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Abstract
This paper describes a power spectral density (PSD) bounding method for deriv-
ing high-integrity models of stationary and nonstationary time-correlated mea-
surement error processes. The method is intended for safety-critical commercial 
aircraft navigation where robust sensor models are required to predict error 
bounds on position and orientation estimates. These bounds are used both in 
navigation system design for integrity performance analyses and in operation 
to determine whether a pilot should proceed with an operation. In prior work, 
we used PSD upper-bounding to obtain high-integrity models of time-correlated 
global navigation satellite system (GNSS) measurement errors. However, the 
method was limited to stationary processes. In this paper, we derive an approach 
to expand the concept of PSD bounding to nonstationary error modeling for 
Kalman filter-based estimation using GNSSs and inertial navigation systems in 
aircraft navigation applications.
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1  INTRODUCTION

In safety-critical aviation applications where flight path deviations can quickly 
become hazardous to passengers and crew, navigation integrity is of the utmost 
importance. Integrity is a measure of trust in the accuracy of the information sup-
plied by the navigation system (International Civil Aviation Organization (ICAO), 
2001). The integrity risk is the probability that the positioning error exceeds 
a predefined limit of acceptability, or alert limit, without a timely warning. For 
aircraft navigation, integrity risk requirements are extremely stringent, equal to 
or lower than 10−7. The Global Positioning System (GPS) alone does not meet 
such requirements with high availability and continuity (Pullen & Joerger, 2020). 
Therefore, augmentation systems were developed for aviation applications, includ-
ing ground-based augmentation systems (GBASs) (Pervan, 2020) and space-based 
augmentation systems (SBASs) (Walter, 2020).

Navigation integrity is ensured by predicting an upper bound on the probabil-
ity that an undetected state-estimate error exceeds the alert limit. At the source 
of the estimation error is the uncertainty of the sensor measurements. Therefore, 
high-integrity navigation demands careful prior evaluation and modeling of 
measurement errors.
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Overbounding theory aims to find models of empirical measurement error dis-
tributions that guarantee upper bounds on estimation errors. These bounds are 
predictable and are proven to be conservative in the sense that they do not underes-
timate actual errors of linear (and linearized) estimators. Overbounding is applied 
in SBASs, GBASs, and advanced receiver autonomous integrity monitoring for 
“snapshot” positioning, i.e., positioning using measurements received at one time 
instant (Advanced Receiver Autonomous Integrity Monitoring (ARAIM) Working 
Group C (WGC) 3.0, 2016; Blanch et al., 2019).

Algorithms that filter measurements over time have been investigated for 
high-integrity air and ground navigation applications (Joerger & Pervan, 2020). 
Filtering could provide a certifiable means for guiding aircraft closer to the run-
way using satellite-based ranging measurements. However, significant challenges 
remain in deriving measurement error models that guarantee integrity risk bounds 
for recursive algorithms when the measurement error time correlation is unknown.

In this paper, we introduce a methodology for high-integrity modeling of 
time-correlated stochastic errors when the time correlation is uncertain and 
not stationary.

This methodology is intended for a Kalman filter (KF)-based implementation 
combining a global navigation satellite system (GNSS) with an inertial navigation 
system (INS) for use in aircraft navigation applications. GNSS measurements are 
impacted by time-correlated atmospheric delays, satellite orbit and clock errors, 
and multipath. INS data are impacted by time-correlated accelerometer and gyro-
scope errors. Each source of error must be carefully modeled and bounded. For KF 
implementations, this not only implies that instantaneous error distributions be 
addressed using overbounding, but it also requires that the error time correlation 
be accounted for.

Section  2 of this paper provides an overview of the state of the art of high- 
integrity error modeling and highlights current limitations for KF applications—
in particular, the restriction of existing power spectral density (PSD) bounding 
methods to stationary processes. To extend the scope of PSD bounding methods, 
it is necessary to first divide “nonstationary” processes into subcategories that 
can be individually analyzed. Section 3 defines criteria for classifying error pro-
cesses with respect to their unique characteristics. We identify three categories of 
nonstationarity and explain their attributes. Sections  4 and 5 then develop cor-
responding robust modeling approaches. For each category of error, a bounding 
methodology is derived. Experimental examples are then given to demonstrate 
the proposed methodology using real GNSS and INS data. Section 6 provides con-
cluding remarks. Elements of this research contributed to a Ph.D. dissertation by 
Gallon (2023).

2  OVERBOUNDING, AUTOCORRELATION FUNCTION 
BOUNDING, AND PSD BOUNDING

Overbounding theory provides tools to provably bound the impacts of Gaussian 
and non-Gaussian measurement errors on estimation uncertainty. Prior research 
on overbounding for high-integrity error modeling has yielded significant results 
that are currently implemented in commercial aviation navigation safety. The con-
cept of cumulative distribution function (CDF) overbounding was introduced by 
DeCleene (2000). The original CDF overbounding method models an empirical, 
non-Gaussian error distribution with an overbounding model distribution. This 
method is limited to ideal cases in which the actual error distribution is zero-mean 
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(or non-zero-mean with a known mean value), symmetric, and unimodal. Realistic 
error distributions do not always satisfy these conditions, which motivated the 
development of paired-CDF overbounding (Rife et al., 2006). Paired overbounding 
uses two bounding functions to strictly and conservatively overbound empirical 
error distributions.

Gaussian functions are often employed as overbounding models for sensor 
errors because their combination through linear estimators results in a known 
and predictable Gaussian estimation error distribution. Blanch et al. (2019) com-
bined single-CDF, paired-CDF, and excess-mass overbounding methods to achieve 
tighter bounds than paired-CDF overbounding.

Although such error models can be employed in snapshot positioning algo-
rithms, they are insufficient for sequential implementations because they do not 
address the stochastic dynamics of the errors over time.

To address this limitation, Langel et al. (2014) derived an analytical bound on 
sequential linear estimation errors using auto-correlation function (ACF) bound-
ing. Unfortunately, the ACF-based approach requires cumulative storage of all 
state propagation and observation matrix coefficients over time following filter 
initiation. This approach is unsuitable for KF implementations over long filtering 
durations, especially when high-rate sensors such as INSs are used.

More recently, an approach to upper-bound the KF estimate error variance in the 
presence of uncertain time-correlated noise was developed by Langel et al. (2020). 
This approach relies on upper-bounding a modified PSD derived from the Fourier 
transform of a windowed ACF for stationary errors.

The PSD bounding method, unlike ACF bounding, is not restricted to fixed- 
interval implementations and is compatible with KF approaches. However, the 
treatment of experimental data for the modeling of wide-sense stationary (WSS) 
processes has yet to be formalized, and the case of nonstationary error processes 
remains unaddressed. For instance, inertial measurements have nonstationary 
noise components, including flicker noise, that cannot be directly modeled using 
the approach of Langel et al. (2020) because the PSD cannot be obtained from the 
ACF. Therefore, new modeling methods must be derived. This paper builds upon 
the concept of PSD bounding and extends it to nonstationary errors.

As shown in the following section, the working definitions of ACFs and 
PSDs vary depending on whether the process under consideration is station-
ary. Therefore, nonstationary characteristics must be defined and categorized. 
Section 3 defines the stationarity criteria used to classify error processes.

3  ERROR CLASSIFICATION

This section aims to classify stationary and nonstationary processes (Gallon, 
2023), serving as an outline for the remainder of the paper, where modeling meth-
ods are derived for each process category.

3.1  Stationary Error Processes

Mean values and ACFs are key descriptors of the statistical properties of a ran-
dom process. The mean value of a random process x  at time t  can be expressed 
as follows:

	 �x t E x t( ) [ ( )]� � (1)
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where E[]  is the expected value operator. In addition, the ACF, i.e., the correlation 
between the values of the random process x  at two different times t �� / 2  and 
t �� /2,  is defined as follows:

	 xx t E x t x t( ),� � �
� �

�

�
�
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�
� �
�
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�
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If µx t( )  and xx t( ),τ  change over time t, then process x  is said to be non-
stationary. If µx t( )  and xx t( ),τ  do not vary with t  (i.e., � �x xt( ) �  and 
xx xxt R( ) ( ),� �� ), then process x  is said to be WSS. Note that we use differ-
ent notations for a stationary ACF Rxx  and a nonstationary (instantaneous) 
ACF xx .  The following subsection aims to further refine the classification of 
nonstationary errors.

3.2  Nonstationary Error Processes

When process x  is nonstationary, the ACF in Equation (2) becomes an instanta-
neous ACF (Bendat & Piersol, 2010), depending on both t  and the lag τ .  The ACF 
can be determined in one of two ways:

(a) �analytically, if the process is sufficiently well understood to evaluate 
Equation (2), or

(b) �empirically, from previously collected data.

In practice, option (a) is seldom possible. Option (b) is feasible only when vari-
ations in the ACF with respect to time t  are much slower than variations with 
respect to τ ,  which can be expressed as follows:

	
�
�

�
�

 xx xx

t


�
� (3)

Therefore, we distinguish two relevant categories of nonstationary error pro-
cesses (Gallon, 2023):

•	 Slowly varying ACFs: Equation (3) holds, permitting computation of 
stationary sample ACFs.

FIGURE 1 Error classification tree outlining the sections of this paper
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•	 Time-invariant PSDs: Equation (3) does not hold, yet the PSD is independent 
of t; thus, the sample PSDs remain valid.

A third case—where Equation (3) fails and the PSD is time-varying—is illus-
trated in Appendix A by a rapid tropospheric-delay change during a severe storm. 
Such transients are best treated as fault conditions, handled via real-time detection 
and measurement exclusion rather than stochastic modeling, and thus lie outside 
the scope of this work.

The classification of error processes is summarized in Figure 1.

4  FREQUENCY-DOMAIN BOUNDING OF STATIONARY 
INPUT ERROR PROCESSES

Langel et al. (2020) and Langel et al. (2024) derived a frequency-domain criterion 
for modeling stationary correlated noise through PSD bounding. This section gives 
a simpler, alternative proof of this criterion for time-invariant and time-varying 
KFs. KF-based INS/GNSS processing may be impacted by linearization errors, 
which are assumed to be small in this research. Bounding linearization errors is 
outside the scope of this paper.

Because the KF is a linear filter, we can separately account for the impacts of 
independent additive error sources and then sum up their individual contribu-
tions. This approach is valid both for multiple sensors contributing to a state’s esti-
mation (e.g., multiple independent GNSS satellite measurements) and for multiple 
sources of uncertainty impacting the same measurement (e.g., a GNSS ranging 
signal’s atmospheric delays, satellite orbit and clock ephemeris errors, and mul-
tipath errors). This approach is also valid for any linear combination of KF outputs. 
Therefore, for clarity of exposition in the following derivation, we consider a scalar 
KF fed by zero-mean sensor and process noise contributions.

4.1  Time-Invariant KF with WSS Input

We first consider the simplest case of a steady-state scalar KF fed by zero-mean 
stationary noise. Consider a scalar error input x(t)1 with PSD S fxx ( ).  In general, 
the KF is designed using an a priori measurement error PSD model S fxx ( )  such 
that S f S fxx xx( ) ( )≠  because S fxx ( )  is uncertain. Let H f( )  be the transfer func-
tion of the KF from x t( )  to some scalar output of interest y t( ).

The mean of the KF output error is zero because the input is zero-mean, and the 
actual, unknown output error variance is given by the following:

	 �
�

�
y xxH f S f df2 2�

�� | ( ) | ( ) � (4)

The KF produces a known output error variance that can be expressed as follows:

	 �
�

�
y xxH f S f df2 2� � �

�� | | ( ) � (5)

1�The scalar function x(t) can represent any stationary sensor or process noise input to the KF. The function can also 
be the sum of multiple error components—e.g., x(t) = ∑i xi (t).
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Clearly, if the following inequality is satisfied:

	 S f S f fxx xx( ) ( )� � � � (6)

then we achieve � �y y
2 2� .  In other words, the PSD upper-bound S fxx ( )  defined 

in Equation (6) can be used to find a time-correlated measurement error model 
that guarantees an upper bound on the KF estimation error variance (Gallon et al., 
2021b; Langel et al., 2020). In the case of a KF with multiple output variables, the 
variance bound σ y

2  can be derived for any linear combination y t( )  of the output 
states, as proven in Appendix B. In state space, this variance bound lays on an ellip-
soid entirely enclosing the actual state-estimate covariance ellipsoid (the actual KF 
output covariance matrix is bounded in the positive-definite sense). Integrity risk 
bounds are derived from such variance bounds (Advanced Receiver Autonomous 
Integrity Monitoring (ARAIM) Working Group C (WGC) 3.0, 2016).

4.2  Time-Varying KF with WSS Input

Let us consider a time-varying filter with a transient response h t( , )τ  to a unit 
impulse � �( ).  The filter’s output for an input x t( )  is given by the following 
convolution integral:

	 y t h t x t d( ) ( , ) ( )� �
�� �

�
� � � � (7)

The variance of the output can then be derived as follows:
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Using the Wiener–Khinchin theorem, we can express the ACF Rxx  in terms of 
the PSD Sxx  as follows:

	 R S f e dfxx xx
i f( ) ( ) ( )� �

�
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�

� �� 2 � (9)

We can then rewrite Equation (8) as follows:
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Similar to Equation (5) for the time-invariant case, Equation (10) shows that for 
a time-varying KF if S f S f fxx xx( ) ( )� � �,  then � �y yt t t2 2( ) ( )� � � � .
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4.3  Experimental Procedure

The PSD bounding methodology was first introduced by Langel et al. (2014, 
2020). The finite nature of experimental data can be modeled as a rectangular win-
dow applied over a random process. Rectangular windows, with their sharp edges, 
introduce spectral leakage during the conversion from the time domain to the 
frequency domain and degrade the quality of the resulting PSD estimate, thereby 
loosening the PSD upper bound that determines the error model. Any model 
whose PSD upper-bounds the PSD of the error can be a good candidate with regard 
to integrity. However, with respect to accuracy or continuity, we want a tight PSD 
upper bound to achieve as small a bounding estimation error variance as possible.

To counter this effect, tapering windows are often used (e.g., Hamming window, 
Hann window). Additionally, it is important to note that the longer the data set, 
the more accurate the ACF estimate will be. However, for most applications, the 
mission duration, T1,  is finite. In practice, the estimator does not use observations 
over lag times longer than T1  (e.g., in aviation, 18 h is the longest commercial 
flight duration on record). Therefore, the information contained in the ACF for 
lag times longer than T1  is not needed, but it can be leveraged in the window-
ing process to reduce spectral leakage (Langel et al., 2014), tighten the PSD upper 
bound, and ultimately lower the final bounding value of the estimate error vari-
ance (Gallon, 2023).

The proposed methodology (Langel et al., 2014, 2020) relies on a four-step process:

•	 Estimate the ACF Rxx  of the input process x.
•	 Multiply Rxx  by a tapering window Λ.
•	 Take the Fourier transform of the windowed ACF to obtain the PSD of x.
•	 Derive a high-integrity, time-correlated error model by tightly upper-bounding 

the PSD (Gallon, 2023).

This process is represented in Figure 2.
The window used in this work was developed by Langel et al. (2020) and is deter-

mined over lag time τ  as follows:
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−T2  and +T2 ,  respectively, are the lag times before and after which the window 
reaches a value of zero.
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With this window, ACF values for lag times smaller than T1  remain 
unchanged, whereas ACF values for lag times larger than +T2  or smaller than 
−T2  are set to zero. When T1  and T2  are further apart, less spectral leakage is 
found in the PSD estimate. An example of such a window is shown in Figure 2 
for T1 7= �h  and T2 14= �h.

The sample PSD estimate of process x  can then be estimated by taking the 
Fourier transform of the windowed ACF. This step is expressed as follows:

	 S f T T R e d fx T

T
xx

j f( ) ( )( , , )� � �
�

��
2

2
1 2

2� � � �� �
 � (13)

5  FREQUENCY-DOMAIN BOUNDING OF 
NONSTATIONARY INPUT ERROR PROCESSES

In Section  3, we defined a condition in Equation (3) on the instantaneous 
ACF xx t( ),τ  for a nonstationary process x t( )  at time t  and lag time τ .  This 
condition is used to categorize “slowly” versus “rapidly” changing nonstationarity. 
In this section, we present methodologies for error modeling in each of these two 
cases, which we then illustrate using experimental data (Gallon, 2023).

5.1  Slowly Varying ACF

5.1.1  Theoretical Development

Given an instantaneous ACF ,xx t( ),τ  we can define the instantaneous PSD as 
follows (Bendat & Piersol, 2010):

	 S Rxx xx
j ff t t e d( ) ( ), ,�

�
�� �

� � �� �2 � (14)

FIGURE 2 PSD bounding procedure for WSS input
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Conversely, we have the following:

	 R Sxx xx
j ft f t e df( ) ( ), ,�

�

� � ��
�� 2 � (15)

The KF is typically designed using an a priori parametric model xx f t( ),  
such that  xx xxf t f t( ) ( ), ,≠ .

Following a development similar to that of the time-varying KF with a stationary 
input process in Section 4.2, we can express the output variance as follows:

	 � � � � � � �
�

�

�

�
y xxt h t h t t d d2 ( ) ( )( , ) ( , ) ,� �

� �� �  � (16)

which leads to the following result:

	 �
�

�
y xxt H f t f t df2 2( ) ( )| ( , ) | ,�

��  � (17)

In this case again, if  xx xxf t f t f( ) ( ), ,� � �  and � � �t  , then � y t2 ( ) �   
� y t t2 ( ) � � � .

Regardless of whether H f t( , )  is time-invariant, it is desirable for the input error 
model PSD xx f t( ),  to be time-independent because it is difficult, if not impossi-
ble, to ensure the instantaneous validity of error models obtained from experimen-
tal data collected prior to the time at which the KF was actually implemented.

Instead, we follow a more robust and practical approach: we collect a long, non-
stationary error data set that captures the time variability of xx f t( ), .  We then 
define a time-invariant upper-bounding PSD as follows:

	 S f f t t fxx xx( ) ( ),� � � � ��  and � (18)

We obtain this time-invariant upper-bounding PSD by dividing a long contin-
uous data set into smaller quasi-stationary subsets that satisfy Equation (3), with 
center times t t tN1 2, , ,… ,  to compute   xx xx xx Nf t f t f t( ) ( ) ( ), , , , , ,1 2 … .  We then 
choose S fxx ( )  to satisfy the following inequality:

	 S f f t fxx k N xx k( ) ( ),� � �
� �
max
1

  � (19)

Based on our previous work (Gallon, 2023; Gallon et al., 2021b; Jada & Joerger, 
2021; Joerger et al., 2023), we have found that the observation period required to 
obtain an accurate sample PSD estimate, xx kf t( ), ,  should be at least ten times the 
correlation time constant. We also assume that the sample PSDs already capture the 
worst-case measurement-error conditions expected in practice. The resulting error 
model can guarantee bounding only for these observed conditions; thus, the data 
collection plan must ensure that every relevant operational scenario is represented.

5.1.2  Experimental Results

In our prior work (Gallon et al., 2021b), high-integrity, time-correlated error 
models were derived for tropospheric errors by using the PSD bounding method in 
Equation (19). GNSS tropospheric delays were generated at 100 worldwide ground 
stations over the year 2018. Tropospheric residuals were evaluated after correction 
from two different models named MOPS and GPTw2 (as described by Gallon et al. 
(2021b)). Nonstationarities were regularly observed throughout the tropospheric 
error analysis.
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For example, the GPT2w residuals observed at the GPS receiver and meteoro-
logical station “BADG” in Russia are shown in Figure 3. This time profile over 
2018 shows a nonstationary process whose variance changes over time, with a clear 
increase between days of the year 117 and 270. Following the procedure described 
in Equation (19), this data set was split into three quasi-stationary subsets delim-
ited by the red dashed lines shown in the figure.

This approach was performed for tropospheric residuals at all 100 stations. The 
process was partly automated using mathematical stationarity criteria detailed by 
Gallon et al. (2021b). The stationary subsets were then analyzed in the frequency 
domain, as shown in Figure 4, which contains all of the sample PSDs superim-
posed. The PSDs were then upper-bounded via a first-order Gauss–Markov ran-
dom process (FOGMRP) model to find the upper-bounding PSD model S fxx ( ),  
as displayed by a red curve in Figure 4. We selected a FOGMRP because it is a 
two-parameter model (in this case, a time constant of 20 h and standard deviation 
of 9 cm) that can be easily incorporated into a KF by state augmentation.

5.2  Rapidly Varying ACF with a Time-Invariant PSD

This section addresses the case in which the inequality in Equation (3) is not 
satisfied but the PSD is not a function of time. This category relates to processes 
that are nonstationary because they are unstable – e.g., 1/ f n  noise (Brown & 
Hwang, 2012).

In these cases, it may be tempting to directly use Equations (17) and (19). 
However, these results were derived assuming that an instantaneous ACF was 
obtainable, i.e., assuming that Equation (3) was satisfied.

In the example of 1/ f  noise, the process is nonstationary, with an ACF that 
depends on both time t  and lag time τ .  When t �� ,  the ACF values go to infinity 
(Brown & Hwang, 2012), and the error variance becomes infinitely large. Therefore, 
the PSD estimation methodology that was introduced above, which relied on tak-
ing the Fourier transform of the ACF, cannot be applied.

Instead, we evaluate the PSD using periodograms rather than ACFs. We also 
assume that the KF error output process is stable (even if the input is not), which 
must be true for a useful KF.

FIGURE 3 Practical example of slowly varying nonstationarity in the tropospheric residuals 
of a station in Russia in 2018
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5.2.1  Theoretical Development

First, we express the PSD of the output y t( )  of a time-invariant KF as follows:
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where X f( )  and Y f( )  are the Fourier transforms of x t( )  and y t( ),  respectively. 
As long as the output error process y t( )  is stable, the following integrals converge:

	 �
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This form is the same as in Equation (5), and the same conclusion on variance 
bounding using a PSD bound S fxx ( )  applies.

Next, we consider the PSD of the output y t( )  of a time-varying KF, which can be 
written as follows:
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FIGURE 4 Experimental results: Upper bounding of tropospheric residual PSDs of 100 
stations worldwide in 2018
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Again assuming a stable output error process y t( ),  we can express the variance 
at time t  as follows:

	 �
�

�

�

�
y yy xxt S f t df H f t S f df2 2( ) ( ) ( ), | ( , ) |� �

� �� � � (23)

This equation is of the same form as Equation (10), and the same conclusion on 
σ y t2 ( ) bounding using S fxx ( )  applies.

5.2.2  Experimental Results

In this section, we apply the periodogram-based PSD estimation to the exam-
ple INS accelerometer errors, which are impacted by “flicker” ( )1/ f  noise, among 
other sources. (Gyroscope errors can be similarly treated.)

We use the following simple example model of accelerometer error:

	 a a b t p t tm t s� � � �( ) ( ) ( )� � (24)

where am  is the measured accelerometer output. The true value of the measured 
variable at  is impacted by a time-varying “bias” b t( ),  an acceleration random 
walk (RW) p t( ),  and a velocity RW ν s t( ).

The time-varying bias can be expressed as follows:

	 b t b b tr s( ) ( )� � � (25)

The initial bias br ,  known as bias repeatability (or turn-on bias stability), differs 
at every power-up because of signal processing initialization and physical proper-
ties (thermal, mechanical, and electrical variations). The bias instability b ts ( )  is 
the time-varying component capturing the drift from the starting value. The bias 
instability can be modeled as flicker noise.

The error components modeled in Equations (24) and (25) are present in data 
collected over several 10-h-long periods in static conditions at a 125-Hz sampling 
frequency using a STIM-300 inertial measurement unit (IMU) from Sensonor 
(Gallon et al., 2021a; Sensonor, n.d.). The STIM-300 is a small, tactical-grade, 
low-weight, high-performance IMU that contains three highly accurate 
micro-electromechanical system gyroscopes, three high-stability accelerometers, 
and three inclinometers. Additionally, a temperature sensor was used to monitor 
environmental temperature variations. Five data sets meeting the IMU’s constant 
temperature requirements were selected. The PSDs derived from these sets using 
periodograms are represented in gray in Figure 5.

To upper-bound these errors in the PSD domain, we define a bounding model 
SWGR  consisting of a white noise (WN) component SWN ,  a FOGRMP component 
SG , and an RW component SRW :

	 S f S f S f S fWGR WN G RW( ) ( ) ( ) ( )� � � � (26)

The velocity RW ν s  is modeled as white noise with PSD SWN  (defined by the 
parameter N0 ),  the acceleration RW p  is modeled as a RW with PSD SRW  (defined 
by the parameter K), and the time-varying bias b  is modeled as a FOGMRP with 
PSD SG  (defined by the parameters σG  and τG ).  These parameters are listed in 
Table 1. The time-varying bias b  is actually flicker noise, but we bound its error 
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contribution using a FOGMRP because flicker noise cannot be directly modeled in 
the state-space domain (Brown & Hwang, 2012).

In Figure 5, the black curve represents the accelerometer specifications as pro-
vided by the manufacturer. Although the black curve appears to accurately model 
the average case, it does not upper-bound the sample PSDs. Instead, we can 
derive a PSD bounding model by selecting a set of values for the parameters in 
Table 1, i.e., K G G, ,� � ,  and N0 ,  such that S fWGR ( ).  This approach results in the 
red curve in Figure 5, which upper-bounds the sample PSD curves over the entire 
frequency range.

5.2.3  PSD Estimation Challenges for Unstable Errors

In practice, estimating the PSD S fxx ( )  from experimental data to derive a model 
S fxx ( ) is challenging. The first limitation stems from the range of frequencies 
achievable using observations, which is limited as follows:

�f f fN� �

where fN  is the Nyquist frequency defined by the sampling interval ∆t :
f tN � 1 2/( )� . The second limitation is the frequency resolution ∆f , which depends 

TABLE 1
Inertial Error Model Components

Error type Parameter Units PSD Sxx(f)

Flicker noise σF m/s2 �
�
F

f

2

2

FOGMRP
σG

τG 
m/s2

s
2

2 1

2

2 2�
�

� �G

G

Gf( ) �

WN N0 m s h/ / N0 2

RW K m s h/ / 3 2 ( )K f2 2π

FIGURE 5 Experimental results: Upper-bounding sample accelerometer error PSDs of the 
STIM-300 IMU
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on the length of the data set, T f TD D: /� � 1 .  Therefore, the estimate of S fxx ( ) is 
determined by TD  and ∆t.

In addition, PSD estimates derived from periodograms are impacted by spectral 
leakage, which can cause PSD bounds to be larger than necessary. Langel et al. 
(2014) and Gallon et al. (2021b) estimated PSDs using Fourier transforms of ACFs 
tapered with smooth-edged windows. Tapering the windows helps to limit spectral 
leakage (see Section  4.3) and tighten PSD bounds. Unfortunately, this approach 
cannot be applied to the case of unstable errors because PSDs derived from peri-
odograms can be impacted by spectral leakage.

A loosely controlled data collection environment (e.g., an INS undergoing tem-
perature variations or vibrations) can also contribute to degraded measurement 
models. For instance, INS manufacturers often provide specifications in the form 
of sensor error Allan variance (AV) curves rather than PSDs. The AV data are often 
of high quality, collected in highly controlled and stable environments using tem-
perature and vibration isolation chambers. However, the parameters extracted from 
these data sets prioritize model accuracy over integrity, i.e., they are not designed to 
overbound measurement error distributions.

Therefore, for unstable errors, it would be beneficial for future work to com-
plement PSD bounding with an AV-domain method to obtain tighter bounding 
error models.

6  CONCLUSION

Recent studies on high-integrity error time correlation modeling for aircraft nav-
igation have assumed stationary error processes. This assumption is rarely appli-
cable in practice.

This article classified error processes with respect to their stationarity properties, 
used PSD upper-bounding to model WSS processes, and addressed error bounding 
for two types of nonstationary processes. We derived a criterion to identify slowly 
varying nonstationary processes for which the error’s ACF decays quickly rela-
tive to the time required for the process itself to change. For such processes, we 
showed that the PSD upper-bounding approach used for WSS processes can be 
extended by splitting nonstationary time series into segments of stationary data. 
We then showed that for rapidly varying nonstationary processes whose PSDs are 
not a function of time, we can find high-integrity error models by bounding PSDs 
derived from periodograms.

Rapidly varying time-dependent processes such as large, rarely occurring, 
step-like errors may be treated as measurement faults requiring detection and 
exclusion and will be addressed in future research.
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APPENDIX A  RAPIDLY VARYING NONSTATIONARITY 
AND TIME-VARYING PSD: TROPOSPHERIC DELAYS 
DURING STORMS

This appendix addresses the case in which the input process does not satisfy 
Equation (3) and its PSD is a function of time. This category of nonstationary 
error is the most challenging category because its behavior is highly unpredict-
able. Such cases can be observed, for example, in GNSS tropospheric errors during 
storm conditions.

Figure 6 shows tropospheric residuals at the GNSS receiver station “KOKV,” 
which is located in the southeast region of Hawaii. The residual generation proce-
dure has been described by Gallon et al. (2021b). In August 2018, Hurricane Lane 
moved across the Hawaiian Islands, reaching Category 5 on August 22, which is 
day of year (DoY) 234. Hurricane Lane was the wettest tropical cyclone on record 
in Hawaii, with rainfall accumulations of up to 1,500 mm. It remained a Category 
5 hurricane for 5 days before being downgraded to a tropical depression on August 
28 (DoY 240) and dissipating the following day. The hurricane’s impact on tropo-
spheric residuals can be clearly observed in Figure 6. On DoY 234, the first day of 
the hurricane, the residual mean shifted from –0.05 m to 0.05 m and remained near 
this value for the entire duration of the storm. When the storm ended on DoY 241, 
the residual mean returned to the initial value of –0.05 m. This type of nonstation-
arity is rare. The impact of such events on estimation integrity would likely be best 
mitigated by outlier detection.

FIGURE 6 Practical example of rapidly varying nonstationarity in tropospheric residuals 
from 2018 at a reference station in Hawaii



    GALLON et al.

APPENDIX B  PROOF OF VARIANCE BOUNDS FOR 
ARBITRARY LINEAR COMBINATIONS OF STATE-
ESTIMATE ERRORS

Let us consider the following linear continuous-time system:

x Ax Bw z Cx v� � � �,

where x  is the state vector, w  is the process-noise vector, z  is the measurement 
vector, and v  is the measurement-noise vector. The Kalman–Bucy filter is given 
as follows:

= + −ˆ ˆ ˆ( )x Ax K z Cx

Thus, the state-estimate error −



ˆx x x  evolves as follows:

�� �x A KC x Bw Kv� � � �( )

Taking the Laplace transform yields the classical transfer-function representation:

X s H s W s H s V sX W X V( ) ( ) ( ) ( ) ( )/ /� �

where:

H s sI A KC B H s sI A KC KX W X V/ /( ) ( )( ) , ( ) � � � �� �1 1

are the transfer-function matrices from the input errors to the state-estimate errors.
Let the scalar output of interest be y d xT= ,  with x d m, � � 1.  Then, we have 

the following:

Y s H s W s H s V sY W Y V( ) ( ) ( ) ( ) ( )/ /� �

where:

H s d H s H s d H sY W
T

X W Y V
T

X V/ / / /( ) ( ) ( ) ( ), 

In the proofs of Section 4, the “input error” can be any single element of the 
random vectors w  or v. We assume that (i) the elements of w  and v  are mutually 
independent and (ii) the filters H sX W/ ( )  and H sX V/ ( )  are designed via upper 
bounds on the PSDs of w  and v. Because the overall system is linear and d  can be 
any vector, the proofs are sufficient to guarantee that the variance of y —any scalar 
linear combination of the state-estimate errors—remains bounded for any linear 
combination of the elements of w  and v.


	High-Integrity Modeling of Nonstationary Noise Processes for GNSS/INS Integration
	Abstract
	Keywords
	1  INTRODUCTION
	2  OVERBOUNDING, AUTOCORRELATION FUNCTION BOUNDING, AND PSD BOUNDING
	3  ERROR CLASSIFICATION
	3.1  Stationary Error Processes
	3.2  Nonstationary Error Processes

	4  FREQUENCY-DOMAIN BOUNDING OF STATIONARY INPUT ERROR PROCESSES
	4.1  Time-Invariant KF with WSS Input
	4.2  Time-Varying KF with WSS Input
	4.3  Experimental Procedure

	5  FREQUENCY-DOMAIN BOUNDING OF NONSTATIONARY INPUT ERROR PROCESSES
	5.1  Slowly Varying ACF
	5.1.1  Theoretical Development
	5.1.2  Experimental Results

	5.2  Rapidly Varying ACF with a Time-Invariant PSD
	5.2.1  Theoretical Development
	5.2.2  Experimental Results
	5.2.3  PSD Estimation Challenges for Unstable Errors


	6  CONCLUSION
	Acknowledgment
	References
	APPENDIX A  RAPIDLY VARYING NONSTATIONARITY AND TIME-VARYING PSD: TROPOSPHERIC DELAYS DURING STORMS
	APPENDIX B  PROOF OF VARIANCE BOUNDS FOR ARBITRARY LINEAR COMBINATIONS OF STATE-ESTIMATE ERRORS




