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An Invariant Extended Kalman Filter for Indirect Wind Estimation
Using a Small, Fixed-Wing Uncrewed Aerial Vehicle

Zakia Ahmed

(ABSTRACT)

Atmospheric sensing tasks, including measuring the thermodynamic state (pressure, tem-

perature, and humidity) and kinematic state (wind velocity) of the atmospheric boundary

layer (ABL) can aid in numerical weather prediction, help scientists assess climatological

and topological features over a region, and can be incorporated into flight path planning

and control of small aircraft. Small uncrewed aerial vehicles (UAVs) are becoming an at-

tractive platform for atmospheric sensing tasks as they offer increased maneuverability and

are low-cost instruments when compared to traditional atmospheric sensing methods such as

ground-based weather stations and weather balloons. In situ measurements using a UAV can

be obtained for the thermodynamic state of the ABL using dedicated sensors that directly

measure pressure, temperature, and humidity whereas the kinematic state (wind velocity)

can be measured directly, using, for example, a five-hole Pitot probe or a sonic anemometer

mounted on an aircraft, or indirectly. Indirect measurement methods consider the dynamics

of the aircraft and use measurements from its operational sensor suite to infer wind velocity.

This work is concerned with the design of the invariant extended Kalman filter (invariant

EKF) for indirect wind estimation using a small, fixed-wing uncrewed aerial vehicle. Indi-

rect wind estimation methods are classified as model-based or model-free, where the model

refers to the aerodynamic force and moment model of the considered aircraft. The invariant

EKF is designed for aerodynamic model-free wind estimation using a fixed-wing UAV in

horizontal-plane flight and the full six degree of freedom UAV. The design of the invariant



EKF relies on leveraging the symmetries of the dynamic system in the estimation scheme to

obtain more accurate estimates where convergence of the filter is guaranteed on a larger set

of trajectories when compared to conventional estimation techniques, such as the conven-

tional extended Kalman filter (EKF). The invariant EKF is applied on both simulated and

experimental flight data to obtain wind velocity estimates where it is successful in providing

accurate wind velocity estimates and outperforms the conventional EKF. Overall, this work

demonstrates the feasibility and effectiveness of implementing an invariant EKF for aerody-

namic model-free indirect wind estimation using only the available measurements from the

operational sensor suite of a UAV.
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Zakia Ahmed

(GENERAL AUDIENCE ABSTRACT)

Atmospheric sensing tasks, such as obtaining measurements of the pressure, temperature,

humidity, and wind velocity of the atmospheric boundary layer (ABL), the lowest part of the

atmosphere, have historically been dominated by the use of ground-based weather stations

and deployment of weather balloons. Uncrewed aerial vehicles (UAVs) are emerging as an

attractive, cost-effective platform for measuring desired quantities in the ABL. A UAV pro-

vides increased maneuverability when compared to fixed ground-based sensors and weather

balloons as it can fly in different patterns and over any specified region within physical lim-

its. Measurements of the ABL can help atmospheric scientists improve numerical weather

prediction by providing more temporally and spatially dense data, in addition to helping

assess climatological or topological features such as how the flow of wind varies over differ-

ent types of terrain. A UAV can measure wind velocity directly or indirectly. Direct wind

velocity measurements require mounting a dedicated wind sensor on a UAV and indirect

measurement methods require only knowledge of the UAV’s motion model with measure-

ments from sensors already onboard to support automated flight. This work is concerned

with designing an estimator for indirect wind velocity estimation using a small, fixed-wing

UAV and only measurements from its operational sensor suite. The estimator, the invariant

extended Kalman filter, leverages the symmetries of the system to provide estimates of the

state or extended state of the system which can include position, velocity, and wind veloc-

ity. A system with symmetry is one that is unchanged by actions or transformations such



as translation and rotation. The knowledge that the system remains unchanged under some

transformations is used in the design of the invariant EKF. This estimator is then imple-

mented for indirect wind estimation on both simulated and experimental flight data where

it, in general, outperforms a conventional estimation method–the extended Kalman filter.

The work presented in this dissertation demonstrates the effectiveness of implementing an

invariant EKF for indirect wind estimation using a small, fixed-wing UAV and measurements

from its operational sensor suite.
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Chapter 1

Introduction

1.1 Motivation

Small UAVs are emerging as popular low-cost instruments in several applications such as

infrastructure inspection [1, 2], crop monitoring and smart spraying [3], package delivery

[4], and terrain mapping [5]. Atmospheric sensing is another prevailing application [6, 7,

8, 9, 10]. A UAV might also be used, for example, to measure the thermodynamic state

(pressure, temperature, and humidity, or PTH) and kinematic state (wind velocity) of the

atmospheric boundary layer (ABL). Using UAVs to sample the ABL can help scientists assess

or demonstrate climatological or topological features such as variations in flow over complex

terrain [7, 9, 11] or even aid in numerical weather prediction. Wind estimates obtained using

UAVs can be used to validate computational fluid dynamics models of wind in the wake of a

marine vessel [12, 13, 14] or can be incorporated into flight path planning and control [15].

Accurate, real-time wind velocity measurements are increasingly valuable in supporting safe,

reliable flight in the air mobility concept [16] where small aircraft take off and land at urban

vertiports.

Conventional methods for measuring PTH and wind velocity include ground-based weather

stations and deploying weather balloons equipped with radiosondes. These methods have

limited mobility as ground-based stations are fixed, and there is no control authority over

balloons. Small UAVs are a desirable low-cost, in situ measurement platform as they can

1



2 CHAPTER 1. INTRODUCTION

be deployed to sample the ABL at any time and over any specified location within physical

limits. Thus, UAVs can provide higher spatial and temporal resolution measurements of

the ABL. UAV-based measurements of PTH are obtained by directly mounting PTH sensors

onboard the aircraft. Wind velocity can be measured directly or indirectly, where direct wind

measurements are obtained by mounting a dedicated sensor such as a sonic anemometer

on the UAV. Direct wind measurement can provide accurate measurements, but it adds

weight and cost, and the measurements are sensitive to anemometer placement and base

vehicle motion [17]. Indirect wind velocity measurements are obtained using the standard

onboard sensor suite comprising a global navigation satellite system (GNSS) receiver, inertial

measurement unit (IMU), magnetometer, and pitot tube, along with a vehicle motion model

to estimate the wind velocity. The focus of this work is indirect wind inference using small

UAVs equipped with a standard onboard operational sensor suite.

Indirect wind velocity inference using UAVs can be further categorized as model-based and

model-free, or a combination of the two. Model-based wind estimation uses operational

sensor measurements and the aircraft dynamic model to determine wind velocity. Model-free

wind estimation methods do not require knowledge of the aircraft aerodynamic model and use

only operational sensor measurements to compute estimates of wind velocity. The methods

are combined with different estimation approaches including linear and nonlinear filters (for

random disturbances), deterministic observers, and machine learning methods. The former

two approaches include the KF, EKF, UKF, and deterministic (Luenberger) observer. This

work considers model-based wind estimation using a variation of the EKF called the invariant

EKF that leverages the symmetries of the dynamic system in its formulation. The invariant

EKF assumes the aerodynamic force and moment acting on the aircraft can be measured.

These estimates will then be used with the system dynamics and other measurements to

infer wind velocity.
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1.2 Scope of the Work

This work concerns indirect aerodynamic model-free wind estimation using small, fixed-wing

UAVs. The approach to wind inference explored is an invariant EKF where the motivation is

to answer the question: Is aerodynamic model-free wind estimation possible using the invari-

ant EKF where only measurements from the operational sensor suite of a fixed-wing UAV are

available? An invariant EKF is chosen as the estimator over a conventional EKF as it has

local convergence guarantees along so-called ‘permanent’ trajectories, which are explained in

the dissertation. First, a simple example of a small, fixed-wing UAV in horizontal-plane flight

is presented where the invariant EKF is applied for indirect wind estimation on the 3 degree

of freedom (DOF) system. This initial implementation of the invariant EKF proves that

the dynamics and measurements of the 3DOF system are SE(2)-invariant and equivariant,

respectively, and it demonstrates the applicability of the invariant EKF for wind estimation

on constant altitude flight. To extend this, the full 6DOF rigid body model of an aircraft

in wind is considered where the invariant EKF is used to estimate the extended aircraft

state, including wind velocity. It is proven that the aircraft dynamics are left-invariant and

that the measurements are equivariant with respect to the Lie group SE(3) of 6DOF rigid

motions. The results of wind estimation using both the invariant EKF and conventional

EKF on simulated flight data of a fixed-wing aircraft subject to 1D and 2D von Kármán

turbulence are presented. A sensitivity analysis is conducted to assess the performance of the

invariant EKF in the presence of high measurement noise. The invariant EKF is also applied

to experimental flight data collected by the Nonlinear Systems Laboratory using the MTD2

aircraft, a small, fixed-wing UAV. The aircraft dynamics, along with the estimated force

and moment and other measurements using the aircraft’s standard onboard sensor suite, are

used to infer wind velocity.
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1.3 Contributions

The main contributions of this work are:

1. An extensive literature review of indirect wind estimation methods where several works

were identified and categorized based on the type of estimator used, the aircraft con-

sidered, and whether the method used is model-based or model-free

2. A proof showing that the rigid body aircraft dynamics are left-invariant with respect

to the Lie group SE(3)

3. The design of an invariant EKF for wind estimation using small fixed-wing UAVs

4. Development of a wind estimation scheme that requires no aerodynamic force and

moment model

5. The first application of the invariant EKF to a fixed-wing UAV

Following is a list of publications that are a result of the work done in this dissertation:

1. Ahmed, Z., Halefom, M. H., and Woolsey, C. A., “A Tutorial Overview of Indirect

Wind Estimation Using Small Uncrewed Air Vehicles,” Journal of Aerospace Informa-

tion Systems, 2024. (To appear).

2. Ahmed, Z., and Woolsey, C. A., “The Invariant Extended Kalman Filter for Wind

Estimation Using a Small Fixed-wing UAV in Horizontal-Plane Flight,” AIAA SciTech

Forum, American Institute of Aeronautics and Astronautics, 2024.

3. Ahmed, Z., and Woolsey, C. A., “The Invariant Extended Kalman Filter for Wind

Estimation Using a Small Fixed-wing UAV,” 2024. (In preparation).
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4. Halefom, M. H., Ahmed, Z., and Woolsey, C. A., “An Experimental Comparison of

Wind Estimators for a Fixed-Wing Aircraft,” (In preparation).

5. Sakib, N., Ahmed, Z., and Woolsey, C.A., ”A Kalman Filter-based Predictor for 6

DOF Aircraft with Input and Output Delays,” CEAS EuroGNC Conference, 2024.

(Accepted).

6. Sakib, N., Ahmed, Z., and Woolsey, C.A., ”Performance Analysis of Three Predictors

for Mitigating Input and Output Time Delays”, 2024. (In review).

1.4 Organization

This dissertation is organized as follows. Mathematical preliminaries, including a discussion

on reference frames and a brief introduction to concepts from differential geometry, are pro-

vided in Chapter 2. A review of the literature on wind estimation and symmetry-preserving

observers is found in Chapter 3. The rigid body aircraft dynamics in wind and common

observers and estimators are given in Chapter 4. The left-invariant EKF is designed for

wind estimation for a small, fixed-wing UAV in horizontal-plane flight in Chapter 5. The

left-invariant EKF is designed for the full 6DOF UAV in Chapter 6 where it is applied

to infer wind from both simulated and experimental flight data. Conclusions are made in

Chapter 7.



Chapter 2

Mathematical Preliminaries

This chapter introduces concepts and notations used throughout the work presented in this

dissertation. A brief overview of rigid body kinematics and dynamics is presented along

with an introduction to ideas from geometric mechanics, including Lie groups. Common

background material on dynamics includes the works of Greenwood [18] and Hand and

Finch [19]. Discussions of concepts from geometric mechanics can be found in texts by

Holm, Schmah, and Stoica [20], Marsden and Ratiu [21], and Bullo and Lewis [22]. The

development of the invariant EKF designed in this dissertation for wind estimation also

relies on classical invariant theory which can be found in a text by Olver [23].

This chapter is organized as follows. Section 2.1 provides relevant concepts from dynamics

to define rigid body motion and derive the equations of motion of a rigid body. Section 2.2

briefly introduces geometric mechanics with a discussion on differential geometry, smooth

manifolds, and Lie group theory. Section 2.3 reviews the necessary concepts from classical

invariant theory used to develop the work in this dissertation.

2.1 Kinematics and Dynamics of a Rigid Body

This section presents the kinematic and dynamic equations of a rigid body. The configuration

of a rigid body is expressed by giving the location of the body and its orientation in space. To

define a body’s configuration, the necessary frames of reference must be established. Here,

6
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Figure 2.1: A compound pendulum with inertial frame fixed at the pivot O and body-fixed
frame at the center of gravity of the pendulum.

two frames of reference are introduced: the body-fixed frame and the inertial frame. The

body-fixed frame is fixed to the body at a specific reference point, for example, at the center

of gravity of a rigid body. The inertial frame is considered a fixed frame of reference and the

location and orientation of the body-fixed frame is expressed relative to it.

Example 2.1. Consider the compound pendulum system shown in Fig. 2.1. The body-fixed

frame is located at the center of gravity of the pendulum and is denoted by the orthonormal

pair {bx, by} and the inertial frame denoted by the orthonormal pair {ix, iy} is defined as

being fixed with its origin at the pivot O. The origin of the body-fixed frame is located at

the point
(
l
2

sin θ, l
2

cos θ
)

from O. The orientation of the body-fixed frame relative to the

inertial frame is given by the angle θ.

Next, the number of degrees of freedom of the dynamic system is defined. The degrees

of freedom of a system is the number of independent parameters required to specify its

configuration. Referring back to the compound pendulum example, the orientation given by

θ provides a complete description of the configuration of the pendulum. Thus, the compound
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pendulum is a 1DOF system. In general, a free rigid body with 6DOF is considered where

there are three translational DOF and three rotational DOF. The focus of this work is on

the kinematics and dynamics of a 6DOF fixed-wing aircraft, as such, moving forward this

will be the example system that is primarily referenced.

The 6DOF rigid body equations of motion describe the motion of a body-fixed frame with

respect to an inertial frame, where each is a right-handed three-dimensional reference frame

with mutually orthogonal axes. See Fig. 2.2. Two reference frames are used in this disserta-

tion:

• The inertial reference frame is represented by the orthonormal triad {i1, i2, i3}. It is

considered fixed, and its origin and orientation are arbitrary. In this work, the earth-

fixed frame is considered an inertial over short times and distances, relative to the

scale of the Earth’s motion. This reference frame is referred to as the North-East-

Down (NED) frame where the origin is a non-polar arbitrary point on Earth’s surface,

with the i1 axis pointing towards geographic north, the i2 axis pointing east, and the

i3 axis pointing down.

• The body-fixed reference frame is represented by the orthonormal triad {b1, b2, b3} with

its origin at the center of gravity of the rigid body. The b1 axis points out of the “front”

of the body, the b2 axis points out of the “right” side of the body, and the b3 axis points

down through the “underside” of the body, completing an orthonormal frame.

In this dissertation, the earth-fixed frame is considered an inertial frame and will be referred

to as such. A rotation matrix is used to describe the orientation of the body-fixed frame

with respect to the inertial frame. A proper rotation matrix R12 maps free vectors described

in frame 2 to frame 1, has determinant equal to 1, and its inverse is equal to its transpose,

i.e., R−1
12 = RT

12 where RT
12 = R21 where R21 maps free vectors from the 1 frame to the 2
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i2

i1

b1

b2

b3

i3

Figure 2.2: An illustration of an aircraft with body-fixed reference frame with origin at its
center of gravity and an inertial frame of reference.

frame.

A rotation matrix RBI maps free vectors from the inertial reference frame to the body-

fixed reference frame. The rotation matrix RBI is a proper rotation matrix in the special

orthogonal group SO(3). One can choose to parameterize the rotation matrix, for example,

using Euler angles for roll, pitch, and yaw, and considering a 3-2-1 rotation, as shown in

Fig. 2.3. It is described by, in order, rotation by an angle ψ about the i3 axis given by the

matrix exponential

eψî3 =


cosψ sinψ 0

− sinψ cosψ 0

0 0 1

 ,

then by an angle θ about the i′2 axis given by

eθî
′
2 =


cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

 ,
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and finally by an angle ϕ about the i′′1 axis given by

eϕî
′′
1 =


1 0 0

0 cosϕ sinϕ

0 − sinϕ cosϕ

 .

The hat operator in Fig. 2.3 denotes the cross-product equivalent matrix of a vector a ∈ R3.

i2

i1

i3

ψ

e
ψi3

e ψi3

e
θi2

'

e
θi2

'

e
φi1

''

e
φi1

''

RBI=

ψ

ψ

i ' 

θ i ' 

i ' 

θ

θ

i ''

''

i ''

φ

ψ

θ

b2

b3

ψ

φ
φ

Figure 2.3: An illustration depicting a 3-2-1 rotation about an inertial frame to obtain the
rotation matrix denoted RBI.

A vector cross product a× b can be represented by the product of a skew-symmetric matrix

and vector as a×b or (b×)Ta. The cross-product equivalent matrix of the vector a =

(a1, a2, a3)
T is

a× =


0 −a3 a2

a3 0 −a1

−a2 a1 0

 (2.1)

The cross-product equivalent matrix has a useful property where the cross-product equivalent
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matrix of a vector rotated by a proper rotation matrix R is equivalent to, in order, the

product of the rotation matrix, the cross-product equivalent matrix of the vector, and the

transpose of the rotation matrix, i.e.,

(Ra)× = Ra×RT

The rotation matrix RBI is then

RBI = eϕî
′′
1eθî

′
2eψî3

=


cos θ cosψ cos θ sinψ − sin θ

cosψ sin θ sinϕ− cosϕ sinψ sinϕ sin θ sinψ + cosϕ cosψ cos θ sinϕ

cosψ sin θ cosϕ+ sinϕ sinψ sin θ cosϕ sinψ − sinϕ cosψ cos θ cosϕ

(2.2)

As explained earlier, the rotation matrix RBI maps free vectors in the inertial frame to the

body-fixed frame. The matrix RIB = RT
BI maps free vectors in the body-fixed frame to the

inertial frame.

The kinematic equations of a system describe how the configuration of a system changes

over time as a function of the system’s velocity. For the 6DOF aircraft, the configuration is

given by the position and orientation of the aircraft with respect to the inertial frame. The

position and orientation of the aircraft in the inertial frame are given by X = (X,Y, Z)T

and RIB, respectively. Consider an aircraft with some translational velocity v and angular

velocity ω expressed in the body-fixed frame. The translational and rotational velocities in

the inertial frame are given by

d

dt
X = RIBv (2.3)

d

dt
RIB = RIBω

× (2.4)
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Equation (2.4) can be simplified and written as three differential equations in terms of Euler

angle rates instead of as a matrix differential equation given by


ϕ̇

θ̇

ψ̇

 =


1 sinϕ tan θ cosϕ tan θ

0 cosϕ − sinϕ

0 sinϕ sec θ cosϕ sec θ


︸ ︷︷ ︸

LIB

ω (2.5)

where the Euler angles are the roll, pitch, and yaw angles Θ = (ϕ, θ, ψ)T. The matrix

LIB maps the angular velocities expressed in the body-fixed frame to the Euler angle rates
d
dt
Θ = (ϕ̇, θ̇, ψ̇)T. An issue that arises with Eq. (2.5) is that it faces singularity when

the pitch angle θ passes through ±π. A fixed-wing aircraft does not typically approach

θ = ±π, as such, the Euler angle parameterization of the rotation matrix is used. Other

parameterizations of the rotation matrix one can adopt that avoid the singularity include

unit quaternions and Modified Rodrigues Parameters. The focus of this dissertation is on

fixed-wing aircraft, thus the Euler angle parameterization is adopted throughout the work.

The dynamic equations of a system represent the forces acting on the system over time.

Consider a 6DOF rigid body with translational momentum p = mv and angular momentum

h = Iω defined at the center of mass of the body with respect to the inertial frame. The

body has mass m and matrix moments of inertia in the body-fixed frame I. Using Newton’s

second law of motion the dynamics are

d

dt

∣∣∣∣
Inertial

p = RBIF = ṗ+ ω × p

d

dt

∣∣∣∣
Inertial

h = RBIM = ḣ+ ω × h

where the inertial vectors F andM are the sum of external forces and total external moment
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about the body’s center of mass, respectively. The equations of motion in the body-fixed

frame are then given by

mv̇ + ω ×mv = f (2.6)

Iω̇ + ω × Iω = m (2.7)

where f = RBIF and m = RBIM . For a rigid aircraft, the sum of forces acting on the

body f can be expressed as the sum of the force due to the acceleration of gravity and

aerodynamic forces given by

f = RT
IBmg + fA

where g = (0, 0, g)T, g is the acceleration due to gravity, and fA is the aerodynamic force

expressed in the body-fixed frame. The kinematics and dynamics of a 6DOF rigid fixed-wing

aircraft are then Eqs. (2.3), (2.5), (2.6), and (2.7).

2.2 A Brief Introduction to Geometric Mechanics

A brief introduction to geometry mechanics and symmetry is provided adapting definitions

from Holm, Schmah, and Stoica [20]. Marsden and Ratiu [21], Bullo and Lewis [22], Murray,

Li and Sastry [24], and Boothy [25] are additional references for an introduction to differential

geometry.

The configuration of a system can be described as a point in a smooth manifold. A topological

space called a manifold is a smooth curve, surface, or higher dimensional space where there

exist consistent local coordinate charts. An n-dimensional manifold M has the following

properties [25]:
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1. M is Hausdorff,

2. M is locally Euclidean of dimension n, and

3. M has a countable basis of open sets.

Per the above properties, an n-dimensional manifold M is locally homeomorphic to Rn. That

is, there exists a continuous map with a continuous inverse from some open neighborhood of

a point in M to an open neighborhood in Rn. A local coordinate chart is a pair (ϕ, U) where

ϕ is a homeomorphism that maps an open set U of M to an open subset of Rn. Consider

another local coordinate chart (ψ, V ). If ψ−1 ◦ ϕ is a diffeomorphism, a differentiable map

with a differentiable inverse, then two overlapping charts (ϕ, U) and (ψ, V ) are C∞ related.

If the manifold M can be covered by a collection of C∞ related charts, called a smooth atlas,

then it is said to be a smooth manifold.

Example 2.2. The unit circle S1 = {x ∈ R2 : ∥x∥ = 1} = f−1(1) where f(x) = f(x1, x2) =

x21+x
2
2 is a 1-dimensional manifold. S1 is a subset of a Hausdorff space (R2) and is thus also

a Hausdorff space, it is locally homeomorphic to R1 (a small piece of the unit circle looks

like a small piece of the real line), and has a countable basis of open sets.

Consider a dynamical system, more specifically a particle, whose configuration space is the

smooth manifold M . The particle may take some path p(t) ∈ M where p(t) is the position

of the system at time t. Then the velocity vector at time t is the derivative of p(t) given

by ṗ(t). The vector ṗ(t) is the tangent vector to M at p(t) ∈ M . For a given point q ∈ M ,

the set of all tangent vectors based at q corresponds to the set of all possible paths in M

that pass through the point q. The set of all tangent vectors based at point q ∈M is called

tangent space of M at q denoted TqM . An illustration of the tangent space TqM is given in

Fig. 2.4.
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M

TqM

Figure 2.4: An illustration showing TqM , the tangent space based at the point q on the
manifold M .

The tangent bundle of M , denoted TM , is the union of all tangent spaces to M and forms a

2n-dimensional manifold. The tangent bundle is the space of all possible configurations and

velocities of a dynamical system. A common way to refer to a point on a manifold and its

tangent space is to call them base and fiber coordinates where a “fiber” is the tangent space

in TM and the base point is the corresponding point in the manifold M .

The equations of motion of a dynamical system may be defined with respect to some smooth

manifold M describing the configuration of the system. A vector field X is a map X :

M → TM that assigns a tangent vector X(q) ∈ TqM ∀q ∈ M . A smooth vector field is a

vector field that is a smooth map from the manifold M to the tangent bundle TM . The

vector space of all smooth vector fields on M is denoted X(M). For a dynamical system with

configuration manifold M , one may think of the vector field X written in coordinates as the

ordinary differential equations that describe the motion of the system. A differentiable map

c : I → M where I is an open interval in R that satisfies ċ(t) = X(c(t)) for all t ∈ I is an

integral curve of X. Integral curves are also called solution curves or trajectories of the vector

field X. The flow of a vector field X on a manifold M is a differentiable map ϕ : U × I →M

over an interval I ⊆ R containing 0 and U is an open subset of M such that ϕu(t) := ϕ(u, t)

is an integral curve of X with ϕu(0) = u for all u ∈ U .
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A group G is a set of elements with a binary operation G×G→ G that satisfies the following

properties:

1. (gh)k = g(hk) for all g, h, k ∈ G (associative property);

2. there is an identity element e ∈ G, satisfying g = eg = ge for all g ∈ G; and

3. an inverse element g−1 exists for all g ∈ G satisfying gg−1 = g−1g = e.

Additionally, the group is called commutative or Abelian if gh = hg for all g, h ∈ G. A matrix

group is a subset of M(n,R) or M(n,C) that satisfies the properties of being a group where

the group operation is matrix multiplication.

To generalize the concept of a matrix Lie group, Lie groups are introduced. A Lie group

is a smooth manifold that also satisfies the group axioms that the operations of group

multiplication and inversion are smooth. Lie groups whose elements are represented as

matrices are called matrix Lie groups. A matrix Lie group is a matrix group that is also a

submanifold of M(n,R) or M(n,C). In other words, a matrix Lie group G is a differentiable

manifold equipped with matrix multiplication as the group action where group multiplication

and inversion are smooth. In addition, a matrix Lie group must include the identity matrix

I to satisfy the group conditions. Each element in a Lie group may represent a configuration

or a transformation that maps one configuration to another. For any matrix Lie group G,

a matrix Lie algebra denoted g is the tangent space to G at the identity element I, TIG. A

matrix Lie algebra is defined as a vector subspace of M(n,R) or M(n,C) for some n, with

matrix addition and scalar multiplication, that is also closed under the matrix commutator.

The matrix commutator of any pair of n × n matrices A and B is [A,B] := AB − BA.

The group of proper rotation matrices is the matrix Lie group SO(3), the special orthogonal

group comprising 3 × 3 matrices whose inverse is their transpose and with determinant 1.
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The Lie algebra of SO(3) is so(3) which is the space of 3×3 skew-symmetric matrices. Every

matrix Lie group is also a Lie group where matrix multiplication is the group operation.

A property of a Lie group is that an entire atlas may be constructed given a local coordinate

chart. The operation of group multiplication allows for this. For a Lie group G with elements

g, a left translation by g is the map

Lg : G→ G, h→ Lg(h) := gh

A left translation and its inverse are smooth. A right translation by g is the map

Rg : G→ G, h→ Rg(h) := hg

A Lie algebra is a vector space A with a bilinear operation (v, w) ∈ A × A → [v, w] ∈ A,

called the bracket, such that

1. [v, w] = −[v, w] for all v, w ∈ V (skew-symmetry)

2. [[v, w], u] + [[u, v], w] + [[w, u], v] = 0 for all u, v, w ∈ V (Jacobi identity)

An example of a Lie algebra is a vector space X (M) of all smooth vector fields on a smooth

manifold M with the Jacobi-Lie bracket (in local coordinates) [X,Y ] = X · ∇Y − Y · ∇X.

The left extension of any ξ ∈ TeG is the vector field XL
ξ given by

XL
ξ (g) := TeLg(ξ)

where the tangent map TeLg shifts vectors based at e to vectors based at g ∈ G. A vector
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field X : G→ TG, h→ X(h), is called left-invariant if

ThLg(X(h)) = X(Lg(h)) = X(gh), for all g, h ∈ G.

A smooth left action of a Lie group G on a manifold M is a smooth mapping ϕ : G×M →M

such that

1. ϕ(e, x) = x for all x ∈M ,

2. ϕ(g, ϕ(h, x)) = ϕ(gh, x) for all g, h ∈ G and x ∈M , and

3. For every g ∈ G, the map ϕg :M →M , defined by

ϕg(x) := ϕ(g, x)

is a diffeomorphism.

A smooth right action of a Lie group G on a manifold M is a smooth mapping ϕ : G×M →M

satisfying the same conditions as a smooth left action, except that condition (2) is replaced

by:

2. ϕ(g, ϕ(h, x)) = ϕ(hg, x) for all g, h ∈ G and x ∈M .

Convenient notation for a left action is

gx := ϕg(x) = ϕ(g, x),

and for a right action is

xg := ϕg(x) = ϕ(g, x).
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According to [20], any left action gives gx gives rise to a right action g−1x, and vice versa,

where any right action xg gives rise to a left action xg−1.

A function f is said to be invariant with respect to the action ϕ of the Lie group G, if for

every g ∈ G, the map ϕg is a symmetry of f , i.e.,

f ◦ ϕg = f

The group G is called a symmetry group of f . Suppose G acts on two manifolds M and N .

A map h :M → N maps an element x ∈M to the manifold N and is said to be equivariant

with respect to the action of G, if for all g ∈ G and x ∈M ,

h(gx) = gh(x)

2.3 A Basic Overview of Classical Invariant Theory

An overview of concepts from classical invariant theory is provided in this section following

the discussion by Olver [23]. The discussion of classical invariant theory aids in under-

standing the design of symmetry-preserving observers introduced by Bonnabel et al. in [26],

the foundation for the invariant EKF, and a focus of this work. Topics discussed include

transformation groups, symmetry groups, group orbits, and normalization.

A transformation group acting on a space X is a group homomorphism ρ : G → G(X)

mapping a group G to the group of invertible maps on X. That is, each element g ∈ G

induces an invertible map ρ(g) : X → X. For this mapping to be a group homomorphism,

the mapping ρ must satisfy the group properties of associativity, containing an identity

element and an inverse element. A transformation group is called a symmetry group if an
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object is fixed under the action of the transformation group. More specifically, for a subset

Y of X, Y ⊂ X, a symmetry of Y is an invertible transformation ϕ : X → X that leaves Y

unchanged, i.e., ϕ(Y ) = Y . The symmetry group of Y is the collection of all symmetries of Y

which form a subgroup of the group of all invertible transformations on X. A transformation

group G is a symmetry group of the subset Y if each element g ∈ G is a symmetry. Then Y

is called a G-invariant subset of X.

An orbit of a transformation group is a minimal nonempty invariant subset. A fixed-point is

a G-invariant point x ∈ X such that g · x = x.

Example 2.3. Consider actions by the space of planar rotations SO(2) on elements of

(x, y) ∈ R2\{0}. Orbits of the transformation group SO(2) are circles of radius r =
√
x2 + y2

centered at the origin.

Let G be a transformation group acting on the space X. An invariant is a real-valued

function I : X → R which satisfies I(g · x) = I(x) for all g ∈ G. The following are

equivalent:

1. I is a G-invariant function.

2. I is constant on the orbits of G.

3. All level sets {I(x) = c} are G-invariant subsets of X.

Example 2.4. For the action of the group of planar rotations SO(2) on R2, the radius

r =
√
x2 + y2 is an invariant function. The invariant function r distinguishes between the

orbits: two points lie in the same orbit if they have the same value r.

Consider the action of a Lie group G on an n-dimensional manifold M with s-dimensional

orbits. A local cross-section is an (n − s)-dimensional submanifold K ⊂ M such that K
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intersects each orbit transversally and at most once. That is, K does not share any common

tangent directions of the orbits of M .

Let G act on M so that the orbits have the same dimension m as G. A coordinate cross-

section, defined by m coordinates, K = {x1 = c1, · · · , xm = cm} is chosen. Let g =

(g1, · · · , gm) on G be local coordinates in a neighborhood of the identity element. The

formulae for the group transformations are then written as x̄ = g · x = w(g, x) in the given

coordinates. The normalization equations for the coordinate cross-section are obtained by

equating the first m components of the function w to the given constants,

x̄1 = w1(g, x) = c1, · · · , x̄m = wm(g, x) = cm,

where the constants (c1, · · · , cm) must lie in the range of the function w. The assumption

that K is a cross-section allows for the invocation of the Implicit Function Theorem which

implies that the normalization equations can be locally solved for the group parameters in

terms of the coordinates x. The solution is written as g = γ(x) where the resulting map

γ :M → G is the moving frame associated with the given cross-section.

The moving frame defining the group element g = γ(x) maps the point x to its canonical

form k ∈ K where

k = γ(x) · x = w(γ(x), x).

The components of the canonical form k are the invariants defined by the given cross-section.

For the given cross-section, the first m components of k are the normalization constants

(c1, · · · , cm), and the remaining (n−m) components provide a complete set of functionally

independent invariants. Theorem 8.25 in [23] states that given a Lie group action and a

coordinate cross-section, and the solution to the normalization equations g = γ(x), the
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functions

I1(x) = wm+1(γ(x), x), · · · , In−m(x) = wn(γ(x), x),

are a complete system of functionally independent invariants for the action of the Lie group

G. The functions I1, · · · , In−m are obtained by substituting the moving frame formulae into

the remaining n−m components of the function w.



Chapter 3

Literature Review

The design of an invariant EKF for indirect wind estimation using a small UAV requires

background knowledge in both wind estimation and symmetry-preserving observers. Wind

estimation methods include direct and indirect estimation, where direct estimation involves

mounting a dedicated wind sensor, such as an anemometer, on the aircraft to measure the

wind velocity. Indirect wind estimation methods consider the aircraft’s motion in response

to wind disturbances. Indirect methods can be categorized as model-based, model-free, and

combined where model-based wind estimation relies on knowledge of the aircraft’s aero-

dynamic force and moment models and model-free wind estimation does not. Combined

methods may use some pseudo-measurements or assumed force and moment models with-

out knowledge of the true or most correct models. A detailed overview of indirect wind

estimation literature follows the survey paper [27] and is provided in Section 3.1.

Indirect wind estimation methods require the implementation of an estimation scheme to

estimate the extended state of the UAV. Common estimators used in indirect wind estimation

include the KF, EKF, and UKF. The focus of this work is the design and implementation

of the invariant EKF which is based on the work of Bonnabel et al. in [26]. The invariant

EKF leverages the symmetries of a system to obtain state estimates. The relevant literature

and applications related to symmetry-preserving observers, including the invariant EKF are

discussed in Section 3.2.

23
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3.1 Wind Estimation

Wind field estimation using UAVs can be accomplished by measuring the relative wind

velocity directly or by inferring the wind velocity from the aircraft’s motion. Wind estimates

obtained using indirect methods are validated by comparing the obtained estimates with

a truth source, such as wind measurements from a sonic anemometer or an air data unit

installed on the aircraft [28]. Given the measurements or estimates of the inertial velocity and

the air-relative velocity, the wind velocity can be obtained from the wind triangle relationship

in Figure 3.1.

Figure 3.1: An illustration of the wind triangle including AoA and AoS.

The wind field can be separated into steady and turbulent wind components. Turbulence

models can be incorporated into wind estimation algorithms. They are also used to construct

realistic wind simulations as truth models to evaluate the quality of wind estimates obtained

using different algorithms. When considering turbulent wind field effects on aircraft motion,

the Dryden and von Kármán turbulence models for clear air turbulence are commonly used

[29]. They can be used to model the dynamics of the wind in model-based wind estimation



3.1. WIND ESTIMATION 25

as in [30], for example, where the Dryden model is used. Other turbulence models exist,

such as the Kaimal [31] and Mann [32] turbulence models, but to the author’s knowledge

they have not been employed for wind estimation using UAVs. Turbulent wind can also be

modeled as a simple Gauss-Markov sequence as in [33].

Indirect wind estimation methods using UAVs to solve the wind triangle relationship can be

categorized as model-based and model-free. Model-based methods use the aircraft’s kine-

matic and dynamic equations to estimate components of the wind vector whereas model-free

methods do not require knowledge of the aircraft’s dynamic model. These methods are cou-

pled with different types of estimators to compute components of the wind vector and they

require measurements from various operational sensors onboard a UAV. The UAVs used for

wind estimation are typically equipped with a GNSS receiver that provides position and

velocity with respect to the NED frame, an IMU that provides the aircraft’s specific acceler-

ation and angular velocity, a 3-axis magnetometer that provides heading, and a Pitot probe

to measure airspeed. Additionally, aircraft may be instrumented with flow vanes or multi-

hole Pitot probes to obtain AoA and AoS measurements. A sensor that provides airspeed,

AoA, and AoS is referred to as an air data sensor (ADS).

Existing work on wind estimation formulations and different estimation techniques is sum-

marized in Table 3.1. Table 3.1 also includes existing work where model-based and model-free

methods are combined for wind estimation. Combined methods seek to use some knowledge

of an aircraft’s aerodynamic model and alleviate some restrictions from model-free estima-

tion methods such as the requirement for persistent excitation of the aircraft to resolve 3D

air relative velocity when 3D measurements are not available.

Model-based Methods

Model-based wind estimation methods rely on knowledge of the aircraft flight dynamic
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Table 3.1: Summary of reviewed indirect wind estimation formulation and filtering methods
using small UAVs. The symbols denote the type of aircraft used: = fixed-wing, =
multirotor, and = lift+cruise.

Estimator Model-based Model-free Combined

KF

Hattenberger et al. [34]
Langelaan et al. [35]

Xiang et al. [36]
Petrich et al. [37]

Balmer et al. [38]

EKF

Chen et al. [39] (IEKF)
Lie et al. [40]

Pappu et al. [41]
Sun et al. [42]
Tian et al. [43]

Torgesen et al. [13]

Cho et al. [44]
Rautenberg et al. [45]

Zhang et al. [46]
Wenz et al. [47]

UKF

Condomines et al. [48]
Cooper et al. [49]

Larrabee et al. [50]
Lee et al. [51]

Rhudy et al. [52, 53, 54]

Rhudy et al. [54]

Deterministic
Observer

Asignacion et al. [55]
González-Rocha et al. [56, 57, 58]

Borup et al. [59]

Other

Azid et al. [60] (UIO)
Hong et al. [61] (T-MPSP)

Kumar et al.[12] (APF)
Langelaan et al. [62]

Marinescu et al. [63] (GPR)
Meier et al. [64]

Neumann et al. [65] (Tilt)
Palomaki et al. [66] (Tilt)

Perozzi et al. [67] (FTE)
Salazar et al. [68]

Segales et al. [10] (Tilt)
Shelekhov et al. [69] (Tilt)

Velasco et al. [70]
Wenz et al. [30] (MHE)

Witte et al. [71] Benders et al. [15](MHE)
Wenz et al. [30](MHE)

model. Developing this model can involve ground testing to determine inertial properties,

wind tunnel testing to determine propulsion models [48], and experimental and computa-

tional model identification to determine the aerodynamic force and moment structure and

parameters [58, 72]. Model-based wind estimation schemes can be applied to deterministic

or non-deterministic systems which use linear or nonlinear dynamic models. Deterministic

observer-based wind estimation is applied to a deterministic system model. A Luenberger
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observer, for example, can be used when the nonlinear flight dynamic equations are lin-

earized about a nominal trajectory. The KF is also applied to a linearized flight dynamic

model, but one in which random forcing makes the system non-deterministic. The EKF and

invariant EKF-based wind estimation schemes are applied to nonlinear, non-deterministic

systems. Other methods of wind estimation include optimization techniques, which rely on

solving nonlinear optimal control problems, and include multi-objective optimization and

model predictive static programming (MPSP).

References [10, 65, 66, 69] introduce tilt-based methods (denoted “tilt” in Table 3.1) for wind

estimation using multirotor aircraft. The tilt-based wind estimation scheme is based on the

deviation of the multirotor attitude from level when it hovers in place. It is assumed that

the deviation is a result of a wind disturbance. This method requires only attitude and posi-

tion data from the GNSS and IMU sensors onboard the multirotor aircraft. Palomaki et al.

compare direct wind measurements using a sonic anemometer mounted on a hexacopter to

indirect model-based estimation using attitude data from a quadcopter using only hovering

flight [66]. Segales et al. fly the CopterSonde, a multirotor aircraft developed for remote

sensing in the atmospheric boundary layer, to obtain experimental 2D estimates of the wind

based on tilt measurements [10]. The wind velocity is calculated using pitch angle mea-

surements by programming the CopterSonde to hover in “wind vane” mode where it orients

itself to face the wind, keeping its roll angle near zero. Neumann et al. identify a quad-

copter aerodynamic model with wind tunnel testing and perform tilt-based real-time wind

estimation [65]. They solve the wind triangle relationship for the wind velocity using GNSS-

based inertial velocity measurements and estimate air-relative velocity using the identified

aerodynamic model with IMUand magnetometer measurements. Shelekhov et al. estimate

atmospheric turbulence using three commercial off-the-shelf multirotor aircraft in hover at

different vertically spaced points [69]. The time histories and spectral content of the quad-
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copter wind estimation results are compared with measurements from three anemometers

placed at different altitudes.

In [56, 57, 58] the wind is modeled as a deterministic process and the linearized equations

of motion of the system are used to obtain wind estimates using a deterministic observer.

González-Rocha et al. [57] present three quadrotor models: a kinematic particle model, a

dynamic particle model, and a rigid body model. In [57], 2D estimates of the wind are

obtained using both the kinematic and dynamic particle models by directly solving the wind

triangle relationship for wind velocity using measurements of inertial and air-relative velocity

from GNSS, IMU, magnetometer, and barometer data. In [58], the authors compare wind

velocity estimates obtained using the three quadcopter models to measurements from a sonic

anemometer. The rigid body model of the aircraft is linearized about steady straight and

level forward flight and the state is augmented to include the wind velocity, assuming the

wind to be slowly varying compared to the aircraft motion. It was found that increasing

the fidelity of the model resulted in more accurate wind speed estimates, with the rigid

body model providing the best wind speed estimates. In [56] the rigid body model is used to

estimate wind velocity with a quadcopter in hover and in steady ascent where the quadcopter

aerodynamic force and moment models were identified using stepwise regression and output

error parameter estimation using flight test data. This study also assumed the wind to

be slowly varying compared to the aircraft and compared wind velocity estimates in hover

and steady ascent to wind velocities measured using sound detecting and ranging (SoDAR).

The dynamic particle model of a multirotor is also used in [34] where wind estimation

assuming a slowly varying wind field relative to the aircraft is presented using a KF along

with a parameter identification method to estimate the drag model of the aircraft. Xiang

et al. present quadcopter-based wind estimation using a KF where estimates were obtained

experimentally with the quadcopter in steady flight in a straight line and in a steady hover
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[36]. The estimates obtained in hover were in closer agreement with measurements obtained

using digital anemometers attached to masts in the test environment.

Model-based wind estimation methods using either KFs or EKFs are applied in [34, 35, 36, 37,

39, 40, 42, 43] where both filters rely on linearizing the nonlinear system equations. The KF

relies on linearization of the nonlinear equations of motion about a nominal state. The EKF

requires linearizing the nonlinear system at each time step about the current best estimate

of the state. Petrich et al. use a two-state KF that initially generates a GNSS-based position

estimate and then estimates orientation, airspeed, angular rate, and 3D wind velocity based

on measurements from an IMU and an air data sensor under the assumption of a constant

wind field [37]. Langelaan et al. assume a polynomial structure for the wind to simplify the

parameter estimation method which allows implementation of a KF for state estimation [35].

The motivation for obtaining wind estimates is to be able to query the wind field in real-time

to facilitate autonomous dynamic soaring. Torgesen et al. estimate steady and turbulent

air wake stream components using an error-state Kalman filter for a hexacopter tethered

behind a cruising vessel [13]. Chen et al. design an invariant EKF (denoted “IEKF” in

Table 3.1) that leverages the invariant dynamics of quadcopter kinematics and translational

dynamics to obtain estimates with errors that are realistic with respect to the symmetries

exhibited by the system [39]. Tian et al. propose an estimation method modeling the wind

as a random walk process using two EKFs where the first EKF estimates AoA and AoS and

the second estimates air-relative velocity, orientation, and wind velocity using measurements

from GNSS, IMU, and a Pitot probe [43]. In [42], Sun et al. propose wind estimation,

where the wind is modeled as a random walk process, using a tail-sitter UAV that is able

to operate in three flight regimes: rotary, transitional, and wing-borne flight. They use the

cascaded EKF structure from [40]. Pappu et al. use an EKF to estimate wind gusts with

a quadcopter in hover using only GNSS, IMU, and control actuation sensors assuming that
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gusts can be represented by filtered white noise [41]. Lie et al. present a wind estimation

method that relies only on GNSS and inertial navigation system (INS) measurements using

a cascaded EKF structure under the assumption of small AoA and constant thrust [40].

The invariant EKF is used for model-based wind estimation in [48, 49, 50, 51, 52, 53].

The invariant EKF does not require analytical linearization of the nonlinear equations of

motion about a nominal state. Condomines et al. present wind estimation and aircraft

parameter identification based on flight experiments using a fixed-wing UAV where a square

root invariant EKF-based approach is proposed for simultaneous aircraft air-relative velocity

and wind velocity estimation assuming the spatial gradient of the wind field to be zero [48].

Larrabee et al. investigate the use of a stand-alone invariant EKF and a cooperative UKF

for a leader-follower formation of fixed-wing aircraft where the follower senses the wake of

the leader [50]. Rhudy et al. estimate wind velocity and acceleration components assuming

the wind acceleration is a random walk process using a UKF in [52] and in [53] UKF-based

wind estimates are compared under two different models for the random wind variations: (1)

a random walk and (2) a Gauss-Markov process. Lee et al. use a square-root UKF for wind

and aircraft state estimation where the aircraft is exposed to time-varying prevailing wind

and turbulence modeled using the Dryden turbulence model and both the wind velocity and

its derivative are estimated [51]. Cooper et al. perform quadcopter wind estimation with a

UKF where the motivation is to use wind estimates in a source localization algorithm in two

scenarios: (1) a hovering quadcopter and (2) a quadcopter that hovers for 10 seconds then

moves to a sequence of two waypoints, loitering at each for 10 seconds [49]. In this work,

a flight dynamic model is identified which incorporates rotor blade flapping motion using

blade element theory.

Optimization techniques such as multi-objective optimization and model predictive static

programming (MPSP) are also employed in model-based wind estimation in [70] and [61, 73],
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respectively. In [70], Velasco-Carrau et al. use multi-objective optimization (MO) for wind

estimation and aircraft model identification where an aircraft model structure is provided

and MO provides wind speed estimates that are used in model structure determination to

correct airspeed-dependent terms and minimize the defined cost functions. Hong et al. use

generalized MPSP (G-MPSP) in [73] and tracking MPSP (T-MPSP) in [61] to estimate 3D

wind without requiring any airspeed measurements. The G-MPSP approach in [73] considers

the wind as a virtual input to the model and uses measurements from a previous finite horizon

of 0.2 seconds to reduce terminal errors using the measured and predicted states. In [61], the

wind vector is estimated by considering it to be an input to the aircraft model that results

in reduced error between the aircraft’s measured and predicted kinematic states.

Other model-based wind estimation methods include frequency-based wind gust estimation

using a nonlinear disturbance observer [55], wind gust estimation with a quadrotor in a quasi-

hover using an unknown input observer (UIO) [60], direct computation of the wind velocities

[62], wind velocity estimation using Gaussian process regression (GPR) [63], estimating

time-varying wind parameters from quadrotor data using finite time estimation (FTE) [67],

and wind velocity and aircraft aerodynamic coefficient estimation using a moving horizon

estimator (MHE) [30].

Model-free Methods

Wind estimation methods that do not require a flight dynamic model are referred to as

model-free methods. Model-free methods typically rely on airspeed measurements from a

Pitot probe and inertial velocity from GNSS. These methods are attractive because they do

not require a lengthy model identification effort. However, model-free estimation methods

typically require persistent excitation of the aircraft motion to resolve the air-relative ve-

locity from the scalar airspeed measurement provided by the Pitot probe. Model-free wind

estimation with UAVs is used in [38, 44, 45, 46, 71].
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The combination of operational sensors available on an aircraft guides the selection of a

wind estimation approach. The different combinations of operational sensor suites and wind

estimation methods described in the literature reviewed here are shown in Table 3.2. Model-

free wind estimation methods typically rely only on GNSS and Pitot probe data, as described

in [44] and [38]. Cho et al. describe model-free wind estimation where the aircraft is equipped

with a single GNSS antenna/receiver and a Pitot probe [44]. They assume a constant 2D wind

field and enforce persistent excitation of the aircraft motion, in the form of banking turns

and circling maneuvers, to resolve the air-relative velocity and the wind velocity using an

EKF. Balmer et al. adopt a KF to obtain wind estimates [38]. They assume a constant wind

field and provide their algorithm with pseudo-measurements of AoA and AoS to calculate

the air-relative velocity. These pseudo-measurements are the equilibrium values of AoA and

AoS for the aircraft, assuming that pitch and yaw stability ensures only small deviations

from these equilibrium values. This approach allows the authors to remove the requirement

for persistent excitation or attitude variations typically seen in model-free wind estimation.

In addition to GNSS and Pitot probe measurements, instrumentation for model-free wind

estimation can include IMU, magnetometer, and/or ADS data. Reference [45] describes

wind estimation from data obtained using a fixed-wing UAV equipped with a multi-hole

Pitot probe, an IMU, and a GNSS receiver. The authors compare the accuracy of estimates

obtained when incorporating the air-relative velocity measurements in the filter with the ac-

curacy of estimates obtained when omitting flow sensor data and using persistent excitation.

Zhang et al. require GNSS, IMU, Pitot probe, and barometric pressure measurements for

online calibration of a Pitot probe and wind field estimation with a quadcopter in hovering

flight [46]. Witte et al. use GNSS, IMU, magnetometer, and a multihole Pitot probe data

from a fixed-wing UAV to obtain wind velocity estimates where the GNSS measurements

provide inertial velocity and the multihole Pitot probe provides the three components of air-
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Table 3.2: Existing wind estimation formulations and operational sensor suite, where ∗

indicates reference also uses linear optical sensor arrays, ∗∗ indicates reference also uses
control inputs, ∗∗∗ indicates reference also uses a range sensor, † indicates reference uses
a barometer and vision-based prose, and ‡ indicates reference also uses a multi-hole Pitot
probe.

Sensors Model-based Model-free Combined
IMU only Segales et al. [10]
IMU and

magnetometer Palomaki et al. [66]

GNSS and
Pitot probe

Hattenberger et al. [34]
Hong et al. [61]

Balmer et al. [38]
Cho et al. [44]

GNSS and
IMU

Cooper et al.∗∗ [49]
Pappu et al.∗∗ [41]
Phelps et al. [14]
Salazar et al. [68]

Sun et al. [42]
Tian et al. [43]

Torgesen et al.† [13]
Velasco-Carrau et al.∗∗ [70]

Xiang et al.[36]

GNSS, IMU,
and magnetometer

Chen et al. [39]
Perozzi et al. [67]
Kumar et al.∗ [12]

GNSS, IMU,
barometer,

and magnetometer

González-Rocha et al. [56, 57, 58]
Neumann et al. [65]
Shelekhov et al. [69]

GNSS, IMU,
and Pitot probe

Condomines et al. [48]
Lie et al. [40] Rautenberg et al. [45]

Benders et al. [15]
Borup et al. [59]

Wenz et al. [30, 47]

GNSS, IMU,
Pitot probe,

and magnetometer

Azid et al. [60]
Langelaan et al. [35, 62]

Marinescu et al. [63]
Meier et al. [64]

Witte et al.‡ [71]
Zhang et al. [46]
(w/ barometer)

GNSS, IMU,
and ADS

Larrabee et al. [50]∗∗∗
Petrich et al. [37]

Rhudy et al. [52, 53, 54]
Rhudy et al. [54]

GNSS, IMU, ADS,
and magnetometer Lee et al. [51]

relative velocity. These measurements, along with an attitude estimate from the IMUand

magnetometer, allow one to solve the wind triangle for the wind velocity [71]. In [54], Rhudy

et al. present four different formulations for wind estimation using a UKF with two model-

free methods, one of which is based on the work in [44], and two model-based methods. They
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use GNSS, IMU, and ADS measurements in their estimation algorithms.

Combined Methods

In the literature reviewed here, the combined wind estimation methods used either EKFs

[47], deterministic observers [59], or moving horizon estimators [15, 30]. Wenz et al. use an

EKF with GNSS, IMU, and Pitot probe measurements to obtain steady wind and turbu-

lent fluctuation estimates [47]. Attitude changes are required during the flight to maintain

observability. Borup et al. implement a nonlinear observer for model-free wind estimation,

eliminating the persistent excitation requirement by incorporating a simple aerodynamic

model that is updated using propeller speed and Pitot probe measurements [59]. The au-

thors note that the simple, assumed aerodynamic model introduces errors into the estimates.

Benders et al. use a moving horizon estimator and combine wind velocity-based path plan-

ning with wind velocity estimation where wind is modeled using the Dryden turbulence

model [15]. This method requires aircraft attitude changes during the flight to maintain

observability. It is considered a combined method as the aerodynamic coefficients of the

aircraft are determined online rather than beforehand. Wenz et al. [30] model the wind

using the Dryden turbulence model and obtain wind velocity and turbulence estimates using

a moving horizon estimator where persistent excitation is required to distinguish between

changes in aerodynamic coefficients and the wind velocity.

3.2 Symmetry-Preserving Observers

The application of geometric mechanics and symmetry in the field of controls emerged when

researchers sought to exploit the geometric properties of systems to develop and enhance

control methodologies. Common textbooks on geometric mechanics and symmetry include

[20] and [21]. In [22], Bullo and Lewis provide an introduction to mechanics and symmetry
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before an in-depth discussion on geometric control of mechanical systems. Geometric control

of nonlinear systems began to gain traction in the 1980s leading into the 1990s with work

such as [74] and [75] where control of left-invariant systems on Lie groups and geometric

methods for robust stabilization of autonomous underwater vehicles are considered, respec-

tively. As geometric mechanics found a role in control theory, its use in observer theory

was not discussed until the early 2000s when Aghannan and Rouchon introduced invariant

asymptotic observers in 2002 [76]. This was followed by the development of an intrinsic ob-

server for a class of Lagrangian systems in [77] where the notion of a state observer invariant

to a change of the configuration coordinates is established. Mahoney at al. later designed

two complementary filters on the special orthogonal group SO(3) for application to attitude

estimation in UAVs.

In [26], Bonnabel et al. develop symmetry-preserving observers where a constructive method

is presented on how to leverage the symmetries of a dynamic system to produce estimates

of the system state. Mahony et al. describe observers for kinematic systems with symmetry

in [78] where nonlinear observer design is presented for finite-dimensional equivariant kine-

matics of mechanical systems. Symmetry-preserving observers inspired the development of

an invariant EKF and an invariant UKF. Barrau et al. prove that the invariant EKF is

an asymptotically stable observer for a class of nonlinear systems in [79] and explain that

the error equation is autonomous and the calculated Kalman gain is independent of the

system trajectory in [80]. In [81], Bonnabel uses the invariant EKF for attitude estimation

of a flying rigid body. In [82], Bonnabel et al. use the invariant EKF for a velocity-aided

attitude filtering problem and compare the results to estimation using a multiplicative EKF.

References [81] and [82] use the invariant EKF for attitude estimation of flying rigid bodies

using kinematic equations and only considering the body’s translational velocity. The in-

variant EKF has also been applied to underwater localization in [83], where the Potokar et
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al. note that the invariant EKF exhibited faster convergence when compared to a conven-

tional EKF. Design of the invariant EKF for nonlinear systems subject to dynamic additive

disturbances is presented in [84]. An advantage of the invariant EKF is that it uses a cor-

rection term based on an adapted invariant output error whereas a conventional EKF uses

a linear correction term using a linear output error. The gain matrix in the invariant EKF

algorithm is also calculated based on the invariant state error as opposed to a linear state

error. Reference [82] remarks that leveraging the symmetries of the dynamic system using

the invariant EKF results in constant state and output matrices on a larger subset of the

state space when compared to the EKF, indicating that, in general, the invariant EKF has

stronger convergence guarantees for a larger family of trajectories. The invariant UKF is

described in [85] where using the principles of a UKF in an invariant framework Condomines

et al. developed a compatibility condition on the observation equations to construct them

in an invariant fashion. The invariant UKF, also referred to as the π-invariant UKF as the

compatibility condition is a nonlinear function denoted by π, is applied to the aided inertial

navigation problem for a mini remotely piloted aerial system in [86] and attitude estimation

using quadrotor flight data in [87].

The application of the invariant EKF to wind estimation was first demonstrated by Chen

et al. in [39] using a quadrotor model where aircraft translational dynamics are considered.

Quadcopter-based wind estimation using the invariant EKF is also discussed in [88], where

invariance of the dynamics using different thrust models is established. The present work is

the first application of the invariant EKF to wind estimation using small, fixed-wing UAVs

where the full translational and rotational dynamics of the aircraft are considered.



Chapter 4

Aircraft Equations in Wind

Indirect wind estimation requires the aircraft dynamic and kinematic equations in wind and

a suitable estimation algorithm. The extended state of a UAV, which includes the wind

velocity state, can be used in an estimation algorithm to estimate the aircraft state and the

wind state. A description of the aircraft equations of motion in wind is given in Section 4.1.

Common estimation algorithms such as a determinisitc (or Luenberger) observer, Kalman

filter, extended Kalman filter, and unscented Kalman filter are provided in Section 4.2.

4.1 Aircraft Equations of Motion

Wind estimation schemes that use measurements obtained from UAVs are often informed by

assumptions made about the wind field. For example, a model-based estimator might assume

that the wind velocity is steady and uniform so that wind estimates are only updated based

on measurements. Or the estimator might assume that the wind velocity varies as a random

walk. For example, one may be using a UAV to estimate the wind velocity at a certain point

in space and time, without the need to identify the wind’s spatial and temporal gradients, so

they might make the simplifying assumption that the wind velocity is not changing, i.e., its

time derivative is zero or is varying as a purely random process. Other applications of wind

estimation may be to characterize a particular flow field, such as a ship’s air wake, requiring

temporal and spatial gradients in the wind field model.

37
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Wind velocity is modeled as a vector-valued random process. It can be decomposed into (i)

a deterministic mean value that varies slowly in time and space and (ii) random time- and

space-varying fluctuations from this mean value.

Let W (X, t) denote the wind field at the inertial position X = [x, y, z]T and time t. Then

W (X, t) = W̄ (X, t) + W̃ (X, t) (4.1)

where W̄ (X, t) is the slow varying deterministic mean wind velocity vector and W̃ (X, t) =

[W̃x, W̃y, W̃z]
T is the random fluctuation.

Associated with any given pointX and time t, there is a 3×3 correlation matrixR(X, t, ζ, τ)

defined as the ensemble average of the outer product of W̃ (X, t) with W̃ (X+ζ, t+τ), where

ζ and τ are the spatial and temporal correlation variables, respectively. The components of

the correlation matrix are

Rij(X, t, ζ, τ) =< W̃i(X, t)W̃j(X + ζ, t+ τ) > (4.2)

for i, j ∈ {x, y, z}, where < ·, · > denotes the ensemble average.

The component functions Rij provide an incomplete description of the wind turbulence, mod-

eled as a random process, but it is common to characterize turbulence using the information

contained in Rij. The functional form of these component functions and the corresponding

parameter values depend on meteorological conditions, terrain, and other factors. Atmo-

spheric turbulence is often well characterized by one or more of the following assumptions

[89, Ch. 13].

Assumption 1. Common Assumptions Concerning Atmospheric Turbulence

(a) The joint probability density functions underlying the correlation functions (4.2) are
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Gaussian.

(b) The process is stationary: Rij does not depend on time t for i, j ∈ {x, y, z}.

(c) The process is homogeneous: Rij does not depend on position X for i, j ∈ {x, y, z}.

(d) The process is isotropic: Rij does not depend on the orientation of the frame in which

the wind vector is defined. Equivalently, the mean-square velocity components are

equal in every direction: ⟨W̃ 2
x ⟩ = ⟨W̃ 2

y ⟩ = ⟨W̃ 2
z ⟩ = σ2.

At low altitudes, atmospheric turbulence varies with height, thus Assumption 1d does not

hold. The rate of change of the wind velocity as seen by a particle moving along a trajectory

X(t) is

d

dt
W (X, t) =

(
∂

∂t
W̄ (X, t) +∇W̄ (X, t) · dX

dt

)
+

(
∂

∂t
W̃ (X, t) +∇W̃ (X, t) · dX

dt

)
(4.3)

where ∇ denotes the gradient with respect to three-dimensional position.

The nature of the aircraft’s flight can produce additional simplifications to Eq. (4.3). For

fixed-wing aircraft flying straight and level at a constant altitude and speed, the position of

the aircraft typically changes much faster than the spatial profile of the velocity fluctuations.

In this case, the turbulent fluctuations can be treated as a frozen pattern advecting with

the mean wind velocity W̄ [89, Ch. 13]. This assumption is referred to as Taylor’s frozen

turbulence hypothesis. Kaimal and Finnigan remark that Taylor’s hypothesis can be adopted

for any in situ sensor as it is assumed that the turbulent eddies “change imperceptibly” as

they are convected by the mean wind past the sensor [90, pg. 33]. While turbulence is neither

frozen nor transported at mean wind speeds, the lifetime of an eddy is long compared to

the travel time across a sensor. Experimental investigations find good agreement between

atmospheric measurements made with moving and stationary probes when it is assumed
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that eddies are convected by the mean wind without deforming. Thus, Taylor’s hypothesis

can be adopted for static or slowly moving objects, such as a hovering rotary-wing aircraft,

as well as for fixed-wing airplanes in fast, forward flight through turbulence. Summarizing

these points, one may adopt one or more of the following assumptions.

Assumption 2. (a) Steady Mean Wind: The mean wind velocity does not vary with

time: ∂
∂t
W̄ (X, t) = 0, thus W̄ (X, t) = W̄ (X).

(b) Uniform Mean Wind: The mean wind velocity does not vary with position: ∇W̄ (X, t) =

0, thus W̄ (X, t) = W̄ (t).

(c) Frozen Turbulence (Taylor’s hypothesis): Random fluctuations from the mean wind

velocity vary only in space: ∂
∂t
W̃ (X, t) = 0, so that W̃ (X, t) = W̃ (X).

Assumptions 2a and 2b together imply that W̄ is a constant vector. In reality, the mean

wind will always vary over a flight. If one adopts a steady, uniform flow model for the

wind estimation problem, these variations must be captured by measurement updates in the

model-based estimator. More commonly in wind estimation, the dynamics of the total wind

velocity are assumed to be driven by Gaussian white noise. For the case characterized by

Assumption 2, one has

d

dt
W (X, t) =

d

dt

(
W̄ + W̃ (X)

)
= ∇W̃ (X)Ẋ = w̃W (4.4)

where the stochastic wind velocity fluctuation W̃ is assumed to be a Wiener process whose

generalized derivative w̃W is continuous-time white noise [91, Ch. 3]. In other words, the

perturbations in wind velocity from its steady, uniform mean value are modeled as a random-

walk process. Note that w̃W captures the combined effect of the variability in the frozen

turbulence field and the velocity of the aircraft through that flow field. The model (4.4) is a
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commonly used representation of fluctuations from a constant, uniform mean wind, though

a given wind estimation algorithm may or may not incorporate this representation.

The attitude kinematics and dynamics of a UAV flying in wind are

Ẋ = RIBvr + Vw (4.5a)

ṘIB = RIBω
× (4.5b)

v̇r = vr × ω +
1

m
FA +RT

IBg −RT
IBw̃W (4.5c)

ω̇ = ω × I−1ω + I−1MA (4.5d)

V̇w = w̃W (4.5e)

where X = (X,Y, Z)T ∈ R3 describes the position of the UAV expressed in the inertial

frame, vr = (vr,x, vr,y, vr,z)
T ∈ R3 is the air-relative velocity vector expressed in the body-

fixed frame, ω = (p, q, r)T ∈ R3 is the angular rate vector of the aircraft expressed in the

body frame, and Vw = (Vw,x, Vw,y, Vw,z)
T ∈ R3 is the velocity of the wind expressed in the

inertial frame. The aerodynamic force and moment of the aircraft are denoted by FA and

MA, respectively, and g = (0, 0, g)T where g is the gravitational acceleration. The rotation

matrix RIB ∈ SO(3) maps free vectors expressed in the body-fixed frame to the inertial

frame and is given by

RIB =


cos θ cosψ cosψ sin θ sinϕ− cosϕ sinψ cosψ sin θ cosϕ+ sinϕ sinψ

cos θ sinψ sinϕ sin θ sinψ + cosϕ cosψ sin θ cosϕ sinψ − sinϕ cosψ

− sin θ cos θ sinϕ cos θ cosϕ

 (4.6)

The matrix RBI that maps vectors from the inertial frame to the body-fixed frame is RBI =

R−1
IB = RT

IB. The notation (·)× in Eq. (4.5b) denotes the cross-product equivalent matrix of

a 3× 1 vector.
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The system (4.5) can be written in first-order form (forgiving the abuse of notation of

concatenating vector differential equations with matrix differential equations) as

ẋ = f(x,u) =



RIBvr + Vw

RIBω
×

vr × ω + 1
m
FA +RT

IBg −RT
IBw̃W

ω × I−1ω + I−1MA

w̃W


(4.7)

where the state is defined as x = (XT,RT
IB,v

T
r ,ω

T,V T
w )T (again, the reader is asked to

forgive the abuse of notation of mixing vector and matrix states) and the input is u =

(F T
A ,M

T
A )

T.

4.2 Estimation Methods

The selection of an estimation algorithm is guided by aircraft model assumptions and com-

putational considerations. This section reviews common model assumptions and estimator

choices described in the literature about wind estimation using UAVs and identifies some

advantages and disadvantages of these model assumptions and estimator choices.

Model-based wind estimation requires a dynamic model of an aircraft and a wind model,

which is chosen to be the system (4.5), a continuous-time, nonlinear system. Estimation

algorithms that incorporate a system dynamic model, however, are typically implemented in

discrete time. A continuous-time system such as (4.5) may be discretized by implementing

a zero-order hold, for example, on the system inputs. Then, a numerical integration scheme

such as Euler or Runge-Kutta integration may be used to obtain model updates. In addition

to being implemented in discrete time, many observer structures assume the system dynamics
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are linear. Equations (4.5) may be linearized about a given state and input, such as a nominal

steady motion or just the most current state and input values, however, the domain in which

this model is an accurate approximation of (4.5) will be limited. An overview of the observers

and algorithms is given below.

4.2.1 Deterministic Observer

In cases where measurement noise is absent from a dynamic system, one can construct a

Luenberger observer [92] to estimate the states of a discrete-time dynamic system as done

in [56, 57, 58] for wind estimation. The dynamic model of a linear time-varying system in

the absence of process and measurement noise is

x(i) = A(i− 1)x(i− 1) +B(i− 1)u(i− 1) (4.8a)

y(i− 1) = C(i− 1)x(i− 1) (4.8b)

where x(i) ∈ Rn denotes the state vector, u(i) ∈ Rm is the vector of inputs, y(i) ∈ Rp is

the vector of outputs, A(i) ∈ Rn×n is the state matrix, B(i) ∈ Rn×m is the control input

matrix, and C(i) ∈ Rp×n is the output matrix. (The output model in (4.8) includes no direct

throughput of the input u(i).) The integer i ∈ {1, . . . , N} denotes the sample index up to

some total number of measurements N . For a constant sample time ∆t, the time that has

elapsed since time t = 0 is (i − 1)∆t. In order to estimate the state of this linear system,

the pair (A(i),C(i)) must be observable. For the pair to be observable on the finite time

interval from time step i = 0 to i = N , the matrix

O(0, N) =
N∑
i=0

Φ
T
(i, 0)C

T
(i)C(i)Φ(i, 0)
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must be positive-definite [93]. Here, Φ(i, 0) is the discrete-time state transition matrix

Φ(i, 0) =
i−1∏
j=0

A(j)

If the pair (A(i),C(i)) is observable, then the measurements can be used to reconstruct the

state using the Luenberger observer defined by

x̂(i) = A(i− 1)x̂(i− 1) +L(i− 1)(y(i− 1)− ŷ(i− 1)) +B(i− 1)u(i− 1) (4.9a)

ŷ(i− 1) = C(i− 1)x̂(i− 1) (4.9b)

where x̂ is the state estimate and ŷ is the corresponding output. For a well-designed

observer, the observer gain L(i) is chosen such that the observer error e(i) = x̂(i) − x(i)

converges to zero as i approaches infinity, so that the estimate x̂(i) approaches the true state

x(i). The observer error can be rewritten as e(i) = (A(i − 1) − L(i − 1)C(i − 1))e(i − 1)

using (4.8) and (4.9). The origin is a uniformly exponentially stable equilibrium of the

observer error equation if and only if a symmetric matrix sequence Q(i) ∈ Rn×n exists for

all i such that ηI ⪯ Q(i) ⪯ ρI and

(A(i)−L(i)C(i))TQ(i+ 1)(A(i)−L(i)C(i))−Q(i) ⪯ νI

for some finite positive constants η, ρ, and ν [94]. The matrix sequences L(i) and Q(i) must

be chosen to satisfy the above conditions; see Chapters 23 and 29 of [94] for more details

about stability and state estimation for discrete-time linear, time-varying systems.

Figure 4.1 shows the Luenberger observer divided into initialization, model-based prediction,

and measurement-based correction steps. As stated earlier, x̂ and ŷ denote the estimated

state and output in Figure 4.1. For the system (4.8), the state x and output y are deter-
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ministic. In the following sections, concerning the KF, EKF, and UKF, the state x and the

output y will be subject to random inputs. For these systems, the notation x̂ and ŷ will

indicate conditional probabilities, as defined and discussed in Section 4.2.2.

Figure 4.1: The Luenberger observer split into initialization, model-based prediction, and
measurement-based correction steps where x̂0 is the initial state estimate. See [92], for
example.

4.2.2 Kalman Filter

The KF is used to estimate the state of a non-deterministic, discrete-time, linear dynamic

system. The general form of this system follows, including equations for both the output y

and the (noisy) measurement z and omitting direct throughput from both:

x(i) = A(i− 1)x(i− 1) +B(i− 1)u(i− 1) + Γ(i− 1)w̃(i− 1) (4.10a)

y(i) = C(i)x(i) (4.10b)

z(i) = y(i) + ṽ(i) (4.10c)

where Γ(i) ∈ Rn×q is the disturbance input matrix, w̃(i) ∈ Rq is the process noise vector,

z(i) ∈ Rp is the measurement vector, and ṽ(i) ∈ Rp is the vector of measurement noise. For

a KF, the measurement and process noise are assumed to be Gaussian, zero mean, white

noise sequences [95]. The random forcing w̃ makes the system non-deterministic. When
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estimating the states of a non-deterministic system, we define the state estimate x̂ at a time

step i as the expected value of the random variable x at i given the measurement z at k ≤ i.

This conditional probability is denoted

x̂(i|k) = E{x(i)|z(k)}

The state estimate x̂ has an associated covariance

X(i|k) = E{[x(i)− x̂(i|k)][x(i)− x̂(i|k)]T |z(k)}

for k ≤ i. The steps of Kalman filtering, as described in [95], are shown in Figure 4.2.

The steps are grouped into three categories: initialization, prediction, and correction. The

matrix P0 is the covariance of the initial state estimate x̂(0|0). The covariance matrix

sequences Q(i) and R(i) of the zero-mean, white, Gaussian process and measurement noise,

respectively, are assumed to be known.

KF-based wind estimation is used in [34, 35, 36, 37, 38]. These estimation schemes assume

the UAV is operating about some nominal trajectory, such as wings-level, constant-altitude

flight for fixed-wing UAVs, or hovering flight for multirotors.

4.2.3 Extended Kalman Filter

The EKF is an adaptation of the KF’s linear minimum mean square error estimation algo-

rithm to nonlinear systems. In the EKF, nonlinear terms in the state and output equations

are linearized at each time step about the current state estimate and input. A discrete-time



4.2. ESTIMATION METHODS 47

Figure 4.2: The KF algorithm based on the linear system (4.10) split into initialization,
model-based prediction, and measurement-based correction steps, where I is the n×n identity
matrix. See [95], for example.

nonlinear dynamic system takes the form

x(i) = f
(
x(i− 1),u(i− 1), w̃(i− 1)

)
(4.11a)

y(i) = h
(
x(i)

)
(4.11b)

z(i) = y(i) + ṽ(i) (4.11c)

where the vector fields f and h are assumed to contain once continuously differentiable

nonlinear functions of the states, process noise, and inputs. The measurement and process

noise are assumed to be Gaussian, zero mean, white noise sequences. Figure 4.3 shows the

steps of EKF implementation for the system (4.11).

Wind estimation using an EKF is described in [39, 40, 42, 43, 44, 46, 47]. Since the EKF

requires linearization at each time step, it can be computationally expensive and difficult to

implement in real-time wind field estimation. Although the sequence of local linearizations

can still fail to accurately capture the true nonlinear system behavior, the EKF relaxes the
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requirement that the system state remain within a small neighborhood of a nominal state.

Figure 4.3: The EKF algorithm based on the nonlinear system (4.11) split into initialization,
model-based prediction, and measurement-based correction steps with recursive lineariza-
tion. See [95], for example.

4.2.4 Unscented Kalman Filter

The UKF provides another approach to nonlinear estimation for non-deterministic systems.

First described by Julier and Uhlmann in [96], the UKF is based on the unscented transfor-

mation which is a method for approximating a random variable that undergoes a nonlinear

transformation. The UKF does not require the computation of Jacobian matrices, which can

make its implementation simpler [52]. For the system (4.11), the state vector x is a random

variable, with expected value x̂ and covariance Pxx, which is propagated through the non-

linear functions f and h. The unscented transformation involves selecting n-dimensional

vectors, called sigma points, around x̂ and then computing weights associated with each
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sigma point based on the statistics of x. For the system (4.11), the 2(n+ q)+1 sigma points

are [97]:

χ0 = x̂

χj = x̂+
√

(n+ p+ q + λ)Pxx, j = 1, . . . , n

χj = x̂−
√

(n+ p+ q + λ)Pxx, j = n+ 1, . . . , 2n

χj = x̂ j = 2n+ 1, . . . , 2n+ 2q

χwj = 0, j = 0, . . . , 2n

χwj =
√

(n+ p+ q + λ)Q, j = 2n+ 1, . . . , 2n+ q

χwj = −
√

(n+ p+ q + λ)Q, j = 2n+ q + 1, . . . , 2n+ 2q

where λ = α2(n+ q+κ)− (n+ q) is a sigma point scaling parameter. The scaling parameter

λ depends on two other parameters, α and κ, where α is a small, positive value reflecting the

spread of the sigma points (typically, 10−4 < α < 1) and κ is a secondary scaling parameter

tuned to reduce prediction error [96]. For a Gaussian distribution, it is recommended to set

κ = 0 [97].

The general steps of the UKF including initialization, prediction, and correction are provided

in Figure 4.4, where each of the weights Wm
j and W c

j for each vector of sigma points are

Wm
0 =

λ

n+ q + λ

W c
0 =

λ

n+ q + λ
+ 1− α2 + β

Wm
j = W c

j =
1

2(λ+ n+ q)

for j = 1, . . . , 2n + 2q and where β is used to incorporate knowledge of the distribution of

x. The authors of [97] note, for example, that a Gaussian distribution is best represented

by β = 2. Compared to the EKF algorithm, the UKF algorithm requires the additional step
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Figure 4.4: The UKF algorithm based on the nonlinear system (4.11) split into initializa-
tion, model-based prediction, and measurement-based correction steps using computed sigma
points and weights. See [97], for example.

of computing sigma points and weights; the computational cost is about twice that of an

EKF. As noted earlier, though, the approach does not require the computation of Jacobian

matrices and the UKF exhibits other performance and accuracy advantages. Examples of

wind estimation using a UKF can be found in [48, 50, 51, 52, 53, 54].



Chapter 5

An Invariant Extended Kalman Filter

for Wind Estimation in

Horizontal-Plane Flight

This chapter considers a 3DOF fixed-wing aircraft model where the UAV flies at constant

altitude so that the motion occurs in a horizontal plane. We prove invariance of the planar

dynamics and equivariance of the output with respect to the Lie group SE(2) corresponding

to planar rigid motions. The invariant EKF is designed to estimate position, orientation, ve-

locity, and wind velocity using measurements from the onboard sensor suite of the UAV. The

UAV is simulated in two different flow field scenarios – one-dimensional and two-dimensional

von Kármán turbulence – and the wind estimation results using the invariant EKF are com-

pared to estimates obtained using a conventional EKF. The rest of this chapter is organized

as follows. In Section 5.1 the aircraft equations of motion and the measurement model

are introduced. In Section 5.2, invariance of the UAV dynamics and equivariance of the

measurement model are shown. The invariant EKF design is presented in Section 5.3. A

simulation of the aircraft in different wind conditions and a comparison of wind estimation

results using an invariant EKF and an EKF are described in Section 5.4.

51
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HORIZONTAL-PLANE FLIGHT

5.1 Problem Description

We consider a fixed-wing UAV flying at a constant altitude under the influence of wind. We

assume that the aircraft maintains wings level flight, even when turning. This assumption

simplifies analysis, but it is not consistent with the normal operation of fixed-wing aircraft

which bank to turn. Subsequent work involving a 6DOF flight dynamic model has relaxed

this assumption, but we retain the simplifying assumption for the 3DOF model considered

here for tutorial purposes. To describe the aircraft kinematics and dynamics, we first need to

establish the relevant reference frames: the two-dimensional inertial and body-fixed reference

frames.

• The inertial reference frame is given by the orthonormal pair (iX , iY ). The origin of

the inertial frame is fixed and its orientation has been chosen such that the positive

iX axis points towards geographic North and the positive iY axis points East. The

location of the origin of the inertial reference frame is arbitrary (except at the poles,

where North and East are ambiguous).

• The body-fixed reference frame is given by the orthonormal pair (bx, by). The origin of

the body-fixed reference frame is the aircraft’s center of gravity. The positive bx axis

coincides with the line defined by the intersection of the aircraft’s longitudinal plane

of symmetry and the horizontal plane in which the motion takes place. The positive

by axis points to the right, as viewed from above.
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The attitude kinematics and dynamics of the UAV flying in wind can be written as

Ẋ = RIBvr + Vw (5.1a)

ψ̇ = r (5.1b)

v̇r =

 vyr

−vxr

+ fA (5.1c)

ṙ = mA (5.1d)

V̇w = 0 (5.1e)

where X(t) = (X(t), Y (t))T ∈ R2 is the position of the UAV expressed in the inertial

frame, ψ(t) ∈ R is the heading angle which relates the body-fixed frame to the inertial

frame, vr(t) = (vx(t), vy(t))
T ∈ R2 is the air-relative velocity of the UAV expressed in the

body-fixed frame, r(t) ∈ R is the yaw rate of the UAV expressed in the body-fixed frame,

Vw(t) = (Vwx(t), Vwy(t))
T ∈ R2 is the velocity of the wind expressed in the inertial frame,

fA = (xA, yA)
T is the specific force – force divided by mass – acting on the aircraft due to

aerodynamic effects, and mA is the specific yaw moment – moment premultiplied by inverse

inertia – acting on the aircraft. The rotation matrix RIB ∈ SO(2) maps free vectors from

the body-fixed frame to the inertial frame of reference and is given by

RIB =

 cosψ − sinψ

sinψ cosψ


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The system (5.1) can be written in the vector form

ẋ = f(x,u) =



RIBvr + Vw

r vyr

−vxr

+ fA

mA

0


(5.2)

with state vector x = (XT , ψ,vTr , r,V
T

w )T ∈ Rn=8 and input u = (fTA ,mA)
T ∈ Rp=3.

We assume that the UAV is equipped with a GNSS receiver, IMU, magnetometer, angular

accelerometer, and Pitot probe. The formulation of this problem assumes that fA and mA are

inputs thus aerodynamic force and moment models are not required. The output equation

y ∈ Rq=6 is

y = h(x,u) =



X

ψ

vi

r


(5.3)

where vi = vr + R
T
IBVw is the aircraft’s total velocity expressed in the body frame. Ac-

cordingly, we set up the problem for model-based wind estimation for the fixed-wing UAV

assuming constant altitude flight with dynamics (5.1) and output (5.3).

5.2 Invariant Dynamics and Equivariant Output

In this section, we establish invariance of the dynamics (5.1) and equivariance of the out-

put (5.3) with respect to the Lie group G = SE(2), the space of planar translations and
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rotations, which is the configuration manifold for the UAV under the assumption of planar

motion. Let g = (Xg,Rg) ∈ G = SE(2) where Xg ∈ R2 denotes the position of the aircraft

and where the planar rotation matrix Rg ∈ SO(2) is parameterized by the heading angle

ψg:

Rg =

 cosψg sinψg

− sinψg cosψg


Definition 5.1. (Adapted from [26]). The system

ẋ = f(x,u)

y = h(x,u)

has G-invariant dynamics and G-equivariant output if there exist transformations ϕg(x(t))

and ψg(u(t)) on the state and input, respectively, such that

Dϕg(x) · f(x,u) = f(ϕg(x),ψg(u)) (5.4)

ρg(y) = h(ϕg(x),ψg(u)) (5.5)

for all g ∈ G,x, and u. The invariance property also reads d
dt
X = f(X ,ψg(u)) for X =

ϕg(x).

Proposition 5.2. The dynamics (5.1) are left-invariant under the state and input transfor-

mations

ϕg =



Xg +X

ψg + ψ

Rgvr

r

Vw


(5.6)
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and

ψg =

 RgfA

mA

 (5.7)

Proof. According to the definition (5.4) with state and input transformations (5.6) and (5.7),

respectively, the system is invariant if it satisfies the condition d
dt
X = f(ϕg(x),ψg(u)), for

all g ∈ G,x, and u. We write the dynamics of the transformed state as

d

dt



Xg +X

ψg + ψ

Rgvr

r

Vw


=



RIBR
T
gRgvr + Vw

r

Rg

 vyr

−vxr

+RgfA

mA

0


We can rewrite the angular rate r and body velocity vr as vectors in three dimensions, given

by ω = (0, 0, r)T and ṽr = (vx, vy, 0)T . The 2×2 rotation matrix Rg can be written in three

dimensions as a rotation about the third body axis, which is an additional axis bz that is

mutually orthogonal to the body-fixed reference frame axes (bx, by) and points down from

the center of gravity through the bottom of the aircraft. The rewritten rotation matrix is

given by

R̃g =


cosψg sinψg 0

− sinψg cosψg 0

0 0 1


Any rotation R̃g will be applied to the angular rate vector, and is given by R̃gω = (0, 0, r)T ,

which shows that ω is invariant to rotations about the bz axis. The third component of
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dynamics of the transformed state is rewritten in terms of ω, ṽr, and R̃g as

d

dt
R̃gṽr = R̃gṽr × R̃gω + R̃gf̃A

where f̃A = (xA, yA, 0)
T is the augmented specific aerodynamic force fA that includes 0 as

its third component. This equation then becomes

R̃g
˙̃vr = R̃g

(
ṽr × ω + f̃A

)

This will result in  Rgv̇r

0

 =


Rg


 vyr

−vxr

+ fA


0


Then, removing the row with the equation 0 = 0, the dynamics of the transformed state are

given by 

Ẋ

ψ̇

Rgv̇r

ṙ

V̇w


=



RIBvr + Vw

r

Rg


 vyr

−vxr

+ fA


mA

0


The dynamics under the transformations ϕg and ψg satisfy the condition (5.4), thus the

system (5.1) is invariant under the transformations (5.6) and (5.7).

Proposition 5.3. The output equation (5.3) is G-equivariant given the output transforma-
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tion

ρg(y) =



Xg +X

ψg + ψ

Rgvr +RgR
T
IBVw

r


(5.8)

Proof. We can write the output (5.3) using the defined state and input transformations (5.6)

and (5.7), respectively, as

h(ϕg(x),ψg(u)) =



Xg +X

ψg + ψ

Rgvr +RgR
T
IBVw

r


(5.9)

The transformed output (5.9) is equivalent to (5.8), thus the output equation (5.3) is G-

equivariant.

We showed that a fixed-wing UAV in horizontal flight under a wind disturbance is invariant

to left actions of SE(2). In the following section, the G-invariant dynamics andG-equivariant

output are used to design the invariant EKF, where we assume that the specific aerodynamic

force and moment are directly measured.

5.3 The Invariant EKF for the 3DOF Fixed-Wing UAV

The invariant EKF for the fixed-wing UAV in horizontal flight is designed using the invari-

ant dynamics and equivariant output from Section 5.2. The design of the invariant EKF

can be summarized by the following steps [26] which are explained in detail in subsequent
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paragraphs.

1. Solve the normalization equations.

2. Build an invariant output error and a set of scalar invariants.

3. Build the invariant frame.

4. Define an invariant state estimate error and then, using the pre-observer defined in

[26], determine the invariant state error dynamics.

5. Design the invariant EKF by linearizing the invariant state error dynamics and invari-

ant output error about zero state error.

Normalization Equations

For a Lie group of dimension m, the m normalization equations are obtained by taking

the transformed state ϕg(x) and separating it into two components – an m-dimensional

component ϕag(x) and an (n−m)-dimensional component ϕbg(x) – where ϕag(x) is invertible

with respect to the group action g. We then set ϕag(x) = c where c is a constant in the

range of ϕag.

For G = SE(2), m = 3 and we get

ϕag(x) =

 X +Xg

ψ + ψg

 =

 0

0

 (5.10)

Solving for g = γ(x) we obtain

γ(x) =

 −X

−ψ

 =

 X

ψ


−1

(5.11)



60
CHAPTER 5. AN INVARIANT EXTENDED KALMAN FILTER FOR WIND ESTIMATION IN

HORIZONTAL-PLANE FLIGHT

where (·)−1 indicates the inverse action.

Invariants and Invariant Output Error

The n−m+ p scalar invariants I(x̂,u) := ((ϕbγ(x̂)(x̂))
T , (ψγ(x̂)(u))

T )T are

I(x̂,u) =



Rγ(x̂)v̂r

r̂

V̂w

Rγ(x̂)fA

N


(5.12)

The invariant output error is defined as E := ργ(x̂)(ŷ)− ργ(x̂)(y). We determine that

E =



X̂ −X

ψ̂ − ψ

Rγ(x̂)(v̂r − vr) +Rγ(x̂)

(
R̂T

IBV̂w −RT
IBVw

)
r̂ − r


= T



X̂ −X

ψ̂ − ψ

v̂r − vr + R̂
T
IBV̂w −RT

IBVw

r̂ − r


(5.13)

where T = diag(I3, R̂IB, 1).

Invariant Frame

The invariant frame is given by

W = (Dϕγ(x)(x))
−1 · ∂

∂x
= diag(I3,Rg, I3) (5.14)

where ∂
∂x

is the canonical frame of x and In denotes the n× n identity matrix.
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Invariant State Estimate Error

The invariant state error is defined as η := ϕγ(x̂)(x̂)− ϕγ(x̂)(x) and is given by

η =



X̂ −X

ψ̂ − ψ

(v̂x − vx) cos ψ̂ − (v̂y − vy) sin ψ̂

(v̂x − vx) sin ψ̂ − (v̂y − vy) sin ψ̂

r̂ − r

V̂w − Vw


=W T



ηX

ηψ

ηvr

ηr

ηVw


(5.15)

where (ηTX , ηψ,η
T
vr , ηr,η

T
Vw) = ((X̂ −X)T , ψ̂ − ψ, (v̂r − vr)

T , r̂ − r, (V̂w − Vw)
T ). We now

determine the dynamics of the invariant state error by taking the time derivative of (5.15)

and introducing the symmetry-preserving pre-observer defined in [26]:

d

dt
x̂ = f(x̂,u) +WKE (5.16)

where K is the n × q observer gain matrix. Per Definition 6 in [26], the system (5.16) is a

pre-observer for the given system and output if the error correction term WKE vanishes

when x̂ = x. (A pre-observer is an observer if, furthermore, x̂ converges asymptotically to

x when ∥x̂ − x∥ is sufficiently small.) An invariant pre-observer is obtained by using the

invariant frame W and the invariant output error E in the output injection term WKE.
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In the end, we obtain

η̇ = W T



R̂IBv̂r −RIBvr + ηVw

ηr v̂yr̂

−v̂xr̂

−

 vyr

−vxr


0

0


+W TWK



ηX

ηψ

R̂IBηvr + ηVw + Vw − R̂IBR
T
IBVw

ηr



+Ẇ T



ηX

ηψ

R̂T
IBηvr

ηr

ηVw


(5.17)

Following [39] to design the invariant EKF, we linearize the invariant state error dynamics

about η = 0. Letting η̇ represent the vector field that defines the η dynamics, in a slight

abuse of notation, we obtain the state matrix

Ak =
∂η̇

∂η

∣∣∣∣
η=0

=



0 0 0 1 0 0 1 0

0 0 0 0 1 0 0 1

0 0 0 0 0 1 0 0

0 0 0 0 0 v̂x sin ψ̂ + v̂y cos ψ̂ 0 0

0 0 0 0 0 −v̂x cos ψ̂ + v̂y sin ψ̂ 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



(5.18)
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We also obtain the output matrix

Hk =
∂E

∂η

∣∣∣∣
η=0

=



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 cos ψ̂ − sin ψ̂ 0 1 0

0 0 0 sin ψ̂ cos ψ̂ 0 0 1

0 0 0 0 0 1 0 0


(5.19)

The invariant EKF algorithm

The invariant EKF is obtained by augmenting the symmetry-preserving pre-observer (5.16)

with an n× 1 vector of zero-mean, Gaussian, white process noise w̃ with covariance matrix

Q. The output equation (5.3) is also augmented with a q× 1 vector of zero-mean, Gaussian,

white measurement noise ṽ with covariance matrix R. The invariant EKF algorithm is then

defined by the following iterative sequence:

1. Initialize the filter with the initial state and error covariance x̂(0) and P (0) using the

original state variables x.

2. Set x̂+(0) = x̂(0) and P+(0) =W (0)P (0)W (0)T .

3. Set k = 0.

4. Perform model-based prediction by propagating the state estimate and error covariance

through the dynamic model:

x̂−
k+1 = f(x̂+

k ,uk) (5.20a)

P−
k+1 = AkP

+
k + P+

k A
T
k + Q̃ (5.20b)
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where Q̃ = ∂η
∂w̃
Q ∂η

∂w̃

T .

5. Perform the measurement-based correction by computing

Kk+1 = P−
k+1H

T
k+1

(
Hk+1P

−
k+1H

T
k+1 + R̃k+1

)−1

(5.21a)

x̂+
k+1 = x̂−

k+1 +Wk+1Kk+1Ek+1 (5.21b)

P+
k+1 = (I−Kk+1Hk+1)P

−
k+1 (5.21c)

where R̃k+1 = Tk+1RT
T
k+1 and where T was defined following (5.13).

6. Set k = k + 1 and return to Step 4.

5.4 Simulation Results and Discussion

The fixed-wing UAV with parameters given in Table 5.1 was simulated in both 1D and 2D

von Kármán turbulence so that the aircraft is continually perturbed from its nominal motion.

The 1D von Kármán turbulence model is characterized by power spectral density functions

of the spatial frequency Ω. Assuming that the nominal aircraft motion is due North, the

gust spectrum components in the North and East directions are, respectively,

Φ11(Ω) =
Lσ2

π

1

(1 + (1.339LΩ)2)5/6
(5.22a)

Φ22(Ω) =
Lσ2

2π

1 + 8
3
(1.339LΩ)2

(1 + (1.339LΩ)2)11/6
(5.22b)

where L is the turbulence length scale in feet, σ is the turbulence intensity in feet per second,

and Ω has units of radians per foot. For the simulated wind conditions, the turbulence length

scale was chosen to be L = 20 ft, the turbulence intensity was σ = 10 ft/s, and the spatial

frequency Ω ranged from 10−4 to 10−1 rad/ft.
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The 2D von Kármán turbulence model is characterized by power spectral density functions

of two spatial frequencies Ω1 and Ω2.The gust spectrum components in the North and East

directions are, respectively,

Φ11(Ω) =
(1.339Lσ)2

6π

((1 + (1.339LΩ1)
2 + 11

3
(1.339LΩ2)

2)

(1 + (1.339LΩ)2(Ω2
1 + Ω2

2))
7/3

(5.23a)

Φ22(Ω) =
(1.339Lσ)2

6π

((1 + (1.339LΩ1)
2 + 11

3
(1.339LΩ2)

2)

(1 + (1.339LΩ)2(Ω2
1 + Ω2

2))
7/3

(5.23b)

The same length scale, turbulence intensity, and spatial frequency range were chosen for

the 2D von Kármán turbulence model as for the 1D model.

Table 5.1: Fixed-wing UAV parameters [98].

Parameter Value
Mass, m 0.211 slugs
Moment of inertia, Izz 0.3369 slug-ft2
Wing span, b 5.91 ft
Wing surface area, S 4.92 ft2
Mean aerodynamic chord, c 0.833 ft

The invariant EKF was used to estimate the inertial position, yaw angle, body velocity, and

yaw rate of the aircraft as well as the velocity of the wind. The aircraft was simulated in an

equilibrium flight condition with desired airspeed Vt = ||vr|| = 20 ft/s and β∗ = sin−1
(
vy
Vt

)
=

0 using the aircraft dynamic equations presented in Section 5.1. Process noise was superposed

on the dynamics with covariance matrix Q = diag(03×3, σ
2
vrI2, σ

2
r , σ

2
VwI2) where σvr = 0.5,

σr = 0.05, and σVw = 0.5 (with commensurate units). Measurement noise was superposed on

the output equation with covariance matrix R = σ2
vI6 where σv = 0.01 (with commensurate

units). The aerodynamic force and moment coefficients from an identified flight dynamic

model of a fixed-wing UAV from [98] were used to simulate the motion of the aircraft.
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To initialize the filter, the initial state estimate was x̂(0) = (0, 0, π/12, Vt cos β∗, Vt sin β∗, 0, 0, 0)T .

The initial state error covariance matrix was P (0) = diag(1, 1, 1, 1, 1, 1, 10, 10). The invari-

ant EKF estimates are compared to estimates using the conventional EKF. Figure 5.1 shows

the aircraft trajectory and wind estimates using the invariant EKF and a conventional EKF

for the aircraft in a constant altitude cruise subject to 1D von Kármán turbulence. Fig-

ure 5.2 shows the aircraft trajectory and wind estimates using the invariant EKF and a

conventional EKF for the aircraft in a constant altitude cruise where a 40◦ yaw doublet is

applied while in 1D von Kármán turbulence. Finally, Fig. 5.3 shows the aircraft trajectory

and wind velocity estimates for the aircraft in a constant altitude cruise subject to 2D von

Kármán turbulence. In all the simulated conditions, the invariant EKF outperforms the

conventional EKF, providing more accurate wind velocity estimates.

To observe the effects of measurement noise on the invariant EKF wind estimates, the

measurement noise covariance σv was varied from 0.01 to 0.2, thus changing the R matrix.

The results of wind estimation with varying measurement noise covariance are presented

in Fig. 5.4 where the aircraft is simulated in a constant altitude cruise in 1D von Kármán

turbulence and subject to a 40◦ yaw doublet. It is shown that while the invariant EKF

estimates degrade as measurement noise increases, they do not diverge whereas the estimates

obtained using a conventional EKF do diverge. These results suggest that the invariant EKF

provides more accurate wind velocity estimates than a conventional EKF for model-based

wind estimation using a small fixed-wing UAV, where the specific aerodynamic force and

moment are known inputs. Estimates of the position, attitude, yaw rate, and total velocity

are provided in the appendix. While the EKF provides accurate estimates of X, ψ, r and

vi, it does not accurately resolve Vw and vr, whereas the invariant EKF provides accurate

estimates of all these quantities.

Figures 5.5, 5.6 and 5.7 show additional results including position, attitude, yaw rate, and
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Figure 5.1: Simulation results for a fixed-wing UAV at constant altitude subject to 1D von
Kármán turbulence: (a) the aircraft trajectory and (b) wind velocity estimates using the
invariant EKF compared to a conventional EKF. The nominal condition is straight and level
flight at constant speed.
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Figure 5.2: Simulation results for a fixed-wing UAV at constant altitude subject to 1D von
Kármán turbulence: (a) the aircraft trajectory and (b) wind velocity estimates using the
invariant EKF compared to a conventional EKF. The nominal condition is straight and level
flight at constant speed, with a 40◦ yaw doublet applied at t = 8 seconds.
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Figure 5.3: Simulation results for a fixed-wing UAV at constant altitude subject to 2D von
Kármán turbulence: (a) the aircraft trajectory and (b) wind velocity estimates using the
invariant EKF compared to a conventional EKF. The nominal condition is straight and level
flight at constant speed.
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Figure 5.4: Wind estimates using the invariant EKF and a conventional EKF for the aircraft
in a constant altitude cruise in 1D von Kármán turbulence subject to a 40◦ yaw doublet where
measurement noise covariance σv is varied from 0.01 to 0.2 (with commensurate units).
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total velocity estimates obtained using the invariant EKF and EKF in the different simulated

flight conditions.
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Figure 5.5: Estimates of (a) position (top) and attitude (bottom), (b) yaw rate, and (c)
total velocity for the UAV simulated in 1D von Kármán turbulence along a constant altitude
cruise.
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Figure 5.6: Estimates of (a) position (top) and attitude (bottom), (b) yaw rate, and (c)
total velocity for the UAV simulated in 1D von Kármán turbulence along a constant altitude
cruise subject to a 40◦ yaw doublet at t = 8 seconds.
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Figure 5.7: Estimates of (a) position (top) and attitude (bottom), (b) yaw rate, and (c)
total velocity for the UAV simulated in 2D von Kármán turbulence along a constant altitude
cruise.



Chapter 6

A Left-Invariant Extended Kalman

Filter for Indirect Wind Estimation

This chapter extends the results of Chapter 5 which concerned wind estimation using a small,

fixed-wing UAV in constant altitude flight. Wind estimates were obtained using both the

invariant EKF and a conventional EKF. For the 3DOF model of horizontal-plane motion

used Chapter 5, a comparison of wind estimates obtained using the two filters showed that

the invariant EKF outperformed the EKF. In this chapter, a simulation of a full 6DOF

aircraft dynamic model is used for wind estimation in two nominal flight conditions: (i)

steady, wings level flight at constant altitude and (ii) steady descending flight along a helical

path of constant pitch and radius. In both cases, the nominal motion is disturbed by one-

dimensional (1D) von Kármán turbulence and in case (i) the motion is also disturbed by a

large pitch doublet. The nominal motion (i) is an example of a “permanent trajectory” [99]

of the invariant rigid aircraft dynamics. (For case (i), the more general permanent trajectory

allows for constant forward acceleration.) The invariant EKF is also applied to experimental

flight data obtained using a small, fixed-wing UAV where some changes are made to the

dynamic and measurement equations to make the wind estimation scheme more practical in

regard to available measurements from the onboard sensor suite of the aircraft.

The rest of this chapter is organized as follows. Section 6.1 reviews the aircraft equations

of motion and the measurement model that is used for filter design. In Section 6.2, it is

74
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shown that the UAV dynamics are invariant under the left action of the Lie group SE(3)

of rigid body transformations and that the measurement model is equivariant under the left

action of SE(3). The invariant EKF design is presented in Section 6.3. Wind estimates

obtained using the invariant EKF and a conventional EKF are presented in Section 6.4. The

estimates are computed from simulations of aircraft motion for two nominal flight conditions,

both subject to 1D von Kármán wind turbulence. The application of the invariant EKF to

experimental flight data is given in Section 6.5 where local observability of the system is also

discussed.

6.1 Problem Description

This chapter concerns estimating wind velocity using a 6DOF aircraft. The relevant reference

frames for the 3DOF UAV in two-dimensional space in Chapter 5 are extended for the

6DOF UAV in three-dimensional space. The relevant reference frames required to discuss

the aircraft’s kinematics and dynamics are the inertial and body-fixed reference frames.

• The inertial reference frame is given by the orthonormal triad (iX , iY , iZ). The origin

of the inertial frame is fixed and its orientation has been chosen such that the positive

iX axis points towards geographic North, the positive iY axis points East, and the

positive iZ axis points down completing the orthonormal frame. The location of the

origin of the inertial reference frame is arbitrary.

• The body-fixed reference frame is given by the orthonormal triad (bx, by, bz). The origin

of the body-fixed reference frame is the aircraft’s center of gravity. The positive bx

axis points forward through the nose of the aircraft. The positive by axis points to the

right, as viewed from above. The positive bz axis points down through the underside
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of the aircraft.

The attitude kinematics and dynamics of a UAV flying in wind are

Ẋ = RIBvr + Vw (6.1a)

ṘIB = RIBω
× (6.1b)

v̇r = vr × ω + fA +RT
IBg (6.1c)

ω̇ = I−1 (Iω × ω) +mA (6.1d)

V̇w = 0 (6.1e)

whereX = (X,Y, Z)T ∈ R3 denotes the inertial position of the UAV, vr = (vr,x, vr,y, vr,z)
T ∈

R3 is the air-relative velocity vector expressed in the body-fixed reference frame, ω =

(p, q, r)T ∈ R3 is the angular velocity expressed in the body frame, and Vw = (Vw,x, Vw,y, Vw,z)
T

∈ R3 is the wind velocity expressed in the inertial frame. The rotation matrix RIB ∈ SO(3)

maps free vectors expressed in the body-fixed frame to the inertial frame. The matrix RBI

that maps vectors from the inertial frame to the body-fixed frame is RBI = R−1
IB = RT

IB.

The notation (·)× denotes the cross-product equivalent matrix satisfying a×b = a × b for

3× 1 vectors a and b. For the vector ω, for example, we have

ω× =


0 −r q

r 0 −p

−q p 0


The term fA in (6.1c) represents the specific force – force divided by mass – acting on the

aircraft due to aerodynamic effects such as thrust, drag, side force, and lift. Similarly, mA

in (6.1d) represents the specific moment – moment premultiplied by inverse inertia – due to

aerodynamic effects such as pitch stiffness and yaw damping. The vector g = (0, 0, g)T is
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the specific force due to gravity, where g is the magnitude of gravitational acceleration.

The system (6.1) can be written in terms of the state x(t) as

ẋ(t) = f(x(t),u(t)) =



RIBvr + Vw

RIBω
×

vr × ω + fA +RT
IBg

I−1 (Iω × ω) +mA

0


(6.2)

where the state x(t) and input u(t) are

x(t) =



X

RIB

vr

ω

Vw


and u(t) =

 fA

mA

 (6.3)

The reader is asked to forgive the abuse of notation in Eqs. (6.2), (6.3), and (6.4) where

matrix differential equations and matrix state are concatenated with vector differential equa-

tions and vector state. This abuse of notation is used only to establish the invariance and

equivariance of the dynamics and output, respectively. The invariant EKF formulation later

uses a vector state in terms of Euler angles to parameterize the rotation matrix bmRIB. We

assume that the UAV is equipped with a GNSS receiver, IMU, magnetometer, and 5-hole
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probe. The measurement equation y(t) is

y(t) = h(x(t),u(t)) =



X

RIB

vr

ω

fA

mA


(6.4)

Note that the problem formulation assumes that fA and mA can be directly measured, e.g.,

using linear and angular accelerometers, so that aerodynamic force and moment models are

not required. The time dependence of the state, input, and measurement are later dropped

for simplicity.

6.2 Invariant Dynamics and Equivariant Output

In this section, the invariance of the dynamics (6.2) and the equivariance of the output (6.4)

are established with respect to the Lie group G = SE(3) of rigid body transformations

(i.e., translations and rotations), which is the configuration manifold for a rigid UAV. Let

g = (Xg,Rg) ∈ G = SE(3) where Xg ∈ R3 and Rg ∈ SO(3).

Definition 6.1. (Adapted from [26]). The system

ẋ = f(x,u)

y = h(x,u)

has G-invariant dynamics and G-equivariant output if there exist transformations ϕg(x(t))
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and ψg(u(t)) on the state and input, respectively, such that

Dϕg(x) · f(x,u) = f(ϕg(x),ψg(u)) (6.5a)

ρg(y) = h(ϕg(x),ψg(u)) (6.5b)

for all g ∈ G,x, and u. The invariance property also reads d
dt
X = f(ϕg(x),ψg(u)) for

X = ϕg(x).

Definition 6.2. (Adapted from [20]). A smooth action of G on an element of a manifold

M is a left (or right) action when an element g ∈ G acts on some z ∈ M from the left (or

right). Define a differentiable mapping ϕg : G×M →M such that the left and right actions

are

ϕlg(z) = gz

ϕrg(z) = zg

Remark 6.3. (Adapted from [20]) Any left action gz gives rise to a right action g−1z, and

vice versa, where any right action zg gives rise to a left action zg−1. The notation (·)−1

indicates the inverse action of G.

We consider only left actions of G on the state and input of the aircraft i.e., the state

and input transformations ϕg and ψg represent transformations under the left action of

G = SE(3).

Proposition 6.4. The dynamics (6.1) are invariant under the left action of SE(3) on the
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state and input as given below:

ϕg(x) =



X +Xg

RIBR
T
g

Rgvr

Rgω

Vw


(6.6)

and

ψg(u) =

 RgFA

RgMA

 (6.7)

Proof. According to the definition (6.5a) with state and input transformations (6.6) and (6.7),

respectively, the system is invariant if it satisfies the condition d
dt
X = f(ϕg(x),ψg(u)), for

all g ∈ G and for all x and u. We write the dynamics of the transformed state as

d

dt



X +Xg

RIBR
T
g

Rgvr

Rgω

Vw


=



RIBR
T
gRgvr + Vw

RIBR
T
gRgω

×RT
g

Rgvr ×Rgω + 1
m
RgFA + 1

m
RgR

T
IBFg

RgI
−1RT

g (Rgω ×Rgω) +RgI
−1RT

gRgMA

0


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or 

Ẋ

ṘIBR
T
g

Rgv̇r

Rgω̇

V̇w


=



RIBvr + Vw

RIBω
×RT

g

Rg(vr × ω + 1
m
FA + 1

m
RT

IBFg)

Rg(ω × I−1ω + I−1MA)

0


The dynamics under the transformations ϕg and ψg satisfy the condition (6.5a), thus the

system described by Eqs. (6.1a)−(6.1e) is invariant under the transformations (6.6) and (6.7).

Proposition 6.5. The output (6.4) is equivariant under the left action of SE(3) with state

and input transformations ϕg(x) and ψg(u), respectively, with output transformation

ρg(y) =



X +Xg

RIBR
T
g

Rgvr

Rgω

RgaA

RgαA


(6.8)

Proof. Using the defined output transformation (6.8) it can be shown that condition (6.5b)
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is satisfied.

ρg(y) = y(ϕg(x),ψg(u))

X +Xg

RIBR
T
g

Rgvr

Rgω

RgaA

RgαA


=



X +Xg

RIBR
T
g

Rgvr

Rgω

RgaA

RgαA


The transformed output satisfies the condition (6.5b), thus the output equation (6.4) is

SE(3)-equivariant.

It has been shown that a fixed-wing UAV flying under a wind disturbance is invariant under

the left action of SE(3) and the given measurements are SE(3)-equivariant. In the following

section, the SE(3)-invariant dynamics and SE(3)-equivariant output are used to design the

invariant EKF.

6.3 The Invariant Extended Kalman Filter for the 6DOF

Fixed-Wing UAV

The invariant EKF for the fixed-wing UAV is designed using the invariant dynamics and

equivariant output from Section 6.2. This follows from Section 5.3 where the invariant EKF

is developed for the 3DOF UAV. In developing the invariant EKF for a 6DOF fixed-wing

aircraft, we first rewrite the attitude kinematics in the matrix differential equation (6.1b) in
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the vector form:

Θ̇ =


1 sinϕ tan θ cosϕ tan θ

0 cosϕ − sinϕ

0 sinϕ sec θ cosϕ sec θ


︸ ︷︷ ︸

LIB(Θ)

ω (6.9)

where Θ = (ϕ, θ, ψ)T ∈ R3 contains the roll, pitch, and yaw angles that parameterize the

rotation matrix RIB as follows:

RIB(Θ) =


cos θ cosψ cosψ sin θ sinϕ− cosϕ sinψ cosψ sin θ cosϕ+ sinϕ sinψ

cos θ sinψ sinϕ sin θ sinψ + cosϕ cosψ sin θ cosϕ sinψ − sinϕ cosψ

− sin θ cos θ sinϕ cos θ cosϕ


(6.10)

We note that there is no global three-parameter representation for SO(3). The Euler angle

parameterization, for example, is singular at pitch angles θ = ±π
2
. (The matrix LIB(Θ)

defined in (6.9) is not invertible for these values of θ.) We adopt these local coordinates for

calculations, in any case, and with the expectation that the aircraft will not pass through

this singular attitude in wind estimation applications.
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6.3.1 Invariant EKF design steps

We consider the (extended) state and output vectors

x =



X

Θ

vr

ω

Vw


and y = h(x,u) =



X

Θ

vr

ω

aA

αA


(6.11)

As described in Section 5.3, the design of the invariant EKF can be summarized by the

following steps [26]:

1. Solve the normalization equations.

2. Build an invariant output error and a set of scalar invariants.

3. Build the invariant frame.

4. Define an invariant state estimate error and then, using the pre-observer defined in

[26], determine the invariant state error dynamics.

5. Design the invariant EKF by linearizing the invariant state error dynamics and invari-

ant output error about zero state error.

Normalization Equations

A brief description of how the normalization equations are obtained is given adapting defi-

nitions and Theorem 8.25 from [23]. A Lie group H with elements h can act on a manifold
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Q with elements q. The action of h on q defines a transformation of the element q ∈ Q.

The group H is then referred to as the transformation group acting on the manifold Q. The

transformation group has associated orbits and local cross-sections of those orbits, where the

cross-sections form a submanifold that intersects each orbit at most once and transversally,

that is the submanifold does not share any common tangent directions with the orbit. For

example, consider a transformation by the action of the Lie group SO(2), the space of planar

rotations, on elements of a manifold q ∈ Q = R2 \ {0}. The orbits of the transformation

acting on points in R2 are circles centered at the origin with radius r =
√
q21 + q22 where

q = (q1, q2)
T ∈ Q. A cross-section of the orbits can be given by a ray that intersects each

orbit transversally and at most once. The normalization equations then arise from the pro-

cess of defining a moving frame associated with the given cross-sections of the orbits of the

transformation group. Define the group transformation q̄ = h · q = w(h, q). The functions

w are equated to some constants c = (c1, . . . , cs)
T where s = dim(H) and the constants c are

in the range of the functions w. The Implicit Function Theorem implies that the equations

w(h, q) = h · q can be locally solved for the group parameters in terms of the coordinates

q. The solution is written as h = γ(q) where the map γ : Q → H is the moving frame

associated with the given cross-section. The equations h ·q = c are called the normalization

equations.

The normalization equations associated with the aircraft system considered in this work are

obtained by first separating the state transformation ϕg(x) can be separated into two parts:

ϕag and ϕbg. The first part ϕag has dimension m where m = dim(G) and is invertible with

respect to the group action of G. The second portion of the state transformation ϕbg will

be used in the following step to solve for the functionally independent invariants. We set

ϕag = c where c is a constant in the range of ϕag. In this case, the constants c were chosen

to be c = (01×3,01×3)
T.
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For G = SE(3), and working in coordinates, we have

ϕag(x) =

 X +Xg

Θ+Θg

 =

 0

0

 (6.12)

An alternative representation of the last 3 equations of (6.12) could be to continue working

in terms of rotation matrices where the left-hand side of the equations would be RgRIB

which one could equate to the 3 × 3 identity matrix I3, which is a constant in the range of

the transformation RgRIB. Solving Eq. (6.12) for g = γ(x) we obtain

γ(x) =

 −X

−Θ

 =

 X

Θ


−1

(6.13)

where (·)−1 indicates the inverse action.

Invariants and Invariant Output Error

The n − m + p scalar invariants I, where n = dim(x) and p = dim(u), are the functions

I(x̂,u) := ((ϕbγ(x̂)(x̂))
T, (ψγ(x̂)(u))

T)T where x̂ will later denote an estimate of the system

state x. The invariants I are functions that are constant on orbits of the transformation

group G. For the given problem, we have

I(x̂,u) =



Rγ(x̂)v̂r

Rγ(x̂)ω̂

V̂w

Rγ(x̂)aA

Rγ(x̂)αA


(6.14)
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The invariant output error is defined as E := ργ(x̂)(ŷ)− ργ(x̂)(y) where ŷ will later denote

the output corresponding to the state estimate x̂. For the given system, we find

E : = ργ(x̂)(ŷ)− ργ(x̂)(y)

=



X̂ −X

Θ̂−Θ

R̃T
IB(v̂r − vr)

R̃T
IB(ω̂ − ω)

R̃T
IB(âA − aA)

R̃T
IB(α̂A −αA)


= T



X̂ −X

Θ̂−Θ

v̂r − vr

ω̂ − ω

âA − aA

α̂A −αA


(6.15)

where R̃IB = RIB(−Θ) and T = diag(I6, R̃T
IB, R̃

T
IB, R̃

T
IB, R̃

T
IB).

Invariant Frame

The method of moving frames from step 1 allows for the construction of an invariant frame

which forms a basis of the tangent space at x to the configuration manifold M . The invariant

frame is given by

W :=
(
Dϕγ(x)(x)

)−1

· ∂

∂x

= Dϕγ−1(x)(x) ·
∂

∂x

= diag(I6,Rγ(x),Rγ(x), I3) (6.16)

where ∂
∂x

is the canonical frame of x and In denotes the n× n identity matrix.
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Invariant State Estimate Error

The invariant state estimate error is defined as η := ϕγ(x̂)(x̂) − ϕγ(x̂)(x). For the given

problem,

η =



ηX

ηΘ

ηvr

ηω

ηVw


=



X̂ −X

Θ̂−Θ

R̃T
IB(v̂r − vr)

R̃T
IB(ω̂ − ω)

V̂w − Vw


(6.17)

We determine the dynamics of the invariant state error by taking the time derivative of (6.17)

and introducing the symmetry-preserving pre-observer defined in [26]:

d

dt
x̂ = f(x̂,u) +WKE (6.18)

where K is the n× p observer gain matrix. The invariant pre-observer is obtained by taking

the definition of a pre-observer (d/dt)x̂ = F (x̂,u,y) and ensuring that it preserves the

system geometry by using an invariant output error E where F = f(x̂,u)+WKE. Doing
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so, we obtain

η̇ =



˙̂
X − Ẋ
˙̂
Θ− Θ̇

˙̃RT
IB(v̂r − vr)− R̃T

IB(
˙̂vr − v̇r)

˙̃RT
IB(ω̂ − ω)− R̃T

IB(
˙̂ω − ω̇)

˙̂
Vw − V̇w



=



R̂IB
ˆ̃RIBηvr + (R̂IB −RIB)vr + ηVw)

L̂IB
ˆ̃RIBηω + (L̂IB −LIB)ω

ˆ̃RIB(ηvr × ηω) + vr ×
ˆ̃RIBηω + ( ˆ̃RIB + I3)ηvr × ω

ˆ̃RIBηω × I−1 ˆ̃RIBηω + (I3 − I−1 ˆ̃RIB)ηω × ω + ˆ̃RIBηω × I−1ω

03×1


+WKE

︸ ︷︷ ︸
fη

(6.19)

Following [39] to design the IEKF, we linearize the invariant state error dynamics about

η = 0 to obtain the state matrix

Ak =
∂fη
∂η

∣∣∣∣
η=0

=



03 03 R̂IB
ˆ̃RIB 03 I3

03 03 03 L̂IB
ˆ̃RIB 03

03 03 −ω×( ˆ̃RIB + I3) v×r
ˆ̃RIB 03

03 03 03

−ω× − I−1ω×I ˆ̃RT
IB

+I−1(Iω)× ˆ̃RT
IB

03

03 03 03 03 03


(6.20)
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where 03 denotes a 3× 3 matrix of zeros. We also obtain the output matrix

Hk =
∂E

∂η

∣∣∣∣
η=0

=



I3 03 03 03 03

03 I3 03 03 03

03 03 I3 03 03

03 03 03 I3 03

03 03 03 03 I3

03 03 03 03 03

03 03 03 03 03



(6.21)

Invariant EKF

As with the conventional EKF, the invariant EKF is formulated for systems subject to zero-

mean, Gaussian white process and measurement noise. Accordingly, in order to define the

invariant EKF, we append to the symmetry-preserving pre-observer (6.18) an n×1 vector of

zero-mean, Gaussian, white process noise w̃ with covariance matrix Q. We also append to

the output equation (6.11) a q × 1 vector of zero-mean, Gaussian, white measurement noise

ṽ with covariance matrix R.

The IEKF algorithm is then defined by the following iterative sequence:

1. Initialize the filter with the initial state estimate x̂(0) and state estimate error covari-

ance P (0).

• Set the iteration index k = 0.

• Set x̂+(0) = x̂(0)

• Set P+(0) =W (0)P (0)W (0)T.
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2. Model-based prediction: Compute

x̂−
k+1 = f(x̂+

k ,uk) (6.22a)

P−
k+1 = AkP

+
k + P+

k A
T
k + Q̃ (6.22b)

where Q̃ = ∂η
∂w̃
Q ∂η

∂w̃

T.

3. Measurement-based correction: Compute

Kk+1 = P−
k+1H

T
k+1

(
Hk+1P

−
k+1H

T
k+1 + R̃k+1

)−1

(6.23a)

x̂+
k+1 = x̂−

k+1 +Wk+1Kk+1Ek+1 (6.23b)

P+
k+1 = (I−Kk+1Hk+1)P

−
k+1 (6.23c)

where R̃k+1 = Tk+1RT
T
k+1 and where T was defined following (6.15).

4. Set k = k + 1 and return to Step 2.

6.3.2 Convergence of the invariant EKF

The invariant EKF has local convergence guarantees along a permanent trajectory [99]. A

trajectory of the system (6.2) is permanent if Ī = ψx−1(u) = ū where ū is constant.For the

fixed-wing aircraft model (6.1) with input transformation (6.7), the permanent trajectories

correspond to flight trajectories along which the following transformed inputs are constant:

Ī =

 R̃T
IBaA

R̃T
IBαA

 (6.24)
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There are two qualitatively distinct types of permanent trajectory associated with the con-

stant input indicated by Ī. The first type of permanent trajectory corresponds to the case

where aA = constant and αA = 0 so that R̃IB = constant. For the general case of this

permanent trajectory, the aircraft experiences constant, rectilinear acceleration with a fixed

attitude. It might be accelerating forward in wings level, constant altitude flight, for exam-

ple. The second type of permanent trajectory corresponds to the case where aA = 0 and

R̃T
IBαA = constant. For the general case of this permanent trajectory, the aircraft moves

with constant airspeed along a helical path with constant pitch and radius. This allows for

planar rotations with some constant angular acceleration in the direction of rotation. For

example, one such trajectory corresponds to rotations about the bz in the body-fixed refer-

ence frame where the inclination of the plane bx − by is constant relative to the North-East

plane in the inertial frame with constant acceleration αA = (0, 0, α3)
T. For such a trajectory,

considering, for example, some fixed pitch angle θ∗, zero roll angle (ϕ= 0), and allowing for

the yaw angle ψ to change over time, the quantity R̃T
IBαA becomes


cos θ∗ cosψ − cos θ∗ sinψ sin θ∗

sinψ cosψ 0

− sin θ∗ cosψ sin θ∗ sinψ cos θ∗




0

0

α3

 =


−α3 sin θ∗

0

α3 cos θ∗


which is constant. The invariant EKF has local converge guarantees along such trajectories.

The EKF is expected to converge exponentially satisfying conditions listed in [100] where

one of the requirements is that the difference between the initial state estimate and the

actual initial state is sufficiently small and that the initial state estimate covariance matrix

is positive definite.
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6.4 Simulation Results and Discussion

The fixed-wing UAV was simulated in two flight conditions corresponding two permanent

trajectories introduced in Section 6.3.2 in a 1D von Kármán wind field. The invariant EKF

was used to estimate the inertial position, orientation, body velocity, and body angular rate of

the aircraft as well as the velocity of the wind. The aircraft was simulated to fly starting from

the permanent trajectory corresponding to constant altitude, constantly linearly accelerated

wings level flight, and was perturbed from the flight condition with a 10 degree elevator

doublet before returning to the permanent trajectory as shown in Fig. 6.1a. In Fig. 6.1b, the

aircraft begins from constant altitude, wings-level flight to transition to a non-accelerated

helical turn. The desired airspeed in simulation was Vt = ||vr|| = 20 m/s. Process noise

was superposed on the dynamics with covariance matrix Q = diag(06, σ
2
vrI3, σ

2
ωI3, σ2

Vw
I3)

with σvr = 0.01, σω = 0.001, and σVw = 0.05. Measurement noise with covariance matrix

R = σ2
vI18 with σv = 0.01 was superposed on the output equation. The aerodynamic force

and moment coefficients from an identified flight dynamic model of a fixed-wing UAV were

used to simulate the motion of the aircraft. All aircraft parameters and model details can

be found in Appendix A.0.1.

To initialize the filter, the initial state estimate was set x̂(0) = (XT
0 ,Θ

T
0 ,v

T
0 ,ω

T
0 ,V

T
w0
)T where

X0 = (0, 0,−200)T m, Θ0 = (4π
3
, 5π

4
, 7π

6
)T rad, v0 = (−20, 5, 50)T m/s, ω0 = (5,−5, 1)T rad/s,

and Vw0 = (−25,−10, 15)T m/s. The filter was intentionally initialized using an initial

condition ‘far’ from the actual initial condition of the simulated flight data to test if it

converges for different initial conditions. The initial state error covariance matrix was set to

P (0) = I15. The invariant EKF estimates are compared to estimates using the conventional

EKF. Figures 6.2a and 6.3a present results of wind estimation using the invariant EKF and

EKF in a 1D von Kármán wind field for both simulated trajectories. The EKF and invariant
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(a)

(b)

Figure 6.1: Trajectory of the fixed-wing UAV in (a) constant altitude, constantly linearly
accelerated wings level flight subject to a 1D von Kármán wind field and (b) a non-accelerated
helical turn subject to a 1D von Kármán wind field.
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EKF were tuned using the same values for process and measurement noise covariance. A

10-second window of the wind estimation results is presented in Figs. 6.2b and 6.3b. These

results show that both the EKF and the invariant EKF perform well in providing accurate

estimates of wind velocity, however, it is observed that the invariant EKF outperforms the

conventional EKF. In Fig. 6.2, a 10 degree elevator doublet is commanded at t = 8 seconds

where the aircraft is perturbed from the permanent trajectory corresponding to constant

altitude, constantly linearly accelerated wings level flight. The invariant EKF is able to

better estimate the wind velocity under this perturbation. In Fig. 6.3, it is shown that the

invariant EKF provides more accurate wind estimates when the aircraft is flying along the

permanent trajectory corresponding to a non-accelerated helical turn when subject to a 1D

von Kármán wind field. The root mean square (RMS) error of the wind velocity estimates

for for both simulated cases are presented in Fig. 6.4 where it is observed that the invariant

EKF wind estimates have lower RMS error when compared to the EKF wind estimates. The

results of state estimation using the invariant EKF and conventional EKF for the remaining

12 states: (X,Y, Z, ϕ, θ, ψ, u, v, w, p, q, r) are provided in Appendix A.0.2.

6.5 Application to Experimental Flight Data

The application of the invariant EKF to experimental flight data requires consideration of the

onboard sensor suite of the UAV and available sensor measurements. The fixed-wing UAV

used in simulation, the MTD2 aircraft, has available as measurements the GNSS position

and velocity of the UAV (in the inertial frame), the attitude of the aircraft from the IMU,

and the airspeed from the Pitot probe. The inputs to the system are the specific force and

body angular rates from the IMU.
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(a)

(b)

Figure 6.2: Wind estimation results using both the invariant EKF and the conventional EKF
compared to the actual simulated wind velocity values in constant altitude, wings level flight
where an elevator doublet is applied where in (a) the results are shown for the full simulation
time and in (b) a 10-second window of the estimates is shown.
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(a)

(b)

Figure 6.3: Wind estimation results using both the invariant EKF and the conventional
EKF compared to the actual simulated wind velocity values in flight corresponding a non-
accelerated helical turn where in (a) the results are shown for the full simulation time and
in (b) a 10-second window of the estimates is shown.
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Figure 6.4: Root mean square error plots of wind estimates obtained using the invariant
EKF and a conventional EKF for (a) nominally constant altitude, wings level flight, and (b)
a non-accelerated helical turn.
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Consider the system

ẋ = f(x,u) =



RIBvr + Vw

RIBω
×

vr × ω +RT
IBg + fA

0


(6.25)

with state and input given by

x =



X

RIB

vr

Vw


and u =

fA
ω

 .

Here, again, the reader is asked to forgive the abuse of notation in concatenating matrix

and vector state and differential equations, as noted earlier in the chapter. The available

measurements are

y =



X

RIB

RIBvr + Vw

∥vr∥


. (6.26)

Proposition 6.6. The dynamics (6.25) are invariant under the left action of SE(3) on the

state and input as given below:

ϕg(x) =



X +Xg

RIBR
T
g

Rgvr

Vw


(6.27)
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and

ψg(u) =

 RgfA

Rgω

 (6.28)

Proof. According to the definition (6.5a) with state and input transformations (6.27) and (6.28),

respectively, the system is invariant if it satisfies the condition d
dt
X = f(ϕg(x),ψg(u)), for

all g ∈ G and for all x and u. The dynamics of the transformed state are written as

d

dt



X +Xg

RIBR
T
g

Rgvr

Vw


=



RIBR
T
gRgvr + Vw

RIBR
T
gRgω

×RT
g

Rgvr ×Rgω +RgfA + 1
m
RgR

T
IBFg

0


or 

Ẋ

ṘIBR
T
g

Rgv̇r

V̇w


=



RIBvr + Vw

RIBω
×RT

g

Rg(vr × ω + fA + 1
m
RT

IBFg)

0


The dynamics under the transformations ϕg and ψg satisfy the condition (6.5a), thus the

system described by Eq. (6.25) is invariant under the transformations (6.27) and (6.28).

Proposition 6.7. The output (6.26) is equivariant under the left action of SE(3) with state
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and input transformations ϕg(x) and ψg(u), respectively, with output transformation

ρg(y) =



X +Xg

RIBR
T
g

RIBvr + Vw

∥vr∥


(6.29)

Proof. Using the defined output transformation (6.29) it can be shown that condition (6.5b)

is satisfied.

ρg(y) = y(ϕg(x),ψg(u))

X +Xg

RIBR
T
g

RIBR
T
gRgvr + Vw

∥Rgvr∥


=



X +Xg

RIBR
T
g

RIBvr + Vw

∥vr∥


The transformed output satisfies the condition (6.5b), thus the output equation (6.26) is

SE(3)-equivariant.

The steps to design the invariant EKF presented in Section 6.3 are followed to obtain the

state and output matrices for implementation of the invariant EKF algorithm. First, the

attitude kinematics given by

ṘIB = RIBω
×

are replaced by using the kinematics described by the Euler angle parameterization of the

rotation matrix:

Θ̇ = LIBω (6.30)
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where LIB is given in Eq. (6.9). The modified nonlinear dynamics, state, and state transfor-

mation, respectively, are

ẋ = f(x,u) =



RIBvr + Vw

LIBω

vr × ω +RT
IBg + fA

0


, (6.31)

x =



X

Θ

vr

Vw


,

and

ϕg(x) =



X +Xg

Θ+Θg

Rgvr

Vw


. (6.32)

The six normalization equations are then

ϕag =

X +Xg

Θ+Θg

 (6.33)

where the solution is given by

γ(x) =

X
Θ


−1

(6.34)
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where, recall that, (·)−1 denotes the inverse action. The scalar invariants are then

Î(x̂,u) =

 ϕbg

ψγ(x̂)(u)

 =



Rγ(x̂)vr

Vw

Rγ(x̂)fA

Rγ(x̂)ω


(6.35)

The invariant output error E is

E = T



X̂ −X

Θ̂−Θ

R̂IBv̂r + V̂w −RIBvr − Vw

∥v̂r∥ − ∥vr∥


(6.36)

where T = I10. The invariant frame defined in Section 6.3.1 is W = diag(I3, I3,Rγ(x̂), I3).

The invariant state estimate error η is determined to be

η =



ηX

ηΘ

ηvr

ηVw


=



X̂ −X

Θ̂−Θ

Rγ(x̂)(v̂r − vr)

V̂w − Vw


(6.37)

Finally, the invariant state estimate error dynamics η̇, using the defined symmetry-preserving
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pre-observer in [26], are

η̇ =



R̂IBR
T
γ(x̂)ηvr + (R̂IB −RIB)vr + ηVw

(L̂IB −LIB)ω

Rγ(x̂)

(
RT

γ(x̂)ηvr × ω + (R̂T
IB −RT

IB)g
)

0


+WKE

︸ ︷︷ ︸
fη

(6.38)

The state matrixAk is found by linearizing the invariant state estimate error dynamics (6.38)

about zero state estimate error, i.e.,

Ak =
∂fη
∂η

∣∣∣∣
η=0

=



03 03 R̂IBR
T
γ(x̂) I3

03 03 03 03

03 03 −Rγ(x̂)ω
×RT

γ(x̂) 03

03 03 03 03


(6.39)

The output matrix Hk is determined by linearizing the invariant output error (6.36) about

zero invariant state estimate error. The invariant output error E in Eq. (6.36) is rewritten

in terms of the invariant state estimate error η as

E = T



ηX

ηΘ

R̂IBR
T
γ(x̂)ηvr + (R̂IB −RIB)vr + ηVw

∥RT
γ(x̂)ηvr + vr∥ − ∥vr∥


(6.40)
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The output matrix is then

Hk =
∂E

∂η

∣∣∣∣
η=0

=



I3 03 03 03

03 I3 03 03

03 03 R̂IBR
T
γ(x̂) I3

01×3 01×3

(
Rγ(x̂)vr
∥vr∥

)T
01×3


(6.41)

Local Observability for the invariant EKF

A simple observability analysis of the invariant EKF at each iteration can be computed using

the state and output matrices (6.39) and (6.41), respectively. The observability matrix at

each iteration of the filter k is given by

Ok =



Hk

HkAk

HkA
2
k

...

HkA
n−1
k


where n = 12 for the system (6.25). For the linearized system to be observable, the observ-

ability matrix must have full column rank at the given iteration of the filter at time step k.

A fundamental result in linear algebra is that column rank is equal to row rank, thus if the

observability matrix at iteration k has full row rank, the system is observable at step k. The
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observability matrix for the system is then

Ok =



I3 03 03 03

03 I3 03 03

03 03 R̂IBR
T
γ(x̂) I3

01×3 01×3

(
Rγ(x̂)vr
∥vr∥

)T
01×3

03 03 R̂IBR
T
γ(x̂) I3

03 03 03 03

03 03 −R̂IBω
×RT

γ(x̂) 03

01×3 01×3 −
(

Rγ(x̂)vr
∥vr∥

)T
Rγ(x̂)ω

×RT
γ(x̂) 01×3

0100×12



(6.42)

The observability matrix (6.42) has full row rank, rank(Ok = 12), for all values of Θ (avoiding

the singularity of the Euler angle parameterization at θ = ±π
2
), for ∥vr∥ ̸= 0, and if at least

one component of ω is non-zero.

Experiment Description and Results

The invariant EKF using the state and output matrices in Eqs. (6.39) and (6.41), respectively,

was implemented on two sets of collected flight data using the MTD2 aircraft shown in

Fig. 6.5 for indirect wind velocity estimation. The results obtained using the invariant EKF

were compared to those obtained using a conventional EKF. The experimental flight profile

flown by the MTD2 was the grid pattern flown at 210 m above ground level at a cruise

speed of 18 m/s shown in Fig. 6.6. Two portions of the flight profile were chosen to obtain

wind estimates using both the invariant EKF and a conventional EKF. Further details on

the experimental flight profile are in [101]. The trajectories for the two sets of flight data
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are shown in Fig. 6.7 where the trajectory of the first flight corresponds to straight and level

flight and the second corresponds to a coordinated turn.

Figure 6.5: The MTD2 aircraft.

Figure 6.6: Experimental flight profile of the MTD2 from which two sets of flight data were
chosen.

The results of wind estimation using the invariant EKF on the two trajectories shown in

Fig. 6.7 are shown in Figs. 6.8 and 6.9. The reconstructed, or measured, wind velocity that

is considered the actual wind velocity is obtained from an air data system onboard the MTD2

aircraft. The air data system measures the airspeed ∥vr∥ of the aircraft using a Kiel probe,

as well as the AoA α and flank angle βf using two flow vanes. The flank angle and AoA are
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(a)

(b)

Figure 6.7: Two trajectories of collected experimental flight data where in (a) the UAV is in
straight and level flight and in (b) the UAV is executing a coordinated turn.
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used to obtain AoS β using the relationship β = tan−1 (tan(βf ) cos(α)). The components of

the air-relative velocity vr of the aircraft are determined using the measurements of ∥vr∥,

α, and β. The inertial velocity V of the aircraft is obtained from the GNSS receiver. The

wind triangle shown in Fig. 3.1 is then solved for wind velocity Vw where Vw = V −RIBvr.

The rotation matrix RIB is obtained from the onboard navigation solution and IMU. This

computed wind velocity is then used as the actual wind velocity that the wind velocity

estimates from the implemented filters are compared to. It is important to note that the

true wind velocity is unknown and the reconstructed, or actual wind velocity values obtained

are as accurate as the information collected by the air data system. The obtained wind

estimates are compared to the actual wind velocity values in Figs. 6.8 and 6.9. Additional

state estimates of the position, attitude, and inertial velocity can be found in Appendix A.0.3

for both experimental flight trajectories. Both the invariant EKF and EKF were initialized

with an initial state estimate covariance P0 = 10 · I12 and initial states for the straight and

level flight and coordinated turn

x0 = (−143.3, 295.8,−214.6,−0.0584, 0.0568,−1.378, 19.01, 0.6251, 0.1218,−5.101, 5.481,−0.4321)T

and

x0 = (−67.17, 262.9,−214.8,−0.0544,−0.0060,−2.760, 18.79, 0.3138, 0.7232,−5.234, 6.971, 0.8164)T,

respectively, with commensurate units. The process noise covariance in straight and level

flight was set to

Q = diag(39.38, 44.08, 22.54, 0.0044, 3.158e−4, 7.155e−4, 2.880, 8.176, 7.751, 7.797, 3.346, 6.220),
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with commensurate units. For the coordinated turn, the process noise covariance was set to

Q = diag(13.55, 15.77, 20.49, 0.0087, 2.681e− 4, 2.705, 2.768, 6.990, 5.650, 3.871, 3.214, 5.316),

with commensurate units. For both sets of flight data, the measurement noise covariance

was set to

R = diag(0.0291, 0.0294, 0.1563, 1e− 6, 1e− 6, 1e− 6, 0.0093, 0.0095, 0.0119, 4e− 4),

with commensurate units.

Figure 6.8: Wind estimation results using both the invariant EKF and conventional EKF
compared to reconstructed (or measured) wind velocity using an air data system (denoted
actual) on straight and level flight.
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Figure 6.9: Wind estimation results using both the invariant EKF and conventional EKF
compared to reconstructed (or measured) wind velocity using an air data system (denoted
actual) when the aircraft executes a coordinated turn.

Figures 6.8 and 6.9 show that the invariant EKF outperforms the EKF in providing accurate

wind velocity estimates. The EKF diverges from the actual wind velocity in both experi-

mental data sets. The invariant EKF is thus shown to be capable of aerodynamic model-free

indirect wind estimation. This work is the first application of the invariant EKF for indirect

wind estimation using a small, fixed-wing UAV for both simulated and experimental flight

data. It also shows that aerodynamic model-free indirect wind estimation is possible using

the invariant EKF, as demonstrated in Figs. 6.3, 6.2, 6.8 and 6.9, where the most notable

contribution is the successful implementation of the invariant EKF to obtain accurate wind

estimates on experimental flight data. The ability of the invariant EKF on this application
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establishes the effectiveness and utility of the invariant EKF for indirect wind estimation

as this method can be applied to any fixed-wing UAV without requiring knowledge of the

aerodynamic force and measurement models. It is important to note that the estimated wind

velocity here is the mean wind velocity and the rotational components of the wind velocity

are neglected. Additional work will be required to relax the assumptions made on the wind

field described in Section 4 and the problem described here may need to be reformulated to

capture additional wind velocity components, such as turbulent and rotational components.
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Conclusions

This dissertation presents the invariant EKF as an estimation algorithm that can be used to

indirectly infer wind velocity using a small, fixed-wing UAV. An introduction to rigid body

mechanics, geometric mechanics, and classical invariant theory are provided as foundational

material for the design and implementation of the invariant EKF to estimate the extended

state of the rigid aircraft in wind. An extensive literature review gives background on

indirect wind estimation methods, categorized as either model-based or model-free methods,

is presented. An overview of aircraft equations in wind, assumptions on the wind field, and

common estimators are also described.

The main result of this work is the design and implementation of the invariant EKF for

aerodynamic model-free indirect wind estimation using a small, fixed-wing UAV. This first

requires proving that the dynamics and measurement of the system are invariant and equiv-

ariant, respectively, with respect to the action of a Lie group. An initial implementation

of the invariant EKF on a UAV horizontal-plane flight shows that the 3DOF fixed-wing

aircraft motion model is G−invariant under the left action of SE(2) and that the output is

G−equivariant. The formulation assumes that the specific force and specific moment acting

on the aircraft due to aerodynamic effects are known inputs to the system. The invariant

dynamics and equivariant output were then used to design the invariant EKF to estimate

the position, orientation, velocity, and angular rate of the UAV as well as the wind velocity.

A conventional EKF was also implemented to obtain wind velocity estimates.

113



114 CHAPTER 7. CONCLUSIONS

The aircraft was simulated in both 1D and 2D von Kármán turbulence at a constant altitude

cruise, and subject to a 40◦ yaw doublet in the first case. Results show that the invariant

EKF outperforms the EKF in providing accurate wind velocity estimates. The measurement

noise was varied to observe the sensitivity of the invariant EKF to measurement noise, and

it was shown that while the invariant EKF estimates degraded they did not diverge. The

invariant EKF, in general, has convergence guarantees over a larger subset of the state space

when compared to the EKF as the state and output matrices are constant for a larger set of

trajectories.

The invariant EKF was also designed for wind estimation using the full 6DOF rigid aircraft

motion. It was proven that the dynamics of the UAV are invariant under the left action

of the Lie group G = SE(3) and that the chosen output is G-equivariant. The design of

the invariant EKF was described in five steps: determining the normalization equations,

building an invariant output error and a set of scalar invariants, building an invariant frame,

defining an invariant state estimate error and determining the corresponding error dynamics,

and designing the invariant EKF by linearizing the invariant state estimate error dynam-

ics and the invariant output error about zero state error. The invariant EKF has local

convergence guarantees along permanent trajectories, such as wings-level flight at constant

altitude. Moreover, the Jacobian matrices defining the linearization within the invariant

EKF remain relatively constant in a larger region of state space around this permanent tra-

jectory. Simulated flight data were generated for nominal motions of a small, fixed-wing

UAV corresponding to wings-level flight at constant altitude and flight along a vertically

helical path with constant pitch and radius. In both cases, the nominal motion was dis-

turbed by 1D von Kármán wind turbulence. For the wings-level flight example, the motion

was further disturbed by a large pitch doublet. Wind estimates obtained using the invariant

EKF were more accurate than those obtained using a conventional EKF. Qualitatively, time
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histories of true and estimated wind velocity clearly show better tracking by the invariant

EKF. Quantitatively, the invariant EKF wind estimates have lower RMS error compared

with the EKF wind estimates. The RMS error of the invariant EKF estimates in wings level

flight is at or below 1 m/s for all three wind velocity components whereas the EKF wind

velocity estimates’ RMS error approaches 1.1 m/s in the North direction and 1.15 m/s in

the down direction. For the non-accelerated helical turn, the maximum invariant EKF RMS

error is approximately 1.2 m/s in the east direction, and the maximum EKF RMS error of

the wind velocity estimates is approximately 1.45 m/s. For both simulated flights, the EKF

wind velocity estimate RMS error is higher than the invariant EKF wind velocity estimate

RMS error.

The most notable contribution of this work was the application of the invariant EKF for wind

estimation on experimental flight data. The problem was reformulated for the 6DOF case

where the rotational dynamics of the aircraft were not considered. The modified kinematics

and dynamics were shown to be SE(3)-invariant and the measurements available from the

onboard sensor suite were shown to be SE(3)-equivariant. The invariant EKF was applied

to two sets of flight data: a straight and level flight and a coordinated turn. The invariant

EKF provided accurate wind estimates compared to the true (or reconstructed) wind velocity

measurement by the aircraft in both flight conditions whereas estimates obtained from a

conventional EKF diverged when applied to the coordinated turn flight data. The motivation

of this work was to answer the question: Is aerodynamic model-free wind estimation possible

using the invariant EKF where only measurements from the operational sensor suite of a

fixed-wing UAV are available? It is demonstrated that aerodynamic model-free indirect wind

estimation can be achieved using the invariant EKF on both simulated and experimental

flight data using a full 6DOF rigid aircraft. There is a clear advantage in using the invariant

EKF over common estimators, namely the EKF that was also implemented, as the estimator
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does not diverge when the aircraft transitions from straight and level flight to executing a

coordinated turn.

A limitation of the invariant EKF when applied to experimental flight data for indirect

wind estimation is that the formulation is specific to fixed-wing aircraft that have airspeed

measurements available. A valuable extension of the application of the invariant EKF to in-

direct wind estimation using UAVs would be to include a formulation for multirotor aircraft.

Additionally, the application of the invariant EKF to experimental flight data required that

the rotational dynamics of the aircraft be ignored and that the body angular rates be taken

as inputs to the dynamic system. An improvement in indirect wind estimation results on

experimental flight data may be achieved if the body angular rates are considered as part

of the state of the aircraft and if measurements of the specific moment are available. Fur-

ther work in the theory of symmetry-preserving observers may be to consider systems with

reduced symmetry and design a framework such that the (reduced) symmetries of such a

system can be exploited to design a state estimator.
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Appendix A

A.0.1 Example Aircraft Parameters

The small, fixed-wing aircraft model used in simulation was the MTD2 aircraft model identi-

fied by the Nonlinear Systems Laboratory (NSL) at Virginia Tech. The mass and geometric

properties of the MTD2 are provided in Table A.1. An identified aerodynamic model of the

Table A.1: MTD2 aircraft mass and geometric properties.

Parameter Symbol Value
Mass m 3.311 kg
Wing span b 1.80 m

Moments of inertia

Ixx
Iyy
Izz
Ixz

0.319 kg-m2

0.267 kg-m2

0.471 kg-m2

0.024 kg-m2

Mean aerodynamic chord
Wing surface area
Propeller diameter
Number of propellers

c
S
D
ηn

0.254m
0.457m2

0.254m
2

Propeller Efficiency ηe 90%

aircraft was used to simulate its flight. The model was identified from flight data by other
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members of the NSL. The models identified for the aerodynamic force and moment are

FA =
1

2
ρ∥v∥2S


CX(v,ω, δ)

CY (v,ω, δ)

CZ(v,ω, δ)

+D4ρηeηnδ
2
rps


CJ(δ)

0

0

 (A.1)

MA =
1

2
ρ∥v∥2S


bCl(v,ω, δ)

cCm(v,ω, δ)

bCn(v,ω, δ)

 (A.2)

where δ = [δa, δe, δr, δrps]
T are the control inputs corresponding to aileron, elevator, rudder,

and thrust commands, c is the mean aerodynamic chord, b is the wingspan, S is the aircraft

wing surface area, ρ is the air density, D is the diameter of the propeller, ηe is the propeller

efficiency, and ηn is the number of propellers. The non-dimensional thrust, force, and moment

models are

CJ = CJ0 + CJJ + CJ2J2 (A.3a)

CX = CX0 + CXδe
δe + CXαα + CX2

α
α2 (A.3b)

CY = CYp p̂+ CYr r̂ + CYδaδa + CYδrδr + CYββ (A.3c)

CZ = CZ0 + CZq q̂ + CZαα (A.3d)

Cl = Clp p̂+ Clδaδa + Clββ (A.3e)

Cm = Cm0 + Cmq q̂ + Cmδe
δe + Cmαα + Cmα̇

α̇ (A.3f)

Cn = Cnr r̂ + Cnδa
δa + Cnδrδr + Cnβ

β (A.3g)

where the non-dimensional terms in Eqn. (A.3) are

α = tan−1
(w
u

)
β = sin−1

(
v

∥v∥

)
p̂ =

pb

2∥v∥
q̂ =

qc

2∥v∥
r̂ =

rb

2∥v∥
J =

∥v∥
δrpsD
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Table A.2 provides the identified force and moment coefficients.

Table A.2: Aerodynamic force and moment coefficients for the MTD2.

Coefficient Value Coefficient Value Coefficient Value
CJ0 -0.131 CYp 0.221 CZ0 -0.225
CJ -0.040 CYr 0.230 CZq -12.54
CJ2 0.116 CYδa 0.118 CZα -4.451
CX0 -0.428 CYδr 0.136
CXδe

0.051 CYβ -0.525
CXα 0.282
CXα2 3.292

Coefficient Value Coefficient Value Coefficient Value
Clp -0.386 Cm0 0.008 Cnr -0.119
Clδa -0.137 Cmq -14.02 Cnδa

0.013
Clβ -0.039 Cmδe

-0.415 Cnδr
-0.068

Cmα -0.471 Cnβ
0.103

Cmα̇
0.550
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A.0.2 Additional State Estimates (Simulation)

Estimates of the states (X,Y, Z, ϕ, θ, ψ, u, v, w, p, q, r) are provided using both the invari-

ant EKF and conventional EKF on the simulated flight data shown in Section 6.4. Fig-

ures A.1, A.2, and A.3 show results of estimation along the permanent trajectory correspond-

ing to constant altitude, constantly linearly accelerated wings level flight. The estimates

along the permanent trajectory of a non-accelerated helical turn are given in Fig. A.4, A.5,

and A.6.
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Figure A.1: Position and attitude estimates for the aircraft simulated along constant altitude,
constantly linearly accelerated wings level flight with an applied perturbation of a 10 degree
elevator doublet at t = 8 seconds using both the invariant EKF and conventional EKF.
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Figure A.2: Body velocity estimates for the aircraft simulated along constant altitude, con-
stantly linearly accelerated wings level flight with an applied perturbation of a 10 degree
elevator doublet at t = 8 seconds using both the invariant EKF and conventional EKF.
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Figure A.3: Body angular rate estimates for the aircraft simulated along constant altitude,
constantly linearly accelerated wings level flight with an applied perturbation of a 10 degree
elevator doublet at t = 8 seconds using both the invariant EKF and conventional EKF.
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Figure A.4: Position and attitude estimates for the aircraft simulated along a non-accelerated
helical turn using both the invariant EKF and conventional EKF.
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Figure A.5: Body velocity estimates for the aircraft simulated along a non-accelerated helical
turn using both the invariant EKF and conventional EKF.
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Figure A.6: Body angular rate estimates for the aircraft simulated along a non-accelerated
helical turn using both the invariant EKF and conventional EKF.
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A.0.3 Additional State Estimates (Experimental)

Estimates of the inertial position and inertial velocity of the UAV for the experimental

flight data shown in Section 6.5 are provided. Figures A.7 and A.8 show the additional

state estimates for the aircraft in straight and level flight. Figures A.9 and A.10 show the

additional state estimates for the aircraft while executing a coordinated turn.

Figure A.7: Position and attitude estimates for the aircraft in straight and level flight using
both the invariant EKF and EKF.
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Figure A.8: Inertial velocity estimates for the aircraft in straight and level flight using both
the invariant EKF and EKF.
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Figure A.9: Position and attitude estimates for the aircraft in a coordinated turn using both
the invariant EKF and EKF.
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Figure A.10: Inertial velocity estimates for the aircraft in a coordinated turn using both the
invariant EKF and EKF.
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