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I. INTRODUCTION 

With the introduction and use of high strength mater1a1s, 

especially reintorcing steel, cracking and its control have become 

more important to the designer of modem reinforced concrete structures. 

Lue to the properties inherent in concrete, oraaks cannot be 

unier nonnal working loads and, thus, the control of cracking becomes 

or1tica1. 

Large oraaks are objectionable tor a number ot reasons, some ot 

which are: 

1. '!hey may lead to corrosive attaak of the reinforoement 

which ms.y cause a strength reduction. 

2. 'lhey may cause the structure to appear unstable or 

aesthetically unpleasant. 

3. 'lhey may cause leakage in h~aulio structures. 

Since cracking cannot be practically e.B:n:dnated, it must be con­

trolled. To control cracking, the problem ot crack formation and 

development 11n1.st be studied and understood oomplet~. However, it 

is a oomplmc problem involving a great many parameters and hence, con­

clusions regarding the significance ot these parameters are dif'fiault 

to obtain. 
(1) 

Crack development can be defined 1n three stages according 

to the cause. In the first stage, primary cracks develop as a result 

ot stresses caused by sb.rinkage, corrosive effects and low nexural 

loads in which the steel stress is well below 14 ksi.. Since these 

craaks form first, the;y naturall.3' will beoome the wiclest um.er 1ncreas-



ing load or age. In the second stage, secondary cracks develop due 

to the difference in axtansibility between the concrete and steel, 

and also due to the bonding forces that exist between the two. A 

steel stress greater than 14 ksi exists in this stage or cracking. 

In the third stage, no further cracks .form: therefore, this stage is 

referred to as the equilibrium stage. Since no rurther cracks .torm 

as the load is increased, the existing cracks widen. At this stage, 

the steel stress is usually greater than 30 ksi. 

'lbis dissertation considers the second stage of cracking and 

its infiuence on primary cracks. '!he width of the primary cracks 

depends on the last t"WO stages. I.t no secondary' cracks form, which 

means the primary cracks are at the minimum crack spacing, the primary' 

crack width woul.d be equal to the ditf'erences in elongation of the 

steel and concrete between cracks. But, since secondary cracks do 

form in alIOOst all oases, the primary oraak width will depatd on the 

number of secondary cracks that foxm between primary cracks. 

This dissertation uses as its experimental DX:>del, the axially 

reinforced concrete cylinder, in tension, to study the ef.tect of bond 

distribution on crack width and spacing. 'Ihis model has been used by 

many researchers, both in this country and in Europe. 'lhe ~ical. 

DX:>del is a finite element representation of the axially reinforced 

concrete cylinder in tension. 'lhe results of the analytical DX:>del 

are then evaluated to deterndne a prediction equation tor crack width 

and spacing. 'lhese equations are compared with a large volume ot 

data fl-om beam tests recorded in the literature. A statistical. 

anal.¥sis is also made ot this large volume ot data to determine the 



important physical parameters. A prediction equation is al.BO dwel­

oped from a non-linear regression analysis of this data. 



II. UTER.ATURE REVIEW 

To review the literature before the introduction of defomed 

reinforcing bars seems quite useless and, therefore, only a few 

comments will be made concerning tests on moooth or plain bars. All 

investigations on cracking in which defomed bars are compared with 

BilX>oth bars, it was found that the llX>dern defomed bar was a much 

better crack size reducer than any other bar except a threaded bar. 

It is quite obvious that threaded bars have an economical disadvan­

tage because of their high cost in comparison to the defomed bar. 

'lhe literature has been reviewed with the basic assumption that 

deformed bars are the best bars for practical constru.ction. 

'lb.is chapter will be divided into two parts, theoretical and 

experimental. 'lhese sections will not be mutually exclusive, as the 

same study might well appear in both. 'lhe theoretical section will 

deal with the analytical representation of the cracking phenomena as 

it has been developed in the literature. 'lhe experimental section will 

review experimental data recorded 1n the literature. Major parameters 

and the range of study will be included, along with basic conclusions. 

'Iheoretica1 

One of the first theoretical investigations was reported by 
(2) 

Watstein a.rxl. Parsons in 1943. It dealt only with symmetrically 

reinforced concrete prisms subjected to axial. tension. 'lhe basic 

assumptions for the development of their theory were a 

1. 'lhe steel stress does not exce_ed the proportional l1m1t, 
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2. The steel is uniform in size and shape, aJXl continuous 

throughout the length ot specimen, 

3. The tensile stress in the concrete is unifonnly distri­

buted across the cross section, aJXl 

4. The strain in the concrete is proportional to the stress. 

Even with these restrictions, Watstein and Parsons• theoretical 

evaluation of oracle width and spaoing is very important and, therefore, 

is reviewed in detail. 

Using the ioodel show in Figure 1, which is a tensile seotion 

between oracles, the tensile stress in the concrete f'tx at a distance x 

from a orack, is equal to the force transmitted by bond divided by the 

ooncrete area, or 

[ u dx ::: !!:£ 
X D 

* where N = number of reinforcing bars 

D ::: diameter of' reinforcement 

A ::: concrete area 
C 

x a distance along specimen .from primary crack 

'1x = bond stress distribution 

2 
p = percentage of' steel, NTT D /4A • 

0 

(1) 

'.I.ban the stress in the reinforcement t at a distance x from a primary sx 

* Notation is defined when first used and also in Appendix A 
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crack is given by 

X 

f = t NlfD 
sx s - --x;- I udx=t -! 

X s D 

0 

(2) 

where f = tensile stress :1n the reinf'orcement at a crack 
s 

A = area of reinforcement. 
s 

It can be shown from experimental investigations that the maximum 

ooncrete stress ocO'llrs between two existing cracks at the midway 

point along the longitudinal axis, or at L/2. It in &J.uation (1) x 

1s set equal to L/2 8l¥i ft.x equal to the tensile capacity ot the 

concrete f't' the equation becomes, 

L/2 
:r• = !tI?. r u dx 
t D J,. X 

0 

(J) 

where L = maximum possible crack spacing. 

~uation (J) is the defining equation £or maximum crack spacing. 

Of course, the boni stress distribution mu.st be defined be.tore the 

spacing can be oaloulated. Quite obviously this is a basic problem 

which will be discussed in tuller detail later. 

Watstein and Parsons make a variable transformation to s1 mpJ 1 :fy 

the equations. Using the .tact that the bom stress distribution oan 

be expressed as 

u = u t(x/L) 
X m 

Where u = maximum bond stress 
m 

(4a) 



and a1so letting 

Q = x/L 

F.quation (J) beoomes 

.!. 

fl = ~ f 2 
f (Q) dQ 

t D 
0 

(4b) 

(S) 

This expression can be solved :for Land the general solution is 

C :f1 D 
L = 1 t 

u p 
m 

where 1 C =---,.-----
1 4f' i'(Q) dQ 

(6) 

(6a) 

Watstein and Parsons continue their theoretioa1 presentation by 

defining the slip per unit length as the ditf erenoe between the 

strains in the steel and concrete or 

t _nt 
s = sx tx 
X E 

s 

wheres =slipper unit length 
X 

n = modular ratio E /E 
8 C 

E = modulus of elasticity tor steel. 
s 

(7) 

The crack width then can be determined by sw:mning a1l of the unit 

slips f'rom zero to L or, because of ~etey abo~t L/2, 



(8) 

where W = maximum crack width. 

Combining all of the above equations gives the genera1 solution 

for the maximum crack width due to axial loading, 

W = \ f~ [ f - C £1 (l/p + n)] 
up E s 2 t 
m B 

(9) 

(9a) 

If' Equation (9) is set equa1 to zero, the following expression 

for f results 
s 

f = C fl (1/p + n) 
so 2 t 

(10) 

where f = theoretioa1 va1ue of steel stress at first cracking. so 

At first glance, this seems to be the steel stress at which cracking 

first ooours, but this is onl.y an extrapolated va1ue. It does present 

a good way to evaluate C experimentally. C must a1so be eva1uated by 
2 l 

experimentaJ. methods, smoe no direct solution exists at present. 

Wa.tstein and Parsons made the follow.1.ng CODDllents on their theoreti­

cal. presentation z 

l. Perhaps the largest errors are those in estimates 

of n, as the strains are not proport.iona.l to the 

stresses as was assumed. 

2. Since shearing et.facts were not included, Fiquation 1 
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over-estimates the tensile resistance of the concrete. 

J. Also by neglecting shearing deformations, the Vari.a• 

tion of tensile stress in the concrete is neglected. 

ActuaJJ.y the concrete stress is greatest ne.xt to the 

reinforcement, and diminishes as you move away .from 

the reinforcement. 

Reis and Boresi (3) presented experimental data which oonfirms Watstein 

and Parsons' third comment. 

The next important contribution to the theory of crack formation 

was made by Hognestad (4 ) in 1962. He disousses the random nature of 

craoldng and explains the concept of minimum and maximum spacing of 

oracks. '.lhe minimum spacing, L • is reached when a tensile force ot 
m 

sufficient magnitude to form an additional crack between two existing 

cracks can no longer be transmitted by bond f'rom steel to concrete. 

'Ille maxinru.m spacing L then is equal to twice the minimum spacing or 

La 2L 
m 

(ll) 

Using the above information and an approach sim1l ar to Watstein 

and Parsons, Hognestad derives the .toll.owing equation f'or rna:dvo1rn oraak 

spacing 

f 1 A D 
L = t e 

r1 u 2A 
m s 

where A = effective concrete area in tension 
e 

r = f'actor re.t1eoting boxn distribution 
l 

(12) 
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_He also develops an equation £or maximum crack width 

(13) 

where p =A/A (l;a) 
e S e 

K = 2r u E /£1 

1 1 m s t 
(lJb) 

It should be noted that 1n Hognestad. 1 s dE1V'elopmant, the elongation 

of the concrete is neglected. Also, the quantity A is not defined 
e 

precisely and, therefore, the accuracy depends a great deal on de!ining 

this effective concrete area. 
(5) 

Bresler and Bertero presented a finite element approach to 

oracld.ng in reinforced concrete. 'lhe idealized specimen consisted 0£ 

steel, bond and concrete elements. Since the finite element programs 
(6) 

presented by Wilson handles combinations 0£ materials, the ideali-

zation is accomplished by assigning the proper modulus of elasticity 

and Possion1 s ratio to each elem.ant type. 

'lhe steel and concrete elements are as usual, but the bond element 

had a reduced m:>du1us of elasticity and an increased Possion1s ratio 

( E = 270 ksi, -v= 0.495 ). 'lhese values are approximately the same 

as £or rubber. They report that only limited tests had been run, but 

the results seemed to compare quite favorably with their experimmtal 

data 1n certain areas. 
(7) 

Broms presented a very interesting theory about the exteot of 

.flexural. cracks using oircles inscribed between oracles. Figure 2 shows 



(a) 

(b) 
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(From Reference 7) 

FlGURE 2. Mechanism of Tension Cracldng 1n Flemral Members 



a typical beam "With constant moment region and its crack pattern as 

indicated by Broms. He explains that on the circumference of ea.ch 

circle, the concrete stress is zero. Inside the circle, there are 

tensile stresses and outside compressive stresses exist 1n the concrete. 

The (b) pa.rt of Figure 2 corresponds to experimentally recorded com­

pressive strains between cracks on the surface. The secondary cracks 

of second order do not reach the surface as indicated in F.i.gure 2(b). 

He also indicates that this theory can be applied to axially rein­

forced tension me1nbers. 

Ngo and Scordelis (B) presented another approach to the problem 

ot cracking in reinforced concrete beams using finite elements. 'Ihey 

developed a bond element sho-wn :in F.i.gure J which consisted of linear 

springs in two directions. They use this element to calculate deflec­

tions 1n beaillS and found their results matched quite well with experi­

mental data. 

The biggest draw-back to Ngo and Soordelis1 element is deter­

mining values £or the stif.tness of the springs. There is not mu.ch 

experimental data available to evaluate these stiffnesses, espeajaJJy 

:in the perpendicular direction. They used a range .f':rom 1.8 to 2.6 

J 
x 10 kips per inch for the stifi"ness paralJ.el to the steel and 

"a very high number" for the stiffness perpendiaular to the steel. 

The most recent verification of the use of finite elements 1n 
(9) 

reinforced concrete research was recoiued by Nilson :in September, 

1968. He developed an analytical nod el which permits the inclusion 

of (a) the infiuence of reinforcement, (b) changing topology due to 

progressive cracking, (c) realistic bond stress transfer between con-
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(From Reference 8) 

F.IGURE 3. Born Linkage Element b;y Ngo and Sool'd.el.18 
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crate and reinforcement, and (d) nonl:inea.r material properties. His 
(8) 

bond element was the same as the one developed by Ngo and Scordelis • 

Using this bond element, Nilson checkad his analytical model against 

experimental results of Broms (?). The comparison was quite favorable 

and Nilson concluded that his model -was correct. One interesting point 

of infonna.tion which was obta.inad, was the measuring of bond destruo­

tion. This length of bond destruction ini".l.uences the concrete steel 

and bond stresses. 

His concluding remark was: "A i':inite element analysis of' rein­

forcoo. concrete behavior provides a vaJ.uable supplement to laboratory 

investigations, and may lead to important changes in methods of design. n 

'Ihis is an important concept 'Which was emphasized in the development 

of this dissertation. 
(10) 

In 1966, Gergely and Intz presented a new approach to the 

analysis of crack .formation. They took existing data and analTZecl 

it statistically to obtain a prediction equation for maximum era.ck 

width. It was not a standard statistioaJ. analysis because they used 

other investigators• combinations of va.ri.a.bles and triecl to find some 

other combination which best fitted the large mass of data already 

recorded :in the literature. 'lhis required that some combinations be 

transformad into log-equations so that a linear regression analysis 

coul.d be performecl. The trans.formecl log-equation tends to SDX>oth out 

t he data and because of this will give questionable results when the 

range of the data is more than one log cycle. The foll.owing major 

conclusions were reached regarding the factors atfeoting the crack 

width: 
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1. The steal stress i s the most important variable. 

2. The cover thickness is an important variable, but 

is not the only consideration. 

J. The bar diallleter is not a major var:i.a.ble. 

4. 'Ihe bottom crack width :inorea.ses 'With the strain 

gradient. 

5. T'.aa major variables are the effective area of con­

crete, the number of bars, the side or bottom cover 

and the steal stress. 

Experimental 

(ll) , 
Clark :in 1956 reported test results on 26 beams and 2B 

slabs. Crack width and spacing~ recorded £or each beam at seven 

di££ erent stress levels .from l.5 ksi to 4.5 ksi :in .5 ksi steps. There 

were only two different total depths, l.5 and 23 :inches, both 'With a 

constant w.tclth of six :inches. 'Ihe beams had either one or two rein­

forcing bars 'Which varied in size from number six to eleven. The 

concrete strength was relatively constant from beam to beam. 'llie 

concrete cover varied because of bar sizes, bu.twas relatively con­

stant in each dittarent height group. 

C!lark uses his data to evaluate Watste:in am Parsons• <2 ) con­

stants C and C and obtains C as a function of cover/depth and C 
1 2 l 2 

as a pure constant. He than uses these constants to predict orack 

spao:ing and width, but .found considerable scatter in the data.. His 

qualitative conclusions are in agreement with DX>st researchers, and 

they can be stated as follows: 
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1. Average crack 'Width is proportionaJ. to the product of 

D/p and (h-d)/d, mere D is bar diameter, p is steal 

percentage, h is total height and d is d~pth of the 

beam. 

2. Average crack w:i.dth is proportion.al to the :increase of 

steal stress beyond that causing initial crack:ing. 

J. Average crack spacing decreases rapidly 'With an increase 

in steal stress beyond that causing the first orack, and 

4. Average crack spacing approaches a constant value at 

"high II steel stresses. 
(12) 

In 19.58, au and Kirstein presented test results on 16 beams 

at six different stress levels from 15 ksi to 40 ksi in 5 ksi incre­

ments. This resulted. in 86 data points 'Which could be used. to evaJ.u­

ate analytical resuJ.ts. The :major parameter studied in this investi­

gation was concrete strength, 'Which was va.r:i.ed .from 2000 psi to 6000 

psi. 

Both crack width an:l spacing were recorded. at each stress level, 

'With the exception of a few cases 'Where roodings were not recorded. 

The width of cracks was measured. using six-inch Tuckerman gages. 'lli.e 

authors reported a complication -which led to a great deal of discussion 

·which 1-d.ll be reviewed later. The complication was due to the six­

inch gage length o! the Tuckerman gages. Si.nee the minimum crack 

spacing was less than six :inches in oost beams, the gage actually 

covered irore than one crack :in some beams. This required the authors 

to exercise judgment in decicung which gage readings to use in deter­

mining average and ma.x:imwn 1-ddth.s of oracles. 
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Chi and Kirstein summarize their wrk uith the follow:1.ngz 

1. The m:i.n:imum average spacing of cracks was found to be 

Pl"O]?OrtionaJ. to the product of the diameter o:r the rein­

forcing bar and the ratio of the asSUllled effective area 

to the fully-developed area of concrete. 

2. The average width of the cracks at the steel is given 

by the product of the a.verae;e nci.nimum spacing of the 

cracks and a. function of the computed steel strain. 

:,. Concrete strength has practically no effect on the 

formation of cracks. 

Bertero(l;) arid Borges(l4 ) while discussing the article by Chl. 

and Kirstein (l2) comment on the problem of measuring era.ck widths w.i.th 

the Tuckerman gages. They both indicate that this method automatically 

neglects the tensile strain in the concrete. In the original article, 

the authors had justified. this method of measur1ng crack w.1.dt.h because 

the tensile strain in the concrete is quite smaJJ. mxl even compressive 

strains m:3:Y a,d.st between cracks. 'lhe discussers also indicated that 

the actual measuring of the orack w.i.dth was open to too l!Dlch judgment 

and, therefore, was not good experimental procedure. But, in Qrl. and 

Kirste:in 1s closure, they indicated that since ma.x:iJmJ.m crack widths was 

the important measured quantity, the 'l'llckerman gage was good enough. 

In most cases, the era.ck of maximum w.i.dth wa.s set apart from all. other 

cracks and, there.fore, was usually al.one inside the gage length. 

Bertero(l;) BJ.so takes issue w.i.th C:tl and Kirstein(l2) over the 

compressive strains they reported between cracks. 'lhe authors explained 

in their closure that perhaps this phenomenon can be explained in the 
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foD.ow:ing ·way: After cracks become numerous and close to one another, 

tho flo.:m.ral stresses between successive cracks diminish, and the 

stresses a.re predominately due to shear between reinforcement and 

concrete. i-1ldl.e this phenoraenon is not yet fully 'W1derstood, it is 

conceivable that the distortion due to shear can produce either com­

pression or tension on the face of the beam. It nn.ist be understood 

that theso a.l"e smaJ.l strains. 
(4) 

I.n 1961, Hognestad presented experimental data along with 

his theoretical developments, ·which have already been discussed. His 

experimental investigation studied the foll.owing parametersz 

l. Bal• diameter 

2. Beam 'Width 

.. 3. Beai,1. depth 

4. Concrete cover 

'Iha effect of these parameters on crack width and spacing was studied 

by t esting 36 beams. Each of the above beams had crack width record­

ings at steel stress levels of 20, 30, 40 and .50 ksi• and crack spac­

ing at a steel stress of 30 ksi. 

Ho gne stad drew the following conclusions from his axperimantal 

investigation: 

l. Ma .. "Ci.mum crack width is ossentia.J.J.y proportiona.1 to 

steel stress. 

2. Haxinn.uu crack .-r.i.dth is esaentiaJJ.y independent of 

concrete strength, beam width and beam depth. 

3. Hrud.mum crack w.i.dth is strongly influenced by the 

thickness of concrete cover. 
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4. Maximum crack width is not directly proportional to 

crack spacing. 

Th f th cl • d t -'th Chi --..i Kirst"'~""''s(lZ) e our con usion oes no agree v,..1. auu. ~ 

second conclusion presented earlier. It seems that Hognestad I s is 

backed by a theoretical analysis by Thlsch and Rerun (l5 ). 

In 1965, Broms(?) reported. an investigation using 37 tension 

members and 10 floxu.raJ. members in vmich crack width and spacing 

were recorded. Broms first tested very long tensile specimens to 

determine l1linimum spacing of cracks, then tested a. small member with 

the minimum era.ck spacing as its length. In Part ll of his article, 

he records crack spacing for 15 beams and 10 tensile speoimens at 

steel stresses of appromiately 30, 50 and 70 ksi. 

Broms meaSUl .. ed inter-n.al cracking in a few specimens by injecting 

a resin EFOCAST 530 into the specimen at the maximum load. 1he applied 

load was mainta.ined 'While the specimen was coated 'With resin and 

allowed to dry. 'Ihis sealed all exterior cracks and also one end 

of the preformed chamlel through which the resin was injected. '.me 

load was maintained while the resin was injected under pressure and 

hardened, thus preserving the total crack pattern. Later tho specimen 

was cut open paraJJ.eJ. . to the reinforcement by means of a diamond saw. 

AlJ. cracks, maintained in their original shape by the hardened resin, 

were observed ar.d examined by a hani microscope. A munber of cracks 

were observed which never reached the exterior of the specimen. 
(5) 

Bresler and Bertero reported an investigation of load his-

tory on cracking. 1hey instrwnented the rein.forcing bars by splitting 

them and miJJing a groove for eleotrical. strain gages. '.lhe bars were 
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welded together and ca.st in the specimens. When the specimens ware 

tostoo., steel strain could be recorded aJJ. along the length of roo.n­

.forcemc.. t. The typical shape of this distribution is shown :in 

F.igure 4. 

Thay concJ.uded from their tests that repeated loads ca.used 

decay ot the bond between steel and concrete. This means that load 

history affects the crack 'Width and spacing and, therefore, must be 

oonsidored in design. 



ID. STATISTICAL APPROACH TO CRACK FOPJ1ATI0N 

The idea of a statistical approach to cracking has been men-
(10) 

tioned by a nm.:ibor of authors, but only Gergely and :Wtz have 

taken tJ1e idea and used it. With the large mass of data. already 

recol.'tlod, it would seem quite :i.nfonnative to anaJ.yze it statisticalJ.y. 

'.Iha basic objective of this chapter is to obtain information about 

the major parameters in crack formation and, if possible, to obtain 

an equ.a.tion 1-mich llil1 aocurately predict crack 'Width and spacing. 

The first part 1-r.iJ.l be a general discussion of the statistical 

procedure used and the last part -will describe how this procedure 

was used and the results. 

The basic statistical approach was a non-linear regression 

analysis developed by R. c. Heterick (l6). Heterick used his aJ.gorithm 

to obtain design equations by using as data 11good II designs obtained 

:in the conventional uay. He generated enough of this data to apply 

his algorithm and obtain very accurate design equations. AS he notes, 

this algorithm can be used •with e.xperimentaJ. data. 

In simple terms, the algorithm takes a set of data and proceeds 

to .fit it :into the .t'onn 

a 
Y=a +X 1•x 

0 --i 2 
a a a 

2 • X J • • • X n 
J n 

·where Y is the dependent variable 

x1 are the independent parameters 

a. are the determined coef.t'ioients for best fit. 
i 

- 23 -

(14) 
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'lhe first step is to make a log transf'ormation so that a step.wise 

linear regression analysis can be run. 

To explain steP-wise linear regression, the toll.ow.1ng example 

with only three parameters will be used. 

a a a 
Y-a =X lX 2X J 

o l 2 J 
(lS) 

lhe log trans.formation becomes 

log (Y - a ) = a log X + a log X + a log X (16) 
o l l 2 2 J J 

Fbr convenience, the log tems are written as b terms, so that, 

Y1 =ab+ab+ab 
l l 2 2 J J 

(17) 

'lhe algorithm begins with b , b and b and runs the regression on 
1 2 J 

each indepanclently and determines which one best represents Y1 • Fbr 

illustration, say b is best. So now, the algorithm takes b + b 
2 2 1 

and b2 + b'.3 and checks to see which ot these is best. ADi again tor 

illustration, assume b + b is best. 'lhe last step is to add b or 
2 J 1 

check (b + b3) + b for its contribution to best fit; if it does not 
2 1 

improve the fit, then b1 is not a statistical.J.y- important parameter. 

'lhe .rina.l. model wou1d look like this 

ya = a b + a b 
2 2 J 3 

(18) 

'lhe algorithm then defines the constants from the last regression 

anal;ysis. 

'lhe most important process begins now with the non-linear 
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regression analysis by iteration. Using the statistioal.ly important 

parameters and also the values of the constants from the first 

approximation, the regression analysis is performed.. 

The final results are an equation of the form of Equation (14) 

and an indicator of goodness of fit, the correlation ooefticient, R. 

R is defined as: 
J.. 

n 2 n 2 2 

L Yi - l: e 
R= i=l i=l i 

n 2 
!: Yi 
i=l 

where Y = individual value of the dependent variable 
i 

e 1 = error of approximation. 

(19) 

R is maximum, when the fit is very good, but always less than or 

equal to one. If equal to one, the calaulated and actual values are 

identical. 

Care DDJ.st be taken in analyzing the reSlll.ts from this approach 

'Whan experimental data is used. Important statistical parameters are 

not always important physical parameters. Knowledge o:t the data set is 

extremely important when drawing conclusions from this algorithm. 

The data used in this algorithm were discussed in Section II 
(ll) 

but will again be listed. Clark • reported results on 26 beams at 

seven different stress levels g1 ving a total of 182 points. This was 

reduced to 165 points because some readings were not recorded. Qd 
(12) 

and Kirstein presented test reSlll.ta on 16 beams at six dif'feNnt 

stress levels giving a total. of 96 points. 'lb.is vaa reduced to 87 • 
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because again some readings were not reoorded. Hognestad (4) pre­

sented results on 36 beams at four different stress levels giving a 

total of 144 points. Seven beams were not incl.uded because they­

contained plain bars, leaving a total of UO points of reoorded. data. 
(?) 

Broms reported on 15 beams at three stress levels or a total ot 

45 points, but again four points are not reoorded leaving onl.3' 41 

points. 'lhe gram. total of data points was 40J. 

These 40J data points were statisti~ ~eel using Heterick1s 

algorithm. From the results of this anal¥s1s some data points were 

rerooved. 'lhe basis for r8DX)Val was that the point was three or mre 

standard deviations away from the cal.culated value. In mst cases, 

these ''bad" points were at very low or very high loads. Other "bad• 

points were from a singl.e beam at d1£ferent l.oad l.evels, imicating 

a possible "bad" beam. 'lhere were onl.3' 26 such points in all of the 

data, leaving a total of 378 points .tor the .t1nal statistical anal1m.a• 

'lhe depend.mt variabl.e in the algorithm was the maximum crack 

width mn the independent parameters werea 

1. steel. stress • 

2. Bar diameter 

3. Total depth of beam 

4. Width of beam 

s. Cover 

6. Concrete compressive strength, and 

7. Number of barse 

None of' the above were rejected. as insignificant parameters with 



the follow:i.n~ al~rithm constants: 

1. Hininn.un F ratio of 1. 0 

2. 1-3..ninil.lill correlation coefficient :i.Dlprovamant of 

0.0001, and 

J. The lea.ding constant held invariant at zero. 

The correlation coefficient from the linear regression was 

0.9992 which is quite good, but from the more ex.act non-linear 

regression, it was only 0.981. 'mis points out the error in using 

the log transformed linear regression on arr:/' set of data. 'Ille 0.981 

ind.icatos that the fit is not perfect, but that it is a. good fit. 

'Iha following equation is the :f'inal result: 

1.29 
W = 0.000012 (f) 

s 

0.738 
(COVER) 

0.183 
(D) 

-O.l.82 
(N) 

where W = crack width (inches) 

f =steel.stress (ksi) 
s 

h = totaJ. depth of beam (inches) 

b = width of beam (inches) 

COVER= concrete cover (inches) 

o.883 
(b) 

f 1 = concrete compressive strength (ksi) 
C 

N = number of bars 

(20) 

Heterlck 1s algorithm was aJ.so used to obtain a prediction 

equation for crack spacing using the same independent parameters and 

constants. 'Ille correlation ooefi'iciant of this fit was 0.949. 'Ille 
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crack spaci.."'lg was determined to be 

-0 • .560 
L = 7.84 (f ) 

o.443 
(h) 

-0.835 
(n) 

a s 

o.488 
(b) 

0.064 
(OOVER) 

-0.612 
(D) 

'ti.aere L = average crack spacing (inches) 
a 

the other para.meters were def:ined above. 

It should be noted that these equations only de.f':i.ne era.ck width 

and spacing :in a region of constant roment. Near:cy- all recorded data 

is on beams -with constant ~ment section. No data points :tor concen­

trated Ol"' uni.form loads could be found to examine. 'lhis equation 

could po ssib:1.¥ be ext anded to :include these loading conditions by 

:including a shear term. 

In addition to the prediction equations, the statistica.l analysis 

also indicated the parameters of major importance. This could be 

determined by observing F ratios given by the algorithm. The follow­

ing four were found to be of major importance in both crack width 

and spacing: 

1. stea1 stress(£) 
5 

2. Concrete cover (COVER) 

J. ½"'id.th of boru11 (b) 

4. TotaJ. depth of beam (h) 

'Iha effect of each parameter could be ascertained !rom the tinal 

equations. Fbr example, crack width varies directly with steel stress 
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and :inversely 'With the nUlllber o:r bars. Similar statements can be 

lll.'.l.Cie concorn:ine crack spacing also. 



IV. DETEPJ1INATION OF OOND STRESS DISTRIBUTJOH 

The two basic quantities 1lb.ich noed to bo evaluated before 

crack "i·r.i.dths c~ be prroicted ai'e bond stress distribution and 

effective concrete area. These two are interdependent and, there­

fore, if ono is defined, the other can be reduced .from the recoi'd.ed 

data on crack w:i.dths. filnce the steal stross can be determined in 

tho laboratory and then converted to bond stress, it was decided to 

define the bond sti"ess dist1'1.bution first. To do this, ru1 ana.J.yt;i­

cal and an experimental m::>del were ei,iployed. 

Analytical Hodel 

The analytical m::>dol was a digital computer program using a 

finite aler.i.ant program developed by Wilson (6) for the analysis ot 

axiS'JtlillOtric solids. Hilson I s program wa.s amended to accom::>date 

tho l~go and Scordalis (8 ) bond element 'Which was discussed in the 

Section II. .Additional logic was added to calcuJ.a.te bond stress 

along the steel and the totaJ. force in a concrete layer. 

Input is by cards "With the following order, 

l. F.irst card - ioonth, day and year in first s:1x columns 

without any blanks and in column eight the materiaJ. 

number of the steel. 

2. Second card - heading to identify the problem. 

3. Third card - munbor of nodal po:ints, elements, materials 

and presSllre cards in I5 format, and in column 45, the 

number of approximations needed for the non-linear ~sj_s. 

- 30 -
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4. lfo.;..,"t emus - materiaJ. properties for each mater:i.al. 

5. lJe).-t ca.rcls - nodal points ro-.d locations. 

6. Hoxt cards - element mcidences and material nwnber. 

7. Ho.."d to last ca.rd - pressure card for load. 

8. Last card - bond in.formation; one (l) in column five 

if the force on a. concrete la.yel'" is needed, and :lJ1 

the next ten columns, the nUillber of concrete 

elements in a. lnyer, and the number of layers both 

:in I5 format; following this :in F5.0 format the width 

of the concrete elements. 

Output from the program includes the follo1-r.l.ng: 

1. Nodal displacements in the l.._ and z- directions, 

2. Element stresses and strains in the i- and z- directions, 

J. Pr:i.nciple stresses and their angle of inolination for 

each element, 

4. E.aximum shearing stress in each element, 

.5. Bond stress distributions, 

6. Force in each concrete layer and 

7. If Ngo and Scordelis1 bond element is used, the force 

in that element. 

'.lhe first three items listed are usual output and w.UJ. not be dis­

cussed. 

The fourth one above, maximum shearing stress , is easily caJ.cu.­

lated by dividing the difference between principal stresses in the 

r- and z- directions by two. This quantity was calculated because 

the pbotoelastio resuJ.ts are shearing strains, mich can be con-
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ve:rled to stress quite easily. 

Nwnbor five, bond stress distribution, is calculated by llllll.ti­

plying the dif.f erence in steal stress between t.-10 adja.oent steel el.e­

r.en.ts with constant r by the steel area. Th.is .force is then divided 

by tho surface area of the steel giving a bond stress. 

'Ihe sixth one, force in a concrete layer, is found by integrat­

ing the stress in a layer of concrete, (concrete elements td.th constant 

z- coo rd.in.ate). 'Ihe stress is first multiplied by the appropriate r­

coorclinate, then integrated using Simpson I s NJ.e extended to a. power 

one less than the number of elements in a layer. > 

Humber seven is determined only ·when the Ngo and Scordelis 

element is usoo.. '1he bond force is determined by multiplying the 

net displacement of each end by the spring stiffness. 'lh:i.s is done 

for botJ.1 the r- and z- directions. 

To n:odel the bond between concrete and steel, a special type 

element was used. 'lhis bar bond element is shown in F.i.gure .5. It is 

a thin cylinder a.round the steel, connected. to the steel a.tone node 

and to the concrete at the node diagonally opposite. Material. pro­

perties of this element a.re: 

l. HoduJ.us of elasticity - same as steel 

2. Slope of plastic stress-strain curve - 0.001 times E 
s 

J. Yield stress - steel stress at the a.U.owable bond 

stress of the concrete. 

'lhe bar bond element allows elastic action to take place at low loads, 

but as the load increases, the bond element "yields" and plastic 

deformation occurs. Th.is can be handled in Wilson's program using a 
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direct it.erative approach as defined by Zienk:i.awicz (l?). 

The direct iterative approach assumes that the effeotive strain 

is the second strain inv~t: namely. 

and the affective stress is 

- l f=-
3 

(21) 

(22) 

where the subscripts indicate principal strains and stresses. The 

procedure can be defined with the above expressions and the £ollow.i.ng 

steps: 

l. Apply full load and cal.culate strains and stresses using 

elastic procedures. 

2. New values of E and -I a.re determined for each element 

according to its state of stress. 

3. 1m elastic analysis is performed. with total load; and 

the new elastic constants found in (2). 

4. Iterate steps (2) and (3) until desired accuracy is 

obtained. 

UsuaJ.J.y only four or five iterations were required for good resuJ.ts. 

This procedU11 e • is shown siamaticalJ.y :in F.i.gure 6. 

The yield stress of the bond element is defined as the steel 

stress at the uJ.tiraate strength allowable for the concrete bond 

stress, but not greater than 3.0 ks:i.. The ACI JJ.B-63 Code gives the 

allowa.bJ.e stress in the concrete £or tension bars oon:form:1.ng to AS'IM 
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AJ05 as 9.5 ftc/n for other than top bars. To oaloula.te the bond 

alomont yield stress, the allowable bond stress is nrul.tiplied by the 

surface al.'8c'.l for a. unit length and that force is divided by the steel . 

a.roa • .Fbr example, with the No. ll bar: 

D = 1.41 in. 

fl Sl 4075 psi 
C 

A = 1.56 sq. in. 
s 

Perimeter= 4.430 in. 

the uJ.t:i.na.te a.llowable bond = 9.5/407s/1.41 = 426 psi 

the bond force = 426 (1) 4.430 = 1890 lbs. 

the steel stress= 1890/1.56 = l2l2 psi 

the bond elamant yield stress = 1.21 ksi < 3.0 ksi 

'.lhe bond element yield values used in the theoretical nx>del are: 

No. 4 bar - J.O ksi 

No. 8 bar - 2.4 ksi 

No. ll bar - 1.2 ksi 



EXPERJJIENTJ,.L 

'D.10 test:ing program wa.s designed to ver:Lf'y the analytical :ioodal 

for bond transfer and also to avalua.te the stiffness of the 11X>del 

bond eleraont. Because of expense and time, a large statistical 

sample was not used. Instead the tests were set up in pairs of 

idontical half-cylinders so results oouJ.d be duplicated. 

The basic llX>dal used was the a.:idally reinforced concrete cylinder 

1dth tension applied to the reinforcement. To obtain concrete strains 

n8A-t to the steel, the cylind.or was "split". 'lhis was done by forming 

only half of the cylinder ai-ound the steel bar ( see F.i.gure 7). atnce 

the half-cylinder is unsyinmetricaJ., banding in the steel bar is 

possibl~. 'Ih.is will be determined by a set of strain gages located 

at the center on each side of the bar. If a uni.fom bending :roomant 

diagram is then assumed, the other gage readings can be corrected 

for banding• 

The do~t parameters in crack width and spacing were discussed 

earlier in re.ference to other investigations and aJ.so in the Section 

ID. 'lh.e lllOSt important are: 

1. steal stress 

2. Concrete cover 

J. The ·width of the beam 

4. 'lhe total depth of the .beam. 

From these parameters, it was decided to use steel stress and concrete 

cover as parameters in this study. V ary:lng steel stress was quite 
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simple using a testing machine. '.lhree different size bars were cast 

in the same size half'-cylinder, thus varying the concrete cover 

:t'rom 2.75 11 to 2.30 11 • 

l-hterials 

The concrete mix is probably best described as a DX>rt.ar (Table I). 

SmaJ.1 agt7ogate was used for trJO reasons: 

l. Tension samples were needed and the standard tension 

sample is quite smaJJ.. 

2. 'lhe photoelastic coating is oo sensitive that it picks 

up local strains around large aggregate and this con.:f.'u.ses 

the total strain picture. 

The reinforcing steel was obtained .from a construction job on 

the V.P.I. campus. It has rusted slightly, but otherwise was in good 

shape. Three sizes were used - No. 4, No. 8, and No. ll. From each 

size three two-foot pieces were cut. Two were to be cast in half­

cylinders, and the third was tested to obtain its stress-strain cu.rv-e. 

All of these curves are plotted in Figure 8. 

The No. 4 bars had all the ribs renx>ved .from the exterior side 

by filing and sanding. 'D:tls was in preparation £or strain gage appli­

cation later. On the concrete s::i.de, the ribs were only removed at the 

center and only for a distance equaJ. to the gage size. 'lhe No• 8 and 

No. ll bars were milled to remove the ribs on the exterior side. 'lhis 

left a flat surface £or strain gage application. On the concrete side, 

again as with the smaller bars, only a section at the center was 

cleared of ribs. The strain gage on the ooncrete side was afi';ixed and 
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TABLE I 

Concrete M:ix Quantiti,,es 

Retainod on Si.ave Weight 
lh.unbar Pounds 

10 0 

16 41.8 

JO .50.0 

50 7.6 

100 .6 

Total. 100.0 

Water 23.3 

Cement (Type 
llI A) 

;4 • .5 
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water-proofed before casting. 

Im. extra pair of No. 8 bars was cut and cast in half-cylinders 

to study the effect of a. era.ck on the steel strain readings. No 

photoeJ.astic material was used in these two tests and no strain gages 

on the concrete. 'Ihere nere 12 strain gages on the steel: one in the 

concrete and ll outside the concrete. '.lhese gages were on on~inch 

canters bee;i.iming at one end and going the entire length. (see 

F.i.gure 9 ). Preparation for the gages was the same as with the other 

half-cylinders. 

Each half-cylinder was ca.st m a nx>dii'ied standard steel 611 x 

12 11 nx>ld with a pl.a.st er f:UJ.er occupying haJ..f the area. 'lhe plaster 

filler was cast, dried and shaped by scraping and sanding. 'lb.e steel 

was pl.aced m a groove in the pl.aster and two pieces ot Masonite were 

placed beside the steel on the flat surface. Care was taken to leave 

only ha.l..f of the steel bar above the :r.iasonite. A thin piece ot card­

board was attached to the Masonite and both were taped to the plaster. 

'lhe steel was also taped down to the plaster to hold it in pl.ace. 'lhe 

611 x 1211 steel l!X)ld was m:xli.fied. using a faJ.se bottom, leaving only 

ten inches of length. 

The concrete was mixed by hand and 'b-10 hal..t'-cy-linders were ca.st 

at the same time, along with six compression cylinders (2 11 x 4 11 ) an:i 

eight tension samples. 'lhe forms were removed on aJ.l of the above 

after 24 hours in the ooist room. 'Ihey were then returned to the 

ooist room. When reDX>ved. from the mist room after another 24 hours, 

the first surface of the ha.lf-oyliixler was rubbed with a concrete 

f'inishing brick to obtain a .£lat sur.faoe, and also to 1"8JIX)Ve any .fines 
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that had worked to the surface. Sand paper was then used to get a 

SllX)Oth surf ace. .AD. specimens were then allowed to air dry for 

about JO hours. 

'Ihe photool.a.stic material. was obtained i'rom Photola.stic, Inc. 

and had the following properties: 

1. 0.12B :!: .002 :inches thickness 

2. K factor, 0.15 

J. Fringe order, 593 

4. Silvered back 

.5. Size 1011 x 10 11 

'Ihe photoela.stic sheets were cut to size to cover half the concrete 

surface (see Figures 10 and 11) ·with a quarter-inch gap between the 

steal and photoela.stic sheet. .Adhesive was spread over the concrete 

surf ace and aJJ.owed to dry for one and one-haJ..f hours. 'lhen a thin 

layer of adhesive was spread over the dry adhesive and the sheet was 

pressod. down until all air bubbles were worked out. Weights were 

applied on a. piece o:f' plyboard on the photoela.stio sheets to assure 

good bonding. 

Polyester base strain gages manufactured by University Precision 

l1aa.surement Co~ were used to measure the steal stress and al.so aa 

a check on the photoelasticity results. Two gage lengths were used, 

0.28 and o.40 inches. '.I.he shorter gages were used on the concrete, 

and the others on the steal. ApproJd.mate location of the gages is 

shown :5n F.i.gures 10 and 11. standard procedures were used :5n bonding 

the strain gages to the steel and concrete. 

'lhe strain gages !or the tests 'Without pbotoelastic material were 
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obtained from BCS Associates. Inc. 'lhey were paper base gages 'With 

a gage length of 0.25 inches. 

Table II contains a SUD'DJla.l"Y of data. on ea.ch hal.£-oylinder. 

Tes;J2ing Apparatus 

Testing of the half-cylinders was done on a Tinius Olsen 

hydraulic machine with a capacity of 120.000 potmds. 'lhe steel was 

clamped in the jaws of the machine leaving three inches between the 

b.alf-cylinder and the jaws. Tension was applied to the steel bar by 

DX>v:i.Jlg one head of the :machine ·with the other head .fixed. 

The strain gages were read using standard switching and balancing 

units. Only one compensating gage was used f'or all the gages on the 

steel and another compensating gage f'or the gages on the concrete. 

Each gage factor could be set on the recorder making the readings 

correct for each set of gages. 

A portable polariscope was used to obtain photoelastic results. 

'Ille light source was a 1.50 watt 'White light bulb. Three l.enses were 

attached just in .t'ront of the light source in the £ollowing order 

beginning next to the source: 

1~ Polarizer 

2. Quarter wave plate 

3. Fil.tar 

'Ille light passed through these plates and hit the half-cylinder and 

bounced baak. 'lhe light then passed through another quarter wave plate 

and polarizer. This last set of plates is called the analyzer. On 



TABLE II 

Test Samples 

Test Number of strain Gages Photo elastic fl 
Concrete (2) f steel 

E £ 1 E 
Number on Concrete on steel Hs.terial t 0 C y s 

1A 8 6 Yes o.,586 4.324 3.788 X 103 65.0 25.0 X 10 3 

1B 6 5 Yes 0.586 4.324 J.788 X 103 65.0 25.0 X 103 

2A 8 6 Yes 0.603 4.828 4.0C4 X lo3 47.5 27.8 X 103 

2B 6 5 Yes 0.603 4.828 4.004 X 103 47.5 27.8 X 103 

3A 8 6 Yes 0.660 4.075 3.678 X 103 57.0 27.8 X 103 

3B 6 5 Yes 0.660 4.075 '.3.678 X 103 57.0 27.8 X 103 

4A (1) 0 12 No 0.580 5.679 4.')40 X 10 3 47.9 31.5 X 10) 

4B 0 12 No 0.580 5.679 4.J40 X 103 47.9 31e5 X 103 

(1 ) 4A was slotted around its circumference on the center line of ·the half-cylinder to induce 
a era.ck. 

(2) E = w1•5 3Jfa_ 
C C 

I 

8; 
I 
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this pa.rticuJ..a.r nxxlel, the analyzer was about 1,5 11 m diru:neter 'With 

the quarter wave plate on one side and the polarizer on the other. 

The above setup was for a circul.a.r polarisoope which gave the best 

picture of the mrudinum shearing stress fringes. A sketch of this 

setup is sbo-wn m F.l.gure 12. 

To record the fringes, a 3.5mm, single reflex lens camera was 

used with a 50mm lens and Kodacolor X tilm. The camera was set on 

a t1--ipod just behind tha analyzer. A oolor chart with the priJna.ry" 

colors was used to establish a reference for analysis. About three 

pictures were taken at each load of zero, half of the steel yield 

stress and tuJJ. yield stress. 

A picture of the total test setup is shown m F.l.gure 13. 

Test Procedure 

'lb.a half-cylinders were placed m the testmg ma.chine and all 

gages connected to the recorder and zeroed. 'lb.a polarisoope was 

than set up as close to the halt-cylinder as possible. '.I.he camera 

was pla.ced just babind the analyzer and adjusted to obtain the proper 

picture. The tests were conducted at night 'Wilm the testing room was 

dark with the lights off. 'lhe only light murce was the light on the 

polariscope. 

F.a.ch test began when pictures of the color cha.rt were taken 

(see F.i.gure 14 ). The na:x:t three pictures were initiaJ., no load shots 

!or rei'erancmg the later pictures. 'lhe initial picture from Test 2B 

is sho-wn m Figure 1.5. After these pictures, the load was mcreased 

m steps of about 15 percmt of yield stress up to the yield stress 
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PS 

F.I:GURE 12. Fhotoel.astic Setup ( ~cul.ar-Cro ssed Pola.rlscope) 

Notation 

A - .Analyzer 
C - Camera 
F - F.Uter 
L - Light Wave 
P - Pola.rlzer 
PS - Fhotoal.astic S:ieet 
Q - Quarter Wave 
S - Source 

I 

'B 
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Figure 13. O:>mplete Test Setup 
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F.i.gure 14. Color Chart 
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Figure 1.5. Zero !Dad Picture Test 2B 

Figure 16. Final !Dad Picture Test 2B (f = 43.8 ksi) 
s 
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of the steel. Pictures were taken at about half of yield and again 

at yield stress. 'lhe final. picture .from Test 2B is shown :1n Figure 

16. 'Iha stra.:in gages were read and recorded at ea.ah step. It some­

th:ing unusual happened, a pioture was taken to record it. For example, 

in Test JA a crack formed behind the photoe.l.astic sheet. '.Ihis gave 

a vecy interesting fringe pattern "Which is sho'Wl'l in Figure 17. 

Two hal.f-cyllnders were tested ea.ch night and recorded on the 

sa.me roll of i'illn. The same procedure was followed for each test. 

After each pair of tests, the film was developed but not printed. 'lhe 

negatives were analyzed using an enlarger "Which projected the negative 

onto a flat surface. 'lhe enlarger was adjusted so that the projection 

was actuaJ. size. A piece of plain pape.r was used for the projection 

surface and the color pattern was traced onto it. F.l.rst, the mitial 

fringe pattem and than the final pattern were traced. vath these 

·two tracings and the properties of the photoalastio material, maximum 

shearing strains couJ.d be determined. 'lhis method was used on a1J. 

the tests ·with the photoelastio material. The shearing strains were 

than converted to shearing stresses for comparison with the ~cal. 

results. 

Test 4A was slightly di.ff erant in that the load l-ra.s increased 

on the half-cylinder until it cracked. lhe location of the crack was 

predetermined by a slot. After cracldng, the load was reduced to zero 

and the half-cylinder reloaded follow.i.ng the same schedu1e as the 

other tests. Test 4B was exaotly like 4A but with no slot. 

'Ihe strain gage data was recorded in micro-inches per inch. 'lhe 

data .from the gages on the steal were corrected for banding in the 
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Figure 17. F.t-:1.nges at Crack Test 3A 

<D 
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Q. .., 
V, 



plane nomal to the photoelastic surface by subtracting the bending 

strain record.Erl by tvro gages in the center of the half-cylinder. 

This, of course, assumes a constant banding m::>ment diagram along 

the steel 'Which seems reasonable. The only ben:ling coITected for is 

the banding in and out of the concrete. Ge.gas symmetric about the 

conter line were averaged SJJ1oe they wuld no~ experience the 

same strain. These adjusted strains were thm compared with the 

analytical. results. A complete set of data for each test can be 

found in .Appendix B. 

Comparison of Mxiels 

The comparison of the two rodels is a very important step toward 

the .final objective ot this research. It the analytioaJ. m::,del can be 

verified, than it can be used to generate data to determine the bond 

stress distribution. This section will be divided :into four parts, 

the first three coITesponding to the three c1if'ferant quantities 

measured in the e."tperimwtal tests, and the fourth a summary. 

Steel stiain ,Gage Results 

The strain gages on the steel gave very consistent results between 

the A and B half-cylinders in each test. In the first three tests, the 

steel distribution was a little different from what was e:x:peoted. The 

expected distribution is show.n :1n Figure 4 between either pair of 

cracks. Test 4 was introduced to determine if a oraak which forms late 

in the test has the same etteot as an initial orack. Test 4A had the 

initial orack and Test 4B was identical to 2A and 2B except for slight 



differences jn £ 1 and E • Si.nee the strain gages values wore averaged. 
C S 

aero ss the axis 0£ sylllilletry, only half of the distribution is pre-

sontod. In Figure J.8 it can be seen th.at there was a large difference 

between the cracked and uncracked half-cylinder. 'Ihis indicates that 

the stra.in distribution from the first three tests need not be 

exactly like th.9.t in F.i.gu.re 4. Ii' the length of the hal.1'-cylinder 

had been equal to about the average crack spacing, then the steal 

strain distribution ·would be like Figure 4. 

'lhe results of the third test are plotted in figure 19. 'lhe 

pomts were obtained by oorrectmg the stresses and strains from 3A 

and 3B to some central stress. For axampl.e, m 3A a stress level 

was 28.46 ksi and in 3B it was 28.00, therefore, the A strains were 

rounded off to 28.oo and multiplied. by re.oo/28.46, and the B strains 

by 2B.oo/2JJ.OO. 'Ihis gave tt-10 sets of data. for avera.~g at a stress 

level of 28.oo ksi. In .F1gure 19 the results of the comparison be­

tween the experimental and analytical. distribu.tions are shown. figures 

20 and Zl. show the comparison of Tests 1 and 2. 

Fhotoelastic Results 

The pbotoela.stic results were on the whole only fair, howwer, 

some specific tests were quite good. No results oould be obtained. 

.from Test 1A or 1B with the No. 4 bar. 'lhere was not enough stra:m in 

the concrete to show in the photoelastic material. lhe o~ exceptions 

being at the steel deformations w.ere some strajn oonoentrations could 

be seen. In Tests 2A and 2B, the results were complicated. by the many 

strain concentrations around the steel deformations. F1gure 22 shows 
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the results of Test 2A and Figure 2J shows the results of Test 2B. 

The right and le.ft sides were avei•aged to obtajn the paints shown 

in both of the above figures. Test 3A ani JB were the JJX)St suooess­

.ful with the photoelastic material. Figures 2# and 25 show tho 

results of Test 3A and 313, with right and lei't sides again averaged 

to get the photoalastio paints. 

Thero seam to be three reasons for tho photoelastio problems. 

'.!he first is the ba.sio problem of the non-homogenity of the conoreto. 

Pockets of incompletely mixed material cause strain concentrations 

·which confuse the fringes. '.!he sooond is that the photoelastic shoot 

is not sensitive enough to ref'.l.eot the small. strains 1n the concrete. 

'lhe photoelastio sheet used is the most sensitive standa.ro. sheet 

avajJahle commerci.aJJ.y. Moro sensitive sheets could be obtained on 

special. order, but their thickness may prohibit their usetulness. 'Ihe 

third is that the photoelastio material was too sensitive near the 

steel. Ne:d to tho steel, large stra:in concentrations at the defor­

mations were present and tended to oonfu.se the total fringe pattem. 

The numbers obtained .:fl.-om the pbotoel.a.stio results are subject 

to many errors, such asz 

l. Error in thickness, ± 1.5 percent 

2. Error in fringe order,:!: l percent 

J. Error in distinguishing colors from the negatives 

4. Error in putting a nwnber on a oolor since usually 

oncy- whole fringes were observed. 

Even with this error, the stress patterns obtained were usu.ally quite 

accurate. With this in mind, the experimental results oompared 
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favorably with the analytical. model. 

Concre,:te, Str.'.lin Gage Results 

The strain gages on the concrete were to be used as checks on the 

photoelastic results and also as points of reference £or the theoreti­

cal ioodal. None of the gages gave reasonabJ.e results. There seem to 

be a number of reasons for these poor read::Ulgs. One, is the non-hoioo­

ganity of concrete as discussed above. Other problems are the strain 

concentrations around the steel defonnations. 'lhese ca.use some gages 

to record very high strains and yet adjacent gages record o~ small 

strains. .Another problem is the wedging effect of the steel deforma­

tions as they try to slip through the concrete. 

Some very questionable tensile strains were recorded in the con­

crete. Gage 7 :in Test 2A recorded a tensi.J.e strain of 0.02 m/in. 

and Gage 13 recorded 0.01 in/m. in Test 313. In both cases, the 

symmetrical. gage recorded reasonable values. Because of the above pro­

blems, the concrete strain gage resu1ts were not compared with the 

analytical model. 

SummafY 
Good comparisons have been made between the experimmtaJ. and 

analytical. steel strains, bu.t concrete strains could not be compared. 

Thr this reason, comparison was made between the analytical. surface 
• (7) 

deformations and the surface deformations measured by Broms • In 

Part II of his article, he presented, m figure form, the surface 

deformation of a cylin:ler six inches :1n diameter and eight inches long, 



- 68 -

reinforced 'With a No. 8 bar. figure 26 shows the comparison and also 

gives DX>re information about the test cylinder. Since good agreamant 

is sho .. n1 here also, the an~cal. model. can be asswnod oorreot. 

In obtaining an equation for the bond stress distribution, the 

analytical nx>del was used to vary steel stress and the cover. 'lhe 

steel stress was varied from 2.5 to 40 ksi in 5 ksi steps. 'lhe cover 

had values of 1.0, 1 • .5, 2.0, 2 • .5 inches and x varied .from 0 to L/2. 

A total. of 96 po:ints were cal.cu.lated and used as data. in Heterick1 / 16) 

algorithm which was disau.ssed in Section m. 'lhe bond stress equa­

tion from this algorithm was 

1.36 
u = 0.000.539(£) 

X S 

-0.00'.34 
(COVER) (23) 

Since the exponent on OOVER is so smaJJ., it was dropped from the 

equation. 'lherefore, the final. equatiDn at this point was 

1.36 
u = 0.000.539(£) 

X S 
(24) 

This equation will be adjusted when the £in.al comparison is made between 

predicted and actual crack 'Widths. 
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v. DETERMINATION OF EFFECTIVE OONCRETE AREA 

'Ihe limit of the concrete area beyond which the bond stress has 

little effect is needed in the development of a prediction equation 

for crack width and spacing. Two approaches were taken to define 

this limit. 'lhe first, and simplest, was to assume that this ei"tect­

ive area is a constant. 'lhe second was to assume it is a function 

of X and f • 
s 

Constant 

Many investigations have dei"ined the effective concrete area 

A as the largest concrete area that is symmetric around the steel. 
8 

'lhis in a rectangular beam is equal to 2 {b(h-d)] • 

In the JJX><iel used in this investigation, the above definition 

does not apply; therefore, another was needed. Using the results trom 

the computer run which generated the data for the determination of the 

bond stress distribution, an effective area was calculated. 'lhe bond 

stresses were plotted at the different levels of t , cover and x; A 
S 8 

2 
was set equal to 41TD • '!his constant was al.most arbitraril.3 chosen 

because of the scatter in the bond stresses. At this point, this 

oonstant will. be used in a prediction equation, but it Jlla9' be refined 

after checking the prediction equation with the recorded data. 

Variable 

The more accurate approach to the effective area is to as8Wlle 

that it is a tunotion of t and x. Using the same data u in the 
8 
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previous section, the follow.ing procedure was used. With t constant, 
e 

the bond stress value at a particular x was recorded at dif.t erent 

distances from the steel. When there was less than one percent dif£er­

e:nco in tllO adjacent values, the distance .from the steel was recorded 

as a point on the boundary of the e££eotive area. Th.is procedure was 

oontinued over the ranges of f and x. Because of the ioodel, the area 
s 

was assumed to be a solid of r8V'Olution about the steel axis, which 

can be defined by a curV"e in the ~ plane. 'Ihe next step was to 

determine a curve 'Which best fits these points 8l'¥i from this detem:1.ne 

the ef'feotive area. 

It should be noted that i£ A is a .f'unotion of x, it n111st be 
e 

integrated. 'With u in Equation 
X 

(1 ), 

X 

f = N1TD f u /A dx tx X e 
0 

(1, repeated.) 

Since A is a .function of x and also appears in the denominator, a 
e 

simple .function is desired. 'Ihe curve determined by a polynominal 

regression for the boundary of the ettective area was a quadratic in x. 

'.Ibis quadratic expression must be squared before integration, making 

integration almost impossible. For this reason, a bil.inear curV'e was 

chosen to 8Xpress the boundary. 'lhe expressions for r are 

r = 6.5 - 2x 0<.xf-2 

'.Ihis gives the .foll.owing expressions for A : 
e 

(25) 

(2Sa) 



2 
A = 1TD 

8 

2 
(6 • .5 - 2x) /4 

2 
A = 6.2.5 1TD /4 

8 

- 72 -

'Where x and D are in inches. 

(26) 

(26a) 

The equations for effective concrete area are independent ot 

steel stress and of x, if x is greater than t;ro inches. 'Ibis means 

that there is a transition length of two inches from a oracle before 

the effective area becomes constant. 'Ibis transition length is 
(9) 

probably the length of bond destruction as described by Nilson • 

The above expressions are only valid for a single bar. I£ N bars 

are considered, the area would not be N times A , but something less 
e 

because of overlapping. An expression which would be correct for 

this overlapping would be very complioated and require the knowledge 

of the distances between bars, and both side am. bottom cover. It is 

beyond the scope of this investigation to re.fine the expressions for 

A any further. 'lhe values obtained from these equations will. in 100 st 
8 

cases be high. 



VI. PREDICTION OF CRACK FORMATION 

The objective of this investigation was to davel.op a prediction 

equation for crack width and spacing. 'Ibis chapter will. present these 

equations and also compare them with the recorded experimental data 

on cracks in reinforced concrete. 

Jx2tliction Efl¥tion • 

(2) 
'.Ihe basic approach was presented by Watstein and Parsons and 

appears in Section n, but the basic equations will be repeated for 

completeness. '.I.he concrete stress at any poillt between oracles, :rtx, 
is dei."ined as 

X 

:rt.x = Nll D l 
0 

"-x_/ A dx 
e 

(2?) 

'.I.he max::1mum concrete stress occurs at the canter (x = L/2) and 

cannot be greater than the concrete tensile cape.city (f1 ). So, if 
t 

ill Equation (2?), t is set equal to £ 1 and x equal to L/2, the 
tx t 

following equation resu1ts 

fL/2 
f 1 = NTT D u / A dx 
t X 8 

0 

(2.8) 

'.I.he unknown ill Equation (2.8) is the upper limit of the illtegral., L/2, 

'Wbioh requires that an explicit expression be founi for the illtegral. 

'.lhere are two cases to consider in the waluation of this inte­

gral. s the first, 'When A is assumed constant, and the second, when 
8 

A is assumed bilinear. 
8 
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Constant &J 

Assuming A is a constant ;d th respect to x allows A to be 
e e 

rOIOOveci from the :integral. in ID.i.uation (27). The bond stress distri-

bution determined in Section IT tm.s 

1.36 -0.245 
u = o.000539(f) (x) (24, repeated) 

X S 

Introducing this into F.quation (28) gives 

L/2 l.)6 -0.245 l 0,0005:39(1' 8) (x) WC t• = lUf.R 
t A 

e 

or reducing 

0 

1.36 0.755 
£ 1 = 0.00053,2 Tr D (.fs) (L/2) 
t A (0.755) e 

and solving for L, 

L _ 2 1400 e t [ 
A £' ~ l.;24 

- N D(f)l.36 

'Where A is in square inches 
e 

f I and f in ksi 
t s 

Land Din inches 

(29) 

&iuation (29) defines the maximum orack spacing 'Whan A is constant. 
e 

The max:lJm.un crack ld.dth is defined as the summation of unit slips 

.t".rom x = 0 to x = L, or 

(8, repeated) 
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£ nt 
'Where s = s - tx 

X E 
(7, repeated) 

s 

f = f - N TT D 
sx s A r u dx 

X 
(2, repeated) 

s 0 

f =N1TD 
tx A 

(1, repeated) 

8 

Using EziUAtions 1, 2, 7 and 2J.J. in F.quation 8 gives 

L/2 

W = ~ I [£ - (4/D + n N TT D/ A ) s s e 
0 

1.36 0.755 J 
(0.000539 £8 ) X /0.751 d:x: 

Integrating and reducing the above equation gives 

[ f (L/2) - (4/D + n 1T ND/A) 
s e 

(0.000407 f 8 ) (L/2) 
1.36 1.7.5.5] 

where E and f are in ksi 
s s 

A in square inches 
8 

L, D and Win inches 

L is defined by F.quation (29). 

'lhe above equations are for constant etteotive oonorete area. 

Variable A8 

(JO) 

(Jl) 

'lhe ba.sio approach to this case is the same as with a oonstant 



A , except now A must be inaluded in the integrand. Beginning with 
8 e 

F.qu.ation (24) again am. 

2 2 
A = rr D (6.5 - 2 ) /4 e X 

(26, repeated) 

2 
A = 6.25 Tr D /4 

e 
2 ~ x ~ L/2 (26a, repeated) 

F.qu.ation (28) can be written 

1.36 [12 L/2 l -0.245 -0.245 
£1 = 0.00ZI.56 N fs x 2 dx +r x dx 
t D O (6.5 _ 2x) j 6.25 

2 

(32) 

'lhe first integral is very difficuJ.t to integrate explici~, there­

fore, it llas integrated numerically. '.Ihe value obtained was considered 

accurate only for three figures, thus 

2 1 -0.245 
X dx = 0el2 

0 (6.5 - 2x>2 
(JJ) 

Using this constant am. integrating the second integral gives 

1
•36 [ 0.755] r• = o.00ZI.56 N fs 4.719(0.12) - 1.688 + (L/2) (J4) 

t 4.7).9D 

which can be solved for L, 

[ 
·I ] leJ24 

L = 2 2J.89 D ft + 1.122 
N f l.J6 

s 

(JS) 

where f 1 and r are :m ksi 
t s 

D 8l¥l L are in inches. 
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'lhe crack w.i.dth is still defined by Equation (8) even with 

variable A. Using Equs.tions (2), (7), w (27) in Equation (8), 
e 

gives 

lL/2 [ X X ] 
W :: _g f - !J; i u dx - n 1T ND f ~ dx 

E5 s D X A 
o o o 8 

(36) 

Assuming that x will a1wqs be greater than two inches, 

X 2 rX 

J ~ dx = J :x dx + J 
o e o e 2 

u 
X dx 

T 
8 

or with the u and A 8Valuated 
X 8 

r 0 

u 1.36 [ f 2 -o.2J1.5 
X dx = 0.000539 f _x __ 

- s 2 A9 o (6.5 • 2lc) 
dx 

-o.2J1.5 J X dx 
6.25 

reduc:ing still i'urther, using Equation (33) defining the i'irst integral 

1.36 [ 0.755 0.755] 
dx = 0.000539 f 0.12 + 0e212 X -0.212(2) (3'7) 

8 

Introducing :&J.ua.tion (36) into (11), oomb:tning terms mi integrating 

gives 



2 
W=i 

s 
[ f 8 (L/2) -

1.36 
- 0.0021.56 fs Nn 

D 

_ (2)0.755 (L/2))] 

were E and f are in ksi 
s s 
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(0.12 (L/2) + 0.212 (L/2) /1.755 ( 
1.755 

D, Land Ware in mches. 

'lhe above prediction equations were checked against the experi­

mentaJ. data recorded in Section m. '!he resul.ts of this comparison 

and aJJ. nx>difioations of the prediction equations are presented in the 

nm section. 

ComJ2arison of §:n:1eti9ns With Data 

To determine the relia.bility of the above prediction equations, 

comparison was made 'With the recorded oracle w.1.dth arxl spacing data 

reviewed in Section II. Using F.quations 29 and 31 with constant 

eff active area, the comparison was not good. Correlation coefficients 

were o.40 for oracle spacing arx1· 0.20 for orack w.1.dth. '.lllese correla­

tions are mu.ch too low to assure reliability of any prediction 

equation. 'lb.is points up the error of assuming A constant when using 
(2) 8 

the approach of Wat stein am. Parson I s • Some improvement was 

obtained when the variable effective area was used. F.quations JS and 

38 were compared. and gave correlation coefficients of 0.55 for L &Di 

0.30 for W which were also too low. 
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To improve the fit, numerical constants in the prediotion 

equa.tions were rounded off to two significant figures and L was 

assumed to be the value of maximum craok spacing at £ = 35 ksi. s 

Since L is the maximum possible orack spacing, it seems logical that 

beyond some lavel of steel stress, L does not vary. nus oan be seen 

in the experimental data of many investigators. Most researchers 

agree that when f exceeds JO to 35 ksi, the crack spacing is constant. 
s 

F.qua.tion 35 does not re.0.ect this, so it was assumed that when £ > 
s 

35 ksi, L is constant. Using this new crack spacing in Equation ~ 

gives better results but is still not satisfactory. 

One 100re step was taken to improve the goodness of £it. Since L 

had been defined by F.quation 20a from the statistical analysis, it 

was used in Equation 38. Again, this improved. the .fit, raising the 

correlation coefficient to 0 • .54, which. was still too l.ow for good 

prediction equations. No further improvements could be made 'Without 

disregarding the equations defining booo distribution, effective area 

and unit slip. 

The correlation coefficients of the craok spacing equations were 

always better than for oracle 'Width. This was because there is less 

error involved in those equations and also because L is used in the 

crack 'Width equation. A cl.o se l.ook mu.st be taken at the basic equa­

tions as well as the quantities evaJ.uated by this investigation. 

The basic equations neglect the eff eats of interior cracking, 

initia1 stresses and strain and strain concentrations around the steel 

deformations. '.Lhe last effeot would almost be illlpossible to incJ.ud.e 

in the equations. 'lhe interior cracking is just about as ditficult 
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to include. If interior cracking occurs between exterior oracles, 

then :my equation which simply sums the unit slips will over estimate 

e.xterior crack widths. 'lhis was observed in both sets of prediction 

equations. 'Ille ex:i..stance 0£ interior cracks has been show experi­

mentally by Broms (?) by :injecting resin into a era.eked specimen. Some 

means of evaluating interior cracking I!D.lst be determined before this 

type 0£ approach will yield good correlations with existing data.. 

Initial stresses and strams can be accounted for b;r initial values 

on the steel and ooncrete. '.Ihe probl8D1 is de.t'i.ning these initial 

values from experimental investigations. 



VII. Gm,§RAL DISCUSSION 

As was stated earlier, the objective of this dissertation was 

to obtain prediction equations for both era.ck spacing and w.1.dth for 

reinforced concrete b88.Ills. It was believed that with this information 

design procedures could be developed to help control cracking in modern 

reinforced concrete structures. 'lhore have bean two approaches pre­

sented, one using a statisticaJ. analysis and the other a classical 

analysis. 

'lhe statistical analysis was made using a very compJ.ax non­

linear regression analysis of recorded crack information. Th.e re­

S\Ilts were good prediction equations .f'or both oracle width and spacing. 

Since good equations were obtained, this approach can be considered a 

good one. One problem with this type of procedure is that sometimes 

erroneous conclusions can be draw.n concerning the import.ance o.f' some 

parameters. 'lhis can occur whEll an insignificant parameter happens to 

have values which are 0£ the same order o.f' magnitude as a dependant 

variable. For example, in the statistical analysis of crack width, 

f was used as an indepandant parameter 1n addition to the others y 

mentioned earlier. It seems ol:1V'1ous that f has little or no effect 
y 

on crack width, but the statistical analysis indicated that it was 

more important than f • vhen .f' was re100ved from the independant 
s y 

parameters, a better fit was obta,jned. '.[here.tore, some lmowledge of 

the importance of the independant parameters considered mu.st be a 

prerequisite. A good indication of a poor parameter is the improvament 

in fit when it is removed. 
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Another problem is the loss of struotural reality- by- neglecting 

a1J. structural mechanics and going direc~ to the end product. 'lb.ere 

are only trro places where a knowledge of structural mechanics is 

needed. The first place is deciding what independant parameters to 

use and the other is in evaluating the .final equation. 

'Ille prediction equations obtained !'rom this investigation are 

better than any other recorded in the literature. Gergely and :Wtz 1 s 

(lO) equation for crack width was correlated with the same data and 

had a oorrelation coefficient of 0.895 compared with 0.981 f:rom this 

study. 'lheir expression requires pre-calculation of a nwnber of con­

stants 'While E:iuation 20 does not. Both equations have the same limi­

tations because the same data was used to detexmi.ne each equation. 

'Iha classical approach here refers to the basio approach used 
(2) . 

by Wa.tstein and Parsons to analyze cracking reinforced ooncrete. 

Beginning with the basic equations of Watstein and Parsons and defin­

ing the bond stress distribution and ettective concrete area, the 

prediction equations were determined. 'lhe basic equations are simp:cy 

the equilibrium equations · expressed in terms of stress and unit slip. 

'lhe experimental program was designed to verify the ~cal 

m:,del, which it did. The ooncrete strain gage results were not gooo.. 

'lhe reasons were axamined in detail in Section IT• 'lhe steel strain 

gages gave good and oonsistent results in all but Test 4. 'lhe gages 

in Test 4B gave nm.ch lower values than in a:ny- other test, '8lld there 

seems to be no obvious reason for this. 'Iha photoelastio results were 

fair in magnitude and good in pattern. 'lb.is is all that could realis­

tically be expected oonsider:1ng the error involved in tranalating 



fringe patterns into stress values. 

Considering the tests as a. whole, there are a few comments 

'Which seem necessary. 'lhe first concerns the m:,del and how it 

appro.Jdma.tes the actual reinforcing bar in concrete. With only half 

of the bar covered 'With concrete, the mdal is not symmetrical.. strain 

gages were placed on the steel to determine the magnitude of banding 

l-lhich was found to be small compared to the other strains (less than 

.5~). 'lhe deformations on the bar probably caused m:,re bending than 

the non-symmetry of the DX>dal. filight banding was even presant in 

the steel stress-strain relationship test, when no concrete was pre­

sent. Th.a deformations on the steel are not synnnetrio a.nd, ms:y have 

introduced this banding because they did not seat properly in the jaws 

of the testing :ma.chine. 

'lhe photoelastic results couJ.d have been improved it another 

polariscope had been avails.ble. If only one reading is taken with 

the ciraular polariscope, onl.J shearing stresses can be obtained.. 

However, it two readings a.re taken at the same load but at different 

angles, all principle stresses couJ.d be determined. '.Ihis means that 

the polariscope must be xooved at each load level or that the loading 

must be repeated so that the second readings oould be made. The first 

alternative requires a great deal of DX>ving and resetting during the 

test which is not a good procedure to use 'When testing concrete 

because of creep. 'lhe second aJ.tema.tive is not good practice 'When 
(.5) 

measuring bond transfer. As reported by Bresler and Bertero , the 

bond transfer deteriorates with repeated loading. To assure good 

results, there shouJ.d be two polarisoopes or a polarisoope with two 
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light sou.roes. 

The analytioal 100del used was a finite element representation 

of the a.:idally reinforced ooncrete cylinder :in tension. 'Iha material 

properties of the concrete and steel were the usual vaJ.ues except that 

the concrete was described in tension as bilinear. Little experimental 

data ood.st which define the stress-strain curve of concrete :in tension, 

therefore, some property vaJ.ues were assumed by evaJ.ua.ting the experi­

mental. results. 'Ihe bond element was a rubber-llie ring around the 

steel, ldth its material properties determined by matching experi­

mentaJ. results ldth analytioaJ. results. A great deaJ. of research is 

needed :in this area of bond transfer between concrete and steel in 

order to de1'ine the materiaJ. properties 100re precisely. 

The :t'blite element approach seems to be the 100st promising naw 

analytical tool developed recently. This approach allows the consid­

eration of the non-ho100ganeity and non-linearity of concrete. Bond 

transfer can be considered, it certain constants can be eval.uated by 

experimental. research. Cracks can be considered by inputting cracks 

where concrete stresses are greater than its tensile capacity. 'Ihis 

pa.rticuJ.ar use of :t'blite elements in reinforced oonorete must presently 

be restricted to research, but the e.ffects of its use :m research will 

be seen in design criteria in the near future. 

The poor prediction equations developed by the classical. method 

indicate the di.t1'icu1ty of defining the bond distribution am effective 

concrete area. Both of these quantities in.nuance the crack formation 

a great deal and, therefore, precise QXJ)ressions must be obtained for 

ea.ch. lhis investigation oould not dete?mine these quantities 
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accurately. Another consideration which has been overlooked is inter­

ior cracld.ng. The crack wldth was defined as the sum of the unit 

slips between two adjacent cracks regardless 0£ the number of in-
(7) 

terior cracks present. Broms indicated experimentally that many 

interior cracks do fom next to the steel and, therefore, exterior 

cracks w.iJJ. be of sm.aJ.ler magnitude than predicted. The prediction 

equation defined by the classical method gave, in alnnst all cases, 

higher values than those measured in experimental investigations. 

Another problem with the classical approach is the aooumula.tion 

of "round-off" errors. At many steps, simplifying assumptions were 

made thus "rounding-off'" the theory. 'lhese assumptions are o.f'ten 

interrelated and, therefore, their errors become confounded in subse­

quent mathematical operations. Considering these clifficuJ.ties in 

expressing the cracking phenomena accurately, the statistical method 

seems quite superior at the present time. 

The application of this investigation to design problems is an 

important area which needs discussion. Prediction equations have been 

presented for crack width rod spacing which give better correlations 

thany any other equations available. They could be used in design, it 

proper safety .f aotors are applied. It is beyond the scope of this 

dissertation to determine these factors of safety. 

Another application of these equations is in further research 

into the cracld.ng phenomenon. Since crack spacing can be predicted, 

test beams could be scored at a spac:hlg equal to the predicted oracle 

spacing. 'lhis 'Wl:>uld just about guarantee that the cracks will form 

at the scores. If tb:is happens, m:,re accurate measuremmts oould be 
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made of crack width. This procedure could also be used in design 

cases 'Where cracks cannot be tolerated. for asethic reasons. Eaoh 

score could be 1'illed. 'With a substance of the right color 'Whioh bad 

high elongation properties. 'lhe cracks will form, but will not be 

seen because of the i'ilJ.er. 



VIII. CONCLUSIONS 

Tb.a following oonclusions are made a.s a result of this investi­

gation: 

1. Tb.a ma.x:i.mum crack width at the lavel of the steel in 

a beam with constant mment section can be predicted 

very well by the following expression (&in 20) 1 

1.29 
W = 0.000012 (f) 

s 

0.883 
(b) 

-0.036 
(h) 

0.183 
(D) 

0.7~ 
(OOVER) 

-0.182 
(N) 

2. Average crack spacing in a beam with constant mment 

section can be predicted quite well using the following 

expression (:&in 20a): 

-0.560 
L = 7.84 (£ ) 
a s 

-0.099 
(f') 

C 

o.443 
(h) (N) 

-0.835 -0.612 
(D) 

o.488 
(b) 

o.064 
(OOVER) 

3. F.rom observation of :&]_uation 20, crack width can be reduced 

by increasing the number of bars. 

4. A finite elamant DX>del with special bon:l transfer elements 

can serve as a great hel.p to researchers in reinforced oon­

crete. 

5. '.Ihe rubber..J.ike rlng bond element approximates quite well 

the bond transfer between steel am concrete. 
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6. Most bond transfer oocurs at the deformation on modern 

re:in.forcing bars causing quite pronounced strain con­

centrations as shown in the photoelastic results. 

7. Microcracldng and interior cracldng innuance exterior 

crack widths a great deal.. 

8. '.Iha randomness of' concrete and its cracking make a stan­

dard structural mechanics approach seem in error, because 

it cannot predict crack formation aocurate4r. 

9• '.lhe best approach to the development of prediction 

equations for crack formation is a pure statistical 

anacysis. 

10. 'llle non-linear regression analysis performed. on crack 

data results in a better prediction equation than any 

other method available today. 
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APPENDIX A 

Notations 

'lhe following is a list of all the notations used. Ea.ch entry 

was first defined wen introduced in the body of the dissertation. 

A = Gross concrete area (square inches) 
C 

A = Effective concrete area in tension ( square inches) 
e 

A = Area of the reinforcing steel (square inches) 
s 

a = Regression coefficients 
i 

b = Width of beam (inches) 

C 
l 

C 
2 

= l Reference (2) 

4 12 f(Q) dQ 

0 

.!. Q 

= 8c1 J 2 dQ f f(Q) dQ 
0 0 

Reference (2) 

OOVER = Concrete cover (inches) 

D 

d 

E 
C 

E 
s 

e 

f(Q) 

r 

= Diameter of reinforcing bar (inches) 

= Depth of beam (inches) 

= l-k>duJ.us of elasticity of concrete (ksi.) 

= Modulus of elasticity of steel (ks:1.) 

= Error of approximation 

= Function relating u and u 
m X 

= General stress 

f1 , r2 and f 3 = Principal stresses 
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r• = Compressive strength of concrete {ks:1.) 
0 

:r• 
t 

.rtx 

f 
s 

f 
so 

;f 
s:x: 

!Y' 

h 

K 
l 

L 

L 
a 

L 
m 

N 

n 

p 

Q 

R 

r 

r 
l 

s 
X 

= Tensile strength of concrete {ksi) 

= Average tensile stress 1n concrete at distance x {ksi) 

= Tensile stress 1n the reinforcement at a oracle {ksi) 

= 'lheoretical value of steel stress at first cracking {ksi) 
(Reference 2) 

= Tensile stress 1n the reinforcement at a distance x {ksi) 

= Yield stress o! tension steel (ksi) 

= Total depth of beam 

= 2r u E /f' 1 m s t {Reference 4) 

= Maximum possible crack spacing {inches) 

= Average crack spacing {inches) 

= Minimum crack spacing (inches) 

= Number of reinforcing bars 

= M:xiu1ar ratio E /E 
S 0 

=A/A 
S C 

=A/A 
s e 

= x/L 

= Correlation Coefficient 

= Radius of haJ.f-oylinder {inches) 

= Factor refieoting bom distribution (Reference 4) 

= Slip per unit length between concrete and steel at 
distance x 



u m 

w 

w 
m 

X 

X 

y 

= Bcmd stress at distance x from a crack (ksi) 

= Maximum bond stress (ksi) 

= Maxinnun width of crack at the level of the steel 
(inches) 

= Mininrum width of crack at the level of the steel 
(inches) 

= Independant parameters 

= Distance from a crack measured along the reinforcing bar 
(inches) 

= Dependant variable 

= strain in the steel at a crack 

r. = strain in the steel at distance x 
I;; s,c 

E. = General. strain 

€.1 , ( 2 and ( 3 = Principal strains 

V = Poisson I s ratio 



APPENDIX B 

Strain Gage Da.ta 

The following tables are directly from the tests without 

corrections. All strain readings are in micro-inches per inch 

and loads in pounds. 'lhe steel stresses recorded were oalaul.a.tecl 

by dividing the load by the nominal area of steel bar. 'Ibis stress 

is the stress in the steel outside the concrete. 

'lhe gages are numbered for easy reference in F.\.gures 9, 10, 

and ll. 'lhe gage numbers shown in the first six tables ref'er to 

F.l.gures 10 and ll. 'lhe last two tabl.es trom Test 4 ref'er to 

F.l.gure 9. 



TABLE llI 

Concrete strain Gage Data Fron: Test 1 

load steel Stress Concrete strain (pin/in.) 

Poimds (ksi) Gage 7 Gage 8 Gage 9 Gage lC Gage 11 Gage 12 Gage 13 Gage 14 

Hal.f-Cylinder A 

0 0 0 0 0 0 0 0 0 0 
11,250 56.25 - 8 - 5 -47 - 5 -815 - 77 20 3 

Hal.f-Cylinder B 

0 0 0 0 0 0 0 0 
2,200 11.0 57 79 75 56 78 91 I 
3,920 19.6 67 97 92 66 5 -34 'O 

5,980 29.9 27 '"fl 42 28 -17 -30 \n 

7,880 39.4 l 0 10 15 -27 -JO 
I 

9,800 49.0 -15 -17 - 7 - 7 -30 -JO 
12,2.80 61.4 -30 -38 -33 -19 -21 -15 



TABLE IV 

Concrete strain Gage Data From Test 2 

load steel stress 
Concrete strain ( ft in/ in. ) 

Pounds (ksi) Gage 7 Gage 8 Gage 9 Gage 10 Gage ll Gage 12 Gage 13 Gage 14 

Hall-Cylinder A 

0 0 0 0 0 0 0 0 0 0 
5,200 6 • .58 33 43 48 22 - 80 -38 5 0 
9,850 12.47 55 l~ 128 37 -112 -,58 11 7 

14,850 18.80 71 2'Z"/ 209 55 -109 -71 2.5 20 
19,750 25.00 73 340 238 59 -107 -91 23 34 
24,800 31.')9 4,833 5,493 4,850 Z"/ - 59 -50 18 31 · 
'29,200 36.96 8,660 9,583 8,557 ll5 - 45 -45 17 38 
35,750 45.2.5 a 19,523 a 315 - 52 -51 8 0 

I 

Hal.t-Cylinder B 
'D 

°' I 

0 0 0 0 0 0 0 0 
5,600 7.09 45 86 74 60 66 45 

10,150 12.8.5 .53 97 97 81 1.56 103 
14,700 18.61 43 7.5 88 80 120 91 
19,.500 24.68 '29 7.5 83 67 Z"/9 21 
24,400 30.89 17 69 . 69 47 252 0 
29,300 37.09 2 47 58 7 249 -7 
34,600 43.80 -7 35 55 -28 239 -1 

a - Gage Fractured 



TABLE V 

Concrete strain Gage Data F:rom Test 3 

load steel stress Concrete Strain ( p. in/in.) 

Pounds (ksi) Gage 7 Gage 8 Gage 9 Gage 10 Gage 11 Gc1.so 12 Gage 13 Gage 14 

Ha.li'-Cj"linder A 

0 0 0 0 0 0 0 0 0 0 
1.5,000 9.62 20 87 89 3.5 - 5 10 60 95 
29,800 19.10 - 4 80 110 33 - 7 17 125 212 
44,400 2.8.46 - 7 75 99 20 - 6 19 213 261 
59,400 38.08 - 6 79 88 27 0 22 365 285 
73,600 47.18 -10 65 65 35 - 1 24 534 2.58 
79,600 .51.03 -10 63 48 J4 - 1 23 636 250 

I 

Hal.f'-Cylinder B '° -..;i 

I 
0 0 0 0 0 0 - - 0 0 

16,100 10.32 JO 45 0 'Y} 10.5 7 
29,600 18.97 42 63 - 36 49 - 293 10 
43,800 28.08 Y1 59 -112 6 1,180 - 21 
58,500 Y?.50 -4 23 -138 - 9 5,419 - 7 
70,500 45.19 14 40 -101 - 7 8,440 40 
80,300 .51.47 10 )3 - 90 14 10,05.5 119 



TABLE VI 

Steel Strain Gage Data From Test 1 

load Steel Stress Steel Strain ( p in/m.) 

Pounds (ksi) Gage 1 Gage 2 Gage 3 Gage 4 Gage 5 Gage 6 ·--
Half-Cylinder A 

0 0 0 0 0 0 0 0 
11,2.50 56.25 3,546 1,824 2,408 1,942 2,ll7 2,436 

Hal.f'-Cylinder B 

0 0 0 0 0 0 0 
2,200 11.0 251 235 .519 260 408 I 

3,920 19.6 537 490 820 567 720 '& 
5,980 29.9 986 1,032 1,136 1,173 1,064 I 
7,880 39.4 1,323 1,496 1,376 1,657 1,)50 
9,800 49.0 1,671 1,973 1,613 2,115 1,676 

12,280 61.4 2,137 2,536 1,710 2,713 2,200 



TABLE VII 

steel strain Gage Data From Test 2 

Load steel stress steel strain ( p. in/in.) ------
Pounds (ksi) Gagel Gage 2 Gage 3 Gage 4 G'1.::;e 5 Gage 6 

Half-◊.rlinder A 

0 0 0 0 0 0 0 0 
s.200 6.,58 186 163 ,58 161 142 125 
9,850 12.47 375 340 Z?O 350 362 361 

14,850 18.80 .583 555 516 564 .591 593 
19,750 25.00 786 780 785 794 8,58 896 
24,800 31.39 1,013 1,142 1,070 1,161 1,155 1,223 
29,200 36.96 1,175 1,392 1,265 1,403 1,352 1,474 
35,750 45.2.5 1,466 1,745 1, 64.5 1,743 l,956 1,845 

I 
\0 
\0 

Ha.J..f'-Cylinder B I 

0 0 0 0 0 0 0 
5,600 7.C9 168 228 243 239 282 

10,150 12.85 327 446 379 4(;8 447 
14,700 18.61 507 680 570 686 620 
19,500 24.68 696 910 742 915 791 
24,400 30.89 893 1,147 903 1,155 980 
29,300 Y?.CJ:J l,C95 1,398 1,184 1,400 1,194 
34,600 43.80 1,324 1,681 1,590 1,700 1,561 



TABLE VllI 

steel strain Gage Data From Test 3 

load steel stress 
steet Strain ( JI. in/in.) --

Pounds (ksi) Gage 1 Gage 2 Gage J Gage 4 Gage 5 Gage 6 

Half-Cylinder A 

0 0 0 0 0 0 0 0 
15,000 9.62 335 357 301 374 392 410 
29,800 19.10 675 675 590 692 705 725 
44,400 28.46 1,050 965 881 991 1,007 1,040 
.59,400 38.08 1,395 1,265 1,210 1,310 1,330 1,384 
73,600 47.18 1,678 1,635 1,608 1,689 1,706 1,790 
79,600 51.03 1,798 1,785 1,764 1,845 1,856 1,960 

I 
t-' 

Half-Cylinder B 0 
0 

I 
0 0 0 0 0 0 0 

16,100 10.32 23.5 475 555 477 470 
29,600 18.97 .516 789 879 786 769 
43,800 28.08 830 1,078 1,13.5 1,087 1,082 
.58,.500 37 • .50 1,213 1,329 1,326 1,357 1,382 
70,500 4.5-.19 1,545 1,540 1,510 1, .582 1,624 
80,JOO .51.47 1,790 1,740 1,74.5 1,781 1,825 



TABLE IX 

steel strain Gage Data Test 4A .. 
steel strain Cu in?in.) steel 

!Dad stress Gage 1 Gage 2 Gage 3 Gage 5 Gage 7 Gage 9 Gage ll 
Pounds (ksi) Gage 4 Gage 6 Gage 8 Gage 10 Gage 12 

0 0 0 0 0 0 0 0 0 
0 0 0 0 0 

s.150 7.28 191 244 230 285 173 225 183 
230 22l 66 29 97 

10,200 12.91 358 457 418 485 253 323 257 
418 389 107 56 153 

0 0 10 10 10 35 -8 - 8 - 8 
0 8 -8 ..J.O -8 

S,40o 6.84 195 25.5 223 267 125 J.60 125 I .., 
223 205 .50 18 83 ~ 

10,1.50 12.85 36.5 470 426 481 264 338 268 I 
426 176 120 71 160 

14,850 18.80 510 633 582 668 ~ 435 J].4 
582 .538 1.5.5 73 18.5 

19,9.50 2.5._25 730 848 778 895 458 552 426 
790 705 174 7.5 240 

24,100 30.51 840 960 890 1,040 .512 638 493 
914 824 173 88 280 

29,000 36.71 1,260 976 950 1,213 625 786 605 
989 947 196 100 345 

3.5,350 44.7.5 1,484 1,1.54 1,133 1,483 748 9.54 754 
1,165 1,100 217 122 37.5 



TABLE X 

steel Strain Gage Data Test 4B 
--· 

steel Strain ( µ inzin. ) Steel -I.oad Stress Gage 1 Gage 2 Gage J Gage 5 Gage 7 Gage 9 Gage 11 
Pounds (ksi) Gage 4 Gage 6 Gage 8 Gage 10 Gage 12 

0 0 0 0 0 0 0 0 0 
0 0 0 0 0 

5,850 7.41 265 68 84 91 ll7 105 120 
J9 19 -4J -80 -40 

10,800 13.67 335 1,58 165 162 218 217 214 
123 114 95 68 26 

300 .38 18 -63 -55 -42 -40 -40 -51 
-74 -.58 -78 -91 -52 

5,700 7.22 24) 41 54 62 85 71 84 I 
12 6 -40 -84 -46 .... 

0 

10,900 13.80 395 151 156 1.58 210 204 200 N 

120 112 95 65 29 
I 

15,400 19.49 502 238 235 220 304 287 273 
200 200 213 207 77 

20,100 25.44 600 312 300 270 370 350 355 
Z'/0 290 345 337 149 

24,350 30.82 710 406 )30 334 4)5 405 374 
'510 407 490 571 193 

29,800 '51.72 835 1./83 451 393 505 472 453 
475 531 664 749 306 

36,100 45.70 951 560 520 465 593 568 534 
.563 630 733 780 297 
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TmX>RETICAL AND E:a>ERIMENT.AL ANALYSIS OF CRACK 

FORMATION IN REINFORCED CONCRETE 

by 

Kenneth Harold Murray 

ABSTRACT 

With the introduction and use of high strength materials, 

especially reinforcing steel, cracking and its oontrol have beoome 

mre important to the designer o:t roodem reinforced concrete stl"llc­

tures. J)J.e to the properties inherent in ooncrete, cracks cannot 

be eliminated under normal. working loads and, thus, the control of 

cracking must be studied and understood completely. However, it is 

a oomplex problem involving a great many parameters and, hence, con­

cl.usions regarding the significance o:t these parameters are difficult 

to obtain. In this study, three approaches to the analysis o:t oracle 

formation are presented: experimental, analytical, and statistical. 

'llle experimental mdel, the axially reintorced concrete cylinder 

in tension, is used to study the effect ot bond distribution on crack 

width and spacing. 'lhis IOOdel has been used by many researchers, both 

in this country and in Europe. Resu.lts are presented from half-cylinders 

in tension instl"llmanted with strain gages and photoelastio material. 

'll:le strain gages measured concrete &Di steel strains, and the photo­

elastic material measured JDRTI nu1m shearing strains in the oonorete. 



The analytical m:xiel is a .finite element representation ot the 

axially reinforced concrete cylinder in tension. Material properties 

used in the analytical mdel were determined by comparing the resu1ts 

of the experimental tests with the analytical results. The non-linear 

characteristics of concrete are considered in this DX>del. The results 

of the analytical DX>del. are evaluated to determine a prediction 

equation for crack width and spacing. These equations are compared 

with a large volume of data from beam tests recorded in the literature. 

'lhe statistical approach uses the same data to determille the 

important physical parameters in crack formation. A prediction 

equation is developed using a non-linear regression analysis. 

Prediction equations are presented for both crack width am 
spacing lddoh have good correlation with recorded data. Conclusions 

are draw concerning the use ot finite elements in re::1.nf'oroed oonorete 

research. 
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