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(ABSTRACT)

Accurate and efficient numerical algorithms for solving the three dimensional
Navier Stokes equations with a generalized thermodynamic and chemistry model and
a one equation turbulence model on structured and unstructured mesh topologies are
presented. In the thermo-chemical modeling, particular attention is paid to the mod-
eling of the chemical source terms, modeling of equilibrium thermodynamics, and the
modeling of the non-equilibrium vibrational energy source terms. In this work, non-
equilibrium thermo-chemical models are applied in the unstructured environment for
the first time.

A three-dimensional, second-order accurate k-eract reconstruction algorithm for
the inviscid and viscous fluxes is presented. Several new methods for determining the
stencil required for the inviscid and viscous k-ezact reconstruction are discussed. A
new simplified method for the computation of the viscous fluxes is also presented.

Implementation of the one equation Spalart and Allmaras turbulence model is
discussed. In particular, an new integral formulation is developed for this model
which allows flux splitting to be applied to the resulting convective flux.

Solutions for several test cases are presented to verify the solution algorithms dis-
cussed. For the thermo-chemical modeling, inviscid solutions to the three dimensional
Aeroassist Flight Experiment vehicle and viscous solutions for the axi-symmetric
Ram-II C are presented and compared to experimental data and/or published re-

sults. For the hypersonic AFE and Ram-II C solutions, focus is placed on the effects



of the chemistry model in flows where ionization and dissociation are dominant char-
acteristics of the flow field. Laminar and turbulent solutions over a flat plate are
presented and compared to exact solutions and experimental data. Three dimen-
sional higher order solutions using the k-ezact reconstruction technique are presented

for an analytic forebody.
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Chapter 1

Introduction

1.1 Overview

Computational fluid dynamics (CFD) has steadily gained acceptance from the aerospace
community as a beneficial tool aimed at reducing the cost of designing and maintain-
ing aerospace vehicles. As the use of CFD grows in the aerospace industry, new
applications are conceived which require more sophisticated algorithms to model the
various physical processes associated with current vehicle design. Recent interest
in hypersonic vehicle design and in particular the National Aerospace Plane (NASP)
demonstrates one such application. One of the characteristics of hypersonic flow fields
is high temperature or real gas effects, where chemical and thermal non-equilibrium
are important in the modeling of the physics. To accurately solve for the flow field
around such configurations, these effects must be taken into account in the solution
procedure.

Finite volume fluid dynamics codes can be divided into two main groups; struc-
tured and unstructured (or general indexing) codes. Each has its limitations and
benefits. Up to this point, the main focus and research effort has been in structured
flow solver technology. During the past two decades, powerful numerical methods
for solving the Navier-Stokes equations with real gas effects on structured meshes
have been developed (see the historical perspective). However, during the same time

period, little in the way of progress has been accomplished in the area of efficiently
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solving the Navier-Stokes equations with real gas effects on unstructured meshes, in
either two dimensions or three dimensions. Most of the recent successes in unstruc-
tured technology have been in the area of solving three dimensional inviscid perfect
gas flows or two dimensional perfect gas viscous flows. While technically and theoret-
ically simple, the implementation of the viscous fluxes along with finite rate chemistry
models in practice becomes complicated by the nature of unstructured flow solvers.
This research takes a step in bringing unstructured technology into the realm where
structured codes have dominated for so long. However, there is still a lot of research
that needs to be accomplished before unstructured flow solvers are competitive with
their structured counterparts, particularly in three dimensions.

At this point, you are probably wondering why we need to bring unstructured
fluid dynamics codes in line with the structured technology if so much progress has
been made in this area. The answer to this question lies in the relationship between
the grid and solution. This relationship has played a vital role in the success and
failure of structured fluid dynamics packages. From a basic understanding of CFD,
we know that the quality of the spatial discretization of the physical domain has
a direct and significant bearing on the accuracy of the solution. Not only is the
accuracy affected, but the stability of the numerical algorithm 1is strongly affected by
the quality of the spatial discretization. Numerical algorithms for solving the Navier
Stokes and even the inviscid Euler equations are very sensitive to irregularities in
the mesh. In particular, skewed and/or distored cells adversely affect the robustness
of these numerical algorithms. In many situations, these mesh irregularities cannot
be avoided. This is particularly true of structured packages which rely solely on
quadrilateral and hexahedral cell types for the discretization. This lack of flexibility in
the spatial discretization has been a large limiting factor in structured computational
fluid dynamic packages.

By its very nature, unstructured technology is better equipped to handle these
situations. To see this, we need to discuss the differences between structured and
unstructured meshes. A structured mesh is defined by its indexing. That is to say,
given any cell in the domain and its indices ¢, j, and k, one can determine where

every other cell in the domain resides in relation to this cell. Figure 1.a shows a
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Figure 1.a: Sketch of a typical structured mesh

simple two dimensional structured mesh with the indices : and j defined as shown.
In this case, a cell is defined by the values of : and j as are the nodes and faces. For
1 = 0 we know that we are on a boundary of the computational domain. The same
is true for § = 0, ¢ = tmaz and j = ymaz. The fact that we can determine where
any cell resides based on its ¢ and j index restricts structured grids to quadrilateral
and hexahedral cell types. As a result of the indexing scheme, structured grids are
inherently directional. In other words, the ¢ index has a direction associated with it.

In contrast, unstructured grids are characterized by a lack of the need for direc-
tionality. In an unstructured environment, the domain may be broken down into
cells of any type or shape. The only restrictions being that the cells do not overlap
and the entire computational domain is discretized. In other words, gaps or holes
are not allowed in the discrete representation of the physical space. For unstructured
meshes in two dimensions, the domain is typically sub-divided into triangles and/or
quadrilaterals. Triangles allow the greatest flexibility in the discretization of complex
surfaces and are dominant in two dimensional unstructured research. In three di-
mensions, the domain is typically sub-divided via tetrahedra, hexahedra, and prisms.

Figure 1.b shows a representation of the same computational domain using triangles.



CHAPTER 1. INTRODUCTION 4

0.0 05 1.0

Figure 1.b: Sketch of a typical unstructured mesh

Obviously, : and j have no meaning here. No direct method exists for determining
where one cell resides in relation to another without more information. This informa-
tion comes in the form of pointers which tell a fluid dynamics code which faces and
nodes surround which cells. Obviously, it would be trivial to take a structured grid
and convert it into a format acceptable for an unstructured solver. In fact many of
the solutions presented here were obtained in this manner. However, the opposite is
not possible. There is no method which would allow the unstructured grid in figure
1.b to be represented in a format acceptable to a structured flow solver. Therefore, we
may think of the structured environment as a simplification of the unstructured envi-
ronment. The added flexibility from the unstructured flow solver allows the domain
to be sub-divided in any manner the user desires.

For bodies with high curvature, the discretization limitations associated with the
structured technology directly affects the solution quality regardless of how advanced
the solution algorithms become. Therefore, if we are going to be able to accurately
predict flows about complex geometries, the unstructured technology needs to be
brought up to current structured capabilities. In addition to improved control over

the discretization process, unstructured technology offers an optimum setting for
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solution adaptation and problems with moving boundaries.

However, at the current time, unstructured flow solvers are lacking in the ability to
predict problems of interest today. This is partially to blame on the lack of confidence
in the unstructured grid generators available today. But the fact remains the same,
improvements to unstructured flow solvers were at a stand still until the early 1990’s.
Even today, the current state of the art production level unstructured flow solvers are
essentially limited to perfect gases and typically only capable of solving the Navier
Stokes equations in two dimensions. Turbulence modeling on unstructured grids has

gone relatively unnoticed until very recently and is still in its infancy.

1.2 Historical Perspective

Many of the topics which will be discussed in the dissertation have a long and rich
history. These topics include upwind algorithms for flows in chemical and thermal
nonequilibrium, reconstruction, and turbulence modeling.

One of the most important advances in computational fluid dynamics is the de-
velopment of upwind methods for the modeling of the inviscid convective fluxes. The
origin of upwind methods can be traced back to Courant, Isaacson and Rees [1].
Their work laid the foundations for the upwind methods applied to today’s fluid dy-
namics code. The Courant, Isaacson and Rees scheme is based on a finite difference
discretization of the first order, linear, advection equation u; + au, = 0. From a Von
Neumann stability analysis it is easy to show that applying a central difference for the
spatial derivative with Euler explicit time integration leads to an unstable scheme.
With a forward difference for the spatial term, the scheme is stable for negative values
of a but unstable for positive values of a. With a backward difference for the spatial
derivate, the opposite is true. The scheme becomes stable for positive values of a
but unstable for negative values of a. Therefore, by discretizing the spatial deriva-
tive based on the sign of a, one can arrive at a stable scheme for both positive and
negative values of a. In the discretization process we have introduced the physical
characteristics of the equation into the discretization. This forms a basis for the fam-

ily of upwind schemes for the Euler equations, commonly referred to as flux-splitting
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techniques. Flux split algorithms were originally developed for perfect gas flows. A
survey of these methods can be found in Harten, et.al. [2] and Roe [3]. The upwind
algorithms for the Euler equations can be broken down into two classes; flux vector
splitting and flux difference splitting or Godunov-type methods. Two of the more
popular flux vector splitting algorithms for perfect gases are the algorithms proposed
by Steger and Warming [4] and Van Leer [5]. In 1959, Godunov [6] introduced the
exact solution of the Riemann (shock tube) problem into the discretization of the
Euler fluxes. Flux difference schemes are based on the approximate solution to the
Riemann and are appropriately referred to as Godunov-type methods. One of the
most widely used flux differencing schemes for perfect gases is due to Roe [7].

The flux vector splitting and flux difference splitting algorithms have been ex-
tended to flows in which the perfect gas assumption is invalid. Extension of these
algorithms to flows in chemical equilibrium have been accomplished by several re-
searchers. Most notable among these are the methods developed by Colella and Glaz
[8], Vinokur and Liu [9] [10] [11], Glaister [12] [13], and Grossman and Walters [14]
[15]. The flux splitting algorithms have also been extended to flows in chemical and
thermal non-equilibrium. Most notable among these efforts are the works of Liu and
Vinokur [16], Walters et al [17], Candler and MacCormick [18], and Grossman and
Cinnella [19] [20] [21] [22]. '

The works mentioned up to this point have one common characteristic. They were
all applied in structured fluid dynamics codes. Perfect gas upwind algorithms have
been applied to unstructured meshes. Most notable among these are the works of
Batina [23], Barth et al [24] [25], and Mitchell [26].

The spatial accuracy of the upwind methods are dependent on the accuracy of
the methods used to determine the left and right states at the cell interface. Most
structured upwind codes in use today incorporate a variable extrapolation method
commonly referred to as MUSCL (Monotone Upstream Schemes for Conservation
Laws). The MUSCL variable extrapolation method was first introduced by Van Leer
[27]. The traditional ¢ — k MUSCL formulation [28] [29] cannot be applied to the
unstructured environment without additional (and questionable) interpolation. An

often overlooked but underlying principle of the traditional $—x MUSCL formulation
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is the idea of reconstruction. Reconstruction generates a multi-dimensional pointwise
distribution function from the known cell averages with the stipulation that integra-
tion of the distribution function exactly recovers the cell averages. The reconstruction
principle has been used by several authors for producing second order accurate un-
structured upwind codes. The most notable research efforts include the linear based
gradient methods proposed by Barth et. al. [24] and Frink et. al.[30], and the k-ezact
reconstruction algorithms proposed by Barth et. al. [31] [32] and later extended by
Mitchell and Walters [33] [26].

The modeling of the viscous terms in the Navier Stokes equations in unstructured
flow solvers has been progressing slowly to this point. Notable among these works
are Barth [34], Frink [35], and Mitchell [26]. Frink’s work is especially notable due
to its application for the three dimensional Navier Stokes equations. The other two
works cited are limited to two dimensions.

Like the modeling of the viscous fluxes, turbulence modeling has been progressing
at a snail’s pace. Obviously, without adequate methods for modeling the viscous
terms, turbulence modeling has had to take a back seat. The history of turbulence
modeling on structured grids is very rich and controversial. The history is too long to
provide here, however some good survey papers are available. Schetz [36] provides an
excellent introduction and survey of the different classes of turbulence models, Wilcox
[37] provides a good description of the more popular models typically implemented in
CFD codes, Coakley [38] provides a good survey of turbulence models for compressible
flows, and Rumsey [39] provides a good comparison of the predictive capabilities of
several of the turbulence models in use today. Turbulence models for unstructured
meshes have just recently become available. Two models have been developed for use
in unstructured fluid codes. These are the models proposed by Baldwin and Barth

[40] and Spalart and Allmaras [41] [42].
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1.3 Significance of the Research

During the research into unstructured technology, some time was spent helping de-
velop a structured flow solver capable of solving problems of interest in today’s en-
vironment. In particular, this meant adequate thermo-chemical modeling, modeling
of the viscous fluxes, and turbulence modeling. All three items are vital to the accu-
rate simulation of the complex problems of interest today. From this early work, it
was painfully evident that the current state-of-the-art unstructured flow solvers were
incapable of solving these problems. At the time when this research began, all three
were entirely missing in the unstructured environment. Fortunately, research in the
unstructured environment has been increasing over the last several years and progress
is being made in these areas. '

Of the three missing parts, thermo-chemical modeling has witnessed the slowest-
growth in the unstructured environment. Application of upwind algorithms for flows
in chemical and thermal non-equilibrium have been applied successfully to structured
flow solvers for many years [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20]
[21] [22]. However, application of these upwind algorithms in unstructured codes has
been largely neglected. Two solutions are presented here in which thermo-chemical
effects are significant. To our knowledge these are the first unstructured solutions
presented for the aeroassist flight vehicle experiment and RamlII-c. In both solutions,
dissociation reactions (whereby chemical combinations are converted into simpler con-
stituents) and ionization reactions (whereby constituents are converted to positively
and negatively charged ions) have a significant effect on the flow field.

The second part lacking in unstructured work was adequate methods for interpo-
lation of the cell averaged quantities to the faces required for the upwind methods.
This is typically referred to as reconstruction. Most of the reconstruction work accom-
plished up to that point had been limited to two dimensions. Walters and Mitchell
[26] [33] derived a robust and simple method for applying the k-ezact reconstruc-
tion method to perfect gas upwind solvers in two dimensions. Their work has been
extended to the real gas upwind solvers in three dimensions in the present research.

The third part missing from unstructured solvers was the ability to solve the Navier
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Stokes equations in three dimensions. Before the viscous fluxes could be computed,
adequate methods for the reconstruction of the cell averaged solution variables needed
to be developed. As a result, algorithms for the modeling of the viscous fluxes have
only recently been developed. Mitchell and Walters [26] [33] did some early work in
this field in two dimensions. In this work, results for the axi-symmetric RamlII-c are
presented which use this viscous formulation.

Another part missing from the picture was turbulence modeling. Most of the flows
of concern to current vehicle design are not laminar, but are turbulent. Therefore,
application of an acceptable turbulence model is important to modeling problems of
interest in todays environment. As of this writing, two turbulence models have been
developed with unstructured flow solvers in mind. Neither model has been extensively
tested in actual unstructured flow solvers. The unstructured environment presents
new problems for the turbulence model investigator. Typically these models require
information not available in the unstructured environment. For example, models
such as the Baldwin and Lomax model rely on surveying the velocity or vorticity
profile on a smooth grid line, roughly orthogonal to the surface. Something which is
either impossible or infeasible in the unstructured environment. Spalart and Allmaras
[41] [42] developed a one equation turbulence model with unstructured flow solvers
in mind. In this research, their model has been implemented and tested in two
dimensions. While the formulation theoretically should work in three dimensions,

validation of their model in three dimensions has not been performed.

1.4 Scope of the Investigation

The objective of this research was to bring unstructured technology within reach of
the current capabilities of structured technology. In other words, to at least par-
tially bridge the gap that has existed between the two technologies. Emphasis in
the research was focused on three areas of immediate need. The first was the im-
plementation of a generalized thermo-chemical model. This is accomplished in three
stages. The first stage is the implementation of acceptable upwind algorithms for the

inviscid fluxes. Here we discuss three upwind algorithms which have been extended
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to generalized thermo-chemical models. These include the Steger and Warming flux
vector splitting, Van Leer flux vector splitting, and Roe’s flux difference splitting
techniques. The formulation used for the unstructured fluid dynamics code follows
the work of Grossman and Cinnella [20] [21] [22]. Their work is briefly reviewed
here. The second stage is adequate modeling of the chemical source terms. These
source terms represent the rate of conversion of one species to another via chemical
reactions. In this discussion, the source terms are derived from empirical relations
for the forward and backward reaction rates. The computation of the forward and
backward reaction rates are also discussed. The last stage is the modeling of the ther-
modynamics. Three equilibrium thermodynamic models are discussed here. The first
is a simple perfect gas formulation where the species are assumed to be calorically
perfect. The second approach assumes the species are thermally perfect gases and
is based on statistical mechanics for the computation of the vibrational contribution
to the internal energy. The third approach is via experimental curve fits provided
by the Lewis Research Center [43]. In addition to the equilibrium thermodynamic
models, the source terms which account for species considered to be in thermal non-
equilibrium are derived from statistical mechanics. The implementation of the source
terms into the unstructured code is presented.

The second research topic in which we focus our attention is the modeling of the
viscous fluxes. A topic related to this and the upwind algorithms is reconstruction.
Here we focus primarily on the k-ezact reconstruction technique originally proposed
by Barth [31] and later extended by Walters and Mitchell [33]. The extension of
the Walters and Mitchell method to three dimensions is presented. In addition to
k-ezact reconstruction, linear gradient-based reconstruction methods are briefly re-
viewed. Following the reconstruction discussion, the modeling of the viscous fluxes
is presented. The viscous fluxes require the computation of gradients in the solution
variables. Derivatives of the reconstruction polynomial obtained in the k-ezact re-
construction step are used to determine these gradients. Issues such as modeling the
transport properties for multi-component mixtures is also presented.

The last research topic presented is turbulence modeling. Here we have taken

the differential transport equation of the one equation Spalart and Allmaras [41]
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[42] model and transformed it into an integral equation consistent with the other
governing equations. The convective flux is modeled using a Van Leer type flux vector
splitting technique. Gradients in the diffusive flux are modeled using derivatives of
the reconstruction. This discussion presents an in depth view of the implementation
into the current unstructured code.

To round out the discussion, the methods used for advancing the solution in time
are presented. Here we discuss three time integration schemes. The time integration
schemes discussed include an explicit M-stage Jameson-style Runge-Kutta [44], Euler
implicit with Jacobi relaxation [44], and Euler implicit with the generalized minimum
residual (GMRES) method [45]. To speed up convergence to the steady state, nested
iteration also known as mesh sequencing has been implemented into the unstructured
code. A brief discussion on the implementation of the mesh sequencing is provided
here. This was vital in obtaining solutions to some of the more complex flow fields,
such as the Aeroassist Flight Experiment Vehicle.

Although this research goes a long way towards bridging the gap between current
unstructured and structured fluid dynamic packages, there is still much work that
needs to be accomplished in the unstructured area. The efficiency of structured flow
solvers is still an order or magnitude ahead of current unstructured flow solvers for
complex, viscous three dimensional problems. In this research, little has been done

in this area.



Chapter 2

Governing Equations

2.1 Introduction

In this chapter, the integral formulation of the Navier-Stokes equations with a gen-
eralized thermo-chemical model are given. Many of the terms used throughout the
dissertation are introduced in this chapter. The actual implementation of the dif-
ferent elements of the governing equation are discussed in detail in later chapters.
In addition, the following sections do not discuss turbulence modeling. This will be

introduced in a separate chapter where its governing equation will be developed.

2.2 Integral Conservation Equations

We begin the development of our numerical algorithm with the integral form of the

three dimensional Navier Stokes equations,

SfQavfiids—§cads=[ff wav o)

where @) represents the vector of dependent variables, W is the source term due to
chemical reactions and non-equilibrium thermodynamics, F-n and G-n represent the
inviscid and viscous flux of mass, momentum, and energy out of the control volume V
through the surface S with 71 an outward pointing unit normal vector from S. In order

to include real gas effects, the standard system of five equations has been augmented

12



CHAPTER 2. GOVERNING EQUATIONS 13

to include the effects of a generalized thermo-chemical model due to Grossman et.al.
[19]. For our purposes in this chapter, the effect is to replace the global continuity
equations by N species continuity equations, where N is the number of species in
the chosen chemistry model. In addition, to account for M species considered to
be in thermal non-equilibrium, the system has been augmented to include M non-
equilibrium energy conservation equations. In light of this, the vector of dependent

variables and thermo-chemical source terms are given by:

() ()

P2 1)

PN WN
pu
v

e=| |, w= (2.2)

pw

P1€n, Ql

P2€n, QZ

PNEny, QM

\peo/ \0

where p; is the i** species density, p is the mixture density, u, v, and w are the com-
ponents of the velocity vector in the z, 7, and k directions respectively, e, represents
the :** species non-equilibrium energy contribution, e, is the total energy, w; repre-
sents the source terms due to chemical reactions, and @; represents the source terms
due to non-equilibrium thermodynamics. In equation (2.1) we assume body forces
are negligible. The governing equations are closed by an equation of state relating
the species densities, pressure and energy. The chemical source terms and their im-
plementation are discussed in chapter 3. The equation of state and equilibrium and
non-equilibrium thermodynamics are discussed in chapter 4.
The inviscid flux vector F' consists of components from the three principal direc-
tions,
F=fi+tg)+hk (2.3)
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where the flux components f, g, and h are given by:

P [ Py { W\
p2u p2v p2w
PNU PNV PNW
pu’+p puv puw
2
puv pve+p pow
f = y 9= ’ h = 2 (2 4)
puw pow pwe +p
pP1€n U P1€n, v P1€n W
P2€En, U P2€n,U P2En,W
PMenMU) PMEny, UV PMEny W
phou \ phov / \ phow )

The discretization of the inviscid fluxes is accomplished by means of either flux-
vector or flux difference splitting techniques. These algorithms have been extended
from their original perfect gas formulation to include the effects of equilibrium and
non-equilibrium chemistry and thermodynamics (see historical perspective in the In-
troduction).

Two of the more popular flux-vector split algorithms have been implemented into
the unstructured flow solver. These are the algorithms developed by Steger and
Warming [4] and Van Leer [5]. The basic idea of both methods is to split the inviscid
flux vector in one dimension into two parts, one which contains the information that
propagates downstream and one which contains the information that propagates up-
stream. The two parts are then constructed using extrapolation formulas consistent
with the direction of propagation. Extension of the algorithms to more spatial di-
mensions is accomplished by superimposing pseudo-one dimensional problems. The
flux vector splitting techniques have proven to be accurate and robust when used
for hypersonic flows [22] and are fully compatible with the conservative finite-volume
approach.

In addition to the flux-vector splitting techniques, the flux difference splitting

technique originally developed by Roe [7] has been implemented into the unstructured
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flow solver. While this method has proven to be less robust for hypersonic flows
[22], it has been shown to be more accurate than the flux-vector split techniques.
The flux difference splitting technique consists of an approximate Riemann solver,
where an arbitrary discontinuity is supposed to exist between the left and right state.
An approximate solution is written for this situation in terms of waves propagating
upstream and downstream. In this case, the flux is not split, but reconstructed from
the upstream and downstream contributions that constitute the left and right state
of the Riemann problem.

The flux-vector splitting algorithms of Steger and Warming and Van Leer and
the flux-difference splitting algorithm of Roe are discussed in chapter 5. A subject
related to the upwind algorithms is the interpolation of the cell averaged solution
variables to the faces. In the present formulation, this is accomplished using several
reconstruction techniques. These include the k-ezact polynomial reconstruction and
a linear gradient based reconstruction. These will be discussed in detail in chapter 6.

Similar to the inviscid flux vector, the viscous flux vector G may be written in

component form as:

G = foi+ gu] + hok (2.5)

where the viscous flux components f,, g,, and h, are given by:

( 0\ (0 ) 0\
0 0 0
0 0 0
Trx Try Trz
fv = T 1Jv = T ’ h, = v . (26)
Trz Tyz T2z
0 0 0
0 0 0
0 0 0
\fz"q:c/ ' \fy-Qy) \7_'2—%)
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The stresses in viscous fluxes are written in terms of the velocity gradients via:

i
Tez = (2ux — % (uz + vy + wz)> (2.7)
2
Tyy = H (2vy 3 (uz + vy + w2)> (2.8)
9
Tee = [ (sz - —;—(uz + vy + wz)) (2.9)
Toy = (U +0:) (2.10)
Tzz = ﬂ(uz+ur) (211)
Ty = p(v, +wy) (2.12)
and
Ty = UTgr + vr;y + W, (2.13)
Ty = UTgy + 0Ty + w7y, (2.14)
Te = UTy + 0Ty, + W7y, (2.15)

In these equations y is the laminar viscosity coefficient, and the subscript z, y, and
z on the velocity terms represents the gradient of the velocity component with re-
spect to the subscript. The heat fluxes in equation (2.6) are written in terms of the

temperature gradients via:

¢z = —kT; (2.16)
¢ = —kT, . (2.17)

. = —kT, (2.18)

where k is the thermal conductivity and T is the translational temperature. The
subscripts on the temperature represent the temperature gradients. The molecular
viscosity and thermal conductivity are calculated using one of several transport prop-

erty curve fits available to the user. The bulk viscosity, A = —2u/3 is based on Stokes



CHAPTER 2. GOVERNING EQUATIONS 17

hypothesis, which is valid when Newtonian fluids are considered and bulk viscosity
effects are neglected. Bulk viscosity effects should be accounted for when rotational
non-equilibrium is present [46]. In addition bulk viscosity effects exhibit a significant

influence on sound propagation and shock-wave structure [46].



Chapter 3

Chemistry

3.1 Introduction

From the beginning, the design of aircraft has been largely driven by the urge to
fly faster and higher than ever before. In recent years, emphasis has shifted to the
spectrum of flight known as hypersonics. A case in point, the design of the National
Aerospace Plane (NASP) which has received a lot of attention in recent years from
both the aerospace researcher and the national media.

The conventional “rule of thumb” definition of hypersonic flow is a flow where
the Mach number is greater than 5. However, hypersonic flows are best character-
ized as the flow regime where certain physical phenomena become increasingly more
important as the Mach number is increased. In some cases, the physical phenomena
may become increasingly important at lower Mach numbers while other phenomena
only become important at higher Mach numbers. These phenomena include, but are
not limited to thin shock layers, entropy layers, viscous interaction, low density flow,
and high temperature flows. In this chapter and the next, the physical phenomena
associated with high temperature flows is considered.

The effects associated with high temperature flows are commonly referred to as
“high-temperature effects” or “real gas effects” [47]. For an aircraft flying in the
hypersonic regime, the kinetic energy of the high speed flow is dissipated within the

boundary, layer through the influence of friction. The viscous dissipation can create

18
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Figure 3.a: Temperature ranges for real gas effects for air at 1 atmosphere

extreme high temperatures which in turn can lead to excitation of the vibrational
internal energy within the molecules, and dissociation and ionization of the molecules
within the gas. Furthermore, vehicles in which ablative heat shields are employed can
give rise to complex hydrocarbon reaction mechanisms. In addition to the boundary
layer, the temperature on the nose region of a hypersonic vehicle can reach extraor-
dinarily high values. Therefore, inclusion of appropriate chemical effects is vital to
the calculation of these flows, where assuming a perfect gas ratio of specific heats is
no longer valid.

As the gas temperature is increased, the vibrational energy of the molecules be-
comes “excited”. From statistical mechanics, this causes the specific heats to be
functions of temperature. For air, this becomes important at temperatures exceed-
ing 800 degrees Kelvin. As the temperature is further increased, chemical reactions
occur in the flow field. For air at 1 atmosphere, diatomic oxygen begins dissocia-
tion at 2000K and total dissociation occurs at 4000K [47]. Diatomic nitrogen begins
dissociation at 4000 K and is typically completely dissociated at 9000K [47]. At
temperatures above 9000K ionization becomes important whereby the gas becomes a
partially ionized plasma. These temperature effects are illustrated in figure 3.a.

The next two chapters describe in detail the thermo-chemical model implemented
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into the unstructured fluid dynamics code. The modeling of the thermodynamics
and chemistry are closely linked to the formulation of the upwind solvers presented
in chapter 5. The thermo-chemical modeling reviewed here closely follows the work
of Grossman and Cinnella [19]. In the present chapter, the effects of non-equilibrium
and equilibrium chemical reactions are investigated. We begin with a derivation of
the chemical source terms, followed immediately by a discussion on the computation

of the reaction rate constants.

3.2 Mass Conservation Source Terms

The source term vector was defined in the governing equations as

o

w2

wN

0
w=| (3.1)
Q1
Q>
Qum
\ 0

The first N elements of the source term vector are a result of the species continuity

equations. In short, each species must obey its own conservation of mass equation.
The source terms w; represents the rate of production of density for the ¢th species in
the chemistry model. The @); terms represent the rate of change of vibrational energy
for each species. These terms will be discussed in the non-equilibrium thermodynam-
ics section of the next chapter.

In this section, we present a derivation of the source terms for the species conti-

nuity equations for a flow in chemical non-equilibrium. In the governing equations
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we have a conservation of mass equation for each species. The source term for these
equations represents the rate of production of the particular species with respect to
time, namely dp;/0t.

To represent the rate of production of a species, consider a general chemical reac-

tion of the form:
NXi+vpXo+ -+ Xn=vXi+t vy Xo+ - + vy Xn (3.2)

where ' and V" are the stoichiometric coefficients of the reactants and products, X
is the species concentration, and N is the number of species in the given chemistry
model. In this discussion, a chemistry model refers to a group of species and reactions.
For example, an air chemistry model may have the species N,, O, NO, N, and O
and a set of reactions which govern how the species react to form the other species
in the model.

For a flow in chemical nonequilibrium, changes in composition take place at a
- definite net rate. The rate at which the reaction proceeds from left to right is called
the forward reaction. The opposite, the rate at which the reaction proceeds from right
to left is called the backward reaction. From empirical results, the rate of production

of species i from the forward reaction is given by

0?7 (w-uzglﬂxuz (3.3)

where [X;] is the concentration of species ¢, and K; is the forward reaction rate

constant. In a similar fashion, the rate of production of species : from the backward

reaction is given by
0 X , N i
[ d oy T (X (3.4)
=1
where K is the backward reaction rate constant. The net rate of production of
species t for a single reaction is given by the sum of the contribution from the forward

reaction and the backward reaction, namely

N N
O — (vt — v [ B, T — K TTIX (35)

=1 =1
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The previous discussion for a single reaction can also be applied to reaction mech-
anisms. The only addition is that we now sum the contribution from each reaction
to obtain the overall rate of production. For a chemistry model with J reactions, the

net rate of production of species i is given by

a[Xt] _ J " K . Al
o = Zl(yﬁ — i) | Ky H [Xi]" — K, H[X, (3.6)
5= =1
This gives the rate of production of each species in terms of the concentration. In the
species continuity equation, we require the production of each species in terms of the
species density. To obtain the rate of production in terms of density we apply
pi

Xi|=— 3.7

X)= £ (.7
to equation (3.6) and note that the molecular weights are constant. The result of this

substitution yields:

dpi
w; = —'-’_MZ — ]l I(pr,J‘—I\pr,J' (38)
I=1
This gives the rate of production of species 2 for a flow in chemical non-equilibrium.
The forward and backward reaction rate constants Ky and K, respectively, are func-
tions of the temperature. The computation of these rate constants will be given
shortly. The backward rate constant and the forward rate constant are related via

the equilibrium constant.

Ky
K.
where K. is the equilibrium constant. Rewriting equation (3.8) in terms of the equi-

Ky = (3.9)

librium constant yields,

J
1
Wy = M” Z(V )Kfv] Hp' it — 1'{
=1 e

When equilibrium concentrations are reached, the term in brackets goes to zero since

N
Hp,ﬂ t=1,...,N (3.10)

v]Il

it reduces to a formulation of the Law of Mass Action,
(po/ M)

(/M)

~

2|32

K.; = (3.11)

...
Il
A
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which is valid for equilibrium concentrations.

From equation (3.10), the limiting cases of frozen and equilibrium flows should
be readily apparent. When the forward rate K ; goes to zero for any reaction j,
the source term contribution from that reaction also goes to zero and the species
mass fractions remain unchanged (if no diffusion is present). This corresponds to
a frozen flow situation where the mass fractions are constant in time. At the other
extreme, when the forward rate goes to infinity, the term in brackets will tend towards
zero because the equilibrium concentration must be maintained. Recall from classical
thermodynamics that equilibrium reactions take place at an infinite rate. In this case
the source term will reach a limiting value which will balance convection, diffusion
and the unsteady terms in the species continuity equation.

From a coding point of view, frozen flow may easily be implemented into the
formulation by setting the fofward reaction rate constant to zero or equivalently
by setting the source terms to zero. Likewise, flows in chemical equilibrium may
be simulated by artificially forcing the forward rate constant to infinity. From a
numerical point of view, one cannot set the forward rate to infinity. It has been
found through out the course of our research, that multiplying the forward rate by a
large number (1x10°), one can reasonably approximate equilibrium conditions.

To illustrate the application of equation (3.8) to a typical chemistry model, sup-
pose we are given the following partial reaction mechanism, where only the reactions

involving dissociation of NO have been provided as an example:

NO+0O;, = N+0O+0,

NO+ N, = N+O+ N,

NO4+NO = N+0O+4NO
NO+0O = N+0+40

NO+N = N+O+N
NO + NOt = N4 0+ NO*
NO+e” = N+O+e”
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Equation (3.8) for the production of species NO would expand out to:

WNO PNO PO, PO PO,

- ool (82) () - s () (82
MNO ( ) h MNO (IWOQ) ij Mo ]\402
pNo)(pNQ)_Kb( )(Po)(mvz)]
Mno/ \ Mn, *\Mn/ \Mo/ \ My,

(
v 00 [ra (22) -k (5) (52) (522)
(

+ (0—-1)| Ky,

+ (0-1) :Kf, 7 ) (;}—Z) — K, (1%) (1'\%) 2}

e oo (52) (6) - (52 ()

v 0-0[xe (72 (70 - (75) () (2]
v o-nfrs (172) (372) - (2) (i) ()]

From this example, it should be readily apparent that a major aspect of a nonequi-
librium analysis is book keeping. Note, for a non-equilibrium reaction mechanism,
the chemical reactions do not have to be independent. This is in direct contrast to an
equilibrium composition calculation where N independent reactions are required. In
the non-equilibrium case, the reaction mechanism typically contains a large number

of elementary reactions, many of which are not independent.

3.3 Reaction Rates

In this section we provide the different methods for computing the reaction rate
constants. Currently in the unstructured code there is one method of calculating
the forward reaction rate and three methods of computing the equilibrium rate. The

backward rate may then be obtained from the forward and equilibrium rates via

K;
(= 3.12
Ky K. (3.12)
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3.3.1 Forward Rate Calculations

For all chemistry models, the forward reaction rate is determined using an Arrhenius
curve fit formula.

Ky, = CiTme /T (3.13)
For practically all chemistry models available in literature, the constants Cj, ;, and

¢; are provided with the model or obtainable from other sources.

3.3.2 Backward Reaction Rates

There are three ways to calculate the backward (reverse) reaction rate. In all methods,
the equilibrium rate is calculated first from which the backward rate constant may be
obtained. The first form of calculating the equilibrium rate is an Arrhenius formula

similar to that used for computing the forward rate.
K., = C;Te /T (3.14)

However, unlike the forward rate constant, the values of C;, 7, and ¢; for the backward
or equilibrium rate are usually not provided in the literature. This is particularly
true for the hydrogen-air chemistry models. Therefore, other options are required for

computing the backward rate constant.

A second method, proposed by Park [48], relies on curve fits for the equilibrium

rate constant.

K., =exp [Ay + A2Z + AsZ + A Z° + A5 21 (3.15)
where -
Z=— .
10000 (3.16)
However, this model has not been extended beyond the Air chemistry models provided
by Park.

Typically, for air chemistry models, one of the previous methods will be available
for the computation of the equilibrium constant. However, for hydrogen air and
more esoteric chemistry models, these methods are usually not applicable. The last

method is the most general and may be applied to practically all chemistry models in
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the literature. This method relies on the computation of the species Gibbs free energy
and the Law of Mass Action. The species Gibbs free energy is calculated using the
Lewis curve fits for species thermodynamic properties [43]. The Law of Mass Action

is then applied to a given reaction via

1 \% —onG
K., = (-) 0 3.17
s = \RT eXp( RT ) (3:17)
where
N
n=> u (3.18)
=1
The Gibbs free energy is calculated from the Lewis curve fits via
G A1 A4
— = - —+ A (In(T)+1. .0—In(T =71
BT %T + 21211( ) +A 0) + A3T(l/(l) n(T)) + 2
53y Z6pa TS _ 210
+ 6T + 12T +20T + Ag T (3.19)

These curve fits are available for a wide range of species. However, the curve fits are
limited to a range a applicable temperatures which may make them inadequate for

many of the air chemistry models.



Chapter 4
Thermodynamics

In the previous chapter, equations were derived for the modeling of the chemical source
terms. In the present chapter, we are concerned with the details of the modeling of
the thermodynamics for a chemical system with N species. The modeling of the

thermodynamics closely follows the work of Grossman and Cinnella [19].

4.1 Equation Of State

To complete the governing equations and form a closed system of equations, the
pressure p must be related to the conservative variables (). The equation describing
this relation is the equation of state.

A very important assumption is made in the development of the thermodynamics
model. We assume that the particles in the flow field are weakly interacting. On
the molecular level, aside from the fundamental attributes of mass, a molecule pos-
sesses an external force field, typically called the intermolecular force. A sketch of
a intermolecular force is shown in figure 4.a. In figure 4.a, the force is sketched as
a function of the distance away from the particle. At small distances, the force is
strongly repulsive, tending to push molecules apart. However, as we move away from
the molecule, the intermolecular force decays rapidly and becomes a weak attractive
force tending to pull molecules together. By assuming weakly interacting molecules,

we assume that the intermolecular potential is decaying very rapidly as we move away

27
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Figure 4.a: Sketch of intermolecular force as a function of distance

from the particle and is negligible when the average distance between particles is on
the order of the particles radius.

For a very large percentage of the problems in aerodynamics, the assumption of
weakly interacting particles is a reasonable approximation [47]. In particular, this will
hold for flows of low density and moderate to high temperatures where the average
distance between particles is larger than one radii.

As a consequence of the weakly interacting assumption, the species components
of a mixture will behave as thermally perfect gases, where the species internal energy
is only a function of temperature. As a direct result from the thermally perfect gases
assumption, we know from classical thermodynamics that Dalton’s Law of Partial

pressures holds for the mixture, namely
N
P= Zpi (4-1)
=1
where p; is the partial pressure of species i and the summation is carried out over all

of the species present in the mixture. In addition, for a thermally perfect gas, the
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state relation is expressed for species : as

where R; is the gas constant for species ¢ and T is the translational temperature.
Here, we have made the simplifying assumption that the translational temperature is
the same for each species, T; = T. This simplification is reasonable for flows where
the mass of the molecules in the mixture are on the same order of magnitude. Thus,
this will not hold for flows with free electrons.

The relationship between the mixture pressure and temperature is given by

N N
p=Y_pi=) pRT = pRT (4.3)
1= =1
where the mixture density is given by
N
p=2_pi (4.4)

=1

and the mixture gas constant, R is given by
N .
=Y %R (4.5)
i=1 P

Since each species behaves as a thermally perfect gas, the internal energy of the

1th species is written in functional form as
e = é,(T) + en; (46)

where €; is the known equilibrium contribution to the internal energy and e,; is the
non-equilibrium contribution. The equation of state, relating the pressure to the
internal energy may then be given implicitly through the temperature. For a given

chemical composition, the internal energy may be obtained from
P: o
——e,(T) + Z —en, (4.7)
=1 i=1

Given the internal energy and non-equilibrium species internal energies, the temper-

ature may be obtained from this equation via iterative procedures. The pressure may
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then be computed from the temperature using equation (4.3). However, a simplifica-
tion of the numerical scheme can be realized if we integrate the primitive variables
Pi, U, U, W, €,,, and p in time. With the primitive variables, the iterative procedure
required to find the temperature is not required. The temperature may be evalu-
ated directly from the pressure and equation (4.3). The internal energy may then
be evaluated using this temperature in equation (4.7). The implementation of time
integration strategies for the primitive variables will be discussed in a later chapter.
For now it is sufficient to note, that the unstructured code utilizes the primitive vari-
ables in this fashion. Therefore, we can solve directly for all of the thermodynamic
properties in the system without resorting to iterative procedures.

Recall, that to this point we have not discussed how to calculate the species
internal energies é; and e,,. The computation of the species internal energy is the
subject of the next two sections. The first section details the thermal equilibrium
models currently implemented. The last section derives the vibrational rate equation

and source terms which form a basis for the thermal non-equilibrium model.

4.2 Equilibrium Thermodynamics

Recall from the previous section that the species internal energy is the sum of an
equilibrium contribution and a non-equilibrium contribution. In the thermal equilib-
rium models discussed in this section, the non-equilibrium contribution is taken to
be identically zero,

Cp; = 0. (4.8)

t

Therefore, the mixture internal energy is only a function of the species equilibrium
internal energies, é;,

e=Y g (4.9)

i=1
Three methods for obtaining the species equilibrium internal energy have been
implemented into the unstructured fluid dynamics code. They range from a very
simple calorically perfect gas assumption to the more involved statistical mechanics

model. In this section we discuss the various methods readily available.
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Before we proceed to discuss the different equilibrium models, it is often convenient
to express the equilibrium internal energy in terms of the specific heat at constant

volume, ¢é,,, as
T

&; = Cy. (T)dT + Ry 4.10

G= [ aun)drthy (4.10)
where i
G

Gy, = —b 4.11

Co = o (4.11)

and hy is the heat of formation.

4.2.1 Calorically Perfect Gas

For a calorically perfect gas, the specific heats are constant. The species internal

energy may then be directly evaluated from equation (4.10).
€ = Gy, T + hy, ¢y, = constant (4.12)

Obviously, the calorically peffect gas assumption satisfies the assumption of thermally

perfect, the former assumption being more restrictive.

4.2.2 Statistical Mechanics

The partition function of statistical mechanics, has the important property of fac-
torization. This property allows the total partition function for a molecule to be
expressed as the product of individual partition functions for each type of energy.
However, the internal energy of a molecule does not possess this property. In gen-
eral, one cannot break the internal energy of a molecule into contributions from the
different types of energy. For a gas in which the particles are weakly interacting,
the internal energy may be broken down into a contribution from translation and a
contribution from the internal structure of the molecule, without significant loss of
accuracy. For most engineering applications, the internal structure contribution may
be further broken down into contributions from rotation, vibration, and electronic ex-
citation. This does result in a loss of accuracy due to the fact that the rotational and

vibrational contributions are not entirely independent. However, for our purposes,
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the dependency may be neglected. With this assumption, the equilibrium internal

energy for a species may be written as the sum of the different types of energy
€; = €tr,i t €rot;i T €uin,i T+ Eeli (4.13)
For a monotomic gas, the only contribution is from the translational internal en-

ergy. The translational internal energy is the same regardless of the internal structure

of the molecule and is given in statistical mechanics by

. 3 3 3
Ctr,i = ER,T CU",.- = §R, (414)

For polyatomic molecules, the contribution due to rotation (in the fully excited
state) is given by
roti = BT &y, = R; (4.15)
Notice that if we include just the translational and rotational contributions, the model
reduces to the species calorically perfect gas model. In fact, the values used for ¢,, in
that model are given in the previous two equations. Therefore, the two models are
essentially the same for monotomic species. For polyatomic molecules, the difference
between the models is the vibrational contribution to the internal energy. The vibra-
tional contribution is determined by means of a simple harmonic oscillator formula

[46],
N RO,;
Cuibi —
' exp(0,,;:/T) — 1

where O, ; are the characteristic temperatures of vibration. Typically more than one

(4.16)

vibrational temperature is given for a polyatomic species. If nv vibrational tempera-

tures are given, then nv vibrational contributions to the internal energy are computed.
~ e Rieu i
€uib,i — .

= 2 capl@u 1) 1

Jj=1

(4.17)

The total internal energy may then be given for any molecule, noting that nv = 0 for

monotomic species, via

. D — Riev,i
R P e i

7=1
where 7 = 3/2 for monotomic species and n = 5/2 for polyatomic species. Note that

(4.18)

electronic excitation has been neglected in this formulation which is valid for the high

temperature flow of air.
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4.2.3 Lewis Research Center Curve Fits

The third equilibrium thermodynamics model uses the Lewis curve fits briefly dis-
cussed in the computation of the equilibrium rate constant. There are ten curve fits
for each species and temperature range. In general, there are two temperature ranges,
the first range is usually 200K to 1000K. The second temperature range usually goes
from 1000K to 6000K. Thus, for each species a total of twenty curve fits are supplied,
ten for the lower temperature range and ten for the upper temperature range.

The specific heat at constant volume, ¢,, is given by

& = arfT? + az/T + as + a4T + asT?
+ a6T3 + Cl7T|4 + a8T5 (419)

where a; — ag are the curve fits. The internal energy if found by simple integration

of this formula, r
& = / & (r)dr + hy, (4.20)
Tref

Where the integration constant, hy,, is the heat of formation and given as ag in the
curve fits. The tenth coefficient given in the curve fits is the integration constant for

entropy.

4.3 Non-Equilibrium Thermodynamics

Up to this point we have only considered equilibrium thermodynamic models, where
the non-equilibrium contribution is by definition zero. In this section, we discuss the
non-equilibrium thermodynamic model where this is obviously not true. Therefore,
the total internal energy of a species is given by the sum of the equilibrium and non-
equilibrium contributions

e; =& +ep, (4.21)
The equilibrium contribution may be found using the previous methods described in
this chapter. In this section we focus on the non-equilibrium vibrational contribution.

In particular, the source terms Q,- need to be formulated from which e,; are determined
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via the governing equations. In other words, the non-equilibrium contribution to the
internal energy are coupled to the flow equations and are evolved in time along with
our conservative variables.

The non-equilibrium thermodynamics model presented here only includes vibra-

tional non-equilibrium. This model is valid for situations such as the high temperature

flow of air.

4.3.1 Vibrational Rate Equation

The source terms are derived via the vibrational rate equation of statistical mechanics.
In this section we begin by deriving the vibrational rate equation. The derivation
found here closely follows the derivation presented in Anderson [47] with some of the
detail left out. For a more complete derivation see [47].

These source terms represent the time rate of change of vibrational energy. This
can be further broken down into an elastic and inelastic contribution. The elastic
contribution is a direct result of the vibrational rate equation. These terms represent
the rate of change of vibrational energy due to molecular collision. The inelastic
contribution is due to the chemical reactions that take place. The difference between
the two and their significance will become clearer as we proceed in this section.

To begin our discussion of the elastic contribution to the source terms, consider a
diatomic molecule with the following energy level diagram (vibrational energy only).

€it1
€

€i-1

€1

€0
We wish to determine how many molecules jump from one level to another for a
given time interval. Define P;;;; as the probability that a molecule in the :** energy
level will jump to the 7 + 1** energy level upon collision with another molecule (transi-
tions/collision). Now, define Z as the frequency of collisions (collisions/second). And

finally define N; as the population of the i** level. Thus, the number of transitions
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per second from the it* energy level to the ¢ + 1** energy level is given by
P.inZN; = tran?i'.cions collisionsmolecules _ molecules (4.22)
’ collisions seconds seconds

Therefore, to obtain the time rate of change of the population of the i** level we need
to add the molecules that come into the :** level from the 1 — 1** and 7 + 1** levels
and subtract molecules leaving the :** level for the : — 1** and 7 4+ 1t* levels. In terms
of our variables this is represented as
%
ot

We can define a vibrational rate constant which is a vibrational counterpart to our for-

=P_1;ZNi_y + Pi1,ZNiy1 — Piio1ZN; — P; i1 ZN; (4.23)

ward and backward reaction rate constant. If we define the vibrational rate constant

as Kiy1; = Piy1: Z then our equation becomes
ON;
5 = Ki 1iNioi + Kig1,iNips — KijioaN; — Kiiq N; (4.24)

This equation is known as the “master equation for vibrational energy”. Much as
the reaction rates govern the concentration of a species, the vibrational rate equation
governs the vibrational energy distribution of a species.

From vibrational considerations, it can be shown that
Kioyi= Ki;1e7%/T (4.25)
where 8, = hv/k. Since energy is in the form of discrete packets we can write
Kii-1=1Kp (4.26)

I{i‘l-l,i - (Z + 1)1{1'0 (427)

Thus, combining equations (4.25) and (4.26)-(4.27) we obtain

Ki_1; =K, e /T (4.28)

and
Kiiy1 = (6 + 1)Ky e /T (4.29)
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Now, we want to get the master equation for vibrational energy in terms of a
single rate constant. For convenience the base rate constant is usually chosen (K ).
Substituting equation (4.25)-(4.29) into (4.24) we obtain

on,

- = iK10e7 TN,y + (6 + 1)Ky oNigy — (1 4+ 1)Ky 0 %/T — 1K, N{4.30)

= Ko ((G 4 1)Niys — iNi + e/T(iNioy — (i + 1)) (4.31)

Our original objective was to obtain the time rate of change of vibrational energy
for each species present in the flow. Thus we are really interested in Je,/0t. From
statistical mechanics we know that

z &N; = Z(zhu)N = hz/z eN; (4.32)

=1 1=1

The next step in obtaining our desired goal is to take the partial derivative of equation

(4.32) with respect to time. This yields

Oe > 8./\
=~ = h Ni|=h 4.33
a3 8t( u;z ) I/ZZ (4.33)
Now we can substitute for dNV;/0t from equation (4.32) into equation (4.33). This
substitution yields
Jey,
ot

= Kiohv Y [i(i + 1)Nigs — i2Ni + e /T (2Niy —i(i + 1)) (4.34)
i=1

Now, if we make the substitution s = z + 1 and note that

Z (Z + ].) i+1 — 7 N = Zi2Ni+1 + 7:N,'+1 - izNi (435)
=1 =1
= Y s?N, — sN,— S_i®N; — Ny (4.36)
5=2 =2
= —N, -3 sN, (4.37)
s=2

= — }: tN; (4.38)
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which leads to

% = Koy [—iNi +e /T 4 1)N,-] (4.39)
1=0
= hvKy [e”a"/T SN —(1—e ™M) iN,} (4.40)
1=0 =0
= hvKyp [e—"v/TN -(1- e-"v/T)‘Z’—""] (4.41)
v
Nhy
_ =0T T
= 1{1,0(1 € ) l:(ee"/T — 1) Cn:l (442)
From statistical mechanics we have
hvN hv/KT N '
—_— = 4.43
(e%/T —1) (ef/T —1)KT ( )
0,/T R
= — 4.44
(/T —1)T (4.44)
Ré,
= 4
(T —1) (4.45)
= &, (4.46)

Substituting the last of equations (4.47) into equation (4.43) we obtain for the time
rate of change of vibrational energy

% = Ky 0(1 — e %/T) (& — €n) (4.47)

This can be further simplified by noticing that the term K o(1—e™%/T) has the units

of 1/time. Thus it is usual to see a time constant defined as

1
- 1(1'0(1 — 6_0”/T)

T

(4.48)

The time constant is called the vibrational relaxation time. The introduction of the
vibrational relaxation time is solely done for convenience. In terms of the vibrational
relaxation time, we finally obtain

de,

1.
W = ;(evib - en) (4'49)
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where again,
1

— 4.50
T I(l,o(l _ e—ﬂ',/T) ( )

. 0,R
€vib = —(eﬂu/T ) (4.51)

Equation (4.49) gives the time rate of change of vibrational energy due to colli-
sions between molecules. On a more fundamental level, it represents the difference
between the equilibrium and the instantaneous value of vibrational internal energy.
Due to molecular collisions, the excited molecules will exchange their excess vibra-
tional energy with the translational and rotational energy of the gas, which will tend
to decrease the vibrational energy to its equilibrium value.

The vibrational relaxation time is inversely proportional to the vibrational rate.
However, the vibrational rate is proportional to the probability and frequency. From
statistical mechanics the collision frequency (Z) is proportional to the pressure and
temperature. Thus the vibrational relaxation time can be given as a function of the
pressure and temperature.

In summary, we define the elastic contribution to the vibrational source terms as

(Qs)E = f__‘s(éuibs - en,)a s = 13 sy M (452)

s

where E denotes the elastic contribution. The relaxation time is given by Millikan

and White [49]

T = ilil—()sexp[Ass(T_l/S — 0.015p/%) — 18.42] (4.53)

where
A, = 11610 x 10°u2/%62/3 (4.54)
hoo = (4.55)

The inelastic vibrational source terms are due to chemical reactions; changes in

vibrational energy due to species conversion. A species that reacts to become a
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different species takes the vibrational energy from the population of the reacting
'species to the product species. The time rate of change of vibrational energy due to

chemical reactions is equal to the rate of production of species times the vibrational

energy of that species.

. Op,
(@)1 = e, (4.56)
= wsep, (4.57)

Thus the total rate of change of vibrational energy due to collisions and reactions is

given by
Qs = (Qs)E + (Qs)l . (458)

where (Q,)z is given by equation (4.52) and (Q,); is given by equation (4.58).



Chapter 5
Inviscid Fluxes

The spatial discretization of the Euler equations were historically first derived us-
ing space-centered schemes. Centered discretization schemes produce a symmetry
with respect to the Jacobian eigenvalues which do not distinguish upstream from
downstream. Therefore, for hyperbolic equations, in which perturbations typically
propagate along characteristics, the physical propagation is not considered in the
discretization process. As a result, all second order space-centered schemes suffer
from the generation of oscillations at discontinuities which have to be damped by the
addition of artificial dissipation. For problems in which strong shocks are present,
the spatial discretization of the inviscid fluxes require algorithms which are more
physically realistic than the space centered schemes.

Upwind schemes, whose history may be traced back to Courant, Isaacson and Rees,
are based on the introduction of the physical properties of the governing equations
into the spatial discretization algorithm. Upwind schemes include techniques known
as flux vector splitting (FVS) and flux difference splitting (FDS).

Flux vector splitting techniques, such as the Steger-Warming and Van Leer schemes,
involve discretizations of the inviscid fluxes based on the sign of the Jacobian eigen-
values, whereby the inviscid flux is directionally discretized based on the associated
propagation speeds.

Flux difference splitting techniques involve discretization of the inviscid fluxes

based on the exact or approximate solution of the Riemann (shock-tube) problem at

40
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each cell interface. Here, properties obtained from the solution of the Riemann prob-
lem are introduced into the discretization procedure. Algorithms based on the exact
solution of the Riemann problem are known as Gudonov schemes. Schemes based on
an approximate Riemann solver, such as Roe’s scheme, are commonly referred to as
Gudonov-type methods.

For the unstructured fluid dynamics code, the flux vector splitting methods of
Steger-Warming and Van Leer, and the flux difference splitting methods of Roe have
been implemented. Originally these schemes were developed for perfect gas flows and
in recent years have been extended to include real gas effects. This chapter presents
the upwind methods which have been extended to real gas flows. The formulation

presented here closely follows the work of Grossman and Cinnella [14], [19], [22].

5.1 Properties of the Inviscid Fluxes

The 1nviscid fluxes of the governing equations are homogeneous functions of degree

one. This implies,

oF

- @Q = AQ (5.1)

F(Q)

where A is the Jacobian.

5.2 Flux Vector Splitting

Two of the more popular flux vector splitting techniques are attributable to Steger
& Warming and Van Leer. The basic idea of all flux vector splitting methods is to
split the inviscid flux vector in one spatial direction into two parts, one containing
the information that propagates downstream and one containing the information that
propagates upstream. The inviscid flux is reconstructed consistent with the direction
of propagation

F=Ft4+F~ (5.2)

where the downstream flux, F'*, is a function of the left state, Q~, and the upstream

flux, F~, is a function of the right state, @*. In functional form this is represented
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F*=FHQ),  F-=F(Q") (5:3)
Like the inviscid fluxes of the governing equations, the split inviscid fluxes are
also homogeneous functions of degree one in the conservative variables. Therefore,

the splitting may be rewritten in terms of the Jacobians via the relations:

OFt OF-
=At+ A = —+ 5.4
A= AT+ A7 =5+ 50 (5-4)
where the split flux is
F=AQ=Ft+F =A'Q+AQ (3.5)

5.2.1 Steger & Warming

The Steger-Warming flux vector splitting algorithm for perfect gases is dependent on
the homogeneity property of the inviscid fluxes in the Euler equations. The homo-
geneity property of the inviscid fluxes is carried over into the formulation for flows
with thermo-chemical models.

The Steger & Warming flux vector splitting algorithm implemented into the un-
structured fluid dynamics code closely follows the work of Grossman and Cinnella
[14], [19], [22]. Their work is briefly reviewed here.

Steger & Warming found that the Jacobian matrices, A = df/0Q, B = 0¢/0Q,
and C' = 8h/0Q , may be diagonalized by mean of the right eigenvectors

A= SAS™! (5.6)

where S~! is the inverse of the matrix of right eigenvectors S, and the diagonal matrix,
A, contains the eigenvalues, \i, of A.
M
A= A2 (3.7)
A3
The upwind method of Courant, Issacson, and Rees may then be applied to each of

the characteristic speeds separately,

(5.8)
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which defines two diagonal matrices A%,

At = bt (5.9)

A5
where At has only non-negative contributions, and A~ has only non-positive contribu-
tions. Now the Jacobians may be split into two parts, one containing the information

propagating downstream and one containing the information propagating upstream,
A=AT+A", A=A +A", Ar=5A*5"1 (5.10)

The fluxes associated with the split Jacobians are obtained using the homogeneity

property of the inviscid fluxes,
F=AQ=Ft+F-, F*=A%Q. (5.11)

The final result of the flux vector splitting may then be written for a general

thermo-chemical model as:

( pi/p \ [ pi/p [ pi/p
p2/p p2/p p2/p
pn/p pn/p pn/p
Uu u + nza U — nga
y—1 Y A
=T )4 28 2| y— 12
w w + 7,4 w—n,a
pren,/p p1€n, [P pren, /P
PMEny [P PMEny [P PMEny [P
\ho — a?/(5 — 1) \ ho+iia / \ ho—iia /
where the eigenvalues are given by
/\i:ﬂ:i;h”d, Ati?:(ﬂ+a):2l:|ﬂ+a|’ /\éz(ﬁ—a):zt|ﬂ—-a|. (5.13)

It should be noted that the perfect gas form can be obtained by setting the number
of species () to one and the number of non-equilibrium thermodynamic species (M)

to zero and simplifying the thermodynamic model.
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5.2.2 Van Leer

The Van Leer flux vector splitting algorithm presented here closely follows the work
of Grossman and Cinnella [14], [19], [22].

The split fluxes of the Steger-Warming method as defined in the previous section
are not continuously differentiable at sonic and stagnation points. Van Leer developed
a flux vector splitting algorithm by imposing additional conditions on the split fluxes,
Ft and F~. In particular, the split fluxes are to be continuous functions of the
Mach number. In addition, the eigenvalues of dF*/0Q must be non-negative and
the eigenvalues of 0F'~ /0@ must be non-positive with one eigenvalue equal to zero in
subsonic regions (|M]| < 1).

We can write the inviscid flux vector F in functional form as
F=F(p,a,M,p;/p,en) (5.14)

where M is the normalized velocity parameter @t/a which is often referred to as a
Mach number, despite that fact that it may be positive or negative. The mass flux

component of F, which is p&t = paM may be split as

pi = ft+ f (5.15)
where ; )
[t = %pa (M,j 1) (5.16)

The remaining components of the inviscid flux vector F' may be split in a similar
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fashion to yield a Van Leer type flux vector splitting

( p1/p \
p2/p

pn/p
u+n.(—a £ 2a)/5
FE=fE] v4n(-a+2d)/7 (5.17)
w + (-t £ 2a) /%
pren, [P

pMe"M/P
\h, — (—ii £ a)?/(7 +1)/

The other inviscid fluxes are treated in a similar fashion. Note that for M >1
the flux splitting is defined as ¥ = F*, F~ = 0 and likewise for M < —1 the split
flux definition is F' = F~, F* = 0. Like the Steger-Warming splitting, the Van Leer
splitting introduced here reduces to the perfect gas formulation with simplification of

the thermodynamic model and reduction of the chemistry model to a single species.

5.3 Flux Difference Splitting

Flux difference splitting algorithms or Godunov schemes take the interaction between
the discretization and the physical properties one step further than the methods
discussed in the previous section. In Godunov type methods information from the
exact or approximate solution of the Euler equations is introduced directly into the
discretization process.

In Godunov methods, the solution is considered piecewise constant over each cell
at a fixed time n. The flow at the next time step, n + 1, results from the interaction
of the waves at the interface between two adjacent cells. The cell face separates two
states, @1 and Qg and the resulting interaction can be resolved at time n + 1 via

solution of the Riemann or shock tube problem.



CHAPTER 5. INVISCID FLUXES 46

t=0
=
Q
Q = Q
L 3 R
(o]
3
t>0
L
1
i
1
Q. i —> — QR
i
Expansion Original  Contact Shock
Wave Diaphragm Surface Wave
Location

Figure 5.a: Riemann problem at time level n and n + 1

The Riemann problem is shown in figure 5.a. In this discussion, the diaphragm
represents the cell interface at time n. The Riemann problem has an exact solution,
generally'composed of a shock, contact surface, and expansion fan as shown in the
figure. The different waves separate regions of uniform flow. As the waves propagate
to the left and right of the cell interface, perturbation in the piecewise constant state
are induced. The resulting state is obtained by averaging the fluid states resulting
from the propagating waves.

Since the waves carry information in an upwind manner the resulting fluid state
will depend only on local physical properties. Unfortunately, the exact solution of
the Riemann problem requires the solution of a set of non-linear algebraic equations.

Therefore, approximate solutions to the Riemann problem are used to increase the

efficiency of these algorithms.

5.3.1 Roe’s Approximate Riemann Solver

The essential feature of flux difference splitting techniques is the solution of the Rie-
mann problem discussed in the previous section. The scheme developed by Roe in
1980 for perfect gases falls into this category and has been shown to produce excel-
lent results for inviscid and viscous flows. Like the flux-vector splitting algorithms

discussed earlier, Roe’s flux difference splitting algorithm has been extended to flows
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in chemical equilibrium and non-equilibrium (see historical perspective). The work

presented here follows that of Grossman and Cinnella [19]. [14], [22].
Let the arithmetic average of a quantity ¢ be defined by

:(II+CIr

<q> :
q 2

(5.18)

where the subscripts [ and r indicate the left and right state, respectively. In addition,

define the jump of a quantity as
ld)=¢ —q- (5.19)
Then the solution to the approximate Riemann problem involves the determination

of the cell interface fluxes as a summation over all of the wave speeds

Finpp =< F > ~2(IFla + [Fls + [Flo) (5.20)

where the absolute values of the wave speeds are substituted into the formulas for the

jumps in the fluxes,
[F]=[Fla+[Fls + [Flc (5.21)
The contribution from the A = @ eigenvalue is given by:
( p1 ) [e1/p]
P2 [Pz/ P]
PN [on /]
u [u] — n2[4]
Pl = (1 - ) . + 56| o] -l (5.22)
W [w] =12 [ﬁ]
énl [Pl €ny /,0]
€nn [oMens /o]
\o— 47/(5 - 1) \ o )
(5.23)

where Mo N, A
0= ;[&] - Zl 1/%'[;'] + (4[u] + 8[v] + blw]) — ult]
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In a similar fashion, the flux contributions from the A = ¢ +a and A = & —a

eigenvalues are given by [F|p and [F]¢ respectively.
( o
P2

AN

u x4
1 anfens S g oy | oa n

(Floc = geg(lol & pafi)i £:0) | 57, (5.24)

A ~

w =+ n,a

a

€ny

-

Cnym

\ ho + 1

In the above equations, the definitions

ﬁi = (&)1 én.‘ = (pie"i) (525)
p p

have been used to simplify the equations. The so called Roe averages g, 4, p;, €. ho, z,ZA), a

used in equations (5.22)-(5.24) for this thermo-chemical model are:

p = \/pp1, (5.26)
u= %, = M, W= M’ (5.27)
<\p> <\/p> <P >

5= pilp)/p > (5.28)

<\p>
6 = S (Pien)y/P > (5.29)

<\p>
ho = M, (5.30)

<\{p>

-  RT 4

;= = —é+ —, 5.31
V=gt (5.31)
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where
o <Tvp> < Ein/p >
= —————— ei-_:._——_.
< P> <\p>

The thermodynamic properties are computed using

where

C:' = m - a,‘dT.
t
The averaged contravariant velocity components are given by
u Ne Ty 02\ (U
v | = €z € € v
‘u’v) Cl' Cy Cz ’Lb

and the speed of sound is given by

~2

R 0 . N M
== 1) (b= A ET =D = by
i=1 =1
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(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)



Chapter 6
Reconstruction

The inviscid Euler flux is approximated via a numerical flux function, namely,

JJLF-nds = [[ F@Qu@n i)ds 6.

where )1, and Qg are the descriptions of the fluid dynamic state on the left and right
of the cell interface. Therefore, in order to compute the inviscid fluxes, first we need
to determine the pointwise variation of the solution variables @) from the cell averages
Q (which are updated in the time integration procedure). As a result, techniques need
to be developed in which the spatial variation of () may be determined in terms of
the known cell averages Q. This process is known as the reconstruction process. A

more formal definition of the reconstruction process may be given as:

The reconstruction problem is the process of determining a pointwise distribution
function given cell averaged data with the restriction that integrating the function over
the domain of the cell recovers the cell average ezactly.

It should be noted that in structured fluid dynamic codes, the left and right
states are typically determined using the traditional ¢ — & formulation. However, this
formulation is not directly extendible to an unstructured environment. Therefore, in
an unstructured code other methods for obtaining the pointwise variation of the fluid

dynamic state are required.

Two distinctly different approaches for solving the reconstruction problem in an

a0
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unstructured environment have been developed to date. The first approach is a gradi-
ent based linear reconstruction originally proposed by Barth [24] and later extended
by Frink [30]. Both of these methods have been implemented and are briefly reviewed
here. The second approach is the k-ezact reconstruction technique originally devel-
oped by Barth [34]. The k-ezact method involves generating k degree polynomials
in multiple dimensions for the pointwise variation of the fluid state ). The original
k-eract algorithm of Barth has been extended by Walters and Mitchell [33] for use
with two dimensional upwind algorithms. The k-exact reconstruction techniques used
in the unstructured flow solver closely follows the work of Walters and Mitchell with

extensions to the three dimensional real gas upwind algorithms discussed in chapter

5.

6.1 K-Exact

The central theme of the k-ezact method is to accurately approximate the pointwise
spatial variation of the solution state, Q(z, y, z), given the cell averaged data, @ which
is defined subsequently. This is accomplished via multi-dimensional polynomials of
degree k, subject to the constraint that integration of the polynomial over the cell
volume recovers the cell averages exactly; From the definition it is easy to see why
this is called k-ezact reconstruction.

In the most general sense, a three-dimensional polynomial P of degree k may be
written in shorthand notation as

k k—i k—(i+j)

(z,y,2) = ZZ Z C,J,I:ciyjzl (6.2)

i=0j=0 I=0

where C; j; are the coefficients of the reconstruction polynomial. These coefficients

are not know prior to the solution procedure and must be determined. In three

dimensions, the polynomial expression will contain (k 4 1)(k + 2)(k + 3)/6 unknown

constants or degrees of freedom. In two dimensions, the number of unknown constants
is reduced to (k + 1)(k + 2)/2.

In order to determine the coefficients we need to look closer at the constraint on

the k-ezact polynomial. In a finite volume discretization, the cell averages of the
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solution state are inherently introduced into the governing equations. By definition,

the cell average, or more appropriately the volume average is given by

¢ =z [l @@y 20 (6.3)

Substitution of the general polynomial expression into the definition of the volume

average gives us our “constraint” equations.

Q= Xk: C‘]' ]// z'y 2'dQ (6.4)

In three dimensions, (k+1)(k+‘2)(k+3) /6 “constraint” equations are required to solve
for the unknown coeflicients. Likewise, in two dimensions, (k+1)(k+2)/2 “constraint”
equations are required to solve for the undetermined coefficients. This will become
clearer as we proceed with the development for a k& = 1 reconstruction. The integral
on the right side of equation (6.4) may be evaluated using Gauss quadrature rules,
which are readily available for a variety of cell types.

Suppose we have N unknown coefficients in our polynomial representation. Then
we need N equations to solve for these coeflicients. The N equations are obtained
by applying the constraint equation to N cells in the domain. These cells make up
the reconstruction stencil. There are two basic families of stencils from which the
user may choose. The first family is characterized by a fixed stencil which does not
vary as the solution is progressed in time. The advantages of this type of stencil
are ease of implementation and efficiency in that the reconstruction polynomials are
computed only once. As we will see, a fixed stencil allows the reconstruction method
to be simplified into one of determining constant reconstruction weights which in
many cases may be determined analytically before the solution process. However,
for a fixed stencil, the selection of the cells which make up the reconstruction stencil
must be made on a geometric basis. That is to say that the solution itself cannot
play a role in determining which cells make up the reconstruction stencil. The stencil
is determined solely based on the mesh.

The other family of reconstruction stencils are characterized by a non-fixed stencil
which varies as the solution is progressed. A non-fixed stencil selection is typically

based on the solution, solution gradients and geometric considerations. Non-fixed
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stencils have the advantage of more control over the solution process. For non-fixed
stencils the need for limiters may be reduced or entirely removed. However, the
polynomials cannot be written in terms of reconstruction weights or determined prior
to the solution process. Therefore, the polynomial coefficients must be determined
numerically every iteration or every few iterations if the stencil is frozen. Because of
the desire for efficient algorithms, the fixed stencil algorithm has been implemented
into the unstructured code.

For the inviscid fluxes, recall that a left and right state are required for the up-
wind methods discussed in chapter 5. Therefore, to apply the k-ezact reconstruction
method to an upwind solver, two separate reconstructions are required. One recon-
struction for the left state and one reconstruction for the right state. These recon-
structions are entirely independent. The method of choosing the proper stencil is the
subject matter of the next section. For now, we assume we are given the cells which
make up the stencil for both the left and right states.

For implementation into the unstructured code, second order accurate reconstruc-
tion methods were considered. Walters & Mitchell [26] showed that the k-ezact re-
construction algorithm considered here produces a k£ + 1 accurate reconstruction.
Therefore, the development of the algorithm implemented into the code will be re-
stricted to £ = 1 polynomials. In three dimensions, our interpolating polynomial is

of the form
Q(z,y,z) = Copp+ Cipoz + Cor0y + Cop12 (6.5)

where Coo,0, C1,00, Coa,0, and Copg, are the unknown polynomial coefficients. The
four equations required to solve for the undetermined coefficients are derived from ap-

plication of the constraint equation to the four cells which make up the reconstruction

stencil.

1 1 _
V{//Vl Q(z,y,2)dV = 71//% Co00+C100z+Co10y +Cop12 dzdydz = @, (6.6)

1 1 _
Vg//Vg Q(:c,y,z)dV = Vz//Vz Co,o'o-f-cl,o,().’lr+Co,1,0y+00,0’12 d:z:dydz = Qg (67)

1 1 ~
V;;//Vs Q((IZ, Y, z)dV = 73 //V;, Co,o,o-l—ol,o,o.’ll + Co'l,oy-{-Co,o,lz d:z:dydz = Q3 (68)
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1 1 _
—‘—/—//L Q(x, Y, Z)dv = “7/[/‘/ Coyo'o-i-clyoyox-l-Co,l,oy-f'Co,o,lz da:dydz = Q4 (69)
4 4 4 4

where the numeric subscripts on V represent the a specific cell in the stencil. To
evaluate the integral in equations (6.6)-(6.9), the mean value theorem is applied,
namely

1

= [ F@ sy 2)do = 1(3,5,2) + O (6.10)
where z, 4, and z are the centroid of the cell volume V. Application of the mean

value theorem to equations (6.6)-(6.9) yields a linear system for the coeflicients C; ;.

1 7, hh 2 Co,0,0 Q1

1 1?2 .122 %2 Ci00 _ Q:?z (6.11)
1 z3 93 2z CO,I,O Q3 ]

1 T4 94 24 Co,0,1 Q4

Let us denote the 4 x 4 matrix of the cell centroids as [A] and its inverse as

apx 4y a3 a4
a a a a
[A]’l _ 21 22 23 24 (6.12)

az; asz2 asz azq

G41 Q42 Q43 Q44

The actual analytical inverse of [A] is not important at this point. Solving for the

polynomial coeflicients via simple matrix multiplication yields

Cooo = anQ1+ a12Q2 + a13Q3 + a14Q4
Croo = anQ1+ anQ2+ anQs + a24Q4
Cono = anQi+anQ2+ anQs + aQq
Copr = anQi+anQ: + asQs + auQq

(6.13)

The last step in finding the left or right state is to evaluate the polynomial ex-

pression at the flux quadrature point. For our second order reconstruction, a single
flux point at the face centroid is sufficient for second order accuracy. Denoting the

face centroid by (zy,yy, zs) and substitution into our polynomial expression, yields
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the following formula for the solution variable at the face Qs(zy,yy, z5)

Qi(zs,y5,25) = Copo+ Croozs+ Copoeys + Cop125

a11Q1 + a2n1z5Q1 + azy;Qr + aa1zs Q1
a12Q2 + a22$fQ2 + a3y Q2 + as22;Qo
a13Q3 + a237Q3 + a3y Qs + a43zsQ3
a14Qq + (124113,{@4 + <134ny4 + a44ZfQ4

+ + +

(6.14)

Note that only Q1, Q2, @3, and Q4 change in the solution process. Therefore instead
of writing @y in terms of a.reconstruction polynomial we may write it in terms of
reconstruction weights, where the weights may be predetermined prior to the solution

process. Define

Wy an + anTy + anyy + a2y
W _ a12 + 2275 + azyy + G422y (6.15)
w3 a13 + a3%5 + azzysy + aq3zy
Wy 14 + @24T5 + a3y + 4425
Then, we may express Q;:
Q1
Q2
Qi(rs,ys25) = [wn w2 ws wa]| - (6.16)
Qs
Q4

where w are the constant reconstruction weights. The reconstruction weights may be

determined analytically via
Wl=[1 27 y5 2][A" (6.17)

It should be pointed out that this does require inversion of a N x N matrix for each
cell. For the k = 1 reconstructions considered here, that simply means that we have
to invert a 3 x 3 in two dimensions and a 4 x 4 in three dimensions. However, extension
of the algorithm to a third order accurate k£ = 2 reconstruction will require inversion

of a6 x 6 and 10 x 10 in two and three dimensions, respectively.
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Once we go through the matrix algebra we arrive at simple formulas for the

reconstruction weights. In two dimensions, three reconstruction weights are obtained

for the £ = 1 reconstruction. These weights are given by:

w

w2

w3

[(Z293 — Z3%2) + (F2 — ¥3)zs + (T3 — Za)yy]
[(Z391 — Z193) + (¥3 — §1)z5 + (T1 — Z3)yy]

[(Z192 — Z281) + (51 — Y2)z 5 + (Z2 — T1)yy]

Ll A~

where d is the determinant of [A] and is given by,

d=(Z3—Z)h + (T1 — Z3)72 + (T2 — T1)73

(6.18)
(6.19)

(6.20)

(6.21)

In three dimensions, four reconstruction weights are obtained. The formulas for the

four k = 1 reconstruction weights in three dimensions are given by:

1

W= [ 22(Z3Ya — Ta) + 23(ZaP2 — T2Ga) + Z4(ZT2Y3 — T3f2) +

S

Wy =

w3 =

SHN

z(Z2(Y3 — Pa) + 23(Fs — 92) + Za(y2 — ¥3)) +

Ys(22(Ta — T3) + Z3(T2 — Z4) + 24(Z3 — T2)) +
2f(Y2(T3 — T4) + 93(T4 — T2) + §a(Z2 — Z3))]

21(Zay3 — ZTa¥a) + 23(ZT19s — Tafh) + Z4(Tafs — T1¥3) +
z(Z1(Fa — Y3) + 23(§1 — §a) + Za(P3 — §1)) +

Y5(21(ZTs — T4) + 23(T4 — T1) + 24(Z1 — T3)) +
zf(51(Z4 — T3) + §3(T1 — T4) + §a(T3 — Z1))]

z1(Z20s — ZaP2) + 22(Tath — T194) + 24(T1¥2 — T2th) +
z7(21(J2 — Ya) + 22(Fa — 1) + 24(3h — §2)) +

Y1(21(Za — T2) + 22(T1 — Ta) + 24(T2 — T1)) +
zg(71(Z2 — Za) + §2(T4 — T1) + §a(31 — £2))]
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[ 2u(Z3F2 — Z2¥3) + 22(Z193 — Zath) + Z3(Tath — Taf2) +
z7(21(93 — §2) + Z2(§1 — ¥3) + 23(§2 — 1)) +
y5(21(%2 — T3) + 22(T3 — 71) + Z(71 — 22)) +
2;(51(Z3 — Z2) + §2(Z1 — T3) + §3(T2 — T1))]

(6.22)
where the determinant of the 4 x 4 matrix [A] is given by
d = (23— Z4)P2 + (24 — Z2)¥s + (T2 — T3)Ya) 21 +
((Z4 — Z3)71 + (ZT1 — ZT4)y3 + (T3 — Z1)Ya) 22 +
((Z2 = Z4)th + (Za — Z1)92 + (T2 — Z2)74) 23 +
((Zs — Z2)71 + (Z1 — Z3)F2 + (T2 — Z1)Y3) 24
(6.23)

As was pointed out, going to third and higher order reconstructions requires the
inversion of large matrices. Large enough that analytic inversion is cumbersome.
One option to get around this is to numerically evaluate the polynomial coefficients.
From a coding standpoint this is not difficult. However. the question of choosing an
adequate stencil for a £ = 2 reconstruction makes it unwieldy from a production level
point of view. Since this has been accomplished in research codes. it was determined
to be of little benefit in the current research.

Before we proceed to discuss stencil selection, it should be noted that a first order
reconstruction (k = 0) yields a single reconstruction weight in both two and three
dimensions. The reconstruction weight for a first order reconstruction is simply a

constant equal to one.
wh=0 =1 (6.24)

6.1.1 Stencil Selection

Perhaps the most important and difficult tasks associated with the k-ezact recon-

struction method is the choice of the cells which constitute the stencil. The choice of
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Figure 6.a: Gathering cells for upwind stencil selection

the stencil can have a drastic effect on both the solution quality and convergence to
the steady state. '

In the past, the k-ezact method has been used exclusively in a two dimensional
setting where things tend to behave much better than when extended to three di-
mensions. This effect has important consequences on the stencil selection process in
three dimensions.

In this section, we describe how to choose the upwind stencil required for the
inviscid fluxes. There are two primary steps in determining the best stencil. The first
step we call the “gathering step”. In this step we gather all of the cells which are
possible choices for inclusion into our stencil. The second step is the “testing stage”
where we test the possible stencils based on some pre-determined criterion.

Figure 6.a illustrates the steps followed for gathering the cells which will be consid-
ered for the stencil. In this figure, the subscript p denotes the parent cell. The parent
cell is defined as the upstream cell surrounding the face for which the reconstruction
is being sought. The cells with single numeric subscripts are the first dependent cells,
denoted C; and C; in figure 5a. These are the cells surrounding the parent cell (not
including the downstream cell Cy,). The cells surrounding the first dependent cells

are denoted by double numeric subscripts, where the first subscript refers to the first



CHAPTER 6. RECONSTRUCTION 59

dependent cell. Therefore, the the cell C;; is the jth cell surrounding the :th first
dependent. These are the cells labeled C1y, C12. C21, and Cy, in the figure. Care must
be taken in gathering the second level of cells. Some of these cells may lay downstream
of the face in question and need to be tossed out. To check to see whether a cell lies
upstream of the face, a dot product of the vector formed from the face centroid to the
cells centroid with the face normal 7 is computed. If this dot product is negative, the
cell is upstream of the face, otherwise the cell is discarded from consideration. The
gathering of cells is continued until the appropriate number of cells are obtained to
allow a good stencil selection in the testing step. In our unstructured code, we go two
levels deep as shown in the figure. The steps for gathering the cells are summarized

below

Step 1: Gathering
e From the two cells surrounding the face in question, identify the upstream cell C,.

e Gather the cells surrounding the parent cell C}, and discard the downstream cell

Ciw-

Gather the cells which surrounding the cells found in the second step.

Make sure the cells are upstream of the face for which the reconstruction is being

sought by computing the dot product of the vector formed from the face centroid

to cell centroid with the unit normal to the face.

Continue the process until the desired number of cells have been gathered.

After we have gathered the S cells in the first step, we must choose the N cells
required to complete the stencil. This is accomplished in the testing stage. Walters
and Mitchell [33] recommend using a dot product test to determine the upwind stencil.
In their method, the dot products are those used to ensure the cell is upstream of the
face. From the dot products, the minimum N dot products are used to determine the
cells in the stencil. This test works well in two dimensions for most meshes, where

it was applied by Walters and Mitchell. However, in three dimensions the test is less
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P
n
Figure 6.b: Picking cells via the dot product test

than acceptable. In fact, in three dimensions, no single test was found to produce
acceptable results for a wide variety of problems. Therefore, in our unstructured fluid
dynamics code, several test criterion are available from which the user may choose.
Two of the more successful tests are discussed here. The first is a version of the dot .
product method of Walters and Mitchell. Figure 5b illustrates how this method is
implemented.

In figure 6.b, the vector R is formed from the centroid of the face to the centroid of
the cell for which the dot product is being computed. The vector 7 is the unit normal
from the face for which the reconstruction is being determined. The algorithm for
the Walters and Mitchell dot product test is presented below.

Stage 2: Testing - Dot product

e For each of the § cells obtained in the gathering stage, the dot product of K with
n is computed. This yields S dot products.

e The absolute value of the S dot products are taken and sorted in ascending order.
e The N cells with the minimum dot product are used for the stencil.

It should be noted that this method does not insure a continuous stencil. In
other words, a stencil may be formed where one or more of the cells do not share

a face with any of the other cells in the stencil. As an example, the dot product



CHAPTER 6. RECONSTRUCTION 61

test would allow the cells C,, Cy, and C; to form a valid stencil despite the fact
that cell C5; does not share a face with either cell C, or C;. All of the other tests
implemented in the unstructured fluid dynamics code ensures continuous stencils.
These methods are slightly more involved than the dot product test discussed above.
In these methods, we generate every possible continuous stencil from the S cells
obtained in the gathering step. Once that has been accomplished, we can apply any
number of tests of the actual stencils instead of individual cells. Obviously, this has
some benefits over methods which try to pick the stencil based on tests applied to
individual cells. Since we are applying a test directly to the stencil, we have more

control over the selection process.

Stage 2: Testing - Continuous stencils

e Determine all of the possible continuous stencils from the list of S cells generated

in the gathering step. In figure 6.a, the valid continuous stencils are:
e C,, (1, and C;
o Cy, Cy, and Cyy
e Cp, (1, and Cy2
e Cp, Cy, and Cypy
e C,, Cs, and Cy

e From the list of valid stencil, determine the best possible stencil based on a pre-

determined criterion.

One of the most promising test criterions is to form the matrix [A] defined in equations
(6.11) and (6.12). The eigenvalues of [A] are then numerically computed and the
condition number is used to determine the best stencil. Other tests which have
been tried using the continuous stencil method include generating the reconstruction
weights themselves for each possible stencil, whereby the test may be applied directly
to the weights.

These methods of determining the reconstruction stencil allows the user more

control over the stencil selection process. However, this added flexibility does not
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come free. These methods are inherently less efficient than the simple dot product
test. Fortunately, since we are using a fixed stencil which is computed only once, even
a complex stencil selection process will contribute little to the computational time

associated with the overall solution process.

6.2 Gradient Based Linear Reconstruction

The development of a linear reconstruction algorithm for modeling the spatial vari-
ation of the solution variables begins by expressing the pointwise variation in terms
of a Taylor series. The solution vector () may be expanded about the cell centroid

(z,%) in two dimensions as

0, 09,
Qa9) = Q@)+ 5ole =) + 55— 1) (6.25)

which may be rewritten in terms of gradients as
Qe,y) =Q(Z, )+ AQ Vv (6.26)

where AQ) represents the gradient of the solution variables for the cell. Substitution

of the pointwise variation into the definition of the volume average yields,
7= 2 o, 0Q - 9Q,
“=a ///n [Q("”y) ar G m y)] dQ) (6.27)

The solution gradient may be computed via application of the divergence theorem

///Q AQ dQ = /]S Qn dS (6.28)

For a linear reconstruction (or constant gradient), the expression reduces to

AQ= % //S Q# dS (6.29)

The gradient is determined by computing the surface integral on the right hand side
of equation (6.29) over a closed path defined by the surface area of the volume Q. If
Q varies linearly, then as long as the surface integral is computed without error, the

calculation of the gradient will be exact.
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Midpoint Integration Nodal Integration

Figure 6.c: Integration methods for linear reconstruction algorithm

The simpliest surface integration path is the path defined by the actual cell control
volume. This i1s shown in figure 6.c along with two alternatives for estimating the

integral in equation (6.29). The two methods are briefly discussed below

(I) The value of @ at the midpoint of the face is determined using an arithmetic
average of the cells surrounding the face. The midpoint values are determined
for each face surrounding the cell. Application of a mid-point trapezoidal rule

provides the gradient.

(II) The nodal values of @) are estimated by averaging the surrounding cell data to
the node. The cells which contribute to the nodal values are shown in figure 6.c
as dashed lines. The gradient is then computed using a trapezoidal rule. The
averaging of the cell centered data to the nodes is done through weights. Frink

proposed the following weights for calculating the nodal values of @

Zfil Qifrs
node — 6.30
where
ri = [(on = 2:)* + (yn — 3:)*]'""? (6.31)

Here, N is the number of cells surrounding the node, (z,,y») is the coordinates

of the node, and (z;,y;) are the coordinates of the ith cell center.
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The extension of these methods to three dimensions is straight forward. In three

dimensions, the truncated Taylor series becomes

o 8Q, L 0Q, Q.
The computation of the gradient is achieved in the same manner, where for the Frink

method, the radius r; is given by
ri = (2 — 2:)" + (30 — 4:)" + (20 — 22)]? (6.33)

As we saw with the k-ezact reconstruction method, the linear gradient based
" methods can be simplified to reduce the memory and CPU overhead associated with
the algorithm. Recall, from the k-ezact discussion that only the values of the solution
vector () at the face centroid are required to evaluate the inviscid fluxes. Consider
the reconstruction of ¢} to the centroid of a face f; using the midpoint method outline
in this section. Assuming we have obtained the average values of () at the midpoints
of all of the faces surrounding the cell, f;, 7 = 1,..., N where N is the number of
faces surrounding the cell. the algebraic equation for the value of () at the centroid

of face f; is given by
1 N :
Q7 =Qct [Nin - Qh} (6.34)
J=1

where @), is the value at the cell centroid. This equation uses the midpoint formulation
and may be used for any cell type. The node based algorithm can be given for the

special cases of a triangular mesh and tetrahedral mesh. For a triangular mesh,
171
Qr=Q+3 ['2‘(Qn1 + Qn2) — QnS] (6.35)

where (),.3 is the node opposite to the face f;. For tetrahedral meshes, the equation

reduces to

Qf, = Qc + i- [%(in + QnZ + QnB) - Qn4] (636)

where (),.4 is the node opposite to face f;.
The gradient based methods are attractive due to their ease of implementation.
However, they suffer from the fact that an exact calculation of the solution gradient

when @ varies linearly is typically not possible. In particular, the Taylor series and
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trapezoidal rules used to derive the method are second order accurate, however, the
averaging process will only be second order accurate in limited special cases. There-
fore, the accuracy of these methods on the global level is questionable. Although
these methods are based on a linear reconstruction, like the £ = 1 reconstruction dis-
cussed earlier, in general they will not produce second order accurate reconstructions.
Recall, a £ = 1 reconstruction will produce a globally second order accurate scheme.
However, the results obtained from these methods are adequate for most engineering

problems and are a valuable alternative to the more involved k-eract method.

6.3 Limiters

The linear reconstruction methods developed in this chapter can result in new extrema
in the solution. The upwind algorithms described in chapter 3 are not sufficient by
themselves to avoid the generation of oscillations near discontinuities when these
linear reconstruction methods are employed.

The upwind algorithms with a first order accurate reconstruction do not produce
the numerical oscillations experienced with the higher order reconstruction methods.
Therefore, the gener#tion of the non-physical over and undershoots around disconti-
nuities can be attributed to the treatment of the higher order spatial discretization.

In order to prevent the numerical oscillations that can occur in the presence of
strong gradients, the reconstructed left and right states, @1 and @ g respectively, must
be bounded such that values at the cell interface do not introduce new extrema into

the solution. For our purposes, the following is applied to the reconstructed states

QLR € [oL, $R] (6.37)

where ¢;, and @g are typically taken to represent the minimum and maximum values
of the cell averages used in the reconstruction process of the the left and right state.
However, for the gradient based linear reconstruction methods, a stencil is not explic-
itly developed. Therefore, we define ¢;, and g as the minimum and maximum cell
averages of the cells surrounding the face, as shown in figure 6.d. The number of cells

from which we determine the ¢ and ¢r is a matter of user preference. To restrict
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Figure 6.d: Cell selection for the inviscid limiters

the reconstruction to a first order accurate scheme in the presence of a discontinuity,
the minimum and maximum of (C; and C3) may be chosen as the limits. For a less
restrictive scheme, the minimum and maximum search may be extended to include

the cells surrounding C; and C; (shown as shaded cells in figure 6.d).



Chapter 7

Viscous Fluxes

7.1 Introduction

The viscous fluxes,

(0 (0 ) ( \
0 0
0 0 0
Tzz Try Tzz
f,, _ Tzy Gy = Tyy ’ hu — Tyz
Tz2 Ty: T2z
0 0 0
0 0 0
0 0 0
\"——J:_qx \?y—qy/ \?z_qz}

involve the computation of the stresses,
2
Tez = [ (Quz ~3 (uz + vy + wz))

2
Tyy = [ (zvy - § (uz + vy + wz))

67

(7.1)
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Tz = M (2wz - % (uz + vy + wz)) (7.4)
Toy = #(uy+v2) (7.5)
Tz = p(uz +wy) (7.6)
Tye = p(v:+wy) (7.7)
To = UTgg + UTgy + WTss (7.8)
Ty = UTgy + UTyy + W7y, (7.9)
T, = UTg +vTy, + w7, (7.10)
and heat fluxes,

¢ = —kT; (7.11)

q = —kT, (7.12)

q. = —kT, (7.13)

Recall that u, represents the gradient of the u velocity component in the z spa-
tial coordinate. Since these represent numerical fluxes and must be computed using
values at the cell interfaces, the solution variables, which are cell centered must be
reconstructed to the faces. By picking suitable reconstruction algorithms, both the
face values and gradients may be obtained accurately and efficiently from the same
algorithm.

In the previous chapter the k-ezact reconstruction algorithm was discussed and
applied to computing the left and right state for the upwind methods discussed in
chapter 2. The same reconstruction method will be used here, with some notable
differences. In addition, two “finite-difference” type methods will be introduced for
doing a thin-layer approximation of the viscous fluxes. The last few sections detail

the computation of the laminar transport properties.
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7.2 Spatial Discretization

One of the concerns in implementing any solution algorithm is the ease at which
both the fluxes and Jacobians may be computed. Since two different methods for
computing the viscous fluxes are introduced, it is desirable to have one flux and
Jacobian routine which is independent of the reconstruction method being used. This
is accomplished by introducing general interpolation weights into the formulation.
We begin the formulation with the introduction of four weights, which is the
number required to complete a £ = 1 reconstruction in three dimensions. As we will
see, some of the weights may be set to 0. In terms of the four interpolation weights,

- e

any cell centered variable may be written at the face as

Qs = w1Q1 + w2Q2 + w3Q3 + wsQ4 : (7.14)

where w = w(z,y, z) is the reconstruction weight for a given cell in the stencil and @
is the cell centered variable for that cell. Since, in general the weights are a function
of the spatial coordinates, the gradients in any of the spatial coordinates may be

found by simple differentiation of the weights.

Qz = wlrQl + w2xQ2 + wl}xQ—S + w4xQ4
Qy = wi,Q1 +woyQ2 + w3, Q3 + way Qy (7.15)
Q. = &—‘12@1 + wzzQz + wszQs + w4zQ4

where w;, w,, and w, are the derivative of the reconstruction weights with respect
to the =, y, and z spatial coordinates, respectively. Three methods are available
for computing the reconstruction weights, w, and its derivatives, w;,wy,w,. These

methods are the topic of the next two sections.

7.2.1 K-Exact Reconstruction

The k-ezact reconstruction method for the viscous gradients is similar to the method

used for determining the left and right state for the upwind methods discussed earlier
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with a few important differences. First and foremost, only one stencil is required

for each face in contrast to the two required for the inviscid fluxes. Second, the

stencil used for the viscous fluxes is a centered stencil, which simplifies the stencil

selection process. The equations derived in chapter 6 were independent of the stencil

selection process and are therefore applicable here. For a & = 1 reconstruction in two

dimensions, the weights are determined via

where d is given by,

W

(0]

w3

[(Z283 — Z3g2) + (J2 — ¥3)z 5 + (T3 — Z2)yy]
[(Z35h — Z193) + (93 — §1)z5 + (21 — Z3)yy]

[(Z192 — Z2th) + (51 — 2)z5 + (T2 — Z1)ys]

Ul =l —agf—

d= (23— Z2)t1 + (1 — T3)J2 + (T2 — 21)P3

and in three dimensions the weights are given by,

wq

w2

&l -

1
d

SO

[ 22Z37s — T4¥3) + 23(TaY2 — T294) + 24(T203 — Z392) +

27(22(§3 — §4) + 23(§a — §2) + Za(92 — §3)) +

y(22(T4 — T3) + 23(T2 — T4) + 24(T3 — T2)) +
zs(52(Z3 — T4) + §3(T4 — T2) + Ya(Z2 — 73))]

21(Z4ys — Ta¥a) + Z3(T1§a — Ta¥h) + 24(Z3y1 — T193) +
z(21(Fa — ¥3) + Z3(§1 — §a) + 24(§3 — §1)) +

Yr(21(Zs — T4) + 23(T4 — T1) + 24(T1 — T3)) +
zg(§1(Z4 — Z3) + §3(T1 — T4) + §a(Z5 — 71))]

21(Z2Ya — Ta2) + 22(Tafs — T10a) + Z4(T1§2 — Tofh) +
z5(21(§2 — ¥4) + 22(§a — 1) + 24(51 — §2)) +

y5(21(Z24 — T2) + 22(Z1 — T4) + 2(T2 — T1)) +
z(§1(Z2 — Ta) + §2(T4 — T1) + §4(Z1 — 22))]

(7.16)
(7.17)

(7.18)

(7.19)
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wy == [ Z1(Z3F2 — T2¥a) + Z2(ZT1¥3 — Tat) + Z3(Tadh — T1%2) +

SN

z1(21(Y3 — §2) + 22(31 — 93) + Z3(¥2 — 91)) +
Y5(21(Z2 — 23) + 25(Z3 — 1) + 23(Z1 — 22)) +
2§ (§1(Z3 — Z2) + 52(Z1 — Z3) + F3(22 — T1))]
(7.20)

where

d = ((T3—Za)i2+ (T4 — ) + (32— 25
((Za = Z3)7h + (21 — Z4)ya + (T3 — T1
) +

)y

Ya

)§4)z1
)§4)Z2
((F2 = Z)ih + (B4 — Z)2 + (21 — 22)74)%5
)3 )z

24

((Z3 — Z2)71 + (21 — Z3)y2 + (T2 — Z1)Ys
(7.21)

The gradients required for the computation of the viscous fluxes are computed
via the derivatives of the reconstruction weights with respect to the three spatial

coordinate. In two dimensions, the derivatives with respect to z are given by

e = o5 5) (1.22)

e ) (7.23)

v = o~ %) (7.24)
and with respect to y,

wiy = %(5:3—.7:2) (7.25)

wyy = %(1“:1——:1:3) (7.26)

Wy = %(52—@) (7.27)
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Likewise, the derivatives of the three dimensional k¥ = 1 reconstruction weights

with respect to z are given by

Wiz

War

W3z

Wyz

and the y derivatives,

wly

wgy

w3y

w4y

% (2293 — §4) + 23(Ya — §2) + Za(§2 — ¥3))
L e ) + 20— 50 + 50— )
%(21(!72 — ¥a) + 22(Ya — §1) + Za(51 — 52))

%(21(!73 —92) + 22(y1 — 93) + Z3(J2 — 1))

1, B o _ o _
= (22(&4 ~ a) + 2(Z2 — T4) + 2u(E3 — £2))

1
d
1
d
1

7 (21(Z2 — Z3) + 22(Z3 — Z1) + 23(T1 — Z2))

(21(Z3 — 7a) + 23(Fa — 51) + Za(F1 — F3))

(21(54 — Zg) + 22(T1 — T4) + 24(T2 — T1))

and finally, the z derivatives,

Wiz

Wy,

w3z

Wy,

% (92(Z3 — Z4) + §3(Z4 — Z2) + a(Z2 — Z5))
%(gl(fi‘g — Z3) + §3(Z1 — Ta) + Ja(Z3 — 71))
le_(gl(a_;2 —Z4) + §2(Z4 — Z1) + Ja(Z1 — Z2))

%(371(53 = Z2) + §2(Z1 — T3) + ¥3(Z2 — 71))

(7.28)
(7.29)
(7.30)

(7.31)

(7.32)
(7.33)
(7.34)

(7.35)

Note, the reader should be careful to use the proper definition of d for the formulas

presented above.
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Figure 7.a: Viscous stencil selection

Stencil Selection

The primary difference between the inviscid reconstruction and the viscous recon-
struction is the steps for determining the cells in the reconstruction stencil. In the
inviscid stencil selection we saw that one method for picking a stencil is not sufficient
for all meshes. This is particularly true in three dimensions where the stencil selec-
tion will have a dramatic effect on the solution quality and convergence to the steady
state. The same effect has been seen in the viscous stencil selection to a lesser de-
gree. Therefore, like the inviscid stencil selection, different methods for determining
a stencil are available to the user.

For the viscous stencil, the two cells on either side of the face are always chosen
for inclusion into the stencil. In our nomenclature, these cells would be called the
parent cells. Recall, in two dimensions three cells are required to complete a k£ =1
stencil. Therefore, in two dimensions one additional cell must be chosen to complete
the stencil. In three dimensions, four cells are required to complete a £k = 1 stencil.
Therefore, two additional cells must be provided in three dimensions. Figure 7.a
shows a representation of the stencil selection process for the viscous reconstruction
in two dimensions. In this figure, the light shaded triangles are the cells from which
we may choose. The darker cells are the cells which were chosen for this particular
stencil.

As with the inviscid reconstruction, the viscous stencil selection may be broken
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Figure 7.b: Dot product for viscous stencil selection

down into two stages. The first stage is the gather stage, where all of the cells which
are to be considered for the stencil are marked. Once the cells have been gathered,
the stencil is generated based on a given criterion. One method for picking a stencil
which has proved successful is the dot product method described for the inviscid
reconstruction. In this method, the dot product of the normal to the face with the
vector formed from the centroid of the face to the centroid of the cell is computed.
The cells with the smallest dot product are then used in the stencil with the two
parent cells. This is shown in figure 7.b.

A slight variation on the dot product method in three dimensions is to ensure that
the two additional cells are taken from opposite sides of the face. In other words, one
additional cell must come from the downstream side of the face, and the other from
the upstream side of the face. Obviously, exceptions would have to be made on the

boundary unless ghost cells are implemented.

7.2.2 Thin-Layer Approximation

A thin-layer approximation has been implemented into the flow solver by using a sim-
ple finite-difference approximation for the gradients along with an arithmetic average
for the solution variables at the cell faces.

The cell interface is represented in figure 7.c. In this figure, @, and @), are the cell

centered solution variables and the solid line represents the cell face. Using a simple
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'y @®C

Figure 7.c: Cell interface for thin layer approximation type 1

central difference, one can represent the cell gradients via

Q: = ?2_?1 Ty # T
ro — I

= 0 Ifg—-.’il

Q-1

Q = Z—= Hm#hn
Y2— U

= 0_ _ Y2 =1

Q. = 62_2_?1 2 F 7
29 — 21

== 0 22—21

and the face values are obtained from a simple average

szQl';'Qz

This may be rewritten in terms of the interpolation‘weights as

w =12 wy, =1/2
wy = —1/dz wyy = 1/dz
Wiy = —l/dy Wy = ]./dy

w, =-1/dz we, =1/dz
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(7.40)

(7.41)

(7.42)
(7.43)
(7.44)
(7.45)
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®C,

pol}

R=(dx2+dy?)"?

f
P,
&

® Cq
Figure 7.d: Cell interface for thin layer approximation type 2

Note, the weights in equation (7.46) are for the cases when singularities do not exist
in equation (7.40).

An alternative method may be derived in which the division by zero is not a
concern. This is accomplished by the introduction of a radius from one cell center to
the other, as shown in figure 7.d.

The radius is given by

F=dri+dyj+dzk rz\/dx2+dy2+dz2 (7.46)

where the gradient in the 7 direction is given by

T
and the components in the z, y, and z principle directions may be obtained via a
chain rule
BQ (97'
~ 0Qor dy
Qy - ar ay (Q2 - Ql);;

_ 9Qor
@ = =@

(7.48)

Note that when dz = 0, Q, = 0. The weights for this method are computed as

wp =12 w, =1/2 (7.49)
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wi; = —dz/r? wye =dz/r? (7.50)
wy, = —dy/r? wyy =dy/r? - (7.51)
wy, = —dz/r? wy, =dz/r? (7.52)

7.2.3 Transport Properties
Viscosity Coefficient

The laminar viscosity coefficient (¢) is computed for each species in the chemistry
model using curve fits which are based on experimental data. The advantage of using
curve fits is their simplicity and availability of semi-empirical rules for recovering the
mixture values. Two experimental curve fits are available in the unstructured code.

The first is one of the most widely adopted curve fits due to Blottner [50],
ps = exp(AsInT + B;)lInT+Cs]  s=1,...,N (7.53)

where A, B;, and C; are coefficients determined from fitting the experimental data.

Another popular experimental curve fit is due to Sutherland,

E
s =I1P=—— =1,...,N 7.54
# T+F T (7.54)

where F; and F; are empirically derived.

The mixture viscosity coefficient is determined via Wilke’s semi-empirical rule
[51], which is based on kinetic theory,
1\7

2

_ Xeps 1 M. 1 [ s [ M;\*
n= ; , Ys; = 14— 1+ —(—) 7.95
DY Xidss i \/5‘5( M,-) Vi \M, (7.55)

where X is the mole fraction of species s.

Thermal Conductivity Coefficient

Like the species viscosity, the species thermal conductivity is computed from experi-

mental curve fits. One such curve fit is Eucken’s relation,

ks =, (gc + c) . s=1,N (7.56)
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where ¢,,,, is the translational contribution to the specific heat at constant volume.
For a perfect gas, with 4 = 7/5, Eucken’s formula returns a Prandtl number Pr =
0.737, which is in good agreement with experimental values.

A second curve fit, due to Sutherland, has been implemented for determining the

species thermal conductivity. The form of this curve fit is given by

k= Tl-sT_fsf, s=1,....N (7.57)

where the constants E, and F; are determined from experimental data.

The mixture thermal conductivity is computed using Wilke’s mixture rule [51],

N xk 1 M (s (M;\'* ’
k= sks ’ Yei = —= 14+ == -1/2 [1+ —s(—J> ] 7.58
s=21 Y Xi¢s; ! \/5—5( Mj) i \ M, (759

where the ¢, ; are the same as in the formulation for the mixture viscosity coeflicient.
A simplified method for determining the mixture thermal conductivity has been
implemented by assuming a constant Prandtl number and using the definition of the

Prandtl number,

k= %, where Pr = constant (7.59)

In this formulation, the species thermal conductivities are not required.



Chapter 8

Turbulence Modeling

8.1 Introductiqn

With the growing acceptance and use of computational fluid dynamics, many new
applications are conceived which require new and more sophisticated algorithms to
model the various physical processes associated with current vehicle design. Since
most of the flows of interest in practice are turbulent, one component required to
successfully model these more complex flows is the modeling of turbulence.

The objective of all turbulence models is to specify closure conditions which relate
the unknown Reynolds stresses of turbulence to the known mean flow variables via
either algebraic or differential relations. In general, turbulence models are developed
by first postulating a mathematical formulation containing undetermined constants
and then attempting to chose those constants to match experimental data.

Turbulence models may be broken down into two distinct classes: the eddy vis-
cosity models in which the Reynolds stresses are related to the mean rate of strain,
and the Reynolds-stress models in which the complete set of Reynolds stresses are
directly modeled. Currently, only the eddy viscosity models have gained wide spread
acceptance and are readily available for implementation. For this reason, we will focus
our attention on these models. The eddy-viscosity models may be divided into three
sub-categories which are identified by the number of additional field (differential)

equations required to specify the eddy-viscosity function.

79
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Zero equation (algebraic) models are generally the most simple of all the tur-
bulence models because they require no additional differential (field) equations and
generally contain the fewest modeling coefficients. Zero equation models relate the
eddy viscosity to a velocity scale determined from the mean velocity and /or gradients
of the mean velocity and an algebraically determined length scale. Zero equation mod-
els suffer from the fact that they do not incorporate flow-history or stress-relaxation
effects which are known to be important in modeling complex turbulent flows. More
importantly from an unstructured point of view, algebraic models require the speci-
fication of an algebraic length scale which is difficult to specify for complex flows and
leads to a loss of simplicity and generality for these models. In all cases, the compu-
tation of this length scale is either impossible or cumbersome in an unstructured fluid
dynamics code. Therefore, these models are generally inadequate for implementation
into unstructured flow solvers.

One equation models use one additional field equation to specify a velocity
scale. Historically the velocity scale chosen for one-equation models is the turbulent
kinetic energy (TKE). However, one equation models based on the turbulent kinetic
energy still require an algebraic relation for the length scale which leads to results not
very different from the algebraic models. Like the algebraic models, these models are
cumbersome to implement in an unstructured format. A new group of one equation
models has been developed in which the field equation represents a transport equation
for the turbulence viscosity. These models have been developed with the unstructured
fluid dynamics codes in mind. These new one equation models are “local” in that the
equation at one point does not depend on the solution at other points and therefore
are compatible with both structured and unstructured grid topologies.

Two equation models require two additional differential equations to specify
the eddy-viscosity function. In general one equation is used to specify velocity scale
and the second equation specifies the length scale. Since the length scale is determined
from a field equation these models are attractive from a theoretical viewpoint. Many
of the two equation models are “local” although some have non-local near-wall terms.
From a numerical point of view, these models generally suffer from requiring a lower

time step and the occurrence of numerical instabilities in the start-up phase regardless
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of the time step. Other difficulties arise at sharp leading and trailing edges. Two
equation models have not yet shown a decisive advantage for prediction of shock-
wave boundary layer interaction or separation from smooth surfaces. In addition,
they are more complex, and require more storage and CPU resources than the other
eddy viscosity turbulence models.

The more recent one equation models developed for both structured and unstruc-
tured fluid dynamics codes are considered here. Two such models have become pop-
ular in the unstructured fluid dynamics community. The first model to become rel-
atively accepted was proposed by Baldwin and Barth [40]. Their model is derived
from the two-equation k — € model by using some additional assumptions to arrive at
a single equation for the turbulent viscosity. Here k represents the turbulent kenetic
energy and € is the dissipation rate. |

The second and more recent one-equation model was developed by Spalart and
Allmaras [41]. Unlike the Baldwin and Barth model, this model was generated from
empirical data and dimensional analysis and therefore has no relation to the two-
equation models. This model was chosen over the other sub-class of models for its
simplicity. It was chosen over the Baldwin & Barth model primarily because it is
not a simplified form of a two equation model and it is more recent and therefore
has benefited from the problems discovered with the development of the Baldwin and
Barth model.

It should be noted that turbulence models for complex, compressible flows have
not been fully investigated. Most turbulence models have been developed for incom-
pressible, attached boundary layers and shear flows. When these models are applied
to compressible flows they yield results that vary widely in terms of their agreement
with experimental data. The one-equation Spalart and Allmaras model is no different
and therefore, its extension to reacting compressible flows is questionable at this time.

The remainder of this chapter discusses the turbulence model as proposed by
Spalart and Allmaras and the implementation of the model into the unstructured
flow solver. The full derivation of the model is beyond the scope of this discussion.
The reader should see the original papers by Spalart and Allmaras for the development
of the individual terms of the turbulence model [41] [42].
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8.2 Transport Equation

This section details the Spalart and Allmaras one equation turbulence model imple-
mented into the unstructured fluid dynamics code. We begin with a summary of the
model as presented in the original Spalart and Allmaras paper [41]. The differential
transport equation along with all relevant closure coeflicients and auxiliary relations
are provided. Immediately following the presentation of the differential form of the
governing equation is the derivation by the present author of the integral form of the

transport equation suitable for a finite volume fluid dynamics code.

8.2.1 Differential Formulation

Our discussion closely follows the appendix of the Spalart and Allmaras paper with
two exceptions. The implementation followed here does not include the optional trip
function required for transition. Due to the removal of this term, the boundary and
initial conditions must also be slightly modified from those discussed in the appendix
of the original paper.

The one-equation model provides a single differential transport equation for the
turbulent quantity, 7. The dependent variable in the transport equation is related to
the eddy viscosity v; by:

3

_ = _ X _
Ve = U [y, fu = m, X =

z 8.1)

v

where 7 is the dependent (working) variable and v is the molecular viscosity (g/p).

The differential form of the transport equation for the dependent variable is given by:

- -2
113)_,; = CuSo — Curfu[2] + L[V )TN+ Ca(wi], (82)
The difference between equation (8.2) and equation (A2) in [41] is the absence of the
tripping functions required for modeling transition. This is equivalent to setting the
closure coefficients Cy; and Cy3 to zero in the equations provided in the appendix of
[41].

The transport equation (8.2) represents on the left side a local time rate of

- change and convective acceleration via the material derivative, and on the right hand
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side from left to right a production term, destruction term, and two diffusion terms,

respectively.

The auxiliary relations required to complete the production term are given by:

L X
S—S+K2d2fv2 fv2 1 1+Xful (8‘3)

where S is the magnitude of the vorticity and given in terms of the velocity gradients

using tensor notation
PP .. 1 (aU; 0U;
_ ] _Z _ 4
S 204507, Qi 5 (an 3X,-) (8.4)

and d is the distance to the nearest solid boundary.

The auxiliary relations required to complete the destruction term are provided by:

1+Cw36 1/6 6 nu
f‘":"[m] cg=rie(fon), r=son 69

For large values of r, the function f, reaches a constant. Therefore, values of r greater
than 10 may be truncated.

The model is completed by the closure coefficients. The coefficients are ¢l =
0.1355, 2 = 0.622, & = 0.41, 0 = 2/3, c,1 = c1/k* + (1 + &2)/0, cuwz = 0.3,
Cyz = 2, and ¢,; = 7.1.

Turbulent heat transfer is computed using a constant turbulent Prandtl number
input by the user (typically equal to 0.9). The turbulent thermal conductivity is then
computed using the definition of the Prandtl number

ky = Gy - (8.6)

(o3

where k; is the turbulent thermal conductivity, g; = pv; is the turbulent viscosity, C,
is the mixture specific heat, and o, is the turbulent Prandtl number.

The boundary conditions for the turbulence viscosity are simple and easily imple-
mented. For wall bounded flows, the wall boundary condition is to set the turbulence
viscosity to zero (# = 0). All other boundary conditions are fixed at the freestream.
The initial condition is set to the freestream turbulence viscosity. The freestream tur-

bulence viscosity is input by the user, however, a value roughly equal to 10 times the
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molecular viscosity has been found to produce adequate results. It should be noted
that this is different from the values proposed in the original model. The values

provided in the original model assume the triping term is implemented.

8.2.2 Integral Formulation

In the previous section, the one-equation turbulence model was presented with the
transport equation given in differential form. In this section the differential form is
converted to integral form compatible with the finite volume flow solver. The indi-
vidual steps required to arrive at the final transport equation are provided including
any assumptions or simplifications.

The material derivative on the left side of equation (8.2) represents a local time

rate of change and a convective acceleration.

Dy v = .
E E + V. \V24 (87)

which may be rewritten using the chain rule and rearranging to give.

Dy ov
Dy % g oV -itw- V). 85)

Taking the volume integral yields

///VD /—/// dv+///v (#V)dV — // (v-V)av. (89

The second term on the right side is converted to a surface integral using the diver-

gence theorem:

i 5eav =M v + o7 -as = [flo(v -9y av. @0

The left side of the transport equation yields three terms in the integral formulation,
a local time rate of change or acceleration, a convective flux which may be upwinded,
and a source term. In the Spalart and Allmaras paper, they effectively neglect the
contribution of the source term. For completeness the source term has been retained
in the formulation, however, the source term is neglected in the unstructured fluid

dynamics code.
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The differential form of the diffusive flux given in equation (8.2) may be rearranged
to give:

“ v+ v+ (i) (8.11)

where we have replaced the last term by
(Vi)' = vi-vi (8.12)

Taking the volume integral and applying the divergence theorem to the first term

yields our diffusive flux:

///VII;V'[(””)V”] dV://S%(VW)vﬁ'r‘zdS (8.13)

The second term is left as a volume integral and represents a “diffusion” source term:

///V 2 (- vd) dv. (8.14)

The source terms are simply the volume integral of the terms in equation (8.2).

Therefore, the production source term in the integral formulation becomes

///V CuS5 dv (8.15)

and the integral formulation of the destruction source term becomes

N ///v Curfu [%]2 av (8.16)
The integral conservation form of the turbulence model transport equation may
[oav [ o(7-)as— [ff,o-7av -
/// (C“SV ~ Curfo [g] + ‘Cﬂ (vo- VV)) dv +
// ( RSNV )

The auxiliary functions and closure coefficients remain the same for the integral trans-

be written as:

(8.17)

port equation.
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8.3 Implementation

The one equation Spalart & Allmaras turbulence model is implemented into the
unstructured code using the integral transport equation. In this section we detail the
methods used in the unstructured code to compute the different terms. As will be
seen, some of the terms are computed in the same manner as the gradients in the
viscous fluxes while other terms are computed in a similar fashion to the inviscid

fluxes.

8.3.1 Convective Flux

The convective flux,

//Sa (V-#4) ds (8.18)
has been implemented into the unstructured flow solver with two different methods.
In both methods, regions where the Mach number is greater than unity, a full upwind
biased flux is used. In regions where the Mach number is less than unity, either a full
flux 1s used or a flux vector splitting is used depending on user preference. At this
point it is too early to determine whether one method has a distinct advantage over
the other.

The left and right state vectors (solution and thermodynamic property arrays) are
determined using a first order reconstruction. If we denote the z,y, and z metrics by

Nz, My, and 7, respectively, we compute the left and right Mach numbers via:

U = Nz + Nyvr + Ny M, = 01/(11 (8.19)

Ur = TNz Uy + Ny Vr + n,w, Mr = [_]r/ar (820)

where u, v, and w are the z, y, and z components of velocity, M is the Mach number,
and a the speed of sound. Based on the magnitude and sign of the Mach numbers,
the method of computing the convective flux is determined.

If the left state Mach number is greater than unity (M; > 1) then the flux is

computed using a full upwind biased stencil,

F = Uy (8.21)
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and in a similar fashion, if the right state Mach number is less than -1 then the flux
is computed using ,
F = U, (8.22)
Obviously, in both cases the flow is supersonic and an upwind stencil is desirable.
Regions where the flow is subsonic, the convective flux is computed using either
a full flux,
Ly- =
F=3 (un + U, ) (8.23)
or a split flux which follows the Van Leer flux vector splitting scheme discussed in

the earlier sections,

F= G (M + 1)) 7 - G- (M.~ 1e,) 5, (8.24)

8.3.2 Diffusive Flux

The diffusive flux, :
//S (% v+i) v n) ds (8.25)
is computed in a similar fashion to the viscous fluxes. The same reconstruction weights
that were used to compute the viscous fluxes are used to compute the turbulence
model diffusive flux. Recall, that in general there are four reconstruction weights for
k = 1 reconstruction in three dimensions. The variables are reconstructed to the face

via the reconstruction weights,
f/face = wy 171 + UJ2I;2 + w31?3 + W4D4 (826)

where w; is the reconstruction weight for the zth cell in the reconstruction stencil and
U; is the cell centered value of the reconstructed variable. The molecular viscosity is
reconstructed in the same manner.

The gradients are computed using the partial derivatives of the reconstruction
weights. Recall from previous discussions that for £ = 1 and greater reconstructions,
the weights are a function of spatial coordinates z, y, and z. Therefore, the gradients
of the turbulence viscosity may be computed using

o

= = Wil + Wy + Wapls + Wizl (8.27)

oz
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where w;, is the partial derivative of the ith reconstruction weight with respect to
the = spatial coordinate. The gradients in the other spatial coordinate directions are
obtained in the same manner. The formulation of the reconstruction weights and

their derivatives for k = 1 were given in chapter 7.

8.3.3 Diffusion Source Term

The diffusion source term,

/j/v G (. g5y av | (8.28)

g

represents a volume integral and therefore must be computed from cell centered data.
In general, the computation of source terms are fairly straightforward compared to
the fluxes. However, the diffusion source term and production source term are the
exceptions to the rule. The difficulty arises from the fact that reconstruction does
not lend itself to computing gradients at cell centers. This can be seen from the fact
that at the cell center the reconstruction weight for that cell center will reduce to one,
while the other reconstruction weights will reduce to zero. That this must be true can
be seen from the problem statement for reconstruction. In addition, reconstruction
weights are derived for each face and backing out which reconstruction weight to use
for a given cell is difficult.

To circumvent this problem, the desired gradients are computed on each face.
The cell centered gradients may then be computed using an area average of the
face gradients. From a coding point of view, this is easily accomplished by looping
through all of the faces in the domain, adding the gradient contributions to the cells
surrounding the face. This is similar to integrating the face gradients using a midpoint
quadrature formulation and then dividing by the total surface area to determine the

cell centered gradients

8.3.4 Production and Destruction Source Terms

The production source term,

// [ CuSi av (8.29)
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and the destruction source term,

///V Confu [-gr v (8.30)

are fairly straight forward in their implementation. Recall, that the vorticity is com-
puted from the gradients of the mean velocity components at the cell center. Similar
to the diffusive source term, this represents problems from a reconstruction point of
view. The velocity gradients are computed in the same fashion as the gradients of
the turbulent viscosity. Once the cell centered velocity gradients are determined, the

vorticity is computed at the cell center via,

ou  Ow\® [(Ou Ow\® (v Ow\’
S—\\(%‘%) (o) + (7 -%) (&30

The other elements of the production and destruction source terms are straight-

forward with the exception of the distance function, d.

8.3.5 Distance Function

From an unstructured coding point of view, the computation of the distance function
represents the greatest challenge in implementing the one equation turbulence model.
The distance function may be computed very accurately at the expense of CPU
resources, or it may be approximated to a lower degree of accuracy with little CPU
resources expended.

At this point, a simple, efficient approach for finding the distance from the cell
center to the closest wall was chosen. The algorithm begins by gathering all of the
faces on the boundary patches which compose our solid surface. .From this list of
boundary faces, a simple search is done finding the minimum distance from each face
centroid to the gi\.ren cell centroid. Once the closest face centroid is determined, the
distance to the nodes of this face are computed and the minimum of the distances is
taken to be our distance to the wall. Graphically, this is shown in figure 8.a.

In the figure, the face centroids are shown as solid circles, the nodes of the closest
face as empty circle, the further distances are represented as dashed lines, and the

closest distance is represented by the solid line. In this case, the face centroid labeled
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Wall Faces

Cell Center
/{5

Figure 8.a: Distance function pseudo-algorithm

as Fy 1s the closest face, and the node labeled N; is the minimum distance from the
cell centroid. Therefore, in this simple algorithm, this distance would be used as the

distance from the cell centroid to the wall (d).



Chapter 9
Time Integration

Two classes of problems typically arise when dealing with time integration schemes.
The first class contains the unsteady problem, where accurate time integration is
essential. This class of problem can be handled by the second order accurate m-stage
explicit Runge Kutta time integration scheme. The second class of problem is the
steady state calculation where the time path of obtaining the steady state is not
important. In this case, the solution is advanced in pseudo-time until convergence to
the steady state is reached. Time accuracy is not important in this case, however,
efficiency is very important. Implicit techniques are used for this class of problems.

In this research, both explicit and implicit time integration schemes are employed.
The explicit time integration scheme implemented in the unstructured code is an m-
stage Jameson style Runge-Kutta algorithm. The implicit time integration schemes
are based on the Euler implicit time integration. The resulting system of linear
equations is solved iteratively via either a Jacobi relaxation or the general minimum
residual (GMRES) method [45]. In this chapter, these three time integration strate-
gies are discussed.

We begin the development of the time integration schemes by writing the governing

equations in their semi-discrete form,

9Q
ESHR(Q) =0 (9.1)
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where the residual, R(Q), is defined by

nf
=Y [(F(Qu, Q.. () — Fu(@1,7,())d = W] (9.2)

In this equation nf is the number of faces surrounding a given cell and ( is the face

metrics.
The distinction between explicit and implicit time integration occurs in the eval-

uation of the residual. For an explicit scheme, the residual is evaluated at the current

time level, n, namely

AQ :
=— 3
24 R (93
where 4
AQ=Q@ - (9.4)
An implicit formulation begins by evaluating the residual at the next time step, n+1,
2Q
— = R(Q™*! 9.5
2~ R@™) (95)
which may be expanded in a Taylor series to yield a system of linear equations
Q n n
|21+ @) 5= -R@) (05)

In discussing the thermodynamics it was mentioned that time evolution of the
primitive variables simplifies the computation of the temperature and therefore ap-
plication of the equation of state is simplified. Another benefit of working with
primitive variables is that the linearization of the residual in equation (9.6) is simpli-
fied, thus reducing the CPU resources required for the computations. The integration
of the primitive variables is accomplished by the transformation of the conservative
variables to the primitive variables via the chain rule, namely,

8Q 6Q dq @
ot~ dq 0t Mat (01

where
q = (pi,u,v,w, ey, p)T (9.8)
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The explicit time integration scheme may then be written in terms of the primitive

variables A
_q — M1 n
A = ~MTR(eY) (9-9)
and, in a similar fashion, the implicit time integration scheme becomes
Q 0
—M + —R(¢")| & q=—R(¢" .10
|+ i) &0 =R ©.10)

This equation represents a linear system of equations which may be solved using
direct methods. However, the computational and memory requirements for such a
calculation are excessive. Therefore, iterative methods are used to approximately
solve for Aq. These methods are typically called inner-iterative procedures since an
iterative procedure is introduced inside the time integration scheme. Two methods for
solving the system of equations defined by equation (9.10) are given in this chapter.
The first is a simple block Jacobi technique. The second method relies on the GMRES
method.

9.1 Runge Kutta

The explicit time integration scheme implemented into the unstructured code is the

Jameson style, m-stage Runge Kutta algorithm. For convenience, define
— M7 R(¢") = —R(q") (9.11)

where M ~! has been included in the residual term. The solution is advanced in time

according to the following:

(9.12)
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where the weights, «;, are computed via

1

moitl (5:13)

a; =

9.2 Euler Implicit W/Jacobi Inner Iteration

The implicit scheme discussed in the introduction to this chapter resulted in a linear

system of equations defined by

| R+ 2] D= =R (9.14)

which is equivalent to the linear system
Az =b , (9.15)

where A is the term in brackets, z = Ag, and b = —R(¢"). The matrix A may be split
into a diagonal and off-diagonal parts. Let D be the block diagonal matrix whose
diagonal is the same as A, L be the lower triangular part of A, and U the upper

triangular part of A. With this notation, the matrix A in equation (9.15) becomes
A=D+L+U (D+L+U)z=0b (9.16)

The solution, z, may then be found using a Jacobi type iterative technique given
by
¥ = D7Y(b— (L + U)z") (9.17)

The procedure is continued until the Ly norm of the solution vector z reaches a user

defined limit or until a maximum number of iterations has been completed.

9.3 Euler Implicit W/Generalized Minimum Resid-
 ual Method

In the previous section, Jacobi relaxation was applied to solve the linear system

of equations that arises from the linearization of the discrete governing equations.
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Relaxation algorithms are very efficient in damping high frequencing waves, however,
as the residual of the linear system is reduced we are left with the low frequency waves.
Unfortunately, convergence suffers dramatically for relaxation methods at this point.
For stiff problems where accurate solution of the linear problem is vital, relaxation
methods are inadequate.

As an alternative to Jacobi relaxation, the Generalized Minimum Residual (GM-
RES) method may be applied to the linear system. The GMRES method, originally
proposed by Saad and Schultz [45], is typically called a conjugate gradient like algo-
rithm due to its roots in the conjugate gradient methods. A detailed derivation of the
method can be found in [45]. Here we are interested in its application to the linear
system defined by equation (9.10).

For clarity, let us represent this equation as
Az =1b (9.18)
The residual vector of the linear system, r;, is defined by
i =b— Ax; (9.19)

where z; is the current approximate solution. This should not be confused with the
residual of the governing equations. Obviously, from equation (9.19), as the residual
goes to zero the closer the approximation represents the exact solution of (9.18). If
r; = 0, then z; is a solution to the linear system.

The GMRES method computes the approximate solution which minimizes the

[o-norm of the residual over the Krylov subspace defined by
K = span(txl,Az/l,...,Ak‘lul). (9.20)

This is accomplished by generating k search directions formed by the l;-orthonormal
basis of the Krylov subspace K. The k search directions are obtained from a Gram-
Schmidt method for computing orthonormal bases. The algorithm for determining

the k directions is as follows: the first search direction is given by the initial residual,

namely
v =1 =0b— Azo | (9.21)
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The remainder of the search directions are determined from the Gram-Schmidt method

via :
j
Viy1 = Al/j - Z h,',]'I/,' ] = 1, 2, “e ,]C -1 (922)
i=1
where,
Av;, v
hes = A¥ir ) (9.23)

(Vi 3 Vi)
Once, the k search directions have been found, the approximate solution is ad-
vanced by determining which z; element of the space formed by o+ < vq,v2,..., vk >

minimizes the l3-norm of the residual vector,
rr, =b— Azy (9.24)
The algorithm reduces to one of solving the least squares problem defined by
[lre|| = mzin||1/1 + Az|| where z €< vy, vs,. .., v > (9.25)

The final step is to update the approximate solution. If z; satisfies equation (9.25),

then the approximate solution is updated via,
Tk = To + 2 (9.26)

This completes one iteration of the GMRES method. The method is continued until
a user specified tolerance on the residual is met or a specified number of iterations

have been performed.



Chapter 10
Mesh Sequencing

In the previous chapters, the focus has been on algorithms for modeling various
aspects of the governing equations. Up to this point, little has been stated about
the efficiency of the unstructured fluid dynamics code. In general, the efficiency of
unstructured fluid dynamics codes fall short of that obtained in most structured codes
available today. The primary cause of the reduction in efficiency is a direct result of
the fact that the mesh has no orderly structure. Information about the connectivity
of the cells, faces, and nodes must be provided which results in the requirement of the
use of an indirect addressing system for the arrays. As a result, efficient algorithms
such as the alternating direction implicit method are not available for unstructured
fluid dynamics codes. These schemes must be abandoned in favor of more general
- algorithms, which are typically less efficient in CPU and memory requirements.

In order for unstructured codes to be competitive with their structured counter-
parts, methods for accelerating convergence to the steady state are required. For
single grid methods, where the solution is obtained on a single mesh, the log of the
spectral radius varies linearly with the spacing of the mesh. This makes computations
on very fine meshes impractical in many situations. Most of the acceleration tech-
niques applied in computational fluid dynamics operate on a series of meshes. Several
methods for accelerating convergence using multiple meshes have been applied to un-
structured fluid dynamics codes. Two methods which are closely related are the full

approximate storage multigrid algorithm and the nested iteration or mesh sequencing
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Converge solution on fine mesh

Interpola@solution

Converge solution on medium mesh

InterpolateTsolution

Converge solution on coarse mesh

Figure 10.a: Mesh sequencing Pseudo algorithm

algorithm. Both methods operate on a hierarchy of meshes where the coarse meshes
typically have 1/4 to 1/2 the nodes of the next finest mesh. They rely on the fact
that convergence of low frequency waves is improved on coarse meshes where they
appear as high frequency waves which are damped out significantly faster, especially
when relaxation methods are employed.

The basic idea of mesh sequencing is to obtain the solution on coarse grids and use
that solution as an initial guess on the finer meshes. The steps in the mesh sequencing
method are illustrated in figure 10.a.

In this figure we have three meshes; coarse, medium, and fine. The first step in
any mesh sequencing algorithm is to converge the solution on the coarse mesh and
interpolate the converged solution to the medium mesh. The interpolated solution-
then acts as an initial guess to the solution on the medium mesh. The solution is
converged on the medium mesh and interpolated to the fine mesh. This is continued
until the finest mesh in the sequence has been reached. The last step is to converge
the solution on the finest mesh in the hierarchy. Generally, the solution would only
need to be converged 2 or 3 orders on each mesh. An important property of mesh
sequencing is that it always steps from coarse to fine grids.

In contrast, the multigrid method is bi-directional. In the multigrid method, the
solution is restricted from fine meshes to coarser meshes and prolongated from coarser
meshes to finer meshes. This is illustrated in figure 10.b. The FAS multigrid method
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Figure 10.b: V-Cycle multigrid algorithm

for non-linear equations is complicated by the fact that the solution to the governing
equations is not actually solved on the coarser meshes. Only on the finest mesh is
the true solution obtained. On coarser meshes, the discrete equations are modified so
that @) represents a correction to the finer grid solution. A detailed discussion of the
multigrid method is outside the scope of this dissertation. The multigrid method has
been implemented into unstructured codes by several researchers [52] [53] [54]. An
excellent introduction to multigrid is provided in the paper by Brandt [55].

Mesh sequencing is a precursor to the multigrid method. Most multigrid algo-
rithms include a form of mesh sequencing in the algorithm to obtain the initial finest
mesh solution. Although multigrid has shown great promise in unstructured fluid
dynamics codes, mesh sequencing was chosen for implementation into our unstruc-
tured code. The primary reason for chosing mesh sequencing over multigrid is that
mesh sequencing does not require any modifications to the actual fluid dynamics code.
Mesh sequencing can be acéomplished external to the fluid dynamics code. Therefore,
memory requirements are not increased above and beyond the memory required for
the finest mesh. The coarser solutions require only the memory that would be needed
to run these solutions from scratch. The implementation of mesh sequencing into the
unstructured fluid dynamics code is the topic of this chapter.

Before we proceed to discuss the implementation of mesh sequencing, it should be

noted that several methods for accelerating convergence on a single mesh have been
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developed. These operate on the principle that we can treat the fluid dynamics code
as a Newton type iteration process. In other words, we pass into the fluid dynamics
code an initial solution vector (); and get back an updated approximation to the
non-linear system of discrete equations, @);+;. Mathematically, this may be written
as:

Qirr = F(Q)) (10.1)
where F represents a call to the fluid dynamics code. Attempts in this research were
made to apply a Steffenson type accelerator [44] to a quasi-1D Euler code. Recently,
several authors have applied a modified form of the GMRES algorithm applicable to
non-linear systems of equations in order to accelerate convergence with good success

[56] [57].

10.1 Implementation

The implementation of mesh sequencing in the unstructured package is handled exter-
nally from the fluid dynamics code. Therefore, this method can Be used for practically
all fluid dynamics codes, structured and unstructured.

In the mesh sequencing algorithm, the first step is to converge the solution on the
coarsest mesh in the hierarchy. After the coarse grid solution has been obtained, the
coarse grid solution is interpolated to the medium mesh where it will be used as an
initial guess for the solution on the medium mesh. The interpolation of the solution
from one mesh to another is accomplished by means of an efficient search algorithm
based on quad-tree storage.

The quad tree is a storage structure which aids in sorting points in n-dimensional
space [58]. After points have been placed in the quad tree structure, efficient routines
may be used to locate points within n-dimensional volumes and/or near n-dimensional
points. The quad tree can be best described by how the structure is filled. Suppose
we want to fill a two dimensional quad tree structure. Points are placed one at a time
into the quad tree structure which contains four storage locations. Figure 10.c shows
the structure with four points occupying the four storage locations. At initialization

all of the four storage locations are empty. One by one, points are added until the
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Figure 10.c: Initial quad tree structure before subdivision

four storage locations are filled. With the four storage locations filled, each dimension
of the structure is divided in half. Therefore, the x-dimension is divided in half and
the y-dimension is divided in half, giving rise to four subdivisions as shown in figure
10.d. In three dimensions, the z-dimension would also be divided in half, resulting in
8 subdivisions. Each subdivision becomes a new quad tree structure with four storage
locations. The four points which made up the original structure are saved and used
to locate the four new structures. These points are stored in the subquadrant which
bounds that point, as shown in figure 10.d.

Now we are ready to add more points. With the initial quadrant subdivided, the
new points are added to the appropriate bounding subquadrant. When one of the
subquadrants becomes filled with four new points, the subquadrant is divided into
four new quadrants. This is shown in figure 10.e. In this figure, the subquadrant
labeled (2) has been filled and subdivided. This is continued until all of the points
have been placed into the quad-tree structure.

In our algorithm, the locations of the cell centroids for the coarser mesh are placed
into a quad-tree structure in this fashion. The location of the cell centroids on the

finer mesh are then used in a search algorithm to find the coarse mesh cell centroid
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which lies near this point. In this algorithm, one simply steps down into the quad tree
staying inside the subquadrants which bound the specified point. Eventually, you will
reach a subquadrant which is not subdivided. The points stored in this quadrant will
be near our given point. We feed each of our finest mesh cell centroids into this search
algorithm. The solution at the resulting coarse mesh cell centroid is taken as our initial
solution for the fine mesh cell. If higher accuracy is required, a reconstruction may
be applied. For example, one could find the three closest points and create a k =1
reconstruction using these points (in two dimensions). The reconstruction would then
be evaluated at the fine grid cell centroid. For our purposes, the resulting solution
obtained from the search algorithm was sufficient.

The last step is to write a solution file which may be used as the initial conditions
for the finer mesh. The solution is converged on this mesh and the process is started -
again. This is continued until the finest mesh has been converged to the desired level
of accuracy.

This algorithm has several advantages. Convergence on the coarser meshes is
obtained much quicker than on the finer meshes. The physics may be setup quickly
on these meshes, thereby reducing the computational requirements of the finer meshes.
Furthermore, in many instances running a solution on a fine mesh with initialization
to the freestream is either impossible or impractical due to the fact that the solution
algorithms are less stable and require lower CFL’s on the finer meshes. The aeroassist
flight experiment vehicle is a prime example of this. In this case, running the solution

on the finest mesh was not feasible without mesh sequencing.



Chapter 11

Solutions

Throughout the research, test cases were sought which would adequately test the
individual components of the unstructured fluid dynamics code. In this chapter we
present several of these test cases.

The first two solutions presented are designed to test the thermodynamics and
chemistry modeling. The first of these solutions is the Ram II-c axisymmetric probe.
The Ram II-c was considered by. many to be the standard for testing thermo-chemical
modeling. However, in recent years the focus has shifted to the Aeroassist Flight
Experiment (AFE) vehicle. The AFE is a large blunt body operating at extremely
high velocities. Solutions for the AFE problem are presented for a low speed case
corresponding to a Mach number of 10 and a high speed case with a Mach number
of 34.

The third solution presented is an analytic forebody. The analytic forebody is a
three dimensional, inviscid, supersonic flow over the cockpit of a high performance
aircraft. The analytic forebody has been studied both numerically and experimentally
[59]. This problem was chosen to test the three dimensional k-ezact reconstruction
algorithm.

The last set of solutions presented are designed to test the viscous fluxes and the
turbulence model. It should be noted, that the Ram Il-c was run with the viscous
fluxes. However, the primary focus in that discussion is on the thermo-chemical

modeling. The first solution in this set is the subsonic, laminar flow over a two
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dimensional flat plate. Solutions were obtained using both methods for computing
the viscous fluxes discussed in chapter 7. The numerical solutions are compared
against the analytical solution of Blasius. The second solution is the supersonic,
turbulent flow over the same flat plate. For this case solutions are compared against

the experimental data curve fit of Clauser [36].

11.1 Axi-symmetric Ram II-c

During the late sixties a series of probes were flown in a velocity regime in which
ionization would play an important role. The second series of tests, known as the
Ram II-c experiments, have become a popular test case for modern CFD codes.
During the later series of flights, water and electrophilic liquid [60] were injected into
the plasma layer to reduce the free electron density level. However, only data for the
flights without injection are available.

The geometry of the probes consisted of a sphere-cone configuration with a 15.24
cm nose radius and a 9 degree cone half angle. The probes were instrumented to
measure electron number density during the flight. Eight wire probes were located on
the leading edge of the rake with the last probe extending approximately 7 cm. into
the plasma layer. Collectors were placed with their longitudinal axis at 46 degrees to
the flow direction and biased with a constant negative voltage to collect ions.

The case considered in this paper corresponds to a flight altitude of 61 Km with
free stream conditions: To, = 254K, Uy, = 7650 m/s, and a Reynolds number based
on the nose radius R., = 19,500. These conditions correspond to a flight Mach
number of 23.9. The chemistry model used to obtain the solutions is the air chemistry
model described by Park [48]. The Park model contains 7 species and 18 chemical

reactions. The model is summarized below:

Species Reactions

N2 N2 + N2 -=> N + N + N2
02 N2 + 02 --> N + N + 02
NO N2 + NO --> N + N + NO

NO+ N2+N -->N+N+N
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N N2+0 -->N+N+20

0 02 + N2 --> 0 + 0 + N2

e- 02 + 02 --> 0 + 0 + 02
02 + NO --> 0 + 0 + NO
02+N -->0+0+N
02 + -->0+0+
NO + N2 -=-> N + 0 + N2
NO + 02 --> N + 0 + 02
NO + NO --> N + 0 + NO
NO+N -->N+0+N
NO+0 -->N+0+

0+ N2 -->N+ NO
NO+0 -->N + 02
0+ N -->NO0(+) + e(-)

The free stream was assumed to consist of standard air percentages for the mass
fractions of N, and O,. All other species were assumed to be absent from the free
stream. The equilibrium rate constants are computed via equation 3.15.

Figure 11.a shows the mesh used to obtain the solutions presented here. This
mesh contains approximately 3,500 interior cells and 10,000 total cells.

The solution is presented in figure 11.b. This figure shows the temperature con-
tours over the Ram II-c. The solutions were obtained using the k-ezact reconstruction
for the viscous fluxes and Van Leer flux vector splitting for the inviscid fluxes. Notice
the high temperatures behind the shock, particularly in the nose region. It is in this
region where the chemical effects will become important. This will be seen more dra-
matically in the Aeroassist Flight Experiment solutions presented in the next section.
For this problem the high temperature effects are clearly seen in figure 11.c. In figure
11.c the computed and experimental electron number densities on the surface of the
probe are presented.

The unstructured code produces good results over the nose of the Ram II-c, how-
ever, it slightly overpredicts the electron number density on the aft section of the

body. Recall, in the thermodynamics chapter two important assumptions were made.
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Figure 11.a: Ram II-c prism mesh
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Figure 11.b: Ram-II-c Temperature Contours
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Figure 11.c: Electron number density on surface of Ram II-C probe

The first was that each species is subjected to the same temperature. This assump-
tion implies that the mass of each species is on the same order. Obviously'for this
test case, that is not true. The density of the electrons is several orders lower than
that of the other species. In addition, electronic excitation was neglected. Neither of
these assumptions are completely accurate for this flow. However, despite these as-
sumptions, the results obtained for this flow are comparable to the solutions obtained

by structured codes with equivalent levels of thermo-chemical modeling.

11.2 3-D AFE

A new family of vehicles, known as aeroassist vehicles, are currently under design.
These vehicles typically operate in the upper reaches of the atmosphere and at veloc-
ities higher than those encountered by typical reentry vehicles.

A class of these vehicles, known as aeroassist orbital transfer vehicles (AOTV),
are being designed to transfer payloads from a low earth orbit to a high earth orbit
and back. In returning, the vehicles velocity must be greatly reduced to the earth
orbital velocity and achieve capture in low earth orbit. This reduction in velocity

may be achieved by one of two methods, the use of retro rockets or by guiding the
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vehicle through the earths atmosphere allowing aerodynamic drag forces to act on the
vehicle. Studies indicate that fuel loads are lowered and therefore the payload may
be increased using the second method. Because of the high altitude and high veloc-
ity, ground based facilities are not capable of reproducing these conditions. In order
to better understand the physics of these problems, the AFE has been proposed by
the National Aeronautics and Space Administration. The vehicle will be transported
by the space shuttle and placed in a low earth orbit. The AFE will then be pro-
pelled into the atmosphere to simulate the velocity and trajectory of a return mission
from geosynchronous orbit. The data obtained will then be used to validate current
computational fluid dynamics codes which will be used in future AOTV designs.
The AFE will travel in the Earths upper atmosphere at velocities ranging from
7 to 10 km/s. At these conditions, chemical and thermal non-equilibrium effects are
significant. The AFE project was designed to obtain critical flight data that will be
used to validate hypersonic computational fluid dynamic codes. Two sets of solutions
for the AFE were obtained. The first set of solutions corresponds to a free stream
Mach number of 10. The Mach 10 case is significant because good experimental data
exists for this problem. The second set of solutions is for a free stream Mach number
of 31.7. In this case only code on code validations are available at this time.
Solutions to the AFE proved to be very stiff and difficult to obtain. The solutions
presented here were obtained with the GM-Res time integration scheme. In fact, the
other two time integration schemes were incapable of running this problem effectively.
To further increase the efliciency, mesh sequencing was used on a series of meshes.
A total of 5 meshes were generated in the process. Several views of the finest AFE
mesh are shown in figure 11.d. The body of the AFE has been mirrored about the
plane of symmetry to provide a full view of the proposed configuration. The mesh

displayed in figure 11.d contains approximately 106,000 cells and 202,000 faces.
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Figure 11.d: Several views of the Aeroassist Flight Experiment mesh. Clockwise from
top: surface, outer boundary, symmetry plane, and exit plane.
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Figure 11.e: Pressure distribution on surface of AFE for Mach 10 test case

Solutions for the Mach 10 test case are presented in figures 11.e and 11.f. Figure
11.e shows a comparison of the computed and experimental data for the pressure
coeflicient over the surface of the AFE in the plane of symmetry. Two sets of computed
results are presented in this figure; the first set corresponds to a medium mesh of
approximately 50,000 cells, and the second set corresponds to the fine mesh shown in
figure 11.d. As can be seen from the figure, both sets of computed results compare
favorably to the experimental data of J.R. Micol [28]. The figure also shows that the
finer mesh produces better results, particularly in regions of large gradients.

In figure 11.f, clockwise from the top left, the mixture density, diatomic nitrogen
density, internal energy, and pressure are shown. The free stream pressure and tem-
perature for this test case are 0.03239 psi and 89.99 R respectively. The flow was
assumed to be in chemical non-equilibrium and thermal equilibrium. The 7 species -
18 reaction Park air chemistry model was used for both the Mach 10 and Mach 31.7
test cases. The freestream species densities were computed in the same fashion as the

Ram II-c discussed in the previous section.
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Figure 11.f: AFE solutions for the Mach 10 case. Clockwise from top: mixture
density, nitrogen density, pressure, and energy
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Results for the Mach 31.7 test case are presented in figures 11.g and 11.h. The
freestream conditions for this test case correspond to point 1 of the planned trajectory.
This corresponds to a free stream velocity of 9.818 Km/s, a mixture density of 1.542 x
10~ kg/m?3, and a temperature of 195.3 K. The flow was assumed to be in chemical
and thermal non-equilibrium.

In figure 11.g, clockwise from top left, the mixture density, electron number den-
sity, and temperature are shown. The electron number density plot compares favor-
ably to the solutions obtained by Greendyke, Gnoffo, and Lawrence [29]. In figure
11.h, clockwise from top left, the density of N;, N, O,, and O are shown. Obviously,
the shock shown in these figures is much stronger than the shock for the Mach 10
test case. As a result, the temperatures behind the shock are much higher as can
be seen in figure 11.g. Recall from the chemistry chapter that ionization of air (at 1
atm) begins to occur above temperatures of 9000K. Below that, dissociation reactions
are dominant. At these temperatures, diatomic oxygen is almost totally dissociated
and diatomic nitrogen has undergone considerable dissociation. For this problem, the
temperatures far exceed 9000K behind the shock. Therefore, we would expect to see
strong ionization effects. This is clearly shown in the electron number density plot.
The Park model has one reaction for the ionization, that being the ionization of NO.
From the diatomic oxygen and monotomic oxygen contours, it is evident that the
oxygen in the freestream has undergone complete dissociation behind the shock. In
the region of the body, the density of the diatomic oxygen is nonexistent. Likewise,
the density of monotomic oxygen reaches a peak behind the shock. The nitrogen in
the freestream undergoes considerable dissociation behind the shock, however it does
not undergo complete dissociation as did the oxygen. In all of these figures, it is clear
that the chemical reactions are confined to the region between the shock and the
body of the AFE. The temperatures in the freestream are not high enough to cause

dissociation or ionization.
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Figure 11.g: AFE solutions for the Mach 31.7 case. Clockwise from top:
mixture density, electron number density, and temperature
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Figure 11.i: Several views of the analytic forebody mesh. Clockwise from top:
surface, exit plane, and symmetry plane
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11.3 3-D Analytic Forebody

The analytic forebody problem has been studied experimentally as well as numerically
[59]. The problem represents the inviscid supersonic flow over the cockpit region of
a high performance aircraft. The geometry consist of a cross section which develops
smoothly from circular at the nose through a lobed analytic curve and back to circular
at the aft section of the body. This case was chosen to test the k-ezact reconstruction
method in three dimensions. The solution was obtained using mesh sequencing on
two meshes. The finer of the meshes is shown in figure 11.i. This mesh corresponds to
a structured 31x31x41 mesh which has been subdivided into tetrahedral cells. Three
views of the forebody are shown, clockwise from the top, they represent the surface
of the forebody, exit plane, and symmetry plane. The mesh in figure 11.i contains
approximately 230,000 cells, 440,000 faces, and 40,000 nodes.

The freestream conditions for this problem are given by: M., = 1.7, po, = 1.1774
kg/m?, P, = 101325 N/m?, and the angle of attack a = 0. The solution was obtained
using the k-ezact reconstruction method for the inviscid fluxes. The inviscid fluxes
were computed using the Roe flux difference splitting algorithm discussed earlier.
The Runge-Kutta explicit time integration scheme was used to advance the solution
in time. The solution on the coarse mesh required 11306 iterations to reduce the
residual 6 orders. On a Cray YMP this required 17 minutes of CPU time. The finer
solution was converged an additional 2 orders in 8306 iterations which required 1 hour
and 46 minutes of Cray YMP time.

The solution to the forebody is shown in figures 11.j and 11.k. In figure 11.j,
the pressure contours are shown on the top and bottom planes of symmetry. In
figure 11.k, the surface pressure distribution in the plane of symmetry is compared
to experimental data [39]. As can be clearly seen, the results compare favorably to
the experimental data. Note that in the aft section of the forebody the predicted
values are slightly lower than the experimental data. Papay [61] showed that for an
inviscid solution to the analytic forebody this is typical. He also showed that solutions

obtained with with an appropriate turbulence model provide better agreeement in this

region.
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Figure 11.j: Analytic forebody pressure contours in symmetry plane
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Figure 11.k: Surface pressure distribution in symmetry plane

11.4 2;D Laminar Flat Plate

The two dimensional flow of a perfect gas over a one meter long flat plate at a
freestream Mach number of 0.3 is presented in figure 11.1. The freestream temperature
and density are 500 K and 0.03973 kg/m? respectively. The Reynolds number based
on the length of the plate is 200,000 which is well within the valid range for laminar
flow. The problem is aligned so that the plate runs along the x-axis and the y-axis is
normal to the plate. To obtain the solution, a quadrilateral 21x41 mesh was converted
to a triangular mesh by subdivided each quadrilateral into two triangular cells.

The boundary condition at the inflow fixes the total temperature and total pres-
sure. The pressure is extrapolated from the interior, and the density and velocity
are computed based on the extrapolated pressure and the specified total temperature
and total pressure. The boundary condition at the outflow sets the pressure to the
specified back pressure. All other flow quantities are extrapolated. The surface of the
flat plate is modeled using a no-slip adiabatic boundary condition. This boundary
condition extrapolates the species densities, pressure, and temperature from the first

interior cell. The velocity components u,v,w are set to zero. For the top boundary,
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Figure 11.1: Similarity profiles for subsonic laminar flat plate

all values are extrapolated from the interior.

Figure 11.]1 shows a comparison of the similarity profiles computed at the exit
plane to those of Blasius. Two solutions are presented in this figure. One of the
solutions was computed using the k-ezact reconstruction method for the viscous flux.
The other solution was obtained using the thin layer approximation. The solutions
were obtained using the GMRES implicit time integration, along with a second order
k-exact reconstruction for the inviscid fluxes.

Both solutions provide excellent results. The numerical boundary layer thickness is

approximately 0.012 meters which compares favorably to the Blasius value of 0.0116.

11.5 2-D Turbulent Flat Plate

The solution presented in this section represents the two dimensional turbulent, su-
personic flow over a one meter long flat plate. The conditions in the freestream

correspond to M., = 2.244, T, = 170K, and po, = 0.4538kg/m3. This corresponds
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to a Reynolds number of 22107. The solutions were obtained using the one equa-
tion Spalart and Allmaras model discussed earlier. The turbulence model working
variable was initialized to ten times the freestream laminar viscosity. The k-ezact
reconstruction algorithm was used to determine the viscous and inviscid fluxes. The
wall boundary condition extrapolates the density, pressure, and temperature and sets
the velocity components to zero. This corresponds to an adiabatic wall boundary. To
obtain the solution, a 41x81 quadrilateral mesh was converted to a triangular mesh.
This was accomplished by subdividing each quadrilateral cell into two triangular cells.
The solution was advanced in time using the Runge-Kutta explicit time integration
scheme. The solution required 59853 iterations to converge the solution 6 orders. On
‘a Cray YMP this required approximately 23 minutes.

The solution is shown in Figure 11.m. Figure 11.m compares the unstructured
.solution at the exit plane to the analytic law of the wall plot. The analytical solution
was obtained using the coefficients developed by Clauser [36]. Using these coefficients,

the equation for the log region is given by
ut =5.6log(yt) +4.9 (11.1)

In this figure, the frictional velocity u* was taken to be constant throughout the

boundary layer. The value of the frictional velocity was obtained from

Tw

= ,/— 11.2)
Pw (
The wall shear stress was evaluated using the vorticity at the first cell off the wall.
Figure 11.n shows the profile of the working variable, 7, in the exit plane. The

working variable is nondimensionalized by the reference viscosity and density.
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Figure 11.m: Wall law plot for the supersonic flat plate
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Figure 11.n: Turbulent viscosity profile in the exit plane
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Chapter 12
Conclusions

Algorithms for solving the full Navier-Stokes equations with a generalized thermo-
chemical model and one-equation turbulence model in an unstructured grid environ-
ment were presented. In the governing equations, we saw that the addition of a
generalized thermo-chemical model was accomplished via the addition of N species
continuity equations and M equations accounting for the species which have non-
equilibrium vibrational contributions to their internal energy. The equilibrium and
non-equilibrium chemistry was handled through source terms for the N species con-
tinuity equations. The source terms were derived from empirical relations. Several of
the more common methods for computing the forward and backward rate constants
were discussed.

Three upwind solvers for the inviscid fluxes for flows in thermal equilibrium and
non-equilibrium were presented. The upwind solvers presented follow the work of
Grossman and Cinnella and included the flux vector splitting techniques of Steger
and Warming and Van Leer, and the flux difference splitting technique developed by
Roe. Several equilibrium thermodynamics models were discussed in relation to the
upwind solvers and the equation of state. The equilibrium thermodynamic models in-
clude a model based on each species behaving as a calorically perfect gas, a statistical
mechanics model where we assume a harmonic oscillator formulation for the vibra-
tional contribution, and a model based on the NASA Lewis Research Center curve

fits. We also saw that by integrating the primitive variables in time, we can simplify
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the implementation of the equation of state. Namely, we can directly compute the
temperature instead of using an iterative technique. In addition to the equilibrium
contribution to the internal energy, additional governing equations were presented
for modeling non-equilibrium vibrational contributions to the internal energy. The
source terms were derived from basic statistical mechanics considerations. The source
terms were shown to have two contributions, an elastic contribution due to molec-
ular collisions and an inelastic contribution due to chemical reactions. Solutions to
the Aeroassist Flight Experiment vehicle and Ram-IIc where shown to produce good
results for flows in which dissociation and ionization play an important role. We also
saw from these solutions that while the assumptions made in deriving the thermo-
chemical model are not completely valid for these problems, the thermo-chemical
model is still capable of simulating these types of flows.

Several methods for interpolating the cell averaged data to the faces for the un-
structured upwind solvers were presented. These methods include the k-exact recon-
struction method and a linear gradient-based reconstruction method. The k-ezact
reconstruction presented closely follows the work of Mitchell and Walters. In the
algorithm presented for the inviscid fluxes, a separate reconstruction is obtained for
the left and right state. This required two separate stencils to be developed. As was
discussed, no single method proved to be adequate when the k-ezact reconstruction
was extended to three dimensions. Therefore, several algorithms for choosing the
inviscid stencils were given. Solutions to the three dimensional analytic forebody us-
ing the k-exact formulation were presented and compared to both experimental and
numerical data.

One of the major issues in solving the Navier Stokes equations on unstructured
meshes is the modeling of the gradients. In the research presented here, the gradients
were computed using the derivatives of the reconstruction weights obtained from the
k-ezact reconstruction. For the viscous fluxes a single centered stencil was used. Like
the inviscid stencil selection, several methods were presented for picking the viscous
stencil. The modeling of the transport properties was discussed for multicomponent

mixtures. Appropriate mixture rules for the species transport properties were given.
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Solutions to the axisymmetric Ram-IIc and a subsonic flat platé were shown to pro-
duce good agreement with experimental and analytical data.

The physical modeling was completed with the Spalart and Allmaras one equation
turbulence model. In their original work, Spalart and Allmaras developed a differen-
tial transport equation for the turbulent viscosity. In this research, the differential
transport equation was transformed into an equivalent integral transport equation. A
Van Leer type upwind scheme was then applied to the convective flux. The gradients
in the diffusive fluxes were obtained in a similar fashion to the gradients in the vis-
cous fluxes. Namely, by differentiating the k-ezact reconstruction weights. A simple
method for computing the wall distance function was presented. Results for a super-
sonic, two dimensional flat plate were presented and compared to experimental data
and numerical solutions from a structured code using the Baldwin-Lomax algebraic
model and a compressible form of the two equation K-Epsilon model.

Several methods for advancing the solution in time were presented, including
the m-stage Runge Kutta time integration and Euler implicit algorithm with inner
iterations. We saw that linearization of the Euler implicit scheme produces a system
of linear equations. Two iterative methods for solving the resulting linear system were
discussed, a block Jacobi relaxation and the generalized minimum residual method
(GMRES). A brief discussion on integrating the primitive variables was given. To
increase the efficiency of the unstructured flow solver a simple algorithm for mesh
sequencing was discussed.

Even though good progress is being made in the unstructured arena, this technol-
ogy still has a way to go in certain areas before it can be competitive with current
structured technology. Several of the areas which are in need of improvement include
mesh generation for unstructured viscous meshes, efficiency of the numerical proce-
dures in terms of memory and computational resources, robustness of the reconstruc-
tion methods, and thorough testing of the unstructured turbulence model in three
dimensions. In this research, the testing of the turbulence model was confined to two
dimensional problems. This was largely due to inadequate techniques for obtaining

the required stretching in the boundary layer with tetrahedral grid generators.
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In this writers view, k-ezact is beneficial to the researcher since it can be ap-
plied to a wide variety of pfoblems as demonstrated here. In this research k-exact
reconstruction is applied to the inviscid fluxes, the gradients of the viscous fluxes,
and the gradients in the transport equation for the turbulence model. Other areas
where k-ezact reconstruction would be useful include interpolation of data to a line for
output and enhancing the mesh sequencing procedure. However, from a production
level point of view, the method is not robust enough to be of tremendous value. The
use of the k-eract reconstruction technique requires that the user of the code has a
good knowledge of the stencil selection procedures and in many cases must be able
to modify the code to produce the desired results. Research into non-fixed stencils
may provide some insight into the stability of the algorithm.

Mesh sequencing provided a great benefit particularly for complex flows like the
Aeroassist Flight Experiment. Several authors have shown results using multigrid
techniques for unstructured flow solvers, which look promising. [52] [53] [54]. Research
into space marching on unstructured grids and better time integration strategies are
still needed at this point. Many of these advanced algorithms require a direct link
between the grid generation and solution process. In order for the unstructured
technology presented here to bé competitive in todays market, research is needed
in improving the efficiency of unstructured fluid dynamics codes. Inherently this
will require simultaneous research into both unstructured mesh generation and fluid

dynamics technologies.
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