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Variable screening and graphical modeling for ultra-high
dimensional longitudinal data
Yafei Zhang

(ABSTRACT)

Ultrahigh-dimensional variable selection is of great importance in the statistical research.
And independence screening is a powerful tool to select important variable when there are
massive variables. Some commonly used independence screening procedures are based on
single replicate data and are not applicable to longitudinal data. This motivates us to
propose a new Sure Independence Screening (SIS) procedure to bring the dimension from
ultra-high down to a relatively large scale which is similar to or smaller than the sample
size. In chapter 2, we provide two types of SIS, and their iterative extensions (iterative SIS)
to enhance the finite sample performance. An upper bound on the number of variables to
be included is derived and assumptions are given under which sure screening is applicable.
The proposed procedures are assessed by simulations and an application of them to a study
on systemic lupus erythematosus illustrates the practical use of these procedures. After the
variables screening process, we then explore the relationship among the variables. Graph-
ical models are commonly used to explore the association network for a set of variables,
which could be genes or other objects under study. However, graphical modes currently
used are only designed for single replicate data, rather than longitudinal data. In chapter
3, we propose a penalized likelihood approach to identify the edges in a conditional inde-
pendence graph for longitudinal data. We used pairwise coordinate descent combined with
second order cone programming to optimize the penalized likelihood and estimate the pa-
rameters. Furthermore, we extended the nodewise regression method the for longitudinal
data case. Simulation and real data analysis exhibit the competitive performance of the

penalized likelihood method.



Variable screening and graphical modeling for ultra-high

dimensional longitudinal data

Yafei Zhang

(GENERAL AUDIENCE ABSTRACT)

Longitudinal data have received a considerable amount of attention in the fields of health
science studies. The information from this type of data could be helpful with disease detec-
tion and control. Besides, a graph of factors related to the disease can also be built up to
represent their relationships between each other. In this dissertation, we develop a frame-
work to find out important factor(s) from thousands of factors in longitudinal data that
is/are related to the disease. In addition, we develop a graphical method that can show the
relationship among the important factors identified from the previous screening. In practice,
combining these two methods together can identify important factors for a disease as well as
the relationship among the factors, and thus provide us a deeper understanding about the

disease.
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Chapter 1

Introduction



1.1 Motivation example

The example we use in this dissertation is from an immunomonitoring study [3] on sys-
temic lupus erythematosus (SLE). SLE is a chronic disease that affects young women with a
breakdown of nucleic acid tolerance and highly varied clinical manifestations. In this study,
children and adolescents with SLE have been enrolled at the Texas Scottish Rite Hospital
for Children and Children’s Medical Center Dallas from the Rheumatology clinics. Study
procedures followed protocols approved by the Institute Review Boards of the Southwestern
Medical Center University of Texas and the Medical Center of Baylor University. During
routine morning clinic visits every three months, patients were evaluated by a standardized
protocol and more frequently if clinical symptoms justified re-evaluation. Blood has been col-
lected for flowcytometry studies and laboratory measurement in Tempus blood RNA tubes

(Life Technologies) for the microarray and in the Citrate Dextrose Acid (ACD) tubes.

The blood transcriptome of 158 patients was collected and profiled for up to 1,412 days,
representing 924 visits, in order to assess its molecular heterogeneity. SLE Disease Activity
Index (SLEDAI) for each patient, which is a weighted metric combining 24 components, was
measured as well as 43,739 gene expressions measured at each visit. The number of visits
per patient ranged from 1 to 22 (The dataset described in this dissertation is deposited in
the NCBI Gene Expression Omnibus under GEO Series accession number GSE65391). The
repeated measures within each subject (patient) warrants the need for a longitudinal data
analysis approach. What we shall explore in this dissertation is the relationship between
SLEDATI and gene expressions, as well as the interaction among gene regulatory relation-
ships. As reviewed below, despite the rich development on variable selection and feature
screening procedures for high dimensional data, there has been little work on any similar
development under the longitudinal data setting. Therefore, in this dissertation, I will first

propose a feature screening procedure for longitudinal data to reduce the dimension of im-



portant immune response factors and then design a graphical model for longitudinal data to

understand the interaction between these factors.

1.2 Variable selection for high dimensional data

Variable selection in high dimensional statistical modeling is of great importance for im-
proving performance of linear regressions, which have been substantially studied and widely
used in many areas of scientific discoveries. Some classical variable selection methods, for
example Akaike information criterion (AIC) [1], Bayesian information criterion (BIC) [57],
Mallow’s C,, [48], as well as regularization methods involve NP-hard combinatorial optimiza-
tion problem. These traditional methods grant a top notch interpretation of best subset
selection and admit nice sampling properties. However, with large dimensionality of p, es-
timation accuracy and computational cost make the statistical procedures infeasible for the
analysis of high dimensional data. To solve this problem, Fan and Lv [21] developed the sure
independent screening (SIS) and iterative SIS. SIS and iterative SIS take the super high di-
mension feature space down to a much smaller feature space, which could be then solved by,
for example, LASSO [62]. However, these methods mentioned are all for non-longitudinal
data. For high dimensional longitudinal data analysis, other variable selection should be

used.

1.2.1 Classical High Dimensional Variable Selection

Consider a linear regression

y=XB+e (1.1)



where y is a n-vector observations of response variable Y, X is an n X p matrix consisting
of p predictors X1, Xo, ..., X,, and 8 = (1,...,,)" is p-dimensional coefficient vector, and
¢ ~ N(0, 0?) is the random error. Suppose the response variable is centered and the predictor
variables are standardized with mean zero and standard deviation one. A generalized form

of the penalized least squares is

ly = XBIP + Y pa(8)), (1.2)

j=1

where p, is a penalty function on individual coefficient with penalty parameter(s) A. A
popular generalization of penalty py is penalized L, regularization, referred as the bridge
regression [28], in which p,(t) = A|t|? for 0 < ¢ < 2, which refers to the best subset
selection (penalized Lj regularization) and Ridge regression (penalized Lo regularization).

In particular, the well-known LASSO is the penalized L; regression.

There are three properties for the penalty function [20] are considered by Fan and Li [19]:

1. Sparsity: The estimator computed from the loss function leads small estimated coeffi-

cients to zero.
2. Unbiasedness: The estimator is nearly unbiased.

3. Continuity: The estimator is continuous in the data to lower the variation of the model

prediction.

Specifically, the convex L, penalty does not meet the sparsity condition, when ¢ > 1. The
concave L, penalty does not satisfy the continuity condition, when 0 < ¢ < 1. Particularly,

the large coefficients are usually biased for LASSO estimator, which makes Fan and Li [19]

4



to develop the smoothly clipped absolute deviation(SCAD) penalty

Pi(t) = A {I(t <\) + (a = t>+](t > )\)} for some a > 2, (1.3)

(a—1)A

where p)(0) = 0 and, a = 3.7 is commonly applied. The SCAD penalty meets all the above
three properties and the estimator has the oracle property [19]. Fan and Li [19] also developed
an efficient and unified local quadratic approximation (LQA) algorithm, since the SCAD
penalty is nonconcave, which is challenging to be optimized and the involving computation
is difficult. The main thought is to use a quadratic function to locally approximate the
objective function. Zou and Li [80] proposed to use a local linear approximation, which

borrows the strength from LARS.

Efron et al. [16] proposed a least angle regression (LARS) algorithm to calculate the whole
solution path of the LASSO according to the piecewise linear path of the LASSO solution.
And the LARS algorithm can also be extended to solve the penalized least squares problems.
Fu [31], Daubechies et al. [13], Osborne et al. [53], and Wu and Lang [69] proposed the
coordinate descent algorithm, which is very fast and efficient for large LASSO problems,
which can also be used to solve the group LASSO [72] problem as shown in Meier et al. [50].
Bach [2] and Nardi and Rinaldo [52] have already explored the asymptotic properties of the
group LASSO. Some other approaches at group level were also proposed by Wang et al. [65],
Kim et al. [37], and Zhao et al. [75].

Zhang[74] developed a minimax concave penalty (MCP), which is

PA(t) = (aA —t)4 /a, (1.4)

and proved that the resulting estimator also has the oracle property. Furthermore, a penal-

ized linear unbiased selection (PLUS) procedure was developed to solve for the MCP.



Zou [78] proposed a weighted version of L; penalty, which is called adaptive LASSO, to solve

the problem of the lack of oracle property of the LASSO estimator.

nE =2y 8 (15

=1 |ﬂi7;it,j Y

where the v > 0 is a pre-selected constant and the B":it,j are root-n-consistent initial estimates
of 5. Under some regularity conditions, the resulting adaptive LASSO estimator has the
oracle property [35], but the penalty at zero is infinite. But for some penalty functions,
SCAD and MCP for instance, do not possess this undesired property. The estimates of

adaptive LASSO solution can be obtained by using the same procedures for LASSO.

The elastic net (ENet) which was proposed by Zou and Hastie [79] is a combination of the
L, and Ly penalties:

pa(t) = Mlt] + Aot?, (1.6)

where the L; penalty refers to the sparsity in the coefficients and the Ly penalty encourages
some grouping effects. Similarly, Liu and Wu [45] developed a LgL; penalty, which combines

the Lo and L penalties:
pa(t) = (1 = Ar) min{[t] /A2, 1} + Aut]. (1.7)

This LoL; penalty overcomes the disadvantages of the Ly and L; penalties. While, Wu et

al. [68] proposed a procedure that is a combination of the L; and L, penalties:
p
TAB) =AY 1Bj] 4 Accl|B e (1.8)
j=1

where ||8||c = maxi<j<,|f8j|. The L, penalty leads to group among highly correlated

predictors.



1.2.2 Ultra-high Dimensional Variable Screening

Those regularization procedures mentioned above are able to deal with high dimensional
data that p is as large as sample size n, but may have problems when p is much larger than
n, i.e., p is in an exponential order exp{O(n*)}, @ > 0 of n. To deal with the ultra high
dimensionality, an attractive idea is that one method that is fast and efficient is used to
reduce the huge dimensionality p to a relatively large scale d (e.g., O(n®) for some b > 0),
which is close to or smaller than the sample size, then the regularization procedures can be
used to further reduced feature space. This indicates a two-step method: a crude large scale
screening and a moderate scale selection [21]. Many screening techniques can be chosen in
the first step, once screening property introduced by Fan and Lv|[21] is met, such that the

variables screened in the first step contains all the important variables.

Sure Independence Screening

The main theme behind independence screening is as follows: each feature is used indepen-
dently as a predictor for predicting the response and, subsequently, those features which
appear highly related to the response are selected. In linear regression, the marginal cor-
relation coefficient could be used as a case of a measurement of association between the
predictor variables and the response variable. Fan and Lv [21] proposed to rank the fea-
tures based on the magnitude of its sample correlation with the response variable. Let
w = (wi,...,w,)T = XTy denote the p-vector calculated by componentwise regression. And
each column of the design matrix X, whose dimension is n X p, is standardized with mean

zero and variance one. For any predefined d,,, select the predictor variables satisfying

My, ={1 <i<p:|wis among the first d, largest of all}.

7



and d,, is suggested to be [n/logn| in the paper as a conservative practical choice. Such
correlation learning kicks out those predictor variables that are weakly marginally correlated
with the response variable. SIS has been proved to have the sure screening property, which
means that with high probability (tending to 1) it is able to detect a subset of covariates
which contains the important ones and its size is much smaller than p. After the huge
scale dimensionality p is reduced to a relatively moderate scale d, other variable selection
methods, for example Lasso and elastic net, can be used to further select variables for
parameter estimation and predicting. The sure screening methods sampling properties can
be achieved by merging the sure independent screening property and theory of penalization
methods [22]. However, the screening procedure could also have poor performance with
some invalid key conditions.For instance, important variables that are jointly correlated but
marginal uncorrelated with the response may not be selected by SIS, which in this condition is
more likely to select the unimportant variables which are jointly uncorrelated but marginally
correlated with the response variable. To overcome these potential problems, Fan and Lv
[21] also proposed an iterative SIS procedure by replacing the response variable with the
residual obtained in the previous step by the regressing the response and selected variables;
see Section 1.2.2 for more details. Wang [64] proposed to use the extended BIC [10] to define
the active predictor set size and explored the forward regression property with the ultrahigh-
dimensional predictors. Hall and Miller [32] proposed to use the generalized correlation and
rank the predictor variables according to the magnitude of estimated generalized correlation
coefficients. Li et al. [40] developed a robust rank correlation screening (RRCS) approach
by ranking the Kendall correlation to handle some heavy-tail distributions. And the RRCS
approach is robust to influence points and outliers in the samples, which is not the case for

the Pearson correlation in SIS procedure.

Since Fan and Lv [21] proposed SIS for ultra high dimensional variable selection, many



authors further extended the SIS procedure to various statistical methodologies.

Iterative Sure Independence Screening

Fan and Lv [21] pointed out SIS has three possible problems: (1) SIS may not select the
important predictor variable that is marginally uncorrelated but jointly correlated with the
response variable; (2) SIS tends to select some unimportant predictor variables that are
highly correlated with the important predictor variables than those important predictor vari-
ables relatively less corelated to the response variable; (3) the problem of multi-collinearity
among the predictor variables increases the difficulty of variable screening. Fan and Lv [21]

proposed to overcome these potential problems by an iterative SIS.

Fan et al. [24] extended and improved the idea of iterative SIS and developed an iterative
variable screening method under some more general statistical models. Assume that our

goal is to obtain a sparse feature space  to optimize
n p

nY LYl B)+ Y pallB))- (1.9)
i=1 j=1

The proposed iterative procedure consists of the following steps.

1. Pick a set A; of size k; using a SIS procedure, and then apply a regularization approach

like LASSO, SCAD or ENET to select a subset Mj.

2. Instead of calculating the residuals from the regression as in Fan and Lv [21], for

j & My, compute

n

LY = min w7 LY, Bo + wian, By + XiiBy) (1.10)
Bo,Brmy 5B =

where x; o4, are the variables contained in M. This equation quantifies the additional

9



contribution of variable X; with the variables x r,. Pick the ky smallest {£§-2) K ./\/ll}

variables and denote As the resulting set.

3. Estimate the parameters using

A

By = argmin n”* Zﬁ(}ﬁ,ﬂo + x;{MlﬁMl + xZAQBAQ) + Z oa(|B;]).  (1.11)

6076/\/1175142 i=1 JEMIUAL

4. Tterate step 2-3 until some predefined number d variables are selected or M; = M;_;.

The eventual estimation is the B A, This iterative procedure extends the iterative SIS to a
general statistical framework. It can be easily extended to many procedures. It is also able

to delete predictors from the previously selected set.

Xu and Chen [70] found that the iterative procedure has heavily computational cost and
increased complexity, which motivated them to develope a sparsity restricted MLE (SRMLE)
procedure for the generalized linear models (GLMs), which is computationally cheaper. They

further proved that the SRMLE procedure has the sure screening property.

SIS for GLMs

Consider a GLM with canonical link. The conditional likelihood is

fylz) = exp{yb(z) — b(0(x)) + c(y)}, (1.12)

b(+), ¢(+), and O(z) = 27 3 are some known function once the distribution of response variable
is known. Without loss of generality, suppose the dispersion parameter ¢ = 1. We also

assume that each column of the design matrix is standardized with mean zero and variance

10



one. The penalized likelihood for GLMs is
1 & d
=D (@) B w) + D pallB), (1.13)
i=1 j=1

where £(0,y) = b(f) — yf. Denote B]M to be the maximum marginal likelihood estimator

(MMLE), which is the minimizer of the marginal regression

~ M ~ . ) n
B = (B, B = argg(}lﬁn_zﬁ(ﬁo + B, X, Y)), (1.14)
=1

where the X;; is the ith observation of the jth variable. It is rational to treat the magnitude
of BJM to rank the importance of the predictor variables. Fan and Song [25] picked the

predictor variables whose estimates exceeded a predefined threshold value ~,,:
_ A M
Mo, ={1<ji<p:[B | =m} (1.15)

Fan and Song[25] further proved that MMLE screening procedure has the sure screening
property, and under some technical assumptions, the MMLEs are uniformly convergent to

the population values. They also discussed the size of the selected model.

1.2.3 Other Independence Screening
Nonparametric Independence Screening

In the real world,Rare previous information indicates that the impact of the predictor vari-
able takes a linear form or belongs to any other parametric family of the finite dimensions.
Sometimes significant improvements can be made by using some flexible nonparametric mod-

els, like the additive model [60]. For the ultra high dimensional additive model, Fan et al.

11



[18] developed a nonparametric independence screening (NIS)
P
Y =) mi(X;) +e (1.16)
j=1

where {m;(X;)}}_, have mean 0. They rank the utility of variables according to E(f7(Xj)),
where f;(X;) = E(Y|X;) is the projection of ¥ onto X;. f;(x) can be estimated via a

normalized B-spline basis B;j(x) = {Bji(z),..., Bj4,(x)}*:

fus(@) = B By(x), 1 < j <p, (1.17)
where Bj = (Bj1,---,Bja,)" is computed by the marginal least squares estimation:
B = argmin y_(¥; = ] B;(X)). (1.18)
BiERM iy

Thus the screened model index set is
M, ={1<j<p:||fujl2 > v}, (1.19)

where v, is a predefined threshold value and || f,,||2 = n~' S, fu,;(Xi;)% This indepen-
dence screening ranks the importance of variables based on the the marginal nonparametric
regression strenth. Fan et al.[18] further introduced INIS-penGAM procedure to decrease
the false selection rate and greedy INIS (g-INIS) algorithm to deal with the highly correlated

covariates.

Fan et al. [23], and Liu et al. [44] furhter expand the NIS to the area of varying coefficient
models. Fan et al. [23] developed a conditional correlation screening method according to

the kernel regressions. Liu et al. [44] proposed a conditional correlation learnin (CC-SIS).

12



Model-free Feature Screening for Continuous Variables

Most of the screening procedures we reviewed above focuses on a class of specific model and
its performance is based upon the belief that the imposed working model is close to the true
model. However, it may be very challenging to specify the model structure on the regression

function in ultra high dimensional modelling.

Zhu et al.[77] proposed a sure independent ranking screening(SIRS) procedure, which is a
model-free variable screening procedure. Let Y be the response variable with support ¥,
and Y can be both univariate and multivariate. Let x = (X, ..., X,)7 be a covariate vector.
Zhu et al.[77] first developed the notion of active predictors and inactive predictors without
specifying a regression model. Consider the conditional distribution function of Y given z,

denoted by F(y|z) = P(Y < y|z). Define the true model

M, = {k : F(y|z) functionally depends on X}, for some y € U, }, (1.20)

if £ € M,, X} is referred to as an active predictor, otherwise it is referred to as an inac-
tive predictor. Zhu et al.[77] considered a general model framework under which a unified

screening approach was developed. Assume that

F(ylz) = Fo(y|B 2 pm,), (1.21)

where Fy(|BY24,) is an unknown distribution function for a given BTz . Assume that
E(Xy) =0and Var(Xy) =1for k=1,...,p. Define Q(y) = E[zF(y|x)]. It then follows by
the law of iterated expectations that Q(y) = E[xE{1(Y < y)|z}] = cov{z, (Y < y)}. Let
Qk(y) be the kth element of Q(y), and define

wr = EB{2(Y)Lk=1,...,p. (1.22)

13



Then wy, is to serve as the marginal utility measure for predictor ranking. A natural estimator

for wy is

2
R RN I 1
wk:EZsz):gZ{gZ&mmm} k=1op o (123)
j=1

j=1 j=1
where X;; denotes the kth element of x;. Zhu et al.[77] proposed ranking all the candidate
predictor Xy according to wy from the largest to smallest, and then selecting the top ones as
the active predictors. And they empirically demonstrated that the combination of the soft

cutoff and hard cutoff by setting d = [n/log(n)] works quite well in their simulation studies.

Several other model-free screening procedures have been proposed. Li et al.[40] proposed a
robust rank correlation screening (RRCS) procedure based on the Kendall rank correlation.
RRCS can be used against outliers and influence points in the observations and the sure
independence screening property can hold only under the existence of a second order moment
of predictor variable. Li et al.[41] developed the sure independence screening procedure based
on the distance correlation (DC-SIS) under general parametric models. The DC-SIS can be

used directly to screen grouped predictor variables and for multivariate response variables.

Model-free Feature Screening for Categorical Data

The aforementioned methods implicitly assume that predictor variables are continuous. Ultra
high dimensional data with categorical predictors and categorical responses are frequently

encountered in practice.

To deal with the cases when the predictors and the responses are all categorical, Huang
et al.[34] employed the Pearson x? test statistic as a marginal utility for feature screening.
Let Y; € {1,...,K} be the corresponding class label, and X; = (X,...,X;)" € R?
be the associated categorical predictor. Define P(Y; = k) = my, P(Xi; = k) = mji, and

P(Y; = k1, X;j = k2) = 7yj ki k- Those quantities can be estimated by 7, =n~ ' > I(Y; = k),

14



Tk =n Y I( Xy = k), and ek = n 'y, 1Y = k1)I(X;; = k). Subsequently, a chi-

square type statistic can be defined as

K (Fon Fors — T 2
A; = Z Z (Tyhs ks — Tyjkaks ) 7 (1.24)

5=1 ﬂ-ykl ﬂ-jk2

o
—
I

1=

which is a nature estimator of

K (Tyey Tiky — Toyjikiks )
A] — Z Z yk1 ' jko yJ,k1ka ] (125)
ky=1 ky=1 Tyks Tk
Huang et al.[34] proposed estimating the true model by S = {j: Aj > c}, where ¢ > 0 is
some prespecified constant. They further established the sure screening property under mild

conditions.

SIS for Classification

(Classification and discriminant analysis are useful for analysis of categorical response data.
Traditional methods of classification and discriminant analysis may break down when the

dimensionality is extremely large.

Let Y be a categorical response with K classes {yi,...,yx}. If an individual covariate X;
is associated with the response Y, then puj, = E(X;|Y = y;) are likely different from the
population mean p; = E(Xj). It is intuitive to use the test statistic for multi-sample mean
problem as a marginal utility for feature screening. Fan and Fan[17] proposed using the
two sample t-statistic as marginal utility for feature screening in high dimensional binary
classification. They further showed that the t-statistic does not miss any important features

with probability 1 under some technical conditions.

Although the variable screening based on two-sample t-statistic performs generally well in the

15



high-dimensional classification problems, it may break down for heavy-tailed distributions
or data with outliers. To overcome this drawback, Mai and Zou[47] proposed a feature
screening method for binary classification based on the Kolmogorov-Smirnov statistic. Let
Fy;(z) and F_;(x) denote the conditional cumulative probability functions of K given Y =
1, —1, respectively. Define K; = sup_ooczcoo| Fiyj(z) — F_j(x)|. The sample version of K is
defined as K,j = Sup_oococo| Fyj(x) — F_;(x)|. Mai and Zou[47] proposed ranking all the
variables by the K,,; statistics, which is the Kolmogorov-Smirnov test statistic for testing
the equivalence of two distributions. Mai and Zou[47] further established the sure screening
property and showed that this method is almost as fast as t-test screening[17] and is ten
times faster than nonparametric maximum marginal likelihood screening[18]. However, it is
limited to the binary classification. Cui et al.[12] proposed a model-free feature screening
procedure using mean variance index for ultra high dimensional discriminant analysis. It
is not only robust to heavy-tailed distributions of predictors and the presence of potential
outliers, but also allows the categorical response having a diverging number of classes in the

order of O(n*) with some k > 0.

Conditional SIS

Where certain important variable sets are previously known, whose conditional contribution
to the response, given the known set of variables, leads to conditional independence screening
(CSIS), which is a natural assessment of the other predictors are relative importance. Barut
et al. [5] developed this CSIS for ultra high dimensional data in GLMs. Consider model
1.12, we wish to recruit additional variables, X7, from rest of the variables given a set of
variables Xc. Without loss of generality, suppose C to be the set of first ¢ variables, which

are known to be important to the response variable. And the 7 is the remaining set of size
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d = p — q. We use the notation

Be=(Bi,-...8,)" € R (1.26)

Br = (Bgs1,- -, Bp)" €RY (1.27)

and similar notation for X¢ and X7. For a data sample {(X;,Y;)}, in (1.12), the minimizer

of the negative marginal log-likelihood is maximum marginal likelihood estimator (MMLE)

Bé\/[j forj=q+1,...,p:

b2 = arg minP {{(Xcfec + X;0;,Y)} (1.28)

Cvﬁj

where the empirical measure is P, f(X,Y) = £ 3" | f(X,y). The strength of the conditional
contribution of X; given X¢ is measured by B]M . The variables to be kept are based on a

theoretically predefined threshold ~:
My ={1<k<p: I3 2}, (1.29)

In another words, we keep the variables that have large additional contribution in the pres-

ence of Xe.

The threshold parameter vy could be selected by two criteria: controlling false discovery rate
(FDR) and random decoupling. For controlling FDR, we know each coefficient asymptoti-

cally follows

[1,30]* 8 ~ M0, (1.30)

where [; (B]M ) is the component corresponds to 3, in the Fisher information matrix. We can
keep the variables satisfying M., = {j : ]J(BAJMHBAJM| > 5}, where § = ¢71(1 — f/2d) and f

is the number of allowable false positives. The other one is to use random decoupling. To
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conduct random decoupling, the last d columns of the design matrix are randomly permuted
at first, while the first ¢ columns are kept intact. Then for each permuted columns X JM *,
which corresponds to be X; in the design matrix, the regression coefficient 3}4 * should be
statistically estimated zero since X JM *and Y are not correlated anymore due to the random

permutation. Then let 4* = maxg11<j<p | B]M *|, repeat the procedure B times, resulting in

~ B

it is recommended to take the maximum value of 4}, where 4} = max,11<j<p |57 **|.

1.2.4 Variable selection for linear mixed-effect model

The variable selection for linear model has been extensively studied for decades, but relatively
few articles examine high-dimensional regression problems involving random effects, which
usually appear in cluster or repeated measure data. To deal with repeated measures, linear
mixed effect model is frequently used by adding random effects to the predictor variables
in ordinary linear regression. This model provides a convenient tool for the analysis of
longitudinal data and has got a lot of consideration in many applications such as health
study, biology, econometrics, etc. The increasing dimensionality of fixed and/or random
components results the interpretation as well as the inferences of the linear mixed effect
models to be more problematic due to complexity of the mixed effects models. Therefore,
selecting important fixed or random effects has been more and more important in the analysis

of longitudinal or repeated measurements data using mixed effects models.

Variable selection in longitudinal data has been studied in some literature in the past few
decades. For example, Vaida and Blanchard [63] proposed the conditional AIC (cAIC),

which is an extension of the commonly-used AIC [1], to determine the degrees of freedom
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when incorporating random effects in the mixed effec models. The cAIC then was explored
by Liang et al [43]. Chen and Dunson [11] developed a Bayesian variable selection procedure
for choosing the important random effects in the mixed effect models by Cholesky decompo-
sition of unknown covariance matrix of random effects, and specified a prior distribution on
the standard deviation of random effects with a positive mass at zero to achieve the sparsity
of random components. Pu and Niu [55] proposed an extended version of generalized infor-
mation criterion (GIC) to select linear mixed models and explored the asymptotic property
of the selected fixed effects for the proposed method. Bondell et al [6] developed a joint
variable selection method to select fixed and random effects in the mixed effects models by a
modified Cholesky decomposition in the setting of fixed dimensionality for both fixed effects
and random effects. Ibrahim et al [36] proposed a general class of linear mixed effects mod-
els of both fixed and random effects in fixed number of dimension by maximizing penalized
likelihood method with the SCAD and adaptive LASSO penalty to select fixed and random
effects. Fan and Li [27] proposed a proxy matrix in the penalized profile likelihood to deal
with the problem of unknown covariance matrix of random effects to select and estimate
significant fixed effects. They also proposed to select and estimate important random effects
by a group variable selection strategy. Jurg Schelldorfer et al [56] came up with generalized
linear mixed models (GLMMs) with an ¢; penalty to fit the high dimensional longitudi-
nal data. This Lasso-type procedure for GLMMs could be applied for variable selection to

decrease the dimensionality of feature space.

1.3 Graphical modeling

Graphical model is a frequently used to explore association networks for a set of variables,

where the variables can be genes, proteins, or any other objects under study based on the
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research. The idea behind the graphic model is to use the partial correlation coefficient for
any two variables as a measure of dependence. The partial correlation coefficient equaling
to zero suggests a conditional independent relationship between the two variables. Another
way of measuring the dependency is to calculate the correlation coefficient of two variables.
However, the correlation coefficient is much weaker than the partial correlation coefficient,
since all the variables in a real system are more or less correlated. Specifically, let X =
(X1,...,X,) be a p-dimensional random vector drawn from a p-dimensional multivariate
Normal distribution N, (x, ), where p is the mean vector and X is the variance-covariance
matrix. A common way of studying graphical model is based on covariance selection [14]
by recognizing the nonzero off-diagonal elements in the precision matrix C, which is the
inverse of the covariance matrix (C'= X71), since those entries correspond to variables that
are conditionally dependent. Moreover, the partial correlation coefficient between any of the

two variables X; and X; in the data given all other variables is showed by Lauritzen [39]

Ci;
PalD\ig) = ~ e (1.32)
2,0~7,7

where C; ; is the (7, j)-entry of the precision matrix, and D = {1,2, ..., p} is the set of nodes
or variables. Therefore, the estimation of the partial correlation coefficients or the precision
matrix is the key to build up a graphical model. But this method could not be applied when
p < n, since the sample precision matrix is singular and thus cannot be directly estimated

from the data.

Various procedures have been developed in the literature to overcome this problem. And
the existing methodologies can be roughly grouped into three classes according to the their
schemes: (1) limited order partial correlations; (2) nodewise regression; (3) regularized graph-

ical models.
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The first category of work includes but not limited to Magwene and Kim [46], Wille and
B uhlmann [67], and Castelo and Roverato ([8], [9]), etc. Magwene and Kim [46], Wille and
B uhlmann [67] suggested to use the first-order partial correlation coefficient rather than
the full-order partial correlation coefficient. Castelo and Roverato [8] proposed to study
the graphical models by a gp-procedure according to a the non-rejection rate developed by
themselves. This non-rejection rate is defined to be the probability of not rejecting the null
hypothesis, for X; and X, p;;|@Q = 0, where () is a subset of all variables randomly selected
from D\ {i,j} with size ¢, which is predetermined by the user. A higher non-rejection
rate suggests a higher probability of conditional independence of two variables. The g¢p-
procedure first estimates the non-rejection rate for each pair of variables according to the
random () samples, and then excludes those edges when the estimated non-rejection rates
going beyond a predefined threshold. The performance of the gp-procedure is very obvious
to rely on the choice of ¢ = |@]. A higher value of ¢ may result in a better performance
of approximating the non-rejection rate to the coefficient of empirical partial correlation,
but it can also compromise the power of the statistical tests depending on n — ¢g. Castelo
and Roverato [9] further developed an averaging gp-procedure to enhance the performance
of gp-procedure by averaging the non-rejection rate estimated from a sequence of ¢ values.
It is widely recognized that these procedures will lead to something in the middle of the full
graphical model (with correlations conditioned on all p — 2 variables) and the correlation
graph (with unconditioned correlations) because of their approximation nature. Spirtes et
al [59] proposed a remarkable algorithm: the PC algorithm, which operates in an iterative
way. It proceeds with a full graph with edges between all variables, and then searches for a
subset @, and |@| < m (which is called the depth of the search and predetermined), for each
edge of the current graph. So that the two nodes connected by the edge are independent
conditional on (). The corresponding edge is removed once such a subset () is discovered.

One disadvantage of this PC algorithm is that it is less powerful when p is large, because the
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it substantially applies a maxP statistic (i.e., maximum of a set of p-values) to test on the
conditional independence. And this algorithm has recently been extended to the variable

selection problem for high-dimensional data [7].

The second category is the nodewise regression method, which was developed by Meinshausen
and B uhlmann [51]. This nodewise regression identifies the edge between nodes based on
the relationship between the regression coefficients and partial correlation coefficients. For

a linear model between a marginal variable and the remaining

X; = 0Xi + Z XiBji +€; (1.33)

1leD\(3,7)

where €; is the random error when consider X; as the response variable. Then 3;; =

—C;,:/C;;j and B;; = —C;;/C;4; that is,

C@j 7& 0 Pi.51V\(4,5) 7& 0 /Bij 7é 0 and Bji 7é 0 (134)

Meinshausen and B uhlmann [51] recommended to use the LASSO regression [62] to collect
the nonzero regression coefficients Since p can be greater than n. Let SU) = {l : Bl(j) #+ O}
be the set of predictor variables selected by the LASSO for variable X;. Then the graphical
model could be built up by the ”or” rule: draw an edge between nodes i and j <= i € SU)
or j € S, or the 7and” rule: draw an edge between nodes i and i € SU) and j € S®. This
procedure usually leads to a dense network regardless of the consistency of both ”or” and
7and” rule, which has been theoretically proved by Meinshausen and B uhlmann [51]. The
unexplained signal variables will pull in other edges that would otherwise no be included
because of the shrinkage of the regression coefficients on the true edge towards 0 by /¢

penalty.
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Yuan and Lin [73] proposed to estimate the precision matrix C' by minimizing the penalized

negative log-likelihood function rather than working on nodewise regressions
— log(det(C)) + trace(XaLC) + N|C| (1.35)

where ;75 is the maximum likelihood estimator of 2, ||C|| is the ¢;-norm of all off-diagonal
elements in C, and A is the regularization parameter. Specifically,when setting ||C| =
¥i<;|C; 5|, the minimization problem in (1.35) is convex, and based on which fast algorithms
([30], [4]) have been developed, which is also referred to be graphical LASSO (GLASSO)
due to the employment of /; penalty. The regularization parameter A can be selected by
cross-validation criterion. Similar to the nodewise regression method, GLASSO also tends to
produce dense network. Besides, Mazumeri and Hastie [49] pointed out that the converged

precision matrix might not be the inverse of the estimated covariance matrix.

1.4 Motivation for proposal work

Variable screening is of great importance for longitudinal data analysis, but is also very
problematic because of within cluster correlation as well as model complexity. In the pre-
vious section, we have provided some literature review on feature screening for ultra-high
dimensional data and graphical modeling. We summarized a variety of variable screening
approaches for linear models, generalized linear models, nonparametric regression, model-
free feature screening procedures and several linear mixed effect models. But the methods
in Section 1.2.4 can only handle data when the number of predictor variable similar to or
smaller than the sample size. They will have difficulty when the number of predictor variable
is much larger than the sample size, like the p = 40,000+ to n = 924 in the SLE study.

So a feature screening procedure extending those in Section 1.2.2 is needed to reduce the
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ultra-high dimension in longitudinal data to a much smaller dimension manageable by the
regularization variable selection methods in Section 1.2.4. In this dissertation, we first extend
the SIS and iterative SIS approach for longitudinal data to bring down the dimension to a
much smaller scale, so that the methods mentioned in section 1.2.4 could then be applied to
further select important fixed or random effects and estimate the coefficients and variance

components.

The conditional independence graph is a common tool in describing the relationship between
a set of variables. The existing methods such as the dynamic Bayesian network (DBN)
treat longitudinal measurements as time series, which often requires a much higher sampling
frequency as well as restricts the correlation to be serial. In this dissertation, we proposed a
penalize likelihood method as well as a nodewise regression method, which is an extension of
Meinshausen and B uhlmann’s work [51], for longitudinal data. We use a pairwise coordinate
descent combined with second order cone programming (SOCP) to optimize the penalized
likelihood and estimate the parameters, and so that the edges in the conditional independence

graph can be identified.

The remainder of this dissertation is organized as follows. In Chapter 2, we focus on feature
screening procedures of SIS and iterative SIS for longitudinal data. We propose a new
robust procedure and conduct simulation studies to assess the performance of the proposed
procedure. The goal of this chapter is to identify a robust screening procedure for longitudinal
data, and the relationship among selected important variables will be further explored in the
next chapter. In Chapter 3, we propose a robust graphical modeling for longitudinal data.
We conduct simulation studies to evaluate the performance of the proposed procedure and

we further illustrate the procedure using SLE data.
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Chapter 2

SIS for ultra-high dimensional

Longitudinal Data
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In this chapter, we focus on feature screening procedures for longitudinal data and aim
to develop feature screening procedure that can dramatically reduce the dimension of the
longitudinal predictor to a much smaller scale that is comparable to the sample size. The
goal is make the output from the screening procedure manageable by a regularized variable
selection procedure for linear mixed-effects model. The response variable and predictors are

all continuous variables.

2.1 Introduction

In longitudinal studies, data are commonly correlated, because the measurements are often
taken repeatedly over time on the same subject. For example, the immunological bioinfor-
matics for disease monitoring is a common topic and data from such studies often consist
of repeated measurements on the same cohort of subjects over time. In response to such
applications, statistical analysis tools for longitudinal data have been developed and made
available to practitioners linear mixed effect models provide a very convenient tool for the
analysis of longitudinal data, where within-subject correlation is modeled by random effects.
The monograph by Diggle et al. [15] provides an excellent overview of statistical methods

for longitudinal data analysis.

With the rapid development of biotechnology, high-throughput genomic data have become
commonly available, where a large number of gene expressions are collected. As the technol-
ogy becomes more mature , its cost also gets dramatically reduced over the decades. This
allows researchers to carry out experiments where gene gene expression data are collected
repeatedly over time. Therefore such experiments often produce longitudinal gene expression
data of ultra-high dimensions. The common goal of these experiments, similar to that of

the older-generation of single-replicate genetic experiments, is to identify important genes
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associated with the disease of interest and figure out how they interact with each other in
their genetic functions. In this chapter, we focus on feature screening in linear mixed models

for ultra-high dimensional longitudinal data with continuous outcomes.

The motivating example of this dissertation comes from a study of systemic lupus ery-
thematosus (SLE). It is an autoimmune disease characterized by breakdown of tolerance to
nucleic acids and highly diverse clinical manifestations. The study was to compare transcrip-
tomes of SLE patients at various stages of the disease, as well as to evaluate the transcriptome
for individual patients over time while taking a large number of gene expression values into
account [3].The blood transcriptome of 158 pediatric patients was longitudinally profiled for
up to 1,412 days, representing 924 visits, in order to assess its molecular heterogeneity. SLE
Disease Activity Index (SLEDAI) for each patient, which is a weighted metric combining 24
components, as well as 43,739 gene expressions were measured at each visit. The number of
visits per patient ranged from 1 to 22. The repeated measures within each subject (patient)

warrants the need for a longitudinal data analysis approach.

The first issue to be addressed in our project is the ultra-high dimension of the longitudinal
data studied in immunological bioinformatics, of which the dimension is often on the scale
of tens of thousands. Performing any kind of analysis on such data is a daunting task
and associated with extremely high computational cost. A similar issue in the scenario
of single-replicate data has motivated the work of Fan and Lv [21], who introduced the
concept of feature screening (FS) and used a screening criterion to reduce the ultrahigh
dimension to a much more manageable scale, though possibly still a high dimension like
hundreds or thousands. The criterion they used was the marginal correlation between the
response and each predictor. Note that their correlation screening procedure was among the
first ones supported by a rigorous statistical theory, although testing correlations has been

a popular approach in bioinformatics for a while. Various screening procedures have been
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proposed since then. For example, Wang [64] proposed a forward regression method for FS
in ultrahigh dimensional linear models. Fan et al. [24] and Fan and Song [25] developed FS
procedures for generalized linear models and robust linear models. Fan et al. [18] developed
a nonparametric FS procedure for additive models. Li et al. [40] proposed a model-free
FS procedure based on certain distance correlation [61]. Mai and Zou [47] proposed a
FS procedure for binary classification with ultrahigh dimensional predictors based on the
Kolmogorov’s statistic. Barut et al. [5] present a conditional sure independence screening
for the case that some prior knowledge on a certain important set of variables is available.
However, all these methods were for the scenario of single-replicate data and have not studied

the data with ultra-high dimensional longitudinal measurements.

In this dissertation, we develop an independence screening procedure based on ranking p-
value or maximum marginal likelihood estimator (MMLE) for linear mixed effect models.
For each predictor, we fit a marginal linear mixed effects model with the response against
this predictor. The p-values of the slope coefficient or the magnitude of the absolute values
of the MMLESs from these marginal linear mixed effects models can preserve the nonsparsity
information of the joint models, provided that the true values of the marginal likelihood
preserve the nonsparsity of the joint regression models and that the MMLE estimates the
true values of the marginal likelihood uniformly well. We rank the p-values and MMLES,
and select the important variables by theoretically determined parameters. As a practical
screening method, independent screening can miss variables that are weakly correlated with
the response variables, but jointly highly important to the response variables. It can rank
some jointly unimportant variables too high by using marginal methods. Therefore, we
extend SIS to iterative SIS to make the procedures robust and practical. This could be
viewed as a generalization of the work from Fan and Lv|[21] and Fan et al.[24]. The former

focuses on ordinary linear models and the latter extends the idea to generalized linear models.
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The SIS property can be achieved as long as the surrogate, in this case, the marginal utility,
can preserve the nonsparsity of the true parameter values. In this dissertation, we screen
variables with p-value or MMLE, which can be viewed as a Wald type of statistic. We show
that these three methods are equivalent in terms of sure screening properties in our proposed
framework. This generalizes the marginal likelihood ratio screening results for single replicate

data in Fan et al[24].

In our simulations, we compare the performance of SIS and iterative SIS based on p-value
and MMLE and check the median minimum model size, number of false negative and number
of false positive. The application of our methods to SLE data provide critical information
about this disease. In summary, our method has the following distinguishing features: (1)
it is the first screening method proposed for ultra-high dimensional longitudinal data; (2)
we derive the equivalence between p-value screening and MMLE screening; (3) we rigorously

establish the sure independence screening property for the proposed screening procedures.

The rest of this chapter is organized as follows. In Section 2, we introduce the sure inde-
pendent screening with p-value and MMLE. The sure independent screening property and
uniform convergence of marginal maximum likelihood estimator are presented in Section 3.
In Section 4, we conducted numerical analysis of two types of screening on simulated and
real data. A summary of our findings and discussions is in Section 5. The details of the

proof are deferred to the Appendix A.
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2.2 Method

2.2.1 Notation and Model

Consider longitudinal data (X;;,Y;;,Z;;), ¢ = 1,...,m, 7 = 1,...,n; collected from m
independent subjects. Here Y;; is the response of j-th measurement of i-th subject, m is
the number of subject, n; is the number of measurement for subject ¢, X;; and Z;; are
respectively the p x 1 and ¢ x 1 covariate vectors of j-th measurement of i-th subject for

fixed and random effects. A linear mixed effect model,

where [ is the px 1 fixed effects coefficient, b; is the ¢ x 1 random effect parameter and follows
N(0, D), where D = 4?1, €;; is the random error and €;; ~ N (0, R), where R = ¢*I,. And

b; and ¢;; are independent with each other. The total number of observations is n = Zzl ;.

The vector-matrix version for model (2.1) is
Y=XB+2Zb+e (2.2)

where Y is the n x 1 response vector, X is n x p and consists of the X, Z is n x ¢ and is

50

composed of the Zz; ,

and e is the stacked vector of the ¢;;. The role of the three parts of the
(2.2) can be explained as follows. The fixed effects are the population average coefficients for
time variables and other predictors, which models the variations of mean growth change in
data for the population. In contrast, the random effects account for the heterogeneity among

the subjects by allowing differences from the overall average. Finally, the error accounts for

the variation unexplained by the fixed and random effects.
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2.2.2 SIS for longitudinal data
Independence screening with p-value

For single replicate data, marginal Pearson correlation or Spearman rank correlation be-
tween the response variable and each predictor variable are usually used in SIS to obtain
the magnitudes of the predictor effects. However, these approaches are not applicable to
longitudinal data, since marginal correlations between the response and individual predic-
tors are not readily available due to the presence of within-subject correlations. Instead, the
corresponding p-value of the fixed effect from the marginal linear mixed effect model,

Vi =B+ B X+ 00 e, i=1,...om, j=1,...,n;, k=1,....p (2.3)
is compared. where 5(% is the marginal intercept, 8y is the marginal slope, bjM is the
marginal random intercept, and e,f\f is the marginal 7.i.d random error. We only consider
the random intercept case here since we only focus on screening fixed effects. And it can be
shown that using p-value is equivalent to using the marginal maximum likelihood in SIS [24].
That is, for each pair of Y and Xj, where X} is the k-th column of X, a componentwise
linear mixed effect model can be fitted and the p-value for testing on the significance of
the coefficient, 7, can be recorded. We can then sort the magnitudes of all the 7 in an

increasing order and select a submodel
My, ={1 <k <p: 7 is among the first d,, smallest of all},

where d, is a predefined threshold value (suggested to be n/log(n) by Fan and Lv[21]). This

reduces the full model of size p to a submodel with the size d,,.

The p-value is defined as the probability, under the null hypothesis Hy, of obtaining a result
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equal to or more extreme than what was actually observed. In each marginal linear mixed
effect model, the null hypothesis is Hy : 8 = 0. The smaller the marginal p-value is,
the more significant the corresponding predictor variable is. Therefore, we can also say the
coefficient of the fixed effect with smaller p-value is less likely to be zero and thus should be

selected.

Independence screening by MMLE

Another selection criterion we consider is MMLE. Given the random sample from linear
mixed effect model (2.2), the maximum marginal likelihood estimator B,ﬁw fork=1,...,pis

defined as the minimizer of the negative marginal likelihood

B = argmin { |V = 81, — BY X — 211,12 + 6 Db} | (24)

B!

It measures the strength of the marginal effect of X;. And this can be rapidly computed
and avoid numerical instability in NP-dimension problems. The marginal screening based

on the estimated marginal magnitude of fixed effect is to keep the variables
My ={1<k<p: I3 =}, (2.5)

for a theoretical determined thresholding parameter ~. The importance of predictors is
ranked by this independence learning through their magnitude of marginal regression coeffi-
cients, such that we are able to dramatically decrease the dimension of the parameter space
from p to a much smaller number by the threshold parameter v. In fact, sorting p-value
is equivalent to MMLE screening in the sense that they both possess the sure independent
property, the difference between these two methods is the decision of number of variables

should be included. Practically, the threshold parameter v, which is related to the minimum
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strength of marginal signals in the data, needs to be estimated from the data. Overestimat-
ing v would stop the screening while underestimating v would result in large number of false
positives. Barut, Fan and Verhaselt [5] suggest to select the v by controlling false discovery

rate (FDR). The details of selecting 7 are described in Section 2.3.4.

2.2.3 TIterative SIS for longitudinal data

The key idea of SIS is to apply a single componentwise regression. Three potential issues,
however, might arise with this approach. Fan and Lv [21] point out three potential problems

of SIS:

1. some unimportant predictors that are highly correlated with the important predictors
can have higher priority to be selected by SIS than other important predictors that are

relatively weakly related to the response.

2. an important predictor that is marginally uncorrelated but jointly correlated with the

response can not be picked by SIS and thus will not enter the estimated model

3. the issue of collinearity between predictors adds difficulty to the problem of variable

selection.

These three issues will lead SIS procedure to miss some important predictors. To overcome
this problem, an iterative SIS procedure is proposed to enhance the methodological power.

It is an iterative applications of the SIS approach to feature screening.

The iterative SIS works as follows. In the first step, we select a subset of d; variables
A = {X,,, ...,del} using an SIS selection (either based on p-value or MMLE). Then we
obtain an n-vector of the residuals from regressing the response Y over Xj,,..., X, . In the

next step, we treat these residuals as the new responses and apply the same method as in
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the previous step to the remaining p — d; variables, which results in a subset of d, variables
Ay ={X,,, ... X; dQ}. The improvement is that fitting the residuals from the previous step
on {Xi,..., X, }\\A; can significantly weaken the priority of those unimportant variables that
are highly correlated with the response through their associations with X, ..., X; 4, Since
the residuals are uncorrelated with those selected variables in A;. Moreover, it enables some
important predictors missed in the previous step to survive. We keep on doing this until we
get L disjoint subsets Ajq, ..., Ay, whose union A = UlL:1 A;, has a size d, which is less than

n.

We now have the iterative SIS based model selection methods, which are extensions of SIS

based model selection methods, for the problem of ultra-high dimensional variable selection.

2.3 Theoretical property

Sure independent screening approaches are simple and quick methods to screen out irrele-
vant features. In this section, we introduce a framework for establishing the sure screening

property in longitudinal data.

2.3.1 Equivalence between p-value screening and MMLE screen-
ing

There are two types of sure screening criteria presented in this dissertation, one by sorting

p-values, the other by sorting MMLE. In this section, we show that these two criteria are

equivalent to each other and both of them possess the sure screening property in the later

section.
Consider the marginal model(2.3) The null hypothesis is Hy : 3} = 0 and the alternative
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hypothesis is H, : 3M # 0. The likelihood ratio test for the testing is

— 2Ly = —2(0(BYL.Y) — L(BYL. BY).Y)), k=1,....p, (2.6)

where Y is the vector of response variable and /¢(-) is the log-likelihood function. Note

‘)
that K(B%,Y) is a constant since BOM = arg miné(ﬁé‘fk,}/) =Y. And the p-value for the

Bo,k
hypothesis testing is obtained by computing

pval(BM) =1 — ®(\/—2Ly) (2.7)

As can been seen from the above equation, the marginal p-value of Bé” , p—val(B,i” ), decreases
as the marginal likelihood ratio Lj decreases. Such an independence learning ranks the
importance of features according to their marginal contribution to the magnitudes of the
likelihood function. The marginal p-value screening and MMLE screening share a common

theoretical property.

2.3.2 Sure screening property

Since only fitting marginal regressions is a type of model misspecification to a joint regression,
we need to figure out how the model information is preserved. Specifically for screening
purposes, we are interested in the preservation of the nonsparsity from the joint regression
to the marginal regression. Generally, the marginal regression coefficient 8 is different
from the corresponding joint regression coefficient J;. But we could expect that when |5}
exceeds a certain threshold, || exceeds another threshold. The following theorem reveals
that the marginal regression parameter is a measurement of the correlation between marginal

covariate and the mean response function.
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Theorem 1: For k = 1,...,p, the marginal regression parameters 52/ = 0 if and only if

cov(Y, Xi|bg) =0

The proof of Theorem 1 is given in Appendix. The important variables {X} : k € M.},
where M, = {k : . # 0}, should be conditionally correlated with the response to have the
sure screening property. Moreover, if X for k € M, is conditionally correlated with the
response, the regression coefficient 3 is not vanishing. This is the theoretical basis for the
sure independent screening. This will be shown in Theorem 2 and requires Condition 1. And

the proof will be in Appendix.

Cc1

Condition 1: For some constant ¢; > 0 and £ < 3, such that km/{/rll |cov(Y, Xi|by)| > =5
G *

As seen later, k controls the rate of probability error in recovering the true sparse model.
And this condition rules out the situation in which an important variable is marginally

uncorrelated with Y, but jointly correlated with Y.

Theorem 2: If Condition 1 holds, for k € M,, there exits a positive constant ¢; > 0 such

that |3 | > <.

2.3.3 Uniform convergence of MMLE

The uniform convergence of MMLE plays an important role in establishing the sure screening
property of MMLE in order to control the maximum noise level relative to the true signal.
In this section, we prove the convergence of marginal maximum likelihood estimator and the

SIS property of longitudinal SIS method.

Since the function of log likelihood of marginal linear mixed effect model is concave, let
Xk = (1, Xy), E(U(XB, Y)) has a unique minimizer over 8, = (Box, Br) € B at an interior

point 3y = (8%, BY), where B = {|8}4| < B,|8}| < B} for a sufficient large B is the set
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over which the marginal likelihood is maximized. Several more conditions are required to

obtain the uniform convergence for MMLE.

Condition 2:

(i) The operator norm of marginal Fisher’s information ||I,(82")||s is bounded.

(ii) There exits an €¢; > 0 such that

sup IE{(Xy8;, + Zb)I(|X1] > K)} | <o(n™Y) fork=1,....,p (2.8)
BLeB.l|By-BY | I<e1

where K, is a constant such that for a given 3, € B, the function ¢(X;3,,Y) is Lips-
chitz for all (X, Y) in A, = {X, Y : [|Xp|leo < Ky, |Y| < Ki} with K = rgK/sq.

(ili) For all B, € B, we have E{{(X;3,,Y) — (X8, Y)} > V||B), — B']| for some

positive V| bounded from below uniformly over k =1,...,p.

(iv) There exit some positive constant 7o, 71, So, 1 and « such that

P(|Xk| > t) <ryexp(—rot®) for j=1,....p (2.9)

for sufficient large ¢ and that

2 2

2 2
(2.10)

. {exp((Xﬁ* + Zb+50)  (XB*+ Zb) )}+E {exp((Xﬁ* +Zb—s)?  (XB"+ Zb) )} s

The following theorem gives the uniform convergence result of MMLESs and the sure screening
property of the procedure. However, the sure screening property is not directly based on the
property of the covariance matrix of predictor variables. The proof of this theorem is in the

Appendix.
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Theorem 3: Under Condition 2, let k,, = K,B + B + 10K /s,

(i) If =%k 2K 2 — oo, for a positive cs, there exists some positive constant c¢ satisfying

P(lrg]?i{ 1BM — BM| > ¢3n™") < pexp(—can' ™2 [k, K,,) + pnsy exp(—roK®)  (2.11)
<k<p

(ii) If Condition 1 holds, for some constant cs, by making v = csn™" for ¢5 < ¢3/2, we can

get
P(M, C M) > 1 — sexp(—cun' ™ (k, K,)72) — sns, exp(—roK2) (2.12)
and s = | M.,/ is set of nonsparse element size.

Condition 3:

(i) There exist some 7 > 0 and ¢ > 0 such that A\, (2) < cgn”, where Apax(+) is the

function of largest eigenvalue of a matrix.

(ii) Var(Y) = 0(1) and Var(Xp*) = g*T34* = O(1), where ¥ = cov(X)

Condition 3(i) rules the case of strong collinearity, Condition 3(ii) implies both Var(y) and
Var(X[*) are bounded.

2.3.4 Selection of threshold parameter in MMLE

When using controlling FDR to select the threshold parameter v, we use the fact that

(6] 4 ~ w01 213
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where I, (B,i” ) is the element corresponding to £/ in the information matrix. We can select
1
variables based on high-criticism t-test by this property. Define Mw = {k : [I k(B )] ’ s > 2/1}

which controls the false discovery rate Q defined by Zhao and Li[76].

Condition 4:

(i) For any k, let e be the vector of residuals from marginal linear mixed effect model for

Xi. There exit ¢; > 0 such that var(e;) > ¢; and sup Elex|*™ < oo for some x > 0.

(ii) For k ¢ M., we have cov(Y, Xi|bx) = 0.

Theorem 4: Under Condition 2, 3, and 4, if we take /\>l¢ = {k‘ : []k(/@{y)} : Béw > @Z)}, and
=71 - 2%) and f is the allowable number of false positives, for some positive constant

cg we have

E(Q) <

ST R
)
BE

(2.14)

2.3.5 p-value screening property

We have shown the screening property of MMLE screening and the equivalence between
MMLE and p-value screening. One important difference between these two criteria is the
number of variable they recruit each time. We will introduce a framework to specify the

p-value sure screening property in this section.

Consider model (2.2) Y = X + Zb+ ¢, we can rewrite it to

Y =XB+¢ (2.15)

where é = Zb+¢€, and € ~ N(0,V), V = 02ZZ" + 021,. For this model (2.15), the off

diagonal values of covariance matrix of residuals are not all zeros since there are correlations
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among repeated measures. So to turn the off diagonal values to be zeros, we may multiply a
matrix to both sides of the model (2.15), just like what we usually do when using weighted
least squares (WLS)

Y*=X"6+¢€" (2.16)

where Y* = V_%Y, X = V_%X, and € = V2. Such that the off-diagonal entries in the
variance matrix of €* are zeros. Besides, the transformation of model (2.2) does not affect

the coefficients.

Z=X*S2 (2.17)
We assume all predictor variables X7, ..., X are scaled to have mean equal zero and stan-

dard deviation equal one. And the design matrix X* could be factored into Z 3.

Recall the concentration property proposed by Fan and Lv [21]: the matrix Z has the
concentration property for some constants ¢, ¢c; > 1 as well as a constant matrix C; > 0,

then we have
- - - - 1
Pumax (P01 Z2Z7) > 1 and Muin(p7'Z227) < =) < exp—Cin (2.18)
C

still holds for the submatrix Z of Z, which is n x p, with cn < p < p. Where the Amin () 18
the smallest eigenvalues of a matrix. This concentration property suggests the same order
of n nonzero singular values of Z with high possibility. By using conditions and properties

provided before, we have our Theorem 6.

Theorem 5: Under Conditions 1-3, if 2u + 7 < 1, there exists some # < 1 — 2u — 7, if

v ~ en? with some positive constant ¢, so that for some positive C' we have

p(M, C M) =1— O(exp(—Cn' 2"/ log(n))) (2.19)
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The SIS has the sure screening property as shown in above theorem, as well as is able to
decrease the exponentially growing dimensionality p downward to d = [yn] = O(n'~%) < n
for some 6 > 0, which is close to or smaller than the sample size. While the subset M.,
remains to keep all important variables with high probability. The proof of Theorem 6 is

shown in the Appendix.

2.4 Numerical Analysis

We demonstrate the performance of SIS and iterative SIS in simulated data and empirical

datasets in this section. We compare four types of screening methods in various settings.

2.4.1 Simulation

We compare the performance of the proposed p-value screening and the MMLE screening, as
well as their iterative extensions (iterative SIS). So we have four types of screening methods
in total. We keep the sample size 200 for different scenarios and the number of predictor
variables from 5,000 to 40,000. We evaluate different screening methods according to the

following criteria:

1. MMMS (median minimum model size): which is the selected model that is required
to include all important variables. We measure the variation of MMMS by robust
standard deviation (RSD), which is computed by associate interquartile range over

1.34, which meansures the sampling variability of minimum model size.
2. FP (false positive): average number of FPs

3. FN (false negative): average number of FNs
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We generate the covariate following Fan and Song [25] from

X, = S0k (2.20)

V1+ai

2p/3

kep/3+1 A€ 1.0.d

where € and {ek}if , are i.i.d standard Gaussian distributed variables; {e}
double Exponential random variables with location equalling to zero and scale being one;
and {ex}}_y, 3., are i.i.d mixture Gaussian variables: 0.5 x N'(—1,1) +0.5 x N'(1,0.5). The

variables are standardized to have mean zero and variance one before being fitted to the

model.

We consider the following two settings to simulate data Setting 1. Number of variable p =
5,000, and number of true signal s = 6 and 12. a4, ..., ajgo are some constant and the chosen
to be the same, such that the correlation among first 100 variables are p = corr(Xy, X)) =

0, 0.5, and 0.8, and a9 = -+ = asge0 = 0.

Setting 2. Number of variable p = 40,000 and number of true signal s = 6, 12, and
30. ai,...,as are random and generated from a Normal distribution ay ~ N(a,1) for
k=1,...,50, and a5y = -+ = a4p000 = 0. a is constant and chosen to make correlation

Elcorr(Xg, X;)] = 0, 0.5, and 0.8 among first 50 variables.

In both of the settings, the true signals of the regression coefficients are alternating sequence
of 1 and 1.3. For each setting we simulate 200 data sets. The results are shown in Tables
2.1 and 2.2. As can be seen from these tables, for SIS cases, MMLE screening performs
better in terms of false negatives but has larger false positives. While in iterative SIS cases,
p-value screening has smaller false negatives. And since we limit the total number of selected
variables, it is understandable that why iterative SIS has smaller number of false positives.
And overall, iterative SIS performs better than SIS for both MMLE and p-value screening

for MMMS, number of false positives and false negatives. Interestingly, the SIS becomes
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more powerful when the correlation among the predictor variables is increasing. This might
be due to only 50 or 100 predictor variables are set to be correlated, therefore SIS cannot

take full advantage of its benefits.

SIS

P S P MMMSde FPde FNfdf,. MMDMS P FN
5000 6 O 7(42) 43.20  0.06 7(42) 32.07 0.07
5000 6 0.5 8(8.9) 137.12 0 8(8.9) 32.02 0.02
5000 6 0.8 11(10.86) 136.90 0 11(10.86) 32.04 0.04
5000 12 0 200.50(722.22) 42.86 1.51  200.50(722.22) 27.78 0.78
5000 12 0.5 48(18.72) 130.20 0 48(18.72) 27.16 0.16
5000 12 0.8 55(17.50) 129.83 0 55(17.50) 27.52 0.52

iterative SIS
P s p MMM S g4y FPsqr  FNygy MMMS FP FN

5000 6 O NA 31.17 0 NA 32 0
5000 6 0.5 NA 31.23 0 NA 3193 0
5000 6 0.8 NA 31.43  0.43 NA 32.09 0.09
5000 12 0 NA 25,57  0.01 NA 26 0
5000 12 0.5 NA 25.60 0 NA 2597 1.03
5000 12 0.8 NA 2598  0.75 NA 28.66 2.68

Table 2.1: MMMS, and its RSD (in parentheses), FP, and FN over 200 replicates for Setting
1, e ~ N(0,1), N = 200

2.4.2 SLE Data

In this section, we apply our methods to do feature screening with the SLE data. The data
is open source and accessible at https : //www.ebi.ac.uk/arrayexpress/experiments/E —
GEOD — 65391/. After screening by four types of screening methods, we applied a linear
mixed effect model with an ¢;-penalty for further variable selection. The final selected
predictor variables are shown in Table 2.5 and we can see that iterative SIS with p-value

retains the most number of variables followed by iterative SIS with MMLE, and two types
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SIS

p s p MMMS;q,  FPry FNpy, MMMS FP FN
40000 6 0 11(22.39) 4791 0.22 11(22.39) 3227 0.27
40000 6 0.5 8(4.47) 14287 0 8(4.47) 32.03  0.03
40000 6 0.8 11(6.90) 14244 0 11(6.90) 32.05  0.05

40000 12 0 23292.5(15468.84) 66.29  4.04  23292.5(15468.84) 4.54 30.54
40000 12 0.5 4491.5(15386.94) 82.16 1.40  4491.5(15386.94) 2.73 28.73
40000 12 0.8 49(429.66) 85.36  0.35 48(32.46) 270 28.70
40000 30 0  33848.5(8494.03) 58.19 12.38  33007.5(9707.28) 13.90 21.90
40000 30 0.5 21919.5(13507.28) 65.50  3.47 13121(15272) 711 15.11

40000 30 0.8 352.5(8178.17) 67.56 0.85 57(3046.27) 7.06 15.06
iterative SIS

P S 1% MMMSde FPfdr FNfdr MMDMS FP FN
40000 6 O NA 33.82  0.63 NA 32.40 0.46
40000 6 0.5 NA 33.45 0.15 NA 3217  0.24
40000 6 0.8 NA 33.07 0.03 NA 33.13  1.17
40000 12 0 NA 30.79 3.53 NA 29.48  3.48
40000 12 0.5 NA 27.15 0.13 NA 2714 1.26
40000 12 0.8 NA 27.14 0.08 NA 30.22  4.22
40000 30 O NA 2548  15.98 NA 26.21 18.21
40000 30 0.5 NA 11.45 1.26 NA 21.68 13.68
40000 30 0.8 NA 10.25 0.30 NA 23.40 15.40

Table 2.2: MMMS, and its RSD (in parentheses), FP, and FN over 200 replicates for Setting
2, e ~N(0,1), N =200

of iterative SIS keep more than two types of SIS. Then we conduct leave-one-out-cross-
validation (LOOCV) based on the final selected predictor variables using linear mixed effect
model, and calculate the mean squared error (MSE) for each type of screening method. Here
we leave one subject out other than one observation out. Table 2.5 shows that two types of
iterative SIS have smaller MSE, and p-value iterative SIS has smaller MSE than estimator
iterative SIS. And as can be seen that the method with more variables tends to have smaller
MSE, this also illustrate the ability of keeping important predictor variables, which meet

with the result in the simulation study that iterative SIS has smallest false negatives most
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SIS

p s p  MMMSs, FPry FNp  MMMS FP FN
5000 6 0 384.5(1008.58) 117.82 1.28  384.5(1008.58) 115.28 1.28
5000 6 0.5  28.5(24.07)  210.36 0 28.5(24.07) 114 0
5000 6 0.8 54.5(26.68) 211 0 54.5(26.68) 114 0
5000 12 O 1246(669.96) 119.44  2.86 1246(669.96) 110.92 2.92
5000 12 0.5 51.5(12.69) 204.24 0 51.5(12.69) 108 0
5000 12 0.8 70.5(13.06) 206.36 0 70.5(13.06) 108 0

iterative SIS

P S 1% MMMSfdr FPde FNde MMDMS FP FN
5000 6 O NA 100.48  2.16 NA 116.24 2.24
5000 6 0.5 NA 102.84 3.74 NA 114.06 3.2
5000 6 0.8 NA 104.48 4.9 NA 106.52 4.92
5000 12 O NA 97.86  4.68 NA 112.66 4.66
5000 12 0.5 NA 101.12  6.98 NA 113.8  6.06
5000 12 0.8 NA 102.92  9.52 NA 1172 9.84

Table 2.3: MMMS, and its RSD (in parentheses), FP, and FN over 200 replicates for Setting
1, e ~N(0,5), N =800

of the time.

2.5 Discussion

This chapter explores the problem of variable screening in ultra-high dimensional longitudinal
data analysis. We proposed two types of independent screening criteria by selecting certain
amount of variables or by a threshold parameter. Sure independent screening (SIS) has been
proved to the capability to reduce the dimensionality from the ultra-high to a relatively
moderate scale that is similar or smaller than the sample size, and we try to introduce a
similar procedure to longitudinal data analysis. The success of marginal screening could
be an alternative option for variable screening problem as long as it is able to preserve

the nonsparsity structure of the true model. SIS could also be combined with other lower
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SIS

p s p MMMS;q,  FPry FNpy, MMMS FP FN

40000 6 0 19993.5(17840.49) 139.14 2.78 19993.5(17840.49) 116.78 2.78
40000 6 0.5 47.5(2913.06) 163.94  0.56 47.5(2913.06) 114.64 0.64
40000 6 0.8 41(10.26) 168.94 0.1 41(10.26) 114.12  0.12
40000 12 0 24718(14903.92)  142.8  5.36 24718(14903.92) 1134 5.4

40000 12 0.5 426(11151.49) 160.72  0.98 426(11151.49) 109.02  1.02
40000 12 0.8 47(3.54) 164.06  0.12 48(32.46) 108.14 0.14
40000 30 O 31363(9784.52)  139.38 10.26 31363(9784.52)  100.54 10.54
40000 30 0.5 13223.5(18200.19) 144.22  3.47 13121(15272) 91.68 1.68

40000 30 0.8 50(23.51) 145.7 0.34 50(23.51) 90.34 0.34
iterative SIS

P S 1% MMMSde FPde FNfdr MMDMS FP FN
40000 6 O NA 115.8 4.52 NA 118.4 4.4
40000 6 0.5 NA 115.18 394 NA 11734 34
40000 6 0.8 NA 115.6 4.48 NA 118.2 4.2
40000 12 0 NA 113.86 8.84 NA 116.3 8.3
40000 12 0.5 NA 112.82  7.42 NA 114.06  6.06
40000 12 0.8 NA 113.9 8.52 NA 115.98 8.04
40000 30 0O NA 108.02  20.82 NA 109.42  19.42
40000 30 0.5 NA 102.64 15.18 NA 103.66 13.66
40000 30 0.8 NA 106.82  19.98 NA 108.76  18.76

Table 2.4: MMMS, and its RSD (in parentheses), FP, and FN over 200 replicates for Setting
2, e ~N(0,5), N =800

dimensional technique for better estimating accuracy and further variable selection.

The simulation results indicate that MMLE screening performs better than p-value screening
for the SIS case in terms of false negative which makes sense, since the screening property of
MMLE is not directly based on the covariance matrix of the predictor variables, for instance
the operator norm growth, which, whereas, p-value does depend on. This is an advantage of
MMLE screening over using the p-value. The larger false positives of MMLE screening implies
it is more conservative than p-value screening, since MMLE screening recruits more variables

on average and should have smaller false negative but larger false positives. And since they
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Gene SIS¢qr itersISyq, SIS iterglS

NM_005224.2 v v

XR_037946.1 v
XR_037042.1
NM_194448.1
NM_022757.3 v
XM_937023.1
NR_023915.1 v
XM_497717.2
NM_152236.1
NM_014801.2
CB529853 v v
NM_153020.1
NM_015596.1
AK098676
XM_945614.1
NM_004314.1
NM_002448.3
XM_941900.1
XR_039674.1
NM_005570.2
NM_003343.4
NM_173529.3 v
DA645971 v v
NM_016095.1
NM_018301.2
XM_929340.3 v
NM_003015.2 v
XM _933679.1 v
NM_025138.3
XM_933070.1
XM_934038.2
NM_001125.2
XM_499058.2
NM_145701.1 v
NM_003804.3
XM_001713750.1
NM_015149.3
XM_001726935.1
NM_003565.1 v
NM_033256.1
BM978703 v
NM_002021.1 v
NM_018454.5
NM_001025159.1
XR_042416.1
NM_019086.3 v
XM_938701.1
XM_001133210.1
BF508595
NM_022067.2
NM_152402.2 v
NM._032821.2
XM_496953.3
XM_926698.1 v
NM_007269.2

XM_001134320.1

XM_930049.1 v

NM_003450.1 v
H 23 26 29 24
MSE 92.29 80.27 90.51 90.19
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Table 2.5: The number of selected variable (|.S|) and MSE by four types of screening methods.

47



both are based on the likelihood, the MMMS and RSD are exactly the same in SIS case.
The iterative SIS is an extension of SIS to enhance the performance of screening. Generally
speaking, the computation cost of iterative SIS is much larger than SIS, which could be one
disadvantage. But iterative SIS has better ability of keeping important variables, as well
as excluding unimportant variables (lower false positives). These would be some trade-offs
between choosing SIS or iterative SIS. We would recommend iterative SIS if the computation

time is allowed.

This study focus only on linear mixed effect model. The extension to generalized linear
mixed model case could be expected. Then this linear version will be a special case with
identical canonical link function. The p-value screening should be a good option since the

marginal p-value should be easier to be computed.
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Chapter 3

Graphical modeling for longitudinal

data

49



In this chapter, we focus on graphical modeling for longitudinal data and aim to develop a
conditional independence graph for a bunch of longitudinal variables. The proposed method-
ology could be used to establish graphical models for immune systems based on experimental
data, and help biomedical researchers to capture complex interactions and relationships be-

tween various immunological factors.

3.1 Introduction

Graphical model is a frequently used to explore the relationship networks among a set of
variables, where the variables could be genes or any other objects under study based on the
research. The idea underlying graphical models is to verify the conditional independence
between nodes. More specifically, the lack of edge between two nodes indicates a conditional
independence between the two variables represented by the nodes given the other variables
in a real system. When the graph is directed, an edge in such a graph indicates a causal

relationship between the two variables or one variable “controls” the other.

The motivating example of this dissertation comes from a study of systemic lupus erythe-
matosus (SLE). SLE is a chronic disease that affects young women with a breakdown of
nucleic acid tolerance and highly varied clinical manifestations. The study was to compare
transcriptomes of SLE patients at various stages of the disease, as well as to evaluate the
transcriptome for individual patients over time while taking a large number of gene expres-
sion values into account. The blood transcriptome of 158 patients was collected and profiled
for up to 1,412 days, representing 924 visits, in order to assess its molecular heterogeneity.
26 gene were measured for the gene expression values at each visit. The number of visits per
patient ranged from 1 to 22. The repeated measures within each subject (patient) warrants

the need for a longitudinal data analysis approach.
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Multivariate Gaussian models have been the most popular approach for graphical models.
Magwene and Kim [46], Wille and Bithlmann [67] proposed to estimate the first-order partial
correlation coefficient instead of the full-order partial correlation correlation. Meinshausen
and Bithlmann [51] estimated the sparse conditional independence graph using a nodewise
regression method by fitting a LASSO model to each variable with other variables as pre-
dictors. Yuan and Lin [73] focused on the concentration matrix directly by minimizing a
penalized likelihood function. Based on Yuan and Lin, fast algorithms (Friedman, Hastie
and Tibshirani [30]; Banerjoo, Ghaoui, and D’Aspremont [4]) have also been developed using
blockwise coordinate descent. Although these methods are well-developed with high accu-
racy and small computational cost, they are only designed for single replicate data but not
for longitudinal data. One distinct feature in our data is the repeated measurements, which
are collected longitudinally at a small number of time points. None of the aforementioned
papers considered longitudinal data. Some recent developments (Perrin et al [54], Zou and
Conzen [82]) adopted the dynamic Bayesian network approach. But this approach considered
the longitudinal measurements as time series, which often requires many more sampling time
points. The time-varying dynamic Bayesian networks (Song et al [58], Wang el al [66]) need
even higher sampling frequencies since they aim to estimating the evolution of the network
structure. But in our real data, the number of visits per patient ranged from 1 to 22, which
is not able to meet the requirement of these methods. Thus, they are not so appealing to

our application.

In this dissertation, we propose a nodewise graphical model for longitudinal data. We develop
a penalized likelihood approach to identify the edges in the conditional independence graph
for longitudinal data. We use pairwise coordinate descent combined with second order cone
programming to optimize the penalized likelihood and estimate the parameters. We also

extend the nodewise regression method developed by Meinshausen and Bithlmann [51] with
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the node-wise model extended from an ordinary lasso regression to linear mixed-effect lasso
regression. Besides, we also use a stepwise linear mixed effect model as a surrogate of LASSO

in the nodewise regression method for comparison.

In our simulations, we compare the performance of our penalized likelihood method, as well
as the two nodewise regression methods by checking the average number of false positive
(FP), false negative (FN), true negative rate (TNR), false discovery rate (FDR), and true
positive rate (TPR). The application of our methods to the SLE data provide critical in-
formation about this disease. To the best of our knowledge, it should be the first graphical
model developed specifically for longitudinal data where correlation between within-subject
observations cannot be ignored. The proposed methodology could be used to establish graph-
ical models for immune systems based on experimental data, and help biomedical researchers

to capture complex interactions and relationships between various immunological factors.

The rest of this article is organized as follows. We introduce the penalized likelihood method
as well as the nodewise regression method of graphical modeling in Section 2. In Section 3,
we conducted numerical analysis of the penalize likelihood and nodewise regression methods

on simulated and real data. Section 4 is a summary of our conclusion and discussions.

3.2 Method

3.2.1 Models and notation

Consider a longitudinal study on n subjects where subject ¢ has n; measurements, and
N =>"" | n; is the total number of observations. Each measurement consists of p variables.
Therefore, the observations for the ith subject are {X;;x, 7 =1,...,p,k =1,...,n;}. Then

the conditional independence graph of the p variables could be conveniently expressed by a
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graphical model G = (D, E), where D = (1,...,p) is the set of variables or the nodes and F
is the set of edges in D x D. Then the neighborhood ne; of a node X;, j € D, is the smallest
subset of Dy; such that X is conditionally independent of all other variables. In a edge set
E, a pair X, and X, are conditionally dependent given all remaining variables Xp, , . =
{X, :j € D\{u,v}}. Each pair of variables contained in the edge set E is conditionally
dependent given all other variables. Correspondingly, this would be a zero entry in the
inverse covariance matrix (or the precision matrix, C = X71) [39], and which also holds in
longitudinal data. For each variable X; (1 < j < p), we consider a conditional mixed effects
model, by treating X as the response variable and the remaining variables, denoted by X ;,
as the predictor variables. Particularly, the model for observation X ), (the kth observation

of the jth variable for subject 7) is

p
Xije {X0j, 05} = Boj + D BuXa + bij + €iji (3.1)
I=11#]
p(Xijk| {X\- b,}) = ! exp —L(sz — ,ui-)z (3.2)
J YRRV /27]'0'] 20,j2 J J

where p;; = Boj + D oryy oy BjXuk + bi;j is the conditional mean whose fixed effects part
contains the unknown intercept (p; and the unknown coefficients (;;, and random effects
part is the random intercept bj; ~ N(0,67). And the random error €, ~ N(0,07) is

independent of b;;.

3.2.2 Neighborhood selection

In a conditional independence graph, there are p nodes with each representing one of the
p variables. An edge between two nodes j; and js indicates that the corresponding two
variables X; and X, are dependent, and no edge between the two nodes means the two

variables are independent. The model represented by equations (3.1) and (3.2) basically
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regresses each variable against the other variables. Hence, two variables X; and X, are
conditionally independent if and only if 8;,;, = 8;,;, = 0. Thus the neighborhood estimate
of a node/variable is defined as the nonzero regression coefficient: ,8&), which is the vector
of fixed effect coefficients when treating X; as the response variable with others as predictor
variables. And the nonzero elements in B{;i), which are the same with the corresponding
nonzero elements {j; € D\ {j1} : C},j, # 0} of the row in the precision matrix, which deter-
mines the neighbors of node j; precisely. Therefore, only some linear form of other variables
in the neighborhood set of the variable j; is the best predictor for X; . Then the set of

neighbors of a node j € D can thus be written as
Qj:{jED:Bg)%O}. (3.3)

This set corresponds to the set of important fixed effects in (3.1). Therefore, it is reasonable
to try to exploit this relation, since the nonzero coefficients for variables in the neighborhood

of the variable j precisely defines the optimal linear prediction of Xj.

When incorporating regularization regression, such as LASSO, for each node, the neighbor-
hood estimate is defined as the nonzero regression coefficient in a penalized regression, which
includes a mean squared error and a penalty function parameterized by A. Thus, the set of

neighbors of a node j € D can be expressed in:
0 = {j eD: fUM # o} . (3.4)

where B@A) is the vector of fixed effect coefficients when treating X; as the response variable
and others as predictor variables with A, each of which specifies a resulting neighborhood
Qg\ of node 5 € D. Larger value of X leads to a sparse neighborhood for a node, while more

variables would be contained in Qg\ when \ takes a very small value.

o4



3.2.3 SOCP estimation

We shall develop a penalized pseudo-likelihood approach to simultaneously estimate the
parameters and thus identify the edges in the conditional independence graph. Treating the

random intercepts as observed, the complete log pseudo-likelihood takes the form

n; n

p
Ppr(X,0,0) => Y “log p(Xjl {Xijn : (u,v) € E},b,0) (3.5)

j=1 k=1 i=1
where b is the vector of all the random intercepts, and © represents all the fixed-effects
parameters (/3’s) in our model (3.1) and (3.2). Generally E is a much smaller set than the
complete edge set D x D. So we impose a penalty to enforce such edge sparsity. Then the

penalized log-likelihood is

S
S
3

p
Xije = Boj — > BiXuk —big)> + X Y i T B (3.6)

j=1 k=1 i=1 I=1,1%#j 1<j1<j2<p

The first part of (3.6) is the mean squared errors and the second part is a penalty enforced on
the paired coefficients. The form of the penalty generalizes the lasso penalty to encourage
simultaneous zeros or nonzeros for f;;, and 3;,;,. While this penalty is meaningful in
checking the independence between each pair of variables, it also creates some optimization
difficulty when minimizing the (3.6) directly, as there is no closed form solution for the fixed
effect coefficients. Hence, we use coordinate descent algorithm to optimize each pair of 3; j,

and f3j,;, at the same time. For each pair of 3;,;, and 3,,;,, the objective function is
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Mg n

ZZ( ijik T 50]1 5j1j2Xij2k - Z lelelk? l]l) +

k=1 i=1 = 1l7éJ1,l7éJ2

3 > (3.7)
( ijok T ﬂojz BijlXijlk - 5J21X11k lJ2> ’

k=1 =1 1=1,1#£51,1#72

)\ J132 + 32]1

The estimator of b; = (by;,...,by;)" is bAj = D;Z'V” "X — X\]ﬂ 7), where D; 532~In,
V;=2D;Z' + Rj, and R; = O'JQ-IN.

In the minimization of (3.7), we need an initial estimate of (B\h B(”) ) to calculate the
estimate of b;,, b;,. As we are only interested in estimating (5},;,, 8j,j,), we consider other
fixed effect coefficients as known, and form a new response variable d;j i, dij,x = Xijix —

Bojr — Zle’l#hl#jz B Xk — bij,, which enable us to consider the observations in the data

are independent. We apply the second order cone programming (SOCP) to minimize

ZZ ijik — 63112 Zj2k +ZZ ijok 532]1 ljlk) +)‘\/ ]1]2 32]1 (3'8>

k=1 i=1 k=1 i=1

With the estimation of all pairs of (8, j,, 3,5, ), We can use the Best Linear Unbiased Pre-
diction (BLUP) estimating equation to compute and update the random effect b;’s. We
simultaneously get the fixed effect and random effect coefficients estimated by iterating be-
tween calculating estimates of all 5U)’s and b;’s. The estimating process for a specific
is accomplished after the convergence of fixed effect coefficients. And this process is re-
peated for a grid of \'s, the way of selecting the best A will be described later. The 3U)’s

corresponding to the best \ is reported.
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Selection of \

The above estimation procedure is conducted for a fixed value of A. In reality, A is usually
chosen based on a series of values and for each value of A can we obtain a estimate of fixed
and random effect coefficient. But there would be an vest A, that will provide the optimal
estimates of 3U) and b(). This could be achieved by minimizing a criterion such as AIC [1],
BIC [57], or via k-fold Cross-Validation [26]. But AIC or BIC are not well-suited, and Cross-
Validation is too time consuming. Here the criteria we use for choosing A is the conditional
AIC (cAIC), which is proposed by Hodges and Sargent [63]. cAIC is very similar to the
ordinary AIC with a different way of counting the degrees of freedom in the linear model.

We extend the cAIC to our longitudinal data setting by defining

CA]CA = _2PPL + 2K (39)

where K is given by

N(N—-p-—1)
(N=p)(N—-p—2)

N(p+1)

h= RN e )

(3.10)

(p+1)+

and p is the effective number of degrees of freedom in the mixed effect model also proposed
by Hodges and Sargent [33]. This is a better estimate of the degrees of freedom for the
linear mixed effect model, which is also adopted for this setting. We select the solution that

minimizes the cAIC', criterion.

3.2.4 Nodewise LASSO

We also propose a nodewise LASSO method, which extends the work by Meinshausen and

Biithlmann [51], as an alternative way to conduct longitudinal data graphical model. But we
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need a linear mixed effect version of LASSO instead of ordinary LASSO [62] to accommodate
for the longitudinal data. The nodewise LASSO works in the algorithm below. And the

following subsections describe the way how we develop the linear mixed effect LASSO.

Nodewise LASSO procedure

Step 1:  Fit the linear mixed effect LASSO for the j node: LASSO(X;, X\;)
Step 2: Collect the nonzero coefficients from all the nodewise LASSO models
Step 3: Identify edges for the j** node based on variable selected in step 2

Step 4: Repeat Step 1 - 3 for all variables

Estimation of fixed effect for LASSO

To obtain the penalized log-likelihood function, we may start with the unpenalized log-
likelihood for linear mixed effect model by considering the j** variable, X, as response

variable, and other variables X\ ; as predictors:

1

)
20j

: . 1
Ly = || X5 — Bojln — X\jﬁ(]) — Zb9W|3 — 51082 Vil (3.11)

where 3U) and bV) are fixed and random effect coefficients when consider X as the response
variable, V; = R; + ZA;Z", A; = 621, and R = o;Iy. o® and §* are respectively the
residual and within-subject variances. By treating bY) as observed and dropping constant
term —%ln|‘/3| since it does not affect on selecting fixed effects, we can write the penalized

complete joint log-likelihood function of (3, b) as

1 . . . .
L1 = —5 511X, = fojly = XY — Z0D|5 — oAb (3.12)
J
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Now, the variable could be selected by maximizing conditional expectation along with a

penalty function on . By including the LASSO penalty function we obtain equation

L, = X5 = Boln = X9 = Zb9|[3 = 59" A0 — A||B9]|, (3.13)

=
20]2-
where 0 < A < oo and ||ﬂl(j)||1 =D 11 |3Y)] is the ¢;-norm of the coefficient vector 319,
Then the variable could be selected through maximizing the penalized expectation of this

joint likelihood.

The Expectation-Maximization (EM) algorithm was applied by Laird, Lange and Stram
[38] in linear mixed effect model, and the observed part, the response variable, as well as
unobserved part, the random effect form the complete data. The EM algorithm is applied
here and the conditional expectation of £, assuming the random effects are unobserved is
computed. Then the penalized likelihood is minimized to update the estimates of the fixed
and random effect coefficients. These steps will be repeated iteratively till the convergence

of the parameters.

Given (3.13), the estimation of bW is

b = A ZTVH X — X 8Y)) (3.14)
An initial estimate of 3 is needed to calculate an estimate of b\, b() in the joint likelihood
maximization. A new response variable Xj, which is equal to X; — b, could be created
since we are only interested in estimating 3V). It is reasonable to consider each observation
in the dataset is independent from the other due to the subtraction of the random effect,
which allows us to employ the LASSO variable selection procedure. Then the coordinate
descent algorithm is used to estimate 8Y) by fitting X; = X\;8Y) + e,e ~ N(0,02%). B

could be estimate by coordinate descent algorithm [29] on a fixed A. With the estimation
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of 3% the estimating equation (3.14) is used to calculate an updated estimate of b)
The estimates of fixed effects and random effects coefficients could be obtained by iterating
between calculating estimates of 3U) and b%). The estimation procedure is repeated for a grid
of X's, the way of choosing the optimal X is will be described later. The B(j) corresponding

to the best A is reported as the LASSO estimator.

Estimation of variance components

The restricted maximum likelihood estimator (REML) of 6;, where 6; = (07,07), is used
here, because it is more robust comparing to the maximum likelihood estimator. The log-
likelihood needs to be approximated since the penalty function 3.13 does not have continuous

second derivatives. By Fan and Li [26], we obtain,
1 1 1 ¢ 40)
o = = 1101~ 515 - X097V, 0,)7 (X, — XGAY)
e 1 o
(8 — B9 (X,V30,) " XG) (8 — BY) — S8V SA(A0)8Y (3.15)

where Béﬂ ) is the non-zero element in the BU) estimate from LASSO, and ij is the subset

of X\; that corresponds to Béj ). And

(4) 1 (120)
A  PA([Bre P Bae
2/\(5?)) :dzag( )\(|(]1) |)7, )\(|(]a; |)
|Bre | |Bic |

) (3.16)

where Blc e ﬁéjc') are elements in A7), And p,\(]ﬁj(i)n = )| ﬁ](i)] After some algebra, the

REML log-likelihood is approximately equal to

1 1 1ve N7
CrEML = b log H/J(GJ)’ ) log ‘X\ijk(ej) 1X\j + EA(ﬁ?))!

1 - B i
—5(& = XAV (0,) 71 (X; — XGBY)) (3.17)
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then the 6, could be estimated by Newton-Ralphson algorithm.

Selection of A\

Similar to the way of selecting the regularization parameter, X is selected on a grid and the
optimal X\ will give the best estimates of 3%) and b*). Here the criteria we use for choosing
A is BIC, since it is well known that BIC is consistent for model selection under general
conditions. While AIC is not consistent for selection [71], though is minimax optimal. So

the BIC-type criterion we apply is
BIC, = 2Ly + log(n) x (dfy) (3.18)

where the £, is the observed value of £, (3.11). And We let the degrees of freedom dfy
be the total number of non-zero fixed effect coefficients in 3. We adopt it as an unbiased
estimate of the degrees of freedom [81]. Then we select the solution that minimizes the BIC'

criterion criterion

3.3 Numerical Analysis

We demonstrate the performance of the penalized likelihood and nodewise regression meth-
ods on simulated data and empirical datasets in this section. We add one more nodewise
regression method, which is to replace the LASSO by a backwards stepwise linear mixed

effect model. We compare the three graphical modeling methods in a variaty of settings.
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3.3.1 Simulation

Recall that C' = Sigma™! is the precision matrix, or the inverse of the variance covariance
matrix Sigma. And the off-diagonal element of C' indicates an edge between two nodes, which

means these two variables represented by these two nodes are conditionally dependent.
We consider three different models following Yuan and Lin [73] in our simulation

Model 1. An AR(Q) model with ij = 1, ijjfl = ijl,j = 05, and de',g = Oj*Q,j = 0.25.
The true number of edges is 2p — 3.

Model 2. An AR(B) model with ij = 1, Cj,jfl = ijl,j = 05, Cj’j,Q = Cj,Q,j = 025, and
Cjj—3 = Cj_3; = 0.2. The true number of edges is 3p — 6.

Model 3. An AR(4) model with ij = 1, Cj,j—l = Cj_l’j = 04, Cj,j_z = Oj_Q’j = Cj’j_3 =

Cj—3;=0.2,and C;;_4 = Cj_4; = 0.1. The true number of edges is 4p — 10.
For each model, we also have three different settings

Setting 1. 20 subjects with 10 measurement for each, and dimension p = 10
Setting 2. 50 subjects with 10 measurement for each, and dimension p = 25
Setting 3. 80 subjects with 10 measurement for each, and dimension p = 40

We compared the three approaches in terms of the number of false positives (FPs) which is
incorrectly identified edges, the number of false negatives (FNs) which is incorrectly missed
edges. In order to make the results comparable across models, we also compare the true
negative rate (I'TNR = TN/(TN + F P)), the false discovery rate (FDR = FP/(FP+TP)),
and true positive rate (I'PR = TP/(TP + FN)), where TP and TN are respectively the
number of true positive and true negative dependencies detected. Table 3.1, Table 3.2 and

Table 3.3 document the mean, and standard deviation, in parentheses, from 200 replications
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Model NW LASSO NW step SOCP

FP  11.65(4.65) 5.75(3.79)  3.63(3.60)

FN 0.82(1.21) 0.30(0.84)  0.29(0.79)

1 TPR  0.98(0.04) 0.99(0.02)  0.99(0.02)
FDR  0.25(0.08) 0.14(0.08)  0.09(0.08)

TNR  0.79(0.08) 0.90(0.07)  0.94(0.06)

FP  8.21(4.42)  4.33(291)  3.96(2.88)

FN 9.84(5.05) 4.46(3.42)  4.88(3.67)

2 TPR  0.80(0.11) 0.91(0.07)  0.90(0.08)
FDR  0.17(0.07) 0.09(0.06)  0.08(0.06)

TNR  0.80(0.11) 0.90(0.07)  0.91(0.07)

FP 4.58(3.42) 3.19(2.43)  2.88(2.52)

FN  21.89(7.45) 13.60(5.38) 14.79(6.46)

3 TPR  0.64(0.12) 0.77(0.09)  0.75(0.11)
FDR  0.10(0.06) 0.06(0.05)  0.06(0.05)

TNR  0.85(0.11) 0.89(0.08)  0.90(0.08)

Table 3.1: Comparison of average (standard deviation) over 200 replications with p = 10
and n = 200

for each combination. The penalized likelihood procedure is referred to be SOCP in the

table because of its usage of SOCP in convex optimization.

As shown in Table 3.1, Table 3.2 and Table 3.3, the penalized likelihood methods outperform
the other two nodewise methods in general. Both methods of nodewise LASSO and nodewise
step tend to have larger FP, which may partly explain they could sometimes enjoy a as high

TPR as SOCP method, but always suffer from high FDR than SOCP method.

3.3.2 Real data example

We apply our methods to conduct graphical modeling with the SLE data in this section. The
data is open source and accessible at hitps : //www.ebi.ac.uk/arrayexpress/experiments/E—

GEOD —65391/. We use the p = 26 variables that are selected by the iterative SIS because

63



Model NW LASSO NW step SOCP
FP  111.42(33.78) 48.17(11.82)  6.36(6.33)
FN  1.38(1.66) 0(0)

1

(0 (
1 TPR  0.99(0.02) (0) 1(0)
FDR  0.53(0.08)  0.33(0.06)  0.06(0.06)
TNR  0.78(0.07)  0.90(0.02)  0.98(0.01)

FP  52.12(31.31) 41.86(10.64) 17.91(6.71)

FN  39.87(7.87)  0.21(0.61)  1.40(1.74)

2 TPR  0.71(0.06)  0.99(0.01)  0.99(0.01)
FDR  0.32(0.11)  0.23(0.05)  0.11(0.04)

TNR  0.89(0.07)  0.91(0.02)  0.96(0.01)

FP  38.70(29.10) 37.79(10.15) 16.28(11.50)

FN  92.39(15.93) 11.37(4.57)  26.01(8.89)
3 TPR  0.49(0.09)  0.94(0.03)  0.85(0.05)
FDR  0.27(0.12)  0.18(0.04)  0.09(0.05)

TNR  0.91(0.07)  0.91(0.02)  0.96(0.03)

Table 3.2: Comparison of average (standard deviation) over 200 replications with p = 25
and n = 500

it yielded the smallest testing error 2.5 in the variables selection section.

We applied our SOCP method to the data, and Figure 3.1 shows the identified networks
which consists of 54 edges. The nodewise lasso and nodewise step methods were also applied
to the SLE data for comparison. Figure 3.1 show the networks resulted from the two methods.
The two networks are respectively composed of 68 and 27 edges. The nodewise step method

is denser while the nodewise lasso is sparser than the network resulted from SOCP method.

3.4 Discussion

We have proposed a maximizing penalized likelihood method to identify the edges in graph-

ical models for longitudinal data. Furthermore, two nodewise regression methods are also
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Model NW LASSO NW step SOCP
FP  208.21(57.14) 130.92(21.60) 7.51(10.57)
FN  0.85(1.31) 0(0) 0(0)

1 TPR  0.99(0.01) 1(0) 1(0)
FDR  0.57(0.07) 0.46(0.04)  0.04(0.06)
TNR  0.85(0.04) 0.91(0.02)  0.99(0.01)
FP  95.47(58.83) 115.9(18.81) 10.93(14.38)
FN  67.81(8.86) 0(0) 1.84(1.96)
2 TPR  0.70(0.04) 1(0) 0.99(0.01)
FDR  0.34(0.13) 0.34(0.04)  0.04(0.05)
TNR  0.93(0.04) 0.91(0.01)  0.99(0.01)

FP  73.36(53.49) 107.57(17.82) 57.15(10.62)

FN  168.31(19.47)  7.79(3.79)  18.27(5.76)
3 TPR  0.44(0.06) 0.97(0.01)  0.94(0.02)
FDR  0.32(0.13) 0.27(0.03)  0.17(0.03)
TNR  0.94(0.04) 0.91(0.01)  0.95(0.01)

Table 3.3: Comparison of average (standard deviation) over 200 replications with p = 40
and n = 800

proposed. The numerical examples indicate that the SOCP method outperforms the node-

wise regression methods.

One important advantage of SOCP method is that its likelihood function incorporate the
penalty enforced on the paired coefficients, which is a form of the penalty generalizes the
lasso penalty to encourage simultaneous zeros for 3;;, and §j,;,. Whereas, the other two
nodewise methods suffer from the potential problem of asymmetry: 3; j, equals to zero but
Bj,;; does not, or vice versa. In this condition, we have to force both of them to be zero or
nonzero. And the nodewise method often leads to a dense network, which can also be seen
in our simulation study (large number of FPs for nodewise methods in Table 3.1, Table 3.2,
and Table 3.3). Liang et al. [42] said that the unexplained signal variables will pull in
other edges that would otherwise not be included because of the shrinkage of the regression

coefficients on the true edge towards 0 by ¢; penalty
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Figure 3.1: Networks identified for the SLE data by nodewise step method, SOCP method
and nodewise LASSO method

One important innovation of our method is that it is the first graphical modeling method
that is applicable to the longitudinal data. The within cluster variation, as well as cluster-
to-cluster variation in longitudinal data add the difficulties to solve the graphical modeling
methods, especially for those incorporated sample variance matrix in the penalized likelihood
(for example, Yuan and Lin [73], and Friedman et al [30]). Instead of working on penalized
likelihood based on precision matrix, our method focus on the regression coefficients to avoid
estimating the variance matrix in longitudinal data. But graphical modeling methods using
variance matrix (for either within cluster or cluster-to-cluster or both) in longitudinal data

can also be expected in the future.
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A.1 Proof of Theorem 1

Sufficient part:

Cov(Y, Xg|bg) = E[(Y — E(Y|by,) ) (X — E(Xk|bx))]
= E[X(Y — E(Y[bg))] — E[X|bx]E(Y — E(Y[by,))]
— E[X,Y] — E[X:E[Y|bx]

=E[X,Y] —E[XB*° X =0

And thus, E[X3*X;] = E[XY] = E[X,.8Y X}]. The second equality is coming from score
equation of the marginal regression. And ;" = 0 should be a solution for this equation. Due

to the concaveness of likelihood, the solution to the equation should be unique. Thus,

Cov(Y, Xp|bp) =0 = BM =0

Necessary part:

When BM = 0, the score equations now take the form

EBy%] = E[X 3], and (A.1)

E[8ye X = E[Y X}] = E[X 3" X;] (A.2)
5(% is a constant. By the first equality of A.2, we have

E[X5(Y —E(Y|br))] = 0
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Then,

Cov(Y, Xi|br) = E[(Y — E(Y[bx))(Xr — E(Xg|br))] =0

A.2 Proof of Theorem 2

By Lipschitz continuity of ﬁé‘ﬁc + B%X k, We have
| {(5(% + ﬁ{\j[ka) - ﬁ(])\i} Xil <18 |1X7
Take expectation on both sides,

IE{(B0% + BLaXe) — Box} Xul < 18]

= |8 = |Covl(Byr, + BriXn)s Xil|
By Condition 1, we have

1By = ein™”

A.3 Proof of Theorem 3

It can be noted that Condition 2(ii) is met with k,. In fact

El(Br,Y) — (8", Y))(1 = In(X, Y))

< |E[XyBk + ZOI(1X,| < Ko)| + [E[XiBy" + Z0JI(1X,| < Ko)| + B(Be) + B(B)
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where B(fBr) = |[E[Y Xi0k(1 — I,(Xk, Y))]|. By our assumption, the first two terms are in the
order of o(1/n) , and the exponential tail Condition 2(iv) and the Cauchy-Schwarz inequality

can bound the last two terms.

Using this and Theorem 1 of Fan and Song[25], letting 1 + ¢ = 3V n'/27"/(16k,,) we have
P(|BM — Br| > csn™) < exp(—can' ™2/ (kn K,)?) + nmy exp(—moK)

Then first conclusion is shown.
Consider

A, = {max]ﬁ;]y - M < czn_”/Q}

keM

then the second conclusion is proved.

By Theorem 3, it holds that for all k € M,,
8" > ean™"/2

Thus by the choice of v < ¢3n™"/2 on the event A,. Using the first result and Bonferroni’s

inequality for all selected k£ could show the second statement:

P(AS) < slexp(—ean' ™/ (k. K,)?) + nmy exp(—moK2)].
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A.4 Proof of Theorem 4

THe false discovery rate defined by Zhao and Li[76] could be expressed

M50 (M) B 1 NURTIN.
GOT ) = Toan 2 B(RED]T 18> )

ke(M.)e

Q = K

1
With the given conditions, by Theorem 1, we have 3, = 0. It is known that ( [Ik(ﬁ,ﬁ”)] 1BM

has an asymptotically standard normal distribution. Then, it follows that for a ¢; > 0

-

sup [B([ LB 3] > 2) = 9(2)]| < e

Combining both equations, we obtain

1 —1/2
E(Q)gm > 20— 2(5) + V).

ke(M.)e

Setting § = ®1(1 — %) gives the result.

A.5 Proof of Theorem 5

Step 1 Consider model 2.16, data fitted to this model now have independent observations. As
we know the p-value of a regression coefficient 3 has some relationship with the correlation

between X and Y. The Pearson’s correlation test has the expression:

wr(n — 2)
N

t= — 00 as wg — 1,
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which means,
p —value = 0 as wy, — 1

So the estimated marginal regression coefficient tends to be more significant as the correlation
increases. Throughout, let S = (Z7Z)"Z7Z and denote e as a unit vector in R? with the
k-th entry 1 and 0 elsewhere, k = 1,...,p. X = ZXY2, by singular vector decomposition
(SVM) we have

XTX = p2V20 diag(un, . . ., i) US (A.3)

where i1, .., u, are n eigenvector of p~1ZZ%, U = (1,0)nxpU, and U = O(p). Since

w=(wy,...,w,) = X*TY* we have
w=XTXB+XTe =¢+n (A4)

We are going to separately learn the two vectors £ and n.

For vector & = (&, ...,&,) = X*T X 3. When bounding ||£]|, it is obvious that
diag(pi?, ..., 1) < Pmax(p 22121,
and USUT < Apmax(2)I,. These and A.3 lead to
1EI17 < 2°Amax(Z) Pmax(p™ 227 PBTS20UTS2 (A.5)
If we have Q € O(p) then /23 = ||X/25||Qe,. By Lemma 1,

BISIATTSNG = (|52 B 2(QTSQer, ea) 2 ||SY25]P{Sen, en)
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we express identical in distribution as 2 for simplicity. By Condition 1 and 3, as well as

Theorem 2, Lemma 4, for some C' > (0 we have
P(BTSV2OTEY28 > 0(2)) < O(e=) (A.6)
p
By Condition 3(i), Amax(X) = O(n7) and PAmax(p~1ZZ7T) > ¢1) < e 1" | (A5) and (A.6)

combining with the Bonferroni’s inequality give

P(|[¢]]* > O(n'*"p)) < O(e™") (A7)

Bounding |&|, k € M, from below. Now fix an arbitrary k£ € M., by A.3 we have
& = pep S0 diag(p, - -, ) USY?B

Note that ||S12e]| = /Var(Xy) = 1, ||X¥28]] = O(1). By Condition 1 and Theorem 2,

there exits some ¢ > 0 such that
(128,51 2ey)| = [Bel|Cov(B, Y™, Xi)| = en”™ (A.8)
Hence, there exists some Q € O(p) so that X1/2¢;, = Qe
NV28 = (%125, %Y2e,)Qey + O(1)Qes

By Lemma 1 (pi1, ..., pun)T is independent from U, the uniform distribution is invariant on

the orthogonal group O(p), we have that
& < p(ZV2BE ) Ry + O(p) Ry = & + i (A.9)
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and R = (Ry,...,R,)" = Uldiag(ju1, ..., pun)Uei. We are going to check the two random

vector {1 and & 9.
Rl Z e?UT/\min<pilzZT)InUel = )\min(pilzZT)@Sel; 61)7

and thus by Lemma 4, Condition Property C, and Bonferroni’s inequality, for some positive
¢ and C we have,

P(R, < cn/p) < O(e™ ™)

Combining this with (A.8), for some positive constant ¢ we have,
P(|é1] < en'™) < O(e™ ™) (A.10)

Likewise, we can have

P([IR]* > O(n/p)) < O(e™") (A.11)

by Lemma 1 (py, ..., p,)" is independent from U, and R = (R, ..., R,)" is invariant using
the argument used in proving Lemma 5 given orthogonal group O(p—1). Hence, we have that

RZ IR[[W/|[W]||, W = (Wy,...,W,_1)T ~N(0,1,_1), independent from ||R||. Therefore,
PR
Ry = |[R[[W/[[W]. (A.12)

For (A.11) and (A.12), and &2 = O(pRy), for some positive ¢, using the the argument in

proving Lemma 5, we have
P(|€rz2] > ev/n|W[) < O(e™"), (A.13)

where W is a standard Normal distributed random variable. Based in the classical Gaussian

1)



tail bound, by letting x,, = cv/2Cn'™%/{/log(n) give

exp(—Cn'=%/ log(n))

P(evn|W| > x,) < /2/x TR ] Jiog()

O(exp(—Cn'~*/log(n)))

combining with (A.13) and Bonferroni’s inequality yield

P(|&2] > ) < O(exp(—Cn'~%¢/log(n))) (A.14)

Therefore, by Bonferroni’s inequality, combining A.9, A.10, along with A.14, for some

positive ¢ we have,

P(|&| < en'™) < O(exp(—Cn*~2"/log(n))), k € M*. (A.15)

Then we will check the vector n = (etay, ..., eta,)" = X*Te*.

Bounding ||etal|| we have

XX =Z%7" < 2BV 27T = Phinax(E) Amax (071 227 .

we have that

Inl* = €T X" X7 < pAnax(S) Amax(p ZZ7) €| (A.16)
And we know that €;%/0?,... €2 /0? are i.i.d. x* variables. By Lemma 3, for some positive

¢ and C' we have

P(He*H2 > cna2) < e O

combining with A.16, Bonferroni’s inequality, and Condition 3(i) we have

P(|[n|]* > O(n'*"*p)) < O(e™"). (A.17)
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Bounding || from above, n = X*Te* ~ N(0,02X*TX*). Thus n|X ~ N(0,var(n] X))
and

Var(ng| X) = o%e; X*T Xey.

Denote & as {Var(ni| X) < en} for some positive c¢. Likewise, we can prove that for some

positive C,
P(&E%) < 0O(e™™) (A.18)
yields
P(|nx| > x| X) < P(\/en|W| > ) for any x > 0, (A.19)

on the event £, where W is a standard Normal random variable. Hence, by (A.18) and
(A.19) we have
P(|ni] > 2) < O(e™™) + P(Ven|W| > z). (A.20)

Let 2/, = v/2cCn'="/1/log(n), such that
P(Ven|W| > ;) = O(exp(—=Cn'~*"/log(n)))
by the classical Gaussian tail bound again, combining which with (A.20) do we have

P([n| > o(n'™")) < O(exp(—=Cn'~*"/log(n))) (A.21)

Step 1.3

Combining the result we've got in Step 1.1 and Step 1.2, and Bonferroni’s inequality, we

have from A.4, A.7, A.15, A.21 that for some positive ¢y, cg, C,
P(km/al |lwi| < eintFor||w|[? > con'™Tp) < O(sexp(—Cn'~2"/log(n))) (A.22)
e *

7



which shows with high probability of 1 — O(sexp(—Cn'~2%/log(n))), the magnitudes of

1-2k

w, k € M,, are in the order of n and, for some positive c,

1471

. n
ﬁ{lﬂkﬁpi |wr| Zkfél/{}ll*\wﬂ} Sch,f; (A.23)

where £ {-} denotes the number of elements in a set.

We can see that from (A.23) if ¢ satisfies on'~2*"" — 0o ad n — oo, then Theorem 1 is valid

for some positive C' > 0 greater than those in (A.22).
Step 2

For r € (0,1), and choose (%)%””, for some integer A > 1. In addition, fix an arbitrary
6, € (0,1 — 2k — 7), also take r < 1 that is near 1, then 6y = 6,/r < 1 —2x — 7. We can

select a grid of integers h > 1 so that
on'72T = 00 and 6n” — 0 as n — oo, (A.24)
where ¢ = (%)%_’". Condition 3 (i) guarantee that
Mmax (Z°) < Amax(Z) < ean”

for X° of ¥ to a corresponding subset of variables. By Property C, and follows from A.24
that h = O(log(p)/log(n), in the order of O(n*/log(n)) by Condition 1. Hence, an increase
of C' > 0 gives

P(M, C M) =1—O(exp(=Cn'~"/log(n))).

This probability bound hold for v ~ en™ and # < 1 — 2k —r and ¢ > 0.
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