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(ABSTRACT)

X-ray techniques were used extensively in this work to examine ceramic samples. The well
known techniques including :(1) identification of phases and chemical species, (2) peak separation,
(3) quantitative phase analysis, (4) intensity band simulation, and (5) line shape analysis, were ap-
plied to ceramic materials of silicon nitride, zirconia toughened alumina, fully and partially stabi-
lized zirconia. A theoretical derivation of the x-ray intensity from a rough sample based on a
statistical roughness model was carried out. The statistical model was then combined with the in-
tensity band simulation technique to simulate the intensity band from a rough sample. The modi-
fied technique for intensity band simulation was used to determine the strain profile in the near
surface regions of a flat and a rough fully stabilized zirconia samples. The results show that a
compressive zone is present in the near surface region of each sample. A partially stabilized zirconia
disk was examined using symmetrical and asymmetrical diffraction optics after a prolonged pin on
disk wear test. The different diffraction optics provided different probe depths and revealed a depth
gradient of the phase distribution. A general picture of the wearing process of ceramic components

is described based on the examinations carried out in this work.
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Chapter 1

INTRODUCTION

As ceramic materials find more and more applications as machine parts in recent ycars, the
characterization of the near surface wear structure also becomes more and more important. Ade-
quate characterization can provide the information on phase transformation, porosity, residual
stress, failure mechanisms, thermal expansion ...etc.. Proper adjustments in synthesis, fabrication
or manufacturing can be taken accordingly to improve the characteristics of the final product.
Among the many surface examination techniques, x-ray diffraction and fluorescence are the most
versitile and powerful because the following advantages: (1) nondestructive examination; (2) capa-
bility of identifying both constitute elements and the crystal structures; (3) capability of changing
probe depth; (4) directly applicable to both conductor and nonconductor; (5) availability of quan-
titative analyses of diffraction data; (6) availability of huge x-ray data bank; (7) no need for vacuum

condition.

If the x-ray probe is to be used as a quantitative tool, one must consider the influence of the
surface roughness on intensity and control of probe depth over a large range. Although it is very
desirable to vary the probe depth within a sample for a near surface examination, traditional x-ray

users have only limited control over the probe depth. In this work, two techniques are used to vary
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the probe depth within a sample. This requires either a change in wavelength or asymmetrical
~ beam paths. The asymmetric beam paths are obtaind from an asymmetric optics where the incident
and signal angles are not cqual. Although the asymmetrical optics can be obtained in some con-
ventional diffractometers by tilting the sample normal away from the regular position of symmet-
rical optics, the intrinsic divergence in the incident beam makes it impractical to attain glancing
angles less than 6°. Also, only a few discrete wavelengths are commercially available. Beamlines
at the National Synchrotron Light Source (NSLS) have the advantage of offering symmetrical or
asymmetrical optics and continuously tunable wavelenths. A highly parallel incident beam allows
one to work well below 6°. Although no sample is ideally flat, theoretical calculations of x-ray in-
tensity have been based on the assumption of flat surface. The effect of roughness on the x-ray in-
tensity becomes more significant with decreasing probe depths. A first treatment for the roughness
effect from real surfaces is made in this work which uses a generally accepted statistical model to
describe surface asperities'. This statistical model assumes that the heights of the surface profile
are normally distributed with standard deviation 6. An exponentially decayed autocorrelation

function with correlation distance 1, is also used to describe the smoothness of spatial fluctuations.

Harrison and Paskin? presented some general considerations for symmetrical diffraction optics
which are used to provide insights on how the statistical model must influence x-ray intensities.
An extended version covering asymmetric beam paths and diffraction or fluorescence signal was
developed by Houska® and presented here for the first time. According to these theorics, the in-
tensity correction relative to the case of a flat sample is always negative except at two extreme cases
where incident and signal rays are completely correlated or uncorrelated. These two extreme cases
give no intensity correction and provide convenient checks for the statistical model. Also, an exact
intensity calculation was carried out by Borie for a sample with a one dimensional but highly
ideallized sawtooth surface® This provides a useful limiting comparison with the results obtained
from the statistical model. It will be shown that two samples with the same ¢ and t, values have
the same maximum intensity correction even though their surfaces have very different forms, i.e. a

sawtooth or Gaussian. Of course, the shape of the intensity correction differs considerably. The
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simulation results based on the statistical model are confirmed by the experimental data from a
rough fully stabilized zirconia sample over a 6 range extending from ~ 15° to 90°. At very low
incident angles, the absorption consideration becomes very complicated due to multiple inter-

sections between the x-ray beams and free surfaces. This requires an extension of the present model.

A Siemens x-ray diffractometer and spectrometer as well as the Oak Ridge National Laboratory
(ORNL) beamline at the NSLS were used to examine several ceramic materials and subsequent
analyses were carried out. These include: peak separation using Pearson-VII function; quantitative
phase analyses for homogeneous samples; a determination of lattice parameters; simulation of in-
tensity bands using depth profiles of d-spacings; determination of phase distribution using two
probe depths. The previously developed theoretical background needed for these analyses are re-
viewed in Chapter 2. Other necded theories are developed in this work and presented in the fol-
lowing chapters. Harrison and Paskin’s work is reviewed and elucidated in Chapter 3 along with
Borie’s work. Chapter 4 introduces the concept of stochastic processes to which the surface
roughness belongs. The theoretical derivation and experimental verification of the statistical
roughness model are presented in Chapter 5 along with the comparison with Harrison, Paskin and
Borie’s results. In Chapter 6, the theory of intensity band simulation previously developed® and
reviewed in Chapter 2 is combined with the roughness model developed in Chapter 5 to simulate
the intensity band from a rough sample. An example of applying this theory to two fully stabilized
zirconia samples to determine the residual strain profiles is presented in Chapter 7. Some routine
examinations and analyses for three high performance ceramic materials using the techniques re-
viewed in Chapter 2 are presented in Chapter 8. The theory and an example of the determination
of phase distributions in a partially stabilized zirconia (PSZ) disk are presented in Chapter 9. The
PSZ disk was subjected to a pin on disk wear test at Advanced Mechanical Technology, Inc. in
Newton, Massachusetts before the x-ray examination. A picture of the wear process for ceramics
is described and a complete procedure of wear structure study is suggested in Chapter 10 as con-

cluding marks.
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Chapter 2
THEORETICAL REVIEW OF X-RAY

TECHNIQUES EMPLOYED IN THIS WORK

2.1 An Overview of X-Ray Theory of Value to This

Research

Figure 1 is a schematic diagram showing some general geometrical aspects for the present study.
The following quantities appear in this figure and are used throughout this work:
I, = incident intensity
A, = cross section area of incident beam
Z= height measured from the flat sample surface
. = incident angle
0, = signal angle

20=0, + 6, = the angle between incident and signal beams

THEORETICAL REVIEW OF X-RAY TECHNIQUES EMPLOYED IN THIS WORK 4



—NEAR SURFACE CHARACTERIZATION
BY
X-RAY DIFFRACTION/FLUORESCENCE—

FOR A HOMOGENEOUS, FLAT SAMPLE
WITHOUT TEXTURE:

DETECTORQ

Figure 1. A schematic diagram showing the geometry of x-ray measurement.
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o =tilt angle

For a monochromatic incident beam, the fluorescence signal can be detected at any 20 position,
while for a diffraction peak, Bragg's law must be satisfied and the structure factor must not be 0.

Bragg’s law is used in the following form:

A = 2dsin6 2-0

where
A= wavelength of the incident beam
d = lattice spacing of the reflecting planes

0= Bragg angle

The signal generated by a small layer (see Fig. 1) of volume AV = 4,AZ/sin(6 + ©) from a

non-textured, homogeneously dispersed, multiphase, flat sample is%¢:

Al = I, Qf }e—[<u‘->|2|/sin(9+m)+ <p,>1Z1/ sin( - 0)) Q2 -2
Han

The exponential term is the exponential absorption attenuation factor with
<u,> = average linear absorption coefficient for the incident ray impinging upon
a planar element at depth Z.
<p,> = average linear absorption coefficient for the signal ray coming from the
same element
Z/sin(0 + o) = absorption length for the incident ray

Z/sin(0-0) = absorption length for the signal ray

THEORETICAL REVIEW OF X-RAY TECHNIQUES EMPLOYED IN THIS WORK 6



The factor Q, is used for the fluorescence signal from a sample of effective volume of unity and one

unit of incident intensity. F/,(, is the corresponding quantity for the integrated diffracted intensity

from the a phase. More specifically, it is the integrated diffracted intensity from unit intensity and

effective volume. In each case, the effective volume includes the absorption term.

For a specific kind of atom, the fluorescence factor contains the following terms®:

. Dy
= = N (——
where

N,= number of i atoms per volume

0,= atomic cross section of atom i for producing fluorescence of one type

D; = dimensionless absorption factor for fluorescence radiation in the path

from sample surface to detecor times the detector efficiency

R = sample to detector distance

For a specific phase® diffracting according to the Bragg’s law,

A3 1 + cos%20 cos>20’ 2
H,Q, = constant x H, x v—cz- x Sn 0020 x pF

where

H,

volume fraction of a phase

Q, = reflectivity of the concerned reflection
A= wavelength of the incident beam

v, = volume of the unit cell

20= Bragg angle for the concerned reflection

20'= Bragg angle for the diffracted-beam monochromator

THEORETICAL REVIEW OF X-RAY TECHNIQUES EMPLOYED IN THIS WORK
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p= multiplicity

F = structure factor

Because the wavelength of a fluorescence radiation emitted by the sample may be different from
that of the incident ray, <p,>, <p,> are not equal in general for the fluorescence signal while

<p,> = <p,>= <p> for the diffraction signal.

When the tilt angle o is 0, the incident and signal rays are symmetrical with respect to the
sample normal. In an aligned commercial x-ray diffractometer, the optics is typically symmetrical
although asymmetric optics can be obtained with some diffractometers by intentionally tilting the

sample normal away from the symmetrical position.

From Egs. (2-2) and (2-3), it is clear that the concentration of each kind of atom can be
monitored by the relative intensity of its fluorescence signal. Similarly, from Eqs. (2-2) and (2-4),
the volume fraction of a specific phase can be monitored by the relative intensity of its diffraction

signal.

2.2 Calculation of Lattice Parameters:

A computer program called “lattice” was developed by the Argonne National Laboratory” to obtain
lattice parameters and the cell axes angles for a specific sample from its x-ray diffraction (XRD)
pattern. The needed input data are: the Miller indices of various reflections, their 26 peak positions
in the XRD pattern, the crystal system (e.g. cubic, etc.) and the x-ray wavelength. The calculations
are based on the method of least squares. If desired, a weighting factor may be used for each re-
flection, which may involve constant, a trigonometric function or both. This program is used re-

peatedly with equal weighting factors in Chapter 8 for various samples.

THEORETICAL REVIEW OF X-RAY TECHNIQUES EMPLOYED IN THIS WORK 8



2.3 Computer Simulation of X-ray Diffraction Pattern

A computer program named “powder” was previously developed at VPI® to simulate x-ray
diffraction patterns. The needed data include: the identity of the atomic species; their positions
within the unit cell; the lattice parameters; the crystal system, the angles between unit cell axes, and
the x-ray wavelength. The simulation not only calculates the Bragg angle , but also the relative in-
tensity according to Eq. (2-4), the structure factor and the Q, for each reflection. This program is

used frequently in this work and many examples can be found in Chapter 8.

2.4 Peak Separation Using Pearson-VII Function

A computer program named “Pearson” was previously developed to unscramble the overlapping

diffraction peaks using a function named Pearson-VII. Pearson-VII function®, as shown below,

(26 — 20)° o

ma2

Y = Yyl + (2-5)

uses two parameters Y , 26, to indicate the intensity and the position of the peak, and the other two

parameters a, m describe the peak shape and width.

The full width at half maximum (FWHM) can be shown to be

W = 2am(2'™ - 1))'? 2 - 6)

THEORETICAL REVIEW OF X-RAY TECHNIQUES EMPLOYED IN THIS WORK 9



When m=1, 2 and o the Pearson-VII becomes a Cauchy, modified Lorentzian , and Gaussian,
respectively. A value of m =20 is sufficient to represent a Gaussian shape. The “m” parameter is
best defined as shape parameter and “a” is a width parameter. Both, of course, are required to obtain
W. This computer program first takes the second derivative of the overlapped profile to find out
the number and locations of the overlapped peaks. Then, the values of the parameters for each
peak can be guessed by the user. By comparing the experimental profile and the simulated profile
based upon the previous guesses, the parameters can be adjusted consecutively until the profiles are
within the experimental error. Finally, the program can search the optimum value of each param-
eter based upon minimizing the squares error. The whole program, including the plotting, can be
run interactively. Therefore, it is very convenient for peak separations when using a graphics ter-

minal.

2.5 Quantitative Phase Analysis

According to Egs. (2-2) and (2-4), the intensity ratio between reflection i of the a phase and

reflection j of the B phase for a homogeneous two phase sample is

Ixa - HaQIa (2_7)
g HgQyp

combining Eq. (2-7) and
Hy + Hg=1 2-29)

THEORETICAL REVIEW OF X-RAY TECHNIQUES EMPLOYED IN THIS WORK 10



the volume fractions H, and H; can be obtained because /, ,, [,; can be measured and Q, ,, 0,5
can be calculated. Note that the measurements of [, , and [, ; are more accurate when the two
reflections are well separated than when they are overlapped. To determine the intensities of indi-
vidual reflections from overlapping peaks, requires a computer separation (see Section 2.4) which
introduces additional error. For samples with more than two phases, additional relations can be
used to obtain the volume fractions for each phase. A more detailed discussion of this analysis can
be found in fundamental x-ray diffraction textbooks.'°. Some results of the quantitative phase

analyses for homogeneous samples are given in Chapter 8.

2.6 Simulation of Intensity Band

If a continuous range in d-spacing exists, a diffraction peak appears as an intensity band cov-
ering an extended range of 26. This often happens in a sample after diffusion of a deposited material
into the substrate. Due to the depth gradient of the concentration of the deposited material, the
d-spacing of the reflecting planes also change continuously as a function of depth. The continuous
variation of the d-spacing subsequently causes the intensity from the sample to spread over a 20
range according to the Bragg law. In addition to this, the peak is further broadened by the instru-
mental and sample broadenings to form the observed intensity band. A previously developed
computer program'! was used to fit the measured intensity band and obtain the concentration
profile of the deposited material. A Pearson-VII function is used again in the program to account
for instrumental and particle size broadening. Because a similar d-spacing change in the near surface
region can also be caused by a stress and chemical gradients, the computer program is slightly
modified in this work to give d-spacing profile instead of the concentration profile. Another mod-
ification is also made to accomodate the asymmetrical diffraction optics by using different absorp-

tion lengths for incident and signal rays.
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The program first divides the sample to many fine layers along the depth direction. The d-
~ spacing in each layer is treated as a constant and the corresponding intensity is calculated. The
calculated intensity is then redistributed around each corresponding 26 position according to the
Pearson-VII function. Different sets of parameters for Pearson-VII functions can be used to dis-
tinguish between those layers in the highly strained near surface zone and those layers in the deeper
substrate because the deformation broadening is likely to be different in these two regions. Figure
2 illustrates the relation between the d-spacing profile and the intensity band. By trial and error, a
correct d-spacing profile can be obtained to fit the observed intensity band. An apparent strain
profile can then be calculated from the d-spacing profile. Further modifications have incorporated
sample roughness and asymmetrical diffraction geometry. This will be described in detail in Chapter
6 after the roughness theory is presented. Examples of using the modified program are shown in
Chapter 7 where both flat and rough zirconia samples are examined symmetrically and asymmet-

rically to reveal their strain profiles in the near surface regions.
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Figure 2. A schematic diagram showing the relation between an intensity band and a d-spacing depth
profile.
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Chapter 3
REVIEW OF X-RAY INTENSITY
CALCULATIONS RELATED TO THE
PRESENT STATISTICAL ROUGHNESS

MODEL

A new theory is developed in this work to calculate the x-ray intensity from a rough sample
based on a statistical roughness model. Before presenting this statistical model, two works previ-
ously carried out by (1) Harrison and Paskin® and (2) Borie* are reviewed in this chapter as they

related to the statistical model.
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3.1 Harrison and Paskin’s Theory

Harrison and Paskin’s theory deals with the granularity effect on the diffracted x-ray intensity
in powders. The granularity in the powder samples inevitably introduces porosity. The absorption
length associated with a signal generating element is changed from the corresponding value of a
dense sample due to the presence of pores. Statistical variations in the absorption lengths results in
an intensity correction relative to a theoretically dense sample. Similarly, for a rough sample, the
absorption length is disturbed by the surface roughness which results in an intensity correction rel-
ative to the flat sample. Therefore, the granularity and roughness effects are similar in the sense that
both are caused by the irregular spatial distribution of material within a sample. In fact, the general
principles concluded by Harrison and Paskin can be applied to both roughness and granularity

cases. This will become clear as the discussion proceeds.

The granularity effect on diffracted x-ray intensity treated by Harrison and Paskin is depicted
in Figure 3. For any arbitrary point (X,Z) within the sample exposed to the incident beam, we
consider an incident ray and an associated signal ray. One such pair of rays are shown in Figure 3.
Because of porosity, the true absorption lengths experienced by the incident and signal rays are less
than the lengths of the rays and denoted as L, (X,Z) and L (X,Z) respectively. The most important
result of Harrison and Paskin’s work is that they are able to explictly separate the intensity cor-
rection relative to an ideally dense sample from the intensity of a powder sample. This is given by

(refer to Figure 3):

Ay
{correction = Ipowder = lgense sample — 1hQ 2(X5 — X,)tan 0
A

J~0 Xg —Zcotb e_"(l“"" + L,,) [( a.Lai )Z _ (61‘(1: ]dXdZ

@-N

-0JX, —Zcoth oxX F3% )z
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Figure 3. The x-ray diffraction optics with a powder sample.




such that [ .qi0n < 0 and
I, = incident intensity
Q = reflectivity
Ay, = cross section area of incident beam
Z = vertical coordinate with Z =0 for the upmost layer occupied by the material
X = horizontal coordinate
X,, Xy = two horizontal extremes illuminated by the incident beam at Z=0
L,(X,Z) = true absorption length of an incident ray associated with a point at (X,Z)

L, (X,Z) = true absorption length of a signal ray associated with a point at (X,Z)

The result has been generalized by Houska?® to incorporate the fluorescence signal and asymmetrical

x-ray optics as follows:

Ay

Icorreclion = Ipowder - [dense sample — IOQ

sin O
(XB - XA)(H,' + P;S._—[‘)

mes (3 —_ 2)
0 (Xg-Zeot, - (uly+uly) [ Wi Cla, By 0Ly
j-oo X -Zcoto, € [tanei\ X )z tan 0, " Gx )z |dXdZ

When 6, = 0,, Eq.(3-2) degenerates to Eq. (3-1).

It is clear from Egs. (3-1) and (3-2) that the intensity correction is due solely to the variation

of absorption lengths along the horizontal direction at each fixed depth. For an ideally flat dense
6La, _ iL,
ax 2~ Gy
pends on the variation of the absorption lengths but not on what causes the varation, Egs. (3-1)

sample, (

); = 0 and the correction vanishes. Because the intensity correction de-

and (3-2) are equally applicable for both granularity and surface roughness. In other words, both
granularity and roughness can cause varation of absorption lengths which results in an intensity
correction. A rough sample can be viewed as a special case with pores located above the free surface

as shown in Figure 4.
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Although the double integral in Eqgs. (3-1) and (3-2) can not be carried out unless the spatial
distribution of particles (for powder sample) or the specific surface profile (for rough dense sample)

is known, they bear the following important physical insights:

As indicated by Harrison and Paskin, for powder diffraction samples and symmetrical optics,
‘l

X
tributions are equiprobable. The reason that the mtegral of each of these terms is not zero is because

the average (over X) values of ( 2), and ( )z are zero, because negative and positive con-

the absorption factor is generally different for negative and positive fluctuations. If the paths in and
out are completely uncorrelated throughout, one expects the two terms to give the same integrated
values and hence the correction is zero. This was mathematically proved by Harrison and Paskin.

cl

If the paths in and out are completely correlated, i.e. = ( 0'”’ )z again the intensity cor-

rection is zero.

For the more general case involving a fluorescence signal and asymmetrical x-ray optics, the
two extreme cases still give zero intensity correction. To see this, we use the arguments of Harrison
and Paskin. Let’s compare the intensity correction contributed by a horizontal layer of thickness
dZ with the integrated intensity from a thick flat sample, /4, cumpie - The former is given by the inner

integral of Eq. (3-2) along with the pre-integral term while the latter is well known and described

by Eq.(5-8). Dividing the former by /iy campie ( = IOQ“?H g see Eq. (5-8) ), one obtains
' *sin 6,
____._ X _200[9 - ( iL'ai + usLax) p'l aL l —_ l"l 61’ -
This can be written as
X=Xp —Zcot®, — (wl, + ulL,)
(Xg — X )jX X:—Zcote ¢ [tane dLy — o 9 dLas]dZ

B-9

X= XB Z cot b, 1 - (ulLﬂi + u:Lax) g ) — 1 - (uiLai + psLax)
( _ XA) J- —-Zcot§; { tan el 4 d(p"l’az) tan es e d(lJ'SLas)} dz
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For completely uncorrelated incident and signal paths, L, and L, are independent of each other.
Therefore, one can replace e~ ¥ilai by its average value in the integral over d(u,L,,) and likewise re-

place e~ ¥slas by its average value in the integral over d(p,L,). Then Eq. (3-4) becomes

1 X=Xp —Zcot§, -1 - Ly = Wl 1 - wly - Ly,
(XB._XA)J.X=XA —Zcotoi{tan()i <e >d(e )+—_'tan0x <e >d(e )}dZ

— WLy = - . - ML = - :
- dz {<e iLai > e—“sLax\X Xg —Zcottanb,; <e sbas > e_l‘iLm"X Xg Zcote,}

Xg— X, tan 6; X=X, —Zcoth, tan 0; X=X, —Zcot§,
A i A i

C R

Because L, L, 2 0 at any point (X,Z), e~ ¥stes and e~ ¥ilai are positive and normally less than 1
when evaluated at X=X, - Zcotf X=X, — Zcot9, for any Z. Also,
<e” ¥tai> and <e~ ¥slas> are positive and less than 1. Therefore, the absolute numerical mag-
nitude of the exponential products inside the brace of last Eq. is normally less than 1. When
0; or 6, decreases, the incident or signal ray is closer to a horizontal ray and the corresponding true
absorption length L, or L, increases. This causes a very rapid decrease in the value of
e~ Wlai or e~ ¥stes and hence the numerical value of the formula in the brace is even closer to 0.
Therefore, the absolute numerical magnitude of Eq. (3-5) is at most around dZ/(X,; — X,). For
common X-ray measurements, X; — X, , the width of incident beam at the sample surface, is in the
order of cm. Because the intensity from the material beyond a few pm deep is trivially small due

to absorption, the total intensity correction relative to the integrated intensity from the flat sample,

XdZ

10~4. This is smaller than the experimental error and hence the intensity correction is essentially 0

( £dZ is the total thickness of the signal generating zone ), is in the order of pm/cm =

in the case of complete uncorrelation.

When the incident and signal paths are completely correlated, L, = L, and

oL,. _ ,¢cL,. _ ¢cL, ) .
( % )z = ( % )z = ( % )z everywhere. Eq. (3-3) can be written as,
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1 Xg—Zcot®, — (u+p)l,, Hi MK L,
Xy — X 3% ~Zcotd,’ Gane; ~ Tme;) (Gx'zd¥dZ

dZ , MW H X= XB_ZCO[eie‘(Pi'*'P,)L,dL
XB—XA\tanel ta.nes X=XA —Zcotei a

_ dz P 1 X=Xg—Zcoth, - (u,+ u)l, +
XB — XA \ tan 9‘ tan 05) lJ.‘ + “: X= XA —Zcot e'_ e ‘4(“’1 “S)La] (3 _ 6)
_ dz , Wy _ Mg ) 1 e_(ui+u‘)La|X= Xg —Zcoth,;
Xpg— X, tan®;  tan®;’ p + p X=X, - Zcoth,
__ dz ! _ ! o v L | X7 X mZcoth,
Xg — X, [(14.__:{1)1@93. (l+_“lf_)ta_nel] X=X, —Zcoth,
5 i

Because the numerical values of 1/(1 + %) and 1/(1 + %) are in the order of 1, the absolute

numerical magnitude of Eq. (3-5) is again at most around dZ/(X; — X,) by the same reason given

dZ

in the complete random case. This consequently results in a total intensity correction of SARSA
B A

which has been shown to vanish.

Besides the two extreme cases just considered, in most cascs the paths in and out are partially
correlated and the intensity correction does not vanish. The degree of correlation depends on the
distribution of the intergranular pores along the incident and signal paths. By considering the cor-

relation arising specifically when the incoming and outgoing rays are associated with a cubic parti-

cle, Harmison and Paskin were able to show that (L, + L,,) are larger when [( (;l;\‘;‘ )z — ( 051;"(‘ )z]
aLai

6L, . . . - .
X )z — ( 3 )z] is negative. This mechanism results in a nega-

tive correction. A serious reader should carefully examine the vanation of (L, + L,) and

is positive and smaller when [(

[(—%—l-'/\%'-)z - (%%Y‘—)z] shown in the Figure 2 of the original article to fully appreciate this mech-

anism.

For the roughness case, the correlation between L, and L,, are determined by the surface ex-

cursion instead of intergranular pores. For completely uncorrelated excursions, the excursion height
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at each location is independent of the excursion height at any other location. This results in the

completely uncorrelated absorption lengths L, and L, and hence the zero intensity correction.
However, it should be noted that no excursions are completely uncorrelated unless they are infi-
nitely far apart. Because the incident and signal rays associated with a same signal generating ele-
ment are usually not infinitely far apart, so do their intersections with the surface profile. Therefore,
the extreme case of complete uncorrelation does not happen usually. For the complete corrélation

oL, cL

case. (Gx )z = (Gx

tensity correction vanishes. Besides the two extreme cases, we can see that L, and L, can be par-

L . . .
)z = ( (E =), everywhere again even though the surface is rough and the in-
X

tially correlated. In the statistical model, this correlation is established through the excursion height
above the signal generating element which is related to L, and L,,. This point will become clear in

Chapter 5 when the statistical model is used to calculate the distribution of absorption lengths.

3.2 Borie’s Calculation®

An exact absorption calculation for a rough sample with 45° sawtooth surface was carried out
by Borie. Although the sawtooth surface is artificial, it provides a maximum intensity correction
and the calculation is exact. It thereby gives a useful comparison and limiting boundary for the

present statistical approach.

It should be noted that the surface excursions described in the statistical model as compared
with the periodic sawtooth variation have intrinsic differences. A Gaussian surface, as described in
the statistical model, has normal probability density for its excursion heights, while a sawtooth
surface, due to its linear shape, has constant probability density. This is shown in Figure 5 where
the height of sawtooth is “a”. The probability density of the surface height is constant (= 1/a) in the
range (-a/2, a/2) and zero elsewhere. This distribution is very different from the normal distribution

and results in a big difference in the distribution of absorption lengths for the two surfaces. Con-
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Figure S. (a) A sawtooth surface and (b) The distribution of the surface height.
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sequently, a modification is made in the statistical model to make the comparison more meaningful.
This point will become clear later after the absorption calculation based on the statistical model is

introduced.
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Chapter 4
THE STATISTICAL MODEL OF SURFACE

ROUGHNESS

4.1 Roughness as A Stochastic Process'?

There are many examples of random (stochastic) processes in nature,'2!* some of which are
meteorological phenomena, thermal noise in electric circuits, Brownian motion of particles, vi-
bration phenomena, and certain economic fluctuations. The common nature is an indeterminacy
in expected behavior of any single record, coupled with strong statistical features for large col-
lections of records. Knowledge of the past behavior of a single random record by itself does not give
any precise indication of its future action. Any random single input is an accident, never likely to
occur again. The best one can do is to make a particular measurement of interest over large col-
lections of records, then average these individual results in different desired ways so as to determine
some of the apparent statistical variations. Figure 6 illustrates an example of random process. A

collect of all possible sample functions is defined as a random or stochastic process.
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Figure 6. Ensemble of four sample functions forming random process.
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The excursion fluctuation along any direction of a rough surface is random and can not be
. predicted from its previous fluctuation. Therefore, surface roughness is also a stochastic process.
The traces formed by the intersections of planes perpendicular to the rough surface provide displays

of surface roughness and serve as statistical samples.

Random processes are classified as stationary and nonstationary processes. The meaning of the
term stationary may be understood by examining a collection of sample functions or an ensemble.
The mean value of the first moment of the random process at some position, X, can be computed
by taking the value of each sample function of the ensemble at X,, summing the values, and dividing
by the number of sample functions (see Fig. 6). In a similar manner, a correlation or joint moment
between the values of the random process at two different positions (called the autocorrelation
function) can be computed by taking the ensemble average of the product of instantaneous values
at two positions, X; and X, + t. That is, for the random process where the symbol { } is used to
denote an ensemble of sample functions, the mean value p,(X,) and the autocorrelation function
R,(X,, X, + 1) are given by:

N .
u (X)) = lim lv ZX) (4 - la)

Rz X, Xy + 1) = - Z Zk(Xl)Zk(Xl + 1) 4-1p

where the final summation assumes each sample function is equiprobable. For the special case
where pz(X,) and R (X,, X, + 1) do not vary as X, varies, the random process {Z(X)} is said to be
stationary. For stationary random processes, the mean value is a constant and the autocorrelation
function is dependent only upon the displacement. That is,
uz(X) = uzand R,(X,,X, + 1) = Ry(1). Note that for a rough surface, pu, is usually set to 0 to

account for the mean plane and surface fluctuation is measured relative to the mean plane.
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Stationary processes are further classified as ergodic and nonergodic processes. What does
“ergodic” mean? In most cases, it is also possible to describe the properties of a stationary random
process by computing averages over specific sample functions in the ensemble. For example, con-
sider the kth sample function for the random process, the mean value p (k) and the autocorrelation

function R,(1,k) for the kth sample function are given by:

1L
hz(k) = lim -y Z,(0dX (4 - 2q)
Ry(r.b) = lim %J'OLZ,((X)Z,((X + 1)dX (4 - 2b)

If the random process {Z(X)} is stationary, and pz(k) and R,(t,k) as defined in Eqgs. (4-2a) and
(4-2b) do not differ when computed over different sample functions, the random process is said to
be ergodic. For ergodic random process, the distance averaged mean value and autocorrelation
function as well as all other distance averaged properties are equal to the corresponding ensemble
averaged time value. That is, p,(k) = pz and R,(t,k) = R,(1). Only stationary random processes
can be ergodic. Ergodic random processes are an important class of random processes since all
properties of ergodic random processes can be determined by performing averages over a single

sample function.

The general rough surfaces, as indicated by Saley et. al.!*, are not stationary. The
nonstationarity is due to the different features in different areas of a general rough surface. This is
best understood by imagining an ensemble composéd of many geographical “traces”. If all traces
start at points in the middle west region of the North American Continent and end at points in the
Rocky Mountain region, the ensemble average of the altitude at the starting point is certainly not
equal to the corresponding average at the final point. Consequently, the requirement of stationarity
is not fulfilled and the topography of North American Continent can not be treated as a stationary
random process. Fortunately, for general machined surfaces, the local feature changes form one

place to the other very mildly and such differences between “Rockey Mountain” and “Middle West”
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does not happen. Therefore, a sample of length L, will have statistical properties very similar to
any other surface length L taken form any part of the same surface. This is termed “stationary
within an interval”'® and implies that, similar to the ergodic process, all statistical properties can
be extracted from a single sample function instead of from the whole ensemble. Although the
change of the local feature on a machined surface is very mﬂd, it may not be trivial. Consequently,
a longer sampling length will accommodate more local difference than a shorter sampling length
and all statistical properties are functions of sampling length. The dependence of the statistical
properties on the sampling length can be further understood by considering the following example.
Shown in Figure 7 is a trace from a rough surface and its mean plane (Z=0), the corresponding
sampling length is / = 2/’. If the sampling length is reduced to /’, then the original trace consists
of two sampling lengths. In each sampling length, an independent mean plane is established and
shown as Z' = 0. Obviously, the standard deviation of the excursion height ( i.e. o, a statistical
parameter) relative to Z=0 plane is much larger than that relative to the Z' = 0 plane. Because the
dependence of the statistical properties on the sampling length, statistical parameters measured by
different techniques are comparable only when a same sampling length is used. This point will be

examined later when comparing the x-ray and profilometer measurements.

4.2 The Statistical Model of Surface Roughness

The most commonly used description of the probability density of the excursion heights of a
trace obtained from a real surface is described by the Gaussian or normal distribution. The
Gaussian density distribution of excursions from the mean surface plane is given by the symmetrical

function

1 _ 2z
p2) = Te 202 4 =3
no
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Figure 7. A rough surface with different sampling lengths.
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where
Z = height of excursion (for mean plane, Z=0)

o = standard deviation of height

The fraction of excursions between Z and Z +dZ is given by the product p(Z)dZ . Although sur-
faces produced by many machining processes (e.g. grinding, spark eroding, sand blasting) have ex-
cursion height distribution very close to normal (see Figure 8), other machining processes and wear
tend to remove the material located at higher positions and leave the deep excursion relatively un-
changed. This is called “running in” and can be clearly demonstrated by the cumulative probability
function. The cumulative probability function for a specific probability density function p(Z) is

defined as:
P(2) = [* pZ)dZ’ (4 -4

For a Gaussian surface

2

P(Z)=+jfwe’%fdz'=l{l+erf £ “4=39
Vano 2 V2o

As shown in Figure 9, a horizontal line located at height Z only partially occupied by material.

The fraction of occupation 4, is the cumulative probability from Z=7Z to Z= 0. That is,
442) = [FP2)dZ = 1 - [* p2)dZ = | - P(2) @ - 6)

For a Gaussian surface,

A,(Z)=l—%{l+erfz }=%erfc—z— @ -7

V2o V2o
This behaves as expected yielding

A/(Z — ) — 0, well above surface
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Figure 8. Normalized histograms of heights compared with Gaussian distributions of the same standard
deviation.:  (a) 282,309 heights from 8mm * Smm of a spark-eroded surface, 0=3.13
um. (b) 403,200 heights from Smm * 7.5mm of a ground surface, 0 =2.35 um (Sayles and

Thomas,'® 1979).
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A/(Z — — ) = 1, well below surface

A(Z = 0) = %, at mean surface 4-8)
A common and useful way of representing the shape of a surface is to display the cumulative
probability density function (Eq. (4-4)) on a probabilty graph paper. This plotting procedure is
scaled in such a way that the cumulative form of the Gaussian function becomes a straight line.
Consequently, it is easy to see whether a surface is Gaussian. Moreover, the “running in” effect can
be clearly seen if the cumulative probability density functions at various wear stages are plotted in
the same probability graph paper. Figure 10 shows such an example where cumulative probability

density functions of the initial and seven progressive stages are plotted.

In developing the x-ray calculation, it will be necessary to specify the depth of a volume element
and examine the material traversed by rays entering and leaving the element. It is essential to know
how much material is being traversed in order to determine beam absorption. This requires pairs
of points to be compared at various distances which is accmplished with a conditional probability
density function p(Z,/Z,). With this notation, Z, is specified while the distribution of Z, at a dis-
tance 7 is given by the resultant density function p(Z,/Z,). The statistical model begins with the two
dimensional joint probability function based on a Gaussian distribution

_Z} -(vZ2)2, + 23
26%(1 - p¥(1) 4-9

1
p(Z,2,7) = —
2no2\/ 1 - p2(1:)

where o is the standard deviation of the excursion height relative to the mean plane. This function
describes the probability density function of excursion heights at two locations separated by a hor-
izontal distance t on a trace. The autocorrelation function defined as follows,

R(x)

P = =3 (410
9
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Cumulative height distributions
showing effect of pressing an in-
itially rough surface (@) against a
very hard flat. The seven non-
Gaussian distributions (O) repre-
sent, from right to left, progressive
stages in the flattening process.
Profiles for three of the distnibu-
tions are shown in the lower dia-
gram (Williamson et al. 1969)'®
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Figure 10. Cumulative height distributions of a surface with changing roughness.
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with

R(:) = lim 2_1[ [ ZU0Z(X + vydx @ - 11)

indicates how closely the excursion at the two locations are related.

By statistical definition, R(0) = o? and p(0) = 1. Physically, this means the two locations merge
together and their excursion heights are completely correlated. As T — o, the two locations are
well separated and their correlation vanishes. In other words, R(o0) = p(o0) = 0. Between these
two extremes, the excursion heights at the two locations are partially correlated, 1.e. 0 < p(1) < 1.
The empirical function given below has been found to be a good representation of many

phenomena' and will be used in the statistical model:

Il
pr)y =e ", (4 - 12)

7, is called correlation distance and defined as the separation corresponding to p = —‘l?—. The desired
conditional probability density is given by
Pz, Z,)

Z2yZ) = ——— 4-13
PZylZy) oz ( )

Here, Z, is specified to lie between Z, and Z, + dZ, and the probability of finding
Z, between Z, and Z, + dZ, is to be determined. For the present distribution with correlation,

I _ 1z —ozf

P(Zy1Z,7) = ——= e 2, 2 4 - 14)
! Jon oll - pX)P 20°(1 - p*(v)

The final distribution that is required is defined as a joint cumulative conditional distribution
function (JCCD) which is not a density function. This is given by integrating over the range

— 0 to Z,, ie.
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V4 ’: ’
P(ZT < Z:;/ZI) = j_zocp(22 ,’Zl) d22 (4 - 15)

This is analogous to Eq. (4-4) as it is not a density function and is cumulative. It differs in that Z,

is specified in Eq. (4-14) but not in Eq. (4-4).

Eq. (4-15) can be based upon Gaussian distribution, i.e. Eq. (4-14). By integrating

(2 -o0z]

— _ dzy
Vgno[l—p(r)]'z"‘ ¢ 20t o)

P(Z) < 2,Z,7) =

Let
t = Zl' - pZ] _ dZ2'
V2o(l = ph?’ J2o(l - phy2
Then
Z
P2y S 2y/Z)0) = S(1 + erf—= P @ - 16)
\/20(1 _ p2)]/2
or
ALZy12,7) = 1 = P(Z,/Z, 1) = —-—erfc Z,-pZ, (4 -17

V2o(1 - o))

This is analogous to the fraction of occupation given in Eq. (4-7) with the only difference that Z,
is specified in Eq. (4-17). In other words, 4(Z,/Z,1) is the chance of finding material at Z, when
the concerned excursion is known to pass through Z, . This is dependent on how close the location
of Z, is relatve to the location of Z, and hence p(t). Figure 11 shows 4(Z,/Z, t) for various values
of p(t) and a fixed Z,( = \/ 2_6). It is clear that when p=0, 4(Z,/Z, t) dcgenerates to the com-

plementary error function given in Eq. (4-7). On the other hand, as p = 1, 4(Z,/Z,,1) = 1 or 0,
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Figure 11. The conditional probability of occupation at Zzwhen 2.1 is fixed at \/ 2_0'

THE STATISTICAL MODEL OF SURFACE ROUGHNESS

38



depending on Z, is below or above Z,. This function is, as will be seen later, useful in determining
the distribution of absorption lengths and average absorption length which are affected by
roughness in the near surface region. The statistical descriptions mentioned above will be used in

the next chapter to calculate the x-ray intensity from a rough sample.

Another useful parameter of a rough surface is the average absolute slope T;I- If the probability

density of the slope is Gaussian with mean 0 and standard deviation o,,,, , then

2

J— J— — _ s
Is| = J'iooclsl ps)ds = ,__;jiooolsle 2ol
V2n Oslope -
(4 - 18)
= /Z = (0.8
NE Oslope = V- O siope
.1, €an be calculated from the autocorrelation function R(t) as follows:
R(1) = hm ——j (ZNZ(X +1)dX
- R"(0) ul,moo_ﬂ,—j Z(X)Z(X) dX ( differentiate R(x) twice )
21_‘00 ZLJ Z(X)Z(X) dX ( integrate by parts ) (4 -19)
= Expectation(Z Z)
2
= 0’.vlope
Combine Egs. (4-18) and (4-19),
151 = 086, = 0.8/ =R7(0) (@ — 20)
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. . :
It should be noticed that the empirical function R(t) = o?p(1) = 0%~ ‘I—c' can not be used to cal-
culate R”(0) because it is not reliable around the origin. The failure of the empirical function at
origin is commented by Thomas! as follws: “ ... The model has created much controversy between

the theoreticians and experimentalists, mainly because of its discontinuity at the origin,....

p'(0) = — % ast— 0" (from above)
(4

p(0) = + % ast—0 (from below)
4

”»

Obviously p’(0) is undefined at =0, and further dernivatives are invalid,....”.

Another way of calculating average absolute slope may be obtained directly from the digitized
surface profile. The absolute slope is calculated for each pair of adjacent points and then the arith-
metic average of the absolute slopes is taken. However, this method suffers from the uncertainty
caused by the intrinsic discontinuity of a digitized profile. Because the excursion between any two
adjacent digitized points is continuous and the slope along it varics continuously. This varing slope
is replaced by the slope determined from the two digitized points in above method. Therefore, the
average absolute slope depends on the spacing used for digitization. An average absolute slope cal-

culated from the digitized profile should not be considered as absolutely accurate.

For sample surfaces produced by general maching processes, the surface fluctuation is very
mild and the slope is rarely over 10°!. Therefore, a surface profile is highly unlikely to cross an in-
coming or-outgoing x-ray more than once unless the ray makes a very small angle with the hori-
zontal plane. In the statistical model, single intersection between the surface profile and the incident
or signal ray is assumed based on this fact. This assumption, as will be seen later, enables the model

to calculate the distribution of the absorption lengths which are affected by the surface roughness.
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Chapter 5
THEORETICAL CALCULATION OF X-RAY
INTENSITY BASED ON THE STATISTICAL

MODEL

As the penetration depth of x-ray beam becomes smaller and smaller, the roughness effect be-
comes more and more significant, and the fundamntal calculation of x-ray intensity based on the
assumption of flat sample becomes more and more inadequate. To illustrate the x-ray penetration,
it is convenient to begin with a monochromatic x-ray beam and a flat sample (see Figure 12). Al-
though this ideal situation is never reallized, it provides a convenient reference point. Because the
intcnsity_ot;-an ';bray beam within a sample is only attenuated exponentially as the path length in-
creases but never reaches 0, it is convenient to define an effective penetration depth. As shown in
Fig. 12, the effective penetration depth is defined in terms of §,,, , or the depth where the combi-
nation of incident and signal paths produces an intensity reduction of e}, i.e.

81/3 6],"0
= (u—= + h———) =
e sin{0 + @) sin(0 — w) e

- (5-1)
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Figure 12. A shematic diagram showing the effective penetration depth.
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Therefore,

e = (5-2)

Hy + Hg
sin(f + ©) sin(f — w)

Because §,, is a function of absorption (hence wavelength 1) and tilt angle o, it can be altered
by either changing the x-ray wavelength or using asymmetrical geometry. The dependence of §,,

on absorption coefficient (hence 1) and tilt angle ® are illustrated in Figures 13, 14, 15 and 16.

In Fig 13, §,, is plotted as a function of o for the (400) reflection of a flat zirconia sample. For
this particular reflection, Bragg angle 6= 64.2° and 37.3° for Cr Ka and Cu Ko radiations respec-
tively according to the Bragg’s law. For Cr Ka radiation, the linear absorption coeeficient p= 1850
cm™! and 9§, decreases from 2.43 um to 0.07 pm as o changes from 0 ° to £ 63.5°. For Cu Ka
radiation, the linear absorption coefficient p=630 cm~! and §,, decreases from 4.81 pm to 0.22
um as ® changes from 0° to + 36.5°. In Fig. 14, similar curves are plotted for (111) reflection. The
Bragg angles are 6=15.2°, 22.9°, and 42.9° respectively for Cu Ka radiation, Cr Ka radiation and
the synchrotron radiation of 4 A. For Cu Ka radiation, 3,,, decrcases from 2.08 um to 0.19 pm as
o changes from 0 to + 14.5°; For Cr Ka radiation, §,,, decreases from 1.05 pm to 0.083 pm as ©
changes from 0° to + 22°; For 4 A radiation, the linear absorption coefficient p= 8070 cm~! and
3y, decreases from 0.42 pm to 0.02 um as o changes from 0 ° to + 42°. Note in Figs. 13 and 14,
evervy curve is symmetrical with respect to the @ = 0° line. Also, for any radiation, the tilt angle
is restricted to the range — 6 < ® < 6 . An ® value beyond these ranges corresponds to back re-
flection wﬁe.re tile signal from a bulk sample is not readily accesssible. In Fig. 15, §,, is plotted as
a function of A for the (111) reflection of a flat zorconia sample. The lower curve is for the sym-
metrical diffraction ( = 0°) condition while the upper is for the asymmetrical condition with
0= 0,, = = (0 — 0.5°). Note that the Bragg angle 0 increases as \ increases, thereby |w,,, | also

increases as A increases. Similar curves are drawn in Fig. 16 for the (400) reflection where the longest

suitable wavelength is around 2.5 A according to the Bragg’s law. The plots in Figs. 15 and 16
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Figure 13. Effective penetration depths as functions of tilt angles for (400) reflection of PSZ
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show that the effective penetration depth is much smaller when maximum tilt angle is used com-
paring to no tilt situation. Also shown in Figs. 15 and 16 are the average roughnesses produced
by some machining processes. The average roughness, commonly used by tribologists, is defined
as the average of absolute excursion height from the mean plane. From Figs. 15 and 16, it is clear
that the average roughness could be close to or even larger than the effective penetration depth,
depending on the wavelength and the tilt angle used. The magnitude of intensity correction due to
surface roughness is treated in the following section using the statistical model presented in last

chapter.

5.1 Theoretical Derivation of X-ray Intensity Using

Statistical Roughness Model

For the ease of manupulation, the “length” or “height” terms in the statistical model are often
scaled by \/2_0. For example, Z, = Z/\/Z_G, az, = dZ/\/zo, Z, = Z|/\/.2—0'. The scaled forms
of one dimensional and two dimensional joint normal distribution functions are:

_ 52
PZ) = —=—e ™ % (5-3)
Vvarno

_ zlz.r _2921,22, + 222:
o (s~

1 .
P(Zy5 Zys) = — 4
2n02\/l - p(t)2

The scaled forms of the conditional probability density function based on normal distribution and

the empirical autocorrelation coefficient are:

) _ [Za —p0Z,
Vool - pop TP e

pP(ZylZy5 1) =
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p)y=e "t (5-6)

The scaled form of the fraction of occupation given in Eq. (4-17) is,

Zys — pZys

AJ(ZZ:/ZIsr 1) = %e'fc (- p2)1/2 5-=-7

Note all scaling in above equations happens in the exponential term or in the argument of the

complementary error function which must be dimensionless.

Before considering the effect of roughness on intensity, it is instructive to calculate the intcgrated
intensity from a single phase flat sample. This is easily done by integrating Eq. (2-2) through all

signal generating layers to get the total intensity:

o[04y - L+ p—2_— [,Q4g 1
llmegrared =1 Teie (b sin 6; Hisin0s )dZ = :in ) m " 0 5-29)

sin§;  sin 6

The simplicity of Eq. (5-8) is largely due to the fact that all material in the same hornzontal layer
experiences the same absorption length. This is no longer true for a rough sample. As shown in
Figure 17, the absorption lengths are different for different volume “elements” even if they are in the
same layer. This fluctuation of absorption lengths is determined by the distribution of material in
space and results in a deviation of the total intensity from that of the flat sample. For a rough
sample, the fluctuation of absorption lengths is only significant in the near surface region. Below
this region, the material associates with long absorption lengths and the surface perturbation is
relatively uinimportant. Therefore, in the following calculation, the roughness effect is localized for
the material to a depth of 3\/ .2—0, while beyond this depth, the flat sample calculation becomes
adequate. The intensity contribution from this deep region can be calculated by the following

equation based on the flat surface assumption.
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Figure 17. A schematic diagram showing different absorption lengths for different volume elements in
a same layer of a rough sample.
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In the near surface region, the material located above Z= —3+/2 0 is treated with the statistical
model. The total intensity from a rough sample is the summation of the intensities calculated by

the statistical model and the intensity given in Eq. (5-9). This can be expressed as:

lrough sample — Isurface region + Ideep region (5 — 10)
With [ tace region TEPTEsenting the intensity calculated from the statistical model.

The intensity from the surface region of a rough sample is the summation of intensities con-
tributed by each volume element in this region. For each volume clement, an incident and a signal
rays are associated with it. As shown in Figure 18, the volume elements within a same layer are
divided to many groups. Each group corresponds to a specific excursion height. For example, vol-
ume elements A,B,C,D shown in Figure 18 belong to the same group because the excursion heights
are the same. This group is called group (Z, Z,,). The intensity contributed by a group can be

calculated from the following absorption consideration.

A signal ray coming out from an element of the (Z, Z,,) group makes an angle of 6, with the
horizontal plane (see Figure 19). When excursions corresponding to all “elements” in this group
are drawn in the same figure, many intersections between the excursions and the signal ray appear
along the signal ray. If each excursion only intersects the signal ray once, then the signal ray is
completely occupied by material below the intersection and completely empty beyond the inter-
section. Therefore, the distribution of the intersections along the signal ray also determines the

distribution of its absorption lengths. By restricting this development to one intersection as dis-
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cussed in Chapter 3, the distribution of the intersections along the signal ray for the (Z, Z,,) group

can be determined rather simply from a two-dimensional model.

In Figure 20, a point absorber on the signal ray is shown located at a scaled height of
Z, = Z,/\/ 26 and separated by a scaled horizontal distance 1, = r/\/IZ—G from the signal generat-
ing element. A vertical line passing through this point is also shown as an absorption line. On the
other hand, the vertical line passing through the signal generating element is called a signal line.
Suppose the distribution of excursion heights at the signal and absorption lines can be described
by a correlated two-dimensional normal distribution function p(Z,, Z,, 1,) , then the distribution
of scaled excursion heights at the absorption line for (Z, Z,) group is given by the conditional
probability density function p(Z,,/Z,, 1) . Every excursion of the (Z, Z,,) group crosses the ab-
sorption line once. Among these crossings, the fraction of crossings located at or above Z,, is the
cumulative probability function of p(Z,,/Z,, t,) from Z,, to o0. This function is given by Eq. (5-7),

Zys — pZys

, 1
AAZ 5/ Z5, 7) = —erfc : 5-7
2 (1 - pY'?

where p is the autocorrelation coefficient function given in Eq. (5-6).

Because the point absorber on the signal ray is arbitrarily chosen, Eq. (5-7) is valid for any
point along the signal ray. In other words, the scaled height Z,, can be any value in the range of
Z,to © and the function A(Z,/Z, t) given in Eq. (5-7) reprcsents the relative probability of

finding crossings in an arbitrary absorption line above the signal ray.

As shown in Figure 21, two closely spaced absorption lines intersect the signal ray at heights
of Z, and Z,, + dZ,, respectively. If the total number of signal generating elements in the (Z, Z,)
group is N, then the total excursions starting from the signal line is also N.
NALZ,|Zyr,) and NA(Z,, + dZ,,/Z,, t, + d1,) excursions are located above signal ray in the two
absorption lines respectively. The difference n=NA(Z1,/Z0, 1) — NA(Z1, + dZ1,/Z0, 1, + dt,)
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Figure 19. A shematic diagram showing the intersections between the signal ray and the surface profiles
for a signal generating group.
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Figure 20. A schematic diagram showing the signal line and the absorption line.
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gives the number of excursions passing through the signal ray in the differential spacing between the
two absorption lines. Because the total number of intersections between the excursions and the
signal ray is also N, n out of N intersections give a absorption length of
[ = \/ EO’(Z,, — Z,)/tan 8, . Consequently, the probability density function p(/) for absorption

length distribution is

P(I;)dls - % - _N[A/(ZU + leS/ZOS, t::' dtx) - Aj{zls/ZO.v. Ts)l
: ' (5—-11
= = [AAZ\; + dZ/Zy5 1 + dry) — AAZ]Z 1))
Note that the subscript s in / stands for the signal ray, not scaling.
Because A(Z,, + dZ,,/Zy, t, + dt,) = A(Z,/Zy1,) + A/(Z,,iZy 1,)d2Z,,,
pllpdly = — A2, Zys, 15)dZ ¢ (5-12)

The derivative of 4(Z1,/Z0, 1,) with respect to Z,, gives the rcquired probability density for ab-
sorption paths of length /.

Start from Eq. (5-7),

Zs — pZ,
Af'(ZI:/ZO:,T) = %[A/(Z”/zos't)] = L[—l—erfc s p 05]
5

dZ“. 2 (1 — p2)1/2
let ¢t = M, then
(1= poya ,
d| —erfc (1)]
, -_dTJ1L - [2 dt
A2l Z0e0) = 25— [Fere ] T
(5-13)
_ 2
LA d 1 -BeTA) g
v dzZ, \/n I=» dzZ,,
where
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Figure 21. A shematic diagram illutrating a small section on the signal ray for the surface profiles to
cross.
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dt | d(Z\; = pZy)
dZU (1- p2)11'2 dZ“.

_ (1 -pH""
+ (ZI.Y pZOS) d dZ“-

(5 - 14)
- (- 1‘)2)1/2(1 - ZOsdépU) + p((les_—pz‘;igS) d‘;ﬁ’”
Note that p = e~ Yesand 1, = z_;’i_n:f),i’ thereby,
d?u = 52 ddztjs = —rim(tax:()s) -7 rcstine, G- 15
Combine Egs. (5-12), (5-13), (5-14) and (5-15),
plydl, = —— e~ %’)—2 x { L 0’7 =2 }dZ,, (5 - 16)
Vn P J1-p 1 tan B,(1 — p?)*”

Knowing this distribution of absorption lengths, the average absorption attenuation experienced

by the signal rays of the group (Z, Z,) can be calculated:

<e- IJ,[,> = 5(;’06_ l’lxlsp(ls)dls

- 17)

1s

_ _ 2

1 3.4 . _ \/;ou;i(nzés Z,) . _ (Zys pfﬁx) 5 1 _ pzzls - pZOS
—JZ, s 1= p

\/n \/l - p2 T.stan O(1 — 92)3/2

Note that the upper limit of integration is trancated at 4 since less than 0.01% of absorber can be

located above Z = 4\/ 5-6.

Egs. (5-16) and (5-17) can be used for rays inclined at any fixed angle. Therefore, by replacing
0, with 6, (the incident angle) in Eqgs. (5-16) and (5-17), the absorption length distribution p(/) and

average absorption attenuation factor <e~ %/ > for incident rays can be calculated. That is,

(Zis ~ pZo,) 2z 7
plydy = —=e” T 7 x L Pois 7 P2 | 4z, (5 - 18)
/ 2 _ 2372
\/n NAR T tan 61 — p%)
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<e” |-1i1i> - J'goe_ Pilip(li)dli

5-19
_ _ ﬁcul(zlf - Z) _ (Zy, _pZO$)2 1 _ p2ZlS - pZOS
x \/ 312 les

1 j4 v
= —= e sin 0; e 2
— Z, i 1 - P )
\/n l—p2 1, tan (1 — p%)

The average absorption attenuation factor the group (Z,, Z,,) is:

A(Z,Zp) = <e” WhT > = (R00p( 1y e ™ WU T WGl (5 = 20)

where p(/.l) is the probability density of the signal generating elements having absorption lengths
/. and / in incident and signal paths. p(/ /) is determined by the correlation between the intersections
of (1) the excursions and the incident rays and (2) the excursions and the signal rays. This corre-
lation can only be obtained when the specific surface profile is known. In this statistical model, this
correlation is built through the common dependence of both intersections on the excursion height
above the intermediate signal generating point. In other words, the distribution of the intersections
in either side depends only on the excursion height on the intermediate signal line but not on the

distribution of the intersections in the other side. This approximation gives

A(Z,Zo) = < e~ il +nd) ;j(‘;ojgop([‘) pllye” (il + P:I:)dlidls

(5 = 21)

o) e Ml (Cpily e Mhdl = <e” Mi> <eT Wh>
o P\ i o P\is s

Note that for the symmetrical case of 6, = 6,, p(/) = p(). This implies a statistical symmetry in

the sense that excursions 1 and 2 (see Figure 22) are equally probable.

When incident and signal rays are on the same side of the sample normal, the signal line does
not serve adequately as a bridge for relating the intersections on the incident and signal rays because
it is no more intermediate. Therefore, this model is restricted to the range of 0° to 90° for both

0; and 0,.
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Figure 22. A schematic diagram showing two equiprobable surface profiles in a signal generating group.

THEORETICAL CALCULATION OF X-RAY INTENSITY BASED ON THE STATISTICAL
MODEL

60



According to the fundamental x-ray theory, the intensity contributed by a specific group
(Z.,Z,,) is

Igroup(z, z,) = 10@AVgroup(z, z,,) * A(Zs, Zos) (522

where AVmup(Z,, zgp 18 the total volume of all clements in group (Z, Z,,). Because the height dis-

tribution of excursion is normal (see Fig. 18),
Angup(zs. Z) = AVlayer(Z,) x (volume fraction of group (Z; Z;) in layer(Z))

(5 — 23)
J—
= AVlayer(Z,) X 2 OP(ZOS)dZO:

where p(Z,,) is the normalized probability density function given in Eq. (5-3) and A V,,MZ’) is: (see

Figure 18)
M iayerzy = -\%%’-ji’-dzs 5 — 24)
Combine Egs. (5-3), (5-22), (5-23), (5-24),
Iyroup(z,2,) = VTZ—%’I%"— x o B A(Z, Zo)dZosdZ, 5 - 25)
i

The intensity contributed by layer(Z,) is simply the summation of the intensities contributed by all

groups in this layer. It can be obtained by integrating Eq. (5-25) through all possible Z,, :

V261,04,

2
a x [, ™ B A(Z, Z0,)dZ0,dZ (5 = 26)
\/ n sin §; '

Ilayer(Z,) =
Note that Z,, ranges from Z, to 3. For Z,, < Z,, the corresponding groups have empty elements
(see Fig. 18) which contribute no intensity. For Z,, > 3, the corresponding groups have little ma-
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terial and are neglected as mentioned earilier. Because the total intensity from the near surface re-
gion is the summation of the intensities contributed by each layer in this region, it can be obtained
by integrating Eq. (5-26) through all possible Z, :

_ V20h04

3 3 -z
Lsurface region = 7 sinb x [L3fz e ¥ AZs Zog)dZosdZ; (5 = 27)
i

Note that Z, ranges from -3 to 3, the near surface region. Both Egs. (5-17), (5-19), and (5-27) have

no closed form and need to be integrated numerically. Combine Egs. (5-9), (5-10), and (5-27),

V261,04 3 3 g2
lrough sample = _/Tg—i X j‘3,[2 € ZOSA(ZJ,ZOs)dZOJdZS
vV 1 osin 6; :
vy (5 — 28)
+ 094 L _3\/—0( sm9 * sine,)

sin 9‘- H; + K
sin§;  sin 6

The intensity given in Eq. (5-28) is usually divided by the corresponding intensity from a flat

sample given in Eq. (5-8) to give the intensity ratio R:

I 2
R = _rough sample _ . 0( " %u A(Z. Zy)dZy.dZ,
3 z 5,05 0s §
Iﬂat sample sin 9 ' (5 - 29)
Hs
- JJ—O( sin 9 sin 0, )

A computer program with repeated use of 12 points Gaussian-Legendre guadrature formula is
written to carry out the integral in Eq. (5-29). This program is well documented and shown in

Appendix A.
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5.2 Experimental Verification of The Statistical Model

The statistical model is verified by measuring the intensities from two real samples. The samples
are fully stablized zirconia (FSZ) with 8 mol% Y,0, as stabilizer. One sample is well polished to
serve as a flat standard. The other is intentionally roughened by severe griding. Both samples have

the final shape of a circular disk with diameter of 7/8 inch and thickness of 2.5 mm.

The values of o and 1, needed in the simulation are obtained by profilometer measurement.
Three traces on each sample were measured by a Talysurf 4 profilometer along with a personal
computer for recording. While the stylus travels along the traces at a speed of 91.4 mm/min., one
digitized height was recorded by the computer every two miliseconds without electronic or digital
filtering. The horizontal interval between two successive points is AX = 3.046 pm. The total length
of each trace is 1.52 mm which consists of 499 digitized points. One trace of each sample is plotted
using the digitized points and shown in Figures 23 and 24. Also shown in Fig. 23 and 24 are the
corresponding autocorrelation coefficient function. The autocorrelation coefficient function is cal-
culated directly from the digitized data as follows,

p(nAX) = —2—-]\—,22(/\’)2()\’ + nAX) (5 - 30

where n is integer and nAX is the distance between two locations whose correlation are calculated.
N is the number of pairs of locations averaged in Eq. (5-30). Note N =499-n because only 499
digitized points are available. The variance 62 is calculated by

2 498

ol = 4# L 208 30Z(nAX) (5 - 31)

As shown in Fig. 23 and 24, the autocorrelation coefficient starts at 1, decays first, then followed

by some irregular fluctuation. The abscissa where the autocorrelation coefficient drops to l/e is
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Figure 23. The surface profile and autocorrelation function of the polished FSZ sample:
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(A) Surface

THEORETICAL CALCULATION OF X-RAY INTENSITY BASED ON THE STATISTICAL

MODEL

64



: g
o 2
& 8
- o
.O
Em._ 8
S !
8 wn
pd =
o9 g5
’&'o’ 'c}E
~
Y N
O
08 §
o1 K
)
a
e 8
OJ -2
[ ]
2 g
d L T T l£
'0.00 ] . . . 120.00 140.00 160.00

Figure 24. The surface profile and autocorrelation function of the ground PSZ sample: (A) Surface
profile (B) Autocorrelation function
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taken as 1,, the correlation distance. The ¢ and 1, values obtained from different traces of the two
samples are listed in Tables 1 and 2. The values averaged over all traces are 6 =6.2 um, 1, = 82
um for the rough sample and 6 =0.027 pm, t, = 200 pum for the flat sample. As expected, these
values indicate that the polished sample has much smaller surface fluctuation and much smaller

fluctuation rate comparing to the ground sample.

The intensity ratio given in Eq. (5-29) is simulated using the averaged ¢ and t, values of the
rough sample for symmetrical diffraction and Cu Ka, radiation. The linear absorption coefficient
of FSZ for this radiation is 650 cm™' . The result is shown in Figure 25. The dashed line in Fig.
25 represents a region influenced by multiple intersection which will be discussed in Section 5.4.
Also shown in Fig. 25 is the ratios of intensities measured from the flat and rough samples. The
measurements were carried out on a Siemens diffractometer with Cu tube and a diffracted beam
quartz monochromator. The tube was operated at an accerating voltage of 50 kV and a tube cur-
rent of 20 mA. The quartz monochromator was used to eliminate the Ka, component from the
Cu ka radiation. The incident and receving slits are 1° and 0.05° respectively. Two overlapping
slow scans (0.1°/min.) were made over a total of 12 peaks for each sample under symmetrical
diffraction geometry. The peak areas corrected for background are then measured by a planimeter.

The ratio of the areas from the same reflection of the two samples was then taken as intensity ratio.

As shown in Fig. 25, the theoretical simulation based on the statistical model is close to the
experimental data except in the very low angle region where no experimental data is available and
the theory becomes inappropriate because of multiple intersections. The slight difference betweeh
the results of simulation and experiments is due to the simplification of the correlation made in Eq.

(5-21). The influence of the multiple intersections will be further discussed in Section 5.4.

Due to the nonstationarity of a rough sample mentioned in Chapter 2, the sampling length of
x-ray measurement is ideally to be kept at the same value used by the profilometer. However, this

sampling length, essentially the width of the sample illuminated by the incident beam, changes from
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Table 1. The G and © Values of the Polished FSZ Sample.

trace trace trace
#1 #2 #3

¢ (um) |0.0197 0.0191 0.0411

T, um) | 66 338 192

THEORETICAL CALCULATION OF X-RAY INTENSITY BASED ON THE STATISTICAL
MODEL



Table 2. The G and © Values of the Ground FSZ Sample.

THEORETICAL CALCULATION OF X-RAY INTENSITY BASED ON THE STATISTICAL

MODEL

trace trace trace

#1 #2 #3
6 (um) | 5.371 7.096 6.197
T (um) 63 58 94
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Figure 25. The calculated and experimental intensity corrections for the ground FSZ sample.
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one reflection to the other when a fixed incident slit is used. In the measurements of x-ray intensities
from the FSZ samples, the illuminated widths ranges from 3.65 mm (corresponding to (111) re-
flection) to 1.04 mm (corresponding to (600) reflection) with most of them concentrate around 1.52
mm, the sampling length used by the profilometer. This compromise in measurement, as shown in
Figure 25, still yields good agreement between the theoretical predictions and experimental data.

This agreement implies that 1, and ¢ are not strong functions of the sampling length.

5.3 Comparison with Borie’s Calculation

As indicated in Section 5.2, the probability density of excursion heights for a sawtooth surface
is very different from that of a Gaussian surface. This is shown in Fig. 5 and results in a big differ-
ence in the distribution of absorption lengths. This difference can be seen in Figure 26 where signal
generating elements A, B, A’, B"... all belong to the (Z,, Z,,) group of a sample with a sawtooth
surface. The absorption length associated with element A is equal to that associated with element
A’ and the absorption length associated with element B is equal to that of element B’ due to the
periodic repeatition of the identical geometrical environment. In fact, there are only two different
absorption lengths associated with each group. This is very different from the Gaussian surface
where the members in a same group may experience many different absorption lengths. To make
the intensity comparison between these two surfaces more meaningful, the statistical model is
modified in such a way that an average absorption length is used for all signal generating elements

in the same group. This average absorption length is obtained as follows.

In Figure 27, a signal generating element belonging to the (Z, Z,,) group is shown along with
its signal ray. An arbitrary point with scaled height Z,, is chosen on the signal ray. This point may
be empty for some signal generating elements and occupied by material for the other signal gener-

ating elements in the same group. Imagine an absorption line running through the chosen point

THEORETICAL CALCULATION OF X-RAY INTENSITY BASED ON THE STATISTICAL
MODEL 70



Figure 26. A shematic diagram showing the signal generating elements of a same group in a sample
with sawtooth surface.
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again, if the excursion intersects this line at a position higher than Z,, , then the chosen point is
occupied by material, otherwise, it is empty. Therefore, the possibility for this point to be occupied

is
5 o ’ ’
AfZ1Zov) = V20 (2. P(Z151Z0 2)dZ;;

This was shown previously and given in Eq. (5-7), i.e.

Z,, — pZ
AAZ\5iZy5 1) = %erfc—————” PLos

(5=
Ji-¢

Because the point on the signal ray is arbitrary chosen, it can be any point on the signal ray and
Eq. (5-7) gives the possibility of occupation for any point along the signal ray. As shown in Figure

27, the incremental length of the signal ray at the height of Z,, is

di, = d[ vV20o(Z; - Zs)] (5 - 32)

sin O

Therefore, the average absorption length for signal rays of the (Z,, Z,,) group is

<l> = jgoA/(Z”/ZOS, v dl = [ AAZ, 1245 7) d[

V2a(z, - zs)]

sin 0,
_ (5 — 33)
2 [
= Asﬁ 7. AAZ151Z05 7) 42y,
Similarly, the average absorption length for incident rays of (Z, Z,,) group is
'3 00
<> = M2O(P (7, Z05, 1) A2, (5 - 34)

sin 91 Z

and the fictitious absorption factor for the (Z, Z,) group is
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Figure 27. A schematic diagram showing a signal generating element and the signal ray.
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Z(ZS, Zy) =€ <>+ p, <>} (5 = 35)

By replacing A(Z, Z,) in Eq. (5-21) by A (Z,Z,) in Eq. (5-35), and let
W, =y, =pand <[> = <[> for symmetrical diffraction, the intensity ratios given in Eq. (5-29)
are calculated and the result is shown in Figure 28 along with Borie’s exact calculation for a
sawtooth surface. Note that o, 1, and absorption coefficient are chosen to be the same for both
samples. The chosen value of linear absorption coefficient corresponds to the Cr Ka radiation for
the FSZ sample. Although the height distributions of the two surfaces are very different, the result

in Figure 28 still shows striking simularities:

1. Both curves of intensity ratio converge to unity at 6=0° and 6§=90°. These agree with
Harrison and Paskin’s theory because 6= 0° corresponds to the case where the signal and in-
cident rays are completely uncorrelated and 6=90° corresponds to the completely correlated

case.

2. Both curves of intensity ratio go down as 6 deviates from the two extremes. The minimum

intensity ratios shown by both curves are amazingly close.

The maximum correction for the sawtooth sample appears at 8= 45°. This is due to the 45°
angle in the sawtooth which results in an average absolute slope m = 1. This relationship between
the location of maximum correction and the average absolute slope (i.e. tan~ ‘E—I = Opax. correction )
suggests that 6, wrmection 15 @ function of -I;l- . Does the same relation hold for the sample with a

Gaussian surface? This point will be discussed in next section where the original statistical model

is based without using the fictitious absorption factor.
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Figure 28. The calculated intensity ratios: (a) statistical model (b) sawtooth model (G =6.08 um,
p=1900 cm™)
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5.4 Comparison with Harrison and Paskin’s Theory

Although Harrison and Paskin’s theory can be applied to the roughness problem, it does have
some differences from the present statistical model. As mentioned in Section 3.1, except the two
extreme cases, Harmison and Paskin’s theory only describes the intensity correction qualitatively in
terms of the correlation between the incoming and outgoing paths. The quantitative calculation,
as shown in Eq. (3-1), can not be carried out unless the specific surface profile is known. On the
other hand, quantitative intensity calculation based on the statistical model and Eq. (5-29) can be
made as long as the o and 1, values are known. One important difference between Harrison and
Paskin’s theory and the statistical model is implicit in Egs. (3-1) and (5-29). In Eq. (3-1), the in-
66[)'? )z and (%‘f—)z need to be carried out throughout the whole volume illuminated

by the incident beam. In other words, this calculation includes the points which are empty as well

tegration of (

as those who are occupied by material. On the other hand, by directly calculating the total intensity
instead of intensity correction, the statistical model requires each signal generating element to be
occupied by material. This is reflected in Eq. (5-29) where Z,,, the scaled excursion height at signal

line (see Fig. 20), ranges from Z, to 3.

Another big difference between Harrison and Paskin’s theory and the statistical model lies in

their treatments of correlation. To be specific, Eq. (3-1) is determined by the correlation between

oL,
( oX
lengths in incident and signal paths along the horizontal direction. For the case of granularity effect,

)z and (aal;,’ )z, That is, the correlation between the changing rate of the true absorption

this correlation depends on the distribution of intergranular pores wifhin the sample. Both incident
and signal rays experience on-off, on-off sequences of absorption as they travel in the sample. As
shown in Figure 29(a), the absorption lengths of cach “on” or “off” period arc not costant because
the integranular pores and particles have various sizes. For the roughness case, similar on-off se-
quence is caused by the multiple intersections between the surface profile and the incident or signal

ray. Again the “on” and “off” periods arc not contant as shown in Figure 29(b). Due to this irreular
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sized on-off sequences, the correlation between the changing rate along the horizontal direction of
the true absorption lengths in the incoming and outgoing paths is very complicated. This com-
plexity is avoided in the statistical model by the “single intersection” assumption. With this as-
sumption, the incident or signal ray only intersects the surface profile once and the on-off sequence
does not exist. Because the position of intersection determines the absorption length for the con-
cemed ray, the complicated corrclation mentioned above is simplified to the correlation between
the intersection positions on the incident and signal paths. This simplified correlation is finally es-
tablished indirectly in the statistical model through (1) the correlation between the intersection in
incident path and the excursion height above signal generating element and (2) the correlation be-
tween the intersection in the signal path and the excursion height above the signal generating ele-
ment. As presented in Scction 5.1, the correlation in either (1) or (2) is based on a two-dimensional
normal distribution function for the excursion heights with a exponentially decaying autocorrelation
coefficient function. The simplification in the statistical model allows a complicated phenomenon

to be handled mathematically.

In the low angle cases, the incident and signal rays make very small angles with the horizontal
‘plane and tend to intersect the surface profile more than once. An estimate is needed for the critical

angle below which the multiple intersections cause perceptible error in the intensity calculation.

An approach for estimating this critical angle is based on the consideration of the surface slope.
If a surface profile is to intersect a signal or incident ray for the second time after the first inter-
section, the absolute slope of the profile needs to be larger than that of the signal or incident ray
for a considerable long interval after the first intersection. For a Gaussian slope distribution with
mean 0 and standard deviation o,,,, the total probability of the slope within the range of
( = 20,10pe, 20.450) 15 0.96. Because only 4% of the surface profile has absolute slope larger than
20,,,,» a profile is highly unlikely to intersect a signal or incident ray for the second time if the ray
has absolute slope larger than 20,,, . This yields a natural estimate of the critical angle

6, = tan~!(20,,,) above which multiple intersection is trivial. Because average absolute slope
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m = 0.80,,,, for a Gaussian slope distribution (see Eq. (4-20)), the critical angle can be expressed

as

0, = tan "~ '(2/51/0.8) = tan "~ '(2.5] 5] (5 — 36)

The critical angle for the rough FSZ sample can be calculated from Eq. (5-36) using the m values
obtained from the profilometer measurement. The m values of the three traces from the rough
FSZ sample are calculated directly from the digitized profiles and shown in Table 3. By using av-

erage m = 0.16 in Eq. (5-36), a critical angle of

6, = tan” '(2.5 x 0.16) = 21.8° (5 — 37)

is obtained. It is based on this calculation that the simulation curve in Fig. 25 is separated to a
dashed section and a solid section. Note that the critical angle is much smaller for general samples
because samples produced by general machining processes are much smmother than this inten-

sionally roughened sample and multiple intersections will start at much smaller angles.

Outside the low angle region, when 6, = 6, = 90°, the incident and signal rays are completely
correlated (i.e. p=1) and the intensity ratio should be unity according to Harrison and Paskin’s
theory. This provides a good check for the statistical model. As shown in Fig. 25, the intensity ratio
approaches to unity as 6 (=6, = 0,) approaches 90°. When 6=90°, p=1 and the computer pro-
gram is screwed up due to overflow. Fortunately, this limiting case can be calculated analytically

as follows:

For any group (Z, Z,,), the incident ray, the signal ray and the sample normal coincide when

9, = 6, = 90°. Therefore, the absorption attenuation factor for the group (Z, Z,,) is
/5 - 7y- -
AZ,Zy) = e~ V2 ou(zy, - 2)- V2 oul2y, - 2) (5 - 37)
Use Eq. (5-37) in Eq. (5-29) and integrate from — o0 to oo as follows:
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Table 3. Mean Absolute Slope of the Ground FSZ Sample.

trace trace trace
#1 #2 #3

0.1621 0.1678 0.1501
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R= \/% Oy + 1) [T fp e V2T WZ0 = 2o Zudzy a7, (5 - 38)

The double integral in Eq. (5-38) can be carried out analytically and the result is R=1.

The final point of interest of the statistical model is the angle of maximum intensity correction

Bmax. correction- 1D0€s the relation

- I_
tan 5| = Bmax. correction (5 =39

hold again as it did for the sawtooth surface? Because m is 0.16 (see Table 3) for the rough sample,
tan=1(0.16) = 9.1° . The 0., comeaion ZlVEN by the statistical model is 10° (see Fig. 25). Therefore
Eq. (5-39) still holds recasonably well. However, one should note that the 6., creaion 15 lOcated in
the multiple intersection region. Therefore, its magnitude of correction may not be accurate. As a
matter of fact, the criterion 1n Eq. (5-36) indicates that the multiple intersection region is

0 < tan~!(2.5/sl) , therefore, the maximum correction angle given in Eq. (5-39) is always located

in this region.

Simulation shown in Fig. 25 is repeated with 1, changes from 82 um to 40 um and 160 pm, the

results are shown in Figure 30. Note that 6, cmeqion Changes as —% changes. These simulated

¢

Omax. comection Values based on the statistical model are listed in Table 4 along with the values calcu-

lated from Eq. (5-39). The _l;l- values needed in Eq. (5-39) are obtaincd by assuming m changes
proportionally to ¢/t, and extrapolating from the m value measured from the rough sample. The

slight mismatch between tan~!|s| and simulated 0,,,, omeaion i Table 4 is probably due to the effect

of multiple intersection.
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Figure 30. The intensity corrections calculated from the statistical model for three different
autocorrelation distances and a same O.
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Table 4. The Positions of Maximum Intensity Correction with
Statistical Model and the Mean Absolute Slope.

Sym. Diff. Optics Calculated from the

=40 um =82 um =160 um
is] 0.328 0.160 0.082
tan([s]) 18.7 9.7 4.7
simulated ° o °
0 . 15 10 6
max. correction
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Chapter 6
MODIFIED VERSION OF INTENSITY BAND

SIMULATION FOR ROUGH SAMPLES

As mentioned in Section 2.5, if the d-spacing of a flat sample has depth gradient, then the d-
spacings of horizontal layers at different depths are different. Consequently, the intensity from the
sample will distribute along a 26 range and form an intensity band. When the sample is rough, the
depth gradient of d spacing becomes more complicated. A first question one would ask is what is
depth? Is the depth measured from the free surface or from a mean plane? The second question is
how does the roughness change the shape and magnitude of an intensity band? This chapter pre-
sents a theoretical derivation for the simulation of the intensity band from a rough sample<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>