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INTRODUCTION 

Over the years the demand for forest resources has 

greatly increased. This growing demand produces a need for 

accurate and efficient inventory procedures; management 

decisions are made on the basis of information acquired from 

these inventories. Point and plot sampling are used 

extensively in the United States for gathering inventory 

information. Many authors have compared the relative merits 

of point to plot sampling; however few of these comparisons 

have considered the effects that existing stand conditions 

play in the efficiency of a sampling procedure. By using 

all known information about a given stand, it is hoped that 

the efficiency of different sampling methods may be more 

easily evaluated. 

Tree spatial distribution, diameter distribution, 

density, age, and site quality all affect the estimation 

efficiency of stand characteristics. Given varying types of 

stand conditions, measures of the efficiency and the 

associated costs need to be derived in order to evaluate the 

two sampling procedures. To achieve such measures 
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approximations of the point and plot sampling variance need 

to be developed. These variances should reflect the role 

that stand characteristics and expansion factor play in both 

sampling methods. From these derivations, insight can be 

gained into the effects of expansion factor and number of 

sampling positions on the sample variance as well as the 

cost of sampling for each sampling method under varying 

stand conditions. The objectives of this study, then, were: 

1) To develop approximations to the point and plot 

sampling variance which show explicitly the role of 

stand characteristics, expansion factor, and number 

of sampling positions. 

2) To use the approximations to develop guidelines 

for selection of the expansion factor and the number 

of sampling positions for point and plot sampling. 



LITERATURE REVIEW 

Many studies have been concerned with evaluating 

sampling efficiency. In the past this problem has been 

approached in two different ways. Some studies have 

considered the optimization of plot sizes, shapes and 

arrangement as a way of evaluating the efficiency of a 

sampling scheme. Other studies have compared the relative 

efficiency of point and plot sampling in their estimation of 

particular stand characteristics. 

Several studies have been conducted to optimize the use 

of plots. The efficiency of varying plot sizes, shapes, and 

arrangements has been evaluated. Johnson and Hixon (1952) 

found rectangular plots of size 0.20 acres to 0.33 acres to 

be more efficient in estimating total net sawtimber volume 

for old-growth Douglas-fir than other plot sizes or shapes. 

Me savage and Grosenbaugh ( 1956) optimized plot size and 

arrangement for a given tract when sampling for volume. As 

the size of the plot decreased and the number of plots 

increased, the sampling error decreased enough to offset the 

increased cost of measuring more plots. Freese (1961) used 

3 
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the data from the two previously mentioned studies and 

developed a formula relating plot size to variability; this 

relationship varies depending on the nature of the 

population. O'Reagan and Palley (1965}, O'Reagan and 

Arvanitis (1966}, and Prodan(l968} also used a formula to 

determine the optimal number of plots as a function of size, 

but found it to be inefficient for forest data. Zeide 

(1980} defined the optimal plot size as a function of the 

total time necessary for location and measurement of the 

plot; this was applied to simple random sampling and 

systematic sampling on a square lattice. 

Some studies have compared the efficiency of different 

plot sizes and basal area factors ( BAF} . Husch ( 1955} 

examined the efficiency of point sampling estimates of basal 

area and volume with the use of BAF 2.5, 10, and 40; he also 

considered the time factor required to sample a point. His 

results indicated that a small BAF tended to underestimate 

basal area and volume, and based on accuracy and required 

time, BAF 40 consistently gave the best results. Point 

sampling appeared to work best with a high expansion factor 

used at the greatest number of sampling points. Avery and 

Newton (1965} compared BAF 10 point samples to varying plot 

sizes in bottomland hardwood and loblolly and shortleaf pine 
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stands in Georgia. Expansion factors of size 10 in either 

point or plot samples were recommended in the bottomland 

hardwood stands where the average dbh was 12 inches, tenth 

and twentieth acre plot samples were recommended in the pine 

stands where the average dbh was 9 inches, and if cost could 

be ignored, fifth acre plots were recommended in the high 

value sawtimber pine stands. Kulow (1966) compared several 

plot sizes to several basal area factors and found that the 

sampling precision and accuracy was proportional to the size 

of the expansion factor. Zeide and Troxwell (1979) 

attempted to minimize the bias in point samples in 

Appalachian hardwoods through optimizing BAF and number of 

trees per point. 

Comparisons between point and plot sampling have been 

made since point sampling was first introduced into the 

United States by Grosenbaugh (1952). These comparisons have 

ranged from repeated sampling surveys to simulations of 

sampling surveys. Generally these evaluations have dealt 

with determining which sampling method was more efficient 

for estimating a particular stand characteristic. 

Grosenbaugh and Stover (1957) compared point to plot 

sampling and found point sampling to have the highest 

efficiency relative to other sampling methods. Kirby (1965) 
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justified the use of point sampling economically; it was 

faster and concentrated on the larger crop trees. In each 

case, the comparisons of point to plot sampling were made on 

the same land areas. 

Several studies were based on simulation trials. 

Palley and O'Regan (1961) and O'Regan and Palley (1965) used 

simulation trials in mapped stands. They found that the 

relative variability of total basal area and total volume 

were lower for point sampling than for plot sampling. The 

reverse was true when considering the variability of number 

of trees. The variance of plot sampling estimators was 

inversely proportional to the number of trees included in 

the sample and the variance of point sampling estimators was 

proportional to the basal area factor. 0' Regan and 

Arvanitis (1966) and Arvanitis and O'Regan (1967) considered 

the cost of estimation as well as the variance of the 

estimates. These costs were expressed in terms of walking 

time between sampling positions, establishment of point or 

plots, and tree measurement on that point or plot. They 

found point sampling to be more cost effective than plot 

sampling in the estimation of basal area, but less cost 

effective in the estimation of tree frequency. Sukwong et 

al. ( 1971) used simulated forest stands to determine the 
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effect of spatial distribution, stand density, diameter 

distribution, and size and type of sampling plot on the 

efficiency of the point and plot sampling methods for basal 

area. The coefficient of variation was used to evaluate the 

comparisons; point sampling was found to be more efficient 

in estimation of basal area. 

Some comparisons between the two sampling methods have 

considered tree spatial patterns. Analytically deriving the 

variance of point and plot sample basal area estimates, 

Holgate (1967) found point sampling to be more precise than 

plot sampling for the same degree of sampling effort. These 

comparisons were developed for trees with random spatial 

patterns only. Sukwong et al. ( 1971) and Matern ( 1972) 

developed studies that considered both clumped random and 

completely random spatial patterns and found that as the 

degree of clumping increased, the coefficient of variation 

increased. Oderwald (1979, 1981) showed point sampling to 

be more precise for basal area estimates in random and 

clumped stands; plot sampling was more precise in square 

lattice stands. 



MATERIALS AND METHODS 

The initial step in this study was to develop 

approximations to the variance of estimates of total basal 

area per acre and total volume per acre for both point and 

plot sampling. The variance approximations were evaluated 

numerically, and cost functions and confidence intervals 

were then applied to develop guidelines for point and plot 

sampling in varying stand conditions. 

Variance Approximation 

A single estimator was applied to both point and plot 

sampling; this may be an estimate of total basal area per 

acre or total volume per acre. All variance approximations 

were for the random spatial pattern. The notation used 

throughout this study was: 

" n = estimate of the number of trees included 

at each sampling position 

n = expected number of trees included at each 

sampling position 

n . = number of trees included at sampling 
l 

position i 

8 
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EF = size of expansion factor basal area 

factor in point sampling, reciprocal of 

plot size in plot sampling) 

m = number of sampling positions 

~ = true number of trees per acre 
A r = estimate of the average volume basal area 

ratio on a tree in the stand 

B = true total basal area per acre 

"' B = estimate of the true total basal area per 

acre 

V = true total volume per acre 
,. 
V = estimate of the true total volume per 

acre 

Looking first at the variances from a plot sample, the 

variance for total basal area per acre derived by Oderwald 

(1975) was: 

V(B) = A (EF) E(b2) 

where b is the estimate of the average basal area of a tree 

in the stand and b is the true average basal area of a tree 

in the stand. This may be rewritten as 
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Similarly, the variance for the estimate of total volume per 

acre in a plot sample may be written as 

where v is the estimate of the average volume of a tree in 

the stand and v is the true average volume of a tree in the 

stand. These results were restricted to a random spatial 

pattern. 

In obtaining point sampling variances, the variance of n 

was needed. Assuming rt was from a Poisson distribution, 

then for any spatial pattern 

n = 
B 

EF 

for a point sample where EF was the basal area factor, and 

n = 
EF 

for a plot sample, where EF was the reciprocal of the plot 

size. A From this the variance of n in a random spatial 

pattern may be written as 
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"' B V{n) = -
EF 

for point sampling and 

V{n) 
EF 

for plot sampling (Oderwald,1975). 

The estimate for total basal area per acre in a point 

sample may be written as 

,. "' B = EF * n 

and the variance of the estimate would be 

"' "' V{B) = V{EF * n) 

= EF2 V{n) 

but, as seen previously, 

B 
V{n) --

EF 

and thus, 

" V{B) = EF * B 
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Similarly, the estimate of total volume per acre in a 

point sample may be written as 

A A " v = B * r 

I\ where r is as previously defined. Thus 

v(v) = v(s * r) 
= E(B~ Br )2 

This may be rewritten using a method presented by Sukhatame 

and Sukhatame (1970): 

A AA 2 
V(V) = E(Br - Br) 

= E{(B + eB)(r + er) Br}2 

= E(Br + r eB + EB er - Br) 2 

2 = E(reB + Ber + eBer) 

where eB = error associated with average basal area per acre 

and e = error associated with the ratio r r 
E( = 0. 

expectation of the estimator, 

E ( EB ) = 
Taking the 
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( ") ( 2 2 + 82 2 2 2 V V = E r e B e r + e 8e r + 2rBe8er 

and looking only at errors to the first approximation, 

V(V) = r2 E(e28) + B2 E(e2r) 

= r 2 V(B) + B2V(r) 

where E( €28 ) =the variance of Band E( 2 ) =the variance e r 
of ~. 

Validation of the Variance 

The validity of the approximation was determined by 

comparing the approximations with the results of simulated 

samples. The simulations were performed using a modified 

version of a computer program INDEX FORTRAN developed by 

Watson (1981). Because of the wide variation in simulation 

results, twenty samples were simulated for each set of stand 

conditions and the results were then averaged; graphs 

indicated that the variances stabilized after twenty 

samples. The average was then compared to the approximated 

variance. 

Stands of differing conditions were generated as input 

for the simulation program. These conditions varied across 
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a range of site indices, densities, and ages. The site 

indices used were 40, 50, and 60 feet (base age 25) and the 

densities considered were 200, 300, and 400 trees per acre. 

The ages of the stands were 15 to 25 years. 

These generated stands were square with 524 feet on a 

side for a total of 9 acres. Each tree was randomly 

assigned an X and Y coordinate from a discrete uniform 

(0,524) distribution. 

pattern was achieved. 

In this manner a random spatial 

The trees within these generated stands were given the 

characteristics of planted loblolly pine. Given specific 

stand conditions, the heights of dominant trees were 

calculated from a formula presented by Smalley and Bower 

(1971) 

log H0 = log SI - 2.460976 (. l//A - 1//25 ) 

where HD = height of dominants, SI = site index, and A = 
age. The diameters for each tree were then calculated from 

a 3 parameter Weibull function. The parameters for the 

Weibull function were calculated from equations presented by 

Smalley and Bailey (1974). 

a= -1.5254 + 0.06394H0 
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a + b = -6.6951 - 0.0008Ts + 7.5104H0 

c = 3.3542 + 0.0002A 

where Ts = trees surviving and all other variables are as 

previously defined. Total height for each tree, given its 

diameter, was calculated from an equation presented by 

Feduccia et al. (1979} and was as follows 

= -0.032876 + {l/D; - l/DMAX) {l.9930 + 

2.5047ATs {10-5) + 0.0043249Ts/A -

1.0360109 {Ts/A) - 0.026038109 {Ho/A)} 

where Hi = height of i th tree, D i = dbh of i th tree, DMAX = 

maximum diameter in stand, and all other variables are as 

previously defined. Volume for each tree was computed to a 

4-inch top. The volume equation used was developed by 

Burkhart et al. (1972}: 

cv0b = -3.7097 + 0.00233 {D2H) 

In this simulation every tree has a known diameter, total 

height, basal area, cubic-foot volume, and position. Table 1 

contains the average tree values and the average stand 

characteristics per acre for each simulated stand. Point 

and plot samples were then taken from each 9 acre tract 

based on a ten percent cruise with the percent cruise of the 

point samples based on average dbh. 



Table l. Tree and stand values for different stand conditions resulting from simulations. 

Stand 

Type!/ 

(200.15.40) 

(200,25.40) 

(200.15.50) 

(200.25,50) 

(200,15.60) 

(200,25,60) 

(300, 15.40) 

(300.25,40) 

(300.15.50) 

(300,25,50) 

(300, 15,60) 

(300,25,60) 

-

Variance of Variance of 

Basal Area· Basal Area Volume Ratio Basal Area Volume 

(sq. ft./ac.) (sq. ft./tree) (cu. ft./tree)(vol/ba/tree)(sq. ft./ tree) (cu. ft./tree) 

84.69 0.4424 5.41 11.99 0.0418 7.382B 

105. 22 0.5365 9.02 16.40 0.0541 18.9438 

97 .63 0.5004 7.71 15.55 0.0495 13.8793 

119. 78 0.6029 12.65 20.45 0.0715 38.8094 

109.78 0.5570 10.30 18.13 0.0604 24.3067 

134.67 0.6756 17. 17 24.88 0.0746 59.0253 

79.66 0.2952 3.67 12.27 0.0136 2.4618 

105.80 0.3647 6.09 16.35 0.0216 7.5615 

96. 72 0.3410 5.27 15.22 0.0198 5.5842 

125.94 0.4253 8.90 20.48 0.0281 15.3757 

112.20 0.3B51 7. ll 18.15 0.0257 10.3015 

143. 15 0.4789 12. 12 24.81 0.0343 27.2700 

Variance of 

Ratio 

(vol/ba/tree) 

0.315B 

1.0535 
--' 

0.5438 O'I 

1. 7057 

0.8327 

2.0552 

0.1966 

0.8958 

0.3868 

1. 3514 

0.6179 

1.8000 



Table l (continued) 

Variance of Variance of Variance of 

Basal Area Basal Area Volume Ratio Basal Area Volume Ratio Stand 

Type!/ (sq.ft./ac.) (sq.ft./tree) (cu.ft./tree) (vol/ba/tree) (sq.ft./ treJ (cu.ft./tree) (vol/ba/tree) 

( 400 ' 15 '40 ) 77.50 0.2345 2.97 12.56 0.0100 l.3600 0.1000 

(400,25,40) 110. 30 0.2935 5.00 16. 76 0.0128 4.5570 0.5757 

(400,15,50) 99.43 0.2745 4.29 15.46 0.0108 3.0334 0.2156 

(400,25,50) 134. 68 0.3459 7.37 20.96 0.0167 9.2468 0.9029 

(400, 15,60) 118.46 0.3116 5.86 18.60 0.0149 6.0546 0.3332 

(400,25,60) 156. 72 0.3960 10. 13 ; 25. 17 0.0210 16.6228 l. 4525 

----

!I Stand Type - (trees per acre, age, site index) 

--' 
-...J 
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Point centers and plot centers were randomly chosen X and 

Y coordinates from a discrete uniform (0,524) distribution 

and the size of the samples was dependent on the expansion 

factor desired. The expansion factors used were basal area 

factors of 5, 10, 20, and 40 square feet per acre and plot 

sizes of 0.025, 0.05, 0.10, and 0.20 acres. In each 

simulation five plots or points were taken for an expansion 

factor 5, nine plots or points were taken for an expansion 

factor 10, 20 plots or points were taken for an expansion 

factor 20, and 40 plots or points were taken for an 

expansion factor 40. Equal sample sizes were used in order 

to standardize the variances for comparisons. Simulation 

results included estimates of the total basal area per acre 

and the total volume per acre and their associated 

variances. 
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Cost Analysis 

Once validation had been completed two approaches were 

taken to determine the appropriate expansion factor and 

number of sampling positions for a particular situation. 

The first approach was to minimize the variance for a given 

fixed cost and to minimize the cost for a given fixed 

variance; this was applied to both point and plot sampling 

estimates of basal area and volume. The second approach was 

to control confidence interval width. 

The cost function used in this study was exponential in 

form; the more trees there were per sampling point, the more 

each tree would cost to measure. The cost function chosen 

was used by Oderwald (1975). 

where c 
0 

was the fixed cost, c was the cost of m 
establishing a sampling point, m was the number of sampling 

points or plots, n was the average number of trees per 

sampling position, and c was the cost of measuring a tree 
n 

on that sampling position. This function was rewritten to 

show the relationship of sample size to measurement cost per 

tree. 

C = c + me + mnaean o m 
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where 

The coefficents a and a were estimated from time to sample 

data in Kulow (1966) which resulted in a = 0.271 and 

0. 022 where time is in minutes. In the analysis that 

follows C and c were assumed to be constant. 
0 

a = 

Minimization of the variance under the constraint of the 

cost function and minimization of the cost function under 

the constraint of the variance were with respect to m, the 

number of sampling positions, and EF, the expansion factor. 

This was accomplished through the use of the Lagrange 

multiplier procedure. 

Another expression used to determine the number of 

sampling positions was 

t2s2 
m = E2 

2 where S was the derived variance approximation, t was the 

t value taken from student's t-tables, and E was the bounds 

within which estimation was desired. These bounds were 

developed for the estimation of volume and basal area given 

particular stand conditions. 
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Comparisons between point and plot sampling were made 

using these results. For given stand conditions and stand 

type, the number of sampling positions and the expansion 

factor were evaluated for each sampling procedure and the 

point where point sampling trades optimality with plot 

sampling was determined. 



RESULTS AND DISCUSSION 

Variance Approximation 

Values for the variables comprising the developed 

variance approximations were generated from simulations of 

various stand types. Given these stand and tree values, 

certain trends were found in the values of the variances. 

In a point sample, variance values increased as total basal 

area per acre increased. The same trend was true as the 

expansion factor increased or as the number of trees per 

acre increased. The variances for both total volume and 

total basal area per acre in plot samples decreased as the 

number of trees per acre increased; the greater available 

growing space in stands with fewer trees per acre provided 

for larger values of basal area and volume per tree which in 

turn increased the respective variances. As in point 

samples, the variances values increased as total basal area 

per acre increased and as the expansion factor increased. 

22 
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Validation 

Comparisons were made between the variance formula 

approximation and the variances from the simulations for 

point and plot sampling for expansion factors of 5, 10, 20, 

and 40. These comparisons were made for point and plot 

sample variances of total volume and total basal area per 

acre respectively. The differences between the formula 

approximation and the simulation results were standardized 

by dividing through by the simulation results and presented 

as percentage differences; comparisons were then made 

between the percentage differences and the absolute value 

percentage differences (Table 2). 

In a point sample with variances of either total volume 

per acre or total basal area per acre few trends in the 

percent differences between the variance approximations and 

the variances of the simulations existed. Graphs have shown 

that for expansion factors 5 and 40, as the number of trees 

per acre increased the mean percent differences increased. 

For an expansion factor 10, as the number of trees per acre 

initially increased, the mean percent differences increased 

accordingly; however, at increasingly higher numbers of 

trees per acre, the mean percent differences then began to 

decrease. No trend in the percent differences was apparent 

as the number of trees per acre increased when an expansion 
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Table 2. Summary of the differences expressed as percentages between 

the formula approximated variances and the simulated 

variances across all populations and replications. 

Minimum 

Percent 

Maximum 

Percent 

Mean 

Percent 

Standard 

Deviation Mean 

of Mean 

Percent 

Absolute 

Percent 

Variable Difference Difference Difference Difference Difference 

EF 5~./ 

PT voL.!V 

PT BA.!ij 

PL VOL.!ij 

PL BA.!ij 

EF 10 

PT VOL 

PT BA 

PL VOL 

PL BA 

EF 20 

PT VOL 

-30. l 

-32.6 

. -53.6 

-54.4 

-25.2 

-25.6 

-27.8 

-27.3 

-13.3 

+26. l 

+23.6 

-26.2 

-25.8 

+34.6 

+37.5 

+19.5 

+19.9 

+ 5.4 

- 7 .64 

- 8.74 

-37.30 

-37.70 

- 4. 77 

- 3.27 

- 6.37 

- 6.44 

- 3.75 

19.55 

19.40 

9.18 

8.70 

16.28 

17.37 

14.46 

13. 12 

17.56 

18. 19 

18. 36 

37.30 

37.70 

14.63 

15.46 

12.94 

13. 91 

7.00 
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Table 2 (continued) 

Minimum Maximum Mean 

Standard 

Deviation 

of Mean 

Mean 

Absolute 

Percent Percent Percent Percent Percent 

Variable Difference Difference Difference Difference Difference 

EF 20 continued 

PT BA -10.2 

PL VOL - 9.7 

PL BA - 9.0 

EF 40 

PT VOL 

PT BA 

PL VOL 

PL BA 

ALL EF 

PT VOL 

PT BA 

PL VOL 

PL BA 

-16.6 

-13.6 

-11. 7 

-11.3 

-30.1 

-32.6 

-53.6 

-54.4 

+ 6.9 

+34.2 

+39.2 

+16.9 

+20.3 

+23.2 

+28.5 

+34.6 

+37.5 

+34.2 

+39.2 

- 1.30 

+ 4.40 

+ 4.90 

- 1.85 

- 0. 71 

+ 3.69 

+ 4.35 

- 4.57 

- 3. 18 

- 8.29 

- 8. 18 

17.34 

14.64 

16.00 

10. 41 

10. 49 

17. 17 

13.26 

16.30 

16.73 

14.24 

13.06 

6.30 

11.00 

11.30 

8.51 

7.29 

9.84 

10.20 

12.69 

9.21 

16.62 

17 .24 
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Table 2 (continued) 
y EF - Expansion Factor 

~ PT VOL - Point Sample Variance of Total Volume Per Acre 

PT BA - Point Sample Variance of Total Basal Area Per Acre 

PL VOL - Plot Sample Variance of Total Volume Per Acre 

PL BA - Plot Sample Variance of Total Basal Area Per Acre 
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factor 20 was applied. No trends existed for any expansion 

factor in any other varied stand or tree condition. 

Variances of total basal area per acre in plot samples 

produced several trends in the percent differences. An 

expansion factor 5 gave low percent differences or 

underestimates of the variance for all values of total 

volume or total basal area per acre, average volume or 

average basal area per tree, as well as for all average 

volume-basal area ratios per tree. Expansion factor 20 had 

high mean percent differences or overestimates of the 

variance at higher values of total volume or total basal 

area per acre and at higher values of the average volume to 

basal area ratio per tree. No trends were apparent for 

expansion factors 10 and 40. 

In plot samples with a variance of total volume per 

acre, expansion factor 5 again produced low percent 

differences or underestimates of the variance for all stand 

conditions. With an expansion factor 10 low mean percent 

differences, or underestimates of the variance, were found 

at higher values of total volume per acre, average volume or 

average basal area per tree, and average ratio of volume to 

basal area per tree; however, 

for these particular results. 

there is no apparent reason 

Higher values of total volume 
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and total basal area per acre again resulted in higher 

percent differences or overestimates of the variance with an 

expansion factor 20 and, again, no trends in the percent 

differences were visible for any stand condition with an 

expansion factor 40. 

As the value of the expansion factor increased from 5 

to 10 to 20 to 40, the range between the maximum and the 

minimum percent differences decreased and the mean percent 

difference in variances came closer to zero. This was true 

for both point and plot samples with variances of either 

total volume per acre or total basal area per acre. All 

variance approximations seemed to improve as the size of the 

tree tally on either a point or a plot decreased. 

Tests were made to determine if the mean percent 

differences could be considered not different from zero or 

unbiased. Variance approximations for either total volume 

per acre or total basal area per acre in both point and plot 

samples with expansion factors of 20 and 40 were considered 

unbiased ( a > 0 .10); point samples with variances of 

either stand characteristic and expansion factors of 5 and 

10 were considered unbiased as well ( a > 0 .10) . For the 

variance approximations of total volume and total basal area 

per acre, plots with an expansion factor 10 had p-values 
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between 0. 05 and Q. 025. The resulting p-values for an 

expansion factor 5 with plot sample variance approximation 

of either stand characteristic were very low ( Cl < 0. 005) 

indicating that the mean percent differences can not be 

assumed unbiased. It appears that some factor or variable 

is unaccounted for in these plot sample variance formula 

approximations which has resulted in these biased results. 

The point sample variance of total basal area per acre 

generally had smaller mean percent differences than the 

point sample variance of total volume per acre; there was 

little difference between the two plot sample variance 

approximations. Point sample variances for either· stand 

characteristics had smaller mean percent differences than 

the respective plot sample variances and an overall 

comparison of all variance approximations found the 

approximation for total basal area per acre in a point 

sample to more closely estimate the true variance. Though 

the point sampling variance approximation for total basal 

area per acre was the best, all were considered good in 

estimation of the variance and all were generally considered 

unbiased. 
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Cost Analysis 

Two approaches were used to evaluate point and plot 

sampling procedures and determine where they traded 

optimality. The initial approach in this cost analysis was 

to minimize the variance for a given fixed cost and to 

minimize the cost for a given fixed variance through the use 

of Langrange multipliers. Another approach taken involved 

the use of confidence intervals. 

Minimization of Variance and Cost 

The functions u 1 and u 2 minimizing the variance under 

constraint of a fixed cost and minimizing the cost under 

constraint of a specified variance respectively and were 

Var 

m 
Var 

m 

where w 1 and w2 were the respective Langrange multipliers, 

Var was the respective variance approximation, and all other 

terms were as previously defined. the expected value of n 

at a randomly chosen point center is n=B/EF, and in a plot 

sample the expected value of n at a randomly chosen plot 
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center is n= A/EF. These two functions were substituted for 

all terms of n depending on which sampling technique was 

used; the respective variance formula approximations for 

total volume per acre and total basal area per acre in 

either sampling procedure were substituted for the Var terms 

of u 1 and u 2 

In a point sample with the variance of total basal area 

per acre, the functions u 1 and u 2 become 

(EF) (B) mB aB/EF - C) u, = + w1 (c0 + me + -ae m EF m 

mB aB/EF (EF) (B) 
- s2) u2 = co + me + -ae + w2 ( m EF m 

Differentiating u 1 with respect tom, EF, and w1 , setting 

each equal to zero, and solving for optimal values of m and 

EF resulted in the functions 

c - co 
m = ----~""="=--

(cm+ BaeaB/EF/EF) 

and 

In the same manner, differentiation of u2 gave 



m = 
and 

(EF)(B) 
s2 
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The optimal function of EF was the same regardless of 

whether a specified variance was minimized or a fixed cost 

was minimized. 

A point sample with a variance of total volume per acre 

resulted in 

(r2)(EF)(B) + (B2)v(;) mB 
u1 = --------- + w1(e +me + - a.eaB/EF - C) 

m o m EF 

u2 = e +me + mB a.eaB/EF + w2( (r2){EF)(B) + (B2 )V(~) 2 
o m EF - S ) 

m 

Differentiation of u 1 with respect to m, EF, and w1 , 

setting of each to zero, and solving for m and EF yielded 

and 

c - e 
m = o 

(e + Ba.e 66/EF /EF) m 

aB/EF a.e 
,... 

V(r) 
a + ---Y- + 

r 
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With the same approach, differentiation of u 2 gave 

and 

m = 
(r2){EF)(B) + (B2)V(r) 

52 

aeaB/EF V{~) aBV(~) e 
( ) m _E_F....,,.2- a + 7 + r 2EF = B2 

Both optimal functions of m and expansion factor when 

minimizing a specified variance for a given fixed cost were 

the same for both the variance of total basal area per acre 

and total volume per acre. 

Looking at plot samples with variances of total basal 

area per acre resulted in the functions 

xEF( s\ + b2) mx 
u1 = + w1(e +me + - aeaA/EF - C) 

m o m EF 

and 

m 
u2 = e + me + - aeax/EF + w2( 

o m EF m 

Solving for the optimal values of m and EF, differentiation 

of u with respect to m, EF, and w gave the equations 
1 1 
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c - e 
m = o 

{e + AaeSA/EF/EF) 
m 

Following the same approach with u 2 yielded the equations 

m = 

and 

Variances of total volume per acre in plot sampling 

resulted in the equations 

u, = AEF(S2v + v2) mA A/EF - C) + w 1 ( e + me + - ae 6 
m o m EF 

mA SA/EF AEF{S2V + v2) 
- s2) u = e + me + -ae + w2( 2 o m EF m 

Differentiating u1 with respect to m, EF, and w1 and solving 

for the optimal values of m and EF resulted in the equations 
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and 

Solving for the optimal values of m and EF when 

differentiating u 2 gave 

;i..EF{S2- + v2) v m = s2 

and 

= 

The optimal function of EF was the same regardless of 

whether the variance was minimized or the cost was minimized 

for plot samples of either stand characteristic. The 

optimal function of EF in the point sample with a variance 

of total basal area per acre and the plot samples with 

variances of either total basal area or total volume per 

acre were similar; B and ;i,. were interchangeable depending 

only on the sampling procedure used. Also, the optimal 

function of m when minimizing a specified variance for a 

given cost was similar in both point and plot sampling 

procedures for variances of either total basal area per acre 
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or total volume per acre; again, B and A were 

interchangeable in the function depending on the sampling 

procedure employed. 

Optimal values of EF must be found through iteration. 

These values for the expansion factors can then be placed in 

the respective equations for m to find the optimal values of 

m. 

Some limitations were encountered in using this 

particular cost function. Estimates of coefficients of a 

and a had to be within a certain range in order to produce 

a reasonable cost curve; there was a great deal of 

diff~cul ty in obtaining these values. Several different 

data sets were examined, but all resulted in a negative 

value for a this resulted in a negative exponential 

curve where as the number of trees per acre increased, the 

cost in minutes of sampling increased at a decreasing rate. 

Also, the negative a values did not allow the iterative 

process to converge to zero when solving for expansion 

factor values. The only data set producing a positive value 

for a came from Kulow ( 1966) and thus, these values for a 

and a were chosen for this study. Other cost functions 

were tried with the various data sets, but if expansion 

factors could be calculated at all, they were not realistic 

values. 
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Optimal Expansion Factors 

Figure 1 shows the optimal expansion factor values for a 

point sample with a variance of total basal area per acre at 

varying values of total basal area per acre and for 

different time costs when establishing a sampling point. 

These values were applicable to both the minimization of a 

given cost or the minimization of a specified variance. The 

values of the expansion factors decreased both as the time 

to establish a sampling point increased and as the total 

basal area per acre decreased. 

Regardless of whether the variance of total volume per 

acre was minimized for a specified cost or a cost was 

minimized for a given variance the optimal expansion factor 

values were the same. Again, as the time to establish a 

sampling point increased and as the total basal area per 

acre decreased, the optimal expansion factor values 

decreased (Figure 2). These expansion factor values with a 

variance of total volume per acre were slightly larger for a 

given total basal area per acre than those found with the 

variance of total basal area per acre. Fewer trees needed 

to be sampled per point when either a given cost or variance 

was minimized for total volume per acre in comparison to 

total basal area per acre. 
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Figure 1. Optimal expansion factor values for a point 

sample with a variance of total basal area 
per acre at different time costs of establi-
shing a sampling point. 
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Figure 2. Optimal expansion factor values for a point 
sample with a variance of total volume per 
acre at different time costs of establishing 
a sampling point. 
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Values for the expansion factors in plot samples of both 

total basal area per acre and total volume per acre were the 

same regardless of whether the variance was minimized or the 

cost was minimized. As before, these expansion factor 

values decreased as the time to establish a sampling plot 

increased and as the total number of trees per acre 

decreased (Figure 3). As noted earlier, B and A. were 

interchangeable in the minimized function of EF and depended 

only on whether a plot or a point sample was employed when 

the respective variances were minimized; the expansion 

factor values are comparable for the point and plot samples 

only when A. and B are equal. However, values of A. will 

generally be larger than the values of B and thus, expansion 

factors should generally be larger for plot samples and 

fewer plots than points need to be taken. 
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Figure 3. Optimal expansion factor values for plot samples 
with variances of either total basal area or total 
volume per acre at different time costs of establi-
shing a samplinq point. 
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Optimal Number of Sampling Positions 

When minimizing a specified variance under the constraint 

of a fixed cost, the optimal number of sampling positions 

was calculated as a multiplier of the constant term C-c 0 

(Table 3). This was done for both the point variances of 

total basal area and total volume per acre as well as the 

plot variances of total basal area and total volume per 

acre. These multipliers decreased as the cost in minutes to 

establish a sampling point increased. With point sample 

variances the multipliers generally remained constant over 

all values of total basal area per acre and with plot sample 

variances, the multipliers remained constant for any given 

number of trees per acre; in each case, they were presented 

as averages for a given expansion factor. There was little 

difference in the values of the multipliers when either a 

point sample or a plot sample of total basal area per acre 

or total volume per acre was minimized despite changes in 

the stand conditions and in the expansion factor values for 

each situation; the same number of sampling positions are 

needed regardless of whether a point or plot sample is 

taken. 

When minimizing a fixed cost under the constraint of a 

given variance the relationships between the number of 

sampling positions in a point sample to a plot sample were 
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Table 3. Optimal number of points or plots calculated as an average 

multiplier of the constant term C-c0 when the variance 

approximation was minimized under the constraint of a fixed 

cost. 

Variable 

Point Sample Variance of 

Total Basal Area Per Acre 

Point Sample Variance of 

Total Volume Per Acre 

Plot Sample Variances of 

Total Basal Area and 

Total Volume Per Acre 

2 

0.1265 

0.1366 

a. 1269 

Cost in minutes of 

establishing a sampling point 

5 10 

0,0658 0.0391 

0,0722 0.0431 

0.0664 0.0394 
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examined. If m v = the optimal number of sampling positions 

in a point sample with a variance of total basal area per 

acre and mf = the optimal number sampling positions in a 

plot sample with a variance of total basal area per acre 

then 

where EF is the expansion factor used in a point sample and v 
EF f is the expansion factor used in a plot sample. 

Simplifying 

= 

where B is Ab and cv2b (coefficient of variation) 

and assuming EFV = EFf 

l 

2 
is s b I b 

The function is dependent on the average basal area per tree 

or the average dbh found in the stand. Until the value of b 

is greater than 1, or the average dbh is larger than 14 
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inches, fewer plots than points are required for the same 

expansion factor. 

Looking at the ratio of point to plot samples with 

variances of total volume per acre 

= 

;\EFf(S2v + v2) 

r 2(EF B + B2cv2 ) v r 

where cv 2_ is s 2- / v v v As shown earlier V is rB, B is 

Ab, and V is ;\ v, thus simplifying 

mv 
= 

r2EFvb 

mf EF fv2( cv2 v + 1) 

= 
r2EFvb 

EF f v2 ( cv2 v + 1) 

Assuming EF = EF f v 

mv r2b 
= 

mf v2(cv2- + 1) v 

l r2b 
= 

CV~+ l 7 

+ 

+ 

r2B2cv2 r 
+ 

AEF fv2(cv2 v + 1) 

;\CV2 
+ r 

EFf(CV2V + l) 

A2cv2 
r 

EF f(cv2 v + l) 

A2cv2 
r 

EFf 
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Generally, the optimal number of sampling positions in a 

point sample will be greater than the optimal number of 

sampling positions in a plot sample for any average dbh when 

the expansion factors are equal. A possible exception could 

occur in the case of a low density and a small plot size; 

only in this instance could the optimal number of points be 

less than the optimal number of plots. 

Controlled Confidence Interval Width 

Determining the number of points or plots through control 

of confidence interval widths gave an indication of the 

point where each sampling procedu're traded in optimality. 

Values for a bounds, E, and a set of variances of each 

characteristic from each respective sampling scheme, all 

from the same stand type and with the same expansion factor, 

were arbitrarily chosen to illustrate the technique; the 

student's twas set equal to 2. In a point sample with a 

variance of total basal area per acre, the optimal number of 

sampling points was 

m = 

where E = 5 and 10 square feet and for a variance of total 

volume per acre 
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2 where r = 25 and CV r = 0. 15 and E = 250 cubic feet. For 

plot samples with a variance of total basal area per acre 

the function was 

where b = 0. 4 , CV 2b = 0. 40, and E = 5 and 10 square feet 

while for a variance of total volume per acre 

2 m = t AEF 2 2 
2 (S - + v ) 

E v 

where v = 11 and CV 2V = 0.50 and E = 250 cubic feet. 

Fewer plots than points were required for either 

respective stand characteristic (Figures 4, 5, 6, and 7). 
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Fiqure 4. Optimal number of sampling points for a given bounds, 
E, and expansion factor, EF, with a variance of total 
basal area per acre. 
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Figure 5. Optimal number of sampling points for a qiven bounds, 
E, and expansion factor, EF, with a variance of total 
volume per acre. 
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Figure 6. Optimal number of sampling plots for a given bounds, 
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This was the direct result of smaller plot than point 

variances for the same characteristic. This can be 

explained by looking at the ratio of expected values of n 

for each respective sampling technique and assuming equal 

expansion factors, 

E(n)plot 
= 

E(n)point B/EF 

= 

>.. 

B 

1 

b 

where all variables are as previously defined. Avery and 

Newton ( 1965) found that tenth acre plot samples were 

generally equivalent in tree tally to BAF 10 point samples 

in stands having an average dbh of 13.5; as the average dbh 

decreased, smaller plots sizes were more equivalent to the 

same BAF 10 point samples. As seen by the ratio of expected 

values of n, until the value of b is greater than 1, or the 

quadratic mean dbh is larger than 14 inches, more trees are 

sampled in plot samples than in point samples; this 

increased sample size allows the variance of the estimate to 

decrease in a plot sample compared to a point sample for the 
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same characteristic. In these particular stands, the 

average dbh was less than 13.5 inches; however, one would 

expect that in stands with average dbh's greater that 13.5 

inches, this trend would reverse and fewer points than plots 

would be required for the same expansion factor. 



SUMMARY AND CONCLUSIONS 

Variance approximations were developed for total basal 

area per acre and total volume per acre in both point and 

plot sampling procedures. Variables comprising these 

approximations included stand and tree characteristics, 

expansion factors, and numb~r of sampling positions for a 

given stand type, thus showing the effect each played on the 

variance approximation. These variance approximations were 

validated with a sampling simulation across a range of four 

different expansion factors. 

In validating the variance approximation, several 

distinct trends developed. It appears that the formula 

approximation generally underestimated the variance in 

stands of lower numbers of trees per acre. In stands of 

higher numbers of trees per acre, the formula approximation 

underestimated the variance as frequently as it 

overestimated it. The formula approximation was determined 

to be best at expansion factor 40, the highest considered; 

with decreasing expansion factor values, the formula 

approximation was less accurate in estimating the variance. 

54 
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The variance approximation performed best where fewer trees 

needed to be tallied at each sampling position. These 

trends were applicable to both the variances of total basal 

area per acre and total volume per acre in both point and 

plot sampling procedures. 

Across the range of expansion factors evaluated, the 

variance approximations of both stand characteristics in all 

sampling procedures were generally considered unbiased; 

only on plot samples with expansion factors of 5 was this 

not true. Little or no difference was found in comparing 

the plot sample variances approximations of total volume per 

acre and total basal area per acre at any given expansion 

factor. The point sample variance approximations of both 

total basal area per acre and total volume per acre were 

usually closer in estimating their respective variances than 

the associated plot sampling variances. Overall, the 

formula approximation for total basal area per acre in a 

point sample more closely estimated its respective variance 

for any given expansion factor than any other variance 

formula approximation. All, however, were considered good 

in the estimation of their respective variances. 

The variance formula approximations were evaluated 

through a cost analysis in order to select the optimal 
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expansion factor and number of sampling positions required 

by either sampling procedure. From this one could determine 

where point and plot sampling procedures trade optimality. 

Functions for determining optimal expansion factors in a 

point sample with a variance of total basal area per acre 

were the same regardless of whether the variance was 

minimized or a fixed cost was minimized. The same held true 

in point samples incorporating a variance of total volume 

per acre and in plot samples using variances of total basal 

area or total volume per acre respectively. The functions 

dealing with a point sample variance of total basal area per 

acre and plot sample variances of either total basal area or 

total volume per acre were quite similar; B, the true basal 

area per acre, and A , the true number of trees per acre, 

were interchangeable in the functions where B was a variable 

in the point sample functions and A was a variable the plot 

sample functions. Optimal functions for the number of 

sampling positions when minimizing 

stand characteristic were the same 

sampling procedure, 

differing only in 

and again they 

the variables A 

a variance of either 

for each respective 

were quite similar, 

and B Values 

calculated from these functions indicated that more trees 

would be tallied on a fewer number of sampling positions as 
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more time was required to establish a sampling position and 

as the value of total basal area per acre decreased. 

Values for the optimal expansion factors using a point 

sample and the variance of total basal area per acre were 

slightly less than those with the total volume per acre 

variance for a given total basal area per acre. The 

expansion factor values were the same when comparing plot 

sample variances. Values of the expansion factors will be 

higher for a plot sample variance than a point sample 

variance and fewer trees will need to be tallied on plots 

when the density of the stand is greater than the total 

basal area per acre. This was a direct result of having the 

variables B and A interchangeable. 

For the same expansion factor, little difference existed 

between the optimal number of sampling positions required in 

either sampling procedure for either stand characteristic 

when the variances were minimized. The same number of 

sampling positions are required regardless of whether a 

point or a plot sample is used. When cost was minimized 

under the constraint of a variance of total basal area per 

acre, and when the average dbh was less than 13.5 inches, 

fewer plots were required than points for equal expansion 

factors; under the constraint of a variance of total volume 
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per acre fewer plots than points are required as well, 

except in the case of low densities with correspondingly 

small plot sizes. 

In the second approach of the cost analysis arbitrarily 

chosen bounds were placed on the variance approximation to 

determine the optimal number of sampling positions. This 

technique was entirely dependent on the value of the 

variances; since the plot sample variances were smaller 

than the respective point sample variances, fewer plots than 

points were required for either stand characteristic. As 

the stand's average dbh increased to over 13.5 inches the 

reverse would be true; thus, for stands of smaller total 

basal area per acre plot sampling was recommended. 

Where point and plot sampling trade optimality depends on 

the information required from the sample, how critical a 

wrong decision is, and the cost involved. All of the 

variance approximations did increasingly better as the size 

of the expansion factor increased. Point sample variance 

approximations did better than plot sample variance 

approximations for any given stand type at any expansion 

factor, but as the expansion factor increased the difference 

in the ability of the variance approximations for point and 

plot samples decreased. When cost is a consideration, fewer 
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trees need to be tallied on equal or fewer plots than 

points. Thus, plot sampling would be more efficient where 

the cost factor was important and where possible biased 

variance approximations were not a critical factor; 

otherwise, the information required from the sample and the 

size of the expansion factor needed would determine which 

sampling scheme would be more desirable. 

This study could be further extended in several 

directions. 

considered; 

Only the random spatial pattern of trees was 

it would be quite useful ~f other spatial 

patterns, such as clumped and lattice, could be analyzed in 

the same manner. Also, the simulations used in this study 

were based on loblolly pine diameter, height, and volume 

equations. A study of hardwoods applicable to different 

areas and analyzed for all spatial patterns would provide 

the sampler with beneficial information when working with 

those types of stands. 
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SELECTING EXPANSION FACTOR AND NUMBER OF SAMPLING 

POSITIONS FOR POINT AND PLOT SAMPLING 

by 

ELIZABETH A. JONES 

(ABSTRACT) 

Variance approximations were developed to estimate the variances 

of total basal area per acre and total volume per acre for both point 

and plot samples. These variance approximations reflect the role that 

stand characteristics and expansion factor play in either sampling 

procedure. Validation of the estimated variances was done through 

a sampling simulation. 

Most of the variance approximations were considered unbiased and 

good in the estimation of their respective variances; only in plot 

samples with expansion factors of 5 was this not true. The variance 

approximation was considered best at expansion factor 40; with each 

decreasing expansion factor value, the approximations were less ac-

curate in estimating the variance. Across the range of expansion 

factor values, point sampling approximations were generally more ac-

curate than plot sampling approximations in estimating the variance; 

overall, the point sample variance approximation for total basal area 

per acre performed the best. 

Variance approximations were used with a cost analysis in order 

to select the optimal expansion factor and number of sampling positions. 



Plot samples require a higher expansion factor than point samples when 

the number of trees per acre is greater than the total basal area per 

acre for variances of either characteristic. For the same expansion 

factor, little difference existed between the otpimal number of sam-

pling positions required in either sampling ~thod when variances were 

minimized. When cost was minimized, generally fewer plots than points 

are needed in stands where the average dbh is less than 13.5 inches. 
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