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Problems related with the implications of conservative and gyroscopic forces on vibration and the
stability of a circular cylindrical shaft modeled as a thin-walled composite beam and spinning with
constant angular speed about its longitudinal axis are addressed. Taking into account the
directionality property of fiber reinforced composite materials, it is shown that for a shaft featuring
flapwise-chordwise-bending coupling, a dramatic enhancement of both the vibrational and stability
behavior can be reached. In addition, the effects played in the same context by transverse shear,
rotatory inertias as well as by the various boundary conditions are discussed and pertinent
conclusions are outlined. @001 Acoustical Society of AmericdDOI: 10.1121/1.1348301

PACS numbers: 43.40.APJR

I. INTRODUCTION flutter instabilities, and to enhance the vibrational behavior
of the rotating shaft.

Shaft structural systems rotating about their longitudinal ~ The governing equations used in this study incorporate a
axis are employed for power transmission in aeropropulsiomumber of nonclassical features such as transverse shear, ro-
systems, in helicopter drive applications, industrial machinesatory inertias, Coriolis acceleration, and the anisotropy of
such as steam and gas turbines, turbogenerators, and prodtite spinning structure. Keeping that in mind, a circular cross
tion lines. In addition, the cutting tools used in boring andsection of the beam, proper to the shaft structure, is consid-
milling operations feature similarities in their structural mod- ered; in this case, as will be shown, both the primary and
eling with the shaft systems. secondary warping functions become zero-valued quantities.

In order to enhance the vibrational behavior, eliminate It should be mentioned that problems related with the
or even postpone the occurrence of any instability jeopardizspinning structures have been approached either in the
ing their normal operation, and reduce their weight, adframework of a solid beam theorgee, e.g., Refs. 239f a
vanced structural models have to be devised. In this senséircular cylindrical shell theorysee Refs. 10—25and of the
the integration in their construction of composite materialsthin-walled beam theory of noncircular cross-section shape
systems is likely to solve, at least in good measure, the reRefs. 16 and 17 However, to the best of the authors’
quirement of improved performance of these devitese knowledge, with the exception of Refs. 16 and 17 whose
Ref. 1). results are _used herein, no ot_her paper has yet addressed the

In additon to their superior strength/weight and Problems discussed within this work.
stiffness/weight ratios, compared to their metallic counter-
parts, the directionality property featured by fiber compositd!. COORDINATE SYSTEMS AND BASIC
material systems can be used to elastically tailor shaft stiff ASSUMPTIONS

ness properties. In such a way, new types of elastic couplings  The case of a straight untwisted flexible beam of length
not featured by the standard metallic structures, having ben- spinning along its longitudinat-axis at a constant rat@
eficial implications upon their response behavior, can be gergnd subjected to the longitudinal compressive dead fBrise
erated. Although belonging to the class of conservative sysconsideredsee Fig. 1 Two coordinate systems, an inertial
tems, due to the presence of gyroscopic forces, the rotatingne, OXYZ and a body attached rotating frame of reference
shaft can behave like a nonconservative system, in the senggyz with their common originO at the geometric center
that, in some conditions, it can feature divergence and fluttefcoinciding with the elastic center of the bearare consid-
instabilities. ered. It is supposed that the axes of the two coordinate sys-

One of the main goals of this study is to put into evi- tems coincide only whet=0 while, in the undeformed con-
dence the conditions under which such instabilities can ocfiguration, the body-fixed and inertial coordina@zandOZ
cur, and the contribution brought about in this regard by thecoincide at any time. Associated with the coordinate sys-
gyroscopic and conservative forces. Moreover, as will beaems ,y,z) and (X,Y,Z), one defines the unit vectors
shown, the directionality property of composite materials cari,j,k) and (I,J,K), respectively(Fig. 2). In addition to the
be used as to delay the occurrence of both divergence armgteviously defined coordinate systems, a Idsairface one,

972  J. Acoust. Soc. Am. 109 (3), March 2001 0001-4966/2001/109(3)/972/10/$18.00 © 2001 Acoustical Society of America 972


mlohrey
Typewritten Text
Copyright by the Acoustical Society of America. Song, O., Jeong, N. H., & Librescu, L. (2001). Implication of conservative and gyroscopic forces on vibration and stability of an elastically tailored rotating shaft modeled as a composite thin-walled beam. Journal of the Acoustical Society of America, 109(3), 972-981. doi: 10.1121/1.1348301


W(X,Y,Z;1) =Wo(Z;t) + O(2Z;1)

dx
Y(S)—nd—s

dy
X(S)+nd_s

— ¢ (zH)[F,(s)+na(s)]. (1o

In these equationsiyg(z;t), vo(z;t), wp(z;t) denote the
rigid body translations along th&y, and z-axes, while
d(z;t) and 6,(z;t),6,(z,t) denote the twist about theaxis
and rotations about the andy-axes, respectively. The ex-
pressions off, and 6, as well as of the geometric quantity

+6,(z;t)

a(s) are
ax(z;t):7yz(2;t)_vé(2;t)a (2a)

FIG. 1. Composite thin-walled beam of a circular cross section featuring
CUS configuration. 0y(Z;1) = v Z;1) —Ug(z;1), (2b)

: . . . . dy dx
(n,s,z), associated with the thin-walled beam, is considered.  a(s)=—y(s) s X(S) Js: (20
In light of the stipulated assumptions one can represent the S S
spin rate vector a§2=Qk(=QK) with Q=0. In Egs. (1), F,(s) andna(s) play the role of primary and

The adopted structural model is that of a thin-walledsecondary warping functions, respectively. For their defini-
beam. In this context, the case of a single-cell thin-walledtion see, e.g., Ref. 18. However, for thin-walled beams of
beam of circular cross-sectional shape is considered. Towarrcular cross sections, having in view that
its modeling the following assumptions are adopteégithe

original cross section of the beam is preser@dlfransverse x=—Rsin(s/R), (2d)
;hear effects are incorporated; a(md) thq constltugnt mate- . y=Rcogs/R), (20)
rial of the structure features anisotropic properties, and, in

this context, a special lay-up inducing flapping-lagging cou-  r(s)=R, (2f)

pling is implemented. , . - Lo
whereR is the beam radius of the mid-line cross section, it

can readily be proven that both warping quantities exactly
vanish, i.e.,

F.(s)=0, (29

Ill. KINEMATICS

In light of the previously mentioned assumptions, and to
reduce the 3D elasticity problem to an equivalent 1D one, the ~ a(s)=0. (2h)
components of the displacement vector are represented fs;
(see, e.g., Ref. 18

u(x,y,z;t)=uog(z;t) —y¢(z;1), (1a
v(X,Y,Z;t)=vo(Z;1) +Xb(Z;1), (1b)

s also seen that in the absence of transverse shear effects
O(Z;1)=—vo(Z;1);  Oy(z;1)=—ug(Z;t). 3

In these equations, as well as in those that follow, primes
denote differentiation with respect to the longitudinal

z-coordinate. The position vector of a generic point

M(x,y,z) belonging to the deformed structure is

R(x,y,z;t)=(x+u)i+(y+v)j+(z+w)k, (4)

wherex,y, andz are the Cartesian coordinates of the points
of the continuum in its undeformed state. Recalling that the
spin rate was assumed to be constant, and using the expres-

i sions for the time derivatives of unit vectors, the velocity and
acceleration of a generic point are:

Qt
- R=[U—Q(y+0v)]i+[0+Q(x+u)]j+wWk, (5a)
I
R=[U—2Q0— (x+w)Q2i+[0+2Q0—(y+0v)Q?]j
+WWk. (5b)
In these equations the superposed dots denote derivatives
FIG. 2. Inertial(X, Y, 2 and body fixedx, y, 2 coordinate systems. with respect to time.
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IV. GOVERNING EQUATION SYSTEM

Toward the goal of deriving the equations of motion o
spinning beams and the associated boundary conditions,

denote the strain energy and the kinetic energy functions,
f respectively.
In these equationg,, and t; denote two arbitrary in-

Hamilton’s variational principle is used. This variational stants of timedr(=dn ds d2 denotes the differential vol-

principle may be stated as
ty

8= f

to

—JpHiévi dr

faijéeide_éK_f §iévidﬂ
T Q,

dt=0,

where

1
U=§J'0'ij€ijd7',

1 ..
K=§fp(R-R)dT

(6)

(7a)

(70)

ume elements;(=g;;n;) denotes the prescribed components
of the stress vector on a surface element of the undeformed
body characterized by the outward normal components
n; ;H; denotes the components of the body forcQs; de-
notes the external area of the body over which the stresses
are prescribedp denotes the mass density; an undertilde sign
identifies a prescribed quantity, whifedenotes the variation
operator. In Eqs(6) and(7) the Einstein summation conven-
tion applies to repeated indices where Latin indices range
from 1 to 3. In the same equations,vq(v,,v3)
E(U,U,W), (X11X2!X3)E(Xryaz)'

In light of Egs. (1), (4), (5), (7), and enforcing Hamil-
ton’s conditionsv; =0 atty,t, it can readily be shown that

t t - t
f 5Kdt(z—f 1dtJ pR-(SRdT):—J 1dtf{[U—ZQi;—Qz(x+u)]5u+[i}+ZQU—(y+v)QZ]5v+W6\N}pdT
to to T to T

ty
- [
to T

[Uo—Yd—2Q(0o+Xp) — Q% (X+Ug—Yy$)(SUg+Yy )

Do+ X+ 2Q(Ug—Yb) — (Y +vo+XP)Q?](Svo+XSp) + | g+ y—nj—)s() Oy
+ x+nd—y ?945 Wo+ 6y y—nd—x +6 x+nd—y)—q5’(Fw+na) ]dr, (8)
s ds/ Y ds
|
where, in light of Egs(2g), (2b), the terms underscored by a =(bs+bye) by, (90)

solid line should be discarded.

To induce elastic coupling between flapwise bending59X:

g3l +azi(vot b)) —ass(vot 6y) —asyby

and chordwise bending, a special ply angle distribution re-
ferred to ascircumferentially uniform stiffnes@CUS) con- = (by+Dbyy) bx, (9d)
figuration (see Refs. 18-20 achieved by skewing angle _

plies with respect to the longitudinal beam axis according taand theboundary conditionst z=0, L:

the law 6(y) = 6(—y), and 6(x) = 6(—x), is implemented.

In this case, from the variational principle, E), the equa- dUg:  Qy=Qy Or Up=Uo, (109
tions of motion, and the boundary conditions involving this
type of coupling are obtained. Employment of constitutive dug:  Qy=Qy Or vo=uvyo, (10b)
equations and strain-displacement relationships in these
equations results in the followingoverning equationgsee 60y My=My or 6,=6,, (109
Ref. 16:

80y: M,=M, or 6,=0,. (100

5U0: a430H+a44(U"+ 01)_ Pu”
) o 0 HereinQ,(z;t) andQ,(z;t) denote the shear forces in the

andy-directions;M,(z;t) andM(z;t) denote the moments

— i s 2
= bl = 2,000~ b U0, (%) about thex-and y-axis, respectivelyP is the constant axial
_ , . , force, positive in compression, whereas the terms under-
dug:  aspflyt+ass(vot by)—Pug scored by the dotted and solid lines are associated with Co-
) riolis and rotatory inertia effects, respectively. Using the
:bli}'0+2leU0_blvoﬂz, (gb) y p y g

86y ayly+ass(vyt bOy) — vt 6y) —ausby

974 J. Acoust. Soc. Am., Vol. 109, No. 3, March 2001

definitions of shear forces and momer(tsge Refs. 16—18
the static version of homogeneous boundary conditions in
terms of displacement quantities reads:
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SUg:  augfy+au(uf+ oy) — Puy=0, (11a Case(ii) involves the nonshear deformable beam model.
In this case, elimination from Eg$9) and(11) of the quan-

Svg:  asyfytassvot 6,) —Pvg=0, (11D tities azy(ug+ 6;) and ass(vg+ 6y), an operation followed

by consideration of Eq.3) stating the absence of transverse

00y Bgfytaz(vot 6x)=0, (119 shear, results in the governing equations:
Oy AgafyFaz(Uo+ by) =0. 110 sup: agl”+ Pul+bylig— (bs+bye) il
The coefficientsa;; = a;; andb; appearing in these equations . )
denote stiffness and reduced mass terms, respectively. Their —2b1Q0vo—b;upQ2°=0, (163

expressions are displayed in the Appendix. Equati®hand
(11) reveal that in the context of ply angle configuration 800! @sag +Pvg+biio—(bs+bigvg
considered above, in addition to the elastic couplings already , 5

mentioned, the flapwise transverse shear is also coupled with +2by QU= byw27=0, (16b)
chordwise bending, and chordwise transverse shear i

coupled with flapwise bending. Moreover, the Coriolis accel-

Znd of the boundary conditions. Their homogeneous counter-

i . : part is:
eration terms induce a supplementary coupling between the
flapwise and chordwise bendings. ayug +Puj—(bs+big)lig=0 or uy=0, (179
Separate from the abovementioned couplings, the I—
extension-twist coupling is induced by the same ply angle  aswg +Puv{—(bs+b)v(=0 or vy=0, (17b
configuration. This type of coupling is important and imple- -
mented as such, e.g., in helicopter blades and tilt rotor air-  @xUg=0 or uy=0, (179

craft. However, the present study is confined to only the

problem involving the flapwise-chordwise-bending coupling. ~ 23%0=0 0r vo=0. (17d

It should be remarked that the governing equations of shear-

V. TWO REPRESENTATIONS OF GOVERNING able thin-walled beams Eq#9), and their nonshear deform-
EQUATIONS able counterparts, Eq$l6), exhibit the same ordgeigh),

Two Complex representations of governing equations reand as such, in both cases, four boundary conditions have to
lated to Casei) and Caseii) are carried out. be prescribed at each ent=0,L, of the beam. Equations

Within Case(i), the system of Eqs(9) and boundary (16) reveal that, in this special case, the coupling arises only
conditions Eqs(11) associated with the shearable rotatingVia the Coriolis acceleration effect. In its absence both equa-

shaft are used. Keeping in mind that for the circular crosstions would be decoupled. However, when this effect is ac-
section beam: counted for, upon defining the complex displacement vari-
ableU(=ug+ivg), the governing equation system becomes

axp=az=A, (129
" 1l "__ 2 ; 1—
a,=as=B, (12b) AU""+b;U—-CU"+PU"—b;Q U+g|_b_1_(}9_ 0,
(18
a,5= —axy=S, 129 .
2 3 (129 whereas the homogeneous boundary conditions reduce to
b4+ b14: b5+ b15EC, (12d) .
) ) ) AU”+PU'-CU'=0 or U=0, (199
where A, B, C, and S are displayed in the Appendix, and —_—
defining the complex displacement variables AU"=0 or U'=0. (19b
U=uo+ivo; (138 |n this case, in order to study the associated eigenvalue prob-
O=0,+if,, (i= J=1 (13b) lem, a modal analysis can be implemented.
the governing equations can be cast in a complex form as:
BU"+BO’ +iSO"—b,U—2ib, QU +b,U0?=0, VI. THE EIGENVALUE PROBLEM OF GYROSCOPIC

_______ (143 SYSTEMS

A®"-BU'—BO®—iS(U"+0')—iS®—-CO=0, For the cases described by Ed9)—(11), the modal
T (14b  analysis fails to provide a solution to the associated eigen-
problem. In contrast to this, in order to find an approximate

while the homogeneous boundary conditiong=a,L read: ) . ) ;
solution to this problem, assuming synchronous motions, the

B(U'+0)+iS®=0 or U=0, (158 generalized displacements are represented in the form
A®'—iS(U'+0®)=0 or U'=0. (15b (Ug(Z,1),v0(2,1), 0x(Z,1),6,(Z,1))
It is readily seen that the stiffness quantit®snd S couple =(U(2),V(2),X(2),Y(z))e“t (209

the two governing equations. Solutions of the eigenvalue
problem based on this complex representation can be founthere w is the complex eigenfrequency, while the spatial
e.g., in Refs. 6, 7, and 8. parts are represented as
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(U(2),V(2).X(2),Y(2)) 12 [T T
y i

:,Zl (aju;(2),bjv;(2),¢X;(2),d;y;(2)), (20b or

where u;(z), vj(2), Xj(2), andy;(z) are trial functions -8

which have to fulfil all of the kinematic boundary conditions,
whereas

N

BT:[al’aZ'”aN 1,02 by ,C1,Cp v Cy,dy,dy, o -dy ]

(200

-

is a constant vector.

Replacement of the representations in E@§) in the
Hamilton’s functional, Eq.(6), carrying out the indicated
variations and the required integrations with respect to the 0

Natural frequencies ( ®

N
T

spanwisez-coordinateand timet, and dividing through by _
e'®!, the system of governing equations is cast in matrix Spin speed ( Q)
form as _
FIG. 3. Variation of upper and lower whirl frequencies with spin sp8ed
SB[~ w’My+iwGy+Ky]B=0. (2D for selected values of the ply-andiE=0, boundary condition&a)].

HereinMy, Gy, andKy are (2N X 2N) matricesM being
symmetric positive definiteGy skew symmetric, anKy  (b) Simply supported at both=0,L:

symmetric. Since contributions from the external compres- =M =M —

: . . N h Up=vo=My My 0, (25
sive load and centrifugal forces are includedig, its posi- () Clamped at both20,L: UO=v0=6x=0y=0

tive definiteness, positive, semidefiniteness, or negative defi- o - (26)

niteness cannot be posulated initio.
Equation (21) provides the following characteristic VII. NUMERICAL SIMULATIONS

equation: ) o ) o
In Figs. 3-5, pictorial representations of the variation of

An(w)=def - w’My+iwGy+Ky]=0, (220 natural frequencieso (= w;/&) versus the spin speefl
from which » can be obtained. IK, is positive definite and (={/®) for selected ply angles and various boundary con-

Gy #0, the eigenvalues occur adlure imaginary complex ditions, and for the case of the unloaded beam, are displayed.
conjugate paira, = +iw, (r=_1,2N), wherew, is thewhirl- The normalizing factoiw=138.85rad/s is the fundamental
r - r 1 1 r

ing frequency(see Ref. 2L frequency of the nonspinning beam counterpart, character-

For the fixed compressive load, the minimum spin rateZ€d Py =0° and P=0. The material of the beam is
at which the whirl frequency becomes zero valued corredraphite-epoxy whose elastic characteristics are
sponds to the critical spining speed, denoted)as. Con- E,;=30x10° psi(20.68<10'° N/m?);
versely, for the fixed spin rate, the minimum compressive ) 5
load for which one of the roots; becomes zero corresponds E,=E3=0.75<10° psi(5.17x10° N/m?),
to the critical compressive loa®.,. The instabilities de-
scribed above are of the divergence type. In general, the
condition of divergence is obtained by taking=0 in Eqg. BrTTTTTTTTE T T T AT
(22), which yields the equation i

Ay(P,Q2)=0. 23) 20|

This equation supplies the divergence instability boundary. ~ [
On the other hand, combinations of compressive load and £ 1s |
spin rate yielding two eigenfrequencies to coalesce constitute 8
a flutter condition. Increasing either of these two parameters% L
beyond the value of the load or spin rate corresponding to the § 0L
flutter boundary results in complex conjugate eigenvalues,%
and correspondingly, to bending oscillations with exponen-
tially increasing amplitudes. In the numerical simulations the
occurrence of divergence and flutter instabilities will be ana-
lyzed for the following three cases of boundary conditions: )

e

2
© 5[
z

(@ Clamped az=0: uy=vo=6y=6,=0, ] -
(24) Spin speed ( Q)

Free az=L: Q.= Qy= M, = My= 0, FIG. 4. Counterpart of Fig. 3 for the case of boundary conditigms
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s 5
(1]
€10 g
) &
g g 05
3 R
Z 5 g

0 0.5 1 1.5 2 2.5

Spin speed ( 5)

) » Axial load (P)
FIG. 5. Counterpart of Figs. 3 and 4 for the case of boundary condit®ns

FIG. 6. Variation of upper and lower whirling frequencies with an increase
of axial compressive load, for selected values of the spin speed°,

G1,=0.45<10° psi(3.10x10° N/m?); boundary conditionga)].

G3=G13=0.37x10° psi(2.55x10° N/m?); recorded in Figs. 4 and 5 reveal that, beyond the ply angle,
0~75°, much smaller increases of the divergence rotating
speed and eigenfrequencies are reached.

Figures 6—9 depict the variation of the upper and lower
frequency branches for the boundary conditi¢as and for
selected values of the spin rafe versus the increase of the

Concerning the beam geometrical characteristics, thesgimensionless axial loaB(=PL?%/a,,), whered,,=1.1787

are: r=5in. (0.127m), L=80in. (2.023m), andh  x10lb in.2 is the bending stiffness corresponding to the ply
=0.4in. (0.38x 10 3®m). ForQ=0, i.e., in the case of the angle §=0. For =0, the two frequency branches collapse
absence of gyroscopic effects, it is seen that the system iato a single one. Each of these plots is depicted for a spe-
characterized, for eadh) by a single fundamental frequency. cific value of the ply angle. The results reveal that, for each
With the increase of the ply angle an increase of nonro- \4jye of(), as the axial compressive load increases, the as-
tating natural frequencies is obtained. This trend is attributedgciated eigenfrequency pairs decrease, and for a specific

to the increase of bending stifinesses=asy(=A) assoc- value of P these approach the value of zero. The correspond-

ated with the increase df(see, e.g., Ref. 22As soon as the ing value ofP yielding the frequencies to vanish constitutes
rotation starts, a fact which is accompanied by the generatioﬁ]g y 9 q

of gyroscopic forces, a bifurcation of natural frequencies is
experienced. This reverts to the conclusion that due the effec

V1= V31~ 0.006 25, V3= 025,

p=0.000 143 Ib ¥in*(1528.15 kg/r).

72 "L R A N SO S B L B B B ML AL L B R I B

of the gyroscopic Coriolis force, two distinct frequency -

. I 7 —Q=0 |{]
branches of free bending vibration are produced. The mini- [ o Ge0al]
mum spin rate at which the lowest rotating natural frequency M ~— . _: e
becomes zero valued is called the critical spinning speed, 15 F~._ - . __g'g';‘_

denoted ag)., which corresponds to the divergence insta- /~
bility. Throughout these results it becomes apparent that a&
each ply angle there is a specific critical spinning speed anc.®
that the minimum and maximum ones occur o+ 0° and
0=90°, respectively.

The results of these figures also reveal that, for boundary%

equenc

conditions labeleda), both the critical spinning speed and 505 [

the eigenfrequencies are, for the same ply angle, larger thai2
those corresponding to boundary conditiofiy and (c),

those corresponding t() being the least ones. Moreover,

Fig. 3 reveals that, for boundary conditio(e, the increase
of the ply angle yields a strong and continuous increase of

both divergence spin speétl,, and of eigenfrequencies; .
However, for boundary conditiong) and (c), the results

977 J. Acoust. Soc. Am., Vol. 109, No. 3, March 2001

FIG. 7. Counterpart of Fig. 6 fof=30°.

15
Axial load (P)
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FIG. 8. Counterpart of Fig. 7 fof=45°. FIG. 10. Variation of upper and lower whirling frequencies with an increase

of axial compressive load for selected values of the spin spé@ed®,
. . . . . boundary conditiongb)].
the critical axial compressive log@uckling load. This loss

of stability is by divergence. The results of these plots reveal
that for a certain value of the ply angle, the critical axial

load, PC,“ corresponding tEQ_O con.sgtutes an ”pPer boundary conditions(b) and (c), respectively. For these
bound, in the sense that f62#0 the critical compressive 4565 5 reduction of the sensitivity of the variation of the
loads diminish with increasin€). buckling load with the spin rate is experienced. This trend
However, a closer inspection of the region where thepecomes more and more prominent in the case of boundary
divergence occurs reveals that, for a slightly lower value ofconditions (b) and (c). It should be noticed that, in all of
the compressive load and f& >0, the lower and upper these cases, the tremendous beneficial influence played by
lowest eigenfrequencies become complex conjugate. As the increase of the ply angle toward the increase of the buck-
result, for >0 and the compressive load slightly lower ling load is remarked.
than that corresponding to the divergence instability, the in-  In Figs. 1416, stability plots of the spinning system in
stability by flutter is experienced. A similar trend was alsothe 0 — P plane for the three cases of boundary conditions
reported in Ref. 23, where the study was accomplished vi&), (b), and(c) are displayed. In these plo&denotes the
the finite element method. region of stability,D denotes the divergence boundary, while
The same plots also reveal that the increase of the ply that of the flutter instability. Fof) andP equal to zerow?
angle results in a remarkable increase of the critical aXiahre real and positive and the System is stable. With the in-

load. However, the same plots show that with the increase Qfrease of) and/orP, instabilities by divergence or flutter
the ply angle, the critical axial compressive load becomesy,ay occur. Due to the fact that the system is conservative,

less and less sensitive to the increase(TofFigures 10-13
display the counterparts of Figs. 6—9, but generated for
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FIG. 9. Counterpart of Fig. 8 fof=75°. FIG. 11. Counterpart of Fig. 10 fo#=45°.
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FIG. 12. Variation of upper and lower whirling frequencies with an increase . . — — . ) ) )
of axial compressive load, for selected values of the spin speed®, FIG. 14. Stability plot in the() — P plane displaying the domains of stabil-
boundary condition€c)]. ity, divergence instability boundary, and flutter for selected values of the ply

angle[boundary conditionga)].

initial instability will always be of a divergence type, char- ing to conditions mvolvmgﬂ andP yielding coalescence of

acterized byw?=0. The locus of such points in the plane 1, frequenciesw? is depicted. The results reveal that for
Q- P defines the divergence instability boundary. The plotsspecified ply angle and boundary conditions, the flutter
reveal that in the planéz P the instability boundary sepa- boundary consists of slightly curved lines emerging at values
rates two stable regions, or in other words, divergence occurs P slightly lower thanPdNu and at spin rate€ >0, where
only on this boundary, without the existence refjions of Pdiv is the buckling load obtained &=0. To have a better

divergence instability. In all of these plots, the results revealje,y of the flutter and divergence instabilities which appear
that the increase of the ply angle yields a considerable In|n a very restrained region of the variation@fandP, Table

crease of the stability domains. Similar conclusions can b
displays the trend of variation of the instability boundaries
formulated in connection with the implications of boundary

conditions, in the sense that as the boundary condition&/th that of ¢ and(), for boundary conditionga). The flutter
change from typéa) to types(b) and (c), dramatic increases instability domain lies at the right of the curved lire
of the stability domains are experienced. The domain of sta= Py e @and for anyQ>0 This result coincides with that
bility adjacent to the divergence instability boundary and onqualitatively obtained in Refs. 24, 25, with that reported in
the right-hand side reveals that the gyroscopic effects, inRef. 16, and is consistent with that emerging from Figs. 6—
creasing with(), contribute to the increase of the stability 13. However, when the rotatory inertia terms are ignored, in
domain. On the same plots the flutter boundary correspond:ontrast to the abovementioned trend, the flutter boundary
does not involve the dependence Bnand, as a result, in
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FIG. 13. Counterpart of Fig. 12 fa#=45°. FIG. 15. Counterpart of Fig. 14 for boundary conditidbs
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FIG. 17. Effect of transverse shear on the stability boundaries of the rotating
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Eat_case the flutter bgjndary degenerates in a straight ”rgquch as that of transverse shear upon the stability of the
P =Py, parallel to the()-axis. Such a trend was reported in gyroscopic system, have been emphasized. In this context it

Refs. 16 and 26. was shown that discarding transverse shear effect results in

Finally, in Fig. 17 the effects of transverse shear on thegn overestimation of the capacity of the system to operate
instability boundaries are highlighted. The results reveal thatgafely, without the occurrence of flutter and divergence in-
in the absence of transverse shear effect, i.e, when the strugeapilities.

ture is unshearable, a significant increase of the stability do-  Finally, the effects of various boundary conditions on

main is obtained as compared to the case when transvergge variation of eigenfrequencies and stability of the system

shear effect is accounted for. As a result we can say that thgjth the spin rate and axial load have been put into evidence.
classical (i.e., unshearab)estructural model inadvertently

overestimates the capacity of the rotating shaft to operate

¥y|thout the occurrence of the divergence and flutter 'nStab'l"APPENDlx
ies.

Expressions of stiffness quantities;(=a;;) and re-
VIIl. CONCLUSIONS duced mass terms for a cross-section circular shaft:

A study devoted to the vibrational and stability behavior
of spinning circular shafts modeled as thin-walled beams
was presented, and the implications played by the conserva-
tive and gyroscopic forces on their instability behavior have
been emphasized. As shown, in the conditions described in
the paper, the rotating shaft can experience instabilities by 5
flutter and divergence. Among others, the results reveal that P4t DP14=DPs+D1s=m[MeR*+m,]=C.
structural tailoring can be successfully employed to enhancglerein
their behavior by increasing the spinning speed, and by shift- 5
ing the domains of divergence and flutter instability toward <11~ A2~ A1/A11; K1g=Bao— (A12B1d Ay,
larger spin rates. The implications of a number of effects, K 19= Agg— A A6/ Agy= Koy,

2
TABLE |. Stability boundaries for selected values of the ply angle. Bound- Kgg=Dop— BlglAn,
ary conditions(a) and rotatory inertia effects included.

2
K11+ _K14+ K44 E/A\,

ay,= 3= mR?
22 33 R

A= ags= T Ko+ Agy]=B,

Ays= —ags= — M RK;— Ky]=S,

Koo=Ags— Aie/An'

6=0° 6=45° 6=90°
5 = = = = = = K24=Bos— A16B12/A11= Ky,

di fl di fl di fl .

Y il h il Y il where A, B;;, and C;; denote the local stretching, cou-
0 2.444 - 4.056 - 71.44 - - i ; ;
1 5 421 1713 4033 6619 143 pling, and bending stiffness components, respectively.
5 2353 i 3.965 62.02 71.39 In addition, the mass termm, andm, are expressed as
3 2.238 - 3.852 4861  71.33 \
4 2.078 - 3692 2690 7124 hee )
5 1.872 - 3.488 ; 71.13 (mo,mz)zkz po(1n?)dn.

=1 Jh
(k=1)
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