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I, INTRODUCTION

With the introduction and use of high strength materials,
especially reinforcing steel, cracking and its control have become
more important to the designer of modern reinforced concrete structures.
Due to the properties inherent in concrete, cracks camnot be elirmdinated
under normal working loads and, thus, the control of oracking becomes
critical.

Large cracks are objectionable for a number of reasons, some of
which are:

1e They may lead to corrosive attack of the reinforcement

vhich may cause a stremngth reduction.

2 They may cause the structure to appear unstable or

aesthetically unpleasant.

3¢ They may cause leakage in hydraulic structures.

Since cracking cannot be practically eliminated, it must be con-
trollede To control cracking, the problem of crack formation and
development mst be studied and understood completely. However, it
is a complex problem involving a great many parameters and hence, cone
clusions regarding the significance of these parameters are difficult
to obtain,

Crack development can be defined(” in three stages according
to the causes In the first stage, primary cracks develop as a result
of stresses caused by shrinkage, corrosive effects and low flexural
loads in which the steel stress is well below 14 ksi. Since these
cracks form first, they naturally will become the widest under increas-



ing load or agee In the second stage, secondary cracks develop due
to the difference in extensibility between the concrete and steel,
and also due to the bonding forces that exist between the two. A
steel stress greater than 14 ksi exists in this stage of orackinge
In the third stage, no further cracks form; therefore, this stage is
referred to as the equilibrium stage. Since no further cracks form
as the load is increased, the existing cracks widen. At this stage,
the steel stress is usually greater than 30 ksi.

This dissertation considers the second stage of cracking and
its influence on primary crackse The width of the primary cracks
depends on the last two stagese If no secondary cracks form, which
means the primary cracks are at the minirmm orack spacing, the primary
crack width would be equal to the differences in elongation of the
steel and concrete between crackse But, since secondary cracks do
form in almost all cases, the primary crack width will depend on the
number of secondary cracks that form between primary crackse

This dissertation uses as its experimental model, the axially
reinforced concrete cylinder, in tension, to study the effect of bond
distribution on crack width and spacinge This model has been used by
many researchers, both in this country and in Burope. The analytical
model is a finite element representation of the axially reinforced
concrete cylinder in tension. The results of the analytical model
are then evaluated to determine a prediction equation for crack width
and spacinge These equations are compared with a large volume of
data from beam tests recorded in the literature. A statistical
analysis is also made of this large volume of data to determine the
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important physical parameters. A prediction equation is also devel-
oped from a non-linear regression analysis of thls data.



II. LITERATURE REVIEW

To review the literature before the introduction of deformed
reinforcing bars seems quite useless and, therefore, only a few
comments will be made concerning tests on smooth or plain bars. All
investigations on cracking in which deformed bars are compared with
smooth bars, it was found that the modern deformed bar was a mmch
better crack size reducer than any other bar except a threaded bare
It is quite obvious that threaded bars have an economical disadvan-
tage because of their high cost in comparison to the deformed bare
The literature has been reviewed with the basic assumption that
deformed bars are the best bars for practical cqnstruction.

This chapter will be divided into two parts, theoretical and
experimentals These sections will not be rmutually exclusive, as the
same study might well appear in bothe The theoretical section will
deal with the analytical representation of the cracking phenomena as
it has been developed in the literature. The experimental section will
review experimental data recorded in the literature. Major parameters
and the range of study will be included, along with basic conclusions.

Theoretical

One of the first theoretical investigations was reported by
Watstein and Pa.rsons(z) in 1943. It dealt only with symmetrically
reinforced concrete prisms subjected to axial tensione The basic
assumptions for the development of their theory were:

l. The steel stress does not exceed the proportional limit,

—L}-
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2. The steel is uniform in size and shape, and continuous
throughout the length of specimen,
3¢ The tensile stress in the concrete is uniformly distri-
buted across the cross section, and
L, The strain in the concrete is proportional to the stress.
Even with these restrictions, Watstein and Parsons' theoretical
evaluation of crack width and spacing is very important and, therefore,
is reviewed in detail.
Using the model shown in Figure 1, which is a tensile section
between cracks, the tensile stress in the concrete ftx at a distance x
from a crack, is equal to the force transmitted by bond divided by the

concrete area, or

X X
= NTD =
£, v'e f u,dx = bp [ u dx ()
o o
where N = number of reinforcing btaxrts’.l

diameter of reinforcement

(=]
[}

A = concrete area

x = distance along specimen from primary crack
w, = bond stress distribution

2
p = percentage of steel, NTID /lJvAc.

Then the stress in the reinforcement fsx at a distance x from a primary

* Notation is defined when first used and also in Appendix A
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FIGURE 1, Axially Reinforced Concrete Model in Tension




crack is given by

pS X
f =g - NID udx = £ - & fudx (2)
sx s Ag x 8 D x
(o) (o)
where f = tenslle stress in the reinforcement at a crack

area of reinforcement.

>
]

It can be shown from experimental investigations that the maximmum
concrete stress occurs between two existing cracks at the midway
point along the longitudinal axis, or at L/2. If in Equation (1) x

is set equal to L/2 and £, equal to the tensile capacity of the

concrete ri. the equation becomes,

' L/2
ft = %‘g f uxdx (3)
o

where L = maxirmum possible crack spacinge.

Bquation (3) is the defining equation for maximum crack spacinge
Of course, the bond stress distribution must be defined before the
spacing can be calculateds Quite obviously this is a basic problem
vwhich will be discussed in fuller detail later.

Watstein and Parsons make a variable transformation to simplify
the equations. Using the fact that the bond stress distribution can

be expressed as
w o= £(x/L) (4a)

where um = maxirmm bond stress



and also letting
Q = x/L (W)

Equation (3) becomes
3
£ —_-ggj £(Q) dQ (5)
t D
o

This expression can be solved for L and the general solution is

c £'D
L= 1 ¢t (6)
ump
U R (6a)
1

uF £(Q) 4
[o]

Watstein and Parsons continue thelr theoretical presentation by
defining the slip per unit length as the difference between the
strains in the steel and concrete or

5§ = sX tx (7)

where s = slip per wnit length

n = modular ratio EB/E
Cc

E = modulus of elasticity for steele.
8

The crack width then can be determined by swming all of the unit

slips from zero to L or, because of symmetry about L/2,



X

L/2
W= f 5 dx (8)
(o]

where W = maximum crack width.
Combining all of the above equations gives the general solution
for the maximm crack width due to axial loading,

cC
W= 1t [fs-c £t (1/p+n)] 9)
—_—upE 2 t
m s
3 Q
where c2=eclf dQ] £(Q) dq (9a)
(o] (o)

If Equation (9) is set equal to zero, the following expression
for fs results

st = c2 i‘; (1/p + n) (10)

where fso = theoretical value of steel stress at first crackinge.

At first glance, this seems to be the steel stress at which cracking
first occurs, but this is only an extrapolated value. It does present
a good way to evaluate C2 experimentallye. Cl rmust also be evaluated by
experimental methods, since no direct solution exists at present.
Watstein and Parsons made the following comments on their theoreti-
cal presentation:
le Perhaps the largest errors are those in estimates
of n, as the strains are not proportional to the
stresses as was assumed.

2 Since shearing effects were not included, Equation 1



over-estimates the tensile resistance of the concretees

3¢ Also by neglecting shearing deformations, the varia-
tion of temnsile stress in the concrete is neglected.
Actually the concrete stress is greatest next to the
reinforcement, and diminishes as you move away from
the reinforcement.

Rels and Boresi(B)

presented experimental data which confirms Watstein
and Parsons'! third commente

The next important contribution to the theory of crack formation
was made by Hog,nestad(u) in 1962. He discusses the random nature of
cracking and explains the concept of minimum and maximum spacing of
crackse The minirmum spacing, Lm. is reached when a tensile force of
sufficient magnitude to form an additional crack between two existing
cracks can no longer be transmitted by bond from steel to concrete.

The maximum spacing L then is equal to twice the minimum spacing or

L = 2L (11)
m

Using the above information and an approach similar to Watstein
and Parsons, Hognestad derives the following equation for maximum orack

spaocing

L=t o (12)

where A = effective concrete area in temsion
e

r = factor reflecting bond distribution
1



He also develops an equation for maxirmm orack width

P g (13)
P, Kl
vhere p = A /A (13a)
e 8§ e
K =2r u E /! (13b)
1 l n s g

It should be noted that in Hognestad's development, the elongation

of the concrete is neglectede Also, the quantity Ae is not defined
precisely and, therefore, the accuracy depends a great deal on defining
this effective concrete area.

Bresler and Bertero (5) presented a finite element approach to
cracking in reinforced concrete. The idealized specimen consisted of
steel, bond and concrete elementse Since the finite element programs
presented by W:Llson(6) handles combinations of materials, the ideali-
zation is accomplished by assigning the proper modulus of elasticity
and Possion!s ratio to each element typee

The steel and concrete elements are as usual, but the bond element
had a reduced modulus of elasticity and an increased Possion's ratio
( E= 270 ksl, V= 0495 )e These values are approximately the same
as for rubbere. They report that only limited tests had been run, but
the results seemed to compare quite favorably with their experimental
data in certain arease

Broms(7) presented a very interesting theory about the extent of
flexural cracks using circles inscribed between crackse Figure 2 shows
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(From Reference 7)

FIGURE 2o Mechanism of Tension Cracking in Flexural Members
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a typical beam with constant moment region and its crack pattern as
indicated by Bromse He explains that on the circumference of each
circle, the concrete stress is zero. Inside the circle, there are
tensile stresses and outside compressive stresses exist in the concretee
The (b) part of Figure 2 corresponds to experimentally recorded corme
pressive strains between cracks on the surface. The secondary cracks
of second order do not reach the surface as indicated in Figure 2(b)e
He also indicates that this theory can be applied to axially rein-
forced tension meiberss

Ngo and Scorded.is(8) presented another approach to the problem
of cracking in reinforced concrete beams using finite elements. They
developed a bond element shown in Figure 3 which consisted of linear
springs in two directionse. They use this element to calculate deflec-
tions in beams and found their results matched quite well with experi-
mental datae

The biggest draw-back to Ngo and Scordelis! element is deter-
mining values for the stiffness of the springse There is not rmuch
experimental data available to evaluate these stiffnesses, especially
in the perpendicular direction. They used a range from 1.8 to 2.6
b4 103 kips per inch for the stiffness parallel to the steel and
"a very high number" for the stiffness perpendicular to the steel.

The most recent verification of the use of finite elements in
reinforced concrete research was recorded by Nilson(g) in September,
1968. He developed an analytical model which permits the inclusion
of (a) the influence of reinforcement, (b) changing topology due to
progressive cracking, (¢) realistic bond stress transfer between cone
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(From Reference 8)

FIGURE 3o Bond Linkage Element by Ngo and Scordelis
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erete and reinforcement, and (d) nonlinear material properties. His
bond element was the same as the one developed by Ngo and Scordelis(e).
Using this bond element, Nilson checked his analytical model against
experinental results of Bl~oms(7). The comparison was quite favorable
and Nilson concluded that his model was correct. One interesting point
of information which was obtained, was the measuring of bond destruc-
tion. This length of bond destruction influences the concrete steel
and bond stressese

His concluding remark was: "A finite element analysis of rein-
forced concrete behavior provides a valuable supplement to laboratory
investigations, and may lead to important changes in methods of designe"
This is an important concept which was emphasized in the development
of this dissertatione

In 1966, Gergely and Iutz(lO) presented a new approach to the
analysis of crack formation. They took exlsting data and analyzed
it statistically to obtain a prediction equation for maximum crack
widthe It was not a standard statistical analysis because they used
other investigators! combinations of variables and tried to find some
other combination which best fitted the large mass of data already
recorded in the literature. This required that some combinations be
transformed into log-equations so that a linear regression analysis
could be performede The transformed log-equation tends to smooth out
the data and because of this will give questionable results when the
range of the data is more than one log cyclee The following major
conclusions were reached regarding the factors affecting the crack
widths
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le Tho steel stress is the most important variable.

2¢ The cover thickness is an important variable, but
is not the only consideration.

3¢ The bar diameter is not a major variable.

L. The bottom crack width increases with the strain
gradient.

5¢ The major variables are the effective area of con-
crete, the number of bars, the side or bottom cover

and the steel stresse

Experimental

11)
C'.Lark( in 1956 reported test results on 26 beams and 28

slabse Crack width and spacingiwere recorded for each beam at seven
different stress levels from 15 ksi to 45 ksl in 5 ksi stepse There
were only two different total depths, 15 and 23 inches, both with a
constant width of six inchese The beams had either one or two reine
forcing bars which varied in size from number six to eleven. The
concrete strength was relatively constant from beam to beame The
concrete cover varied because of bar sizes, but was relatively cone
stant in each different height groupe.

(lark uses his data to evaluate Watstein and Parsons! (2) cone-
stants cl and c2 and obtains c1 as a function of cover/depth and c2 .
as a pure constante He then uses these constants to predict crack
spacing and width, but found considerable scatter in the data. His
qualitative conclusions are in agreement with most researchers, and

they can be stated as follows:
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l. Average crack width is proportional to the product of
D/p and (h-d)/d, vhere D is bar diameter, p is steecl
porcentage, h is total height and 4 is depth of the
beam.
2¢ Average crack width is proportional to the increase of
steal stress beyond that causing initial crackinge.
3e Average crack spacing decreases rapidly with an increase
in steel stress beyond that causing the first crack, and
Lo Average crack spacing approaches a constant value at
Yhigh" steel stressese
In 1958, Chi and Kirstejn(lz) presented test results on 16 beams
at six different stress levels from 15 ksi to 40 ksi in 5 ksi incre-
mentse This resulted in 86 data points which could be used to evalu-
ate analytical resultse The major parameter studied in this investi=
gation was concrete strength, which was varied from 2000 psi to 6000
Psi.
Both crack width and spacing were recorded at each stress level,
with the exception of a few cases where readings were not recorded.
The width of cracks was measured using six-inch Tuckerman gagese The

authors reported a complication which led to a great deal of discussion

which will be reviewed latere. The complication was due to the six-
inch gage length of the Tuckemman gagese Since the minirmum crack
spacing was less than six inches in most beams, the gage actually
covered more than one crack in some beamse This required the authors
to exercise Jjudgment in deciding which gage readings to use in deter=-
mining average and maximmum widths of crackse
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(i and Kirstein swmarize their vork with the following:

l. The miniyum average spacing of cracks was found to be
proportional to the product of the diameter of the rein-
forcing bar and the ratio of the assumed effective area
to the fully-~developed area of concrete.

2+ Tho average width of the cracks at the steel is given
by the product of the average minimum spacing of the
cracks and a function of the computed steel straine

3« Concrete strength has practically no effect on the
formation of crackse

Bertero (13) and Borges(lu) vwhile discussing the article by Chi

and Kirstein (12)

corment on the problem of measuring crack widths with
the Tuckerman gagese Taey both indicate that this method automatically
neglects the tensile strain in the concrete. In the original article,
the authors had justified this method of measuring crack width because
the tensile strain in the concrete is quite small and even compressive
strains may exist between crackse The discussers also indicated that
the actual measuring of the crack width was open to too mich judgment
and, therefore, was not good experimental proceduree But, in Cai and
Kirstein's closure, they indicated that since maximum crack widths was
the important measured quantity, the Tuckerman gage was good enoughe
In most cases, the crack of maxirum width was set apart from all other
cracks and, therefore, was usually alone inside the gage lengthe

Bertero (3) also takes issue with Cai and Kirstein(lz)

over the
compressive strains they reported between crackse The authors explained

in their closure that perhaps this phenomenon can be explained in the
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following way: After cracks become numerous and close to one another,
the flaxural stresses between successive cracks diminish, and the
stresses are predorrdnately due to shear between reinforcement and
concretees llhile this phenomenon is not yet fully understood, it is
concelvable that the distortion due to shear can produce either come
pression or tension on the face of the beame It must be understood
that theso are small strainse

In 1961, Hogmestad(q) presented experimental data along with
his theoretical developments, which have already been discussede His
experimental investigation studied the following parameters:

le. Bar diameter

2 Beam width

. . 3e DBeam depth

Le Concrete cover
The effect of these parameters on bcrack width and spacing was studied
by testing 36 beams. Each of the above beams had crack width record-
ings at steel stress levels of 20, 30, 40 and 50 ksi, and crack spac=
ing at a steel stress of 30 ksi.

Hognestad drew the following conclusions from his experimental
investigation:

le Maximum crack width is essentially proportional to

steel stresse.
2o lMaxdnum crack width is essentially independent of
concrete strength, beam width and beam depthe
3¢ Maxdirynmm crack width is strongly influenced by the

thickness of concrete covere



Lo Maxdmam erack width is not directly proportional to

crack spacinge
The fourth conclusion does not agree with Chi and Kirstein's(lz)
socond conclusion presented earliere It seems that Hognestad'ls is
backed by a theoretical analysis by Rusch and Rehm(15).

In 1965, Broms‘?’ reported an investigation using 37 tension
members and 10 flexural members in which crack width and spacing
were recorded. Broms first tested very long tensile specimens to
determine minimm spacing of cracks, then tested a small member with
the minirmm crack spacing as its lengthe In Part IT of his article,
he recoxds crack spacing for 15 beams and 10 tensile specimens at
steel stresses of approximately 30, 50 and 70 ksi.

Broms measured internal cracking in a few specimens by injecting
a resin EPOCAST 530 into the specimen at the maximmum loade The applied
load was maintained while the specimen was coated with resin and
allowed to drye This sealed all exterior cracks and also one end
of the preformed channel through which the resin was injecteds The
load was maintained while the resin was injected under pressure and
hardened, thus preserving the total crack patterme. Later the specimen
was cut open parallel to the reinforcement by means of a diamond sawe
All cracks, maintained in their original shape by the hardened resin,
were observed and examined by a hard microscopee A number of cracks
were observed which never reached the exterior of the specimen.

Bresler and Bertero(S) reported an investigation of load hise
tory on crackinge They instrumented the reinforcing bars by splitting

them and milling a groove for electrical strain gagese The bars were
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FIGURE 4, Steel Strain Distribution in Cracked Prism




wolded together and cast in the specimense Vhen the specimens were
tostod, steel strain could be recorded all along the lengih of reine
forcamente The typical shape of this distribution is shown in
Figure k.

Thoy concluded from their tests that ropeated loads caused
decay of tho bond between steel and concrete. This means that load

history affects the crack width and spacing and, therefore, must be
consddored in designe



IIT. STATISTICAL APPROACH TO CRACK FORMATION

Tho idea of a statistical approach to cracking has been men=-
tioned by a nwber of authiors, but only Gergely and Lu'bz(lo) have
taken the idea and used ite. With the large mass of data already
recorded, it would seem quite informative to analyze it statistically.
Tho basic objective of this chapter is to obtain information about
the major parameters in crack formation and, if possible, to obtain
an equation which will accurately predict crack width and spacinge
Tne first part will be a general discussion of the statistical
prdcedure used and the last part will describe how this procedure
was used and the resulise

The basic statistical approach was a non-linear regression
analysis developed by Re Ce Heterick(lé). Heterick used his algorithm
to obtain design equations by using as data "good" designs obtained
in the conventional way. He generated enough of this data to apply
his algorithm and obtain very accurate design equationse As he notes,
this algoxrithm can be used with experimental data.

In simple terms, the algorithm takes a set of data and proceeds
to fit it into the form

8 o, @ o B ... 8
T=a +X 1°X 2°X 3 X n (14)

3

vhere Y is the dependent variable
Xﬁ. are the independent parameters

a are the determined coefficients for best fit.
i

w 2 -



The first step is to make a log transformation so that a step-wise
linear regression analysis can be run.

To explain step-wise linear regression, the following example
with only three parameters will be usede.

a a a
T-a =X 1x2 2x33 (15)

The log transformation becomes

- =a log X + log X + log X 16
log(Yao)alglazgza383 (16)

For convenience, the log terms are written as b terms, so that,
Y=a b +a b +a b (17)
11 2 2 3 3

The algorithm begins with bl, b and b and runs the regression on
2 3

each independently and determines which one best represents I'. For
i1lustration, say b2 is beste So now, the algorithm takes b2 + bl
and b_ + b_ and checks to see which of these is best. And again for

2 3
illustration, assume b2 + b3 is beste The last step is to add bl or
check (b2 + b3) + bl for its contribution to best fit; if it does not
improve the fit, then bl is not a statistically important parameter.

The final model would look like this
Y*=a b +a_ b (28)
2 2 3 3
The algorithm themn defines the constants from the last regression

analysise
The most important process begins now with the non-linear
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regression analysis by iteration. Using the statistically important
parameters and also the values of the constants from the first
approximation, the regression analysis is performede.

The final results are an equation of the form of Equation (14)
and an indicator of goodness of fit, the oorrelatior_n coefficient, Re

R 18 defined as:
i
2

{1 2 n 2]
Y, - e
R= 1= % 43 1 (19)
_2 2
Y
S J

where Ii = individual value of the dependent variable

e A = error of approximation.

R is maximum, when the fit is very good, but always less than or
equal to one. If equal to one, the calculated and actual values are
identical.

Care mist be taken in analyzing the results from this approach
when experimental data 1s usede Important statistical parameters are
not always important physical parameters. Knowledge of the data set is
extremely important when drawing conclusions from this algorithm,

The data used in this algorithm were discussed in Section II
but will again be listed. (ﬂ.aﬁc(n> reported results on 26 beams at
seven different stress levels giving a total of 182 points. This was
reduced to 165 points because some readings were not recordede Chi
and Kirstein(lZ) presented test results on 16 beams at six different
stress levels giving a total of 96 points. This was reduced to 87
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because again some readings were not recorded. Hognestad(u) pro=-
sented results on 36 beams at four different stress levels giving a
total of 144 pointse. Seven beams were not included because they
contained plain bars, leaving a total of 110 points of recorded datae.

Broms(7)

reported on 15 beams at three stress levels or a total of
L5 points, but again four points are not recorded leaving only 41
pointse The grand total of data points was 403.

These 403 data points were statistically analyzed using Heterick's
algorithme From the results of this analysis some data points were
removede The basis for removal was that the point was three or more
standard deviations away from the calculated value. In most cases,
these "bad" points were at very low or very high loadss Other "bad®
points were from a single beam at different load levels, indicating
a possible "bad" beam, There were only 26 such points in all of the
data, leaving a total of 378 points for the final statistical analysis,

The dependent variable in the algorithm was the maximum crack
width and the independent parameters were:

1. Steel stress |

2o Bar dlameter

3¢ Total depth of beam

4, Width of beam

5¢ Cover

6e Concrete compressive strength, and

7« Number of barse

None of the above were rejected as insignificant parameters with



- O -

the following algorithm constants:
l. IMinimum F ratio of 1.0
2¢ IMnimm correlation coefficient improvement of
0.0001, and

3¢ Tho leading constant held invariant at zero.

The coxrelation coafficient from the linear regression was
049992 which is quite good, but from the more exact non-linear
regression, it was only 0.98l. This points out the error in using
the log transformed linear regression on any set of datas The 0,981
indicatos that the fit is not perfect, but that it is a good fit.
The following equation is the final resuli:

1.29 -04036 0.1833  0.883
W = 0,000012 (i‘s) ) (D) (b)

(20)
0.738 0,037 -0,182
(COVER) (£%) )
Cc

where W = crack width (inches)

T
s

h

steel stress (ksi)

]

total depth of beam (inches)
b = width of beam (inches)
COVER = concrete cover (inches)

' = concrete compressive strength (ksi)
c

N

number of bars

Heterick's algorithm was also used to obtain a prediction
equation for crack spacing using the same independent parameters and
constantse The correlation coefficient of this fit was 0.949. The



crack spacing was determined to be

-04560 04443 ~0e835 ~0,612

L =784 (£) () () (D)
a S
~0.099 0,488 0,064
(£v) (b) (COVER)

c

waere L = average crack spacing (inches)
a

the other parameters were defined above.

It should be noted that these equations only define crack width
and spacing in a region of constant momente. Nearly all recorded data
is on beans with constant moment sectione No data points for concen-
trated or uniform loads could be found to examinees This equation
couid possibly be extended to include these loading conditions by
including a shear term.

In addition to the prediction equations, the statistical analysis
also indicated the parameters of major importance. This could be
determrined by observing F ratios given by the algorithme The follow-
ing four were found to be of major importance in both crack width
and spacings

l. Steel stress (i‘s)

2e Concrete cover (COVER)

3¢ Width of beam (b)

Le Total depth of beam (h)

The effect of each parameter could be ascertained from the finel
equationse For example, crack width vardies directly with steel stress
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and inversely with the nuuber of barse Similar statements can be

made concerning crack spacing alsoe



IV, DETERMINATION OF EOND STRESS DISTRIBUTION

The two basic quantities which need to be evaluated before
crack widths can be predicted are bond stress distribution and
offective concrete arca. These two are interdependent and, there-
fore, if one is defined, the other can be reduced from the recorded
data on crack widthse &ince the steel stress can be determined in
the laboratory and then converted to bond stress, it was decided to
define the bond streoss distribution firste To do this, an analyti-
cal and an experimental model weroe enployede

Malytical Model

The analytical model was a digital computer program using a
finite element program developed by &-ﬁlson(é) for the analysis of
axdisyrmetric solids. 'Wilson's program was amended to accomodate
the Ngo and Soozde]is(8) bond element which was discussed in the
Section II. Additional logic was added to calculate bond stress
along the steel and the total force in a concrete layers

Input is by cards with the following oxder:

le TFirst card = month, day and year in first six colums

without any blanks and in colurm eight the material
nuber of the steel.

2¢ Second card = heading to identify the problem.

3¢ Third card = nuiber of nodal points, elements, materials

and pressure cards in I5 format, and in colwm 45, the
number of approximations needed for the non-linear analysise

- 30 -
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Lo Neoxt cards - material properties for each materiale
5 Uext cards - nodal points and locations.
6e llext cards - elament incidences and material nunbers
7. loxt to last card - pressure card foxr load.
8e Last card = bond information; one (1) in colum five
if the force on a concrete layer is needed, and in
the next ten colurms, the number of concrete
elements in a layer, and the number of layers both
in I5 format; following this in 5.0 format the width
of the concrete eleamentse
Output from the program includes the following:
l. lodal displacements in the 1= and z- directions,
2 IElement stresses and strains in the 1~ and z- directions,
3« Principle stresses and their angle of inclination for
each element,
Lo Maxirum shearing stress in each element,
5« Bond stress distributions,
6s Force in each concrete layer and
7« If Ngo and Scordelis'! bond element is used, the force
in that elemente.
The first three items listed are usual output and will not be dis-
cussede
The fourth one above, maxirmm shearing stress, is easily calcue
lated by dividing the difference between principal stresses in the
r- and z- directions by twoe. This quantity was calculated because
the photoelastic results are shearing strains, which can be cone-
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verted to stress quite easily.

lurber five, bond stress distribution, is calculated by multi-
plying the difference in steel stress between tiwo adjacent steel elo-
ments with constant r by the steel areas This force ls then divided
by the surface area of the steel giving a bond stresse

The sixth one, force in a concrete layer, is found by integrat-
ing the stress in a layer of concrete, (concrete elements with constant
z=- cooxdinate)s The stross is first multiplied by the appropriate rw
coordinate, then integrated using Simpson's rule extended to a power
one less than the number of elements in a layers

Iunber seven is determined only when the Ngo and Scordelis
element is useds The bond force is determined by mltiplying the
nel displacament of each end by the spring stiffnesse This is done
for both the r— and z- directionse

To model the bond between concrete and steel, a special type
elenent was usede This bar bond element is shown in Figure 5. It is
a thin cylinder around the steel, connected to the steel at one node
and to the concrete at the node diagonally oppositee Material pro-
perties of this element are:

le lodulus of elasticity - same as steel

2. Slope of plastic stress-strain curve = 04001 times Es

3¢ Yield stress - steel stress at the allowable bond

stress of the concrete.

The bar bond element allows elastic action to take place at low loads,
but as the load increases, the bond element "yields" and plastic

deformation occurs. This can be handled in Wilson's program using a
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17)
direct iterative approach as defined by Zimlc’x.ewicz< .
The direct iterative approach assumes that the éffec*tiVe strain

is the second strain invariant; namely,

- 2 2 2 2
€=3 (el-iz) +(€_2-€_3) +(e3-el) (21)
and the effective stress is
- 1 2 2 2
= '5 (fl - i‘z) + (;i‘2 - i‘z) + (i‘3 - i‘l) (22)

where the subscripts ind.icq.'be principal strains and stressess The
procedure can be defined with the above expressions and the following
steps:

l. Apply full load and calculate strains and stresses using

elastic procedures.

2. New values of E and ¥ are determined for each element

according to its state of stresse

3¢ 4n elastic analysis is performed with total load, and

the new elastic constants found in (2).
L, TIterate steps (2) and (3) until desired accuracy is
obtained.
Usually only four or five iterations were required for good resultse
This procedure is shown schamatically in Figure 6.

The yield stress of the bond element is defined as the steel
stress at the ultimate strength allowable for the concrete bond
stress, but not greater than 3.0 ksi. The ACI 318~63 Code gives the
allowable stress in the concrete for tension bars conforming to ASTM
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A305 as 945 f:i /D for other than top bars. To calculate the bond
element yleld stress, the allowable bond stress is multiplied by the
surface area for a unit length and that force is divided by the steel
arcae lor example, with the No. 11 bar:

D = l.4L in. AS = 1056 Sqe ine
£t = 4075 psi Perimeter = 4430 in.
(]

the ultinate allowable bond = 9.5 f407—5/1.41 = 426 psi
the bond force = 426 (1) 4.430 = 1390 lbs.
the steel stress = 1890/1.56 = 1212 p=i
the bond element yield stress = le2l ksi < 3.0 ksl
The bond element yleld values used in the theoretical model are:
Noe & bar = 3.0 ksi
Noe 8 bar = 24 ksi
Noe 11 bar - le2 ksi



EXPERIIENTAL

The testing program was designed to verify the analytical model
for bond transfer and also to evaluate the stiffness of the model
bond elemente DBecause of expense and time, a large statistical
sample was not usocde Instead the tests were set up in pairs of
identical half=-cylinders so results could be duplicated.

The basic model used was the axially reinforced concrete cylinder
with tension applied to the reinforcemente To obtain concrete strains
next to the steel, the cylinder was "split"e This was done by forming
only half of the cylinder around the steel bar (see Figure 7). Since
the halfecylinder is wnsymmetrical, bending in the steel bar is
possibles This will be determined by a set of strain gages located
at the center on each side of the bare. If a uniform bending moment
diagram is then assumed, the other gage readings can be corrected
for bending.

The dominant parameters in crack width and spacing were discussed
earlier in reference to other investigations and also in the Section
IIT. The most important are: |

1. Steol stress

2 Concrete cover

3¢ The width of the bean

L, The total depth of the beam.

From these parameters, it was decided to use steel stress and concrete
cover as parameters in this studye. Varying steel stress was quite
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FIGURE 7, Test Sample = Concrete Half-Cylinder Axially Reinforced
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simple using a testing machine. Three different size bars were cast
in the same size half-cylinder, thus varyling the concrete cover
from 2.75" to 2.30".

The concrete mix is probably best described as a mortar (Table I).
Snall aggrogate was used for two reasons:

l. Tension samples were needed and the standard tension

sarple is quite smalle

2« The photoelastic coating is so sensitive that it picks

up local strains around large aggregate and this confuses
the total strain picture.

The reinforcing steel was obtained from a construction job on
the V.P.I. campuse It has rusted slightly, but otherwise was in good
shape. Three sizes were used == Nos 4, Noe 8, and Noe. 1le. From each
size three two-foot pieces were cute Two were to be cast in halfw-
cylinders, and the third was tested to obtain its stress-strain curve.
A1l of these curves are plotted in Figure 8.

The Noe 4 bars had all the ribs removed from the exterior side
by filing and sandinge This was in preparation for strain gage applie-
cation latere On the concrete side, the ribs were only removed at the
center and only for a distance equal to the gage sizes The Noe 8 and
loe 11 bars were milled to remove the ribs on the exterior side. This
left a flat surface for strain gage application. On the concrete side,
again as with the smaller bars, only a section at the center was
cleared of ribse The strain gage on the conorete side was affixed and
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TABLE I

Concreto Mix Quantities

Retainod on Sieve Welght
Nurber Pounds
10 0

16 41.8

30 5040

50 746

100 6
Total 10040

Water 233

Cament (Type o5
III A)
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water—-proofed before castinge

An extra pair of lloe 8 bars was cut and cast in half=cylinders
to study the effect of a crack on the steel strain readingse NNo
photoelastic material was used in these two tests and no strain gages
on the concretes There were 12 strain gages on the steel; one in the
concrete and 11 outside the concretee. These gages were on one-inch
canters beginning at one end and going the entire length. (see
Figure 9)s Preparation for the gages was the same as with the other
halfecylinderse

Each half-cylinder was cast in a modified standard steel 6" x
12" mold with a plaster filler occupying half the area. The plaster
filler was cast, dried and shaped by scraping and sandinge The steel
was placed in a groove in the plaster and two pileces of Masonite were
placed beside the steel on the flat surface. Care was taken to leave
only half of the steel bar above the Masonitee A thin piece of card-
board was attached to the Masonite and both were taped to the plaster.
The steel was also taped down to the plaster to hold it in place. The
6" x 12" steel mold was modified using a false bottom, leaving only
ten inches of length.

The concrete was mixed by hand and two half-cylinders were cast
at the same time, along with six compression cylinders (2" x 4") and
elght tension samplese. The forms were removed on all of the above
after 24 hours in the moist room. They were then returned to the
moist room, Vhen removed from the moist room after another 24 hours,
the first surface of the half-cylinder was rubbed with a concrete
finishing brick to obtain a flat surface, and also to remove any fines
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that had worked to the surfacee Sand paper was them used to get a
smooth surface. All specimens were then allowed to air dry for
about 30 hourse

The photoelastic material was obtained from Photolastic, Ince
and had the following properties:

1. 04128 % ,002 inches thickness

2¢ K factor, 0e.l5

3¢ Iringe order, 593

Le Silvered back

5¢ Size 10" x 10"
The photoelastic sheets were cut to size to cover half the concrete
surface (see Figures 10 and 11) with a quarter-inch gap between the
steal and photoelastic sheete Adhesive was spread over the concrete
surface and allowed to dry for one and one-half hourse Then a thin
layer of adhesive was spread over the dry adhesive and the sheet was
pressed down until all air bubbles were worked oute Welghts were
applied on a piece of plyboard on the photoelastic sheets to assure
good bondinge

Polyester base strain gages manufactured by University Preclsion
lleasurement Company were used to measure the steel stress and also as
a check on the photoelasticity resultse Two gage lengths were used,
0¢28 and 0.40 inchese. The shorter gages were used on the concrete,
and the others on the steel. Approximate location of the gages is
shovn in Figures 10 and 1l., Standard procedures were used in bonding
the strain gages to the steel and concrete.

The strain gages for the tests without photoelastic material were
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obtained from BCS Associates, Ince They were paper base gages with

a gage length of 0.25 inchese.
Table II contains a sumary of data on each half-cylinders

Testing Apparatus

Testing of the half-cylinders was done on a Tinius Olsen
hydraulic machine with a capacity of 120,000 pounds. The steel was
clamped in the jaws of the machine leaving three inches between the
half=-cylinder and the jawse. Tension was applied to the steel bar by
moving one head of the machine with the other head fixede

The strain gages were read using standard switching and balancing
unitse Only one compensating gage was used for all the gages on the
steel and another compensating gage for the gages on the concrete.
Each gage factor could be set on the recorder making the readings
correct for each set of gagese

A portable polariscope was used to obtain photoelastic resultse.
The light source was a 150 watt white light bulb. Three lenses were
attached just in front of the light source in the following order
beginning next to the source:

l. Polarizer

2¢ Quarter wave plate

3e¢ Filter
The light passed through these plates and hit the half-cylinder and
bounced backe The light then passed through another quarter wave plate
and polarizere This last set of plates is called the analyzer. On



TABLE II

Test Sarples
Rttt e B T N S
1A 8 6 Yos  0.586 ha32h  3.788 x 10° 65,0 25.0 % 10°
1B 6 5 Yos  0.536 4a32%  3.788 x 100 65.0 25,0 x 10°
2A 8 6 Yos 0,603 4,828 400k x 103 47.5 27.8 x 10°
2B 6 5 Yos 0,603 44828  L,00k x 10°  47.5 27.8 x 10°
34 8 6 Yos 0,660 L4075 3,678 x 10°  57.0 27.8 x 100
3B 6 5 Yes 0,660 4,075 34678 x 10° 57.0 27.8 x 10°
u 0 12 No 00580 54679 4eB0 x10° 47,9 o5 x 10°
4B 0 12 No 0,580 54679 430 x 100  47.9 .5 x 10°

(1) LA was slotted around its circumference on the center line of ‘the half-cylinder to induce
a cracke

(2) g o A5 33/5,‘
c
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this particular model, the analyzer was about 15" in diameter with
the quarter wave plate on one side and the polarizer on the other.
The above setup was for a circular polariscope which gave the best
picture of the maxirmm shearing stress fringese A sketch of this
sotup is shown in Figure 12.

To record the fringes, a 35mm, single reflex lemns camera was
used with a 50rm lens and Kodacolor X filme The camera was set on
a tripod just behind the analyzere A color chart with the primary
colors was used to establish a reference for analysise About three
pictures were taken at each load of zero, half of the steel yield
stress and full yield stresse

A picture of the total test setup is showm in Figure 13.

Test Procedure

The half-cylinders were placed in the testing machine and all
gages connected to the recorder and zeroed. The polarisocope was
then set up as close to the half-cylinder as possible. The camera
was placed just behind the analyzer and adjusted to obtain the proper
plctures The tests were conducted at night when the testing room was
dark with the lights offe The only light source was the light on the
polariscopes

Each test began when pictures of the color chart were taken
(see Figure 14)e The naxt three pictures were initial, no load shots
for referencing the later pictures. The initlal picture from Test 2B
is shown in Figure 1l5. After these plotures, the load was increased
in steps of about 15 percent of yleld stress up to the yleld stress



Notation

A = Analyzer

C = Camera

F = Filter

L - Light Wave

P = Polarizer

PS =« Photoelastic Sheet
Q = Quarter Wave

S = Source

FIGURE 12,

Photoelastic Setup (Circular-Crossed Polariscope)
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Complete Test Setup

Figure 13.
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Figure 14, Color Chart
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Figure 15. Zero Ioad Picture Test 2B

Figure 16. Final load Picture Test 2B (fS = 43,8 ksi)
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of the steels Pictures were taken at about half of yleld and again

at yleld stresse The final picture from Test 2B is shown in Figure
16 Thoe strain gages Were read and recorded at each stepe If somo=
thing wusual happened, a picture was taken to record ite. For example,
in Test 3A a crack formed behind the photoelastic sheete This gave

a very interesting fringe pattern which is shown in Figure 17.

Two halfecylinders were tested each night and recorded on the
same roll of filme The same procedure was followed for each teste.
After each palr of tests, the film was developed but not printede The
negatives were analyzed using an enlarger which projected the negative
onto a flat surfacee. The enlarger was adjusted so that the projection
was actual sizees A piece of plain paper was used for the projection
surface and the color pattermn was traced onto ite. First, the initial
fringe pattem and then the final pattern were tracede With these
two tracings and the properties of the photoelastic material, maxinmum
shearing strains could be determined. This method was used on all
the tests with the photoelastic materiale. The shearing strains were
then converted to shearing stresses for comparison with the analytical
resultse

Test 4A was slightly different in that the load was inecreased
on the half-cylinder until it cracked. The location of the crack was
Predetermined by a slote After cracking, the load was reduced to zero
and the halfecylinder reloaded following the same schedule as the
other testse Test 4B was exactly like 4A but with no slote.

The strain gage data was recorded in micro-inches per inche The
data from the gages on the steel were corrected for bending in the
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Figure 17. Fringes at Crack Test 3A
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plane normal to the photoelastic surface by subtracting the bending
strain recorded by two gages in the center of the half-cylindere
This, of course, assumes a constant bending moment diagram along
the steel which seems reasonablee The only bending corrected for is
the bending in and out of the concrete. Gages symmetric about the
conter line were averaged since they would normally experience the
same straine These adjusted strains were then compared with the
analytical resultses A complete set of data for each test can be
found in Appendix B

Comparison of Models
The comparison of the two models is a very important step toward
the final objective of this researche If the analytical model can be
verified, them it can be used to generate data to determine the bond
stress distributiones This section will be divided into four parts,
the flrst three corresponding to the three different quantities
measured in the experimental tests, and the fourth a sumary.

Steel. Strain Gage Results

The strain gages on the steel gave very consistent results between
the A and B half-cylinders in each test.s In the first three tests, the
steel distribution was a little different from what was expecteds The
expected distribution is shown in Figure 4 between either pair of
crackse Test 4 was introduced to determine if a crack which forms late
in the test has the same effect as an initial cracke Test 4A had the
initial crack and Test 4B was identical to 2A and 2B except for slight
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difforences in f! and E « Since the strain gages values were averaged
across the axis :i‘ synm:try, only half of the distribution is pre-
santode In Figure 18 it can be seen that there was a large difference
between the cracked and uncracked halfecylindere This indicates that
the strain distribution from the first three tests need not be
exactly like that in Figure 4« If the length of the halfwcylinder
had been equal to about the average crack spacing, then the steel
strain distribution would be like Figure 4.

The results of the third test are plotted in Figure 19. The
points were obtained by correcting the stresses and strains from 3A
and 3B to some central stress. Ior example, in 3A a stress level
was 28446 ksi and in 3B it was 28.03, therefore, the A strains were
rounded off to 28,00 and miltiplied by 28.,00/28446, and the B strains
by 28.00/28.08 This gave two sets of data for averaging at a stress
level of 28,00 ksie In Figure 19 the results of the comparison be-
tween the experimental and analytical distributions are showne Figures

20 and 21 show the comparison of Tests 1 and 2.

Photoelastic Results

The photoelastic results were on the whole only falr, however,
some specific tests were quite goode No results could be obtained
from Test 1A or 1B with the No. 4 bare. There was not emough strain in
the concrete to show in the photoelastic materiale The only exceptions
being at the steel deformations where some strain concentrations could
be seems In Tests 2A and 2B, the results were complicated by the many
strain concentrations around the steel deformationse Figure 22 shows
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the results of Test 2A and Figure 23 shows the results of Test 2B
The right and left sides were averaged to obtain the points shown
in both of the above figures. Test 3A and 3B were the most success=
ful with the photoelastic materiale Figures 24 and 25 show the
results of Test 3A and 3B, with right and left sides again averaged
to get the photoelastic pointse

There secem to be three reasons for the photoelastic problemse
The first is the basic problem of the non~homogenity of the concrete.
Pockets of incompletely mixed material cause strain concentrations
vhich confuse the fringese The second is that the photoelastic sheet
is not sensitive enough to reflect the asmall strains in the concretee
The photoelastic sheet used is the most sensitive standard sheet
available commercially. More sensitive sheets could be obtained on
special order, but their thickness may prohibit thedr usefulness. The
third is that the photoelastic material was too sensitive near the
steels Neaxt to the steel, large strain concentrations at the defor-
mations were present and tended to confuse the total fringe pattemn.

The numbers obtained from the photoelastic results are subject
to many errors, such as:

le Error in thickness, £ 1.5 percent

2e¢ Error in fringe order, T percent

3¢ Error in distingulshing colors from the negatives

L4e Ervor in putting a number on a color since usually

only whole fringes were observed.

Even with this error, the stress patterns obtained were usually quite
accurates With this in mind, the experimental results compared
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favorably with the analytical modele.

Concrete Strain Gage Results

The strain gages on the concrete were to be used as checks on the
photoalastic results and also as points of reference for the theoreti-
cal models, llone of the gages gave reasonable resulise There seam to
be a number of reasons for these poor readingse. One, ls the non-homo-
genity of concrete as discussed above. Other problems are the strain
concaentrations around the steel deformations. These cause some gages
to record very high strains and yet adjacent gages record only small
strainse Another problem is the wedging effect of the steel deforma-
tions as they try to slip through the concretee

Some very questionable tensile strains were recorded in the cone
crete. Gage 7 in Test 2A recorded a tensile strain of 0,02 in/in.
and Gage 13 recorded 0,0l in/in. in Test 3Be In both cases, the
syrmetrical gage recorded reasonable valuese Because of the above pro-
blems, the concrete strain gage results were not compared with the
analytical modele

Supmary

Good comparisons have been made between the experimental and
analytical steel strains, but concrete strains could not be compared.
For this reason, comparison was made between the analytical surface
deformations and the surface deformations measured by Bmms(7). In
Part II of his article, he presented, in figure form, the surface

deformation of a cylinder six inches in diameter and eight inches long,
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reinforced with a Noe 8 bare Figure 26 shows the comparison and also
gives more information about the test cylindere. Since good agreement
is shovm here also, the analytical model can be assumod correct.

In obtaining an equation for the bond stress distribution, the
analytical model was used to vary steel stress and the covere. The
steel stress was varied from 25 to 40 ksi in 5 ksi stepse The cover
had values of 1.0, le5, 240, 245 inches and x varied from 0 to L/2.

A total of 96 points were calculated and used as data in Heterick's(lé)
algorithm which was discussed in Section III. The bond stress equae
tlon from this algorithm was
1.36 -0,0034 =0e245
u_ = 04000539(¢ ) (COVER) (x) (23)
Since the exponent on COVER is so small, it was dropped from the
equatione Therefore, the final equation at this point was
1.36 ~0e 245
u_ = 0.000539(i‘s) (x) (24)
This equation will be adjusted when the final comparison is made between
predicted and actual crack widthse
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V. DETERMINATION OF EFFECTIVE CONCRETE AREA

The limit of the concrete area beyond which the bond stress has
little effect is needed in the development of a prediction equation
for crack width and spacinge Two approaches were taken to define
this limit. The first, and simplest, was to assume that this effect-
ive area is a constant. The second was to assume it 1s a function

of xand f o
s

Constant

Many investigations have defined the effective concrete area
Ae as the largest concrete area that is symmetric around the steel.
This in a rectangular beanm is equal to 2 [b(-d)] .

In the model used in thils investigation, the above definition
does not apply; therefore, another was neededs Using the results from
the computer run which generated the data for the determination of the
bond stress distribution, an effective area was calculatede The bond
stresses were plotted at the different levels of f gt cover and x; Ae
was set equal to 1&1TD2. This constant was almost arbitrarily chosen
because of the scatter in the bond stresses. At this point, this
constant will be used in a prediction equation, but it may be refined
after checking the prediction equation with the recorded data.

Variable

The more acocurate approach to the effective area is to assume

that it is a function of fs and xo Using the same data as in the
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previous section, the following procedure was usede With fs constant,
the bond stress value at a particular x was recorded at different
distances from the steele. When there was less than one percent differ-
ence in two adjacent values, the distance from the steel was recorded
as a point on the boundary of the effective area. This procedure was
continued over the ranges of fs and Xe DBecause of the model, the area
was assumed to be a solid of revolution about the steel axis, which
can be defined by a curve in the r-x planees The next step was to
determine a curve which best fits these points and from this determine
the effective area.

It should be noted that if Ae is a function of x, it mst be
integrated with L in Equation (1),

x

ftx = mrnf nx/Ae dx (1, repeated)

o
Since Ae is a function of x and also appears in the denominator, a
simple function is desirede The curve determined by a polynominal
regression for the boundary of the effective area was a quadratic in x.
This quadratic expression rmust be squared before integration, making
integration almost impossible. For this reason, a bilinear curve was
chosen to express the boundarye The expressions for r are

r = 6e5 = 2x 0¢x¢2 (25)
= 2.5 24x¢Lf2 (25a)

This gives the following expressions for A :
e
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2 2
A D (6e5 - 2x) [4 0<x¢ 2 (26)

©

2
6e25 TrD [4 2 <x<Lf2 (26a)

A
e

where x and D are in inches.

The oquations for effective concrete area are independent of
steal stress and of x, if x is greater than two inches. This means
that there is a transition length of two inches from a crack before
the effective area becomes constante This transition length is
probably the length of bond destruction as described by Nilson(9).
The above expressions are only valid for a single bare If N bars
are considered, the area would not be N times Ae’ but something less
because of overlappinge An expression which would be correct for
this overlapping would be very complicated and require the knowledge
of the distances between bars, and both side and bottom cover. It is
beyond the scope of this investigation to refine the expressions for
Ae any further. The values obtained from these equations will in most

cases be highe



VI. PREDICTION OF CRACK FORMATION

The objective of this investigation was to develop a prediction
equation for crack width and spacinge This chapter will present these
equations and also compare them with the recorded experimental data

on cracks in reinforced concretee

Prediction Hjuation-

2
The basic approach was presented by Watstein and Parsons( ) and

appears in Section II, but the basic equations will be repeated for
completenesses The concrete stress at any point between coracks, f,_,
is defined as

X
£, = NuD f /A dx (27)

o

The maximun concrete stress ocours at the center (x = L/2) and
cannot be greater than the concrete tensile capacity (f;). So, if
in Equation (27), ftx is set equal to fjs and x equal to L/2, the
following equation results

L/2
f'=NTTDf u /A dx (28)
t x e

o

The unknown in Equation (28) is the upper limit of the integral, L/2,
which requires that an explicit expression be found for the integral.
There are two cases to conslder in the evaluation of this inte-
gral: the first, when A° is assumed constant, and the second, whemn
Ae is assumed bilinear.
-7} =
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Constant Ag

Assuming Ae is a constant with respect to x allows A9 to be
ramoved from the integral in Equation (27)e The bond stress distri-
bution determined in Section IV was

136 =0e 245
u = 0.000539(fs) (x) (24, repeated)
Introducing this into Equation (28) gives

L/2 1.36 ~0e245
£' = NJID j 0,000539(£ ) (x) dx
t A 8
(-]
(o]

or reducing

1.36 04755
£' = 0,000539 T D (£s) (L/2)

& (0.755)

and solving for L,

o324

A £

L=2 l‘-li?.p-—_e_i-E ¢ (29)
N p(e)td

wWhere Ae is in square inches

f' and £ in ksi
t s

L and D in inches
Equation (29) defines the maximum crack spacing when Ao is constante
The maxirmum crack width is defined as the summation of unit slips
fromx=0tox=1L, or

L/2
W=2 J s, dx (8, repeated)

o
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f
where s = st = ftx (7, repeated)
x — F
s
x
fsx =f_ - NAH D j u dx (2, repeated)
8 o
x
f =NTD J u dx (1, repeated)
tx x x
) o

Using Equations 1, 2, 7 and 24 in BEquation 8 gives

) L/2
W= ‘gs f [fs - UD+nNT D/Ae)
o

1.36 04755
(05000539 £ ) x /04755 dx (30)

Integrating and reducing the above equation gives
W= % [fs(L/z) - (4/D+nT ND/Ae)
s

1.36 1.755
(04000407 fs ) (L/2) ] (3)

whereEsandf are in ksi
s

Ae in square inches

L, D and W in inches
L is defined by Equation (29).

The above equations are for constant effective concrete areae.

Variable Ay

The basic approach to this case is the same as with a constant
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Ae. axcept now Ae mist be included in the integrande Beginning with
Equation (24) again and

A
e

2 2
TD (6e5 = Zx) [4 O€xe2 (26, repeated)

. 2
Ae 6e25 W D [4 2 ¢x¢ L[2 (26a, repeated)

Equation (28) can be written

136|022 ) e L2 o245
£1 = 0.002156 N Ls = , dx +S' x ax | (32)
(o)

t D (605 = 2x) Ge25

The first integral is very difficult to integrate explicitly, there-
fore, it was integrated numerically. The value obtained was considered

accurate only for three figures, thus

2 0,285

J X dx = 0.12 (33)

2
| (605 = 2x)

Using this constant and integrating the second integral gives

1636 04755
£' = 0,002156 N fs [4.719(0.12) - 1,688 + (L/2) J (34)
t Le719D

vhich can be solved for L,

N
L=2 |2189 DIt + 1.122
Nf1.33
S

1e324
] (35)

where f!' and £ are in ksi
t 8

D and L are in inches.
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The crack width is still defined by Equation (8) even with
variable Ae. Using BEquations (2), (7), and (27) in Equation (8),
gives

L/2
w—g / £
ES o 8

Assuming that x will always be greater than two inches,

X 2 b4
J _‘_’_x_dx=J ‘_‘;c_d;ug x dx
A

=
o e OAe 2Ae

ol&

p.< X
J udx-n‘lTNDf Ye | dx (36)
x e
o ° ¢

or with the u and A evaluated

X )
X 2
u 1.36 ~0e245
X dx = 05000539 £_ x dx
o 4 b (65 = 2x)?

o

X 04245
+ X dx
|

2

reducing still further, using Equation (33) defining the first integral

x 1.36 0755 04755
dx = 0,000539 £ 0612 + 04212 x =0.212(2) (37)

o

o™lF

Introducing Bquation (36) into (37), combining terms and integrating
gives
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2 136 1755
W=3 | £ (L/2) - ,001626 {s (L/2)
Es 8 D

1.36 1.755
- 0,002156 fs Nn (0612 (L/2) + 0.212 [ (L/2) [Le755
D

06755
- (2) (L/2)
where Es and f are in ksi
s
Dy L and W are in inchese.

The above prediction equations were checked against the experi-
mental. data recorded in Section III. The resulis of this comparison
and all modifications of the predictlion equations are presented in the
next sectlon,

Lompardson of Fquations With Data

To determine the reliability of the above prediction equations,
comparison was made with the recorded crack width and spacing data
reviewed in Section II. Using Equations 29 and 31 with constant
effective area, the comparison was not goode Correlation coefficients
were 0,40 for crack spacing and 020 for orack widthe These correla=-
tions are much too low to assure rellability of any prediction
equatione This points up the error of assuming A constant when using
the approach of Watstein and Parson's(z). Some itzprovemmt was
obtained when the variable effective area was usede Equations 35 and
38 were compared and gave correlation coefficients of 0455 for L and

0630 for W which were also too lowe
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To improve the fit, numerical constants in the prediction
equations were rounded off to two significant figures and L was
assumed to be the value of maximum crack spacing at fs = 35 ksi,.
Since L is the maximm possible orack spacing, it seems logical that
beyond some level of steel stress, L does not vary. This can be seen
in the experimental data of many investigatorse. Most researchers
agree that when i’s exceeds 30 to 35 ksgl, the crack spacing is constante.
Equation 35 does not reflect this, so0 it was assumed that when i‘8>
35 ksi, L is constante Using this new crack spacing in Bquation 38
gives better results but is still not satisfactorye.

One more step was taken to improve the goodness of fite. Since L
had been defined by Equation 20a from the statistical analysis, it
was used in Equation 38. Again, this improved the fit, raising the
correlation coefficient to 0.54, which was still too low for good
prediction equations. No further improvements could be made without
disregarding the equations defining bond distribution, effective area
and unit slipe

The correlation coefficients of the crack spacing equations were
always better than for crack widthe. This was because there is less
error involved in those equations and also because L is used in the
crack width equatione A close look mst be taken at the basic equa-
tions as well as the quantities evaluated by this investigation.

The basic equations neglect the effects of interior cracking,
initial stresses and strain and strain concentrations around the steel
deformationse The last effect would almost be impossible to include
in the equationse. The interior cracking is just about as difficult



- 80 -

to include. If interior cracking occurs between exterior cracks,

then any equation which simply sums the unit slips will over estimate
exterior crack widthse. This was observed in both sets of prediction
equationse The existance of interior cracks has been shown experi-
mentally by Broms(?) by injecting resin into a cracked specimen. Some
neans of evaluating interior cracking mist be determined before this
type of approach will yleld good correlations with existing datae.
Initial stresses and strains can be accounted for by initial values
on the steel and concrete. The problem is defining these initial
values from experimental investigationse.



VII. GENERAL DISCUSSION

As was stated earlier, the objective of this dissertation was
to obtain prediction equations for both crack spacing and width for
reinforced concrete beamse It was believed that with this information
design procedures could be developed to help control cracking in modern
reinforced concrete structures. There have been two approaches pre-
sented, one using a statistical analysis and the other a classical
analysise

The statistical analysis was made using a very complex none-
linear regression analysis of recorded crack information. The re-
sults were good prediction equations for both erack width and spacinge
Since good equations were obtained, thls approach can be considered a
good ones One problem with this type of procedure is that sometimes
erroneous conclusions can be drawn concerning the importance of some
parameterses This can occur when an insignificant parameter happens to
have values which are of the same order of magnitude as a dependant
variablee. For example, in the statistical analysis of crack width,
i‘y was used as an independant parameter in addition to the others
mentioned earlieres It seems obvious that fy has little or no effect
on crack width, but the statistical analysis indicated that it was
more important than i’s. VWhen fy was removed from the independant
parameters, a better fit was obtained. Therefore, some knowledge of
the importance of the independant parameters considered mmst be a
prerequisites A good indication of a poor parameter is the improvement
in fit when it is removed.
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Inother problen is the loss of structural reality by neglecting
all structural mechanics and going directly to the end producte There
are only two places where a knowledge of structural mechanics is
needede The first place is deciding what independant parameters to
use and the other is in evaluating the final equation.

The prediction equations obtained from this investigation are
better than any other recorded in the literature. Gergely and ILutz's
(10) equation for crack width was correlated with the same data and
had a correlation coefficient of 0,895 compared ﬁith 0,981 from this
study. Their expression requires pre-calculation of a number of con-
stants while Bjuation 20 does not. Both equations have the same limi-
tations because the same data was used to determine each equation.

The classical approach here refers to the basic approach used
by Watstein and Parsons(z) to analyze cracking reinforced concrete.
Beginning with the basic equations of Watstein and Parsons and define
ing the bond stress distribution and effective concrete area, the
prediction equations were determineds The basic equations are simply
the equilibrium equations expressed in terms of stress and unit slip.

The experimemtal program was designed to verify the analytical
model, which it did. The concrete strain gage results were not good.
The reasons were examined in detail in Section IVe The steel strain
gages gave good and consistent results in all but Test 4e The gages
in Test 4B gave much lower values than in any other test, -and there
seems to be no obvious reason for thise The photoelastic results were
fair in magnitude and good in patterme. This is all that could realis=

tically be expected considering the error involved in translating
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fringe patterms into stress valuess

Considering the tests as a whole, there are a few corments
which seam necessary. The first concerns the model and how it
approximates the actual reinforcing bar in concrete. With only half
of the bar covered with concrete, the model is not symmetricale Strain
gages were placed on the steel to determine the magnitude of bending
which was found to be small compared to the other strains (less than
5%)e The deformations on the bar probably caused more bending than
the non-symmetry of the modele. Slight bending was even present in
the steel stress-strain relationship test, when no concrete was pre-
sante The deformations on the steel are not symmetric and, may have
introduced this bending because they did not seat properly in the jaws
of the testing machine.

The photoelastic results could have been improved 1f another
polariscope had been available. If only one reading is taken with
the circular polariscope, only shearing stresses can be obtainede
However, if two readings are taken at the same load but at different
angles, all principle stresses could be determined. This means that
the polariscope mmst be moved at each load level or that the loading
mist be repeated so that the second readings ocould be madees The first
altemative requires a great deal of moving and resetting during the
test which is not a good procedure to use when testing concrete
because of creepe. The second altermative is not good practice when
measuring bond transfere. As reported by Bresler and Bertero (5). the
bond transfer deteriorates with repeated loadinge To assure good
results, there should be two polariscopes or a polariscope with two



light sourcese

The analytical model used was a finite element representation
of the axially reinforced concrete cylinder in tension. The material
properties of the concrete and steel were the usual values except that
the concrete was described in temsion as bilinear. Iittle experimental
data exist which define the stress-strain curve of concrete in tension,
therefore, some property values were assumed by evaluating the experi-
mental resultse The bond element was a rubber-like ring around the
steel, with its material properties determined by matching experi-
mental results with analytical resultse A great deal of research is
needed in this area of bond transfer between concrete and steel in
order to define the material properties more precisely.

The finite element approach seems to be the most promising new
analytical tool developed recentlye This approach allows the conside
eration of the non-homogeneity and non-linearity of concrete. Bond
transfer can be considered, if certain constants can be evaluated by
experimental researche Cracks can be considered by inputting cracks
where concrete stresses are greater than its tensile capacity. This
particular use of finite elements in reinforced concrete rmst presently
be restricted to research, but the effects of its use in research will
be seen In design criteria in the near future.

The poor prediction equations developed by the classical method
indicate the difficulty of defining the bond distribution and effective
concrete area. Both of these quantities influence the crack formation
a great deal and, therefore, precise expressions must be obtained for
eaches This investigation could not determine these quantities



- 85 -

accuratelye. Another consideration which has been overlooked is interw
ior crackinge The crack width was defined as the sum of the unit
slips between two adjacent cracks regardless of the number of in-
terior cracks present. Bmms(7) indicated experimentally that many
interior cracks do form next to the steel and, therefore, exterior
cracks will be of smaller magnitude than predictede The prediction
equation defined by the classical method gave, in almost all cases,
higher values than those measured in experimental investigationse.

Another problem with the classical approach is the accurmlation
of "round-off" errorse At many steps, simplifying assumptions were
made thus "rounding-off" the theory. These assumptions are often
interrelated and, therefore, their errors become confounded in subse-
quent mathematical operationse Considering these difficulties in
expressing the cracking phenomena accurately, the statistical method
seams quite superior at the present time.

The application of this investigation to design problems is an
important area which needs discussions Prediction equations have been
presented for crack width and spacing which give better correlations
thany any other equations availablee They could be used in deslign, if
proper safety factors are appliedes It is beyond the scope of this
dissertation to determine these factors of safetye.

Another application of these equatlons is in further research
into the cracking phenomenone Since crack spacing can be predicted,
test beams could be scored at a spacing equal to the predicted crack
spacinges This would Just about guarantee that the cracks will form

at the scorese If this happens, more accurate measurements ocould be



made of crack widthe This procedure could also be used in design
cases where cracks cannot be tolerated for asethic reasonse Each
score could be filled with a substance of the right color which had
high elongation propertiese The cracks will form, but will not be

seen because of the fillers



VIII. CONCLUSIONS

The following conclusions are made as a result of this investie

gation:
1e

2¢

3e

L,

Se

The maximum crack width at the level of the steel in
a beam with constant moment section can be predicted
very well by the following expression (Eqn 20):

1.29  =0.036  0.183

W = 0.000012 (£_) (h) (D)
0.883 0,78 04037
(b) (COVER) (f;)
=0.182
(w)

Average crack spacing in a beam with constant moment
section can be predicted quite well using the following
expression (Eqn 20a):

=0s560 0443  =0,835  =04612
L, = 7.84 (fs) (h) (N) (D)

=0.099 0,488 04064
() (b) (COVER)

From observation of Equation 20, crack width can be reduced
by increasing the number of bars.

A finite element model with special bond transfer elements
can serve as a great help to researchers in reinforced con-
cretee

The rubber-like ring bond element approximates quite well
the bond transfer between steel and concrete.
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6e Most bond transfer occurs at the deformation on modern
reinforcing bars causing quite pronounced strain cone
cantrations as shown in the photoelastic resultse

7« Microcracking and interior cracking influence exterior
crack widths a great deal.

8« The randommess of concrete and its cracking make a stan-
dard structural mechanics approach seem in error, because
it cannot predict crack formation accuratelye

9. The best approach to the development of prediction
equations for crack formation is a pure statistical
analysise

10, The non~linear regression analysis performed on crack
data results in a better prediction equation than any
other method available today.
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APPENDIX A

Notations

The following is a list of all the notations usede Each entry
was first defined when introduced in the body of the dissertation.

Ac = Gross concrete area (square inches)

Ae = Effective concrete area in temsion (square inches)
A, = Area of the reinforcing steel (square inches)

ai = Regression coefficients

b = Width of beam (inches)

Cl = 1 Reference (2)

uf% £(Q) dQ

o

Q
c2 =8cl J dQ{ £(Q) 4Q Reference (2)
[¢]

COVER = Concrete cover (inches)
D = Diameter of reinforcing bar (inches)

.
[}

Dopth of beam (inches)
E = Modulus of elasticity of concrete (ksi)

Es = Modulus of elasticity of steel (ksi)
e = Error of approximation
£(Q) = FRunction relating u and u

f = General stress

fl, .1‘.‘2 and f3 = Principal stresses
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Compressive strength of concrete (ksl)

Tensile strength of concrete (ksi)
Average tensile stress in concrete at distance x (ksi)
Tensile stress in the reinforcement at a crack (ksi)

Theoretical value of steel stress at first cracking (ksi)
(Reference 2)

Tensile stress in the reinforcement at a distance x (ksi)

Yield stress of tension steel (ksi)
Total depth of beam

1
2ry u Es/i‘.‘t (Reference 4)

Maximum possible crack spacing (inches)
Average crack spacing (inches)
Minimum crack spacing (inches)

Number of reinforcing bars
Modular ratio ES/EO

As/Ac

As/Ae

x/L

Correlation Coefficient

Radius of half-cylinder (inches)
Factor reflecting bond distribution (Reference 4)

Slip per unit length between concrete and steel at
distance x



-93 =

u = Bond stress at distance x from a crack (ksi)

u = Maximum bond stress (ksi)
W = Maximum width of crack at the level of the steel

(inches)

=
1

Minimmm width of orack at the level of the steel
an (inches)

X = Independant parameters

x = Distance from a crack measured along the reinforcing bar
(inches)

Y = Dependant variable

€s = Strain in the steel at a crack

€ = - Strain in the steel at distance x

€ = General strain
G‘l’ €2 and €3 = Principal strains

¥v" = Poisson's ratio



APPENDIX B
Strain Gage Data

The following tables are directly from the tests without
correctionse All strain readings are in micro-inches per inch
and loads in poundse The steel stresses recorded were calculated
by dividing the load by the nominal area of steel bar. Thlis stress
is the stress in the steel outside the concrete.

The gages are numbered for easy reference in Figures 9, 10,
and 11, The gage numbers shown in the first six tables refer to
Figures 10 and 11, The last two tables from Test 4 refer to

Figure 9.

-l -



TAELE III
Concrete Strain Gage Data From Test 1

Ioad Steel Stress

Concrete Strain ( A4t in/in.)

Pounds (ksi) Gage 7 Gage 8 Gage 9 Gage 1C Gage 11 Gage 12 Gage 13 Gage 14
Half-Cylinder A
0 0 0 0 0 0 0 0 0 0
11,250 56425 -8 -5 <47 -5 =815 - 77 20 3
Half-Cylinder B
0 0 0 0 0 0 - - 0 0
2,200 1.0 57 79 75 56 - - 78 91
3,920 19.6 67 97 92 66 - - 5 -4
5,980 29.9 27 3 42 28 - - =17 =30
7,880 9.4 1 0 10 15 - - =27 =30
9,800 49.0 =15 =17 -7 -7 - - =30 =30
12,280 61l.4 ~30 -3 =33 =19 - - -21 15

-g6-



TABLE IV
Concrete Strain Gage Data From Test 2

Concrete Strain ( 4 in/ in.)

Ioad Steel Stress

Pounds (ksi) Gage 7 Gage 8 Gage 9 Gage 10 Gage 11 Gage 12 Gage 13 Gage 14
Half-Cylinder A

0 0 0 0 0 0 0 0 0 0
5,200 658 33 43 48 22 - 80 -38 5 0
9,850 12,47 55 109 128 37 -112 =53 11 7
14,850 18.80 71 227 209 55 =109 -71 25 20
19,750 25.00 73 340 23 59 -107 =91 23 34
24,800 31l.39 4,833 5,493 4,850 27 - 59 =50 18 31
29,200 36496 8,660 9,53 8,557 115 - 45 =45 17 38
35,750 L5.25 a 19,523 a 315 - 52 =51 8 0
Half-Cylinder B
0 0 0 0 0 0 - - 0 0

5,600 7.09 Ls 86 74 60 - - 66 L5
10,150 12,85 53 97 97 81 - - 156 103
14,700 18,61 43 75 88 80 - - 120 91
19,500 2k, 68 29 75 83 67 - - 279 21
24,400 30,89 17 69 69 L7 - - 252 0
29,300 37.09 2 L7 3 7 - - 249 -7
34,600 43,80 =7 35 55 =28 - - 239 =1

a - Gage Fractured



TABLE V

Concrete Strain Gage Data From Test 3

Concrete Strain ( & in/in.)

Ioad Steel Stress e .
Pounds (ksi) Gage 7 Gage 8 Gage 9 Gage 10 Gage 11 Gago 12 Cage 13  Gage 14
Half-Cylinder A

0 0 0 0 0 0 0 0 0 0
15,000 9.62 20 87 89 35 -5 10 60 95
29,800 19.10 -4 80 110 33 -7 17 125 212
L2, 400 28.46 -7 75 99 20 -6 19 213 261
59,400 38,08 -6 79 88 27 0 22 365 285
73,600 47,18 =10 65 65 35 -1 2k 534 258
79,600 51.03 =10 63 L8 34 -1 23 636 250
Half-Cylinder B

0 0 0 0 0 0 - - 0 0
16,100 10,32 30 L5 0 52 - - 105 4
29,600 18.97 L2 63 - 36 Lo - - 293 10
43,800 28.03 37 59 -112 6 - - 1,180 -2
58,500 3750 -4 23 -138 -9 - - 5,419 - 7
70,500 L5.19 14 Lo -101 -7 - - 8,440 L0
80,300 51.47 10 B - 90 1L - - 10,055 119

-&6-



TABLE VI
Steel Strain Gage Data From Test 1

Ioad Steel Stress Steel Strain ( 4 infin.)

Pounds (ksi) Gage 1 Gage 2 Gage 3 Gage 4 Gage 5 Gage 6

Half-Cylinder A

0 0 0 0 0 0 0 0
11,250 56425 3, 546 1,824 2,408 1,942 2,117 2,436
Half-Cylinder B
0 0 0 0 0 0 - 0
2,200 11.0 251 235 519 260 - 408
3,920 19.6 537 490 820 567 - 720
5,980 29.9 986 1,032 1,136 1,173 - 1,064
7,880 VL 1,323 1,496 1,376 1,657 - 1,350
9,800 49,0 1,671 1,973 1,613 2,115 - 1,676
12,280 61.4 2,137 2,536 1,710 2,713 - 2,208




Steel Strain Gage Data From Test 2

TABLE VII

Steel Strain ( 4 in/in.)

Ioad Steel Stress N
Pounds (ksi) Gage 1 Gage 2 Gage 3 Gage L4 Gage 5 Gage 6
Half.Cylinder A
0 0 0 0 0 0 0 0]
5,200 6458 186 163 58 161 12 125
9,850 12,47 375 340 270 350 362 361
14,850 18.80 33 555 516 564 H1 593
19,750 25,00 786 780 785 79L &58 896
24,800 31.39 1,013 1,142 1,070 1,161 1,155 1,223
29,200 36,96 1,175 1,392 1,265 1,403 1,352 1,475
35,750 b5.25 1,466 1,745 1,645 1,743 1,656 1,845
Half-Cylinder B
0 0 0 0 0 0 - 0
5,600 709 168 228 243 239 - 282
10,150 12.85 327 L6 379 LEg - Ly
14,700 18.61 507 680 570 686 - 620
19, 500 204,68 €96 910 742 915 - 791
24,400 30489 893 1,147 903 1,155 - 980
29,300 37.09 1,095 1,398 1,184 1,408 - 1,194
34,600 L3,80 1,324 1,681 1,590 1,700 - 1,561




TABLE VIII

Steel Strain Gage Data From Test 3

Ioad  Stesl Stress Steet Strain (4 infin.) e

Pounds (ksi) Gage 1 Gage 2 Gage 3 Gage L Gage 5 Gage 6

Half-Cylinder A

0 0 0 0 0 0 0 0
15,000 9.62 335 357 301 374 392 Lty
29,800 19.10 675 675 590 692 705 725
4y, 400 28.46 1,050 965 881 991 1,007 1,040
59,400 38,08 1,395 1,265 1,210 1,310 1,330 1,38k
73,600 47,18 1,678 1,635 1,608 1,689 1,706 1,790
79,600 51,03 1,798 1,785 1,764 1,845 1,856 1,960

Half-Cylinder B

0 0 0 0 0 0 - 0
16,100 10,32 235 475 555 477 - 470
29,600 18.97 516 789 879 786 - 769
43,800 28.08 830 1,078 1,135 1,087 - 1,082
38,500 37450 1,213 1,329 1,326 1,357 - 1,382
70,500 45419 1,545 1,540 1,510 1,582 - 1,624
80,300 51.47 1,790 1,740 1,745 1,781 - 1,825

= 00T =



TABLE IX

Steel Strain Gage Data Test 4A

Steel Strain (« in/in.)

Steel
Ioad Stress Gage 1 Gage 2 Gage 3 Gage 5 Gage 7 Gage 9 Gage 11
Pounds (ksi) Gage 4 Gage 6 Gage 8 Gage 10 Gage 12
0 0 0 0 0 0 0 0 0
0 0 0 0 0
5+750 728 191 2k 230 285 173 225 183
230 221 66 29 97
10,200 12,91 358 k57 118 485 253 323 257
18 389 107 56 153
0 0 10 10 10 35 -8 -8 -8
0 8 -8 -10 -8
5,400 6484 195 255 223 267 125 160 125
223 205 50 18 83
10,150 12.85 365 470 L26 L81 264 33 268
k26 376 120 71 160
14,850 18,80 510 633 582 663 Band 435 L
582 53 155 73 185
19,950 25425 730 848 778 895 458 552 L26
790 705 174 75 240
24,100 30651 840 960 890 1,040 512 638 493
914 82k 173 88 280
29,000 36671 1,260 976 950 1,213 625 786 605
989 k7 196 108 %5
35,350 b o75 1,434 1,154 1,133 1,483 748 95k 754
1,165 1,108 27 122 375

-‘[o't-\



TABLE X
Steel Strain Gage Data Test 4B

Steel Steel Strain ( 4 in/in.) ,
Ioad Stress Gage 1 Gage 2 Gage 3 Gage 5 Gage 7 Gage 9 Gage 11
Pounds (ksi) Gage L Gaze 6 Gage 8 Gage 10 Gage 12
0] 0 0 0 0 0 0 0 0]
0 0 0 0 0
5,850 7.4l 265 68 84 91 17 105 120
; 39 19 <43 80 =40
10,800 13.67 85 158 165 162 218 217 214
123 1L 95 63 26
300 « 38 18 =63 =55 42 =40 =40 =51
=74 -53 -78 =91 =52
5,700 7e22 243 L1 54 62 85 71 84
12 6 =40 8L =46
10,900 13.80 395 151 156 158 210 204 208
120 112 95 65 29
15,400 19.49 502 238 235 220 304 87 273
200 200 213 207 77
20,100 2544 603 312 300 270 370 350 355
270 290 k5 3387 149
24,350 30.82 710 Lo6 380 33 L35 L0os 374
370 Lo7 490 571 193
29,800 37.72 835 433 451 393 505 k72 453
k75 531 664 759 306
36,100 45,70 951 560 520 465 593 568 53

563 630 733 780 297
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THEORETICAL AND EXPERIMENTAL ANALYSIS OF CRACK
FORMATION IN REINFORCED CONCRETE

by

Kemneth Harold Murray

ABSTRACT

With the introduction and use of high strength materlals,
especially reinforcing steel, cracking and its control have become
more important to the designer of modern reinforced concrete struc-
turess Due to the properties inherent in ooncrete, cracks cannot
be eliminated under normal working loads and, thus, the control of
cracking must be studied and understood completely. However, it is
a complex problem involving a great many parameters and, ‘hence, con=-
clusions regarding the significance of these parameters are difficult
to obtain. In this study, three approaches to the analysis of crack
formation are presented: experimental, analytical, and statisticale.

The experimental model, the axially reinforced concrete cylinder
in tension, is used to study the effect of bond distribution on crack
width and spacinge This model has been used by many researchers, both
in this country and in Europe. Resulis are presented from half-cylinders
in tension instrumented with strain gages and photoelastic material.
The strain gages measured concrete and steel strains, and the photo-
elastic material measured maximum shearing strains in the ooncrete.



The analytical model is a finite element representation of the
axially reinforced concrete cylinder in temsion. Material properties
used in the analytical model were determined by comparing the results
of the experimental tests ﬁith the analytical resultse The non-linear
characteristics of concrete are considered in this model. The results
of the analytical model are evaluated to determine a prediction
equation for crack width and spacinge These equations are compared
with a large volume of data from beam tests recorded in the literature.

The statistical approach uses the same data to determine the
dmportant physical parameters in crack formation. A prediction
equation is developed using a non-linear regression analysls.

Prediction equations are presented for both crack width and
spacing which have good correlation with recorded datae. Conclusions
are drawn concerning the use of finite elements in reinforced concrete

research.
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