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Deformations of Piezoceramic-Composite Actuators

Adel Benhaj Jilani

(ABSTRACT)

In the past few years a new class of layered piezoceramic and piezoceramic-composite actuators,

known as RAINBOW and GRAPHBOW, respectively, that are capable of achieving 100 times

greater out-of-plane displacements than previously available has been developed. Prior to the de-

velopment of RAINBOW and GRAPHBOW, large stacks of piezoelectric actuators, requiring com-

plicated electronic drive circuits, were necessary to achieve the displacement now possible through

the use of a single RAINBOW actuator. The major issues with both RAINBOW and GRAPH-

BOW are the prediction of their room-temperature shapes after processing, and their deformation

response under application of electric field. In this research, methodologies for predicting the man-

ufactured shapes of rectangular and disk-style RAINBOW and GRAPHBOW are developed. All

of the predictive analyses developed are based on finding approximate displacement responses that

minimize the total potential energy of the devices through the use of variational methods and the

Rayleigh-Ritz technique. These analyses are based on classical layered plate theory and assumed

the various layers exhibited linear elastic, temperature-independent behavior. Geometric nonlinear-

ities are important and are included in the strain-displacement relations. Stability of the predicted

shapes is determined by examining the second variation of the total potential energy. These models

are easily modified to account for the deformations induced by actuation of the piezoceramic. The

results indicate that for a given set of material properties, rectangular RAINBOW can have critical

values of sidelength-to-thickness ratio (Lx/H or Ly/H) below which RAINBOW exhibits unique,

or single-valued, spherical, or domed, shapes when cooled from the processing temperature to room

temperature. For values of sidelength-to-thickness ratio greater than the critical value, to a tri-

furcation in the temperature-curvature relation, RAINBOW exhibits multiple room-temperature

shapes. Two of the shapes are stable and are, in general, near-cylindrical. The third shape is again

spherical, but it is unstable. Similarly, disk-style RAINBOW can have critical values of radius-to-

thickness ratios (R/H) below which RAINBOW exhibits axisymmetric spherical room-temperature

shapes. For values of R/H greater than the critical value, disk-style RAINBOW exhibits two stable

near-cylindrical shapes and one unstable spherical shape. Moreover, it is found that for the set of



material properties used in this study, the optimal reduced layer thickness would be at 55%, since

the maximum change in curvature is achieved under the application of an electric field, while the

relationship between the change in curvatures and the electric field is kept very close to being lin-

ear. In general, good agreement is found for comparisons between the predicted and manufactured

shapes of RAINBOW. A multi-step thermoelastic analysis is developed to model the addition of

the fiber-reinforced composite layer to RAINBOW to make GRAPHBOW. Results obtained for

rectangular RAINBOW indicate that if the trifurcation temperature in the temperature-curvature

relation is lower than the composite cure temperature, then a unique stable GRAPHBOW shape

can be obtained. If the RAINBOW trifurcation temperature is above the composite cure tempera-

ture, multiple room-temperature GRAPHBOW shapes are obtained and saddle-node bifurcations,

or limit points, can be encountered during the cooling to room temperature of [0o/RAINBOW],

[RAINBOW/0o], and [0o2/RAINBOW]. Rectangular [RAINBOW/0
o/90o] seems to be less likely

to encounter saddle-node bifurcations. Furthermore, the unstable spherical RAINBOW configura-

tion is converted to a stable near-cylindrical configuration. For the case considered of disk-style

GRAPHBOW, three stable room-temperature shapes are obtained and the unstable axisymmetric

RAINBOW configuration is also converted to a stable near-cylindrical configuration. For both

rectangular and disk-style GRAPHBOW, the relationship between the major curvature and the

electric field is shown to be very close to being linear. This characteristic would aid any dynamic

analysis of RAINBOW or GRAPHBOW.
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Chapter 1

Introduction

1.1 Introduction

Piezoelectrics are defined to be materials that either generate a charge when subjected to a mechan-

ical stress, or exhibit a dimensional change when a charge is imposed on them. The latter effect

is very similar to the dimensional change in a material that accompanies a temperature change.

Jaffe et al. [1] and Haertling [2] refer to these two modes of behavior of piezoelectric materials

as the direct and indirect modes of operation, respectively. These two modes of operation make

piezoelectric materials ideal for use in numerous applications. Indeed, these materials have the

ability to sense their surroundings and respond as necessary to changes in their environment, and

are often referred to as smart or intelligentmaterials. The simplest example of a smart material is a

bimetallic strip [3] which can be used in a thermostat to control temperature. The principle behind

a bimetallic strip thermometer relies on the fact that two different metals expand at different rates

as the temperature changes, causing the strip to bend as shown in Figure 1.1, thereby producing

out-of-plane displacements. For a positive change of temperature, bending occurs towards the side

of the metal with the lower coefficient of thermal expansion. On the other hand, for a negative

change of temperature, bending occurs towards the side of the metal with the higher coefficient of

thermal expansion. By bonding two different metals together, a simple electric device can be made

to control temperature. Referring to Figure 1.2, if the device were being used in an oven, then

1
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Figure 1.1: Thermal bending of a bimetallic strip (After [3]).

metal 1 would be chosen to expand more than metal 2 to cause the strip to bend downward and

away from the electrical contact when the desired temperature is reached, thereby stopping power

to the electrodes. In a refrigerator, metal 2 would be chosen to expand more than metal 1 to cause

the strip to bend upwards as the temperature rises, making contact so that current would flow,

thereby starting a refrigerator pump. On a much wider scale, the use of smart materials in the

form of piezoelectric materials includes vibration cancellation and optical positioning in aerospace

systems [5, 6, 7], active control of boundary layers along leading edges [8], the suppression of aircraft

cabin noise [9], the elimination of panel flutter [10] and tail buffeting [11] in fixed-wing aircraft,

and vibration elimination in helicopter rotor blades [12, 13, 14]. In the last fifteen years, the use of

piezoelectric ceramic materials as actuators for small (< 20µm) and precise movement devices has

undergone considerable investigation and development [15, 16, 17, 18, 19, 20, 21]. More recently, it

has become more evident that these devices are needed in newer applications such as linear motors,

cavity pumps, switches, loud speakers, noise canceling devices, variable focus mirrors, laser deflec-

tors, and other devices that require very large out-of-plane displacements (> 1000µm (40 mils))

[22]. The direct extensional strain in most piezoelectric ceramic materials is at best a few tenths

of one percent [22]. Hence, a means of amplifying this strain is essential to their successful use in

these applications that require large out-of-plane displacements.

Lately, a new class of piezoelectric ceramic devices that are capable of achieving 100 times greater
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out-of-plane displacements than previously available (> 1000µm) and sustaining moderate pres-

sures (0.6 MPa (85 psi)) has been developed through cooperative agreement between NASA-Langley

Research Center and Clemson University, Clemson, South Carolina [23]. This new type of piezo-

electric ceramic device is known as RAINBOW (Reduced And INternally Biased Oxide Wafer)

and is commercially available from Aura Ceramics, Inc., Minneapolis, Minnesota [23]. RAINBOW

is a fundamental advancement in the area of piezoelectric actuators and affords potential for ap-

plication in vibration/noise-suppression systems, pointing and positioning devices, speakers and

microphones, and fluid transfer pumps. RAINBOW technology received a 1994 R&D 100 Award

as one of the year’s most significant new products. Prior to the invention of RAINBOW, large

stacks of piezoelectric actuators, requiring complicated electronic drive circuits, were necessary to

achieve the displacement now possible through the use of a single RAINBOW actuator. In addition

to their wider range of strain-stress characteristics than other commercially available lead-zirconate-

titanate (PZT) piezoelectrics, RAINBOW actuators have advantages over the conventional ones

in terms of simplicity, quick processing, ease of fabrication, surface mountable configuration, low

cost [22], and long term reliability, this latter point referring to the fact that delamination may be

less of an issue than with actuators made by bonding layers of metal, adhesive, and piezoceramic

together.

A RAINBOW actuator is produced by chemically reducing one side of a conventional lead-containing

round or rectangular piezoelectric wafer, such as PZT, at an elevated temperature. This process

is depicted in Figure 1.3 for a rectangular wafer. In this process, the piezoelectric wafer, which
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is on the order of 0.1 to 0.5 mm thick (5–20 mils)and up to 50 mm on a side (2 in.), is placed

on graphite block and inserted into a furnace preheated to 975 oC [24]. While at high tempera-

ture, along the interface between the piezoceramic and the graphite block, oxygen is removed from

the piezoelectric wafer, creating a wafer that possesses a primarily metallic lead layer (the chem-

ically reduced, or oxygen-deficient, layer) and an unreduced piezoelectric ceramic layer [24]. The

wafer then has bimaterial properties, i.e., differences in thermal expansion coefficients and Young’s

moduli between the two layers. When cooled to room temperature, because of the difference in

the material properties between the reduced and unreduced layers, the RAINBOW device deforms

out of the plane of the originally flat wafer, much like the bimetallic strip, creating an internally

stressed structure. Figure 1.3(c) shows the cooled shapes observed as a result of this reduction

process. The shape can be cylindrical, with the generators of the cylinder oriented in either of two

directions, or it can be spherical-, or dome-, like. This latter shape is difficult to identify because of

the rectangular geometry. The actual shape observed depends to a large degree on the processing

time and dimensions (sidelengths, thickness) of the wafer. Of course processing time determines

the thickness of the reduced layer, so the shape actually depends on the relative thicknesses of

the reduced and unreduced layers. When electric field is applied through the thickness, creating

additional dimensional changes in the piezoelectric ceramic layer, the internally stressed structure

exhibits additional out-of-plane displacements which are several orders of magnitude greater than

those of the starting piezoelectric material. These are due simply to the bending action of the

device. Hence the terminology ‘RAINBOW bender’. Round benders are made in a similar fashion,

and the shape seems to depend again on wafer dimensions (radius, thickness) and processing time,

and the cylinders or dome are the two shapes observed.

A variant of a RAINBOW bender is produced by re-heating a RAINBOW bender to the cure

temperature of a graphite-epoxy fiber-reinforced composite material and bonding single or multiple

layers of composite material to one side of it. Once the composite layer is added to a RAINBOW

actuator and cured, the temperature is returned to room temperature. Additional internal stresses

are induced due to the mismatch in material properties between the unreduced ceramic, reduced

ceramic, and the composite layer, producing a deformed stress-biased device which can also ex-

hibit large out-of-plane displacements. This new form of material, known as GRAPHBOW, may

have advantage over RAINBOW materials in terms of load bearing capacity, resistance to dam-
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Figure 1.3: Steps for manufacturing RAINBOW actuators.
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age, and long-term reliability, since the composite layer acts as a backing and keeps the ceramic

layers together in case cracks form in the piezoceramic layers. (Though the words RAINBOW

and GRAPHBOW are acronyms, hereafter, for convenience, they will be treated as nouns. The

noun can be referring to a material, as with steel, or a device, as with RAINBOW actuators.

Furthermore, it will be assumed that the singular and plural forms are the same.)

A major issue with both RAINBOW and GRAPHBOW is the prediction of their room-temperature

shapes after processing. With GRAPHBOW, the shape of the RAINBOW is altered upon re-

heating and adding other layers of material. With both round and rectangular actuators, as has

been mentioned previously, the room-temperature shapes appear to be a function of the dimensions

and the thicknesses of the reduced and unreduced layers. A predictive tool to explain this behavior

would be quite useful, and it could aid in design. Also at issue is the deformation response when

an electric field is used to actuate the material. These deformations are what are used for vibration

suppression, positioning, etc. and understanding their nature is of primary importance. Therefore,

the research discussed herein has two objectives. The first objective is to develop a methodology for

predicting the manufactured shape of RAINBOW and GRAPHBOW. The methodology should be

able to accommodate material properties of the reduced and unreduced layers, and composite layers,

wafer thickness, wafer radius, for the round devices, and wafer length and width, for the rectangular

devices, the thickness of the various layers, and the temperature change. For GRAPHBOW, the

temperature to which RAINBOW is re-heated to cure the composite layer is also an important

parameter. The second objective is to develop a methodology for predicting the deformations of

RAINBOW and GRAPHBOW to actuation of the piezoceramic. Again, the methodology should

be able to accommodate all the important geometric and material properties.

In the chapters to follow, a number of predictive analyses are developed. They are all based on

finding approximate displacement responses that minimize the total potential energy of the devices.

This is done through the use of variational methods. For predicting the manufactured shape, the

energy is due to the thermoelastic strain energy generated as the device cools from the processing

temperature to its service temperature. For predicting the deformations of the manufactured shape

due to actuating the piezoceramic material, additional energy due to the indirect mode of operation

of the piezoceramic material is included. Approximate solutions are sought because the problem is
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inherently geometrically nonlinear. Generally when cooled from the processing temperature to the

service temperature, the out-of-plane deformations are at least several times the thickness of the

wafer. This is an indication that geometric nonlinearities can be important and should be included.

Inclusion of geometric nonlinearities, or nonlinearities of any kind, greatly complicates the problem

and more than likely leads to intractable governing equations which require appropriate solution

techniques, such as finite-element or finite-difference approaches, for obtaining numerical results.

Hence the approximation is made early on, in the form of a Rayleigh-Ritz approximation to the

displacement fields. The Rayleigh-Ritz procedure is aided by the fact that the cooled shape of

the devices can be either cylindrical or domed. Such shapes can be represented by well-behaved

functions of the spatial coordinates.

Since nonlinearities are being considered, it would not be surprising to have more than one room-

temperature shape predicted for a given set of conditions. Linear systems have single unique

solutions, but nonlinear systems may have more than one solution. Accordingly, an examination

of the stability of the predicted shapes is considered. While minimum states of the total potential

energy are being sought, maximums of the energy, which correspond to unstable shapes, may be

inadvertently found. This can be determined by studying the stability of the shapes predicted.

The study of stability is a direct extension of the use of variational methods. Whereas the shapes

that minimize, or maximize, the total potential energy are found by considering the first variation

of the total potential energy, stability is studied by examining the second variation.

Though there are a number of similarities among the various analyses presented, the predictive

tools for the rectangular devices are based on analyses in a Cartesian coordinate system, while the

predictive tools for the round or disk-style devices are based on a polar coordinate system. All

analyses are based on classical layered plate theory. All analyses assume the various layers exhibit

linear elastic temperature-independent behavior, including the effects of orthotropy. For the fiber-

reinforced composite layer added to RAINBOW to make GRAPHBOW, orthotropy is certainly

important. However, the piezoceramic wafers might show some signs of orthotropy due to the

manner in which they are manufactured [22]. More important, the predictive tools developed can

be applied to devices containing metallic layers, such as THUNDER, and metals can display 10-15%

orthotropy due to roll forming. Any orthotropy at all will lead to preferred directions of response,
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so it must be included from the onset. Moreover, on the global scale RAINBOW is considered

to be made of a reduced piezoceramic layer and an unreduced layer; however, on a smaller scale,

since the reduction is a diffusion-based process, there is actually a gradient of material properties

between the reduced and unreduced layers. If desired, this gradient region can be modeled by

introducing one, two, or more additional layers, each with spatially uniform material properties.

For that reason, the present theories are made to account for a multi-layered approach.

1.2 Road Map to Remaining Chapters

The next chapter discusses the development of the model for rectangular RAINBOW. The assump-

tions in the model to predict the manufactured shape are discussed, as are the expression for the

total potential energy, including thermally-induced strain effects, the stress-strain relations, the

strain-displacement relations, the approximate displacement fields of the Rayleigh-Ritz approach,

equilibrium, and stability. Then, the additions to the model to include piezoelectric-induced de-

formations are considered. Numerical results are presented to illustrate the influence of geometry,

including the thickness of the reduced layer, on the manufactured shape. Numerical results are

also present to illustrate the changes in manufactured shape due to application of an electric field

through the thickness of the device.

Chapter 3 considers rectangular GRAPHBOW. Again, the model for predicting its manufactured

shape is presented, but the model is more complicated than the model for RAINBOW due to the

step of adding the composite layer at the elevated cure temperature of the composite. This requires

a multi-step thermoelastic analysis. The influence of adding one or more composite layers on the

final manufactured shape is investigated using numerical results. Comparisons with RAINBOW

are made.

Chapter 4 again considers RAINBOW, but for disk-style geometries. The basic foundation of the

model for predicting the manufactured shape and piezoelectric-induced deformations of disk-style

RAINBOW is the same as for rectangular RAINBOW, except the analysis is conducted in polar

coordinates. The assumed displacement fields are then functions of the radial and circumferential

coordinates instead of rectangular coordinates. The chapter examines the influence of radius-
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to-thickness ratio and reduced layer thickness on the manufactured shape. Also, the effect of

radius-to-thickness ratio and reduced layer thickness on the piezoelectric induced deformations is

considered.

Chapter 5 considers disk-style GRAPHBOW. The model presented in Chapter 4 is extended in a

straightforward fashion to accommodate the incorporation of the composite layer at the elevated

cure temperature of the composite. Again, a multi-step thermoelastic analysis is used to obtain

numerical results for various GRAPHBOW with different composite layer arrangements, and com-

parisons are made with their RAINBOW counterparts. Finally, in Chapter 6, conclusions of this

research work and recommendations for future work are specified.



Chapter 2

Rectangular RAINBOW Actuators

2.1 Introduction

In this chapter, a discussion of the theory developed to predict the manufacturing and piezoelectric-

induced deformation characteristics of rectangular RAINBOW is presented. Discussed are the

key assumptions, the stress-strain relations, the strain-displacement relations, including geometric

nonlinearities, total potential energy, and variational methods. A discussion of the results predicted

by the developed theory, as well as their implications, is given.

2.2 Model Definition and Assumptions

Figure 2.1 illustrates the specific problem being considered and defines the x-y-z coordinate system

used for analysis. Figure 2.1 describes the details of the layer numbering scheme. The rectangular

actuator is assumed to be made of multiple thin layers of orthotropic materials, and each layer is

assumed to be homogeneous. The layers can represent unreduced or reduced piezoceramic material

(PZT), or some rule-of-mixtures combination of these two to represent a region of diffusion, and

there are assumed to be N layers. In Figure 2.1, the device, which is flat at its reducing temperature,

deforms out of plane upon cooling due to the asymmetry of the layer material properties with respect

to the device’s geometric midsurface. It is assumed that the out-of-plane deflections develop only

10
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Figure 2.1: Analysis of rectangular RAINBOW in the x-y-z coordinate system.

because of the differences in the thermo-elastic properties of the individual layers. The deformations

are assumed to be reversible and only a function of the temperature difference between states. When

flat at the reducing temperature, the device has inplane dimensions Lx by Ly and is of thickness H ,

which is greatly exaggerated in Figure 2.2 for clarity. The location z=0 is the geometric midsurface,

here taken to be the reference surface. The lower and upper boundaries of layer 1 are located at

z=zo=−H/2 and z=z1, the boundaries of layer 2 at z1 and z2, and in general, the boundaries of

the kth layer at zk−1 and zk. Layer no. 1 is assumed to be at the negative-most z position. Upon

cooling from the flat configuration of the reducing temperature, shown in Figure 2.3(a), the actuator

deforms into one of the shapes given by Figures 2.3(b), (c), and (d). Of these shapes, it is assumed

that the shape observed for any temperature is the shape that minimizes the total potential energy

of the device. In an attempt to predict these shape characteristics, classical layered plate theory

is extended to include geometric nonlinearities through the von Karman approximation to Green’s

strain measures. This extended theory is thus based on the following major assumptions:

• the displacements are continuous throughout the layered actuator,

• the Kirchhoff hypothesis, which states that every straight line in the plate that was originally

perpendicular to the plate middle surface before deformation remains straight and perpen-

dicular to the deflected middle surface after deformation, is valid,

• the von Karman approximation to Green’s strain measures is used,

• the material is linearly elastic, and the thermoelastic properties are independent of tempera-
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Figure 2.2: Geometry and nomenclature of rectangular RAINBOW considered.

ture,

• the through-the-thickness stresses are small in comparison to the inplane stresses, i.e., the

plane-stress assumption is assumed valid, and,

• the temperature changes are assumed to be uniform, i.e., independent of the spatial coordi-

nates.

2.2.1 Total Potential Energy

Since it is assumed external tractions are not important during the cooling process, the total

potential energy, including the effects of thermal expansion, is given in general form by Fung [25]

as

Π =

∫
V ol

ωdV ol (2.1)
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Figure 2.3: RAINBOW shapes: (a) flat at the elevated reducing temperature, (b) a dome, or

spherical, shape at room temperature, (c) a cylindrical shape at room temperature, and (d) another
cylindrical shape at room temperature.
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In this equation

ω =
1

2
Cijklεijεkl − βijεij∆T, i, j, k, l= 1, 3 (2.2)

where ω is the strain energy density. The Cijkl are the elastic constants of the material and the

βij are coefficients related to the elastic constants and the coefficients of thermal expansion of the

material. The εij are the strains in the material and ∆T is the temperature change in the material

due to cooling from the reduction temperature. The stress components are

σij =
∂ω

∂εij
= Cijklεkl − σT

ij , i, j, k, l= 1, 3 (2.3)

where

σT
ij = βij∆T, i, j = 1, 3 (2.4)

Equation (2.2) can be then rewritten in the form

ω =
1

2
(σij − σT

ij)εij, i, j = 1, 3 (2.5)

Enforcing the plane-stress assumption by equating σi3=0, i=1,3, and changing nomenclature so

that σ11 = σx, σ22 = σy, σ12 = τxy, σ
T
11 = σT

x , σ
T
22 = σT

y , and σT
12 = τTxy, the total potential energy,

Π, may be rewritten as

Π =
1

2

∫ +Lx
2

−Lx
2

∫ +
Ly
2

−Ly
2

∫ +H
2

−H
2

((σx − σT
x )εx + (σy − σT

y )εy + (τxy − τTxy)γxy)dx dy dz (2.6)

where integration is over the volume of the actuator. The strains in the energy expression are given

by the Kirchhoff hypothesis as

εx = εox + zκox

εy = εoy + zκoy (2.7)

γxy = γo
xy + zκoxy
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The quantities εox, εoy, γo
xy, and κox , κoy, κoxy are the reference surface strains and curvatures,

respectively. The reference surface quantities are functions of x and y. Including the effects of

moderate rotations, the reference surface strains are

εox =
∂uo

∂x
+
1

2
βo2
x

εoy =
∂vo

∂y
+
1

2
βo2
y (2.8)

γo
xy =

1

2

(
∂uo

∂y
+

∂vo

∂x

)
+ βo

xβ
o
y

where

βo
x = −∂wo

∂x
and βo

y = −∂wo

∂y
(2.9)

are identified with cross-sectional rotations. The reference surface curvatures are given by

κox =
∂βo

x

∂x
= −∂2wo

∂x2

κoy =
∂βo

y

∂y
= −∂2wo

∂y2
(2.10)

κoxy =
∂βo

x

∂y
+

∂βo
y

∂x
= −2∂

2wo

∂x∂y

The quantities uo, vo, and wo are the total displacements in the x, y, and z directions, respectively,

of the reference surface.

Equation (2.8) represents the principal departure from classical layered plate theory and includes

the usual approximation associated with thin-plate theory when employing the nonlinear geomet-

ric effects in the strain-displacement relations. These approximations assume the elongation and

shearing strains and the squares of the rotations are the same order of magnitude, but this order

is small compared to unity [26, 27].

Because of the plane-stress assumption, the stress-strain relations in Equations (2.3) and (2.5) can



Adel B. Jilani Chapter 2. Rectangular RAINBOW Actuators 16

be written as

σx = Q̄11(εx − αx∆T ) + Q̄12(εy − αy∆T ) + Q̄16(γxy − αxy∆T )

σy = Q̄12(εx − αx∆T ) + Q̄22(εy − αy∆T ) + Q̄26(γxy − αxy∆T ) (2.11)

τxy = Q̄16(εx − αx∆T ) + Q̄26(εy − αy∆T ) + Q̄66(γxy − αxy∆T )

or

σx = Q̄11εx + Q̄12εy + Q̄16γxy − σT
x

σx = Q̄12εx + Q̄22εy + Q̄26γxy − σT
y (2.12)

τxy = Q̄16εx + Q̄26εy + Q̄66γxy − τTxy

where

σT
x = (Q̄11αx + Q̄12αy + Q̄16αxy)∆T

σT
y = (Q̄12αx + Q̄22αy + Q̄26αxy)∆T (2.13)

τTxy = (Q̄16αx + Q̄26αy + Q̄66αxy)∆T

In the above the Q̄’s are the reduced stiffnesses and the α’s are the coefficients of thermal expansion

in the x-y coordinate system. The quantities σT
x , σ

T
y , and τTx have the physical interpretation of

being the thermally-induced stresses at a point if the device is fully constrained from deformation.

All of the material properties in Equations (2.11)–(2.13) are, of course, layer-dependent.

Substituting the strains from Equation (2.7) into the energy expression given by Equation (2.6)

leads to

Π =
1

2

∫ +Lx
2

−Lx
2

∫ +
Ly
2

−Ly
2

∫ +H
2

−H
2

{
(σx − σT

x )(ε
o
x + zκox) + (σy − σT

y )(ε
o
y + zκoy)

+ (τxy − τTxy)(γ
o
xy + zκoxy)

}
dx dy dz (2.14)
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Integrating with respect to z, through the thickness, results in

Π =
1

2

∫ +Lx
2

−Lx
2

∫ +
Ly
2

−Ly
2

{
(Nx − N̂T

x ∆T )εox + (Ny − N̂T
y ∆T )εoy + (Nxy − N̂T

xy∆T )γo
xy

+ (Mx − M̂T
x ∆T )κox + (My − M̂T

y ∆T )κoy + (Mxy − M̂T
xy∆T )κoxy

}
dxdy (2.15)

The quantities Nx, Ny, Nxy, Mx, My, and Mxy are the force and moment resultants, respectively,

and N̂T
x , N̂

T
y , N̂

T
xy, M̂

T
x , M̂

T
y , and M̂T

xy are the effective inplane unit thermal loads and the effective

unit thermal moments, respectively, [28]. These are strictly material properties and will be defined

shortly. The force and moment resultants are defined by

Nx≡
∫ +H

2

−H
2

σxdz = A11ε
o
x+A12ε

o
y+A16γ

o
xy+B11κ

o
x+B12κ

o
y+B16κ

o
xy−N̂T

x ∆T (2.16)

Ny≡
∫ +H

2

−H
2

σydz = A12ε
o
x+A22ε

o
y+A26γ

o
xy+B12κ

o
x+B22κ

o
y+B26κ

o
xy−N̂T

y ∆T (2.17)

Nxy≡
∫ +H

2

−H
2

τxydz = A16ε
o
x+A26ε

o
y+A66γ

o
xy+B16κ

o
x+B26κ

o
y+B66κ

o
xy−N̂T

xy∆T (2.18)

Mx≡
∫ +H

2

−H
2

zσxdz = B11ε
o
x+B12ε

o
y+B16γ

o
xy+D11κ

o
x+D12κ

o
y+D16κ

o
xy−M̂T

x ∆T (2.19)

My≡
∫ +H

2

−H
2

zσydz = B12ε
o
x+B22ε

o
y+B26γ

o
xy+D12κ

o
x+D22κ

o
y+D26κ

o
xy−M̂T

y ∆T (2.20)

Mxy≡
∫ +H

2

−H
2

zτxydz=B16ε
o
x+B26ε

o
y+B66γ

o
xy+D16κ

o
x+D26κ

o
y+D66κ

o
xy−M̂T

xy∆T (2.21)

In the above, the A’s , B’s, and D’s have the usual definitions associated with laminates [28]. The

effective unit thermal force and moment resultants are defined as [28]

N̂T
x ≡

∫ +H
2

−H
2

(
Q̄11αx + Q̄12αy + Q̄16αxy

)
dz (2.22)

N̂T
y ≡

∫ +H
2

−H
2

(
Q̄12αx + Q̄22αy + Q̄26αxy

)
dz (2.23)

N̂T
xy ≡

∫ +H
2

−H
2

(
Q̄16αx + Q̄26αy + Q̄66αxy

)
dz (2.24)

M̂T
x ≡

∫ +H
2

−H
2

(
Q̄11αx + Q̄12αy + Q̄16αxy

)
zdz (2.25)
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M̂T
y ≡

∫ +H
2

−H
2

(
Q̄12αx + Q̄22αy + Q̄26αxy

)
zdz (2.26)

M̂T
xy ≡

∫ +H
2

−H
2

(
Q̄16αx + Q̄26αy + Q̄66αxy

)
zdz (2.27)

Since the present work deals with devices made of ceramic layers that are orthotropic in the analysis

coordinate system, Q̄16, Q̄26, and αxy are identically zero. As a result A16, A26, B16, B26, D16,

D26, N
T
xy, and MT

xy are all zero.

2.2.2 The Rayleigh-Ritz Approach

The Rayleigh-Ritz approach uses approximate displacement fields which are then substituted into

the expressions making up the total potential energy. With the approximate displacement fields,

the functional forms are know to within a number of constants. Based on the observed shapes in

Figure 2.3, the out-of-plane displacement field, wo(x, y), can be approximated as

wo(x, y) =
1

2
(ax2 + by2) (2.28)

where a and b are to-be-determined constants and represent the curvatures of the device in the x

and y directions, respectively. This functional form includes either cylindrical shape or the dome

shape. Also, as a result of the shapes shown in Figure 2.3 and the deformed cross-section illustrated

schematically in Figure 2.4, the inplane displacements uo(x, y) and vo(x, y) are approximated as

uo(x, y) = cx− a2x3

6
− abxy2

4
(2.29)

vo(x, y) = dy − b2y3

6
− abx2y

4
(2.30)

Here c and d are additional to-be-determined constants. The four constants, a, b, c, and d, will be

determined by minimizing the total potential energy. The approximation to uo(x, y) is based on

the afore-mentioned fact that in deforming from a flat shape at the reduction temperature to any

of the shapes in Figures 2.3(b), (c), or (d) at room temperature, most of the uo(x, y) displacement

is due to the device developing curvature in the x direction. However, there is a component of
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Figure 2.4: Kinematics of a flat device deforming into a cylinder (After [30]).

uo(x, y) due to inplane thermal strain because of the temperature decrease, and that is represented

by the constant c. Finally, use is made of the assumption of negligible inplane shear strain. The net

result is the functional form given by Equation (2.29). Similar arguments lead to the expression for

vo(x, y) in Equation (2.30). The inplane displacement component approximations are more fully

discussed in [29, 30, 31], which consider a related problem.

The expressions for the approximate displacement fields are substituted into the strain-displacement

and curvature-displacement relations, Equations (2.8)–(2.10), and these, in turn, are substituted

into the expressions for the force and moment resultants Equations (2.16)–(2.21), and into the

expression for the total potential energy, Equation (2.15). The integrand of the total potential

energy expression is then a function of material properties and geometry, the four constants, and

x and y. The energy expression is integrated with respect to x and y over the dimensions of the

device, i.e., Lx by Ly, resulting in a purely algebraic expression for total potential energy involving

material properties, geometry, and the four constants. The first and second variations (first and

second derivatives, in this case) of the total potential energy are then taken with respect to a, b,

c, and d. As the first variation must be zero for equilibrium, the result is four nonlinear algebraic

equations for a, b, c, and d. These are given in Appendix A and they can be solved and numerical

results obtained for specific values of material and geometric parameters. Stability is evaluated by

checking the positive definiteness of the second variation. Since the problem has been reduced to
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an algebraic one, the second variation can be written in the form

δ2Π =
[

δa δb δc δd
] [

C
]



δa

δb

δc

δd




(2.31)

The matrix [C] is given in Appendix A and the study of stability reduces to examining its eigen-

values. If all eigenvalues are positive, the equilibrium solution is stable, otherwise the equilibrium

solution is unstable. All of these mathematical manipulations are accomplished with the aid of the

symbolic manipulation package Mathematica©R [32].

2.2.3 Piezoelectric Effects

As the primary uses of RAINBOW involve the application of an electric field through the thickness

of the unreduced piezoceramic layer to produce a dilatational strain, which it turns causes a change

in the shape of the device, it is of value to use the above model to predict those changes in shape. To

that end, the total potential energy of Equation (2.15) is modified to include the effective force and

moment resultants produced by the electric-field-induced dilatational strains in the piezoceramic.

Since the electric field effects are in addition to the temperature effects discussed in the last section,

the expression for strain energy density becomes

ω =
1

2
Cijklεijεkl − βijεij∆T − eijkεijEk, i, j, k, l= 1, 3 (2.32)

where eijk are the piezoelectric moduli and Ek is the component of the electric field vector E in

the kth direction. The stress components for a piezoelectric medium are

σij =
∂ω

∂εij
= Cijklεkl − σT

ij − σE
ij , i = 1, 3 (2.33)

where

σE
ij = eijkEk, i, j, k = 1, 3 (2.34)
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The electric field vector E is derivable from a scalar electric potential φ, namely,

Ei = − ∂φ

∂xi
i = 1, 3 (2.35)

In the present case the electric field will be applied through the thickness, so the only nonzero

component of E is E3 = − ∂φ
∂x3
= Ez = −∂φ

∂z . The voltage V between two points located at z = z1

and z = z2 is related to the potential difference according to

V = φ(z1)− φ(z2) (2.36)

Since the formulation considered is for a state of plane stress, for an orthotropic piezoelectric

layer the eijk’s of Equation (2.32) can be related to the Q̄11, Q̄12, and Q̄22, and d31 and d32, the

piezoelectric constants in the x-y-z coordinate system [33]. The following terms are then appended

to the total potential energy expression:

N̂E
x Ez ≡

∫ +H
2

−H
2

(
Q̄11d31 + Q̄12d32

)
Ezdz (2.37)

N̂E
y Ez ≡

∫ +H
2

−H
2

(
Q̄12d31 + Q̄22d32

)
Ezdz (2.38)

M̂E
x Ez ≡

∫ +H
2

−H
2

(
Q̄11d31 + Q̄12d32

)
Ezzdz (2.39)

M̂E
y Ez ≡

∫ +H
2

−H
2

(
Q̄12d31 + Q̄22d32

)
Ezzdz (2.40)

where d31Ez and d32Ez are the dilatational strains induced in the piezoceramic in the x and y

directions, respectively, due to application of electric field in the z direction, Ez. The electric

field effects are modeled analogously to thermal expansion effects and it is obvious where these

terms go in the energy expression of Equation (2.15). It should be noted that the reduced layer

contributes nothing to the integrals of Equations (2.37)–(2.40), as it is assumed d31 and d32 are

zero for that layer. It is assumed that the displacements resulting from the temperature change

plus the application of the electric field are also approximated by Equations (2.28)-(2.30). The

computation of the first variation, and the resulting governing equations, and the second variation,
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and the resulting [C] matrix, follow the steps outlined in a previous section. For this portion of the

problem the change in the constants a, b, c, and d relative to their values corresponding to room

temperature are computed as a function of the electric field strength. This provides a measure of

the shape change due to application of the electric field.

2.3 Assumption of Isotropic Properties

To a very good first approximation, the piezoceramic material being studied here is isotropic,

though in the previous sections assumptions have been made for orthotropic material behavior.

Assuming the material properties are isotropic greatly simplifies the equations of Appendix A.

Taking advantage of this, to more conveniently examine the influence of RAINBOW geometry

and material properties on the room-temperature shapes, the four nonlinear algebraic equations

are reduced to two simple nonlinear non-dimensional algebraic equations. This is done by solving

Equations (A.3) and (A.4) for c and d in terms of a and b, substituting them in Equations (A.1)

and (A.2), assuming both piezoceramic layers are isotropic and that their the Poisson’s ratios are

equal, and by using the following transformations to nondimensional quantities

lx =
Lx

H
, ly =

Ly

H
, A = aH, B = bH, h =

Hr

H
, α = αr − αo, Er/o =

Er

Eo
(2.41)

where the subscripts “o” and “r” denote unreduced (original) and reduced piezoceramic layers,

respectively. Also, the thickness of the reduced layer is given by Hr, the α’s are coefficients of ther-

mal expansion, and the E’s are extensional (Young’s) moduli. The two non-dimensional algebraic

equations are given by

AB2(l4x + l4y)(1− h+Er/oh)
2 + 1440∆TEr/ohα(h− 1)(1+ ν))

+240(1 + h(h3 − 4h2 + 6h− 4−Er/oh
3)(Er/o − 1))(A+ Bν) (2.42)

BA2(l4x + l4y)(1− h+Er/oh)
2 + 1440∆TEr/ohα(h− 1)(1+ ν))

+240(1 + h(h3 − 4h2 + 6h− 4−Er/oh
3)(Er/o − 1))(B + Aν) (2.43)



Adel B. Jilani Chapter 2. Rectangular RAINBOW Actuators 23

2.4 Numerical Results

To illustrate the results predicted by the theory, consider a rectangular RAINBOW consisting

of a reduced (layer no. 1) and an unreduced piezoceramic layer (layer no. 2). The relevant

material properties and thicknesses are given in Table 2.1. These material properties data were

provided by Dr. W. L. Vaughn of the NASA-Langley Research Center [34]. It was noted in

the experiments involving measurement of the coefficient of thermal expansion using a push-rod

dilatometer that the coefficients of thermal expansion of the reduced material and the unreduced

material did not differ above the Curie temperature, TC=340
oC. Therefore despite the 955 oC

temperature difference between the reduction temperature (975 oC) and room temperature (20 oC),

only the difference between the Curie and room temperatures is important in producing the shapes

at room temperature. A discussion of the measurement of material properties of the reduced and

unreduced piezoceramic is provided in section B.1 of Appendix B. Figure 2.5 depicts schematically

the problem being considered. Note that the polarity of the unreduced material is indicated.

Figures 2.6 and 2.7 illustrate a typical behavior of RAINBOW described by Figure 2.5, Table 2.1,

and Equations (2.28)–(2.30), as it is cooled from the Curie temperature of the piezoceramic to

room temperature. Specifically, in Figure 2.6 the parameters a and b of Equations (2.28)–(2.30),

which represent the curvatures of the device in the x and y directions, respectively, are shown as a

function of the temperature, 20 oC corresponding to the room temperature. Figure 2.7 illustrates

the actual shape of RAINBOW at a few selected temperatures from Figure 2.6. It is assumed that

Lx, Ly, H , and Hr/H are 63.5 mm (2.5 in.), 38.1 mm (1.5 in.), 0.381 mm (15 mils), and 0.35,

respectively.

Table 2.1: RAINBOW material properties.

Properties Original PZT Reduced PZT

Thickness (µm) 247.65 133.35

E (GPa) 44.4 29.9

ν 0.377 0.381

α (10−6/oC) 2.13 8.41

d31 (10
−12m/V ) -190 -

d32 (10
−12m/V ) -190 -
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Figure 2.5: Schematic of the rectangular RAINBOW considered.

Referring to Figure 2.6, point A represents RAINBOW flat at its Curie temperature (a=b=0).

As the temperature is reduced, the device develops equal negative curvatures in both the x and

y directions. These equal curvatures represent a dome shaped device. As the temperature is

reduced further below Curie temperature, the dome becomes deeper and deeper. At a temperature

corresponding to point B, the temperature-curvature relationship trifurcates into branches BC, BE,

and BD. For this specific device the trifurcation temperature is 267 oC. The trifurcation occurring

at point B is referred to as a supercritical pitchfork static-bifurcation in the temperature-curvature

domain because the branches AB, BC, BD, and BE have the geometry of a pitchfork at point B.

Reducing the temperature below the 267 oC level, solution path BC represents a change from the

spherical shape to a shape which has more curvature in the y direction and less in the x direction.

At room temperature the solution represents a shape that has seventy times the curvature in the

y direction as in the x direction. If the curvature in the x direction were zero, the solution would
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represent a right circular cylinder. This however, is not quite the case here and the terminology

near-cylindrical is used. If instead of following path BC, path BD is followed, the solution represents

a shape with more curvature in the x direction and less in the y direction. At room temperature

the solution is similar to the solution represented by path BC but with the roles of the curvatures

in the x and y directions interchanged. That is, the curvature in the y direction is seventy times

the curvature in the x direction. Finally, if path BE is followed through the trifurcation point,

the spherical shape deepens even further. A stability analysis reveals the important details of

these three paths. Specifically, paths BC and BD represent stable equilibrium shapes, and path

BE represents unstable equilibrium shapes. Therefore, the shapes represented by path BE will

never be observed. The shapes represented by paths BC and BD will be what is observed when

RAINBOW are actually fabricated. In theory, a device with a shape represented by path BC can

be changed to the shape represented by path BD by a simple snap-through action. That is, by

holding a device when it is in the shape represented by path BC by opposite edges and applying

opposite moments, the device can be forced into the shape represented by path BD, and vice versa.

This is accomplished by what can be referred to as a snap-through action, i.e., the shape can be

force-snapped from one near-cylindrical configuration to the other. A snap-through action occurs

because the one near-cylindrical configuration only has to be deformed so far, and it will then

dynamically move in a sudden fashion, i.e., snap, to the other configuration. This is related to the

storing and subsequent releasing of potential energy. Actually doing this, however, may be an issue

because of the brittle nature of the material.

Figure 2.7(a) illustrates the shape of RAINBOW at a temperature just above the trifurcation

temperature, point B. The shape is a stable spherical one and note that the two horizontal axes

in the sub-figures of Figure 2.7 are the x and y coordinates (origin at the geometric center of

the device) divided by the respective side-lengths of the device. The figures reflect, however, the

correct aspect ratio of the actuator, i.e., Ly/Lx=0.6. Figure 2.7(b) depicts the device at the room-

temperature condition corresponding to point C. As can be seen, due to the rectangular geometry

of this particular example, the device looks quite cylindrical, with generators in the x direction.

Likewise, Figure 2.7(c) depicts the device at the room-temperature condition corresponding to

point D. Finally, Figure 2.7(d) shows the unstable spherical shape at room temperature, point E

in Figure 2.6. This sphere is deeper than the one of Figure 2.7(a) and it is interesting to note that



Adel B. Jilani Chapter 2. Rectangular RAINBOW Actuators 26

the depth of the spherical shape of path ABE is not linear with temperature.

Finite-element analyses, using the commercial code ABAQUS [35], were conducted to simulate the

cooling of RAINBOW from Curie temperature to room temperature. Because there are multiple

equilibrium configurations, once the trifurcation temperature is reached, ABAQUS must be coaxed

to continue on a particular equilibrium path to obtain the different shapes at room temperature.

To force ABAQUS to follow a particular path, a slight imperfection in the initial shape of the

device was introduced. With slight imperfection, ABAQUS would follow one of the two stable

paths, namely, path BC or path BD. Thus, to obtain the room-temperature shapes of RAINBOW

considered, two series of finite element calculations were conducted. For each finite element analysis

a mesh of 256 8-node-shell elements (S8R5), which allow transverse shear in the element, was used.

The RAINBOW was free on the edges, but clamped at the node at the geometric center of the

device. A constant temperature change was applied at the nodes. The displacement field and the

curvatures κox, κ
o
y and κoxy of the device were computed by ABAQUS at every node. It was found

that the curvatures are actually not constant over the device surface, the largest deviations from

being constant occurring at the edges. In Figure 2.6, the curvatures evaluated by finite element

analysis at the node at the geometric center of the device are indicated by the label ABAQUS.

In general, good correlations can be observed between the two theories, and thus the curvatures

computed by the present theory are good estimates for the average curvatures of RAINBOW.

However, it was not possible to exactly determine the trifurcation temperature using ABAQUS,

since it was not possible to obtain all of branch BC in Figure 2.6. To overcome this, a temperature

increase rather than a temperature decrease was used. However, this resulted in other problems,

namely, the fact that when the solution was coaxed to follow the path CB, it would jump to path

DB as the heating temperature approached the trifurcation point B. Moreover, it was not possible

to coax ABAQUS to follow the unstable path BE. Thus, information about the unstable shape

could not be obtained.

2.4.1 Effect of Geometry on Room-Temperature Shape

It is of interest to determine the influence of rectangular RAINBOW geometry on the characteristics

of the shapes at room temperature. In particular, it is of interest to know how sidelength influences
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Figure 2.6: Temperature-curvature relation of rectangular RAINBOW (Lx=63.5 mm, Ly=38.1 mm,

Hr/H=0.35).
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Figure 2.7: Equilibrium shapes of rectangular RAINBOW (refer to Figure 2.6).
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the shapes. Though there is a large range of geometries possible, Figures 2.8–2.10 illustrate one

of the important features of the dependence of the room-temperature shape on geometry. In these

figures the curvatures in the x and y directions at room temperature are plotted as a function of

RAINBOW sidelength. For convenience, the axes in Figures 2.8–2.10 have been nondimensionalized

by using RAINBOW thickness, H , as a scaling parameter. The aspect ratios in Figures 2.8–2.10 are

fixed at Ly/Lx=1, Ly/Lx=1/2, and Ly/Lx=1/5, respectively, while the reduced layer thickness to

total thickness ratio, Hr/H , is kept constant at 0.35. Referring to any of these figures, moving from

small (small Lx/H) to large RAINBOW, it is seen that the relationship between room-temperature

curvatures and sidelength changes from being single-valued to being multiple-valued. For small

sidelengths, denoted by the range A′ to B′ in Figures 2.8–2.10, the actuator is predicted to have

but one room-temperature shape. That shape is spherical and the shape is stable. At a sidelength

corresponding to point B′, the relationship trifurcates into branches B′C′, B′E′ and B′D′. This is

interpreted to mean that for sidelengths greater than the value corresponding to point B′, RAIN-

BOW exhibits multiple room-temperature shapes. For sidelengths considerably larger than that

corresponding to point B′, one of these shapes is near-cylindrical, with a large curvature in the x

direction and practically no curvature in the y direction. The other shape is near-cylindrical but

with practically no curvature in the x direction and a large curvature in the y direction. Both of

these shapes are stable. When in one near-cylindrical shape RAINBOW can be snapped through

to the other near-cylindrical shape. The third shape is spherical and it is unstable. Thus there is a

critical sidelength-to-thickness ratio. For the cases considered in Figures 2.8–2.10 the critical values

are 69, 81, and 82, respectively. Hence, the larger the aspect ratio Ly/Lx, the lower the critical

sidelength-to-thickness ratio. However, as the aspect ratio is made smaller and smaller, the critical

sidelength-to-thickness ratio seems to converge to the value 82, above which RAINBOW exhibits

multiple room-temperature shapes even for a very small aspect ratio (Ly/Lx ≈0.01). For RAIN-

BOW with a sidelength-to-thickness ratio just slightly larger than the critical value, the behavior

of RAINBOW shapes is somewhat unusual. The two stable shapes are similar in appearance to

each other and forcing them from one shape to the other would not require much force. In fact,

the shape may change by simple handling of RAINBOW. In some sense, the two shapes are not as

far apart as, for example, the two near-cylindrical shapes for the case Lx/H > 150 in Figures 2.8–

2.10. Moreover, the nondimensional curvatures in the x and y directions tend to be independent of
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Figure 2.8: Room-temperature shapes of rectangular RAINBOW as a function of geometry
(Ly/Lx=1, Hr/H=0.35).
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Figure 2.9: Room-temperature shapes of rectangular RAINBOW as a function of geometry
(Ly/Lx=1/2, Hr/H=0.35).
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Figure 2.10: Room-temperature shapes of rectangular RAINBOW as a function of geometry
(Ly/Lx=1/5, Hr/H=0.35).
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the aspect ratio Lx/Ly for considerably large sidelengths (Lx/H > 200). For reference purposes,

Figure 2.11 illustrates the behavior of RAINBOW described by Table 2.1, Equations (2.28)–(2.30),

and Figure 2.5 with Ly/Lx=1, Lx/H=100, and Hr/H=0.35, as it cooled from the Curie tempera-

ture of the piezoceramic to room temperature. Since the value of Lx/H for RAINBOW of Figure

2.11 is 100, a value greater than the critical value Lx/H=69, RAINBOW exhibits multiple room-

temperature shapes. For this specific RAINBOW the trifurcation temperature corresponding to

point B in Figure 2.11 is about 188 oC. This compares with a trifurcation temperature of 267 oC

for the device in Figure 2.6, which has an aspect ratio Ly/Lx=0.6.

The existence of a critical value of Lx/H could lead to other unusual or unexpected behavior.

Unknowingly, RAINBOW may be manufactured that has a geometry very close to the critical

value. If two RAINBOW are manufactured with this geometry, they may behave quite differently.

Specifically, though the trifurcation point is mathematically exact, manufacturing of RAINBOW

is not exact and small variations in material properties, variation in layer thicknesses, nonuniform

cooling, and other such realities of manufacturing will no doubt influence the results. The effective

sidelength-to-thickness ratio of one RAINBOW may be just slightly less than the critical value, and,

due to manufacturing variations, the effective sidelength-to-thickness ratio of the other RAINBOW

may be just slightly greater than the critical value. These two ‘identical’ RAINBOW will not

behave the same way.

2.4.2 Effect of Reduced Layer Thickness on Room-Temperature Shape

In addition to the effect of geometry on room-temperature shapes, it is of interest to determine

the influence of the reduced layer thickness on the characteristics of the shapes of RAINBOW at

room temperature. Figures 2.12–2.14 illustrate the most important features of the dependence of

the room-temperature shape on reduced layer thickness. In these figures the curvatures in the x

and y directions at room temperature are plotted as a function of reduced layer thickness. Again,

for convenience, the axes in Figures 2.12–2.14 have been nondimensionalized by using the total

thickness, H , as a scaling parameter. The aspect ratios in Figures 2.12–2.14 are fixed at Ly/Lx=1,

Ly/Lx=1/2, and Ly/Lx=1/5, respectively, while the sidelength-to-thickness ratio, Lx/H , is kept

constant at 100. In these figures, it is seen that the relationship between reduced layer thickness
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Figure 2.11: Temperature-curvature relation of rectangular RAINBOW (Ly/Lx=1, Lx/H=100,

Hr/H=0.35).
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and room-temperature curvature changes from being single valued to being multiple valued and

again to being single valued as the reduced layer thickness is increased from 0 to 100%. For small

reduced layer thickness, denoted by range A1 to B1 in Figures 2.12–2.14, RAINBOW is predicted

to have but one room-temperature shape. That shape is spherical and it stable. At a reduced layer

thickness corresponding to point B1, the relationship trifurcates into branches B1C1, B1E1, and

B1D1. On the other hand, at a reduced layer thickness corresponding to point B2, the relationship

changes from being multiple valued to being single valued, as depicted by branch B2A2. This

is interpreted to mean that for reduced layer thickness between the two values corresponding to

point B1 and B2, RAINBOW exhibits multiple room-temperature shapes. One of these shapes

is near-cylindrical, with a larger curvature in the x direction than in the y direction. The other

shape is also near-cylindrical but with a larger curvature in the y direction than in the x direction.

The third shape is spherical and it is unstable. For reduced layer thicknesses smaller than the

value corresponding to point B1 or greater than the value corresponding to point B2, RAINBOW

exhibits one stable spherical room-temperature shape. For the cases considered in Figures 2.12–

2.14 the critical values corresponding to point B1 and B2 are 14% and 91%, 20% and 86%, and

21% and 86%, respectively. Hence, the smaller the aspect ratio Ly/Lx is, the larger the critical

reduced layer thickness corresponding to point B1 is and the smaller the critical reduced layer

thickness corresponding to point B2 is. However, as the aspect ratio is made smaller, the two

critical reduced layer thickness values corresponding to points B1 and B2 tend to converge to

21% and 86%, respectively. Hence, for RAINBOW with Lx/H=100 and reduced layer thickness

between 21% and 86%, these devices will exhibit multiple room-temperature shapes independent of

the value of the aspect ratio Ly/Lx. Moreover, Figures 2.12–2.14 indicate that at 55% of reduced

layer thickness, the maximum major curvature and the minimum minor curvature are achieved.

For the sake of comparison of the characteristics of the shapes of RAINBOW at room temperature,

the results shown in the previous section in Figures 2.8–2.11 are reproduced using a reduced layer

thickness of 55%. These results are depicted in Figures 2.15–2.18. In Figures 2.15–2.17, the critical

sidelength-to-thickness ratio Lx/H corresponding to point B
′ are 64, 75, and 76.5, respectively.

These values are lower than those corresponding to 35% reduced layer thickness. Figure 2.18

indicates that the trifurcation temperature corresponding to point B is 208 oC, 20 oC higher than

the one in Figure 2.11.
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Figure 2.12: Room-temperature shapes of rectangular RAINBOW as a function of reduced layer
thickness Hr/H (Ly/Lx=1, Lx/H=100).
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Figure 2.13: Room-temperature shapes of rectangular RAINBOW as a function of reduced layer
thickness Hr/H (Ly/Lx=1/2, Lx/H=100).
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Figure 2.14: Room-temperature shapes of rectangular RAINBOW as a function of reduced layer
thickness Hr/H (Ly/Lx=1/5, Lx/H=100).



Adel B. Jilani Chapter 2. Rectangular RAINBOW Actuators 39

The existence of critical values of reduced layer thickness would add more complexity to the un-

usual and unexpected behavior of RAINBOW. Indeed, during the manufacturing of RAINBOW,

a variation in the reduced layer thickness due to nonuniform reduction process will no doubt in-

fluence the room-temperature shapes. Two RAINBOW with the same geometry and with reduced

layer thicknesses close to a critical value may behave quite differently due to small inconsistencies

between the two.

2.4.3 Application of an Electric Field

Figure 2.19 illustrates the relationship between the change in curvatures relative to their room-

temperature values, ∆a and ∆b, as a function of the electric field strength for the range E=±1.5

MV/m. It is assumed that RAINBOW is in a shape represented by a large negative curvature in

the x direction and a smaller negative curvature in the y direction, point D in Figure 2.11. The

polarity of the unreduced piezoceramic material is assumed to be as shown in Figure 2.5 and the

sign of E is such that for positive E the potential of the unreduced piezoceramic is higher than

the potential of the reduced piezoceramic. A positive E thus produces contraction strains in the

unreduced piezoceramic in the x and y directions. Since the reduced layer is composed of the

solid products of the reduction reaction, i.e., conductive metallic lead and the oxides of Pb, Zr

and Ti which form along with the unreduced material [36], the reduced layer is considered to be a

conductor and its piezoelectric coefficients d31 and d32 are assumed to be zero. The piezoelectric

coefficients of the unreduced piezoceramic are given in Table 2.1. As can be seen in Figure 2.19, a

reasonable change in the major curvature, ∆a, can be achieved with a moderate field strength. For

the case considered, a positive E tends to flatten RAINBOW in the x direction. It should be noted

that the relationship between ∆a, the major curvature, and E is very close to being linear, and

to a first approximation, the relationship between ∆b, the minor curvature, and E is also linear.

The slight nonlinearity in the relation between ∆b and E may be unimportant since this curvature

is smaller in magnitude than a. The linearity of the relation between E and ∆a and ∆b could

be important and considerably simplify other analyses, e.g., analyses of the dynamic behavior of

RAINBOW.
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Figure 2.15: Room-temperature shapes of rectangular RAINBOW as a function of geometry
(Ly/Lx=1, Hr/H=0.55) (counterpart to Figure 2.8).
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Figure 2.16: Room-temperature shapes of rectangular RAINBOW as a function of geometry
(Ly/Lx=1/2, Hr/H=0.55) (counterpart to Figure 2.9).
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Figure 2.17: Room-temperature shapes of rectangular RAINBOW as a function of geometry
(Ly/Lx=1/5, Hr/H=0.55) (counterpart to Figure 2.10).
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Figure 2.18: Temperature-curvature relation of rectangular RAINBOW (Ly/Lx=1, Lx/H=100,

Hr/H=0.55) (counterpart to Figure 2.11).
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Figure 2.19: Variations of a and b as a function of E (Lx/H=100, Ly/Lx=1, Hr/H=0.35).
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2.4.3.1 Effect of Geometry on the Piezoelectric-Induced Deformations

The results shown in Figure 2.19 for the case of Figure 2.11, RAINBOW with Lx/H=100, Ly/Lx=1,

and Hr/H=0.35, can change dramatically if another RAINBOW is considered which has a value

of Lx/H=70, a value closer to the critical value of 69. Consider again Figure 2.8, but as shown

in Figure 2.20, this time with two specific values of Lx/H noted. For Lx/H=100, the values of a

and b are those shown by the points C, D, and E in Figure 2.11. This value of Lx/H is sufficiently

removed from the critical value of Lx/H=69 and the effect of applying a E=± 1.5 MV/m was shown

in Figure 2.19. A value of Lx/H=70, though, is quite close to the critical value. For this case the

values of the room-temperature curves are denoted by C′′, D′′, and E′′, the latter representing an

unstable equilibrium shape. If an electric field of E=± 1.5 MV/m is applied to RAINBOW with

Lx/H=70, the results shown in Figure 2.21 are predicted. This figure is more complicated than

Figure 2.19 because of the potential for a change in shape due to the applied electric field, and

because curvatures rather than the change in curvatures are plotted. If RAINBOW has a room-

temperature shape represented by point D′′ in Figure 2.21, then a negative E results in an increase

in magnitude of curvature a and a decrease in magnitude of curvature b. That is, RAINBOW

becomes more cylindrical, with a negative curvature in the x direction dominating. If, on the other

hand, E is positive, a qualitative change in shape of RAINBOW is possible. Again referring to

Figure 2.21, as E increases from zero at point D′′, the value of a becomes less negative and the value

of b becomes more negative. When the electric field strength reaches a value represented by F′′,

the two curvatures have equal negative value. The shape is spherical. A further increase in electric

field strength to point G′′ continues to result in a spherical shape, but one that is somewhat less

deep. If at point G′′ the electric field strength is decreased, the spherical shape begins to deepen

again. At point F′′, RAINBOW can follow path F′′C′′ or F′′D′′. If RAINBOW follows path F′′D′′,

it will return to the original shape as E approaches zero. If it follows path F′′C′′, RAINBOW will

assume the ‘snapped through’ room-temperature shape when E approaches zero. Essentially, the

application of the electric field has the potential for changing the character of the shape. Obviously,

the closer Lx/H is to the critical value, the more readily this can be accomplished with minimal E.

However, the closer Lx/H is to the critical value, the less distinct are the two room-temperature

shapes corresponding to points C′′ and D′′, i.e., the shapes are not ‘far apart’. In the context of
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Figure 2.21, the closer Lx/H is to the critical value, the closer points F
′′ is to E=0. Of course, if

the electric field is applied when RAINBOW has a spherical shape at room temperature, the radius

of the sphere can be made to increase or decrease, and RAINBOW could be made to move through

the trifurcation point.

2.4.3.2 Effect of Reduced-Layer Thickness on the Piezoelectric-Induced Deformations

It is of interest to determine the influence of the reduced layer thickness on the characteristics

of the piezoelectric-induced deformations of RAINBOW at room temperature. Figure 2.22 illus-

trates the very important features of the dependence of the piezoelectric-induced deformations on

reduced layer thickness. In this figure the change in curvatures in the x and y directions at room-

temperature are plotted as a function of reduced layer thickness under applied electric fields of

0.25, 0.5, 1.0, and 1.5 MV/m. Again, for convenience, the change in curvatures in Figure 2.22

has been nondimensionalized by using the total thickness, H , as a scaling parameter. The aspect

ratio and the sidelength-to-thickness ratio of RAINBOW in Figure 2.22 are fixed at 1 and 100,

respectively. In this figure, it is seen that the maximum absolute change in the major and minor

curvatures, ∆a and ∆b in this case, can be achieved when the reduced layer thickness is in the

range of 14% to 18% or 88% to 91%, depending on the value of the electric field. However, at

55% of reduced layer thickness a local maximum in ∆a and a global minimum in absolute value

of ∆b occur. The sudden change in the values of ∆a and ∆b in the ranges of 14% to 18% and

88% to 91% of reduced layer thickness is due to the fact that in these ranges a trifurcation in the

room-temperature shapes occurs, as shown in Figure 2.12. To further investigate the behavior of

the curvatures under applied electric fields, the change in curvatures are plotted in Figure 2.23 as a

function of applied electric field for selected values of reduced layer thickness. Figure 2.23 indicates

a minor change in the reduced layer thickness within the range of 14% to 18% can considerably

change the piezoelectric-induced change in curvatures, as the results corresponding to 14% and 17%

of layer thickness are showing. Indeed, in the ranges of 14% to 18% and 88% to 91% of reduced

layer thickness, the relationship between the change in curvatures, ∆a and ∆b, and the electric

field, E, is nonlinear due to the sudden change in ∆a and ∆b, as shown in Figure 2.22. Such

nonlinearity can considerably complicate the dynamic behavior of RAINBOW. In view of these
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Figure 2.20: Room-temperature shapes of rectangular RAINBOW at two specific geometries
(Ly/Lx=1, Hr/H=0.35).
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Figure 2.21: Variations of a and b as a function of E (Lx/H=70, Ly/Lx=1, Hr/H=0.35).
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observations, the optimal reduced layer thickness would be at 55%, since the maximum change in

the major curvature ∆a is achieved while the relationship between ∆a and ∆b and E is still very

close to being linear.

2.5 Chapter Summary

In this chapter, a model for predicting the room-temperature shapes of rectangular RAINBOW

has been developed. The assumptions adopted to develop the model, the expression for the total

potential energy, including thermally-induced strain effects, the stress-strain relations, the strain-

displacements relations, the approximate displacement fields of the Rayleigh-Ritz approach, equi-

librium, and stability were discussed. The model was easily extended to account for piezoelectric-

induced deformations. In general, the model presented was shown to have a good agreement with

the finite element results obtained using ABAQUS. The present analysis was shown to have several

formulative and computational advantages over finite element analysis. These advantages include

simplicity of formulation and the relative ease of extending the model to include piezoelectric-

induced deformations; in contrast to ABAQUS which requires a three-dimensional analysis to

model the piezoelectric-induced deformations. In addition, the formulation of the method is quite

straightforward, and the bulk of the computational effort can be completed in much less time

than the finite element analysis. The results presented in this chapter indicate that the predicted

room-temperature shape for rectangular RAINBOW can be either near-cylindrical or spherical.

Furthermore, for a given set of material properties of the reduced and unreduced piezoceramic,

there exists a critical value of sidelength-to-thickness ratio (Lx/H or Ly/H) below which RAIN-

BOW exhibits spherical shapes when cooled from processing temperature to room temperature.

This is interpreted to mean that for values of sidelength-to-thickness ratio greater than the crit-

ical value, RAINBOW exhibits multiple room-temperature shapes. Two of the shapes are stable

and are in general near-cylindrical. The third shape is spherical and is unstable. The present

model is able to predict the three room-temperature shapes simultaneously; on the other hand,

ABAQUS has to coaxed to follow each solution. For sidelength-to-thickness ratios larger than the

critical value the two stable shapes become near-cylindrical. The existence of a critical value of

sidelength-to-thickness ratio suggests that care should be taken when designing rectangular RAIN-
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Figure 2.22: Variations of a and b as a function of reduced layer thickness under selected applied
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BOW actuators. Indeed, if two RAINBOW are manufactured with a geometry that is very close to

the critical value, they may behave quite differently. Specifically, manufacturing irregularities such

as small variations in material properties, variation in layer thickness, or nonuniform cooling may

shift differently the effective sidelength-to-thickness ratio of both RAINBOW and hence result in

two ‘identical’ RAINBOW which will not behave the same way. Furthermore, the present analysis

reveals the existence of two critical values of reduced layer thickness which adds more complexity to

the unusual behavior of RAINBOW. Indeed, it shown that for a reduced layer thickness bounded by

these two critical values, RAINBOW exhibit two stable near-cylindrical shapes and one unstable

spherical shape. However, if the reduced layer thickness is outside the interval bounded by the

critical values, RAINBOW exhibit a unique and stable spherical shape. Thus, the variation in the

reduced layer thickness due to nonuniform reduction will no doubt influence the room-temperature

shapes. The extension of the model to account for piezoelectric-induced deformations shows that

the relationship between the change in curvatures and the electric is very close to be linear. This

finding is very important since it makes the analysis of the dynamic behavior of RAINBOW much

simpler. Moreover, it is shown that the application of the electric field has the potential for chang-

ing the character of the shape of RAINBOW with Lx/H close to the critical value i.e., RAINBOW

could be made to move through the trifurcation point. It is found that for the set of material prop-

erties used in this study, the optimal reduced layer thickness would be at 55%, since the maximum

change in curvature is achieved under the application of an electric field, while the relationship

between the change in curvatures and the electric field is kept very close to being linear.

To validate the model developed in this chapter, rectangular RAINBOW were manufactured and

comparison between the predicted curvatures and the measured curvatures are made. A detailed

discussion of the comparison is provided in section B.2.1 of Appendix B. In the next chapter, an

extension of the present model is made to simulate a multi-step thermoelastic analysis to predict

the room-temperature shapes of rectangular GRAPHBOW, as well as their deformation response

under application of electric field. The extended model will be used to investigate the influence of

composite layer arrangements on the room-temperature shapes.



Chapter 3

Rectangular GRAPHBOW Actuators

3.1 Introduction

In this chapter, an extension of the model described in Chapter 2 is developed to predict the

manufacturing and piezoelectric-induced deformation characteristics of rectangular GRAPHBOW.

The extensions to the model are discussed, and numerical results are presented to illustrate the

qualitative and quantitative characteristics of the room-temperature shapes, as well as piezoelectric-

induced deformation characteristics, of GRAPHBOW. The influences of adding composite material

to RAINBOW are emphasized.

3.2 Modeling Definition and Assumptions

Figure 3.1 describes the process used to incorporate one or more thin layers of fiber-reinforced

composite onto RAINBOW. Please note the temperature nomenclature. First, RAINBOW is man-

ufactured as described in Chapter 1. It is cooled to room temperature and removed from the

reducing chamber. Then, graphite-epoxy fiber-reinforced prepreg material is applied to one side

(or perhaps both sides). The RAINBOW actuator with the prepreg applied may then be vacuum

bagged for curing the composite in an autoclave, or conceivably, the RAINBOW actuator and

prepreg may be put in a hot press for curing. In any case, the temperature is raised to T ∗, the

53
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curing temperature of the particular prepreg being used, and perhaps vacuum and pressure are

applied. These conditions are held for a period of time to cure the composite. After fully cured,

the composite’s elastic and thermal expansion properties develop, and the composite layer bonds

to the ceramic. The now-GRAPHBOW actuator is cooled and any pressure or vacuum released.

The room-temperature shape is most likely different than the original RAINBOW shape. Since

the incorporation of the composite layers is done at lower temperature than the reduction with

carbon, a multi-step thermoelastic analysis is developed to model the addition of the composite

layers. As with the analysis of RAINBOW, the analysis is based on the total potential energy

approach along with the Rayleigh-Ritz method. All the assumptions in section 2.2 are considered

to be valid for GRAPHBOW. Continuity of the displacements through the actuator is tanamount

to assuming there is no slippage between the composite layer and the original RAINBOW. Also,

it is still assumed that the deformation state is only a function of the temperature of that state.

Because of this, the room-temperature shape of GRAPHBOW will be predicted based on the fol-

lowing scenario: RAINBOW is cooled from the Curie temperature of the piezoceramic, TC , to the

cure temperature of the composite, T ∗. It is assumed that the composite layer is bonded stress free

at this temperature, and then the RAINBOW/composite material combination is cooled to room

temperature. After this, if desired, an electric field is passed through the piezoceramic to cause

further deformations.

Figure 3.2 describes the geometry and nomenclature of the problem considered. The first N layers

are assumed to be thin layers of orthotropic materials (reduced and unreduced piezoceramic) with

thickness, H , and the next M layers represent additional layers of fiber-reinforced composite ma-

terial with thickness Hc. Layer positions, locations of the upper and lower boundaries of the kth

layer, i.e., zk and zk−1, sidelengths Lx and Ly, and the analysis coordinate system are the same as

for the RAINBOW analysis.

3.2.1 Total Potential Energy

To obtain the expression of the total potential energy of the manufacturing process described in

Figure 3.1, the following logic is adopted: The total potential energy of GRAPHBOW at room

temperature is equal to the total potential energy due to a temperature change ∆TC in the N +
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M layers (unreduced piezoceramic, reduced piezoceramic, and the composite), minus the total

potential energy due to a temperature change ∆T ∗ in the composite layers. Alternatively, the total

potential energy of the GRAPHBOW actuator at room temperature may be considered the sum of

the total potential energy of RAINBOW due to the temperature change from the Curie temperature

to the curing temperature, ∆T ∗, plus the total potential energy of the RAINBOW/composite

material combination due to temperature change from the curing temperature to room temperature,

∆TC −∆T ∗. Potential energy is not created in the composite until the temperature is below the

cure temperature, T ∗. With either interpretation, using Equations (2.1)–(2.5) and enforcing the

plane-stress assumption, the total potential energy is given by

Π =
1

2

∫ +Lx
2

−Lx
2

∫ +
Ly
2

−Ly
2

∫ zN+M

zo

{
(σx − σT

x )(ε
o
x+ zκox) + (σy − σT

y )(ε
o
y + zκoy)

+ (τxy − τTxy)(γ
o
xy + zκoxy)

}
dx dy dz (3.1)

The stress components superscripted with a “T” denote the equivalent stresses due to thermal

effects. Care must be taken when integrating Π through the thickness, since not all layers are

present at all temperatures. The strains and curvatures in the energy expression are given by

Equations (2.7)–(2.10). The location z = zo = 0 is taken here to be the reference surface of the

originally two-layer flat RAINBOW and the quantities uo, vo, and wo are the total displacements in

the x, y, and z directions, respectively, of the reference surface. Expanding the stresses in Equation

(3.1), we obtain the following relations

σx = Q̄11(εx − εTx ) + Q̄12(εy − εTy )

σy = Q̄12(εx − εTx ) + Q̄22(εy − εTy ) (3.2)

τxy = Q̄66(γxy − γT
xy)

where εTx , ε
T
y and γT

xy are the equivalent strains due to thermal effects and the fact that strains in the

composite are nonzero only below the cure temperature. The assumption of material orthotropy

in the x–y analysis coordinate system is used in Equation (3.2). This means that the composite

layers to be added have their fiber aligned either with the x- or y-directions. Equation (3.2) can
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be rewritten as

σx = Q̄11εx + Q̄12εy − σT
x

σy = Q̄12εx + Q̄22εy − σT
y (3.3)

τxy = Q̄66γxy − τTxy

where

σT
x = Q̄11ε

T
x + Q̄12ε

T
y

σT
y = Q̄12ε

T
x + Q̄22ε

T
y (3.4)

τTxy = Q̄66γ
T
xy

Since at room temperature the temperature in the piezoceramic layers is changed by ∆TC, due

to cooling from the Curie temperature, the equivalent strains in the two layers of RAINBOW are

given by

εTx(PZT ) = αx∆TC

εTy(PZT ) = αy∆TC (3.5)

γT
xy(PZT ) = αxy∆TC

The equivalent strains in the composite layer are defined by

εTx(Composite) = αx(∆TC −∆T ∗) + ε∗x

εTy(Composite) = αy(∆TC −∆T ∗) + ε∗y (3.6)

γT
xy(Composite) = αxy(∆TC −∆T ∗) + γ∗

xy
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where ε∗x, ε
∗
y , and γ∗

xy are the strains computed at temperature T ∗. Integrating with respect to z

through the thickness of GRAPHBOW results in

Π =
1

2

∫ +Lx
2

−Lx
2

∫ +
Ly
2

−Ly
2

{
(Nx − N̂T

x ∆TC −N ∗
x)ε

o
x + (Ny − N̂T

y ∆TC −N ∗
y )ε

o
y

+ (Nxy − N̂T
xy∆TC − N ∗

xy)γ
o
xy + (Mx − M̂T

x ∆TC − M∗
x)κ

o
x

+ (My − M̂T
y ∆TC −M∗

y )κ
o
y + (Mxy − M̂T

xy∆TC −M∗
xy)κ

o
xy

}
dxdy (3.7)

where

Nx ≡
∫ H+Hc

0
σxdz = A11ε

o
x + A12ε

o
y +B11κ

o
x + B12κ

o
y − N̂T

x ∆TC −N ∗
x (3.8)

Ny ≡
∫ H+Hc

0

σydz = A12ε
o
x + A22ε

o
y + B12κ

o
x +B22κ

o
y − N̂T

y ∆TC −N ∗
y (3.9)

Nxy ≡
∫ H+Hc

0
τxydz = A66γ

o
xy +B66κ

o
xy − N̂T

xy∆TC − N ∗
xy (3.10)

Mx ≡
∫ H+Hc

0
zσxdz = B11ε

o
x +B12ε

o
y +D11κ

o
x +D12κ

o
y − M̂T

x ∆TC −M∗
x (3.11)

My ≡
∫ H+Hc

0
zσydz = B12ε

o
x +B22ε

o
y +D12κ

o
x +D22κ

o
y − M̂T

y ∆TC −M∗
y (3.12)

Mxy ≡
∫ H+Hc

0
zτxydz = B66γ

o
xy +D66κ

o
xy − M̂T

xy∆TC −M∗
xy (3.13)

and

N ∗
x ≡

∫ H+Hc

H
σxdz = A∗

11ε
o∗
x + A∗

12ε
o∗
y +B∗

11κ
o∗
x +B∗

12κ
o∗
y − N̂T ∗

x ∆T ∗ (3.14)

N ∗
y ≡

∫ H+Hc

H
σxdz = A∗

12ε
o∗
x + A∗

22ε
o∗
y +B∗

12κ
o∗
x +B∗

22κ
o∗
y − N̂T ∗

y ∆T ∗ (3.15)

N ∗
xy ≡

∫ H+Hc

H
τxydz = A∗

66γ
o∗
xy +B∗

66κ
o∗
xy − N̂T ∗

xy ∆T ∗ (3.16)

M∗
x ≡

∫ H

H+Hc

zσxdz = B∗
11ε

o∗
x +B∗

12ε
o∗
y +D∗

11κ
o∗
x +D∗

12κ
o∗
y − M̂T ∗

x ∆T ∗ (3.17)

M∗
y ≡

∫ H+Hc

H
zσxdz = B∗

12ε
o∗
x +B∗

22ε
o∗
y +D∗

12κ
o∗
x +D∗

22κ
o∗
y − M̂T ∗

y ∆T ∗ (3.18)

M∗
xy ≡

∫ H+Hc

H
zτxydz = B∗

66γ
o∗
xy +D∗

66κ
o∗
xy − M̂T ∗

xy ∆T ∗ (3.19)
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Also, the effective thermal force and moment resultants are defined as

N̂T
x ≡

∫ H+Hc

0

(
Q̄11αx + Q̄12αy

)
dz (3.20)

N̂T
y ≡

∫ H+Hc

0

(
Q̄12αx + Q̄22αy

)
dz (3.21)

N̂T
xy ≡

∫ H+Hc

0
Q̄66αxydz (3.22)

M̂T
x ≡

∫ H+Hc

0

(
Q̄11αx + Q̄12αy

)
zdz (3.23)

M̂T
y ≡

∫ H+Hc

0

(
Q̄12αx + Q̄22αy

)
zdz (3.24)

M̂T
xy ≡

∫ H+Hc

0
Q̄66αxyzdz (3.25)

N̂T ∗
x ≡

∫ H+Hc

H

(
Q̄11αx + Q̄12αy

)
dz (3.26)

N̂T ∗
y ≡

∫ H+Hc

H

(
Q̄12αx + Q̄22αy

)
dz (3.27)

N̂T ∗
xy ≡

∫ H+Hc

0

Q̄66αxydz (3.28)

M̂T ∗
x ≡

∫ H+Hc

H

(
Q̄11αx + Q̄12αy

)
zdz (3.29)

M̂T ∗
y ≡

∫ H+Hc

H

(
Q̄12αx + Q̄22αy

)
zdz (3.30)

M̂T ∗
xy ≡

∫ H+Hc

0
Q̄66αxyzdz (3.31)

In the above, the A’s, B’s, D’s, A∗’s, B∗’s, and D∗’s have the following definitions

Aij =

N+M∑
k=1

(
Q̄ij

)
k
(zk − zk−1) (3.32)

Bij =
1

2

N+M∑
k=1

(
Q̄ij

)
k
(z2k − z2k−1) (3.33)

Dij =
1

3

N+M∑
k=1

(
Q̄ij

)
k
(z3k − z3k−1) (3.34)
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A∗
ij =

N+M∑
k=N

(
Q̄ij

)
k
(zk − zk−1) (3.35)

B∗
ij =

1

2

N+M∑
k=N

(
Q̄ij

)
k
(z2k − z2k−1) (3.36)

D∗
ij =

1

3

N+M∑
k=N

(
Q̄ij

)
k
(z3k − z3k−1) (3.37)

Note well the indices on the various summations.

3.2.2 The Rayleigh-Ritz Approach

For applying the Rayleigh-Ritz approach, the displacement fields for GRAPHBOW are assumed to

have the same functional form as for RAINBOW, i.e., Equations (2.28)–(2.30). Again the values

of a, b, c, and d are sought by using the first variation of the total potential energy, and stability is

evaluated using the second variation. The procedures are identical to those discussed in Chapter

2.

3.2.3 Piezoelectric Effects

To study the deformations due to applying an electric field to the unreduced piezoceramic, the

total energy expression of Equation (3.7) is modified to include the effective force and moment

resultants produced by the electric-field-induced dilatational strains. Hence, the following terms

are appended to the total potential energy expression:

N̂E
x Ez ≡

∫ H+Hc

0

(
Q̄11d31 + Q̄12d32

)
Ezdz (3.38)

N̂E
y Ez ≡

∫ H+Hc

0

(
Q̄12d31 + Q̄22d32

)
Ezdz (3.39)

M̂E
x Ez ≡

∫ H+Hc

0

(
Q̄11d31 + Q̄12d32

)
Ezzdz (3.40)

M̂E
y Ez ≡

∫ H+Hc

0

(
Q̄12d31 + Q̄22d32

)
Ezzdz (3.41)
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It should be noted that only the unreduced piezoceramic layer contributes to the integrals of

Equations (3.38)–(3.41), as d31 and d32 are considered to be zero for the reduced layer and the

composite. Again, it is assumed that the displacements resulting from the temperature change plus

the application of the electric field are approximated by Equations (2.28)-(2.30).

3.3 Numerical Results

To illustrate the results predicted by the present theory, consider the rectangular RAINBOW dis-

cussed in Chapter 2 with Lx =63.5 mm, Lx=38.1 mm, H=0.381 mm, Hr=0.35. The temperature-

curvature relation is shown in Figure 2.6. Assume a single layer of graphite-epoxy composite

material is applied to the reduced side of RAINBOW. Assume further that the composite material

cures at T ∗=177 oC. With this arrangement, layer no. 1 is the composite, layer no. 2 is the reduced

layer, and layer no. 3 is the unreduced layer. The fibers are aligned with the x direction of the

analysis coordinate system, and hence the composite layer is considered a 0o layer. The assumed

properties of the composite material are:

E1 = 155.0 GPa

E2 = 12.1 GPa

G12 = 4.0 GPa

ν12 = 0.248

α1 = −0.018× 10−6 oC−1

α2 = 24.3× 10−6 oC−1

thickness = 0.127 mm.

where 1 is the fiber direction.

Figure 3.3 illustrates the behavior of this particular GRAPHBOW, which is assigned the nomen-

clature [0o/RAINBOW], as it is cooled from the composite cure temperature T ∗=177 oC to room

temperature. For temperatures greater than T ∗, the results of Figures 2.6 and 2.7 apply. Specifi-

cally, in Figure 3.3 the parameters a and b of Equations (2.28)-(2.30), representing the curvatures
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of GRAPHBOW in the x and y directions, respectively, are shown as a function of the temperature.

Figure 3.4 illustrates GRAPHBOW room-temperature shapes.

Referring to Figure 3.3, the solid and dashed lines correspond to the stable and unstable equilibrium

solutions, respectively. At a temperature lower than T ∗, the temperature-curvature relationship

of GRAPHBOW is depicted by branches C∗C1, E
∗E1, and D

∗D1D2D3D4D5. The solution paths

of branches BC, BD, and BE from RAINBOW in Figure 2.6 are included for direct comparison.

Reducing the temperature below T ∗, solution path C∗C1 represents a near-cylindrical shape which

has more curvature in the y direction than it does in the x direction. At room temperature

[0o/RAINBOW] has 1230 times the curvature in the y-direction than in the x direction. Compared

to RAINBOW, [0o/RAINBOW] has much more curvature in the y direction than in the x direction

on this branch, i.e., 1230:1 vs. 70:1.

If path D∗ to D5 is followed, then as the temperature is gradually decreased from T ∗ the curva-

tures follow the path until the temperature corresponding to point D2 is reached. Here, a jump

occurs from the stable branch D∗D1D2 to the stable branch D3D4D5. As the temperature is de-

creased beyond the temperature corresponding to point D2, the curvatures a and b follow the

curve D4D5. Consequently, as the temperature is slowly decreased, the equilibrium configuration

of [0o/RAINBOW] changes continuously except at the critical temperature corresponding to point

D2, where it experiences a discontinuous (jump) change. At point D2, a saddle-node static bifur-

cation occurs. Note that point D2 is a point of vertical tangency. Because saddle-node bifurcation

points are locations of vertical tangencies, they are called tangent bifurcations. Further, because of

the geometry at such points, they are called turning points. Yet another name for these bifurcation

points is limit points [37, 38]. Therefore, the saddle-node bifurcation at point D2 is a discontinuous

bifurcation. At room temperature the solution at point D5 represents [0
o/RAINBOW] that has

52 times the curvature in y direction as in the x direction. Alternatively, if [0o/RAINBOW] is

heated from the room temperature condition (point D5), the curvatures a and b follow the curve

D5D4D3. At the temperature corresponding to point D3, a jump occurs from point D3 to point

D1. As the temperature is increased beyond the critical temperature corresponding to point D3,

the curvatures a and b follow the branch D1D
∗. Again, there is a discontinuous bifurcation at

the saddle-node bifurcation point D3 at which the curvatures of [0
o/RAINBOW] are discontinuous.
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Figure 3.3: Temperature-curvature relation of rectangular [0o/RAINBOW] (Lx=63.5 mm, Ly=38.1
mm, H=0.381 mm, Hr/H=0.35).
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Figure 3.4: Comparison of RAINBOW and [0o/RAINBOW] room-temperature shapes (refer to

Figure 3.3).
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Note that in the range of temperature between points D2 and D3, the realized deformation response

of [0o/RAINBOW] depends on the direction of the temperature change. This phenomenon is called

the hysteresis phenomenon. In the range of temperature between points D2 and D3, two stable

branches of equilibrium solutions, originating from point D∗, coexist. Therefore, this interval is

referred to as an interval of bistability [39]. In the bistability interval, there are two stable and one

unstable equilibrium solutions for each value of temperature.

Finally, if path E∗E1 is followed, the unstable spherical shape of RAINBOW at T ∗ changes to

a stable spherical shape once the composite layer is added, and as [0o/RAINBOW] is cooled to

room temperature, it changes from the spherical shape to a shape which has more curvature in

the y direction and less in the x direction. At room temperature the equilibrium configuration of

[0o/RAINBOW] represents a shape that has 1000 times the curvature in the y direction as in the x

direction. That is, the room-temperature shape is near-cylindrical and much like the configurations

represented by points C1 and D5. In fact, it is quite interesting to note that adding a composite

layer with fibers in the x direction leads to three configurations, i.e., C1, D5, and E1, that have very

little curvature in the x direction. This is in contrast to the original RAINBOW which can have

configurations with a major curvature either in the y direction, i.e., C, or in the x direction, i.e.,

D. Furthermore, the unstable spherical configuration E for RAINBOW has been “converted” to a

stable near-cylindrical configuration E1. None of these configurations can be ‘snapped through’ to

another configuration. These three similar configurations and the “conversion” are illustrated in

Figure 3.4.

3.3.1 Effect of Geometry and Composite Layer Arrangements on GRAPHBOW

Room-Temperature Shape

The representative example described in the previous section has shown that incorporating a single

layer of 0o fiber reinforced composite onto the reduced piezoceramic layer of RAINBOW has intro-

duced saddle-node bifurcations in the temperature-curvature relation, resulting in a discontinuous

(jump) qualitative change in the features of room-temperature shapes. Such behavior is undesired

if GRAPHBOW is to be used as an actuator. On the other hand, the addition of the 0o layer

of composite resulted in all three equilibrium configurations being near-cylindrical. Hence, it is of
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great interest to investigate the influence of other composite layer arrangements, their position with

respect to the two piezoceramic layers (bonded to the unreduced piezoceramic, or bonded to the

reduced piezoceramic), and the aspect ratio of the device on the temperature-curvature relation

of GRAPHBOW. For that purpose, three cases of different aspect ratios Ly/Lx=1/2, 1, 2 and

three types of composite layer arrangements [0o], [0o2], [0
o/90o], are considered. The behavior of

these GRAPHBOW designs with Ly/Lx=1/2, Ly/Lx=1, and Ly/Lx=2 is illustrated in Figures

3.5–3.10, Figures 3.11–3.16, and Figures 3.17–3.22, respectively, as they are cooled from the com-

posite cure temperature T ∗=177 oC to room temperature. Referring to Figures 3.5–3.22, as in past

sections, the solid and dashed lines correspond to the stable and unstable solutions, respectively.

In these figures, the curvatures in the x and y directions have been nondimensionalized by using

the RAINBOW device thickness, H , as a scaling parameter.

In Figures 3.5–3.10, at a temperature lower than T ∗, the temperature-curvature relations of GRAPH-

BOW are depicted by branches A∗A1. The solution paths of branches BC, BD, and BE from

RAINBOW are included. These figures indicate that GRAPHBOW equilibrium solutions are single-

valued, the trifurcation that occurred to RAINBOW at temperature corresponding to point B is

eliminated, and no saddle-node bifurcations (points of vertical tangencies) are encountered. These

figures also indicate the sensitivity of the temperature-curvature relation to GRAPHBOW geome-

try. The GRAPHBOW of Figure 3.3 had values of Lx/H and Ly/Lx of 167 and 0.6, respectively,

and resulted in the rather complicated temperature-curvature relation shown. The GRAPHBOW

of Figure 3.5, with Lx/H and Ly/Lx of 100 and 1/2, respectively, results in a much simpler

temperature-curvature relation.

In Figures 3.5–3.10, the room-temperature equilibrium solution is indicated by point A1 and the

corresponding values of curvatures are tabulated in Table 3.1. In Figure 3.5, a single 0o layer of

composite material is bonded to the unreduced side of RAINBOW. With this arrangement, layer no.

1 is the unreduced layer, layer no. 2 is the reduced layer, and layer no. 3 is the composite. At room

temperature the equilibrium configuration of [RAINBOW/0o] represents a shape that has 7 times

the curvature in the x direction as in the y direction. In Figure 3.6, a single 0o layer of composite

material is bonded to the reduced side of RAINBOW such that layer no. 1 is the composite, layer

no. 2 is the reduced layer, and layer no. 3 is the unreduced layer. The room-temperature shape
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of [0o/RAINBOW] is a cylinder-like shape that has 18 times the curvature in the y direction as

in the x direction. Figure 3.7 illustrates the temperature-curvature relation of [RAINBOW/0o2],

where two 0o layers of fiber composite material are bonded to the unreduced side of RAINBOW.

With that arrangement, layer no. 1 is the reduced layer, layer no. 2 is the unreduced layer, layer

nos. 3 and 4 are the composite. The behavior of GRAPHBOW in this case is similar to the one

shown in Figure 3.5, except the fact that the curvature in the y direction becomes positive while

the curvature in the x direction is negative, resulting in a slight saddle shape. The ratio of the

absolute value of the curvature in the x direction to the curvature in the y direction is 12. Also, it is

interesting to note that the branch A∗A1 for x direction curvature in Figure 3.7 is closer to unstable

RAINBOW branch BE than in Figure 3.5. The behavior of [0o2/RAINBOW] shown in Figure 3.8 is

not much different than [0o/RAINBOW], shown in Figure 3.6, except the fact that the curvature in

the x direction is slightly larger in magnitude. The curvature in the y direction is much the same,

resulting in a ratio of the curvature in the y direction to the curvature in the x direction equal to

9 rather than 18. Referring to Figure 3.9, bonding [0o/90o] layers of fiber-reinforced composite to

the unreduced side of RAINBOW results in a shape that that has a ratio of curvature in the y

direction to the curvature in the x direction equal to 1.8. This is a shape that is more spherical

than cylindrical. It is worth mentioning the fact that branches A∗A1 in Figure 3.9 are close to the

unstable RAINBOW branches BE. On the other hand, bonding [0o/90o] layers of fiber-reinforced

composite to the reduced side of RAINBOW results in a shape that has 14 times the curvature in

the x direction as in the y direction. Figures 3.5–3.10 indicate that the relationship between the

GRAPHBOW curvatures, a and b, and the change in temperature is close to being linear. Because

of cross-ply construction (fibers in the x and y directions), GRAPHBOW shown in Figures 3.9 and

3.10 might be quite tough and damage tolerant.

Figures 3.11–3.16 illustrate the behavior of GRAPHBOW with Ly/Lx=1 as they are cooled from

the composite cure temperature T ∗=177 oC to room temperature. With Ly/Lx=1/2, there is a

geometric bias. Then adding 0o or [0o/90o] composite layers adds a material bias. Here there

is no geometric bias, since Ly/Lx=1. Adding 0
o or [0o/90o] composite layers adds the only bias

there is. It is interesting to note that with Ly/Lx=1/2, the trifurcation temperature of RAINBOW

is lower than the cure temperature of the composite. Thus the temperature-curvature relations

for GRAPHBOW in Figures 3.5–3.10 each branched from the single point A∗. In contrast, with
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Ly/Lx=1, the trifurcation temperature of RAINBOW is higher than the cure temperature of the

composite, so there are multiple branches to the temperature-curvature relations of GRAPHBOW

in Figures 3.11–3.16. At a temperature lower than T ∗, the temperature-curvature relationship of

GRAPHBOW are depicted by branches C∗C1, E
∗E1, and D∗D1. The room-temperature equilibrium

solutions are indicated by points C1, D1, and E1 in Figures 3.11–3.16 and the corresponding values of

curvatures are tabulated in Table 3.2. These figures indicate that bonding composite layers either to

the unreduced piezoceramic or to the reduced piezoceramic leads to three stable room-temperature

GRAPHBOW configurations without encountering any saddle-node bifurcations during cooling.

The unstable RAINBOW branch BE is stabilized and the “converted” stable branch is E∗E1. In

Figure 3.11, bonding a 0o composite layer to the unreduced layer of RAINBOW results in three

similar room-temperature configurations, i.e., larger curvature in the x direction than in the y

direction. These three configurations are all near-cylindrical and curvature ratios corresponding to

points C1, D1, and E1 in Figure 3.11 are 6, 13, and 28, respectively. On the other hand, bonding

a 0o composite layer to the reduced layer of RAINBOW, as shown in Figure 3.12, results in three

similar near-cylindrical room-temperature shapes with larger curvature in the y direction than in

the x direction. The curvature ratios corresponding to points C1, D1, and E1 in Figure 3.12 are 42,

21, and 28, respectively. The behavior of [RAINBOW/0o2] shown in Figure 3.13 is not much different

than [RAINBOW/0o], shown in Figure 3.11, except for the fact that the curvatures in the x and y

directions are somewhat lower in absolute value. The behavior of [0o2/RAINBOW] shown in Figure

3.14 is similar to the [0o/RAINBOW], shown in Figure 3.12, except for the fact that [0o2/RAINBOW]

has more curvature in the x direction. Referring to Figures 3.15 and 3.16, the bonding of [0o/90o]

composite layers to the unreduced layer can to result in room-temperature shapes that are more

spherical than cylindrical. However, the behavior of [RAINBOW/0o/90o] shown in Figure 3.16

is not much different than [RAINBOW/0o2], shown in Figure 3.13. It is interesting to note that

in Figure 3.15, the room-temperature equilibrium configuration corresponding to point D1 is a

spherical shape with a ratio of the curvature in the x direction to the curvature in the y direction

equal to 0.95. This shape is very similar to the unstable RAINBOW shape corresponding to point

E. Furthermore, Figure 3.16 shows that branch E∗E1 almost coincides with RAINBOW unstable

branch E∗E for the curvature in the x direction. Both Figures 3.15 and 3.16 indicate that the

relationship between the change in temperature and GRAPHBOW curvatures is close to being
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linear.

Figures 3.17–3.22 illustrate the behavior of the GRAPHBOW devices with aspect ratio Ly/Lx=2

as they are cooled from T ∗ to room temperature. As the temperature is decreased from T ∗ to

room temperature, the temperature-curvature relations of GRAPHBOW are depicted by branches

C∗C1C2C3C4C5, E1E2E
∗E3E4E5, D

∗D1 in Figure 3.17, C
∗C1, D

∗D1D21, D3D22, D3D4, E
∗E2E31,

E32E4E5 in Figure 3.18, C
∗C1, D

∗D1, E
∗E1 in Figures 3.19, 3.21 and 3.22, and C

∗C1, D
∗D1D21,

D3D22, D3D4, and E
∗E1 in Figure 3.20. As can be seen, the temperature-curvature relations are

quite complex. The curvatures of the room-temperature equilibrium configurations are tabulated

in Table 3.3. The points with subscripts 2 or 3 refer to saddle-node bifurcation points. The points

with subscripts 21, 22, and 31, 32 refer to points on branches that are likely to meet at saddle-node

points with subscripts 2 and 3, respectively.

Figure 3.17 indicates that bonding a 0o composite layer to the unreduced layer of RAINBOW results

in saddle-node bifurcations during cooling if the solutions are originated from C∗ or E∗. Actually,

it interesting to note that at T ∗ two new equilibrium solutions E1 and E3 are created once the 0o

composite layer is added. The solution originating from D∗ does not experience any saddle-node

bifurcations during cooling. In Figure 3.18, the equilibrium solutions originating from D∗ and E∗

encounter saddle-node bifurcations, and at room temperature four stable equilibrium configurations

and one unstable equilibrium configuration, originating from D∗, are obtained. Similar behavior

occurs in Figure 3.20 when two 0o composite layers are bonded to the reduced layer of RAINBOW.

In Figure 3.19, although saddle-node bifurcations are not encountered, the slope of path C∗C1 is very

steep at around T=100 oC, indicating that a saddle-node bifurcation (point of vertical tangency)

tends to occur. It is interesting to note that for larger GRAPHBOW (Ly/Lx=2), the saddle node-

bifurcations are likely to occur during the cooling, except for the cases of [RAINBOW/0o/90o] and

[0o/90oRAINBOW], where the bonding of [0o/90o] to either the unreduced piezoceramic or to the

reduced piezoceramic tends to eliminate the saddle-node bifurcations seen in the other cases. For

smaller GRAPHBOW (Ly/Lx=1/2 or 1), the saddle-node bifurcations are absent.
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Figure 3.5: Temperature-curvature relation of rectangular [RAINBOW/0o] (Ly/Lx=1/2,
Lx/H=100, Hr/H=0.35).
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Figure 3.6: Temperature-curvature relation of rectangular [0o/RAINBOW] (Ly/Lx=1/2,
Lx/H=100, Hr/H=0.35).
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Figure 3.7: Temperature-curvature relation of rectangular [RAINBOW/0o2] (Ly/Lx=1/2,
Lx/H=100, Hr/H=0.35).
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Figure 3.8: Temperature-curvature relation of rectangular [0o2/RAINBOW] (Ly/Lx=1/2,
Lx/H=100, Hr/H=0.35).
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Figure 3.9: Temperature-curvature relation of rectangular [RAINBOW/0o/90o] (Ly/Lx=1/2,
Lx/H=100, Hr/H=0.35).



Adel B. Jilani Chapter 3. Rectangular GRAPHBOW Actuators 75

0 20 40 60 80 100 120 140 160 180 200
−5

−4

−3

−2

−1

0

Temperature,   T ( oC)

C
ur

va
tu

re
 in

  x
−

di
r,

  a
 ×

 H
 (

 1
0 −

3 )

A
1

C

E
B

D

A*

 T * = 177 oC → 

 L
x 

/H =100,  L
y 

/L
x 

=1/2

Stable                
Unstable              
RAINBOW               
[0o/90o/RAINBOW]

0 20 40 60 80 100 120 140 160 180 200
−5

−4

−3

−2

−1

0

Temperature,   T ( oC)

C
ur

va
tu

re
 in

  y
−

di
r,

  b
 ×

 H
 (

 1
0 −

3 )

A
1

D

E
B

C

A*

 T * = 177 oC → 

 L
x 

/H =100,  L
y 

/L
x 

=1/2

Stable                
Unstable              
RAINBOW               
[0o/90o/RAINBOW]

Figure 3.10: Temperature-curvature relation of rectangular [0o/90o/RAINBOW] (Ly/Lx=1/2,
Lx/H=100, Hr/H=0.35).
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Figure 3.11: Temperature-curvature relation of rectangular [RAINBOW/0o] (Ly/Lx=1,
Lx/H=100, Hr/H=0.35).
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Figure 3.12: Temperature-curvature relation of rectangular [0o/RAINBOW] (Ly/Lx=1,
Lx/H=100, Hr/H=0.35).
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Figure 3.13: Temperature-curvature relation of rectangular [RAINBOW/0o2] (Ly/Lx=1,
Lx/H=100, Hr/H=0.35).
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Figure 3.14: Temperature-curvature relation of rectangular [0o2/RAINBOW] (Ly/Lx=1,
Lx/H=100, Hr/H=0.35).
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Figure 3.15: Temperature-curvature relation of rectangular [RAINBOW/0o/90o] (Ly/Lx=1,
Lx/H=100, Hr/H=0.35).
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Figure 3.16: Temperature-curvature relation of rectangular [0o/90o/RAINBOW] (Ly/Lx=1,
Lx/H=100, Hr/H=0.35).
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Figure 3.17: Temperature-curvature relation of rectangular [RAINBOW/0o] (Ly/Lx=2,
Lx/H=100, Hr/H=0.35).
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Figure 3.18: Temperature-curvature relation of rectangular [0o/RAINBOW] (Ly/Lx=2,
Lx/H=100, Hr/H=0.35).
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Figure 3.19: Temperature-curvature relation of rectangular [RAINBOW/0o2] (Ly/Lx=2,
Lx/H=100, Hr/H=0.35).
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Figure 3.20: Temperature-curvature relation of rectangular [0o2/RAINBOW] (Ly/Lx=2,
Lx/H=100, Hr/H=0.35).
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3.3.2 Application of an Electric Field

Figure 3.23 illustrates the relationship between the change in GRAPHBOW curvatures relative to

their room-temperature values, ∆a and ∆b, as a function of the electric field strength for the range

E=±1.5 MV/m. It is assumed that the GRAPHBOW device is in a shape represented by a large

negative curvature in the y direction and a smaller curvature in the x direction, point C1 in Figure

3.3 (Lx=63.5 mm, Ly=38.1 mm, GRAPHBOW=[0
o/RAINBOW]). The polarity of the unreduced

piezoceramic material is assumed to be as shown in Figure 2.5. Figure 3.23 shows that a reasonable

change in the major curvature, ∆b, can be achieved with a moderate field strength. For the case

considered, a positive E tends to flatten the [0o/RAINBOW] actuator in the y direction. As can

be seen in Figure 3.23, the relationship between ∆b, the major curvature, and E is very close to

being linear, and to first approximation, the relationship between ∆a, the minor curvature, and E

is also linear. The slight nonlinearity in the relation between ∆a and E may be unimportant since

this curvature is smaller in magnitude than b. The linearity of the relation between E and ∆a and

∆b could simplify an analysis of the dynamic behavior of GRAPHBOW actuators.

If GRAPHBOW is assumed to be in a shape corresponding to point D5 in Figure 3.3, then the

relationship between the change in its curvatures relative to their room-temperature values as a

function of the electric field strength for the range E=±1.5 MV/m is illustrated in Figure 3.24.

Again, as can be seen in Figure 3.24, a positive E tends to flatten the [0o/RAINBOW] actuator

in the y direction and that the relationship between ∆b, the major curvature, and E is very close

to being linear. The change in the minor curvature, ∆a, is somewhat higher than in the previous

case, but nonetheless it is small in magnitude and is unimportant. However, it is important to note

that for point C1, Figure 3.23, ∆a is positive for positive E, while for point D5, ∆a is negative for

E. Although the GRAPHBOW equilibrium configuration corresponding to point D5 in Figure 3.3

encountered a saddle node bifurcation at point D2, the application of an electric up to +1.5 MV/m

did not generate a sudden change in the shape, this due to the fact that the saddle node-bifurcation

at point D3 is away from room temperature. However, an electric field strength of +1.5 MV/m can

push [0o/RAINBOW] into the bistability zone (D4D3) and with the coupling of outside factors, such

as change in temperature of service environment, can result in GRAPHBOW jumping to another

shape with different features. Hence, proper care has to be taken when designing GRAPHBOW
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actuators. Finally, GRAPHBOW is assumed to be in a shape corresponding to point E1 in Figure

3.3, and the relationship between the change in curvatures, ∆a and ∆b, and the electric field

strength for the range E=±1.5 MV/m is illustrated in Figure 3.25. Figure 3.25 indicates that the

relationship between ∆b, the major curvature, and E is very close to being linear; however, the

change in the minor curvature, ∆a varies quadratically with E, but since it very small in magnitude

it is negligible. This quadratic variation, however, is quite interesting; and provides a contrast with

Figure 3.23 for point C1, and Figure 3.24 for point D5.

3.4 Chapter Summary

In this chapter, a multi-step thermoelastic analysis has been developed to model the addition

of the composite layer. Numerical results were presented to illustrate the influence of the com-

posite layer arrangements on the room-temperature shapes of GRAPHBOW. It was found that

if the RAINBOW bifurcation temperature is lower than the composite cure temperature then, a

unique stable GRAPHBOW shape is obtained for the case of Lx/H=100 and Ly/Lx=1/2. These

shapes are near-cylindrical with larger curvature in the x direction than in the y direction for

[RAINBOW/0o], [RAINBOW/0o2], [0
o/90o/RAINBOW], and with larger curvature in the y curva-

ture than in the x direction for [0o/RAINBOW] and [0o2/RAINBOW]. On the other hand, the shape

of [RAINBOW/0o/90o] is more spherical. For larger GRAPHBOW (Lx/H=100, Ly/Lx=1), the

RAINBOW bifurcation temperature is above the composite cure temperature, resulting in three

stable room-temperature GRAPHBOW shapes. The unstable spherical RAINBOW configuration

has been “converted” to a stable near-cylindrical configuration. The influence of the composite

layer arrangements on room-temperature GRAPHBOW shapes seems to be similar to the case

described above, except the fact that instead of having a unique room-temperature, three similar

room-temperature configurations, which might be very hard to distinguish as being different, are

obtained. For GRAPHBOW with Lx/H=100 and Ly/Lx=2, the bifurcation temperature of RAIN-

BOW is much larger than the composite cure temperature, resulting in saddle-node bifurcations

during the cooling to room temperature of [0o/RAINBOW], [RAINBOW/0o], and [0o2/RAINBOW].

From the results shown in this chapter, [RAINBOW/0o/90o] seems to be less likely to encounter

saddle-node bifurcations. The presence of such bifurcations in the behavior of GRAPHBOW is
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undesired if GRAPHBOW are to be used as actuators. Finally, it was shown that the relationship

between the change in the major curvature and the electric field is very close to being linear for

GRAPHBOW even in the presence of saddle-node bifurcations, if they are far away from room tem-

perature. However, if the saddle-node bifurcation is close to room-temperature, the relationship

will likely not be linear. In some cases, the change in the minor curvature can vary quadratically

with the electric field, but since the variation is very small in magnitude it is not important.

In the next chapter, the model for predicting the manufactured shape and piezoelectric-induced

deformations of disk-style RAINBOW will be presented. The methodology is similar to the one

developed in Chapter 2 for rectangular RAINBOW, except the analysis is conducted in polar

coordinates.
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Figure 3.21: Temperature-curvature relation of rectangular [RAINBOW/0o/90o] (Ly/Lx=2,
Lx/H=100, Hr/H=0.35).
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Figure 3.22: Temperature-curvature relation of rectangular [0o/90o/RAINBOW] (Ly/Lx=2,
Lx/H=100, Hr/H=0.35).
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Figure 3.23: Variations of a and b as a function of E for rectangular [0o/RAINBOW] (refer to point

C1 in Figure 3.3).
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Figure 3.24: Variations of a and b as a function of E for rectangular [0o/RAINBOW] (refer to point

D5 in Figure 3.3).
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Figure 3.25: Variations of a and b as a function of E for rectangular [0o/RAINBOW] (refer to point
E1 in Figure 3.3).



Chapter 4

Disk-Style RAINBOW Actuators

4.1 Introduction

As has been shown in the last chapter, the geometry of rectangular RAINBOW and GRAPHBOW

benders is quite important in determining the manufactured shape of the devices. As there are so-

called critical length-to-thickness ratios, the geometry influences not only the manufactured shape,

but also the actuation characteristics. This chapter examines disk-style benders, and since the disk

provides a distinctively different geometry relative to the rectangle, differences in response might

be expected. As with the last two chapters, this chapter discusses the theory developed to predict

the manufacturing and piezoelectric-induced deformation characteristics of disk-style RAINBOW.

Discussed are the key assumptions, the stress-strain relations, the strain-displacement relations,

including geometric nonlinearities, total potential energy and variational methods. With the disk

geometry, a possible deformation is one that is axisymmetric. Further, if geometric nonlineari-

ties are assumed to be of negligible importance, then the conditions governing the axisymmetric

problem are described by ordinary linear differential equations, which can be solved in closed

form. In this chapter these axisymmetric solutions are developed and studied, in addition to the

non-axisymmetric solutions. Qualitative and quantitative information regarding the deformation

characteristics predicted by the developed theory is given.

97



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 98

4.2 Modeling Definitions and Assumptions

Figure 4.1 describes the geometry and nomenclature of the problem. RAINBOW is assumed to

be made of N thin layers of orthotropic materials, and each layer is assumed to be homogeneous.

The disk device radius is R and the total thickness, which is greatly exaggerated for clarity, is

H . The layers can represent reduced and unreduced piezoceramic material. As seen in the figure,

cylindrical coordinates are used, with r, θ, and z being the radial, circumferential, and through-

thickness coordinates, respectively. The location z = 0 is the geometric midsurface, here taken

to be the reference surface of the originally flat disk, and θ is measured from the x axis of a

rectangular coordinate system. The lower and upper boundaries of layer 1 are located at z =

zo = −H
2 and z = z1 and the boundaries of layer 2 at z1 and z2, and in general, the boundaries

of the kth layer at zk−1 and zk. The radial, circumferential, and out-of-plane displacements of

the reference surface are denoted uo, vo, and wo, respectively. Figure 4.2 illustrates the problem

in question and defines the coordinate system in the study. Figure 4.2(a) illustrates RAINBOW

flat at the Curie temperature. As RAINBOW cools from the Curie temperature, the through-the-

thickness asymmetries in thermoelastic properties in the individual layers cause the actuator to

deform into one of the shapes given by Figures 4.2(b), (c), and (d). The out-of-plane displacements

are accompanied by inplane displacements (radial and tangential), but these are not evident to

an observer. Figure 4.2(b) shows the cooled RAINBOW in an axisymmetric dome-like shape,

and Figures 4.2(c) and 4.2(d) show RAINBOW in near-cylindrical shapes. All the assumptions in

section 2.2 are considered to be valid for disk-style RAINBOW.

4.3 Axisymmetric Solution

If the individual layers in Figure 4.1 are assumed to be isotropic, the stress-strain relations and

the final expression for the total potential energy simplify considerably. Additionally, it is possible

to have axisymmetric response. Such a condition is characterized by having no circumferential

displacement, vo=0, and having all response variables independent of θ. For this situation, the

first variation of the total potential energy leads to ordinary differential equations. In this section,

axisymmetric solutions of disk-style RAINBOW are considered. For the axisymmetric condition,
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the total potential energy for RAINBOW, which is assumed to be flat at the piezoceramic Curie

temperature, and is then cooled, can be expressed as

Π =
1

2

∫ R

0

∫ 2π

0

∫ +H/2

−H/2

[
(σr − σT )εr + (σθ − σT )εθ

]
rdrdθdz (4.1)

where the integral is over the volume of the layered device and the stresses and strains have their

usual notation. The stress-strain relation for a given isotropic layer is




σr

σθ


 =


 Q νQ

νQ Q






εr − α∆T

εθ − α∆T


 (4.2)

or

σr

σθ

=

=

Qεr + νQεθ − σT

νQεr +Qεθ − σT
(4.3)

In the above

Q =
E

1− ν2
and σT = (1 + ν)Qα∆T (4.4)

where E is the extensional modulus of the isotropic material and ν and α are the Poisson’s ratio

and the coefficient of thermal expansion, respectively. Due to the condition of axisymmetry and

isotropy, there are no inplane shear effects. The inplane strains are given by

εr =
∂u

∂r
+
1

2

(
∂w

∂r

)2

εθ =
u

r
(4.5)

where the second term in εr reflects the nonlinear effects due to the rotations associated with

out-of-plane displacements being greater than the disk thickness.

Because of the Kirchhoff hypothesis, the displacements are given as

u(r, z)

w(r, z)

=

=

uo(r) + zβo
r (r)

wo(r)
(4.6)
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where the out-of-plane rotation of the reference surface, βo
r , is defined by

βo
r(r) = −dwo(r)

dr
(4.7)

Substituting the displacements of Equation (4.6) into the strains of Equation (4.5) leads to

εr(r, z)

εθ(r, z)

=

=

εor(r) + zκor(r

εoθ(r) + zκoθ(r)
(4.8)

where

εor =
duo

dr
+
1

2

(
dwo

dr

)2

κor =
dβo

r

dr
= −d2wo

dr2

(4.9)

εoθ =
uo

r
κoθ =

βo
r

r
= −1

r

dwo

dr

where the underlined term represents the effect of geometric nonlinearities. Substituting the ex-

pressions of Equations (4.8) and (4.9), in turn, into the total potential energy expression, Equation

(4.1), and integrating through the thickness, and with respect to θ, results in

Π = π

∫ R

0

{
(Nr−NT )εor + (Mr−MT )κor + (Nθ−NT )εoθ + (Mθ−MT )κoθ

}
rdr (4.10)

In the above, the force and moment resultants are given by

Nr ≡
∫ +H

2

−H
2

σrdz = Aεor + Aνε
o
θ + Bκor + Bνκ

o
θ − N̂T∆T

Nθ ≡
∫ +H

2

−H
2

σθdz = Aνε
o
r +Aεoθ + Bνκ

o
r + Bκoθ − N̂T∆T

Mr ≡
∫ +H

2

−H
2

zσrdz = Bεor +Bνε
o
θ +Dκor +Dνκ

o
θ − M̂T∆T

Mθ ≡
∫ +H

2

−H
2

zσθdz = Bνε
o
r +Bεoθ +Dνκ

o
r +Dκoθ − M̂T∆T

(4.11)

The As, Bs, Ds, N̂T , and M̂T are strictly functions of layer material properties and geometry and
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are given by

A =

N∑
k=1

Ek

1− ν2k
(zk − zk−1)

Aν =

N∑
k=1

νkEk

1− ν2k
(zk − zk−1)

B =
1

2

N∑
k=1

Ek

1− ν2k
(z2k − z2k−1)

Bν =
1

2

N∑
k=1

νkEk

1− ν2k
(z2k − z2k−1)

D =
1

3

N∑
k=1

Ek

1− ν2k
(z3k − z3k−1) (4.12)

Dν =
1

3

N∑
k=1

νkEk

1− ν2k
(z3k − z3k−1)

N̂T =

N∑
k=1

Ekαk

1− νk
(zk − zk−1)

M̂T =
1

2

N∑
k=1

Ekαk

1− νk
(z2k − z2k−1)

where the subscripts on the material properties merely identify the material properties with a

particular layer number.

Substituting the strains of Equation (4.9) into Equation (4.11), then Equation (4.10), and taking the

first variation of Equation (4.10) with respect to uo and wo results in the following Euler-Lagrange

equations and boundary conditions which govern equilibrium:

d(rNr)

dr
− Nθ = 0

(4.13)

d

dr

(
d(rMr)

dr
+ rNr

dwo

dr
− Mθ

)
= 0
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and at r = 0 and R

(rNr) δu
o = 0(

d(rMr)

dr
+ rNr

dwo

dr
−Mθ

)
δwo = 0 (4.14)

(rMr) δ

(
dwo

dr

)
= 0

The expression in parenthesis in the second equation of Equations (4.13) and (4.14) can be iden-

tified with the transverse shear force resultant. The underlined terms in the equations denote the

contributions of the geometric nonlinearities. At r = R the terms in parenthesis in the equations

of Equation (4.14) should be set to zero, as that represents a traction-free outer boundary of the

disk. From kinematic arguments, uo, wo, and dwo/dr (=−βo
r ) should be set to zero at r = 0. The

problem is thus completely specified.

4.3.1 Linear Case

If the geometrically nonlinear terms in the reference surface strain in Equation (4.9), and hence in

the equations of Equations (4.13) and (4.14) are eliminated, the equations governing equilibrium

become

A

(
u− r

du

dr
− r2

d2u

dr2

)
+B

(
r2

d3w

dr3
+ r

d2w

dr2
− dw

dr

)
= 0

(4.15)

B

(
−u + r

du

dr
− 2r2d

2u

dr2

)
+D

(
r3

d4w

dr4
+ 2r2

d3w

dr3
− r

d2w

dr2
+

dw

dr

)
= 0

where the superscript ‘o’ has been dropped for convenience of notation. The solution to these

equations is

uo(r)

wo(r)

=

=

cl−1

r
+ cl1r

al0 + al2r
2 + al3 ln(r)

(4.16)
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where cl−1, c
l
1, a

l
0, a

l
2, and al3 are constants and the superscript l denotes the linear solution. The

kinematic conditions at r = 0 require that

cl−1 = al0 = al3 = 0 (4.17)

and the traction-free conditions at r = R lead to

cl1 =

(
B M̂T −D N̂T + M̂T Bν − N̂T Dν

)
∆T

B2 −AD + 2B Bν + Bν
2 −ADν −Aν (D +Dν)

(4.18)

al2 =

(
AM̂T −B N̂T + M̂T Aν − N̂T Bν

)
∆T

2
(
B2 −AD + 2B Bν +Bν

2 − ADν −Aν (D +Dν)
)

The linear problem is thus solved in closed form.

4.3.2 Nonlinear Case

When the geometrically nonlinear term in the strain-displacement relation of Equation (4.9), and

thus the underlined terms in Equations (4.13) and (4.14), are retained, the problem is more difficult

to solve in closed form. However, approximate methods can be used. Two such methods are used

here.

4.3.2.1 Shooting Method

The first method used is strictly a numerical method and relies on formatting the governing equa-

tions as first-order differential equations. The particular approach is effective for solving a two-point

boundary value problem (r=0, r=R) and is called the shooting method. If the transverse shear

force resultant Qr is formally defined by

Qr =
1

r

(
d(rMr)

dr
− rNrβ

o
r −Mθ

)
(4.19)
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then the definition can be rewritten as

d(rMr)

dr
= rQr +Mθ + rNrβ

o
r (4.20)

After substitution for the strains in Equation (4.11), and dropping the superscript ‘o’, the force

and moments resultants can be rewritten as

Nr = A(
du

dr
+

β2
r

2
) + Aν

u

r
+B

dβr
dr
+ Bν

βr
r

− N̂T∆T

Nθ = Aν(
du

dr
+

β2
r

2
) +A

u

r
+ Bν

dβr
dr
+ Bν

βr
r

− N̂T∆T

Mr = B(
du

dr
+

β2
r

2
) +Bν

u

r
+D

dβr
dr
+Dν

βr
r

− M̂T∆T

Mθ = Bν(
du

dr
+

β2
r

2
) +B

u

r
+Dν

dβr
dr
+Dν

βr
r

− M̂T∆T

(4.21)

Solving Equation (4.21) for du/dr, dβr/dr, Nθ, and Mθ in terms of Nr, Mr, u, βr, N̂
T∆T , M̂T∆T

and substituting the expressions for Nθ and Mθ into Equations (4.13) and (4.20), respectively,

yields a system of six nonlinear first-order equations:

dNr

dr
=

1

(B2−AD) r

[
(B2−AD)(Bβr−N̂T∆Tr+Au)+DuAν

2−BβrBν
2

+ Aν((BM̂T−DN̂T )∆Tr+BMr−DNr+(βrD−2Bu)Bν−BβrDν)

+ Bν(−AM̂T∆Tr+BN̂T∆Tr−AMr+BNr+AβrDν)+AuBν
2
]

dQr

dr
= 0

dMr

dr
=

1

(B2−AD)r

[
(B2−AD)(βr(D+rNr)+r(Qr−M̂T∆T )+Bu)+AβrD

2
ν

+ Bν((BM̂T −DN̂T )∆Tr+BMr+D(uAν−Nr)+Dν(Au−2Bβr)) (4.22)

− Dν((AM̂T−BN̂T )∆Tr+AMr−BNr+BuAν)+(βrD−Bu)Bν
2
]
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dw

dr
= −βr

du

dr
=

1

2 (B2−AD) r

[
−(B2−AD)βr

2r−2DuAν−2βrDBν+2BuBν

+ 2DNr−2BMr−2BM̂T∆Tr+2DN̂T∆Tr+2BβrDν

]

dβr
dr
=
(BN̂T−AM̂T )∆Tr−AMr+B(Nr+uAν)−(Bβr−Au)Bν+AβrDν

(B2−AD) r

where

Nr = rNr

Mr = rMr (4.23)

Qr = rQr

The boundary conditions are as with the linear case, namely,

u = 0, w = 0, and βr = 0 at r = 0

Nr = 0, Mr = 0, and Qr = 0 at r = R
(4.24)

Approximate solutions to the above system of differential equations and boundary conditions are

obtained using an IMSL multiple shooting method subroutine (DBVPMS) [40] which avoids the

serious ill-conditioning problems encountered when having to compute a Jacobian.

4.3.2.2 Rayleigh-Ritz Method

The second method used is the Rayleigh-Ritz approach used in the previous chapters. Since there

is no a priori reason to expect the solution to the linear problem to approximate the solution to

the geometrically nonlinear problem, extending the functional form of the approximate solution is

in order. In that context, then, the solution could be assumed to be of the following form:

u◦(r) = c1r + c2r
2 and w◦(r) = a2r

2 + a3r
3 (4.25)
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where the superscript ‘o’ has been reintroduced. The coefficients c1, c2, a2, and a3 are solved for

from the four algebraic equations that result from setting the derivatives of the total potential

energy with respect to c1, c2, a2, and a3 to zero. The issue to be considered when adding more

terms to the expressions for u◦(r) and w◦(r) is whether the addition of one more term to each

expression changes the behavior of the predicted variation of u◦(r) and w◦(r) with r, or whether

the addition of one more term changes the value of w◦(r) at, for example, r = R. If additional terms

make little difference, then the problem can, in some sense, be considered converged. Convergence

of the solution and the influence of geometric nonlinearities on the axisymmetric response will be

discussed in the next section.

4.4 General Solutions

In this section, the approximate theory for predicting the non-axisymmetric room-temperature

shapes of disk-style RAINBOW, as depicted in Figure 4.2(c) and (d), is presented. The axisymmet-

ric case of the previous section is included as a subset of possible solutions for the non-axisymmetric

case. Again, approximate displacement fields and the Rayleigh-Ritz approach along with variational

methods are used to minimize the total potential energy. The axisymmetric solution is included

because it may well represent a maximum energy state, an unstable condition. Thus combining

non-axisymmetric and axisymmetric solutions provides a new view of the axisymmetric solutions.

This view was not possible with the model developed in the last section, since the axisymmetric

solution was the only one considered.

4.4.1 Total Potential Energy

Assuming the Kirchhoff hypothesis is valid, the radial, tangential, and out-of-plane displacements

are given, respectively, as

u(r, θ, z) = uo(r, θ) + zβo
r

v(r, θ, z) = vo(r, θ) + zβo
θ (4.26)

w(r, θ, z) = wo(r, θ)
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where

βo
r = −∂wo

∂r
and βo

θ = −1
r

∂wo

∂θ
(4.27)

are identified with the the out-of-plane rotations of the reference surface. Furthermore, assuming

that the the out-of-plane deflections develop only because of the asymmetries in the material prop-

erties relative to the geometric midplane of RAINBOW, the total potential energy can be written

as

Π =
1

2

∫ R

0

∫ 2π

0

∫ H/2

−H/2

{
(σr − σT

r )εr + (σθ − σT
θ )εθ + (τrθ − τTrθ)γrθ

}
dr dθ dz (4.28)

The strains in the energy expression are given by the Kirchhoff hypothesis as

εr = εor + zκoθ

εθ = εoθ + zκoθ (4.29)

γrθ = γo
rθ + zκorθ

The quantities εor, ε
o
θ, γ

o
rθ, and κor, κ

o
θ, κ

o
rθ are the total reference surface strains and curvatures,

respectively. The reference surface quantities are functions of r and θ. Including the effects of

moderate rotations, the reference surface strains are

εor =
∂uo

∂r
+
1

2
(βo

r)
2

εoθ =
1

r

∂vo

∂θ
+

uo

r
+
1

2
(βo

θ)
2 (4.30)

γo
rθ =

1

r

∂uo

∂θ
+

∂vo

∂r
− vo

r
+ βo

rβ
o
θ

where the underlined terms are the von Karman terms reflecting the nonlinear effects due to the

rotations associated with out-of-plane displacements being greater than the disk thickness. These

approximations assume the elongation and shearing strains and the squares of the rotations are

the same order of magnitude, and this order is small compared to unity. The reference surface
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curvatures are given by

κor =
∂βo

r

∂r
= −∂2wo

∂r2

κoθ =
1

r
βo
r +
1

r

∂βo
θ

∂θ
= −1

r

∂wo

∂r
− 1

r2
∂2wo

∂θ2
(4.31)

κorθ = −1
r
βo
θ +
1

r

∂βo
r

∂θ
+

∂βo
r

∂r
=
2

r2
∂wo

∂θ
− 2

r

∂2wo

∂r∂θ

Expanding the stresses in Equation (2.3) in the r-θ coordinate system, and enforcing the plane-stress

assumption, the following relations are obtained:

σr = Q̄11(εr − εTr ) + Q̄12(εθ − εTθ ) + Q̄16(γrθ − γT
rθ)

σθ = Q̄12(εr − εTr ) + Q̄22(εθ − εTθ ) + Q̄26(γrθ − γT
rθ) (4.32)

τTry = Q̄16(εr − εTr ) + Q̄26(εθ − εTθ ) + Q̄66(γrθ − γT
rθ)

or

σr = Q̄11εr + Q̄12εθ + Q̄16γrθ − σT
r

σθ = Q̄12εr + Q̄22εθ + Q̄26γrθ − σT
θ (4.33)

τrθ = Q̄16εr + Q̄26εθ + Q̄66γrθ − τTrθ

where

σT
r = Q̄11ε

T
r + Q̄12ε

T
θ + Q̄16γ

T
rθ

σT
θ = Q̄12ε

T
r + Q̄22ε

T
θ + Q̄26γ

T
rθ (4.34)

τTrθ = Q̄66ε
T
r + Q̄26ε

T
θ + Q̄66γ

T
rθ
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The Q̄ij terms are the transformed reduced stiffnesses, where the values 1 and 2 are associated with

the r and θ directions of RAINBOW, respectively. The thermally-induced strains are defined by

εTr = αr∆T

εTθ = αθ∆T (4.35)

γT
rθ = αrθ∆T

where αr, αθ, and αrθ are the thermal expansion coefficients in the r-θ coordinate system. Sub-

stituting for the strains from Equation (4.29) into the energy expression given by Equation (4.28)

and integrating with respect to z, through the thickness, leads to

Π =
1

2

∫ R

0

∫ 2π

0

{
(Nr − N̂T

r ∆T )εor + (Nθ − N̂T
θ ∆T )εoθ

+ (Nrθ − N̂T
rθ∆T )γo

rθ + (Mr − M̂T
r ∆T )εor (4.36)

+ +(Mθ − M̂T
θ ∆T )κoθ + (Mrθ − M̂T

rθ∆T )κorθ

}
drdθ

The quantities Nr, Nθ, Nrθ, Mr, Mθ, and Mrθ are the force and moment resultants respectively,

and N̂T
r , N̂

T
θ , N̂

T
rθ, M̂

T
r , M̂

T
θ , and M̂T

rθ are the effective inplane thermal loads and the effective

thermal moments, respectively. The force and moment resultants are given by




Nr ≡
∫ +H

2

−H
2

σrdz

Nθ ≡
∫ +H

2

−H
2

σθdz

Nrθ ≡
∫ +H

2

−H
2

τrθdz

Mr ≡
∫ +H

2

−H
2

zσrdz

Mθ ≡
∫ +H

2

−H
2

zσθdz

Mrθ ≡
∫ +H

2

−H
2

zτrθdz




=


 [A] [B]
[B] [D]







εor

εoθ

γo
rθ

κor

κoθ

κorθ




−




N̂T
r

N̂T
θ

N̂T
rθ

M̂T
r

M̂T
θ

M̂T
rθ




∆T (4.37)
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where

[A] =




A11 A12 A16

A12 A22 A26

A16 A26 A66


 (4.38)

[B] =




B11 B12 B16

B12 B22 B26

B16 B26 B66


 (4.39)

[D] =




D11 D12 D16

D12 D22 D26

D16 D26 D66


 (4.40)

Also, the effective thermal force and moment resultants are defined as

N̂T
r ≡

∫ +H
2

−H
2

(
Q̄11αr + Q̄12αθ + Q̄16αrθ

)
dz (4.41)

N̂T
θ ≡

∫ +H
2

−H
2

(
Q̄12αr + Q̄22αθ + Q̄26αrθ

)
dz (4.42)

N̂T
rθ ≡

∫ +H
2

−H
2

(
Q̄16αr + Q̄26αθ + Q̄66αrθ

)
dz (4.43)

M̂T
r ≡

∫ +H
2

−H
2

(
Q̄11αr + Q̄12αθ + Q̄16αrθ

)
zdz (4.44)

M̂T
θ ≡

∫ +H
2

−H
2

(
Q̄12αr + Q̄22αθ + Q̄26αrθ

)
zdz (4.45)

M̂T
rθ ≡

∫ +H
2

−H
2

(
Q̄16αr + Q̄26αθ + Q̄66αrθ

)
zdz (4.46)

In the above, the A’s, B’s and D’s have the usual definitions associated with laminates [28].
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4.4.2 The Rayleigh-Ritz Approach

As in past sections, the three components of displacement are approximated for use in the Rayleigh-

Ritz approach. Here functional forms in the cylindrical coordinates system are required. The three

reference surface displacements components uo, vo, and wo are approximated by a functions of the

form

uo(r, θ) =

K∑
i=1

2L∑
j=0,2

cijr
i cos(jθ) (4.47)

vo(r, θ) =

K∑
i=1

2L∑
j=2,2

dijr
i sin(jθ) (4.48)

wo(r, θ) =

K+1∑
i=2

L∑
j=0,2

aijr
i cos(jθ) (4.49)

where K and L are positive integers and aij , cij, and dij are to-be-determined constants. These

displacement fields are constructed based on physical grounds. Indeed, they account for both

axisymmetric (power series of r, when j=0, see Equation (4.25)) and the near-cylindrical (power

series of r +
∑
power series of r × cos(jθ), j = 0, 2, ..., L) equilibrium shapes observed in Figure

4.2. Furthermore, it was reasoned that since the inplane strains contain the squares of the the

derivative of the out-of-displacement wo, the uo, vo displacements must have twice the order of

θ terms as in wo. Finally, based on kinematic arguments, it was concluded that uo, vo, wo, and

∂wo/∂r should be zero at r = 0.

The expressions for the approximate displacement fields are substituted into the strain-displacement

and curvature displacement relations, and these, in turn, are substituted into the expressions for

the force and moment resultants, and into the expression for the total potential energy. The total

potential energy expression is then a function of material properties and geometry, K(5L/2 + 2)

constants (K(L/2 + 1) a’s, K(L + 1) c’s, and KL d’s), and r and θ. The energy expression

is integrated with respect to r and θ over the dimensions of RAINBOW, resulting in a purely

algebraic expression for the total potential energy involving material properties, geometry, and the

K(5L/2+2) constants. The first and second variations of the total potential energy are then taken

with respect to aij, bij, and dij. As the first variation must be zero for equilibrium, the result is
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K(5L/2 + 2) nonlinear algebraic equations for aij , bij, and dij. These are given by the following

expression

δΠ =
K+1∑
i=2

L∑
j=0,2

∂Π

∂aij
δaij +

K∑
i=1

2L∑
j=0,2

∂Π

∂cij
δcij +

K∑
i=1

2L∑
j=2,2

∂Π

∂dij
δdij = 0 (4.50)

The above equations can be solved and numerical results obtained for specific values of material

and geometric parameters. Stability is evaluated by checking the positive definiteness of the second

variation. The second variation can be written in the form

δ2Π=
[

δa20 · · · δaK+1 L δc10 · · ·δcK 2L δd12 · · · δdK 2L

][
C

]




δa20
...

δaK+1 L

δc10
...

δcK 2L

δd12
...

δdK 2L




(4.51)

The study of stability reduces to examining the eigenvalues of the matrix [C]. If all eigenvalues are

positive, the equilibrium solution is stable, otherwise the equilibrium solution is unstable. These

calculations, which were done with the aid of the symbolic algebra package Mathematica©R [32], are

much more complicated than the rectangular case.

4.4.3 Piezoelectric Effects

To study the deformations due to an applied electric field through the unreduced piezoceramic, the

total energy expression of Equation (4.36) is modified to include the effective force and moment

resultants produced by the electric-field-induced dilatational strains. Hence, the following terms
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are appended to the total potential energy expression:

N̂E
r Ez ≡

∫ +H
2

−H
2

(
Q̄11d31 + Q̄12d32

)
Ezdz (4.52)

N̂E
θ Ez ≡

∫ +H
2

−H
2

(
Q̄12d31 + Q̄22d32

)
Ezdz (4.53)

M̂E
r Ez ≡

∫ +H
2

−H
2

(
Q̄11d31 + Q̄12d32

)
Ezzdz (4.54)

M̂E
θ Ez ≡

∫ +H
2

−H
2

(
Q̄12d31 + Q̄22d32

)
Ezzdz (4.55)

It should be noted that only the unreduced piezoceramic layer contributes to the integrals of

Equations (4.52)–(4.55), as d31 and d32 are considered to be zero for the reduced layer. Again,

it is assumed that the displacements resulting from the temperature change plus the application

of the electric field are approximated by Equations (4.47)-(4.49). The computation of the first

variation, and the resulting governing equations, and the second variation, and the resulting [C]

matrix, follow the steps outlined in the previous section.

4.5 Numerical Results

4.5.1 Axisymmetric Solution

In this section numerical results from the exact linear and approximate nonlinear axisymmetric

analyses will be presented to demonstrate the influence of geometry and geometric nonlinearities

on the manufactured shape of disk-style RAINBOW. This, of course, assumes only the dome-like

shapes result from the manufacturing process. It is also assumed the two piezoceramic layers are

stress-free at the piezoceramic Curie temperature (TC =340
oC) and that internal stresses do not

develop above that temperature. The material properties and thicknesses are given in Table 2.1

and a schematic of cooling the disk-style RAINBOW is shown in Figure 4.3. Two specific disk-

style RAINBOW actuators will be discussed for the purpose of determining the sensitivity of the

room-temperature shape to the geometric parameters. The two actuators have a radius R of 25.4

mm (1.0 in.) and 12.7 mm (0.5 in.), respectively, and a reduced layer thickness to total thickness
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Figure 4.3: Schematic of disk-style RAINBOW considered.

ratio of Hr/H=0.35.

Any functions that satisfy the kinematic boundary conditions of the problem can be used as ap-

proximations in the Rayleigh-Ritz method for the nonlinear analysis. As the sophistication of these

functions increase, the accuracy should also increase, hopefully converging to the correct solution.

To study convergence for the nonlinear problem considered, a series of functions with an increasing

number of to-be-determined coefficients is used. Each coefficient is multiplied by a power of the

radial coordinate r. The five pairs of solutions considered are as follows:

uo1 = c10r and wo
1 = a20r

2 (4.56)

uo2 = c10r + c20r
2 and wo

2 = a20r
2 + a30r

3 (4.57)

uo3 = c10r + c20r
2 + c30r

3 and wo
3 = a20r

2 + a30r
3 + a40r

4 (4.58)

uo4 = c10r + c20r
2 + c30r

3 + c40r
4 and wo

4 = a20r
2 + a30r

3 + a40r
4 + a50r

5 (4.59)

uo5=c10r+c20r
2+c30r

3+c40r
4+c50r

5 and wo
5=a20r

2+a30r
3+a40r

4+a50r
5+a60r

6 (4.60)

The above five pairs of functions will be used to study the axisymmetric room-temperature shape

of RAINBOW with radius R=25.4 mm. Figure 4.4 illustrates the convergence characteristics of the
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five pairs of functions. In Figure 4.4, the out-of-plane and radial components of displacement relative

to the flat configuration at Curie temperature, wo(r) and uo(r), are plotted as a function of radial

position, r. Shown for comparison is the exact linear solution for the same device. From Figure 4.4 it

can be seen that one-term approximation, Equation (4.56), is not quite sufficient. However, it should

be pointed out that since the one-term nonlinear approximation and the exact linear solution are

quite different, the one-term approximation to the nonlinear problem does reflect the influence of the

geometric nonlinearities. However, it is not a particularly accurate approximation. Adding another

term, as in Equation (4.57), changes the results. The three-, four-, and five-term approximations

are in close agreement, and it is clear that five coefficients in each functional approximation are

sufficient. Needless to say, using a one-term approximate solution in the Rayleigh-Ritz method with

geometric nonlinearities deleted will give the exact linear solution. The five-term approximation,

Equation (4.60), will be considered converged and will be used herein.

To examine the influence of radius on the room-temperature shape of disk-style RAINBOW, another

device with a radius R=12.7 mm is considered in Figure 4.5. By taking note of the coordinate system

in Figures 4.1 and 4.2, it is seen when looking at Figure 4.5 that the out-of-plane component of

displacement is negative and thus represents a device that has deformed into a dome shape at room

temperature where the center of the device is upward relative to the edges. The predictions of

the exact linear analysis, Equations (4.16)–(4.18), and the nonlinear analysis computed using the

shooting method and the Rayleigh-Ritz method using the expressions in Equation (4.60) are shown

in the figure. Also, for purpose of comparison, the predictions from the commercially available

finite-element code ABAQUS programmed to include geometric nonlinearities are also shown. As

can be seen, all three nonlinear predictions agree very well with each other, and they differ from

the predictions of the linear theory. For the device with R=25.4 mm, relative to the nonlinear

analyses, the linear analysis predicts about 142% greater out-of-plane displacement at the outer

edge of the device. On the other hand, for the outer edge the linear analysis predicts 38% less radial

displacement than the nonlinear analyses. Because of the smaller value of out-of-plane displacement,

the nonlinear analyses predict a flattening of the dome shape relative to the linear analysis. In

addition to the smaller value of displacement, the distribution of the out-of-plane displacement

with radial position r is different with the nonlinear prediction. The format of Figure 4.5 allows

for direct comparison of displacement components of both devices, and it is seen that decreasing
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Figure 4.4: Convergence of the Rayleigh-Ritz method for axisymmetric room-temperature displace-
ments of disk-style RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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the radius of the device results in decreased displacements. Furthermore, for the smaller device

(R=12.7 mm) there is a closer agreement between linear and nonlinear analyses. Specifically, the

linear analysis over-predicts the out-of-plane displacements by just 30% and not as much flattening

is predicted as for the 25.4 mm radius device. It is is felt that the disagreement between linear and

nonlinear analysis is roughly proportional to the ratio of radius to total thickness, R/H . Materials

being the same, the smaller this ratio is, the more closely linear analysis will predict the out-

of-plane displacement. It should be noted that the Rayleigh-Ritz method was programmed with

Mathematica©R [32] and was rather straightforward and executed quite quickly.

Note that the nonlinear effects for the 25.4 mm radius device are strong and stability can be an

issue. Generally, the loss of stability for a static equilibrium configuration means there could be

another static equilibrium configuration for the problem for the same conditions, here the given

temperature change, that is stable. In the case of disk-like devices, the alternate stable static

equilibrium configuration could be a non-axisymmetric one. As shown in Figure 4.2, it has been

observed that for some conditions disk-like RAINBOW deform into configurations other than domes

when they are cooled from the Curie temperature. Hence, the predictions of the 25.4 mm radius

RAINBOW must be viewed with caution, as the axisymmetric dome shape is unstable, as will be

shown in the next section, and would never be observed. Thus, an axisymmetric analysis would be

irrelevant and, in fact, misleading. In the next section, numerical results of the non-axisymmetric

analysis are presented.

4.5.2 General Solutions

To illustrate the convergence characteristics and results predicted by the general nonlinear analysis

using Rayleigh-Ritz method, consider again the 25.4 mm radius RAINBOW of Figure 4.4. To

study convergence for the problem considered, a series of functions with an increasing number of

to-be-determined coefficients is used (refer to Equations (4.47)–(4.49)). The three sets of functions

considered here are as follows
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14 term-approximation (K=2, L=2)

wo
14(r, θ) = a20r

2 + a30r
3 + (a22r

2 + a32r
3) cos(2θ) (4.61)

uo14(r, θ) = c10r+ c20r
2 + (c12r + c22r

2) cos(2θ) + (c14r+ c24r
2) cos(4θ) (4.62)

vo14(r, θ) = (d12r + d22r
2) sin(2θ) + (d14r + d24r

2) sin(4θ) (4.63)

35 term-approximation (K=5, L=2)

wo
35(r, θ) = a20r

2 + a30r
3 + a40r

4 + a50r
5 + a60r

6

+(a22r
2 + a32r

3 + a42r
4 + a52r

5 + a62r
6) cos(2θ) (4.64)

uo35(r, θ) = c10r + c20r
2 + c30r

3 + c40r
4 + c50r

5

+(c12r + c22r
2 + c32r

3 + c42r
4 + c52r

5) cos(2θ)

+(c14r + c24r
2 + c34r

3 + c44r
4 + c54r

5) cos(4θ) (4.65)

vo35(r, θ) = (d12r + d22r
2 + d32r

3 + d42r
4 + d52r

5) sin(2θ)

+(d14r + d24r
2 + d34r

3 + d44r
4 + d54r

5) sin(4θ) (4.66)

85 term-approximation (K=5, L=6)

wo
85(r, θ) = a20r

2 + a30r
3 + a40r

4 + a50r
5 + a60r

6

+(a22r
2 + a32r

3 + a42r
4 + a52r

5 + a62r
6) cos(2θ)

+(a24r
2 + a34r

3 + a44r
4 + a54r

5 + a64r
6) cos(4θ)

+(a26r
2 + a36r

3 + a46r
4 + a56r

5 + a66r
6) cos(6θ) (4.67)
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uo85(r, θ) = c10r + c20r
2 + c30r

3 + c40r
4 + c50r

5

+(c12r + c22r
2 + c32r

3 + c42r
4 + c52r

5) cos(2θ)

+(c14r + c24r
2 + c34r

3 + c44r
4 + c54r

5) cos(4θ)

+(c16r + c26r
2 + c36r

3 + c46r
4 + c56r

5) cos(6θ)

+(c18r + c28r
2 + c38r

3 + c48r
4 + c58r

5) cos(8θ)

+(c110r + c210r
2 + c310r

3 + c410r
4 + c510r

5) cos(10θ)

+(c112r + c212r
2 + c312r

3 + c412r
4 + c512r

5) cos(12θ) (4.68)

vo85(r, θ) = (d12r + d22r
2 + d32r

3 + d42r
4 + d52r

5) sin(2θ)

+(d14r + d24r
2 + d34r

3 + d44r
4 + d54r

5) sin(4θ)

+(d16r + c26r
2 + d36r

3 + d46r
4 + d56r

5) sin(6θ)

+(d18r + c28r
2 + d38r

3 + d48r
4 + d58r

5) sin(8θ)

+(d110r + d210r
2 + d310r

3 + d410r
4 + d510r

5) sin(10θ)

+(d112r + d212r
2 + d312r

3 + d412r
4 + d512r

5) sin(12θ) (4.69)

Note that the axisymmetric portions of the 35- and 85-term solutions are identical to Equation

4.60, the approximate solutions which are considered fully converged. To dramatize the conver-

gence characteristics of the Rayleigh-Ritz method, the above three sets of functions will be used to

predict the room-temperature displacements at the outer edge, i.e., at r = R. Figures 4.6–4.8 illus-

trate these displacements. Shown for comparison is the solution from the commercially available

finite-element code ABAQUS programmed to include geometric nonlinearities. The displacements

evaluated by finite element analysis at the nodes located at the outer edge (r = R) are indicated by

the label ABAQUS. Figures 4.6–4.8 show that there are three equilibrium configurations at room

temperature. In these figures, the horizontal line solution corresponds to the dome-like axisymmet-

ric configuration and the other two solutions correspond to the near-cylindrical configurations. The

cooling scenario of disk-style RAINBOW will be discussed in the following paragraphs. Because

there are multiple equilibrium configurations, once the bifurcation temperature occurs, ABAQUS

must be coaxed to continue on a particular path to obtain the different configurations at room tem-

perature. To force ABAQUS to follow a particular path, a slight imperfection in the initial shape of
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RAINBOW was introduced. With slight imperfection, ABAQUS would converge to one of the two

stable solutions. To get ABAQUS to converge to the axisymmetric solution below the bifurcation

temperature, the nodes at the edge were forced to have the same out-of-plane displacement. Thus,

to obtain the room-temperature shapes of RAINBOW considered, three series of finite element cal-

culations were conducted. For each finite element analysis a mesh of 36 6-node triangular (STRI65)

and 360 8-node doubly curved thin shell (S8R5) elements [35] was used. Both types of shell elements

allow transverse shear in the element. RAINBOW was free on the edges, but clamped at the node

at its geometric center. A constant temperature change was applied at the nodes. From Figures

4.6–4.8, it can be seen that the 14-term approximation, Equations (4.61)–(4.63), is not sufficient

enough to achieve accurate approximations. Adding 21 more terms, as in Equations (4.64)–(4.66),

greatly improves the results. The 85-term approximation is in excellent agreement with finite-

element results, and it is clear that using K = 5 and L = 6 in Equations (4.67)–(4.69) leads to

very accurate results. As can be seen in the three figures, the out-of-plane displacement converges

the most quickly, and the two inplane components of displacement converge less quickly. It should

be noted that the ABAQUS results were computed using shear-deformable theory, whereas the

Rayleigh-Ritz-based theory is a non-shear deformable theory. The excellent agreement between

ABAQUS and and the 35- and 85-term solutions strongly suggests shear deformations are not an

issue in this problem.

Figures 4.9–4.13 illustrate the behavior of a 25.4 mm radius disk-style RAINBOW as it cooled

from the Curie temperature of the piezoceramic to room temperature. Specifically, in Figures

4.9–4.13 the parameters aij of Equation (4.49) are shown as a function of the temperature. For

convenience, the coefficients aij have been nondimensionalized by using RAINBOW thickness, H , as

a scaling parameter. These parameters are considered because they describe the out-of-plane shape

of RAINBOW, the most visible aspect of the deformation. Specifically, these parameters define

the curvatures. For simplicity and ease of interpretation of the results, the 35-term Rayleigh-Ritz

approximation was used to obtain numerical values of the aij coefficients of Equation (4.64). These
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Figure 4.6: Convergence of the Rayleigh-Ritz method for the room-temperature outer edge out-of-
plane displacement wo of disk-style RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.7: Convergence of the Rayleigh-Ritz method for the room-temperature outer edge radial
displacement uo of disk-style RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.8: Convergence of the Rayleigh-Ritz method for the room-temperature outer edge circum-
ferential displacement vo of disk-style RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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coefficients can be substituted in the following curvature equations

κor = −(2a20 + 6a30r + 12a40r2 + 20a50r3 + 30a60r4)

−(2a22 + 6a32r + 12a42r2 + 20a52r3 + 30a62r4) cos(2θ) (4.70)

κoθ = −(2a20 + 3a30r + 4a40r2 + 5a50r3 + 6a60r4)

+(2a22 + a32r − a52r
3 − 2a62r4) cos(2θ) (4.71)

κorθ = 4(a22 + 2a32r + 3a42r
2 + 4a52r

3 + 5a62r
4) sin(2θ) (4.72)

to obtain quantitative predictions of the curvatures κor , κ
o
θ, and κorθ. Figure 4.14 illustrates the

actual room-temperature shapes of disk-style RAINBOW obtained using the Rayleigh-Ritz 35-

term approximation.

Referring to Figures 4.9–4.13, point A represents RAINBOW flat at its Curie temperature (aij=0,

i=2,6, j=0,2). As the temperature is reduced, the 35-term Rayleigh-Ritz approximation develops

single-valued nonzero coefficients a20, a30, a40, a50, and a60 with the other coefficients (a22, a32,

a42, a52, a62) being zero. These nonzero coefficients represent curvatures which are independent

of θ and the equilibrium solution is thus a dome-like axisymmetric shape. As the temperature is

reduced further below the Curie temperature, the axisymmetric shape deepens. At a temperature

corresponding to points B and B′, the coefficients a20, a30, a40, a50, and a60 bifurcate into branches

BC and BE, while the coefficients a22, a32, a42, a52, a62 trifurcate into branches B
′C′, B′E′, and

B′C′′. For this specific device the bifurcation temperature is 198 oC. The bifurcation occurring at

point B is referred to as a symmetry-breaking static bifurcation in the temperature-ai0 coefficients

domain because it leads to the creation of asymmetric solutions (the non-axisymmetric solutions

in this case). The bifurcation occurring at point B’ is referred to as a supercritical pitchfork static

bifurcation in the temperature–ai2 coefficients domain because the branches AB
′, B′C′, B′E′, and

B′C′′ have the geometry of a pitchfork at point B′. Reducing the temperature below the 198 oC

level, solution paths BC and B′C′ represent a change from the dome-like axisymmetric shape to a

non-axisymmetric shape, with the largest out-of-plane displacements occurring at θ = 0 and θ = π

and the smallest occurring at θ = π/2 and θ = 3π/2 (Figure 4.14(a)). If instead of following paths

BC and B′C′, paths BC and B′C′′ are followed, the solution represents another non-axisymmetric

shape with smallest out-of-plane displacements occurring at θ = 0 and θ = π and the largest
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occurring at θ = π/2 and θ = 3π/2 (Figure 4.14(b)). At room-temperature the solution is similar

to the solution represented by paths BC and B′C′ but with roles of curvatures κor, κ
o
θ, and κorθ out

of phase by a π/2 angle. Finally, if paths BE and B′E′ are followed through the bifurcations points

B and B′, respectively, the dome-like axisymmetric shape deepens further (Figure 4.14(c)). It is

important to note the magnitudes of coefficients a30, a32, a − 40, a42, a50, a52, a60, a62 relative to

coefficients a20 and a22. The coefficients a20 and a22 are the dominant terms in the approximation

for wo(r, θ).

A stability analysis reveals the important details of these three pairs of paths. Specifically, paths

BC, B′C′, and B′C′′ represent stable equilibrium shapes and paths BE and B′E′ represent unstable

equilibrium shapes. Therefore, the shapes represented by paths BE and B′E′ will never be observed.

The shapes represented by paths BC, B′C′, and B′C′′ will be what is observed when RAINBOW

actuators are actually manufactured. Furthermore, paths B′C′ and B′C′′ represent shapes with the

same total potential energy and neither one is more likely to occur than the other. In practice,

imperfections in the device will cause one path to be favored relative to the other. A RAINBOW

with a shape represented by paths BC and B′C′ can be changed to the shape represented by paths

BC and B′C′′ by a snap-through action.

Figure 4.14(a) depicts disk-style RAINBOW at the room-temperature condition corresponding

to points C and C′. As can be seen, RAINBOW device has a near-cylindrical shape with the

maximum out-of-plane displacements occurring at θ = 0 and θ = π. Likewise, Figure 4.14(b)

depicts RAINBOW at the room-temperature condition corresponding to point C and C′′. This is

another near-cylindrical shape with the maximum out-of-plane displacements occurring at θ = π/2

and θ = 3π/2. Finally, Figure 4.11(c) shows the unstable dome-like axisymmetric shape at room

temperature corresponding to point E and E’ in Figures 4.9–4.10.

Figures 4.15–4.19 illustrate the convergence characteristics of the aij coefficients for the three

sets of functions. Again, from these figures, it can be seen that the 14-term approximation is

not sufficient enough to obtain accurate answers; however, it is able to predict the bifurcation

point to within 12 oC (8.5% of ∆Tcritical=−142 oC). These figures also indicate that the 35-term

approximation is enough to predict an accurate calculation for the bifurcation temperature. For

T > 150 oC (∆T > −190 oC), all the branches in Figures 4.15–4.19 corresponding to the 35-
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Figure 4.9: Temperature-curvature (a20 and a22) relation of disk-style RAINBOW (R=25.4 mm,
H=0.381 mm, Hr/H=0.35).
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Figure 4.10: Temperature-curvature (a30 and a32) relation of disk-style RAINBOW (R=25.4 mm,

H=0.381 mm, Hr/H=0.35).
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Figure 4.11: Temperature-curvature (a40 and a42) relation of disk-style RAINBOW (R=25.4 mm,
H=0.381 mm, Hr/H=0.35).
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Figure 4.12: Temperature-curvature (a50 and a52) relation of disk-style RAINBOW (R=25.4 mm,
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Figure 4.13: Temperature-curvature (a60 and a62) relation of disk-style RAINBOW (R=25.4 mm,

H=0.381 mm, Hr/H=0.35).



A
d
el

B
.
J
il
a
n
i

C
h
a
p
te
r
4
.
D
is
k
-S
ty
le

R
A
IN

B
O
W

A
ct
u
a
to
rs

1
3
3

−40
−20

0
20

40 −40

−20

0

20

40

−4

−3

−2

−1

0

y (mm)

(c) At E and E′

x (mm)

w
o  (

m
m

)

−40
−20

0
20

40 −40

−20

0

20

40

−4

−3

−2

−1

0

y (mm)

(a) At C and C′

x (mm)

w
o  (

m
m

)

−40
−20

0
20

40 −40

−20

0

20

40

−4

−3

−2

−1

0

y (mm)

(b) At C and C′′

x (mm)
w

o  (
m

m
)

F
ig
u
re
4
.1
4
:
E
q
u
il
ib
ri
u
m
sh
a
p
es
o
f
d
is
k
-s
ty
le
R
A
IN
B
O
W
(R
=
2
5
.4
m
m
,
H
=
0
.3
8
1
m
m
,
H

r
/
H
=
0
.3
5
)

(r
ef
er
to
F
ig
u
re
s
4
.9
–
4
.1
3
).



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 134

and 85-term approximations coincide. The results obtained using the 35-term approximation for

T < 150 oC are less accurate than those for T > 150 oC, because of the overly-stiff characteristics

inherent in the Rayleigh-Ritz method. Moreover, in Figure 4.15 the calculations of a20 and a22,

the dominant terms in the curvature expressions, are almost the same for both the 35- and 85-term

approximations. Since the 35-term approximation takes much less computational effort than the

85-term approximation, it is more efficient and is used to carry out the numerical calculations in

the sections to follow.

4.5.3 Effect of Geometry on Room-Temperature Shape

It is of interest to determine the influence of disk-style RAINBOW geometry on the characteristics

of the shapes at room temperature. In particular, it is of interest to know how the radius influences

the shapes. Figures 4.20-4.24 illustrate one of the most important features of the dependence of the

room-temperature shape on geometry. In these figures the parameters aij, defining the curvatures,

are plotted as a function of RAINBOW radius. For convenience, the axes in Figures 4.20-4.24 have

been nondimensionalized by using RAINBOW thickness, H , as a scaling parameter. The reduced

layer thickness to total thickness ratio, Hr/H , is fixed at 0.35. Referring to any of these figures,

moving from small (small R/H) to large RAINBOW, it is seen that the relationship between room-

temperature curvature and radius changes from being single-valued to being multiple-valued. For

small radii, denoted by branches AB and A′B′ in Figures 4.20–4.24, the 35-term Rayleigh-Ritz

approximation predicts single-valued nonzero coefficients a20, a30, a40, a50, and a60, with the other

coefficients (a22, a32, a42, a52, a62) being zero. The nonzero coefficients represent curvatures which

are independent of θ and the equilibrium configuration is thus a dome-like axisymmetric shape,

and it is stable. At a radius corresponding to points B and B′, the coefficients a20, a30, a40,

a50, and a60 bifurcate into branches BC and BE, while the coefficients a22, a32, a42, a52, and a62

trifurcate into branches B′C′, B′E′, and B′C′′. This is interpreted to mean that for radii greater

than the value corresponding to points B and B′, RAINBOW exhibits multiple room-temperature

shapes. For radii considerably larger than that corresponding to points B and B′, one of these

shapes is near-cylindrical, with a large curvature κor occurring in the θ=0 direction and practically

no curvature κor in the θ=π/2 direction (Figure 4.14(a)). The other shape is also near-cylindrical
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Figure 4.15: Convergence of the Rayleigh-Ritz method for the curvatures (a20 and a22) of disk-style
RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.16: Convergence of the Rayleigh-Ritz method for the curvatures (a30 and a32) of disk-style
RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.17: Convergence of the Rayleigh-Ritz method for the curvatures (a40 and a42) of disk-style
RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.18: Convergence of the Rayleigh-Ritz method for the curvatures (a50 and a52) of disk-style
RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 139

0 50 100 150 200 250 300 350
−0.05

0

0.05

0.1

0.15

0.2

A

B

E

C

Temperature,   T ( oC)

 a
60

 ×
 H

 5
  (

10
 −

10
)

35−term approximation
85−term approximation

0 50 100 150 200 250 300 350
0.2 

−0.1

0   

0.1 

0.2 

A′B′E′

C′′

C′

Temperature,   T ( oC)

 a
62

 ×
 H

 5
  (

10
 −

10
)

35−term approximation
85−term approximation

Figure 4.19: Convergence of the Rayleigh-Ritz method for the curvatures (a60 and a62) of disk-style
RAINBOW (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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but with practically no curvature κor in the θ=0 direction and a large curvature κor in the θ=π/2

direction (Figure 4.14(b)). Both of these shapes are stable. These two shapes are similar, but with

the roles of curvatures kor , k
o
θ, and korθ differing in phase by a π/2 angle. The third shape is dome-

like and it is unstable. Thus there is a critical radius to thickness ratio. For the case considered

in Figures 4.20–4.24 the critical value is 44.3. For RAINBOW with a radius to thickness ratio just

slightly larger than the critical value, it would not require much force to transform one shape to the

other. In fact, the shape may change by simple handling of RAINBOW. For reference purposes, the

value of R/H for RAINBOW in Figures 4.9–4.13 is 67 (R=24.4 mm, H=0.381 mm), a value grater

than the critical value. The existence of a critical value of R/H could lead to unusual behavior.

Unknowingly, RAINBOW may be manufactured that has a value of R/H very close to the critical

value. If two disk-style RAINBOW are manufactured with this geometry, they may behave quite

differently because of small variations in material properties or thicknesses, nonuniform cooling,

and other such defects in manufacturing.

For the record, Figures 4.25–4.29 illustrate the convergence characteristics of the aij coefficients

vs. R/H for the three sets of functions in Equations (4.61), (4.66), and (4.69). Again, from these

figures, it can be seen that the 14-term approximation is not in complete agreement with the 35-

and 85-term approximations; however, it is able to predict the critical value of R/H to within

4.3% of the converged value R/H=44.3. As the number of terms in approximation is increased,

the critical value of R/H converges to the ‘exact’ value from above. This verifies the general

trend that the Rayleigh-Ritz method provides an upper bound on solutions when the potential

energy is being minimized. These figures also indicate that the 35-term approximation is enough to

predict an accurate approximation for the critical value of R/H . For R/H < 50, all the branches

corresponding to the 35- and 85-term approximations are coincident. The results obtained using

the 35-term approximation corresponding to higher values of R/H (R/H > 50) are less accurate

than those corresponding to R/H < 50, because of the overly-stiff characteristics inherent in the

Rayleigh-Ritz method. The error may be made as small as desired by increasing the number of

terms in the approximation, which is reflected in the 85-term approximation.
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Figure 4.20: Room-temperature shapes (a20 and a22) of disk-style RAINBOW as a function of
geometry (Hr/H=0.35).
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Figure 4.21: Room-temperature shapes (a30 and a32) of disk-style RAINBOW as a function of
geometry (Hr/H=0.35).
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Figure 4.22: Room-temperature shapes (a40 and a42) of disk-style RAINBOW as a function of
geometry (Hr/H=0.35).



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 144

0 10 20 30 40 50 60 70 80 90 100 110
−4

−3

−2

−1

0

1

2

3

4

A
A′ B′

B

E′

E

C

C′

C′′

 R/H

 a
50

 ×
 H

 4
,  

a 52
 ×

 H
 4

 (
 1

0 −
9 )

 a
50

 a
52

Stable      
Unstable    

Figure 4.23: Room-temperature shapes (a50 and a52) of disk-style RAINBOW as a function of

geometry (Hr/H=0.35).
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Figure 4.24: Room-temperature shapes (a60 and a62) of disk-style RAINBOW as a function of

geometry (Hr/H=0.35).



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 146

0 10 20 30 40 50 60 70 80 90 100 110
−1.5

−1

−0.5

0

A

B

E

C

 a
20

 ×
 H

  (
10

 −
3 )

  R/H

14−term approximation
35−term approximation
85−term approximation

0 10 20 30 40 50 60 70 80 90 100 110
−1.5

−1

−0.5

0

0.5

1

1.5

A′ B′ E′

C′′

C′

 a
22

 ×
 H

  (
10

 −
3 )

  R/H

14−term approximation
35−term approximation
85−term approximation

Figure 4.25: Convergence of the Rayleigh-Ritz method for the room-temperature curvatures (a20
and a22) of disk-style RAINBOW as a function of geometry (Hr/H=0.35).
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Figure 4.26: Convergence of the Rayleigh-Ritz method for the room-temperature curvatures (a30
and a32) of disk-style RAINBOW as a function of geometry (Hr/H=0.35).
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Figure 4.27: Convergence of the Rayleigh-Ritz method for the room-temperature curvatures (a40
and a42) of disk-style RAINBOW as a function of geometry (Hr/H=0.35).



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 149

0 10 20 30 40 50 60 70 80 90 100 110
−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

A

B

E

C

 a
50

 ×
 H

 4
  (

10
 −

9 )

  R/H

35−term approximation
85−term approximation

0 10 20 30 40 50 60 70 80 90 100 110
−4

−3

−2

−1

0

1

2

3

4

A′ B′ E′
C′

C′′

 a
52

 ×
 H

 4
  (

10
 −

9 )

  R/H

35−term approximation
85−term approximation

Figure 4.28: Convergence of the Rayleigh-Ritz method for the room-temperature curvatures (a50
and a52) of disk-style RAINBOW as a function of geometry (Hr/H=0.35).
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Figure 4.29: Convergence of the Rayleigh-Ritz method for the room-temperature curvatures (a60
and a62) of disk-style RAINBOW as a function of geometry (Hr/H=0.35).
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4.5.4 Effect of Reduced Layer Thickness on Room-Temperature Shape

In addition to the effect of geometry on room-temperature shapes, it is of interest to determine the

influence of the reduced layer thickness on the characteristics of the shapes of disk-style RAINBOW

at room temperature. Figures 4.30–4.34 illustrate the most important features of the dependence

of the room-temperature shape on reduced layer thickness. In these figures the parameters aij

are plotted as a function of reduced layer thickness. Again, for convenience the axes have been

nondimensionalized by using RAINBOW thickness, H , as a scaling parameter. The radius-to-

thickness ratio in Figures 4.30-4.34 is fixed at 67. In these figures, it is shown that the relationship

between reduced layer thickness and room-temperature curvatures changes from being single valued

to multiple valued and again to single valued as the reduced layer thickness is increased from 0 to

100% of total thickness. For small reduced layer thickness, denoted by branches A1B1 and A
′
1B

′
1 in

Figures 4.30–4.34, RAINBOW is predicted to have but one room-temperature shape. That shape is

an axisymmetric dome shape and it is stable. At a reduced layer thickness corresponding to points

B1 and B′
1, the coefficients a20, a30, a40, a50, and a60 bifurcate into branches B1C1 and and B1E1,

while the coefficients a22, a32, a42, a52, and a62 trifurcate into branches B
′
1C

′
1, B

′
1C

′′
1, and B

′
1E

′
1. On

the other hand, at a reduced layer thickness corresponding to points B2 and B
′
2, the relationship

changes from being multiple valued to being single values, as depicted by branches B2A2 and B
′
2A

′
2.

This is interpreted to mean that for reduced layer thickness between the two values corresponding

to points B1 and B
′
1 and points B2 and B

′
2, RAINBOW exhibits multiple room-temperature shapes.

One of these shapes is near-cylindrical, with a larger curvature κor in the θ=0 direction than in the

θ=π/2 direction. The other is also near-cylindrical, but with the roles of curvatures kor , k
o
θ, and

korθ different in phase by π/2. The third shape is axisymmetric and it is unstable. For reduced

layer thickness smaller than the value corresponding to points B1 and B
′
1 or greater than the value

corresponding to points B2 and B
′
2, RAINBOW exhibits one stable axisymmetric room-temperature

shape. For the case considered in Figures 4.30–4.34 the critical values corresponding to points B1

and B′1 and points B2 and B
′
2 are 14% and 92%, respectively. Figures 4.30–4.34 indicate that at a

reduced layer thickness of 55%, the maximum values (major curvature) and the minimum values

(minor curvature) of aij are achieved. For the sake of comparison of the characteristics of the shapes

of disk-style RAINBOW at room temperature, the results shown in Figures 4.9–4.13 and 4.20–4.24
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of sections 4.3.2 and 4.3.3, respectively, are reproduced using a reduced layer thickness of 55%.

These results are depicted in Figures 4.35–4.44. Figures 4.35–4.39 indicate that the trifurcation

temperature corresponding to points B and B′ is 217 oC, 19 oC higher than the one in Figures

4.9–4.13. In Figures 4.40–4.44, the critical radius to thickness ratio R/H corresponding to points

B and B′ is 41.3. This value is lower than the one corresponding to 35% reduced layer thickness,

which results in a critical radius to thickness value of 44.3.

The results discussed above show that the existence of critical values of reduced layer thickness could

add more complexity to the unusual behavior of disk-style RAINBOW. A nonuniform reduction

process during the manufacturing of RAINBOW will no doubt influence the room-temperature

shapes. If two RAINBOW with the same geometry are manufactured with reduced layer thickness

close to a critical value, they may perform differently due to small inconsistencies between the two.

4.5.5 Application of an Electric Field

Figures 4.45–4.49 illustrate the relationship between the change in the coefficients aij relative to

their room-temperature values, ∆aij , as a function of the electric field strength for the range E=1.5

MV/m. It is assumed that RAINBOW is in a shape represented by a large curvature κor in the

θ = 0 direction, point C′ in Figures 4.9–4.13. The polarity of the unreduced piezoceramic material

is assumed to be as shown in Figure 4.3 and, as in Chapters 2 and 3, the sign of E is such so

as to produce contraction strains in the unreduced piezoceramic in the r and θ directions. The

piezoelectric coefficients of the unreduced piezoceramic are given in Table 2.1. As can be seen in

Figure 4.45, a reasonable change in the major coefficients, ∆a20 and ∆a22, can be achieved with

a moderate field strength. For the case considered, a positive E tends to flatten RAINBOW in

the θ = 0 and θ = π directions. Figures 4.46–4.49 indicate that the coefficients ∆a32, ∆a40, ∆a52,

and ∆a60 behave in an opposite way to ∆a20 and ∆a22, i.e., they decrease with a positive E and

increase with a negative E. However, since the variations ∆a32, ∆a40, ∆a52, and ∆a60, are small

compared to variations ∆a20 and ∆a22, the behavior of RAINBOW is, to a large extent, governed

by the variations in a20 and a22. It should be noted that the relationship between ∆aij and E is

very close to being linear, which makes the task of analyzing the dynamical actuation of disk-style

RAINBOW much simpler.
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Figure 4.30: Room-temperature shapes (a20 and a22) of disk-style RAINBOW as a function of

reduced layer thickness (R=25.4 mm, H=0.381 mm).
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Figure 4.31: Room-temperature shapes (a30 and a32) of disk-style RAINBOW as a function of
reduced layer thickness (R=25.4 mm, H=0.381 mm).
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Figure 4.32: Room-temperature shapes (a40 and a42) of disk-style RAINBOW as a function of

reduced layer thickness (R=25.4 mm, H=0.381 mm).
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Figure 4.33: Room-temperature shapes (a50 and a52) of disk-style RAINBOW as a function of

reduced layer thickness (R=25.4 mm, H=0.381 mm).
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Figure 4.34: Room-temperature shapes (a60 and a62) of disk-style RAINBOW as a function of

reduced layer thickness (R=25.4 mm, H=0.381 mm).
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Figure 4.35: Temperature-curvature (a20 and a22) relation of disk-style RAINBOW (R=25.4 mm,
H=0.381 mm, Hr/H=0.55).



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 159

0 50 100 150 200 250 300 350
−6

−4

−2

0

2

4

6

AB′

B

E′

E

C

C′

C′′

Temperature,   T ( oC)

 a
30

 ×
 H

 2
,  

a 32
 ×

  H
 2

 (
10

 −
6 )

 a
30

 a
32

Stable      
Unstable    

Figure 4.36: Temperature-curvature (a30 and a32) relation of disk-style RAINBOW (R=25.4 mm,
H=0.381 mm, Hr/H=0.55).
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Figure 4.37: Temperature-curvature (a40 and a42) relation of disk-style RAINBOW (R=25.4 mm,

H=0.381 mm, Hr/H=0.55).
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Figure 4.38: Temperature-curvature (a50 and a52) relation of disk-style RAINBOW (R=25.4 mm,

H=0.381 mm, Hr/H=0.55).
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Figure 4.39: Temperature-curvature (a60 and a62) relation of disk-style RAINBOW (R=25.4 mm,
H=0.381 mm, Hr/H=0.55).
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Figure 4.40: Room-temperature shapes (a20 and a22) of disk-style RAINBOW as a function of

geometry (Hr/H=0.55).
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Figure 4.41: Room-temperature shapes (a30 and a32) of disk-style RAINBOW as a function of
geometry (Hr/H=0.55).
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Figure 4.42: Room-temperature shapes (a40 and a42) of disk-style RAINBOW as a function of
geometry (Hr/H=0.55).
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Figure 4.43: Room-temperature shapes (a50 and a52) of disk-style RAINBOW as a function of
geometry (Hr/H=0.55).
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Figure 4.44: Room-temperature shapes (a60 and a62) of disk-style RAINBOW as a function of

geometry (Hr/H=0.55).
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Figure 4.45: Variations of a20 and a22 as a function of E (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.46: Variations of a30 and a32 as a function of E (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.47: Variations of a40 and a42 as a function of E (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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4.5.6 Effect of Geometry on the Piezoelectric-Induced Deformations

The results shown in Figures 4.45–4.49 for the case of Figures 4.9–4.13, RAINBOW with R/H = 67

and Hr/H=0.35, can change dramatically if a disk-style RAINBOW is considered which has a value

of R/H=47.5, a value closer to the critical value of 44.3. The value of R/H = 67 is sufficiently

removed from the critical value of R/H=44.3 that the effect of applying a E=± 1.5 MV/m results

in the linear relations shown in Figures 4.45-4.49. If an electric field of E± 1.5 MV/m is applied to

RAINBOW with R/H=47.5, the results shown in Figures 4.50–4.54 are predicted. These figures

are more complicated than Figure 4.45-4.49 because of the potential for a change in shape due

to applied electric field, and because coefficients aij rather than ∆aij are plotted. If disk-style

RAINBOW has a room temperature shape represented by points C3 and C
′
3 in Figures 4.50–4.54,

then a negative E results in an increase in the magnitude of aij . That is, RAINBOW becomes

more cylindrical, with increased κor curvature in the θ = 0 and θ = π directions. On the other

hand, if E is positive, a change in the overall shape of RAINBOW is possible. Again referring to

Figures 4.50–4.54, as E increases from zero at points C3 and C′
3, the values of a20, a30, a40, a50, and

a60 decrease in magnitude, and the values of a22, a32, a42, a52, and a62 tend to go to zero. When

the electric field strength reaches a value represented by B3 and B
′
3, the shape of rainbow becomes

axisymmetric dome. A further increase in electric field strength beyond points B3 and B
′
3 results

in an axisymmetric dome shape, but one that is less deep. If the electric field strength is decreased,

the axisymmetric shape begins to deepen again. At points B3 and B
′
3, RAINBOW can follow paths

B3C3 and B
′
3C

′
3 or B3C3 and B

′
3C

′′
3. If RAINBOW follows paths B3C3 and B

′
3C

′
3, it will return

to the original shape as E approaches zero. If it follows paths B′3C
′′
3 , RAINBOW will assume the

‘snapped through’ room-temperature shape when E approaches zero. Thus, the application of the

electric field has the potential for changing the overall character of the shape.

4.5.7 Effect of Reduced-Layer Thickness on the Piezoelectric-Induced Defor-

mations

It is of interest to determine the influence of the reduced layer thickness on the characteristics of

the piezoelectric deformations of RAINBOW at room temperature. Figures 4.55–4.59 illustrate

the important features of the dependence of the piezoelectric-induced deformations on reduced
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Figure 4.48: Variations of a50 and a52 as a function of E (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.49: Variations of a60 and a62 as a function of E (R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 4.50: Variations of a20 and a22 as a function of E (R/H=47.5, Hr/H=0.35).
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Figure 4.51: Variations of a30 and a32 as a function of E (R/H=47.5, Hr/H=0.35).
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Figure 4.52: Variations of a40 and a42 as a function of E (R/H=47.5, Hr/H=0.35).
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Figure 4.53: Variations of a50 and a52 as a function of E (R/H=47.5, Hr/H=0.35).
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Figure 4.54: Variations of a60 and a62 as a function of E (R/H=47.5, Hr/H=0.35).
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layer thickness. In these figures the change in aij at room temperature are plotted as a function

of reduced layer thickness under applied electric fields of 0.25, 0.5, 1.0, and 1.5 MV/m. Again,

for convenience, the axes in Figures 4.55–4.59 have been nondimensionalized by using the total

thickness of RAINBOW, H , as a scaling parameter. The radius to thickness ratio of RAINBOW

in these figures is fixed at 67. As seen in Figure 4.55, for coefficient a22 the maximum change

occurs in the range of 14% to 17% or 89% to 92%. However, the maximum change in a22 the

leading coefficient in the curvature expressions, is very sensitive to the exact value of Hr/H in the

ranges, due to the steepness of the slope of the relation. Furthermore, the changes in coefficients

a32, a42, a52, and a62 are also very sensitive to the exact value of Hr/H . This sensitivity is due to

the fact that in the neighborhood of the two ranges, a bifurcation in the room-temperature shape

occurs, as shown in Figures 4.30-4.34. The existence of bifurcation points in these ranges can lead

to unexpected behavior of RAINBOW, such as sudden changes in curvatures, when an electric field

is applied. It is, therefore, best to stay away from these two ranges of Hr/H . On the other hand, as

seen in Figures 4.55-4.59, the maximum absolute change in the coefficient aij , with the exception

of a22, can be achieved when the reduced layer thickness is 55%. A local maximum for the change

in a22 occurs at 55%. In view of this, the optimal reduced layer thickness would be at 55%, a value

far removed from the critical values.

4.6 Chapter Summary

In this chapter, a model for predicting the room-temperature shape of disk-style RAINBOW has

been developed. A discussion of the assumptions adopted to develop the model was presented.

The methodology was similar to the one developed for rectangular RAINBOW except the analysis

was developed in polar coordinates. The model for disk-style RAINBOW was shown to have an

excellent agreement with the finite element results of ABAQUS. Again, the present analysis is shown

to have formulative and computational advantages over finite element analysis in terms of the ease of

extending the model to account for piezoelectric-induced deformations and the computational effort.

The results shown in this chapter indicate that the predicted room-temperature shape of disk-

style RAINBOW can be either near-cylindrical or axisymmetric. As was the case for rectangular

RAINBOW, for a given set of material properties of RAINBOW, there exists a critical value



Adel B. Jilani Chapter 4. Disk-Style RAINBOW Actuators 180

0 10 20 30 40 50 60 70 80 90 100

0

0.05

0.1

0.15

Reduced layer thickness,  H
r 
/H (%)

∆ 
a 20

 ×
 H

 (
10

 −
3 )

0.25 MV/m
0.50 MV/m
1.00 MV/m
1.50 MV/m

0 10 20 30 40 50 60 70 80 90 100

0

0.05

0.1

0.15

0.2

0.25

Reduced layer thickness,  H
r 
/H (%)

∆ 
a 22

 ×
 H

 (
10

 −
3 )

0.25 MV/m
0.50 MV/m
1.00 MV/m
1.50 MV/m

Figure 4.55: Variations of a20 and a22 as a function of reduced layer thickness under selected applied

electric fields E (R=25.4 mm, H=0.381 mm).
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Figure 4.56: Variations of a30 and a32 as a function of reduced layer thickness under selected applied
electric fields E (R=25.4 mm, H=0.381 mm).
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Figure 4.57: Variations of a40 and a42 as a function of reduced layer thickness under selected applied
electric fields E (R=25.4 mm, H=0.381 mm).
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Figure 4.58: Variations of a50 and a52 as a function of reduced layer thickness under selected applied
electric fields E (R=25.4 mm, H=0.381 mm).
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Figure 4.59: Variations of a60 and a62 as a function of reduced layer thickness under selected applied
electric fields E (R=25.4 mm, H=0.381 mm).
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of radius-to-thickness ratio R/H below which RAINBOW exhibits a unique axisymmetric stable

room-temperature shape. For values of R/H greater than the critical value, RAINBOW exhibits

multiple room-temperature shapes, two of which are in near-cylindrical and the third shape is

axisymmetric and is unstable. Comparison between the results of the present model and the results

of the linear analysis indicates that the nonlinear geometric effects are important and should be

included in the strain-displacement relations. The results presented in this chapter also reveal the

existence of two critical values of reduced layer thickness. For a reduced layer thickness bounded by

these two critical values, RAINBOW exhibits two stable near-cylindrical shapes and one unstable

axisymmetric shape. On the other hand, if the reduced layer thickness is outside the interval

bounded by the critical values, RAINBOW exhibits a unique and stable axisymmetric shape. Hence,

for RAINBOW with a value of R/H or a reduced layer thickness that is close to the critical value,

irregularities in manufacturing will no doubt influence the room-temperature shapes. The extension

of the model to include piezoelectric-induced deformations indicates that the relationship between

the change in the dominant terms defining the curvatures (∆a20 and ∆a22) is very close to being

linear with electric field strength. As was the case for rectangular RAINBOW, it is found that

the optimal reduced layer thickness would be at 55%, since the maximum change in the dominant

coefficients is achieved while maintaining the linear relationship between the dominant coefficients,

a20 and a22, and the electric field. This value seems to be dependent on the material properties of

RAINBOW rather than its geometry.

Comparison between the predicted and the manufactured shapes of disk-style RAINBOW is pro-

vided in section B.2.2 of Appendix B. In the next chapter, the present model is modified to predict

the room-temperature shapes of disk-style GRAPHBOW and their piezoelectric-induced deforma-

tion characteristics under application of electric field.



Chapter 5

Disk-Style GRAPHBOW Actuators

5.1 Introduction

The main objective in this chapter is the extension of the model described in Chapter 4 for pre-

dicting the manufacturing and piezoelectric deformation characteristics of disk-style GRAPHBOW.

The discussion of the extension of the model of disk-style GRAPHBOW is condensed because of its

analogy to its counterpart for rectangular GRAPHBOW described in Chapter 3. Numerical results

corresponding to the formulations in this chapter are presented. The primary qualitative and quan-

titative characteristics of interest are the room-temperature shapes and the piezoelectric-induced

deformations of disk-style GRAPHBOW.

5.2 Modeling Definitions and Assumptions

Figure 3.1 describes the process used to incorporate one or more thin layers of fiber-reinforced

composite onto RAINBOW. As in Chapter 3, a multi-step thermoelastic analysis is developed to

model the addition of the composite layers. Again, the analysis is based on the total potential

energy approach along with the Rayleigh-Ritz method. Figure 5.1 describes the geometry and

nomenclature of the problem considered. The first N layers are assumed to be made of thin layers

of orthotropic materials (reduced and unreduced piezoceramic) with thickness, H , and the next M

186
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Figure 5.1: Geometry and nomenclature of a disk-style GRAPHBOW device considered.

layers represent additional layers of fiber-reinforced composite material with thickness Hc. The φ

angle shown in Figure 5.1 is the angle that the composite fibers make with the x direction. Layer

positions, locations of the upper and lower boundaries of the kth layer, i.e., zk and zk−1, radius R,

and analysis coordinate system are the same as for the disk-style RAINBOW analysis.

5.2.1 Total Potential Energy

Using the same logic adopted to obtain Equation (3.1), but using polar coordinates, the total

potential energy is given by

Π =
1

2

∫ R

0

∫ 2π

0

∫ zN+M

zo

{
(σr − σT

r )(ε
o
r + zκor) + (σθ − σT

θ )(ε
o
θ + zκoθ)

+ (τrθ − τTrθ)(γ
o
rθ + zκorθ)

}
rdr dθ dz (5.1)

Again, the stress components superscripted with a “T” denote the equivalent stresses due to thermal

effects. The strains and curvatures in the energy expression are given by Equations (4.30) and

(4.31). Since not all layers are present at all temperatures, the integration of Π through the

thickness should be carried out with care. The location z = zo = 0 is taken here to be the reference

surface for the original two-layer flat RAINBOW device, and the quantities uo, vo, and wo are the
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total displacements in the r, θ, and z directions, respectively, of the reference surface. Expanding

the stresses in Equation (5-1), we obtain the following relations

σr = Q̄11(εr − εTr ) + Q̄12(εθ − εTθ ) + Q̄16(γrθ − γT
rθ)

σθ = Q̄12(εr − εTr ) + Q̄22(εθ − εTθ ) + Q̄26(γrθ − γT
rθ) (5.2)

τrθ = Q̄16(εr − εTr ) + Q̄26(εθ − εTθ ) + Q̄66(γrθ − γT
rθ)

where εTr , ε
T
θ and γT

rθ are the equivalent strains due to thermal effects and the the fact that strains

in the composite are important only below the cure temperature. Equation (5.2) can be rewritten

as

σr = Q̄11εr + Q̄12εθ + Q̄16γrθ − σT
r

σθ = Q̄12εr + Q̄22εθ + Q̄26γrθ − σT
θ (5.3)

τrθ = Q̄16εr + Q̄26εθ + Q̄66γrθ − τTrθ

where

σT
r = Q̄11ε

T
r + Q̄12ε

T
θ + Q̄16γ

T
rθ

σT
θ = Q̄12ε

T
r + Q̄22ε

T
θ + Q̄26γ

T
rθ (5.4)

τTrθ = Q̄16ε
T
r + Q̄26ε

T
θ + Q̄66γ

T
rθ

Since the temperature in the piezoceramic layers is changed by ∆TC, the equivalent strains in the

two layers of RAINBOW are given by

εPr(PZT ) = αr∆TC

εPθ(PZT ) = αθ∆TC (5.5)

γP
rθ(PZT ) = αrθ∆TC
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In similar fashion to equation (3.6), the equivalent strains in the composite layer, assumed to be

graphite-epoxy, are defined by

εTr(Composite) = αr(∆TC −∆T ∗) + ε∗r

εTθ(Composite) = αθ(∆TC −∆T ∗) + ε∗θ (5.6)

γT
rθ(Composite) = αrθ(∆TC −∆T ∗) + γ∗

rθ

where ε∗r , ε
∗
θ, and γ∗

rθ are the strains computed at temperature T ∗. Integrating with respect to z

through the thickness of GRAPHBOW results in

Π =
1

2

∫ R

0

∫ 2π

0

{
(Nr − N̂T

r ∆TC − N ∗
r )ε

o
r + (Nθ − N̂T

θ ∆TC − N ∗
θ )ε

o
θ

+ (Nrθ − N̂T
rθ∆TC −N ∗

rθ)γ
o
rθ + (Mr − M̂T

r ∆TC −M∗
r )κ

o
r (5.7)

+ +(Mθ − M̂T
θ ∆TC −M∗

θ )κ
o
θ + (Mrθ − M̂T

rθ∆TC − M∗
rθ)κ

o
rθ

}
rdrdθ

where




Nr ≡
∫ H+Hc

0
σrdz

Nθ ≡
∫ H+Hc

0
σθdz

Nrθ ≡
∫ H+Hc

0
τrθdz

Mr ≡
∫ H+Hc

0
zσrdz

Mθ ≡
∫ H+Hc

0

zσθdz

Mrθ ≡
∫ H+Hc

0
zτrθdz




=


 [A] [B]
[B] [D]







εor

εoθ

γo
rθ

κor

κoθ

κorθ




−




N̂T
r

N̂T
θ

N̂T
rθ

M̂T
r

M̂T
θ

M̂T
rθ




∆TC −




N ∗
r

N ∗
θ

N ∗
rθ

M∗
r

M∗
θ

M∗
rθ




(5.8)
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


N ∗
r ≡

∫ H+Hc

H
σrdz

N ∗
θ ≡

∫ H+Hc

H
σθdz

N ∗
rθ ≡

∫ H+Hc

H

τrθdz

M∗
r ≡

∫ H+Hc

H
zσrdz

M∗
θ ≡

∫ H+Hc

H
zσθdz

M∗
rθ ≡

∫ H+Hc

H
zτrθdz




=


 [A∗] [B∗]

[B∗] [D∗]







εo∗r

εo∗θ

γo∗
rθ

κo∗r

κo∗θ

κo∗rθ




−




N̂T ∗
r

N̂T ∗
θ

N̂T ∗
rθ

M̂T ∗
r

M̂T ∗
θ

M̂T ∗
rθ




∆T ∗ (5.9)

[A∗] =




A∗
11 A∗

12 A∗
16

A∗
12 A∗

22 A∗
26

A∗
16 A∗

26 A∗
66


 (5.10)

[B∗] =




B∗
11 B∗

12 B∗
16

B∗
12 B∗

22 B∗
26

B∗
16 B∗

26 B∗
66


 (5.11)

[D∗] =




D∗
11 D∗

12 D∗
16

D∗
12 D∗

22 D∗
26

D∗
16 D∗

26 D∗
66


 (5.12)



Adel B. Jilani Chapter 5. Disk-Style GRAPHBOW Actuators 191

Also the effective thermal force and moment resultants are defined as

N̂T
r ≡

∫ H+Hc

0

(
Q̄11αr + Q̄12αθ + Q̄16αrθ

)
dz (5.13)

N̂T
θ ≡

∫ H+Hc

0

(
Q̄12αr + Q̄22αθ + Q̄26αrθ

)
dz (5.14)

N̂T
rθ ≡

∫ H+Hc

0

(
Q̄16αr + Q̄26αθ + Q̄66αrθ

)
dz (5.15)

M̂T
r ≡

∫ H+Hc

0

(
Q̄11αr + Q̄12αθ + Q̄16αrθ

)
zdz (5.16)

M̂T
θ ≡

∫ H+Hc

0

(
Q̄12αr + Q̄22αθ + Q̄26αrθ

)
zdz (5.17)

M̂T
rθ ≡

∫ H+Hc

0

(
Q̄16αr + Q̄26αθ + Q̄66αrθ

)
zdz (5.18)

N̂T ∗
r ≡

∫ H+Hc

H

(
Q̄11αr + Q̄12αθ + Q̄16αrθ

)
dz (5.19)

N̂T ∗
θ ≡

∫ H+Hc

H

(
Q̄12αr + Q̄22αθ + Q̄26αrθ

)
dz (5.20)

N̂T ∗
rθ ≡

∫ H+Hc

H

(
Q̄16αr + Q̄26αθ + Q̄66αrθ

)
dz (5.21)

M̂T ∗
r ≡

∫ H+Hc

H

(
Q̄11αr + Q̄12αθ + Q̄16αrθ

)
zdz (5.22)

M̂T ∗
θ ≡

∫ H+Hc

H

(
Q̄12αr + Q̄22αθ + Q̄26αrθ

)
zdz (5.23)

M̂T ∗
rθ ≡

∫ H+Hc

H

(
Q̄16αr + Q̄26αθ + Q̄66αrθ

)
zdz (5.24)

In the above, the matrices [A], [B], and [D] and the A’s, B’s, D’s, A∗’s, B∗’s and D∗’s are defined

in Equations (4.38)–(4.40) and (3.32)–(3.37), respectively.

5.2.2 The Rayleigh-Ritz Approach

The displacement fields for GRAPHBOW are assumed to have the same functional form as for

disk-style RAINBOW, i.e., Equations (4.47)–(4.49). Again the values of aij, cij, and dij are sought

by using the first variation of the total potential energy, and stability is evaluated using the second

variation. The procedures are identical to those discussed in Chapter 4 with Equations (4.50) and

(4.51).
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5.2.3 Piezoelectric Effects

To investigate to deformation characteristics due to applying an electric field through the unreduced

piezoceramic, the total potential energy expression of Equation (5.7) is modified to account for the

effective force and moment resultants produced by the electric-field-induced dilatational strains.

Thus, the following terms are appended to the total potential energy expression:

N̂E
r Ez ≡

∫ H+Hc

0

(
Q̄11d31 + Q̄12d32

)
Ezdz (5.25)

N̂E
θ Ez ≡

∫ H+Hc

0

(
Q̄12d31 + Q̄22d32

)
Ezdz (5.26)

M̂E
r Ez ≡

∫ H+Hc

0

(
Q̄11d31 + Q̄12d32

)
Ezzdz (5.27)

M̂E
θ Ez ≡

∫ H+Hc

0

(
Q̄12d31 + Q̄22d32

)
Ezzdz (5.28)

Attention should be brought to the fact that only the unreduced piezoceramic layer contributes to

the integrals of Equations (5.25)–(5.28), as d31 and d32 are considered to be zero for the reduced

layer and the composite, and that the assumed displacements resulting from the temperature change

plus the application of the electric field are approximated by Equations (4.47)–(4.49).

5.3 Numerical Results

5.3.1 Effect of Composite Layer Arrangements on GRAPHBOW Room-Tempera-

ture Shape

To illustrate the results predicted by the present model and to study convergence of the Rayleigh-

Ritz method, consider the disk-style RAINBOW discussed in Chapter 4 with R=25.4 mm, H=0.381

mm, and Hr/H=0.35. The relationships between temperature and the coefficients a20, a22, a30,

a32, a40, a42, a50, a52, and a60 and a62 are shown in Figures 4.9–4.13. Recall, from Equations

(4.70)–(4.72) that these coefficients describe the curvatures. Assume a single layer of graphite-

epoxy is applied to the reduced side of RAINBOW. With this arrangement, layer no. 1 is the

composite, layer no. 2 is the reduced layer, and layer no. 3 is the unreduced layer. The fibers



Adel B. Jilani Chapter 5. Disk-Style GRAPHBOW Actuators 193

are aligned with the x direction (refer to Figure 5.1), i.e., the composite layer is considered a 0o

layer. The material properties of the composite are given in section 3.3. A convergence study of

the Rayleigh-Ritz method is made by assuming the layer of composite is present from the onset of

cooling of GRAPHBOW, as opposed to adding the layer of composite partway through the cooling

cycle and then continuing to cool. This approach is taken because of the difficulty with developing

an ABAQUS model whereby elements are added after cooling partway through the cooling cycle.

This essentially means the case is considered where TC = T ∗, i.e., in Figure 3.1 ∆T ∗ = 0. The

∆TC considered was ∆TC=-157
oC and the out-of-plane, radial, and circumferential displacements

of the outer radius are compared for three sets of approximations, Equations (4.61)–(4.69). Figures

5.2–5.4 illustrate the convergence characteristics of the three sets of functions. For the finite-

element analysis, the mesh, type of elements, type of loading, and boundary conditions used are

the same as those described in Chapter 4. As it can be seen, increasing the number of terms in

the approximation greatly improves the results. Since the 35-term approximation takes much less

computational effort than the 85-term approximation, and compares very well with the ABAQUS

results, it is used to obtain numerical values of the aij coefficients which can be substituted in

Equations (4.70)–(4.72) to compute the curvatures of GRAPHBOW for given r and θ coordinates.

Considering a more realistic case, a multiple-step temperature change case, Figures 5.5–5.9 illustrate

the behavior of the disk-style [0o/RAINBOW] described above, and by Figures 3.1 and 5.1, as it is

cooled from the composite cure temperature T ∗=177 oC to room temperature. For temperatures

greater than T ∗, the results of Figures 4.9–4.13 apply. Specifically, in Figures 5.5–5.9 the parameters

aij of Equations (4.70)-(4.72) are shown as a function of the temperature. Figure 5.10 illustrates

GRAPHBOW room-temperature shapes. For comparison, the room-temperature shapes of their

counterpart RAINBOW from Figure 4.14 are included.

Referring to Figures 5.5–5.9, the solid lines and dashed lines correspond to the stable and unstable

equilibrium solutions, respectively. At a temperature lower than T ∗, the temperature-aij relation-

ship of GRAPHBOW is depicted by curves with rectangular (Solution I), triangular (Solution II),

and circular (Solution III) symbols. The solution paths of branches BC, BE, B′C′, B′C′′, and B′E′

in Figures 4.9–4.13 are included for direct comparison. From Figures 5.5–5.9, it is observed that the

coefficients aij along the three solution paths, Solution I, Solution II, and Solution III, are single-
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Figure 5.2: Convergence of the Rayleigh-Ritz method for the out-of-plane displacement wo of disk-
style [0o/RAINBOW] (R=25.4 mm, H=0.381 mm, Hr/H=0.35, ∆TC=-157

oC, ∆T ∗=0 oC).
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Figure 5.3: Convergence of the Rayleigh-Ritz method for the radial displacement uo of disk-style
[0o/RAINBOW] (R=25.4 mm, H=0.381 mm, Hr/H=0.35, ∆TC=-157
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Figure 5.4: Convergence of the Rayleigh-Ritz method for the circumferential displacement vo of
disk-style [0o/RAINBOW] (R=25.4 mm, H=0.381 mm, Hr/H=0.35, ∆TC=-157
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valued. A stability study shows that the three GRAPHBOW room-temperature shapes shown in

Figure 5.10 are stable. Hence, the unstable branches BE and B′E′ are stabilized and the ‘converted’

stable branches are given by Solution III. Figure 5.10 indicates that bonding a 0o composite layer

to the reduced layer of RAINBOW results in three similar room-temperature configurations, i.e.,

larger κr along the θ=π/2 and θ=3π/2 directions than along the θ=0 and θ=π directions. These

three configurations are all near-cylindrical and exhibit larger out-of plane displacements than their

RAINBOW counterparts. It is quite interesting that the unstable dome configuration is eliminated

by the addition of the 0o layer. This behavior was seen with rectangular RAINBOW. Again, it is

important to note the relative magnitude of the coefficients a20, a22, a30, a32, etc.

In Figures 5.11–5.15 a single 0o layer of fiber reinforced composite material is bonded to the unre-

duced side of RAINBOW. With this arrangement, layer no. 1 is the reduced layer, layer no.

2 is the unreduced layer, and layer no. 3 is the composite. The room-temperature shapes of

[RAINBOW/0o], as shown in Figure 5.16, are three stable near-cylindrical shapes with larger κr

along the θ=0 and θ=π directions than along the θ=π/2 and θ=3π/2 directions. These larger

curvature directions are different than for the case when the composite is bonded to the opposite

side of RAINBOW, Figure 5.10. This is somewhat surprising in light of the increased stiffness in

the 0o direction in both cases. The two configurations corresponding to Solution I and Solution II

exhibit smaller out-of-plane displacements than their RAINBOW counterparts. This is also differ-

ent than the case of Figure 5.10, where the addition of the composite layer led to larger out-of-plane

displacements for all three solutions.

The behavior of [0o2/RAINBOW], shown in Figures 5.17–5.21, is not much different than [0
o/RAINBOW],

shown in Figures 5.5–5.10. The three stable near-cylindrical shapes are shown in Figure 5.22.

Moreover, the behavior of [RAINBOW/0o2] shown in Figures 5.23–5.28 is similar to the behavior of

[RAINBOW/0o], shown in Figures 5.11–5.16.

Referring to Figures 5.29–5.33 and 5.35–5.39, bonding [0o/90o] composite layers either to the

reduced layer or to the unreduced layer seems to produce similar behavior. In both cases the

room-temperature shape of Solution I is dome-like and the room-temperature shapes correspond-

ing to Solution II and Solution III are near-cylindrical with a larger κr along the θ=π/2 and

θ=3π/2 directions than along θ=0 and θ=π directions. All of the room-temperature shapes of
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[0o/90o/RAINBOW] and [RAINBOW/0o/90o] are stable and are shown in Figures 5.34 and 5.40,

respectively. The behavior in both cases of [0o/90o] composite layers being added to RAINBOW

appears to favor the dome-like behavior. In Figures 5.34 and 5.40, comparing the solution of C

and C′ with Solution I, it is seen that the dome-like behavior is induced by the addition of the

[0o/90o] composite layers. Comparing the solution at C and C′′ with Solution II, it is seen that

the cylindrical shape of C and C′′ is less pronounced when the [0o/90o] composite layers are added.

And Solution III returns to a large degree the dome-like behavior of E and E′.
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Figure 5.5: Temperature-curvature (a20 and a22) relation of disk-style [0
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mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.10: Comparison of room-temperature shapes of disk-style RAINBOW and [0o/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35) (refer to Figures 5.5–5.9).
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mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.12: Temperature-curvature (a30 and a32) relation of disk-style [RAINBOW/0
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Figure 5.13: Temperature-curvature (a40 and a42) relation of disk-style [RAINBOW/0
o] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.14: Temperature-curvature (a50 and a52) relation of disk-style [RAINBOW/0
o] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.15: Temperature-curvature (a60 and a62) relation of disk-style [RAINBOW/0
o] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.16: Comparison of room-temperature shapes of disk-style RAINBOW and [RAINBOW/0o]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35) (refer to Figures 5.11–5.15).
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Figure 5.17: Temperature-curvature (a20 and a22) relation of disk-style [0
o
2/RAINBOW] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.18: Temperature-curvature (a30 and a32) relation of disk-style [0
o
2/RAINBOW] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.19: Temperature-curvature (a40 and a42) relation of disk-style [0
o
2/RAINBOW] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.20: Temperature-curvature (a50 and a52) relation of disk-style [0
o
2/RAINBOW] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.21: Temperature-curvature (a60 and a62) relation of disk-style [0
o
2/RAINBOW] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).



Adel B. Jilani Chapter 5. Disk-Style GRAPHBOW Actuators 216

−20
0

20
−20

0

20
−4

−3

−2

−1

0

y (mm)

(d) Solution I at room temperature

x (mm)

w
o  (

m
m

)

−20
0

20
−20

0

20
−4

−3

−2

−1

0

y (mm)

(e) Solution II at room temperature

x (mm)

w
o  (

m
m

)

−20
0

20
−20

0

20
−4

−3

−2

−1

0

y (mm)

(f) Solution III at room temperature

x (mm)

w
o  (

m
m

)

−20
0

20
−20

0

20
−4

−3

−2

−1

0

y (mm)

(b) At C and C′′

x (mm)

w
o  (

m
m

)

−20
0

20
−20

0

20
−4

−3

−2

−1

0

y (mm)

(a) At C and C′

x (mm)

w
o  (

m
m

)

−20
0

20
−20

0

20
−4

−3

−2

−1

0

y (mm)

(c) At E and E′

x (mm)

w
o  (

m
m

)

Figure 5.22: Comparison of room-temperature shapes of disk-style RAINBOW and [0o2/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35) (refer to Figures 5.17–5.21).
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Figure 5.23: Temperature-curvature (a20 and a22) relation of disk-style [RAINBOW/0
o] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.24: Temperature-curvature (a30 and a32) relation of disk-style [RAINBOW/0
o
2] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.25: Temperature-curvature (a40 and a42) relation of disk-style [RAINBOW/0
o
2] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.26: Temperature-curvature (a50 and a52) relation of disk-style [RAINBOW/0
o
2] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.27: Temperature-curvature (a60 and a62) relation of disk-style [RAINBOW/0
o
2] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.28: Comparison of room-temperature shapes of disk-style RAINBOW and [RAINBOW/0o2]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35) (refer to Figures 5.23–5.27).
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Figure 5.29: Temperature-curvature (a20 and a22) relation of disk-style [0
o/90o/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.30: Temperature-curvature (a30 and a32) relation of disk-style [0
o/90o/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.31: Temperature-curvature (a40 and a42) relation of disk-style [0
o/90o/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.32: Temperature-curvature (a50 and a52) relation of disk-style [0
o/90o/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.33: Temperature-curvature (a60 and a62) relation of disk-style [0
o/90o/RAINBOW]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.34: Comparison of room-temperature shapes of disk-style RAINBOW and

[0o/90o/RAINBOW] (R=25.4 mm, H=0.381 mm, Hr/H=0.35) (refer to Figures 5.29–5.33).
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Figure 5.35: Temperature-curvature (a20 and a22) relation of disk-style [RAINBOW/0
o] (R=25.4

mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.36: Temperature-curvature (a30 and a32) relation of disk-style [RAINBOW/0
o/90o]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.37: Temperature-curvature (a40 and a42) relation of disk-style [RAINBOW/0
o/90o]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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5.3.2 Application of an Electric Field

Figures 5.41–5.45 illustrate the relationship between the change in the coefficients aij relative to

their room-temperature values, ∆aij, as a function of the electric field strength for the range E=±

1.5 MV/m. It is assumed that the GRAPHBOW device is in a shape represented in Figure 5.10(d)

(R=25.4 mm, H=0.381 mm, Hr/H=0.35, [0
o/RAINBOW]). The polarity of the unreduced piezoce-

ramic material is assumed to be as shown in Figure 4.3. Figure 5.46 depicts the room-temperature

shapes of [0o/RAINBOW] under electric field strength of ± 1.5 MV/m. For comparison, the room-

temperature shape of [0o/RAINBOW] from Figure 5.10(d) is included. Figure 5.46 shows that a

reasonable change in the major curvature can be achieved with the application of electric field of

± 1.5 MV/m . For the GRAPHBOW considered, a positive E tends to flatten the GRAPHBOW

actuator along the θ=π/2 and θ=3π/2 directions. However, a negative E tends to increase the

curvature κr along these directions. As can be seen in Figures 5.41–5.45, the relationships between

a20 and a22, the major terms in the curvatures, and E are very close to being linear. To first

approximation, the relationships between the a30, a32, a40, a42, a50, a52, a60, and a62, the minor

terms in the curvatures, and E are also close to being linear. The slight nonlinearity in the relation

between a30, a32, a40, a42, a50, a52, a60, a62 and E may be unimportant since these terms are much

smaller than a20 and a22. Again, the linearity of the relation between E and ∆aij simplifies the

extension of the present model to study the dynamic behavior of GRAPHBOW actuators.

5.4 Chapter Summary

In this chapter, a multi-step thermoelastic analysis has been developed to model the incorpora-

tion of the composite layer onto disk-style RAINBOW. A special case was considered for which

T = T ∗ to make it possible to compare results with results obtained using ABAQUS. The results

presented indicate that there is an excellent agreement between the results obtained using the

present model and those obtained using ABAQUS. Moreover, the numerical results presented in

this chapter reveal that 25.4 mm radius [0o/RAINBOW] and [0o2/RAINBOW] exhibit three similar

stable room-temperature configurations that are near-cylindrical (larger kr along the θ = π/2 and

θ = 3π/2 directions than along the θ = 0 and θ = π directions) that have larger out-of-plane dis-
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Figure 5.38: Temperature-curvature (a50 and a52) relation of disk-style [RAINBOW/0
o/90o]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.39: Temperature-curvature (a60 and a62) relation of disk-style [RAINBOW/0
o/90o]

(R=25.4 mm, H=0.381 mm, Hr/H=0.35).
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Figure 5.40: Comparison of room-temperature shapes of disk-style RAINBOW and

[RAINBOW/0o/90o] (R=25.4 mm, H=0.381 mm, Hr/H=0.35) (refer to Figures 5.35–5.39).
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Figure 5.41: Variations of a20 and a22 as a function of E for [0
o/RAINBOW] (R=25.4 mm, H=0.381

mm, Hr/H=0.35).
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Figure 5.42: Variations of a30 and a32 as a function of E for [0
o/RAINBOW] (R=25.4 mm, H=0.381

mm, Hr/H=0.35).
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Figure 5.43: Variations of a40 and a42 as a function of E for [0
o/RAINBOW] (R=25.4 mm, H=0.381

mm, Hr/H=0.35).
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Figure 5.44: Variations of a50 and a52 as a function of E for [0
o/RAINBOW] (R=25.4 mm, H=0.381

mm, Hr/H=0.35).
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Figure 5.45: Variations of a60 and a62 as a function of E for [0
o/RAINBOW] (R=25.4 mm, H=0.381

mm, Hr/H=0.35).
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(b) [0o/RAINBOW] at room temperature  with E=0 MV/m (refer to Figure 5.10(d))

x (mm)

w
o  (

m
m

)

−30 −20 −10 0 10 20 30
−20

0

20
−4

−3

−2

−1

0

y (mm)

(c) [0o/RAINBOW] at room temperature with E=+1.5 MV/m

x (mm)

w
o  (

m
m

)

Figure 5.46: Room-temperature shapes of [0o/RAINBOW] at (a) -1.5 MV/m, (b) 0 MV/M, and
(c) +1.5 MV/m (R=25.4 mm, H=0.381 mm, Hr/H=0.35).



Adel B. Jilani Chapter 5. Disk-Style GRAPHBOW Actuators 242

placements than their RAINBOW counterparts. On the other hand, the room-temperature shapes

of [RAINBOW/0o] and [RAINBOW/0o2] are near-cylindrical but with larger kr along the θ = 0 and

θ = π directions than along the θ = π/2 and θ = 3π/2 directions and with the smaller out-of-plane

displacements than their RAINBOW counterparts. It is interesting to note that bonding [0o/90o]

composite layers either to the reduced layer or unreduced layer of RAINBOW results in one stable

dome-like shape and two stable cylinder-like shapes with larger kr along the θ = π/2 and θ = 3π/2

directions than along the θ = 0 and θ = π directions. The relationship between the dominant

coefficients in the curvature expressions (a20 and a22) and the electric field was shown to be very

close to being linear.

In the next chapter, conclusions regarding the present study are made and recommendations for

future work are specified.



Chapter 6

Conclusions

In this work, a number of predictive analyses were developed to determine the deformation charac-

teristics of the manufactured shape of rectangular and disk-style RAINBOW piezoceramic actua-

tors. These analyses were based on developing approximate displacement responses that minimize

the total potential energy of these layered actuators. This was accomplished through the use of vari-

ational methods along with a Rayleigh-Ritz approximation to the displacement fields. All analyses

were based on classical layered plate theory and assumed the various layers exhibited linear elastic,

temperature-independent behavior. Since the out-of-plane deformations of these actuators when

cooled from the processing temperature to room temperature are several times the thickness of

the actuator, geometric nonlinearities were important and were included in the strain-displacement

relations. The Rayleigh-Ritz procedure was aided by the fact that the cooled shape of the devices

can be either near-cylindrical or domed. Based on physical observations, these shapes were repre-

sented accordingly by reasonably well-behaved functions of the spatial coordinates. The presence

of geometric nonlinearities implies the possibility of having more than one room-temperature shape

predicted for a given set of parameters. For that purpose, an examination of the stability of the

predicted shapes was considered. This was achieved by examining the second variation of the to-

tal potential energy. Although, the methodology for predicting the room-temperature shapes of

rectangular RAINBOW was similar to the methodology used for the disk-style RAINBOW, the

predictive tool for the rectangular devices was based on analyses in a Cartesian coordinate system,

while the predictive tool for the disk-style devices was based on a polar coordinate system. These
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models were then easily modified to account for piezoelectric-induced deformations.

Both models presented in Chapters 2 and 4 are shown to have good agreement with the finite ele-

ment results obtained using ABAQUS. The present models are shown to have several formulative

and computational advantages over finite element analysis. These advantages include simplicity of

formulation and the relative ease of extending the model to include piezoelectric-induced deforma-

tions. This is in contrast to ABAQUS, which requires a three-dimensional analysis to model the

piezoelectric-induced deformations. In addition, the formulation of the present analysis is quite

straightforward, and the bulk of the computational effort can be completed in much less time than

the finite element analysis.

The numerical results presented in Chapters 2 indicate that for a given set of material properties,

rectangular RAINBOW can have critical values of sidelength-to-thickness ratio (Lx/H or Ly/H)

below which RAINBOW exhibits unique, or single-valued, spherical, or domed, shapes when cooled

from the processing temperature to room temperature. For values of sidelength-to-thickness ratio

greater than the critical value, RAINBOW exhibits multiple room-temperature shapes. Two of

the shapes are stable and are, in general, near-cylindrical. The third shape is spherical and is

unstable. Similarly, results in Chapter 4 show that disk-style RAINBOW can have critical values of

radius-to-thickness ratios (R/H) below which RAINBOW exhibits axisymmetric room-temperature

shapes. For values of R/H greater than the critical value, disk-style RAINBOW exhibits two stable

near-cylindrical shapes and one unstable axisymmetric shape. The existence of these critical values

suggests that care should be taken when designing RAINBOW actuators. Indeed, if two RAINBOW

actuators are manufactured with a geometry that is very close to the critical value, they may behave

quite differently. Specifically, manufacturing irregularities such as small variations in material

properties, variation in layer thickness, or nonuniform cooling may result in different effective

sidelength-to-thickness ratio or radius-to-thickness ratio. Hence, two ‘identical’ RAINBOW will

not behave the same way. Moreover, the present study reveals the existence of two critical values

of reduced layer thickness. This adds more complexity to the unusual behavior of RAINBOW.

Indeed, it shown that for a reduced layer thickness bounded by these two critical values, disk-style

RAINBOW exhibit two stable near-cylindrical shapes and one unstable axisymmetric spherical

shape. However, if the reduced layer thickness is outside the interval bounded by the critical values,
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RAINBOW exhibit a unique and stable axisymmetric spherical shape. Thus, the variation in the

reduced layer thickness due to nonuniform reduction will no doubt influence the room-temperature

shapes. The extension of the model to account for piezoelectric-induced deformations shows that

the relationship between the change in curvatures of rectangular and disk-style RAINBOW and

the electric field strength is very close to be linear. This is an important character, as it makes the

analysis of the dynamic behavior of RAINBOW much simpler. Moreover, it is found that for the

set of material properties used in this study, the optimal reduced layer thickness would be 55%,

since then the maximum change in curvature is achieved under the application of an electric field,

while the relationship between the change in curvatures and the electric field is kept very close

to being linear. Considering the defects in the manufacturing of both rectangular and disk-style

RAINBOW, the predicted results shown in Appendix B agree qualitatively with the experimental

results.

In Chapters 3 and 5 a multi-step thermoelastic analysis was developed to model the addition of

the fiber-reinforced composite layer. Numerical results were presented to illustrate the influence of

the composite layer arrangements on the room-temperature shapes of GRAPHBOW. It was found

for rectangular RAINBOW that if the bifurcation temperature is lower than the composite cure

temperature, as is the case, for example, with Lx/H=100 and Ly/Lx=1/2, then a unique stable

GRAPHBOW shape is obtained. This shape is near-cylindrical with larger curvature in the x direc-

tion than in the y direction for [RAINBOW/0o], [RAINBOW/0o2], [0
o/90o/RAINBOW], and with

larger curvature in the y direction than in the x direction for [0o/RAINBOW] and [0o2/RAINBOW].

The shape of [RAINBOW/0o/90o] is more spherical.

On the other hand, for different geometry, for example, Lx/H=100, Lx/Ly=1, the RAINBOW

bifurcation temperature is above the composite cure temperature, resulting in three stable room-

temperature GRAPHBOW shapes. The unstable spherical RAINBOW configuration has been

“converted” to a stable near-cylindrical configuration. Thus the influence of the composite layer

arrangements on the room-temperature shapes of GRAPHBOW with Lx/H=100, Ly/Lx=1 seems

to be similar to the case with Lx/H=100, Ly/Lx=1/2, except the fact that instead of having

a unique room-temperature, three similar room-temperature configurations, which might be very

hard to distinguish as being different, are obtained.
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For GRAPHBOW with Lx/H=100 and Ly/Lx=2, the bifurcation temperature of RAINBOW is

much larger than the composite cure temperature, resulting in saddle-node bifurcations during

the cooling to room temperature of [0o/RAINBOW], [RAINBOW/0o], and [0o2/RAINBOW]. It is

interesting to note that rectangular [RAINBOW/0o/90o] seems to be less likely to encounter saddle-

node bifurcations. The presence of such bifurcations in the behavior of GRAPHBOW is undesired

if GRAPHBOW are to be used as actuators. Finally, it was shown that the relationship between

the change in the major curvature and the electric field is very close to linear for GRAPHBOW with

saddle-node bifurcations which, if they do exist, are far away from room temperature. However, the

change in the minor curvature can vary quadratically with the electric field, but since the variation

is very small in magnitude, it is negligible.

The results presented in Chapter 5, which focused specifically on disk-style actuators 25.4 mm

(1.0 in.) in radius, revealed that [0o/RAINBOW] and [0o2/RAINBOW] exhibit three similar stable

room-temperature configurations and are near-cylindrical, with larger kr along the θ = π/2 and

θ = 3π/2 directions than along the θ = 0 and θ = π directions, and that have larger out-of-plane

displacements than their RAINBOW counterparts. On the other hand, the room-temperature

shapes of [RAINBOW/0o] and [RAINBOW/0o2] are near-cylindrical, but with larger kr along the

θ = 0 and θ = π directions than along the θ = π/2 and θ = 3π/2 directions and with smaller out-

of-plane displacements than their RAINBOW counterparts. It is interesting to note that bonding

[0o/90o] composite layers either to the reduced layer or unreduced layer of RAINBOW results in

one stable dome-like shape and two stable near-cylindrical shapes with larger kr along the θ = π/2

and θ = 3π/2 directions than along the θ = 0 and θ = π directions. The relationship between the

dominant coefficients in the curvature expressions (a20 and a22) and the electric field was shown to

be very close to being linear.

The development of these predictive analyses is expected to greatly aid many current research efforts

in the area of piezoelectric actuators. The high promise of these analyses suggests the following

future activities:

• fabricate RAINBOW with reduced layer thickness ratio Hr/H of 55%,

• investigate the experimental piezoelectric-induced deformation response of RAINBOW with
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Hr/H=14%,

• fabricate GRAPHBOW and verify if the unstable dome configuration disappears and becomes

stable near-cylindrical,

• investigate the experimental piezoelectric-induced deformation response of GRAPHBOW

with saddle-node bifurcations that are close to room temperature,

• explore the deformation response of RAINBOW and GRAPHBOW devices when the thermal

strains are function of temperature, such as in Figure B.3.
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Appendix A

Equilibrium Equations and Stability

Matrix for Rectangular RAINBOW

Actuators

Equilibrium equations

Coefficient of δa

b2 B22 Lx
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− A12 b c Lx
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− A22 b d Lx
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aA22 b
2 Lx
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= 0 (A.1)
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a b B22Lx
2

24
− aA12 c Lx

2

48
− aA22 d Lx

2

48
+

a2 A22 b Lx
4

1280
+

a2 B11 Ly
2

48
− aA11 c Ly

2

48

−aA12 d Ly
2

48
+

a2 A12 b Lx
2 Ly

2

1152
+

a2 A11 b Ly
4

1280
+

B12

(
−48 c+ a

(
aLx

2 + 2 b Ly
2
))

48

−B22 d + aD12 + bD22 + M̂T
y ∆T +

aLy
2 N̂T

x ∆T

48
+

aLx
2 N̂T

y ∆T

48
= 0 (A.2)
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Coefficient of δc

A11 c+A12 d− b B12 −
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Stability matrix
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C33 = A11 (A.13)

C34 = A12 (A.14)

C44 = A22 (A.15)



Appendix B

RAINBOW Devices: Experimental

Results

B.1 Measurement of Material Properties

Rectangular and disk-style RAINBOW were manufactured by Dr. W. L. Vaughn at NASA Langley

Research Center. The size, thickness, and reducing time for the RAINBOW actuators are given

in the next sections. The RAINBOW actuators were made of PZT-5A piezoceramic material.

The moduli of elasticity of the reduced and unreduced piezoceramic were obtained by performing

compression tests on reduced and unreduced piezoceramic bars (see Figure B.1). The load-strain

curves of unreduced and reduced bars are shown in Figure B.2. The geometry, mass, density, slope

of the load-strain curves, and compression modulus of each bar is tabulated in Table B.1. In the

table, the 5A- bars are unreduced and the R- bars are reduced. The computed moduli are based

on the load-stain curves in the range of 5 to 40 lbs of load. (In this appendix the units cited are

the units that were used in the actual measurements). The bars were loaded lengthwise as shown

in Figure B.1 and a one-inch clip gage was used to measure strain. From Table B.1, the average

Young’s modulus and its standard of deviation for the unreduced and reduced bars are 6.44 Msi

and 1.37 Msi, and 4.34 Msi and 0.57 Msi, respectively. Although measurements of strain were taken

for loads up to 100 lbs, one unreduced bar was loaded up to 750 lbs without failure. The R- bars
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Figure B.1: Compressive loading of piezoceramic bars.

were reduced for 36 hours at 975 oC using a carbon block in an air furnace. A witness bar was

used to track the reduction.

To obtain measurements of the coefficients of thermal expansion of the reduced and unreduced

piezoceramic, a LINSEIS dilatometer was used to measure the change in length in three piezoce-

ramic bars (L × W × W , L/W=6): PZT5A-1 (unreduced, L=24.73 mm), PZT5A-3 (unreduced,

L=21.12 mm), and PZT5AR-1 (reduced, L=22.42 mm). The temperature ranged from 20 oC to 600

oC. The rates of change of temperature for PZT5A-1, PZT5A-3, and PZT5AR-1 were 2 oC/min, 3

oC/min, and 3 oC/min, respectively. Figure B.3 shows the relative change in length as a function

of temperature for the three specimens. Since the experimental data of ∆L/L for PZT5A-3 and

PZT5AR-1 were obtained using the temperature rate 3 oC/min, they were used to evaluate the

thermal expansion coefficients for the unreduced and reduced piezoceramic. It is seen from Fig-

ure B.3 that at a temperature greater than the Curie temperature, TC=340
oC, the relationship

between ∆L/L and temperature is very close to being linear. The experimental results of ∆L/L

were thus extrapolated for temperatures above 600 oC to 970 oC. It is obvious from Figure B.3



Adel B. Jilani Appendix B 257

AAAAAAAAAAAAA
AAAAAAAAAAAAAA
AAAAAAAAAAAAA
AAAAAAAAAAA
AAAAAAAAAA
AAAAAAAA
AAAAAAAAA
AAAAAAAA
AAAAAAA
AAAAAAA
AAAAAAA
AAAAAA
AAAAAA
AAAAAA
AAAAA
AAAAA
AAAAA
AAAAA
AAAAA
AAAAA
AAAAA
AAAAA
AAAA
AAAAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAA
AAAA
AAAA
AAAA
AAAA
AAAA
AAA
AAAA
AAAA
AAAA
AAA
AAA
AAA
AAA
AAA
AAA
AAA
AAA

BBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBB
BBBBBBBBBBBBB
BBBBBBBBBBB
BBBBBBBB
B
BBBBBBBBBB
BBBBBBBB
BBBBBBBB
BBBBBBBB
BBBBBBB
B

B

BBBBB

B

B

B
BBBBBBB
BBBBB
BBBBBBB
BBBBBB
BBBBB
BBBB
BBBBBB
BBBBB
BBBBB
BBBBB
BBBBB
BBBBB
BBBBB
BBBB
BBBBB
BBBB
BBBB
B
BBBBB
BBBB
BBB
BBBB
BBBB
BBBB
BBBB
BBBB
BBB
BB
BBBB
BBBB
BBB
BBB
BBB
BBB
BBBB
BBB
BBB
BBB
BBB
B
B
BBB
BB

CCCCCCCCCCCCCCC
CCCCCCCCCCCC
CCCCCCCCCC
CCCCCCCCCC
CCCCCCCCC
CCCCCCCCC
CCCCCCCC
CCCCCCC
CCCCCCC
CCCCCCC
CCCCCC
CCCCCC
CCCCCC
CCCCCC
CCCCC
CCCCC
CCCCC
CCCCC
CCCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCCC
CCC
CCC
CCC
CCC
CCC
CCC
CCC
CCC
CCCCCCC

DDDDDDDDDDDDDDD
DDDDDDDDDDDDD
DDDDDDDDDDDD
DDDDDDDDDDD
DDDDDDDDDD
DDDDDDDDD
DDDDDDDDD
DDDDDDDD
DDDDDD
DDDDDDD
DDDDDDD
DDDDDD
DDDDDD
DDDDDD
DDDDDD
DDDDDD
DDDDDD
DDDDD
DDDDD
DDDDDD
DDDDD
DDDDD
DDDDD
DDDDD
DDDDD
DDDDD
DDDDD
DDDD
DDDDD
DDDD
DDD
DDDDD
DDDD
DDDD
DDDDD
DDDD
DDD
DDDD
DDDD
DDDD
DDDD
DDD
DDDD
DDDD
DDD
DDD
DDD
DDD
DDD
DDD
DDD
DDDD

EEEEEEEEEEE
EEEEEEEEEE
EEEEEEEEEE
EEEEEEE
EEEEEEEEEE
EEEEEEEE
EEEEEE
EEEEEEEE
EEEEEEE
EEEEEEE
EEEEEEE
EEEEEE
EEEEEE
EEEEEE
EEEEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEE
EEEEE
EEEEE
EEEEE
EEEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEE
EEEEE
EEEE
EEEE
EEEE
EEEE
EEE
EEEE
EEE
EEE
EEE
EEE
EEEE

FFFFFFFFFFF
FFFFFFFFFF
FFFFFFFFF
FFFFFFFFF
FFFFFFFF
FFFFFFF
FFFFFFF
FFFFFFF
FFFFFFF
FFFFF
FFFFFF
FFFFFF
FFFFFF
FFFFFF
FFFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFFF
FFFF
FFFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFFF
FFF
FFFF
FFF
FFF
FFF
FFFF
FFF
FFF
FFF

GGGGGGGGGGGGGG
GGGGGGGGGGGG
GGGGGGGGGG
GGGGGGGGG
GGGGGGGGG
GGGGGGGG
GGGGGGGG
GGGGGGG
GGGGGGG
GGGGGGG
GGGGGGG
GGGGGG
GGGGGG
GGGGGG
GGGGGG
GGGGG
GGGGG
GGGGG
GGGGG
GGGGG
GGGGG
GGGGG
GGGGG
GGGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGGG
GGG
GGGG
GGGG
GGGG
GGGG
GGG
GGG
GGGG
GGG
GGG
GGG
GGG
GGG
GGG
GGG
GGG

0

10

20

30

40

50

60

70

80

90

100

0 0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014 0.0016 0.0018 0.002

L
oa

d,
 lb

s

Strain (0.0002 offsets)

A 5A-8

B 5A-8-1

C 5A-9

D 5A-10

E R-1

F R-2

G R-3

Figure B.2: Load-strain curves for the unreduced and reduced PZT5-A bars.

Table B.1: Geometric and material properties of unreduced and reduced PZT-5A bars.

Specimen Length, L Average W1 Average W2 Area Mass Density ∆P/∆ε Modulus
(in.) (in.) (in.) (in.2) (g) (g/cm3) 105×(lbs) (Msi)

5A-8 1.501 0.2497 0.1504 0.0375 7.0786 7.67 2.48 6.61
5A-8-1 1.501 0.2497 0.1504 0.0375 7.0786 7.67 1.80 4.80
5A-9 1.502 0.2498 0.1501 0.0375 7.0684 7.66 2.33 6.21
5A-10 1.501 0.2496 1.493 0.0373 7.0348 7.68 3.03 8.13
R-1 1.492 0.2482 0.1493 0.0370 5.4546 6.02 1.69 4.56
R-2 1.490 0.2481 0.1494 0.0370 5.4546 6.02 1.77 4.78
R-3 1.490 0.2477 0.1498 0.0371 5.3476 5.90 1.37 3.69
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that for temperatures greater than 340 oC, the thermal expansion coefficients, slopes of ∆L/L vs.

temperature, for the unreduced piezoceramic (PZT5A-3) and the reduced piezoceramic (PZT5AR-

3) did not differ that much. However, at temperatures lower than the Curie temperature, the

difference in thermal expansion coefficients was significant. It is thus expected that the majority of

the manufactured shape develops as RAINBOW is cooled below 340 oC. Therefore, instead of using

a temperature change from 975 oC to room temperature to predict the room-temperature shape, a

temperature change from 340 oC to room temperature is used. Additionally, the theory developed

to predict the room-temperature shape of RAINBOW and GRAPHBOW depends only on the dif-

ference in free thermal strains from one temperature to the next, not on the exact cooling path.

Therefore, the thermal expansion data are interpreted as providing an effective thermal expansion

coefficient between 340 oC and room temperature. Thus, αo, the thermal expansion coefficient of

the unreduced piezoceramic, and αr, the thermal expansion coefficient of the reduced piezoceramic,

are taken to be 2.13×10−6 oC−1 and 8.41 ×10−6 oC−1, respectively.

B.2 Comparison with Experimental Results

B.2.1 Rectangular RAINBOW Devices

The reduced layer thickness, Hr, was determined using the experimental data reported by Haertling

[36]. For a given reducing time, the reduced layer thickness was obtained from Figure B.4, which is

reproduced from [36]. Figure B.4 shows that the reduced layer thickness increases at a near linear

rate with reduction time.

To measure the room-temperature out-of-plane displacements of each of the manufactured RAIN-

BOW, a simple dial-gage, mounted in a vertical milling machine was used (see Figure B.5). The

milling machine table normally used to hold the material being milled was used to hold the RAIN-

BOW specimen with double-sided adhesive tape. The table could be moved horizontally known

amounts in the x- and y- directions, and thus the out-of-plane dial measurements as a function

of known x and y location could be recorded (see Figure B.6). In Figure B.5 the out-of-plane

displacements, being the vertical displacements, are seen being measured at every 0.125 in. in the

x and y directions to within 0.0005 in. of accuracy. For RAINBOW devices for which Ly is equal to
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Figure B.3: Experimental evaluation of thermal expansion coefficients.
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Figure B.4: Effect of reduction time on the reduced layer thickness (reproduced from [36]).
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Figure B.5: Measurement of out-of-plane displacements for a 2.5 in.×1.5 in. rectangular RAIN-
BOW).
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0.25 in., measurements of the out-of-plane displacements were taken in the x direction only along

y = 0 axis. As can be seen in Figure B.5, the measurements were made on the convex side of

the specimens. Once the out-of-plane displacements were measured, they were fit to a polynomial

equation of the form

wo(x, y) = c̄1x
2 + c̄2y

2 + c̄3xy + c̄4x+ c̄5y + c̄6. (B.1)

A least-square fit of the measured out-of-plane displacements was used to determine the six co-

efficients of the above polynomial. The coefficients c̄1, c̄2 and c̄3 represented the curvatures κox,

κoy, and κoxy, respectively, and the coefficients c̄4–c̄6 accounted for rigid body rotations and out-of-

plane displacement of RAINBOW relative to the measurement fixture. These coefficients could be

used to account for any arbitrary tilt of the specimen relative to the milling machine axes due to

misalignment in mounting the specimen on the milling machine table.

In Table B.2 the measured curvatures are compared with predictions obtained using the model

developed in Chapter 2. Table B.2 also includes geometric data regarding the specimen, including

the computed critical length-to-thickness ratio. The estimated thickness of the reduced layer, based

on the reducing time, is also shown. Although Table B.2 shows some discrepancies between the

values of measured and predicted curvatures, in general there is a qualitative agreement between the

results, i.e., if a spherical shape was predicted, a spherical shape was observed, if a near-cylindrical

shape was predicted, a near-cylindrical shape was observed. The measured κoxy is very close to

zero for all cases, indicating that the shear strain γo
xy is negligible, which supports the assumption

adopted in the development of the model in Chapter 2. The two RAINBOW devices for which there

is a qualitative disagreement, samples 6-3 and 6-4, happen to have values of Lx/H somewhat close

to the critical values. Thus, unexpected behavior might occur. Samples 6-1 and 6-2 also happen to

have Lx/H close to the critical values, but it was not possible to confirm discrepancies between the

measured and predicted curvatures, as no measured curvatures in y direction were made due to the

narrowness of the specimens. A whole-field optical technique might be better suited for measuring

the shape of narrow specimens, or all specimens for that matter.

As an example of the sensitivity of the predicted results to material properties, Table B.2 is repro-

duced using αr=10.5×10−6 oC−1, a value 25% higher than the one used in Table B.2. This case is



Adel B. Jilani Appendix B 263

considered since the quantity (αr−αo) is expected to be the most influential term in controlling the

governing equations for the curvatures a and b (refer to Equations 2.42 and 2.43). For that reason,

a hypothetical variation of 25% in αr is made to test its influence on the qualitative character of

the room-temperature shapes of the RAINBOW samples. Indeed, Table B.3 indicates the increase

in αr by 25% changes the character of the room-temperature shape of sample 6-4 to qualitatively

match the experimental one, though it did not favorably influence sample 6-3. The increase in αr

seemed to make the predicted values of curvatures closer to the experimental ones for samples 5-3,

5-4, 7-3, 7-4, 8-3, 8-4, and 9-4.

To further understand the discrepancies between predictions and measurements, sample 5-3 was

sectioned along x = 0 and x = 1 in. and a microscope was used to obtain micro-graphs of

polished cross-sections in the neighborhood of the center (y=0) and the edges (y = ±0.75 in. of

the specimen). Figure B.6 shows these cross-section coordinates. Specimen 5-3 was selected for

sectioning because it was one of the larger specimens and perhaps provided a more typical cross-

section region. The six micro-graphs obtained are shown in Figures B.7–B12. These figures show

a visible and abrupt interface between the reduced (dark) and unreduced (light) piezoceramic and

reveal that this boundary is not smooth. Furthermore, Figures B.8, B.9, B.11, B.12 reveal that at

the edges of the specimen the piezoceramic may not be reduced, indicating that the diffusion of

oxygen does not reach these areas, and hence preventing the occurrence of the reduction process.

This means around the outer edges of the specimens there is no layering effect with the material

properties, i.e., the material properties are the same through the entire thickness. To investigate the

effects of unreduced edges shown in the micro-graphs, the models described in the main text were

modified to account for these manufacturing characteristics. The logic adopted to obtain the total

potential energy of the modified rectangular RAINBOW is described in Figure B.13. Essentially,

as shown in the upper portion of the figure, RAINBOW with an irregular interface between the

reduced and unreduced layers, and an edge effect, shown on the left, is idealized as shown on the

right. The lighter and darker shaded materials actually represent volumes of material, as the model

has depth into the page and there is an edge effect on all four edges. This idealized model is then

analyzed using superposition of three simple parts. Part 1 is the smaller volume consisting of just

two layers of material, reduced piezoceramic (PZTr) and unreduced piezoceramic (PZTo). Part 2

is the the entire volume and consists of only unreduced material. Part 3 is a smaller volume and
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Figure B.6: Cross-section coordinates of RAINBOW sample 5-3.

contains only unreduced material. The total potential energy, Π, for every part of the modified

RAINBOW is as defined in Equation 2.15, except the limits of the integral vary accordingly to

the part considered, and the A’s, B’s, and D’s in Equations 2.16-2.27 should match the material

shown as a subscript of Π. The subscript abbreviation ‘RB’ is used for RAINBOW. To illustrate

results of the modified model, the curvatures in the x and y directions of sample 5-3 and 5-4 were

recomputed using L′
x/Lx=95%, L

′
y/Ly=95%, and αr = 10.51×10−6 oC−1. The result is κox and κoy

are +0.00165 in.−1 and -0.26840 in.−1, respectively for sample 5-3, and +0.00359 in.−1 and -0.32167

in.−1 for sample 5-4. Hence, it can be seen from Table B.3 that the presence of the edge effect

makes RAINBOW flatter.

B.2.2 Disk-style RAINBOW Devices

Twenty disk-style RAINBOW were made at NASA Langley Research Center. The geometric prop-

erties of these specimens such as radius, thickness, and reduced layer thickness are tabulated in

Table B.4. If the ZO2 number in Table B.4 is 1, it indicates that a zirconate block was placed on

the top of the unreduced piezoceramic during reducing process. However, if the number is 0, it

indicates no zirconate block was used. The critical value of the radius to thickness ratio, based on

these properties and the analysis of Chapter 4, is also reported on Table B.4.
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Unreduced layer

InterfaceReduced layer

Figure B.7: A polished cross section of RAINBOW sample 5-3 in the neighborhood of x =0 and
y=0 (magnification factor=100).
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Reduced layer

Unreduced layer

No interface

Interface

Figure B.8: A polished cross section of RAINBOW sample 5-3 in the neighborhood of x =0 and
y=+0.75 in. (magnification factor=100).
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Reduced layer

Unreduced layer

Interface

No interface

Figure B.9: A polished cross section of RAINBOW sample 5-3 in the neighborhood of x =0 and
y=-0.75 in. (magnification factor=100).
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Interface

Reduced layer

Unreduced layer

Figure B.10: A polished cross section of RAINBOW sample 5-3 in the neighborhood of x =1.00 in.

and y=0 (magnification factor=100).
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Unreduced layer

Reduced layer

Interface

No interface

Figure B.11: A polished cross section of RAINBOW sample 5-3 in the neighborhood of x =1.00 in.

and y=+0.75 in. (magnification factor=100).
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Unreduced layer

Interface

Reduced layer

No interface

Figure B.12: A polished cross section of RAINBOW sample 5-3 in the neighborhood of x =1.00 in.

and y=-0.75 in. (magnification factor=100).
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Adel B. Jilani Appendix B 274

Table B.4: Geometric properties of various disk-style RAINBOW devices.

Graphite
Radius Thickness Reducing Block

Specimen R H R/H (R/H)critical Time Hr/H ZO2 Diameter
(in.) (mils) (minutes) (%) Used (in.)

1-1 0.5 10 50 44.3 30 34 1 2
1-2 0.5 10 50 41.4 45 51 1 2
1-3 0.5 10 50 44.3 30 34 0 2
1-4 0.5 10 50 41.4 45 51 0 2
2-1 0.5 15 33.3 44.3 45 34 0 2
2-2 0.5 15 33.3 41.4 68 51 0 2
2-3 0.5 15 33.3 44.3 45 34 1 2
2-4 0.5 15 33.3 41.4 68 51 1 2
3-1 0.5 20 25 44.3 60 34 1 2
3-2 0.5 20 25 41.4 90 51 1 2
3-3 0.75 15 50 44.3 45 34 1 4
3-4 0.75 15 50 41.4 68 51 1 4
4-1 0.75 20 37.5 44.3 60 34 1 4
4-2 0.75 20 37.5 41.4 90 51 1 4
4-3 1.0 15 66.7 44.3 45 34 1 4
4-4 1.0 15 66.7 41.4 68 51 1 4
5-1 1.0 20 50 44.3 60 34 1 4
5-2 1.0 20 50 41.4 90 51 1 4
10-1 0.25 15 16.7 44.3 45 34 1 2
10-2 0.25 15 16.7 41.4 68 51 1 2
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Figure B.14: Photo of RAINBOW sample 4-2 (lead beads visible).
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Figure B.15: Measurement of out-of-plane displacements for a 1 in. disk-style RAINBOW (sample
4-3).
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To measure the room-temperature out-of-plane displacements of each of the manufactured disk-

style RAINBOW, the device was sanded lightly on the reduced side to remove the deposit of lead

beads. Again, the vertical milling machine set-up was used to measure values of the out-of-plane

displacements in the r-θ coordinate system on the concave side of the specimens. Figure B.14

shows the concave side of a disk-style RAINBOW device. The lead beads, which were a result of

the reducing process, are visible. These also occurred on the rectangular specimens, but since the

convex side of those specimens was measured, the presence of the beads did not hinder displacement

measurements. As shown In Figure B.15, the disk-style RAINBOW was centered with respect to

the concentric circles of the measurement fixture. The out-of-plane displacements were measured

at every 30o for r=0.125 in. and r=0.25 in., 15o for r=0.375 in. and r=0.5 in., and 7.5o for r=0.625

in., r=0.75 in., r=0.875 in. and r=1.0 in. Once, the out-of-plane displacements were measured,

they were fit to a Fourier series of the form

wo(r, θ) = ā00 + ā11r cos(θ) + b̄11r sin(θ)

+ā20r
2 + ā30r

3 + ā40r
4 + ā50r

5 + ā60r
6

+(ā21r
2 + ā32r

3 + ā41r
4 + ā51r

5 + ā61r
6) cos(θ)

+(b̄21r
2 + b̄32r

3 + b̄41r
4 + b̄51r

5 + b̄61r
6) sin(θ)

+(ā22r
2 + ā32r

3 + ā42r
4 + ā52r

5 + ā62r
6) cos(2θ)

+(b̄22r
2 + b̄32r

3 + b̄42r
4 + b̄52r

5 + b̄62r
6) sin(2θ)

+(ā23r
2 + ā32r

3 + ā43r
4 + ā53r

5 + ā63r
6) cos(3θ)

+(b̄23r
2 + b̄32r

3 + b̄43r
4 + b̄53r

5 + b̄63r
6) sin(3θ)

+(ā24r
2 + ā34r

3 + ā44r
4 + ā54r

5 + ā64r
6) cos(4θ)

+(b̄24r
2 + b̄34r

3 + b̄44r
4 + b̄54r

5 + b̄64r
6) sin(4θ) (B.2)

A least-square fit of the measured out-of-plane displacements was used to determine the āij and b̄ij

coefficients of the above approximation. This approximation contains general Fourier series terms

(sines and cosines) up to order 4 to account for any irregularities in the room-temperature shapes

of RAINBOW due to manufacturing defects not accountable by using just a cosine series. The

approximation also accounts for rigid body rotation and displacement of the specimen relative to
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the measurement fixture. For comparison, Figures B.16–B.34 illustrate the predicted and measured

room-temperature shapes of disk-style RAINBOW samples listed in Table B.4. Illustrating the

deformed shape, as opposed to just comparing curvature numbers as was done for the rectangular

RAINBOW, is done because of the more complicated expressions for curvature for the disk-style

RAINBOW devices. No experimental results are available for sample 3-2, as cracks developed in

the device and caused it to break.

With the exception of Figures B.16, B.21, and B.23 (samples 1-1, 2-2, and 2-4, respectively),

the figures indicate that there is a qualitative agreement between the room-temperature shapes

predicted using the model of Chapter 4 and the manufactured ones. To study the cross-sectional

characteristics, sample 4-2 was cut along the diameter aligned with the x direction (θ = 0, π) and

micro-graphs of polished cross-sections at the rim (outer edge) of RAINBOW and at the center were

taken. The three micro-graphs are shown in Figures B.35-B.37. Figure B.37 reveals that at the

edge (r ≈ R) the piezoceramic is not layered. Furthermore, Figures B.35 and B.36 show that the

reduced layer thickness is irregular, which is in contrast with the assumption adopted in the model

developed in Chapter 4. It is interesting to note both RAINBOW samples 1-1 and 1-3 have the same

size, thickness, and reducing time, but the ZO2 number is different, indicating that the reducing

process was different. Surprisingly, the manufactured room-temperature shape of sample 1-1 is a

domed-shape but the shape of sample 1-3 is a near-cylindrical shape, as shown in Figures B.16 and

B.18. More surprisingly, Table B.4 indicates that samples 1-1 and 1-3 happen to have a radius

to thickness ratio of R/H=50, which is close to the critical value 44.3. Any irregularities in the

manufacturing, such as inconsistencies in the reduced layer thickness, can change the character of

the room-temperature shape for RAINBOW withR/H close to the critical value. Indeed, the room-

temperature shape of sample 1-1 is re-predicted using a reduced layer thickness to total thickness

ratio of Hr/H=24% to represent the influence of the irregularities in reduced layer thickness, and

is depicted in Figure B.38. Figure B.38 indicates that the new predicted room-temperature shape

is a domed-shape. This matches the character of the manufactured room-temperature shape. This

leads credibility to the idea that the irregularities in reduced layer thickness have the effect of an

overall smaller reduced layer. Since the reducing time of samples 1-2 and 1-4 is longer than for

1-1 and 1-3, their radius to thickness ratio R/H=50 is somewhat further from the critical value of

41.4. Therefore, thickness irregularities would not have as much influence. Figures B.16, B.17, and
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B.20–B.23 suggest that an increase in the reduced layer thickness, can change the character of the

manufactured room-temperature shape from a domed-shape to a non-axisymmetric shape.

The qualitative discrepancies between the predicted shape and the manufactured shape was orig-

inally thought to be due to the fact that the value of αr used in the model was lower than the

actual one. To investigate the influence of αr on the disk-style RAINBOW, the value of αr used in

the model is increased by 25%, and the new predicted room-temperature shape was compared with

the manufactured shapes of samples 2-2 and 2-4 in Figures B.39 and B.40, respectively. Compar-

ing these figures with with Figures B.21 and B.23, respectively, it was concluded that an increase

of 25% in the thermal expansion coefficient of the reduced piezoceramic, αr, does not cause the

predicted room-temperature shape of samples 2.2 and 2.4 to change character. The configuration

remains domed-shape. This is due to the fact that the radius to thickness ratio for samples 2-2 and

2-4 is 33.3, a value lower than the critical value of 41.3. By further examining samples 2.2 and 2.4,

it was found that the reduced layer was not axisymmetric with respect to the geometric center of

the devices, resulting in an effective orthotropy of the RAINBOW material. Since the model devel-

oped in Chapter 4 accounts for orthotropic materials, an effective orthotropy of 20% in the reduced

layer was introduced by increasing the extensional modulus and coefficient of thermal expansion

by 20% in the x direction relative to their values in the y direction. The resulting new predicted

room-temperature shapes of samples 2.2 and 2.4 are shown in Figures B.41 and B.42, respectively.

These figures indicate that the qualitative agreement between the new predicted room-temperature

shapes and the manufactured ones is, in general, good.

Finally, to model the unreduced edge effects, the present model was modified using the logic shown

in Figure B.43. To illustrate results of the modified model, the room-temperature shape of sample

4.2 is re-predicted using R′/R=90% and it is depicted in Figure B.44. A comparison of Figures

B.28 and B.44 indicates that the presence of unreduced edges causes a flattening in RAINBOW

sample, as it did in the rectangular RAINBOW case.



Adel B. Jilani Appendix B 280

−15 −10 −5 0 5 10 15
−10

0

10
−1.5

−1

−0.5

0

y (mm)

(a) Predicted room−temperature shape

x (mm)

w
o  (

m
m

)

−15 −10 −5 0 5 10 15
−10

0

10
−1.5

−1

−0.5

0

y (mm)

(b) Manufactured room−temperature shape

x (mm)

w
o  (

m
m

)

Figure B.16: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 1-1.
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Figure B.17: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 1-2.
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Figure B.18: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 1-3.



Adel B. Jilani Appendix B 283

−15 −10 −5 0 5 10 15
−10

0

10
−1.5

−1

−0.5

0

y (mm)

(a) Predicted room−temperature shape

x (mm)

w
o  (

m
m

)

−15 −10 −5 0 5 10 15
−10

0

10
−1.5

−1

−0.5

0

y (mm)

(b) Manufactured room−temperature shape

x (mm)

w
o  (

m
m

)

Figure B.19: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 1-4.
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Figure B.20: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 2-1.
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Figure B.21: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 2-2.
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Figure B.22: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 2-3.
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Figure B.23: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 2-4.
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Figure B.24: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 3-1.
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Figure B.25: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 3-3.
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Figure B.26: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 3-4.
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Figure B.27: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 4-1.
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Figure B.28: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 4-2.
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Figure B.29: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 4-3.
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Figure B.30: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 4-4.
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Figure B.31: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 5-1.
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Figure B.32: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 5-2.
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Figure B.33: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 10-1.
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Figure B.34: Comparison of predicted and manufactured room-temperature shapes of RAINBOW

sample 10-2.
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Reduced layer

Unreduced layer
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Figure B.35: A polished cross section of RAINBOW sample 4-2 in the neighborhood of r = 0 and

θ= 0 (magnification factor= 100).



Adel B. Jilani Appendix B 300

Reduced layer

Unreduced layer

Interface

Figure B.36: A polished cross section of RAINBOW sample 4-2 in the neighborhood of r = R and

θ = 0 (magnification factor= 100).
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Figure B.37: A polished cross section of RAINBOW sample 4-2 in the neighborhood of r = R and

θ = π (magnification factor= 100).
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Figure B.38: Comparison of predicted (Hr/H=24%) and manufactured room-temperature shapes

of RAINBOW sample 1-1.
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Figure B.39: Comparison of predicted (αr = 10.51 × 10−6 oC−1) and manufactured room-

temperature shapes of RAINBOW sample 2-4.
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Figure B.40: Comparison of predicted (αr = 10.51 × 10−6 oC−1) and manufactured room-

temperature shapes of RAINBOW sample 2-2.
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Figure B.41: Comparison of predicted (20% orthotropy in the reduced layer) and manufactured

room-temperature shapes of RAINBOW sample 2-2.
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Figure B.42: Comparison of predicted (20% orthotropy in the reduced layer) and manufactured

room-temperature shapes of RAINBOW sample 2-4.
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Figure B.43: Description of the modified model to account for manufacturing defects in disk-style

RAINBOW.
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Figure B.44: Comparison of predicted (including unreduced edges) and manufactured room-

temperature shapes of RAINBOW sample 4-2.
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