Appendix A

This appendix explains the derivation of Stirling’s formula. Consider the function

y = Ln(x)as shown in Figure A.1 below.

2.5 T T T T T T T

Ln(X)

Figure A.1: X vs. Ln(X)

By approximating the area under the curve with the rectangle method, we find that;
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Method 1: Area under the curve between x =1 and x=Nis

= (1Ln(1) + @W)Ln() + ()Ln(@) + (L)Ln(4) + .. (1)Ln(N) = Ln(N?) (A.1)

If we evaluate the exact area under the curve from x = 1 to x = N, we find that it can be
expressed in the form of an integral.

Method 2: Area under the curve between x = 1 and x = N is equal to

an(x)jx (A.2)
We know
fLn(x)dx = xLn(x) - x (A.3)
Therefore
TLn(x)jx: NLn(N)-N-0+1 (A.4)

1

If N is large, then the '1' in this expression has negligible effect and can be dropped. As

method 1 and 2 compute the area under the curve equating Equation A.1 and A.4 we get;

Ln(N!)=NLn(N)-N (A.5)

A careful treatment using Euler-Maclaurin series gives the asymptotic series
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1 1 139
X =~/ 2mxx*e” [+ + - - A.6
QL 12x 288x* 51840 @ (A-6)

Ignoring the terms with x in the asymptotic series we get

X! = +/2mxx*e™” (A.7)

Taking natural logarithms on both sides of equation A.7, we get

Ln(x)= E}x + %@.n(x) - X+ % Ln(2m) (A.8)

which is more accurate than equation A.5. For large values the difference between

Equation A.5 and A.8 is practically zero.
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Appendix B

This appendix contains the various formulations in an expanded form for the 5 link and 2

link networks discussed in Chapter 6.

5 LINK NETWORK

Equation 6.1

Maximize: Z(T t;

i

-

T' ac ad bac bd

Maximize: Z = ac ad be bd
T T T !T!Ot O Ot O Ot O OtQg

Equation 6.2

Maximize: Z(TJ ,t“) TLnB—H~T - ZEI’U Ln n H~Tii E

Z =TLoB-FeT - Lndlee BT B Lnles T
Dt U tac tad

Maximize:
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Equation 6.3

Maximize: Z(T, t, ) ,J LnEtLEJ”

Maximize:

Equation 6.4

Maximize: Z(T,] tu) ZEI'H Ln '1 E:Ii +1; b

T
o

Maximize:

Equation 6.5

Minimize: Z(TIJ t”) > : (Tij - )2@
1) ij

I 1 1 1 1
Maximize: Z = (Tac _tac)z + (Tad _tad )2 +2-I-_(Tbc _tbc)z +2-|-_(de _tbd )2

ac ad bc bd
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Equation 6.6

Minimize: Z(‘I’ij 4 ): Z BL(T ~t )2

Minimize: Z =

Equation 6.7

I S

[ BZ[ij

ac ad

d _tad)2 +

bc

e 2)- [t i

— Vl' X :l tac Eac X:l tad Ead
1=
Tac! Tad I Ekac + tad ac + tad
| Toc Tba
AR E .t E
s =
Tbc! de I Ekbc + tbd bc + tbd
Tac
V,! A t, E B tg
3
T I-I-adl-l-bcl-rbd ac+t +1 +tad Hac+t +1
H tbc : H tbd "
H +t, ST
H bc
.= —
T |Tbc ac a
| g %bd
5
Tad| de

Maximize: Z= Z, xZ,xXZ,xZ, xZ,

1 1
_(Tbc _tbc)2 +T(de ~ g )2
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Equation 6.8

Minimize: Z(T t; )

Ij’ IJ

Z =T,Ln

Z,=T,Ln

Z,=T,Ln

Z,=T,Ln

Z. =T,Ln

adxv

5

1

ad

XV X
ac TadLn ad
1xt
n%!bdxvzﬁ
2xtbd

X

3E+Tad|-n ad
Sxtad

X

4E+Tban be
4xtbc
X

S BT,  LnE-2
5><t

Z2=2,+Z,+Z,+7Z,+Z,

1)

ad

Vs

Minimize: Z=2Z,+Z,+Z,+Z, +Z,

Equation 6.9

Z Z p; Ln%];a—t:%

E*Tb(:'-n

L sTLng—Q—T —Zgrﬁ LnEt%ETu %

ol e

bc

3

XV

3

bc

%TM Ln

bd

3

XV

3

XTyg

:
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Ln(T)-Ln(t)-Ln(T, )+ Ln(t,.)- 34, —2A, =21, -1\, =00
Ln(T)-Ln(t)- Ln(T,,) + Ln(t,,) - 24, -34, ~14, - 24, =02
Ln(T)-Ln(t)-Ln(T,.)+ Ln(t,.)-2A, —1A, =31, =24, =00
Ln(T)-Ln{t)- Ln(T,, )+ Ln(t,, ) - 1A, - 2), - 24, 34, =07
(\/l +V, +V4) 3l = 2Ty — 2T, —1T,4, =0 B
(v, +v, +Vv,)-2T, -31,-1T,.-2T,, =0 O
(v, +v, +Vv,)-21, _-1T,, -3T, -2T,, =0 B
(v, +v, +V,)-1T, - 2T, - 2T, -3T,, =0 H

2 LINK NETWORK

Equation 6.1

Maximize: Z(T; t, )= L E t; g
ijrr I—l (TI] I) ij 5 t“_ =
i LIT 0
Maximize: Z = — Ha gﬂb ac H oo 117
Tab!TaC! Tbc! U] t 00 t 0O 0O t 0
Equation 6.2
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z=TLnd [T - ErabLn %T

St H H
e

Maximize:

Equation 6.3

Maximize: Z(‘rI t ” LnEtLE‘T
oz o g oo
o bc

Equation 6.7

e 26.)- [t i

Maximize: Z = Z, xZ,
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Equation 6.8

Minimize: Z(‘I’IJ t”) ZZ p; Ln%];”—ta%

a atij

o
Z,=T, Lnggi%ndm%;ié

Z2=72+2,
Minimize: Z=Z2Z,+Z2,

Equation 6.9

Ln(T)- Ln(t)- Ln(T,, )+ Ln(t,,)-1A, —1A, - 0A, =00
a1 _ a0

Ln(T) - Ln(t) - Ln(T,.) + Ln(t..) - 1A, - 24, -1, =0
Ln(T)- Ln(t) Ln(T,.)+ Ln(t,.) - 0A, 1A, =12, = o%
(\/1) 1Tab ac OTbc =0 |
(Vl +V ) 2Tac _1Tbc = 0 D
(\/2) OTab 1Tbc = 0 E
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