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Phase-field modeling of freeing water droplets

Yichen Li

(ABSTRACT)

When a water droplet freezes on a cold plate, a pointy tip forms as the result of volume

expansion. In this dissertation, we will introduce a quasi-compressible phase-field model

that deals with this non-isothermal three-phase system involving water, ice, and air. The

water-ice phase transition and the water-air fluid interface are handled by the Allen-Cahn

and the Cahn-Hilliard equations, respectively. The governing equations, including the two

phase-field equations, the Navier-Stokes equations, and the energy equation, are designed

such that the non-negative entropy production is guaranteed. These equations are then

solved by finite-element methods using the open-source deal.ii library. Our model reproduces

the Gibbs-Thomson and Clausius-Clapeyron equations, which establish the dependence of

the melting temperature on interface curvature and pressure, respectively. Furthermore, the

built-in quasi-compressibility accurately accounts for the volume change due to the water-

ice density contrast during the phase transition. With proper parameters, our simulation

captures the pointy tip of the frozen droplet with good agreement with the experiment.



Phase-field modeling of freeing water droplets

Yichen Li

(GENERAL AUDIENCE ABSTRACT)

Have you ever noticed how a drop of water freezes into a shape with a pointy tip when

it lands on a cold surface? It’s a fascinating process that involves the transformation of

water into ice, and it’s more complex than it might seem at first glance. In our study, we

explore this phenomenon using a special computer model that simulates the freezing process,

including the interactions between water, ice, and air.

Our model uses advanced mathematical equations to understand how water turns into ice

and how the tiny boundary between water and air behaves during freezing. These equations

help us ensure that our simulation follows the laws of nature, specifically the principles of

entropy, which in simple terms, measures the disorder or randomness of a system.

To solve these complex equations, we use a powerful computer program. Our simulations are

not just theoretical exercises; they accurately predict the formation of the pointy tip on the

frozen droplet, much like what we observe in real-life experiments. This success demonstrates

the reliability of our model.

Furthermore, our study delves into the intricate details of how the shape of the frozen droplet

is influenced by various factors, including the unique conditions at the point where water,

ice, and air meet, and how changes in pressure and temperature affect the freezing process.

Our research provides a deeper understanding of the freezing process, which is not only

fascinating from a scientific perspective but also has potential applications in various fields,

such as climate studies and the development of technologies based on the properties of ice

and water.
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Chapter 1

Introduction

1.1 Physical Background and Importance of the Prob-

lem

The solidification of a water droplet in the presence of air is a deceptively simple phenomenon.

In reality, it is a highly coupled three-phase process involving water, ice, and air, and it plays

an important role in both natural environments and engineering applications. In nature, icing

influences phenomena such as frost formation, the stability of snowpacks, and the freezing

of supercooled raindrops. In engineering, the same physics becomes critical in aircraft icing,

wind turbine performance, refrigeration systems, and the design of anti-icing surfaces [56].

A recent comprehensive review by Akhtar et al. [2] further emphasized that droplet freezing

spans a wide range of physical scales, from nucleation to macroscopic ice growth, and appears

in applications as diverse as food processing, pharmaceutical preservation, thermal energy

storage, and atmospheric icing. Despite its apparent simplicity, the freezing of a small droplet

already contains many of the core challenges of multiphase solidification.

The water–ice–air system is governed by several intertwined physical mechanisms. One of

1
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the most important is the density change associated with the water–ice transition. Because

ice is less dense than liquid water, solidification leads to local volume expansion. When a

water drop freezes on a cold plate, this expansion pushes the surrounding liquid–gas interface

upward and gives rise to characteristic morphological features. Experiments have shown that

this expansion is responsible for the formation of the sharp “spicule” or pointy tip that often

appears at the end of freezing [20, 40, 49]. Classical studies of premelting and impurity effects

also highlight the subtle thermodynamic behavior of ice near its phase boundary [14, 55].

These observations reinforce how sensitive the freezing process is to interfacial physics and

thermodynamic driving forces.

Temperature dependence of the melting point also plays a central role in the freezing of a

water droplet. The curvature of the interface and the local pressure influence the equilibrium

temperature through the Gibbs–Thomson and Clausius–Clapeyron relations, and these ef-

fects become especially important near the top of the droplet where curvature can be large.

As the freezing front advances, the pressure distribution adjusts in time, and the interface

temperature follows these thermodynamic constraints. Classical studies have long shown

that curvature can suppress or elevate the melting point, depending on the local geometry

of the interface [9, 34]. These ideas have been used extensively to interpret the behavior of

ice near its phase boundary, including the formation of premelted films and the sensitivity

of ice surface properties to the ambient pressure and curvature [14, 55]. More recent work

provides additional insight into how curvature, pressure, and temperature interact during

solidification. For instance, high-resolution analyses of interface thermodynamics highlight

how the Gibbs–Thomson effect couples with heat transport in materials that exhibit density

change during freezing [52]. Reviews of water solidification modeling also emphasize that

accurate predictions of interface temperature require a consistent treatment of curvature and

pressure, especially in small droplets where geometric effects are amplified [2]. These findings

reinforce the idea that droplet icing cannot be described by thermal diffusion alone. Instead,

the process requires a thermodynamic framework in which interfacial curvature, pressure
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variation, and latent heat release are linked directly to the evolution of the solidification

front.

The interface dynamics themselves are complex. High-speed imaging has revealed that in-

ternal flow patterns, surface tension gradients, and even small air currents can alter the

freezing rate and the shape of the growing ice front [32]. Recent experiments by Karlsson

et al. [33] showed that internal recirculating flow persists well into the freezing process, in-

fluencing both the advance of the solidification front and the local temperature distribution.

These studies suggest that fluid motion cannot be neglected, even when the droplet appears

quasi-static from the outside.

Surface properties further complicate the picture. On many substrates, freezing initiates at

the contact line, and the subsequent motion of the interface depends strongly on surface wet-

tability. Systematic experiments show that hydrophilic and hydrophobic substrates produce

markedly different ice morphologies and freezing times [20, 50]. Beyond intrinsic wettabil-

ity, surface morphology also influences freezing behavior. For example, Hosseini et al. [28]

demonstrated that micro-scale surface features modify the impacting–freezing dynamics of

supercooled droplets, changing both nucleation behavior and the eventual ice shape. These

findings highlight how interfacial mechanics and substrate characteristics feed directly into

the freezing pathway.

When viewed together, these mechanisms reveal why modeling droplet icing is difficult.

The water–ice–air system exhibits strong coupling between mass, momentum, and energy

transport. The density jump creates velocity divergence during the phase transition. The

curvature and pressure dependence of the melting temperature introduce nonlinear feedback

between interface geometry and heat transfer. The motion of the free surface is tied to both

local solidification rates and global volume conservation. Furthermore, the gas phase cannot

be ignored: airflow alters convective heat transport and can change the freezing pathway

[56]. Even at laboratory scales, capturing these effects consistently requires a modeling
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framework that respects the thermodynamic structure of the system and handles multiple

moving interfaces.

For these reasons, droplet icing serves as a challenging but revealing benchmark for study-

ing non-isothermal multiphase solidification. A successful model must incorporate density

change, interfacial thermodynamics, and the coupling between flow and phase transition.

The present work is motivated by this need: to develop a thermodynamically consistent for-

mulation for a three-phase water–ice–air system in which the dynamics of the interfaces, the

non-isothermal environment, and the density variation are treated in a unified framework.

1.2 Existing Understanding of Droplet Freezing (Ex-

perimental and Theoretical)

The freezing of a water droplet has been examined for decades through a combination of

analytical models and controlled laboratory experiments. Early analyses, such as the classical

study of sessile drop solidification by Schultz et al. [43], treated the problem as a Stefan-

type phase change process and revealed how the solidification front grows from the substrate

toward the droplet apex. These early works established several characteristic features that

later became central in icing research, including the formation of a concave freezing front

and the sensitivity of the freezing time to heat transfer at the substrate.

A distinctive morphological signature of droplet icing is the sharp “tip” or “spicule” that

appears at the end of the freezing process. Experiments by Maŕın et al. [40] and the analysis

of Snoeijer and Brunet [49] demonstrated that this pointed structure results primarily from

the density decrease of water upon freezing, which forces the remaining liquid upward as

the volume expands. This mechanism is robust across a wide range of cooling conditions.

Additional experiments, such as the study of drop freezing on solid surfaces by Chaudhary

and Li [11], confirmed the same trend and showed that the upward displacement of the
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liquid–air interface is closely tied to the evolving solidification front.

Surface properties also play a critical role. Fuller et al. [20] showed that substrate wettability

can noticeably influence the front shape, interface speed, and total freezing time. Their re-

sults indicate that hydrophilic surfaces tend to anchor the freezing front at the base, whereas

hydrophobic surfaces promote a different propagation pattern and may lead to modified ice

morphologies. Similar conclusions were reported by Tavakoli et al. [50], who observed that

droplets on hydrophilic surfaces tend to freeze from the bottom upward, while droplets on

less-wettable substrates sometimes develop asymmetric fronts or delayed nucleation. Re-

cent studies provide further support for this idea. For example, Kong et al. [37] examined

impact-freezing of supercooled droplets and demonstrated that surface wettability changes

the nucleation location and alters the freezing dynamics. A more detailed investigation by

Shang et al. [44] showed that wettability affects both the internal flow and the shape of the

advancing freezing front, especially during early impact stages on cold substrates.

High-speed imaging studies broadened our understanding of the internal dynamics. In par-

ticular, Jung et al. [32] documented the internal flow structures inside a supercooled droplet

and showed that the water–air interface may deform before freezing fully sets in. Their ex-

periments suggested that small disturbances, such as natural convection inside the drop or

external air flow, can modify the solidification pattern. Direct flow measurements by Zeng

et al. [64] further demonstrated that gravity influences the shape of the freezing front, the

timing of nucleation, and the eventual formation of the tip. These observations highlight

the role of the surrounding gas phase and explain why some icing morphologies cannot be

reproduced if one neglects air–liquid interactions.

The relevance of airflow has motivated extensive studies in aerospace icing. As summa-

rized by Yamazaki et al. [56], airflow can enhance convective cooling and shift the freezing

front toward the upstream direction. Even mild air motion may change the local heat flux

around the droplet and lead to asymmetric or accelerated icing. This connection between
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environmental factors and icing morphology is important for interpreting experiments and

for designing numerical models that aim to capture realistic freezing scenarios.

Altogether, the existing experimental and theoretical literature paints a coherent picture.

The freezing front is strongly shaped by density change, curvature effects, and heat trans-

fer; the contact line frequently serves as a nucleation site; and the final tip is a geometric

consequence of water expanding as it becomes ice. At the same time, factors such as sub-

strate wettability, surface morphology, gravity, and external airflow introduce additional

complexity. Because these influences interact with the solid–liquid and liquid–gas inter-

faces simultaneously, the droplet icing problem is inherently multiscale and tightly coupled.

These insights provide essential guidance for developing a physically consistent model that

can capture the key dynamics observed in experiments.

1.3 Numerical Modeling Approaches for Droplet Freez-

ing

The freezing of a water droplet involves the interaction of three phases, two curved and

mobile interfaces, and a strongly non-isothermal environment. As a result, many numerical

models have been proposed over the past decades, each focusing on different aspects of the

problem. The main approaches can be grouped into three broad categories: sharp–interface

or front–tracking methods, volume–fraction based methods such as VOF and Level–Set, and

diffuse–interface methods based on the phase–field formulation. Each family of methods has

contributed important physical insight, but each also comes with limitations that motivate

the need for a more unified and thermodynamically consistent framework.
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1.3.1 Sharp–Interface and Front–Tracking Approaches

Early numerical work treated the solid–liquid interface as a sharp moving boundary, often for-

mulated through Stefan-type conditions. In these models, the freezing front is reconstructed

explicitly, and the latent heat release is enforced through interfacial jump conditions. For

instance, Tembely and Dolatabadi [51] developed a lubrication-based sharp–interface formu-

lation to describe the solidification of a sessile droplet. Their model could predict the concave

ice front, the freezing time, and the tip formation observed experimentally. Similarly, Zhang

et al. [65] used a front-tracking approach to account for the liquid–solid volume change by

injecting or removing mass, which allowed them to capture the upward motion of the droplet

surface as freezing progressed.

Sharp–interface techniques provide a clear geometric description of the freezing front. How-

ever, they require explicit interface reconstruction and special numerical treatment at the

contact line. Handling the triple junction is especially delicate when the interface becomes

highly curved or when the substrate imposes a nontrivial contact angle. Extending these

approaches to three-phase systems becomes cumbersome, since one must track both the

liquid–air and solid–liquid interfaces at the same time.

1.3.2 Volume-of-Fluid and Level–Set Approaches

Methods based on volume fractions, such as the Volume-of-Fluid (VOF) and Level–Set meth-

ods, have been widely used to capture large deformations of the liquid–air interface. These

formulations naturally handle topological changes such as breakup and coalescence. Shetabi-

vash et al. [48] proposed a multiple Level–Set model for containerless freezing, in which one

level–set field describes the liquid–gas boundary while another tracks the solid–liquid in-

terface. Their model incorporates density change by modifying the continuity and energy

equations and successfully reproduces the pointy tip associated with volume expansion.
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More recent work extends these ideas by coupling Level–Set or VOF with additional transport

models. For example, a lattice–Boltzmann–phase-field hybrid approach was introduced by

Huang et al. [29] to simulate containerless freezing with improved resolution of the moving

interface. Although the method targets levitated droplets, it highlights how multiphysics

solvers can be combined to follow both curved boundaries and evolving thermal fields.

Despite their versatility, VOF and Level–Set methods face well-known challenges when ac-

curate interfacial physics is required. Surface tension and curvature may be under-resolved

without additional smoothing, and imposing consistent contact angles near the wall can be

difficult. The physics at the triple junction requires special numerical treatment. These is-

sues become more pronounced when phase change is involved, since thermodynamic relations

must be enforced precisely at the solid–liquid boundary.

1.3.3 Phase–Field Approaches

Phase–Field methods describe interfaces as finite–thickness transition layers rather than

sharp boundaries. The approach dates back to classical work on dynamic critical phenomena,

in which an order parameter evolves according to thermodynamically motivated equations

[27]. Later, Cahn and Hilliard introduced an energetic description for binary mixtures, and

their ideas were formulated for fluid flows through the reviews of Anderson et al. [3] and the

phase-field overview of Emmerich [18]. These studies established the basic framework used

today: the interface is identified with rapid but smooth variations of an order parameter,

and its motion follows a free–energy functional that incorporates interfacial energy, mixing

energy, and capillary forces.

Early applications of diffuse–interface theory to hydrodynamics focused on incompressible

two-phase flows. A key step was the work of Gurtin et al. [25], who provided a thermo-

dynamically consistent formulation based on continuum mechanics. Soon after, Chella and

Viñals [12] and Jacqmin [31] demonstrated that the phase-field methodology can be used



1.3. Numerical Modeling Approaches for Droplet Freezing 9

in direct numerical simulations of interfacial flows, including convection-driven mixing and

Navier–Stokes two-phase systems. These contributions confirmed that the combination of

the Cahn–Hilliard (CH) and Navier–Stokes equations can naturally capture interface defor-

mation, breakup, and coalescence.

As applications grew, the main challenge became the treatment of fluids with different den-

sities. The classical incompressible formulation enforces ∇ · v = 0, which is incompatible

with a mixture whose density depends on an order parameter. The first consistent resolu-

tion of this difficulty was given by Lowengrub and Truskinovsky [39], who introduced the

quasi–incompressible model. Their theory shows that mass conservation leads to a modified

divergence condition

∇ · v = −1

ρ

Dρ

Dt
,

and that the CH equation determines the density variation. This model laid the foundation

for later diffuse-interface descriptions of variable-density flows.

Several extensions built upon this idea. Boyer [8] proposed a formulation based on volume

fractions and derived a consistent mixture stress. Ding et al. [15] developed a practical numer-

ical model suitable for large density ratios. Shen and Yang [46] introduced a related system

that remains incompressible but accounts for density contrast through modified stresses.

A more rigorous treatment was given by Abels et al. [1], who derived an incompressible

two-phase model that satisfies thermodynamic consistency and uses the volume-averaged

velocity. Later studies, such as Guo et al. [24], further clarified the energy law and provided

numerical schemes that preserve the dissipation structure. These works established the mod-

ern phase-field framework for two-phase systems with variable density, viscosity, and strong

interfacial forces.

The development of phase-field methods for flows involving more than two phases followed

naturally from the two-phase theory. Dong [16] and Dong [17] constructed N-phase for-

mulations using general order parameters and showed how to maintain consistency among
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multiple interfaces. Their models retain the essential free-energy structure and recover cor-

rect pairwise surface tensions. More recent studies include the moving-contact-line model of

Yu and Yang [61], which incorporates variable densities and viscosities in situations where

the interface meets solid boundaries.

Taken together, these contributions form a coherent progression. The diffuse-interface ap-

proach originates from free-energy principles, evolves through the modeling of binary fluids,

and is extended to variable-density and multiphase systems with a consistent thermody-

namic structure. Because the method avoids explicit interface tracking and allows topologi-

cal changes to occur naturally, it has become a standard tool for complex interfacial flows.

This framework motivates the model developed in this work, where phase-field variables

describe the water–ice and water–air interfaces, and the governing equations follow directly

from the free-energy functional and the thermodynamic relations introduced earlier.

1.4 Recent Advances in Three-Phase (Water–Ice–Air)

Modeling

The freezing of water droplets involves the interaction of water, ice, and air. Although the

solidification of droplets has been studied for many years, only recent work has tried to

describe all three phases in a single framework. Early studies usually modeled each interface

with a different numerical strategy. For example, diffuse-interface methods were used for

the liquid–gas surface, while the ice front was represented by a sharp interface or a front-

tracking method. This split description made it difficult to capture the coupling between the

two interfaces, especially when density change during freezing moved the free surface upward

or when the geometry changed quickly. In such settings, the motion of one interface affects

the other, and a mixed treatment may introduce errors in curvature and mass conservation.

Other approaches used several interface-capturing fields. A typical example is the two-level-
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set method developed for three-phase phase change, as in Shetabivash et al. [48]. One level-

set function tracked the liquid–gas surface and another tracked the liquid–solid boundary. By

modifying the continuity and energy equations, these methods included the density jump and

applied suitable interface conditions at the three-phase point. They reproduced some features

of the freezing process but still relied on curvature reconstruction and special procedures near

the tri-junction. These requirements become more restrictive when convection is important

or when the interfaces move rapidly.

Some studies applied phase-field modeling to freezing droplets but only for two phases.

For instance, Hagiwara et al. [26] used a phase-field model for the ice growth while the

surrounding air was treated through an immersed boundary method. Their simulations

helped explain the oscillation and damping of the free surface during impact, and they

captured the effect of ice-shell formation on the temperature field. However, the air phase

was not part of the diffuse-interface formulation, so the model did not provide a unified

description of the water–ice–air system.

Progress toward a more systematic three-phase formulation was made in the context of

general multiphase flow modeling. The work of Kim and Lowengrub [36] introduced a ther-

modynamically consistent ternary Cahn–Hilliard system coupled with Navier–Stokes. Their

free-energy functional and dissipation structure provided a clear framework for three-phase

interactions, although the model was isothermal and did not include phase change. The

study of Boyer et al. [7] extended the Cahn–Hilliard and Navier–Stokes equations to three-

phase mixtures with different densities and viscosities. Their focus was on incompressible

flows and did not address solidification, but their conditions on the free-energy potential

remain important for avoiding spurious phases in ternary systems. These works form the

basis for many later studies of three-phase interfaces.

More recent fluid models have also improved the consistency between capillary forces and the

momentum equation. For example, Huang et al. [30] developed a balanced-force method for
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two-phase flows that reduces spurious velocity and ensures a conservative formulation. Their

ideas highlight the numerical difficulty of coupling surface tension and density variation,

which becomes even more challenging in three-phase freezing where two moving interfaces

interact with each other. The reviews by Chen [13] and Qin and Bhadeshia [41] also empha-

sized that a consistent free-energy structure is essential for any phase-field model, especially

when several phases coexist.

Building on these foundations, Zhang et al. [66] proposed a diffuse-interface description for

water–ice–air systems using two order parameters. A Cahn–Hilliard variable represented the

water–air interface and an Allen–Cahn variable represented the phase change. Their model

allowed the density to vary across the interfaces by relaxing the incompressibility constraint.

This choice led to a non-zero velocity divergence and required additional assumptions in the

pressure equation. The formulation reproduced several qualitative features of freezing, but

it did not include a full energy law and some equations were hard to justify from a strict

thermodynamic viewpoint.

A different direction was taken by Wang et al. [54], who developed an energy-stable three-

phase formulation in an incompressible setting. Their system combined the Navier–Stokes,

Cahn–Hilliard, and Allen–Cahn equations and used a convex-splitting strategy to guarantee

unconditional stability of the discrete scheme. Their velocity field satisfies a zero-divergence

condition, so density-driven motion is not captured. This model is not an extension of Zhang

et al. [66] but provides a stable alternative for simulating ice formation under controlled

conditions.

Overall, the development of three-phase water–ice–air modeling has moved from mixed-

interface descriptions to diffuse-interface formulations that attempt to represent all phases

in a unified way. Existing models differ in how they treat density variation, free-energy

structure, and numerical stability. No current formulation resolves all difficulties. These

limitations motivate the present work, which aims to construct a thermodynamically consis-
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tent three-phase model that captures both the interfacial motion and the flow field during

droplet freezing.

1.5 Thesis Outline

Although past studies have provided valuable insight into droplet icing, existing models still

cannot fully resolve the coupled physics of a water–ice–air system. Many sharp–interface

and front–tracking formulations struggle near the moving contact line, and volume–tracking

approaches often have difficulty enforcing curvature, contact angle, and mass conservation

in a consistent way. Recent phase–field models have made important progress, yet several

essential features remain only partially treated: the thermodynamic link between curvature

and melting temperature, the strong density contrast between water and ice, and the quasi-

incompressible nature of the mixture during phase change. These limitations motivate the

development of a more unified framework.

The model proposed in this study aims to address these gaps. The formulation is rooted in the

fundamental principles of thermodynamics and derives all constitutive relations through non-

negative entropy production. By combining the Allen–Cahn and Cahn–Hilliard equations

with the quasi-incompressible Navier–Stokes system, the model captures both the water–ice

phase transition and the deformable water–air interface within a single framework. The

resulting system can represent density variation, curvature-induced melting-point shifts, and

the non-isothermal coupling among the three phases.

The main contributions of this thesis are summarized as follows:

• A thermodynamically consistent phase-field formulation for a three-phase (water–ice–

air) system that incorporates the Gibbs–Thomson and Clausius–Clapeyron relations

directly into the free-energy structure.
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• A quasi-incompressible mixture framework that accounts for density variation during

solidification while maintaining mass conservation through the modified continuity

equation derived in Appendix C of Yue [62].

• A coupled Cahn–Hilliard–Allen–Cahn model capable of representing two interfaces

simultaneously, together with a single mixture velocity field governed by the Navier–

Stokes equations.

• A numerical scheme that handles large density ratios and strong interfacial forces,

enabling stable simulations of long-time icing processes and complex interface mor-

phologies.

• A set of computational studies that validate the model against known physical behav-

iors, including volume expansion, upward motion of the free surface, and characteristic

ice-front evolution.

The structure of the thesis is as follows. Chapter 2 introduces the thermodynamic framework

and derives the free-energy functional, entropy production, and constitutive relations that

form the foundation of the three-phase model. Chapter 3 presents the governing equations,

including the quasi-incompressible mass balance, the momentum equations, and the coupled

Allen–Cahn and Cahn–Hilliard formulations for the two order parameters describing the

three-phase system.

Chapter 4 examines a simplified three-phase model designed to isolate the intrinsic phase-field

dynamics. By removing convection, thermal effects, and density variation, this reduced sys-

tem keeps the essential Cahn–Hilliard and Allen–Cahn structures while providing a cleaner

setting for analyzing energy dissipation and for developing stable SAV/IEQ time-stepping

schemes. The simplified model therefore serves as a venue for the exploration of efficient

energy-stable numerical schemes.

Chapter 5 discusses the numerical discretization and outlines the solution algorithm for
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the fully coupled system. Chapter 6 provides numerical experiments that demonstrate the

model’s ability to capture freezing dynamics in a water–ice–air system. Finally, Chapter 7

summarizes the main findings and outlines several directions for future work.



Notation

Table 1.1: Parameters and variables in the phase–field model.

Symbol Description

ϕ Allen–Cahn order parameter for the solid–liquid interface.

ψ Cahn–Hilliard order parameter for the liquid–gas interface.

µϕ Chemical potential associated with ϕ.

µψ Chemical potential associated with ψ.

λϕ Gradient–energy coefficient for ϕ in the free–energy functional.

λψ Gradient–energy coefficient for ψ in the free–energy functional.

Mϕ Mobility in the Cahn–Hilliard equation.

Mψ Mobility in the Allen–Cahn equation.

r(ϕ) Interpolation function for phase–dependent thermodynamic prop-
erties.

r(ψ) Interpolation function for solid–liquid transition properties.

W (ϕ) Double–well potential (bulk free–energy density) for ϕ.

W (ψ) Double–well potential (bulk free–energy density) for ψ.

q SAV/IEQ auxiliary variable introduced to ensure energy stability.

16
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Table 1.2: Thermodynamic quantities.

Symbol Description

e Internal energy per unit mass.

h Enthalpy per unit mass.

f Helmholtz free–energy density per unit mass.

g Gibbs free energy per unit mass.

F Total free energy of the system.

s Entropy per unit mass.

T Temperature field.

TM Melting temperature at a flat interface and the reference pressure
p0.

Tσ Actual melting temperature at a curved interface (Gibbs–Thomson
relation).

Tp Actual melting temperature at the interface under a pressure de-
viation pa = p− p0 relative to the reference pressure p0 (Clausius–
Clapeyron relation).

L Latent heat.

c Specific heat capacity.

ci Concentration of species i.

p Pressure.

p0 Reference pressure.

σ Surface tension.

f̂ Local free-energy density (used in gradient forces).
∂f̂
∂∇ϕ Variational derivative of energy w.r.t. ∇ϕ.
∂f̂
∂∇ψ Variational derivative of energy w.r.t. ∇ψ.

Table 1.3: Mixture and fluid properties.

Symbol Description

ρ Mixture density depending on ϕ and ψ.

ρl Liquid density.

ρs Solid density.

v Velocity field.

η Dynamic viscosity.

k Thermal conductivity.
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Table 1.4: Differential operators and tensor notation used throughout the thesis.

Symbol Description

∂i Partial derivative with respect to the i-th spatial coordinate.

∇ · v Divergence of a vector field.

∇ ·Σ Divergence of the stress tensor: (∇ ·Σ)i = ∂jΣji.

(v·∇)v Convective acceleration, [(v·∇)v]i = vj ∂jvi.

(∇v)T Transpose of the velocity-gradient tensor.

D(v) Symmetric strain-rate tensor: D = 1
2
(∇v + (∇v)T ).

(A · a)i Action of a second-order tensor A on vector a: (A ·a)i =
∑

j Aijaj.

A : B Double contraction of tensors: A : B =
∑

i,j AijBij.

a⊗ b Dyadic product: (a⊗ b)ij = aibj.

∆u Laplacian of a scalar field: ∆u = ∂i∂iu.

∆µϕ Laplacian of the chemical potential in Cahn–Hilliard.∫
Ω
(·) dΩ Volume integral over the domain Ω.∫

∂Ω
(·) ds Boundary integral using the outward normal n.

n Outward unit normal vector on ∂Ω.

κ Interface curvature (positive for solid drops, negative for liquid
drops).

Table 1.5: Notation in numerical discretization and weak formulations.

Symbol Description

ϕ̃ Test function for ϕ.

ψ̃ Test function for ψ.

µ̃ϕ Test function for µϕ.

µ̃ψ Test function for µψ.

ṽ Test function for velocity.

p̃ Test function for pressure.

T̃ Test function for temperature.

θ Weight parameter in the θ-scheme.

∆t Time-step size.

ϕ∗,θ θ-interpolated phase field.

δϕ Newton increment for ϕ.

δψ Newton increment for ψ.

δv Newton increment for velocity.
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Table 1.6: Geometric notation and domain-related symbols.

Symbol Description

Ω Computational domain.

∂Ω Boundary of the computational domain.

n Outward unit normal vector on ∂Ω.

R Droplet radius.

R0 Initial droplet radius.

κ Interface curvature.

pa Pressure deviation p− p0.



Chapter 2

Thermodynamics Relations

In the realm of classical thermodynamics, the equilibrium state of a system can be described

by four fundamental thermodynamic potentials: internal energy e, enthalpy h, Helmholtz

free energy f , and Gibbs free energy g [6, 10]. Each of these potentials serves a different role

and has a specific set of natural variables. Internal energy represents the total microscopic

energy of a system, including both kinetic and potential contributions. Enthalpy extends this

concept by including the pressure–volume work, making it particularly useful for processes

occurring at constant pressure. Helmholtz free energy measures the maximum useful work

(including volume work) that can be extracted from a closed system at constant temperature.

Gibbs free energy, on the other hand, reflects the maximum non-expansion work and is

widely used to determine the direction of spontaneous processes and phase transitions under

constant temperature and pressure.

The differential formulations of these potentials, often referred to as the fundamental ther-

modynamic equations, reveal the underlying relationships between temperature, entropy,

pressure, volume, and chemical composition [21]. These relations not only establish the

basis for classical thermodynamic analysis, but also enable indirect measurements of quan-

tities that are otherwise difficult to access. For example, the Maxwell relations—derived

20
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from second-order derivative symmetry—provide a connection between entropy and more

directly measurable variables such as pressure or volume. Similarly, the Clapeyron equation

relates the slope of the phase boundary in the P–T diagram to the latent heat and specific

volume change during a phase transition, allowing us to estimate enthalpy changes based on

observable gradients [42, 63].

In multicomponent systems, additional terms must be introduced to account for the mass or

mole numbers of each species. The conjugate variables to composition in these cases are the

chemical potentials, which quantify the energy cost of adding material to the system. These

are related through the Gibbs–Duhem relation, which imposes thermodynamic constraints

among temperature, pressure, and chemical potentials [10]. This relation plays an essential

role when considering mixtures such as water–air systems in icing phenomena.

In the subsequent sections, we will delve into the mathematical structure of these thermo-

dynamic identities and explore how they can be utilized in a phase-field framework. Special

emphasis will be placed on the derivation of thermodynamically consistent constitutive re-

lations using the entropy inequality, and on the identification of key driving forces such as

chemical potentials. These analyses will establish a rigorous foundation for constructing our

multiphase model and will ensure that the governing equations remain consistent with the

second law of thermodynamics. Unless otherwise stated, all thermodynamic quantities will

be formulated on a per unit mass basis throughout this chapter.

2.1 Internal energy e(s, ρ, ci)

Internal energy per unit mass, denoted as e(s, ρ, ci), is fundamentally linked to its natural

state variables: entropy per unit mass s, density ρ, and concentrations ci of chemical species.
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The differential form of internal energy can be as:

de =
∂e

∂s

∣∣∣∣
ρ,ci

dρ+
∂e

∂ρ

∣∣∣∣
s,ci

ds+
∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci. (2.1)

We define temperature, pressure, and chemical potentials as

T =
∂e

∂s

∣∣∣∣
ρ,ci

,
p

ρ2
=
∂e

∂ρ

∣∣∣∣
s,ci

, µi =
∂e

∂ci

∣∣∣∣
s,ρ

. (2.2)

Then the differential can be rewritten as

de = Tds+
p

ρ2
dρ+

∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci. (2.3)

2.2 Enthalpy h(s, p, ci)

Enthalpy is the sum of the system’s internal energy and the product of pressure and volume:

h = e+ pv,

where v = 1
ρ
is the specific volume of the system.

We have

dh =de(s, ρ, ci) + d

(
p

ρ

)
=Tds+

p

ρ2
dρ+

∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci +
1

ρ
dp− p

ρ2
dρ

=Tds+
∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci +
1

ρ
dp.

(2.4)

Enthalpy can also be expressed as a function of its natural state variables: entropy, pressure,
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and mass concentrations. Thus, the differential of h can also be expressed as

dh(s, p, ci) =
∂h

∂s

∣∣∣∣
p,ci

ds+
∂h

∂p

∣∣∣∣
s,ci

dp+
∑
i

∂h

∂ci

∣∣∣∣
s,p

dci. (2.5)

Comparing Eqs. (2.4) and (2.5), we have

T =
∂h

∂s

∣∣∣∣
p,ci

,
1

ρ
=
∂h

∂p

∣∣∣∣
s,ci

, µ =
∂e

∂ci

∣∣∣∣
s,ρ

=
∂h

∂ci

∣∣∣∣
s,p

. (2.6)

2.3 Helmholtz free energy f (T, ρ, ci)

Helmholtz free energy f is a thermodynamic potential that measures the useful work ob-

tainable from a closed thermodynamic system at a constant temperature (isothermal), f is

connected to e through the following relation.

f(T, ρ, ci) = e(s, ρ, ci)− Ts, (2.7)

by taking the differential of both sides, we obtain

df =de(s, ρ, ci)− d(Ts)

=Tds+
p

ρ2
dρ+

∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci − Tds− sdT

=− sdT +
p

ρ2
dρ+

∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci.

(2.8)

f can also be expressed as a function of its natural variables, namely temperature T , density

ρ, and the set of concentrations ci. Its total differential is given by

df(T, ρ, ci) =
∂f

∂T

∣∣∣∣
ρ,ci

dT +
∂f

∂ρ

∣∣∣∣
T,ci

dρ+
∑
i

∂f

∂ci

∣∣∣∣
T,p

dci. (2.9)
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Comparing Eqs. (2.8) and (2.9) we get

−s = ∂f

∂T

∣∣∣∣
ρ,ci

,
p

ρ2
=
∂f

∂ρ

∣∣∣∣
T,ci

=
∂e

∂ρ

∣∣∣∣
s,ci

,
∂f

∂ci

∣∣∣∣
T,ρ

=
∂e

∂ci

∣∣∣∣
s,ρ

. (2.10)

2.4 Gibbs free energy g(T, p, ci)

Gibbs free energy is a thermodynamic potential that may be used to determine the maximum

amount of work that can be accomplished at constant temperature and pressure by a closed

system. Gibbs free energy is defined as follows:

g = e+
p

ρ
− Ts = h− Ts. (2.11)

By taking the differential of both sides, we obtain

dg =de(s, p, ci) + d

(
p

ρ

)
− d(Ts)

=Tds+
p

ρ2
dρ+

∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci +
1

ρ
dp− p

ρ2
dρ− Tds− sdT

=− sdT +
1

ρ
dp+

∑
i

∂e

∂ci

∣∣∣∣
s,ρ

dci.

(2.12)

Gibbs free energy can also be expressed as a function of its natural variables, which are

temperature T , pressure p, and concentrations ci. Based on this, the total differential of g

can be written as

dg(T, p, ci) =
∂g

∂T

∣∣∣∣
p,ci

dT +
∂g

∂p

∣∣∣∣
T,ci

dp+
∑
i

∂g

∂ci

∣∣∣∣
T,p

dci, (2.13)

comparing Eqs. (2.12) and (2.13), we get

−s = ∂g

∂T

∣∣∣∣
p,ci

=
∂f

∂T

∣∣∣∣
ρ,ci

,
1

ρ
=
∂g

∂p

∣∣∣∣
T,ci

=
∂h

∂p

∣∣∣∣
s,ci

,
∂g

∂ci

∣∣∣∣
t,p

=
∂e

∂ci

∣∣∣∣
s,p

. (2.14)
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Equations (2.6), (2.10), and (2.14), can be reorganized into

(i) T = ∂e
∂s

∣∣∣∣
ρ,ci

= ∂h
∂s

∣∣∣∣
p,ci

,

(ii) −s = ∂g
∂T

∣∣∣∣
p,ci

= ∂f
∂T

∣∣∣∣
ρ,ci

,

(iii) 1
ρ
= ∂h

∂p

∣∣∣∣
s,ci

= ∂g
∂p

∣∣∣∣
T,ci

,

(iv) p
ρ2

= ∂f
∂ρ

∣∣∣∣
T,ci

= ∂e
∂ρ

∣∣∣∣
s,ci

,

(v) µi =
∂e
∂ci

∣∣∣∣
s,ρ

= ∂f
∂ci

∣∣∣∣
T,ρ

= ∂h
∂ci

∣∣∣∣
s,p

= ∂g
∂ci

∣∣∣∣
T,p

.

The Gibbs–Helmholtz relation can be obtained by taking the derivative of g/T with respect

to T :

∂
(
g
T

)
∂T

∣∣∣∣
p,ci

=

∂g
∂T

∣∣∣∣
p,ci

· T − g

T 2
=

−sT − g

T 2
= − h

T 2
.

A similar expression can be derived for the free energy by following the same approach:

∂
(
f
T

)
∂T

∣∣∣∣
ρ,ci

=

∂f
∂T

∣∣∣∣
ρ,ci

· T − f

T 2
=

−sT − f

T 2
= − e

T 2
.

This section has laid the groundwork for the thermodynamic analysis of equilibrium systems

that are spatially homogeneous. Through the derivation of the differential forms of the

four thermodynamic potential energies, we have identified how these energies interplay. The

equations highlight the dependence of each thermodynamic potential on entropy, pressure,

density, temperature, and mass concentration, providing a comprehensive framework for

understanding the energetic and entropic variations during phase changes.



Chapter 3

Three-phase solidification model

In our thermodynamically consistent framework, we develop a three-phase model that ac-

counts for variations in density, a key factor in the solidification of water. Through rigorous

derivation, we ensure that the model is thermodynamically consistent, i.e., it guarantees

non-negative entropy production.

3.1 Three-phase model with variable density

Following a thermodynamically consistent framework that assures the system’s conservation

laws, we briefly describe the derivations of our model equations in the following section.

We assume the three-phase system to be quasi-incompressible [39]. That is, each individual

phase is incompressible with a constant density, but the whole mixture may change volume

due to phase transition and inter-phase diffusion. More specifically, the mixture density is a

function of mixture composition as characterized by the phase-field variables:

1

ρ(ϕ, ψ)
=
ml

ρl
+
ms

ρs
+
mg

ρg
, (3.1)

26
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where ml = r(ϕ)r(ψ), ms = r(ϕ)(1 − r(ψ)), and mg = 1 − r(ϕ) are the mass fractions of

liquid, solid, and gas, respectively. Here r(·) is a smooth interpolant satisfying r(0) = 0,

r(1) = 1, and r′(0) = r′(1) = 0. This interpolant ensures ∂ρ
∂ϕ

= ∂ρ
∂ψ

= 0 in the bulk phases.

Equation (3.1) follows from the fact that the volume of the mixture is the sum of the volumes

of its three components.

Figure 3.1: Schematic illustration of the phase distribution in the simplified three-phase
model. The three phases—solid (ice), liquid (water), and gas (air)—are uniquely represented
by two phase-field variables, ϕ and ψ. The regions are defined by the combinations: solid
(ice), ϕ = 1, ψ = 0; liquid (water), ϕ = 1, ψ = 1; and gas (air), ϕ = 0.

Figure 3.1 provides a visual representation of how the two order parameters, ϕ and ψ,

distinguish the three phases in the present three-phase formulation. The variable ϕ serves

as an indicator that separates the gas phase from the condensed phases: ϕ = 0 corresponds

to gas (air), while ϕ = 1 designates the region occupied by either liquid water or solid ice.

Within the condensed region, the variable ψ further differentiates the two states, taking the

value ψ = 0 in the solid (ice) and ψ = 1 in the liquid (water). Each phase is therefore

uniquely associated with a specific pair (ϕ, ψ), and the relationships shown in Figure 3.1

encode the structure that underlies the interpolations used in definition of density definition

in (3.1) and the free energies to be discussed in the next subsection. This construction

enables the model to track liquid–gas and solid–liquid interfaces simultaneously within a

unified diffuse-interface framework.
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3.1.1 Energies for a homogeneous system

Gibbs free energy, as defined in Eq. (2.11), is a thermodynamic potential that quantifies the

maximum amount of useful work a closed system can accomplish when operating under con-

stant temperature and pressure. In our model, Gibbs free energy is carefully constructed to

capture the intricacies of phase transitions, particularly those involving water-ice and water-

air interactions. This formulation allows us to incorporate both interface dynamics and bulk

phase behavior by leveraging the Allen-Cahn and Cahn-Hilliard equations, ensuring consis-

tency with the second law of thermodynamics. Furthermore, by taking into account the com-

positional dependence of density, the model handles the quasi-incompressible nature of the

three-phase mixture in a physically consistent manner. Following the quasi-incompressible

phase-field framework for a two-phase system by Anderson et al. [4], the homogeneous Gibbs

free energy per unit mass is constructed as:

g(p, T, ϕ, ψ) = [h0 + r(ϕ)r(ψ)L− c(ϕ, ψ)TM ]

(
1− T

TM

)
− c(ϕ, ψ)T ln

T

TM
+
p− p0
ρ(ψ, ϕ)

.

(3.2)

Here, c(ϕ, ψ) denotes the specific heat of the mixture, TM is the melting temperature at the

reference pressure p0, and L is the latent heat of fusion at TM and p0.

Based on the definition of Helmholtz free energy, we subtract the mechanical contribution

from the Gibbs free energy to obtain

f(p, T, ϕ, ψ) = g(p, T, ϕ, ψ)− p

ρ(ϕ, ψ)
. (3.3)

It should be noted that the Helmholtz free energy f here is expressed as a function of

pressure p and temperature T , rather its natural state variables s and ρ, as done in the

classical formulation. This choice is due to the fact that density ρ, as a function of the phase

variables ϕ and ψ, is no longer an independent thermodynamic variable in our system. As
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a result, certain differential thermodynamic relations derived in Chapter 2, which rely on

(s, ρ) as independent variables, are not directly applicable to the current expression of f .

The internal energy e can be obtained as follows:

e(p, T, ϕ, ψ) =h− p

ρ

=− T 2∂ (g/T )

∂T
− p

ρ

=e0 + r(ϕ)r(ψ)L+ c(ϕ, ψ)(T − TM)− p0
ρ(ϕ, ψ)

(3.4)

where we have used the Gibbs-Helmholtz relation (3.3). In this internal energy, we can

identify the Latent heat term r(ϕ)r(ψ)L that is activated in the water phase and the term

c(ϕ, ψ)(T − TM) that is associated with heat capacity and temperature. It should be noted

that

∂e

∂p

∣∣∣∣
T,ϕ,ψ

= 0, (3.5)

which is a consequence of the quasi-incompressibility. It is easy to see that the Helmholtz

free energy (3.3) and entropy (3.6) are both independent of pressure p as well.

Entropy is a key indicator to ensure that the three-phase solidification phase field model

involving water, ice, and air obeys the second law of thermodynamics. According to this

law, an isolated system’s total entropy can never drop over time and reaches its maximum

at equilibrium. In order to ensure thermodynamic consistency, our model takes entropy

into account and guarantees that all processes, such as the water-ice phase transition and

the dynamics of the water-air interface, are oriented toward raising the total entropy. The

entropy can be computed from e and f :

s(p, T, ϕ, ψ) =
e− f

T
= [e0 + r(ϕ)r(ψ)L]

1

TM
+ c(ϕ, ψ) ln

T

TM
. (3.6)
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3.1.2 Energies for a systems with diffuse interface

In classical sharp-interface models, material properties such as density, entropy, or com-

position change discontinuously across a mathematically idealized interface. As shown in

Figure 3.2, this representation assumes that the interface has no thickness, which causes

difficulties in numerical implementation and in providing a clear thermodynamic description

of the motion of the interface, such as relating the interface velocity to the local variations

in chemical potential, temperature, and curvature.

Figure 3.2: Properties are discontinuous at the sharp interface, but vary continuously across
the diffuse interface.

In contrast, the diffuse interface approach provides a more natural and physically consistent

framework by allowing these properties to vary smoothly across a finite interfacial region [3,

4]. This smooth transition is modeled through additional contributions to the free energy

that include a double-well potential and gradient terms in ϕ and ψ, allowing the system to

capture interfacial dynamics in an energetically consistent way.

Following Guo and Lin [23], we extend the Gibbs free energy to account for the diffuse

interface:

ĝ(p, T, ϕ, ψ,∇ϕ,∇ψ) = g(p, T, ϕ, ψ) + g∗(ϕ, ψ,∇ϕ,∇ψ), (3.7)
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where ĝ is the total free energy for the non-homogeneous three-phase system, g is the classical

part corresponding to a homogeneous system, and g∗ is the non-classical contribution that

arises from the non-homogeneity brought in by the diffuse interface.

Similarly, we extend the Helmholtz free energy, internal energy, and entropy as

f̂(p, T, ϕ, ψ,∇ϕ,∇ψ) = f(p, T, ϕ, ψ) + f ∗(ϕ, ψ,∇ϕ,∇ψ), (3.8)

ê(p, T, ϕ, ψ,∇ϕ,∇ψ) = e(p, T, ϕ, ψ) + e∗(ϕ, ψ,∇ϕ,∇ψ), (3.9)

ŝ(p, T, ϕ, ψ,∇ϕ,∇ψ) = s(p, T, ϕ, ψ) + s∗(ϕ, ψ,∇ϕ,∇ψ). (3.10)

The extended energies satisfy relations analogous to those of the classical energies,

f̂ = ĝ − p

ρ
, (3.11)

and

ê = f̂ − T ŝ. (3.12)

It follows that

f ∗ = g∗, e∗ = f ∗ − Ts∗.

It should be noted that the non-classical part f ∗ represents the excessive energy that con-

tributes to surface tension. For simplicity, we assume that all non-classical terms are in-

dependent of T . This corresponds to a surface tension that is independent of T . This

T -independence requires s∗ = 0 (i.e., ŝ = s) and therefore e∗ = f ∗.

Different formulations exist in the literature. For instance, Guo and Lin [23] consider a

temperature-dependent f ∗ by allowing s∗ ̸= 0, which leads to a surface tension that varies

with temperature. This corresponds to a temperature-independent surface tension, allowing

the model to capture thermocapillarity.
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Following the standard form of mixing energy in phase-field models [3, 53] , we adopt

f ∗ = g∗ = e∗ = λϕ
(
W (ϕ) + 1

2
|∇ϕ|2

)
+ r(ϕ)λψ

(
W (ψ) + 1

2
|∇ψ|2

)
, (3.13)

where W (ϕ) =
ϕ2(1− ϕ2)

ϵ2
is the double-well potential, and λϕ, λψ are the mixing energy

coefficients associated with the ϕ and ψ interfaces, respectively. The function r(ϕ) ensures

that ψ interface (i.e., the solid-liquid interface) only exists in the region with ϕ = 1.

3.1.3 Conservation laws

The conservation laws play a pivotal role in phase-field modeling, encompassing mass, mo-

mentum, energy, and entropy within the system. In the context of three-phase solidification,

we must derive the governing equations that comply with the fundamental conservation prin-

ciples. These include the evolution equations for the gas interface (reprensented by ϕ), the

solid-lquid interface (represented by ψ), the continuity equation, the momentum equation,

and the energy and entropy equations.

Let V (t) be an arbitrary material volume that moves with velocity v(x, t). Then the mass,

momentum, total energy, and entropy associated with this material volume are given by

M =

∫
V (t)

ρdx, (3.14)

P =

∫
V (t)

ρvdx, (3.15)

E =

∫
V (t)

ρ

(
ê+

|v|2

2

)
dx, (3.16)

S =

∫
V (t)

ρŝdx. (3.17)

Here the total energy includes contributions from the internal energy ρê and the kinetic

energy 1
2
ρ|v|2.
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Mass conservation requires

d

dt
M = 0. (3.18)

The rate of change of momentum is determined by the external force on V (t):

d

dt
P =

∫
∂V (t)

n ·Σdx, (3.19)

where n is the outward pointing normal, Σ is the Cauchy stress, and we have ignored the

body force. The total energy is affected by external work and energy flux:

d

dt
E =

∫
∂V (t)

n · (Σ · v − qE − qncE )ds, (3.20)

where n ·Σ · v is the work done by the external force (which equals n ·Σ) on ∂V (t), qE is

the classical heat flux, and qncE is the non-classical heat flux associated with diffuse interface.

Similarly we have the following equation for entropy:

d

dt
S =

∫
∂V (t)

n ·
(
−qE
T

− qncs

)
ds+

∫
V (t)

Ṡprod dx, (3.21)

where qE
T

is the entropy flux associated with the heat flux qE, q
nc
s is the non-classical entropy

flux, and Ṡprod is the irreversible entropy production.

For a sufficiently smooth scalar, vector, or tensor field f(x, t) advected by velocity v(x, t), the

material derivative is given by Df
Dt

= ∂f
∂t
+v ·∇f . It is easy to see that the material derivative

satisfies the product rule: D(fg)
Dt

= ∂(fg)
∂t

+v·∇(fg) = f ∂g
∂t
+ ∂f

∂t
g+v·(f∇g+g∇f) = f Dg

dt
+Df

Dt
g.

To put the conservation laws into differentia equations, we also need the following Reynolds

transport theorem.

Theorem 3.1 (Reynolds transport theorem). Let f(x, t) be smooth in the Eulerian frame,
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and let V (t) be a control volume moving with a smooth velocity field v. Then

d

dt

∫
V (t)

f dx =

∫
V (t)

(∂f
∂t

+∇ · (fv)
)
dx =

∫
V (t)

(Df
Dt

+ f ∇ · v
)
dx. (3.22)

Applying Theorem 3.1 to Eq. (3.17) and considering that the control volume V (t) is arbitrary,

we get the following continuity equation for mass conservation in differential form:

Dρ

Dt
+ ρ∇ · v = 0. (3.23)

Combining (3.23) and (3.22), we also arrive at the following transport theorem for quantities

per unit mass.

Theorem 3.2 (Reynolds transport theorem for quantities per unit mass). Let f(x, t) be

smooth in the Eulerian frame, let ρ be the density satisfying the continuity equation(3.23),

and let V (t) be a control volume moving with a smooth velocity field v. Then

d

dt

∫
V (t)

ρf dx =

∫
V (t)

(
ρ
Df

Dt
+
Dρ

Dt
f + ρf ∇ · v

)
dx =

∫
V (t)

ρ
Df

Dt
dx. (3.24)

With the help of Theorem 3.2, the integral-form conservations laws (3.19), (3.20), and (3.21)

can be cast into differential equations:

ρ
Dv

Dt
= ∇ ·Σ, (3.25)

ρ
D

Dt

(
ê+

|v|2

2

)
= ∇ ·(Σ · v − qE − qncE ) , (3.26)

ρ
Dŝ

Dt
= ∇ ·

(
−qE
T

− qncs

)
+ Ṡprod, (3.27)

where we have used the divergence theorem to transform surface integrals into volume inte-

grals of divergence.

By taking the dot product between the momentum equation (3.25) and v, we get the fol-
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lowing conservation law for kinetic energy

ρ
D(1

2
|v|2)
Dt

= ∇ · Σ · v, (3.28)

where we have used the product rule D|v|2
Dt

= D(v·v)
Dt

= 2Dv
Dt

·v. Combining this equation with

the total energy equation (3.26), we arrive at the conservation law for internal energy:

ρ
Dê

Dt
= −∇ · (qE + qncE ) +∇v : Σ, (3.29)

where we have used the identify ∇ · (Σ · v) = (∇ ·Σ) · v +∇v : Σ.

We also need equations for ϕ and ψ to describe the evolution of mixture composition. The

phase field ϕ represents the interface between gas and the condensed phases (liquid and

solid). Since the total mass of air must be conserved, we assume ϕ evolves according the

following conserved dynamics:

ρ
Dϕ

Dt
= −∇ · jϕ, (3.30)

where jϕ is the diffusive flux of ϕ. This equation ensures that the total mass of air remains

conserved in the computational domain. Integrating equation (3.30) over the computational

domain Ω and applying the divergence theorem, the flux term transforms into a surface

integral, which vanishes under appropriate boundary conditions (i.e., n·jϕ=0 on ∂Ω), thereby

conserving
∫
Ω
ρϕdx.

For the liquid-solid interface, denoted by ψ, we account for the phase transition that is not

conserved. Thus, we include a source term:

ρ
Dψ

Dt
= jψ, (3.31)

where jψ is a nonzero source that reflects the phase transformation process between liquid

and solid.
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Now we have gathered all the governing equations that our three-phase system has to satisfy:

phase-field equations (3.30) and (3.31), continuity equation (3.23), momentum equation

(3.25), energy equation (3.26) or (3.29), and entropy equation (3.27). It should be noted

that the entropy equation (3.27) is redundant and we use it to determine entropy production

Ṡprod. The terms Σ, qE, q
nc
E , and qncs are to be determined so that Ṡprod ≥ 0 is guaranteed.

3.1.4 Entropy generation

In this subsection we will derive entropy production Ṡprod, which can be obtained by multi-

plying Eq. (3.27) by T and subtracting Eq. (3.29):

T Ṡprod = ρT
Dŝ

Dt
− ρ

Dê

dt
+∇v : Σ+∇ · (Tqncs − qncE )−∇T · (qE

T
+ qncs ). (3.32)

From Eq. (3.7), we have

dĝ =
∂g

∂p

∣∣∣∣
T,ϕ,ψ

dp+
∂g

∂T

∣∣∣∣
p,ϕ,ψ

dT +
∂ĝ

∂ϕ
dϕ+

ĝ

∂ψ
dψ +

∂ĝ

∂∇ϕ
· d∇ϕ+

∂ĝ

∇ψ
· d∇ψ

=
1

ρ
dp− sdT +

∂ĝ

∂ϕ
dϕ+

ĝ

∂ψ
dψ +

∂ĝ

∂∇ϕ
· d∇ϕ+

∂ĝ

∇ψ
· d∇ψ, (3.33)

where we have used the relations in (2.14) with ϕ and ψ playing the roles of concentrations

ci. It follows that

dê = d(f̂ − T ŝ) = d(ĝ − p

ρ
+ T ŝ) = dĝ − dp

ρ
+

p

ρ2
dρ+ Tdŝ+ ŝdT

= Tdŝ+
p

ρ2
dρ+

∂ĝ

∂ϕ
dϕ+

ĝ

∂ψ
dψ +

∂ĝ

∂∇ϕ
· d∇ϕ+

∂ĝ

∇ψ
· d∇ψ, (3.34)

where we have used ŝ = s stem from our assumption of T -independent non-classical energy.

From this differential form above, we obtain the following material derivative for internal
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energy:

ρ
Dê

Dt
= ρT

Dŝ

Dt
+
p

ρ

Dρ

Dt
+ ρ

[
∂ĝ

∂ϕ

Dϕ

Dt
+

ĝ

∂ψ

Dψ

Dt
+

∂ĝ

∂∇ϕ
· D∇ϕ
Dt

+
∂ĝ

∂∇ψ
· D∇ψ
Dt

]
= ρT

Dŝ

Dt
− p∇ · v + ρ

∂ĝ

∂ϕ

Dϕ

Dt
+ ρ

∂ĝ

∂ψ

Dψ

Dt
+ ρ

∂ĝ

∂∇ϕ
· ∇Dϕ

Dt
+ ρ

∂ĝ

∂∇ψ
· ∇Dψ

Dt

− ρ
∂ĝ

∂∇ϕ
· ∇v · ∇ϕ− ρ

∂ĝ

∂∇ψ
· ∇v · ∇ψ

= ρT
Dŝ

Dt
+

[
∂ĝ

∂ϕ
− 1

ρ
∇ ·
(
ρ
∂ĝ

∂∇ϕ

)]
ρ
Dϕ

Dt
+

[
∂ĝ

∂ψ
− 1

ρ
∇ ·
(
ρ
∂ĝ

∂∇ψ

)]
ρ
Dψ

Dt

+∇ ·
(
ρ
∂ĝ

∂∇ϕ
Dϕ

Dt
+ ρ

∂ĝ

∂∇ψ
Dψ

Dt

)
−
(
ρ
∂ĝ

∂∇ϕ
⊗∇ϕ+ ρ

∂ĝ

∂∇ψ
⊗∇ψ

)
: ∇v − p∇ · v.

(3.35)

Here we have used the continuity equation Dρ
Dt

= −ρ∇ · v in the first equality, the relation

D∇ϕ
Dt

= ∂∇ϕ
∂t

+ v · ∇∇ϕ = ∇∂ϕ
Dt

+ ∇(v · ∇ϕ) − ∇v · ∇ϕ = ∇Dϕ
Dt

− ∇v · ∇ϕ in the second

equality, and the product rule ∇ ·
(
ρ ∂ĝ
∂∇ϕ

Dϕ
Dt

)
= ∇ ·

(
ρ ∂ĝ
∂∇ϕ

)
Dϕ
Dt

+ ρ∂∇ĝ
∂ϕ

· ∇Dϕ
Dt

in the third

equality. Similar relations are used for ψ. From this equation we can identify the chemical

potentials

µϕ =
∂ĝ

∂ϕ
− 1

ρ
∇ ·
(
ρ
∂ĝ

∂∇ϕ

)
, (3.36)

µψ =
∂ĝ

∂ψ
− 1

ρ
∇ ·
(
ρ
∂ĝ

∂∇ψ

)
(3.37)

and the elastic stress due to the diffuse interface

Te = −
(
ρ
∂ĝ

∂∇ϕ
⊗∇ϕ+ ρ

∂ĝ

∂∇ψ
⊗∇ψ

)
. (3.38)

Plugging Eq. (3.35) into Eq. (3.32), we obtain

T Ṡprod = −µϕρ
Dϕ

Dt
− µψρ

Dϕ

Dt
+ (Σ−Te) : ∇v + p∇ · v

−∇T ·
(qE
T

+ qncs

)
−∇ ·

(
ρ
∂ĝ

∂∇ϕ
Dϕ

Dt
+ ρ

∂ĝ

∂∇ψ
Dψ

Dt
+ qncE − Tqncs

)
. (3.39)
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Considering the phase-field equations (3.30) and (3.31), entropy production can be further

written into

T Ṡprod = −∇µϕ · jϕ︸ ︷︷ ︸
A

−µψjψ︸ ︷︷ ︸
B

+(Σ−Te) : ∇v + p∇ · v︸ ︷︷ ︸
Φ

−∇ ·
(
ρ
∂ĝ

∂∇ϕ
Dϕ

Dt
+ ρ

∂ĝ

∂∇ψ
Dψ

Dt
+ qncE − Tqncs − µϕjϕ

)
︸ ︷︷ ︸

C

−∇T ·
(qE
T

+ qncs

)
︸ ︷︷ ︸

D

. (3.40)

Each term on the right-hand side of this equation is written as a product of a generalized force

and generalized flux. A sufficient condition for Ṡprod ≥ 0 is that each term (i.e., A,B, C,D,

and Ψ) is non-negative. In the following we will interrogate each term to obtain addmissible

constitutive relations that yield non-negative entropy production.

Term A. This term is the dissipation caused from the Cahn-Hilliard equation. The simplest

choice that guarantees A ≥ 0 is the linear relationship between the generalized flux jϕ and

the generalized force −∇µϕ:

jϕ = −Mϕ∇µϕ, (3.41)

where Mϕ, a.k.a. the mobility parameter for ϕ, is a positive phenomenological parameter.

Term B. This is the disspation from the Allen-Cahn equation. Following the linear response

assumption as in term A, B ≥ 0 is guaranteed by

jψ = −Mψ µψ, (3.42)

where Mψ > 0 is the mobility parameter for ψ.

Term Φ.. This is the viscous dissipation. The Cauchy stress Σ is composed of a isotropic

pressure term, an elastic stress given by (3.38), and a viscous stress Tv to be determined:

Σ = −pI+Te +Tv.
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This leads to the familiar viscous dissipation:

Φ = (−pI+Tv) : ∇v + p∇ · v = Tv : ∇v,

where we have used the identity I : ∇v = ∇ · v. The strain rate tensor ∇v can be written

as the sum of an isotropic part 1
3
(∇ · v)I and a deviatoric (traceless) part ∇v − 1

3
(∇ · v)I.

Thus the viscous dissipation can be further written as

Φ = Tv : [∇v − 1

3
(∇ · v)I] + 1

3
Tv : (∇ · v)I

=
1

2
Tv : [∇v +∇vT − 2

3
(∇ · v)I] + 1

3
Tv : (∇ · v)I,

where we have used the fact that Tv is symmetric. Obviously, Φ ≥ 0 is guaranteed by the

classical two-parameter viscous stress for isotropic Newtonian fluids:

Tv = η[∇v +∇vT − 2

3
(∇ · v)I] + κ(∇ · v)I, (3.43)

where η ≥ 0 is the shear viscosity and κ ≥ 0 is the bulk viscosity. The total stress then reads

Σ = −pI+ η[∇v+∇vT − 2

3
(∇ ·v)I] + κ(∇ ·v)I−

(
ρ
∂ĝ

∂∇ϕ
⊗∇ϕ+ ρ

∂ĝ

∂∇ψ
⊗∇ψ

)
. (3.44)

Term C. This is a divergence term related to flux. Since flux is reversible, this term should

not contribute to the irreversible entropy production, i.e., we have C = 0. Since entropy has

no non-classical part (s∗ = 0), it makes sense to assume zero non-classical entropy flux:

qncs = 0. (3.45)
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Then C = 0 is satisfied by the following non-classical heat flux:

qncE = − ρ
∂ĝ

∂∇ϕ
Dϕ

Dt
− ρ

∂ĝ

∂∇ψ
Dψ

Dt
+ µϕ jϕ, (3.46)

Term D. This is the dissipation from thermal diffusion. With qncs = 0, D ≥ 0 is guaranteed

by the Fourier’s law for the classical heat flux:

qE = − k∇T. (3.47)

The constitutive relations given by (3.41, 3.42, 3.44–3.47) guarantees nonegative entropy

production:

T Ṡprod =Mϕ|∇µϕ|2+Mψµ
2
ψ+

1

2
η
∥∥∥∇v+∇vT− 2

3
(∇·v)I

∥∥∥2+κ(∇·v)2+ k

T
|∇T |2 ≥ 0. (3.48)

It should be noted that, from the perspective of non-negative entropy production, the choice

of these constitutive relations is not unique.

3.2 Governing equations

With the constitutive relations (3.41, 3.42, 3.44–3.47) from Sec. 3.1.4, the governing equa-

tions can be organized as follows.

The Cahnh-Hilliard equation can be obtained by plugging (3.41) into (3.30):

ρ
Dϕ

Dt
= ∇ · (Mϕ∇µϕ). (3.49)

Here the chemical potential µϕ can be obtained by plugging the Gibbs energies defined in
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(3.7,3.2,3.13) into Eq. (3.36):

µϕ =
∂ĝ

∂ϕ
− 1

ρ
∇ ·
(
ρ
∂ĝ

∂∇ϕ

)
=
∂(g + g∗)

∂ϕ
− 1

ρ
∇ ·
(
ρ
∂g∗

∂∇ϕ

)
=

[
r′(ϕ)r(ψ)L− ∂c

∂ϕ
TM

](
1− T

TM

)
− ∂c

∂ϕ
T ln

T

TM
− p− p0

ρ2
∂ρ

∂ϕ

+ λϕW
′(ϕ)− 1

ρ
∇ · (ρλϕ∇ϕ) + r′(ϕ)λψ(W (ψ) +

1

2
|∇ψ|2). (3.50)

The Allen-Cahn equation can be obtained by plugging (3.42) into (3.31):

ρ
Dψ

Dt
= −Mψµψ, (3.51)

where the chemical potential µψ can be obtained similar to µϕ expect for using (3.37) instead

of (3.36):

µψ =

[
r(ϕ)r′(ψ)L− ∂c

∂ψ
TM

](
1− T

TM

)
− ∂c

∂ψ
T ln

T

TM
− p− p0

ρ2
∂ρ

∂ψ

+ r(ϕ)λψW
′(ψ)− 1

ρ
∇ · (ρr(ϕ)λψ∇ψ). (3.52)

With the energies given by (3.7,3.2,3.13), the elastic stress (3.38) can be updated to

Te = − (ρλϕ∇ϕ⊗∇ϕ+ ρr(ϕ)λψ∇ψ ⊗∇ψ) . (3.53)

Plugging (3.44) into (3.25), the momentum equation can be rewritten as:

ρ
Dv

Dt
= −∇(p− p0)

+∇ ·
(
η[∇v +∇vT ] + (κ− 2

3
η)(∇ · v)I− ρλϕ∇ϕ⊗∇ϕ− ρr(ϕ)λψ∇ψ ⊗∇ψ

)
. (3.54)

Here we have replaced ∇p with ∇(p − p0), where the reference pressure p0 is a constant,

since p−p0 always appears as a whole entity in the Gibbs free energy (3.2) and the chemical
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potentials (3.50,3.52).

The continuity equation (3.23) can be written as

−∇ · v =
1

ρ

(
∂ρ

∂ϕ

Dϕ

Dt
+
∂ρ

∂ψ

Dψ

Dt

)
(3.55)

since ρ is a function of (ϕ, ψ).

For energy equation, instead of using the equation (3.29) for ê(p, T, ϕ, ψ,∇ϕ,∇ψ), we will

transform it into an equation for temperature T , which is a more popular choice of primitive

unknown in practice. It can be shown that

ρ
Dê

Dt
=ρ

[
∂ê

∂T

DT

Dt
+
∂ê

∂ϕ

Dϕ

Dt
+
∂ê

∂ϕ

Dϕ

Dt
+

∂ê

∂∇ϕ
D∇ϕ
Dt

+
∂ê

∂∇ψ
D∇ψ
Dt

]
=ρ

∂ê

∂T

DT

Dt
+ ρ

∂ê

∂ϕ

Dϕ

Dt
+ ρ

∂ê

∂ψ

Dψ

Dt
+ ρ

∂ê

∂∇ϕ
·
(
∇Dϕ

Dt
−∇v · ∇ϕ

)
+ ρ

∂ê

∂∇ψ
·
(
∇Dψ

Dt
−∇v · ∇ψ

)
=ρ

∂ê

∂T

DT

Dt
+

[
∂ê

∂ϕ
− 1

ρ
∇ ·
(
ρ
∂ê

∂∇ϕ

)]
ρ
Dϕ

Dt
+

[
∂ê

∂ψ
− 1

ρ
∇ ·
(
ρ
∂ê

∂∇ψ

)]
ρ
Dψ

Dt

+∇ ·
(
ρ
∂ê

∂∇ϕ
Dϕ

Dt
+ ρ

∂ê

∂∇ψ
Dψ

Dt

)
−
(
ρ
∂ê

∂∇ϕ
⊗∇ϕ+ ρ

∂ê

∂∇ψ
⊗∇ψ

)
: ∇v

=ρ
∂e

∂T

DT

Dt
+

[
∂(e− g)

∂ϕ
+ µϕ

]
ρ
Dϕ

Dt
+

[
∂(e− g)

∂ψ
+ µψ

]
ρ
Dψ

Dt

+∇ ·
(
ρ
∂ĝ

∂∇ϕ
Dϕ

Dt
+ ρ

∂ĝ

∂∇ψ
Dψ

Dt

)
−
(
ρ
∂ĝ

∂∇ϕ
⊗∇ϕ+ ρ

∂ĝ

∂∇ψ
⊗∇ψ

)
: ∇v

=ρc(ϕ, ψ)
DT

dt
−Mϕ|∇µϕ|2 −Mψµ

2
ψ +∇ ·

(
ρ
∂ĝ

∂∇ϕ
Dϕ

Dt
+ ρ

∂ĝ

∂∇ψ
Dψ

Dt
− µϕjϕ

)
−
(
ρ
∂ĝ

∂∇ϕ
⊗∇ϕ+ ρ

∂ĝ

∂∇ψ
⊗∇ψ

)
: ∇v + ρL

[
r′(ϕ)r(ψ)

Dϕ

Dt
+ r(ϕ)r′(ψ)

Dψ

Dt

]
T

TM

+ ρ

[
∂c

∂ϕ

Dϕ

Dt
+
∂c

∂ψ

Dψ

Dt

]
T ln

T

TM
+
p

ρ

(
∂ρ

∂ϕ

Dϕ

Dt
+
∂ρ

∂ψ

Dψ

Dt

)
. (3.56)

In the first equality, we have used ∂ê
∂p

= ∂e
∂p

= 0 which is a direct result of (3.5). In the

fourth equality, we have utilized relations such as e∗ = g∗, ∂ê
∂∇ϕ = ∂e∗

∂∇ϕ = ∂g∗

∂∇ϕ = ∂ĝ
∂∇ϕ , and Eq.

(3.36). In the last equality, we have plugged in the energies (3.2,3.4) and used the phase-field
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equations (3.49, 3.51).

Plugging Eqs. (3.46, 3.47, 3.56) into the energy equation (3.29), and considering the continu-

ity equation (3.55), we arrive at the following energy equationin the form of temperature

T :

ρc
DT

Dt
=∇ · (k∇T )− ρL

[
r′(ϕ)r(ψ)

Dϕ

Dt
+ r(ϕ)r′(ψ)

Dψ

Dt

]
T

TM
− ρ(

∂c

∂ϕ

Dϕ

Dt
+
∂c

∂ψ

Dψ

Dt
)T ln

T

TM

+Mϕ|∇µϕ|2 +Mψµ
2
ψ + η

(
∇v +∇vT − 2

3
∇ · vI

)
: ∇v + κ(∇ · v)2. (3.57)

Equations (3.49,3.51,3.54,3.55,3.57) form the governing equations for our simulation of three-

phase solidification.

3.3 Theoretical solutions of phase transition in 1D

To better understand the solidification dynamics of our quasi-incompressible system, we

consider two-phase (water-ice) systems in 1D. We ignor the existence of air and set ϕ = 1

everywhere.

3.3.1 Planar interface at equilibrium

We begin with the Allen–Cahn equation (3.51), where the chemical potential µψ is given in

Eq. (3.52). Diffuse interface in static equilibrium can be achieved at the melting temperature

TM and the reference pressure p0. These conditions can be summarized as

(i) p = p0 at x = ±∞,

(ii) T = TM , ∂ϕ
∂t

= 0, and v = 0 for x ∈ R.
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The conditions above yields ρDψ
Dt

=Mψµψ = 0, which can be further written as

µψ = λψW
′(ψ)− p− p0

ρ2
ρ′(ψ)− 1

ρ
∇ ·
(
ρλψ∇ψ

)
= λψW

′(ψ)− p− p0
ρ2

ρ′(ψ)− 1

ρ

∂

∂x

(
ρλψ

∂ψ

∂x

)
= 0. (3.58)

A typical equilibrium solution of Eq. (3.58) is a smooth transition of ψ between two stable

phases. The schematic profile is shown in Fig. 3.3, where ψ varies monotonically from 0 to

1 across the diffuse interface.

Figure 3.3: Schematic equilibrium profile of the order parameter ψ in one dimension. The
interface is represented by a smooth transition from the solid to liquid phase.

Next, we turn to the momentum balance (3.54). Under the same static assumption v = 0,

the momentum equation simplifies to

∇(p− p0) +∇ · (ρr(ϕ)λψ∇ψ ⊗∇ψ) = ∂(p− p0)

∂x
+

∂

∂x

(
ρ λψ

(
∂ψ

∂x

)2
)

= 0, (3.59)

where we have used r(ϕ) = r(1) = 1. Integrating (3.59) from −∞ to x gives the local

pressure profile

p(x) = p0 − ρ λψ (∂xψ)
2, (3.60)

where we have applied the boundary condition p(−∞) = p0. This equation shows that the
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pressure is reduced within the diffuse interface by an amount proportional to the interfacial

energy density λψ(∂xψ)
2. Typical ϕ and p profiles across the interface are illustrated in

Fig. 3.4.

Plugging Eq. (3.60) into Eq. (3.58), we obtain

∂2ψ

∂x2
= W ′(ψ). (3.61)

Figure 3.4: Equilibrium profiles of the order parameter ψ(x), its gradient ∂xψ, and the
pressure distribution p(x) relative to p0. The reduction of pressure inside the diffuse interface
corresponds to the peak of the gradient.

Multiplying Eq. (3.61) by ∂ψ
∂x

and integrating from −∞ to x, with the boundary conditions

ψ(−∞) = 0, ψ′(−∞) = 0, and W (0) = 0, we obtain

1

2

(
∂ψ

∂x

)2

= W (ψ). (3.62)

This equation implies the equipartition between the gradient and homogeneous parts of the

mixing energy f ∗ at equilibrium. For the chosen double-well potential W (ψ) = ψ2(1−ψ)2
ε2

, this
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gives

∂ψ

∂x
=

√
2

ε
ψ(1− ψ). (3.63)

Finally, integrating (3.63) once more and using the boundary conditions ψ(−∞) = 0 and

ψ = 1
2
at x = 0 (s.t. the interface is centered at x = 0), we obtain the equilibrium profile

ψ(x) =
1

2

[
1 + tanh

(
x√
2 ε

)]
. (3.64)

Equation (3.64) shows that the phase field ψ varies smoothly across the interface, with the

interface thickness proportional to ε.

Surface tension is can be obtained from the “excessive” Helmholtz free energy. At T = TM

and p = p0, the Helmholtz free energy (from Eqs. 3.2,3.3,3.8,3.13) reduces to

f̂ = λψ
[
W (ψ) + 1

2
|∇ψ|2

]
− p0

ρ
, (3.65)

where −p0
ρ
is the portion that exists everywhere and only the first term on the RHS is the

excessive free energy associated with the diffuse interface. The surface tension σ can obtained

by integrating the excessive free energy density across the interface:

σ =

∫ ∞

−∞
ρ λψ

[
W (ψ) + 1

2

(
∂ψ

∂x

)2
]
dx =

∫ ∞

−∞
ρ λψ

(
∂ψ

∂x

)2

dx, (3.66)

where we have used the Eq. (3.62) in the last equality. This shows that the interfacial tension

is proportional to the gradient energy density accumulated across the diffuse interface.

If we define an average density

ρ̄ =

∫∞
−∞ ρ(ψ)

(
∂ψ
∂x

)2
dx∫∞

−∞

(
∂ψ
∂x

)2
dx

, (3.67)
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then Eq. (3.66) yields

σ = ρ̄λψ

∫ ∞

−∞

(
∂ψ

∂x

)2

dx =

√
2

6

ρ̄λ

ϵ
, (3.68)

where we have plugged in the equilibrium ψ profile (3.64).

3.3.2 Phase transition dynamics in 1D

We now consider the isothermal phase transition of a planar, cylindrical, or spherical inter-

face, as shown in Fig. 3.5. We assume the interface moves with uniform normal velocity V ,

such that the problem reduces to 1D due to symmetry. For convenience, we still use x to

denote the radial coordinate. Similar to the planar interface, we have ψ(0) = 0, ψ(∞) = 1,

and ψ′(0) = ψ′(∞) = 0. We further assume:

(i) Velocity induced by volume expansion is negligible and thus v = 0 everywhere.

(ii) The whole system has constant temperature T , which can be different from TM .

(iii) Density and pressure are different on the two sides of the interface: (ρ, p) = (ρ−, p) at

x = 0 and (ρ+, p+) at x = ∞.

(iv) Interface curvature radius is much greater than interfacial thickness (R ≫ ϵ) and thus

the equilibrium ψ profile remains the same as the planar one given by (3.64). This

equilibrium interface profile is maintained when the interface advances with speed V .

In 1D, we have the following relations from calculus:

∇ · (ρ∇ψ) = ∂

∂x

(
ρ
∂ψ

∂x

)
+
d

x
ρ
∂ψ

∂x
, (3.69)

∇ · (ρ∇ψ ⊗∇ψ) =
[
∂

∂x

(
ρ
∂ψ

∂x

∂ψ

∂x

)
+
d

x
ρ
∂ψ

∂x

∂ψ

∂x

]
ex, (3.70)

where d = 0, 1, 2 for planar, cylindrical, and spherical interfaces, respectively.
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Figure 3.5: Schematic illustration of a radially symmetric interface. The interface of radius
R moves outward with a constant speed V .

Assumption (iv) above leads to ∂ψ
∂t

+ V ∂ψ
∂x

= 0. Further considering v = 0, the Allen-Cahn

equation (3.51) reduces to

ρ V ∂xψ =Mψ

[
r′(ψ)L

(
1− T

TM

)
− p−p0

ρ2
ρ′(ψ) + λψW

′(ψ)− 1
ρ
∇· (ρ λψ∇ψ)

]
. (3.71)

Plugging Eq. (3.69) into the equation above, we get the 1D Cahn-Hilliard equation

ρ V ∂xψ︸ ︷︷ ︸
A

=Mψ

[
r′(ψ)L

(
1− T

TM

)
︸ ︷︷ ︸

B

−p−p0
ρ2
ρ′(ψ)︸ ︷︷ ︸

C

+λψW
′(ψ)︸ ︷︷ ︸

D

−1
ρ
∂x(ρ λψ ∂xψ)︸ ︷︷ ︸

E

−d
x
λψ ∂xψ︸ ︷︷ ︸
F

]
.

(3.72)

Under the assumption v = 0, the momentum equation (3.54) reduces to

−∇p−∇· (ρ λψ∇ψ ⊗∇ψ) = 0, (3.73)

which, with the consideration of Eq. (3.70), can be further written as

∂p

∂x
+

∂

∂x

[
ρ λψ

(
∂ψ

∂x

)2
]
+
d

x
ρ λψ

(
∂ψ

∂x

)2

= 0. (3.74)
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Integrating Eq.(3.74) from 0 to x, and plugging in the boundary conditions p = p− and

∂xψ = 0 at x = 0, we obtain

p = p− − ρ λψ

(
∂ψ

∂x

)2

−
∫ x

0

d

y
ρ(ψ(y))λψ

(
∂ψ

∂y

)2

dy. (3.75)

Noting p = p+ and ∂xψ = 0 at x → ∞, Eq. (3.75) reproduces the Young-Laplace equation

for pressure jump across the interface:

p− − p+ =

∫ ∞

0

d

y
ρ(ψ(y))λψ

(
∂ψ

∂y

)2

dy ≈ d

R

∫ ∞

0

ρ(ψ(y))λψ

(
∂ψ

∂y

)2

dy =
d

R
σ, (3.76)

where we have used Eq. (3.66) in the last equality. Since ∂ψ
∂y

is nonzero only in the dif-

fuse interface of width O(ϵ) and centered at radial coordinate R, it can be shown that the

approximation above has an error of O
((

ϵ
R

)2)
.

To proceed, we multiply the one-dimensional curved-interface Allen–Cahn equation (3.72) by

∂xψ and integrate over the domain x ∈ [0,∞). This allows us to evaluate the contributions

from each term in the equation systematically.

Term A of Eq. (3.51) gives

∫ ∞

0

ρ V (∂xψ)
2 dx =

V

λψ

∫ ∞

0

ρ λψ(∂xψ)
2 dx =

V

λψ
σ. (3.77)

Term B, the contribution from latent heat, gives

∫ ∞

0

r′(ψ)L

(
1− T

TM

)
∂xψ dx =

(
1− T

TM

)
L

∫ 1

0

r′(ψ) dψ =

(
1− T

TM

)
L. (3.78)
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Term C, the coupling between pressure and density, can be written as

−
∫ ∞

0

p− p0
ρ2

ρ′(ψ) ∂xψ dx

=

∫ ∞

0

[(p− − p0) + (p− p−)] ∂x(ρ
−1) dx = (p− − p0)

( 1

ρ+
− 1

ρ−

)
+

∫ ∞

0

(p− p−) ∂x(ρ
−1) dx

=(p− − p0)
(

1
ρ+

− 1
ρ−

)
+
∫∞
0

1
ρ
ρ′(ψ)λψ (∂xψ)

3 dx+G, (3.79)

where we have used Eq.(3.75) in the last equality and

G = −
∫ ∞

0

[∫ x

0

d

y
ρ(ψ(y))λψ (∂yψ)

2 dy

]
∂x(ρ(ψ(x))

−1)dx. (3.80)

By changing the integration order, G can be further written into

G =−
∫ ∞

0

[∫ ∞

y

∂x(ρ(ψ(x))
−1)dx

]
d

y
ρ(ψ(y))λψ (ψ

′(y))
2
dy

=

∫ ∞

0

(
1

ρ(ψ(y))
− 1

ρ+

)
d

y
ρ(ψ(y))λψ (ψ

′(y))
2
dy

=

∫ ∞

0

d

y
λψ (ψ

′(y))
2
dy − d

ρ+

∫ ∞

0

ρ(ψ(y))

y
λψ (ψ

′(y))
2
dy

≈
∫ ∞

0

d

y
λψ (ψ

′(y))
2
dy − dσ

Rρ+
, (3.81)

where we have used the sharp-interface approximation similar to Eq. (3.76) in the last equal-

ity.

Term D vanishes since W (0) = W (1) = 0:

∫ ∞

0

λψW
′(ψ)∂xψdx = λψ

∫ 1

0

W ′(ψ)dψ = λψ[W (1)−W (0)] = 0. (3.82)
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Term E leads to

−
∫ ∞

0

1

ρ
∂x(ρ λψ ∂xψ) ∂xψ dx

=−
∫ ∞

0

λψ ∂xxψ ∂xψ dx−
∫ ∞

0

1

ρ
ρ′(ψ)λψ (∂xψ)

3 dx

=−
∫ ∞

0

1

2
λψ∂x[(∂xψ)

2]dx−
∫ ∞

0

1

ρ
ρ′(ψ)λψ (∂xψ)

3 dx

=−
∫ ∞

0

1

ρ
ρ′(ψ)λψ (∂xψ)

3 , (3.83)

where we have used ψ′(0) = ψ′(∞) = 0 in the last equality. This term cancels out with the

second term on the right hand side of Eq. (3.79).

Term F leads to

−
∫ ∞

0

d

x
λψ(∂xψ)

2dx, (3.84)

which cancels out with the first term on the right hand side of Eq. (3.81).

Combining all terms A-G above, we arrive at

V

λψ
σ =Mψ

[(
1− T

TM

)
L− dσ

Rρ+
+ (p− − p0)

(
1

ρ+
− 1

ρ−

)]
, (3.85)

which holds at the sharp interface limit ϵ
R
→ 0. With the help of Eq. (3.76), this equation

can be further cast into the following form for the actual melting temperature T :

T

TM
− 1 = − V

Mψ λψ L

σ

− d σ

RL

1

2

(
1

ρ+
+

1

ρ−

)
+

1

L

(
p+ + p−

2
− p0

)(
1

ρ+
− 1

ρ−

)
. (3.86)

The three terms on the right hand side account for three important effects on melting temper-

ature: the kinetic effect associated with the moving speed of solidification front, the Gibbs-

Thompson effect associated with the the surface tension and curvature, and the Clausius-

Clapeyron effect associated with compressibility of the system. These three different effects

will be elaborated more in later numerical experiments.



Chapter 4

Simplified 3-Phase Model

In the previous chapter, we developed a thermodynamically consistent three-phase solidi-

fication model that incorporates fluid flow, density variation, and heat transfer. To better

understand the phase-field dynamics embedded in that full system, and to systematically de-

sign stable numerical schemes, we next consider a simplified three-phase model. This reduced

model extracts the essential phase-evolution mechanism from the full formulation while in-

tentionally suppressing several sources of complexity—namely the Navier–Stokes equations,

the temperature equation, and the dependence of density on the phase variables. As a re-

sult, the model becomes isothermal and constant-density, enabling a cleaner analysis of the

coupled Cahn–Hilliard and Allen–Cahn structures.

The simplified setting retains the two order parameters ϕ and ψ, which jointly distinguish

the gas, liquid, and solid regions. Consistent with the full formulation, ϕ acts as a conserved

variable governed by a Cahn–Hilliard-type equation, whereas ψ evolves according to an

Allen–Cahn-type kinetics. By removing convection and thermal diffusion, the model focuses

entirely on the intrinsic variational structure of the phase field system, which allows us to

establish energy dissipation properties and to construct efficient SAV and IEQ time-stepping

schemes. Although stripped of the hydrodynamic and thermodynamic couplings present in

52
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the full model, the simplified system preserves the essential interfacial dynamics and serves

as an effective platform for testing, analysis, and numerical verification.

4.1 Model

4.1.1 Total Free Energy

We begin by formulating the total free energy associated with the three-phase mixture. Let

Ω be the spatial domain. In the present formulation, the total free energy functional F

contains only the non-classical part from the diffuse interface. It is defined as:

F [ϕ, ψ] =

∫
Ω

f̃(ϕ, ψ;∇ϕ,∇ψ) dΩ , (4.1)

where f̃(ϕ, ψ;∇ϕ,∇ψ) is the free energy density composed of both gradient energy and bulk

potential contributions:

f̃(ϕ, ψ;∇ϕ,∇ψ) = λϕ

(
W (ϕ) +

1

2
|∇ϕ|2

)
+r(ϕ)

[
λψ

(
W (ψ) +

1

2
|∇ψ|2

)
+ r(ψ)L

(
1− T

Tm

)]
.

(4.2)

Here, W (·) is a standard double-well potential function, whose minima correspond to the

free energies of the pure phases. The gradient terms 1
2
|∇ϕ|2 and 1

2
|∇ψ|2 penalize spatial

variations, thereby contributing to interfacial energy. The constants λϕ and λψ scale with

the interfacial energy.

The function r(ϕ) is a smoothly varying phase indicator (ranging between 0 and 1) that

activates the second-phase free energy terms only when the material is in the solid or liquid

state (i.e. when ϕ=1). Similarly, r(ψ) is a phase indicator distinguishing the liquid from

the solid phase. The term proportional to L
(
1 − T/Tm

)
represents the bulk free-energy

difference (a latent heat term) driving solidification; it is multiplied by r(ϕ) r(ψ) so that this
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thermodynamic driving force is only active in the liquid phase indicated by ϕ = 1 and ψ = 1.

In summary, the first term in Eq. (4.2) represents the free energy contribution of the phase

field ϕ (including its double-well potential and gradient energy), while the second group of

terms (inside the brackets) represents the additional free energy described by ψ (including

its own double-well potential and gradient term) plus the latent heat contribution when ψ

changes from 0 (solid) to 1 (liquid).

To facilitate numerical implementation and reduce coupling complexity, we define a modified

free energy density f(ϕ, ψ;∇ϕ,∇ψ) by removing the phase indicator r(ϕ) in front of the |∇ψ|2

term, while keeping all other components unchanged:

f(ϕ, ψ;∇ϕ,∇ψ) = λϕ

(
W (ϕ) +

1

2
|∇ϕ|2

)
+r(ϕ)

[
λψW (ψ) + r(ψ)L

(
1− T

Tm

)]
+
1

2
λψ|∇ψ|2 .

(4.3)

In this modified formulation, the gradient term 1
2
λψ|∇ψ|2 is treated independently of the

indicator function r(ϕ), allowing its contribution to be present even when the system is not

entirely in the condensed phase (i.e., even when ϕ ̸= 1). This simplification guarantees the

linearity of the Laplacian term in the chemical potential.

4.1.2 Chemical Potentials

In this work, we use the modified free energy density f(ϕ, ψ;∇ϕ,∇ψ) defined in Eq. (4.3),

where the gradient energy term 1
2
λψ|∇ψ|2 is no longer multiplied by the phase indicator

function r(ϕ). From the total free energy F , the chemical potentials µϕ and µψ are

defined as the variational (functional) derivatives of F with respect to the fields ϕ and ψ:

µϕ =
δF
δϕ

, µψ =
δF
δψ

. (4.4)
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Physically, these chemical potentials represent the driving forces for the evolution of the

phase fields, ensuring that variations in ϕ and ψ lead to a decrease in the total free energy.

By carrying out the functional differentiation with respect to the modified free energy density

f , the chemical potentials can be written in the general Euler–Lagrange form

µϕ =
∂f

∂ϕ
−∇ · ∂f

∂∇ϕ
, µψ =

∂f

∂ψ
−∇ · ∂f

∂∇ψ
, (4.5)

where the detailed derivation is provided in Appendix B.1. We obtain the full expanded

forms of the chemical potentials:

µϕ = −λϕ∆ϕ + λϕW
′(ϕ) + r′(ϕ)

[
λψ

(
W (ψ) + 1

2
|∇ψ|2

)
+ r(ψ)L

(
1− T

Tm

)]
, (4.6)

µψ = −λψ∆ψ + r(ϕ)
[
λψW

′(ψ) + r′(ψ)L
(
1− T

Tm

)]
, (4.7)

where W ′(·) and r′(·) denote the derivatives of W and r with respect to their arguments.

These expressions explicitly show how gradients in the fields and the local free-energy land-

scape (through W ′) contribute to the chemical potentials, as well as how the coupling terms

involving r(ϕ) and r(ψ) incorporate the effect of the latent heat term in the solid phase.

4.1.3 Governing Equation

In this section, we derive the governing equations for the simplified three-phase model based

on its variational structure and prove the associated energy dissipation law at the continuous

PDE level. The simplified three-phase model is governed by the following coupled system of
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phase-field equations:

∂ϕ

∂t
=Mϕ∆µϕ, (4.8)

∂ψ

∂t
= −Mψ µψ, (4.9)

µϕ = −λϕ∆ϕ+ λϕW
′(ϕ) + r′(ϕ)

[
λψ

(
W (ψ) + 1

2
|∇ψ|2

)
+ r(ψ)L

(
1− T

Tm

)]
, (4.10)

µψ = −λψ∆ψ + r(ϕ)
[
λψW

′(ψ) + r′(ψ)L
(
1− T

Tm

)]
. (4.11)

Here, ϕ and ψ denote the phase-field variables describing the phase configuration of the

system. The quantities µϕ and µψ are the corresponding chemical potentials defined as the

variational derivatives of the total free energy F with respect to ϕ and ψ. The parameters

Mϕ and Mψ are positive mobilities that control the time scales of the phase-field evolution.

The constants λϕ and λψ scale the interfacial energy contributions. The function W (·) is

a double-well potential, and r(·) is a smooth phase indicator function. The parameter L

denotes the latent heat coefficient, and Tm is the melting temperature.

4.1.4 Energy Dissipation Law

In this subsection, we derive the energy dissipation law at the PDE level for the simplified

three-phase model. The governing system consists of the evolution equations (4.8)–(4.9) and

the chemical potentials (4.10)–(4.11). We show that the total free energy is non-increasing

in time.

We define the total free energy functional as in Eq. (4.1):

F [ϕ, ψ] =

∫
Ω

f(ϕ, ψ;∇ϕ,∇ψ) dΩ. (4.12)

We take the time derivative of F . Since the integrand depends on ϕ, ψ and their gradients,
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we use the chain rule to obtain

dF
dt

=

∫
Ω

(
∂f

∂ϕ
∂tϕ+

∂f

∂ψ
∂tψ +

∂f

∂∇ϕ
· ∂t(∇ϕ) +

∂f

∂∇ψ
· ∂t(∇ψ)

)
dΩ. (4.13)

Here, we used the fact that f = f(ϕ, ψ,∇ϕ,∇ψ). Moreover, ∂t(∇ϕ) = ∇(∂tϕ) and ∂t(∇ψ) =

∇(∂tψ). We next rewrite the gradient contributions and apply integration by parts. For the

ϕ term, we have

∫
Ω

∂f

∂∇ϕ
· ∇(∂tϕ) dΩ = −

∫
Ω

∇ ·
(
∂f

∂∇ϕ

)
∂tϕ dΩ +

∫
∂Ω

(
∂f

∂∇ϕ
· n
)
∂tϕ dS, (4.14)

and similarly, for the ψ term,

∫
Ω

∂f

∂∇ψ
· ∇(∂tψ) dΩ = −

∫
Ω

∇ ·
(

∂f

∂∇ψ

)
∂tψ dΩ +

∫
∂Ω

(
∂f

∂∇ψ
· n
)
∂tψ dS. (4.15)

Substituting (4.14)–(4.15) into (4.13), we obtain

dF
dt

=

∫
Ω

(
∂f

∂ϕ
−∇ · ∂f

∂∇ϕ

)
∂tϕ dΩ +

∫
Ω

(
∂f

∂ψ
−∇ · ∂f

∂∇ψ

)
∂tψ dΩ

+

∫
∂Ω

(
∂f

∂∇ϕ
· n
)
∂tϕ dS +

∫
∂Ω

(
∂f

∂∇ψ
· n
)
∂tψ dS. (4.16)

We now explain the boundary conditions used in the energy estimate. The boundary terms in

(4.16) arise from integration by parts applied to the gradient contributions of the free energy.

If these boundary terms do not vanish, then the time derivative dF
dt

contains additional

boundary contributions, and the energy dissipation property may no longer hold.

A standard and natural choice is to impose the following boundary conditions:

n · ∂f

∂∇ϕ
= 0, n · ∂f

∂∇ψ
= 0 on ∂Ω, (4.17)

under which all boundary integrals in (4.16) vanish. These conditions are referred to as
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natural boundary conditions, since they arise directly from the variational structure of the

free energy functional. The conditions (4.17) correspond to requiring that there is no flux of

interfacial energy through the boundary.

Under (4.17), (4.16) reduces to

dF
dt

=

∫
Ω

(
∂f

∂ϕ
−∇ · ∂f

∂∇ϕ

)
∂tϕ dΩ +

∫
Ω

(
∂f

∂ψ
−∇ · ∂f

∂∇ψ

)
∂tψ dΩ. (4.18)

Using the definitions of the chemical potentials in Eqs. (B.1) and (B.2), we obtain

dF
dt

= (µϕ, ∂tϕ) + (µψ, ∂tψ), (4.19)

where (a, b) =
∫
Ω
a b dΩ denotes the L2 inner product.

We now substitute the evolution equations (4.8) and (4.9). From (4.9), we have ∂tψ =

−Mψµψ, and thus

(µψ, ∂tψ) = −Mψ ∥µψ∥2L2(Ω).

From (4.8), we have ∂tϕ =Mϕ∆µϕ, and

(µϕ, ∂tϕ) =Mϕ (µϕ,∆µϕ) = −Mϕ ∥∇µϕ∥2L2(Ω),

where we used integration by parts and the boundary condition n · ∇µϕ = 0 on ∂Ω.

Combining the above identities yields the energy dissipation law

dF
dt

= −Mϕ ∥∇µϕ∥2L2(Ω) − Mψ ∥µψ∥2L2(Ω) ≤ 0. (4.20)

Therefore, the total free energy F(t) is non-increasing in time.
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4.1.5 Summary

In summary, the governing equations for the simplified three-phase model consist of the

Cahn–Hilliard equation (4.8) for ϕ and the Allen–Cahn equation (4.9) for ψ. These equations

ensure that the total free energy functional (4.1) decreases monotonically over time, as shown

by the energy dissipation law (4.20).

4.2 Scalar Auxiliary Variable (SAV)

The Scalar Auxiliary Variable (SAV) approach, introduced by Shen et al. [47], is a system-

atic framework for constructing efficient and unconditionally energy-stable time discretiza-

tion schemes for gradient flows with general nonlinear free energy potentials. Compared

with earlier methods such as convex splitting [19] and stabilized semi-implicit schemes [45],

the SAV approach has the key advantage of yielding linear schemes that preserve energy

dissipation without restrictive timestep conditions.

The core idea of the SAV method is to introduce a scalar auxiliary variable representing the

nonlinear part of the free energy, thereby reformulating the original system into an equivalent

form in which the energy dissipation property can be enforced in a straightforward manner.

Since its introduction, the SAV approach has been extended to a wide range of complex

systems, including the Cahn–Hilliard and Allen–Cahn equations [47], hydrodynamic models

of liquid crystals [67], multi-component phase-field models [60], phase-field models with

nonlocal free energy terms [47], and the phase-field crystal model [38].

In this section, we derive the SAV formulation for the simplified three-phase model, follow-

ing the general procedure outlined in [47]. The SAV method enables us to construct an

unconditionally energy-stable numerical scheme with linear systems and high computational

efficiency, making it suitable for simulating the nonlinear thermodynamic coupling in our

model.
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4.2.1 Nonlinear Energy Decomposition

We decompose the total free energy functional (4.1) into gradient-dependent terms and a

nonlinear part:

F [ϕ, ψ] =

∫
Ω

[
λϕ
2
|∇ϕ|2 + λψ

2
|∇ψ|2

]
dΩ + E1(ϕ, ψ), (4.21)

where

E1(ϕ, ψ) =

∫
Ω

[
λϕW (ϕ) + r(ϕ)

(
λψW (ψ) + r(ψ)L

(
1− T

Tm

))]
dΩ. (4.22)

Here, E1(ϕ, ψ) represents the nonlinear bulk energy contributions.

4.2.2 Introducing the Scalar Auxiliary Variable

Define the scalar auxiliary variable q(t) by:

q(t) =
√
E1(ϕ(t), ψ(t)) + C0, (4.23)

where C0 is a positive constant chosen to ensure E1 + C0 ≥ 0 for all admissible (ϕ, ψ).

Differentiating (4.23) with respect to time yields:

dq

dt
=

1

2
√
E1 + C0

dE1

dt
. (4.24)

Using the chain rule for E1(ϕ, ψ), which depends on both ϕ and ψ, we obtain

dE1

dt
=

∫
Ω

(
∂E1

∂ϕ

∂ϕ

∂t
+
∂E1

∂ψ

∂ψ

∂t

)
dΩ. (4.25)
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Define

Uϕ =
∂E1

∂ϕ
= λϕW

′(ϕ) + r′(ϕ)

[
λψW (ψ) + r(ψ)L

(
1− T

Tm

)]
, (4.26)

Uψ =
∂E1

∂ψ
= r(ϕ)

[
λψW

′(ψ) + r′(ψ)L

(
1− T

Tm

)]
, (4.27)

where W ′(·) and r′(·) denote derivatives with respect to their arguments.

Substituting (4.25) into (4.24) gives the evolution equation for q:

dq

dt
=

1

2
√
E1 + C0

∫
Ω

(
Uϕ
∂ϕ

∂t
+ Uψ

∂ψ

∂t

)
dΩ. (4.28)

4.2.3 Reformulated Chemical Potentials

In the phase-field model, the chemical potentials µϕ and µψ are derived from the total free

energy functional E(ϕ, ψ), which consists of both gradient-dependent terms and nonlinear

energy contributions. Reformulating these chemical potentials within the Scalar Auxiliary

Variable (SAV) framework enhances numerical stability and enables a more efficient compu-

tational treatment of the phase evolution equations. Under the SAV framework, the chemical

potentials are reformulated as:

µϕ = −λϕ∆ϕ+
q√

E1 + C0

Uϕ, (4.29)

µψ = −λψ∆ψ +
q√

E1 + C0

Uψ. (4.30)

Here, the factor q√
E1+C0

ensures that the nonlinear energy contributions are reformulated in

a linearizable form while preserving energy dissipation.
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4.2.4 Phase Field Evolution Equations under SAV

We now present the phase-field evolution equations under the SAV reformulation. Under this

framework, the governing system consists of the evolution equations for the phase variables

ϕ and ψ, together with the evolution equation for the scalar auxiliary variable q.

Substituting the reformulated chemical potentials (4.29)–(4.30) into the original governing

equations (4.8) and (4.9), we obtain

∂ϕ

∂t
=Mϕ∆µϕ =Mϕ∆

(
−λϕ∆ϕ+

q√
E1 + C0

Uϕ

)
, (4.31)

∂ψ

∂t
= −Mψµψ = −Mψ

(
−λψ∆ψ +

q√
E1 + C0

Uψ

)
. (4.32)

In addition, the scalar auxiliary variable q(t) evolves according to (4.28), namely,

dq

dt
=

1

2
√
E1 + C0

∫
Ω

(
Uϕ

∂ϕ

∂t
+ Uψ

∂ψ

∂t

)
dΩ. (4.33)

Equations (4.31), (4.32), and (4.33) form a closed SAV system for the variables (ϕ, ψ, q).

4.2.5 Discrete Energy Dissipation Law under SAV

We now derive a discrete energy dissipation law for the SAV formulation of the simplified

three-phase model. Time is discretized using a first-order semi-implicit scheme with time

step ∆t and discrete time levels tn = n∆t. Let ϕn, ψn denote the numerical solutions at

time tn, and qn the corresponding scalar auxiliary variable.
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We discretize the SAV-based phase-field evolution equations (4.31) and (4.32) as

ϕn+1 − ϕn

∆t
=Mϕ∆µ

n+1
ϕ , (4.34)

ψn+1 − ψn

∆t
= −Mψ µ

n+1
ψ , (4.35)

where the chemical potentials at the new time level are given by

µn+1
ϕ = −λϕ∆ϕ

n+1 +
qn+1√
En

1 + C0

Un
ϕ , (4.36)

µn+1
ψ = −λψ∆ψ

n+1 +
qn+1√
En

1 + C0

Un
ψ . (4.37)

Here Un
ϕ and Un

ψ are evaluated explicitly at time tn.

The scalar auxiliary variable is updated according to the discrete form of (4.28):

qn+1 − qn

∆t
=

1

2
√
En

1 + C0

∫
Ω

(
Un
ϕ

ϕn+1 − ϕn

∆t
+ Un

ψ

ψn+1 − ψn

∆t

)
dΩ. (4.38)

We next take the L2 inner product of (4.34) with µn+1
ϕ and (4.35) with µn+1

ψ . Here the inner

product is defined as (a, b) =
∫
Ω
a b dΩ. This yields

(
µn+1
ϕ ,

ϕn+1 − ϕn

∆t

)
=Mϕ (∇µn+1

ϕ ,∇µn+1
ϕ ), (4.39)(

µn+1
ψ ,

ψn+1 − ψn

∆t

)
= −Mψ ∥µn+1

ψ ∥2L2(Ω), (4.40)

where homogeneous Neumann boundary conditions are used to eliminate boundary terms.

Multiplying both equations by ∆t and summing gives

(µn+1
ϕ , ϕn+1 − ϕn) + (µn+1

ψ , ψn+1 − ψn) = ∆tMϕ∥∇µn+1
ϕ ∥2L2 −∆tMψ∥µn+1

ψ ∥2L2 . (4.41)
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We now consider the discrete energy

Fn =

∫
Ω

(
λϕ
2
|∇ϕn|2 + λψ

2
|∇ψn|2

)
dΩ + (qn)2 − C0. (4.42)

Using the definitions of µn+1
ϕ , µn+1

ψ , together with the discrete auxiliary equation (4.38), one

obtains

(µn+1
ϕ , ϕn+1 − ϕn) + (µn+1

ψ , ψn+1 − ψn) = Fn+1 −Fn.

Substituting this identity into (4.41) yields the discrete energy dissipation law

Fn+1 −Fn = −∆tMϕ∥∇µn+1
ϕ ∥2L2 −∆tMψ∥µn+1

ψ ∥2L2 ≤ 0. (4.43)

This demonstrates that the SAV scheme is unconditionally energy stable. The discrete free

energy Fn is non-increasing in time, which ensures thermodynamic consistency at the fully

discrete level.

4.2.6 Summary

The Scalar Auxiliary Variable (SAV) method reformulates the nonlinear free energy contribu-

tions using a scalar variable q defined in (4.23), yielding the evolution equations (4.31)–(4.32)

and the auxiliary equation (4.28). This reformulation ensures an energy dissipation law at

both the continuous and discrete levels, providing unconditional energy stability and linear

time discretization.

However, despite its unconditional stability and simplicity, the SAV formulation introduces

a scalar auxiliary variable that is coupled to all unknowns in the system, resulting in a dense

row in the discretized linear system. Such a global coupling increases the computational cost

and complexity for large-scale simulations. Therefore, in this work, we employ the Invariant

Energy Quadratization (IEQ) method presented in the next section, which reformulates the
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nonlinearities in a way that avoids introducing dense rows while retaining unconditional

stability and linearity, leading to more efficient numerical implementations.

4.3 Invariant Energy Quadratization (IEQ)

The Invariant Energy Quadratization (IEQ) method is a widely used approach for construct-

ing efficient, linear, and unconditionally energy stable schemes for gradient flow models. The

IEQ approach was first introduced by Yang et al. [57], motivated by the Lagrange multiplier

method proposed by Guillen-Gonzalez and Tierra [22]. It has been successfully applied to

various phase-field models, including the Allen–Cahn and Cahn–Hilliard equations [57, 67].

The main advantage of the IEQ method lies in its ability to reformulate the nonlinear free

energy density into a quadratic form with the introduction of auxiliary variables. This

reformulation leads to linear numerical schemes that are unconditionally energy stable, even

for complex nonlinearities. Compared to the convex splitting method [19] and stabilized

schemes [45], the IEQ method avoids solving nonlinear systems while preserving energy

stability without timestep restrictions.

Since its introduction, the IEQ approach has been widely used for solving gradient flows in

phase-field models for multi-component fluids [35], hydrodynamic Q-tensor models of liquid

crystals [67], binary fluid-surfactant systems [58], and molecular beam epitaxy models [59].

In this section, we derive the IEQ formulation for the simplified three-phase model introduced

in Chapter 4, following the general strategy outlined in [47]. The IEQ method enables

efficient time marching schemes with linear systems while guaranteeing energy dissipation

at the discrete level, making it a robust choice for our coupled thermodynamic model.
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4.3.1 Nonlinear Energy Reformulation

The free energy density f is given by (Eq. (4.2)):

f(ϕ, ψ;∇ϕ,∇ψ) = λϕW (ϕ) +
λϕ
2
|∇ϕ|2 + r(ϕ)λψW (ψ) +

λψ
2
|∇ψ|2 + r(ϕ)r(ψ)L

(
1− T

Tm

)
.

(4.44)

Define the nonlinear part of f as:

F (ϕ, ψ) = λϕW (ϕ) + r(ϕ)λψW (ψ) + r(ϕ)r(ψ)L

(
1− T

Tm

)
. (4.45)

Here, F (ϕ, ψ) collects all terms not involving gradients, while the gradient energy terms

remain linear. The definitions of W (·), r(·), λϕ, λψ, L, T , and Tm follow Eq. (4.2).

To facilitate linearization, we introduce an auxiliary variable q(x, t) satisfying

q =
√
F (ϕ, ψ) + C0, (4.46)

where C0 is a positive constant ensuring F (ϕ, ψ) + C0 ≥ 0 for all admissible (ϕ, ψ). Then,

F (ϕ, ψ) = q2 − C0. (4.47)

This reformulation rewrites the nonlinear energy contribution in quadratic form, which is

critical for constructing linear energy-stable schemes.

4.3.2 Chemical Potentials under IEQ

Under the IEQ framework, the nonlinear free energy density F (ϕ, ψ) is reformulated through

the auxiliary variable q =
√
F (ϕ, ψ) + C0. Using this reformulation, the chemical potentials



4.3. Invariant Energy Quadratization (IEQ) 67

associated with the phase variables ϕ and ψ can be rewritten in an equivalent form.

Recall that the total free energy functional is given by Eq. (4.1), where the gradient energy

terms are quadratic and the nonlinear bulk energy contribution is represented by F (ϕ, ψ).

Taking variational derivatives with respect to ϕ and ψ, and using the IEQ reformulation,

the chemical potentials are written as

µϕ = −λϕ∆ϕ+
q√

F + C0

∂F

∂ϕ
, (4.48)

µψ = −λψ∆ψ +
q√

F + C0

∂F

∂ψ
. (4.49)

Here, the partial derivatives of the nonlinear energy F (ϕ, ψ) are given explicitly by

∂F

∂ϕ
= λϕW

′(ϕ) + r′(ϕ)λψW (ψ) + r′(ϕ)r(ψ)L

(
1− T

Tm

)
, (4.50)

∂F

∂ψ
= r(ϕ)

[
λψW

′(ψ) + r′(ψ)L

(
1− T

Tm

)]
. (4.51)

At the continuous level, since q =
√
F + C0 by definition, the factor

q√
F+C0

is identically equal

to one. Therefore, the reformulated expressions (4.48)–(4.49) are mathematically equivalent

to the original variational derivatives of the free energy. The introduction of this factor does

not alter the continuous model. Its purpose is to facilitate the construction of linear and

energy-stable schemes at the discrete level.

We note that the appearance of ∂F/∂ϕ and ∂F/∂ψ follows directly from the chain rule.

Indeed, taking the time derivative of F (ϕ, ψ) yields

dF

dt
=
∂F

∂ϕ

∂ϕ

∂t
+
∂F

∂ψ

∂ψ

∂t
,

which plays a central role in the derivation of the discrete energy dissipation law for the IEQ

scheme.
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4.3.3 Governing Equations under IEQ

We now present the reformulated governing equations for the simplified three-phase model

under the IEQ framework. In addition to the phase variables ϕ and ψ, an auxiliary variable

q is introduced to handle the nonlinear bulk free energy. As a result, the IEQ formulation

leads to a coupled system consisting of the evolution equations for ϕ, ψ, and q.

Recall that the auxiliary variable is defined by Eq. (4.46), taking the time derivative and

applying the chain rule yields the evolution equation for q:

∂q

∂t
=

1

2
√
F + C0

(
∂F

∂ϕ

∂ϕ

∂t
+
∂F

∂ψ

∂ψ

∂t

)
. (4.52)

This equation couples the auxiliary variable q to the time evolution of the phase fields and

ensures consistency between the reformulated energy and the original nonlinear free energy.

Using the IEQ reformulated chemical potentials (4.48) and (4.49), the phase-field evolution

equations can be written as

∂ϕ

∂t
=Mϕ∆µϕ =Mϕ∆

(
−λϕ∆ϕ+

q√
F + C0

∂F

∂ϕ

)
, (4.53)

∂ψ

∂t
= −Mψµψ = −Mψ

(
−λψ∆ψ +

q√
F + C0

∂F

∂ψ

)
. (4.54)

Equations (4.53)–(4.54) together with (4.52) form a closed IEQ reformulated system at the

continuous level. In the following section, we discretize this system in time and derive the

corresponding discrete energy dissipation law.

4.3.4 Numerical Scheme

We now present a Crank–Nicolson type time discretization for the IEQ system. For simplic-

ity, we assume a uniform time step size ∆t and denote tn = n∆t. Let ϕn, ψn, and qn be
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numerical approximations of ϕ, ψ, and q at time tn, respectively.

The semi-discrete IEQ system is discretized in time as follows:

ϕn+1 − ϕn

∆t
=Mϕ∆µ

n+1/2
ϕ , (4.55)

µ
n+1/2
ϕ = −λϕ∆

(
ϕn+1 + ϕn

2

)
+

qn+1/2√
F
n+1/2

+ C

∂F
n+1/2

∂ϕ
, (4.56)

ψn+1 − ψn

∆t
= −Mψµ

n+1/2
ψ , (4.57)

µ
n+1/2
ψ = −λψ∆

(
ψn+1 + ψn

2

)
+

qn+1/2√
F
n+1/2

+ C

∂F
n+1/2

∂ψ
, (4.58)

qn+1 − qn

∆t
=

1

2

√
F
n+1/2

+ C

(
∂F

n+1/2

∂ϕ

ϕn+1 − ϕn

∆t
+
∂F

n+1/2

∂ψ

ψn+1 − ψn

∆t

)
. (4.59)

Here, F
n+1/2

denotes a second-order extrapolation of F n+1/2 based on previous time levels.

Under the assumption of a constant time step size ∆t, the extrapolation is given by

F
n+1/2

=
3

2
F n − 1

2
F n−1, (4.60)

which only involves known quantities from earlier time steps. This extrapolation provides

second-order accuracy in time without introducing additional computational cost. A detailed

derivation of this formula is given in Appendix B.2.

In the above scheme, all nonlinear terms associated with the free energy are treated explicitly

through extrapolation, while all linear terms are treated implicitly. As a result, the scheme

leads to a sequence of linear systems at each time step and is computationally efficient.

Moreover, as shown in the following subsection, the resulting numerical scheme satisfies a

discrete energy dissipation law.
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4.3.5 Discrete Energy Dissipation and Unconditional Stability un-

der IEQ

We derive the discrete energy dissipation law for the IEQ formulation of the simplified three-

phase model. This result further implies unconditional energy stability of the proposed

Crank–Nicolson IEQ scheme.

We define the discrete modified energy functional at time step n as

En =

∫
Ω

(
λϕ
2
|∇ϕn|2 + λψ

2
|∇ψn|2 + (qn)2 − C0

)
dΩ, (4.61)

where qn =
√
F (ϕn, ψn) + C0 is the auxiliary variable introduced in the IEQ reformulation.

The fully discrete IEQ system is given by the Crank–Nicolson scheme (4.55)–(4.59). Fol-

lowing the standard energy analysis for IEQ-type schemes, we test the discrete evolution

equations with the corresponding chemical potentials and sum the resulting identities. The

detailed algebraic steps are provided in Appendix B.3 and are omitted here for brevity.

As a result, we obtain the following discrete energy dissipation law:

1

∆t

∫
Ω

[
(qn+1)2 − (qn)2

]
dΩ +

λϕ
2∆t

∫
Ω

(
|∇ϕn+1|2 − |∇ϕn|2

)
dΩ

+
λψ
2∆t

∫
Ω

(
|∇ψn+1|2 − |∇ψn|2

)
dΩ

= −
∫
Ω

|∇µn+1/2
ϕ |2 dΩ−

∫
Ω

(µ
n+1/2
ψ )2 dΩ ≤ 0, (4.62)

where µ
n+1/2
ϕ and µ

n+1/2
ψ are defined in Eqs. (4.55)–(4.57).

Equation (4.62) immediately implies

En+1 ≤ En for any ∆t > 0. (4.63)
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Therefore, the proposed IEQ-based Crank–Nicolson scheme is unconditionally energy stable.

The discrete free energy decays monotonically in time without any restriction on the time

step size, which guarantees thermodynamic consistency at the fully discrete level.
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Table 4.1 summarizes the key notation used throughout the variational formulation of the

simplified three-phase model. This includes the definitions of phase-field variables, chemical

potentials, model parameters, and mathematical symbols appearing in the governing equa-

tions, weak formulations, and numerical schemes. The table serves as a concise reference

to facilitate the understanding of the model derivation, implementation, and subsequent

analysis.
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Table 4.1: Notation for the variational formulation of the three-phase model.

Symbol Description
ϕ(x, t) Conserved phase-field variable (e.g. composition or phase-

fraction field); obeys Cahn–Hilliard-type dynamics.
ψ(x, t) Non-conserved phase-field variable (e.g. order parameter for

phase state); obeys Allen–Cahn-type dynamics.
µϕ(x, t) Chemical potential associated with ϕ (variational derivative

δF/δϕ).
µψ(x, t) Chemical potential associated with ψ (variational derivative

δF/δψ).
Mϕ, Mψ Mobility coefficients for ϕ and ψ (positive constants governing

the time scale of evolution).
λϕ, λψ Gradient energy (interface energy) coefficients for ϕ and ψ,

respectively.
W (u) Double-well potential function (bulk free energy density with

two minima, typically representing two phases).
r(u) Interpolation function (smooth function used to interpolate

material properties or energy contributions between phases).
L Latent heat (energy density associated with phase change,

appears in free energy).
T, Tm T is the temperature (field or parameter); Tm is a reference

temperature (e.g. melting temperature).
C0 A positive constant added to E1 to ensure E1 +C0 > 0 (used

in the SAV formulation for stability).
F (ϕ, ψ) Local free energy density (bulk part of the Helmholtz free

energy, excluding gradient terms).
E1(ϕ, ψ) Non-gradient (bulk) free energy functional, E1 =∫

Ω
F (ϕ, ψ) dΩ.

F [ϕ, ψ] Total free energy functional of the system (includes bulk en-
ergy E1 and gradient energy terms).

q(t) Scalar auxiliary variable (SAV) defined via q2 = E1(ϕ, ψ) +
C0, introduced to linearize the scheme and preserve energy
stability.

(a, b) Notation for the L2 inner product on Ω: (a, b) =∫
Ω
a(x) b(x) dΩ.

(∇a,∇b) Notation for the H1 inner product of gradients: (∇a,∇b) =∫
Ω
∇a · ∇b dΩ.

Ω Spatial domain of the problem (with volume element dΩ).
∂Ω Boundary of the domain Ω (with outward unit normal vector

n and surface element dS).
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4.4 Numerical Result

4.4.1 Planar Interface Solidification

In this subsection, we consider a planar solid–liquid interface solidification problem to verify

both the accuracy of the Allen–Cahn formulation and the energy stability of the proposed

numerical scheme. This test corresponds to a one–dimensional sharp–interface limit, for

which an explicit analytical expression of the front velocity is available, and therefore provides

a quantitative benchmark for validation.

Figure 4.1: Schematic of the planar interface solidification test. The order parameter ψ
distinguishes the solid phase (ψ = 0) from the liquid phase (ψ = 1). The interface propagates
in the x–direction with constant velocity V under prescribed undercooling. The velocity
field is set to zero and homogeneous Neumann boundary conditions are imposed for the
temperature.

The computational setup corresponds to a one–dimensional planar interface embedded in a

two–dimensional domain. The velocity field is identically zero, and the interface remains flat

throughout the simulation, leading to steady–state interface propagation.

The following parameters are used in this test:

• mobility parameter: Mψ = 10, 20, 50, 100;

• interfacial thickness: ε = 0.2;
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• latent heat: L = 1;

• normalized temperature: T/Tm = 0.9;

• homogeneous Neumann boundary conditions for all variables.

Under these conditions, the interface propagates at a constant velocity after a short initial

transient, which allows direct comparison with the sharp–interface theory.

Theoretical front velocity

The theoretical front velocity is obtained from the sharp–interface relation in Eq. (3.86). For

a planar interface with equal densities in the two phases and uniform pressure, this relation

reduces to

T

Tm
− 1 = − V σ

MψλψL
, (4.64)

which yields

V =
MψλψL

σ

(
1− T

Tm

)
. (4.65)

The surface tension σ associated with the Allen–Cahn order parameter ψ is given by Eq. (3.68),

σ = ρ̄λψ

∫ ∞

−∞

(
∂ψ

∂x

)2

dx =

√
2

6

ρ̄λψ
ε
. (4.66)

Substituting this expression and adopting the nondimensional setting ρ̄ = 1 leads to

V =
3
√
2MψLε

Tm
(Tm − T ), (4.67)

For the numerical experiments reported below, we fix L = 1, ε = 0.2, and T/Tm = 0.9. Since

Tm − T = 0.1, the theoretical front velocity becomes

V = 0.042426Mψ. (4.68)
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Numerical measurement of front velocity

In the numerical simulations, the interface position is identified by the level set ψ = 0.5.

After the transient stage, the interface position varies linearly in time. The front velocity is

computed by performing a linear least–squares fit of the interface position over the steady–

state interval. For each value of Mψ, two representative simulations are performed and the

reported velocity is obtained by averaging the fitted values.

Table 4.2 summarizes the comparison between the theoretical prediction and the numerically

measured front velocities.

Table 4.2: Comparison of theoretical and simulated front velocities for different mobility
values Mψ.

Mψ 10 20 50 100

Theoretical V 0.042426 0.084853 0.212132 0.424264

Simulated V 0.042414 0.084822 0.212119 0.424228

Relative Error (%) 0.028 0.037 0.006 0.008

The agreement is further illustrated in Fig. 4.2, where the numerically measured front ve-

locities are plotted against the mobility parameter.
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Figure 4.2: Comparison of theoretical and simulated solidification front velocity as a function
of the mobility parameter Mψ. The numerical results exhibit a linear dependence on Mψ

and agree closely with the sharp–interface prediction.

Energy decay verification

In addition to front–speed accuracy, we verify the energy stability of the numerical scheme

for the planar interface case. The total free energy F(t) is computed at each time step

using the discrete free energy functional defined in Eq. (4.1). According to the theoretical

energy dissipation law (4.20), the free energy should decrease monotonically in time under

homogeneous Neumann boundary conditions.

For this test, we consider the Allen–Cahn equation with mobility parameter Mψ = 100. The

system is initialized with a flat interface, and due to symmetry, the interface propagates at

a constant speed. As shown in Fig. 4.3, the computed free energy decreases linearly over the

interval t ∈ [0, 0.74], which is in perfect agreement with the theoretical prediction for steady

planar interface motion.
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Figure 4.3: Time evolution of free energy for the Allen–Cahn equation with a planar advanc-
ing interface (Mψ = 100). The free energy decreases linearly, consistent with the analytical
prediction.

The planar interface solidification test demonstrates that the proposed numerical scheme

accurately reproduces the analytical front–speed law in the sharp–interface limit and satisfies

the discrete energy dissipation property. The linear decay of free energy and the excellent

agreement between theoretical and numerical front velocities confirm both the accuracy and

the thermodynamic consistency of the Allen–Cahn formulation.

4.4.2 Three-phase Freezing

In this subsection, we investigate the energy dissipation behavior of the proposed numerical

scheme for a fully coupled three-phase solidification process involving solid, liquid, and gas

phases. Unlike the planar interface test considered previously, this example features curved

interfaces and nontrivial phase interactions.



4.4. Numerical Result 79

Simulation setup and parameters

The computational domain is Ω = [0, 1] × [0, 1], discretized by a uniform mesh consisting

of 128 × 128 quadrilateral finite elements. Time integration is performed using a Crank–

Nicolson scheme with a fixed time step size ∆t = 1.0× 10−4, and the simulation is advanced

up to the final time t = 1.0, corresponding to 104 time steps.

The physical and numerical parameters used in this test are listed as follows:

• Interface thickness parameters: λϕ = 1.0, λψ = 1.0.

• Thermodynamic parameters: latent heat L = 1.0 and Tm = 1.0.

• Initial conditions: the phase-field variables ϕ and ψ are initialized by small random

perturbations around their equilibrium values in order to trigger interface formation

and phase separation. Specifically,

ϕ0(x, y) = 0.5 + 0.01 rand(x, y),

where rand(x, y) denotes uniformly distributed random numbers in [−1, 1], and ψ is

initialized in the same manner.

• Boundary conditions: homogeneous Neumann boundary conditions are imposed for

all variables on ∂Ω.

All nonlinear free energy terms are treated using the Invariant Energy Quadratization (IEQ)

formulation described in Section 4.3. Compared with the Scalar Auxiliary Variable (SAV)

approach [47], the IEQ method avoids global coupling through a scalar variable and leads to

linear systems with sparse structure, which can be efficiently solved using standard iterative

solvers.

The simulations are implemented within the deal.II finite element framework [5], and the
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resulting linear systems are solved using a conjugate gradient method with SSOR precondi-

tioner.

Three-phase solidification configuration

Figure 4.4 shows a schematic illustration of the three-phase solidification test. The condensed

region is described by the order parameter ϕ, which separates the gas phase from the liquid–

solid mixture, while the order parameter ψ distinguishes the solid and liquid phases inside

the condensed region. Initially, a liquid region is surrounded by gas, with a solid nucleus

present inside the liquid. As the system evolves, the solid grows at the expense of the liquid

phase, and the liquid–gas interface simultaneously retreats.

Figure 4.4: Schematic illustration of the three-phase solidification test. The order parameter
ϕ separates the gas phase from the condensed phases, while ψ distinguishes solid and liquid.
Curved solid–liquid and liquid–gas interfaces evolve simultaneously during the freezing pro-
cess.
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4.4.2.1 Energy Decay Verification

We verify the energy decay property of the proposed IEQ-based numerical scheme. The total

discrete free energy is computed at each time step using the IEQ-modified energy functional

defined in Eq. (4.61). The numerical scheme satisfies

En+1 ≤ En

under homogeneous Neumann boundary conditions.

We examine the energy decay behavior for a fully coupled three-phase solidification process

involving solid, liquid, and gas phases. In this test, the mobilities are set to Mϕ = 10−4

and Mψ = 100, corresponding to slow gas–liquid relaxation and fast solid–liquid phase

transformation.

Figure 4.5 shows the time evolution of the discrete free energy for this three-phase system.

The free energy decreases strictly monotonically throughout the simulation, demonstrating

that the numerical scheme preserves the discrete energy dissipation property in a complex,

nonlinear setting.

Unlike the planar interface case, the energy decay is no longer linear. This nonlinear decay

arises from several coupled effects: the curvature of the evolving interfaces varies in time,

the liquid region progressively shrinks during freezing, and the release of latent heat is

inherently nonuniform. These features lead to a time-dependent energy dissipation rate,

which is accurately captured by the numerical scheme.
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Figure 4.5: Time evolution of the discrete free energy for the three-phase freezing process
with Mϕ = 10−4 and Mψ = 100. The free energy decays monotonically in time, confirming
the discrete energy dissipation property of the IEQ-based numerical scheme.

Together, these two numerical experiments demonstrate that the proposed IEQ-based Crank–

Nicolson scheme satisfies the discrete energy dissipation law for both simple planar interface

motion and complex three-phase solidification dynamics. This confirms the thermodynamic

consistency and robustness of the numerical method.

Interface evolution

To further illustrate the three–phase dynamics, Fig. 4.6 shows the contour plots of ϕ and

ψ at an intermediate stage of the simulation. The contours demonstrate how the two order

parameters jointly describe all three phases, with ψ capturing the solid–liquid interface and

ϕ representing the liquid–gas interface.
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Figure 4.6: Contour plots of the phase–field variables ϕ and ψ at time t = 0.21986 during
the three–phase freezing process. For both variables, contour levels are drawn uniformly
from 0.1 to 0.9 using N = 9 equally spaced contours. The ψ contours (blue) represent the
solid–liquid interface, while the ϕ contours (red) represent the liquid–gas interface. This
visualization illustrates how the two phase–field variables jointly describe the solid, liquid,
and gas phases.

For better visualization of the interface motion, Fig. 4.7 shows snapshots of the evolving

interfaces at selected times. The blue curve denotes the solid–liquid interface ψ, while

the red curve marks the liquid–gas interface ϕ. As solidification proceeds, the liquid region

gradually shrinks and eventually disappears. The curvature–driven interface motion explains

the nonlinear decay of the free energy observed in Fig. 4.5.
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(a) t = 0 (b) t = 0.10708

(c) t = 0.19708 (d) t = 0.33708

Figure 4.7: Snapshots of interface evolution during the three–phase freezing process. The
blue curve shows the solid–liquid interface ψ, and the red curve marks the liquid–gas interface
ϕ. The disappearance of the liquid phase and the curved interface motion are consistent with
the nonlinear energy decay.

The three–phase freezing simulation demonstrates that the proposed numerical scheme pre-

serves the discrete energy dissipation property for complex interfacial dynamics. Unlike the

planar interface case, the free energy decay is nonlinear due to curvature effects and latent

heat release. Nevertheless, the free energy remains strictly decreasing in time, confirming
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the thermodynamic consistency and robustness of the method for fully coupled three–phase

solidification problems.



Chapter 5

Numerical discretization

5.1 Weak form of governing equation

The governing equations of our three-phase, non-isothermal solidification model consist of the

Cahn–Hilliard equation for the phase-field variable ϕ, the Allen–Cahn equation for the phase-

field variable ψ, the quasi-incompressible momentum equation for the velocity field v, the

associated mass continuity equation for the pressure p, and the internal energy equation for

the temperature T . The governing equation have been derived and presented in Chapter 3.2.

To derive the weak formulation, each governing equation is multiplied by a suitable test

function and integrated over the computational domain Ω. We denote by

(·, ·)Ω =

∫
Ω

(·)(·) dΩ

the L2(Ω) inner product, and by

(·, ·)∂Ω =

∫
∂Ω

(·)(·) dS

the corresponding boundary inner product.

86
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We seek the solution fields

v ∈ [H1(Ω)]d, p ∈ L2(Ω), ϕ, ψ, T ∈ H1(Ω),

where v = 0 on ∂Ω enforces the no-slip boundary condition. The associated test functions

ṽ, p̃, ϕ̃, ψ̃, T̃

are taken from the same function spaces and satisfy homogeneous boundary conditions con-

sistent with the trial functions.

Applying integration by parts to the diffusion and stress terms and assuming homogeneous

Neumann boundary conditions for ϕ, ψ, and T , together with no-slip Dirichlet boundary

conditions for v, all boundary integrals vanish naturally. The resulting weak formulation of

the coupled system reads as follows.

The weak form of the momentum equation is given by

(
ρ(ϕ, ψ)Dtv, ṽ

)
Ω
=
(
− (p− p0)I+ η

[
∇v + (∇v)T − 2

3
(∇ · v)I

]
, ∇ṽ

)
Ω

+
(
ρ

∂f̂

∂(∇ϕ)
⊗∇ϕ+ ρ

∂f̂

∂(∇ψ)
⊗∇ψ, ∇ṽ

)
Ω
. (5.1)

The weak form of the mass continuity equation reads

(
∇ · v, p̃

)
Ω
= −

(1
ρ

[∂ρ
∂ϕ
Dtϕ+

∂ρ

∂ψ
Dtψ

]
, p̃
)
Ω
. (5.2)

The weak form of the Cahn–Hilliard equation for ϕ is

(
ρ(ϕ, ψ)Dtϕ, ϕ̃

)
Ω
= −

(
Mϕ∇µϕ, ∇ϕ̃

)
Ω
. (5.3)
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The corresponding weak form defining the chemical potential µϕ is

(
µϕ, µ̃ϕ

)
Ω
=
([
r(ψ)r′(ϕ)L− ∂c

∂ϕ
TM
](

1− T

TM

)
, µ̃ϕ

)
Ω
−
( ∂c
∂ϕ
T ln

T

TM
, µ̃ϕ

)
Ω

+
(
λϕω

′(ϕ), µ̃ϕ
)
Ω
+
(
r′(ϕ)λψ

[
ω(ψ) + 1

2
|∇ψ|2

]
, µ̃ϕ

)
Ω

−
(p− p0

ρ2
∂ρ

∂ϕ
, µ̃ϕ

)
Ω
−
(1
ρ
∇ · (ρλϕ∇ϕ), µ̃ϕ

)
Ω
. (5.4)

The weak form of the Allen–Cahn equation for ψ is

(
ρDtψ, ψ̃

)
Ω
= −

(
Mψµψ, ψ̃

)
Ω
. (5.5)

The weak form defining the chemical potential µψ is

(
µψ, µ̃ψ

)
Ω
=
([
r′(ψ)r(ϕ)L− ∂c

∂ψ
TM
](

1− T

TM

)
, µ̃ψ

)
Ω
−
( ∂c
∂ψ

T ln
T

TM
, µ̃ψ

)
Ω

+
(
r(ϕ)λψω

′(ψ), µ̃ψ
)
Ω
−
(p− p0

ρ2
∂ρ

∂ψ
, µ̃ψ

)
Ω
−
(1
ρ
∇ · (ρr(ϕ)λψ∇ψ), µ̃ψ

)
Ω
.

(5.6)

Finally, the weak form of the internal energy equation is

(
ρcDtT, T̃

)
Ω
=
(
Mϕ|∇µϕ|2 +Mψ|µψ|2, T̃

)
Ω
+
(
η
[
∇v + (∇v)T − 2

3
(∇ · v)I

]
: ∇v, T̃

)
Ω

+
(
k∇T, ∇T̃

)
Ω
−
(
ρL
[
r(ψ)r′(ϕ)Dtϕ+ r′(ψ)r(ϕ)Dtψ

] T
TM

, T̃
)
Ω

−
(
ρ
[
∂c
∂ϕ
Dtϕ+ ∂c

∂ψ
Dtψ

]
T ln

T

TM
, T̃
)
Ω
. (5.7)

In the above equations, Dt(·) denotes the material time derivative following the velocity field

v. The chemical potentials µϕ and µψ are defined variationally from the free-energy func-

tional introduced in Chapter 2. The weak formulation (5.1)–(5.7) serves as the foundation

for the numerical discretization described in the following sections.
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5.2 Temporal Discretization

We discretize the coupled weak system (5.1)–(5.7) in time using a semi-implicit θ-scheme.

Let 0 = t0 < t1 < · · · < tN with uniform time step size ∆t = tn+1 − tn. For a generic

(possibly vector-valued) quantity X(t), we introduce the standard convex combination at

the intermediate time level tn+θ,

Xn+θ := θXn+1 + (1− θ)Xn, 0 ≤ θ ≤ 1, (5.8)

and approximate the material derivative by the first-order difference

DtX
n+θ ≈ Xn+1 −Xn

∆t
+ vn+θ · ∇Xn+θ. (5.9)

With this convention, θ = 0 recovers a fully explicit update, θ = 1
2
gives the Crank–Nicolson-

type update, and θ = 1 corresponds to the backward Euler. In our simulations we adopt

θ = 1
2
, which yields second-order accuracy for linear terms and provides a robust balance

between stability and accuracy for the present nonlinear, strongly coupled system.

To make the θ-scheme treatment explicit, we illustrate the discretization on representative

terms. For instance, the transient term in the Cahn–Hilliard equation (5.3),

(
ρ(ϕ, ψ)Dtϕ, ϕ̃

)
Ω
,

is evaluated at tn+θ as (
ρn+θ(ϕ, ψ)

ϕn+1 − ϕn

∆t
, ϕ̃
)
Ω
, (5.10)

while the convective contribution is treated consistently by

(
v · ∇ϕ, ϕ̃

)n+θ
Ω

=
(
vn+θ · ∇ϕn+θ, ϕ̃

)
Ω
, ϕn+θ = θϕn+1 + (1− θ)ϕn. (5.11)
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The same convention is applied to all advection terms appearing in (5.1)–(5.7).

Because the coefficients ρ(ϕ, ψ), c(ϕ, ψ), η(ϕ, ψ) and the chemical potentials µϕ, µψ are non-

linear functions of the unknown fields, the θ-scheme is implemented in a semi-implicit manner

through Newton linearization within each time step. Denoting the current Newton iterate

at time level tn+1 by (v∗, p∗, ϕ∗, ψ∗, T ∗), we write the update as

vn+1 = v∗ + δv, pn+1 = p∗ + δp, ϕn+1 = ϕ∗ + δϕ, ψn+1 = ψ∗ + δψ, T n+1 = T ∗ + δT,

and define the intermediate θ-states in the form

X∗,θ := θX∗ + (1− θ)Xn, Xθ := θXn+1 + (1− θ)Xn = X∗,θ + θ δX, (5.12)

for X ∈ {v, p, ϕ, ψ, T}. Equation (5.12) is precisely the practical realization of the θ-scheme,

namely

ϕθ = θϕn+1 + (1− θ)ϕn = ϕ∗,θ + θ δϕ, ϕn+1 ≈ ϕ∗ + δϕ.

Under this representation, every nonlinear contribution evaluated at tn+θ can be consistently

expanded to first order in the Newton increments (δv, δp, δϕ, δψ, δT ), leading to a linearized

system for the increments at each Newton step.

In particular, the semi-discrete in time forms of the chemical potential relations (5.4) and

(5.6) require careful θ-level linearization of the nonlinear couplings among (ϕ, ψ, T, p) and

gradient terms. For completeness, we provide the detailed θ-scheme expansions and the

corresponding Newton right-hand side/matrix contributions in Appendix A; see Section A.1

for µϕ (starting from (5.4)) and Section A.2 for µψ (starting from (5.6)). The same θ-

scheme linearization strategy is also documented in Appendix A for the momentum equa-

tion (Section A.3), the continuity relation (Section A.4), and the internal energy equation

(Section A.5). In the main text, we therefore only state the θ-scheme principle (5.8)–(5.12)

and use it systematically when assembling the fully discrete system.
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In summary, at each time step tn 7→ tn+1 we evaluate all weak-form terms (5.1)–(5.7) at

the intermediate level tn+θ, approximate material derivatives by (5.9), and linearize the

resulting nonlinear residual using (5.12). This produces, at each time step, a sequence of

linearized problems for the Newton increments, which are solved until convergence to obtain

(vn+1, pn+1, ϕn+1, ψn+1, T n+1).

5.3 Spatial Discretization

For the spatial discretization of the coupled weak system (5.1)–(5.7), we employ a conforming

finite element method on a quadrilateral mesh of the computational domain Ω ⊂ Rd. The

mesh is generated by standard deal.II routines and is refined either uniformly or adaptively

near the diffuse interfaces, depending on the simulation setup.

Let Th be a quadrilateral partition of Ω, and letQk(K) denote the tensor-product polynomials

of degree ≤ k in each coordinate on an elementK ∈ Th. In the implementation, all unknowns

are discretized by continuous Lagrange elements (FE Q in deal.II). Specifically, we choose

a Taylor–Hood-type pair for the velocity–pressure variables and the same polynomial degree

for the remaining scalar fields:

Vh :=
{
wh ∈ [H1(Ω)]d : wh|K ∈ [Qk(K)]d ∀K ∈ Th

}
,

Qh :=
{
qh ∈ L2(Ω) : qh|K ∈ Qk−1(K) ∀K ∈ Th

}
,

Sh :=
{
sh ∈ H1(Ω) : sh|K ∈ Qk(K) ∀K ∈ Th

}
.

Here k = velocity degree is the polynomial degree used in the code. With this choice,

(Vh, Qh) corresponds to the classical Qk/Qk−1 Taylor–Hood family, which satisfies the LBB

(inf–sup) stability condition for incompressible flow when k ≥ 2. In the simulations reported

in this work, we set k = 2, i.e., the velocity is discretized by bi-quadratic (Q2) elements
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and the pressure by bi-linear (Q1) elements. In contrast to the common Q1 choice, the

scalar fields are discretized using the same degree k as the velocity in our implementation

(as reflected by FE Q(velocity degree) for each scalar component).

Accordingly, we approximate

vh ∈ Vh, ph ∈ Qh, Th ∈ Sh, ϕh ∈ Sh, µϕ,h ∈ Sh, ψh ∈ Sh, µψ,h ∈ Sh,

and we choose test functions from the same spaces. The fully coupled discrete trial (and

test) space is therefore

Xh := Vh ×Qh × Sh × Sh × Sh × Sh × Sh,

corresponding to the unknown vector (vh, ph, Th, ϕh, µϕ,h, ψh, µψ,h) assembled in the FESystem

with component multiplicities

(d, 1, 1, 1, 1, 1, 1).

Let (v̂h, p̂h, T̂h, ϕ̂h, µ̂ϕ,h, ψ̂h, µ̂ψ,h) ∈ Xh be admissible test functions. The semi-discrete (space-

discrete) formulation is: find (vh(t), ph(t), Th(t), ϕh(t), µϕ,h(t), ψh(t), µψ,h(t)) ∈ Xh such that

the weak equations (5.1)–(5.7) hold for all test functions in Xh, with all integrals evaluated

elementwise on Th using numerical quadrature. Hanging-node constraints for adaptive re-

finement and essential boundary conditions are imposed through affine constraint operators,

and the resulting algebraic system is assembled and solved within the deal.II framework.

5.4 Newton’s method

After applying the temporal discretization described in Section 5.2 and the spatial discretiza-

tion in Section 5.3, the coupled weak system (5.1)–(5.7) leads, at each time step tn 7→ tn+1,
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to a nonlinear algebraic system for the discrete unknowns

(vn+1, pn+1, ϕn+1, ψn+1, T n+1) ∈ Vh ×Qh × Φh ×Ψh ×Θh.

The nonlinearity arises from the advection terms, the variable material properties ρ(ϕ, ψ),

c(ϕ, ψ), η(ϕ, ψ), and the nonlinear free-energy contributions in the phase-field equations.

To solve this nonlinear system, we employ a monolithic Newton iteration at each time step.

Let

(v∗, p∗, ϕ∗, ψ∗, T ∗)

denote the current Newton iterate for the solution at time tn+1, with the initial guess taken

as the converged solution at the previous time level,

(v∗, p∗, ϕ∗, ψ∗, T ∗) = (vn, pn, ϕn, ψn, T n).

We seek an updated solution in the increment form

vn+1 = v∗+δv, pn+1 = p∗+δp, ϕn+1 = ϕ∗+δϕ, ψn+1 = ψ∗+δψ, T n+1 = T ∗+δT.

(5.13)

Consistent with the θ-scheme introduced in (5.8)–(5.12), all quantities evaluated at the

intermediate time level tn+θ are expressed as

Xθ = θXn+1 + (1− θ)Xn = X∗,θ + θ δX, X ∈ {v, p, ϕ, ψ, T},

where X∗,θ = θX∗ + (1 − θ)Xn is known at the current Newton step. Under this represen-

tation, every nonlinear term in (5.1)–(5.7) evaluated at tn+θ can be expanded to first order

with respect to the increments (δv, δp, δϕ, δψ, δT ).

Substituting the increment form (5.13) into the fully discrete weak formulation and retaining
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only linear terms in the increments yields a linear variational problem for (δv, δp, δϕ, δψ, δT ).

This linearized system couples all variables and includes the cross-derivative contributions

arising from the dependence of ρ, η, and the chemical potentials µϕ, µψ on (ϕ, ψ, T ). The

detailed θ-scheme linearizations for each equation are provided in Appendix A.

At each Newton iteration, the resulting linear system is assembled and solved for the incre-

ments. The solution is then updated according to (5.13), and the process is repeated until

convergence. In practice, convergence is declared when the norm of the Newton increment

becomes sufficiently small, or equivalently when the residual of the discrete system is reduced

below a prescribed tolerance. Due to the use of the solution at the previous time step as

the initial guess and the semi-implicit treatment of the θ-scheme, only a small number of

Newton iterations is required at each time step.

This fully coupled Newton linearization ensures that the strong interactions among fluid flow,

phase evolution, and heat transfer are consistently resolved at the nonlinear level. Combined

with the energy-consistent weak formulation and the semi-implicit time discretization, the

Newton method provides a robust and efficient solver for the three-phase solidification model.
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Numerical results and discussions

We start this chapter by recalling the sharp–interface relation obtained in Sec. 3.3, where

the moving curved interface problem was reduced to a one–dimensional problem. The key

result from that section is Eq. (3.86), which relates the interfacial melting temperature to

three contributions: a kinetic term, a curvature (Gibbs–Thomson) term, and a pressure

(Clausius–Clapeyron) term.

In this chapter we focus on the equilibrium (static) setting relevant to freezing of water

droplets, and we therefore set the interface velocity to zero, V = 0. With this assumption,

the kinetic contribution in Eq. (3.86) drops out, and the sharp–interface relation reduces to

T

TM
− 1 = − d σ

RL

1

2

(
1

ρ+
+

1

ρ−

)
+

1

L

(
p+ + p−

2
− p0

)(
1

ρ+
− 1

ρ−

)
, (6.1)

where T denotes the interfacial temperature, TM is the bulk melting temperature, σ is

the interfacial surface tension, L is the latent heat, and p0 is the reference pressure. The

quantities (ρ±, p±) represent the densities and pressures on the two sides of the interface,

and the geometric parameter d = 0, 1, 2 together with the radius R distinguishes planar,

cylindrical, and spherical settings, respectively, as discussed in Sec. 3.3.

95
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Equation (6.1) serves as the common starting point for the validation problems in this chap-

ter. In Sec. 6.1 (Gibbs–Thomson effect), we isolate the curvature contribution by considering

cases in which the pressure term is inactive (e.g. p+ = p− = p0), and we compare the pre-

dicted curvature–dependent shift of the melting temperature with numerical simulations. In

Sec. 6.2 (Clausius–Clapeyron relation), we instead isolate the pressure contribution by con-

sidering a planar interface (d = 0) and varying the imposed pressure difference to quantify

the resulting melting–temperature shift. For each test case, the identification of the “+” and

“−” sides with the corresponding phases (solid/liquid/air) will be stated explicitly within

that section, since it depends on the particular physical configuration being simulated.

6.1 Gibbs-Thomson effect

We begin by validating the Gibbs–Thomson effect, which describes how interfacial curvature

and surface tension modify the melting temperature at a solid–liquid interface. Rather than

postulating an explicit interfacial condition, this effect is expected to emerge naturally from

the thermodynamically consistent phase-field formulation developed in the previous chapters.

Figure 6.1: Schematic illustration of the Gibbs–Thomson effect. A curved solid–liquid inter-
face modifies the local melting temperature Tσ relative to the planar melting temperature
TM . Positive curvature (κ > 0), corresponding to a solid particle, leads to Tσ < TM , while
negative curvature (κ < 0), corresponding to a liquid droplet, results in Tσ > TM .
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The theoretical reference for this validation is the sharp–interface equilibrium relation (6.1),

obtained in Sec. 3.3. In the present test case, we consider a static equilibrium configuration

(V = 0) and impose a uniform reference pressure p = p0. Under these assumptions, the pres-

sure contribution in (6.1) vanishes, and the remaining balance predicts a linear dependence

of the melting temperature on the interfacial curvature and surface tension, corresponding

to the classical Gibbs–Thomson relation.

We consider a two–dimensional square domain containing an initially circular interface of

radius R0 = 0.5, centered at the origin. The liquid phase occupies the region outside the

circle, while the solid phase lies inside. Due to symmetry, only the first quadrant of the

domain is computed. The computational configuration and mesh are illustrated in Fig. 6.2.

The phase-field variable ψ is initialized as

ψ =
1

2

[
1 + tanh

(
r −R0√

2 ϵ

)]
, r =

√
x2 + y2, (6.2)

which represents a diffuse circular interface of thickness O(ϵ). All other physical parameters

are fixed as listed in Table 6.1, while the surface tension σ is varied.

Figure 6.2: Initial circular interface and computational mesh for the Gibbs–Thomson vali-
dation test.
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Parameter Symbol Value

Surface tension σ 0.1,0.2,0.3,0.4

Melting temperature TM 1

Latent heat L 1

Curvature κ 2

Initial drop radius R 0.5

Table 6.1: Parameters used for the test case.

Figure 6.3: Schematic of the Gibbs–Thomson validation setup. A circular ice region is
surrounded by water in a square domain. Symmetry boundary conditions are imposed along
the left and bottom boundaries. The outer boundary is subject to a prescribed temperature
T = Tw and isotropic stressΣ = −p0I. The interface has radius R, giving curvature κ = 1/R.

The schematic configuration used in this test is shown in Fig. 6.3. An initially circular ice

region of radius R0 = 0.5 is embedded in water and centered at the origin of a unit square

domain. Due to symmetry, only the first quadrant is simulated. The interface curvature

is therefore constant and given by κ = 1/R0. A uniform temperature Tw is imposed on
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the outer boundary, while symmetry conditions are applied on the remaining boundaries.

This configuration allows us to study a static equilibrium of the curved solid–liquid interface

under prescribed curvature and surface tension.

Starting from the sharp–interface equilibrium relation (6.1), we consider the case of con-

stant pressure p = p0. Under this assumption, the pressure contribution vanishes and the

equilibrium condition reduces to the classical Gibbs–Thomson relation,

L

(
1− Tσ

TM

)
+
σκ

ρ
= 0, (6.3)

where Tσ denotes the equilibrium melting temperature of a curved interface, TM is the

melting temperature of a planar interface, σ is the surface tension, and ρ is the averaged

density defined in Sec. 3.3. For a fixed curvature κ, this relation predicts a linear dependence

of Tσ on σ.

For a fixed value of σ, a sequence of simulations is performed by varying the imposed initial

temperature with increment ∆T = 0.01. For each run, the evolution of the interface is

monitored:

• if the interface shrinks monotonically, the temperature is above the equilibrium melting

temperature Tσ;

• if the interface expands, the temperature is below Tσ;

• if the interface neither shrinks nor expands over time, the system is at an unstable

equilibrium corresponding to T = Tσ.

This procedure yields a lower and an upper bound for Tσ, from which the numerical melting

temperature is identified.

The predicted equilibrium melting temperatures obtained from the Gibbs–Thomson relation

are listed in Table 6.2, while the numerical results are summarized in Table 6.3.
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Surface tension σ Predicted Tσ

0.1 0.8

0.2 0.6

0.3 0.4

0.4 0.2

Table 6.2: Theoretical melting temperatures predicted by the Gibbs–Thomson relation.

Surface tension σ Lower bound Numerical Tσ Upper bound

0.1 0.79 0.80 0.81

0.2 0.59 0.60 0.61

0.3 0.39 0.40 0.41

0.4 0.19 0.20 0.21

Table 6.3: Numerically identified melting temperatures for different surface tensions.
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Figure 6.4: Comparison between theoretical and numerical melting temperatures as a func-
tion of surface tension.

The numerical results show excellent agreement with the theoretical prediction across all

tested values of surface tension. Both the linear trend and the quantitative values of Tσ

are accurately captured. This confirms that the Gibbs–Thomson effect is automatically

recovered by the phase-field model through its thermodynamically consistent formulation,

without imposing any explicit interfacial condition.

6.2 Clausius-Clapeyron relation

To further validate our phase-field model, we consider the Clausius–Clapeyron relation by

isolating the pressure effect in the sharp–interface condition (6.1). Specifically, we set the

curvature κ = 0, corresponding to a planar solid–liquid interface, so that surface tension

effects are absent and only pressure-induced shifts of the melting temperature remain. Under
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this assumption, equation (6.1) reduces to

L

(
1− Tp

TM

)
+ pa

(
1

ρl
− 1

ρs

)
= 0, (6.4)

where Tp denotes the equilibrium melting temperature under pressure p, TM is the melting

temperature at the reference pressure p0, and pa = p− p0 is the imposed pressure deviation.

In this validation test, we take ρl = 1 and ρs = 0.9, consistent with the density contrast used

throughout this chapter. The density difference term therefore evaluates to

1

ρl
− 1

ρs
= 1− 1

0.9
= −0.1111.

With this choice, the theoretical melting temperature under pressure pa follows directly as

Tp
TM

= 1 +
pa
L

(
1

ρl
− 1

ρs

)
= 1− 0.1111

pa
L
.

Here the latent heat is set to L = 1 in the numerical simulations, which serves as a normal-

ization choice and does not affect the validity of the Clausius–Clapeyron relation.

The computational setup used to validate this relation is illustrated in Fig. 6.5. The domain

consists of ice on the left and water on the right, separated by an initially sharp, planar

interface. Symmetry conditions are imposed on the top and bottom boundaries, while zero

velocity is enforced on all boundaries. A constant pressure offset is applied in the water

region, while the ice region is taken as the reference state.

Temperatures Ta < TM and Tb > TM are imposed on the left and right boundaries, respec-

tively, creating an approximately linear temperature profile across the domain. For a given

pressure deviation pa, the system evolves until a steady state is reached. At equilibrium, the

solid–liquid interface remains stationary, and the interface temperature is identified numer-

ically as the temperature value at which the phase-field order parameter remains steady in
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time. This numerically determined interface temperature is then compared directly with the

theoretical prediction Tp.

Figure 6.5: Computational setup for validating the Clausius–Clapeyron relation. Ice occupies
the left region and water occupies the right region, separated by an initially planar interface.
Boundary temperatures Ta < TM and Tb > TM are imposed to generate a linear temperature
profile, while a pressure deviation pa is applied in the water region.

We perform simulations for several values of the pressure deviation pa and extract the cor-

responding equilibrium interface temperatures. The numerical results are summarized in

Table 6.4, together with the theoretical predictions obtained from the Clausius–Clapeyron

relation.
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pa Theoretical Tp Simulation Tp Error (%)

-1 1.1111 1.1059 0.47

-0.5 1.0556 1.0529 0.25

-0.3 1.0333 1.0321 0.12

-0.1 1.0111 1.0109 0.02

0.1 0.9889 0.9891 0.03

0.3 0.9667 0.9680 0.13

0.5 0.9444 0.9470 0.27

1 0.8889 0.8940 0.57

Table 6.4: Comparison between theoretical and simulated melting temperatures under dif-
ferent pressure deviations.

Figure 6.6 presents a direct comparison between the theoretical melting temperatures pre-

dicted by the Clausius–Clapeyron relation and the numerically obtained equilibrium interface

temperatures. The excellent agreement across the entire range of pressure deviations con-

firms that the proposed phase-field model accurately captures the pressure dependence of

the melting temperature.
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Figure 6.6: Comparison between theoretical predictions and numerical results for the melting
temperature under varying pressure deviations pa.

6.3 Volume expansion

In this section, we validate the ability of the proposed phase-field model to capture volume

expansion during the phase transition from water to ice. To this end, we consider a one-

dimensional three-phase Stefan problem, where ice, water, and air coexist and the solid–

liquid interface advances due to freezing. The primary goal of this test is to verify whether

the numerical solution satisfies the mass conservation constraint associated with density

mismatch between the solid and liquid phases.

We consider a one-dimensional domain initially composed of three consecutive regions: ice

on the left, water in the middle, and air on the right. As freezing proceeds, the water region
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shrinks while the ice region grows, and the air region adjusts accordingly. A schematic

illustration of this three-phase Stefan problem is shown in Fig. 6.7, where li and lw denote

the lengths of the ice and water regions, respectively.

Figure 6.7: Schematic of the one-dimensional three-phase Stefan problem. The ice region
grows at the expense of the water region during freezing, while the air phase occupies the
remaining part of the domain.

Due to the density difference between ice and water, freezing is accompanied by volume

expansion. Assuming mass conservation across the solid–liquid interface, the changes in the

lengths of the ice and water regions must satisfy

ρs∆li + ρl∆lw = 0, (6.5)

where ρs and ρl are the densities of the solid and liquid phases, respectively, and ∆li and ∆lw

denote the increments of the ice and water regions. Equation (6.5) provides a quantitative
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criterion for assessing whether the numerical solution correctly captures volume expansion.

Figure 6.8 shows the time evolution of the ice and water interfaces, as extracted from the

phase-field variable. The corresponding numerical values of li, lw, and the ratio ∆lw/∆li are

summarized in Table 6.5.

Figure 6.8: Evolution of the ice and water interface positions as functions of time. The
advance of the ice region is accompanied by the retreat of the water region, reflecting volume
expansion during freezing.
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Time li lw
∆lw
∆li

Error %

0.0971 0.2508 0.2492 -0.9380 4.05

2.1687 0.2678 0.2339 -0.9068 0.75

4.6687 0.2877 0.2159 -0.9048 0.53

7.1687 0.3071 0.1983 -0.9040 0.44

9.6687 0.3259 0.1814 -0.9032 0.35

12.1687 0.3443 0.1649 -0.9025 0.28

14.6687 0.3620 0.1489 -0.9022 0.25

17.1687 0.3794 0.1333 -0.9020 0.23

19.6687 0.3964 0.1180 -0.9018 0.20

22.1687 0.4142 0.1020 -0.9016 0.18

24.6687 0.4427 0.0762 -0.9020 0.22

Table 6.5: Evolution of the ice and water regions and verification of mass conservation.

As shown in Table 6.5, the ratio ∆lw/∆li remains close to the theoretical value −ρs/ρl

throughout the simulation. The relative error decreases over time and remains below one

percent after the initial transient. These results demonstrate that the proposed phase-field

model correctly captures the volume expansion induced by the density mismatch between ice

and water, and satisfies the mass conservation constraint in the three-phase Stefan problem.

6.4 Freezing droplet

In this section we study the freezing of a water droplet and present numerical results ob-

tained with the thermodynamically consistent AC/CH–NS–energy model. We first describe

the physical and computational setup of the freezing droplet problem, including the computa-

tional domain, initial conditions, and boundary conditions. We then introduce the reference
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physical scales and the corresponding dimensionless parameters used in the simulations. For-

mulating the problem in nondimensional form provides a unified framework for comparing

different cases and clarifies the relative roles of surface tension, latent heat, viscosity, and

heat transport.

We consider a liquid water droplet initially at a uniform temperature T0 placed on a cold sub-

strate and surrounded by air. The droplet occupies a two-dimensional axisymmetric domain,

with gravity neglected. The computational domain is chosen sufficiently large so that the

outer boundaries do not influence the droplet dynamics during the time interval of interest.

Initially, the droplet has a circular shape with radius Rf , and the phase-field variables are

initialized so that the water–air and water–ice interfaces are smoothly represented by diffuse

transition layers. The initial temperature field is prescribed uniformly inside the droplet and

air regions, while the substrate temperature is fixed below the melting temperature TM .

No-slip velocity conditions are imposed on the solid substrate, while stress-free or symmetry

conditions are applied on the remaining boundaries, consistent with the axisymmetric geom-

etry. Thermal boundary conditions are specified by fixing the temperature at the substrate

and applying either symmetry or zero-flux conditions on the remaining boundaries. Under

these conditions, the droplet cools from below, and freezing proceeds through the coupled

evolution of the water–ice and solid–air interfaces, driven by heat diffusion, latent heat re-

lease, and interfacial forces. This configuration serves as a representative and physically

relevant test case for assessing the capability of the phase-field model to capture freezing

dynamics of droplets.

To nondimensionalize the governing equations, we introduce a set of reference physical pa-

rameters based on typical material properties of water. These parameters define the charac-

teristic scales for length, temperature, time, and material response appearing in the freezing

droplet simulations, and they are used consistently to scale all terms in the AC/CH–NS–

energy system.
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The base reference quantities are listed in Table 6.6. The reference length Rf is chosen

as the initial droplet radius, which sets the geometric scale of the problem. The liquid–air

surface tension σf provides the capillary scale, while the reference density ρf is taken as that

of liquid water. The specific heat cf and thermal conductivity kf determine the thermal

response, and ηf is the reference viscosity. The temperature scale is chosen as Tf = 1K,

which allows temperature variations to be expressed conveniently in nondimensional form.

The latent heat Lf sets the characteristic energy scale associated with phase change.

Parameter Symbol Value (SI units)

Reference length Rf 2.50× 10−4m

Surface tension σf 7.20× 10−2N/m

Density ρf 1.00× 103 kg/m3

Temperature scale Tf 1.00 K

Specific heat cf 4.18× 103 J/(kgK)

Thermal conductivity kf 5.56× 10−1W/(mK)

Viscosity ηf 1.78× 10−3 Pa s

Reference velocity Vf 5.31× 10−2m/s

Latent heat Lf 3.34× 105 J/kg

Table 6.6: Base reference physical parameters used in the nondimensional formulation.

From these base quantities, we define the derived reference scales summarized in Table 6.7.

The thermal diffusivity is αf = kf/(ρfcf ), and the reference velocity is defined as Vf =

αf/Rf , corresponding to heat diffusion across the droplet radius. This choice naturally leads

to the time scale tf = Rf/Vf , while the reference pressure is given by pf = ρfV
2
f . These scales

are used to nondimensionalize the momentum and energy equations and to fix the scaling of

mobilities, mixing energy coefficients, and relaxation rates in the phase-field formulation.
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Derived quantity Symbol Value (SI units)

Reference time tf 4.71× 10−1 s

Reference pressure pf 2.83× 10−4 Pa

Thermal diffusivity αf 1.23× 10−7m2/s

Mixing energy λf 1.80× 10−8m2/s2

AC mobility Mψ,f 7.38× 10−2 kg s/m3

CH mobility Mϕ,f 4.61× 10−4 kg s/m5

Relaxation rate Γϕ,f 2.95× 104 s/m2

Table 6.7: Derived reference quantities computed from the base parameters.

With these reference scales fixed, all physical fields in the AC/CH–NS–energy equations are

expressed in dimensionless form. The freezing droplet dynamics are then governed by a

small number of dimensionless groups, including the Thompson–Gibbs parameter G char-

acterizing curvature effects, the Stefan number Ste measuring the ratio of sensible to latent

heat, the Reynolds and Weber numbers quantifying inertial effects relative to viscosity and

surface tension, and the Peclet number Pe describing the balance between thermal advection

and diffusion. Additional phase-field parameters Πη and ΠT control the coupling between

temperature, viscosity, and interfacial motion.

All simulations presented in the remainder of this section use the parameter values summa-

rized in Table 6.6 and Table 6.7, unless stated otherwise. With the computational setup and

nondimensional framework established, we now proceed to examine the numerical results for

a reference freezing droplet case.
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6.4.1 Dimensionless groups and parameter values

With the reference scales introduced above, the governing AC/CH–NS–energy system can

be written in fully nondimensional form. The behavior of the freezing droplet is then charac-

terized by a small number of dimensionless groups, each measuring the relative importance

of competing physical mechanisms. This nondimensional formulation provides a concise way

to interpret the numerical results and to compare different simulation cases within a unified

framework.

The curvature effect associated with interfacial free energy is quantified by the Thompson–

Gibbs parameter

G =
ρfLfRf

σf
, (6.6)

which compares the latent heat scale to the surface tension scale. The relative importance

of sensible heat compared with latent heat is measured by the Stefan number

Ste =
CfTf
Lf

. (6.7)

Fluid inertia relative to surface tension and viscosity is characterized by the Weber and

Reynolds numbers,

We =
ρfV

2
f Rf

σf
, (6.8)

Re =
ρfVfRf

ηf
, (6.9)

respectively. Thermal transport is governed by the Peclet number,

1

Pe
=

αf
RfVf

=
kf

ρfcfRfVf
, (6.10)

which compares thermal diffusion to advection.

In addition, two dimensionless parameters arise naturally from the phase-field formulation.
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The first,

1

Πη

=
ηfVf

ρfcfTfRf

, (6.11)

controls the coupling between viscosity and temperature variations. The second,

ΠT = G · Ste = ρfCfTfRf

σf
, (6.12)

measures the combined effect of surface tension and thermal energy in the AC/CH equations.

Once the reference physical parameters are fixed, the numerical values of these dimensionless

groups are uniquely determined. Table 6.8 summarizes the values used throughout the

freezing droplet simulations presented in this chapter. These parameters indicate that surface

tension plays a significant role (G ≈ 103), latent heat dominates over sensible heat (Ste ≈

12.5), and viscosity exhibits a strong temperature dependence (Πη ≈ 106). The Peclet

number is close to unity, implying that thermal diffusion and advection are of comparable

magnitude, while the Weber and Reynolds numbers show that inertial effects are present

but moderated by viscosity and surface tension.

Dimensionless group Symbol Value

Thompson–Gibbs parameter G 1159.72

Product group in AC/CH equations ΠT 14527.8

Dimensionless viscosity parameter Πη 1.0901× 106

Stefan number Ste 12.5269

Weber number We 1

Reynolds number Re 75.0358

Peclet number Pe 1.01006

Table 6.8: Dimensionless groups used in the freezing droplet simulations.

Together, these dimensionless groups provide a compact description of the physical regime
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studied in the freezing droplet problem. They guide the interpretation of the numerical

results in the following sections, including the formation of the pointed tip, the motion of

the water–ice interface, and the sensitivity of the droplet shape to surface tension. Unless

otherwise stated, all simulations reported below use the parameter values listed in Table 6.8.

6.4.2 Numerical results for a base freezing droplet case

We now present a representative freezing droplet simulation to illustrate how the proposed

thermodynamically consistent AC/CH–NS–energy model captures the coupled evolution of

phase interfaces, temperature field, and droplet morphology. This base case serves both as

a physical validation and as a reference configuration for subsequent parametric studies.

We consider a liquid water droplet initially at a uniform temperature T0 = 293K placed on

a cold substrate, surrounded by air. The melting temperature is TM = 273K. As the system

evolves, heat is extracted through the substrate, triggering solidification at the water–ice

interface and inducing simultaneous motion of the water–ice and solid–air interfaces. The

evolution is governed by the balance between heat diffusion, latent heat release, interfacial

curvature effects, and material property contrasts.

Figure 6.9 shows the time evolution of the phase interfaces for the reference case with solid–

liquid interfacial tension σsl = 0.8. The red curve denotes the solid–air interface, while

the blue curve represents the water–ice interface. At early times, solidification initiates

near the substrate and the water–ice interface moves inward. As freezing progresses, the

solid–air interface advances outward, and the coupled motion of the two interfaces leads to

the formation of a pointed tip near the top of the droplet. This characteristic morphology

is a direct consequence of the interaction between curvature, surface tension, and volume

expansion during phase change, and is consistently reproduced by the present model.
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(a) t = 0 (b) t = 0.4757

(c) t = 0.8507 (d) t = 0.9932

Figure 6.9: Time evolution of a freezing droplet for σsl = 0.8. Red: solid–air interface; blue:
water–ice interface. The snapshots illustrate the coupled inward motion of the water–ice
front and outward growth of the solid phase, leading to the formation of a pointed tip.

To elucidate the thermal mechanisms underlying the interface motion, we examine the tem-

perature field inside the droplet during solidification. The relevant nondimensional parame-

ters for this case are Ste = 12.53 and Pe = 1.01, indicating that sensible heat and latent heat

are both important and that thermal advection and diffusion are of comparable magnitude.
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The density ratio is ρs/ρl = 0.9162, and the thermal conductivity ratio ks/kl = 3.99, which

promotes efficient heat conduction through the solid phase. In addition, the viscosity con-

trast ηs/ηl ≈ 300 effectively suppresses motion inside the solid region, while allowing limited

flow in the liquid phase.

Figure 6.10 shows the temperature field at four representative times, t = 0.1tf , 0.3tf , 0.6tf ,

and 0.9tf , where tf denotes the total freezing time. At early stages, a strong thermal

boundary layer develops near the cold substrate. As freezing proceeds, the thermal gradient

propagates upward and the isotherms bend in response to the evolving interface geometry.

By t = 0.9tf , most of the droplet interior has cooled close to TM , and the solid phase has

advanced toward the top of the droplet. The temperature evolution is fully consistent with

the interface motion observed in Fig. 6.9 and confirms the correct treatment of latent heat

through the energy law (3.29).
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(a) t = 0.1tf (b) t = 0.3tf

(c) t = 0.6tf (d) t = 0.9tf

Figure 6.10: Temperature field inside the droplet at different times during solidification.
The colour map shows the instantaneous temperature distribution, illustrating the upward
propagation of the thermal gradient and its coupling with interface evolution.

An important validation of the model is obtained by comparing the simulated droplet shapes

with experimental measurements. Figure 6.11 shows the initial and final droplet profiles for

the reference parameter set. The numerical results reproduce the experimentally observed

final shape with high accuracy, demonstrating that the model captures the coupled effects

of curvature, latent heat, and volume expansion during freezing.
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Figure 6.11: Comparison of the initial and final droplet shapes from numerical simulations
and experimental data. The solid–liquid interfacial tension is σsl = 0.7, and all other material
parameters are fixed as described in the text.

Finally, we investigate the influence of the solid–liquid interfacial tension σsl on the final

droplet morphology. Figure 6.12 compares simulated interface profiles for different values

of σsl with experimental data. Increasing σsl leads to a sharper and more pronounced tip,

while smaller values of σsl result in a rounder cap. This trend reflects the role of surface

tension in penalizing interface curvature and is consistent with physical intuition as well as

experimental observations. The good agreement across a range of interfacial tension values

further demonstrates the robustness of the proposed phase-field formulation.
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Figure 6.12: Final droplet shapes for different normalized solid–liquid interfacial tension
values σsl, compared with experimental measurements.



Chapter 7

Summary

This dissertation presents a thermodynamically consistent phase-field formulation for the

non-isothermal solidification of a three-phase water–ice–air system. The model is constructed

from the entropy inequality, ensuring non-negative entropy production throughout the evo-

lution and enforcing full compliance with the second law of thermodynamics. Within this

framework, the water–ice transition, the deformable liquid–gas interface, density variation,

and latent-heat effects are incorporated in a unified manner through the phase-field vari-

ables ϕ and ψ, whose governing equations are given by the Cahn–Hilliard equation (3.49),

the Allen–Cahn equation (3.51), the quasi-incompressible momentum balance (3.54), the

continuity relation (3.55), and the internal energy law (3.29). The chemical potentials asso-

ciated with both phases are derived consistently from the free energy using (3.50) and (3.52),

allowing all interfacial forces to arise naturally from the underlying thermodynamic structure.

To solve this coupled nonlinear system, we develop a finite-element discretization based

on the weak formulations in Chapter 5. A semi-implicit θ-scheme is employed for time

integration, and all nonlinear terms are linearized using first-order Taylor expansion in the

increments of ϕ, ψ, and v. This treatment is applied uniformly to the density ρ(ϕ, ψ), the

advective contributions, and the chemical potentials in (3.50) and (3.52). The resulting

120
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discrete equations preserve the mass conservation inherent in the Cahn–Hilliard equation

and maintain the stability properties of the continuous model. The final weak forms of the

discrete system are given by (5.3), (5.5), (5.1), (5.2), and (5.7).

A series of benchmark tests are performed to validate both the physical fidelity of the model

and the robustness of the numerical method.

• Gibbs–Thomson effect: By considering a two-phase solid–liquid system, we demon-

strate that the model reproduces the curvature-induced shift in the melting tempera-

ture, matching the theoretical relation derived in (6.3).

• Clausius–Clapeyron relation: With zero curvature, the simulations recover the

pressure-dependent equilibrium temperature described by (6.1), showing excellent quan-

titative agreement across a wide range of pressure differences.

• Volume expansion in the Stefan problem: The model captures the density-driven

motion of the liquid and solid interfaces, maintaining the ratio ∆lw/∆li = −ρs/ρl

dictated by mass conservation.

• Freezing droplet: Numerical predictions of the droplet profile and tip formation show

close agreement with experimental observations and accurately reflect the influence of

the solid–liquid surface tension.

These benchmark results demonstrate that the numerical scheme—built upon finite-element

weak formulations, semi-implicit θ-time discretization, and Newton linearization—provides

a stable and accurate tool for simulating non-isothermal, three-phase solidification. The

ability of the model to recover classical thermodynamic relations, capture realistic interfacial

dynamics, and reproduce experimentally observed droplet shapes confirms that it offers a

reliable and unified framework for studying complex multiphase phase-change phenomena.
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Appendix A

First Appendix

A.1 θ-scheme Chemical Potential for ϕ

We want to derive the semi-discrete form for the equation (5.4):

(µϕ, µ̃ϕ)︸ ︷︷ ︸
Term1

=

([
r(ψ)r′(ϕ)L− ∂c

∂ϕ
TM

](
1− T

TM

)
, µ̃ϕ

)
︸ ︷︷ ︸

Term2

−
(
∂c

∂ϕ
T ln

T

TM
, µ̃ϕ

)
︸ ︷︷ ︸

Term3

+ (λϕω
′(ϕ), µ̃ϕ) +

(
r′(ϕ)λψ

(
ω(ψ) +

1

2
|∇ψ|2

)
, µ̃ϕ

)
︸ ︷︷ ︸

Term4

−
(
p− p0
ρ2

∂ρ

∂ϕ
, µ̃ϕ

)
︸ ︷︷ ︸

Term5

−
(
1

ρ
∇ · (ρλϕ∇ϕ) , µ̃ϕ

)
︸ ︷︷ ︸

Term6

(Term 1)

(µϕ, µ̃ϕ)

RHS = −µ∗,θ
ϕ

MAT = δµϕ

(A.1)
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(Term 2) ([
r(ψ)r′(ϕ)L− ∂c

∂ϕ
TM

](
1− T

TM

)
, µ̃ϕ

)

RHS =

(
L · r

(
ψ∗,θ) r′ (ϕ∗,θ)− TM · ∂C

∗,θ

∂ϕ

)(
1− T ∗, θ

TM

)
(A.2)

MAT =

(
L · r

(
ψ∗,θ) r′ (ϕ∗,θ)− TM

∂C∗,θ

∂ϕ

)
θδT

TM

−
(
L ·
(
r
(
ψ∗,θ) r′′ (ϕ∗,θ) θδϕ+ r′

(
ϕ∗,θ) r′ (ψ∗,θ) θδψ)− TM · C∗,θ

ϕ (δϕ, δψ)

)
·
(
1− T ∗,θ

TM

)
(A.3)

where
∂C

∂ϕ

∣∣∣∣
θ

=
∂C∗,θ

∂ϕ
+ C∗,θ

ϕ (δϕ, δψ) (A.4)

∂C∗,θ

∂ϕ
= Clr

′ (ϕ∗,θ) r (ψ∗,θ)+ Csr
′ (ϕ∗,θ)− Csr

′ (ϕ∗,θ) r (ψ∗,θ)− Cgr
′ (ϕ∗,θ) (A.5)

C∗,θ
ϕ (δϕ, δψ) =

[
Clr

(
ψ∗,θ) r′′ (ϕ∗,θ)+ Csr

′′ (ϕ∗,θ)− Csr
(
ψ∗,θ) r′′ (ϕ∗,θ)− Cgr

′′ (ϕ∗,θ) ] · θδϕ
+

[
Clr

′ (ϕ∗,θ) r′ (ψ∗,θ)− Csr
′ (ϕ∗,θ) r′ (ψ∗,θ) ] · θδψ

(A.6)

(Term 3)

−
(
∂c

∂ϕ
T ln

T

TM
, µ̃ϕ

)

RHS = −∂C
∗,θ

∂ϕ
· T ∗,θ ln

T ∗,θ

TM
(A.7)

MAT = C∗,θ
ϕ (δϕ, δψ) · T ∗,θ ln

T ∗,θ

TM
+
∂C∗,θ

∂ϕ
· θδT

(
ln
T ∗,θ

TM
+ 1

)
(A.8)

(Term 4)

(λϕω
′(ϕ), µ̃ϕ) +

(
r′(ϕ)λψ

(
ω(ψ) +

1

2
|∇ψ|2

)
, µ̃ϕ

)
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RHS = λϕω
′ (ϕ∗,θ)+ λψr

′ (ϕ∗,θ) · [ω (ψ∗,θ)+ 1

2

∣∣∇ψ∗,θ∣∣2] (A.9)

MAT =− λϕω
′′ (ϕ∗,θ) · θδϕ− λψr

′′ (ϕ∗,θ) θδϕ ·
[
ω
(
ψ∗,θ)+ 1

2

∣∣∇ψ∗,θ∣∣2]
− λψr

′ (ϕ∗,θ) · [ω′ (ψ∗,θ) θδψ + θδ∇ψ · ∇ψ∗,θ] (A.10)

(Term 5)

−
(
p∗

ρ2
∂ρ

∂ϕ
, µ̃ϕ

)

RHS =
(
p∗,θ − p0

)
·
[
1

ρl

(
r
(
ψ∗,θ) r′ (ϕ∗,θ))+

1

ρs

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ))− 1

ρg
· r′
(
ϕ∗,θ)]

(A.11)

MAT =− δp ·
[
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ)+ 1

ρs

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ))− 1

ρg
r′
(
ϕ∗,θ)]

−
(
p∗,θ − p0

) [ 1
ρl

(
r
(
ψ∗,θ) r′′ (ϕ∗,θ) · θδϕ+ r′

(
ϕ∗,θ) r′ (ψ∗,θ) · θδψ)

+
1

ρs

(
r′′
(
ϕ∗,θ) · θδϕ− r

(
ψ∗,θ) r′′ (ϕ∗,θ) · θδϕ− r′

(
ϕ∗,θ) r′ (ψ∗,θ) · θδψ)

− 1

ρg
r′′
(
ϕ∗,θ) · θδϕ]

(A.12)

(Term 6)

−
(
1

ρ
∇ · (ρλϕ∇ϕ) , µ̃ϕ

)

(λϕ∇ϕ,∇µ̃ϕ) =
(
λϕ∇

(
ϕ∗,θ + θδϕ

)
,∇µ̃ϕ

)
=
(
λϕ
(
∇ϕ∗,θ + θδ∇ϕ

)
,∇µ̃ϕ

) (A.13)

RHS = λϕ∇ϕ∗,θ

MAT = −λϕθδ∇ϕ
(A.14)

(
−1

ρ
∇ρλϕ∇ϕ, µ̃ϕ

)
=

(
− 1

ρθ
∇ρθ · λϕ

(
∇ϕ∗,θ + θδ∇ϕ

)
, µ̃ϕ

)
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RHS =−

(
1

ρl
r
(
ϕ∗,θ) r (ψ∗,θ)+ 1

ρs

(
r
(
ϕ∗,θ)− r

(
ϕ∗,θ) r (ψ∗,θ))+

1

ρg

(
1− r

(
ϕ∗,θ))) · ∇ρ∗,θ · λϕ · ∇ϕ∗,θ

(A.15)

MAT =
1

ρθ
(δϕ, δψ) · ∇ρ∗,θ · λϕ · ∇ϕ∗,θ +

1

ρ∗,θ
· ∇ρθ(δϕ, δψ) · λϕ · ∇ϕ∗,θ +

1

ρ∗,θ
· ∇ρ∗,θ · λϕ · θδ∇ϕ

(A.16)

where
1

pθ
=

1

ρ∗,θ
+

1

ρθ
(δϕ, δψ)

1

ρ∗,θ
=

1

ρl
r
(
ϕ∗,θ) r (ψ∗,θ)+ 1

ρs

(
r
(
ϕ∗,θ)− r

(
ϕ∗,θ) r (ψ∗,θ)+ 1

ρg

(
1− r

(
ϕ∗,θ)))

1

ρθ
(δϕ, δψ) =θδϕ

[
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ)+ 1

ρs

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ))− 1

ρs
r′
(
ϕ∗,θ)]

+ θδψ

[
1

ρl
r
(
ϕ∗,θ) r′ (ψ∗,θ)− 1

ρs
r
(
ϕ∗,θ) r′ (ψ∗,θ)]

A.2 θ-scheme Chemical Potential for ψ

We want to derive the semi-discrete form for the equation (5.6):

(µψ, µ̃ψ)︸ ︷︷ ︸
Term7

=

([
r′(ψ)r(ϕ)L− ∂c

∂ψ
TM

](
1− T

TM

)
, µ̃ψ

)
︸ ︷︷ ︸

Term8

−
(
∂c

∂ψ
T ln

T

TM
, µ̃ψ

)
︸ ︷︷ ︸

Term9

+ (r(ϕ)λψω
′(ψ), µ̃ψ)︸ ︷︷ ︸

Term10

−
(
p− p0
ρ2

∂ρ

∂ψ
, µ̃ψ

)
︸ ︷︷ ︸

Term11

−
(
1

ρ
∇ · (ρr(ϕ)λψ∇ψ) , µ̃ψ

)
︸ ︷︷ ︸

Term12
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(Term 7)

(µψ, µ̃ψ)

RHS = −µ∗,θ
ψ

MAT = δµψ

(A.17)

(Term 8) ([
r′(ψ)r(ϕ)L− ∂c

∂ψ
TM

](
1− T

TM

)
, µ̃ψ

)

RHS =

(
L · r′

(
ψ∗,θ) · r (ϕ∗,θ)− TM

∂C∗,θ

∂ψ

)(
1− T ∗,θ

TM

)
(A.18)

MAT =

(
L · r′

(
ψ∗,θ) r (ϕ∗,θ)− TM

∂C∗,θ

∂ψ

)
θδT

TM

−

(
L

(
r′
(
ψ∗,θ) r′ (ϕ∗,θ) · θδϕ+ r(ϕ∗,θ) · r′′

(
ψ∗,θ) · θδψ)− TM · C∗.θ

ψ (δϕ, δψ)

)
·
(
1− T ∗,θ

TM

)
(A.19)

where
∂C

∂ψ

∣∣∣∣
θ

=
∂C∗,θ

∂ψ
+ C∗,θ

ψ (δϕ, δψ)

∂C∗,θ

∂ψ
= (Cl − Cs) r

′ (ψ∗,θ) r (ϕ∗,θ)

C∗,θ
ψ (δϕ, δψ) = (Cl − Cs) r

′ (ψ∗,θ) r′ (ϕ∗,θ) · θδϕ+ (Cl − Cs) r
(
ϕ∗,θ) r′′ (ψ∗,θ) · θδψ

(Term 9)

−
(
∂c

∂ψ
T ln

T

TM
, µ̃ψ

)
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RHS = − (Cl − Cs) r
′ (ψ∗,θ) r (ϕ∗,θ) · T ∗,θ ln

T ∗,θ

TM
(A.20)

MAT =
∂C∗,θ

∂ψ
· θδT

(
ln
T ∗,θ

TM
+

1

TM

)
+ C∗,θ

ψ (δϕ, δψ) · T ∗,θ ln
T ∗,θ

TM
(A.21)

(Term 10)

(r(ϕ)λψω
′(ψ), µ̃ψ)

RHS = λψ · r
(
ϕ∗,θ)ω′ (ψ∗,θ) (A.22)

MAT = −λψr
(
ϕ∗,θ)ω′′ (ψ∗,θ) · θδψ − λψω

′ (ψ∗,θ) r′ (ϕ∗,θ) · θδϕ (A.23)

(Term 11)

−
(
p− p0
ρ2

∂ρ

∂ψ
, µ̃ψ

)

RHS =
(
p∗,θ + p0

)( 1

ρl
− 1

ρs

)
r′
(
ψ∗,θ) r (ϕ∗,θ) (A.24)

MAT =−
(
p∗,θ + p0

)( 1

ρl
− 1

ρs

)[
r′
(
ψ∗,θ) r′ (ϕ∗,θ) · θδϕ+ r

(
ϕ∗,θ) r′′ (ψ∗,θ) · θδψ]

− δp

(
1

ρl
− 1

ρs

)
r′
(
ψ∗,θ) r (ϕ∗,θ) (A.25)

(Term 12)

−
(
1

ρ
∇ · (ρr(ϕ)λψ∇ψ) , µ̃ψ

)
(
r(ϕ)λψ∇ψ,∇µ̃ψ

)
=

(
λψ
(
r
(
ϕ∗,θ)+ r′

(
ϕ∗,θ) · θδϕ) · (∇ψ∗,θ + θδ∇ψ

)
,∇µ̃ϕ

)



140 Appendix A. First Appendix

RHS = λψr
(
ϕ∗,θ)∇ψ∗,θ (A.26)

MAT = −λψ
(
r
(
ϕ∗,θ) · θδ∇ψ +∇ψ∗,θr′

(
ϕ∗,θ) · θδϕ) (A.27)

(
−1

ρ
∇p · (λψr(ϕ)∇ψ) , µ̃ψ

)

RHS = − 1

ρ∗,θ
· ∇ρ∗,θ · λψ · r

(
ϕ∗,θ) · ∇ψ∗,θ (A.28)

MAT =
1

ρθ
(δϕ, δψ) · ∇ρ∗,θ · λψ · r

(
ϕ∗,θ) · ∇ψ∗,θ +

1

ρ∗,θ
· ∇ρθ(δϕ, δψ) · λψ · r

(
ϕ∗,θ) · ∇ψ∗,θ

+
1

ρ∗,θ
· ∇ρ∗,θ · λψ · r′

(
ϕ∗,θ) · θδϕ · ∇ψ∗,θ

+
1

ρ∗,θ
· ∇ρ∗,θ · λψ · r

(
ϕ∗,θ) · θδ∇ψ

(A.29)

where
1

pθ
=

1

ρ∗,θ
+

1

ρθ
(δϕ, δψ)

1

ρ∗,θ
=

1

ρl
r
(
ϕ∗,θ) r (ψ∗,θ)+ 1

ρs

(
r
(
ϕ∗,θ)− r

(
ϕ∗,θ) r (ψ∗,θ)+ 1

ρg

(
1− r

(
ϕ∗,θ)))

1

ρθ
(δϕ, δψ) =θδϕ

[
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ)+ 1

ρs

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ))− 1

ρs
r′
(
ϕ∗,θ)]

+ θδψ

[
1

ρl
r
(
ϕ∗,θ) r′ (ψ∗,θ)− 1

ρs
r
(
ϕ∗,θ) r′ (ψ∗,θ)]
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A.3 θ-scheme for Momentum Equation

We want to derive the semi-discrete form for the equation (5.1):

(
ρ

(
∂v

∂t
+ v · ∇v

)
, ṽ

)
︸ ︷︷ ︸

Term13

=−
(
−(p− p0I) + η

(
∇v + (∇v)T − 2

3
(∇ · v)I

)
,∇ṽ

)
Ω︸ ︷︷ ︸

Term14

+

(
ρ
∂f̂

∂∇ϕ
⊗∇ϕ+ ρ

∂f̂

∂∇ψ
⊗∇ψ,∇ṽ

)
Ω︸ ︷︷ ︸

Term15

(A.30)

(Term 13) (
ρ
dv

dt
, ṽ

)

RHS = −ρ∗,θ
(
V ∗ − V n

∆t
+ V ∗,θ · ∇V ∗,θ

)
(A.31)

MAT =

(
∂ρ∗,θ

∂ϕ
θδϕ+

∂ρ∗,θ

∂ψ
θδψ

)(
V ∗ − V n

∆t
+ V ∗,θ · ∇V ∗,θ

)
+ ρ∗,θ

(
δV

∆t
+ V ∗,θ · θδ∇V + θδV · ∇V ∗,θ

) (A.32)

(Term 14) (
∇ ·
[
− (p− p0) I + µ(∇v +∇vT − 2

3
∇ · I)

]
, ṽ

)

RHS =
(
p∗,θ − p0

)
I − µ∗,θ

(
∇V ∗,θ +

(
∇V ∗,θ)⊤ − 2

3
∇V ∗,θI

)
(A.33)

MAT =− θδpI + µ∗,θ
(
θδ∇V + θδ(∇V )⊤ − 2

3
θ∇ · δV I

)
+

(
∂µ∗,θ

∂ϕ
· θδϕ+

∂µ∗,θ

∂ψ
· θδψ

)
·
(
∇V ∗,θ +

(
∇V ∗,θ)⊤ − 2

3
∇V ∗,θI

) (A.34)

(Term 15) (
∇ ·

[
−ρ ∂f̂

∂∇ϕ
⊗∇ϕ− ρ

∂f̂

∂∇ψ
⊗∇ψ

]
, ṽ

)

RHS = ρ∗,θ
(
λϕ∇ϕ∗,θ ⊗∇ϕ∗,θ + λψr

(
ϕ∗,θ)∇ψ∗,θ ⊗∇ψ∗,θ

)
(A.35)
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MAT =−

((
∂ρ∗,θ

∂ϕ
θδϕ+

∂ρ∗,θ

∂ψ
θδψ

)
·
(
λϕ∇ϕ∗,θ ⊗∇ϕ∗,θ + λψr

(
ϕ∗,θ)∇ψ∗,θ ⊗∇ψ∗,θ)

+ ρ∗,θ
[
λϕ
(
∇ϕ∗,θ ⊗ θδ∇ϕ+ θδ∇ϕ⊗∇ϕ∗,θ)

+ λψ

(
r
(
ϕ∗,θ)∇ψ∗,θ ⊗∇ψ∗,θ + r

(
ϕ∗,θ) θδ∇ψ ⊗∇ψ∗,θ + r′

(
ϕ∗,θ) θδϕ · ∇ψ∗,θ ⊗∇ψ∗,θ

)])
(A.36)

A.4 θ-scheme for Continuity Equation

We want to derive the semi-discrete form for equation (5.2):

(∇ · v, p̃)︸ ︷︷ ︸
Term16

= −
(
1

ρ

(
∂ρ

Dϕ

dϕ

dt
+

∂ρ

Dψ

dψ

dt

)
, p̃

)
︸ ︷︷ ︸

Term17

(A.37)

(Term 16)

(∇ · v, p̃)

RHS = −∇V ∗,θ

MAT = ∇ · θδV
(A.38)

(Term 17)

−
(
1

ρ

(
∂ρ

∂ϕ

dϕ

dt
+
∂ρ

∂ψ

dψ

dt

)
, p̃

)

RHS =
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ) · ∇Mϕµ

∗,θ
ϕ +

1

ρs

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ)) · ∇Mϕµ

∗,θ
ϕ

)
− 1

ρg
r′
(
ϕ∗,θ) · ∇Mϕµ

∗,θ
ϕ +

(
1

ρl
− 1

ρs

)
r′
(
ψ∗,θ) r (ϕ∗,θ) ·Mψµ

∗,θ
ψ

(A.39)
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MAT =− θδϕ

[
1

ρl
r
(
ψ∗,θ) r′′ (ϕ∗,θ) · ∇Mϕµ

∗,θ
ϕ +

1

ρs
· ∇Mϕµ

∗,θ
ϕ

(
r′′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′′ (ϕ∗,θ))

− 1

ρg
· ∇Mϕµ

∗,θ
ϕ r′′

(
ϕ∗,θ)+ ( 1

ρl
− 1

ρs

)
Mψµ

∗,θ
ψ r′

(
ψ∗,θ) r′ (ϕ∗,θ)]

− θδψ

[
1

ρl
r′
(
ϕ∗,θ) · r′ (ψ∗,θ) · ∇Mϕµ

∗,θ
ϕ − 1

ρs
· ∇Mϕµ

∗,θ
ϕ r′

(
ϕ∗,θ) r′ (ψ∗,θ)

+

(
1

ρl
− 1

ρs

)
Mψµ

∗,θ
ψ r′

(
ϕ∗,θ) r′′ (ψ∗,θ)]

−∇Mϕθδµϕ

[
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ)+ 1

ρg

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ))− 1

ρg
r′
(
ϕ∗,θ)]

−Mψδµψ

[(
1

ρl
− 1

ρs

)
r′
(
ψ∗,θ) r (ϕ∗,θ)]

(A.40)

Alternative form as following:

−
(
1

ρ

(
∂ρ

∂ϕ

dϕ

dt
+
∂ρ

∂ψ

dψ

dt

)
, p̃

)

RHS =
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ) ·H∗,θ +

1

ρs

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ)) ·H∗,θ

)
− 1

ρg
r′
(
ϕ∗,θ) ·H∗,θ +

(
1

ρl
− 1

ρs

)
r′
(
ψ∗,θ) r (ϕ∗,θ) ·Mψµ

∗,θ
ψ

(A.41)

MAT =− θδϕ

[
1

ρl
r
(
ψ∗,θ) r′′ (ϕ∗,θ) ·H∗,θ +

1

ρs
·H∗,θ (r′′ (ϕ∗,θ)− r

(
ψ∗,θ) r′′ (ϕ∗,θ))

− 1

ρg
·H∗,θr′′

(
ϕ∗,θ)+ ( 1

ρl
− 1

ρs

)
Mψµ

∗,θ
ψ r′

(
ψ∗,θ) r′ (ϕ∗,θ)]

− θδψ

[
1

ρl
r′
(
ϕ∗,θ) · r′ (ψ∗,θ) ·H∗,θ − 1

ρs
·H∗,θr′

(
ϕ∗,θ) r′ (ψ∗,θ)

+

(
1

ρl
− 1

ρs

)
Mψµ

∗,θ
ψ r′

(
ϕ∗,θ) r′′ (ψ∗,θ)]

− δH

[
1

ρl
r
(
ψ∗,θ) r′ (ϕ∗,θ)+ 1

ρg

(
r′
(
ϕ∗,θ)− r

(
ψ∗,θ) r′ (ϕ∗,θ))− 1

ρg
r′
(
ϕ∗,θ)]

−Mψδµψ

[(
1

ρl
− 1

ρs

)
r′
(
ψ∗,θ) r (ϕ∗,θ)]

(A.42)
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A.5 θ-scheme for Internal Energy Equation

We want to derive the semi-discrete form for equation (5.7):

(
ρc
dT

dt
, T̃

)
︸ ︷︷ ︸

Term18

=
(
Mϕ |∇µϕ|2 , T̃

)
+
(
Mψ |µψ|2 , T̃

)
︸ ︷︷ ︸

Term19

+

(
η

(
∇v +∇v⊤ − 2

3
∇ · v I

)
: ∇v, T̃

)
︸ ︷︷ ︸

Term20

+
(
∇ · (k∇T ), T̃

)
︸ ︷︷ ︸

Term21

−
(
ρL

(
r(ψ)r′(ϕ)

dϕ

dt
+ r′(ψ)r(ϕ)

dψ

dt

)
T

TM
, T̃

)
︸ ︷︷ ︸

Term22

−
(
ρ

(
∂c

∂ϕ

dϕ

dt
+
∂c

∂ψ

dψ

dt

)
T ln

T

TM
, T̃

)
︸ ︷︷ ︸

Term23

(Term 18) Let

dT

dt
=
∂T

∂t
+ V θ · ∇T θ

∂T

∂t
=
T ∗ + δT − T h

∆t

V θ =V ∗,θ + θδV

∇T θ =∇T ∗,θ + θδ∇T

ϕθ =ϕ∗,θ + θδϕ

ψθ =ψ∗,θ + θδψ

First term:

ρ (ϕ∗, ψ∗) = ρ
(
ϕ∗,θ + θδϕ, ψ∗,θ + θδψ

)
≈ ρ

(
ϕ∗,θ, ψ∗,θ)+ ∂ρ

∂ϕ

∣∣∣∣
ϕ∗,θ

θδϕ+
∂ρ

∂ψ

∣∣∣∣
ψ∗,θ

θδψ.

= ρ∗,θ +
∂ρ∗,θ

∂ϕ
· θδϕ+

∂ρ∗,θ

∂ψ
θδψ
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2nd term:

C (ϕ∗, ψ∗) = C
(
ϕ∗,θ + θδϕ, ψ∗,θ + θδψ

)
= C∗,θ +

∂C∗,θ

∂ϕ
· θδϕ+

∂C∗,θ

∂ψ
θδψ

3nd term:
dT

dt
=
I∗ + δT − T n

∆t
+
(
V ∗,θ + θδV

) (
∇T ∗,θ + θδ∇T

)
=
T ∗ − T n

∆t
+
δT

∆t
+ V ∗,θ∇T ∗,θ + V ∗,θ · θ∇δT + θδV∇T ∗,θ

(
ρ
(
ϕθ, ψθ

)
C
(
ϕθ, ψθ

)(∂T
∂t

+ V θ · ∇T θ
)
, T̃

)
=

((
ρ∗, θ +

∂ρ∗,θ

∂ϕ
· θδϕ+

∂ρ∗,θ

∂ψ
θδψ

)
·
(
C∗,θ +

∂C∗,θ

∂ϕ
· θδϕ+

∂C∗,θ

∂ψ
θδψ

)

·
(
T ∗ − T n

∆t
+
δT

∆t
+ V ∗,θ∇T ∗,θ + V ∗,θ · θ∇δT + θδV∇T ∗,θ

)
, T̃

)

=

(
ρ∗,θ · C∗,θ · T

∗ − T n

∆t
+ ρ∗,θ · C∗,θ · δT

∆t
+ ρ∗,θ · C∗,θ · V ∗,θ∇T ∗,θ + ρ∗,θC∗,θ · θ

(
V ∗,θ∇δT + δV∇T ∗,θ)

+ ρ∗,θ
∂C∗,θ

∂ϕ
· θδϕ

(
T ∗ − T n

∆t

+ V ∗,θ∇T ∗,θ
)
+ ρ∗,θ

∂C∗,θ

∂ψ
θδψ

(
T ∗ − Tn

∆t
+ V ∗,θ · ∇T ∗,θ

)
+ C∗,θ ∂ρ

∗,θ

∂ϕ
θδϕ

(
T ∗ − T n

∆t
+ V ∗,θ∇T ∗,θ

)
+ C∗,θ ∂ρ

∗,θ

∂ψ
θδψ

(
T ∗ − Tn

∆t
+ V ∗,θ · ∇T ∗,θ

)
, T̃

)

So that(
ρ
(
ϕθ, ψθ

)
C
(
ϕθ, ψθ

)(∂T
∂t

+ V θ · ∇T θ
)
, T̃

)
=

(ρ∗,θc∗,θ
(
T ∗ − Tn

∆t
+ V ∗,θ · ∇T ∗,θ

)
+ ρ∗,θc∗,θ

[
δT

∆t
+ θ

(
V ∗,θ · ∇δT + δV · ∇T ∗,θ)]

+

[(
ρ∗,θ

∂c∗,θ

∂ϕ
+ c∗,θ

∂ρ∗,θ

∂ϕ

)
θδϕ

+

(
ρ∗,θ

∂c∗,θ

∂ψ
+ c∗,θ

∂ρ∗,θ

∂ψ

)
θδψ

](
T ∗ − Tn

∆t
+ V ∗,θ ·∆T ∗,θ

)
, T̃ )
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RHS = −ρ∗,θc∗,θ
(
T ∗ − Tn

∆t
+ V ∗,θ · ∇T ∗,θ

)
(A.43)

MAT = ρ∗,θc∗,θ
[
δT

∆t
+ θ

(
V ∗,θ · ∇δT + δV · ∇T ∗,θ)]

+

[(
ρ∗,θ

∂c∗,θ

∂ϕ
+ c∗,θ

∂ρ∗,θ

∂ϕ

)
θδϕ

+

(
ρ∗,θ

∂c∗,θ

∂ψ
+ c∗,θ

∂ρ∗,θ

∂ψ

)
θδψ

](
T ∗ − Tn

∆t
+ V ∗,θ ·∆T ∗,θ

) (A.44)

(Term 19) Let

µθϕ = µ∗,θ
ϕ + δµϕ

|∇µθϕ|2 =|∇
(
µ∗,θ
ϕ + δµϕ

)
|2

=|∇µ∗,θ
ϕ |2 + 2∇µ∗,θ

ϕ · ∇δµϕ

(
Mϕ |∇µϕ|2 , T̃

)
+
(
Mψ |µψ|2 , T̃

)

RHS =Mϕ

∣∣∣∇µ∗,θ
ϕ

∣∣∣2 +Mψ

∣∣∣µ∗,θ
ψ

∣∣∣2 (A.45)

MAT = −
(
2Mϕ∇µ∗,θ

ϕ · ∇δµϕ + 2Mψθµ
∗,θ
ψ δµψ

)
(A.46)

(Term 20) (
η

(
∇v +∇v⊤ − 2

3
∇ · v I

)
: ∇v, T̃

)

RHS = η∗,θ
[
∇V ∗,θ +

(
∇V ∗,θ)⊤ − 2

3
∇V ∗,θI

]
: ∇V ∗,θ (A.47)
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MAT =θη∗,θ
[(

∇V ∗,θ +
(
∇V ∗,θ)⊤ − 1

3
∇V ∗,θI

)
: δ∇V +

(
∇δV + (∇δV )⊤ − 2

3
∇ · δV I

)
: ∇V ∗,θ

]
+

(
∂η∗,θ

∂ϕ
· δϕ+

∂η∗,θ

∂ψ
· δψ

)
·
[
∇V ∗,θ +

(
∇V ∗,θ)⊤ − 2

3
∇V ∗,θI

]
: ∇V ∗,θ

(A.48)

(Term 21) (
∇ · (k∇T ), T̃

)
= −(k∇T,∇T̃ )Ω + (n · (k∇T ), T̃ )∂Ω

RHS = −k∇T ∗,θ (A.49)

MAT = kθ∇δT (A.50)

(Term 22)

−
(
ρL

(
r(ψ)r′(ϕ)

dϕ

dt
+ r′(ψ)r(ϕ)

dψ

dt

)
T

TM
, T̃

)

RHS =− ρ∗,θr
(
ψ∗,θ) r′ (ϕ∗,θ) · T ∗,θ

TM
· L · ϕ

∗ − ϕn

∆t

− ρ∗,θr′
(
ψ∗,θ) r (ϕ∗,θ) · T ∗,θ

TM
· L · ψ

∗ − ψn

∆t

(A.51)
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MAT =

[
ρ∗,θr

(
ψ∗,θ) r′ (ϕ∗,θ) · δT

TM
+

[
ρ∗,θr

(
ψ∗,θ) · r′′ (ϕ∗,θ) · θδϕ

+ ρ∗,θr′
(
ϕ∗,θ) · r′ (ψ∗,θ) · θδψ + r

(
ψ∗,θ) r′ (ϕ∗,θ) · ∂ρ∗,θ

∂ϕ
· θδϕ

+ r
(
ψ∗,θ) r′ (ϕ∗,θ) · ∂ρ∗,θ

∂ψ
· θδψ

]
· T

∗,θ

TM

]
· L · ϕ

∗ − ϕn

∆t

+

[
ρ∗,θr′

(
ψ∗,θ) r (ϕ∗,θ) · δT

TM
+

[
ρ∗,θr′

(
ψ∗,θ) r′ (ϕ∗,θ) θδϕ

+ ρ∗,θr
(
ϕ∗,θ) r′′ (ψ∗,θ) · θδψ + r′

(
ψ∗,θ) r (ϕ∗,θ) · ∂ρ∗,θ

∂ϕ
· θδϕ

+r′
(
ψ∗,θ) r (ϕ∗,θ) · ∂ρ∗,θ

∂ψ
· θδψ

]
· T

∗,θ

TM

]
· L · ψ

∗ − ψn

∆t

(A.52)

(Term 23)

−
(
ρ

(
∂c

∂ϕ

dϕ

dt
+
∂c

∂ψ

dψ

dt

)
T ln

T

TM
, T̃

)

RHS = −ρ∗,θ · ∇Mϕµ
∗,θ
ϕ · T ∗,θ ln

T ∗,θ

TM
· C1

2 − ρ∗,θ ·Mψµ
∗,θ
ψ T ∗,θ ln

T ∗,θ

TM
· C1

3 (A.53)

MAT =θδϕ

[
∂ρ∗,θ

∂ϕ
· C1

2 · ∇Mϕµ
∗,θ
ϕ · T ∗,θ ln

T ∗,θ

TM
+ ρ∗,θ · C3

2 · ∇Mϕµ
∗,θ
ϕ · T ∗,θ ln

T ∗,θ

TM

+
∂ρ∗,θ

∂ϕ
· C1

3 ·Mψµ
∗,θ
ψ · T ∗,θ ln

T ∗,θ

TM
+ ρ∗,θC3

3Mψµ
∗,θ
ψ · T ∗,θ ln

T ∗,θ

TM

]
+ θδψ

[
∂ρ∗,θ

∂ψ
· C1

2 · ∇Mϕµ
∗,θ
ϕ · T ∗,θ ln

T ∗,θ

TM
+ ρ∗,θC2

2∇Mϕµ
∗,θ
ϕ · T ∗,θ ln

T ∗,θ

TM

+
∂ρ∗,θ

∂ψ
· C1

3 ·Mψµ
∗,θ
ψ · T ∗,θ ln

T ∗,θ

TM
+ ρ∗,θ · C2

3 Mψµ
∗,θ
ψ · T ∗,θ ln

T ∗,θ

TM

]
+ ρ∗,θ · C1

2∇Mϕθδµϕ · T ∗,θ · ln T
∗,θ

TM
+ ρ∗,θC1

3 ·Mψθδµψ · T ∗,θ ln
T ∗,θ

TM

+ θδT ln
T ∗,θ

TM

[
ρ∗,θ · C1

2 · ∇Mϕµ
∗,θ
ϕ + ρ∗,θ · C1

3Mψµ
∗,θ
ψ

]
+ θδT

[
ρ∗,θC1

2∇Mϕµ
∗,θ
ϕ + ρ∗,θC1

3Mψµ
∗,θ
ψ

]

(A.54)
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where C1
2 =

∂c

∂ϕ
= Clr

′ (ϕ∗,θ) r (ψ∗,θ)+ Csr
′ (ϕ∗,θ)− Csr

′ (ϕ∗,θ) r (ψ∗,θ)− Cgr
′ (ϕ∗,θ)

C2
2 =

∂

∂ψ
(
∂c

∂ϕ
) = Clr

′ (ϕ∗,θ) r′ (ψ∗,θ)− Csr
′ (ϕ∗,θ) r′ (ψ∗,θ)

C3
2 =

∂

∂ϕ
(
∂c

∂ϕ
) = Clr

(
ψ∗,θ) r′′ (ϕ∗,θ)+ Csr

′′ (ϕ∗,θ)− Csr
(
ψ∗,θ) r′′ (ϕ∗,θ)− Cgr

′′ (ϕ∗,θ)

C1
3 =

∂c

∂ψ
= (Cl − Cs) · r′

(
ψ∗,θ) r (ϕ∗,θ)

C2
3 =

∂

∂ψ
(
∂c

∂ψ
) = (Cl − Cs) r

(
ϕ∗,θ) r′′ (ψ∗,θ)

C3
3 =

∂

∂ϕ
(
∂c

∂ψ
) = (Cl − Cs) r

′ (ψ∗,θ) r′ (ϕ∗,θ)
Alternative form as following:

We have:

(ρ
dϕ

dt
)n+θ = H

Hθ = H∗,θ + δH

H = ∇ · (Mϕ∇µϕ)

c(ϕ, ψ) = Clr(ϕ)r(ψ) + Csr(ϕ)(1− r(ψ)) + Cg(1− r(ϕ))

∂c

∂ϕ
= [Clr(ψ) + Cs(1− r(ψ))− cg] r

′(ϕ)

∂c

∂ψ
= (Cl − Cs) r

′(ψ)r(ϕ)

−
(
ρ

(
∂c

∂ϕ

dϕ

dt
+
∂c

∂ψ

dψ

dt

)
T ln

T

TM
, T̃

)

RHS = [−C1
2H

∗,θ + C1
3Mψµ

∗,θ
ψ ] · T ∗,θ ln

T ∗,θ

TM
(A.55)
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MAT =[(C2
2θδψ + C3

2θδϕ)H
∗,θ − (C2

3θδψ + C3
3θδϕ)Mψµ

∗,θ
ψ ] · T ∗,θ ln

T ∗,θ

TM

+ (C1
2δH − C1

3Mψδµψ · T ∗,θ ln
T ∗,θ

TM

+ (C1
2H

∗,θ − C1
3Mψµ

∗,θ
ψ ) · (θδT ln

T ∗,θ

TM
+ θδT )

(A.56)
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Second Appendix

B.1 Derivation of the Full Chemical Potential Expres-

sions

We derive the explicit forms of µϕ and µψ by performing functional differentiation of the

total free energy F in Eq. (4.1), using the free energy density defined in Eq. (4.2):

f(ϕ, ψ;∇ϕ,∇ψ) = λϕ

(
W (ϕ) +

1

2
|∇ϕ|2

)
+ r(ϕ)

[
λψ

(
W (ψ) +

1

2
|∇ψ|2

)
+ r(ψ)L

(
1− T

Tm

)]
.

To justify the variational expressions of the chemical potentials, we briefly recall how the

functional derivatives of F are obtained. Let ηϕ and ηψ be smooth test functions. We

consider the first variation of F in the direction (ηϕ, ηψ):

δF =
d

dε
F
[
ϕ+ εηϕ, ψ + εηψ

]∣∣∣∣
ε=0

.
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Using Eq. (4.1), we write

F
[
ϕ+ εηϕ, ψ + εηψ

]
=

∫
Ω

f
(
ϕ+ εηϕ, ψ + εηψ;∇ϕ+ ε∇ηϕ, ∇ψ + ε∇ηψ

)
dΩ.

Differentiating with respect to ε and evaluating at ε = 0, we obtain

δF =

∫
Ω

d

dε
f
(
ϕ+ εηϕ, ψ + εηψ;∇ϕ+ ε∇ηϕ, ∇ψ + ε∇ηψ

)∣∣∣∣
ε=0

dΩ.

By the chain rule,

d

dε
f

∣∣∣∣
ε=0

=
∂f

∂ϕ
ηϕ +

∂f

∂∇ϕ
· ∇ηϕ +

∂f

∂ψ
ηψ +

∂f

∂∇ψ
· ∇ηψ.

Substituting this into the previous identity gives

δF =

∫
Ω

(
∂f

∂ϕ
ηϕ +

∂f

∂∇ϕ
· ∇ηϕ +

∂f

∂ψ
ηψ +

∂f

∂∇ψ
· ∇ηψ

)
dΩ.

We next apply integration by parts to the gradient terms. For the ϕ-dependent contribution,

we have

∫
Ω

∂f

∂∇ϕ
· ∇ηϕ dΩ = −

∫
Ω

∇ ·
(
∂f

∂∇ϕ

)
ηϕ dΩ +

∫
∂Ω

(
∂f

∂∇ϕ
· n
)
ηϕ dS,

where n denotes the outward unit normal on ∂Ω If the test functions ηϕ and ηψ vanish on

∂Ω, or if the natural boundary conditions are imposed so that the boundary integrals vanish,

the boundary contributions drop out. As a result, the first variation of F can be written as

δF =

∫
Ω

[(
∂f

∂ϕ
−∇ · ∂f

∂∇ϕ

)
ηϕ +

(
∂f

∂ψ
−∇ · ∂f

∂∇ψ

)
ηψ

]
dΩ.
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By definition of the L2 functional derivatives, the chemical potentials are identified as

µϕ =
δF
δϕ

=
∂f

∂ϕ
−∇ · ∂f

∂∇ϕ
, (B.1)

and

µψ =
δF
δψ

=
∂f

∂ψ
−∇ · ∂f

∂∇ψ
. (B.2)

B.1.1 Calculation of µϕ.

First, compute ∂f
∂ϕ
:

∂f

∂ϕ
= λϕW

′(ϕ) + r′(ϕ)
[
λψ

(
W (ψ) +

1

2
|∇ψ|2

)
+ r(ψ)L

(
1− T

Tm

)]
.

Next, compute ∂f
∂∇ϕ :

∂f

∂∇ϕ
= λϕ∇ϕ.

Therefore,

−∇ · ∂f

∂∇ϕ
= −λϕ∆ϕ.

Combining these two results gives:

µϕ = −λϕ∆ϕ+ λϕW
′(ϕ) + r′(ϕ)

[
λψ

(
W (ψ) +

1

2
|∇ψ|2

)
+ r(ψ)L

(
1− T

Tm

)]
. (B.3)
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B.1.2 Calculation of µψ.

First, compute ∂f
∂ψ
:

∂f

∂ψ
= r(ϕ)

[
λψW

′(ψ) + r′(ψ)L
(
1− T

Tm

)]
.

Next, compute ∂f
∂∇ψ :

∂f

∂∇ψ
= r(ϕ)λψ∇ψ.

Therefore,

−∇ · ∂f

∂∇ψ
= −∇ ·

(
r(ϕ)λψ∇ψ

)
.

If r(ϕ) is assumed spatially uniform (or treated as constant during differentiation with respect

to ψ), this simplifies to:

−∇ ·
(
r(ϕ)λψ∇ψ

)
= −λψr(ϕ)∆ψ.

Hence,

µψ = −λψ∆ψ + r(ϕ)
[
λψW

′(ψ) + r′(ψ)L
(
1− T

Tm

)]
. (B.4)

These are the full expanded forms of the chemical potentials µϕ and µψ, showing contributions

from the gradient (interfacial) energy, the bulk double-well potential, and the phase coupling

with latent heat.
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B.2 Derivation of the Extrapolation Formula for F n+1/2

To derive an explicit approximation of F n+1/2 using only past time levels, we employ a

second-order Taylor expansion around the time level n. We seek a linear extrapolation

formula of the form:

F n+1/2 ≈ aF n + bF n−1, (B.5)

where a and b are constants to be determined.

To determine the coefficients a and b in the extrapolation formula

F n+1/2 ≈ aF n + bF n−1,

we compare this form with the Taylor series expansion of F n+1/2 around time step n. Specif-

ically, we expand F n−1 and F n+1/2 as:

F n−1 = F n −∆t
dF

dt

∣∣∣∣
n

+
1

2
∆t2

d2F

dt2

∣∣∣∣
n

+O(∆t3),

F n+1/2 = F n +
1

2
∆t

dF

dt

∣∣∣∣
n

+
1

8
∆t2

d2F

dt2

∣∣∣∣
n

+O(∆t3).

Substituting the Taylor expansion of F n−1 into the extrapolated form yields:

F n+1/2 = aF n + b

(
F n −∆t

dF

dt

∣∣∣∣
n

+
1

2
∆t2

d2F

dt2

∣∣∣∣
n

)
+O(∆t3),

which simplifies to:

F n+1/2 = (a+ b)F n − b∆t
dF

dt

∣∣∣∣
n

+
1

2
b∆t2

d2F

dt2

∣∣∣∣
n

+O(∆t3).

We then match the coefficients of this expression with those of the Taylor expansion of



156 Appendix B. Second Appendix

F n+1/2. Comparing the zeroth-order terms yields:

a+ b = 1.

Matching the first-order terms gives:

−b = 1

2
⇒ b = −1

2
.

Substituting this into the zeroth-order equation, we find:

a = 1− b = 1 +
1

2
=

3

2
.

Therefore, the final extrapolation formula is:

F n+1/2 ≈ 3

2
F n − 1

2
F n−1.

This formula provides a second-order accurate approximation of F n+1/2 using only values

at F n and F n−1, and is used throughout our numerical scheme for explicit evaluation of

nonlinear terms.

B.3 Detailed Proof of Energy Dissipation for IEQ Scheme

In this appendix, we provide the full derivation of the energy dissipation law for the proposed

Crank-Nicolson IEQ numerical scheme, establishing its unconditional stability.

B.3.1 Evolution Equations

Recall the semi-discrete evolution equations derived in Chapter 4.3:
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The Crank-Nicolson scheme discretizes the evolution equations for ϕ, ψ, and q as follows:

ϕn+1 − ϕn

∆t
= ∆µ

n+1/2
ϕ , (B.6)

ψn+1 − ψn

∆t
= −µn+1/2

ψ , (B.7)

qn+1 − qn

∆t
=

1

2

√
F n+ 1

2 + C0

(
∂F n+1/2

∂ϕ

ϕn+1 − ϕn

∆t
+
∂F n+1/2

∂ψ

ψn+1 − ψn

∆t

)
, (B.8)

where:

µ
n+1/2
ϕ = −λϕ∆

(
ϕn+1 + ϕn

2

)
+

qn+1/2√
F n+1/2 + C0

∂F n+1/2

∂ϕ
, (B.9)

µ
n+1/2
ψ = −λψ∆

(
ψn+1 + ψn

2

)
+

qn+1/2√
F n+1/2 + C0

∂F n+1/2

∂ψ
. (B.10)

To analyze the stability, we multiply each equation with carefully chosen test functions:

• For ϕ, the test function is µ
n+1/2
ϕ .

• For ψ, the test function is µ
n+1/2
ψ .

• For q, the test function is qn+1 + qn.

The chemical potentials µϕ and µψ directly govern the evolution of the order parameters ϕ

and ψ, respectively. Testing with these potentials ensures that the derived stability analysis

aligns with the physical energy dissipation law. The auxiliary variable q is linked to the

free energy functional through q2, making 2qn+1/2 a natural choice to preserve the quadratic

coupling in the stability analysis. These test functions simplify the derivation of the energy

dissipation law by directly linking the evolution equations to the gradient norm terms, as

shown in the sections below.
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B.3.1.1 Testing the ϕ Equation

To analyze the stability of the numerical scheme, we begin by testing the ϕ evolution equation

with the test function µ
n+1/2
ϕ .

Step 1: Multiply the equation (B.6) by µ
n+1/2
ϕ and integrate over Ω:

∫
Ω

ϕn+1 − ϕn

∆t
µ
n+1/2
ϕ dΩ =

∫
Ω

∆µ
n+1/2
ϕ µ

n+1/2
ϕ dΩ.

Step 2: Expand the left-hand side. The left-hand side represents the time derivative of ϕ,

weighted by the chemical potential. Expanding this term gives:

∫
Ω

ϕn+1 − ϕn

∆t
µ
n+1/2
ϕ dΩ =

1

∆t

∫
Ω

µ
n+1/2
ϕ (ϕn+1 − ϕn) dΩ.

Step 3: Simplify the right-hand side using the Laplacian. For the right-hand side, we use

integration by parts and assume Neumann boundary conditions (∇µn+1/2
ϕ · n = 0 on ∂Ω):

∫
Ω

∆µ
n+1/2
ϕ µ

n+1/2
ϕ dΩ = −

∫
Ω

|∇µn+1/2
ϕ |2 dΩ.

Here, |∇µn+1/2
ϕ |2 = (∇µn+1/2

ϕ ) · (∇µn+1/2
ϕ ), and the negative sign reflects the dissipation of

energy.

Step 4: Combine the results. Equating the left-hand side and the simplified right-hand side,

we have:

1

∆t

∫
Ω

µ
n+1/2
ϕ (ϕn+1 − ϕn) dΩ = −

∫
Ω

|∇µn+1/2
ϕ |2 dΩ.

Step 5: Interpret the result. The result shows that the dissipation of the gradient norm

∥∇µn+1/2
ϕ ∥2 is directly linked to the time evolution of ϕ, weighted by the chemical potential

µ
n+1/2
ϕ . This energy dissipation is crucial for the stability of the scheme, as it ensures that

the total energy decreases over time.
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The testing process leads to the following dissipation equation for ϕ:

1

∆t

∫
Ω

µ
n+1/2
ϕ (ϕn+1 − ϕn) dΩ = −∥∇µn+1/2

ϕ ∥2, (B.11)

where ∥∇µn+1/2
ϕ ∥2 =

∫
Ω
|∇µn+1/2

ϕ |2 dΩ is the gradient norm of the chemical potential.

B.3.1.2 Testing the ψ Equation

Similarly, test the ψ evolution equation (B.7) with µ
n+1/2
ψ :

〈
ψn+1 − ψn

∆t
, µ

n+1/2
ψ

〉
=
〈
−µn+1/2

ψ , µ
n+1/2
ψ

〉
. (B.12)

Simplify the Left-Hand Side (LHS):

〈
ψn+1 − ψn

∆t
, µ

n+1/2
ψ

〉
=

1

∆t

∫
Ω

µ
n+1/2
ψ (ψn+1 − ψn) dΩ.

Simplify the Right-Hand Side (RHS):

〈
−µn+1/2

ψ , µ
n+1/2
ψ

〉
= −

∫
Ω

(µ
n+1/2
ψ )2 dΩ.

Equating the simplified LHS and RHS, we have:

1

∆t

∫
Ω

µ
n+1/2
ψ (ψn+1 − ψn) dΩ = −

∫
Ω

(µ
n+1/2
ψ )2 dΩ.

The dissipation equation for ψ becomes:

1

∆t

∫
Ω

µ
n+1/2
ψ (ψn+1 − ψn) dΩ = −∥µn+1/2

ψ ∥2, (B.13)
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where:

∥µn+1/2
ψ ∥2 =

∫
Ω

(µ
n+1/2
ψ )2 dΩ.

This result shows that the evolution of ψ dissipates the norm of µ
n+1/2
ψ , ensuring energy

dissipation and contributing to the unconditional stability of the scheme.

B.3.1.3 Testing the q Equation

We aim to demonstrate the unconditional stability of the scheme for the auxiliary variable

q.

Multiply equation (B.8) by qn+1 + qn and integrate over Ω:

∫
Ω

qn+1 − qn

∆t
· (qn+1 + qn) dΩ =

∫
Ω

1

2
√
F n+ 1

2 + C

(
∂F n+1/2

∂ϕ

ϕn+1 − ϕn

∆t

+
∂F n+1/2

∂ψ

ψn+1 − ψn

∆t

)
· (qn+1 + qn) dΩ.

(B.14)

Equating the LHS and RHS, the evolution of q satisfies:

1

∆t

∫
Ω

(
(qn+1)2 − (qn)2

)
dΩ =

∫
Ω

(qn+1 + qn)

2
√
F n+ 1

2 + C

∂F n+1/2

∂ϕ

ϕn+1 − ϕn

∆t
dΩ

+

∫
Ω

(qn+1 + qn)

2
√
F n+ 1

2 + C

∂F n+1/2

∂ψ

ψn+1 − ψn

∆t
dΩ. (B.15)

B.3.1.4 Testing the chemical potentials

The chemical potentials µ
n+1/2
ϕ and µ

n+1/2
ψ are key components in the energy evolution of

the system. When multiplied by the respective time derivatives ϕn+1−ϕn
∆t

and ψn+1−ψn
∆t

, they

quantify the dissipation contributions of each variable to the total energy.
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Multiplying µ
n+1/2
ϕ by ϕn+1−ϕn

∆t
and integrating over the domain Ω, we obtain

∫
Ω

µ
n+1/2
ϕ · ϕ

n+1 − ϕn

∆t
dΩ =

∫
Ω

−λϕ∆
(
ϕn+1 + ϕn

2

)
· ϕ

n+1 − ϕn

∆t
dΩ

+

∫
Ω

qn+1/2

√
F n+1/2 + C

∂F n+1/2

∂ϕ
· ϕ

n+1 − ϕn

∆t
dΩ. (B.16)

Using integration by parts, the first term simplifies to:

∫
Ω

∆

(
ϕn+1 + ϕn

2

)
· ϕ

n+1 − ϕn

∆t
dΩ = − 1

2∆t

∫
Ω

(
|∇ϕn+1|2 − |∇ϕn|2

)
dΩ. (B.17)

Substituting (B.17) into (B.16), we obtain

∫
Ω

µ
n+1/2
ϕ · ϕ

n+1 − ϕn

∆t
dΩ = − λϕ

2∆t

∫
Ω

(
|∇ϕn+1|2 − |∇ϕn|2

)
dΩ

+

∫
Ω

qn+1/2

√
F n+1/2 + C

∂F n+1/2

∂ϕ
· ϕ

n+1 − ϕn

∆t
dΩ. (B.18)

This shows that the change in |∇ϕ|2 contributes to energy dissipation, while the free energy

coupling term reflects the interaction with the potential energy.

Similarly, for ψ, we have:

∫
Ω

µ
n+1/2
ψ · ψ

n+1 − ψn

∆t
dΩ =

∫
Ω

−λψ∆
(
ψn+1 + ψn

2

)
· ψ

n+1 − ψn

∆t
dΩ

+

∫
Ω

qn+1/2

√
F n+1/2 + C

∂F n+1/2

∂ψ
· ψ

n+1 − ψn

∆t
dΩ. (B.19)

The Laplacian term simplifies to:

∫
Ω

∆

(
ψn+1 + ψn

2

)
· ψ

n+1 − ψn

∆t
dΩ = − 1

2∆t

∫
Ω

(
|∇ψn+1|2 − |∇ψn|2

)
dΩ. (B.20)
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Substituting into (B.19), we obtain

∫
Ω

µ
n+1/2
ψ · ψ

n+1 − ψn

∆t
dΩ = − λψ

2∆t

∫
Ω

(
|∇ψn+1|2 − |∇ψn|2

)
dΩ

+

∫
Ω

qn+1/2

√
F n+1/2 + C

∂F n+1/2

∂ψ
· ψ

n+1 − ψn

∆t
dΩ. (B.21)

These expressions will be used to derive the discrete energy dissipation law.

B.3.1.5 Combining the Dissipation Laws

Combining equations (B.11), (B.13), (B.15), (B.16), and (B.19) we obtain the total energy

dissipation law:

1

∆t

∫
Ω

|qn+1|2 − |qn|2 dΩ = −
∫
Ω

|∇µn+1/2
ϕ |2 dΩ−

∫
Ω

|µn+1/2
ψ |2 dΩ,

+

∫
Ω

λϕ∆

(
ϕn+1 + ϕn

2

)
ϕn+1 − ϕn

∆t
dΩ

+

∫
Ω

λψ∆

(
ψn+1 + ψn

2

)
ψn+1 − ψn

∆t
dΩ.

Substituting Eq. (B.17) and Eq. (B.20) into the dissipation terms, we have:

1

∆t

∫
Ω

[
(qn+1)2 − (qn)2

]
dΩ = −

∫
Ω

|∇µn+1/2
ϕ |2 dΩ−

∫
Ω

|µn+1/2
ψ |2 dΩ

− 1

2∆t

∫
Ω

λϕ
(
|∇ϕn+1|2 − |∇ϕn|2

)
dΩ

− 1

2∆t

∫
Ω

λψ
(
|∇ψn+1|2 − |∇ψn|2

)
dΩ.

The total dissipation law becomes:
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1

∆t

∫
Ω

[
|qn+1|2 − |qn|2

]
dΩ +

1

2∆t

∫
Ω

λϕ
(
|∇ϕn+1|2 − |∇ϕn|2

)
dΩ

+
1

2∆t

∫
Ω

λψ
(
|∇ψn+1|2 − |∇ψn|2

)
dΩ

= −
∫
Ω

|∇µn+1/2
ϕ |2 dΩ−

∫
Ω

|µn+1/2
ψ |2 dΩ ≤ 0. (B.22)

Finally, combining equations, we obtain the total discrete energy dissipation law:

En+1 − En = −∆t

∫
Ω

|∇µn+1/2
ϕ |2 dΩ−∆t

∫
Ω

(µ
n+1/2
ψ )2 dΩ ≤ 0, (B.23)

where

En =

∫
Ω

(
λϕ
2
|∇ϕn|2 + λψ

2
|∇ψn|2 + (qn)2 − C

)
dΩ.

We can rewrite the dissipation law as:

En+1 − En ≤ 0. (B.24)

This final expression encapsulates the total energy dissipation, ensuring that the numerical

scheme is unconditionally stable. Each term represents the dissipative contributions from

ϕ, ψ, and q, showing that the total discrete energy functional decreases monotonically over

time.
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