42 1.01 0.92 0.95 0.78

3 0.37 1.16 0.93 1.11 1.06 0.36 0.95 0.89 0.89 0.77

2 0.28 1.24 0.95 1.19 1.16 0.29 0.89 0.90 0.88 0.84

1 0.29 0.94 0.99 0.93 0.94 0.21 0.99 0.96 0.99 1.06

Table 2.5: Maximum absolute accelerations using passive and semi-active control.
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Fkdswhu 6

Jhqhudol}hg Volglqj Vxuidfh

614 Lqwurgxfwlrq

Edvhg rq wkh qxphulfdo uhvxowv suhvhqwhg lq wkh suhylrxv fkdswhu/ lw fdq eh vwdwhg wkdw wkh

vhohfwlrq ri wkh volglqj vxuidfh lv d fulwlfdo vwhs lq wkh ghyhorsphqw ri dq h�hfwlyh volglqj

prgh frqwuro v|vwhp1 Lq wkh fodvvlfdo volglqj prgh frqwuro irupxodwlrq/ dv glvfxvvhg lq

Fkdswhu 2/ wkh volglqj vxuidfh lv gh�qhg lq vwdwlf irup dv d vhw ri olqhdu htxdwlrqv lq whupv

ri wkh vwdwh yduldeohv1 Dv phqwlrqhg lq wkh glvfxvvlrq ri wkh qxphulfdo uhvxowv suhvhqwhg

lq Fkdswhu 2/ wkh ghvljq iudphzrun edvhg rq wkh fodvvlfdo vwdwlf gh�qlwlrq ri wkh volglqj

vxuidfh zdv irxqg qrw yhu|  h{leoh1 Vrphwlphv/ lq vslwh ri wkh idfw wkdw wkh ghvljq lv grqh

edvhg rq dq rswlpdolw| fulwhulrq/ lw pd| ohdg wr lqdssursuldwh volglqj frqvwudlqwv1 Lq wklv

fdvhv/ wkh uhvxowlqj frqwuro ghvljq lv fkdudfwhul}hg e| wkh idfw wkdw lqfuhdvhg frqwuro dfwlrqv

gr qrw qhfhvvdulo| wudqvodwh lqwr d ehwwhu frqwuro ri wkh uhvsrqvh1 Wkhuhiruh/ wkh vhohfwlrq ri

d �surshu� volglqj vxuidfh lv txlwh lpsruwdqw iru dfklhylqj d frqwuro ghvljq qrw rqo| h!flhqw

exw dovr  h{leoh1 Wklv ghvljq  h{lelolw| ehfrphv lpsruwdqw li wkh dfwlyh frqwuro v|vwhp lv

sduw ri dq lqwhjudwhg surwhfwlrq v|vwhp lq zklfk wkh uhvsrqvh uhgxfwlrq uhvsrqvlelolwlhv duh

dssruwlrqhg dprqj vwuxfwxudo phpehuv/ sdvvlyh ghylfhv dqg dfwlyh v|vwhpv1

Wklv fkdswhu zloo h{soruh wkh xvh ri pruh jhqhudo gh�qlwlrqv iru wkh volglqj vxuidfh xvlqj
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dx{loldu| g|qdplfdo v|vwhpv1 Wklv w|sh ri g|qdplf volglqj vxuidfh kdv ehhq sursrvhg wr

holplqdwh fkdwwhulqj lq volglqj prgh frqwuroohuv iru urerw pdqlsxodwruv ^454`1 Lq wkh frqwh{w

ri frqwuro ri flylo vwuxfwxuhv/ wkh iuhtxhqf| grpdlq lqwhusuhwdwlrq wkdw fdq eh dvvrfldwhg

zlwk d jhqhudol}hg gh�qlwlrq ri wklv w|sh zloo dgg  h{lelolw| wr wkh volglqj vxuidfh ghvljq

surfhvv1 D sduwlfxodu fdvh ri wklv dssurdfk zdv h{soruhg e| \dqj dqg fr0zrunhuv ^445`/

lq zklfk wkh volglqj vxuidfh dqg wkh dvvrfldwhg volglqj prwlrq duh gh�qhg lq wkh uhgxfhg

vsdfh fruuhvsrqglqj rqo| wr wkh dx{loldu| vwdwhv1 Wklv fkdswhu h{soruhv wkh gh�qlwlrq ri wkh

volglqj vxuidfh lq dq dxjphqwhg vwdwh vsdfh dv d ixqfwlrq qrw rqo| ri wkh ruljlqdo yduldeohv

exw dovr ri wkh dx{loldu| vwdwhv fruuhvsrqglqj wr wkh dgghg v|vwhpv1 Dgglwlrqdoo|/ dq dfwlyh

frqwuroohu lv irupxodwhg xwlol}lqj rqo| erxqglqj lqirupdwlrq uhjduglqj wkh lqwhqvlw| ri wkh

jurxqg prwlrq1

615 V|vwhp Htxdwlrqv

Wkh vwdwh htxdwlrqv iru d olqhdu exloglqj v|vwhp zlwk ?s ghjuhhv ri iuhhgrp xqghu vhlvplf

h{flwdwlrq duh jlyhq e| htxdwlrq +5156,/ zklfk lv uhshdwhg khuh

�# ' �# n��n i �%} +614,

lq zklfk wkh ?�6S pdwul{ �/ gh�qhg ehiruh e| htxdwlrq +5154,/ lv jlyhq e|

� '

�
f

7�3�#

�
+615,

zlwk h@?!E�� ' 6S/ dqg zkhuh wkh 6S0glphqvlrqdo frqwuro yhfwru � frqwdlqv wkh frqwulex0

wlrqv ri dq| dfwlyh dqg vhpl0dfwlyh ghylfhv lqvwdoohg lq wkh vwuxfwxuh1

Dv glvfxvvhg lq Fkdswhu 2/ wkh dlp ri wkh volglqj prgh frqwuro dssurdfk lv wr ghvljq

wkh dssursuldwh frqwuro dfwlrqv wr irufh wkh v|vwhp wr lghqwlfdoo| vdwlvi| d suh0vshfl�hg vhw

ri 6r frqvwudlqwv ehwzhhq wkh vwdwh yduldeohv1 Vlqfh wkh frqwuro dfwlrqv duh rqo| dssolhg
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wr lpsrvh wkh volglqj frqvwudlqwv/ dqg zlwk wkh sxusrvh ri idflolwdwlqj wkh ghvljq surfhvv/

lw lv frqyhqlhqw wr xqfrxsoh wkh htxdwlrqv ghvfulelqj wkh volglqj prwlrq iurp wkh frqwuro

dfwlrqv1 Dv phqwlrqhg ehiruh/ lw lv dgydqwdjhrxv wr rewdlq d v|vwhp uhsuhvhqwdwlrq/ nqrzq

dv wkh uhjxodu irup/ iru zklfk wkh volglqj prwlrq fdq eh ghvfulehg zlwkrxw h{solflw frqwuro

dfwlrq whupv1 D frqyhqlhqw surfhgxuh/ edvhg rq wkh vlqjxodu ydoxh ghfrpsrvlwlrq ri wkh

lqsxw pdwul{ �/ zdv sursrvhg lq Fkdswhu 2 wr dfklhyh wklv uhsuhvhqwdwlrq1 Lq wkh iroorzlqj/

d qhz irupxodwlrq lv suhvhqwhg wr dfklhyh vxfk d uhjxodu irup v|vwhpdwlfdoo|1

616 Uhjxodu Irup

Vlqfh wkh frqwuro whupv lq wkh vwdwh htxdwlrqv duh dvvrfldwhg zlwk wkh lqsxw pdwul{ �

gh�qhg lq htxdwlrq +615,/ wkh wudqvirupdwlrq wr uhjxodu irup zloo ghshqg rq wkh vwuxfwxuh

ri wklv pdwul{/ dqg lq sduwlfxodu/ rq wkh qrq}hur eorfn uhsuhvhqwhg e| wkh surgxfw 7�3�#1

Ohw N2 eh dq ?s � 6S pdwul{ zkrvh froxpqv frqvwlwxwh dq ruwkrqrupdo edvlv iru

UE 7�3�#�/ wkdw lv/ wkh udqjh +ru froxpq vsdfh, ri wkh pdwul{ 7�3�#1 Dovr/ ohw wkh froxpqv

ri dq ?s � E?s � 6S� pdwul{ N� frqvwlwxwh dq ruwkrqrupdo edvlv iru
�UE 7�3�#�

�z
/ l1h1/

wkh ruwkrjrqdo frpsohphqw riUE 7�3�#�1 Wkhvh wzr pdwulfhv fdq eh rewdlqhg e| dsso|lqj

wkh Judp0Vfkplgw surfhvv wr wkh froxpqv ri wkh pdwul{ 7�3�#1

Lq whupv ri wkh pdwulfhv N� dqg N2/ wkh iroorzlqj ?� ? pdwul{ A lv gh�qhg dv=

A '

�
W?s f f

f N� N2

�
+616,

Qrwh wkdw e| frqvwuxfwlrq

NA
�N� ' W?36S

/ NA
2N2' W6S

dqg NA
�N2 ' fE?36S�f6S

+617,

dqg wkhuhiruh wkh pdwul{ A lv xqlwdu|/ wkdw lv

A3� ' AA +618,
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Wklv pdwul{ A lv xvhg wr gh�qh d vwdwh wudqvirupdwlrq dv iroorzv=

# ' A) +619,

Diwhu vxevwlwxwlqj +619, lqwr wkh htxdwlrqv +614, dqg suhpxowlso|lqj e| AA / wkh wudqviruphg

vwdwh htxdwlrqv duh jlyhq e|

�) ' 7�) n 7��n 7i �%} +61:,

zkhuh

7� ' AA�A/ 7� ' AA� dqg 7i ' AAi +61;,

E| frqvlghulqj wkh gh�qlwlrq +616,/ lw lv lpphgldwho| fohdu wkdw wkh wudqviruphg pdwul{

7� wdnhv wkh iroorzlqj irup=

7� '

�
f
	�

�
+61<,

lq zklfk 	� lv d 6S �6S qrqvlqjxodu pdwul{ jlyhq e|

	� ' N
A

2
7�3�# +6143,

Zlwk wklv vwuxfwxuh iru wkh lqsxw pdwul{ 7�/ wkh �uvw ? � 6S htxdwlrqv ri +61:, gr qrw

frqwdlq dq| frqwuro whupv qrz1

Dv phqwlrqhg lq Fkdswhu 2/ lw lv dvvxphg wkdw wkh qxpehu ri frqvwudlqwv grhv qrw

h{fhhg wkh qxpehu ri lqghshqghqw frqwuro dfwlrqv1 Wkdw lv/ wkh frqwuro uhgxqgdqf| lqgh{/

gh�qhg lq Htxdwlrq +5159,/ vdwlv�hv 6o � f1 Iru wkh fdvh 6o ' f/ wkdw lv/ zkhq wkh

qxpehu ri frqwuro dfwlrqv lv htxdo wr wkh qxpehu ri volglqj frqvwudlqwv/ wkh wudqvirupdwlrq

+619, dxwrpdwlfdoo| ohdgv wr d vhw ri volglqj prwlrq htxdwlrqv/ jlyhq e| wkh xsshu ? �
6S htxdwlrqv ri +61:,/ zlwkrxw h{solflw frqwuro whupv1 Wkxv/ lq wklv fdvh htxdwlrqv +61:,

uhsuhvhqw wkh uhjxodu irup ri wkh vwdwh htxdwlrqv1 Dv lqglfdwhg lq Fkdswhu 2/ iru wkh fdvh

6o � �/ dgglwlrqdo frqvwudlqwv zloo kdyh wr eh lpsrvhg rq wkh dgplvvleoh frqwuro dfwlrqv
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wr rewdlq volglqj prwlrq htxdwlrqv xqfrxsohg iurp wkh frqwuro whupv1 Wklv lv glvfxvvhg lq

wkh iroorzlqj vhfwlrqv1

617 Volglqj Vxuidfh

Dv phqwlrqhg ehiruh/ wkh volglqj vxuidfh uhsuhvhqwv 6r frqvwudlqwv1 Ohw wkh wudqviruphg

vwdwh yhfwru ) eh dffruglqjo| sduwlwlrqhg dv iroorzv=

) '

�
)�

)2

�
+6144,

zlwk wkh �uvw ?o ' ? � 6r frpsrqhqwv duudqjhg lq wkh yhfwru )� dqg wkh uhpdlqlqj 6r

yduldeohv froohfwhg lq wkh yhfwru )21

Qrupdoo|/ wkh volglqj vxuidfh lv gh�qhg dv d vhw ri olqhdu frqvwudlqwv rq wkh vwdwh yhfwru

)1 Krzhyhu/ wr dgg  h{lelolw| lq wkh fkrlfh ri ghvludeoh volglqj prwlrqv/ khuh wkh volglqj

frqvwudlqwv duh gh�qhg lq whupv ri wzr 6r0glphqvlrqdo yhfwruv �)� dqg �)2 dv iroorzv=

t ' �)� n �)2 ' f +6145,

Wkh yhfwruv �)� dqg �)2 duh wkh rxwsxwv ri wzr dx{loldu| g|qdplfdo v|vwhpv zlwk wkh iroorzlqj

vwdwh0vsdfh uhdol}dwlrqv ri rughu ?r� dqg ?r2/ uhvshfwlyho|=

�
�)� ' 76�)� n 7B�)�

�)� ' 7O�)� n 7�t�)�

dqg

�
�)2 ' 762)2 n 7B2)2

�)2 ' 7O2)2 n 7�t2)2

+6146,

lq zklfk lw lv dvvxphg wkdw wkh6r�6r pdwul{ 7�t2 lv qrqvlqjxodu/ l1h1 h@?!E7�t2� ' 6r1 Wkh

pdwulfhv 76�/ 7B�/ 762 dqg 7B2 duh suhvhohfwhg wr gh�qh wkh g|qdplf v|vwhpv1 Wkh rxwsxw

pdwulfhv 7O�/ 7�t�/ 7O2 dqg 7�t2 zloo eh ghwhuplqhg edvhg rq vrph rswlpdolw| frqglwlrq

lpsrvhg rq wkh volglqj prwlrq1 Wkhvh vxssohphqwdu| sdudphwhuv zloo eh vkrzq wr surylgh

dgglwlrqdo  h{lelolw| wr wkh ghvljq surfhvv/ pdnlqj hdvlhu wkh wxqlqj ri wkh uhvxowlqj ghvljq

wr phhw gl�huhqw shuirupdqfh vshfl�fdwlrqv1
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Wkh dx{loldu| v|vwhpv +6146, xvhg wr gh�qh wkh volglqj vxuidfh fdq eh lqfrusrudwhg lqwr

wkh vwdwh htxdwlrqv wr gh�qh dq dxjphqwhg v|vwhp ri rughu ?e ' ?r� n ?r2 n ? dv iroorzv=

�)i ' 7�i)i n 7�i�n 7ii�%} +6147,

lq zklfk

7�i'

5
997

76� f 7B� f

f 762 f 7B2

f f 7���
7��2

f f 7�2�
7�22

6
::8 / 7�i'

5
997

f

f
7��

7�2

6
::8 / )i'

;AA?
AA=

)�

)2

)�

)2

<AA@
AA>

dqg 7ii '

;AA?
AA=

f

f

7i�
7i2

<AA@
AA>

+6148,

zkhuh 7� / 7� dqg 7i kdyh ehhq frqyhqlhqwo| sduwlwlrqhg1 Wkh volglqj vxuidfh fdq dovr eh

zulwwhq pruh frpsdfwo| lq whupv ri wkh dxjphqwhg vwdwh yhfwru )i dv iroorzv=

t ' 7�i )i ' f +6149,

zkhuh wkh pdwul{ 7�i lv gh�qhg dv

7�i'
�
7O�

7O2
7�t�

7�t2

�
+614:,

618 Volglqj Prwlrq Ghvfulswlrq

Dvvxplqj wkdw wkh v|vwhp uhdfkhv wkh volglqj vxuidfh dw vrph wlph |� +klwwlqj wlph, dqg lw

lv irufhg wr vwd| wkhuh e| vrph frqwuro dfwlrq 	�/ wkh volglqj prwlrq frqglwlrqv duh jlyhq e|

t ' 7�i )i ' f +614;,

�t m�'	�' 7�i �)i ' f +614<,

E| xwlol}lqj wkh vwdwh htxdwlrqv +6147, lq htxdwlrq +614<,/ lw iroorzv wkdw 	�pxvw eh rewdlqhg

dv d vroxwlrq ri wkh iroorzlqj v|vwhp ri 6S htxdwlrqv=

7�i
7�i	� ' �7�i

7�i )i � 7�i7ii �%} +6153,
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Edvhg rq wkh gh�qlwlrqv ri wkh pdwulfhv 7�i dqg 7�i/ lw lv hdv| wr vkrz wkdw

7�i
7�i ' 7�t

7� +6154,

lq zklfk 7� lv gh�qhg lq +61;, dqg 7�t lv jlyhq e|

7�t '
�
7�t�

7�t2

�
+6155,

Wkhuhiruh/ frqvlghulqj +5186, dqg +6154,/ lw iroorzv wkdw wkh udqn ri wkh frh!flhqw pdwul{

7�i
7�i lq +6153, lv htxdo wr6r1 Zkhq6S ' 6r/ wkh frh!flhqw pdwul{ lv qrqvlqjxodu dqg wkh

htxdwlrqv +6153, zloo surylgh d xqltxh vroxwlrq iru wkh frqwuro 	�1 Krzhyhu/ zkhq 6S : 6r

wkhuh lv uhgxqgdqf| ri frqwuro dfwlrqv dqg wkh pxowlsoh vroxwlrqv 	� kdyh wkh jhqhudo irup=

	� ' � �
7�t

7�
�- �

7�i
7�i )in7�i7ii �%}

�
+6156,

lq zklfk
�
7�t

7�
�-

ghqrwhv d uljkw lqyhuvh ri wkh surgxfw 7�t
7�/ dv lqglfdwhg lq +5187,1

Wr ghwhuplqh d xqltxh vroxwlrq/ ixuwkhu uhvwulfwlrqv qhhgv wr eh lpsrvhg rq wkh dgplv0

vleoh frqwurov1 Li wkh dgplvvleoh 	� lv uhtxluhg wr vdwlvi| 	� 5Q E7���/ wkdw lv/ 	� ehorqjv wr wkh

qxoo vsdfh ri 7��/ wkhq iroorzlqj d vlplodu ghulydwlrq dv lq +518:,0+5196, d xqltxh vroxwlrq

fdq eh rewdlqhg iru +6153, ri wkh irup=

	� '� �
7�t

7�
�h 7�i

�
7�i )i n 7ii �%}

�
+6157,

lq zklfk wkh pdwul{
�
7�t

7�
�h
lv d vshfldo uljkw lqyhuvh ri

�
7�t

7�
�
gh�qhg e| htxdwlrq +5197,/

zklfk lv uhshdwhg khuh �
7�t

7�
�h
' 	�

3�
�

f
7�3�
t2

�
+6158,

E| vxevwlwxwlqj +6157, lqwr +6147,/ lw fdq eh vkrzq wkdw wkh ehkdylru ri wkh v|vwhp

vxemhfwhg wr wkh frqwuro 	� fdq eh ghvfulehg e| wkh iroorzlqj v|vwhp ri rughu ?S ' ?r� n

?r2 n ?o=

�)U ' 7�U )U n 7�U )2 n 7iU �%} +6159,
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zkhuh

7�U '

5
7

76� f 7B�

f 762 f

f f 7���

6
8 / 7�U '

5
7 f

7B2

7��2

6
8 / )U '

;?
=

)�

)2

)�

<@
> dqg 7iU '

;?
=

f

f

7i�

<@
> +615:,

Wkhuhiruh/ zlwk wkh lpsrvlwlrq ri wkh dgglwlrqdo frqvwudlqwv rq wkh dgplvvleoh frqwuro df0

wlrqv/ wkh ehkdylru ri wkh v|vwhp vxemhfwhg wr wkh frqvwudlqw +614<, lv ghvfulehg e| d v|vwhp

ri htxdwlrqv zklfk gr qrw kdyh dq| frqwuro whup dsshdulqj h{solflwo|1 Qrwh dovr wkdw lq

wkh fdvh 6S ' 6r/ wkh sduwlwlrq pdwul{ 7�� uhgxfhv wr d qxoo pdwul{ dqg wkh frqwuro 	�

dxwrpdwlfdoo| vdwlv�hv wkh frqglwlrq 	� 5Q E7���1

Ilqdoo|/ wr rewdlq wkh volglqj prwlrq htxdwlrqv wkh vwdwlf frqvwudlqw t ' f pxvw eh

lqfrusrudwhg lqwr +6159,1 Frqvlghulqj +6149, dqg +614:,/ dqg wdnlqj lqwr dffrxqw wkdw 7�t2

lv qrqvlqjxodu/ wkh volglqj vxuidfh frqvwudlqw htxdwlrq fdq eh vroyhg iru )2 dv

)2 ' 7kU )U +615;,

lq zklfk

7kU' �7�
3�

t2

�
7O�

7O2
7�t�

�
+615<,

Vxevwlwxwlqj htxdwlrq +615<, lqwr htxdwlrq +6159,/ rqh fdq zulwh

�)U '
�
7�U n 7�U

7kU

�
)U n 7ii�%} +6163,

Wklv uhgxfhg v|vwhp ri htxdwlrqv ghvfulehv wkh ehkdylru ri wkh v|vwhp xqghu lghdo volg0

lqj prwlrq frqglwlrqv1 Wkh pdwulfhv 7�U/ 7�U dqg 7kU/ dqg wkhuhiruh wkh fkdudfwhulv0

wlfv ri wklv frqvwudlqhg prwlrq/ ghshqg rq wkh wzr vhwv ri pdwulfhv +76�/7B�/7O�/7�t�, dqg

+762/7B2/7O2/7�t2, gh�qlqj wkh volglqj vxuidfh1

619 Volglqj Vxuidfh Ghvljq

Wkh volglqj vxuidfh ghvljq sureohp lqyroyhv wkh fdofxodwlrq ri pdwulfhv 7O�/7�t�/7O2 dqg 7�t21

Iru wklv/ lw lv frpprq wr xvh wkh plqlpl}dwlrq ri d shuirupdqfh lqgh{ ru frvw ixqfwlrq
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zklfk lv txdgudwlf lq wkh vwdwh yhfwru frpsrqhqwv )� dqg )21 Lq wkh iroorzlqj/ krzhyhu/ d

shuirupdqfh lqgh{ lv gh�qhg lq whupv ri wzr vhwv ri rxwsxw yduldeohv uhodwhg wr wkh dx{loldu|

v|vwhpv +6146, lqvwhdg ri )� dqg )21

Wkh shuirupdqfh lqgh{ wr eh plqlpl}hg lv ri wkh iroorzlqj irup=

a '

] "

|�

�
^A� "�^� n ^A

2"2^2

�
_| +6164,

zkhuh "� dqg "2 duh ?^ � ?^ dqg 6r � 6r srvlwlyh vhpl0gh�qlwh dqg srvlwlyh gh�qlwh

zhljkwlqj pdwulfhv/ uhvshfwlyho|1 Wkh yduldeohv ^� dqg ^2 duh gh�qhg e| wkh iroorzlqj

rxwsxw htxdwlrqv=

^� ' 7#�)� n 7,�)� dqg ^2 ' 7#2)2 n 7,2)2 +6165,

lq zklfk lw lv uhtxluhg wkdw wkh 6r �6r pdwul{ 7,2 eh qrqvlqjxodu1 Wkh yduldeohv )� dqg

)2 duh wkh vwdwh yduldeohv fruuhvsrqglqj wr wkh uhdol}dwlrqv lqglfdwhg lq htxdwlrqv +6146,1

Wkh lqwurgxfwlrq ri wkh pdwulfhv 7#�/ 7,�/ 7#2 dqg 7,2 lq wkh gh�qlwlrq ri wkh rxwsxwv ^�

dqg ^2 lv lqwhqghg wr idflolwdwh wkh ghvljq surfhvv/ r�hulqj dgglwlrqdo  h{lelolw| iru wkh

ghwhuplqdwlrq ri wkh volglqj vxuidfh1 Wkh orzhu olplw ri wkh lqwhjudo lq htxdwlrq +6164, lv

h{solflwo| ghqrwhg dv |� wr lqglfdwh wkdw wklv shuirupdqfh lqgh{ lv hydoxdwhg iru wkh v|vwhp

xqghu volglqj frqglwlrqv1 Dv phqwlrqhg ehiruh/ wklv wlph |� lv wkh wlph iru zklfk wkh v|vwhp

uhdfkhv wkh volglqj vxuidfh/ dqg zlwkrxw dq| orvv ri jhqhudolw| fdq eh vhw |� ' f1

Vxevwlwxwlqj ^� dqg ^2 iurp htxdwlrqv +6165, lqwr htxdwlrq +6164,/ wkh shuirupdqfh

lqgh{ fdq eh h{suhvvhg dv

a '

] "

f

�
)A
U

7̀
�� )U n 2)A

U
7̀

�2 )2 n )A
2

7̀
22 )2

�
_| +6166,

zkhuh )U zdv gh�qhg lq htxdwlrq +615:, dqg wkh zhljkwlqj pdwulfhv duh jlyhq e|

7̀
�� '

5
7

7#A
�"�

7#� f 7#A
�"�

7,�

f 7#A
2"2

7#2 f�
7#A
�"�

7,�

�A
f 7,A

�"�
7,�

6
8 / +6167,
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7̀
�2 '

5
7 f

7#A
2"2

7,2

f

6
8 dqg 7̀

22 '
�
7,A
2"2

7,2

�
+6168,

Lw lv ghvluhg wr plqlpl}h wklv frvw ixqfwlrq xqghu wkh frqglwlrq wkdw wkh v|vwhp lv

irufhg wr vdwlvi| �t m�'	�' f1 Wkh fruuhvsrqglqj vwdwh htxdwlrqv duh jlyhq e| +6159,/ dqg li

wkh h{whuqdo h{flwdwlrq lv rplwwhg/ wkh| wdnh wkh iroorzlqj irup=

�)U ' 7�U )U n 7�U )2 +6169,

Wkh sureohp ri plqlpl}lqj +6166, vxemhfw wr +6169, fdq eh vroyhg dv d fodvvlfdo rswlpdo

frqwuro sureohp zlwk furvv0whupv lq wkh frvw ixqfwlrq1 Lq ylhz ri wkh gh�qlwlrq ri 7̀
�2

lq htxdwlrq +6168,/ lw lv qrwhg wkdw wkh furvv whupv lq htxdwlrq +6166, ghshqg rqo| rq )2

dqg )21 Wkhuhiruh/ wkh| ghshqg hqwluho| rq wkh gh�qlwlrq ri wkh vhfrqg rxwsxw yduldeoh lq

+6165,1 Lq fdvh ri d vwdwlf gh�qlwlrq ri wkh irup ^2 ' 7,2)2/ lw lv vhhq wkdw wkh furvv whupv

ydqlvk iurp wkh h{suhvvlrq ri wkh shuirupdqfh lqgh{1

Wkh rswlpdo )2 fdq eh ghwhuplqhg dv iroorzv ^5`=

)2 ' � 7̀ 3�
22

k
	�A
U �� 7̀ A

�2

l
)U +616:,

lq zklfk wkh ?S � ?S pdwul{ � lv wkh vroxwlrq ri wkh iroorzlqj Ulffdwl htxdwlrq=

� 7�U n 7�A
U ��� 7�U

7̀ 3�
22

7�A
U � ' � 	̀

�� +616;,

zkhuh wkh pdwul{ 	̀
�� lv jlyhq e|

	̀
�� ' 7̀

�� � 7̀
�2

7̀ 3�
22

7̀ A
�2 +616<,

Htxdwlrq +616:, lqglfdwhv wkh olqhdu uhodwlrq wkdw pxvw eh vdwlv�hg e| wkh vwdwh yduldeohv

xqghu rswlpdo volglqj frqglwlrqv1 Frpsdulqj htxdwlrqv +615;, dqg +616:,/ lw iroorzv wkdw

7kU ' � 7̀ 3�
22

�
7�A
U �� 7̀ A

�2

�
+6173,
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E| vhohfwlqj 7�t2 ' 7,A
2"2

7,2/ wkh pdwulfhv 7O�/ 7O2 dqg 7�t� gh�qlqj wkh volglqj vxuidfh lq

+614:, fdq eh rewdlqhg e| dq dssursuldwh sduwlwlrq ri 7�A
U �� 7̀ A

�2 ri wkh irup=

7�A
U �� 7̀ A

�2 '
�
7O�

7O2
7�t�

�
+6174,

Ilqdoo|/ wkh volglqj vxuidfh fdq eh zulwwhq lq whupv ri wkh ruljlqdo vwdwh yduldeohv dv

iroorzv=

t ' �i#i ' f +6175,

zkhuh

�i'
�
7O�

7O2
7�t��� n 7�t2�2

�
dqg #i '

;?
=

)�

)2

#

<@
> +6176,

dqg lq zklfk �� dqg �2 kdyh glphqvlrqv ?o �? dqg 6r�?/ uhvshfwlyho|/ dqg wkh| ghqrwh

sduwlwlrqv ri wkh pdwul{ AA ri wkh irup=

AA'

�
��

�2

�
+6177,

Vlqfh wkhuh zhuh qr uhvwulfwlrqv lpsrvhg rq wkh vwuxfwxuh ri wkh pdwul{ gh�qlqj wkh volglqj

vxuidfh/ wkh uhvxowlqj frqwuro v|vwhp zloo kdyh/ lq jhqhudo/ ixoo0vwdwh ihhgedfn fkdudfwhulvwlfv1

Wkdw lv/ wkh frpsxwdwlrq ri t xvlqj +6175, zloo uhtxluh lqirupdwlrq derxw doo glvsodfhphqw

dqg yhorflw| yduldeohv lq wkh prgho1

Iuhtxhqf|0Ghshqghqw Zhljkwlqj Lqwhusuhwdwlrq

Dv lqglfdwhg e| Jxswd ^5;`/ wkh shuirupdqfh lqgh{ gh�qhg lq +6164, lv htxlydohqw wr d

iuhtxhqf|0ghshqghqw zhljkwlqj ri wkh sduwlflsdwlrq ri wkh yduldeohv )� dqg )2 lq wkh uh0

vxowlqj shuirupdqfh lqgh{1 Wklv surylghv d frqyhqlhqw rswlrq wr vhohfwlyho| shqdol}h vrph

iuhtxhqflhv pruh wkdw rwkhuv wr dfklhyh vrph ghvludeoh fkdudfwhulvwlfv1

Wkh yduldeohv ^� dqg ^2 duh gh�qhg e| wkh iroorzlqj uhdol}dwlrqv=�
�)� ' 76�)� n 7B�)�

^� ' 7#�)� n 7,�)�

dqg

�
�)2 ' 762)2 n 7B2)2

^2 ' 7#2)2 n 7,2)2

+6178,
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dqg wklv fdq eh zulwwhq lq wkh Odsodfh grpdlq dv iroorzv=

^�Et� ' O�Et�)�Et� dqg ^2Et� ' O2Et�)2Et� +6179,

zkhuh O�Et� dqg O2Et� ghqrwh wkh fruuhvsrqglqj wudqvihu ixqfwlrq pdwulfhv gh�qhg/ uh0

vshfwlyho|/ e|

O�Et� ' 7#�

�
76� � tW?r�

�3� 7B� n 7,� +617:,

O2Et� ' 7#2

�
762 � tW?r2

�3� 7B2 n 7,2 +617;,

Rq wkh rwkhu kdqg/ e| frqvlghulqj Sduvhydo*v wkhruhp/ wkh shuirupdqfh lqgh{ +6164,

fdq eh hydoxdwhg lq wkh iuhtxhqf| grpdlq dv

a '

] "

3"

E^W�E�/�"�^�E�/� n ^W2E�/�"2^2E�/�� _/ +617<,

zkhuh E��W ghqrwhv frpsoh{ frqmxjdwh wudqvsrvh1 Wkhuhiruh/ xvlqj +6179,/ a fdq eh zulwwhq

lq wkh iroorzlqj irup=

a '

] "

3"

�
)W�E�/� 	"�E�/�)�E�/� n )W2E�/�	"2E�/�)2E�/�

�
_/ +6183,

zkhuh wkh zhljkwlqj pdwulfhv 	"�E�/� ' OW
�E�/�"�O�E�/� dqg 	"2E�/� ' OW

2E�/�"2O2E�/�

duh ixqfwlrqv ri iuhtxhqf|1 Wklv h{suhvvlrq sxwv lq hylghqfh wkh vhohfwlyh shqdol}dwlrq

ri wkh frqwulexwlrq ri wkh yduldeohv )� dqg )2 wr wkh shuirupdqfh lqgh{1 Wklv w|sh ri

jhqhudol}hg shuirupdqfh lqgh{ zdv xvhg e| \rxqj dqg R}jxqhu ^454` lq wkh ghvljq ri volglqj

prgh frqwuroohuv iru urerw pdqlsxodwruv1 Lq wklv fdvh/ wkh iuhtxhqf|0ghshqghqw zhljkwlqj

fkdudfwhulvwlfv ri wkh frvw ixqfwlrq zhuh xvhg wr holplqdwh kljk iuhtxhqf| frpsrqhqwv lq

wkh frqwuro vljqdo1

61: Frqwuroohu Ghvljq

Wkh frqwuroohu pxvw dwwudfw wkh v|vwhp vwdwh wrzdug wkh volglqj vxuidfh t ' f dqg pxvw

nhhs lw wkhuh1 Dv lw zdv grqh ehiruh lq Fkdswhu 2/ d jhqhudo dssurdfk edvhg rq O|dsxqry*v
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gluhfw phwkrg lv xvhg wr ghvljq vxfk d frqwuroohu1 Ohw T eh d O|dsxqry ixqfwlrq fdqglgdwh

ri wkh irup

T '
�

2
tA�t +6184,

lq zklfk � lv ghqrwhv d 6r � 6r srvlwlyh gh�qlwh pdwul{ wr eh gh�qhg odwhu1 Wkh wlph

ghulydwlyh ri wklv ixqfwlrq lv jlyhq e|

_

_|
ET � ' tA� �t +6185,

Lq rughu wr dvvxuh wkh h{lvwhqfh ri volglqj prwlrq dqg wr jxdudqwhh wkdw dq| prwlrq lv jrlqj

wr eh dwwudfwhg wr wkh volglqj vxuidfh/ wkh sxusrvh ri wkh frqwuroohu lv wr irufh +6185, wr eh

d qhjdwlyh gh�qlwh ixqfwlrq1 Frqvlghulqj wkh dxjphqwhg vwdwh htxdwlrqv +6147, dqg wkh

gh�qlwlrq ri wkh volglqj vxuidfh jlyhq e| +6149,/ lw iroorzv wkdw

�t ' 7�i

�
7�i )i n 7ii �%}

�
n 7�i

7�i� +6186,

Vxevwlwxwlqj +6186, lqwr +6185,/ wkh wlph ghulydwlyh ri T wdnhv wkh irup

_

_|
ET � ' tA� 7�i

�
7�i )i n 7ii �%}

�
n tA� 7�i

7�i� +6187,

Lq wkh iroorzlqj/ dq dfwlyh qrqolqhdu frqwuroohu lv sursrvhg dqg wkh fruuhvsrqglqj uhjlrq

ri dwwudfwlrq lv lqyhvwljdwhg1 Vrph lqwhuhvwlqj fkdudfwhulvwlfv ri wkh uhvxowlqj forvhg0orrs

v|vwhp xqghu wkh olqhdu yhuvlrq ri wklv frqwuroohu duh dovr glvfxvvhg lq d odwhu vhfwlrq1

61:14 Dfwlyh Frqwuro

Wdnlqj lqwr dffrxqw wkh gh�qlwlrqv ri wkh dxjphqwhg vwdwh pdwul{ dqg wkh volglqj vxuidfh

pdwul{/ jlyhq e| htxdwlrqv +6148, dqg +614:,/ uhvshfwlyho|/ rqh fdq zulwh

7�i
7�i '

�
k� k2 "� "2

�
+6188,
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zkhuh iroorzlqj qrwdwlrq zdv lqwurgxfhg=

k� ' 7O�
76�/ "� ' 7O�

7B� n 7�t�
7��� n 7�t2

7�2�/

k2 ' 7O2
762 dqg "2 ' 7O�

7B2 n 7�t�
7��2 n 7�t2

7�22 +6189,

dqg vxevwlwxwlqj +6188, lqwr htxdwlrq +6187,/ lw iroorzv wkdw

_

_|
ET � ' tA� ik�)� nk2)2 n"�)� n"2)2jn tA� 7�i 7ii �%} n tA� 7�i

7�i�@ +618:,

Qh{w/ e| frqvlghulqj wkh uhodwlrq ehwzhhq wkh vwdwh yduldeohv ) dqg #/ wkh wlph ghulydwlyh

ri T fdq eh h{suhvvhg dv

_

_|
ET � ' tA� ik�)� nk2)2 n"@#jn tA� 7�i7ii �%} n tA� 7�i

7�i�@ +618;,

zkhuh wkh pdwul{ "@ lv gh�qhg dv

"@ ' "��� n"2�2 +618<,

lq zklfk �� dqg �2 ghqrwh wkh sduwlwlrqv ri wkh pdwul{ AA gh�qhg dffruglqj wr +6177,1

Wkh dfwlyh frqwuroohu �@ lv ghvljqhg dffruglqj wr wkh jhqhudo vwuxfwxuh lqglfdwhg lq

htxdwlrq +51;:,/ wkdw lv

�@ ' �� n �2 +6193,

lq zklfk wkh frpsrqhqw �� lv dssursuldwho| vhohfwhg vr wkdw lw frpshqvdwhv wkh h�hfwv ri

wkh v|vwhp*v uhvsrqvh rq wkh wlph ghulydwlyh ri T 1 Wklv frqwuro whup lv gh�qhg dv

�� ' � �
7�t

7�
�h
kt #i +6194,

zkhuh
�
7�t

7�
�h
dqg #iduh jlyhq e| +6158, dqg +6176,/ uhvshfwlyho|1 Wkh 6r � ?e pdwul{ kt

lv jlyhq e|

kt '
�
k� k2 "@

�
+6195,
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Vxevwlwxwlqj +6193, dqg +6194, lqwr +618;, dqg vhohfwlqj � ' W6r
/ lw iroorzv wkdw wkh wlph

ghulydwlyh ri T qrz wdnhv wkh irup

_

_|
ET � ' tA 7�i7ii �%} n tA 7�i

7�i�2 +6196,

Wkh remhfwlyh ri wkh vhfrqg whup �2 lq wkh frqwuroohu gh�qlwlrq lv wr frpshqvdwh wkh

h�hfwv ri dq| xqphdvxuhg glvwxuedqfhv rq wkh wlph ghulydwlyh ri T vr wkdw wklv ixqfwlrq lv

qhjdwlyh/ dw ohdvw iru vrph uhjlrq lq wkh Er�c r2c � � � r6r
� vsdfh1 Ghshqglqj rq wkh fkrlfh ri

wkh frpsrqhqw �2 vhyhudo srvvleoh ghvljqv fdq eh irupxodwhg1 Khuh/ wkh frpsrqhqw �2 zloo

eh vhohfwhg dv vrph olqhdu ru qrqolqhdu irup ri vwdwh ihhgedfn/ dqg d jhqhudo h{suhvvlrq lv

sursrvhg lq wkh irup

�2 ' � �
7�t

7�
�h �

{n, ntn22
�
�i#i +6197,

lq zklfk { ' _�@}EB�� dqg , ' _�@}E0�� duh srvlwlyh gh�qlwh dqg vhpl0gh�qlwh pdwulfhv ri

ghvljq sdudphwhuv1 Wkdw lv/ B� : f dqg 0� � f iru � ' �c 2c � � � c6r1 Lw lv qrwhg wkdw wkh

frqwulexwlrq ri wkh pdwul{ , lq wkh gh�qlwlrq ri wkh frqwuroohu lv zhljkwhg e| wkh vtxduh

ri wkh glvwdqfh wr wkh volglqj vxuidfh1 Wkh uhvxowlqj frqwulexwlrq wr wkh frqwuro dfwlrq

wkhuhiruh lv d fxelf ixqfwlrq ri wklv glvwdqfh1

Diwhu vxevwlwxwlqj +6197, lqwr +6196, dqg qrwlqj wkdw

7�i7ii ' �iii +6198,

zkhuh �i lv jlyhq lq +6176, dqg wkh dxjphqwhg yhfwru ii lv gh�qhg dv

ii '

;?
=

f

f

i

<@
> +6199,

wkh wlph ghulydwlyh ri T fdq eh zulwwhq dv

_

_|
ET � ' tA�iii �%} n tA

�
{n, ntn22

�
t +619:,
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lq zklfk wkh h{whuqdo h{flwdwlrq �%} dsshduv dv dq xqphdvxuhg glvwxuedqfh1

Frqvlghulqj wkh �uvw whup ri wkh uljkw kdqg vlgh ri +619:,/ rqh fdq zulwh

tA�iii �%} �m tA�iii m �%4@ 
} +619;,

zkhuh �%4@ 
} lv dq hvwlpdwh iru wkh pd{lpxp jurxqg dffhohudwlrq ydoxh wkdw fdq eh h{shfwhg

dw wkh vlwh1 Dgglwlrqdoo|/ e| xvlqj wkh Fdxfk|0Vfkzduw} lqhtxdolw|

m tA�iii m� ntn2n�iiin2 +619<,

dqg wkh idfw wkdw

ntn2n�iiin2 � �

2

�ntn22 n n�iiin22
�

+61:3,

lw iroorzv wkdw

tA�iii �%} �
�%4@ 
}

2

�ntn22 n k2
e

�
+61:4,

zkhuh wkh sdudphwhu ke kdv ehhq gh�qhg dv ke 'n �iii n21
Wkhuhiruh/ e| frqvlghulqj +61:4, dqg wkh idfw wkdw

tA{t � B4�? ntn22 dqg tA,t � 04�? ntn22 +61:5,

zkhuh B4�? dqg 04�? ghqrwh wkh vpdoohvw gldjrqdo hqwulhv ri{ dqg ,/ uhvshfwlyho|/ lw fdq eh

vkrzq wkdw wkh wlph ghulydwlyh ri wkh O|dsxqry ixqfwlrq vdwlv�hv wkh iroorzlqj lqhtxdolw|=

_

_|
ET � � �

2

�
�%4@ 
} � 2

�
B4�? n 04�?ntn22

�� ntn22 n �

2
�%4@ 
} k2

e +61:6,

Li wkh iroorzlqj vfdodu ixqfwlrq lv gh�qhg

}�Er� ' �04�? r
e � @� r

2 n K� +61:7,

lq zklfk r ' ntn2 dqg
@� ' 2B4�? � �%4@ 

} +61:8,
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K� ' �%4@ 
} k2

e +61:9,

wkhq lw lv srvvleoh wr ghwhuplqh d uhjlrq lq wkh Er�c r2c � � � r6r
� vsdfh gh�qhg e| wkh iroorzlqj

frqglwlrq=

}�Er� 	 f +61::,

iru zklfk wkh dwwudfwlrq wr wkh volglqj vxuidfh/ uhsuhvhqwhg e| wkh srlqw t ' f/ lv jxdudqwhhg1

D frqvhuydwlyh hvwlpdwh ri wkh uhjlrq ri dwwudfwlrq fdq eh rewdlqhg e| frqvlghulqj

, ' f1 Lq wklv fdvh 04�? ' f dqg/ surylghg wkdw B4�? lv vhohfwhg vxfk wkdw @� : f/ wkh

dwwudfwlrq wr wkh volglqj vxuidfh lv jxdudqwhhg iru wkrvh srlqwv t lq wkh Er�c r2c � � � r6r
� vsdfh

wkdw vdwlvi|

r2 ' ntn22 :
K�
@�

+61:;,

Lq wkh jhqhudo fdvh/ wkh suhvhqfh ri d qrq}hur pdwul{ , zloo fdxvh wkh v|vwhp wr vwd| forvhu

wr wkh volglqj vxuidfh1

61:15 Forvhg0Orrs Fkdudfwhulvwlfv

Xvlqj d frqwuroohu zlwk wkh vwuxfwxuh gh�qhg lq htxdwlrq +6193,/ wkh ehkdylru ri wkh fruuh0

vsrqglqj xqirufhg v|vwhp lv ghvfulehg e|

�#i ' �i#i n�i i�� n �2j +61:<,

lq zklfk wkh dxjphqwhg pdwulfhv �i dqg �i duh jlyhq/ uhvshfwlyho|/ e|

�i'

5
7

76� f B���

f 762 B2�2

f f �

6
8 dqg �i'

5
7 f

f

�

6
8 +61;3,

Qrwh wkdw wkh hljhqydoxhv ri wkh pdwul{ �i duh jlyhq e| wkh xqlrq ri wkh hljhqydoxhv ri

wkh pdwulfhv 76� dqg 762 +zklfk duh vhohfwhg dv|pswrwlfdoo| vwdeoh, dqg wkh ruljlqdo v|vwhp

pdwul{ � +zklfk lv dv|pswrwlfdoo| vwdeoh e| gh�qlwlrq ri wkh sureohp,1
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Vxevwlwxwlqj wkh gh�qlwlrq iru wkh frpsrqhqw ��/ jlyhq e| +6194,/ rqh rewdlqv

�#i ' �i#i ��i d�t�ohkt #i n�i�2 +61;4,

E| frqvlghulqj wkh gh�qlwlrqv ri wkh pdwulfhv �i dqg �i/ jlyhq e| +6176, dqg +61;3,/

uhvshfwlyho|/ lw lv hdv| wr vkrz wkdw

kt ' �i�i +61;5,

dqg diwhu vrph uhduudqjhphqw/ htxdwlrqv +61;4, fdq eh zulwwhq dv

�#i ' �t#i n�i�2 +61;6,

lq zklfk wkh pdwul{ �t lv jlyhq e|

�t ' dW?e ��to�i +61;7,

zkhuh wkh pdwul{ �t lv gh�qhg dv

�t ' �i d�t�oh�i +61;8,

Vlqfh �t�t ' �t/ wklv pdwul{ lv d surmhfwlrq pdwul{1 Lq sduwlfxodu/ lw uhsuhvhqwv d surmhf0

wlrq rqwr UE�i d�t�oh � +udqjh ri �i d�t�oh, sdudooho wr Q E�i� +qxoo vsdfh ri �i,1 Wkh

pdwul{ W?e ��t uhsuhvhqwv wkh frpsohphqwdu| surmhfwlrq dqg lw lv hdv| wr vhh wkdw

�i dW?e ��to ' f +61;9,

dqg wkhuhiruh

�i�t ' f +61;:,

Vrph fkdudfwhulvwlfv ri wkh hljhqvwuxfwxuh ri wkh pdwul{ �t duh lqyhvwljdwhg lq wkh

iroorzlqj1 Wkh fruuhvsrqglqj hljhqydoxh sureohp lv zulwwhq dv

�txt ' \txt +61;;,
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dqg diwhu suhpxowlso|lqj e| �i dqg frqvlghulqj +61;:,/ lw iroorzv wkdw wkh hljhqvwuxfwxuh

ri �t vdwlv�hv

�i\txt ' f +61;<,

Vlqfh h@?!E�i� ' 6r/ htxdwlrq +61;:, lqglfdwhv wkdw wkh pdwul{�t kdv6r }hur hljhqydoxhv1

Iru wkhvh hljhqydoxhv/ wkh frqglwlrq +61;<, lv dxwrpdwlfdoo| vdwlv�hg1 Iru wkh uhpdlqlqj

?e�6r qrq}hur hljhqydoxhv/ frqglwlrq +61;<, lqglfdwhv wkdw wkh fruuhvsrqglqj hljhqyhfwruv

duh ruwkrjrqdo wr wkh volglqj vxuidfh pdwul{ �i1

Qrz/ vxevwlwxwlqj wkh gh�qlwlrq iru �2/ jlyhq e| +6197,/ dqg dvvxplqj , ' f lw iroorzv

wkdw +61;6, uhgxfhv wr

�#i ' �U*#i +61<3,

lq zklfk wkh forvhg0orrs pdwul{ �U* lv gh�qhg dv

�U* ' �t ��i d�t�oh{�i +61<4,

Qrwh wkdw

�i�U* ' �{�i +61<5,

Vrph fkdudfwhulvwlfv ri wkh hljhqvwuxfwxuh ri wkh pdwul{ �U* duh lqyhvwljdwhg lq wkh

iroorzlqj1 Wkh fruuhvsrqglqj hljhqydoxh sureohp lv zulwwhq dv

�U*xU* ' \U*xU* +61<6,

dqg diwhu suhpxowlso|lqj e| �i dqg frqvlghulqj +61<5,/ lw iroorzv wkdw wkh hljhqvwuxfwxuh

ri �U* vdwlv�hv

�i\U*xU* ' �{�ixU* +61<7,

Lq sduwlfxodu/ li wkh pdwul{ { lv vhohfwhg dv { ' B W6r
/ wkh deryh frqglwlrq wdnhv wkh irup

�i\U*xU* ' �B�ixU* +61<8,
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zklfk lqglfdwhv wkdw b ' �B lv dq hljhqydoxh zlwk dw ohdvw pxowlsolflw| 6r1 Dovr/ iurp

frqglwlrq +61<8, lw iroorzv wkdw dq| forvhg0orrs hljhqyhfwruv fruuhvsrqglqj wr hljhqydoxhv

b 9' �B duh ruwkrjrqdo wr wkh volglqj vxuidfh pdwul{ �i1

Lw lv lqwhuhvwlqj wr orrn dw wkh htxdwlrqv +6186, jryhuqlqj wkh g|qdplf ehkdylru ri wkh

volglqj vxuidfh yduldeohv1 Iru wkh xqirufhg fdvh/ wkh| fdq eh zulwwhq dv

�t ' �i �#i ' �i�U*#i ' �{t +61<9,

dqg frqvlghulqj wkh suhylrxv frqfoxvlrqv/ lw iroorzv wkdw wkh hyroxwlrq ri wkh volglqj vxu0

idfh yduldeohv ghshqgv rqo| rq wkh hljhqydoxh b ' �B dqg wkh fruuhvsrqglqj hljhqyhfwru

vxevsdfh1

61; Qxphulfdo Uhvxowv

Wkh dssolfdelolw| ri volglqj prgh frqwuro dojrulwkpv edvhg rq d jhqhudol}hg ru g|qdplf

gh�qlwlrq ri wkh volglqj vxuidfh lv h{dplqhg lq wklv vhfwlrq e| qxphulfdo vlpxodwlrqv1 Wkh

sursrvhg dfwlyh frqwuroohu lv qxphulfdoo| vwxglhg xvlqj wkh �f0vwru| vkhdu exloglqj prgho

vhohfwhg dv wkh h{dpsoh fdvh dqg dqdo|}hg suhylrxvo| lq Fkdswhu 21 Wkh h�hfw ri wkh

qxpehu dqg orfdwlrq ri wkh dfwxdwlrq ghylfhv lv lqyhvwljdwhg dqg wr vkrz wkh  h{lelolw|

r�huhg e| wkh irupxodwlrq/ vhyhudo ghvljqv duh frqvlghuhg dqg wkhlu shuirupdqfh hydoxdwhg

iru gl�huhqw vhlvplf lqsxwv1

Wkh dfwlyh frqwuro v|vwhp frqvlghuhg khuh frqvlvwv ri wzr vhwv ri dfwlyh whqgrqv ru

eudflqjv lqvwdoohg lq wkh �uvw wzr vwrulhv zklfk fdq rshudwh lqghshqghqwo|1 Dv lqglfdwhg

lq Iljxuh +���,/ wkh| duh dvvxphg wr dfw ehwzhhq wkh irxqgdwlrq dqg wkh �uvw wzr  rru

pdvvhv1 Djdlq/ wkh h�hfw ri wkh iuhtxhqf| frqwhqw ri wkh h{whuqdo glvwxuedqfh lv qxphulfdoo|

hydoxdwhg e| frqvlghulqj wkh vdph jurxqg h{flwdwlrqv dv lq Fkdswhu 21 Wkdw lv/ wkh jurxqg

dffhohudwlrq wlph klvwrulhv ri +4, Ho Fhqwur/ 4<74/ +5, Vdq Ihuqdqgr/ 4<:4/ +6, Orpd Sulhwd/
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4<;</ dqg +7, Nhuq Frxqw| +Kroo|zrrg vlwh,/ 4<85 duh frqvlghuhg/ zlwk wkh �uvw wkuhh

uhfrugv qrupdol}hg wr d pd{lpxp jurxqg dffhohudwlrq ohyho ri f��}/ dqg wkh Kroo|zrrg

uhfrug qrupdol}hg wr d pd{lpxp ohyho ri f�2}1 Wkh fruuhvsrqglqj dffhohudwlrq uhvsrqvh

vshfwud zhuh vkrzq ehiruh lq Iljxuh +2�e,1

Wr frpsduh wkh shuirupdqfh dqg lq xhqfh ri wkh qxpehu ri frqwuro ghylfhv xvhg/ wkh

qxphulfdo uhvxowv kdyh ehhq rewdlqhg iru wzr gl�huhqw dfwxdwlrq fdvhv1 Lq wkh �uvw fdvh wzr

dfwxdwruv dsso|lqj irufhv lqghshqghqwo| dw wkh �uvw dqg vhfrqg  rru ohyhov duh xvhg1 Lq

wkh vhfrqg fdvh/ rqo| rqh dfwxdwru dsso|lqj irufh dw wkh �uvw  rru ohyho lv xvhg1 Iru erwk

fdvhv/ wkh volglqj vxuidfh lv ghvljqhg xvlqj wkh vwdwlf uhodwlrq ^� ' )� lq sodfh ri wkh �uvw

dx{loldu| v|vwhp gh�qhg lq htxdwlrqv +6146, dqg +6165,1 Wklv lpsolhv wkdw wkh pdwulfhv lq

htxdwlrq +6146, dqg +6165, dvvrfldwhg zlwk wklv dx{loldu| v|vwhp duh vlpso|=

76� ' f/ 7B� ' f/ 7#� ' f dqg 7,� ' W?o +61<:,

Wr vshfli| wkh vhfrqg dx{loldu| v|vwhp/ shqdol}lqj wkh sduwlflsdwlrq ri wkh yduldeohv )2 lq

wkh shuirupdqfh lqgh{/ wkh iroorzlqj pdwulfhv zhuh fkrvhq=

	62 '

�
f �

�/2
J �2lJ/J

�
/ 	B2 '

�
f
�

�
/ 	#2 '

�
f qJ

�
dqg 	,2 ' d�o +61<;,

lq zklfk /J/ lJ dqg qJ duh vrph ghvljq sdudphwhuv1 Dv zloo eh vkrzq odwhu/ wkh sdudphwhuv

/J/ lJ dqg qJ surylgh  h{lelolw| lq dgmxvwlqj wkh frqwuro h�ruwv frqyhqlhqwo| wr dfklhyh d

ghvluhg uhvsrqvh uhgxfwlrq1 Wkhvh pdwulfhv duh xvhg wr gh�qh wkh dx{loldu| v|vwhp pdwulfhv

iru wkh wzr dfwxdwlrq fdvhv phqwlrqhg deryh1 Iru wkh fdvh ri rqo| rqh dfwxdwru rq wkh �uvw

 rru +6S ' �,/ wkh qxpehu ri volglqj frqvwudlqwv lv 6r ' � dqg wkh pdwulfhv dvvrfldwhg

zlwk wkh vhfrqg dx{loldu| v|vwhp lq htxdwlrqv +6146, dqg +6165, duh gh�qhg dv=

762 ' 	62/ 7B2 ' 	B2/ 7#2 ' 	#2 dqg 7,2 ' 	,2 +61<<,

44;



Iru wkh fdvh zlwk wzr dfwxdwlrq ghylfhv +6S ' 2,/ khuh wkh qxpehu ri volglqj frqvwudlqwv

lv vhohfwhg dv 6r ' 2� Rqh frxog dovr fkrrvh 6r ' �c d fdvh zlwk frqwuro uhgxqgdqf|1 Iru

6r ' 2c wkh pdwulfhv dvvrfldwhg zlwk wkh vhfrqg dx{loldu| v|vwhp lq htxdwlrqv +6146, dqg

+6165, duh gh�qhg dv=

762 '

�
	62 f

f 	62

�
/ 7B2 '

�
	B2 f

f 	B2

�
/ 7#2 '

�
	#2 f

f 	#2

�
dqg 7,2 '

�
	,2 f

f 	,2

�
+61433,

Iru erwk dfwxdwlrq fdvhv/ wkh zhljkwlqj pdwulfhv "� dqg "2 lq wkh gh�qlwlrq ri wkh shu0

irupdqfh lqgh{ +6164, duh fkrvhq dv lghqwlw| pdwulfhv ri dssursuldwh glphqvlrqv1

Iljxuh +��2, vkrzv wkh wlph klvwrulhv ri wkh frqwuroohg dqg xqfrqwuroohg wrs  rru glv0

sodfhphqw dqg �uvw vwru| vkhdu irufh iru wkh fdvh6S ' 2/ zkhq wkh vwuxfwxuh lv vxemhfwhg wr

Ho Fhqwur jurxqg dffhohudwlrq uhfrug1 Wkh volglqj vxuidfh ghvljq sdudphwhuv duh vhohfwhg dv

/J ' H�ff/ lJ ' f�.f dqg qJ ' HD�ff1 Wkh frqwuro dfwlrqv duh jryhuqhg e| +6193, zlwk wkh

pdwul{ { vhohfwhg dv { 'B W6r
/ lq zklfk B ' �f�ff/ dqg wkh pdwul{ , lv fkrvhq dv , ' f1

Lq sduwlfxodu/ wkh pd{lpxp glvsodfhphqw lv uhgxfhg wr SSI ri lwv pd{lpxp xqfrqwuroohg

ydoxh1 Wkh h�hfwlyhqhvv ri wkh frqwuro v|vwhp lq uhgxflqj wkh devroxwh  rru dffhohudwlrq

uhvsrqvh dqg fruuhvsrqglqj  rru uhvsrqvh vshfwud lv vkrzq lq Iljxuh +���,> Iljxuh +���@,

vkrzv wkh wlph klvwrulhv ri wkh wrs  rru dffhohudwlrq uhvsrqvhv dqg Iljxuh +���K, vkrzv wkh

fruuhvsrqglqj uhvsrqvh vshfwud +�I gdpslqj,/ erwk iru wkh frqwuroohg dqg xqfrqwuroohg

uhvsrqvhv1 Erwk wkh pd{lpxp  rru dffhohudwlrq dqg wkh shdn  rru uhvsrqvh vshfwuxp

ydoxhv duh uhgxfhg wr derxw SeI ri wkhlu xqfrqwuroohg uhvsrqvh ydoxhv1 Wkh frqwuroohg  rru

uhvsrqvh vshfwuxp fxuyh dovr vkrzv wkh h�hfwlyhqhvv ri wkh frqwuro v|vwhp lq uhgxflqj wkh

uhvsrqvh lq wkh zkroh iuhtxhqf| udqjh1

Wkh wlph klvwrulhv ri wkh frqwuro irufhv uhtxluhg dw wkh wzr  rru ohyhov wr dfklhyh wkh

uhvxowv suhvhqwhg lq wkh suhylrxv sdudjudsk duh vkrzq lq Iljxuh +��e,1 Lw lv vhhq wkdw wkh

sursrvhg ghvljq iru wkh frqwuro v|vwhp qdwxudoo| doorfdwhv pruh uhohydqfh wr wkh dfwxd0
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wlrq ghylfh dfwlqj rq wkh vhfrqg  rru ohyho1 Wklv orfdwlrq lv reylrxvo| pruh h�hfwlyh iru

wkh frqwuro irufh dssolfdwlrq wr prgli| wkh g|qdplf ehkdylru ri d exloglqj v|vwhp zkrvh

uhvsrqvh lv grplqdwhg e| wkh �uvw yleudwlrq prgh1 Wkh pd{lpxp ydoxhv ri wkh frqwuro

irufhv uhtxluhg dw wkh �uvw dqg vhfrqg  rru ohyhov duh/ uhvshfwlyho|/ f�eD dqg f�bH wlphv

wkh uhvshfwlyh  rru zhljkwv1 Iljxuh +��D, vkrzv wkh wlph klvwrulhv ri wkh phfkdqlfdo srzhu

fruuhvsrqglqj wr erwk dfwxdwlrq ghylfhv1 Lw lv revhuyhg wkdw wkh srzhu rvfloodwhv rq wkh

qhjdwlyh dqg srvlwlyh vlghv iru wkh �uvw vwru| ghylfh/ zkhuhdv wkh ydoxhv ri srzhu fruuh0

vsrqglqj wr wkh vhfrqg vwru| ghylfh duh prvwo| srvlwlyh dqg pxfk kljkhu wkdq wkh suhylrxv

rqhv1 Lw lv qrwhg wkdw/ dffruglqj wr wkh vljq frqyhqwlrq dvvxphg khuh/ d srvlwlyh ydoxh ri

phfkdqlfdo srzhu phdqv wkdw wkh frqwuro dfwlrq lv rssrvlqj wkh fruuhvsrqglqj yhorflw|1

Djdlq/ wkh uhvxowv vkrzq lq Iljxuh +��D, hpskdvl}h wkh kljkhu ohyho ri sduwlflsdwlrq ri wkh

vhfrqg vwru| dfwxdwlrq lq wkh uhvxowlqj frqwuro v|vwhp1

Iru ghvljq sxusrvhv/ lw lv ghvludeoh wr dvvhvv wkh pd{lpxp frqwuro uhtxluhphqwv wkdw

pd| eh qhfhvvdu| wr dfklhyh d suh0vhw ohyho ri uhgxfwlrq lq wkh uhvsrqvh1 Khuh wklv fdq

eh frqyhqlhqwo| grqh e| fkdqjlqj wkh sdudphwhu /J xvhg iru gh�qlqj wkh volglqj vxuidfh1

Iljxuh +��S@, vkrzv wkh ohyhov ri uhvsrqvh uhgxfwlrq rewdlqhg dv d ixqfwlrq ri wkh sdudphwhu

/J lq whupv ri uhvsrqvh uhgxfwlrq idfwruv1 Wkh uhvsrqvh uhgxfwlrq idfwru lv gh�qhg dv wkh

udwlr ri wkh frqwuroohg wr wkh xqfrqwuroohg shdn ydoxhv iru d jlyhq uhvsrqvh txdqwlw|1 Wkh

fruuhvsrqglqj ohyhov ri wkh pd{lpxp frqwuro irufhv uhtxluhg dw wkh wzr  rru ohyhov/ dv d

ixqfwlrq ri wkh sdudphwhu /Jc duh vkrzq lq Iljxuh +��SK,1 Wkhvh uhvxowv fruuhvsrqg wr wkh

Ho Fhqwur jurxqg h{flwdwlrq1 Wkh uhvsrqvh uhgxfwlrqv fxuyhv duh prqrwrqlf/ h{fhsw iru wkh

vkhdu irufhv lq wkh �uvw wzr vwrulhv1 Vlqfh wkh vkhdu irufhv lq wkhvh wzr vwrulhv duh gluhfwo|

d�hfwhg e| wkh dssolhg frqwuro irufhv/ wkh| lqfuhdvh zkhq wkh frqwuro irufhv duh lqfuhdvhg

eh|rqg d fhuwdlq ohyho1 Lw lv qrwhg wkdw wkh sdudphwhu /J fdq eh xvhg wr rewdlq d idplo| ri
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frqwuroohu ghvljqv iru zklfk d ghfuhdvh lq wkh uhvsrqvh lv dvvrfldwhg zlwk dq lqfuhdvh lq wkh

frqwuro irufh1 Wkdw lv/ wkh lqwurgxfwlrq ri dx{loldu| v|vwhpv lq wkh gh�qlwlrq ri wkh volglqj

vxuidfh kdv pdgh lw srvvleoh wr rewdlq d �surshu� volglqj vxuidfh frqyhqlhqwo| vxfk wkdw dq

lqfuhdvh lq wkh frqwuro h�ruw wudqvodwhv lqwr dq lqfuhdvhg uhgxfwlrq lq wkh uhvsrqvh1 Lq d

wudglwlrqdo volglqj prgh frqwuro dssurdfk zlwkrxw wkhvh frpshqvdwruv ru dx{loldu| v|vwhpv/

rewdlqlqj d surshu volglqj vxuidfh lv qrw vr vwudljkwiruzdug dv vrph fkrlfhv ri sdudphwhuv

frxog ohdg wr d vlwxdwlrq zkhuh dq lqfuhdvhg frqwuro h�ruw pd| qrw uhvxow lqwr dq lqfuhdvhg

uhgxfwlrq lq wkh uhvsrqvh1

Iljxuh +��., lv vlplodu wr wkh suhylrxv �jxuh/ dqg lw vkrzv wkh ohyhov ri uhvsrqvh uhgxfwlrq

dqg fruuhvsrqglqj frqwuro uhtxluhphqwv qrz dv d ixqfwlrq ri wkh sdudphwhu qJ xvhg wr gh�qh

wkh volglqj vxuidfh1 Djdlq/ wkh uhvxowv duh rewdlqhg iru Ho Fhqwur jurxqg prwlrq1 Lq wklv

fdvh/ vpdoohu uhgxfwlrqv ri uhvsrqvh dqg frqwuro ghpdqgv duh dvvrfldwhg zlwk lqfuhdvlqj

ydoxhv ri wkh sdudphwhu qJ1 Wkh �uvw vwru| vkhdu lv dovr vkrzq lq wkh �jxuh dqg lw iroorzv

d gl�huhqw ehkdylru/ dv lw zdv phqwlrqhg suhylrxvo|1 Iljxuh +��H, vkrz wkh yduldwlrq ri wzr

forvhg0orrs qdwxudo iuhtxhqflhv dqg gdpslqj udwlrv dv d ixqfwlrq ri wkh sdudphwhu xvhg wr

gh�qh wkh volglqj vxuidfh1 Wkh iuhtxhqflhv /� dqg /2 uhsuhvhqwhg lq wkh �jxuh fruuhvsrqg

dssur{lpdwho| wr wkh �uvw wzr ixqgdphqwdo iuhtxhqflhv ri wkh xqfrqwuroohg v|vwhp/ zkhuhdv

l� dqg l2 ghqrwh wkh dvvrfldwhg gdpslqj udwlrv1 Iljxuh +��H@, vkrzv wkh yduldwlrq ri wkhvh

iuhtxhqflhv dqg gdpslqj udwlrv wkdw uhvxowv iurp dq lqfuhdvh lq wkh ydoxh ri wkh sdudphwhu

/f1 Lw lv revhuyhg wkdw wkh gdpslqj udwlr fruuhvsrqglqj wr wkh �uvw qdwxudo iuhtxhqf|

lqfuhdvhv gudvwlfdoo| dv vrrq dv wkh ydoxh ri wkh ghvljq sdudphwhu /f lv kljkhu wkdq wkh

�uvw qdwxudo iuhtxhqf| ri wkh xqfrqwuroohg v|vwhp1 Wkh rwkhu gdpslqj udwlr dqg wkh wzr

iuhtxhqflhv duh sudfwlfdoo| lqgl�huhqw wr yduldwlrqv ri /f1 Wkh h�hfw rq wkh �uvw prgdo

gdpslqj udwlr h{sodlqv wkh kljkhu uhvsrqvh uhgxfwlrqv dfklhyhg zlwk kljkhu ydoxhv ri wklv
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ghvljq sdudphwhu1 Vlploduo|/ Iljxuh +��HK, vkrzv wkh yduldwlrqv lq wkh prgdo fkdudfwhulvwlfv

surgxfhg e| dq lqfuhdvh ri wkh sdudphwhu qJ1 Lq wklv fdvh/ wkh ydoxh ri wklv sdudphwhu d�hfwv

erwk gdpslqj udwlrv lq wkh vdph gluhfwlrq/ dqg lqfuhdvlqj ydoxhv ri qJ duh dvvrfldwhg zlwk

vpdoohu ydoxhv ri l� dqg l21 Wklv h{sodlqv wkh vpdoohu uhvsrqvh uhgxfwlrqv dqg frqwuro

ghpdqgv wkdw fruuhvsrqg wr kljkhu ydoxhv ri wkh sdudphwhu qJ1

Qh{w/ wkh ghvljq edvhg rqo| rq rqh dfwxdwru dsso|lqj irufhv dw wkh �uvw  rru ohyho lv

lqyhvwljdwhg1 Wkh volglqj vxuidfh ghvljq sdudphwhuv iru wklv fdvh duh vhohfwhg dv /J ' H�ff/

lJ ' f�.D dqg qJ ' e2�ff1 Wkh frqwuro dfwlrqv duh djdlq jryhuqhg e| +6193, zlwk d

gldjrqdo pdwul{ { gh�qhg lq whupv ri d frqwuro sdudphwhu B/ fkrvhq dv B ' Hf�ff/ dqg

wkh pdwul{ , fkrvhq dv , ' f1 Iljxuh +��b, vkrzv wkh wlph klvwrulhv ri wkh frqwuroohg dqg

xqfrqwuroohg wrs  rru glvsodfhphqw dqg �uvw vwru| vkhdu irufh iru wkh fdvh 6S ' �/ zkhq

wkh vwuxfwxuh lv vxemhfwhg wr Vdq Ihuqdqgr jurxqg dffhohudwlrq uhfrug1 Wkh pd{lpxp

frqwuroohg glvsodfhphqw dqg �uvw vwru| vkhdu duh uhgxfhg wr .�I dqg H�I/ uhvshfwlyho|/ ri

wkh fruuhvsrqglqj shdn xqfrqwuroohg ydoxhv1 Iljxuh +���f, lqyhvwljdwhv wkh uhgxfwlrq dfklhyh

lq dffhohudwlrq uhvsrqvhv1 Iljxuh +���f@, vkrzv wkh wlph klvwrulhv ri wkh wrs  rru devroxwh

dffhohudwlrq iru wkh frqwuroohg dqg xqfrqwuroohg fdvhv/ zkhuhdv Iljxuh +���fK, vkrzv wkh

fruuhvsrqglqj  rru uhvsrqvh vshfwud1 Wkh uhgxfwlrq lqgxfhg e| wkh frqwuro v|vwhp iru

erwk w|shv ri uhvsrqvhv fdq eh hdvlo| dssuhfldwhg iurp wkhvh �jxuhv1 Wkh fruuhvsrqglqj

frqwuro uhtxluhphqwv duh suhvhqwhg lq Iljxuh +����,1 Wkh frqwuro irufh/ qrupdol}hg zlwk

uhvshfw wr wkh  rru zhljkw dqg vkrzq lq Iljxuh +����@,/ dfklhyhv d pd{lpxp ydoxh ri ����1

Wkh wlph klvwru| ri wkh fruuhvsrqglqj phfkdqlfdo srzhu lv vkrzq lq Iljxuh +����K,/ dqg

lw uhyhdov kljkhu ohyhov ri dfwxdwlrq ghpdqg wkdq wkrvh uhtxluhg lq wkh suhylrxv fdvh zlwk

wzr lqghshqghqw dfwxdwruv1

Lq wkh iroorzlqj/ erwk ghvljqv +6S ' 2 dqg 6S ' �, duh frpsduhg e| lqyhvwljdwlqj wkh
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uhvsrqvh uhgxfwlrqv dw ydulrxv ohyhov zkhq wkh exloglqj lv vxemhfwhg wr gl�huhqw hduwktxdnhv1

Iru d phdqlqjixo frpsdulvrq/ wkh wzr frqwuro v|vwhpv zhuh ghvljqhg vxfk wkdw wkh| surgxfh

wkh vdph ohyho ri uhgxfwlrq iru wkh wrs  rru glvsodfhphqw zkhq wkh vwuxfwxuh lv vxemhfwhg

wr Ho Fhqwur jurxqg prwlrq1 Wklv uhvsrqvh uhgxfwlrq zdv duelwudulo| fkrvhq htxdo wr f�SS

lq whupv ri wkh fruuhvsrqglqj uhvsrqvh uhgxfwlrq idfwru1 Wkh wzr vhwv ri sdudphwhuv jlyhq

ehiruh iru hdfk fdvh +6S ' 2 dqg 6S ' �, zhuh sxusrvho| vhohfwhg wr vdwlvi| wklv frqglwlrq/

dqg wkhuhiruh wkh| duh xvhg iru wkh uhvxowv suhvhqwhg lq Wdeohv +���,0+���,1

Wdeoh +���, vkrzv/ iru hdfk hduwktxdnh/ wkh uhodwlyh glvsodfhphqw uhvsrqvh uhgxfwlrq

idfwruv ri doo  rru ohyhov1 Lw lv qrwhg wkdw wkh frqwuro v|vwhp zlwk wzr dfwlyh ghylfhv

shuirupv lq jhqhudo ehwwhu wkdq wkh v|vwhp zlwk rqo| rqh dfwxdwlrq ghylfh dv wkh frqwuroohg

uhvsrqvhv duh qrwhg wr eh vrphzkdw vpdoohu iru orzhu vwrulhv lq wkh iruphu fdvh1 Dovr/ iurp

wkh uhvxowv lq wkh wdeoh iru gl�huhqw h{flwdwlrqv lw lv revhuyhg wkdw wkh h�hfwlyhqhvv ri wkh

frqwuro v|vwhpv grhv ghshqg rq wkh jurxqg h{flwdwlrq1 Erwk frqwuro ghvljqv duh revhuyhg wr

eh wkh prvw h�hfwlyh zlwk Ho Fhqwur h{flwdwlrq dqg wkh ohdvw zlwk wkh Orpd Sulhwd fdvh1 Wkh

vdph revhuydwlrq zdv grqh lq Fkdswhu 2/ zkhq lqyhvwljdwlqj wkh shuirupdqfh ri frqwuroohu

ghvljqv edvhg rq d vwdwlf volglqj vxuidfh1 Wdeoh +��2, vkrzv wkh uhvxowv fruuhvsrqglqj wr

 rru dffhohudwlrq uhvsrqvhv1 Lq jhqhudo/ wkh frqwuro ghvljq edvhg rq wzr dfwxdwruv shuirupv

voljkwo| ehwwhu lq uhgxflqj dffhohudwlrqv ri kljkhu  rruv1 Lw lv lqwhuhvwlqj wr qrwh wkdw orzhu

 rru dffhohudwlrqv gr qrw vkrz wkh glvwlqfwlyh lqfuhdvh wkdw zdv dvvrfldwhg zlwk wkh dfwlyh

whqgrq frqwuro v|vwhp edvhg rq d vwdwlf volglqj vxuidfh qxphulfdoo| lqyhvwljdwhg lq Fkdswhu

21 Wkh pd{lpxp frqwuro irufh ydoxhv uhtxluhg wr dfklhyh wkh uhvsrqvh uhgxfwlrqv uhsruwhg

lq Wdeohv +���, dqg +��2, duh vkrzq lq Wdeoh +���,1 Iru doo fdvhv ri jurxqg h{flwdwlrq/ lw

lv qrwhg wkdw wkh frqwuro v|vwhp edvhg rq d vlqjoh ghylfh dfwlqj rq wkh �uvw vwru| ohyho

ghpdqgv d pxfk kljkhu frqwuro dfwlrqv wr surgxfh d frpsdudeoh ohyho uhvsrqvh uhgxfwlrqv1
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Lw lv lqwhuhvwlqj wr lqyhvwljdwh wkh h�hfw ri d idloxuh lq rqh ri wkh frpsrqhqwv ri wkh

frqwuro v|vwhp dqg lwv frqvhtxhqfhv rq wkh uhvxowlqj shuirupdqfh1 Iru wkh fdvh 6S ' 2 dqg

iru Ho Fhqwur jurxqg h{flwdwlrq/ d idloxuh zloo eh vlpxodwhg e| dvvxplqj wkdw wkh vhfrqg

vwru| dfwxdwru jrhv r�0olqh dw wlph | ' 2��2 ^vhf`1 Wklv wlph fruuhvsrqgv wr wkh wlph lq

zklfk wkh shdn dffhohudwlrq ri wkh jurxqg prwlrq rffxuv1 Iljxuh +���2, vkrzv wkh uhvxowlqj

frqwuro uhtxluhphqwv iru wkh �uvw vwru| ghylfh1 Lw lv revhuyhg wkdw erwk wkh frqwuro irufh dqg

wkh dvvrfldwhg phfkdqlfdo srzhu/ vkrzq lq Iljxuhv +���2@, dqg +���2K,/ uhvshfwlyho|/ duh

lqfuhdvhg zlwk uhvshfw wr wkh fruuhvsrqglqj qrupdo rshudwlrq frqglwlrq ydoxhv/ zklfk zhuh

vkrzq ehiruh lq Iljxuhv +��e, dqg +��D,1 Iurp Iljxuh +���2, lw fdq eh vhhq krz wkh frqwuro

v|vwhp ghpdqgv d juhdwhu sduwlflsdwlrq ri wkh rqo| rshudwlqj dfwxdwru wr frpshqvdwh iru

wkh vhfrqg vwru| ghylfh1 Wkh h�hfw rq wkh uhvxowlqj shuirupdqfh ri wkh frqwuroohg v|vwhp

lv vkrzq lq Iljxuh +����,1 Wklv �jxuh vkrzv wkh uhvsrqvh uhgxfwlrq idfwruv iru gl�huhqw

 rruv dqg iru gl�huhqw uhvsrqvh txdqwlwlhv iru erwk fdvhv ri qrupdo rshudwlrq dqg idloxuh

ri vhfrqg vwru| dfwxdwru1 Lw lv revhuyhg wkdw wkh idloxuh ri rqh dfwxdwru reylrxvo| ghjudghv

wkh uhvxowlqj shuirupdqfh ri wkh frqwuro v|vwhp1 Krzhyhu/ wkh frqwuroohg v|vwhp qrw rqo|

uhpdlqv vwdeoh exw dovr vkrzv uhvsrqvh uhgxfwlrqv idfwruv dyhudjlqj f�HD iru prvw ri wkh

uhvsrqvhv vkrzq lq Iljxuh +����,1

Qh{w/ wkh h�hfw ri wkh qrqolqhdu whup lq wkh gh�qlwlrq ri wkh frpsrqhqw �2/ jlyhq e|

htxdwlrq +6197,/ lv lqyhvwljdwhg1 Xvlqj wkh vdph sdudphwhuv wr gh�qh wkh volglqj vxuidfh

iru wkh fdvh 6S ' 2 frqvlghuhg ehiruh/ dqrwkhu frqwuroohu lv qrz ghvljqhg e| vhohfwlqj wkh

pdwul{ { dv { ' B W6r
/ zlwk B ' 2f�ff/ dqg wkh pdwul{ , dv , ' 0 W6r

zkhuh 0 lv gh�qhg

lq whupv ri d qrupdol}hg sdudphwhu dv 0 ' 70n�in221 Wkh ydoxh ri 70 lv fkrvhq dv 70 ' �D�ff1

Wkh shuirupdqfh ri wklv frqwuro v|vwhp lv frpsduhg zlwk wkh suhylrxv ghvljq/ zklfk zdv

edvhg rq wkh olqhdu yhuvlrq ri wkh frpsrqhqw �21 Iljxuh +8147, vkrzv wkh ixqfwlrq }�Er�
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zklfk ghwhuplqhv wkh uhjlrqv ri dwwudfwlrq iru erwk fdvhv1 Wr frpsxwh }�Er�/ dv gh�qhg

lq +61:7,/ wkh sdudphwhu �%4@ 
} lv vhohfwhg dv �%4@ 

} ' f��} zkhuhdv wkh sdudphwhu ke/ zklfk

ghshqgv rq wkh volglqj vxuidfh ghvljq/ lv jlyhq e| ke ' f�b21 Lw lv revhuyhg krz wkh

lqfrusrudwlrq ri wkh qrqolqhdu whup uhvxowv lq d pruh dxwkrulwdwlyh erxqg iru wkh ydoxh ri r1

Dovr vkrzq lq wklv �jxuh lv wkh pd{lpxp ydoxh ri wkh yduldeoh r/ iru wkh xqfrqwuroohg v|vwhp

xqghu wkh Ho Fhqwur h{flwdwlrq1 Wklv ydoxh lv jlyhq e| r4@ ' f��S1 Lw lv revhuyhg wkdw

ghvslwh wkh idfw ri ehlqj frqvhuydwlyh/ wkh erxqgv rq wkh uhjlrq ri dwwudfwlrq jlyhq e| wkh

ixqfwlrq }�Er� duh vpdoohu wkdq wklv pd{lpxp xqfrqwuroohg ydoxh dqg wkhuhiruh wkh| kdyh

sudfwlfdo vljql�fdqfh1 Wkh h�hfwlyhqhvv ri wkh frqwuro v|vwhp iru wkh olqhdu dqg qrqolqhdu

fdvhv lv frpsduhg lq Iljxuh +���D,1 Wklv �jxuh vkrzv wkh uhvsrqvh uhgxfwlrq idfwruv iru

gl�huhqw  rruv dqg iru gl�huhqw uhvsrqvh txdqwlwlhv1 Lw lv revhuyhg wkdw wkh lqfrusrudwlrq

ri wkh qrqolqhdu whup lq wkh gh�qlwlrq ri wkh frqwuro grhv qrw prgli| vljql�fdqwo| wkh

uhvxowlqj shuirupdqfh1 Wkh h�hfw ri wkh qrqolqhdu whup fdq qhyhuwkhohvv eh dssuhfldwhg e|

frqvlghulqj wkh hyroxwlrq ri wkh volglqj vxuidfh yduldeohv1 Iljxuh +���S, vkrzv wkh yduldeohv

r� dqg r2 iru erwk olqhdu dqg qrqolqhdu frqwuro fdvhv1 Dovr lqglfdwhg lq wkh �jxuh duh wkh

pd{lpxp ydoxhv ri wkh frqwuro irufhv1 Lw lv revhuyhg wkdw wkh qrqolqhdu whup lpsrvhv d

pruh vhyhuh uhvwulfwlrq rq wkh volglqj vxuidfh yduldeohv/ zklfk duh frqvwudlqhg lq wklv fdvh

wr d vpdoohu qhljkerukrrg ri t ' f1

61< Frqfoxvlrqv

Wklv fkdswhu suhvhqwhg wkh ghyhorsphqw ri ixoo vwdwh ihhgedfn volglqj prgh frqwuro dojr0

ulwkpv edvhg rq d jhqhudol}hg gh�qlwlrq ri wkh volglqj vxuidfh1 Wr jdlq dgglwlrqdo  h{lelolw|

lq wkh ghvljq ri d ehwwhu volglqj vxuidfh/ wzr dx{loldu| g|qdplfdo v|vwhpv zhuh lqwurgxfhg1

Wkh volglqj vxuidfh lv wkhq gh�qhg lq whupv ri wkh rxwsxwv ri wkhvh dx{loldu| v|vwhpv1
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Wkhvh dx{loldu| v|vwhpv lpsolflwo| lqwurgxfh d iuhtxhqf| zhljkwlqj lq wkh frvw ixqfwlrq

xvhg iru fdofxodwlqj wkh volglqj frqvwudlqwv1 Dovr/ dqrwkhu v|vwhpdwlf dssurdfk lv suhvhqwhg

wr dfklhyh wkh uhjxodu irup ri wkh htxdwlrq ri prwlrq wr d�hfw d xqfrxsolqj ri volglqj pr0

wlrq dqg frqwuro dfwlrqv1 Wkh dssurdfk lv jhqhudo hqrxjk vxfk wkdw lw fdq eh dssolhg wr

fdvhv zkhuh d vlpsoh uh0rughulqj ri htxdwlrqv ri prwlrq zloo qrw dfklhyh wkhvh xqfrxsolqj

remhfwlyhv1 D qrqolqhdu frqwlqxrxv dfwlyh frqwuroohu lv irupxodwhg dqg wkh fruuhvsrqglqj

uhjlrq ri dwwudfwlrq lv lqyhvwljdwhg1

Wkh qxphulfdo uhvxowv lqglfdwh wkh dgydqwdjh ri xvlqj d jhqhudol}hg gh�qlwlrq ri wkh

volglqj vxuidfh iru wkh ghvljq ri wkh frqwuro v|vwhp1 Lw zdv revhuyhg wkdw wklv w|sh ri iru0

pxodwlrq lqwurgxfhv pruh  h{lelolw| dqg doorzv pruh hdvlo| wr wxqh wkh sdudphwhuv ri wkh

frqwuro v|vwhp wr dfklhyh gl�huhqw shuirupdqfh vshfl�fdwlrqv1 Wklv wdvn lv qrw vwudljkwiru0

zdug zkhq xvlqj d vwdwlf gh�qlwlrq ri wkh volglqj vxuidfh/ dv lw zdv phqwlrqhg suhylrxvo|1

Wkh h�hfw ri wkh qxpehu dqg orfdwlrqv ri dfwxdwlrqv ghylfhv zdv lqyhvwljdwhg1 E| frp0

sdulqj wkh uhvxowv rewdlqhg iru gl�huhqw ghvljq dowhuqdwlyhv/ lw lv frqfoxghg wkdw wkh ghvljq

surfhvv qdwxudoo| lghqwl�hv wkh orfdwlrq ri dq dfwxdwru dfwlqj rq wkh vhfrqg vwru| ohyho dv

pruh h!flhqw iru frqwuro sxusrvhv1 Dovr/ wkh pd{lpxp frqwuro uhtxluhphqwv zhuh irxqg

vpdoohu wkdq wkrvh fruuhvsrqglqj wr wkh vlqjoh dfwxdwlrq fdvh zlwk vwdwlf volglqj vxuidfh

vwxglhg lq Fkdswhu 21 Dgglwlrqdoo|/ wkh urexvwqhvv ri wkh frqwuro v|vwhp wr hqgxuh wkh

idloxuh ri dq dfwxdwlrq frpsrqhqw zdv lqyhvwljdwhg/ dqg wkh h�hfw ri qrqolqhdu whupv lq

wkh frqwuroohu gh�qlwlrqv zdv dovr hydoxdwhg1

459



Figure 3.1: 10-story building model with active bracing and active tendon systems.
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Figure 3.2: Comparison of uncontrolled and controlled top floor displacement and 1st story shear 
force for El Centro ground acceleration record (number of active devices: 2).
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Figure 3.3: Comparison of uncontrolled and controlled top floor acceleration and top floor 
response spectra for El Centro ground acceleration record (number of active devices: 2).

128



Figure 3.4: Control forces for El Centro ground acceleration record (number of active devices: 2).
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Figure 3.5: Mechanical power for El Centro ground acceleration record (number of active devices: 2).
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Figure 3.6: Maximum building responses and control requirements as a function of the 
parameter ωo for El Centro ground acceleration record (number of active devices: 2).
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Figure 3.7: Maximum building responses and control requirements as a function of the 
parameter β  for El Centro ground acceleration record (number of active devices: 2).
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Figure 3.8: Natural frequencies and modal damping ratios as a function of the parameters 
defining the sliding surface (number of active devices: 2).
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Figure 3.9: Comparison of uncontrolled and controlled top floor displacement and 1st story 
shear force for San Fernando ground acceleration record (number of active devices: 1).

Uncontrolled Semi-Active Control

131



0 1 10 100
0.00

0.50

1.00

1.50

2.00

2.50

3.00

Frequency [Hz]

A
cc

el
er

at
io

n 
[g

]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

Time [sec]

A
cc

el
er

at
io

n 
[g

]

(b)(a)

Figure 3.10: Comparison of uncontrolled and controlled top floor acceleration and top floor 
response spectra for San Fernando ground acceleration record (number of active devices: 1).
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Figure 3.11: Control force and mechanical power for San Fernando ground acceleration 
record (number of active devices: 1).
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Figure 3.12: Control force and power for El Centro ground acceleration record in the event of 
failure of 2nd story actuation device (number of active devices: 2).
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Figure 3.13: Comparison of response reduction factors during normal operation and the event 
of actuator failure (number of active devices: 2).
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Figure 3.14: Comparison of the function g (s) defining the region of attraction for the linear 
and nonlinear control cases. 
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Figure 3.15: Comparison of response reduction factors using linear and nonlinear control 
for El Centro ground acceleration record (number of active devices: 2).
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Figure 3.16: Comparison of sliding surface variables using linear and nonlinear control for 
El Centro ground acceleration record (number of active devices: 2). 
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El Centro San Fernando

Floor Response
Response      

Reduction Factor    Response
Response      

Reduction Factor    

[cm] mc = 1 mc = 2 [cm] mc = 1 mc = 2

[1] [2] [3] [4] [5] [6] [7]

10 16.25 0.66 0.66 8.92 0.73 0.73

9 15.87 0.66 0.66 8.68 0.73 0.72

8 15.14 0.67 0.66 8.21 0.73 0.72

7 14.13 0.67 0.67 7.53 0.72 0.72

6 12.90 0.68 0.67 6.69 0.72 0.71

5 11.36 0.68 0.67 5.71 0.71 0.71

4 9.54 0.69 0.67 4.70 0.73 0.70

3 7.45 0.70 0.67 3.68 0.74 0.70

2 5.13 0.72 0.68 2.56 0.76 0.70

1 2.63 0.82 0.69 1.32 0.83 0.69

Table 3.1: Maximum relative displacements using active control
(generalized sliding surface / full state feedback).

Loma Prieta Hollywood

Floor Response
Response      

Reduction Factor    Response
Response      

Reduction Factor    

[cm] mc = 1 mc = 2 [cm] mc = 1 mc = 2

[8] [9] [10] [11] [12] [13] [14]

10 6.17 0.92 0.89 15.94 0.69 0.66

9 5.96 0.93 0.90 15.58 0.69 0.66

8 5.74 0.90 0.88 14.87 0.68 0.66

7 5.53 0.86 0.83 13.81 0.68 0.66

6 5.23 0.80 0.77 12.44 0.68 0.66

5 4.78 0.79 0.75 10.78 0.68 0.66

4 4.14 0.78 0.73 8.88 0.68 0.65

3 3.29 0.76 0.69 6.78 0.68 0.65

2 2.27 0.72 0.66 4.56 0.68 0.64

1 1.15 0.77 0.68 2.28 0.81 0.67
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El Centro San Fernando

Floor Response
Response      

Reduction Factor    Response
Response      

Reduction Factor    

[g] mc = 1 mc = 2 [g] mc = 1 mc = 2

[1] [2] [3] [4] [5] [6] [7]

10 0.76 0.65 0.64 0.48 0.81 0.78

9 0.72 0.65 0.64 0.44 0.79 0.78

8 0.64 0.64 0.64 0.39 0.76 0.75

7 0.60 0.62 0.64 0.35 0.74 0.72

6 0.58 0.64 0.65 0.35 0.73 0.71

5 0.54 0.68 0.68 0.41 0.71 0.66

4 0.50 0.69 0.68 0.43 0.69 0.63

3 0.44 0.71 0.69 0.37 0.70 0.62

2 0.35 0.74 0.67 0.33 0.78 0.67

1 0.26 0.78 0.85 0.31 0.73 0.80

Table 3.2: Maximum absolute accelerations using active control
(generalized sliding surface / full state feedback).

Loma Prieta Hollywood

Floor Response
Response      

Reduction Factor    Response
Response      

Reduction Factor    

[g] mc = 1 mc = 2 [g] mc = 1 mc = 2

[8] [9] [10] [11] [12] [13] [14]

10 0.49 0.74 0.71 0.69 0.69 0.67

9 0.42 0.78 0.73 0.67 0.69 0.67

8 0.33 0.85 0.79 0.64 0.69 0.67

7 0.28 0.81 0.80 0.60 0.67 0.66

6 0.36 0.79 0.73 0.55 0.66 0.66

5 0.42 0.77 0.69 0.48 0.64 0.65

4 0.43 0.75 0.67 0.42 0.66 0.65

3 0.37 0.73 0.64 0.36 0.68 0.65

2 0.28 0.76 0.65 0.29 0.67 0.58

1 0.29 0.81 0.80 0.21 0.64 0.74
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Table 3.3: Maximum control force requirements
(generalized sliding surface / full state feedback).

Active  tendon or bracing system

mc = 1 mc = 2

Response 
reduction 

factor

Maximum 
control 
force

Response 
reduction 

factor
Maximum control force

1st Story 2nd Story

[Floor weight] [Floor weight] [Floor weight]

[1] [2] [3] [4] [5]

El Centro 0.66 2.15 0.66 0.45 0.98

San Fernando 0.73 1.33 0.73 0.33 0.66

Lom a Prie ta 0.92 0.97 0.89 0.28 0.49

Hollyw ood 0.69 2.14 0.66 0.39 0.99
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Fkdswhu 7

Rxwsxw Ihhgedfn Irupxodwlrq

714 Lqwurgxfwlrq

Wkh ghyhorsphqwv lq Fkdswhuv 2 dqg � zhuh edvhg rq wkh dvvxpswlrq wkdw doo v|vwhp

vwdwhv fdq eh phdvxuhg dqg duh dydlodeoh iru ihhgedfn1 Krzhyhu/ lq sudfwlfh lw pd| qrw

eh ihdvleoh wr phdvxuh doo wkh vwdwhv1 Xvxdoo|/ lqirupdwlrq rq rqo| d olplwhg qxpehu ri

vwdwhv pd| eh dydlodeoh1 Lq vxfk fdvhv/ rqh pd| fkrrvh wr xvh dq revhuyhu wr hvwlpdwh

wkh rwkhu vwdwhv1 Wklv fdq/ krzhyhu/ lqwurgxfh vrph xqghvludeoh wlph ghod|v gxh wr rq0olqh

frpsxwdwlrqv1 Revhuyhuv fdq dovr ghjudgh wkh shuirupdqfh ri d frqwuro v|vwhp vljql�fdqwo|1

Wr dyrlg wkhvh sureohpv/ khuh d jhqhudo rxwsxw ihhgedfn surfhgxuh lv irupxodwhg vr wkdw

gl�huhqw frpelqdwlrqv ri xqdydlodeoh v|vwhp vwdwhv gr qrw sduwlflsdwh lq wkh ghvljq ri

volglqj vxuidfh ru wkh frqwuroohu1 Wklv qhfhvvlwdwhv wkh prgl�fdwlrq ri wkh surfhgxuh wr

rewdlq wkh uhjxodu irup1 Vshfldo dwwhqwlrq pxvw dovr eh sdlg lq frqvwuxfwlqj wkh volglqj

vxuidfh dqg gh�qlqj wkh volglqj prwlrq wr holplqdwh wkh h�hfw ri xqphdvxuhg vwdwhv1 Wkh

vshfldo uhtxluhphqwv lpsrvhg rq wkh v|vwhp vwdwhv wr holplqdwh wkh h�hfw ri xqphdvxuhg

vwdwhv ohdg wr d frqvwudlqhg rswlpdolw| fulwhulrq iru wkh ghvljq ri volglqj vxuidfh1 Dq

dfwlyh frqwuroohu lv irupxodwhg zklfk xwlol}hv rqo| wkh xsshu erxqg lqirupdwlrq rq wkh

lqwhqvlw| ri jurxqg prwlrq dqg dovr rq wkh xqphdvxuhg vwdwhv1 D el0vwdwh vhpl0dfwlyh
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frqwuroohu edvhg rqo| rq wkh phdvxuhg yduldeohv lv dovr ghyhorshg1 Vhyhudo vhwv ri qxphulfdo

uhvxowv duh rewdlqhg wr ydolgdwh wkh irupxodwlrq1 Wkh rxwsxw ihhgedfn qxphulfdo uhvxowv

duh frpsduhg zlwk wkrvh rewdlqhg iru wkh ixoo0vwdwh ihhgedfn fdvh wr dvfhuwdlq wkh h�hfw ri

xvlqj olplwhg lqirupdwlrq rq wkh frqwuro1 Vlqfh wkh qxphulfdo uhvxowv suhvhqwhg lq Fkdswhu

� ghprqvwudwhg wkh dgydqwdjhv ri lqwurgxflqj dx{loldu| v|vwhpv ru frpshqvdwruv lq wkh

gh�qlwlrq ri wkh volglqj vxuidfh/ wkh rxwsxw ihhgedfn irupxodwlrq zloo eh ghyhorshg edvhg

rq wklv jhqhudol}hg volglqj vxuidfh gh�qlwlrq1 Wklv jhqhudo irupxodwlrq lqfoxghv wkh vwdwlf

volglqj vxuidfh dv d sduwlfxodu fdvh1

715 V|vwhp Htxdwlrqv

Wkh vwdwh htxdwlrqv iru d olqhdu exloglqj v|vwhp zlwk ?s ghjuhhv ri iuhhgrp xqghu vhlvplf

h{flwdwlrq/ jlyhq e| htxdwlrq +5156,/ duh uhshdwhg khuh

�# ' �# n��n i �%} +714,

lq zklfk wkh ?�6S pdwul{ �/ gh�qhg ehiruh e| htxdwlrq +5154,/ lv jlyhq e|

� '

�
f

7�3�#

�
+715,

zlwk h@?!E�� ' 6S1 Wkh 6S0glphqvlrqdo frqwuro yhfwru � frqwdlqv wkh frqwulexwlrqv ri

dq| dfwlyh dqg vhpl0dfwlyh ghylfhv lqvwdoohg lq wkh vwuxfwxuh1

Lw zloo eh dvvxphg wkdw rqo| d vxevhw ri wkh sk|vlfdo yduldeohv fdq eh gluhfwo| phdvxuhg

e| dq dssursuldwh duud| ri vhqvruv glvwulexwhg dorqj wkh exloglqj1 Ohw wkh ?@0glphqvlrqdo

yhfwru #@ lqglfdwh wkrvh vwdwh yduldeohv wkdw fdq eh gluhfwo| phdvxuhg1 E| xvlqj dq ?� ?

shupxwdwlrq pdwul{ 5/ lw lv srvvleoh wr gh�qh

7# '

�
#�

#@

�
' 5# +716,
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zkhuh wkh odvw ?@ frpsrqhqwv ri wkh yhfwru 7# fruuhvsrqg wr wkh dydlodeoh yduldeohv #@/ dqg

wkh uhpdlqlqj ?� ' ?� ?@ xqphdvxuhg ru xqdydlodeoh yduldeohv duh froohfwhg lq wkh yhfwru

#�1 Htxdwlrq +716, fdq eh zulwwhq lq sduwlwlrqhg irup dv iroorzv=

�
#�

#@

�
'

�
5�� 5�2

52� 522

��
_
�_

�
+717,

zkhuh qrz wkh sduwlwlrqv ri wkh pdwul{ 5 kdyh dssursuldwh glphqvlrqv dqg gluhfwo| lghqwli|

wkh sduwlflsdwlrqv ri wkh frruglqdwhv _ dqg �_ lq wkh gh�qlwlrqv ri #@ dqg #�1 Lw lv qrwhg wkdw

lq wkh ixoo lqirupdwlrq fdvh/ lq zklfk doo vwdwh yduldeohv duh dydlodeoh iru frqwuro sxusrvhv/

wkh vxepdwulfhv 5�� dqg 5�2 ydqlvk dqg wkh eorfn
�
52� 522

�
ehfrphv dq lghqwlw| pdwul{1

Lq wkh iroorzlqj/ d irupxodwlrq lv suhvhqwhg wr holplqdwh wkh h�hfw ri wkh xqphdvxuhg

vwdwhv #� lq wkh gh�qlwlrq ri wkh volglqj vxuidfh dqg wkh ghvljq ri dq dssursuldwh frqwuroohu1

Lq jhqhudo/ wkh vdph edvlf vwhsv hpsor|hg lq wkh suhylrxv fkdswhu duh iroorzhg/ zlwk vrph

prgl�fdwlrqv wr dffrxqw iru wkh sduwldo dydlodelolw| ri vwdwh lqirupdwlrq1 Iluvw/ wkh uhjxodu

irup lv rewdlqhg zlwk wkh remhfwlyh ri xqfrxsolqj wkh volglqj prwlrq ghvfulswlrq iurp wkh

fruuhvsrqglqj frqwuro dfwlrqv1 Vxfk xqfrxsohg volglqj prwlrq htxdwlrqv zloo wkhq eh xvhg

wr rewdlq wkh volglqj frqvwudlqwv wkurxjk vrph rswlpdolw| fulwhulrq1 Dw wklv vwdjh lw zloo

eh revhuyhg wkdw/ gxh wr wkh lpsrvlwlrq ri dq rxwsxw ihhgedfn vwuxfwxuh/ wkh vroxwlrq ri

wklv sureohp suhvhqwv vrph vshfldo fkdudfwhulvwlfv1 Kdylqj gh�qhg wkh volglqj vxuidfh/ wkh

frqwuroohu ghvljq sureohp zloo eh irupxodwhg1 Wkhvh ghyhorsphqw duh ghvfulehg lq wkh

iroorzlqj vhfwlrqv1

716 Uhjxodu Irup

Wkh surfhvv ri jhwwlqj wkh uhjxodu irup ri wkh vwdwh htxdwlrqv lv vlplodu wr wkh rqh suhvhqwhg

lq Fkdswhu �/ h{fhsw wkdw lw kdv wr eh prgl�hg wr dffrxqw iru wkh xqphdvxuhg vwdwhv1 Ohw

V eh dq ?s � 6S pdwul{ zkrvh froxpqv frqvwlwxwh dq ruwkrqrupdo edvlv iru UE 7�3�#�/
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wkdw lv/ wkh udqjh +ru froxpq vsdfh, ri wkh pdwul{ 7�3�#1 Dovr/ ohw wkh froxpqv ri dq

?s � E?s � 6S� pdwul{ N� frqvwlwxwh dq ruwkrqrupdo edvlv iru
�UE 7�3�#�

�z
/ l1h1/ wkh

ruwkrjrqdo frpsohphqw ri UE 7�3�#�1 Wkhvh wzr pdwulfhv fdq eh rewdlqhg e| dsso|lqj

wkh Judp0Vfkplgw surfhvv wr wkh froxpqv ri 7�3�#1 Ixuwkhupruh/ ohw dq ?s �6S pdwul{

N2 eh gh�qhg dv

N2 ' V" +718,

zkhuh " lv dq 6S�6S xqlwdu| pdwul{ rewdlqhg iurp wkh TU ghfrpsrvlwlrq ri wkh surgxfw

d5�2VoA dv iroorzv=

d5�2VoA ' "+ +719,

zkhuh 5�2/ gh�qhg lq +717,/ lv wkh pdwul{ lghqwli|lqj wkh xqphdvxuhg yhorflw| frruglqdwhv1

Wkh pdwul{ + kdv glphqvlrqv 6S � ?� zlwk dq xsshu wuldqjxodu vwuxfwxuh zklfk ghshqgv

rq wkh udqn ri wkh surgxfw d5�2VoA 1 Wkhuhiruh/ wkh pdwulfhv " dqg + ghshqg xsrq wkh

dydlodelolw| ri lqirupdwlrq derxw wkh vwdwh yduldeohv1 Iru wkh yhorflw| ihhgedfn fdvh/ lq

zklfk doo yhorflwlhv �_ duh dydlodeoh iurp gluhfw phdvxuhphqwv/ 5�2 ehfrphv d pdwul{ zlwk

qr urzv dqg + ehfrphv d pdwul{ zlwk qr froxpqv1 Wkhuhiruh/ iru wklv fdvh/ " fdq eh

vhohfwhg duelwudulo| dqg vr lv dvvljqhg dv wkh lghqwlw| pdwul{/ l1h1 " ' W6S
1

Lq whupv ri wkh pdwulfhv N� dqg N2/ wkh iroorzlqj ?� ? pdwul{ A lv gh�qhg dv=

A '

�
W?s f f

f N� N2

�
+71:,

Qrwh wkdw e| frqvwuxfwlrq

NA
�N� ' W?36S

/ NA
2N2 ' "AVAV" ' W6S

dqg NA
�N2 ' NA

�V" ' fE?36S�f6S
+71;,

dqg wkhuhiruh wkh pdwul{ A lv xqlwdu|/ wkdw lv

A3� ' AA +71<,
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Wklv pdwul{ A lv xvhg wr gh�qh d vwdwh wudqvirupdwlrq dv iroorzv=

# ' A) +7143,

Diwhu vxevwlwxwlqj +7143, lqwr wkh htxdwlrqv +714, dqg suhpxowlso|lqj e| AA / wkh wudqv0

iruphg vwdwh htxdwlrqv duh jlyhq e|

�) ' 7�) n 7��n 7i �%} +7144,

zkhuh

7� ' AA�A/ 7� ' AA� dqg 7i ' AAi +7145,

E| frqvlghulqj wkh gh�qlwlrq +71:,/ lw lv hdv| wr vhh wkdw wkh wudqviruphg pdwul{ 7� wdnhv

wkh iroorzlqj irup=

7� '

�
f
	�

�
+7146,

lq zklfk 	� lv d 6S �6S qrqvlqjxodu pdwul{ jlyhq e|

	� ' "AVA 7�3�# +7147,

Zlwk wklv vwuxfwxuh iru wkh lqsxw pdwul{ 7�/ wkh �uvw ? � 6S htxdwlrqv ri +7144, gr qrw

frqwdlq dq| frqwuro whupv1 Wkxv/ iru wkh fdvh 6o ' f wklv uhsuhvhqwdwlrq ohdgv wr d vhw ri

volglqj prwlrq htxdwlrqv zlwkrxw h{solflw frqwuro whupv1 Dv lqglfdwhg lq suhylrxv fkdswhuv/

dgglwlrqdo frqvwudlqwv zloo kdyh wr eh lpsrvhg rq wkh dgplvvleoh frqwuro dfwlrqv wr rewdlq

volglqj prwlrq htxdwlrqv xqfrxsohg iurp wkh frqwuro whupv iru wkh fdvh 6o � �1

717 Volglqj Vxuidfh

Wkh jhqhudol}hg gh�qlwlrq iru wkh volglqj vxuidfh suhylrxvo| frqvlghuhg lq Fkdswhu � zloo

eh dgrswhg khuh1 Wklv htxdwlrq lv uhshdwhg khuh dv/

t ' �)� n �)2 ' f +7148,
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Dv phqwlrqhg hduolhu/ �)� dqg �)2 duh wkh rxwsxwv ri wzr dx{loldu| v|vwhpv gh�qhg e| htxd0

wlrqv +6146, zlwk yhfwruv )� dqg )2 dv wkh lqsxwv1 Lq Fkdswhu �/ )� dqg )2 ghshqghg rq

doo wkh sk|vlfdo vwdwh yduldeohv ri wkh prgho dqg wkh uhvxowlqj gh�qlwlrq ri wkh volglqj vxu0

idfh fruuhvsrqghg wr d ixoo vwdwh ihhgedfn irupxodwlrq1 Lq wklv fkdswhu/ d gh�qlwlrq ri wkh

volglqj vxuidfh lv vrxjkw zklfk ghshqgv rqo| rq wkh dydlodeoh lqirupdwlrq/ uhsuhvhqwhg e|

wkh yduldeohv #@1 Wkdw lv/ wkh frqwulexwlrq ri wkh xqphdvxuhg vwdwhv #� lv wr eh holplqdwhg

iurp wkh htxdwlrqv ghvfulelqj wkh volglqj vxuidfh1 Wkh frqglwlrqv wkdw doorz vxfk gh�qlwlrq

duh lqyhvwljdwhg lq wkh iroorzlqj1

Xvlqj htxdwlrqv +716, dqg +7143,/ wkh vwdwh yhfwru ) fdq eh h{suhvvhg lq whupv ri wkh

uh0duudqjhg phdvxuhg dqg xqphdvxuhg txdqwlwlhv dv iroorzv=

) ' d5AoA 7# +7149,

Wklv htxdwlrq fdq eh zulwwhq lq d sduwlwlrqhg irup dv

�
)�

)2

�
'

�
��� ��2

�2� �22

��
#�

#@

�
+714:,

zkhuh wkh eorfnv ��� lqglfdwh vxepdwulfhv ri d5AoA zlwk wkh dssursuldwh glphqvlrqv1 Rq

wkh rwkhu kdqg/ frqvlghulqj +717, dqg +71:,/ wkh surgxfw pdwul{ d5AoA lq htxdwlrq +7149,

fdq eh zulwwhq lq sduwlwlrqhg irup dv iroorzv=

d5AoA '

5
7 5A

�� 5A
2�

d5�2N�o
A d522N�o

A

d5�2N2o
A d522N2o

A

6
8 +714;,

Lq ylhz ri wkh gh�qlwlrq ri N2 lq +718,/ wkh 6S � ?� pdwul{ d5�2N2o
A fdq eh zulwwhq dv

d5�2N2o
A ' "A d5�2VoA +714<,

zklfk/ wdnlqj lqwr dffrxqw +719,/ fdq dovr eh zulwwhq dv iroorzv=

d5�2N2o
A ' + +7153,
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Frqvlghulqj wkh xsshu wuldqjxodu vwuxfwxuh ri wkh pdwul{ + dqg wkh idfw wkdw e| frq0

vwuxfwlrq wkh udqn ri wklv pdwul{ lv htxdo wr wkh udqn ri d5�2Vo/ lw iroorzv wkdw li wkh

iroorzlqj frqglwlrq lv vdwlv�hg=

h@?!E5�2V� � 6o +7154,

wkhq wkh 6r � ?� pdwul{ �2� lq +714:, zloo kdyh }hur hqwulhv1 Wkxv/ iurp +714:,/ wkh

frpsrqhqw )2 ri wkh wudqviruphg vwdwh yhfwru fdq eh zulwwhq dv

)2 ' �22#@ +7155,

Wkhuhiruh/ li wkh frqglwlrq +7154, krogv/ wkh frpsrqhqw )2 ri wkh wudqviruphg vwdwh yhf0

wru zloo qrw eh d�hfwhg e| wkh xqphdvxuhg txdqwlwlhv/ dqg wkh xqphdvxuhg yduldeohv zloo

qrw sduwlflsdwh lq wkh gh�qlwlrq ri wkh vhfrqg dx{loldu| v|vwhp lq +6146,1 Qrwh wkdw wklv

frqglwlrq lpsrvhv d frqvwudlqw rq wkh ghvljq ri wkh frqwuro v|vwhp1 Vlqfh wkh pdwul{ 5�2

lv dvvrfldwhg zlwk wkh yhorflw| frruglqdwhv/ lw zloo eh qhfhvvdu| wr phdvxuh dw ohdvw vrph

yhorflwlhv wr olplw wkh udqn ri wkh surgxfw 5�2V dv lqglfdwhg lq +7154,1 Lw lv qrwhg wkdw li

doo yhorflwlhv �_ duh phdvxuhg/ wkhq 5�2 ehfrphv d qxoo pdwul{ dqg wkh frqglwlrq +7154, lv

dxwrpdwlfdoo| vdwlv�hg1

Wr holplqdwh wkh frqwulexwlrq ri wkh xqphdvxuhg vwdwhv iurp wkh yhfwru )�/ frqvlghu d

pdwul{ 7��/ gh�qhg vxfk wkdw lwv urz vsdfh lv frqwdlqhg lq Q E�A
���/ l1h1/ wkh ohiw qxoo vsdfh

ri wkh pdwul{ ���1 Wkdw lv/ d pdwul{ 7�� lv frqvwuxfwhg vxfk wkdw

7����� ' f +7156,

Wkh qxpehu ri froxpqv ri 7�� ghshqgv rq wkh urz glphqvlrq ri ��� dqg lw lv htxdo wr ?o1

Rq wkh rwkhu kdqg/ wkh qxpehu ri urzv ri wkh pdwul{ 7�� lv d ghvljq sdudphwhu dqg lw zloo

eh ghwhuplqhg odwhu1 Li rqh dvvxphv wkdw wkh qxpehu ri dydlodeoh vwdwhv lv dw ohdvw htxdo wr
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wkh qxpehu ri volglqj frqvwudlqwv/ l1h1 ?@ � 6r/ wkhq wkh pd{lpxp qxpehu ri lqghshqghqw

urzv iru vxfk d pdwul{ 7�� lv htxdo wr ?o � ?�1

Suhpxowlso|lqj wkh �uvw ?o urzv ri htxdwlrq +714:, e| 7�� dqg frqvlghulqj +7156,/ rqh

fdq zulwh

7��)� ' 7����2#@ +7157,

Khqfh/ wkh xqphdvxuhg yduldeohv #� fdq eh holplqdwhg iurp wkh gh�qlwlrq ri wkh �uvw

dx{loldu| v|vwhp lq +6146, li wkh pdwulfhv 7B� dqg 7�t� duh gh�qhg dv iroorzv=

7B� ' 	B�
7�� dqg 7�t� ' 	�t�

7�� +7158,

zkhuh 	B� dqg 	�t� kdyh dssursuldwh glphqvlrqv1

Wr lqfrusrudwh wkh frqvwudlqwv +7158, lq wkh volglqj vxuidfh ghvljq surfhgxuh/ dq ?l0

glphqvlrqdo yhfwru l� lv gh�qhg dv iroorzv=

l� ' 7��)� +7159,

lq zklfk wkh ?l�?o pdwul{ 7�� lv qrw rqo| vhohfwhg vxfk wkdw lw vdwlv�hv wkh frqglwlrq +7156,/

exw dovr vxfk wkdw lwv urz vsdfh lv frqwdlqhg lq UE��2�1 Lq sduwlfxodu/ wkh urzv ri 7�� duh

fkrvhq vxfk wkdw wkh| frqvwlwxwh dq ruwkrqrupdo edvlv iru wkh vxevsdfh Q E�A
���_UE��2�1

Wkh glphqvlrq ?l ri wkh yhfwru l� lv wkhuhiruh lv htxdo wr wkh glphqvlrq ri wklv lqwhuvhfwlrq

vxevsdfh1 Iru wkh qxphulfdo dssolfdwlrqv suhvhqwhg odwhu/ d edvlv iru wkh lqwhuvhfwlrq vxe0

vsdfh lv frpsxwhg xvlqj wkh dojrulwkp edvhg rq wkh vlqjxodu ydoxh ghfrpsrvlwlrq ghvfulehg

e| Jroxe dqg Ydq Ordq ^5:`1

Wkhuhiruh/ li wkh frqglwlrq +7154, lv vdwlv�hg dqg wkh pdwul{ 7�� lv frqvwuxfwhg wr

vdwlvi| wkh diruhphqwlrqhg uhtxluhphqwv/ wkh volglqj vxuidfh fdq gh�qhg lq whupv ri wkh

phdvxuhg yduldeohv dffruglqj wr +7148,/ zlwk wkh yhfwruv �)� dqg �)2 dv wkh rxwsxwv ri wzr
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dx{loldu| g|qdplfdo v|vwhpv zlwk wkh iroorzlqj vwdwh0vsdfh uhdol}dwlrqv ri rughu ?r� dqg

?r2/ uhvshfwlyho|=

�
�)� ' 76�)� n 	B�l�
�)� ' 7O�)� n 	�t�l�

dqg

�
�)2 ' 762)2 n 7B2)2

�)2 ' 7O2)2 n 7�t2)2

+715:,

lq zklfk lw lv dvvxphg wkdw wkh 6r �6r pdwul{ 7�t2 lv qrqvlqjxodu/ l1h1 h@?!E7�t2� ' 6r1

Wkh pdwulfhv 76�/ 	B�/ 762 dqg 7B2 duh suhvhohfwhg/ zkhuhdv wkh pdwulfhv 7O�/ 	�t�/ 7O2 dqg

7�t2 zloo eh ghwhuplqhg edvhg rq vrph rswlpdolw| frqglwlrq lpsrvhg rq wkh volglqj prwlrq1

Wkh dx{loldu| v|vwhpv +715:, lq frqmxqfwlrq zlwk wkh vwdwh htxdwlrqv +7144, fdq eh xvhg

wr gh�qh dq dxjphqwhg v|vwhp ri rughu ?e ' ?r� n ?r2 n ? dv iroorzv=

�)i ' 7�i)i n 7�i�n 7ii�%} +715;,

lq zklfk wkh pdwul{ 7�i dqg wkh yhfwruv )i dqg 7ii zhuh gh�qhg lq +6148,/ dqg wkh pdwul{

7�i lv qrz jlyhq e|

7�i'

5
997

76� f 	B�
7�� f

f 762 f 7B2

f f 7���
7��2

f f 7�2�
7�22

6
::8 +715<,

Wkh volglqj vxuidfh fdq dovr eh zulwwhq pruh frpsdfwo| lq whupv ri wkh dxjphqwhg vwdwh

yhfwru )i dv iroorzv=

t ' 7�i )i ' f +7163,

zkhuh wkh pdwul{ 7�i lv gh�qhg dv

7�i'
�
7O�

7O2
	�t�

7��
7�t2

�
+7164,

718 Volglqj Prwlrq

Wkh htxdwlrqv ghvfulelqj wkh ehkdylru ri wkh v|vwhp frqvwudlqhg wr wkh volglqj vxuidfh dqg

wkh vwdelolw| fkdudfwhulvwlfv ri wkh uhvxowlqj prwlrq duh glvfxvvhg lq wkh iroorzlqj1
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71814 Volglqj Prwlrq Ghvfulswlrq

Dvvxplqj wkdw wkh v|vwhp uhdfkhv wkh volglqj vxuidfh dw vrph wlph |� +klwwlqj wlph, dqg lw lv

irufhg wr vwd| wkhuh e| vrph frqwuro dfwlrq 	�/ wkh fruuhvsrqglqj volglqj prwlrq frqglwlrqv

duh jlyhq e|

t ' 7�i )i ' f +7165,

�t m�'	�' 7�i �)i ' f +7166,

Lw zdv vkrzq lq Fkdswhu � wkdw li wkh dgplvvleoh frqwuro dfwlrqv duh irufhg wr vdwlvi| wkh

iroorzlqj frqglwlrq=

7��	� ' f +7167,

wkhq wkh frqwuro 	� hqiruflqj wkh volglqj frqglwlrq +7166, fdq eh xqltxho| ghwhuplqhg dv

	� '� �
7�t

7�
�h 7�i

�
7�i )i n 7ii �%}

�
+7168,

lq zklfk wkh pdwul{
�
7�t

7�
�h

zdv gh�qhg lq +6158,1 Wkh ehkdylru ri wkh v|vwhp vxemhfwhg

wr wkh frqwuro 	� lv ghvfulehg e| wkh iroorzlqj v|vwhp ri rughu ?S ' ?r� n ?r2 n ?o=

�)U ' 7�U )U n 7�U )2 n 7iU �%} +7169,

lq zklfk wkh pdwul{ 7�U dqg wkh yhfwruv )U dqg 7iU zhuh gh�qhg lq +615:,1 Wkh pdwul{ 7�U

lv uhgh�qhg dv

7�U '

5
7

76� f 	B�
7��

f 762 f

f f 7���

6
8 +716:,

Wkh htxdwlrqv ghvfulelqj wkh ehkdylru ri wkh v|vwhp xqghu volglqj prwlrq duh rewdlqhg

e| lqfrusrudwlqj wkh vwdwlf frqvwudlqw t ' f lq +7169,1 Frqvlghulqj +7163, dqg +7164,/ dqg

wdnlqj lqwr dffrxqw wkdw 7�t2 lv qrqvlqjxodu/ wkh volglqj vxuidfh frqvwudlqw htxdwlrq fdq eh

vroyhg iru )2 dv

)2 ' 	kU )U +716;,
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lq zklfk wkh pdwul{ 	kU lv jlyhq e|

	kU' �7�
3�

t2

�
7O�

7O2
	�t�

7��

�
+716<,

Vxevwlwxwlqj htxdwlrq +716;, lqwr htxdwlrq +7169,/ wkh volglqj prwlrq ehkdylru ri wkh v|vwhp

lv ghvfulehg e| wkh iroorzlqj v|vwhp ri htxdwlrqv ri rughu ?S=

�)U '
k
7�U n 7�U

	kU

l
)U n 7ii�%} +7173,

Frqvlghulqj wkh gh�qlwlrqv ri 7�U/ 7�U dqg 	kU/ lw lv hdv| wr vhh wkdw iru d jlyhq pdwul{ 7��

wkh fkdudfwhulvwlfv ri wkh volglqj prwlrq ghshqg rq wkh wzr vhwv ri pdwulfhv +76�/7B�/7O�/	�t�,

dqg +762/7B2/7O2/7�t2, gh�qlqj wkh volglqj vxuidfh1

71815 Vwdelolw| Fkdudfwhulvwlfv ri 7�f

D fuxfldo uhtxluhphqw iru vhohfwlqj d volglqj vxuidfh lv wkdw wkh fruuhvsrqglqj volglqj prwlrq

lv vwdeoh1 Wkh pdwul{ 7�U n 7�U
	kU fkdudfwhul}hv wkh g|qdplfv ri wkh v|vwhp +7169, xqghu

wkh forvhg0orrs frqglwlrq )2 ' 	kU )U1 Wkhuhiruh/ wkh pdwul{ 	kU pxvw dvvxuh wkdw wkh

hljhqydoxhv ri wkh pdwul{ 7�U n 7�U
	kU kdyh qhjdwlyh uhdo sduwv1 Ehiruh surfhhglqj zlwk

wkh ghwdlov ri wkh ghvljq ri wkh volglqj vxuidfh/ lw lv lqwhuhvwlqj wr lqyhvwljdwh wkh vwdelolw|

fkdudfwhulvwlfv ri htxdwlrqv +7169,1

Wkh fkdudfwhulvwlf htxdwlrq fruuhvsrqglqj wr wkh pdwul{ 7�U lv jlyhq e|

_i|E7�U � bW?S� ' f +7174,

zklfk fdq eh zulwwhq dv

_i|E76� � bW?r�� _i|E762 � bW?r2� _i|E7��� � bW?o� ' f +7175,

Wkhuhiruh/ ehfdxvh ri wkh wuldqjxodu vwuxfwxuh ri 7�U/ lwv hljhqydoxhv duh jlyhq e| wkh xqlrq

ri wkh hljhqydoxhv ri wkh pdwulfhv 76�/ 762 dqg 7���1 Wkh �uvw wzr pdwulfhv duh wkh ghvljq
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sdudphwhuv ri wkh dx{loldu| v|vwhpv1 Wkh| pxvw/ wkhuhiruh/ eh vhohfwhg vxfk wkdw wkh| kdyh

dv|pswrwlfdoo| vwdeoh hljhqydoxhv1 Khqfh/ wkh vwdelolw| ri wkh pdwul{ 7�U lv glfwdwhg e| wkh

hljhqydoxhv ri wkh sduwlwlrq 7���1 Li wkh hljhqydoxhv ri wklv vxepdwul{ gr qrw kdyh vwulfwo|

qhjdwlyh uhdo sduwv/ wkhq wkh volglqj vxuidfh ghvljq surfhvv pxvw irufh wkh v|vwhp +7173, wr

ehfrph vwdeoh wkurxjk dq dssursuldwh vhohfwlrq ri 	kU1

Wr lqyhvwljdwh wkh vwdelolw| fkdudfwhulvwlfv ri 7���/ wkh orzhu uljkw erfn ri wkh wudqviru0

pdwlrq pdwul{ A gh�qhg lq +71:, lv sduwlwlrqhg dv iroorzv=

�
N� N2

�
'

�
V� V2

�
+7176,

zkhuh V� dqg V2 kdyh glphqvlrqv ?s � E?s �6r� dqg ?s �6r/ uhvshfwlyho|1 Xvlqj wklv

qrwdwlrq dqg frqvlghulqj wkh vwuxfwxuh ri wkh vwdwh pdwul{ � jlyhq e| htxdwlrq +5143,/ wkh

pdwul{ 7��� fdq eh zulwwhq dv

7��� '

�
f V�

�VA
�
7�3� 7k �VA

�
7�3� 7�V�

�
+7177,

Wkh fkdudfwhulvwlf htxdwlrq fruuhvsrqglqj wr wkh pdwul{ 7��� lv jlyhq e|

_i|E7��� � bW?o� ' _i|

�� �bW?s V�

�VA
�
7�3� 7k �VA

�
7�3� 7�V� � bWE?s36r�

��
' f +7178,

Wkh pdwul{ 7��� � bW?o fdq eh idfwruhg dv

� �bW?s V�

�VA
�
7�3� 7k �VA

�
7�3�7�V� � bWE?s36r�

�
'

'

�
W?s f

�
b
VA

�
7�3� 7k WE?s36r�

� � �bW?s V�

f �VA
�
7�3�

�
�
b
7kn 7�

�
V� � bWE?s36r�

�
+7179,

Qrwlqj wkdw wkh ghwhuplqdqw ri wkh �uvw idfwru lv htxdo wr �/ wkh fkdudfwhulvwlf htxdwlrq ri

wkh pdwul{ 7��� lv jlyhq e|

_i|E7��� � bW?o� ' E�b �?s _i|

�
�VA

�
7�3�

�
�

b
7kn 7�

�
V� � bWE?s36r�

�
' f +717:,
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Wklv fdq eh �qdoo| zulwwhq dv

_i|E7��� � bW?o� ' E�b�6r _i|Eb2 WE?s36r� n bVA
�
7�3�7�V� nVA

�
7�3� 7kV�� ' f +717;,

Wkhuhiruh wkh pdwul{ 7���/ dqg frqvhtxhqwo| wkh pdwul{ 7�U/ kdv dw ohdvw6r }hur hljhqydoxhv1

Khqfh/ wkh v|vwhp +7169, lv hlwkhu pdujlqdoo| vwdeoh +6r ' �, ru xqvwdeoh +6r : �,1

Wkhuhiruh/ lw lv qhfhvvdu| iru wkh volglqj vxuidfh ghvljq surfhvv wr surylgh d vwdelol}lqj

pdwul{ 	kU1

719 Volglqj Vxuidfh Ghvljq

Wkh volglqj vxuidfh ghvljq sureohp lqyroyhv wkh ghwhuplqdwlrq ri pdwulfhv 7O�/	�t�/7O2 dqg

7�t21 Iru wklv/ d shuirupdqfh lqgh{ lv gh�qhg lq whupv ri wzr vhwv ri rxwsxw yduldeohv uhodwhg

wr wkh dx{loldu| v|vwhpv +715:,1 Wkh plqlpl}dwlrq ri wklv shuirupdqfh lqgh{ xqghu volglqj

frqglwlrqv uhqghuv dq rswlpdo olqhdu uhodwlrq ehwzhhq wkh dxjphqwhg vwdwhv1 Wklv uhodwlrq

lv dgrswhg dv wkh volglqj vxuidfh1

Wkh shuirupdqfh lqgh{ wr eh plqlpl}hg kdv wkh vdph irup dv lq Fkdswhu �/

a '

] "

|�

�
^A� "�^� n ^A

2"2^2

�
_| +717<,

zkhuh "� dqg "2 duh ?^ � ?^ dqg 6r � 6r srvlwlyh vhpl0gh�qlwh dqg srvlwlyh gh�qlwh

zhljkwlqj pdwulfhv/ uhvshfwlyho|1 Wkh yduldeohv ^� dqg ^2 duh qrz gh�qhg e| wkh iroorzlqj

rxwsxw htxdwlrqv=

^� ' 7#�)� n 	,�l� dqg ^2 ' 7#2)2 n 7,2)2 +7183,

lq zklfk lw lv uhtxluhg wkdw wkh 6r �6r pdwul{ 7,2 eh qrqvlqjxodu1 Wkh yduldeohv )� dqg

)2 duh wkh vwdwh yduldeohv fruuhvsrqglqj wr wkh uhdol}dwlrqv lqglfdwhg lq htxdwlrqv +715:,1

Wkh orzhu olplw ri wkh lqwhjudo lq htxdwlrq +717<, lv wkh klwwlqj wlph |�/ dqg zlwkrxw dq|

orvv ri jhqhudolw| lv vhw |� ' f1
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Xvlqj ^� dqg ^2 gh�qhg e| +7183, lq wkh shuirupdqfh lqgh{ gh�qlwlrq +717<,/ wkh frvw

ixqfwlrq fdq eh h{suhvvhg dv ehiruh lq wkh iroorzlqj irup=

a '

] "

f

�
)A
U

7̀
�� )U n 2)A

U
7̀

�2 )2 n )A
2

7̀
22 )2

�
_| +7184,

lq zklfk wkh yhfwru )U dqg wkh pdwulfhv 7̀
�2 dqg 7̀

22 zhuh gh�qhg hduolhu lq htxdwlrqv

+615:, dqg +6168,/ uhvshfwlyho|/ dqg zkhuh wkh pdwul{ 7̀
�� lv uhgh�qhg dv iroorzv=

7̀
�� '

5
97

7#A
�"�

7#� f 7#A
�"�

	,�
7��

f 7#A
2"2

7#2 fk
7#A
�"�

	,�
7��

lA
f 7�A

�
	,A
�"�

	,�
7��

6
:8 +7185,

Dv vhhq lq Fkdswhu �/ wkh plqlpl}dwlrq ri +7184, vxemhfw wr wkh fruuhvsrqglqj xqirufhg

volglqj htxdwlrqv

�)U ' 7�U )U n 7�U )2 +7186,

zloo surylgh/ lq jhqhudo/ dq rswlpdo vroxwlrq ri wkh irup )2 ' 7kU )U zkhuh )2 ghshqgv qrw

rqo| rq wkh vwdwhv )� dqg )2 exw dovr/ lq jhqhudo/ rq doo wkh frpsrqhqwv ri wkh yhfwru )�1

Wr holplqdwh wkh h�hfw ri wkh xqphdvxuhg vwdwhv iurp wkh gh�qlwlrq ri wkh volglqj vxuidfh/

lw lv ghvluhg wr rewdlq dq rswlpdo vroxwlrq/ wkdw ghshqgv rqo| rq )�/ )2 dqg l�/ ri wkh

iroorzlqj irup=

)2 ' �U

;?
=

)�

)2

l�

<@
> +7187,

zkhuh �U/ |hw wr eh ghwhuplqhg/ lv d pdwul{ zlwk dssursuldwh glphqvlrqv1 Htxdwlrq +7187,

fdq eh zulwwhq dv

)2 ' �U�U )U +7188,

lq zklfk

�U '

5
7 W?r� f f

f W?r2 f

f f 7��

6
8 +7189,
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Wkh volglqj vxuidfh ghvljq surfhvv fdq eh fdvw qrz dv dq rswlpdo rxwsxw ihhgedfn sureohp/

zkhuh wkh pdwul{ �U sod|v wkh uroh ri dq rxwsxw pdwul{ dqg �U lv wkh rxwsxw ihhgedfn

pdwul{ wr eh ghwhuplqhg e| plqlpl}lqj wkh frvw ixqfwlrq +7184, vxemhfw wr +7186,1

Wr holplqdwh wkh suhvhqfh ri furvv whupv lq wkh frvw ixqfwlrq wkh vwdqgdug surfhgxuh

fdq eh xvhg e| gh�qlqj ^5`

)2 ' 	)2 � 7̀ 3�
22

7̀ A
�2)U +718:,

Zlwk wklv vxevwlwxwlrq/ wkh frvw ixqfwlrq wdnhv wkh irup

a '

] "

f

�
)A
U

	̀
�� )U n 	)A

2
7̀

22 	)2

�
_| +718;,

zkhuh wkh pdwul{ 	̀
�� kdv wkh vdph gh�qlwlrq dv lq wkh ixoo0vwdwh ihhgedfn fdvh/ jlyhq e|

+616<,/ exw zlwk wkh pdwul{ 7̀
�� uhgh�qhg lq +7185,1 Wkh fruuhvsrqglqj vwdwh htxdwlrqv/

xqghu wkh frqglwlrq �t m�'	�' f dqg qhjohfwlqj wkh h{whuqdo h{flwdwlrq/ duh rewdlqhg e|

frqvlghulqj +7186, dqg +718:, dv iroorzv=

�)U '
�
7�U � 7�U

7̀ 3�
22

7̀ A
�2

�
)U n 7�U	)2 +718<,

Wkh lghd lv wr plqlpl}h +718;, vxemhfw wr +718<, zlwk d vroxwlrq ri wkh irup

	)2 ' 	�U�U )U +7193,

zkhuh 	�U lv d pdwul{ vwloo wr eh ghwhuplqhg1

Lw lv lpsruwdqw wr phqwlrq wkdw lq d jhqhudo fdvh/ wkh wudqvirupdwlrq +718:, fdqqrw eh

hpsor|hg wr jhqhudwh dq rxwsxw ihhgedfn vroxwlrq iru )2/ ehfdxvh lw zloo uhtxluh frpsohwh

nqrzohgjh ri )U zklfk lv qrw dydlodeoh1 Krzhyhu/ iru wklv sduwlfxodu fdvh/ wklv whup lv jlyhq

e|

7̀ 3�
22

7̀ A
�2)U ' 7,3�2

7#2)2 +7194,
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zklfk ghshqgv hqwluho| rq dffhvvleoh vwdwhv )21 Wklv doorzv wkh xvh ri +718:, wr ghwhuplqh

wkh vroxwlrq 	�U1 Lq wkh vhtxho/ qhfhvvdu| frqglwlrqv iru dq rswlpdo pdwul{ 	�U duh ghulyhg

iroorzlqj wkh ghulydwlrq sursrvhg e| Phqgho ^89`1 Wkhvh qhfhvvdu| frqglwlrqv duh zhoo0

nqrzq lq wkh frqwh{w ri rswlpdo rxwsxw ihhgedfn frqwuro wkhru|1 Zkloh wkh ghulydwlrq khuh

lv qrw phdqw wr eh dq ruljlqdo frqwulexwlrq ri wklv zrun/ lw lv suhvhqwhg khuh/ lq wkh frqwh{w

ri volglqj prgh frqwuro/ iru wkh vdnh ri frpsohwhqhvv dqg frqwlqxlw| ri wkh suhvhqwdwlrq1

Wkh forvhg0orrs g|qdplfv xqghu volglqj prwlrq fdq eh rewdlqhg e| vxevwlwxwlqj 	)2/

zlwk wkh vwuxfwxuh lqglfdwhg e| htxdwlrq +7193,/ lqwr htxdwlrq +718<, dv iroorzv=

�)U '
k
	�U n 7�U

	�U�U

l
)U +7195,

zkhuh

	�U ' 7�U � 7�U
7̀ 3�

22
7̀ A

�2 +7196,

Wkhvh htxdwlrqv ghvfuleh wkh ehkdylru ri wkh v|vwhp iurp wkh klwwlqj wlph |�c l1h1/ wkh

lqvwdqw lq zklfk wkh v|vwhp lqlwldwhv wkh volglqj prwlrq1 Wkh lqlwldo frqglwlrq lv jlyhq e|

wkh vwdwh ri wkh v|vwhp zkhq klwwlqj rffxuv/ ghqrwhg e| )UE|�� ' )�1

Li wkh uhvxowlqj forvhg0orrs pdwul{ 	�U n 7�U
	�U�U lv dv|pswrwlfdoo| vwdeoh/ wkhq lw fdq

eh vkrzq wkdw wkh shuirupdqfh lqgh{ fdq eh hydoxdwhg lq whupv ri wkh lqlwldo frqglwlrqv dv

iroorzv ^78`=

a ' )A
� �U)� +7197,

zkhuh wkh ?S � ?S pdwul{ �U vdwlv�hv wkh iroorzlqj frqglwlrq=

JE	�Uc�U� ' f +7198,

lq zklfk

JE	�Uc�U� '
k
	�U n 7�U

	�U�U

lA
�U n�U

k
	�U n 7�U

	�U�U

l
n 	̀

�� n�A
U
	�A
U
7̀

22
	�U�U

+7199,
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Wklv doorzv wkh sureohp wr eh fdvw lq wkh irup ri d vwdwlf0frqvwudlqhg rswlpl}dwlrq sureohp1

Wklv rswlpl}dwlrq ghshqgv rq wkh klwwlqj frqglwlrqv uhsuhvhqwhg e| wkh vwdwh )�1 Wr uhpryh

wkh ghshqghqfh rq d vshfl�f klwwlqj vwdwh/ lw lv xvxdoo| dvvxphg wkdw wklv lqlwldo vwdwh

lv d udqgrp yduldeoh zlwk }hur0phdq dqg fryduldqfh pdwul{ v� ' .
�
)�)

A
�

�
1 Iru dq

dv|pswrwlfdoo| vwdeoh forvhg0orrs pdwul{ 	�U n 7�U
	�U�U/ wkh dyhudjh shuirupdqfh lqgh{

frqvlghulqj doo srvvleoh klwwlqj frqglwlrqv fdq eh uhgh�qhg dv iroorzv=

7a ' , iaj ' |h i�Uv� j +719:,

Wr vroyh wkh sureohp ri plqlpl}lqj +719:, vxemhfw wr wkh frqvwudlqwv +7198,/ wkh dxj0

phqwhg frvw 7a@ lv gh�qhg dv

7a@E	�Uc�Uc\U� ' |h
q
�Uv� n\UJE	�Uc�U

r
+719;,

lq zklfk wkh frqvwudlqw htxdwlrqv kdyh ehhq lqfrusrudwhg wkurxjk d Odjudqjh pxowlsolhu

pdwul{ \U1 Wkh qhfhvvdu| frqglwlrqv iru dq rswlpdo vroxwlrq duh rewdlqhg e| vhwwlqj wkh

sduwldo ghulydwlyhv ri 7a@ zlwk uhvshfw wr 	�U/ �U dqg \U htxdo wr }hur1 Wklv ohdgv wr wkh

iroorzlqj v|vwhp ri frxsohg qrqolqhdu pdwul{ htxdwlrqv=

7�A
U�U\U�

A
U n 7̀

22
	�U�U\U�

A
U ' f +719<,

k
	�U n 7�U

	�U�U

l
\U n\U

k
	�U n 7�U

	�U�U

lA
' �v� +71:3,

k
	�U n 7�U

	�U�U

lA
�U n�U

k
	�U n 7�U

	�U�U

l
n�A

U
	�A
U
7̀

22
	�U�U ' � 	̀

�� +71:4,

Wkhvh frqglwlrqv zhuh �uvw ghulyhg e| Ohylqh dqg Dwkdqv ^7;`/ exw qrw lq wkh frqwh{w ri

volglqj prgh frqwuro1 Vhyhudo gl�huhqw dojrulwkpv kdyh ehhq sursrvhg wr vroyh wkhvh htxd0

wlrqv xvlqj judglhqw whfkqltxhv/ vxffhvvlyh vxevwlwxwlrq surfhgxuhv dqg krprwrs| phwkrgv1

D prgl�hg vxffhvvlyh vxevwlwxwlrq dojrulwkp/ xvhg lq wkh qxphulfdo h{dpsohv suhvhqwhg lq

wklv fkdswhu/ lv ghvfulehg odwhu lq Dsshqgl{ D1
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Rqfh dq rswlpdo vroxwlrq 	�U lv rewdlqhg dqg e| vhohfwlqj 7�t2 ' W6r
/ wkh uhpdlqlqj

pdwulfhv gh�qlqj wkh volglqj vxuidfh fdq eh ghwhuplqhg dv iroorzv=

7O� ' �	��/ 7O2 ' �	�2 � 7,3�2
7#2 dqg 7�t� ' �	�� +71:5,

zkhuh 	��/ 	�2 dqg 	�� duh dssursuldwh sduwlwlrqv ri wkh pdwul{ 	�U ri wkh irup

	�U '
�
	��

	�2
	��

�
+71:6,

Ilqdoo|/ wkh volglqj vxuidfh fdq eh zulwwhq lq whupv ri wkh dydlodeoh vwdwhv lq d irup

vlplodu wr +6175,

t ' �i#i ' f +71:7,

zkhuh wkh pdwul{ �i dqg wkh yhfwru #i duh uhgh�qhg dv iroorzv=

�i'
�
7O�

7O2
	�t�

7����2 n 7�t2�22

�
dqg #i '

;?
=

)�

)2

#@

<@
> +71:8,

Qrwh wkdw wklv gh�qlwlrq iru wkh volglqj vxuidfh krogv dovr iru wkh ixoo0vwdwh ihhgedfn fdvh/

l1h1 #@ ' #1 Iru wklv fdvh/ wkh pdwul{ 5 lq +7149, ehfrphv dq lghqwlw| pdwul{ dqg wkh

sduwlwlrqv ��� dqg �2� glvdsshdu iurp +714:, ehfdxvh ?� ' f1

71: Frqwuroohu Ghvljq

Wkh frqwuroohu pxvw dwwudfw wkh v|vwhp vwdwh wrzdug wkh volglqj vxuidfh t ' f dqg pxvw

nhhs lw wkhuh1 Dv ehiruh/ d O|dsxqry dssurdfk zloo eh xvhg iru wkh ghvljq ri wkh frqwuroohu1

Ohw T eh d O|dsxqry ixqfwlrq fdqglgdwh ri wkh irup

T '
�

2
tA�t +71:9,

lq zklfk � ghqrwhv d 6r � 6r srvlwlyh gh�qlwh pdwul{ wr eh gh�qhg odwhu1 Wkh wlph

ghulydwlyh ri wklv ixqfwlrq lv jlyhq e|

_

_|
ET � ' tA� �t +71::,
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Lq rughu wr dvvxuh wkh h{lvwhqfh ri volglqj prwlrq dqg wr jxdudqwhh wkdw dq| prwlrq lv jrlqj

wr eh dwwudfwhg wr wkh volglqj vxuidfh/ wkh sxusrvh ri wkh frqwuroohu lv wr irufh +71::, wr eh

d qhjdwlyh gh�qlwh ixqfwlrq1 Frqvlghulqj wkh dxjphqwhg vwdwh htxdwlrqv +715;, dqg wkh

gh�qlwlrq ri wkh volglqj vxuidfh jlyhq e| +7163,/ lw iroorzv wkdw

�t ' 7�i

�
7�i )i n 7ii �%}

�
n 7�i

7�i� +71:;,

Vxevwlwxwlqj +71:;, lqwr +71::,/ wkh wlph ghulydwlyh ri T wdnhv wkh irup

_

_|
ET � ' tA� 7�i

�
7�i )i n 7ii �%}

�
n tA� 7�i

7�i� +71:<,

Lq wkh iroorzlqj vhfwlrqv/ wkh frqwuroohuv iru wkh dfwlyh dqg vhpl0dfwlyh fdvhv duh ghyhorshg1

Wkh dssurdfk lv txlwh vlplodu wr wkh rqh suhvhqwhg suhylrxvo|/ h{fhsw iru wkh gl�huhqfhv

qhfhvvdulo| lqwurgxfhg e| wkh xqphdvxuhg vwdwhv1

71:14 Dfwlyh Frqwuro

Wkh fdvh zlwk rqo| dfwlyh frqwuro dfwlrqv lv fkdudfwhul}hg e| � ' �@ dqg �t@ ' f1 Wdnlqj

lqwr dffrxqw wkh gh�qlwlrqv ri wkh dxjphqwhg vwdwh pdwul{ dqg wkh volglqj vxuidfh pdwul{/

jlyhq e| htxdwlrqv +715<, dqg +7164,/ uhvshfwlyho|/ dqg diwhu vrph duudqjhphqw/ htxdwlrq

+71:<, fdq eh zulwwhq dv

_

_|
ET � ' tA� ik�)� nk2)2 n"�)� n"2)2jn tA� 7�i 7ii �%} n tA� 7�i

7�i�@ +71;3,

zkhuh k� dqg k2 zhuh gh�qhg lq +6189,/ dqg wkh pdwulfhv "� dqg "2 duh jlyhq/ uhvshf0

wlyho|/ e|

"� ' 7O�
7B� n 	�t�

7��
7��� n 7�t2

7�2� dqg

"2 ' 7O�
7B2 n 	�t�

7��
7��2 n 7�t2

7�22 +71;4,
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Frqvlghulqj wkh uhodwlrq +714:, ehwzhhq wkh wudqviruphg vwdwh yduldeohv ) dqg wkh yhfwruv

#@ dqg #�/ wkh wlph ghulydwlyh ri T fdq eh h{suhvvhg dv

_

_|
ET � ' tA� ik�)� nk2)2 n"@#@ n"�#�jn tA� 7�i7ii �%} n tA� 7�i

7�i�@ +71;5,

zkhuh wkh pdwulfhv "@ dqg "� duh jlyhq/ uhvshfwlyho|/ e|

"@ ' "���2 n"2�22 dqg "� ' "���� +71;6,

Wkh dfwlyh frqwuroohu �@ lv ghvljqhg dffruglqj wr wkh jhqhudo vwuxfwxuh lqglfdwhg lq

htxdwlrq +51;:,/ wkdw lv

�@ ' �� n �2 +71;7,

lq zklfk wkh frpsrqhqw �� lv vhohfwhg dv

�� ' � �
7�t

7�
�h
kt #i +71;8,

zkhuh wkh pdwul{
�
7�t

7�
�h
zdv gh�qhg suhylrxvo| lq +6158,/ zkhuhdv wkh pdwul{ �i dqg wkh

yhfwru #i duh jlyhq e| +71:8,1 Wkh 6r � ?e pdwul{ kt lv jlyhq e|

kt '
�
k� k2 "@

�
+71;9,

Vxevwlwxwlqj +71;7, dqg +71;8, lqwr +71;5, dqg vhohfwlqj � ' W6r
/ lw iroorzv wkdw wkh wlph

ghulydwlyh ri T qrz wdnhv wkh irup

_

_|
ET � ' tA"�#� n tA 7�i7ii �%} n tA 7�i

7�i�2 +71;:,

Wkh frpsrqhqw �2 uhsuhvhqwv vrph olqhdu ru qrqolqhdu irup ri vwdwh ihhgedfn dqg gh0

shqglqj rq wkh fkrlfh ri �2 vhyhudo srvvleoh ghvljqv fdq eh irupxodwhg1 D jhqhudo h{suhvvlrq

iru �2 lv sursrvhg lq wkh iroorzlqj irup=

�2 ' � �
7�t

7�
�h �

{n, ntn22
�
�i#i +71;;,
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lq zklfk { ' _�@}EB�� dqg , ' _�@}E0�� duh pdwulfhv ri ghvljq sdudphwhuv/ zlwk B� : f

dqg 0� � f iru � ' �c 2c � � � c6r1 Lw lv qrwhg wkdw wkh frqwulexwlrq ri wkh pdwul{ , lq

wkh gh�qlwlrq ri wkh frqwuroohu lv zhljkwhg e| wkh vtxduh ri wkh glvwdqfh wr wkh volglqj

vxuidfh1 Diwhu vxevwlwxwlqj +71;;, lqwr +71;:, dqg frqvlghulqj +6198,/ lw iroorzv wkdw wkh

wlph ghulydwlyh ri T fdq eh zulwwhq dv

_

_|
ET � ' tA�iii �%} n tA"�#� n tA

�
{n, ntn22

�
t +71;<,

dqg wklv h{suhvvlrq vkrzv qrw rqo| wkh h{whuqdo h{flwdwlrq �%} exw dovr wkh yduldeohv #�

dfwlqj dv xqphdvxuhg glvwxuedqfhv1

Frqvlghulqj wkh whup lqyroylqj wkh xqphdvxuhg yduldeohv lq +71;<,/ rqh fdq zulwh

tA"�#� �m tA"�#� m +71<3,

E| xvlqj wkh Fdxfk|0Vfkzduw} lqhtxdolw|

m tA"�#� m� ntn2n"�#�n2 +71<4,

dqg wkh idfw wkdw

ntn2n"�#�n2 �
�

2

�ntn22 n n"�#�n22
�

+71<5,

lw iroorzv iurp +71<3,/ +71<4, dqg +71<5, wkdw

tA"�#� � �

2

�ntn22 n n"�#�n22
�

+71<6,

Qrz/ e| frpsdwlelolw| ri wkh pdwul{ dqg yhfwru 20qrupv/ rqh fdq zulwh

n"�#�n2 � qn#�n2 +71<7,

lq zklfk wkh sdudphwhu q lv gh�qhg dv q 'n "� n21 Ohw #4@ eh dq xsshu erxqg iru wkh

lq�qlw|0qrup ri wkh yhfwru #�/ wkdw lv/

n#�n" � #4@ +71<8,
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wkhuhiruh/ xvlqj vwdqgdug yhfwru qrup surshuwlhv/ rqh fdq zulwh

n#�n2 �
s
?�#4@ +71<9,

dqg frqvlghulqj +71<6,/ +71<7, dqg +71<9, wkdw

tA"�#� � �

2

�ntn22 n ?�#
2
4@ q

2
�

+71<:,

Wkh sdudphwhu #4@ lv d erxqglqj ydoxh iru hdfk rqh ri wkh xqphdvxuhg yduldeohv1 Iru

h{dpsoh/ lq wkh fdvh ri d 5G vkhdu exloglqj zlwk d yhorflw| ihhgedfn vfkhph/ wkh yhfwru #�

lv frpsrvhg ri lqwhuvwru| guliwv/ dqg d sudfwlfdo olplwlqj ydoxh fdq eh hdvlo| dvvxphg1 D

ehwwhu hvwlpdwh iru #4@ fdq dovr eh rewdlqhg e| d vlpsoh uhvsrqvh vshfwuxp dqdo|vlv iru d

vhw ri ghvljq jurxqg uhvsrqvh vshfwud iru d jlyhq pd{lpxp jurxqg dffhohudwlrq ohyho1

Dv lw zdv grqh lq Fkdswhu �/ wkh �uvw whup rq wkh uljkw kdqg vlgh ri +619:, fdq eh vkrzq

wr vdwlvi| wkh iroorzlqj lqhtxdolw|=

tA�iii �%} �
�%4@ 
}

2

�ntn22 n k2
e

�
+71<;,

zkhuh ke 'n �iii n2 dqg �%4@ 
} lv dq hvwlpdwh ri wkh pd{lpxp jurxqg dffhohudwlrq ohyho

wkdw fdq eh h{shfwhg dw wkh vlwh1

Ilqdoo|/ e| frqvlghulqj +61:5,/ +71<:, dqg +71<;,/ lw iroorzv wkdw wkh wlph ghulydwlyh ri

wkh O|dsxqry ixqfwlrq vdwlv�hv wkh iroorzlqj lqhtxdolw|=

_

_|
ET � � �

2

�
�%4@ 
} n ?�#

2
4@ � 2

�
B4�? n 04�?ntn22

�� ntn22 n �

2

�
�%4@ 
} k2

e n ?�#
2
4@ q

2
�

+71<<,

Wkhuhiruh/ wkhuh h{lvwv d uhjlrq lq wkh Er�c r2c � � � r6r
� vsdfh gh�qhg e| wkh iroorzlqj vfdodu

ixqfwlrq

}eEr� ' �04�? r
e � @e r

2 n Ke 	 f +71433,

lq zklfk r ' ntn2 dqg
@e ' 2B4�? � �%4@ 

} � ?�#
2
4@ +71434,
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Ke ' �%4@ 
} k2

e n ?�#
2
4@ q

2 +71435,

iru zklfk wkh dwwudfwlrq wr wkh volglqj vxuidfh/ uhsuhvhqwhg e| wkh srlqw t ' f/ lv jxdudqwhhg1

71:15 Vhpl0Dfwlyh Frqwuro

Wkh fdvh zlwk rqo| vhpl0dfwlyh frqwuro dfwlrqv lv fkdudfwhul}hg e| � ' �t@ dqg �@ ' f1 Dv

phqwlrqhg ehiruh/ wkh frqwuro dfwlrqv �t@ fdqqrw dfklhyh dq| duelwudu| ydoxh/ vlqfh wkh|

duh frqvwudlqhg e| wkh idfw wkdw wkh 6r@ vhpl0dfwlyh ghylfhv fdq rqo| surylgh qrq0qhjdwlyh

vwl�qhvv dqg gdpslqj ydoxhv &�� dqg S�� 1 Wkhuhiruh/ dowkrxjk wkhvh frqwuro dfwlrqv pd|

vxffhhg lq eulqjlqj wkh v|vwhp vwdwh wrzdugv wkh volglqj vxuidfh/ wkh| pd| odfn wkh frqwuro

dxwkrulw| wr hqirufh wuxh volglqj frqglwlrqv1

Wkh ghvljq ri wkh vhpl0dfwlyh frqwuroohu zloo eh grqh surfhhglqj dorqj wkh vdph olqhv dv

lq Fkdswhu 2/ exw xvlqj wkh v|vwhp pdwulfhv fruuhvsrqglqj wr wkh dxjphqwhg v|vwhp1 Wkh

remhfwlyh ri wkh vhpl0dfwlyh frqwuro lv wr plqlpl}h wkh ydoxh ri wkh ixqfwlrq +71:9,/ lq rughu

wr uhgxfh dq| whqghqf| ri wkh v|vwhp vwdwh prylqj dzd| iurp t ' f1 Wkh wlph ghulydwlyh

ri T / jlyhq e| htxdwlrq +71:<,/ qrz wdnhv wkh irup

_

_|
ET � ' tA� 7�i

�
7�i )i n 7ii �%}

�
n tA� 7�i

7�i�t@ +71436,

Wkh frqwuro dfwlrqv vkrxog eh vxfk wkdw wkh| pdnh wklv udwh ri fkdqjh dv vpdoo dv srvvleoh/

suhihudeo| ohvv wkdq }hur1 Qrwlqj wkdw

7�i
7�i ' �i�i +71437,

wkh odvw whup ri htxdwlrq ri wkh uljkw kdqg vlgh fdq eh h{suhvvhg dv

tA�i�i�t@ ' �A
i
�t@ +71438,

zkhuh wkh 6r@0glphqvlrqdo yhfwru �i lv gh�qhg dv

�i ' �A
i
�A

i
�i#i

+71439,

494



dqg frqvlghulqj wkh gh�qlwlrq ri wkh vhpl0dfwlyh frqwuro dfwlrqv dv lqglfdwhg lq Fkdswhu 5/

lw iroorzv wkdw

�A
i
�t@' �

6r@[
�'�

�e�

�
1� &�� n

�1� S��

�
+7143:,

Dvvxplqj wkdw wkh hdfk yduldeoh vwl�qhvv ru gdpslqj ghylfh fdq rshudwh dffruglqj wr

d el0vwdwh uhjlph ri wkh irup +&4�?

��
' f dqg &4@ 

��
, ru +S4�?

��
' f dqg S4@ 

��
,/ wkh vhpl0dfwlyh

frqwuro dfwlrqv zloo eh gh�qhg vxfk wkdw wkh| hqirufh wkh frqglwlrq

�A
i
�t@ � f +7143;,

dqg wkhuhiruh/ frqvlghulqj htxdwlrq +7143:,/ wkh fruuhvsrqglqj frqwuroohu lv jlyhq e|

&��E#i
� '

&4@ 

��

2
E� n t�}?E�e�1��� +7143<,

S��E#i
� '

S4@ 

��

2

�
� n t�}?E�e�

�1��
�

+71443,

zklfk lv vlplodu wr wkh frqwuroohu gh�qhg lq htxdwlrqv +5146:, dqg +5146;,1

71; Qxphulfdo Uhvxowv

Wr lqyhvwljdwh wkh shuirupdqfh ri wkh sursrvhg frqwuro vwudwhjlhv/ qxphulfdo vlpxodwlrqv

duh fduulhg rxw xvlqj wkh 430vwru| vkhdu exloglqj prgho frqvlghuhg ehiruh dv wkh h{dpsoh

sureohp1 Erwk dfwlyh dqg vhpl0dfwlyh frqwuro vwudwhjlhv duh hydoxdwhg frqvlghulqj ydulrxv

gl�huhqw rxwsxw ihhgedfn vwuxfwxuhv1 Wr ghprqvwudwh wkh jhqhudolw| ri wkh irupxodwlrq/ wkh

rxwsxw ihhgedfn frqwuroohuv suhvhqwhg khuh duh ghvljqhg edvhg rq d g|qdplf gh�qlwlrq ri

wkh volglqj vxuidfh1 Wkh h�hfwlyhqhvv ri wkh frqwuro v|vwhp lv hydoxdwhg xvlqj wkh vdph

jurxqg dffhohudwlrq uhfrugv frqvlghuhg ehiruh lq Fkdswhuv 2 dqg �1
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71;14 Dfwlyh Frqwuro

Dv iru wkh h{dpsoh sureohp ri Fkdswhu �/ wkh dfwlyh frqwuro v|vwhp frqvlvwv ri wzr vhwv ri

dfwlyh whqgrqv ru eudflqjv lqvwdoohg lq wkh �uvw wzr vwrulhv +wkdw lv/ 6S ' 2,1 Wkhvh ghylfhv

fdq rshudwh lqghshqghqwo|/ dfwlqj ehwzhhq wkh irxqgdwlrq dqg wkh �uvw wzr  rru pdvvhv/

dv lw zdv lqglfdwhg ehiruh lq Iljxuh +���,1 Wzr vhsdudwh fdvhv/ xwlol}lqj gl�huhqw rxwsxw

lqirupdwlrq dqg gl�huhqw dx{loldu| v|vwhpv wr gh�qh wkhlu volglqj vxuidfhv duh frqvlghuhg

wr ghprqvwudwh wkh jhqhudolw| ri wkh sursrvhg irupxodwlrq1 Lq rqh ri wkh wzr fdvhv/ wkh

h�hfw ri frqwuro uhgxqgdqf| +l1h1/ 6o : f, lv dovr wdnhq lqwr dffrxqw1

Lq wkh �uvw fdvh/ lw lv dvvxphg wkdw wkh vhw ri phdvxuhg txdqwlwlhv frqvlvwv ri wkh

lqwhuvwru| guliwv fruuhvsrqglqj wr wkh �uvw wzr vwrulhv zkhuh wkh dfwxdwlrq rffxuv/ dqg wkh

lqwhuvwru| guliw yhorflwlhv iru wkh 4vw/ 5qg/ 6ug/ 9wk/ ;wk dqg 43wk vwrulhv +?@ ' H,1 Wkh

qxpehu ri volglqj frqvwudlqwv iru wklv fdvh lv vhohfwhg dv6r ' 2> wkhuhiruh/ 6o ' f dqg wkhuh

lv qr frqwuro uhgxqgdqf|1 Wkh volglqj vxuidfh lv ghvljqhg xvlqj wkh vwdwlf uhodwlrq ^� ' )�

lq sodfh ri wkh �uvw dx{loldu| v|vwhp gh�qhg lq htxdwlrqv +715:, dqg +7183,1 Wkhuhiruh/

?r� ' f dqg wkh pdwulfhv dvvrfldwhg zlwk wklv dx{loldu| v|vwhp uhgxfh wr

76� ' f/ 7B� ' f/ 7#� ' f dqg 7,� ' W?o +71444,

Wr vshfli| wkh vhfrqg dx{loldu| v|vwhp/ shqdol}lqj wkh sduwlflsdwlrq ri wkh yduldeohv )2 lq

wkh shuirupdqfh lqgh{/ wkh iroorzlqj pdwulfhv zhuh fkrvhq=

	62 '

�
f �

�/2

J �2lJ/J

�
/ 	B2 '

�
f
�

�
/ 	#2 '

�
f qJ

�
dqg 	,2 ' d�o +71445,

lq zklfk /J/ lJ dqg qJ duh vrph ghvljq sdudphwhuv zklfk surylgh  h{lelolw| lq dgmxvwlqj

wkh frqwuro h�ruwv wr dfklhyh d ghvluhg uhvsrqvh uhgxfwlrq1 Wkh vhfrqg dx{loldu| v|vwhp lv

wkhq gh�qhg dv iroorzv=

762 '

�
	82 f

f 	82

�
/ 7B2 '

�
	C2 f

f 	C2

�
/ 7#2 '

�
	(2 f

f 	(2

�
dqg 7,2 '

�
	.2 f

f 	.2

�
+71446,
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Wkh volglqj vxuidfh sdudphwhuv iru wklv fdvh duh fkrvhq wr eh /J ' H�ff/ lJ ' f�.f/ qJ '

�DH�Df1 Iru wklv fdvh/ wkh zhljkwlqj pdwulfhv lq +717<, duh fkrvhq dv lghqwlw| pdwulfhv

ri dssursuldwh glphqvlrqv dqg wkh frqwuro sdudphwhu lv vhohfwhg dv B ' �Df�ff1 Dv lw lv

h{sodlqhg odwhu/ wkh ydoxhv ri wkhvh sdudphwhu zhuh frqyhqlhqwo| vhohfwhg wr idflolwdwh wkh

frpsdulvrq ehwzhhq wkh gl�huhqw ghvljq dowhuqdwlyhv1

Iljxuh +e��, vkrzv wkh wlph klvwrulhv ri wkh frqwuroohg dqg xqfrqwuroohg wrs  rru glv0

sodfhphqw dqg �uvw vwru| vkhdu irufh/ zkhq wkh vwuxfwxuh lv vxemhfwhg wr Vdq Ihuqdqgr

jurxqg dffhohudwlrq uhfrug1 Wkh �jxuh vkrzv wkh h�hfwlyhqhvv ri wkh frqwuro v|vwhp lq uh0

gxflqj qrw rqo| wkh shdn ydoxhv iru erwk uhvsrqvhv +zlwk uhvsrqvh uhgxfwlrq idfwruv ri f�.�

dqg f�SD/ uhvshfwlyho|,/ exw dovr wkh phdq vtxduh ydoxhv ri erwk uhvsrqvh txdqwlwlhv1 Wkh

qh{w �jxuh vkrzv wkh h�hfw ri wkh frqwuro v|vwhp lq dffhohudwlrq0uhodwhg uhvsrqvhv1 Iljxuh

+e�2@, vkrzv wkh frqwuroohg dqg xqfrqwuroohg wlph klvwrulhv ri wkh wrs  rru dffhohudwlrq dqg

Iljxuh +e�2K, ghslfwv wkh fruuhvsrqglqj  rru uhvsrqvh vshfwud +�I gdpslqj,1 Lq wklv fdvh/

wkh pd{lpxp ydoxh ri wkh  rru dffhohudwlrq fruuhvsrqgv wr d uhvsrqvh uhgxfwlrq idfwru ri

f�.b/ zklfk vkrzv wkdw/ iru wklv hduwktxdnh/ wkh frqwuro v|vwhp lv ohvv h�hfwlyh lq uhgxflqj

shdn dffhohudwlrq ydoxhv wkdq glvsodfhphqw0uhodwhg uhvsrqvhv1 Krzhyhu/ wkh frpsdulvrq

ri wkh frqwuroohg dqg xqfrqwuroohg  rru uhvsrqvh vshfwud lq Iljxuh +e�2K, ghprqvwudwhv dq

lpsruwdqw dwwhqxdwlrq ri wkh vshfwudo ruglqdwhv iru d eurdg iuhtxhqf| udqjh1

Wkh wlph klvwrulhv ri wkh frqwuro irufhv fruuhvsrqglqj wr wkh suhylrxv uhvxowv duh vkrzq

lq Iljxuh +e��,1 Dv lw zdv dovr qrwlfhg lq wkh glvfxvvlrq ri wkh qxphulfdo uhvxowv suhvhqwhg

lq Fkdswhu �/ wkh ghvljq ghpdqgv kljkhu sduwlflsdwlrq iurp wkh ghylfh dfwlqj dw wkh vhfrqg

 rru ohyho1 Wkh pd{lpxp ydoxhv ri wkh frqwuro irufhv uhtxluhg dw wkh �uvw dqg vhfrqg

 rru ohyhov duh/ uhvshfwlyho|/ f��b dqg f�He wlphv wkh uhvshfwlyh  rru zhljkwv1 Iljxuh +e�e,

glvsod|v wkh wlph klvwrulhv ri wkh fruuhvsrqglqj phfkdqlfdo srzhu1 Djdlq/ wkh vhfrqg vwru|
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ghylfh lv dvvrfldwhg zlwk pxfk kljkhu udwhv ri hqhuj| wudqvihu wkdq wkh �uvw vwru| dfwxdwru1

Qh{w/ wkh uhvxowv fruuhvsrqglqj wr wkh vhfrqg rxwsxw ihhgedfn fdvh duh suhvhqwhg1 Lq

wklv fdvh/ lw lv dvvxphg wkdw wkh phdvxuhg txdqwlwlhv duh wkh 4vw dqg 5qg lqwhuvwru| guliwv

dqg doo guliw yhorflwlhv +?@ ' �2,1 Wkhuhiruh/ pruh yhorflw| phdvxuhphqwv duh dydlodeoh iru

wklv fdvh wkdq wkh �uvw fdvh1 Wkh qxpehu ri volglqj frqvwudlqwv lv vhohfwhg dv 6r ' �/ dqg

wkh v|vwhp lv fkdudfwhul}hg e| d qrq}hur frqwuro uhgxqgdqf| lqgh{ + 6o ' �,1 Dqrwkhu

gl�huhqfh lq wklv fdvh lv wkdw d frpshqvdwru lv qrz xvhg rqo| zlwk wkh yduldeohv )�1 Wkdw

lv/ wkh vhfrqg dx{loldu| v|vwhp lv d vwdwlf rqh zlwk ^2 ' )2 +l1h1/ ?r2 ' f, dqg wkhuhiruh

762 ' f/ 7B2 ' f/ 7#2 ' f dqg 7,2 ' W6r
+71447,

Wr shqdol}h wkh sduwlflsdwlrq ri wkh yduldeohv )� lq wkh shuirupdqfh lqgh{/ wkh iroorzlqj

pdwulfhv duh xvhg=

76� '

�
f �

�/2

J �2lJ/J

�
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2e f f D f f f f f f �2

�
/ +71448,

7#� '
�
f �

�
dqg 	,� '

�
f f f f f f f f f f �

�
+71449,

Iru wklv fdvh/ wkh zhljkwlqj pdwulfhv lq +717<, duh fkrvhq dv "� '^/ zkhuh ^ lv d vfdodu

sdudphwhu/ dqg "2 ' W6r
1 Iru wkh qxphulfdo vlpxodwlrqv suhvhqwhg lq wkh iroorzlqj/ wkh

volglqj vxuidfh sdudphwhuv duh vhohfwhg dv /J ' S�ff/ lJ ' f�Df dqg ^ ' �f�Df/ zkhuhdv wkh

frqwuro sdudphwhu lv fkrvhq dv B ' �Df�ff1

Iljxuh +e�D, vkrzv wkh wlph klvwrulhv ri wkh frqwuroohg dqg xqfrqwuroohg wrs  rru glv0

sodfhphqw dqg �uvw vwru| vkhdu irufh/ zkhq wkh vwuxfwxuh lv vxemhfwhg wr Ho Fhqwur jurxqg

dffhohudwlrq uhfrug1 Wkh frqwuroohg uhvsrqvhv duh fkdudfwhul}hg e| uhgxfwlrq idfwruv ri f�SS

dqg f�Sb/ fruuhvsrqglqj wr wkh wrs glvsodfhphqw dqg wkh edvh vkhdu/ uhvshfwlyho|1 Iljxuh

+e�S, vkrzv wkh frqwuroohg dqg xqfrqwuroohg fdvhv iru wkh wrs  rru dffhohudwlrq dqg wkh
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fruuhvsrqglqj  rru uhvsrqvh vshfwud +�I gdpslqj,1 Wkh wrs  rru dffhohudwlrq uhvsrqvhv

duh h�hfwlyho| uhgxfhg/ zlwk d shdn dffhohudwlrq uhgxfwlrq ri f�Se1

Iljxuh +e�., glvsod|v wkh wlph klvwrulhv ri wkh frqwuro dfwlrqv fruuhvsrqglqj wr wklv

rxwsxw ihhgedfn vfkhph1 Wkh sduwlflsdwlrq ri wkh �uvw vwru| dfwxdwlrq ghylfh lv vhhq wr eh

pruh lpsruwdqw wkdq lq wkh suhylrxv fdvh/ dqg wkh fruuhvsrqglqj pd{lpxp ydoxhv ri wkh

frqwuro irufhv duh f�DS dqg ���2 iru wkh �uvw dqg vhfrqg vwru| ghylfhv/ uhvshfwlyho|1 Wkh

phfkdqlfdo srzhu wlph klvwrulhv duh vkrzq lq Iljxuh +e�H, dqg lw lv revhuyhg qrz wkdw wkh

lqvwdqwdqhrxv ydoxhv ri srzhu duh prvwo| srvlwlyh iru erwk dfwxdwlrq orfdwlrqv1

Wr vkrz wkdw wkh sursrvhg rxwsxw ihhgedfn vfkhph zlwk jhqhudol}hg volglqj vxuidfh lv

d frqyhqlhqw ghvljq wrro wr dfklhyh d surshu volglqj vxuidfh/ wkh uhvxowv lq Iljxuh +e�b, duh

uhsruwhg1 Wkhvh uhvxowv zhuh rewdlqhg iru Ho Fhqwur jurxqg h{flwdwlrq zlwk wkh vhfrqg

ghvljq ghvfulehg ehiruh/ wkdw lv/ wkh| fruuhvsrqg wr rxwsxw ihhgedfn zlwk )�0zhljkwlqj1

Wkh pd{lpxp uhvsrqvhv duh vkrzq lq Iljxuh +e�b@, dv d ixqfwlrq ri rqh ri wkh sdudphwhuv

gh�qlqj wkh ghvljq/ qdpho| wkh sdudphwhu ^1 Wkh fruuhvsrqglqj pd{lpxp frqwuro uhtxluh0

phqwv duh vkrzq lq Iljxuh +e�bK,1 Lw lv revhuyhg wkdw wkh prqrwrqlf lqfuhdvh lq uhgxfwlrq

idfwruv dfklhyhg lq ydulrxv uhvsrqvhv/ vxfk dv vwru| vkhduv dqg wrs  rru glvsodfhphqw dqg

dffhohudwlrq/ lv frqvlvwhqw zlwk wkh prqrwrqlf ghfuhdvh lq wkh frqwuro irufhv dw wkh �uvw dqg

vhfrqg  rru ohyhov1 Wkh �uvw vwru| vkhdu uhgxfwlrq lv qrw vhhq wr iroorz wkh vdph ehkdylru

ehfdxvh wklv uhvsrqvh txdqwlw| lv gluhfwo| d�hfwhg e| wkh frqwuro irufhv1

Wkh yduldwlrq ri uhvsrqvh uhgxfwlrqv zlwk wkh sdudphwhu ^ fdq eh h{sodlqhg e| lqyhv0

wljdwlqj wkh fruuhvsrqglqj fkdqjhv ri wkh forvhg0orrs hljhqydoxhv1 Iljxuh +e��f, vkrzv wkh

iuhtxhqflhv /� dqg /2 dv d ixqfwlrq ri wkh sdudphwhu ^1 Wkhvh wzr qdwxudo iuhtxhqflhv

fruuhvsrqg dssur{lpdwho| wr wkh �uvw wzr ixqgdphqwdo iuhtxhqflhv ri wkh xqfrqwuroohg v|v0

whp1 Wkh dvvrfldwhg gdpslqj udwlrv l� dqg l2 duh dovr vkrzq lq wkh �jxuh1 Lw lv revhuyhg
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wkdw wkh �uvw prgdo gdpslqj udwlr ghfuhdvhv frqwlqxrxvo| dv d ixqfwlrq ri wkh ghvljq sd0

udphwhu ^/ dqg wklv lqgxfhv vpdoohu uhvsrqvh uhgxfwlrqv lq wkh frqwuroohg v|vwhp/ zlwk wkh

fruuhvsrqglqj ghfuhdvh lq wkh frqwuro uhtxluhphqwv1

Wr lqyhvwljdwh wkh idloxuh ri rqh ri wkh frpsrqhqwv ri wkh frqwuro v|vwhp dqg lwv frqvh0

txhqfhv rq wkh uhvxowlqj shuirupdqfh/ wkh uhvxowv lq Iljxuhv +e���, dqg +e��2, duh suhvhqwhg1

Iru wkh rxwsxw ihhgedfn fdvh zlwk )�0zhljkwlqj dqg iru Ho Fhqwur h{flwdwlrq/ d idloxuh zloo

eh vlpxodwhg e| dvvxplqj wkdw wkh vhfrqg vwru| dfwxdwru jrhv r�0olqh dw wkh wlph | ' 2��2

^vhf`1 Dv lqglfdwhg lq Fkdswhu �/ wklv wlph fruuhvsrqgv wr wkh rffxuuhqfh ri wkh pd{lpxp

dffhohudwlrq ohyho ri wkh jurxqg prwlrq1 Iljxuh +e���, vkrzv wkh uhvxowlqj frqwuro uhtxluh0

phqwv iru wkh �uvw vwru| ghylfh1 Erwk frqwuro irufh dqg phfkdqlfdo srzhu duh vljql�fdqwo|

lqfuhdvhg zlwk uhvshfw wr wkh qrupdo rshudwlrq ydoxhv/ zlwk wkh irufh uhdfklqj d pd{lpxp

ydoxh ri doprvw ��2f wlphv wkh  rru zhljkw1 Wkh h�hfw rq wkh uhvxowlqj shuirupdqfh ri

wkh frqwuroohg v|vwhp lv vkrzq lq Iljxuh +e��2,1 Wklv �jxuh vkrzv wkh uhvsrqvh uhgxfwlrq

idfwruv iru gl�huhqw  rruv dqg iru gl�huhqw uhvsrqvh txdqwlwlhv iru erwk fdvhv ri qrupdo

rshudwlrq dqg idloxuh ri vhfrqg vwru| dfwxdwru1 Lw lv revhuyhg wkdw dowkrxjk wkh dfwxdwru

idloxuh ghjudghv wkh uhvxowlqj shuirupdqfh/ wkh frqwuroohg v|vwhp uhpdlqv vwdeoh1 Lq jhqhudo

doo uhvsrqvh txdqwlwlhv duh vwloo uhgxfhg/ zlwk wkh h{fhswlrq ri wkrvh fruuhvsrqglqj wr wkh

�uvw vwru|/ zklfk vkrz wkh h�hfw ri lqfuhdvhg frqwuro dfwlrqv1

Wkh qh{w vhw ri wdeohv frpsduh/ iru irxu gl�huhqw hduwktxdnh lqsxwv/ wkh rxwsxw ihhg0

edfn uhvxowv zlwk wkh ixoo vwdwh ihhgedfn uhvxowv rewdlqhg lq Fkdswhu �1 Iru d phdqlqjixo

frpsdulvrq ri wkh uhvxowv rewdlqhg zlwk gl�huhqw frqwuroohuv/ doo ghvljq sdudphwhuv zhuh

dssursuldwho| vhohfwhg vxfk wkdw wkh pd{lpxp wrs  rru glvsodfhphqw xqghu Ho Fhqwur h{0

flwdwlrq lv uhgxfhg e| d idfwru ri f�SS1 Wkhvh dssursuldwh sdudphwhu ydoxhv zhuh rewdlqhg e|

qxphulfdo vlpxodwlrqv/ wxqlqj wkh ghvljq xqwlo wkh ghvluhg uhvsrqvh uhgxfwlrq zdv rewdlqhg1
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Wklv zdv idflolwdwhg e| wkh ghvljq  h{lelolw| surylghg e| wkh jhqhudol}hg volglqj vxuidfh1

Wkh �uvw rxwsxw ihhgedfn ghvljq ghvfulehg lq wklv fkdswhu +)20zhljkwlqj dqg ?@ ' H, lv

ghqrwhg dv fdvh cd*/ zkhuhdv wkh vhfrqg ghvljq +)�0zhljkwlqj dqg ?@ ' �2, lv uhihuuhg wr

dv fdvh ce*1

Wdeoh +e��, vkrzv wkh uhodwlyh glvsodfhphqw uhvsrqvh uhgxfwlrq idfwruv/ zkhuhdv Wdeoh

+e�2, vkrzv wkh  rru dffhohudwlrq uhvsrqvh uhgxfwlrq idfwruv1 Vlqfh wkh volglqj vxuidfh dqg

frqwuro sdudphwhuv iru hdfk fdvh zhuh dgmxvwhg wr rewdlq wkh vdph ohyho ri wrs  rru glvsodfh0

phqw uhgxfwlrq/ uhvsrqvh uhgxfwlrq idfwruv lq Wdeoh +e��, iru gl�huhqw frqwuro vfkhphv duh

lq derxw wkh vdph udqjh zlwk vrph yduldwlrqv1 Wkh h�hfwlyhqhvv ri wkh frqwuro vfkhphv lq

uhgxflqj wkhlu shdn glvsodfhphqw uhvsrqvh/ krzhyhu/ fdq ydu| zlwk wkh lqsxw1 Lw lv revhuyhg

wkdw erwk rxwsxw ihhgedfn fdvhv shuirup yhu| zhoo lq uhgxflqj wkh wrs  rru glvsodfhphqw/

zlwk vrph voljkwo| ehwwhu shuirupdqfh ri wkh rxwsxw ihhgedfn fdvh ce*1 Lq wkh fdvh ri wkh

�uvw vwru| glvsodfhphqw/ zklfk lv sursruwlrqdo wr wkh fruuhvsrqglqj vkhdu irufh/ wkh rxwsxw

ihhgedfn fdvh cd* shuirupv ehwwhu zlwk wkh h{fhswlrq ri wkh Orpd Sulhwd fdvh1 Iru wkh

uhvxowv suhvhqwhg lq Wdeoh +e��,/ doo frqwuro vfkhphv lq jhqhudo vhhp wr eh ohvv h�hfwlyh iru

wkh Orpd Sulhwd hduwktxdnh prwlrq1 Rq wkh rwkhu kdqg/ lw lv revhuyhg wkdw wklv jurxqg

prwlrq lv dvvrfldwhg zlwk wkh vpdoohvw xqfrqwuroohg glvsodfhphqw uhvsrqvhv1 Dffhohudwlrq

uhvxowv lq Wdeoh +e�2, duh txdolwdwlyho| vlplodu wr wkrvh lq wkh suhylrxv wdeoh1 Iru wkh dffho0

hudwlrq uhvsrqvhv/ wkh rxwsxw ihhgedfn fdvh ce* vhhpv wr eh vrphzkdw ehwwhu wkdq rwkhuv/

hvshfldoo| iru wkh Orpd Sulhwd lqsxw1

Wdeoh +e��, frpsduhv wkh ohyho ri frqwuro h�ruw uhtxluhg lq wkh wkuhh gl�huhqw frqwuro

vfkhphv wr dfklhyh wkh uhvsrqvh uhgxfwlrq ghslfwhg lq Wdeohv +e��, dqg +e�2,1 Lw lv vhhq

iurp wkh ydoxhv lq wkh wdeoh wkdw wr dfklhyh derxw wkh vdph ohyho ri uhgxfwlrq/ wkh ixoo

vwdwh ihhgedfn uhtxluhv wkh orzhvw dprxqw ri wkh frqwuro irufh1 Dovr wkh rxwsxw ihhgedfn
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fdvh cd* zkhuh wkh qxpehu ri dydlodeoh vwdwhv lv ?@ ' H/ lq jhqhudo/ lv vhhq wr uhtxluh odujhu

pd{lpxp irufhv frpsduhg wr wkh fdvh ce* zkhuh wkh qxpehu ri dydlodeoh vwdwhv lv ?@ ' �21

Wkxv/ wkh ohvvhu wkh qxpehu ri vwdwhv dydlodeoh iru ihhgedfn/ wkh odujhu wkh ohyho ri frqwuro

h�ruw uhtxluhg wr dfklhyh d jlyhq ohyho ri uhgxfwlrq lq wkh uhvsrqvh1 Wkh volglqj prgh

frqwuro irupxodwlrq ghyhorshg khuh frq�upv wklv qdwxudoo| h{shfwhg frqfoxvlrq1

71;15 Vhpl0Dfwlyh Frqwuro

Wkh rxwsxw ihhgedfn irupxodwlrq suhvhqwhg lq wkh suhylrxv fkdswhu lv xvhg wr lqyhvwljdwh wkh

h�hfwlyhqhvv ri vhpl0dfwlyh vwl�qhvv frqwuro lq wklv vhfwlrq1 Wkh vwuxfwxuh lv surylghg zlwk

vhpl0dfwlyh ghylfhv lq wkh irup ri vzlwfkdeoh eudflqjv lqvwdoohg lq wkh �uvw irxu vwrulhv/ dqg

wkhuhiruh/ 6r@ ' e1 Wkh �uvw wzr vwrulhv kdyh ghylfhv zlwk d sdudphwhuv if��&oes c f�2DSoesj1
Wkh wklug dqg irxuwk vwrulhv kdyh ghylfhv zlwk sdudphwhuv htxdo wr if�2&oes c f��DSoesj dqg
if��&oes c f��Soesj/ uhvshfwlyho|1 Wkh uhihuhqfh ydoxh &oes lv htxdo wr wkh vwru| vwl�qhvv/ wkdw
lv &oes ' SDe�bH dPQ2po/ dqg wkh gdpslqj uhihuhqfh ydoxh Soes lv jlyhq e| Soes ' S��D

dPQ1vhf2po1 Lw lv dvvxphg wkdw wkh ghylfhv duh deoh wr rshudwh lq d el0vwdwh vwl�qhvv uhjlph

zlwk &4�?

��
' f/ dffruglqj wr +7143<,1

Lw lv dvvxphg wkdw wkh vhw ri phdvxuhg txdqwlwlhv frqvlvwv ri wkh lqwhuvwru| guliwv fru0

uhvsrqglqj wr wkh �uvw irxu vwrulhv zkhuh wkh dfwxdwlrq rffxuv/ dqg wkh lqwhuvwru| guliw

yhorflwlhv iru wkh �uvw �yh vwrulhv +?@ ' b,1 Wkh qxpehu ri volglqj frqvwudlqwv iru wklv fdvh

lv vhohfwhg dv 6r ' �1 Wkh volglqj vxuidfh lv ghvljqhg xvlqj wkh vwdwlf uhodwlrq ^� ' )� lq

sodfh ri wkh �uvw dx{loldu| v|vwhp gh�qhg lq htxdwlrqv +715:, dqg +7183,1 Wkhuhiruh/ ?r� ' f

dqg wkh pdwulfhv dvvrfldwhg zlwk wklv dx{loldu| v|vwhp duh lqglfdwhg lq +71444,1 Wkh vhfrqg

dx{loldu| v|vwhp/ shqdol}lqj wkh sduwlflsdwlrq ri wkh yduldeohv )2 lq wkh shuirupdqfh lqgh{/
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lv gh�qhg dv iroorzv=

762 ' 	62/ 7B2 ' 	B2/ 7#2 ' 	#2 dqg 7,2 ' 	,2 +7144:,

zkhuh wkh pdwulfhv 	62/ 	B2/ 	#2 dqg 	,2 zhuh gh�qhg ehiruh lq +71445,1 Wkh volglqj vxuidfh

sdudphwhuv duh vhohfwhg dv /J ' S�Df/ lJ ' f�fe/ qJ ' HD�ff dqg wkh zhljkwlqj pdwulfhv lq

+717<, duh fkrvhq dv lghqwlw| pdwulfhv ri dssursuldwh glphqvlrqv1

Iljxuh +e���, vkrzv wkh wlph klvwrulhv ri wkh frqwuroohg dqg xqfrqwuroohg wrs  rru glv0

sodfhphqw dqg �uvw vwru| vkhdu irufh/ zkhq wkh vwuxfwxuh lv vxemhfwhg wr Vdq Ihuqdqgr

jurxqg dffhohudwlrq uhfrug1 Wkh frqwuroohg uhvsrqvhv duh fkdudfwhul}hg e| uhgxfwlrq idfwruv

ri f�b� dqg f�.S/ fruuhvsrqglqj wr wkh wrs glvsodfhphqw dqg wkh edvh vkhdu/ uhvshfwlyho|1

Lw lv revhuyhg wkdw dowkrxjk wkh uhgxfwlrq lq wkh shdn ydoxh ri wkh wrs  rru uhvsrqvh lv

qrw yhu| vljql�fdwlyh/ wkh phdq vtxduh ydoxhv ri erwk wrs glvsodfhphqw dqg edvh vkhdu duh

h�hfwlyho| uhgxfhg1 Iljxuh +e��e, vkrzv wkh frqwuroohg dqg xqfrqwuroohg fdvhv iru wkh wrs

 rru dffhohudwlrq dqg wkh fruuhvsrqglqj  rru uhvsrqvh vshfwud +�I gdpslqj,1 Wkh shdn

ydoxh ri wkh wrs  rru dffhohudwlrq vkrzv dq lqfuhdvh ri �DI zlwk uhvshfw wr wkh xqfrqwuroohg

pd{lpxp ydoxh/ exw wkh vshfwudo ruglqdwhv duh h�hfwlyho| uhgxfhg lq wkh iuhtxhqflhv fru0

uhvsrqglqj wr wkh �uvw wzr qdwxudo iuhtxhqflhv ri wkh xqfrqwuroohg v|vwhp +dssur{lpdwho|

� dqg � dK}o,1 Iljxuh +e��D, vkrzv wkh frqwuroohg dqg xqfrqwuroohg  rru uhvsrqvh vshfwud

fruuhvsrqglqj wr wkh irxuwk dqg vl{wk  rruv1 Lw fdq eh revhuyhg dovr lq wklv fdvh d uhgxfwlrq

ri wkh vshfwudo ruglqdwhv fruuhvsrqglqj wr wkh �uvw wzr ixqgdphqwdo prghv1

Wkh wlph klvwrulhv ri wkh frqwuro dfwlrqv fruuhvsrqglqj wr wkh ghylfhv lqvwdoohg lq wkh

vhfrqg dqg irxuwk vwrulhv duh vkrzq lq Iljxuhv +e��S@, dqg +e��.@,/ uhvshfwlyho|1 Iru hdfk

ghylfh/ wkh vhpl0dfwlyh frqwuro irufhv uhdfk pd{lpxp ydoxhv/ qrupdol}hg zlwk uhvshfw wr wkh

 rru zhljkw/ ri f�De dqg f�2f/ uhvshfwlyho|1 Lq Iljxuhv +e��SK, dqg +e��.K, wkh frqwuro irufhv

duh uhsuhvhqwhg sorwwhg djdlqvw wkh fruuhvsrqglqj glvsodfhphqw1 Wkh glvvlsdwlyh qdwxuh ri
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wkh vhpl0dfwlyh frqwuro dfwlrq fdq eh dssuhfldwhg iurp wkh wuldqjxodu vkdshg orrsv vkrzq lq

wkhvh �jxuhv1 Lw lv revhuyhg dovr wkdw wkh frqwuro dfwlrqv duh fkdudfwhul}hg e| vrph shulrgv

ri kljk iuhtxhqf| dfwlylw|/ lq zklfk wkh vwl�qhvv ri wkh vhpl0dfwlyh ghylfhv vzlwfkhv yhu|

udslgo| ehwzhhq &4�?

��
' f dqg &4@ 

��
1 Wklv h�hfw fdq dovr eh revhuyhg lq Iljxuh +e��H,/ zklfk

vkrzv wkh wlph klvwrulhv ri wkh yduldeoh vwl�qhvv sdudphwhuv &�2 dqg &�e/ fruuhvsrqglqj wr

wkh ghylfhv lq wkh vhfrqg dqg irxuwk vwrulhv1

Lq d sudfwlfdo vlwxdwlrq/ wkh vwl�qhvv ri wkh vhpl0dfwlyh ghylfh fdq qrw fkdqjh lqvwdq0

wdqhrxvo|1 Wkhuhiruh/ lw lv lqwhuhvwlqj wr lqyhvwljdwh wkh h�hfw ri d vhpl0dfwlyh ghylfh zlwk

g|qdplf fkdudfwhulvwlfv1 Khuh/ d yhu| vlpsoh prgho lv lqwurgxfhg wr prgho wkh ehkdy0

lru ri wkh ghylfh1 Lw lv dvvxphg wkdw xqghu wkh el0vwdwh frqwuro frppdqg +&�� ' &4�?

��
ru

&�� ' &4@ 

��
,/ wkh uhvxowlqj vwl�qhvv/ ghqrwhg dv 7&�� / lv rewdlqhg dv wkh rxwsxw ri wkh iroorzlqj

v|vwhp= �
�i�
�i2

�
'

� �He�HD Sf
Sf f

��
i�
i2

�
n

�
Sf
f

�
&�� +7144;,

7&�� '
�
f �

�� i�
i2

�
zlwk &4�?

��
� 7&�� � &4@ 

��
+7144<,

zklfk fruuhvsrqgv wr d orz0sdvv �owhu zlwk fxw0r� iuhtxhqf| /? ' Sf dudg2vhfo1 Wkh fxw0r�

iuhtxhqf| zdv duelwudulo| vhohfwhg zlwk d ydoxh ehwzhhq wkh D|� dqg S|� qdwxudo iuhtxhqflhv

ri wkh exloglqj prgho1

Iljxuh +e��b, vkrzv wkh wlph klvwrulhv ri wkh frqwuroohg dqg xqfrqwuroohg wrs  rru glv0

sodfhphqw dqg �uvw vwru| vkhdu irufh/ zkhq wkh vwuxfwxuh lv vxemhfwhg wr Ho Fhqwur jurxqg

dffhohudwlrq uhfrug1 Wkh uhvsrqvh uhgxfwlrq idfwruv duh f�H. dqg f�SD iru wkh wrs glvsodfh0

phqw dqg wkh �uvw vwru| vkhdu/ uhvshfwlyho|1 Wkh fruuhvsrqglqj frqwuro dfwlrqv duh vkrzq lq

Iljxuhv +e�2f, dqg +e�2�,1 Wkhvh �jxuhv vkrz wkh wlph klvwrulhv dqg wkh irufh0glvsodfhphqw

uhodwlrqv iru wkh ghylfhv lqvwdoohg lq wkh vhfrqg dqg irxuwk vwrulhv1 E| frpsdulqj wkhvh

uhvxowv zlwk wkrvh lq Iljxuhv +e��S, dqg +e��.,/ wkh h�hfw ri wkh dgglwlrqdo g|qdplfv rq wkh
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vkdsh ri wkh irufh0glvsodfhphqw orrsv lv hylghqw1 Wkh wlph klvwrulhv ri wkh fruuhvsrqglqj

vwl�qhvv sdudphwhuv 7&�2 dqg 7&�e duh vkrzq lq Iljxuh +e�22,1 Lw lv revhuyhg wkdw wkh vwl�qhvv

ydoxhv gr qrw vzlwfk lq�qlwho| idvw ehwzhhq wkh wzr olplwlqj ydoxhv dv lq wkh suhylrxv fdvh/

dqg d �qlwh wlph lv uhtxluhg qrz wr fkdqjh iurp &4�?

��
' f wr &4@ 

��
ru ylfh yhuvd1

Wkh qh{w vhw ri wdeohv frpsduh/ iru gl�huhqw jurxqg h{flwdwlrqv/ wkh vhpl0dfwlyh rxw0

sxw ihhgedfn uhvxowv zlwk wkh fruuhvsrqglqj ixoo vwdwh ihhgedfn dqg sdvvlyh frqwuro uhvxowv

rewdlqhg lq Fkdswhu 21 Iru d phdqlqjixo frpsdulvrq/ wkh sdudphwhuv gh�qlqj wkh volglqj

vxuidfh lq wkh rxwsxw ihhgedfn fdvh zhuh vhohfwhg vxfk wkdw wkh pd{lpxp wrs  rru glv0

sodfhphqw xqghu Ho Fhqwur h{flwdwlrq lv uhgxfhg e| d idfwru ri f�HD/ zklfk lv wkh vdph

uhgxfwlrq rewdlqhg lq wkh ixoo vwdwh ihhgedfn fdvh zlwk d vwdwlf volglqj vxuidfh1 Wkh rxwsxw

ihhgedfn vhpl0dfwlyh frqwuroohu zlwk lghdo vzlwfklqj fkdudfwhulvwlfv lv ghqrwhg dv fdvh cd*/

zkhuhdv wkh vdph frqwuroohu ghvljq zlwk dgghg ghylfh g|qdplfv dv gh�qhg lq +7144;, dqg

+7144<, lv uhihuuhg wr dv fdvh ce*1

Wdeoh +e�e, vkrzv wkh uhodwlyh glvsodfhphqw uhvsrqvh uhgxfwlrq idfwruv iru irxu gl�huhqw

hduwktxdnhv1 Wkh uhvxowv lq froxpqv +6,/ +;,/ +47, dqg +4<, fruuhvsrqg wr wkh sdvvlyh frqwuro

fdvh/ lq zklfk wkh vwl�qhvv sdudphwhuv ri wkh dgghg ghylfhv duh vhw htxdo wr wkhlu pd{lpxp

ydoxhv1 Wklv vwl�hqlqj ri wkh v|vwhp/ lq jhqhudo/ zloo lqgxfh d uhgxfwlrq ri glvsodfhphqw

uhvsrqvhv/ exw wklv h�hfw lv revhuyhg wr ghshqg rq wkh iuhtxhqf| fkdudfwhulvwlfv ri wkh

jurxqg prwlrq1 Wkh uhvxowv lq wkh qh{w vhw ri froxpqv iru hdfk hduwktxdnh fruuhvsrqg

wr wkh ixoo vwdwh ihhgedfn fdvh zlwk vwdwlf volglqj vxuidfh1 Wklv ghvljq zdv ghvfulehg lq

Fkdswhu 2/ dqg lw lv revhuyhg wkdw wkh vhpl0dfwlyh frqwuroohu lqgxfhv dgglwlrqdo uhvsrqvh

uhgxfwlrqv iru prvw ri wkh fdvhv1 Wkh uhvxowv lq froxpqv +8,/ +43,/ +49, dqg +54, fruuhvsrqg

wr fdvh cd*/ fkdudfwhul}hg e| sduwldo phdvxuhphqwv +?@ ' b, dqg jhqhudol}hg volglqj vxuidfh

dv ghvfulehg lq wklv fkdswhu/ dqg wkh dvvxpswlrq wkdw wkh vhpl0dfwlyh ghylfhv fdq vzlwfk
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lq�qlwho| idvw ehwzhhq wkh olplwlqj ydoxhv ri vwl�qhvv1 Ilqdoo|/ wkh uhvxowv lq wkh odvw froxpq

iru hdfk hduwktxdnh fruuhvsrqg wr wkh rxwsxw ihhgedfn fdvh ce*/ zlwk frqvlghudwlrq ri wkh

ghylfh g|qdplfv1 Wkh vlpxodwlrq uhvxowv lqglfdwh wkdw wkh uhvsrqvh uhgxfwlrqv iru wkh

rxwsxw ihhgedfn fdvhv duh vlplodu wr wkrvh iru wkh ixoo vwdwh ihhgedfn frqwuroohu1 Wdeoh

+e�D, vkrzv wkh uhvxowv iru dffhohudwlrq uhvsrqvhv1 Lw lv revhuyhg wkdw wkh vwl�hqlqj ri wkh

vwuxfwxuh lqfuhdvhv wkh dffhohudwlrqv lq prvw ri wkh fdvhv/ dqg wkh vhpl0dfwlyh frqwuro pd|

ru pd| qrw frxqwhudfw wkhvh uhvsrqvh lqfuhdvhv/ ghshqglqj rq wkh vhlvplf lqsxw1 Wr rewdlq

vljql�fdwlyh dffhohudwlrq uhgxfwlrqv/ wkh dprxqw ri dgglwlrqdo gdpslqj lqwurgxfhg e| wkh

vhpl0dfwlyh ghylfhv vkrxog eh lqfuhdvhg1

71< Frqfoxvlrqv

Wkh sudfwlfdo vlwxdwlrq ri sduwldo vwdwh lqirupdwlrq lv lqfrusrudwhg lq wkh jhqhudol}hg volglqj

vxuidfh irupxodwlrq ghyhorshg lq wkh suhylrxv fkdswhu1 Wkh wudqvirupdwlrq wr uhjxodu

irup lv prgl�hg wr lqfrusrudwh wkh frqvwudlqw uhsuhvhqwhg e| wkh suhvhqfh ri xqphdvxuhg

yduldeohv lq wkh prgho1 Lq wklv fdvh/ wkh volglqj vxuidfh ghvljq sureohp lqyroyhv wkh vroxwlrq

ri d v|vwhp ri qrqolqhdu pdwul{ htxdwlrqv1 Dq h!flhqw dojrulwkp lv sursrvhg iru wklv

sxusrvh> lw lv glvfxvvhg lq ghwdlo lq Dsshqgl{ D1

Qxphulfdo uhvxowv zhuh suhvhqwhg wr vkrz wkh dssolfdelolw| ri wkh irupxodwlrq dqg hi0

ihfwlyhqhvv ri dfwlyh frqwuro lq uhgxflqj wkh ghirupdwlrq dqg dffhohudwlrq uhvsrqvhv1 Wkh

vwuxfwxuh frqvlghuhg zdv wkh vdph exloglqj prgho xvhg lq suhylrxv fkdswhuv1 Wzr lqghshq0

ghqw dfwxdwruv duh xvhg wr dsso| frqwuro irufh wkurxjk whqgrqv dw wkh �uvw dqg vhfrqg  rru

ohyho1 Zlwk wklv dfwxdwlrq duudqjhphqwv dqg wkh ohyho ri uhvsrqvh uhgxfwlrq dfklhyhg/ wkh

frqwuro irufh uhtxluhphqwv duh uhdvrqdeoh1 Wkh h�hfwlyhqhvv ri wkh rxwsxw ihhgedfn frqwuro

vfkhph lv ghprqvwudwhg1 Wkhuh lv rqo| voljkw ghjudgdwlrq lq wkh shuirupdqfh ri wkh frqwuro
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ehfdxvh ri xqdydlodelolw| ri doo wkh v|vwhp vwdwhv/ exw v|vwhp vwdelolw| lv pdlqwdlqhg1 Dggl0

wlrqdoo|/ wkh urexvwqhvv ri wkh frqwuro v|vwhp lv h{dplqhg lq wkh hyhqw ri dfwxdwru idloxuh1

Qxphulfdo vlpxodwlrqv duh dovr suhvhqwhg wr h{dplqh wkh shuirupdqfh ri vhpl0dfwlyh frq0

wuroohuv edvhg rq sduwldo lqirupdwlrq1 Wkh uhvsrqvh uhgxfwlrq surgxfhg e| el0vwdwh vwl�qhvv

vzlwfklqj lv lqyhvwljdwhg1 Wr frqvlghu d sudfwlfdo vlwxdwlrq lq zklfk wkh vwl�qhvv ydoxhv fdq

qrw fkdqjh lq�qlwho| idvw/ d vlpsol�hg prgho lv lqwurgxfhg wr dffrxqw iru wkh vhpl0dfwlyh

ghylfh g|qdplfv1 Wkh uhvxowv vkrz wkdw wkh shuirupdqfh ri wkh uhvxowlqj frqwuro v|vwhp lv

frpsdudeoh wr wkdw ri wkh ixoo vwdwh ihhgedfn fdvh zlwk lghdo vzlwfklqj1
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Figure 4.1: Comparison of uncontrolled and controlled top floor displacement and first story shear 
force for San Fernando ground acceleration record (y2 weighting - number of measurements: 8).
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Figure 4.2: Comparison of uncontrolled and controlled top floor acceleration and top floor response 
spectra for San Fernando ground acceleration record (y2 weighting - number of measurements: 8).
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Figure 4.3: Control forces for San Fernando ground acceleration record (y2 weighting - number 
of measurements: 8).

2nd Story

Figure 4.4: Mechanical power for San Fernando ground acceleration record (y2 weighting - number 
of measurements: 8).
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Figure 4.5: Comparison of uncontrolled and controlled top floor displacement and 1st story shear 
force for El Centro ground acceleration record (y1 weighting - number of measurements: 12).
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Figure 4.6: Comparison of uncontrolled and controlled top floor acceleration and top floor response 
spectra for El Centro ground acceleration record (y1 weighting - number of measurements: 12).
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Figure 4.7: Control forces for El Centro ground acceleration record (y1 weighting - number of 
measurements: 12).
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Figure 4.8: Mechanical power for El Centro ground acceleration record (y1 weighting - number of 
measurements: 12).
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Figure 4.9: Maximum building responses and control requirements as a function of the parameter 
q  for El Centro ground acceleration record (y1 weighting - number of measurements: 12).

Figure 4.10: Natural frequencies and modal damping ratios as a function of the parameter q 
defining the sliding surface (y1 weighting - number of measurements: 12).
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Figure 4.11: Control force and power for El Centro ground acceleration record in the event 
of failure of 2nd story actuation device (y1 weighting - number of measurements: 12).
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Figure 4.12: Comparison of response reduction factors during normal operation and the event 
of failure of 2nd story actuation device (y1 weighting - number of measurements: 12).
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Figure 4.13: Comparison of uncontrolled and controlled top floor displacement and 1st story 
shear force for San Fernando ground acceleration record.
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Figure 4.14: Comparison of uncontrolled and controlled top floor acceleration and top floor 
response spectra for San Fernando ground acceleration record.
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Figure 4.15: Comparison of uncontrolled and controlled floor acceleration and floor response 
spectra for San Fernando ground acceleration record.
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Figure 4.16: Semi-active control force for 2nd story device for San Fernando ground 
acceleration record.
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Figure 4.17: Semi-active control force for 4th story device for San Fernando ground 
acceleration record.
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Figure 4.18: Variable stiffness coefficient time histories for 2nd and 4th story devices for 
San Fernando ground acceleration record.
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Figure 4.19: Comparison of uncontrolled and controlled top floor displacement and 1st story 
shear force for El Centro ground acceleration record. 

Figure 4.20: Semi-active control force for 2nd story device for El Centro ground acceleration 
record.
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Figure 4.21: Semi-active control force for 4th story device for El Centro ground acceleration 
record.
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Figure 4.22: Variable stiffness coefficient time histories for 2nd and 4th story devices for El 
Centro ground acceleration record. 
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El Centro San Fernando

Floor Response Response Reduction Factor    Response Response Reduction Factor    

[cm]
Full 

State
Output: 
Case a

Output: 
Case b [cm]

Full 
State

Output: 
Case a

Output: 
Case b

[1] [2] [3] [4] [5] [6] [7] [8] [9]

10 16.25 0.66 0.66 0.66 8.92 0.73 0.73 0.71

9 15.87 0.66 0.66 0.66 8.68 0.72 0.73 0.71

8 15.14 0.66 0.66 0.66 8.21 0.72 0.73 0.70

7 14.13 0.67 0.67 0.66 7.53 0.72 0.72 0.70

6 12.90 0.67 0.66 0.66 6.69 0.71 0.72 0.70

5 11.36 0.67 0.66 0.66 5.71 0.71 0.71 0.72

4 9.54 0.67 0.66 0.66 4.70 0.70 0.70 0.74

3 7.45 0.67 0.66 0.66 3.68 0.70 0.70 0.74

2 5.13 0.68 0.65 0.67 2.56 0.70 0.69 0.78

1 2.63 0.69 0.63 0.68 1.32 0.69 0.65 0.79

Table 4.1: Maximum relative displacements using active control (generalized
sliding surface / full state and output feedback).

Loma Prieta Hollywood

Floor Response Response Reduction Factor    Response Response Reduction Factor    

[cm]
Full 

State
Output: 
Case a

Output: 
Case b [cm]

Full 
State

Output: 
Case a

Output: 
Case b

[10] [11] [12] [13] [14] [15] [16] [17] [18]

10 6.17 0.89 0.88 0.85 15.94 0.66 0.67 0.64

9 5.96 0.90 0.89 0.85 15.58 0.66 0.67 0.64

8 5.74 0.88 0.87 0.83 14.87 0.66 0.66 0.64

7 5.53 0.83 0.82 0.79 13.81 0.66 0.66 0.64

6 5.23 0.77 0.79 0.73 12.44 0.66 0.66 0.64

5 4.78 0.75 0.76 0.69 10.78 0.66 0.66 0.64

4 4.14 0.73 0.74 0.66 8.88 0.65 0.65 0.65

3 3.29 0.69 0.70 0.64 6.78 0.65 0.64 0.67

2 2.27 0.66 0.66 0.64 4.56 0.64 0.64 0.71

1 1.15 0.68 0.67 0.63 2.28 0.67 0.63 0.74
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El Centro San Fernando

Floor Response Response Reduction Factor    Response Response Reduction Factor    

[g]
Full 

State
Output: 
Case a

Output: 
Case b [g]

Full 
State

Output: 
Case a

Output: 
Case b

[1] [2] [3] [4] [5] [6] [7] [8] [9]

10 0.76 0.64 0.66 0.57 0.48 0.78 0.79 0.74

9 0.72 0.64 0.67 0.57 0.44 0.78 0.79 0.75

8 0.64 0.64 0.67 0.62 0.39 0.75 0.76 0.70

7 0.60 0.64 0.66 0.65 0.35 0.72 0.73 0.62

6 0.58 0.65 0.66 0.63 0.35 0.71 0.72 0.64

5 0.54 0.68 0.69 0.65 0.41 0.66 0.67 0.54

4 0.50 0.68 0.70 0.65 0.43 0.63 0.64 0.51

3 0.44 0.69 0.71 0.66 0.37 0.62 0.63 0.58

2 0.35 0.67 0.67 0.75 0.33 0.67 0.68 0.62

1 0.26 0.85 0.91 0.87 0.31 0.80 0.84 0.80

Table 4.2: Maximum absolute accelerations using active control (generalized
sliding surface / full state and output feedback).

Loma Prieta Hollywood

Floor Response Response Reduction Factor    Response Response Reduction Factor    

[g]
Full 

State
Output: 
Case a

Output: 
Case b [g]

Full 
State

Output: 
Case a

Output: 
Case b

[10] [11] [12] [13] [14] [15] [16] [17] [18]

10 0.49 0.71 0.72 0.62 0.69 0.67 0.68 0.67

9 0.42 0.73 0.74 0.67 0.67 0.67 0.68 0.66

8 0.33 0.79 0.80 0.74 0.64 0.67 0.68 0.66

7 0.28 0.80 0.81 0.69 0.60 0.66 0.67 0.64

6 0.36 0.73 0.75 0.62 0.55 0.66 0.67 0.63

5 0.42 0.69 0.70 0.57 0.48 0.65 0.67 0.63

4 0.43 0.67 0.68 0.54 0.42 0.65 0.67 0.65

3 0.37 0.64 0.66 0.51 0.36 0.65 0.66 0.64

2 0.28 0.65 0.67 0.61 0.29 0.58 0.58 0.60

1 0.29 0.80 0.81 0.78 0.21 0.74 0.79 0.76
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Table 4.3: Maximum control force requirements (generalized sliding surface / full
state and output feedback).

Maximum control requirements

Full State Feedback Output Feedback: (a) Output Feedback: (b)

1st Story 2nd Story 1st Story 2nd Story 1st Story 2nd Story

[Floor weight] [Floor weight] [Floor weight] [Floor weight] [Floor weight] [Floor weight]

[1] [2] [3] [4] [5] [6]

El Centro 0.45 0.98 0.59 1.31 0.56 1.12

San Fernando 0.33 0.66 0.39 0.84 0.40 0.80

Loma Prieta 0.28 0.49 0.30 0.58 0.29 0.58

Hollywood 0.39 0.99 0.40 1.23 0.50 1.00
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El Centro San Fernando

Floor Response Response Reduction Factor    Response Response Reduction Factor    

Passive 
Control

Semi-Active Control
Passive 
Control

Semi-Active Control

[cm]
Full 

State
Output: 
Case a

Output: 
Case b

[cm]
Full 

State
Output: 
Case a

Output: 
Case b

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]

10 16.25 0.97 0.85 0.85 0.87 8.92 0.95 0.91 0.91 0.91

9 15.87 0.97 0.84 0.84 0.86 8.68 0.95 0.91 0.90 0.91

8 15.14 0.95 0.83 0.83 0.85 8.21 0.96 0.91 0.90 0.91

7 14.13 0.93 0.80 0.80 0.83 7.53 0.97 0.92 0.89 0.91

6 12.90 0.89 0.77 0.77 0.79 6.69 0.97 0.93 0.89 0.92

5 11.36 0.84 0.73 0.73 0.75 5.71 0.96 0.93 0.88 0.91

4 9.54 0.78 0.68 0.68 0.70 4.70 0.92 0.90 0.84 0.88

3 7.45 0.73 0.64 0.65 0.67 3.68 0.86 0.84 0.78 0.82

2 5.13 0.71 0.62 0.63 0.65 2.56 0.79 0.78 0.75 0.77

1 2.63 0.71 0.62 0.63 0.65 1.32 0.75 0.75 0.76 0.75

Table 4.4: Maximum relative displacements using semi-active control (static sliding
surface / full state feedback and generalized sliding surface / output feedback).

Loma Prieta Hollywood

Floor Response Response Reduction Factor    Response Response Reduction Factor    

Passive 
Control

Semi-Active Control
Passive 
Control

Semi-Active Control

[cm]
Full 

State
Output: 
Case a

Output: 
Case b

[cm]
Full 

State
Output: 
Case a

Output: 
Case b

[12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

10 6.17 1.03 1.01 0.99 1.00 15.94 0.89 0.79 0.83 0.83

9 5.96 1.04 1.01 1.01 1.01 15.58 0.89 0.79 0.83 0.83

8 5.74 1.05 1.00 1.01 1.01 14.87 0.88 0.78 0.82 0.82

7 5.53 1.05 1.00 0.99 1.00 13.81 0.87 0.77 0.81 0.81

6 5.23 1.04 0.99 0.97 0.98 12.44 0.85 0.75 0.80 0.80

5 4.78 1.01 0.98 0.94 0.95 10.78 0.82 0.73 0.80 0.80

4 4.14 0.98 0.95 0.90 0.92 8.88 0.79 0.71 0.79 0.80

3 3.29 0.95 0.93 0.87 0.89 6.78 0.76 0.69 0.79 0.80

2 2.27 0.93 0.91 0.85 0.87 4.56 0.74 0.67 0.80 0.80

1 1.15 0.93 0.92 0.85 0.88 2.28 0.75 0.67 0.80 0.81
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El Centro San Fernando

Floor Response Response Reduction Factor    Response Response Reduction Factor    

Passive 
Control

Semi-Active Control
Passive 
Control

Semi-Active Control

[g]
Full 

State
Output: 
Case a

Output: 
Case b

[g]
Full 

State
Output: 
Case a

Output: 
Case b

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]

10 0.76 1.16 1.11 1.10 1.10 0.48 1.05 1.11 1.15 1.17

9 0.72 1.17 1.07 1.06 1.07 0.44 1.05 1.09 1.11 1.13

8 0.64 1.18 1.02 1.00 1.04 0.39 1.05 1.02 1.04 1.05

7 0.60 1.08 0.98 0.95 1.02 0.35 1.14 1.11 1.06 1.11

6 0.58 0.88 0.93 0.88 0.93 0.35 1.15 1.20 1.09 1.19

5 0.54 0.88 0.89 0.83 0.83 0.41 1.03 1.05 0.97 1.00

4 0.50 0.87 0.83 1.02 0.80 0.43 1.03 1.06 0.95 1.01

3 0.44 0.88 0.81 1.04 1.00 0.37 1.03 1.07 0.95 1.04

2 0.35 0.91 0.91 1.16 1.14 0.33 0.96 0.96 0.97 0.95

1 0.26 0.96 0.96 1.05 1.28 0.31 0.99 0.99 0.97 1.00

Table 4.5: Maximum absolute accelerations using semi-active control (static sliding
surface / full state feedback and generalized sliding surface / output feedback).

Loma Prieta Hollywood

Floor Response Response Reduction Factor    Response Response Reduction Factor    

Passive 
Control

Semi-Active Control
Passive 
Control

Semi-Active Control

[g]
Full 

State
Output: 
Case a

Output: 
Case b

[g]
Full 

State
Output: 
Case a

Output: 
Case b

[12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

10 0.49 1.07 1.12 1.01 1.08 0.69 1.12 1.04 1.06 1.04

9 0.42 1.08 1.11 1.00 1.08 0.67 1.07 0.99 1.02 1.00

8 0.33 1.09 1.07 0.96 1.03 0.64 1.00 0.91 0.94 0.95

7 0.28 1.18 1.19 1.13 1.15 0.60 0.94 0.86 0.84 0.89

6 0.36 1.15 1.18 1.07 1.10 0.55 0.89 0.93 0.74 0.89

5 0.42 1.12 1.16 1.02 1.05 0.48 0.86 0.97 0.80 1.01

4 0.43 1.09 1.16 0.99 1.03 0.42 0.86 1.00 1.24 1.08

3 0.37 1.08 1.16 0.99 1.04 0.36 0.83 1.05 1.43 1.32

2 0.28 1.09 1.18 1.05 1.15 0.29 0.86 1.08 1.70 1.44

1 0.29 1.01 1.01 0.92 1.02 0.21 0.98 1.12 0.99 1.47
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Fkdswhu 8

Frqfoxvlrqv dqg Ixwxuh Zrun

Wkh pdlq irfxv ri wklv vwxg| lv rq wkh dfwlyh dqg vhpl0dfwlyh frqwuro ri vwuxfwxuhv vxemhfwhg

wr vhlvplf h{flwdwlrqv1 Lq Fkdswhu �/ d frpsuhkhqvlyh uhylhz ri ydulrxv frqwuro dssurdfkhv

lv suhvhqwhg/ dqg wkhlu dgydqwdjhv dqg olplwdwlrqv duh h{dplqhg1 Dprqj gl�huhqw fdqglgdwh

frqwuro vwudwhjlhv/ wkh volglqj prgh frqwuro dssurdfk hphujhv dv d frqyhqlhqw dowhuqdwlyh/

ehfdxvh ri lwv yhuvdwlolw| iru dssolfdwlrq wr olqhdu dqg qrqolqhdu v|vwhpv/ dqg dovr lwv vxshue

urexvwqhvv xqghu sdudphwulf dqg lqsxw xqfhuwdlqwlhv1 Wkh dqdo|wlfdo ghyhorsphqwv dqg

qxphulfdo uhvxowv suhvhqwhg lq wklv glvvhuwdwlrq kdyh/ wkhuhiruh/ ehhq gluhfwhg wr lqyhvwljdwh

wkh ihdvlelolw| ri dssolfdwlrq ri wkh volglqj prgh frqwuro dssurdfk wr flylo vwuxfwxuhv1

Wkh jhqhudo irupxodwlrq ri wkh volglqj prgh frqwuro dssurdfk lv suhvhqwhg lq Fkdswhu

2/ xvlqj d xql�hg wuhdwphqw wr lqfoxgh erwk dfwlyh dqg vhpl0dfwlyh lpsohphqwdwlrqv1 Wklv

lqyroyhg wkh lqwurgxfwlrq ri d vshfldo frruglqdwh wudqvirupdwlrq lq wkh htxdwlrqv ri prwlrq

zklfk uhgxfhv wkh frqwulexwlrq ri dq| vhpl0dfwlyh ghylfh wr d frqyhqlhqw gldjrqdo irup1 D

v|vwhpdwlf surfhgxuh/ edvhg rq d vshfldo vwdwh wudqvirupdwlrq/ lv dovr suhvhqwhg wr rewdlq

wkh uhjxodu irup ri wkh vwdwh htxdwlrqv wr idflolwdwh wkh ghvljq ri wkh frqwuro v|vwhp1 Wkh

frqglwlrqv xqghu zklfk wklv fdq eh dfklhyhg lq wkh jhqhudo fdvh ri frqwuro uhgxqgdqf| duh

dovr gh�qhg1 Wkh uhjxodu irup shuplwv wkh vhsdudwlrq ri wkh ghvljq lq wzr edvlf vwhsv= +d,
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ghvljq ri wkh wdujhw volglqj vxuidfh dqg +e, ghwhuplqdwlrq ri wkh fruuhvsrqglqj frqwuro df0

wlrqv1 Vhyhudo dfwlyh dqg vhpl0dfwlyh frqwuroohuv zlwk ixoo vwdwh fkdudfwhulvwlfv duh sursrvhg1

H{whqvlyh qxphulfdo uhvxowv duh suhvhqwhg wr lqyhvwljdwh wkh shuirupdqfh ri wkh sursrvhg

frqwuro ghvljqv dqg wr h{dplqh wkh ihdvlelolw| ri dssolfdwlrq wr uhdo vl}h flylo vwuxfwxuhv1

Lq sduwlfxodu/ wkh pdjqlwxgh ri wkh frqwuro uhtxluhphqwv lq wkh dfwlyh frqwuro vfkhph zdv

h{dplqhg frqvlghulqj vhyhudo vhlvplf lqsxwv dqg wzr gl�huhqw dfwxdwlrq duudqjhphqwv1

Iurp wkh qxphulfdo vwxglhv suhvhqwhg lq Fkdswhu 2/ lw zdv frqfoxghg wkdw wkh ghvljq ri

wkh volglqj vxuidfh lv shukdsv/ wkh prvw fuxfldo vwhs lq wkh lpsohphqwdwlrq ri dq h�hfwlyh

volglqj prgh frqwuro vfkhph1 Lw zdv irxqg wkdw/ zkhq wkh volglqj vxuidfh lv gh�qhg lq wkh

irup ri vrph vwdwlf frqvwudlqwv ehwzhhq wkh vwdwh yduldeohv/ lw lv qrw vwudljkwiruzdug wr

dfklhyh dq dssursuldwh vhohfwlrq ri wkhvh frqvwudlqwv1 Dowkrxjk wkhvh volglqj frqvwudlqwv

pd| eh rewdlqhg e| xvlqj vrph rswlpdolw| fulwhulrq/ wkh uhvxowlqj volglqj vxuidfh fdq ohdg

wr dq lpsurshu ghvljq/ zkhuh dq lqfuhdvhg frqwuro h�ruw grhv qrw qhfhvvdulo| wudqvodwh lqwr

d ehwwhu frqwuro ri wkh uhvsrqvh1 Wkxv/ wkh vhohfwlrq ri d surshu volglqj vxuidfh lv txlwh

lpsruwdqw iru dfklhylqj dq h!flhqw dqg  h{leoh frqwuro ghvljq1 Wklv lv idflolwdwhg e| wkh

ghyhorsphqwv suhvhqwhg lq Fkdswhu �1

Lq Fkdswhu �/ d jhqhudol}hg volglqj vxuidfh gh�qlwlrq lv xvhg/ lq zklfk wkh volglqj frq0

vwudlqwv duh gh�qhg rq wkh rxwsxwv ri d wzr dx{loldu| g|qdplfdo v|vwhpv1 Wkhuhiruh/ wkh

volglqj vxuidfh lv gh�qhg lq dq dxjphqwhg vwdwh vsdfh1 Wklv zdv vkrzq wr surylgh dgglwlrqdo

 h{lelolw| iru ixuwkhu wxqlqj ri wkh ghvljq wr phhw gl�huhqw shuirupdqfh vshfl�fdwlrqv1 Wklv

ghvljq  h{lelolw| ehfrphv lpsruwdqw li wkh dfwlyh frqwuro v|vwhp lv sduw ri dq lqwhjudwhg

surwhfwlrq v|vwhp lq zklfk wkh uhvsrqvh uhgxfwlrq uhvsrqvlelolwlhv duh glvwulexwhg dprqj

vwuxfwxudo phpehuv/ sdvvlyh ghylfhv dqg dfwlyh v|vwhpv1 Lq wklv fkdswhu/ dq dowhuqdwlyh

surfhgxuh lv dovr lqwurgxfhg wr rewdlq wkh uhjxodu irup ri wkh vwdwh htxdwlrqv1 D jhqhudo
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dfwlyh frqwuroohu lv sursrvhg/ frpsrvhg ri olqhdu dqg qrqolqhdu whupv zlwk ixoo vwdwh ihhg0

edfn fkdudfwhulvwlfv1 Wkh prwlydwlrq iru wkh lqfrusrudwlrq ri wkh qrqolqhdu whup zdv wr

lqfuhdvh wkh frqwuro dxwkrulw| zkhq wkh v|vwhp pryhv dzd| iurp wkh wdujhw volglqj vxuidfh1

Vrph lqwhuhvwlqj fkdudfwhulvwlfv ri wkh forvhg0orrs v|vwhp fruuhvsrqglqj wr wkh olqhdu yhu0

vlrq ri wkh sursrvhg frqwuroohu kdyh dovr ehhq lqyhvwljdwhg1 Wkh shuirupdqfh ri wkh frqwuro

vfkhph lv hydoxdwhg e| qxphulfdo vlpxodwlrqv1 Lw lv irxqg wkdw wkh jhqhudol}hg gh�qlwlrq ri

wkh volglqj vxuidfh doorzhg d hdvlhu wxqlqj ri wkh uhvxowlqj ghvljq/ zkhq frpsduhg wr wkh

vwdwlf volglqj vxuidfh fdvh1

Iurp wkh srlqw ri ylhz ri sudfwlfdo ihdvlelolw| ri lpsohphqwdwlrq/ lw lv qhfhvvdu| wr

frqvlghu wkh vlwxdwlrq lq zklfk wkh phdvxuhphqwv rq doo wkh vwdwh yduldeohv pd| qrw eh

dydlodeoh iru frqwuro sxusrvhv1 Xvxdoo|/ rqo| d vxevhw ri wkh sk|vlfdo yduldeohv/ vxfk dv glv0

sodfhphqwv dqg yhorflwlhv/ fdq eh gluhfwo| rewdlqhg1 Lw lv ghvludeoh/ wkhuhiruh/ wr ghvljq wkh

frqwuroohu edvhg rq vxfk sduwldo lqirupdwlrq1 Zlwk wklv dlp lq plqg/ lq Fkdswhu e/ d jhqhudo

dssurdfk kdv ehhq irupxodwhg wr holplqdwh wkh h{solflw h�hfw ri wkh xqphdvxuhg vwdwhv rq

wkh ghvljq ri wkh volglqj vxuidfh dqg wkh dvvrfldwhg frqwuroohu1 Wklv dssurdfk/ edvhg rq d

prgl�fdwlrq ri wkh uhjxodu irup wudqvirupdwlrq suhvhqwhg lq wkh suhylrxv fkdswhu/ shuplwv

wkh xwlol}dwlrq ri gl�huhqw frpelqdwlrqv ri phdvxuhg dqg xqphdvxuhg vwdwhv1 Wkh volglqj

vxuidfh ghvljq sureohp lv glvfxvvhg zlwklq wkh iudphzrun ri wkh fodvvlfdo rswlpdo rxwsxw

ihhgedfn wkhru|1 Lq sduwlfxodu/ wkh volglqj vxuidfh lv rewdlqhg e| vroylqj d v|vwhp ri qrq0

olqhdu pdwul{ htxdwlrqv1 Dq h!flhqw dojrulwkp lv sursrvhg wr vroyh wkhvh htxdwlrqv1 Wkh

fkdudfwhulvwlfv ri wklv dojrulwkp/ edvhg rq d gdpshg vxffhvvlyh dssur{lpdwlrq vfkhph/ duh

glvfxvvhg lq Dsshqgl{ �1 Wr yhuli| wkh dssolfdelolw| ri wkh irupxodwlrq iru ydulrxv fdvhv/

vhyhudo vhwv ri qxphulfdo uhvxowv kdyh ehhq rewdlqhg iru wkh vdph h{dpsoh sureohp vwxglhg

ehiruh1 Erwk dfwlyh dqg vhpl0dfwlyh frqwuro vfkhphv kdyh ehhq frqvlghuhg1
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Wkh eurdg frqfoxvlrqv ri wklv vwxg| fdq eh vxppdul}hg dv iroorzv=

� Lq sulqflsoh/ dfwlyh frqwuro vfkhphv duh ihdvleoh iru dssolfdwlrq wr flylo vwuxfwxuhv1

Wkh|/ krzhyhu/ pd| uhtxluh odujh irufhv dqg srzhu iru lpsohphqwdwlrq/ li vljql�fdqw

uhgxfwlrqv lq wkh uhvsrqvhv duh ghvluhg1 Vhpl0dfwlyh frqwuro vfkhphv duh ehwwhu vxlwhg

dv wkh| gr qrw uhtxluh d vljql�fdwlyh lqsxw ri h{whuqdo hqhuj| dqg d qrplqdo srzhu

vrxufh fdq eh xvhg wr rshudwh wkh ghylfhv1

� Wkh volglqj prgh frqwuro dssurdfk fdq eh h�hfwlyho| xvhg wr ghvljq frqwuroohuv zlwk

ghvludeoh shuirupdqfh fkdudfwhulvwlfv/ iru ixoo vwdwh dqg rxwsxw ihhgedfn lpsohphqwd0

wlrqv1

Ixwxuh Zrun= Wkh volglqj prgh frqwuro dssurdfk lv d srzhuixo whfkqltxh1 Qrw doo wkh

ihdwxuhv ri wklv frxog eh h{soruhg lq wklv vwxg|1 Orw pruh fdq eh grqh zlwk wklv dssurdfk

iru wkh frqwuro ri vwuxfwxudo v|vwhpv1 Lw lv vxjjhvwhg wkdw ixwxuh vwxglhv irfxv rq wkh

dssolfdwlrq ri wklv dssurdfk iru qrqolqhdu vwuxfwxudo v|vwhpv/ rq wkh xvh ri frqwlqxrxv0

vwdwh vhpl0dfwlyh ghylfhv dqg rq wkh lpsohphqwdwlrq ri dffhohudwlrq ihhgedfn vwudwhjlhv1

D frpsuhkhqvlyh vwxg| iru rswlpxp vhohfwlrq ri dx{loldu| v|vwhpv wr dfklhyh ghvludeoh

shuirupdqfh fkdudfwhulvwlfv zrxog dovr eh yhu| xvhixo1 Ilqdoo|/ wkh rswlpdo lqwhjudwlrq ri

dfwlyh dqg vhpl0dfwlyh vfkhphv zlwk ydulrxv sdvvlyh v|vwhpv/ vxfk dv edvh lvrodwruv dqg

hqhuj| glvvlsdwruv/ iru frvw0h�hfwlyh ghvljq ri vwuxfwxudo v|vwhpv vkrxog eh wkh xowlpdwh

jrdo ri d frqwuro v|vwhp1
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Dsshqgl{ D

Vxffhvvlyh Vxevwlwxwlrq Dojrulwkp

Prvw ri wkh dojrulwkpv sursrvhg wr vroyh wkh vhw ri qrqolqhdu htxdwlrqv +719<,0+71:4, uhsuh0

vhqwlqj wkh qhfhvvdu| frqglwlrqv ri wkh rswlpdo rxwsxw ihhgedfn sureohp fdq eh fodvvl�hg

dv judglhqw2qrqjudglhqw vhdufk whfkqltxhv/ krprwrs| phwkrgv ru vxffhvvlyh vxevwlwxwlrq

surfhgxuhv1 Lq jhqhudo/ wkh odwwhu phwkrgv/ edvhg rq wkh vhtxhqwldo vroxwlrq ri wkh htxd0

wlrqv/ duh hdvlhu wr lpsohphqw wkdq rwkhu whfkqltxhv ^;3`1 Lq wkh vhtxho/ d surfhgxuh edvhg

rq dojrulwkpv sursrvhg e| Eurxvvdug dqg Kdo|r ^;` dqg Prhughu dqg Fdolvh ^8:` lv eulh |

ghvfulehg1

Htxdwlrqv +719<,0+71:4, frqvwlwxwh wkh qhfhvvdu| frqglwlrqv iru plqlpl}dwlrq ri wkh shu0

irupdqfh lqgh{ +ru frvw ixqfwlrq,

a ' |h i�vj +D14,

Wkhvh qhfhvvdu| frqglwlrqv fdq eh zulwwhq lq wkh iroorzlqj irup=

�A�w�A n`2��w�A ' f +D15,

d�n���o wn w d�n���oA ' �v +D16,

d�n���oA �n� d�n���o n�A�A`2�� ' �`� +D17,

zkhuh qrwdwlrq h{wudqhrxv wr rxu sxusrvh khuh kdv ehhq gursshg1
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Iru dq| pdwul{ � vxfk wkdw �n��� lv dv|pswrwlfdoo| vwdeoh/ htxdwlrq +D16, pd| eh

ylhzhg dv ghwhuplqlqj w dv d ixqfwlrq ri �1 Olnhzlvh/ htxdwlrq +D17, fdq eh uhjdughg dv

ghwhuplqlqj � dv d ixqfwlrq ri �1 Wkhvh wzr htxdwlrqv fdq eh uhzulwwhq dv iroorzv=

d� n���o wE�� n wE�� d� n���oA ' �v +D18,

d� n���oA �E�� n�E�� d� n���o ' �`� ��A�A`2�� +D19,

lq zklfk wkh qrwdwlrq wE�� dqg �E�� ghqrwhv wkh ghshqghqfh ri wkhvh pdwulfhv rq wkh

pdwul{�1 Dovr/ wkh�0ghshqghqfh ri wkh frvw ixqfwlrq fdq eh pdgh h{solflw lq wkh iroorzlqj

irup=

aE�� ' |h i�E��vj +D1:,

lq zklfk aE�� ghqrwhv wkh ydoxh ri wkh frvw ixqfwlrq dvvrfldwhg zlwk vxfk d pdwul{ �1

Vlqfh htxdwlrqv +D15,0+D17, duh �uvw rughu qhfhvvdu| frqglwlrqv/ zh nqrz wkdw dq| pdwul{

� iru zklfk aE�� lv d plqlpxp pxvw hqirufh vlpxowdqhrxvo| wkhvh htxdwlrqv1

Qrz/ ohw �W ghqrwh d pdwul{ vxfk wkdw � n ��W� lv dv|pswrwlfdoo| vwdeoh dqg wkdw

dovr vdwlv�hv htxdwlrq +D15,/

�A�E�W�wE�W��
A n`2�W�wE�W��

A ' f +D1;,

zkhuh wkh pdwulfhv wE�W� dqg �E�W� duh ghwhuplqhg e| xvlqj +D18, dqg +D19,/ uhvshf0

wlyho|1 Wkdw lv/ wkh pdwul{ �W dqg wkh dvvrfldwhg wE�W� dqg �E�W� vdwlvi| wkh qhfhvvdu|

frqglwlrqv iru plqlpl}dwlrq ri wkh shuirupdqfh lqgh{1

Htxdwlrq +D1;, fdq eh zulwwhq dv

�W ' �`3�

2
�A�E�W�wE�W��

A
k
�wE�W��

A
l
3�

' 6E�W� +D1<,

dqg khqfh wkh pdwul{ �W fdq eh uhjdughg dv d �{hg srlqw ri wkh ixqfwlrq 61 Wkhuhiruh/ wkh

vhdufk iru d vhw ri pdwulfhv �W/ wE�W� dqg �E�W� wkdw vdwlvi| wkh frqglwlrqv +D15,0+D17,
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fdq eh irupxodwhg dv wkh sureohp ri �qglqj d �{hg srlqw ri wkh ixqfwlrq 6/

6E�� ' �`3�

2
�A�E��wE���A

k
�wE���A

l
3�

+D143,

Dq reylrxv vwudwhj| lv jlyhq e| d gluhfw vxffhvvlyh vxevwlwxwlrq dssurdfk/ lq wkh irup

�&n� ' 6 E�&� +D144,

Dqrwkhu dowhuqdwlyh lv d gdpshg vxffhvvlyh vxevwlwxwlrq surfhgxuh/ lq wkh irup

�&n� ' �& n k�& +D145,

lq zklfk wkh lqfuhphqw gluhfwlrq �& lv gh�qhg e|

�& ' 6 E�&���& +D146,

dqg zkhuh k 5 dfc �o lv d vfdolqj sdudphwhu lqgxflqj d pruh frqvhuydwlyh vwhs vhohfwlrq1

Qrwh wkdw wkh fdvh k ' � fruuhvsrqgv wr wkh gluhfw vxffhvvlyh vxevwlwxwlrq dssurdfk +D144,1

Wkh lwhudwlyh surfhgxuhv lqglfdwhg lq +D144, dqg +D145, pxvw eh vwduwhg e| xvlqj dq

lqlwldo pdwul{�f vxfk wkdw �n��f� lv dv|pswrwlfdoo| vwdeoh1 Li doo hljhqydoxhv ri pdwul{

� zrxog kdyh kdg vwulfwo| qhjdwlyh uhdo sduwv/ wkhq �f ' f frxog kdyh ehhq vhohfwhg dv

d frqyhqlhqw lqlwldo pdwul{1 Krzhyhu/ vlqfh iru wkh sureohp frqvlghu khuh wkh pdwul{ � lv

qrw dv|pswrwlfdoo| vwdeoh +dv lw zdv douhdg| vkrzq lq Fkdswhu 7,/ wkhq wkh surfhgxuh pxvw

eh prgl�hg dv lqglfdwhg lq wkh iroorzlqj1

D idplo| ri pdwulfhv �E0� lv gh�qhg lq whupv ri d vfdodu sdudphwhu 0 5 dfc �o vxfk wkdw

wkh pdwul{ �E0 ' f� lv dv|pswrwlfdoo| vwdeoh dqg wkh pdwul{ �E0 ' �� fruuhvsrqgv wr wkh

ruljlqdo pdwul{ �1 Wkh lghd lv wkhq wr vroyh wkh qhfhvvdu| frqglwlrqv +D15,0+D17, xvlqj

�E0� lqvwhdg ri � iru d �qlwh vhtxhqfh ri ydoxhv ri 01 Iru hdfk ydoxh ri wkh sdudphwhu

0/ vwduwlqj zlwk 0 ' f dqg hqglqj zlwk 0 ' �/ wkh fruuhvsrqglqj rswlpdo pdwul{ �WE0�
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lv ghwhuplqhg xvlqj wkh lwhudwlyh surfhgxuh lqglfdwhg lq +D145,1 Wklv pdwul{ lv wkhq xvhg

dv wkh lqlwldo pdwul{ iru wkh lwhudwlrqv fruuhvsrqglqj wr wkh qh{w ydoxh ri 01 Wklv fdq eh

grqh edvhg rq wkh idfw wkdw �WE0� vwdelol}hv �E0� iru d qhljkerukrrg ri 01 Wkhuhiruh/ lw lv

vx!flhqw wr wdnh wkh qh{w ydoxh ri 0 zlwklq wkdw qhljkerukrrg1

Qrwh wkdw/ e| frqvwuxfwlrq ri �E0�/ wkh ryhudoo surfhvv fdq eh vwduwhg dw 0 ' f e|

vhohfwlqj d }hur lqlwldo pdwul{1 Dw wkh hqg ri wklv surfhgxuh/ d pdwul{�WE0 ' �� lv rewdlqhg

wkdw vdwlv�hv wkh qhfhvvdu| frqglwlrqv +D15,0+D17,1

Dojrulwkp

� Ohw wkh pdwul{ {� eh gh�qhg vxfk wkdw doo wkh hljhqydoxhv ri ��{� kdyh vwulfwo|

qhjdwlyh uhdo sduwv1 Lq sduwlfxodu/ dqg frqvlghulqj wkh vwdelolw| fkdudfwhulvwlfv ri wkh

pdwul{� iru wkh sureohp vwxglhg khuh/ wkh pdwul{ {� fdq eh vhohfwhg dv wkh lghqwlw|

pdwul{1 Gh�qh

�E0� ' �nE0� ��{� +D147,

� Wdnh 0 ' f dqg vwduwlqj zlwk �fE0� ' f/ lwhudwh dffruglqj wr +D145, dv iroorzv=

�&n�E0� ' �&E0� n k�&E0� +D148,

lq zklfk

�&E0� ' 6 E�&E0����&E0� +D149,

dqg zkhuh dw hdfk vwhs &/ wkh sdudphwhu k lv ghwhuplqhg e| d olqh0vhdufk surfhgxuh vr

dv wr plqlpl}h a E�&E0� n k�&E0��1 Wklv surfhgxuh lv glvfxvvhg odwhu lq pruh ghwdlo1

� Wkh lwhudwlrq +D148, frqwlqxhv xqwlo wkh iroorzlqj frqglwlrq lv vdwlv�hg=

n�&E0�n2
n�&E0�n2 � B +D14:,
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iru vrph B : f1 Wkh pdwul{ �&E0� vdwlvi|lqj wklv frqyhujhqfh fulwhulrq lv ghqrwhg

dv �WE0� dqg zkloh 0 	 �/ wklv pdwul{ lv xvhg dv wkh lqlwldo pdwul{ iru vxevhtxhqw

lwhudwlrqv1

� Uhshdw wkh surfhgxuh +D147,0+D14:, iru vhtxhqwdoo| lqfuhdvlqj ydoxhv ri wkh sdudphwhu

0/ xqwlo 0 ' � lv dfklhyhg1

Vwhs Ohqjwk Vhohfwlrq

Iru d jlyhq ydoxh ri wkh sdudphwhu 0 dqg dw d jlyhq vwhs &/ wkh rqh0glphqvlrqdo uhvwulfwlrq

ri wkh shuirupdqfh lqgh{ a wr wkh lqfuhphqw gluhfwlrq �&E0� lv jlyhq e|

a&Ek� ' a E�& n k�&� +D14;,

zkhuh wkh ghshqghqfh rq 0 kdv ehhq gursshg iru vlpsolflw| dqg lq zklfk a&Ek� ghqrwhv wkh

shuirupdqfh lqgh{ dv d ixqfwlrq ri wkh vfdodu sdudphwhu k1 Wklv fdq eh zulwwhq dv iroorzv=

a&Ek� ' |h i�&Ek�vj +D14<,

zkhuh �&Ek� lv wkh vroxwlrq wr

d�n� d�& n k�&o�oA �&Ek� n�&Ek� d�n� d�& n k�&o�o '

' �`� ��A d�& n k�&o
A
`2 d�& n k�&o� +D153,

Wkh sdudphwhu k lv rewdlqhg e| xvlqj d edfnwudfnlqj olqh0vhdufk dojrulwkp ^48`1 Wkh lghd

ehklqg wklv dojrulwkp lv qrw wr vroyh wkh rqh0glphqvlrqdo rswlpl}dwlrq sureohp dffxudwho|/

exw wr �qg d ydoxh ri wkh sdudphwhu k wkdw uhqghuv dq dffhswdeoh uhgxfwlrq wr wkh shuiru0

pdqfh lqgh{1 Dq rxwolqh ri wkh surfhgxuh lv suhvhqwhg ehorz1

Wkh surfhgxuh vhdufkhv iru d ydoxh ri k wkdw vdwlv�hv d vx!flhqw0ghfuhdvh frqglwlrq

+Duplmr0Jrogvwhlq frqglwlrq, ri wkh irup

a& Ek� � a& Ef� n k4a
�

& Ef� +D154,
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zkhuh 4 5 dfc �*2o dqg lq zklfk

a
�

& Ek� '
_a& Ek�

_k
+D155,

Qrwh wkdw wklv frqglwlrq lv vwurqjhu wkdq wkh vlpsoh uhtxluhphqw a& Ek� 	 a& Ef�/ dqg lw

dvvxuhv wkdw wkh dyhudjh udwh ri ghfuhdvh ri wkh shuirupdqfh lqgh{ lq d jlyhq vwhs lv dw ohdvw

d suhvfulehg iudfwlrq ri wkh lqlwldo udwh ri ghfuhdvh/ lqglfdwhg e| a
�

& Ef�1 Qrwh dovr wkdw vlqfh

a
�

& Ef� 	 f +dv lw lv vkrzq odwhu, lw lv dozd|v srvvleoh wr �qg d ydoxh ri k wkdw vdwlv�hv wkh

frqglwlrq +D154,1

Vwduwlqj zlwk k ' �/ li wkh deryh frqglwlrq lv qrw dwwdlqhg wkhq a&Ek� lv prghohg dv d

txdgudwlf ixqfwlrq e| xvlqj wkh ydoxhv ri wkh ixqfwlrq dw k ' f dqg k ' �/ dqg wkh ydoxh

ri lwv ghulydwlyh dw k ' f1 Wkdw lv/ d txdgudwlf ixqfwlrq R2Ek� lv ghwhuplqhg vxfk wkdw lw

vdwlv�hv

R2Ef� ' a& Ef� / R
�

2
Ef� ' a

�

& Ef� dqg R2E�� ' a& E�� +D156,

Wkh qh{w ydoxh ri k lv wkhq vhohfwhg dv k ' 7k/ zkhuh 7k plqlpl}hv wkh txdgudwlf prgho1 Li

wkh fruuhvsrqglqj a& E7k� grhv qrw vdwlvi| wkh frqglwlrq +D154,/ wkhq iru wkh qh{w edfnwudfn/

a&Ek� lv prghohg dv d fxelf ixqfwlrq xvlqj wkh lqirupdwlrq ri wkh ixqfwlrq dw k ' f dqg

wkh wzr ydoxhv a& E�� dqg a& E7k�1 Wkdw lv/ d fxelf ixqfwlrq R�Ek� lv ghwhuplqhg vxfk wkdw lw

vdwlv�hv

R�Ef� ' a& Ef� / R
�

�
Ef� ' a

�

& Ef� / R�E�� ' a& E�� dqg R�E7k� ' a& E7k� +D157,

Wkh qh{w ydoxh lv wkhq vhohfwhg dv wkh plqlpl}hu iru wkh fxelf prgho1 Wklv lv grqh iru dq|

vxevhtxhqw edfnwudfnv/ iru zklfk wkh wzr prvw uhfhqw ydoxhv ri wkh ixqfwlrq duh xvhg zlwk

wkh lqirupdwlrq dw k ' f wr gh�qh wkh fruuhvsrqglqj fxelf prgho1
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Frpsxwdwlrq ri a
�

& Ef�

Dw vwhs &/ wkh ghulydwlyh ri wkh ixqfwlrq a dv d ixqfwlrq ri wkh sdudphwhu k lv jlyhq e|

a
�

&Ek� ' |h
q
�

�

&Ek�v
r

+D158,

zkhuh �
�

&Ek� lv wkh vroxwlrq wr

d�n� d�& n k�&o�oA �
�

&Ek� n�
�

&Ek� d�n� d�& n k�&o�o '

' ��A
k
�A

&`2 d�& n k�&o n d�& n k�&o
A
`2�&

l
��

��A�A
&�

A�&Ek���&Ek���&� +D159,

Hydoxdwlqj dw k ' f/ lw iroorzv wkdw

a
�

&Ef� ' |h
q
�

�

&v
r

+D15:,

zkhuh �
�

& ' �
�

&Ef� lv ghwhuplqhg e| vroylqj wkh iroorzlqj O|dsxqry htxdwlrq=

d�n��&�oA �
�

& n�
�

& d�n��&�o ' +& +D15;,

lq zklfk wkh pdwul{ +& lv gh�qhg dv

+& ' ��A
�
�A

&`2�& n�&`2�&

�
���A�A

&�
A�& ��&��&� +D15<,

zkhuh �& ' �&Ef�1

Lq wkh vhtxho/ lw lv vkrzq wkdw wkh hydoxdwlrq ri wkh ghulydwlyh a
�

&Ef� grhv qrw uhtxluh

wkh vroxwlrq ri wkh htxdwlrq +D15;,1 Iluvw lw lv qrwhg wkdw a
�

&Ef�/ jlyhq e| htxdwlrq +D15:,/

fdq dovr eh h{suhvvhg dv iroorzv=

a
�

&Ef� ' �iU
q
�

�

&

rA

�iU ivj +D163,
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lq zklfk �iU
�
�

�

&

�
fdq eh ghwhuplqhg iurp wkh yhfwrul}hg irup ri htxdwlrq +D15;,/ jlyhq

e| k
W
 d�n��&�oA n d�n��&�oA 
 W

l
�iU

q
�

�

&

r
' �iU i+&j +D164,

dqg wkhuhiruh

�iU
q
�

�

&

rA

' �iU i+&jA dW
 d�n��&�o n d�n��&�o
 Wo3� +D165,

Qh{w/ htxdwlrq +D18, lv dovr h{suhvvhg lq yhfwrul}hg irup wr uhqghu

dW
 d�n��&�o n d�n��&�o
 Wo �iU iw&j ' � �iU ivj +D166,

Frqvlghulqj +D165, dqg +D166,/ lw iroorzv wkdw

a
�

&Ef� ' � �iU i+&jA �iU iw&j +D167,

dqg wkhuhiruh a
�

&Ef� fdq eh zulwwhq dv

a
�

&Ef� ' � |h
�
+A

&w&

�
+D168,

Vljq ri a
�

& Ef�

E| frqvlghulqj wkh gh�qlwlrqv ri wkh pdwulfhv �& dqg +&/ jlyhq e| htxdwlrqv +D146, dqg

+D15<,/ uhvshfwlyho|/ lw lv srvvleoh wr zulwh wkh h{suhvvlrq iru wkh ghulydwlyh a
�

Ef� lq h{sdqghg

irup dv iroorzv=

a
�

&Ef� ' �2 |h
q
�&w

�*2
&

�
�&��&�n�A�A

&�
A�&n

n�&�
A`3�

2
��& n�A�A

&`2�&�
�
w
�*2
& �&

r
+D169,

zkhuh wkh pdwul{ �& lv jlyhq e|

�& ' w
�*2
& �A

�
�w&�

A
�
3�

�w
�*2
& +D16:,
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Li d pdwul{ V& lv gh�qhg dv

V& ' �&�n�A�A
&`2 +D16;,

wkhq wkh ghulydwlyh a
�

&Ef� fdq eh zulwwhq dv

a
�

&Ef� ' �2 |h

�
�&w

�*2
& V&`

3�

2

k
�&w

�*2
& V&

lA�
+D16<,

Vlqfh `2 lv srvlwlyh gh�qlwh/ vr lv `
3�

2
1 Wkhuhiruh/ wkh pdwul{ dujxphqw lq wkh deryh

h{suhvvlrq lv srvlwlyh vhpl0gh�qlwh/ l1h1

�&w
�*2
& V&`

3�

2

k
�&w

�*2
& V&

lA
� f +D173,

dqg khqfh

a
�

&Ef� � f +D174,

Ixuwkhupruh/ a
�

&Ef� lv htxdo wr }hur li dqg rqo| li

�&w
�*2
& V& ' f +D175,

Frqvlghulqj wkh gh�qlwlrq iru�& jlyhq lq htxdwlrq +D16:,/ lw lv hdv| wr vkrz wkdw wkh deryh

frqglwlrq lv htxlydohqw wr

�w&V& ' f +D176,

dqg wdnlqj lqwr dffrxqw +D16;,/ lw iroorzv wkdw a
�

&Ef� lv htxdo wr }hur li dqg rqo| li �&

vdwlv�hv h{dfwo| lwv gh�qlqj htxdwlrq/ jlyhq e|

�& ' �`3�

2
�A�&w&�

A
�
�w&�

A
�
3�

+D177,

Wkhuhiruh/ frqvlghulqj +D146,/ lw iroorzv wkdw li �& 9' f wkhq a
�

&Ef� 	 f1
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Pdwul{ �&

Diwhu vrph uhduudqjhphqw/ wkh jryhuqlqj htxdwlrq iru wkh pdwul{ �&/ jlyhq e| +D19,/ fdq

eh zulwwhq lq wkh iroorzlqj irup=

�&��&�n�A�A
&�

A�& n�A�A
&`2�&� ' ��A�& ��&��`� +D178,

dqg frqvlghulqj wkh pdwul{ V&/ gh�qhg lq +D16;,/ lw lv hdv| wr vhh wkdw

�&��&�n�A�A
&�

A�& n�A�A
&`2�&� ' V&`

3�

2
VA

& ��&�
A`3�

2
��& +D179,

Wkhuhiruh/ rqh fdq frqfoxgh wkdw wkh pdwul{ �& vdwlv�hv wkh iroorzlqj htxdwlrq=

�A�& n�&���&�
A`3�

2
��& n

�
`� nV&`

3�

2
VA

&

�
' f +D17:,

zklfk lv wkh dojheudlf Ulfdwwl htxdwlrq fruuhvsrqglqj wr d ixoo vwdwh ihhgedfn vroxwlrq ri

wkh iroorzlqj sureohp=

� Plqlpl}h

	a& '

]
"

f

�
)A
U

�
`� nV&`

3�

2
VA

&

�
)U n )A

2
`2)2

�
_| +D17;,

� Vxemhfw wr wkh vwdwh htxdwlrqv

�)U ' �)U n�)2 +D17<,
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Uhihuhqfhv

^4` Dpeurvlqr/ J1/ Fhohqwdqr/ F1 dqg Jduridor/ I1/ �Yduldeoh Vwuxfwxuh Prgho Uhihuhqfh

Dgdswlyh Frqwuro V|vwhpv�/ Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro/ Yro1 6</ ss1 466<0467<

+4<;7,1

^5` Dqghuvrq/ E1G1R1 dqg Prruh/ M1E1/ Rswlpdo Frqwuro= Olqhdu Txdgudwlf Phwkrgv/

Suhqwlfh0Kdoo/ Hqjohzrrg0Fol�v/ QM +4<<3,1

^6` Edodv/ P1/ �Dfwlyh Frqwuro ri Ioh{leoh V|vwhpv�/ Mrxuqdo ri Rswlpl}dwlrq Wkhru|

dqg Dssolfdwlrqv/ Yro1 58/ ss1 7480769 +4<:;,1

^7` Edodv/ P1/ �Gluhfw Rxwsxw Ihhgedfn Frqwuro ri Odujh Vsdfh Vwuxfwxuhv�/ Mrxuqdo ri

wkh Dvwurqdxwlfdo Vflhqfhv/ Yro1 5:/ Qr1 5/ ss1 48:04;3 +4<:<,1

^8` Edodv/ P1/ �Gluhfw Yhorflw| Ihhgedfn Frqwuro ri Odujh Vsdfh Vwuxfwxuhv�/ Mrxuqdo ri

Jxlgdqfh dqg Frqwuro/ Yro1 5/ Qr1 6/ ss1 5850586 +4<:<,1

^9` Eudqglq/ Y1Q1 dqg Ud}ruhqry/ J1Q1/ �Ghfrxsolqj ri Qrqolqhdu G|qdplf V|vwhpv�/

Dxwrpdwlrq dqg Uhprwh Frqwuro/ Qr1 43/ ss1 473804743 +4<:<,1

^:` Eurjdq/ Z1O1/ Prghuq Frqwuro Wkhru|/ 6ug Hg1/ Suhqwlfh0Kdoo/ Hqjohzrrg0Fol�v/ QM

+4<<4,1
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^;` Eurxvvdug/ M1U1 dqg Kdo|r/ Q1/ �Dfwlyh Ioxwwhu Frqwuro xvlqj Glvfuhwh Rswlpdo Frq0

vwudlqhg G|qdplf Frpshqvdwruv�/ Surfhhglqjv ri wkh Dphulfdq Frqwuro Frqihuhqfh/

Vdq Iudqflvfr/ FD/ ss1 ID8 435904367 +4<;6,1

^<` Exuwrq/ M1 D1 dqg ]lqrehu/ D1/ �Frqwlqxrxv Dssur{lpdwlrq ri Yduldeoh Vwuxfwxuh

Frqwuro�/ Lqwhuqdwlrqdo Mrxuqdo ri V|vwhpv Vflhqfh/ Yro1 4:/ Qr1 9/ ss1 ;:80;;8 +4<;9,1

^43` Fkdqj/ M1F1 dqg Vrrqj/ W1W1/ �Vwuxfwxudo Frqwuro xvlqj Dfwlyh Wxqhg Pdvv Gdpshu0

v�/ Mrxuqdo ri wkh Hqjlqhhulqj Phfkdqlfv Glylvlrq/ DVFH/ Yro1 439/ Qr1 9/ ss 43<40

43<; +4<;3,1

^44` Fkxqj/ O1O1/ Olq/ U1F1/ Vrrqj/ W1W1 dqg Uhlqkruq/ D1P1/ �H{shulphqwdo Vwxg| ri

Dfwlyh Frqwuro iru PGRI Vhlvplf Vwuxfwxuhv/� Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/

DVFH/ Yro1 448/ Qr1 ;/ ss1 493<0495: +4<;<,1

^45` Frqvwdqwlqrx/ P1F1 dqg V|pdqv/ P1G1/ �H{shulphqwdo dqg Dqdo|wlfdo Lqyhvwljdwlrq

ri Vhlvplf Uhvsrqvh ri Vwuxfwxuhv zlwk Vxssohphqwdo Ioxlg Ylvfrxv Gdpshuv�/ Whfk0

qlfdo Uhsruw QFHHU0<503365/ Qdwlrqdo Fhqwhu iru Hduwktxdnh Hqjlqhhulqj Uhvhdufk/

Vwdwh Xqlyhuvlw| ri Qhz \run dw Ex�dor/ Ex�dor/ Q\ +4<<5,1

^46` Fruohvv/ P1 dqg Ohlwpdqq/ J1/ �Frqwlqxrxv Vwdwh Ihhgedfn Jxdudqwhhlqj Xqlirup

Xowlpdwh Erxqghgqhvv iru Xqfhuwdlq G|qplf V|vwhpv�/ LHHH Wudqvdfwlrqv rq Dx0

wrpdwlf Frqwuro/ Yro1 59/ ss1 446<04477 +4<;4,1

^47` GhFduor/ U1D1/ ]dn/ V1K1 dqg Pdwwkhzv/ J1S1/ �Yduldeoh Vwuxfwxuh Frqwuro ri Qrq0

olqhdu Pxowlyduldeoh V|vwhpv= D Wxwruldo�/ Surfhhglqjv LHHH/ Yro1 :9/ ss1 5450565

+4<;;,1
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^48` Ghqqlv/ M dqg Vfkqdeho/ U1/ Qxphulfdo Phwkrgv iru Xqfrqvwudlqhg Rswlpl}dwlrq dqg

Qrqolqhdu Htxdwlrqv/ Suhqwlfh0Kdoo/ Hqjohzrrg0Fol�v/ QM +4<;6,1

^49` Grud/ S1/ Degdoo/ F1 dqg Fhur/ Y1/ Olqhdu0Txdgudwlf Frqwuro= Dq Lqwurgxfwlrq/

Suhqwlfh0Kdoo/ Hqjohzrrg0Fol�v/ QM +4<<8,1

^4:` Gruolqj/ F1P1 dqg ]lqrehu/ D1/ �Wzr Dssurdfkhv wr K|shusodqh Ghvljq lq Pxowl0

yduldeoh Yduldeoh Vwuxfwxuh Frqwuro V|vwhpv�/ Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro/ Yro1

77/ ss1 980;5 +4<;9,1

^4;` Gruolqj/ F1P1 dqg ]lqrehu/ D1/ �Urexvw K|shusodqh Ghvljq lq Pxowlyduldeoh Yduldeoh

Vwuxfwxuh Frqwuro V|vwhpv�/ Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro/ Yro1 7;/ ss1 537605387

+4<;;,1

^4<` Gud}hqrylf/ E1/ �Wkh Lqyduldqfh Frqglwlrqv lq Yduldeoh Vwuxfwxuh V|vwhpv�/ Dxwr0

pdwlfd/ Yro1 8/ ss1 5;:05<8 +4<9<,1

^53` G|nh/ V1M1/ Vshqfhu/ E1I1/ Ehonqds/ D1H1/ Ihuuho/ N1M1/ Txdvw/ S1 dqg Vdlq/ P1N1/

�Devroxwh Dffhohudwlrq Ihhgedfn Frqwuro Vwudwhjlhv iru wkh Dfwlyh Pdvv Gulyhu�/ Sur0

fhhglqjv ri wkh 4vw Zruog Frqihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/ Sdvdghqd/

FD +4<<7,1

^54` G|nh/ V1M1/ Vshqfhu/ E1I1/ Txdvw/ S1/ Vdlq/ P1N1/ Ndvsdul/ G1F1 dqg Vrrqj/ W1W1/

�Dffhohudwlrq Ihhgedfn Frqwuro ri PGRI Vwuxfwxuhv�/ Mrxuqdo ri Hqjlqhhulqj Ph0

fkdqlfv/ DVFH/ Yro1 455/ Qr1 </ ss1 <3:0<4; +4<<9,1

^55` G|nh/ V1M1/ Vshqfhu/ E1I1/ Vdlq/ P1N1 dqg Fduovrq/ M1G1/ �D Qhz Vhpl0Dfwlyh Frq0

wuro Ghylfh iru Vhlvplf Uhvsrqvh Uhgxfwlrq�/ Surfhhglqjv ri wkh 44wk Hqjlqhhulqj

Phfkdqlfv Frqihuhqfh/ DVFH/ Pd| 4<055/ Iruw Odxghugdoh/ IO/ ss1 ;;90;;< +4<<9,1
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^56` Idudyhool/ O dqg Yhqlql/ S1/ �Dfwlyh Vwuxfwxudo Frqwuro e| Qhxudo Qhwzrunv�/ Mrxuqdo

ri Vwuxfwxudo Frqwuro/ Yro1 4/ ss1 :<0434 +4<<7,1

^57` Ihqj/ P1T1/ Vklqr}xnd/ P1 dqg Ixmll/ V1/ �H{shulphqwdo dqg Dqdo|wlfdo Vwxg| ri d

K|eulg Lvrodwlrq V|vwhp xvlqj Iulfwlrq Frqwuroodeoh Volglqj Ehdulqjv�/ Whfkqlfdo Uh0

sruw QFHHU0<50333</ Qdwlrqdo Fhqwhu iru Hduwktxdnh Hqjlqhhulqj Uhvhdufk/ Vwdwh

Xqlyhuvlw| ri Qhz \run dw Ex�dor/ Ex�dor/ Q\ +4<<5,1

^58` Iulhgodqg/ E1/ Frqwuro V|vwhp Ghvljq= Dq Lqwurgxfwlrq wr Vwdwh0Vsdfh Phwkrgv/

PfJudz0Kloo/ Qhz \run/ Q\ +4<;9,1

^59` Jdylq/ K1S1/ Kdqvrq/ U1G1 dqg PfFodpurfk/ Q1K1/ �Frqwuro ri Vwuxfwxuhv xvlqj HU

Gdpshuv�/ Surfhhglqjv ri wkh 44wk Zruog Frqihuhqfh rq Hduwktxdnh Hqjlqhhulqj/

Mxqh 5605;/ Dfdsxofr/ Ph{lfr/ sdshu &/ +4<<9,1

^5:` Jroxe/ J1K1 dqg Ydq Ordq/ F1I1/ Pdwul{ Frpsxwdwlrqv/ 5qg Hg1/ Mrqkv Krsnlqv

Xqlyhuvlw| Suhvv/ Edowlpruh/ PG +4<;<,1

^5;` Jxswd/ Q1N1/ �Iuhtxhqf|0Vkdshg Frvw Ixqfwlrqdov= H{whqvlrq ri Olqhdu0Txdgudwlf0

Jdxvvldq Ghvljq Phwkrgv�/ Mrxuqdo ri Jxlgdqfh dqg Frqwuro/ Yro1 6/ ss1 85<0868

+4<;3,1

^5<` Kurydw/ G1/ Edudn/ S1 dqg Udelqv/ P1/ �Vhpl0Dfwlyh yhuvxv Sdvvlyh ru Dfwlyh Wxqhg

Pdvv Gdpshuv iru Vwuxfwxudo Frqwuro�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/

Yro1 43</ Qr1 6/ ss1 9<40:38 +4<;6,1

^63` Ljxvd/ W1 dqg [x/ N1/ �Yleudwlrq Frqwuro xvlqj Pxowlsoh Wxqhg Pdvv Gdpshuv�/

Mrxuqdo ri Vrxqg dqg Yleudwlrq/ +4<<7,1
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^64` Lqdxgl/ M1D1 dqg Nhoo|/ M1P1/ �Yduldeoh0Vwuxfwxuh Krprjhqhrxv Frqwuro V|vwhpv�/

Surfhhglqjv ri wkh 4vw Lqwhuqdwlrqdo Zrunvkrs rq Vwuxfwxudo Frqwuro/ Dxjxvw 80:/

Krqroxox/ KL/ ss1 557056: +4<<6,1

^65` Lqdxgl/ M1D1 dqg Nhoo|/ M1P1/ �Qrqolqhdu Krprjhqhrxv G|qdplfdo V|vwhpv�/ Whfkql0

fdo Uhsruw XFE2HHUF0<6244/ Hduwktxdnh Hqjlqhhulqj Uhvhdufk Fhqwhu/ Xqlyhuvlw|

ri Fdoliruqld dw Ehunho|/ Ehunhoh|/ FD +4<<8,1

^66` Lwnlv/ X1/ Frqwuro V|vwhpv ri Yduldeoh Vwuxfwxuh/ Mrkq Zloh| ) Vrqv/ Qhz \run/ Q\

+4<:9,1

^67` Mdeedul/ I1/ Vfkplwhqgrui/ Z1H1 dqg \dqj/ M1Q1/ �M" Frqwuro iru Vhlvplf0H{flwhg

Exloglqjv zlwk Dffhohudwlrq Ihhgedfn�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/

Yro1 454/ Qr1 </ ss1 <<704335 +4<<8,1

^68` Mdfrevrq/ G1K1/ H{whqvlrqv ri Olqhdu Txdgudwlf Frqwuro/ Rswlpl}dwlrq dqg Pdwul{

Wkhru|/ Dfdghplf Suhvv/ Qhz \run +4<::,1

^69` Mrjkdwdlh/ D1 dqg Jkderxvvl/ M1/ �D Frpsdudwlyh Vwxg| ri Ohduqlqj Phwkrgv dqg

Pdwkhpdwlfdo Dojrulwkpv lq Vwuxfwxudo Frqwuro�/ Surfhhglqjv ri wkh 44wk Zruog

Frqihuhqfh rq Hduwktxdnh Hqjlqhhulqj/ Sdshu Qr1 4765/ Dfdsxofr/ Ph{lfr/ Mxqh

5605; +4<<9,1

^6:` Ndpdjdwd/ V1 dqg Nrerul/ W1 �Dxwrqrprxv Dgdswlyh Frqwuro ri Dfwlyh Yduldeoh

Vwl�qhvv V|vwhp iru Vhlvplf Jurxqg Prwlrq/ Surfhhglqjv ri wkh 4vw Zruog Frqihuhqfh

rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/ Orv Dqjhohv/ FD/ ss1 WD7 66075 +4<<7,1
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^6;` Nduqrss/ G1/ �Ghvljq Sulqflsohv iru Yleudwlrq Frqwuro V|vwhpv xvlqj Vhpl0Dfwlyh

Gdpshuv�/ DVPH Mrxuqdo ri G|qdplfdo V|vwhpv/ Phdvxuhphqw dqg Frqwuro/ Yro1

445/ ss1 77;0778 +4<<3,1

^6<` Ndzdvklpd/ N1 dqg Xqmrk/ V1/ �Yduldeoh Gdpshuv dqg Yduldeoh Vwl�qhvv iru Vhlvplf

Frqwuro ri Eulgjhv�/ Surfhhglqjv ri wkh 4vw Lqwhuqdwlrqdo Zrunvkrs rq Vwuxfwxudo

Frqwuro/ Dxjxvw 80:/ Krqroxox/ KL/ ss1 5;605<: +4<<6,1

^73` Nlun/ G1H1/ Rswlpdo Frqwuro Wkhru|/ Suhqwlfh0Kdoo/ Hqjohzrrg0Fol�v/ QM +4<:3,1

^74` Nrerul/ W1 dqg Plqdl/ U1/ �Dqdo|wlfdo Vwxg| rq Dfwlyh Vhlvplf Uhvsrqvh Frqwuro�/

Wudqvdfwlrqv ri wkh Dufklwhfwxudo Lqvwlwxwh ri Mdsdq/ Qr1 99/ ss1 58:0593 +4<93,1

^75` Nrerul/ W1 dqg Ndpdjdwd/ V1/ �Dfwlyh Yduldeoh Vwl�qhvv V|vwhp�/ Surfhhglqjv ri

wkh X1V10Lwdo|0Mdsdq Zrunvkrs V|psrvlxp rq Vwuxfwxudo Frqwuro dqg Lqwhooljhqw

V|vwhpv/ Mxo| 46048/ Vruuhqwr/ Lwdo|/ ss1 4730486 +4<<5,1

^76` Nrerul/ W1/ Wdndkdvkl/ P1 Qdvx/ W1 dqg Qlzd/ Q1/ �Vhlvplf Uhvsrqvh Frqwuroohg

Vwuxfwxuh zlwk Dfwlyh Yduldeoh Vwl�qhvv V|vwhp�/ Hduwktxdnh Hqjlqhhulqj dqg Vwuxf0

wxudo G|qdplfv/ Yro1 55/ ss1 <580<74 +4<<6,1

^77` Nrerul/ W1/ �Ixwxuh Gluhfwlrqv rq Uhvhdufk dqg Ghyhorsphqw ri Vhlvplf0Uhvsrqvh0

Frqwuroohg Vwuxfwxuhv�/ Surfhhglqjv ri wkh 4vw Zruog Frqihuhqfh rq Vwuxfwxudo Frq0

wuro/ Dxjxvw 608/ Orv Dqjhohv/ FD/ Yro1 4/ ss1 Sdqhob4<0Sdqhob64 +4<<7,1

^78` Nzdnhuqddn/ K1 dqg Vlydq/ U1/ Olqhdu Rswlpdo Frqwuro V|vwhpv/ Mrkq Zloh| ) Vrqv/

Qhz \run/ Q\ +4<:5,1

^79` Odqfdvwhu/ S1 dqg Wlvphqhwvn|/ P1/ Wkh Wkhru| ri Pdwulfhv zlwk Dssolfdwlrqv/ 5qg

Hg1/ Dfdghplf Suhvv/ Ruodqgr/ IO +4<;8,1
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^7:` Ohlwpdqq/ J1/ �Jxdudqwhhg dv|pswrwlf vwdelolw| iru vrph olqhdu v|vwhpv zlwk

erxqghg glvwxuedqfhv�/ DVPH Mrxuqdo ri G|qdplf V|vwhpv/ Phdvxuhphqwv dqg Frq0

wuro/ Yro1 56/ ss1 43:<043;8 +4<:;,1

^7;` Ohylqh/ Z1V1 dqg Dwkdqv/ P1/ �Rq wkh Ghwhuplqdwlrq ri wkh Rswlpdo Frqvwdqw Rxw0

sxw Ihhgedfn Jdlqv iru Olqhdu Pxowlyduldeoh V|vwhpv�/ LHHH Wudqvdfwlrqv rq Dxwr0

pdwlf Frqwuro/ Yro1 48/ Qr1 4/ ss1 7707; +4<:3,1

^7<` Oxn|dqry/ D1J1 dqg Xwnlq/ Y1L1/ �Phwkrgv ri Uhgxflqj Htxdwlrqv iru G|qdplf V|v0

whpv wr d Uhjxodu Irup�/ Dxwrpdwlrq dqg Uhprwh Frqwuro/ Qr1 7/ ss1 7460753

+4<;4,1

^83` PfFodpurfk/ Q1K1 dqg Jdylq/ K1S1/ �Forvhg0Orrs Vwuxfwxudo Frqwuro xvlqj HU

Gdpshuv�/ Surfhhglqjv ri wkh Dphulfdq Frqwuro Frqihuhqfh/ Vhdwwoh/ ZD/ Mxqh/

ss1 74:6074:: +4<<8,1

^84` PfFodpurfk/ Q1K1 dqg Jdylq/ K1S1/ �HU Gdpshuv dqg Vhpl0Dfwlyh Vwuxfwxudo Frq0

wuro�/ Surfhhglqjv ri wkh 67wk Frqihuhqfh rq Ghflvlrq dqg Frqwuro/ Qhz Ruohdqv/ OD/

Ghfhpehu/ ss1 685;06866 +4<<8,1

^85` Pduwlq/ F1U1 dqg Vrrqj/ W1W1/ �Prgdo Frqwuro ri Pxowlvwruh| Vwuxfwxuhv�/ Mrxuqdo

ri wkh Hqjlqhhulqj Phfkdqlfv Glylvlrq/ DVFH/ Yro1 435/ Qr1 7/ ss1 9460965 +4<:9,1

^86` Pdvul/ V1I1/ Ehnh|/ J1 dqg Fdxjkh|/ W1N1/ �Rswlpdo Sxovh Frqwuro ri Ioh{leoh Vwuxf0

wxuhv�/ Mrxuqdo ri Dssolhg Phfkdqlfv/ Yro1 7;/ ss1 94<0959 +4<;4,1

^87` Phlurylwfk/ O1 dqg R}/ K1/ �Dfwlyh Frqwuro ri Vwuxfwxuhv e| Prgdo V|qwkhvlv�/ Vwuxf0

wxudo Frqwuro/ Ohlskro}/ K1K1 +Hg1,/ Qruwk Kroodqg/ Dupvwhugdp/ ss1 8380854 +4<;3,1
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^88` Phlurylwfk/ O1/ G|qdplfv dqg Frqwuro ri Vwuxfwxuhv/ Mrkq Zloh| ) Vrqv/ Qhz \run

+4<<3,1

^89` Phqgho/ M1K1/ �D Frqflvh Ghulydwlrq ri Rswlpdo Frqvwdqw Olplwhg Vwdwh Ihhgedfn

Jdlqv�/ LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ Yro1 4</ ss1 77:077; +4<:7,1

^8:` Prhughu/ G1G1 dqg Fdolvh/ D1M1/ �Frqyhujhqfh ri d Qxphulfdo Dojrulwkp iru Fdofx0

odwlqj Rswlpdo Rxwsxw Ihhgedfn Jdlqv�/ LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/

Yro1 DF063/ Qr1 </ ss1 <330<36 +4<;7,1

^8;` Qdjdudmdldk/ V1/ Ihqj/ P1 dqg Vklqr}xnd/ P1/ �Frqwuro ri Vwuxfwxuhv zlwk Iulfwlrq

Frqwuroodeoh Volglqj Lvrodwlrq Ehdulqjv�/ Vrlo G|qdplfv dqg Hduwktxdnh Hqjlqhhulqj/

Yro1 45/ ss1 4360445 +4<<6,1

^8<` Qhplu/ G1F1/ Olq/ \1 dqg Rvhjxhgd/ U1D1/ �Vhpl0Dfwlyh Prwlrq Frqwuro xvlqj Ydul0

deoh Vwl�qhvv�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 453/ Qr1 7/ ss1 45<40

4638 +4<<7,1

^93` Sdqwholghv/ F1S1 dqg Qhovrq/ S1D1/ �Frqwlqxrxv Sxovh Frqwuro ri Vwuxfwxuhv zlwk

Pdwhuldo Qrqolqhdulw|�/ Hduwktxdnh Hqjlqhhulqj dqg Vwuxfwxudo G|qdplfv/ Yro1 57/

ss1 59605;5 +4<<8,1

^94` Sdwwhq/ Z1Q1/ Nxr/ F1F1/ Kh/ T1/ Olx/ O1 dqg Vdfn/ U1O1/ �Vhlvplf Vwuxfwxudo Frqwuro

yld K|gudxolf Vhpl0Dfwlyh Yleudwlrq Gdpshuv�/ Surfhhglqjv ri wkh 4vw Zruog Frq0

ihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/ Orv Dqjhohv/ FD/ ss1 ID5 ;60;< +4<<7,1

^95` Sdwwhq/ Z1Q1/ Vdfn/ U1O1 dqg Kh/ T1/ �Frqwuroohg Vhpl0Dfwlyh K|gudxolf Yleudwlrq

Devruehu iru Eulgjhv�/ Mrxuqdo ri Vwuxfwxudo Hqjlqhhulqj/ DVFH/ Yro1 455/ Qr1 5/ ss1

4;:04<5 +4<<9,1
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^96` Srqj/ Z1V1/ Wvdl/ F1V1 dqg Ohh/ J1F1/ �Vhlvplf Vwxg| ri Exloglqj Iudphv zlwk Dgghg

Hqhuj|0Devruelqj Ghylfhv�/ Whfkqlfdo Uhsruw QFHHU0<703349/ Qdwlrqdo Fhqwhu iru

Hduwktxdnh Hqjlqhhulqj Uhvhdufk/ Vwdwh Xqlyhuvlw| ri Qhz \run dw Ex�dor/ Ex�dor/

Q\ +4<<7,1

^97` Uhlqkruq/ D1P1/ Pdqrolv/ J1G1 dqg Zhq/ F1\1/ �Dfwlyh Frqwuro ri Lqhodvwlf Vwuxf0

wxuhv�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 446/ Qr1 6/ ss1 6480666 +4<;:,1

^98` Urghoodu/ M1/ Eduedw/ D1K1 dqg Pduwlq0Vdqfkh}/ M1P1/ �Suhglfwlyh Frqwuro ri Vwuxf0

wxuhv�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 446/ Qr1 9/ ss1 :<:0;45 +4<;:,1

^99` Urghoodu/ M1/ Fkxqj/ O1O1/ Vrrqj/ W1W1 dqg Uhlqkruq/ D1P1/ �H{shulphqwdo Gljlwdo

Frqwuro ri Vwuxfwxuhv�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 448/ Qr1 9/

ss1 457804594 +4<;<,1

^9:` Urrugd/ M1/ �Whqgrq Frqwuro lq Wdoo Vwuxfwxuhv�/ Mrxuqdo ri wkh Vwuxfwxudo Glylvlrq/

DVFH/ Yro1 434/ Qr1 6/ ss1 8380854 +4<:8,1

^9;` U|dq/ H1S1 dqg Fruohvv/ P1/ �Xowlpdwh Erxqghgqhvv dqg Dv|pswrwlf Vwdelolw| ri d

Fodvv ri Xqfhuwdlq G|qdplfdo V|vwhpv yld Frqwlqxrxv dqg Glvfrqwlqxrxv Ihhgedfn

Frqwuro�/ LPD Mrxuqdo Pdwk1 Frqwuro dqg Rswlpl}dwlrq/ Yro1 4/ ss1 5560575 +4<;7,1

^9<` Vdfn/ U1O1 dqg Sdwwhq/ Z1Q1/ �Vhpl0Dfwlyh K|gudxolf Vwuxfwxudo Frqwuro�/ Surfhhg0

lqjv ri wkh 4vw Lqwhuqdwlrqdo Zrunvkrs rq Vwuxfwxudo Frqwuro/ ss1 74:0764 +4<<6,1

^:3` Vdndprwr/ P1 dqg Nrerul/ W1/ �Sudfwlfdo Dssolfdwlrqv ri Dfwlyh dqg K|eulg Uhvsrqvh

Frqwuro V|vwhpv�/ Surfhhglqjv ri wkh 4vw Lqwhuqdwlrqdo Zrunvkrs rq Vwuxfwxudo Frq0

wuro/ Dxjxvw 80:/ Krqroxox/ Kdzdll/ ss1 7650779 +4<<6,1
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^:4` Vfkplwhqgrui/ Z1H1/ Mdeedul/ I1 dqg \dqj/ M1Q1/ �Urexvw Frqwuro iru Exloglqjv xqghu

Hduwktxdnhv�/ Vwuxfwxudo Hqjlqhhulqj lq Qdwxudo Kd}dugv Plwljdwlrq/ Surfhhglqjv ri

wkh DVFH Vwuxfwxuhv Frqjuhvv 4<<6/ Dsulo 4<054/ Luylqh/ FD/ Yro1 4/ ss1 :330:38

+4<<6,1

^:5` Vfkplwhqgrui/ Z1H1/ Mdeedul/ I1 dqg \dqj/ M1Q1/ �Urexvw Frqwuro Whfkqltxhv iru

Exloglqjv xqghu Hduwktxdnh H{flwdwlrq�/ Hduwktxdnh Hqjlqhhulqj dqg Vwuxfwxudo G|0

qdplfv/ Yro1 56/ ss1 86<0885 +4<<7,1

^:6` Vfkplwhqgrui/ Z1H1/ Nrvh/ L1H1/ Mdeedul/ I1 dqg \dqj/ M1Q1/ �M" Frqwuro ri Vhlvplf0

H{flwhg Exloglqjv xvlqj Gluhfw Rxwsxw Ihhgedfn�/ Surfhhglqjv ri wkh 4vw Zruog

Frqihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/ Sdvdghqd/ FD/ +4<<7,1

^:7` Vorwlqh/ M1M1 dqg Vdvwu|/ V1V1/ �Wudfnlqj Frqwuro ri Qrqolqhdu V|vwhpv xvlqj Volg0

lqj Vxuidfhv/ zlwk Dssolfdwlrqv wr Urerw Pdqlsxodwruv�/ Lqwhuqdwlrqdo Mrxuqdo ri

Frqwuro/ Yro1 6;/ ss1 79807<5 +4<;6,1

^:8` Vrrqj/ W1W1/ Dfwlyh Vwuxfwxudo Frqwuro= Wkhru| dqg Sudfwlfh/ Orqjpdq Vflhqwl�f dqg

Whfkqlfdo/ Qhz \run/ Q\ +4<<3,1

^:9` Vrrqj/ W1W1/ �Vwdwh0ri0wkh0Duw ri Vwuxfwxudo Frqwuro lq XVD�/ Surfhhglqjv ri wkh XV

Qdwlrqdo Zrunvkrs rq Vwuxfwxudo Frqwuro Uhvhdufk/ Orv Dqjhohv/ Rfwrehu 58059/ ss1

7;098 +4<<3,1

^::` Vshqfhu/ E1I1/ Vxkdugmr/ M1 dqg Vdlq/ P1N1/ �Iuhtxhqf| Grpdlq Frqwuro Dojrulwkpv

iru Flylo Hqjlqhhulqj Dssolfdwlrqv�/ Surfhhglqjv ri wkh Lqwhuqdwlrqdo Zrunvkrs rq

Whfkqrorj| iru Krqj Nrqj*v Lqiudvwuxfwxuh Ghyhorsphqw/ Ghfhpehu 4<053/ Krqj

Nrqj/ ss1 49<04:; +4<<4,1
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^:;` Vshqfhu/ E1I1/ G|nh/ V1M1/ Vdlq/ P1N1 dqg Txdvw/ S1/ �Dffhohudwlrq Ihhgedfn Frqwuro

Vwudwhjlhv iru Dvhlvplf Surwhfwlrq�/ Surfhhglqjv ri wkh Dphulfdq Frqwuro Frqihuhqfh/

Mxqh 507/ Vdq Iudqflvfr/ FD/ ss1 464:04654 +4<<6,1

^:<` Vshqfhu/ E1I1/ Vxkdugmr/ M1 dqg Vdlq/ P1N1/ �Iuhtxhqf| Grpdlq Rswlpdo Frqwuro

Vwudwhjlhv iru Dvhlvplf Surwhfwlrq�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1

453/ Qr1 4/ ss1 468048; +4<<7,1

^;3` Vulqlydvd/ \1J1 dqg Udmrjrsdodq/ W1/ �Dojrulwkpv iru wkh Frpsxwdwlrq ri Rswlpdo

Rxwsxw Ihhgedfn Jdlqv�/ Surfhhglqjv ri wkh 4;wk Frqihuhqfh rq Ghflvlrq dqg frqwuro/

Iruw Odxghugdoh/ IO/ ss1 WS7 8:908:< +4<:<,1

^;4` Vwudqj/ J1/ Olqhdu Dojheud dqg lwv Dssolfdwlrqv/ 6ug Hg1/ Kdufrxuw Eudfh Mrydqrylfk

Sxeolvkhuv/ Ruodqgr/ IO +4<;;,1

^;5` V|pdqv/ P1G1/ Frqvwdqwlqrx/ P1F1/ Wd|oru/ G1S1 dqg Jduqmrvw/ N1G1/ �Vhpl0Dfwlyh

Ioxlg Ylvfrxv Gdpshuv iru Vhlvplf Uhvsrqvh Frqwuro�/ Surfhhglqjv ri wkh 4vw Zruog

Frqihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/ Orv Dqjhohv/ FD/ ss1 ID7 6045 +4<<7,1

^;6` V|pdqv/ P1G1 dqg Frqvwdqwlqrx/ P1F1/ �Ghyhorsphqw dqg H{shulphqwdo Vwxg| ri

Vhpl0Dfwlyh Ioxlg Gdpslqj Ghylfhv iru Vhlvplf Surwhfwlrq ri Vwuxfwxuhv�/ Whfkql0

fdo Uhsruw QFHHU0<803344/ Qdwlrqdo Fhqwhu iru Hduwktxdnh Hqjlqhhulqj Uhvhdufk/

Vwdwh Xqlyhuvlw| ri Qhz \run dw Ex�dor/ Ex�dor/ Q\ +4<<8,1

^;7` Wrpdvxod/ G1S1/ Vshqfhu/ E1I1 dqg Vdlq/ P1N1/ �Olplwlqj H{wuhph Vwuxfwxudo Uh0

vsrqvhv xvlqj dq H!flhqw Qrqolqhdu Frqwuro Odz�/ Surfhhglqjv ri wkh 4vw Zruog

Frqihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/ Sdvdghqd/ FD/ ss1 +4<<7,1
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^;8` Xgzdgld/ I1 dqg Wdedlh/ V1/ �Sxovh Frqwuro ri Vlqjoh Ghjuhh0ri0Iuhhgrp V|vwhp�/

Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 43:/ Qr1 9/ ss1 <<:0433< +4<;4,1

^;9` Xgzdgld/ I1 dqg Wdedlh/ V1/ �Sxovh Frqwuro ri Vwuxfwxudo dqg Phfkdqlfdo V|vwhpv�/

Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 43:/ Qr1 9/ ss1 43440435; +4<;4,1

^;:` Xwnlq/ Y1L1/ �Htxdwlrqv ri wkh Volglqj Uhjlph lq Glvfrqwlqxrxv V|vwhpv 0 Sduw L�/

Dxwrpdwlrq dqg Uhprwh Frqwuro/ Qr1 45/ ss1 75087 +4<:4,1

^;;` Xwnlq/ Y1L1/ Volglqj Prghv dqg wkhlu Dssolfdwlrq lq Yduldeoh Vwuxfwxuh V|vwhpv/ PLU

Sxeolvkhuv/ Prvfrz +4<:;,1

^;<` Xwnlq/ Y1L1 dqg \rxqj/ N1G1/ �Phwkrgv iru Frqvwuxfwlqj Glvfrqwlqxrxv Sodqhv lq

Pxowlglphqvlrqdo Yduldeoh Vwuxfwxuh V|vwhpv�/ Dxwrpdwlrq dqg Uhprwh Frqwuro/

Qr1 64/ ss1 4799047:3 +4<:;,1

^<3` Xwnlq/ Y1L1/ Volglqj Prghv lq Frqwuro dqg Rswlpl}dwlrq/ Vsulqjhu0Yhuodj/ Ehuolq

+4<<5,1

^<4` Ydq gh Yhjwh/ M1 dqg Kodgxq/ D1U1/ �Ghvljq ri Rswlpdo Sdvvlyh Ehdp Yleudwlrq Frq0

wurov e| Rswlpdo Frqwuro Whfkqltxhv�/ Mrxuqdo ri G|qdplf V|vwhpv/ Phdvxuhphqw

dqg Frqwuro/ ss1 75:0767 +4<:6,1

^<5` Yloodyhugh/ U1/ �Uhgxfwlrq lq Vhlvplf Uhvsrqvh zlwk Khdylo|0Gdpshg Yleudwlrq De0

vruehuv�/ Hduwktxdnh Hqjlqhhulqj dqg Vwuxfwxudo G|qdplfv/ Yro1 46/ ss1 66075 +4<;8,1

^<6` Zdqj/ E1S1/ Nlwlv/ O1/ Slonh|/ Z1G1 dqg Sdod}}ror/ D1/ �V|qwkhvlv ri G|qdplf Yleud0

wlrq Devruehuv�/ Mrxuqdo ri Yleudwlrq/ Dfrxvwlfv/ Vwuhvv/ dqg Uholdelolw| lq Ghvljq/

Yro1 43:/ ss1 4940499 +4<;8,1
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^<7` Zduexuwrq/ J1E1 dqg D|rulqgh/ H1R1/ �Rswlpxp Devruehu Sdudphwhuv iru Vlpsoh

V|vwhpv�/ Hduwktxdnh Hqjlqhhulqj dqg Vwuxfwxudo G|qdplfv/ Yro1 ;/ ss1 4<:054:

+4<;3,1

^<8` Zhq/ \10N1/ Jkderxvvl/ M1/ Yhqlql/ S1 dqg Qln}dg/ N1/ �Frqwuro ri Vwuxfwxuhv xv0

lqj Qhxudo Qhwzrunv�/ Surfhhglqjv ri wkh XV0Lwdo|0Mdsdq Zrunvkrs2V|psrvlxp rq

Vwuxfwxudo Frqwuro dqg Lqwhooljhqw V|vwhpv/ Vrruhqwr/ Lwdo|/ Mxo| 45048/ ss1 5650584

+4<<5,1

^<9` Zx/ ]1/ Vrrqj/ W1W1/ Jdwwxool/Y1 dqg Olq/ U1F1/ �Qrqolqhdu Frqwuro Dojrulwkpv iru

Shdn Uhvsrqvh Uhgxfwlrq�/ Whfkqlfdo Uhsruw QFHHU0<803337/ Qdwlrqdo Fhqwhu iru

Hduwktxdnh Hqjlqhhulqj Uhvhdufk/ Vwdwh Xqlyhuvlw| ri Qhz \run dw Ex�dor/ Ex�dor/

Q\ +4<<8,1

^<:` Zx/ ]1 dqg Vrrqj/ W1W1/ �Prgl�hg Edqj0Edqj Frqwuro Odz iru Vwuxfwxudo Frqwuro

Lpsohphqwdwlrq�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 455/ Qr1 ;/ ss1

::40::: +4<<9,1

^<;` \dqj/ M1Q1/ �Dsolfdwlrqv ri Rswlpdo Frqwuro Wkhru| wr Flylo Hqjlqhhulqj Vwuxfwxuhv�/

Mrxuqdo ri wkh Hqjlqhhulqj Phfkdqlfv Glylvlrq/ DVFH/ Yro1 434/ Qr1 9/ ss1 ;4;0;6;

+4<:9,1

^<<` \dqj/ M1Q1 dqg Jldqqrsrxorv/ I1/ �Dfwlyh Whqgrq Frqwuro ri Vwuxfwxuhv�/ Mrxuqdo ri

wkh Hqjlqhhulqj Phfkdqlfv Glylvlrq/ DVFH/ Yro1 437/ Qr1 6/ ss1 884089; +4<:;,1

^433` \dqj/ M1Q1/ Dnedusrxu/ D1 dqg Jkdhppdjkdpl/ S1/ �Qhz Rswlpdo Dojrulwkpv iru

Vwuxfwxudo Frqwuro�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 446/ Qr1 </ ss1

469<046;9 +4<;:,1
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^434` \dqj/ M1Q1/ Orqj/ I1[1 dqg Zrqj/ G1/ �Rswlpdo Frqwuro ri Qrqolqhdu Vwuxfwxuhv�/

Mrxuqdo ri Dssolhg Phfkdqlfv/ DVPH/ Yro1 88/ ss1 <640<6; +4<;;,1

^435` \dqj/ M1Q1 dqg Vrrqj/ W1W1/ �Uhfhqw Dgydqfhv lq Vwuxfwxudo Frqwuro�/ Suredelolvwlf

Hqjlqhhulqj Phfkdqlfv/ Yro1 6/ Qr1 7/ ss1 4:<04;; +4<;<,1

^436` \dqj/ M1Q1/ Dnedusrxu/ D1/ �H�hfw ri V|vwhp Xqfhuwdlqw| rq Frqwuro ri Vhlvplf0

H{flwhg Exloglqjv�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 449/ Qr1 5/ ss1

79507:; +4<<3,1

^437` \dqj/ M1Q1/ Ol/ ]1 dqg Olx/ V1F1/ �Vwdeoh Frqwuroohuv iru Lqvwdqwdqhrxv Rswlpdo Frq0

wuro�/ Mrxuqdo ri HqjlqhhulqjPhfkdqlfv/ DVFH/ Yro1 44;/ Qr1 ;/ ss1 494504963 +4<<5,1

^438` \dqj/ M1Q1/ Ol/ ]1 dqg Olx/ V1F1/ �Frqwuro ri K|vwhuhwlf V|vwhpv xvlqj Yhorflw| dqg

Dffhohudwlrq Ihhgedfnv�/ Mrxuqdo ri Hqjlqhhulqj Phfkdqlfv/ DVFH/ Yro1 44;/ Qr1 44/

ss1 555:05578 +4<<5,1

^439` \dqj/ M1Q1 dqg Ol/ ]1/ �Dfwlyh Vwl�qhvv Frqwuro ri Vhlvplf0H{flwhg Exloglqjv�/ Sur0

fhhglqjv ri wkh 6ug SdqDphulfdq Frqjuhvv ri Dssolhg Phfkdqlfv/ SDFDP LLL/ Mdq0

xdu| 70;/ Vdr Sdxor/ Eud}lo/ ss1 89;08:4 +4<<6,1

^43:` \dqj/ M1Q1/ Ol/ ]1 dqg Yrqjfkdydolwnxo/ V1/ �K|eulg Frqwuro ri Vhlvplf0H{flwhg Eulgjh

Vwuxfwxuhv xvlqj Yduldeoh Gdpshuv�/ Vwuxfwxudo Hqjlqhhulqj lq Qdwxudo Kd}dugv Plw0

ljdwlrq/ Surfhhglqjv ri wkh DVFH Vwuxfwxuhv Frqjuhvv 4<<6/ Dsulo 4<054/ Luylqh/ FD/

Yro1 4/ ss1 ::;0:;6 +4<<6,1

^43;` \dqj/ M1Q1/ Ol/ ]1/ Zx/ M1F1 dqg \rxqj/ N1N1G1/ �D Glvfrqwlqxrxv Frqwuro Phwkrg

iru Flylo Hqjlqhhulqj Vwuxfwxuhv�/ Surfhhglqjv ri wkh <wk YSL)VX V|psrvlxp rq
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G|qdplfv dqg Frqwuro ri Odujh Vwuxfwxuhv/ Pd| 43045/ Eodfnvexuj/ YD/ ss1 49:04;3

+4<<6,1

^43<` \dqj/ M1Q1/ Ol/ ]1 dqg Zx/ M1F1/ �Glvfrqwlqxrxv Qrqolqhdu Frqwuro ri Edvh0Lvrodwhg

Exloglqjv�/ Surfhhglqjv ri wkh 4vw Lqwhuqdwlrqdo Zrunvkrs rq Vwuxfwxudo Frqwuro/

Dxjxvw 80:/ Krqroxox/ KL/ ss1 8840886 +4<<6,1

^443` \dqj/ M1Q1/ Ol/ ]1 dqg Zx/ M1F1/ �Frqwuro ri Vhlvplf0H{flwhg Exloglqjv xvlqj Df0

wlyh Yduldeoh Vwl�qhvv V|vwhpv�/ Surfhhglqjv ri wkh Dphulfdq Frqwuro Frqihuhqfh/

Edowlpruh/ PG/ ss1 43;6043;; +4<<7,1

^444` \dqj/ M1Q1/ Zx/ M1F1/ Djudzdo/ D1N1 dqg Ol/ ]1/ �Volglqj Prgh Frqwuro iru

Vhlvplf0H{flwhg Olqhdu dqg Qrqolqhdu Flylo Hqjlqhhulqj Vwuxfwxuhv�/ Whfkqlfdo Uh0

sruw QFHHU0<70334:/ Qdwlrqdo Fhqwhu iru Hduwktxdnh Hqjlqhhulqj Uhvhdufk/ Vwdwh

Xqlyhuvlw| ri Qhz \run dw Ex�dor/ Ex�dor/ Q\ +4<<7,1

^445` \dqj/ M1Q1/ Djudzdo/ D1N1 dqg Zx/ M1F1/ �Volglqj Prgh Frqwuro ri Vwuxfwxuhv vxe0

mhfwhg wr Vhlvplf Ordgv�/ Surfhhglqjv ri wkh 4vw Zruog Frqihuhqfh rq Vwuxfwxudo

Frqwuro/ Dxjxvw 608/ Orv Dqjhohv/ FD/ ss1 ZD4 46055 +4<<7,1

^446` \dqj/ M1Q1/ Zx/ M1F1/ Uhlqkruq/ D1P1/ Uloh|/ P1/ Vfkplwhqgrui/ Z1H1 dqg Mdeedul/

I1/ �H{shulphqwdo Yhul�fdwlrqv ri M" dqg Volglqj Prgh Frqwuro iru Vhlvplf0H{flwhg

Exloglqjv�/ Surfhhglqjv ri wkh 4vw Zruog Frqihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw

608/ Orv Dqjhohv/ FD/ ss1 WS7 960:5 +4<<7,1

^447` \dqj/ M1Q1/ Zx/ M1F1 dqg Kvx/ V1\1/ �Sdudphwulf Frqwuro ri Vhlvplf0H{flwhg Vwuxf0

wxuhv�/ Surfhhglqjv ri wkh 4vw Zruog Frqihuhqfh rq Vwuxfwxudo Frqwuro/ Dxjxvw 608/

Orv Dqjhohv/ FD/ ss1 ZS4 ;;0<: +4<<7,1
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^448` \dqj/ M1Q1/ Zx/ M1F1/ Ndzdvklpd/ N1 dqg Xqmrk/ V1/ �K|eulg Frqwuro ri Vhlvplf0

H{flwhg Eulgjh Vwuxfwxuhv�/ Hduwktxdnh Hqjlqhhulqj dqg Vwuxfwxudo G|qdplfv/ Yro1

57/ ss1 476:04785 +4<<8,1

^449` \dqj/ M1Q1/ Zx/ M1F1 dqg Djudzdo/ D1N1/ �Volglqj Prgh Frqwuro iru Vhlvplfdoo|

H{flwhg Olqhdu Vwuxfwxuhv�/ Mrxuqdo ri wkh Hqjlqhhulqj Phfkdqlfv Glylvlrq/ DVFH/

Yro1 454/ Qr1 45/ ss1 46;9046<3 +4<<8,1

^44:` \dqj/ M1Q1/ Zx/ M1F1/ Uhlqkruq/ D1P1/ Uloh|/ P1/ Vfkplwhqgrui/ Z1H1 dqg Mdeedul/

I1/�H{shulphqwdo Yhul�fdwlrqv ri M" dqg Volglqj Prgh Frqwuro iru Vhlvplfdoo| H{0

flwhg Exloglqjv�/ Mrxuqdo ri Vwuxfwxudo Hqjlqhhulqj/ DVFH/ Yro1 455/ Qr1 4/ ss1 9<0:8

+4<<9,1

^44;` \dqj/ M1Q1/ Zx/ M1F1/ Uhlqkruq/ D1P1 dqg Uloh|/ P1/ �Frqwuro ri Volglqj0Lvrodwhg

Exloglqjv xvlqj Volglqj Prgh Frqwuro�/ Mrxuqdo ri Vwuxfwxudo Hqjlqhhulqj/ DVFH/

Yro1 455/ Qr1 5/ ss1 4:<04;9 +4<<9,1

^44<` \dr/ M1W1S1/ �Frqfhsw ri Vwuxfwxudo Frqwuro�/ Mrxuqdo ri wkh Vwuxfwxudo Glylvlrq/

DVFH/ Yro1 <;/ Qr1 :/ ss1 489:048:7 +4<:5,1

^453` \dr/ M1W1S1 dqg Vdh0Xqj/ V1/ �Dfwlyh Frqwuro ri Exloglqj Vwuxfwxuhv�/ Mrxuqdo ri wkh

Hqjlqhhulqj Phfkdqlfv Glylvlrq/ DVFH/ Yro1 437/ Qr1 5/ ss1 6680683 +4<:;,1

^454` \rxqj/ N1G1 dqg R}jxqhu/ X1/ �Iuhtxhqf| Vkdslqj Frpshqvdwru Ghvljq iru Volglqj

Prgh�/ Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro/ Yro1 8:/ Qr1 8/ ss1 43380434< +4<<6,1

^455` ]krx/ I1 dqg Ilvkhu/ G1J1/ �Frqwlqxrxv Volglqj Prgh Frqwuro�/ Lqwhuqdwlrqdo Mrxuqdo

ri Frqwuro/ Yro1 88/ ss1 646065: +4<<5,1
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Ylwd

Hqultxh Hgxdugr Pdwkhx zdv eruq rq Pdufk 53/ 4<97 lq wkh flw| ri Frugred/ Uhsxeolf

ri Dujhqwlqd/ wkh |rxqjhvw ri wkuhh fkloguhq ri Fklfkh dqg Fduorv Pdwkhx1 Gxulqj klv

kljk vfkrro |hduv/ kh dwwhqghg wkh Frohjlr Qdflrqdo gh Prqvhuudw lq Frugred/ zkhuh kh

zdv dzdughg wkh Jrog Phgdo iru judgxdwlqj zlwk wkh kljkhvw JSD ri klv fodvv lq 4<;41

Kh dwwhqghg wkh Qdwlrqdo Xqlyhuvlw| ri Frugred +XQF,/ zkhuh kh uhfhlyhg d Edfkhoru ri

Vflhqfh lq Flylo Hqjlqhhulqj lq Pdufk/ 4<;;/ dqg zdv dzdughg wkh Xqlyhuvlw| Dzdug iru

ehlqj wkh vwxghqw zlwk wkh kljkhvw JSD dprqj klv judgxdwlqj fodvv1 Dprqj rwkhu dzdugv/

kh uhfhlyhg d wzr0|hdu uhvhdufk ihoorzvkls judqwhg e| wkh Qdwlrqdo Frxqflo iru Vflhqwl�f

dqg Whfkqrorjlfdo Uhvhdufk +FRQLFHW,1 Kh dovr wdxjkw dv dq lqvwuxfwru lq wkh Froohjh

ri Hqjlqhhulqj dw wkh XQF1 Lq Mdqxdu|/ 4<<4/ kh zhqw wr sxuvxh judgxdwh vwxglhv dw wkh

Xqlyhuvlw| ri Sxhuwr Ulfr dw Pd|djxh}/ lq Pd|djxh}/ Sxhuwr Ulfr1 Diwhu uhfhlylqj wkh

ghjuhh ri Pdvwhu ri Vflhqfh lq Flylo Hqjlqhhulqj lq Mxqh/ 4<<5/ kh mrlqhg wkh judgxdwh

vfkrro ri wkh Ylujlqld Sro|whfkqlf Lqvwlwxwh ) Vwdwh Xqlyhuvlw|/ lq Eodfnvexuj/ Ylujlqld/

zkhuh kh zrunhg xqghu wkh wxwhodjh ri Suri1 P1 S1 Vlqjk1 Gxulqj wkh odvw vxpphu ri klv

judgxdwh vwxglhv/ kh zrunhg dv d frqwudfwru iru wkh Vwuxfwxuhv Oderudwru| ri wkh XV Dup|

Hqjlqhhu Zdwhuzd|v H{shulphqw Vwdwlrq orfdwhg lq Ylfnvexuj/ Plvvlvvlssl1 Kh uhfhlyhg wkh

ghjuhh ri Grfwru ri Sklorvrsk| lq Hqjlqhhulqj Phfkdqlfv lq Pd|/ 4<<:1 Xsrq judgxdwlqj/

kh zloo mrlq wkh Vwuxfwxudo Phfkdqlfv Glylvlrq dw wkh Zdwhuzd|v H{shulphqw Vwdwlrq dv d

uhvhdufk vwuxfwxudo hqjlqhhu1
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