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III. NOMENCLATURE

The notations used in this thesis are summarized below:

ol Definition
potential function

stream function

€ =

Cartesian coordinates in physicel plane
complex variable in physicasl plane

complex varieble in auxilliary plane

complex variable in distorted hodograph plane

velocity components in x and y directions respectively

e
-
<

magnitude of velocity

direction of velocity in physical plane
velocity vector

megnitude of distorted veleccity

q
o
q
X
q

oo

magnitude of velocity at infinity
velocity of undisturbed incompressible flow
pressure

density

©
&
8

speed of sound

ratio of specific heats

Mach number

freestream Mach number

complex potential of flow around circle in Z -plane

complex potential of compressible fluid flow




a
£(2),w(2)
w(Z)

R
6

c

Antso’bn’

Bn’Dn

k’KQP’QQL

M
0,1

e

Definition
circulation of incompressible flow
angle of attack of incompressible flow around circle
angle of attack of compressible flow around airfoil
analytic functions
conformel mapping of exterior of circle onto exterior

of Joukowskl profile

radius of circle in Z -plane
variable between O and 2

constant in Joukowski mapping

suxillisry constants

constants

constant sngle in & -plane

as subscripts, particular values of varisbles
with symbol, sbsolute value

over term, complex conjugate
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IV. INTRODUCTION

The fundemental equations of fluid motion are non-linear partial
differentisl equations. A4s yet, a general method for the treatment of
non-linear partiasl differential equations does not exist. Numerical
methods of solution are generally rather laborious and hardly ever
yield results of a genersl nature. The time required to compute numeri-
cal solutions is generslly prohibitive to the engineer and, as a conse-
quence, considerable attention has been given to approximete anslytical
methods.

In attacking the problem of the flow of particular fluids, certain
simplifying assumptions can be made which will allow approximate solu-
tions to be obtained. The forces which affect a fluid particle are
forces due to pressure, inertis, and friction. Ludwig Prandtl pointed
out in 1904 that for the flow of a ges, such as air, around a rigid
body, the effects of friction are generally confined to a very thin
layer next to the boundaries of the rigid body and outside the boundary
layer the flow approximates very closely the flow of a perfect or non=-
viscous. fluid. Therefore, the effects of friction cen be isclated and
the flow of the air outside of the boundary layer considered to be non-
viscous. Another assumption which generally must be mede to simplify |
the problem is that the flow be steedy. This means that, at any fixed
point in the flow field, no physical quantity such as velocity, tempera-

ture, or density shall vary with time. A consequence of this assumption

is that the streamlines of the flow picture remain motionless in space.
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In analyzing the flow of a gas, an additional complication enters
the problem when the flow velocity is increased until its magnitude\be-
comes appreciable when compared to the speed of propagation of sound
weves in the gas. This complication is due to the effect of the com—~
pressibility of the gas. At very low speeds the flow of air can be con-
sidered to be incompressible which meens that its density would not vary
from point to point in the flow field. For the flow about an airplane
wing under these conditions the pressure chenges at any point on the
wing are proportional to the square of the speed. However, at a suffi-
ciently high speed, this relation would indicete a negative absolute
pressure over the top of the wing, which of course, is impossible. Hence
this simple relation connecting pressure difference and the square of
the speed can no longer be true and a further investigation of the prob-
lem is necessary. In this investigation, the air must be regarded as
compressible, with a density that varies from point to point round the
profile.

Since the 1ift of a wing is obtained as a direct integration of the
pressures which act over its surface, it would be very advantageous to
be able to obtein the pressure distributlon over an arbitrary airfoil
shape in a subsonic compressible flow field. Two methods have recently
been advanced to obtain the pressure distribution over airfoil shapes,
but, so far, they have been applied only to the symmetricel type airfoil
profile. The first method, proposed by Bers (reference 4), reduces the
problem to a non-linear integral equation which can be solved numerically

by an iteration method. This method of obtaining a solution is time
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consuming and extremely tedious. The second method, proposed by Gel-
bart (reference 7), is an approximate method of establishing the flow
around a given body to a very high degree of accuracy. The method de-
pends not on an integral equation, but on the transformation from the
hodograph plane (in which the coordinates are the magnitude and inclina-
tion of the velocity vector) to the physical plane involving the deter-
mination of an arbitrary analytic function. The determination of the
arbitrary analytic function by elementary means results in a close
approximation of the given body.

It is the purpose of this thesis to apply the method proposed by
Gelbart in the computation of the velocity distribution and over, not
a symmetrical, but an arbitrary shaped Joukowsky type airfoil profile.
It is assumed that the airflow over the profile is two-dimensional, non=-
viscoﬁs, steady, and compressible. The solution is restricted to the
case where the flow velocity is everywhere less than the speed of sound

by the introduction of the linearized pressure-density relationship

proposed by Kerman and Tsien (reference 13).




V. FUNDAMENTAL CONCEPTS AND RELATIONS

The four fundementsl laws governing the steady, two-dimensional,
irrotational flow of an ideesl fluid are: The equation of state,
p = kp¥ (1)
vhere p 1s the pressure, p the density, ¥ the ratio of the specific

heats, and k a constant: Bernoulli's equation,

2
. d/réﬂ = constant (2)
2 p
the continuity equation, :
div(g a) =0 (3)
Po
and the circulation equation,
curl (d) =0 (4)
where q is the magnitude of the velocity vector §.
The general procedure used in attacking fluid flow problems of

this type is to combine the above four fundemental laws in such a way

as to give one equation in one unknown which governs the motion of the

fluid. The velocity potentisl, @, is introduced such that

8
7o end 2= (5)

where u and v are the velocity components in the x and y directions
respectively. If equation (4) is written

dv - Ou =
it is obvious that by substituting expressions (5) for u and v in

equation (6) thet the potential function satisfies the circulation

equation.
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The equstion of continuity, equetion (3), can be written
3 p 8 p
~u) + - =0
5x (po> 8y (pov) (7)
This equation will be satisfied if the stream function, ¥ , is intro-
duced such that,

oW o
5 - " P v and A (8)

- u
Py % %,
From the relations (5) and (8), by eliminating u and v, it is seen

that
gg Ps BV g_g Po BV
= .0 and = .0
X p 5} Yy P 5; (9)
By using these relations and the fact that a2 = dp/dp where "a" is

the velocity of sound, equations (1) to (4) may be combined to yield

the single equation

(") . 2“%( '1>"‘Q‘° (10)

This equation is non-linear and a general solution does not exist.

The Russian mathematician, Chaplygin (reference 5), wes the first
to recognize (1904) that a change of the independent variasbles x and y
to the hodograph coordinates q and & transforms the non-linear equation
to a linear one. It may appear that a method able to transform the
equation of motion into & linear equation renders all previous approxi-
mate methods obsolete. This, however, is not the case. The hodograph
method has one inherent difficulty: the boundary conditions are diffi-
cult to satisfy. This difficulty is basically due to the fact that the

physical boundary conditions are given by equations involving only x and

y. The shape of an airfoil, for example, is a geometrically defined
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region in the x,y system. It is generally difficult to find a solution
in the hodograph plane which satisfies given boundary conditions in the
physical plene. There exist exsct solutions for certain simple boundary
conditions such #s the problem of flow around a sharp corner but, in
general, approximate methods must be used to overcome the difficulty of
satisfying given boundary conditions. An approximate method of solving
the flow around given eirfoil shapes, proposed by Gelbert (reference 7),
appears to be very practical for engineering use esnd is used in this
thesis.

From equations (1) snd (2) the following fundemental relations are

obtained:
(11)

(12)

(13)

(14)

where M is the Mach number and the subscript o indicstes values at a
stagnation point where the velocity q is zero. It is convenient to

normalize the constants so that Py = 8 = l. This is equivalent to

introducing the dimensionless variables p/po and q/aO.
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VI. THE HODOGRAPH METHOD

It has been previously noted thst the continuity equation gives
rise to the potential function, @, and that the circulation equation
gives rise to the stream function, Y.

Now, from equations (5),

o 0
ag = 55 dx + Eg dy
= u dx + v dy

and from equations (8),

= = pv dx + pu dy (16)

If the magnitude of the velocity at a point x,y of the flow is q

and the angle of inclination with the x axis is 8, then u = q cos ©
and v = q sin © and equations (15) and (16) become
df = q cos © dx + q sin © dy (17)
d¥ = = pq sin @ dx + pq cos © dy (18)

Multiplying each side of equation (18) by i and adding to equation
p
(17)

dz = 232 (ad + % dw) (19)
q
where z = x + iy

Equation (19) is the mepping function from the hodograph plene to the

physical plane.

The equations of motion in the hodogrsph plane are obtained from

equation (19) as follows:




i .
Equating real and imaginary parts of equation (19) yields

d"gﬂ:—gd’d’:qi_wdw

dy = 8in 6 ag + &08 8 4 20
y == o ov (20)

4s long as the correspondence between the physical and hodograph plane
is one to one, x and y can be expressed as functions of q,8, and # and
W as functions of q,0. Thus

d¢=¢qdq+¢ed9

day= W, dg + WYy de (21)
where the partisl derivatives are taken with respect to the independent
variables indicated as subscripts. Substituting equations (21) into

equations (20), the following expressions for dx and dy are obtained:

4 cos © - s8in 6 a
xg(q % Pq Wq)q

cos © ¢ _sin 6 >
q —-——pq Wg) e

(sin e ¢ . cos e \Vq) dq

sin © cos © )
+ + 2222 de 22
( q % g Ve (22)
Since the left hand side of equations (22) are exact differentisls, the

reciprocity relation can be spplied, and, therefore,

8 (cos © sinew) s cosO¢_sinAgw>
%\ q % pq 4 53 q ¢ 'O

9 (sin ® cos © . 8 (gine cos ©
5 (520, 22 w) =g (B0 s 222 )
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Performing the indicated differentiations yields

-8in0 g _cos ® = . CO8 O d 1
a9 g Ve 2 Po Vo dq (pq

0089¢_Sin0 :-ﬂn—g + cos O g—(;_)
q q pq ¥q q2 ﬁg \ngq pq

Multiplying the first of equations (23) by cos @ and the second by

(23)

sin © and adding yields

iy, =1g
p 9 '@ (24)
Multiplying the first of equations (23) by sin @ and the second by

cos © and subtracting yields

%¢Q'W°?C;E(%E) (25)

Differentiating equation (2),

qdq+g-9=0
o}
or
%g=-oq (26)

Using equation (26)'and the fact that 82 = dp/dp, where "a" is the

velocity of sound,

do . dpdp. _pq

dqa dp dq ;'2' (27)

Using equation (27) and the definition of the Mach number, M = q/ho

d (L \e. 1 dp.__1 =__1 -
(-) 1 % - (1 - ) (28)

dq \ pq
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By substituting equation (28) into equation (25), the equations of

motion in the hodograph plane become
q
¢9 P \Vq
1 2
go= - -1V, (29)

Since the coefficients of the derivatives in equations (29) are
functions of the independent variables only, these equations are linear.
In fact, owing to the choice of 8 and q, the coefficients are functions

of only one independent variable, q.




VII. SYMMETRIZATION OF THE HODOGRAPH EQUATIONS

The hodograph equations (29) can be put into a more convenient
form by an elementary transformation of variables. By & change of the
independent varisbles from 8, q to 8,9 where § is defined as

&= /1-w da
q (30)
the problem is removed from the originsl hodograph plane to a so-called
ndistorted" hodograph plane. The angle © remains unchanged in this
transformation and q is the magnitude of the distorted velocity. In-
serting equation (30) in the hodograph equations of a compressible flow,

equations (29) become

g = NI v,

¢q=‘ \/l’ﬁ \Vg

(31)

These equations are symmetrical and simpler in form than the original

hodograph equations.‘




Physical Plane Hodograph Plane

————1Z=X+iY
|

|
|
|
l

MPistorted?
Hodograph Plane

figure 1. Physical, Hocograph, and Distorted Hodograph
Planes
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VIII. PHYSICAL INTERPRETATICN OF 4 LINEARIZED

PRESSURE-DENSITY RELATIONSHIP

The trensformation of the equations of motion into the hodograph
plane linearizes the non-linesr equetions. However, the resulting
linear differential equations are rather complicasted. The Russian
mathematician Chaplygin gave the first extensive discussion of the
hodograph equstions and their applications to problems of gasecus jets
in 1904. He introduced an approximation which will be discussed pre-
sently. Chaplygin's work remained relatively unnoticed until the early
thirties when Demtchenko and Busemann used the method for certein prob-
lems in gas dynamics. The. von Karmen finally made an essential im-
provement in the method of approximation end thus made possible the
epplication of Chaplygin's procedure to modern airfoil theory. The
method of approximation based on von Karman's idea was worked out by
H. S. Tsien (reference 13).

In equations (31), the factor

11

Y

becomes
'y

.g.? 1-M (32)

if the constant, Pos is not considered to be normalized, thst is, Po
is not equsl to unity. Chaplygin first noticed that the factor (32)

differs 1little from unity for subsonic flow with M not too close to 1.

For the incompressible flow case, M = 0, p = p, = constant, and the




factor (32) is identicelly equsl to unity. For the compressible flow

case, by using equaetion (13), the factor (32) cen be written

Pofi R =(1+Y-1M2)7%I (1_},2)% (33)
p 2
Developing in powers of M2, equation (33) becomes
P i - (e e ) (- E )
and therefore
ggl-uz : (1-:%.1.m+...) (34)

Thus the factor (32) differs from unity only as a result of terms of
the order of Vog and higher. Taking v = 1.40 and M = 0.5, the factor
(32) differs from 1 only by about 2 per cent. Consequently, for rela-
tively low speed compressible fluid flow the factor (32) can be replaced

approximestely by unity and the hodogrsph equations (31) become simply
gy =V,
g=-WV (35)
q
That is, the hodogreaph equations reduce to the Csuchy-Riemann relstions.
Replacing the factor (32) by unity cen slso be interpreted in a

different way. It can be seen from equation (33) that if y had the

value y = -1, the factor (32) would be exactly unity. Therefore, for

M<1l, the assumption of y = -1 satisfies the Chaplygin condition exactly.
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Of course, a gas with this property, thet is, with 2 negative ratio of
the specific hests, does not exist. However, the true meaning of the
condition y = -1 can be arrived at by considering the isentropic re-
lation between pressure and density for such an "imaginary" ges. For
any perfect gas, the isentropes are given by equation (1). Therefore,
for the "imsginary" gas,

pp = constant (36)
In other words, Y = =1 corresponds to & straight-line isentrope (see
Fig. 5) on the p versus 1/p plane. The genersl equation for = straight

line can be written as

p=%+L (37)

with k and L as constants. Now, by a proper choice of k and L, equa-
tion (37) can be made a tangent to the true isentropic curve. Hence,
Cheplygin's condition that factor (32) equal unity is setisfied if the
true isentrope is replaced by its tangent. Chaplygin, and later
Busemann and Demtchenko, used the line tangent at the point (p, po),
that is, the point corresponding to the stagnation conditions. Of
course, this choice gives a good spproximaetion only for comparatively
low velocities for which p and p do not differ much from po and Pe
respectively. Leter, Kermen and Tsien, on the other hand, chose as
point of tangency the point (p, , p, ) (the point corresponding to

the undisturbed stream conditions), end thus were able to extend

eppreciably the range of applicebility. By properly choosing the




constants in equation (37), the tangent at the point (P o » P o ) is

represented by

p-p =pa? 1_-;)

o e e\p, p (38)
If equation (1) is replaced by
ep. =k (2-2 )
P pl k (p P (39)

equstions (11) to (14) become,

dp 0° (40)

P-P 'k(\/l+q2 -+
Py (41)
| ,
l+gq (42)
V.
1+ q? (43)
equation (30) becomes,
q
g- 2
q 4 Vi+g? (44)
00

and after the integrestion hes been performed, equation (44) becomes,
Kq
1+V1l+q? (45)

where .
K 1+ V1+ qg,
- q (46)
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The hodogreph equations (31) become,
og . 2

-5
3 X (47)

which are the Csuchy-Riemann relations.




-2

IX. DISCUSSION OF THE PROBLEM

It has been seen that the equations of motion in the "distorted®
hodograph plane reduce to the Cauchy-Riemann reletions upon the assump-
tion of a linesrized pressure-density relationship. It is well known
that any analytic function is a solution to the Cauchy-Riemann equetions.
The problem, therefore, is to find the analytic function which satisfies
the boundary conditions. If the complex potentisl of a compressible

flow in the physical plane is given by Q where = @ + i, then

= 114-?1 = -0
g 2 and W= = (48)

where Q is the complex conjugate of QL .

Using equations (48), equetion (19) becomes
. e fZi-fZ) ig 11-—35.)
az [( 21 ]
2 ( dn. +§-—(--3~_ an (49)

Substituting equetion (42) for p in equation (49) gives

10 (;, + V14 Gz)dn . e;°(1 - ¢q1 + @ )aﬁ (50)

2 q
From equetion (45),

dz =

g, =K@ -J1+d%)

end

Kq (52)
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substituting equations (51) and (52) into equation (50) yields

- K v 1 L iv 55
dz > e dﬂ.-ZKe a1

where w = @ + i§ and Q is an anelytic function of w.

=K iw -1 -iw
2 5/; aq 2K/‘; aa (54)

The function Q) is the complex potentisl of a compressible flow in

Thus,

the physicel plane or in the hodogreph plane, depending on in which
plane it is being considered. However, if © is considered as a func-
tion of w, it is analytic and represents the complex potentisl of an
incompressible fluid flow in the w-plane.

Since the boundary in the physical plane is given in any problem,
the left side of equation (54) is fixed. It would be desirable to
find a relation between w and Q which will allow the integrations to
be performed on the right side of equation (54). If Q represents the
complex potential of an incompressible fluid flow in the w-plane, then
the imaginary part of QL must be a constant on the boundsry in the w-
plane in order to satisfy the boundary condition that the boundery of
the given body be one of the streamlines in the physicel plane. The
remsining boundary condition is that the velocity component normal to
the boundary in the physical plane must vanish at the surface of the
body. This condition requires that the derivative of the real part of
Q, teken with respect to the normal to the boundary, vanish over the
surface of the body. Since the velocity distribution over the given

body in the physical plane is not know, then the boundary in the
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w-plane is also not known and the boundary conditions cannot be sstis-
fied directly.

In order to overcome the difficulty that the boundary conditions
cannot be satisfied directly in the w-plane an suxilliary & -plane is
introduced, where & = § + iN. There will now exist some conformal
transformation w = w({) under which equation (54) will remein invariant.
If N is now identified as the complex potential of a uniform incom-
pressible flow past a circle in the 4 -plane, there will be some rela-
tion between N and w = w(£). This relation is not known, however, since
the exact form of the mapping function w = w(£) is not known. Since
it is known thet some relation between £ and w must exist through the

parameter &, it is permissible to set

g‘/;i" aa = £(2) (55)

in equation (54) end then determine the arbitrary analytic function,

f(Z), so that the boundary conditions are satisfied over the given

boundary in the physical plane.

If Q= G(4) is the complex potential of a uniform incompressible

flow in the Z -plane then, by equation (55), equation (54) becomes
= ¢£(2) -1 L-{-}LG' 22 (56)
z ARG

2f!
w(Z) = - 1 log §mi3 (57)

and
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Since w = © + iJ, the magnitude of the velocity of the compressible

fluid flow can be obteined from equations (57) and (45), for

-10 ?i = K G' (& ~ =
P AELH, 4@.) =0 (58)
and
lgr/et
2
1 - |at/26 (59)

It is clear from equation (59) that |G'/2f'|< 1.
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X. DETERMINATION OF THE ARBITRARY ANALYTIC FUNCTION f£(£)

If mapping equation (56) is to keep the point at infinity fixed and

is to be such that q . is bounded, then f'(¥) must have the form

00

bn
£1(5) = Z 7o B FO
n=0
where the constants bn are to be determined.

It will be found that the constant, bo, determines the velocity of
the flow at infinity and the proper choice of the constant bl insures
that the mapping of the circle from the & -plane to the streamline in
the z-plane will give a closed curve. The other coéfficients of £'(%),
and thus f£(Z) may be so determined that the flow be pest a preassigned
obstacle.

If the function f(2) has been fixed in equation (56), then each
point in the & -plane exterior to the circle R is mapped into a point
in the z-plane such that the velocity of the compressible flow at the
point z is given by equstion (59) and the boundary of the circle
ll‘ = R goes into a closed streamline in the z-plane (assuming bl has
been suitable chosen). Therefore to solve the direct problem, that is,
to obtain a uniform flow past a preassigned body, one need only deter-
mine £(Z£) such that the transformation in equation (56) transforms the
cirele |Z| = R into a preassigned shape.

Because the left side of equetion (56) is not en analytic function,
the mapping of the circle onto the preasssigned curve is not identical,

point by point, with the conformel mapping of the circle onto the pre-

assigned curve. Denote the conformal mapping by w = w(Z). The
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assumption. of Gelbart, in order to obtain a simple and highly accurate,
though not exact, means of obtaining f(Z), is that the inverse images
of the two mappings, the conformal end the one given by equation (56),
of the same point on the given curve subtend a small angle at the cen-

160 S g<or. This hes been verified for

ter of the circle & = Re
airfoil shapes and curves of circular shape by Gelbart.

On the basis of this assumption the maximum value of

1 [[e'(DI? 4r -
lf(‘)‘z/}}—v%}—d‘ w(z:))

is small for &= Reic. By equating coefficients of like powers of e

16

in 2(2) and in u{%), and thus determining £(3), it is assumed that the

terms neglected in this process will be small.
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(=Rels

Figure 2.

The Auxilliary ¢ -Plane
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XI. APPLICATION OF THE METHOD TO AN ARBITRARY JOUKOWSKY AIRFOIL

The method previously described in this thesis will now be applied
to an arbitrary Joukowsky type airfoil for a given angle of sttack, a,
and a flow whose speed at infinity is q_,.

To satisfy the Kutta-Joukowsky condition (that the trailing edge

of the airfoil must be a stagnation point), the flow past the circle

Z = Rew with an angle of attack, a;, or a circulation
M= <4mq, R sin(ay +M) (60)
i,w
is given by
-ia
- ~iay B2 \_iC be 1
a(%) %Y o (4'9 * Ze’iai) ar 1% TR (61)

where M is a constant angle defined by the location of the center of
the circle to be transformed (see Fig. 2). The stagnation points on
the circle occur at & = 0° and 6 = 180° + 2(11 + M. Taking the deriva-

tive of G(Z) and substituting equation (60) for [,

2
G'(%) = a noe—io'i [1 + 21 R sinog + ) -2=R ]
9

; e-iai C 23-2101 (62)
Squaring each side of equation (62),

2_ 2 -2 1 1 1 1
[G' (4)] qi,u e 0’1 [AO + Al 2- + A2 ?z + AB -2—3 + A4 ‘ZZ] (63)

where
AO = ] W

8 = 41Re™®L sin(ay +M)
-2R2eR1a4 [l +2 sinz(ai *,u)]

>
"

> (64)
-4iR3e3104 sin(ay +M)

= Rheil
AI, R4e+04

<
n
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b
Recall that £1(%) = Z§i Zﬁ , Let

n=0
00
1. ;E: By
£1(Z) 5 Zn (65)
n=
Hence
00
1‘<Z Eﬁ') ib"n) 66
n
n=0 z nﬂOz (66)
so that
l=b° Bo
O =DbB,+eeo +b B, no (67)
Equations (67) can be solved for B :
1
B = =
o b°
1 .
B =~ 5: (b By + eee + byB, 1) (68)

For later use Bi end B2 in terms of the unknown constants bn are given:

b ~N
1
Bl E e eim
b2
o d
by B (69)
B B e = b e
2 b2 3
(o) bo J
Now it is possible to write
(-]
1(2)] 2 - q2 e-Qiui p 1_
1 (2 1,00 n Zn (70)

where Dn = ,Aan + oes + AIGBn-A (71)




Thus
2 iy 5 5 . = 5_ © Dn
oo gt e £ B
and -
[ b +1
£8) =b_y +b L +b logf - Z ;’né; (73)

n=l

On the circle § = Re‘w, equation (56) becomes

00
b
16 -
z=b_.+b Re +b, logR + b, (18) - ol -ind
-1 o 1 1 an
n=l

2 210.1 00 =
- - - - D
- ﬂ;’:z:_(no Re 16 + Dy log R - nl(is) - E _%l ein5> (74)
nR
n=l

The Joukowski transformation that maps the exterior of a circle

of radius R onto the exterior of an airfoil is given by

2
w@) =4 - Co"’-{%‘&—
0
P Czl:n"l
AT AT (75)
n=1l .

18
where & o= Roe © i3 the center of the circle in the & -plane snd C is
a constant distance determined by the location of J o in the 2 -plane

(see Fig. 2). On the circle & = ReiG, equation (75) becomes

00 2 pn=-1
16 16 C“&o -inb
w(Re” ) = -{o + Re~ + = e (76)
n=l

Equating coefficients of like terms in equations (74) and (76),

the following simultaneous equations for bn are obtained:




2 2ia
b + 1 Elzflf___i D 1 R ‘
-4,  * b log R -7 ; log (77)
q2 e2iai
R=Rb + dae D (78)
4R 2
2 Ziai
= q e n
0=b + 1,o2 B, (79)
2 2 21
L gfeeM 5 (80)
R R 4 s}
and
2 ,n~-1
c b
% .. -n—;l s n22 (81)
R® nR

Since D is a function of bo’ byy eeey bn only, equations (78), (79),

and (80) can be solved for bo’ b, and b2. Once these are obtained,

equation (77) can be trivially solved for b Equation (81) can also

-1°
be trivially solved for bn, n % 3. It remains then only to solve

equations (78), (79), and (80) for b,s by, and b

1 2°

Equation (79), it should be pointed out, is the condition on by
that the mapping of the circle & = ReiG by equation (56) be a closed
curve.

Equations (78), (79), and (80) are definitely not linear equations
in b or T:o. But if, from equation (58), the value of 4y 0, in terms of
bo is substituted into the three equations they become linear in Bo’ bl’
and bz, where Bo is the absolute value of bo’ that is, Bo = lbo\.

For the point at infinity equation (58) gives rise to the relation
o104

(82)




or

2 -i(a-04) -i(a-a4)
U = % o © =2P b, e (83)

where a is the angle of attack of the compressible fluid flow past the

airfoil, and

q
l 20
P=z=
K
1+ /14 q.° (84)
0<P<1 (85)

Since qi,w and P are real, the asrgument of bo must be g = ai, or

b o el(a-ai). Equation (83) then becomes
o
qi,no = 2P E30 (86)
After substituting equation (86) and D_ = 1 into equstion (80),
b
o
b, = - c? - P23032e1(°+°1) (87)
Now
1 = AoBl + AlBO
< ~ia
L B; _ 4iRe T 1 sin(ai-. +mu)
_2 —
b, b, : (88)

The substitution of this snd equation (86) into equation (79) yields

b = PZeZiaS _ LiPzReia

1 1 B, sin(ay +4) =0 (89)

The complex conjugate of equation (89) results in

by =P p) - 44PPRe™ B sin(a; + M) (90)
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and by substituting equation (90) into equation (89), equation (89)

becomes
by - B* b + 41P%Re’® B sin(a, +4) - 41P°Re!® B_ sin(a; +4) = 0 (90)
Hence 2 14
by = R: - ::n(ai ) B, (92)
Proceeding as before,
5 =2 B2 Kl— [}
] _:g . zhi . 41}{9"1“1 -131 sin(ai + 1)
E B
_ 2RRe™204 1 4 231n2(ai +0)]
b, (93)

The substitution of this as well as equations (92) and (87) into equation
(78) yields a linear equation in BO:

2 i(a

R = Boei(a-ai)RZ + Pzezia c2 + PABORz o ( 'ai)

2 1(a=ay)

16P R%e Bo sinz(ai +p)

2)2

(1L+P
1626 (9701)g_ s1n?(a, +p0)
1+ P2

- 2p%R° B, ei(a'ai)[i + 2sin®(ay +p)] (94)

Thus the solution for 8 can be written

+

- p2 Qe 2

By~ i(a—ai)Rz(l ) { 2P sin(oy +,a)] } (95)
1+ P2
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In determining the coefficients of f(%) it is desirable to do so
in terms of q_, and a, which are to be considered as preassigned. The
quantity ay must then be considered ss an unknown. The four equations

for BO, b, b2, and o, are then equations (78), (79), (80), and (83).

Since Bo must be real, a, can be obtained by setting the imaginary part

i
of equation (95) equal to zero:

I {[Rz - p? ¢*ia ¢?] e"i(“"“i)} =0 (96)

or
2
- R2 sin(a - ai) - P 02 sin(a + ai) =0 (97)
Hence

sin(a - ai) _ 2202 _

sin(a + q) R2 -Q (98)

It is seen from equation (98) that Q is positive. From equation (98)

sin ai cos a = cos ai sin a

sin ui cos a + cos a4 sin a =Q (99)

and
_tana _ tan g

1= fen ay QL * Tan o, (100)

then for as,
tan o = %-57% tan a (101)
where
PC 2

Since 0 = a'<90°, ay always has a solution between O and 90°

g . = = (Q,
and ai a. ¥hen a = 0, ai 0
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To obtain b , n = 3, equation (8l) is solveds

- 2 pn-2 2
bn -(n-l)ozo ’n"3

Finally, oo
_b_]; b2 bn
n@ sy ey egzr ) P
. =
b b 00 2 n-2
%1 5% c“(n=-1)2
= bo + ; + ; - Z Z = 0
n=3
b b
1 2 211 1
= Db — g ——
0" 72" ° {Zz (4-()2]
4lso, 5
b2 +C 02
f(§)=b_l+bof» + b logZ - Z + 77

(103)

(104)

(105)

where b_, by, by, and b, are given by the equations (77), (95), (92),

2
and (87) .

The velocity at any point on the airfoil is given by

Bl
]

qB

(106)
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XII. RESULTS OF COMPUTATIONS

Computations have been carried out for an arbitrarily chosen
Joukowsky airfoil (see Fig. 3) having the following geometric

characteristics:

o,.1
C; = Ro eia° = 0,18 ei(-BB ) and R = 1.155. The constants

which are involved in the computations for a freestream Mach number
of 0.5 are given in Table 1. The velocity distributions cslculated
for the actual profile for angles of attack of 0°, 5°, and 10° and
the same Mach number are given in Table 2. The velocity distributions
are also plotted for the three angles of attack in Figure 4.

The pressure distribution over the airfoil can be readily obtained
once the velocity distribution is known and by a direct integration of

the pressures which act over the airfoil the 1ift can be obtained.
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TABLE 1.

COMPUTATIONAL CONSTANTS

Moo = 0.5 P = 0.2679 Ro = 0.18 c = 1.0
Qg = 0.5774 R = 1.155 5, = =33° 411 p=4° se
4 0° 5© 10°
@ 0 4° 29! 9° ot
B, 1.1002 1.1072 1.1202
Q, 0.5884 0.5932 0.6002
b 1.1002 1.1071 - 10,0010 1.1201 - 10,0196
B, 10,0297 -0.0047 + 10.0593 ~0.0140 + 10,0886
b, -1.1054 1.1046 - 10.0175 ~1.1015 - 10.0349




TABLE 2.
VELOCITY DISTRIBUTION, o/q,

(M= 0.55 R =1.155; R, = 0.18; 6, = -33° 41')

o
i o o o
5 ‘\\\\\ 0 5 10

10 0.901 0.888 0.895

30 1.015 1.029 1.047

50 1.142 1.182 1.222

70 1.274 1.348 1.418

90 1.390 1.513 1.626
110 1.469 1.657 1.835
130 1.482 1.768 2.044
150 1.376 1.818 2.265
170 0.946 1.661 2.46/
190 0.408 0.414 1.372
210 1.200 0.713 0.245
230 1.219 0.953 0.694
250 1.112 0.956 0.800
270 0.995 0.900 0.801
290 0.900 0.842 0.777
310 0.842 0.809 0.765
330 0.830 0.818 0.786
350 0.903 0.949 0.899
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Figure 5. Approximations to the Isentrope
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XI1I. CONCLUSIONS

method of calculating subsonic compressible flows proposed by Gelbart
is valid and practical for arbitrary airfoil shapes for which a convenient
mapping function exists.

It was found that the method can be carried out with comparative ease
as compared to numerical methods of solution and therefore lends itself
to engineering use.

A particular advantage of the method is that it allows the approxi-
mate solution of the direct problem, that is, the flow about a given

body at a prescribed angle of attack and freestream Mach number.

From the preceeding investigation, it may be concluded that the
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