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ABSTRACT

Several iterative soft-thresholding algorithms, such as FISTA, have been proposed in the literature for solving regularized linear
discrete inverse problems that arise in various applications in science and engineering. These algorithms are easy to implement,

but their rates of convergence may be slow. This paper describes novel approaches to reduce the computations required for each

iteration by using Krylov subspace techniques. Specifically, we propose to impose sparsity on the coefficients in the representation

of the computed solution in terms of a Krylov subspace basis. Several numerical examples from image deblurring and computerized

tomography are used to illustrate the efficiency and accuracy of the proposed methods.

1 | Introduction
We are concerned with the solution of large-scale minimization
problems

min||Ax — bl @

where A € R™" is a large matrix, whose singular values decay
to zero with increasing index number without a significant
gap between the smallest nonvanishing singular values. This
implies that the matrix A is severely ill-conditioned and may be
rank-deficient. Minimization problems (1) with a matrix of this
kind are commonly referred to as discrete ill-posed problems, and

they arise, for instance, from the discretization of linear ill-posed
problems such as Fredholm integral equations of the first kind;
see, for example [1, 2]. Throughout this paper || - ||, denotes the
Euclidean vector norm.

In many applications in science and engineering, the vector b €
R™in (1) represents data that is contaminated by an error e € R".
The data vector can be expressed as

b=b,, +e ®)

where b, denotes the unknown error-free vector associated
with b. We will assume that b, is in the range of A, and would
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like to determine the solution of minimal least-squares norm of
?;%RI}HAX - btrue ”2
We denote this solution by X, ..

Let A" denote the Moore-Penrose pseudoinverse of A. Then
Xyue = A'by,.. However, due to the severe ill-conditioning of A,
the error e in b is amplified when evaluating A'b, that is, the
solution of (1). It follows that a straightforward solution of (1)
generally will not furnish a useful approximation of x,,.

A common approach to compute a better approximation of X,
than A'b is to replace the least-squares problem (1) by a nearby
problem, whose solution is less sensitive to the error e in b. This
replacement is often referred to as regularization. In recent years,
the replacement of (1) by a minimization problem of the form

min{||Ax — bl|3 + ulx|l;} 3)
XER"

where || - ||; denotes the #,-norm, has received considerable
attention; see, for example [3-8]. The parameter u > 0 is known
as the regularization parameter. It balances the influence of the
first term (the fidelity term) and the second term (the penalty term)
in (3). The use of the #;-norm in the penalty term promotes
sparsity of the computed solution, that is, many entries in the
computed solution may vanish. This is advantageous when the
desired solution x,,,,. is known to have many zero entries; see, for
example, [9-11], for examples. In particular, sparsity-promoting
methods are useful for image restoration when the image is repre-
sented by framelets, as it is well known that natural images have
a sparse representation in the framelet domain; see, for example,
[5], for illustrations.

Solution methods for (3) include fast iterative soft-thresholding
algorithm (FISTA), first described by Beck and Teboulle [3],
and iterative Bregman-type methods, which use the Breg-
man distance; see [4, 6-8, 12]. The latter methods also apply
soft-thresholding. This paper focuses on FISTA-type methods and
discusses approaches based on Krylov subspace techniques for
reducing the computational effort required by these methods.

The main computational issues of FISTA-type methods, espe-
cially when applied to large-scale problems, are the need to carry
out many iterations and that each iteration can be expensive in
terms of computer time. This work explores how Krylov subspace
techniques can be applied to speed up FISTA-type methods. Prop-
erties of the FISTA method described by Beck and Teboulle [3]
carry over to the projected method discussed in this work. Our
aim is to describe and compare several approaches to project the
minimization problem (3) into Krylov subspaces to speed up the
computations.

We will assume that a fairly accurate bound § for the norm of the
erroreinb,

llell, <6 “4)

is known. This bound will be helpful for determining the num-
ber of iterations to be carried out with FISTA-type methods. We
remark that if such a bound is not available, an estimate often

can be determined directly by error-estimation techniques such
as those described in [13-15], or indirectly by generalized cross
validation, the L-curve criterion [16-18], or related methods such
as [19, 20].

Introduce the Krylov subspace

K, (ATA,A™Db)

=span{ATb,ATAATb,(ATA)’A"D, ..., (ATA)'ATD)
©)

where the superscript 7 denotes transposition, and assume that
it is of dimension d. An orthonormal basis for this subspace can
be generated by carrying out d steps of Golub-Kahan bidiagonal-
ization applied to A with initial vector b; see Section 3 for details.
The dimension d is chosen large enough so that the subspace (5)
contains a vector x* that satisfies the discrepancy principle (DP),

IAx* —b||, < ®)

where 6 satisfies (4) and = > 1 is a user-supplied constant that
is independent of §. Generally, d < min{m,n}. It is shown in
a Hilbert space setting by, for example, Engl et al. [1] that if
||Ax* — b||, =~ 76, then x* converges to X,,,. as the bound 6 in (4)
converges to zero; however, the rate of convergence may be slow.
We are interested in the finite-dimensional situation.

This paper describes two approaches to applying Krylov subspace
techniques in FISTA-type methods. In the KFISTAF method, we
replace the matrix A by an approximation of rank d furnished by
partial Golub-Kahan bidiagonalization of A. The computed iter-
ates are mapped from R” to the Krylov subspace (5) and back in
each iteration. The savings in computing time stem from the fact
that a matrix-vector product evaluation with the projection of A
in the Krylov subspace (5) is cheaper than a matrix-vector prod-
uct evaluation with the matrix A. Similar considerations apply to
the evaluation of A”.

A significant computational cost of the KFISTAF method
is the mapping of iterates from R” to the Krylov subspace
(5) and back in each iteration. These mappings are needed
to apply soft-thresholding in R”. We also describe a Krylov
subspace-based solution method that applies thresholding of the
coefficient vectors of dimension d that represent the computed
solutions in (5). This approach obviates the need to map iterates
from R” to (5) and back in each iteration, and this reduces the
computing time required for each iteration. We will refer to this
scheme as KFISTA. The minimization problem solved by KFISTA
is different from the problem (3) solved by FISTA and KFISTAF;
see (14) below for details. Nevertheless, numerous computed
examples, a few of which are reported in Section 4 shows KFISTA
to give computed approximate solutions of comparable quality as
FISTA and KFISTAF. We also illustrate in Section 4 that KFISTA
yields computed solutions of comparable quality as FISTA, but at
a lower computational cost. Note that KFISTA can be combined
with hard thresholding of the Krylov subspace coefficients; how-
ever, we will not dwell on this in the present work.

In most regularization methods, the determination of a suitable
value of the regularization parameter 4 > 0is both important and
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challenging. A too small value of y results in a poor approxima-
tion of x,,,,. due to an unnecessarily large propagated error stem-
ming from the error e in b, while a too large value u gives a too
smooth approximation that does not show details of x,,,. that a
smaller value would reveal. This paper proposes nonstationary
versions of both FISTA and KFISTA to avoid the estimation of
u. Following the idea proposed for iterated Tikhonov regulariza-
tion in [21], we use a sequence of parameters y, \, 0 instead of
a fixed parameter. We terminate the iterations with the aid of the
DP (6), that is, we stop the iterations as soon as ||Ax® —b|| <
76, where x® denotes the kth iterate of either nonstationary
FISTA (NFISTA) or nonstationary KFISTA (NKFISTA). More-
over, denoting by kpp the stopping iteration determined by the
DP applied to a reduced problem resulting from a projection into
a Krylov subspace, we propose to use upp := 4, asaregulariza-
tion parameter in FISTA and KFISTA; See Section 4 for details.
Extensive numerical examples have shown that this approach is
able to provide values of y that are close to the optimal one, that is,
the one that minimizes the reconstruction error (defined by (21)
below), with little additional computational effort, especially for
KFISTA.

We remark that the minimization problem (3) is convex and,
typically, strictly convex. It has a unique solution in the latter
case. The algorithms discussed minimize (3) with the solution
restricted to a Krylov subspace of a suitable dimension. This min-
imization problem is also convex and, generally, strictly convex.
Hence, a unique solution exists for the latter case too. It follows
from the properties of FISTA that this solution is obtained when
the iterations are continued indefinitely. However, this solution
is of no interest to us because it is typically contaminated by a
significant propagated error that stems from the error in the data
vector b.

Most of the computed examples presented in Section 4 are con-
cerned with the restoration of grayscale images that have been
contaminated by blur and noise. An image is a collection of non-
negative pixels. Therefore, it is meaningful to require the desired
image to have nonnegative pixels. We achieve this by setting all
negative pixels in the reconstructions obtained by KFISTA to
zero. The algorithm so obtained is referred to as post-nonnegative
projection KFISTA (PPKFISTA). PPKFISTA first runs NKFISTA
with the DP as a stopping criterion to determine pupp. Next, we
run KFISTA with ppp as a fixed regularization parameter, and
finally, we set all negative entries of the computed solution to
zero. PPKFISTA is our algorithm of choice for the image restora-
tion problems considered. The main computational burden is the
determination of an orthonormal basis for the Krylov subspace.
This basis is already computed when applying NKFISTA; run-
ning KFISTA afterward merely increases the computational time
by a fraction of a second. The reason we apply the projection
to the solution determined by KFISTA instead of to the solution
computed by NKFISTA is that the latter method may terminate
prematurely, and this results in over-smoothed solutions. This is
illustrated in Tables 3 and 5 of Section 4.

The main attraction of PPKFISTA is that the projection onto the
nonnegative orthant is simple to implement and fast to execute.
A possible drawback of PPKFISTA is that the solution produced
is not guaranteed to be an accurate approximate solution of the
minimization problem (3). However, this typically is not a major

concern since the choice of penalty term is somewhat arbitrary. If
the computed nonnegative solution must be an accurate approxi-
mate solution of (3), then the method of the present paper can be
modified to project the computed approximate solution into the
first orthant in each iteration. An analogous extension of Breg-
man iteration is described in [5, Section 3.2]. Such an extension
generally gives a slightly more accurate approximate solution of
(3) than PPKFISTA, but generally requires more matrix-vector
product evaluations with A and AT

This paper is organized as follows: Section 2 briefly dis-
cusses the minimization problem (3). We describe our Krylov
subspace-based FISTA-type methods in Section 3 and discuss
their convergence. The application of Krylov subspaces to accel-
erate FISTA may be considered preconditioning in the sense
that it reduces the number of matrix-vector product evalua-
tions required with the matrices A and A”. Section 4 presents
computed examples that illustrate the performance of the
FISTA-type methods discussed. Concluding remarks can be
found in Section 5.

It is with great sadness that we mourn the passing of Owe Axels-
son, a remarkable researcher in the field of Scientific Computing
and, in particular, in Numerical Linear Algebra. His profound
contributions left an indelible mark, evident by his books [22, 23]
and many papers, among them [24-26], as well as in the accom-
plishments of his numerous Ph.D. students. In addition, Axelsson
launched the journal Numerical Linear Algebra with Applica-
tions. The last author was first exposed to Numerical Linear Alge-
bra as an undergraduate student by lecture notes by Axelsson on
iterative methods used at the Department of Information Process-
ing at the University of Lund in the mid ‘70s. These lecture notes
were subsequently expanded to the book [22].

2 | FISTA-Type Methods

FISTA-type methods were introduced by Beck and Teboulle [3]
to compute the solution of convex optimization problems of
the form

min{J ) : Jx) := /(%) + gx)} (7

with f : R" - R a smooth convex function of the type C%!,
that is,

IV/x) = VI, < IflIx =yl Vxy € R

where [ ;>0isa Lipschitz constant of the gradient V f, and
g : R" - R is a continuous, possibly non-smooth, convex func-
tion. The general idea of FISTA is that after having determined
the point ¥ € R” in iteration k, an additional point u®¥ € R"
is chosen as a linear combination of x* and the previous point
x*-D e R". Then

xED =1, u®) 1= arg min{Q, (x,u®) + g(x)}
/ xeR" S

that is, x**1 is the unique minimizer of 0, (x.u) +g(x) atu =
u® where

I}
X = Q) (xw) 1= f @)+ (x—w, V(W) + £ lIx—ul}
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is a quadratic upper bound of f(x). Since the term f(u®) in
T, (u®) is independent of x, we have

LD = T, ™)

_ - ®
=arg Q}{}{ 0, (x,u”)+ g(X)}

l
. f
= arg 2}{1{ (x—u®, v rm®y) + 5 lIx —u®|2 + g(x)}

2
+ g(X)}
2

where in the third equality we have ignored the term f (u(")) as
it is independent of x. We note that FISTA implements Nesterov
acceleration.

x— @t - LV b))
I

Ly
= argmin >
xeR”

21 | Stationary FISTA

FISTA uses the two most recently computed iterates for evaluat-
ing the next iterate. We consider the following functions

[ =Ax-bl3, &&= ulxl, ®)

in (7), which are of interest when minimizing (3).

Let Ay, (AT A) denote the largest eigenvalue of A" A. Then /, =
22 (AT A) is the smallest Lipschitz constant of V f, where f is
defined in (8). The quotient

L,=—
I

serves as step size in FISTA, where 0 < s < 1. Beck and Teboulle
[3] show that with constant step size L, = I, FISTA achieves a
convergence rate of O(1/k?), where k denotes the number of iter-
ations performed.

The operator TLf (u) is a proximal regularization operator for the

non-smooth #,;-regularized problem (3). Since the ||x||;-term in
(3) is separable, we obtain

(k+1) _ )y — k) _ S (k)
xk+ _TLf(u )—(Ds,m,(u —UVf(u )>

where @, (x), for « > 0, denotes the soft-thresholding operator,
that is,

D, (%) = [$,(x1): Bo(x), -, P(x,)]" € R"

withx =[x, x,, ... ,xn]T and

if |x]<a

0
Po(x) 1= { ) )
sign(x)(|x] —a) if |x] >«

see [3] for details.

ALGORITHM 1 | Fast Iterative Soft-Thresholding Algorithm
(FISTA).

Input: A € R™", b e R", 4>0, [, =24, (A"A), s € (0.1],
to =t = 1, and tol>0.
xD = xO = ATpH

fork=1,2,...do

ITIaX(

fey —1
20 = x® 4 L0 _ xtk-n)
k

2s
u® =z"® — I—AT(Az("> -b)
x(k+1) = q)su/lf (u(k))
||X(k+1) _ x(k)”2

Ix®1,
exit
end if

< tol then

L+4/1+45
eyl =

end for

Output: Approximate solution x*+1,

For the functions f(x) and g(x) given by (8), the iterations with
FISTA, with x© = x = 0and ¢, = t; = 1, can be written as

20 — x4 ('kt;*l )(x“‘) — xk-Dy,

k

u® =20 — ZAT(AzH - b),
f

P
X(k+1) = (I).w/ll (u(k)),

1+4/1+412
l - —_—
k+1 = B ’

L

see [3]. The computations are described by Algorithm 1. It is spec-
ified in Section 4 how we choose the parameters and the stopping
criteria for the algorithms tested in this paper.

It is worth mentioning that the regularization parameter y in
FISTA is not always easy to determine; see, for example, [4], for a
related discussion on Bregman iteration. One approach to find
a suitable value of y is to use a nonstationary algorithm. We
describe in the next subsection a nonstationary version of FISTA
(NFISTA) that automatically selects a suitable value of 4. NFISTA
also depends on some other parameters, but in our experience
they are not difficult to determine.

The computational cost of FISTA is dominated by the evalua-
tion of matrix-vector products with the matrices A and A”. In
Section 3 we therefore approximate A and AT by matrices that
allow less expensive evaluation of matrix-vector products.

2.2 | Nonstationary FISTA

The quality! of the computed solution by a regularization method
depends on the choice of the regularization parameter . A num-
ber of rules have been discussed in the literature for choosing a
suitable value of y; see, for example, [1, 2, 18]. In this paper, we
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use nonstationary iterative methods, for which the regularization
parameter is not fixed, but is changed during the iterations. For
nonstationary iterative Tikhonov methods, a common choice of
the sequence of regularization parameters y = y, is

He=Hod"™, k=12, ... ©)

for some suitable values of 41, > 0and 0 < ¢ < 1; see, for example,
[21, 27, 28]. We will employ the same sequence for nonstation-
ary FISTA, that is, at iteration k, the regularization parameter is
defined by (9).

The value of y, depends on the two parameters y, and ¢. In
our numerical experiments reported in Section 4, we let u, = 10.
Hence, the iterations will start with a fairly large value of the
regularization parameter. This parameter should be chosen large
enough so that the discrepancy principle is not satisfied right
away. The exact value of y, is not critical for the performance of
the methods discussed. We let ¢ = 0.99 so that the value of yu,
is reduced slowly as k increases. This choice generally results in
that many iterations in the Krylov subspace have to be carried out.
Since each one of these iterations is very cheap, the exact value of
¢q is not important. We found these choices of y, and ¢ to perform
well for a large number of restoration problems. We start iteration
k by computing the regularization parameter.

Beck and Teboulle [3] discuss different choices of the sequence
of 1, k=0,1, ..., in Algorithm 1, which correspond to using
constant step size or backtracking. In this paper we only con-
sider constant step size. A reason why the authors of [3] propose
a backtracking technique is because the constant /, required by
Algorithm 1 is expensive to compute for large-scale problems, for
example, when the matrix ATA is large. Our solution methods
for large-scale problems overcome this difficulty since the matrix
AT A is projected to a small matrix by a Krylov subspace method;
the largest eigenvalue of the projected matrix easily can be com-
puted; see Section 3 for more details.

Let p > 0 be fairly large. Then the error |[x, — X, in the
solution x,, of the minimization problem (3) first decreases as u
decreases but subsequently increases when u decreases further.
This behavior is commonly referred to as semiconvergence. Since
He \ 0as k — oo, we expect NFISTA to be semiconvergent, that
is, the approximation error ||x* —x,. .||, decreases during the
first few iterations, but subsequently increases with k. In particu-
lar, || Ax® —b||Z + g, |Ix*||, being small does not guarantee that
x® is close to X,,,,.. We therefore terminate the computations as
soon as an approximate solution x*) has been found that satisfies
the DP (6), that is, as soon as

|Ax® — b, < 76

holds. The left-hand side is inexpensive to evaluate; see below.

3 | KrylovSubspace Based FISTA

This section first introduces a projected FISTA method for the
solution of (3) and then discusses some variations.

3.1 | Projection Into a Krylov Subspace

As already mentioned, a difficulty when applying FISTA is that
the algorithm requires the parameter /, = 24 (ATA), which
may be expensive to compute when the matrix A is large. Another
difficulty is, as we will illustrate with numerical experiments,
that it is typically hard to choose a suitable stopping criterion. To
circumvent these difficulties, we develop Krylov subspace-based
FISTA methods. We generate a low-dimensional Krylov subspace
(5)with d = ¢ by applying # steps of Golub-Kahan bidiagonaliza-
tion to the matrix A with starting vector b; see [29]. This gives the
decomposition

AV, =U, By, (10)

where the matrices U,,; € R™“*) and V, € R™ have
orthonormal columns, and the first columns of U,,, and
V, are b/|b]l, and ATb/||ATb||,, respectively. The matrix
B,,,, € R“*D*" is lower bidiagonal. The columns of V, span
the Krylov subspace K,(AT A, ATb), cf. (5), which generically is
of dimension #. We will assume this to be the case; otherwise,
the computations simplify.

An approximate solution of (1) in K,(ATA, ATb) can easily be
computed as follows. Let x = V,y. Then, using (10), we obtain

min Ax — b||? = min||AV,y — b||?
XEIC,»(ATA,ATI:)” I yelRf’” ¢y = bll; (11)

. 2
=min||Uy,,,B,,, ,y —bll;
yeR?

(12)

= min||B — pe, ||
yeIR’” i1,y — P 1”2

where e, = [1,0, ...,0]" € R”*! and f§ = ||b||,. The last equal-
ity follows from the fact that U}, b= pe,. Since the sub-
space we minimize over increases in dimension with # and
K, (ATA,ATb) C K,(ATA, ATb), it follows that (12) decreases

(generally strictly) as # increases.

Let y, denote the solution of (12). Then x, = V,y, solves the
left-hand side of (11). Let d denote the smallest integer Z,
such that

IBsy1 sy — Peqll, < 76

Then
lAx, —bll, < 76 (13)

cf. (6). Typically, d < min{m,n}.

3.2 | The KFISTAF Method
Instead of applying FISTA to solve the minimization problem (3),
we apply FISTA to the problem

min (1B, Vay = besl} + ullV,yl)
(14)

=  min B, ,V'x - fe,||? + ullx
e By Vi = e+ il )

where we have used that VdTVd =TI and x = V,y. This obviates

the need to evaluate matrix-vector products with the matrices A
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and AT during the execution of FISTA. The application of FISTA
to the minimization problem (14) can be expressed as

70 = x®) 4 ('kf;_—l)(xw) — x(k=1)y,
k

k) — 2s T T, (k
u® = z® UVdBd+1,d(Bd+1,dde( ) — fey),

9 =12,
X(k+1) — q)su/l,(u(k+l))’
1+4/1+417
eyt = — 5
1s)
where [; = 24,,,,(B], +1.4Ba+1,0)- Since the matrix B, ,, , typically

is small, we can easily compute its largest singular value to deter-
mine /. We refer to FISTA described by (15) as KFISTAF, since it
is Krylov subspace-based and soft-thresholds “full-sized” vectors
u(k+1) e R".

3.3 | The KFISTA Method

The most time-consuming part in each iteration with KFISTAF is
the mapping of vectors from R” to K,(AT A, ATb) and back when
the matrix V, € R"™ has many rows. We therefore propose a new
model to increase the efficiency, where one soft-thresholds the
much smaller vectory € R:

min{||By, 1,y — ey ll; + ullyll;} 1e)
yeR

FISTA applied to the solution of (16) can be written as

t—1 —
7z = y(k) + (%)(y(k) - y(k 1)),
k) — ok 2spT k
J u® =20 — BBl (B, .20 - pey),
y(k+1) — CDSM/If (u(k+1))’

144 /1441
T = - 5

k=12 ... (17)

where I, = 2/1max(B§+1,dBd+1,d)- Let FISTA applied to (17) carry
out K steps. Then x =V,yX) is an approximate solution of
(1). We call the algorithm determined by the iterations (17)
Krylov-FISTA (KFISTA). Since KFISTA promotes sparsity of the
Krylov subspace coefficients, but not of the computed solution,
the computed approximate solution x = V,y® of (1) is usually

not sparse.

We remark that the columns of the matrix V, = [vy,0,, ..., 0,]
can be considered discretizations of piecewise smooth functions
of an increasing variable. These functions typically oscillate more
with increasing index. The computed solution is a linear combi-
nation of the vectors v,, v,, ..., v,. Setting coefficients of columns
with large indexes in this linear combination to zero generally
reduces the oscillations in the computed solution. This is often
desirable when the desired solution is known to be piecewise
smooth and thus justifies the shrinkage of the coefficient vectors.

3.4 | The PPKFISTA Method

We will apply all the algorithms mentioned to image restoration.
Then the entries of the computed solutions represent pixel val-
ues of the restored image. As already mentioned, pixel values are

nonnegative. We therefore project the solutions computed with
all methods in our comparison to the nonnegative orthant. For
instance, for the approximate solution determined by K steps of
KFISTA, we let

x, = max {V,y®), 0} (18)

where the max operator is applied element-wise.

Numerical experiments reported in Section 4 show that the qual-
ity of the restored images determined by KFISTA in combination
with orthogonal projection (18) (PPKFISTA) are comparable to
those determined by KFISTAF with orthogonal projection (PPK-
FISTAF), but PPKFISTA requires less computing time per itera-
tion, and it is easier to determine a suitable number of iterations
for this algorithm; see details in Section 4.

Letd, > d,.1fd, and d, are small enough, then K, (A" A, A"b) ¢
K, (ATA,A"b). This holds in all examples reported in Section 4.
It is natural to expect more accurate restorations, the more
Golub-Kahan bidiagonalization steps are carried out since
the matrix U, ,,B,, H,szde usually furnishes a more accurate
approximation of A than the matrix U, B, +1,d1V§1. However,
increasing the dimension of the Krylov subspace makes the exe-
cution of KFISTAF and KFISTA slower. Numerical experiments
suggest that it is often beneficial with respect to the quality of
the computed restoration to carry out d + 3 steps of Golub-Kahan
bidiagonalization, where d is the minimal number of steps such
that (13) holds. We will use this choice of number of steps for all
FISTA-type algorithms discussed.

3.5 | The NKFISTA Method

Nonstationary FISTA restricted to a Krylov subspace (NKFISTA)
is described by Algorithm 2. We obtain the stationary version,
KFISTA, by setting ¢ = 1. Then the regularization parameter y,
does not change during the iterations. We obtain the stationary
version, KFISTA, by setting ¢ = 1. In this version the regulariza-
tion parameter y, does not change during the iterations.

Since the dimension of the minimization problem (16) is much
smaller than the dimension of the problem (3), the dominant
computational effort of KFISTA is the construction of the Krylov
subspace; see Table 4 for illustrations. This situation is also
observed for the Krylov APLB method described below.

3.6 | The KAPLB Method

Inspired by the efficiency of KFISTA, we also modify the acceler-
ated projected linearized Bregman (APLB) method proposed in
[5] so that the modified method soft-thresholds Krylov subspace
coefficients. We call the method so obtained the Krylov APLB
(KAPLB) method. It is described by Algorithm 3. We remark
that the APLB method was inspired by the accelerated Bregman
method described by Huang et al. [30].

There are two main differences between FISTA-type and
APLB-type methods: Firstly, FISTA-type methods use in each
iteration a linear combination of two previous iterates that
are both soft-thresholded to calculate the next iterate, while
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ALGORITHM 2 | Nonstationary FISTA on a Krylov Subspace
(NKFISTA).

Input: A € R™", b e R", § > |lell,, f = |bll,, 4y>0, 0<g<1,
>1,5 €(0,1],7, =t, = 1, and tol>0.
fork=1,2,...do
Compute the decompositions (10) AV, = U, B, .
y; = BBy, e, wheree,; =[1,0,...,0]" € R*!
if |By, cy; — Be,ll, < 76 then
d=k+3
end if
end for
Compute the decompositions (10) AV, = U, B, 4.
Iy = 2Amax(B§+1,dBd+l,d)
x® =ATb
YO =y = VIx©
fork=1,2,...do
Hy = Hoq"* ™!

t—1
pAQ y(k) + t_(yuc) _y(k—l))
k

2s
0 — ok T Kk
u® =z - I_Bd+1,d(Bd+l,dz( )~ pey)

k+1) — ’ k
y( +1) — q)uk/L/(u( )
. y®D =y O,

ly®1l»

exit
end if

< tol then

1+4/1+47
1 = ——F——
end for

Output: Approximate solution x¥*1 = v y*+D

APLB-type methods use a linear combination of two previous
iterates and their non-soft-thresholded versions. Secondly, one
chooses s = 1 for FISTA-type methods for fastest convergence,
while in order to make sure that APLB-type methods converge,
one picks a value 0 < s < 1. Numerical experiments, some of
which are reported in Section 4, show computed solutions deter-
mined by KFISTA to be of higher quality than those determined
by KAPLB.

We turn to the convergence of KFISTA-type methods.

Proposition 1. Let y* be a solution of the minimization
problem (16), and let y©, k=1,2, ..., be the sequence of vec-
tors with Krylov subspace coefficients generated by KFISTA. The
number of iterations of KFISTA required to obtain an e-optimal
solution, that is, a vector § such that F(§) — F(y*) < ¢, is at most
[C/\/E — 1], where C is a positive constant, F(y) := ||By,; ;¥ —
pe, ||§ + ullyll;, and [a] denotes the smallest integer larger or equal
toa > 0.

Proof.  The proposition is a consequence of [3, Theorem 4.4].0

4 | Numerical Experiments

This section presents a few numerical examples that illustrate the
performance of the methods discussed in this paper. We consider

ALGORITHM 3 | Krylov-coefficient APLB (KAPLB).

Input: A € R™", b e R", 6§ > |le|l,, f = |bll,, u>0,7>1, s €
0,1),ty =1, =1, and to/>0.
fork=1,2,...do
Compute the decompositions (10) AV, = U, B, .
y; = FB,, e, wheree, = [1,0,...,0]" € R¥*!
if || By, .y, — fell, < 76 then
d=k+3
end if
end for
Compute the decompositions (10) AV, = U, B, ;.
lp= Zﬂmax(BLl,dBdﬂ,d)
0y =1,vD =z =yh =0 € R?
fork=1,2,...do
vkt =z _ BdT+1,d(Bd+1,dy(k) - pe))
0, = =
@ =140, -1)
z*D = g, v* D 4 (1 — o, v
D = ?_jq);l(z(kﬂ))

[y — y o
if ———— <ol then
Iy ®lL;
exit
end if
end for

Output: Approximate solution x**D = v ;yk+D

the restoration of images that have been blurred and contami-
nated by noise, as well as the inversion of tomographic data.

Continuous space-invariant image blurring can be formulated
with the aid of a Fredholm integral equation of the first kind,

gx,y) = / k(s —x,t —y)f(s, t)dsdt, xy)eQ (19
Q

where g represents a blurred noise-free image, f represents the
unknown image to be recovered, and « is a smooth kernel with
compact support. The kernel is referred to as a point-spread func-
tion and defines the blur. The integral operator in (19) is compact
with Q a square or rectangle. Seeking the solution f of (19) is an
ill-posed problem; see, for example, Engl et al. [1]. Discretizing
(19) gives a problem of the form (1). In our applications, the func-
tion g is already known in discretized form and is represented by
a matrix, whose entries are pixel values of an available blur- and
noise-contaminated two-dimensional image. This matrix is vec-
torized by stacking its columns. This defines the data vector b in
(1). The matrix A in (1) is obtained by discretizing the integral
operator (19). Due to the shift-invariant structure of the kernel «,
the matrix A is the sum of a block Toeplitz with Toeplitz block
(BTTB) matrix, a correction of small norm, and a correction of
small rank due to the boundary conditions that are imposed; see,
for example, [31, 32] for more details on image deblurring.

Tomography data is obtained by applying the Radon transform.
An object is shined on with X-rays, and after each ray has passed
through the sample, we measure its residual intensity. The
difference between the initial and residual intensities provides
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the amount of radiation absorbed along the line. We collect the
data by shining rays on different points from various angles.
This results in an integral equation; see, for example, [33], for a
discussion.

We turn to the stopping criteria (SC) employed in the algorithms.
For stationary methods, we terminate the iterations as soon as
the relative difference between two consecutive iterates is smaller
than or equal to a given tolerance tol > 0, that is, when

D — X0

< tol (20)
11l

Nonstationary iterative methods are terminated with the discrep-
ancy principle (DP), that is, the iterations are stopped as soon as

IAx® — b]|, < 76

We set 7 = 1.01 in our experiments. The error vector e in (2) rep-
resents white Gaussian noise. We refer to the ratio ||e||,/||b]|, as
the noise level.

The quality of the computed restoration x is measured by the rel-
ative restoration error

RRE(x) = w (21)
”Xtrue ”2

We also compute the normalized structural similarity index
(SSIM). The definition of this index is somewhat involved; see
[34]., and we do not give it here. We just recall that a larger SSIM
value corresponds to a more accurate reconstruction and the max-
imum value is 1.

To ensure convergence of the APLB and KAPLB methods, we
set the step size scalar to s = 0.9; the same value as was used in
the experiments reported in [5]. For all FISTA-type methods, we
let s = 1. For nonstationary algorithms, the initial regularization
parameter is set to 4, = 10 and we let ¢ = 0.99; c.f. (9). For sta-
tionary algorithms, we determine the regularization parameter
either by hand-tuning to minimize the RRE (the smallest value of
u we consider is 0.01 to prevent the errors in the data from being
severely magnified) or we use the parameter y, at the breakout
iteration of the corresponding nonstationary method. This is the
iteration at which the DP is satisfied for the first time. We termi-
nate the iteration then. In detail, we proceed as follows:

1. Run the nonstationary algorithm and terminate the itera-
tions with the DP.

2. Let kpp denote the breakout iteration of the nonstationary
algorithm.

3. Run the stationary algorithm with y = Hiyy ©= Hoq vr.

Note that the last step does not require much computational effort
when using KFISTA, since the main computational burden of
steps 1-3 is the computation of the Krylov subspace basis, which
already is available.

All the examples were run on an Apple Silicon 8-Core 3.49 GHz
MacBook Air laptop computer with 8 GB of RAM, using MacOS

Sonoma 14.5 and 64-bit arithmetic. The computations were car-
ried out in MATLAB R2023a Update 2 (9.14.0.2254940) with
about 15 significant decimal digits.

4.1 | Hubble

In this example, we consider a synthetic astronomical image
of the Hubble telescope of size 496 x 496 pixels as shown in
Figure 1a. We construct the example by blurring the exact image
of size 512 x 512 pixels with the motion-blur PSF displayed in
Figure 1b. The PSF simulates the linear motion of a camera by 15
pixels, with an angle of 15° in the counter-clockwise direction.
We add 2% Gaussian noise and obtain the blurred and noisy
image in Figure 1c. Reflexive boundary conditions are imposed.
To simulate realistic data, we crop the boundaries of the images
by 8 pixels.

We first look into the issue of choosing a stopping criterion for
FISTA. To this aim we run the considered methods using a fixed
value of the regularization parameter y, in particular, we set
u = 4. Figure 2a displays the value of r, defined in (20), at each
iteration. We can observe that this value decreases rapidly in
the first iterations, but in the subsequent iterations, the rate of
decrease reduces significantly. If we would require the iterations
to stop as soon as r < 1073, then the algorithm would not termi-
nate within 200 iterations, while, if we require that the iterations
terminate as soon as r < 1072, the algorithm terminates after only
10 iterations; see Table 1. We can observe in Figure 2b, which
shows the evolution of the RRE versus the number of iterations
that FISTA behaves like a semiconvergent method, that is, the
RRE, defined in (21), first decreases quickly and then rapidly
increases. Finally, in Figure 2c we display the RRE obtained at
the 20th iteration as a function of u. As expected, we can observe
that there is a value of u that minimizes the RRE. Moreover,
the RRE is quite insensitive with respect to small changes in u
when a small number of iterations is carried out. We display the
computed solutions by FISTA in Figure 3. Panel (a) depicts the
restoration obtained at the 200th iteration, while panel (b) shows
the restoration determined when r < 1072. Visual inspection
shows that neither restorations are satisfactory. The first one is
corrupted by noise, while the second one is over-smoothed. This
illustrates that a suitable stopping criterion is required for FISTA
to produce satisfactory results. We remark that our FISTA code
produces the same results as the FISTA code in IR Tools [35] in
this as well as in the following examples.

We now turn to KFISTA, and we wish to illustrate how the dimen-
sion of the Krylov subspace influences the results. We consider
dimensions of the Krylov subspace ranging from 8, the minimum
dimension required to satisfy the DP, to 16. In these experiments,
we hand-tune y to minimize the RRE and terminate the iterations
as soon as r < 107*. The results are reported in Table 2. We can
observe that as the dimension increases, the RRE decreases. How-
ever, increasing the dimension d over 11 does not substantially
improve the results, while the computational cost increases with
d. The latter is to be expected as the computations are performed
in higher-dimensional spaces. Visual inspection of the computed
solutions shown in Figure 4 confirms our observations.

Table 3 compares the KFISTA, FISTA, and APLB methods; the
latter method is described in [5]. For the stationary algorithms,
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FIGURE1 |

(b)

15° in the counter-clockwise direction (5 x 15 pixels), (¢) Blurred image with 2% of white Gaussian noise (502 x 502 pixels).

Hubble test case: (a) True image (502 x 502 pixels), (b) Motion-blur PSF: the linear motion of a camera by 15 pixels, with an angle of

107 0.28 0.148
0.26 0.146
3 0.24 0.144
d‘:) 0.22
£ ’ 0.142
© 02
w
€ 102 4 o 0.14
2 0.18
[
2 0.138
£ 0.16
(5
K 014 0.136
0.12 0.134
10° - - - 0.1 - - 0.132 - -
0 50 100 150 200 0 50 100 150 200 0 4 6 8 10 12
Iterations Iterations 1
(a) (b) ()
FIGURE2 | Hubble test case: Behavior of the FISTA algorithm: (a) Relative norm difference between estimates of two consecutive iterations for

1 =4, (b) RRE as a function of iterations with u = 4, (¢c) RRE at the 20th iteration as a function of u.

TABLE1 | Hubble test case: FISTA algorithm with u = 4.
SC Time (s) Iter. RRE SSIM
r<1073 1.6943 200 0.2690 0.5883
r <1072 0.1345 10 0.1655 0.6603

Notes: We report the stopping criteria, the time elapsed in seconds, the number of
iterations performed to satisfy the stopping criterion, the RRE, and the SSIM at the
stopping iteration. The underlined number of iterations indicates that the
algorithm did not stop within that amount of iterations.

(a) (b)

FIGURE 3 | Hubble testcase: Restorations obtained with FISTA with
u = 4 and different stopping criteria: (a) r < 1073, (b) r < 1072,

we both hand-tune x4 and use the value of y obtained by their
nonstationary counterparts. We can observe that FISTA suffers
the same convergence issue as shown in Table 1, that is, the

TABLE 2 | Hubble test case: KFISTA algorithm with hand-tuned u
and stopped as soon as r < 107 for different dimensions of the Krylov
subspace.
d Time(s) Iter. RRE SSIM u
8 0.0666 39 0.1559 0.6800 0.01
9 0.0724 44 0.1522 0.6557 0.01
10 0.0831 48 0.1498 0.6295 0.01
11 0.0899 52 0.1482 0.6036 0.1
12 0.1019 57 0.1473 0.5905 5
13 0.1129 62 0.1468 0.5873 9.5
14 0.1311 68 0.1466 0.5808 12
15 0.1294 74 0.1466 0.5829 14
16 0.1431 78 0.1466 0.5803 14.5

Notes: We report the dimension of Krylov subspace, the time elapsed in seconds,
the number of iterations performed, RRE, and SSIM of the computed solutions,
and the regularization parameter u. The smallest error is in boldface.

algorithm does not stop within 200 iterations. On the other hand,
NFISTA successfully satisfies its stopping criterion, that is, the
DP, however, the RRE of the solution determined by NFISTA is
quite large. We observe that KFISTAF does not terminate within
200 iterations either. Nevertheless, the computed solution at the
200th iteration is accurate. Finally, KFISTA satisfies the stopping
criterion in 52 iterations.
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FIGURE4 | Hubble test case: Restorations obtained with KFISTA with hand-tuned x: Dimension of Krylov subspace for (a) through (f) increases

from 8 to 13.

TABLE 3 | Hubble test case: Comparison of the considered methods.

SC Method Time (s) Iter. RRE SSIM i
r<1073 FISTA 1.7297 200 0.2713 0.6274 2.1704*
r<107? FISTA 0.1286 10 0.1656 0.7605 2.1704*
DP NFISTA 1.2514 153 0.2405 0.6378 2.1704
r<10~* APLB 0.2203 60 0.1342 0.6789 12
r<10™* APLB 0.2256 56 0.1405 0.6776 3.3103%
r<107* NAPLB 0.5890 111 0.1405 0.6671 3.3103
r<107* KAPLB 0.1042 55 0.1482 0.6032 3
r<107* KFISTA 0.1064 52 0.1488 0.6308 8.6875%
DP NKFISTA 0.1062 15 0.1569 0.7041 8.6875
— PPKFISTA — — 0.1432 0.7259 8.6875%
r<107* KFISTAF 0.3976 200 0.1392 0.6340 0.01

Notes: For each algorithm, we report the employed stopping criterion (SC), time elapsed in seconds, number of iterations performed, RRE and SSIM of the computed
solution, and value of the regularization parameter. The smallest error is in boldface. The underlined number of iterations indicates that the algorithm did not stop within

that amount of iterations.

2 value is obtained by the corresponding nonstationary version with x4, = 10 and ¢ = 0.99.

Figure 5a-c display the approximate solutions computed by
FISTA and KFISTAF with hand-tuned p-values, and KFISTA
with p determined by NKFISTA, respectively. We choose tol =
1072 in (20) for FISTA since the method does not stop within 200
iterations when tol = 1073, For all other stationary methods, we
let tol = 10~*. FISTA and KFISTAF are able to accurately restore
the black background, while KFISTA struggles in this task. This
can be expected since FISTA and KFISTAF promote sparsity of
the restored images, while KFISTA does not. However, the FISTA
restoration appears over-smoothed, and details of the restored
image are blurry. The restoration computed at the 200th itera-
tion with KFISTAF has the second smallest RRE among all the

tested methods. The reconstructed image looks sharper than the
one determined by FISTA and shows negligible ringing effect.
This suggests that KFISTAF is able to produce accurate restored
images when coupled with a suitable stopping criterion. We turn
to the restored image determined by KFISTA. This restoration
looks sharper than the restoration obtained by FISTA. However,
it displays some ringing effects in the restored background. This
can be expected since KFISTA promotes sparsity in Krylov coeffi-
cients, but not in the restored image. Projecting the KFISTA solu-
tion to the nonnegative orthant (as implemented by PPKFISTA)
reduces the ringing. This is confirmed by the decrease of the RRE
and by the increase of the SSIM; see Figure 5d.
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(@) (b)

(© (d)

FIGURES5 | Hubble test case: Restorations obtained with some of the considered methods: (a) FISTA with hand-tuned u, (b) KFISTAF with
hand-tuned y, (c) KFISTA with x determined by NKFISTA, (d) PPKFISTA (obtained projecting the solution displayed in (c) to the non-negative orthant).

TABLE 4 | Hubble test case: Breakdown of the computing time for
the selected methods listed in Table 3.

Time for Iteration
Method G.-K. (s) time Iter.
APLB (DP param.) 0.1016 0.1240 56
NAPLB 0.1016 0.4874 111
KAPLB 0.1016 0.0026 55
KFISTA (DP param.) 0.1016 0.0048 52
NKFISTA 0.1016 0.0046 15
KFISTAF 0.1016 0.2960 200

Notes: The time required for the construction of the Krylov subspace is denoted by
“Time for G.-K.”, while the time required for the iterations is denoted by “Iteration
time.” Finally, in the column “Iter.” we report the number of iterations performed.
For all methods, the dimension of the Krylov subspace is 11.

The results in Table 3 show that the Krylov subspace-projected
algorithms are significantly faster than the non-projected ones.
We mentioned in the previous section that the dominant compu-
tational effort of KFISTA-type methods is the construction of the
Krylov subspace basis. This is confirmed by the fact that the CPU
time required to carry out 15 iterations with NKFISTA is about
the same as the CPU time required for 52 iterations with KFISTA.
In Table 4 we break down the computational time required for
the projected methods into two parts, the time required to con-
struct the Krylov subspace basis and the time required to run
the iterations. We can observe that for the methods that per-
form soft-thresholding of the Krylov coefficients, that is, KAPLB,
KFISTA, and NKFISTA, the time required to construct the Krylov
subspace basis dominates the overall time. On the other hand, for
the algorithms that carry out soft-thresholding of the signal, the
opposite holds.

4.2 | Tomography

This example is concerned with a synthetic tomography problem.
In tomography, the data are obtained as the Radon transform
of the attenuation coefficients of a given scanned object. For
more details on computed tomography; see, for example, [33].
We consider parallel beam tomography, where J parallel X-ray
beams are shined through an object at different angles 6, with
k=1,2,...,K. The data b; ks the so-called sinogram, is the line
integral of the attenuation coefficients of the scanned object

along the jth beam at angle §,. We generate the data using the
MATLAB toolbox IR Tools [35]. The dimensions of the image
are set to 512 x 512, and we consider 90 equally spaced angles
between 0 and 179 degrees with 724 beams for each angle. This
gives an underdetermined system of equations with a matrix
A € R65165%262.144 pane] (a) of Figure 6 shows the exact atten-
uation coefficients, panel (b) displays the computed noise-free
sinogram, and panel (c) depicts the sinogram corrupted by 5% of
white Gaussian noise.

We report the obtained results in Table 5 and show some com-
puted reconstructions in Figure 7. The computed solution in
Figure 7a and the results reported in Table 5 show that FISTA
terminates too late when we stop the iterations when r < 1072,
in fact, the computed RRE is fairly large, and the restoration
is far from satisfactory even after the computed solution is pro-
jected into the nonnegative cone (PPFISTA); see Figure 7b. Our
proposed methods consistently generate accurate restorations.
Moreover, we can observe that PPKFISTA reduces the RRE, sig-
nificantly increases the SSIM, and eliminates the artificial grid
effect in the black background of the restoration determined by
KFISTA,; see Figure 7c, d. KFISTAF gives a restoration with a
smaller RRE and larger SSIM than KFISTA, however, the com-
putational cost is significantly larger than the cost of KFISTA.

43 | Axelsson

Our next example is a photo of Owe Axelsson of size 452 x 500
pixels shown in Figure 8a. The original image, of size 470 x 518
pixels, is blurred by the non-symmetric PSF shown in Figure 8b
and corrupted by white Gaussian noise with a noise level of 0.01.
This gives the blurred and noisy image in Figure 8c. We impose
reflexive boundary conditions [31, 32, 36]. To simulate realistic
data, we crop the boundaries by 18 pixels to avoid artificial effects
by the boundary conditions. We list the results obtained with dif-
ferent methods in Table 6 and show the computed solution deter-
mined by PPKFISTA in Figure 8d. Similarly to the results in the
previous examples, KFISTA outperforms other methods both in
terms of accuracy and computational cost.

44 | Cameraman

For our last example, we consider the cameraman image shown
in Figure 9a. The original image, of size 512 X 512 pixels, is
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(a) )

FIGURE 6 | Tomography test case: (a) True image (512 x 512 pixels), (b) noise-free sinogram (724 x 90 pixels), (c) sinogram corrupted by 5% of
white Gaussian noise (724 x 90 pixels).

FIGURE7 | Tomography test image restorations: (a) FISTA with hand-tuned u, (b) PPFISTA, (c) KFISTA with u obtained with NKFISTA, (d)
PPKFISTA, (e) KFISTAF with hand-tuned , (f) PPKFISTAF.

TABLE 5 | Tomography test case: Comparison of the considered methods.

SC Method Time (s) Iter. RRE SSIM U
r<107? FISTA 18.7620 466 0.6334 0.0928 7.5
— PPFISTA — — 0.5644 0.0934 —
r<1072 FISTA 16.8289 418 1.1394 0.0588 0.34502
DP NFISTA 13.4647 336 1.1550 0.0594 0.3450
r<10* KAPLB 0.2618 133 0.3055 0.2209 3
r<10* KFISTA 0.2726 426 0.2960 0.2731 35
r<10* KFISTA 0.2706 535 0.3005 0.2343 1.8667%
DP NKFISTA 0.2712 168 0.3022 0.2367 1.8667
—_ PPKFISTA — — 0.2720 0.2510 —
r<10"* KFISTAF 4.2897 2868 0.2718 0.5677 0.024
— PPKFISTAF — — 0.2714 0.5726 —

Notes: For each algorithm, we report the employed stopping criterion, time elapsed in seconds, number of iterations performed, RRE and SSIM of the computed solution,
and value of the regularization parameter. The smallest error is in boldface.
2 y-value is obtained by the corresponding nonstationary version with y, = 10 and g = 0.99.
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FIGURE S8 | Axelsson test case: (a) True image (452 X 500 pixels), (b) PSF (17 x 17 pixels), (c) Blurred and noisy image with 6 = 0.01||5]|,, (d)

PPKFISTA restoration.

TABLE 6 | Axelsson test case, comparison between the considered methods.
SC Method Time (s) Iter. RRE SSIM H
DP NFISTA 2.2114 174 0.2129 0.3444 1.7575
r <1072 FISTA 0.1639 8 0.0950 0.8331 1.7575%
DP NAPLB 1.0614 161 0.0750 0.7830 2.002
r<107* APLB 0.2611 59 0.0740 0.7908 2.002%
DP NKAPLB 0.2442 16 0.0745 0.8424 8.6006
r<10™* KAPLB 0.1700 59 0.0739 0.7909 8.6006%
DP NKFISTA 0.1773 17 0.0738 0.8410 8.5146
r<107* KFISTA 0.1755 55 0.0719 0.8150 8.5146%
— PPKFISTA — — 0.0716 0.8159 8.5146%

Notes: For each algorithm, we report the employed stopping criterion, time elapsed in seconds, number of iterations performed, RRE and SSIM of the computed solution,

and value of the regularization parameter. The smallest error is in boldface.

2u-value is obtained by the corresponding nonstationary version with y, = 10 and g = 0.99.

FIGUREY9 | Cameraman test case: (a) True image (512 x 512 pixels), blurred and noisy images with (b) 6 = 0.01]5]|, (506 X 506 pixels), (c) 6 =

0.03]|b]|, (504 X 504 pixels), (d) 6 = 0.05]5]|, (500 X 500 pixels).

blurred by a selection of rotationally symmetric Gaussian lowpass
filters of different sizes and standard deviations o; see Table 7.
The blurred images are then added with different levels of Gaus-
sian noise. Reflexive boundary conditions are imposed [31, 32,
36]. To simulate realistic data, we crop the boundaries to avoid
artificial effects due to the boundary conditions; see Figure 9b—d.
We compare the results obtained with KFISTA and FISTA as fol-
lows. For each method, we run the nonstationary versions first,
with the discrepancy principle as stopping criterion, and with
Ho = 10and g = 0.99. We then run the stationary versions of these
algorithms with the values of ; obtained from the nonstationary

methods. The stopping criterion for KFISTA is » < 107*. Since
iterations with FISTA do not terminate within 200 iterations
when choosing r < 1073 as the stopping criterion, we employ
the stopping criterion r < 1072 instead. For KFISTA, the dimen-
sions of Krylov subspaces determined by the algorithm are all
7. We exclude the time elapsed for generating the Krylov sub-
spaces since they have already been generated by NKFISTA. The
results are listed in Table 7, which illustrates that KFISTA is
a good general-purpose method that consistently outperforms
FISTA both with regard to computational cost and quality of the
restored image.
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TABLE 7 | Cameraman test case.

Noise
SC Method Time (s) Iter. RRE SSIM U level h o
DP NKFISTA 0.0599 5 0.0211 0.9733 9.606 0.01 5 1
r<10* KFISTA 0.003 17 0.0204 0.9461 9.606 0.01 5 1
DP NFISTA 1.1225 146 0.1922 0.2653 2.3286 0.01 5 1
r<1072 FISTA 0.0234 3 0.0277 0.9705 2.3286 0.01 5 1
DP NKFISTA 0.0613 6 0.0685 0.8425 9.5099 0.03 7 3
r<10* KFISTA 0.0032 33 0.0658 0.7529 9.5099 0.03 7 3
DP NFISTA 0.6228 71 0.2661 0.1785 4.9484 0.03 7 3
r<1072 FISTA 0.0429 5 0.0721 0.8429 4.9484 0.03 7 3
DP NKFISTA 0.0652 6 0.1049 0.7455 9.5099 0.05 11 5
r<10* KFISTA 0.0032 34 0.0996 0.6517 9.5099 0.05 11 5
DP NFISTA 0.439 54 0.2723 0.1634 5.8704 0.05 11 5
r<1072 FISTA 0.0376 5 0.1088 0.744 5.8704 0.05 11 5

Notes: For each algorithm, we report the employed stopping criterion, dimension of the Krylov subspace, time elapsed in seconds, number of iterations performed, RRE and
SSIM of the computed solution, value of the regularization parameter, noise level, filter size 4, and standard deviation ¢. The smallest error for each restoring case is in

boldface. The elapsed time for generating Krylov subspace is excluded for KFISTA.

5 | Conclusions

This paper proposes to reduce the computational effort required
by FISTA by combining this method with projection into
a low-dimensional Krylov subspace. Several approaches are
described, and numerical experiments illustrate their perfor-
mance. One of these variants, KFISTA, is found to perform well
and require less CPU time than other approaches considered.
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Endnotes
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its distance in the least-squares norm from the desired image X, is
smaller.
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