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Abstract: In multi-objective optimization, standard evolutionary algorithms, such as NSGA-II, are
computationally expensive, particularly when handling complex constraints. Constraint evaluations,
often the bottleneck, require substantial resources. Pre-trained surrogate models have been used to
improve computational efficiency, but they often rely heavily on the model’s accuracy and require
large datasets. In this study, we use active learning to accelerate multi-objective optimization. Active
learning is a machine learning approach that selects the most informative data points to reduce the
computational cost of labeling data. It is employed in this study to reduce the number of constraint
evaluations during optimization by dynamically querying new data points only when the model
is uncertain. Incorporating machine learning into this framework allows the optimization process
to focus on critical areas of the search space adaptively, leveraging predictive models to guide the
algorithm. This reduces computational overhead and marks a significant advancement in using
machine learning to enhance the efficiency and scalability of multi-objective optimization tasks.
This method is applied to six challenging benchmark problems and demonstrates more than a 50%
reduction in constraint evaluations, with varying savings across different problems. This adaptive
approach significantly enhances the computational efficiency of multi-objective optimization without
requiring pre-trained models.

Keywords: active learning; multi-objective optimization; multi-disciplinary optimization; machine
learning; evolutionary algorithms; optimization; query learning; optimal experimental design

1. Introduction

Multi-objective optimization (MOO) addresses problems where multiple conflicting
objectives must be optimized simultaneously. Unlike single-objective optimization, where
a single optimal solution is sought, MOO aims to find a set of Pareto-optimal solutions
that represent trade-offs among the objectives. Traditional evolutionary algorithms (EAs),
such as NSGA-II (Non-dominated Sorting Genetic Algorithm II), are popular for solving
such problems due to their robustness and ability to handle complex, high-dimensional
search spaces [1]. However, NSGA-II, while effective, does not incorporate machine
learning techniques such as active learning, which can dynamically adapt the optimization
process based on uncertainty in constraint evaluations. Unlike NSGA-II, our proposed
ALMO method integrates active learning to focus computational resources on critical areas,
reducing unnecessary evaluations and improving computational efficiency.

MOO algorithms have been extensively applied in engineering for the design and
optimization of complex structures. Vo-Duy et al. [2] achieved the multi-objective opti-
mization of laminated composite beam structures where the objective function was to
minimize the weight of the whole laminated composite beam and maximize the natural
frequency. Lemonge et al. [3] presented multi-objective structural optimization with con-
flicting objective functions and constraints, such as the natural frequencies of vibration and
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the load factors concerning the global stability of the structure. In the field of aerospace
engineering, MOO has been employed to optimize the aerodynamic performance and
structural integrity of aircraft components. Kim et al. [4] presented the multi-objective and
multidisciplinary design optimization of supersonic fighter wings. Wang et al. [5] described
the multi-objective optimization of composite aerospace structures while optimizing both
the cost and weight of the structure. Borwankar et al. [6] conducted a multidisciplinary
design analysis and optimization of space vehicle structures by integrating structural, ther-
mal, and acoustic analysis to optimize the spacecraft’s overall performance while satisfying
multiple design constraints. These diverse applications underscore the significance of MOO
in solving complex, real-world engineering problems where multiple, often conflicting,
criteria must be considered simultaneously.

However, the aforementioned traditional algorithms are often computationally inten-
sive, particularly when faced with complex constraints that necessitate extensive evalu-
ations. The computational expense of MOO arises primarily from the need to evaluate
the objective and constraint functions repeatedly across numerous candidate solutions.
This is especially challenging in engineering and scientific applications when complex
constraints require evaluations that are both time-consuming and resource-demanding.
In many engineering applications, such as structural, aerospace, and civil engineering,
these evaluations often involve expensive simulations or detailed analyses. One such
method commonly used in these fields is the Finite Element Method (FEM), which is
computationally expensive. The FEM is widely used in structural optimization to analyze
stress, deformation, and other factors under various load conditions, and optimization
using FEM can take hours or even days depending on the complexity of the model [7]. In
aerospace engineering, MOO frequently deals with aerodynamic shape optimization when
the evaluations involve high-fidelity Computational Fluid Dynamics (CFD) simulations.
These simulations are also computationally heavy. Furthermore, thermal analysis, required
for optimizing the thermal properties of aerospace materials and systems, also significantly
adds to the computational cost [8].

To mitigate these challenges, surrogate models have been employed to approximate
these expensive evaluations, thereby reducing the overall computational burden [9]. Surro-
gates, such as response surface models or Kriging models [10], can significantly expedite the
optimization process by substituting costly evaluations with less expensive predictions [11].
Sunny et al. [12] presented an artificial neural network residual kriging-based surrogate
model for the shape and size optimization of a stiffened panel. Datta and Regis [13] used a
surrogate-assisted evolution strategy for constrained multi-objective optimization. Their
approach used cubic Radial Basis Function (RBF) surrogate models to assist the optimiza-
tion by predicting the objective and constraint function values. Lv et al. [14] created a
surrogate-assisted particle swarm optimization algorithm for expensive multi-objective
optimization. Nik et al. [15] examined the surrogate-based multi-objective optimization of
the stiffness and buckling load of a composite laminate plate with curvilinear fiber paths.
Jun and Kapania [16,17] developed a deep-learning-based surrogate model that can provide
the optimum topologies of 2D and 3D structures.

Despite their advantages, surrogate models require substantial initial training data to
achieve high accuracy, and their performance can degrade in large, complex design spaces
characterized by numerous local optima [15]. Moreover, the effectiveness of surrogate-
based approaches is highly dependent on the quality of the model, which can vary signif-
icantly across different regions of the search space. Consequently, there remains a need
for more adaptive and efficient methods to improve the computational efficiency of MOO.
Wang et al. [18] presented an adaptive response surface method (ARSM) for improving
the global optimization of computation-intensive design problems. Steenackers et al. [19]
described the development of an adaptive response surface method for the optimization
of computationally expensive problems. Their surrogate model is adapted and improved
during the optimization and is not trained from a pre-defined number of design experi-
ments. Active learning, a sub-domain of machine learning, offers a promising alternative
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to traditional surrogate-based approaches. It is an adaptive machine learning technique
that incrementally improves a machine learning model by selectively querying the most
informative data points. This approach dynamically updates the surrogate model based on
the model’s uncertainty, rather than relying on a static, pre-trained model. Wang et al. [20]
presented committee-based active learning for the surrogate-assisted particle swarm op-
timization of computationally expensive problems. Singh and Kapania [21] effectively
used active learning in single-objective optimization problems to reduce the number of
expensive evaluations by focusing on uncertain regions of the search space.

In this study, we apply active learning to multi-objective optimization problems. Our
approach integrates active learning into the MOO framework to adaptively refine the
surrogate model during optimization. By querying new data points only when the model
is uncertain, we aim to reduce the number of constraint evaluations and enhance the
computational efficiency of MOO algorithms. Uncertainty is quantified by calculating the
difference in the predicted probabilities from the active learner, which we refer to as the
confidence parameter. This parameter helps identify areas where the model is less certain,
guiding the selection of new data points. Section 2 presents the details of the methodology
of the proposed approach. Section 3 shows the application of the approach to different
benchmark constrained optimization problems. The results demonstrate more than 50%
reductions in constraint evaluations while maintaining high solution quality. The results
of our case studies align well with previous research, particularly in terms of achieving
competitive Inverted Generational Distance (IGD) values and maintaining solution quality.
A key differentiator of our work is the significant computational savings achieved by
reducing constraint evaluations through active learning during the optimization process,
a method that has not been extensively explored in prior studies. This underscores the
efficiency of ALMO in addressing the computational cost of constrained optimization while
maintaining solution accuracy.

2. Methodology

This section presents the methodology of the proposed approach, which is to use active
learning for multi-objective optimization to improve constrained evolutionary algorithms.
Initially, a brief description of the multi-objective constrained optimization problem is
shown. Later, the newly proposed approach of using active learning for improving the
optimization is presented.

2.1. Multi-Objective Constrained Optimization

A multi-objective constrained optimization problem can be formulated as
minixmize s F(x), R (x)

subjectto: cj(x) <0, j=1,2,.k
2dh§xh§6h, h:1,2,§

where F;(x) and F,(x) are the multiple objective functions, c;(x) are k constraints, and &
is the number of design variables. In this problem, there is no single optimal solution,
but rather a set of Pareto-optimal solutions representing trade-offs between conflicting
objectives. A solution is Pareto-optimal if no objective can be improved without degrading
at least one other objective.

2.1.1. NSGA-II for Multi-Objective Optimization

In the present work, the Non-dominated Sorting Genetic Algorithm II (NSGA-II) is
employed to solve the multi-objective constrained optimization problem. NSGA-II [1]
is widely used for its ability to maintain diversity in the population while efficiently
converging to the Pareto front. The key components of NSGA-II are non-dominated sorting
and a crowding distance. Non-dominated sorting categorizes the population into several
fronts based on Pareto dominance, where each front consists of solutions that are not
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dominated by any other in the population. The crowding distance helps to maintain a
diverse set of solutions by calculating the density of solutions around each individual,
ensuring that the population does not converge prematurely to a narrow region of the
search space.

At the start of the optimization, a population of i individuals is initialized randomly.
Each individual represents a potential solution in the design space. The objective functions
and constraints are evaluated for each individual. If any individual violates the constraints,
it is discarded, ensuring that feasible solutions are prioritized during selection.

NSGA-II uses elitism by combining the parent and offspring populations from each
generation, allowing the best solutions from both to survive. The population is sorted based
on non-dominance, and the best individuals are selected. The algorithm also incorporates
genetic operations, including recombination and mutation, to create new solutions in the
next generation.

During optimization, the offspring undergo recombination and mutation. Feasibility
is ensured by discarding infeasible offspring and replacing them with new individuals
if necessary. The slection of parents for the next generation is based on non-dominated
sorting and the crowding distance.

2.1.2. The Steps of NSGA-II in the Current Work

The implementation of NSGA-II follows the steps mentioned below. Its pseudo-code
is mentioned in Algorithm 1.

Parent Initialization: Initialize y parent vectors randomly.

Evaluation: Evaluate the objective functions and constraints for all parent vectors.

Constraint Handling: Discard infeasible individuals as needed.

Offspring Generation: Apply recombination and mutation to generate A offspring.

Evaluation: Evaluate the objective functions and constraints for offspring.

Non-dominated Sorting: Rank all individuals (parents and offspring) based on Pareto

dominance.

7. Crowding Distance Calculation: Maintain diversity by calculating the crowding dis-
tance for each individual.

8.  Parent Selection: Select the top y individuals based on non-dominance and the crowd-
ing distance for the next generation.

9.  Convergence Check: Continue until the convergence criteria, such as a stable Pareto

front, are met or the maximum number of generations is created.

SR

The optimization stops when the improvement in the Pareto front becomes negligi-
ble over several generations, indicating convergence, or when the maximum number of
generations is created.

By incorporating NSGA-II, the proposed method efficiently handles multiple objectives
while maintaining a diverse set of feasible solutions. This approach is particularly well
suited to problems where trade-offs between conflicting design goals are necessary. The
optimization is implemented in Python 3.8.3 using a Python-based library: pymoo Multi-
objective Optimization in Python [22]. It is a framework that offers state-of-the-art single-
and multi-objective optimization algorithms in Python.
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Algorithm 1 NSGA-II

Input: Population size (i), Offspring size (1), Max generations (N)
Initialize population p with size u
for each individual in p do
Randomly initialize decision variables
Evaluate objective functions and constraints
end for
while generation < N do
Offspring generation:
Generate A offspring using recombination and mutation
Evaluate objective functions and constraints for offspring
Combine populations:
Create a combined population g = p U Offspring
Non-dominated sorting:
Sort individuals in g based on Pareto dominance into different fronts Fy, F, ..., F;
Crowding distance calculation:
Calculate crowding distance for each individual in each front
Selection:
Select top u individuals from g based on non-dominance (starting from F;) and crowd-
ing distance
Update population:
Set the new population p to the selected y individuals
Check for convergence:
if convergence criteria (e.g., stable Pareto front or max generations reached) are met
then
stop
end if
Increment generation by 1
end while
Output: Pareto-optimal solutions

2.2. Active Learning

Active learning (AL), also known as “query learning” or “optimal experimental design”,
is a machine learning approach that selects the most informative data points to reduce the
computational cost of labeling data. In the context of multi-objective optimization (MOO),
active learning focuses on reducing the number of expensive constraint function evaluations
while ensuring accurate approximations of the Pareto front. This is particularly valuable
in engineering design problems where each evaluation might involve costly simulations
or experiments.

The primary goal of AL is to query only those points where the model exhibits
uncertainty, avoiding redundant evaluations and concentrating computational resources
on data points that provide the most information. By iteratively querying high-uncertainty
points, the model converges more efficiently toward an accurate approximation of the
Pareto front.

The active learning process begins with a small set of candidate solutions, for which
both objective function values and constraint evaluations are available. Based on this
training set, a surrogate model is constructed to approximate the feasibility of the candidate
solutions, meaning whether they satisfy the constraints or not. In this work, Random
Forests (RFs) are employed as the active learner due to their robustness and ability to model
complex non-linear relationships [23]. RFs are an ensemble method that aggregates the
predictions of multiple decision trees trained on random subsets of the data, providing
reliable uncertainty estimates that guide the query process.

As new points are queried, the surrogate model is retrained on the updated dataset,
improving its predictions and enhancing the search for the Pareto front.
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The Random Forest model used in this study is specifically designed to perform binary
classification for feasibility determination while predicting whether a candidate solution
satisfies the constraints or not. This binary classification ensures that only feasible solutions
are considered for Pareto front approximation.

Uncertainty Quantification for Binary Classification

The uncertainty in the active learning process is driven by the model’s ability to predict
whether a candidate solution is feasible, i.e., satisfies the constraints. For each candidate
solution, the Random Forest classifier provides a probability distribution over the two
classes: feasible (0) and infeasible (1). The uncertainty of a given design point x can be
expressed as

(1]x) = Number of trees predicting infeasible for x 1)
P N Total number of trees in the forest
p(0x) =1—p(1fx) 2)

The certainty of the model’s prediction is quantified using a confidence parameter v,
which measures the difference between the predicted probabilities of the two classes:

v = p([x) = p(0]x) =1 -2p(0[x) )

If the confidence 7y is below a predefined threshold j, the model considers the predic-
tion uncertain and queries the true feasibility of the candidate solution. A higher threshold
B will result in more queries, whereas a lower value will reduce the number of queries
but could compromise the accuracy of the predictions. In this study, the balance between
exploration and exploitation is controlled by adjusting  and the number of trees in the
Random Forest, ¢.

By dynamically selecting uncertain points for evaluation, this active learning approach
minimizes the number of expensive objective function evaluations while maintaining the
diversity and accuracy of the solutions on the Pareto front.

An illustrative example is presented to demonstrate the application of the active
learning framework. In this case, a dataset comprising 800 instances, equally divided into
two classes, is used, as shown in Figure 1. The active learner is first trained on a small
subset of these instances. As the learning process progresses, the model selectively queries
the points where it is uncertain, allowing it to improve its accuracy without needing to
train over the entire dataset. This process highlights the efficiency of active learning in
reducing the overall computational effort while maintaining high predictive performance.
Initially, a random subset of 50 instances was selected for training the active learner, which
was constructed using a Random Forest classifier with 100 estimators, as shown in Figure 2.
The initial performance of the learner across the entire dataset yields an accuracy of 80.6%.
At this stage, the learner is tasked with querying data points where its confidence v is less
than 0.6.

Figure 3A shows the 310 queries issued by the active learner. These queries are
concentrated in regions where the learner has low confidence, as indicated by the confidence
plot in Figure 2B. The newly acquired data points are subsequently added to the training
dataset, and the active learner is retrained to improve its classification over the entire dataset.
After this, the learner’s accuracy increases significantly to 94.9% across the entire dataset.
Figure 3B shows the improvement in the confidence plot in comparison to Figure 2B.

Finally, the active learner is allowed to issue further queries from the remaining
dataset. Figure 4A shows 106 additional queries, resulting in a final accuracy of 99% after
incorporating the new data into the training set. These queries are concentrated in regions
where the learner has low confidence, as indicated by the confidence plot in Figure 3B.
Figure 4B shows the improved confidence plot. This example demonstrates that the active
learning process can efficiently reach high levels of accuracy without needing to query all
available data points.
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Dataset of 800 Instances
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Figure 2. (A) Fifty labeled instances randomly selected for initial training of active learner; (B) confi-
dence plot after initial training of active learner (accuracy: 80.6%).
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Figure 3. (A) The 310 queries issued by the learner; (B) confidence plot after including queries in the
training dataset (accuracy: 94.9%).
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106 Queries by Learner
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Figure 4. (A) The 106 queries issued by the learner; (B) confidence plot after including queries in the
training dataset (accuracy: 99%).

This case study highlights the efficiency of active learning in boosting model perfor-
mance by querying selectively, thus avoiding the need to label the entire dataset.

2.3. Active Learning for Multi-Objective Optimization (ALMO)

In this work, we employ an Active Learning-based Multi-Objective Optimization
(ALMO) framework to enhance the efficiency of constrained evolutionary optimization
algorithms like NSGA-IL. By selectively querying expensive constraint evaluations using an
active learning model, we can significantly reduce computational costs while maintaining
optimization performance. The optimization process proceeds for a total of N generations,
where an active learner is trained after the first 10% of these generations.

The ALMO approach is structured as shown in the following steps, while the pseudo-
code is shown in Algorithm 2, and the flowchart is shown in Figure 5:

1. Initial Setup: The NSGA-II algorithm begins by initializing a random population of
solutions, and true constraint and objective function evaluations are performed for
these solutions for the first 10% of the N generations.

2. Training the Active Learner: After the initial 10% of generations are evaluated, the active
learner (a Random Forest classifier) is trained on the available data from these early
generations. This learner is then used to perform a binary classification by predicting
the feasibility of new solutions in the subsequent generations.

3. Prediction of Feasibility: During the remaining generations, the active learner predicts
the feasibility of the offspring solutions generated by the NSGA-II algorithm. If the
learner’s confidence in the feasibility prediction exceeds a defined threshold §, the
candidate solution is accepted or discarded based on the prediction alone, bypassing
the expensive constraint evaluation.

4. Selective Constraint Evaluation: If the confidence score of the learner falls below S, the
true constraint function is queried for that solution. These newly evaluated solutions
are collected, and the active learner is re-trained once we have m new queries. In this
study, we set m = u, where p is the population size, ensuring periodic updates while
maintaining computational efficiency.

5. Offspring Selection and Evolution: Feasible offspring, along with selected parents, are
carried forward to the next generation following NSGA-IIs selection procedure, which
is based on non-dominated sorting and crowding distance metrics. This process
continues for the remaining generations.
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6.  Final Pareto-front Solution: Once the optimization is complete, the final Pareto-front
solutions are evaluated using true constraint functions to ensure their feasibility, while
the infeasible solutions are discarded.

Algorithm 2 ALMO: active learning for multi-objective optimization

Input: Population size (y), Offspring size (1), Max generations (N), Confidence threshold
(), Re-training interval (m)
Initialize population p with size y
Initialize infeasible_counter = 0
for each individual in p do
Evaluate true objective functions and constraints
end for
for generation = 1to 0.1- N do
Apply NSGA-II (generate offspring, evaluate objectives and constraints, perform
selection)
end for
Train active learner (Random Forest Classifier) using data from the first 10% of genera-
tions
for generation = 0.1- N +1to N do
Apply NSGA-II to generate offspring
for each offspring solution do
Evaluate true objective functions for the offspring
Predict feasibility using the active learner
if confidence score > 3 then
Accept/discard offspring based on prediction alone
else
Perform true constraint evaluation for the offspring
Accept/discard offspring based on the true constraint evaluation
Add newly evaluated solution (feasible or infeasible) to the training set
Increment infeasible_counter by 1
end if
end for
if infeasible_counter > m then
Re-train the active learner with updated data
Reset infeasible_counter to 0
end if
Select top p individuals based on NSGA-II's non-dominated sorting and crowding
distance
end for
Evaluate the final Pareto-front solutions using true constraint evaluations
Discard any infeasible solutions from the final Pareto-front
Output: Final Pareto-optimal solutions

This ALMO framework significantly reduces the number of expensive constraint
evaluations, particularly in the later stages of the optimization process when the active
learner has become more confident in comparison to at the beginning of the optimization.
By training the learner after the initial 10% of generations have been evaluated, we ensure
that it has enough data to make accurate predictions while maintaining computational
efficiency. In experiments with benchmark problems, we observed more than 50% savings
in constraint evaluations, depending on the problem’s complexity, the values of , and the
number of estimators (¢) in the Random Forest classifier.
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- Retrain Learner if needed

Filter infeasible solutions from Pareto front

v
END

Figure 5. Flowchart of the constrained optimization procedure using active learning.

The experimental setup also revealed that the ALMO approach retains a high degree of
accuracy, as measured by Inverted Generational Distance (IGD), while achieving significant
reductions in the total number of function evaluations compared to the total number of
evaluations required to conduct the optimization without the use of active learning. For
comparison purposes, the solutions obtained using NSGA-II without the use of active
learning were employed as the true Pareto front. The IGD measures the proximity of
the approximated Pareto front to the true Pareto front. It is calculated as the average
Euclidean distance from each point on the true Pareto front to its nearest point on the
approximated front:

1 . .

1GD(Q) = 155 qg@ mind(q",q) )
where Q* is the reference Pareto front, Q is the approximated front, and d(g*, q) is the
Euclidean distance. Low IGD wvalues indicate that the solutions generated closely match the
reference optimal solutions’” objective functions. Since optimal objective function values are
achieved from corresponding optimal design variable values, it follows that the design
variables are also close to the reference results. Thus, low IGD values provide a strong
indication that both the objective and design variable values are comparable.

3. Application and Results

This section presents the application of the ALMO framework introduced in Section 2
to six well-known benchmark problems: OSY [25], BNH [26], TNK [27], MW1, MW9, and
MW12 [28]. The active learner in ALMO uses a Random Forest model as its estimator
throughout these case studies. In Sections 3.1-3.6, we evaluate ALMO’s performance
on each benchmark problem to demonstrate two key aspects: (1) ALMO consistently
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finds the near-optimal solutions referenced in the literature and (2) it significantly reduces
the number of constraint evaluations compared to traditional constrained evolutionary
algorithms, such as those discussed in the benchmark papers cited. The constraint and
objective function plots of the benchmark problems used in this study are found in their
respective original papers. These plots have been extensively studied and documented
in the literature, so they are not reproduced here. The optimization is implemented in
Python using a Python-based library: pymoo Multi-objective Optimization in Python [22].
In all the case studies, a population size of 300 was considered, and the NSGA-II algorithm
was used to conduct optimization for 600 generations. Initially, NSGA-II is applied to
all the problems without any active learning integration to ensure the correctness of the
setup and to establish a baseline for calculating the IGD. We then implement the ALMO
framework to present the benefits as compared to the baseline found using NSGA-II. Later,
we investigate the impact of varying ¢ and  on the percentage of infeasible solutions
present in the final Pareto front. Specifically, ¢ is tested at values of 50, 100, 150, and 200,
while f ranges from 0.6 to 0.9. The reported infeasibility rates reflect how effectively the
ALMO framework manages constraints during optimization. Lower infeasibility rates
indicate that the active learner successfully identifies feasible regions in the search space.
A higher infeasibility rate suggests that the problem’s constraints are more challenging
for the learner to predict accurately. However, the consistently low infeasibility rates
across most configurations demonstrate that ALMO maintains feasibility effectively while
minimizing constraint violations, showcasing its robustness in handling complex multi-
objective problems. Finally, we analyze how the savings in constraint evaluations evolve
throughout the optimization process.

MW1, MW9, and MW12 are selected to represent a range of problem complexities.
MW1 is relatively easier, allowing us to demonstrate ALMO’s effectiveness when con-
straints are manageable, while MW9 and MW12 are more challenging, highlighting the
framework’s performance under more complex conditions. This selection provides a bal-
anced view of ALMO’s capabilities across varying problem difficulties without a redundant
analysis of the entire MW suite. By focusing on these specific problems, we show how
ALMO handles both simpler and more difficult optimization challenges.

3.1. Case Study I: The OSY Problem

In this case study, we apply the ALMO approach to the OSY problem, originally
introduced by A. Osyczka and S. Kundu [25]. The OSY problem is a widely used benchmark
for multi-objective optimization, characterized by non-linear constraints and a relatively
complex solution space. The problem is formulated as follows:

Minimize f1(x) = — (25(x1 —2)2+ (22— 2%+ (x5 — 1)% + (xa —4)* + (x5 — 1)2)/ )
Minimize f,(x) = x% + x5 + x% =+ xﬁ + xé, (6)

and subject to the following six constraints:

aq(x)=x1+x-2>0, (7)
o(x)=6—x1—x, >0, (8)
C3(x)—2—x2+x1>0 )
cs(x) =2 —x7+3x >0, (10)
c5(x) =4~ (x3-3)> — x4 20, (11)
c6(x) = (X5 —3)2+x,—4>0, (12)

with the variable bounds
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0 < x1,x0,x6 <10, (13)
1<x3,x5 <5, (14)
0<x <6 (15)

To benchmark the ALMO'’s performance, we apply the NSGA-II algorithm without
active learning to establish a baseline for comparing the benefits of the ALMO framework,
as shown in Figure 6.

\
\

NSGA-II Solution

&40 \
\
—250 —200 —150 —100 —50
f1

Figure 6. Case Study I: Pareto-front solution found by NSGA-II without AL using pymoo library.

Subsequently, the ALMO approach is employed to solve the OSY problem, using two
configurations of ¢ and f3, as shown in all feasible Pareto-front solutions in Figure 7. In
the first scenario, ¢ is set to 100 and f is set to 0.7, which results in an IGD of 0.002. In the
second configuration, ¢ is increased to 200 while B is set to 0.9, and the IGD remains at 0.002,
indicating that both settings provide optimal solutions with low IGD values. However, the
configurations show different performances in constraint handling, as discussed below.

¢ =100; 3 = 0.7; IGD=0.002 ¢ = 200; 3 = 0.9; IGD=0.002
60 \ 60 \
&40 \ & 40 \
(. \
20 ‘.\“"*-\- 20 "“Nj
—250 —200 f—1150 —.1.-(;).“-:5.0 —250 —200 f—1150 —_1-0:)““:;.0

Figure 7. Case Study I: Pareto-front solution found using ALMO and two different configurations.

We next analyze the percentage of infeasible solutions present in the final Pareto fronts
across various configurations of ¢ and j, as shown in Figure 8A. For B = 0.6, the percentage
of infeasible solutions remains greater than or equal to 5% for all the values of ¢. When
B = 0.7, the percentage of infeasible solutions is consistently less than 5% for ¢ > 100,
while for 8 = 0.9, the number of infeasible solutions drops to around 1%. It can be seen
that as the § value is increased, there are, overall, fewer infeasible solutions in the final
Pareto front.

The ALMO approach also demonstrates significant savings in constraint evaluations,
as shown in Figure 8B. The savings decrease steadily with higher  values, starting at
around 70% for B = 0.6, rising to 65% for B = 0.7, 60% for p = 0.8, and reaching approx-
imately 45% for B = 0.9. However, due to the inherent randomness in the population
generated by the algorithm, some variability in the results is expected, leading to minor
fluctuations in the observed savings and percentage of infeasible solutions.
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Figure 8. Case study I: (A) percentage of infeasible solutions found in the optimal Pareto front;
(B) overall savings in constraint evaluations in optimizations with different values of ¢ and pB.

Lastly, the savings in constraint evaluations are examined across different optimization
intervals. As the optimization progresses, the savings increase, demonstrating that ALMO
becomes more effective at reducing the number of evaluations as the algorithm becomes
more confident in identifying feasible regions. Figure 9 shows the percentage savings
over the optimization interval, with ALMO achieving around 20% savings in the early
stages, which increases to about 60% and 75% as the optimization proceeds. This trend
further confirms the ability of ALMO to enhance efficiency in multi-objective optimization,
particularly in later stages when the algorithm’s predictions are more reliable.

¢ = 200; 8 = 0.9
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o

>~
(e}
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Figure 9. Case study I: percentage of savings in constraint evaluations in different optimization
intervals using ALMO with two different configurations.

3.2. Case Study 1I: The BNH Problem
For this case study, we apply the ALMO approach to solve the BNH problem, which is
a well-known benchmark problem in multi-objective constrained optimization. The BNH
problem was originally introduced by To Thanh Binh and Ulrich Korn [26] and involves
two objective functions and two non-linear constraints. The mathematical formulation of
the BNH problem is as follows:
Minimize f;(x) = 4x2 + 4x3, (16)
Minimize fo(x) = (x; —5)% + (x2 —5), (17)

subject to the following two constraints:

c1(x) = (x —5)2 +x% —25 <0, (18)
(X)) = —(x1 —8)%2 — (1 +3)2+77<0, (19)
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where the decision variables x; and x; are bounded as

0 S X1 S 5/ (20)

0<x <3 (21)

f2

40

20

Figure 10 shows the solution for the BNH problem implemented using NSGA-II
and the pymoo Python library to establish a baseline for comparing the benefits of the
ALMO framework.

NSGA-II Solution

f2

20 \

0 25

50

Figure 10. Case study II: Pareto-front solution found by NSGA-II without AL using pymoo library.

Subsequently, the ALMO approach is applied with two configurations of ¢ and S.
In the first configuration, ¢ is set to 100 and S is set to 0.7, resulting in an IGD of 0.002.
The second configuration involves setting ¢ to 200 and B to 0.9, and the IGD remains at
0.002. Figure 11 illustrates all feasible Pareto fronts obtained for both configurations, which
indicates that both settings produce optimal solutions with minimal IGD values. This
consistent performance suggests that the BNH problem is well handled by the ALMO
framework across different parameter settings.

é = 100; 8 = 0.7; IGD=0.002 ¢ = 200; 8 = 0.9; IGD=0.002

f2

N\'-'-- e mee

25 50 75 100 125 0 25 50

f1 f1

Figure 11. Case study II: Pareto-front solution found using ALMO and two different configurations.

We then examine the percentage of infeasible solutions present in the final Pareto
fronts for various values of ¢ and f, as shown in Figure 12A. Interestingly, for all the
configurations, the percentage of infeasible solutions is 0%. This is indicative of the fact that
the BNH problem’s feasible space is relatively easier for the learner to grasp compared to
other problems like the OSY (Section 3.1) and due to the fact that neither constraint defined
in the problem renders any solution from the unconstrained Pareto-optimal front infeasible.
Therefore, the constraints might not significantly increase the difficulty of solving this
problem. The absence of infeasible solutions highlights the robustness of the ALMO in
maintaining feasibility while optimizing the objectives.
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Figure 12. Case study II: (A) percentage of infeasible solutions found in the optimal Pareto front;
(B) overall savings in constraint evaluations in optimizations with different values of ¢ and pB.

Furthermore, the ALMO approach exhibits substantial savings in constraint evalu-
ations, as shown in Figure 12B. For all tested configurations, the overall savings in the
constraint evaluations remain close to 89%. This indicates that the ALMO framework is
particularly effective in reducing the computational cost for the BNH problem, where the
feasible region is well-defined and can be efficiently exploited by the learner.

Lastly, the constraint evaluation savings are analyzed across different optimization in-
tervals, revealing that ALMO becomes increasingly efficient as the optimization progresses,
as shown in Figure 13. In the first interval of the optimization process, ALMO achieves
around 50% savings, which increases to approximately 99% as the optimization proceeds.
This trend reflects the growing confidence of the active learner in identifying feasible and
optimal regions of the search space as the evolutionary process unfolds.

¢ = 100&&: 9.7 - 100 = 200;@: 9.9

80

60

% Savings in
Total Evaluations

-1
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Figure 13. Case study II: percentage of savings in constraint evaluations in different optimization
intervals using ALMO with two different configurations.

3.3. Case Study III: Then TNK Problem

In this section, we apply the ALMO approach to the well-known TNK problem intro-
duced by M. Tanaka et al. [27]. The TNK problem is a constrained bi-objective optimization
problem notable for its non-linear and nonconvex constraints, making it a challenging
test case for multi-objective optimization algorithms. The TNK problem is formulated
as follows:

Minimize f;(x) = x1, (22)
Minimize f(x) = x3, (23)
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subject to the constraints
— 2,2 X1
c1(x) = —x7 —x5+1+0.1 COS{16 arctan<x> } <0, (24)
2
ca(x) = (x1 —0.5)> + (x2 — 0.5)> = 0.5 < 0, (25)
with the variable bounds
0<x;<m, (26)
0 S Xo < . (27)

¢ = 100; 8 = 0.7; IGD=0.002

The TNK problem’s nonconvex constraints pose a significant challenge for traditional
optimization algorithms. The results obtained using the NSGA-II implementation are
shown in Figure 14 to establish a baseline for comparing the benefits of ALMO framework.

NSGA-II Solution

i
100 S\

0.75
\

o \
~0.50 ~—
0.25 N
N
0.00. : : : : |
0.0 02 04 06 08 10
il

Figure 14. Case study III: Pareto-front solution found by NSGA-II without AL using pymoo library.

Next, the ALMO approach is applied using two different configurations of ¢ and f.
In the first case, ¢ is set to 100 and B is set to 0.7, yielding an IGD of 0.002. In the second
configuration, ¢ is increased to 200 and B is set to 0.9, which results in the IGD being 0.001.
Figure 15 displays all feasible Pareto fronts for both configurations, demonstrating that
higher values of ¢ and B generally result in a better IGD performance.

¢ = 200; 8 = 0.9; IGD=0.001

-~ =
1.00 N \ 1.00 N \
0.75 TN 0.75 R
©0.50 \\ “0.50 \\
0.25 0.25
N N

0.00 | | | | 0.00! | | | | |

00 02 04 06 08 1.0 00 02 04 06 08 1.0

f1 f1

Figure 15. Case study III: Pareto-front solution found using ALMO and two different configurations.

Figure 16A shows that for § = 0.7, approximately 15% of the candidate solutions are
infeasible, which decreases significantly to around 1% for 8 = 0.9. This pattern suggests that
higher values of B result in better constraint handling, reducing the number of infeasible
solutions in the final Pareto front. Compared to the OSY problem (Section 3.1), the TNK
problem results in more infeasible solutions, suggesting that it is relatively more difficult
for the learner to identify feasible regions in the search space.
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Figure 16. Case study III: (A) percentage of infeasible solutions found in the optimal Pareto front;
(B) overall savings in constraint evaluations in the optimization with different values of ¢ and B.

The ALMO approach also demonstrates substantial savings in the number of constraint
evaluations required to solve the TNK problem, as shown in Figure 16B. For g = 0.7, the
approach achieves an impressive 86% saving in constraint evaluations, while for f = 0.9,
the savings are around 82%. These savings highlight the efficiency of ALMO in handling
optimization problems with fewer constraint violations. Also, it should be noted that due to
the inherent randomness in the population generated by the algorithm, some variability in
the results is expected, leading to minor fluctuations in the observed savings and percentage
of infeasible solutions.

Figure 17 illustrates the percentage of constraint evaluations saved across different
optimization intervals. During the initial 20% of the optimization process, ALMO achieves
around 40% savings, which steadily increase to approximately 90% by the final interval.
This increase in savings as the optimization proceeds indicates that the ALMO approach
becomes more confident in its predictions over time, resulting in greater computational effi-
ciency during the later stages of the optimization as the Pareto front calculation progresses.

100 ¢ =100; 8 = 0.7 100 ¢ = 200;8 =0.9

(2]
s
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Figure 17. Case study III: percentage of savings in constraint evaluations in different optimization
intervals using ALMO in two different configurations.

3.4. Case Study IV: The MW1 Problem

In this section, we demonstrate the application of the ALMO approach for solving
the MW1 problem introduced by Zhongwei Ma and Yong Wang in [28]. The problem has
fifteen design variables, the following two objective functions, and one constraint. The
mathematical formulation of the MW1 problem is as follows:
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Minimize fi(x) = x1, (28)
Minimize f,(x) = g1(x) — 0.85x1, (29)
where the function g1 (x) is defined as
15 13 i—1\
=1 1-— -1 > — 05—
g1(x) +i:22 exp 0<x1 05— —5 > , (30)
subject to the following constraint:
c(x) = f1(x) + fo(x) — 1 —0.5sin(271)® < 0, 31)
I =V2f(x) - V2fi(x) (32)
where the decision variables x; to x5 are bounded as
O§x1...x15§1. (33)

¢ = 100; 8 = 0.7; IGD=0.001

First, we apply the NSGA-II algorithm without any active learning to establish a
baseline for comparing the benefits of the ALMO framework and to ensure that the solutions
match the results presented in the literature [22,28], as shown in Figure 18.

NSGA-II Solution

1.0 \
0.8 S
~ 0.6 N
0.4 ~
~N
0.2 <
00 02 04 06 08 1.0
fl

Figure 18. Case study IV: Pareto-front solution found by NSGA-II without AL using pymoo library.

We then apply the ALMO approach to the MW1 problem using two different configu-
rations of the hyperparameters ¢ and p. The first configuration uses ¢ = 100 and = 0.7
and the second configuration uses ¢ = 200 and B = 0.9. Both configurations achieve
a similar IGD value of 0.001. Figure 19 shows all feasible Pareto fronts obtained from
these two ALMO configurations. As demonstrated, both approaches yield near-optimal
solutions, closely aligned with the true Pareto front.

¢ = 200; 8 = 0.9; IGD=0.001

1.0 N 1.0 N
0.8 \\ 0.8 \\
~ 0.6 N ~ 0.6 N
0.4 ~ 0.4 ~
.\ .\
0.2 y 0.2 ~
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fl fl

Figure 19. Case study IV: Pareto-front solution found using ALMO and two different configurations.
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Infeasible Solutions (%)

% Savings in

Next, we analyzed the effect of different values of ¢ and f on the percentage of
infeasible solutions in the final Pareto front. Figure 20A presents the results of this analysis,
where ¢ was varied along with B. The findings show that at § = 0.6, approximately 7.5%
of the solutions were infeasible. As f increased to 0.7, the infeasibility rate decreased to
around 5%. Further increases in B led to a reduction of approximately 2.5% at § = 0.8, and,
finally, the rate dropped to about 1% when  was increased to 0.9.
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Figure 20. Case study IV: (A) percentage of infeasible solutions found in the optimal Pareto front;
(B) overall savings in constraint evaluations in the optimization with different values of ¢ and B.
Moreover, Figure 20B presents the overall savings in constraint evaluations across
different combinations of ¢ and B. With f = 0.7, we achieved around a 65% saving in
constraint evaluations, while with g = 0.9, the savings were approximately 40%. These
savings indicate that the ALMO approach effectively reduces the computational burden by
minimizing the number of constraint evaluations required to find feasible solutions.
Finally, we investigate how the percentage savings in constraint evaluations increase
over the optimization intervals. Figure 21 shows that as the optimization proceeds, the
percentage savings increase. During the initial stages of the optimization, the savings are
around 30% for ¢ = 100 and B = 0.7. However, as the optimization progresses and the
active learner becomes more confident, the savings increase significantly, reaching about
80% in the final stages. A similar trend can be seen for the ALMO configuration with
¢ = 200 and § = 0.9, where the savings per interval increase from about 20% to 50%.
¢ = 100;8 = 0.7 60 ¢ = 200;3 = 0.9
2 80 2
2 £.2
© n ‘© 40
3 60 £3
0 &0
— v _
5 40 =3 20
= =
B i 2 3 s
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Figure 21. Case study IV: percentage of savings in constraint evaluations in different optimization
intervals using ALMO in two different configurations.

3.5. Case Study V: The MW9 Problem

In this section, we apply the ALMO approach to solving the MW9 problem, which is
part of the test suite introduced by Zhongwei Ma and Yong Wang [28]. The MW9 problem
is a constrained multi-objective optimization problem that presents a challenging landscape
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due to its non-linear constraints and multiple objectives. The mathematical formulation of
the MW9 problem can be described as follows:

Minimize f(x) = x191(x), (34)

0.6
Minimize f,(x) = g1(x) <1 - (283) ) (35)

where g1 (x) is defined in Section 3.4. The problem is subject to the following non-linear
constraint:

c1(x) =min{Ty, T» - T3} <0, (36)
Ti0) = (1- 064720 — 209 ) (1 - 0367206) — ) @)
Ty(x) = 1.35° — (fi(x) +0.35))* = fa(x) (38)
T3(x) = 1.15% — (fi(x) + 0.15))* = fo(x). (39)

where the decision variables x; to x5 are bounded as
0§X1...X15§1. (40)

The MW9 problem is known for its complicated Pareto front and complex constraint
region, which together make it an ideal candidate to evaluate the efficiency and accuracy of
the ALMO approach. Initially, the NSGA-II algorithm is used without any active learning
to establish a baseline for comparing the benefits of the ALMO framework and to ensure
the solutions matched those reported in the literature [22,28], as shown in Figure 22.

NSGA-II Solution
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Figure 22. Case study V: Pareto-front solution found by NSGA-II without AL using pymoo library.

After validating the baseline solution with NSGA-II, the ALMO approach is applied to
solve MW9 using different parameter settings for the active learner, as shown in Figure 23.
The first experiment involves setting ¢ = 100 and 8 = 0.7, resulting in an IGD of 0.013.
This is followed by an experiment with ¢ = 200 and = 0.9, where the IGD improves to
0.003, demonstrating that increasing both ¢ and 3 can lead to a better approximation of all
feasible Pareto fronts. Figure 24 shows a Pareto-front solution where f is increased from
0.7 to 0.8 while having ¢ = 100, and it improves the IGD to 0.004, demonstrating that this
optimization problem needs a higher B value because of its complex constraint.

To further investigate the behavior of the ALMO approach, different combinations of ¢
and S are tested, as shown in Figure 25A. The results reveal that for § = 0.8, the percentage
of infeasible solutions in the final Pareto front remains below 10%, whereas for § = 0.9,
the infeasible solutions drop to around 5%. Compared to the MW1 problem discussed in
Section 3.4, the percentage of infeasible solutions in MW9 is notably higher. This is likely
due to the increased complexity of the MW9 problem, which makes it more difficult for the
active learner to accurately predict feasible solutions.
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¢ = 100; 3 = 0.7; IGD=0.013

¢ = 200; 8 = 0.9; IGD=0.003
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Figure 23. Case study V: Pareto-front solution found using ALMO and two different configurations.
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Figure 24. Case study V: Pareto-front solution found using ALMO.
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Figure 25. Case study V: (A) percentage of infeasible solutions found in the optimal Pareto front;
(B) overall savings in constraint evaluations in the optimization with different values of ¢ and B.

In terms of constraint evaluation savings, the results show that with § = 0.8, the
ALMO approach achieves approximately 15 to 20% savings, while for § = 0.9, the savings
are around 10%, as shown in Figure 25B. These savings are lower than those observed
for the MW1 problem, again highlighting the increased difficulty of the MW9 problem
for the active learner. Nevertheless, the ALMO approach still demonstrates significant
computational savings compared to a traditional NSGA-II run without active learning.
There are minor fluctuations in the percentage of feasible solutions and overall savings due
to inherent randomness in the population generated by the algorithm.

Finally, the impact of the ALMO approach on constraint evaluation savings over
different optimization intervals is studied. As with the MW1 problem, the savings tend to
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increase as the optimization proceeds, with the active learner becoming more confident
in its predictions. Figure 26 illustrates the increasing percentage savings in constraint
evaluations across five equal optimization intervals.
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Figure 26. Case study V: percentage of savings in constraint evaluations in different optimization
intervals using ALMO and two different configurations.

3.6. Case Study VI: The MW12 Problem

In this case study, the ALMO approach is applied to the MW12 problem, another con-
strained multi-objective optimization problem from the test suite introduced by Zhongwei
Ma and Yong Wang [28]. The MW12 problem is characterized by its highly complex Pareto
front and constraint region, making it one of the most challenging problems in the suite.
The mathematical formulation of the MW12 problem is as follows:

Minimize f(x) = x141(x), (41)

Minimize f»(x) = g1(x) (0.85 ~08 ( £ 1 E’;))) - 0.08’ sin <3.2n§ 1 E’;; ) D (42)

where g7(x) is as defined in Section 3.4. The problem is subject to the following non-
linear constraints:

=T, T4 <0, (43)
=Ty T3 >0, (44)
) = 1-081(x) — falx) + 0.08sin(27(fa(x) — f1(x)/15)) 45)
) =1 0.625f(x) — fo(x) + 0.08 sin(271(fo(x > 10/16) (46)
x) = 1.4 — 0.875f1(x) — f2(x) + 0.08sin(27t(f2(x) /1.4 — f1(x)/1.6)) (47)
) = 1.8 — 1.125f1(x) — f2(x) + 0.08 sin(27t(f2(x) /1.8 — f1(x)/1.6)) (48)

—~ o~

where the decision variables x1 to x15 are bounded as
0§X1...X15§1. (49)

As with the previous problems, we began by solving MW12 using the NSGA-II
algorithm without any active learning to establish a baseline and ensure that the obtained
solutions match those reported in the literature [22,28], as shown in Figure 27.

Once the baseline is established, the ALMO approach is applied to MW12 using two
different parameter settings for ¢ and . In the first experiment, ¢ is set to 100 and
is set to 0.7, which results in an IGD of 0.024. In the second experiment, ¢ is increased
to 200 and f is increased to 0.9, and the IGD improves significantly to 0.003. Figure 28
illustrates all feasible Pareto fronts for both parameter settings, demonstrating that the
ALMO approach performs better with higher values of ¢ and B, as also observed in the
MWO case study (Section 3.5). Figure 29 shows the Pareto front for the configuration where
B is increased to 0.8 from 0.7 while keeping ¢ as 100. The IGD of this solution improves
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to 0.004, demonstrating the need for higher f values if the constraints of the problem
statement are difficult for the learner to understand.

NSGA-II Solution
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Figure 27. Case study VI: Pareto-front solution found by NSGA-II without AL using pymoo library.
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Figure 28. Case study VI: Pareto-front solution found using ALMO and two different configurations.
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Figure 29. Case study VI: Pareto-front solution found using ALMO.

Next, the effect of varying ¢ and  on the percentage of infeasible solutions in the final
Pareto front is explored and shown in Figure 30. The results show that with § = 0.6, around
25% of the candidate solutions in the final Pareto front are infeasible, and when = 0.8,
this reduces to about 20%. This drops significantly, to below 5%, when B is increased to 0.9.
Interestingly, the percentage of infeasible solutions in the MW12 problem is higher than
that observed for MW9 (Section 3.5), likely because MW12 presents a more complex and
difficult landscape for the active learner to model accurately.
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Figure 30. Case study VI: (A) percentage of infeasible solutions found in the optimal Pareto front;
(B) overall savings in constraint evaluations in the optimization with different values of ¢ and B.

In terms of constraint evaluation savings, the ALMO approach shows more modest
savings for the MW12 problem compared to MW9. With 8 = 0.8, approximately 10% of the
constraint evaluations are saved, whereas with g = 0.9, the savings drop to around 5%. The
lower savings compared to MW9 suggest that the increased difficulty of MW12 requires
more constraint evaluations to ensure feasible solutions, despite its improved IGD values.

Finally, we investigate how the savings in constraint evaluations evolve over the
course of the optimization process. Similar to the MW9 problem, the ALMO approach
becomes more efficient as the optimization proceeds, achieving greater savings in its later
stages. Figure 31 illustrates the percentage savings in constraint evaluations across five
equal optimization intervals.
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Figure 31. Case study VI: percentage of savings in constraint evaluations in different optimization
intervals using ALMO and two different configurations.

4. Conclusions

In this paper, we introduce the active learning-based multi-objective optimization
(ALMO) framework, designed to accelerate constrained evolutionary algorithms like
NSGA-II by significantly reducing the number of costly constraint evaluations required.
The core of this approach is the integration of an active learner, which dynamically queries
new data points only when uncertainty arises. The effectiveness of the ALMO approach
is demonstrated through its application to six benchmark problems, where it achieves
significant constraint evaluation savings.

A key finding from this study is that the ALMO framework maintains high solution
quality, as evidenced by the IGD values, while improving computational efficiency by
minimizing unnecessary evaluations. The success of the method relies on tuning parameters
such as the learner’s confidence threshold, f, and the number of estimators, ¢, for the
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Random Forest model. Values of 3 above 0.7 are generally found to result in fewer infeasible
solutions and higher savings in the constraint evaluations.

We found that while ALMO delivers significant computational savings, the extent
of these savings can decrease when more complex constraints require higher § values to
maintain solution feasibility. This trade-off between feasibility and savings is a potential
limitation, as higher B values increase the learner’s confidence threshold, potentially
requiring more constraint evaluations. However, even in such cases, ALMO still reduces
the overall computational burden compared to traditional methods, though the savings
may be less pronounced for problems with more challenging constraint landscapes.

In future work, the ALMO framework can be extended in several promising directions.
One potential improvement includes the exploration of advanced machine learning tech-
niques, such as ensemble methods or deep learning architectures, to enhance the accuracy
and adaptability of the active learner. Additionally, refining uncertainty quantification
techniques could improve the querying strategy, leading to more efficient optimization by
minimizing unnecessary evaluations. Another promising direction is the application of the
ALMO framework to more diverse and complex multi-objective problems, which could
further validate its effectiveness and robustness across various domains. Finally, investigat-
ing the integration of ALMO with other optimization algorithms may also provide insights
into improving its performance in different optimization scenarios.
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