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V\QWKHVLV RI HOHFWULF QHWZRUNV LQWHUFRQQHFWLQJ S]W

DFWXDWRUV WR HIILFLHQWO\ GDPS PHFKDQLFDO

YLEUDWLRQV1

P1SRUILUL

+DEVWUDFW,

Wkh dlp ri wklv wkhvlv lv wr vkrz wkdw lw lv srvvleoh wr gdps phfkdqlfdo

yleudwlrqv lq d jlyhq iudph/ frqvwlwxwhg e| Hxohu ehdp jryhuqhg e| wkh

htxdwlrqv ri dq hodvwlfd/ e| phdqv ri slh}rhohfwulf dfwxdwruv joxhg rq

hyhu| ehdp dqg lqwhufrqqhfwhg hdfk rwkhu yld hohfwulfdo qhwzrunv1Vlqfh

zh eholhyh wkdw wkh prvw h!flhqw zd| wr gdps phfkdqlfdo yleudwlrqv e|

phdqv ri hohfwulfdo qhwzrunv/ lv wr uhdol}h d vwurqj prgdo frxsolqj ehwzhhq

wkh hohfwulfdo dqg wkh phfkdqlfdo prwlrq/ zh zloo v|qwkhvl}h d glvwulexwhg

flufxlw dqdorj wr wkh Hxohu ehdp1Zh zloo dssurdfk wklv v|qwkhvlv sureohp

iroorzlqj wkh eodfn er{ dssurdfk wr phfkdqlfdo v|vwhpv/ vwxglhg e| pdq|

hqjlqhhuv dqg vflhqwlvwv gxulqj wkh 4<73*v lq dq dwwhpsw wr ghvljq dqdorj

frpsxwhuv1Lw zloo eh vkrzq wkdw lw lv srvvleoh wr rewdlq d txlfn hqhuj|

h{fkdqjh ehwzhhq lwv phfkdqlfdo dqg hohfwulfdo irupv/ xvlqj dydlodeoh

slh}rhohfwulf dfwxdwruv1Ilqdoo| zh zloo vwxg| d qxphulfdo vlpxodwlrq iru wkh

gdpslqj ri wudqvyhuvh yleudwlrqv ri d ehdp fodpshg dw erwk hqgv1



Wr p| Whdfkhu Iudqfhvfr ghoo*Lvrod1

lll



Frqwhqwv

Olvw ri Iljxuhv yll

Fkdswhu

4 Wkhru| ri qhwzrunv= d eulhi lqwurgxfwlrq1 4

V|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

Qhwzrun dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

5 Qhwzrun v|qwkhvlv 99

V|qwkhvlv ri olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv/ �qlwh rqh0sruw qhwzrunv1 99

V|qwkhvlv ri olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv/ lq�qlwh rqh0sruw qhwzrunv1 9;

V|qwkhvlv ri olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv/ �qlwh wzr0sruw qhwzrunv1 9<

V|qwkhvlv ri pxowlsruw qhwzrunv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :7

6 Wlprvkhqnr ehdp ::

Nlqhpdwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

G|qdplfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3

Hxohu ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

7 Hohfwulfdo dqdorjv iru vlpsoh phfkdqlfdo vwuxfwxuhv <4

Klvwru| ri wkh phfkdqlfdo lpshgdqfh phwkrgv iru yleudwlrq sureohpv 1 1 1 1 1 <4

8 D eodfn er{ dssurdfk wr wkh wkhru| ri yleudwlqj vwuxfwxuhv 437

Vwuxfwxuh Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

ly



Wlph grpdlq uhsuhvhqwdwlrq ri olqhdu/ frpsohwho| vroydeoh dqg wlph0lqyduldqw

vwuxfwxuhv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 454

Iuhtxhqf| grpdlq uhsuhvhqwdwlrq ri olqhdu/ frpsohwho| vroydeoh dqg wlph0lqyduldqw

vwuxfwxuhv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 455

9 V|qwkhvlv ri d flufxlw dqdorj wr wkh Hxohu ehdp 476

V|qwkhvlv ri d flufxlw dqdorj wr wkh orqjlwxglqdoo| yleudwlqj ehdp 1 1 1 1 1 1 1 47:

V|qwkhvlv ri d flufxlw dqdorj wr wkh wudqvyhuvdoo| yleudwlqj ehdp 1 1 1 1 1 1 1 486

: Slh}rhohfwurphfkdqlfdo ehdp 4;<

Hohfwur0phfkdqlfdo vwuxfwxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;<

Prgho ri wkh slh}rhohfwurphfkdqlf ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<7

Iuhh yleudwlrqv ri d slh}rhohfwurphfkdqlfdo ehdp fodpshg dw erwk hqgv1 1 1 1 53;

y



Olvw ri Iljxuhv

414 Uhsuhvhqwdwlrq ri d v|vwhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

415 Q0sruw Qhwzrun 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

416 Uhsuhvhqwdwlrqv ri d uhvlvwru/ fdsdflwru/ dqg lqgxfwru 1 1 1 1 1 1 1 1 1 1 1 43

417 Uhsuhvhqwdwlrqv ri wkh qxoodwru dqg qrudwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

418 Uhsuhvhqwdwlrq ri wkh qxooru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

419 Uhsuhvhqwdwlrq ri wkh lghdo wudqviruphu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

41: Ehohylwfk*v ghwdlohg uhsuhvhqwdwlrq ri wkh lghdo wudqviruphu 1 1 1 1 1 1 1 1 46

41; Uhsuhvhqwdwlrq ri wkh fxuuhqw vrxufh dqg yrowdjh vrxufh1 1 1 1 1 1 1 1 1 1 46

41< Dxjphqwhg qhwzrun 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48

4143 Sduwlwlrqhg qhwzrun 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

4144 Q.40whuplqdo qhwzrun 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75

4145 Vhulhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

4146 Vhulhv ehwzhhq dq lqgxfwru dqg d fdsdflwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77

4147 Sdudooho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

4148 Sdudooho ehwzhhq dq lqgxfwru dqg d fdsdflwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79

4149 Fdvfdgh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79

414: Fdvfdgh0ordghg wudqviruphu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

514 Irvwhu*v �uvw irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

515 Irvwhu*v vhfrqg irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

yl



516 D wzr0sruw qhwzrun fdsdeoh ri uhdol}lqj dq| w|slfdo whup lq Irvwhu*v h{0

sdqvlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3

517 D wzr0sruw fdsdeoh ri uhdol}lqj dq| w|slfdo whup lq wkh h{sdqvlrq ri wkh

dgplwwdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5

518 V|pphwulf odwwlfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6

519 Qhwzrun fdsdeoh ri uhdol}lqj d jhqhulf whup lq wkh Irvwhu*v h{sdqvlrq 1 1 :8

614 Nlqhpdwlfdo ghvfulswruv ri wkh ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

615 D{ldo dqg ehqglqj ghirupdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3

714 Vlpso| vxssruwhg ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

715 Flufxlw dqdorj wr wkh vlpso| vxssruwhg ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

716 Fdqwlohyhu ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

717 Flufxlw dqdorj wr fdqwlohyhu ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

814 Uhsuhvhqwdwlrq ri d vwuxfwxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

815 Uhsuhvhqwdwlrq ri wkh slyrw dqg fodpslqj ghylfh 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

816 Uhsuhvhqwdwlrq ri d uroohu dqg d olqn0eorfn 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

817 Uhsuhvhqwdwlrq ri d gdpslqj ghylfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

818 Uhsuhvhqwdwlrq ri d vsulqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

819 Uhsuhvhqwdwlrq ri d pdvv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443

81: Uhsuhvhqwdwlrq ri d ordg dqg d vkdnhu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443

81; Fdqwlohyhu ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

81< Ordghg Fdqwlohyhu ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 475

yll



914 Phvk rq wkh ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 477

915 Flufxlw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 478

916 Iluvw ehdp0hohphqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479

917 Uhdol}dwlrq ri wkh �uvw whup lq Irvwhu* h{sdqvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 483

918 Uhdol}dwlrq ri wkh vhfrqg whup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 484

919 Uhdol}dwlrq ri wkh dssur{lpdwh prelolw| pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 484

91: Uhdol}dwlrq ri wkh dssur{ldpwh prelolw| pdwul{ e| d v|pphwulf odwwlfh 1 485

91; Uhdol}dwlrq ri wkh uhvlgxh pdwul{ Nf 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 494

91< Vlpsol�hg uhdol}dwlrq ri wkh uhvlgxh pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 495

9143 Uhdol}dwlrq ri wkh uhvlgxh N" 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49;

9144 Flufxlw*v prgxoxv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;9

9145 Wkuhh glphqvlrqdo ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;:

9146 Lpdjlqdu| fdeohv/ uhsuhvhqwlqj wkh glvwulexlwhg flufxlw 1 1 1 1 1 1 1 1 1 1 4;:

9147 Vxe0qhwzrun ri wkh p�wk flufxlw* prgxoxv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;:

9148 Flufxlw*v prgxoxv zlwk dssolhg fxuuhqw vrxufhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;;

9149 Vxeqhwzrun ri wkh flufxlw prgxoxv/ zlwk dssolhg fxuuhqw vrxufhv 1 1 1 1 4;;

:14 Uhsuhvhqwdwlrq ri dq hohfwurphfkdqlfdo vwuxfwxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 4<3

:15 Vfkhpdwlf sorw ri d ehqglqj slh}rhohfwulf dfwxdwru 1 1 1 1 1 1 1 1 1 1 1 1 4<5

:16 Hohfwulfdo uhsuhvhqwdwlrq ri d ehqglqj slh}rhohfwulf dfwxdwru 1 1 1 1 1 1 1 4<7

:17 Slh}rhohfwurphfkdqlfdo ehdp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<8

:18 Slh}rhohfwurphfkdqlfdo ehdp fodpshg dw erwk hqgv 1 1 1 1 1 1 1 1 1 1 1 1 53;
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Fkdswhu 4

Wkhru| ri qhwzrunv= d eulhi

lqwurgxfwlrq1

V|vwhpv

Wkh dlp ri wklv fkdswhu lv wr lqwurgxfh frqfhswv iurp wkh wkhru| ri qhwzrunv wkdw

zloo eh qhhghg lq v|qwhvl}lqj dq hohfwulfdo sdudooho ri wkh Hxohu ehdp1 Wkh �uvw vwhs ri

rxu glvfxvvlrq lv wkh suhvhqwdwlrq ri wkh prgho eodfn er{ iru d zlgh fodvv ri hohfwulfdo

ghylfhv wkrvh frppxqlfdwlqj zlwk wkh rxwhu zruog e| d �qlwh qxpehu ri dffhvv srlqwv/

fdoohg whuplqdov1

Lw pxvw eh xqghuolqhg wkdw/ dowkrxjk jhqhudoo| wkh ghvfulehg frqfhswv duh xvhg lq

wkh vshfldo frqwh{w ri wkh wkhru| ri qhwzrunv/ wkh| fdq eh iuxlwixoo| dssolhg wr gl�huhqw

eudqfkhv ri Hqjlqhhulqj Vflhqfh/ zkhuh gl�huhqw sk|vlfdo ghylfhv pd| eh lqyroyhg1 Lq0

ghhg gl�huhqw sk|vlfdo remhfwv fdq eh ghvfulehg e| wkh eodfn er{ prgho1 Jhqhudol}lqj

wkh glvfxvvlrq jlyhq e| Proo| +4<8;, ^4`/ zh zloo gr vr iru dq hohphqw ri d ehdp1

Wkh vwdwh ri hyhu| whuplqdo W� lv fkdudfwhul}hg e| d sdlu ri o�wxsohv +��> � �, @��
��� > ===> �

,
�

�
>
�
��� > ===> �

,
�

��
1 Wkh vhw ri wkh sdluv +��> � �, 5LU,�LU, fkdudfwhul}hv frpsohwho|

wkh vwdwh ri wkh ghylfh1 Jhqhudoo| vshdnlqj � �� lv uhihuuhg wr dv d wkurxjk yduldeoh/ zkloh

��� lv fdoohg dq dfurvv yduldeoh1
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Wkh hyroxwlrq ri wkh v|vwhp lq wkh wlph lqwhuydo ^3>4, zloo eh ghvfulehg e| prwlrq/

l1h1 d ixqfwlrq 2 = w :$ +�� +w, > � � +w,,/ l @ 4===o= Wkh prwlrq lv d uhdo yhfwru ydoxhg

ixqfwlrq ri wkh wlph yduldeoh w/ dqg doo lwv vfdodu frpsrqhqwv/ l1h1 doo wkh vfdodu ixqfwlrqv

��� = w :$ ��� +w,/ �
�
� = w :$ � �� +w, > ehorqj wr d Vljqdo Vsdfh Gn zklfk qhhgv wr eh uljrurxvo|

gh�qhg1

Gh�qlwlrq 4 Wkh Vljqdo Vsdfh Gn lv wkh Olqhdu Vsdfh ri lq�qlwho| frqwlqxrxvo| gli0

ihuhqwldeoh uhdo ydoxhg ixqfwlrqv ri d uhdo yduldeoh/ zkrvh vxssruw lv lq LUn14

Wkh Vljqdo Vsdfh Gn lv qhlwkhu dq lqqhu surgxfw vsdfh qru d qruphg vsdfh/ qhy0

huwkhohvv zh lqwurgxfh zkhqhyhu lw lv srvvleoh dq lqqhu surgxfw dqg d qrup/ h{whqglqj

wkh qrwlrq ri lqqhu surgxfw lq O2=

Qrwh wkdw iru d jhqhulf eodfn er{ wkh ��Gludf glvwulexwlrqv duh qrw doorzhg dv vljqdov

ri wkh v|vwhp/ qhyhuwkhohvv zh zloo qhhg wkhvh glvwulexwlrqv wr ghvfuleh wkh lqsxw0rxwsxw

uhodwlrqvkls iru d sduwlfxodu fodvv ri qhwzrunv1

Zh h{solflwo| uhpdun wkdw wkh iroorzlqj gh�qlwlrqv gr qrw dsso| wr hyhu| ixqfwlrq

ri Gn/ exw rqo| wr wkh ixqfwlrqv ehorqjlqj wr wkh lqwhuvhfwlrq Gn _ O2=

Gh�qlwlrq 5 Ohw { dqg | eh lq Gn= Wkh lqqhu surgxfw ri { dqg | lv jlyhq e|=

k{> |l @
] "

3"
{+w,|+w,gw +414,

li lw h{lvwv1

Gh�qlwlrq 6 Ohw { eh lq Gn= Wkh qrup ri { lv=

n{n @ k{> {l�*2 +415,

4Wkh vxssruw ri d ixqfwlrq ) ri d uhdo yduldeoh lv gh�qhg dv wkh vpdoohvw forvhg vhw rxwvlgh zklfk )
ydqlvkhv dqg ghqrwhg e| 7�RR)

5



li lw h{lvwv1

Wkh rqo| wrsrorjlfdo frqfhsw zh uhtxluh lq doo Gn lv wkh qrwlrq ri frqyhujhqfh=

Gh�qlwlrq 7 Ohw k{?l eh d vhtxhqfh ri ixqfwlrqv lq Gn/ wkdw lv k{?l = LQ $ Gn= Wkhq

wklv vhtxhqfh lv vdlg wr frqyhujh wr { 5 Gn li wkh vhtxhqfh
�
gk{?
gwk

 
frqyhujhv xqlirupo|

rq Gn wr
gk{

gwk
rq dq| frpsdfw vhw/ ;� 5 LQ=

Wkh yduldeohv ��> � � lq wkh sdlu uhodwlyh wr W� duh jhqhudoo| fdoohg frqmxjdwh yduldeohv

vlqfh zh dvvxph wkhlu lqqhu surgxfw +
S,

� �
�
��

�
� , wr kdyh wkh glphqvlrq ri d srzhu1 W|slfdo

frqmxjdwh yduldeohv duh fxuuhqw dqg yrowdjh/ irufh dqg yhorflw|/ prphqw dqg dqjxodu

yhorflw| dqg whpshudwxuh dqg hqwurs| fkdqjh1

Xvxdoo| lq wkh wkhru| ri qhwzrunv wkh vwdwh dw hyhu| whuplqdo lv dvvxphg wr eh ixoo|

fkdudfwhul}hg rqo| e| d sdlu ri vfdodu yduldeohv1

Krzhyhu zh lqwhqg wr jhqhudol}h vxfk wuhdwphqw lq rughu wr eh doorzhg wr uhjdug

d sodqh0ehdp hohphqw dv d �qhwzrun�1 Lqghhg wkh nlqhpdwlf vwdwh ri vxfk dq hohphqw

dw lwv whuplqdov lv fkdudfwhul}hg e| wzr glvsodfhphqwv dqg d yduldwlrq ri dwwlwxgh/ zkloh

wkh frqmxjdwh txdqwlwlhv zloo eh wzr irufh frpsrqhqwv dqg rqh ehqglqj prphqw1

Ohw xv qrz odeho frqvhfxwlyho| wkh whuplqdov ri rxu ghylfh W�> l @ 4> ===> n/ zkhuh n

lv wkh qxpehu ri vxfk whuplqdov> dqg duudqjh doo wkh dfurvv yduldeohv lq d n � o pdwul{

�/ dqg wkh wkurxjk yduldeoh lq d n � o pdwul{ � 1

6



Gh�qlwlrq 8 Zh zloo jurxs wkh vwdwh yduldeohv ri rxu ghylfh iroorzlqj wkh frqyhqwlrq=

� @

3EEEEEEC
��

===

�&

4FFFFFFD @

3EEEEEEC
��� === �,�

=== === ===

��& === �,&

4FFFFFFD

� @

3EEEEEEC
��

===

�&

4FFFFFFD @

3EEEEEEC
��� === � ,�

=== === ===

��& === � ,&

4FFFFFFD

+�>�, @

3EEEEEEC
�� === �,� ��� === � ,�

=== === === === === ===

�& === �,& ��& === � ,&

4FFFFFFD
Wkh vsdfh ri n � o pdwulfhv ri hqwulhv ixqfwlrqv ri Gn zloo eh fdoohg G&f,

n = lw lv

qdwxudo wr jhqhudol}h wkh gh�qlwlrqv ri lqqhu surgxfw dqg qrup jlyhq lq Gn wr wkh vsdfh

G&f,
n / zklfk lv fohduo| d Olqhdu Vsdfh1

Gh�qlwlrq 9 Ohw { dqg | eh lq G&f,
n = Wkh lqqhu surgxfw ri { dqg | lv jlyhq e|=

k{>|l @
] "

3"
{+w, = |+w,gw +416,

li lw h{lvwv1 Zkhuh = ghqrwhv wkh vwdqgdug lqqhu surgxfw ri pdwulfhv/ l1h1 { = | @S&
�'�

S,
�'� {��|�� =

Gh�qlwlrq : Ohw { eh lq G&f,
n = Wkh qrup ri { lv=

n{n @ k{>{l�*2 +417,

li lw h{lvwv1

7



Hdfk sk|vlfdo ghylfh lv ghwhuplqhg e| wkh uhodwlrq wkdw lw sodfhv xsrq wkh yduldeohv

dw wkh whuplqdov/ wkdw lv/ gl�huhqw ghylfhv duh fkdudfwhul}hg e| gl�huhqw uhodwlrqv1

α

α
α

α

α

1

2

jn-1

n

τ

τ

τ
τ

τ1
2

j

n-1

n

S

Iljxuh 414= Uhsuhvhqwdwlrq ri d v|vwhp

D uhodwlrq F4 lv d elqdu| uhodwlrq rq wkh vhw ri doo sdluv +�>� ,= lwv dfwlrq lv wr vhohfw

wkh vhw ri dgplvvleoh sdluv +�> � , =

Gh�qlwlrq ; Jlyhq d elqdu| uhodwlrq F4 rq G&f,
n �G&f,

n / d V|vwhp V lv=

V @
q
+�>� , 5 G&f,

n �G&f,
n > �F4 �

r
+418,

Uhpdun < Zkhq wkh eodfn er{ lv lqwhusuhwhg dv d phfkdqlfdo ghylfh wkh elqdu| uhodwlrq

F4 mxvw suhvfulehv wkh uhodwlrqvklsv dprqj wkh vwdwh yduldeohv lqgxfhg e|=

� edodqfh htxdwlrqv

� frqvwlwxwlyh uhodwlrqv

8



Uhpdun 43 Qrw doo srvvleoh elqdu| uhodwlrqv F4 prgho dfwxdo sk|vlfdo ghylfhv1 Wkh

vhw ri sk|vlfdoo| dgplvvleoh frqvwudlqwv kdv wr eh uhvwulfwhg/ h1j1 e| lqwurgxflqj wkh d{lrp

ri fdxvdolw|1 Iru d irupxodwlrq ri wklv d{lrp vhh d{lrp +97,1

Zkhq zh olplw rxu dwwhqwlrq wr wkh hohfwulfdo fdvh/ zkhuh � lv d fxuuhqw yhfwru dqg

� lv d yrowdjh yhfwru d v|vwhp lv fdoohg d qhwzrun1 Lq wklv sduwlfxodu fdvh/ o @ 4 dqg

wkhq � dqg � ehorqj wr wkh vsdfh G&f�
n ri froxpqv n�yhfwru zlwk hohphqwv lq Gn=

Rqh ri wkh prvw vljql�fdqw dqg xvhixo frqfhswv lq wkh wkhru| ri qhwzrunv lv wkdw ri

sruw1

D sdlu ri whuplqdov lv d sruw uhodwlyh wr wkh vxevhw S � V li iru hyhu| sdlu +�>� , 5 S

wkh fxuuhqw hqwhulqj rqh whuplqdo lv htxdo wr wkh fxuuhqw ohdylqj wkh rwkhu whuplqdo1 Li

doo whuplqdov rffxu dv sruwv/ zh fdq uhodeho wkh whuplqdov/ fdoolqj wkrvh iru wkh m0wk sruw

W n
� dqg W 3

� / m @ 4> ===> q @ &
2 dqg wkhq fdoo wkh qhwzrun dq q�sruw Q =

L
+

-

Y 1

Iljxuh 415= Q0sruw Qhwzrun

Iru dq q�sruw Q wkh phdqlqjixo yduldeohv duh rqo| wkh q�yhfwruv y dqg l ri sruw

yrowdjhv +l1h1 wkh yrowdjh ehwzhhq W n
� dqg W 3

� , dqg fxuuhqwv/ wkhq jlyhq d elqdu| uhodwlrq

9



F� zh gh�qh d q�sruw Q e|=

Q @
�
+y> l, 5 G?

n �G?
n>yF� l

�
+419,

Lq wkh iroorzlqj zh zloo xvh wkh frqyhqwlrq wkdw dvvxphv dv srvlwlyh wkh fxuuhqwv

hqwhulqj wkh qhwzrunv/ dqg dv srvlwlyh wkh yrowdjhv ehwzhhq 93� dqg 9n
� =

Uhpdun 44 Jhqhudoo| vshdnlqj zkhwkhu ru qrw d sdlu ri whuplqdov irupv d sruw lv

gudpdwlfdoo| ghshqghqw qrw rqo| rq wkh wrsrorj| ri wkh flufxlwv/ exw dovr rq krz lw lv

lqwhufrqqhfwhg wr wkh rxwhu zruog> wkxv d sdlu ri whuplqdov fdq ehkdyh olnh d sruw rqo|

xqghu wkh sduwlfxodu flufxpvwdqfhv vshfl�hg e| S1 Vrph qhwzrunv ehkdyh olnh q�sruw

qhwzrunv xqghu hyhu| flufxpvwdqfh +iru lqvwdqfh d uhvlvwru fdq eh dozd|v uhjdughg dv

d 4�sruw qhwzrun,/ zkloh rwkhuv h{klelw wklv ehkdylru rqo| lq h{wuhpho| sduwlfxodu fdvhv

+iru lqvwdqfh zkhq wzr jlyhq whuplqdov duh lqwhufrqqhfwhg e| phdqv ri h{whuqdo uhvlvwruv/

dqg2ru vrxufhv,1

Gh�qlwlrq 45 D flufxlw F lv d vshfl�f lqwhufrqqhfwlrq0wrsrorj| ri qhwzrunv1 Dq| frq0

vwlwxhqw ri d jlyhq flufxlw lv fdoohg vxeqhwzrun1

Uhpdun 46 D jlyhq qhwzrun/ l1h1 d jlyhq v|vwhp dv vshfl�hg e| wkh elqdu| uhodwlrq

F� / fdq eh uhdol}hg zlwk vhyhudo gl�huhqw flufxlwv1

Wkhuhiruh wkh frqfhsw ri flufxlw lv zhoo glvwlqjxlvkhg iurp wkh frqfhsw ri qhwzrun1

Lq idfw zh fdq wklqn ri d qhwzrun dv wkh htxlydohqfh fodvv ri doo wkrvh flufxlwv kdylqj

wkh vdph ehkdylru dw wkhlu whuplqdov= d flufxlw doorzv iru d sduwlfxodu uhdol}dwlrq ri d

qhwzrun1

:



H{dpsoh 47 Wkh �hohphqwdu|� qhwzrun lqgxfwru fdq eh dovr uhdol}hg e| phdqv ri wkh

lqwhufrqqhfwlrq ri qxooruv/ uhvlvwruv dqg fdsdflwru +vhh qh{w vhfwlrq iru pruh ghwdlov,1

Lq wkh gh�qlwlrq ri d qhwzrun zh duh qrw lqwhuhvwhg lq lwv lqwhuqdo vwuxfwxuh/ exw

rqo| lq wkh surshuwlhv wkdw wkh qhwzrun vkrzv wr wkh rxwhu zruog wkurxjk lwv whuplqdov1

Lq wkh iroorzlqj vhfwlrqv zh zloo eh lqwhuhvwhg lq wkh v|qwkhvlv ri d jlyhq qhwzrun= lw zloo

qhfhvvdulo| lqyroyh wkh fkrlfh ri d flufxlw dprqj wkrvh uhdol}lqj wkh jlyhq qhwzrun> wklv

fkrlfh zloo ghshqg rq vhyhudo frqglwlrqv wkdw zloo ehfrph fohduhu lq wkh qh{w vhfwlrqv1

Gh�qlwlrq 48 Wkh wrwdo lqvwdqwdqhrxv srzhu h{shqghg lqwr Q lv

s+w, @ y+w,A l+w, +41:,

dqg wkh qhw hqhuj|5 gholyhuhg wr wkh qhwzrun wr wlph �w lv

H+�w, @
] �|

3"
s+w,gw +41;,

Li H+�w, lv srvlwlyh/ wkhq dw wlph �w wkh qhwzrun Q lv vdlg wr kdyh devruehg qhw srvlwlyh

hqhuj|/ zkloh li H+�w, lv qhjdwlyh wkhq wkh qhwzrun Q lv vdlg wr kdyh gholyhuhg qhw srvlwlyh

hqhuj|1

Wkh frqqhfwlrqv ri gl�huhqw vxeqhwzrunv fdq eh pdwkhpdwlfdoo| uhsuhvhqwhg dv

rshudwlrqv rq wkh vxeqhwzrunv glfwdwhg e| wkh zhoo0nqrzq Nlufkkr�*v odzv/ wkdw zh

qhhg wr vwdwh djdlq lq wkh sduwlfxodu frqwh{w ri eodfn er{hv1

Gh�qlwlrq 49 Jlyhq d flufxlw/ zh fdoo qrgh wkh vhw ri whuplqdov ri frqvwlwxwlqj qhwzrunv

lqwhufrqqhfwhg lq wkh jlyhq wrsrorj|1 Hyhu| whuplqdo ri wkh vxeqhwzrunv pxvw ehorqj wr

h{dfwo| rqh qrgh1
5Wkh gh�qlwlrq ri hqhuj| lv zhoo srvhg/ lq idfw wkh lqwhjudo dozd|v h{lvwv vlqfh E�c �� M &&

nf&&
n/ dqg

wkhq wkhlu vxssruwv duh erxqghg rq wkh ohiw1 +� dqg � duh f xqwlo wkh wlph f,

;



Uhpdun 4: Wkh suhylrxv gh�qlwlrq doorzv iru d qrgh frqvwlwxwhg e| d vlqjoh whuplqdo/

zklfk lv rshq flufxlwhg1

D{lrp 4; Jlyhq d flufxlw F/ ohw ghqrwh e| iP�j wkh vhw ri lwv qrghv

� Wkh vxp ri wkh fxuuhqwv hqwhulqj P� pxvw ydqlvk1

� Ohw +Pf>P�> ===>P&>P&n� @ Pf, eh d forvhg orrs ri qrghv lq F/ �� eh wkhlu yrowdjhv

zlwk uhvshfw wr wkh vdph uhihuhqfh dqg �� @ ��n� � ��/ wkhq

&[
�'�

�� @ 3 +41<,

Qhwzrun dqdo|vlv

Exloglqj eorfnv

Lq wklv vhfwlrq zh zloo lqwurgxfh wkh hohphqwdu| qhwzrunv1 Wkh| zloo eh wkh exloglqj

eorfnv ri wkh flufxlwv wkdw ixuwkhu zh zloo qhhg wr v|qwkhvl}h> wkh iroorzlqj gh�qlwlrqv

duh qrw wkh prvw jhqhudo wkdw rqh fdq frqfhlyh/ qhyhuwkhohvv wkh| vhhp wr eh jhqhudo

hqrxjk iru rxu sxusrvhv1

Gh�qlwlrq 4< Wkh uhvlvwru Q- lv d 4�sruw qhwzrun gh�qhg e|=

Q- @ i+y>l, 5 Gn �Gn = y @ Ul> U 5 LUj +4143,

U lv lwv uhvlvwdqfh1

Gh�qlwlrq 53 Wkh fdsdflwru Q� lv d 4�sruw qhwzrun gh�qhg e|=

Q� @

�
+y>l, 5 Gn �Gn = l @ F

gy

gw
> F 5 LU

�
+4144,

F lv lwv fdsdflwdqfh1

<



Gh�qlwlrq 54 Wkh lqgxfwru Qu lv d 4�sruw qhwzrun gh�qhg e|=

Qu @

�
+y>l, 5 Gn �Gn = y @ O

gl

gw
> O 5 LU

�
+4145,

O lv lwv lqgxfwdqfh1

L

+

-

Y 5

L

+

-

Y /

L

&

+

-

Y

Iljxuh 416= Uhsuhvhqwdwlrqv ri d uhvlvwru/ fdsdflwru/ dqg lqgxfwru

Gh�qlwlrq 55 Wkh qxoodwru Qf lv 4�sruw qhwzrun gh�qhg e|=

Qf @ i+y>l, 5 Gn �Gn = y @ 3> l @ 3j +4146,

Gh�qlwlrq 56 Wkh qrudwru Q" lv 4�sruw qhwzrun gh�qhg e|=

Q" @ Gn �Gn +4147,

Gh�qlwlrq 57 Wkh qxooru Q� lv d 5�sruw qhwzrun gh�qhg e|=

Qf @
�
+y> l, 5 G2

n �G2
n = +y�> l�, @ +3> 3,

�
+4148,

Uhpdun 58 Wkh qxooru lv dq hohphqwdu| qhwzrun ri fdslwdo lpsruwdqfh lq wkh v|qwkhvlv

ri dfwlyh �owhuv dqg vlpxodwhg fdsdflwruv dqg lqgxfwruv1
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L

+

-

Y

L

+

-

Y

Iljxuh 417= Uhsuhvhqwdwlrqv ri wkh qxoodwru dqg qrudwru

L+

-

Y

L +1

-

Y1 2

2

Iljxuh 418= Uhsuhvhqwdwlrq ri wkh qxooru

Gh�qlwlrq 59 Wkh lghdo wudqviruphu QA lv dq +o .p,0sruw qhwzrun zlwk

y 5 G,n6
n =@ G,

n �G6
n > l1h1 y @

3EEC y�

y2

4FFD > y� 5 G,
n dqg y2 5 G6

n +4149,

l 5 G,n6
n @ G,

n �G6
n > l1h1 l @

3EEC l�

l2

4FFD > l� 5 G,
n dqg l2 5 G6

n

gh�qhg e|=

QA @

;AA?AA=+y> l, 5 G,n6
n �G,n6

n =

;AA?AA=
y� @ WA y2

l2 @ �Wl�

> W 5 Olq
�
LU6> LU,

�<AA@AA> +414:,

W lv lwv wxuqv0udwlr pdwul{1

44



T

L
+

-

Y l m

L

Y

+

-

2

21

1

Iljxuh 419= Uhsuhvhqwdwlrq ri wkh lghdo wudqviruphu

Uhpdun 5: Zh zloo vhh lq zkdw iroorzv wkdw wkh frqvwlwxwlyh dvvxpswlrq +414:, dvvxuhv

wkdw wkh lghdo wudqviruphu lv orvvohvv1

Gh�qlwlrq 5; Wkh yrowdjh vrxufh QT lv d 4�sruw qhwzrun gh�qhg e|=

QT @ i+y>l, 5 Gn �Gn = y @ Y> Y 5 Gnj +414;,

Y lv lwv dssolhg yrowdjh1

Gh�qlwlrq 5< Wkh fxuuhqw vrxufh QU lv d 4�sruw qhwzrun gh�qhg e|=

QU @ i+y>l, 5 Gn �Gn = l @ L> L 5 Gnj +414<,

L lv lwv dssolhg fxuuhqw1

Ixqgdphqwdo surshuwlhv ri qhwzrunv

Lq wklv vhfwlrq zh zloo glvfxvv vrph ri wkh pdlq surshuwlhv ri qhwzrunv/ dqg zloo

vshfli| wkh fodvv ri qhwzrunv wr eh wdnhq lqwr dffrxqw iru rxu lvvxhv1

Dv d suholplqdu|/ ohw xv vshfli| wkh olqhdu vwuxfwxuh ri wkh vsdfh Y frqvlvwlqj ri wkh

sdluv ri froxpq n�yhfwruv +y> l, 5 G&
n�G&

n lqwurgxflqj wkh vlpsoh rshudwlrq ri vxp ri
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Iljxuh 41:= Ehohylwfk*v ghwdlohg uhsuhvhqwdwlrq ri wkh lghdo wudqviruphu

L

+

-

I

L

+

-

Y
V

Y

+

Iljxuh 41;= Uhsuhvhqwdwlrq ri wkh fxuuhqw vrxufh dqg yrowdjh vrxufh1

sdluv dqg pxowlsolfdwlrq ri d sdlu e| d uhdo qxpehu=

;AA?AA=
+y�> l�, . +y2> l2, =@ +y� . y2> l� . l2,

� +y> l, @ +�y>� l,

+4153,

Dv d wrsrorjlfdo frqfhsw zh uhtxluh rqo| wkh qrwlrq ri frqyhujhqfh/ wklv lv dq lpphgldwh

h{whqvlrq ri zkdw zh kdyh grqh lq Gn1
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Gh�qlwlrq 63 D vhtxhqfh k+y?> l?,l = LQ $ G&
n lv vdlg wr frqyhujh wr +y> l, 5 G&

n li

; l 5 i4> ===> nj / y?� 5 Gn frqyhujhv wr y, 5 Gn/ dqg l?� 5 Gn frqyhujhv wr l, 5 Gn

+4154,

Qrz zh fdq gh�qh rqh ri wkh prvw lpsruwdqw surshuwlhv ri qhwzrunv=

Gh�qlwlrq 64 Dq q�sruw qhwzrun Q lv olqhdu li Q lv d vxevsdfh ri Y/ wkdw lv

; +y�> l�, > +y2> l2, 5 Q / � 5 LU

;AA?AA=
+y� . y2> l� . l2, 5 Q

+�y> l�, 5 Q
+4155,

Wkh uhtxluhphqw ri olqhdulw| ohdgv vwudljkwiruzdug e| wr wkh sulqflsoh ri vxshusrvl0

wlrq> qrwh wkdw lq jhqhudo wklv sulqflsoh grhv qrw krog iru qrq0olqhdu qhwzrunv1

H{dpsoh 65 Wkh uhvlvwru/ fdsdflwru/ lqgxfwru dqg lghdo wudqviruphu duh doo olqhdu qhw0

zrunv> wklv vwdwhphqw iroorzv gluhfwo| iurp wkh olqhdulw| ri wkh gl�huhqwldwlrq1

H{dpsoh 66 Wkh qxoodwru lv olqhdu vlqfh Qf lv wkh vlqjohwrq ri wkh qxoo yhfwru ri Y1

Wkh qrudwru lv dovr olqhdu/ vlqfh lw doorzv doo frqfhlydeoh sdluv1 Fohduo| wkh qxooru lv

olqhdu1

H{dpsoh 67 Wkh yrowdjh dqg fxuuhqw vrxufh duh erwk qrq0olqhdu qhwzrunv/ vlqfh wkh|

ylrodwh erwk wkh uhtxluhphqw ri wkh gh�qlwlrq1

Qrz zh lqwurgxfh wzr yhu| wulfn| frqfhswv/ wkh qrwlrq ri vroydelolw| dqg frpsohwh

vroydelolw|> dv d suholplqdu| zh kdyh wr lqwurgxfh d sduwlfxodu qhwzrun/ fdoohg vhulhv

dxjphqwhg qhwzrun Q@ dvvrfldwhg zlwk Q 1

47



Gh�qlwlrq 68 Ohw Q eh dq q�sruw qhwzrun/ Q@ lv vdlg wr eh wkh vhulhv dxjphqwhg

qhwzrun li=

+y> l, 5 Q , +4l. y> l, 5 Q@ +4156,

Wkh vhulhv dxjphqwhg qhwzrun fdq eh wkrxjkw ri dv wkh wkh qhwzrun rewdlqhg e|

frqqhfwlqj rqh xqlw uhvlvwru wr hdfk ri wkh sruwv ri wkh jlyhq qhwzrun Q 1

H N
+

�

N
a

Iljxuh 41<= Dxjphqwhg qhwzrun

Uhpdun 69 Zlwk dq dexvh ri qrwdwlrq lq zkdw iroorzv zh zloo zulwh l. y lqvwhdg ri

4 l. y=

Gh�qlwlrq 6: Q lv vroydeoh li ; h 5 G?
n <$ +y> l, 5 Q vxfk wkdw h @ l. y

Uhpdun 6; Q lv vroydeoh li dqg rqo| li wkhuh lv d xqltxh sdlu +y> l, 5 Q yhuli|lqj

Nlufkkr�*v odzv lq wkh flufxlw uhsuhvhqwhg lq wkh suhylrxv �jxuh1

Gh�qlwlrq 6< Q lv frpsohwho| vroydeoh li lw lv vroydeoh dqg li

; kh?l = LQ $ G?
n frqyhujhqw wr h @ l. y / k+y?> l?,l frqyhujhv wr +y> l, > zlwk h? @ l? . y?

+4157,
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Uhpdun 73 Q lv frpsohwho| vroydeoh li wkh fxuuhqwv dqg yrowdjhv jhqhudwhg e| wkh yrow0

djh vrxufh h ghshqg frqwlqxrxvo| rq h=

H{dpsoh 74 Wkh fdsdflwru dqg wkh lqgxfwru duh frpsohwho| vroydeoh> wkh uhvlvwru lv

frpsohwho| vroydeoh li wkh uhvlvwdqfh lv gl�huhqw iurp �4=

H{dpsoh 75 Wkh qxoodwru lv qrw vroydeoh vlqfh lw irufhv h @ 3/ zkloh wkh qxoodwru lv qrw

vroydeoh vlqfh ; h 5 G?
n < lq�qlwh +y> l, 5 Q" vxfk wkdw h @ l. y=

Gh�qlwlrq 76 Q lv wlph lqyduldqw li

; +y> l, 5 Q > ;� 5 LU < +y� > l� , 5 Q = +y� +w,> l� +w,, @ +y+w. � ,> l+w. �,, +4158,

Wkh surshuw| ri wlph lqyduldqfh hvvhqwldoo| uhvwulfwv wkh fodvv ri flufxlwv uhsuhvhqwhg

e| Q / wr wkrvh flufxlwv frqvwlwxwhg e| exloglqj eorfnv zklfk gr qrw ydu| zlwk wlph1

H{dpsoh 77 Wkh uhvlvwru/ wkh fdsdflwru/ wkh lqgxfwru dqg wkh wudqviruphu duh wlph0

lqyduldqw1

H{dpsoh 78 Wkh qrudwru dqg wkh qxoodwru duh wlph lqyduldqw1

H{dpsoh 79 Wkh yrowdjh vrxufh dqg wkh fxuuhqw vrxufh duh qrw lq jhqhudo wlph lqydul0

dqw/ vlqfh wkh| frqvwudlq rqh frqmxjdwh yduldeoh wr ydu| zlwk wlph lq d suhvfulehg qrq

frqvwdqw zd|1

Gh�qlwlrq 7: Q lv sdvvlyh li

; +y> l, 5 Q / ;w 5 LU +4159,

H +w, @

] |

3"
yA +�, l +�, g� A 3

rwkhuzlvh Q lv dfwlyh1
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Wkxv li Q devruev qhw srvlwlyh hqhuj| iru hyhu| +y> l, wkhq lw lv fdoohg sdvvlyh/ zkloh

li lw lv deoh wr gholyhu hqhuj| lw lv fdoohg dfwlyh

H{dpsoh 7; Wkh lqvwdqwdqhrxv srzhu iru wkh lghdo wudqviruphu lv dozd|v }hur/ lq idfw=

s+w, @ y� +�,
A l� +�, . y2 +�,

A l2 +�, @ WAy2 +�, l� +�, . +�y2 +�,Wl� +�,, @ 3 +415:,

wkhq/ wulyldoo| ; +y> l, 5 Q / ;w 5 LU HA +w, @ 3> wkxv wkh lghdo wudqviruphu lv sdvvlyh1

H{dpsoh 7< Wulyldoo|/ wkh lqvwdqwdqhrxv srzhu iru d qxoodwru lv }hur/ dqg wkhq wkh

qxoodwru lv sdvvlyh1 Rq wkh frqwudu| wkh qrudwru lv dfwlyh vlqfh hyhu| +y> l, ehorqjv wr

Q"=

H{dpsoh 83 Wkh hqhuj| gholyhuhg wr d fdsdflwru lv=

H� +w, @

] |

3"
y +�, l +�,gw @ F

] |

3"
y +�,

gy +�,

g�
gw @

4

5
F y +w,2 +415;,

wkhq d fdsdflwru lv sdvvlyh rqo| li F A 3/ rwkhuzlvh lw lv dfwlyh1

H{dpsoh 84 Wkh hqhuj| gholyhuhg wr dq lqgxfwru lv=

Hu +w, @

] |

3"
y +� , l +�,gw @ O

] |

3"
l +�,

gl +� ,

g�
gw @

4

5
Ol +w,2 +415<,

wkhq dq lqgxfwru lv sdvvlyh rqo| li O A 3/ rwkhuzlvh lw lv dfwlyh1

H{dpsoh 85 Wkh hqhuj| gholyhuhg wr d uhvlvwru lv=

H- +w, @

] |

3"
y +�, l +�, g� @ U

] |

3"
l +�,2 g� +4163,

wkhq d uhvlvwdqfh lv sdvvlyh rqo| li U A 3/ rwkhuzlvh lw lv dfwlyh1
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Ohppd 86 Li Q lv sdvvlyh/ vroydeoh dqg h 5 G?
n _ O?2 / wkhq y dqg l ehorqj wr G?

n _

O?2 wrr/ dqg H +4, 5 LUn1

Surri1 Vlqfh wkh qhwzrun lv vroydeoh wkhq iru hyhu| h 5G?
n wkhuh lv d xqltxh sdlu

+y> l, 5 Q vxfk wkdw h @ y. l> wkxv

] |

3"
hA +�,h +�,g� @

] |

3"
yA +�,y +�,g� .

] |

3"
lA +�, l +�,g� . 5

] |

3"
yA +�, l +�,g�

+4164,

Vxssrvlqj wkdw h 5 G?
n _ O?2 zh kdyh wkdw nhn 5 LUn/ exw vlqfh Q lv sdvvlyh/ wkh suhylrxv

htxdolw| lpsolhv wkdw erwk y dqg l ehorqj wr O?2 dqg wkdw H +4, @
U |
3" yA +�, l +�, g� 5

LUn=

Iru wkh iroorzlqj fulwlfdo uhvxow zh zloo rplw wkh surri/ vhh Qhzfrpe +4<99, ^6`1

Wkhruhp 87 D sdvvlyh dqg vroydeoh qhwzrun Q lv frpsohwho| vroydeoh1

Wkhvh odvw frqvlghudwlrqv doorz xv wr gh�qh orvvohvv qhwzrunv> wkh pdlq lghd ri wkh

gh�qlwlrq lv wkdw wkh hqhuj| ihg wr wkh dxjphqwhg qhwzrun ri d orvvohvv qhwzrun e| d

vtxduh lqwhjudeoh yrowdjh vrxufh h/ fdq eh glvvlsdwhg rqo| e| wkh xqlw uhvlvwruv1 Zh gr

qrw uhtxluh wkdw wkh hqhuj| devruehg e| d orvvohvv qhwzrun vkrxog eh }hur lq hyhu| wlph

lqwhuydo/ exw rqo| wkdw wklv hqhuj| vkrxog ydqlvk dw lq�qlw|1

Zh zloo edvh rxu gh�qlwlrq xsrq wkh vroydelolw| dqg sdvvlylw| ri wkh qhwzrun/ dqg

lq wkdw zd|/ ehfdxvh ri wkh Ohppd +86,/ zh jxdudqwhh wkh h{lvwhqfh ri H +4,1

Gh�qlwlrq 88 Q lv orvvohvv li=

� Q lv sdvvlyh
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� Q lv vroydeoh

� iru hyhu| h 5 G?
n _ O?2 / H +4, @ 3

H{dpsoh 89 Wkh wudqviruphu lv orvvohvv vlqfh lw lv sdvvlyh dqg vroydeoh dqg H +w, lv

dozd|v }hur1

H{dpsoh 8: Wkh lqgxfwru dqg wkh fdsdflwru duh erwk orvvohvv li F dqg O duh qrq

qhjdwlyh1

H{dpsoh 8; Wkh qxoodwru lv qrw orvvohvv vlqfh lw lv qrw vroydeoh/ zkloh wkh qrudwru lv

qrw orvvohvv vlqfh lw lv qrw sdvvlyh1

Gh�qlwlrq 8< Q lv uhflsurfdo li

; +y�> l�, > +y2> l2, 5 Q > yA� � l2 @ yA2 � l� +4165,

zkhuh � phdqv wkh frqyroxwlrq61

Uhpdun 93 Frqvlghu wzr phdvxuhphqwv/ ghqrwhg e| wkh vxevfulswv 4 dqg 5 d qhwzrun

Q lv vdlg wr eh uhflsurfdo li wkh yrowdjh uhvsrqvhv duh lqghshqghqw ri dq lqwhufkdqjh ri

uhvsrqvh dqg h{flwdwlrq srlqwv1

H{dpsoh 94 Wkh wudqviruphu lv uhflsurfdo1

6Jlyhq Eu c}� M &?
n f&?

n/ u W } M &?
n dqg lv gh�qhg e|=

u W } E|� '

]
"

3"

uA E|3 � �} E�� _�

zkhqhyhu lw h{lvwv1
Iru d uljrurxv gh�qlwlrq ri wkh frqyroxwlrq vhh wkh vhfwlrq ehorz1
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Sursrvlwlrq 95 D qhwzrun frqvwlwxwhg e| uhvlvwruv/ lqgxfwruv/ fdsdflwruv dqg lghdo

wudqviruphuv lv uhflsurfdo1

Surri1 Iru d ghwdlohg surri ri wklv sursrvlwlrq vhh Pduwlqhool +4<;9,^49`

H{dpsoh 96 Wkh qxoodwru lv uhflsurfdo/ zkloh wkh qrudwru lv qrw1

D{lrp 97 Hyhu| qhwzrun lv fdxvdo/ l1h1 li wkh dssolfdwlrq ri vrph yduldeoh dw wlph wf

fdxvhv rwkhu yduldeohv wr dsshdu dw wlph w A wf1

Uhpdun 98 Li wkh qhwzrun Q lv wlph0lqyduldqw/ wkhq uhtxlulqj wkdw wkh +y> l, 5 G?
n �

G?
n/ zh dxwrpdwlfdoo| vdwlvi| wkh d{lrp ri fdxvdolw|1 Lq idfw vxssrvlqj wkdw y lv }hur

ehiruh dq lqvwdqw �w/ wkhq li/ e| frqwudglfwlrq/ l lv qrq }hur ehiruh �w wkh wlph0lqyduldqfh

zrxog eh ylrodwhg e| wkh sdlu
�
y
�
w. �w

�
> l
�
w. �w

��
> dv l

�
w. �w

�
@5 G?

n=

Dv d �qdo frpphqw wr wklv vhfwlrq zh olvw vrph uhodwlrqvklsv ehwzhhq Q dqg Q@=

� Q lv olqhdu , Q@ lv olqhdu

� Q lv sdvvlyh , Q@ lv sdvvlyh

� Q lv wlph lqyduldqw , Q@ lv wlph lqyduldqw

� Q lv uhflsurfdo , Q@ lv uhflsurfdo

� Q lv vroydeoh > Q@ lv vroydeoh

D ghhshu lqvljkw lq wkh Vljqdo Vsdfh

Lq wkh suhfhglqj vhfwlrq dq q�sruw qhwzrun Q zdv gh�qhg dv d elqdu| uhodwlrq rq

G?
n= Dv vxfk d gh�qlwlrq lv wrr jhqhudo/ lw lv qrw frqyhqlhqw iru sudfwlfdo dssolfdwlrqv1
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Wkxv lq wklv vhfwlrq zh zloo uhvwulfw wr d sduwlfxodu fodvv ri qhwzrunv/ l1h1 wkrvh

olqhdu dqg frpsohwho| vroydeoh/ fkdudfwhul}hg dv olqhdu dqg frqwlqxrxv pdsslqj rq G?
n=

Ixuwkhu zh zloo uhtxluh rxu qhwzrun wr ixo�o wkh surshuw| ri wlph lqyduldqfh/ vr dv

wr uhsuhvhqw wkh suhylrxv pdsslqj e| d vlpsohu rshudwlrq= wkh frqyroxwlrq1

Pdwkhpdwlfdo suholplqdulhv

Dv d suholplqdu| wr ixuwkhu glvfxvvlrqv/ zh zloo qrz lqwurgxfh vrph pdwkhpdwlfdo

hohphqwv ri wkh wkhru| ri glvwulexwlrqv1 +Dq h{kdxvwlyh ghyhorsphqw ri wkh wkhru| lv

jlyhq lq Fulvwhvfx +4<:6, ^7` dqg Iulhgodqghu +4<<;, ^8`,

Gh�qlwlrq 99 Zh vkdoo ghqrwh e| G+LU, wkh vsdfh ri doo uhdo ydoxhg ixqfwlrqv * ri d

uhdo yduldeoh zklfk kdyh wkh iroorzlqj surshuw|=

� * lv lq�qlwho| frqwlqxrxvo| gl�huhqwldeoh/ l1h1 * 5 F"+LU,

� * kdv frpsdfw vxssruw1

Wkhvh ixqfwlrqv zloo eh fdoohg whvw ixqfwlrqv dqg iurp qrz rq wkh vsdfh G+LU, zloo

eh ghqrwhg e| G=

H{dpsoh 9: G lv qrw hpsw|= lqghhg frqvlghu wkh ixqfwlrq

* +w, @

;AAA?AAA=
h{s

�
4

+w. 4,2

�
h{s

�
4

+w� 4,2

�
w 5 ^�4> 4`

3 w @5 ^�4> 4`

+4166,

Wklv ixqfwlrq ydqlvkhv rxwvlgh ^�4> 4` dqg lw lv lq�qlwho| frqwlqxrxvo| gl�huhqwldeoh rq

wklv lqwhuydo1
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Wkh vsdfh G lv reylrxvo| d olqhdu vsdfh iru wkh xvxdo rshudwlrq ri dgglwlrq ri

ixqfwlrqv dqg pxowlsolfdwlrq ri d ixqfwlrq e| d vfdodu> wkh rqo| wrsrorjlfdo frqfhsw wkdw

zh zloo gh�qh lv wkh qrwlrq ri frqyhujhqfh=

Gh�qlwlrq 9; Ohw k*?l eh d vhtxhqfh ri ixqfwlrqv lq G/ wkdw lv k*?l = LQ $ G= Wklv

vhtxhqfh lv vdlg wr frqyhujh wr * 5 G / dqg zh zloo zulwh *? $ */ li doo wkh ixqfwlrqv

*? kdyh wkh vxssruw lq wkh vdph erxqghg vhw  dqg li doo wkh ghulydwlyhv ri wkh ixqfwlrqv

*? frqyhujh xqlirupo| wr wkh fruuhvsrqglqj ghulydwlyh ri * rq 1

Zh qrz lqwurgxfh wkh frqfhsw ri glvwulexwlrq=

Gh�qlwlrq 9< D glvwulexwlrq lv d jhqhulf ixqfwlrqdo i= G $LU/ wkdw vdwlv�hv wkh iro0

orzlqj frqglwlrqv=

� Olqhdulw|= i+�*� . �*2, @ �i+*�, . �i+*2,

� Frqwlqxlw|= li *? $ * wkhq i+*?, $ i +*,

Wkh vsdfh ri glvwulexwlrqv zloo eh ghqrwhg e| G� dqg reylrxvo| lw lv d olqhdu vsdfh

iru wkh xvxdo rshudwlrq ri dgglwlrq ri ixqfwlrqdov dqg pxowlsolfdwlrq ri d ixqfwlrqdo e|

d uhdo qxpehu1

Dq lpsruwdqw qrwlrq/ zklfk doorzv iru wkh ghwhuplqdwlrq ri vrph fodvvhv ri glvwul0

exwlrqv zklfk dsshdu lq dssolfdwlrqv/ lv wkdw ri wkh vxssruw ri d glvwulexwlrq1

Gh�qlwlrq :3 D glvwulexwlrq i lv vdlg wr ydqlvk rq dq rshq lqwhuydo L li i* ydqlvkhv

iru doo wkh **v ehorqjlqj wr G/ kdylqj vxssruw lqfoxghg lq L= Wkh frpsohphqw ri wkh

xqlrq ri doo vxfk rshq lqwhuydov lv fdoohg wkh vxssruw ri i dqg ghqrwhg e| Vxssi1
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Vrphwlphv d glvwulexwlrq lv irupdoo| uhsuhvhqwhg dv d jhqhudol}hg ixqfwlrq i+w, lq0

wurgxflqj wkh v|perolf vfdodu surgxfw

i +*, @
] "

3"
i+w,*+w,gw +4167,

dovr ghqrwhg e| ki> *l =

Uhpdun :4 Zh h{solflwo| uhpdun wkdw htxdwlrq +4167, lv phdqlqjixo rqo| zkhq i+w, lv

d orfdoo| lqwhjudeoh ixqfwlrq1 Lqghhg jlyhq vxfk d ixqfwlrq htxdwlrq +4167, uljrurxvo|

gh�qhv d ixqfwlrqdo ehorqjlqj wr G�= Krzhyhu wkhuh duh hohphqwv ri G� zklfk fdqqrw eh

uhsuhvhqwhg lq wklv zd|/ h1j1 wkh � Gludf glvwulexwlrq1 Wkh vrphkrz plvohdglqj wudglwlrq

+vwhpplqj iurp wkh sdshuv ri S1D1P1 Gludf, lq glvwulexwlrq wkhru| doorzv iru wkh xvh ri

+4167, dovr lq wkh pruh jhqhudo fdvh1

Gh�qlwlrq :5 Lq zkdw iroorzv zh zloo fdoo G�
n wkh vxevsdfh ri G� frqvlvwlqj ri glvwulex0

wlrqv kdylqj vxssruw lqfoxghg lq LUn dqg H � wkh vxevsdfh ri G� frqvlvwlqj ri glvwulexwlrqv

kdylqj frpsdfw vxssruwv1 Xvlqj wkh lghqwl�fdwlrq ehwzhhq ixqfwlrqv dqg glvwulexwlrqv

jlyhq e| +4167, lw lv hdv| wr vhh= Gn � G�
n dqg G � H �=

H{dpsoh :6 Frqvlghu wkh glvwulexwlrq ri Khdylvlgh x +fdoohg lq Hqjlqhhulqj Olwhudwxuh

vwhs glvwulexwlrq, gh�qhg dv

x +*, @

] "

f
*+w,gw +4168,

Wklv glvwulexwlrq lv uhsuhvhqwdeoh dv wkh orfdoo| lqwhjudeoh ixqfwlrq x+w, @

;AA?AA=
3 w ? 3

4 w A 3

/ vlqfh x+*, @ kx> *l
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H{dpsoh :7 Frqvlghu wkh glvwulexwlrq ri Gludf � gh�qhg dv=

� +*, @ * +3, @ k�> *l +4169,

Fohduo| wklv glvwulexwlrq fdqqrw eh zulwwhq dv d vfdodu surgxfw ri wzr ixqfwlrqv/ l1h1 �+w,

lv qrw d ixqfwlrq1

Gh�qlwlrq :8 D vhtxhqfh ri glvwulexwlrq ki?l lv vdlg wr frqyhujh wr d glvwulexwlrq i/

zulwwhq i? $ i ru i? $ i li=

i? +*, $ i +*, ru ki?> *l $ ki> *l ;* 5 G +416:,

Qrz zh lqwurgxfh d ixqgdphqwdo wkhruhp zklfk hqdeohv xv wr gh�qh glvwulexwlrqv

dv olplwv lq d glvwulexwlrqdo vhqvh ri ixqfwlrqv ehorqjlqj wr G=

Wkhruhp :9 Iru hyhu| glvwulexwlrq i wkhuh h{lvwv d vhtxhqfh k*?l = LQ $ G vxfk wkdw/

glvwulexwlrqdoo|=

i? $ * ru i @ olp
?<"*?

Gh�qlwlrq :: Ohw i eh d glvwulexwlrq wkhq zh gh�qh zhdn ghulydwlyh ri i wkh glvwul0

exwlrq i3 vxfk wkdw=

; * 5 G i3 +*, @ �i
�
g*

gw

�
+416;,

Uhpdun :; Qrwh wkdw iru hyhu| i uhsuhvhqwhg e| d gl�huhqwldeoh ixqfwlrq zh kdyh=

i3 +*, @ �i
�
g*

gw

�
@ � i> *�� @ �

] "

3"
i +w,*� +w, gw +416<,

Lqwhjudwlqj e| sduwv/ zkhq i +w, lv d +vwurqjo|, gl�huhqwldeoh ixqfwlrq/ zh jhw=

�
] "

3"
i +w,*� +w,gw @ i*mn"3" .

] "

3"
i � +w,* +w,gw @


i �> *

�
+4173,
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vr wkdw wkh glvwulexwlrqdo ghulydwlyh ri i frlqflghv zlwk wkh �uvw +vwurqj, ghulydwlyh ri i1

Urxjko| vshdnlqj wkh gh�qlwlrq ri ghulydwlyh iru d glvwulexwlrq lv wkh qdwxudo h{whqvlrq

ri wkh gh�qlwlrq ri ghulydwlyh iru d �wuxh� ixqfwlrq1

H{dpsoh :< Frqvlghu wkh ghulydwlyh ri wkh Khdylvlgh glvwulexwlrq=

x3 +*, @ �i
�
g*

gw

�
@ �

] "

3"
x +w,*� +w, gw @ �

] "

f
*� +w,gw @ * +3, @ � +*, +4174,

wkhq wkh ghulydwlyh ri wkh Khdylvlgh ixqfwlrq lv wkh glvwulexwlrq ri Gludf �1

Gh�qlwlrq ;3 Ohw i eh d glvwulexwlrq wkhq zh gh�qh wkh o�wk zhdn ghulydwlyh ri i wkh

glvwulexwlrq G,i vxfk wkdw=

; * 5 G G,i +*, @ +�4,, i
�
g,*

gw,

�
+4175,

Xs wr qrz zh kdyh frqvlghuhg whvw ixqfwlrqv ri rqo| rqh uhdo yduldeoh/ exw wkhvh

frqfhswv fdq eh hdvlo| jhqhudol}hg wr uhdo ixqfwlrqv rq LU? dqg wkxv gh�qh d olqhdu vsdfh

G +LU?, ri whvw ixqfwlrqv * = LU? $ LU=

Lq wklv jhqhudol}hg iudphzrun d glvwulexwlrq zloo eh d frqwlqxrxv olqhdu ixqfwlrqdo

ri G +LU?, dqg wkh vsdfh ri glvwulexwlrqv lv d olqhdu vsdfh ghqrwhg e| G +LU?,�

Ixuwkhu lw lv djdlq srvvleoh wr lqwurgxfh wkh irupdo vfdodu surgxfw gh�qhg dv=

i +*, @
]
W+?

i +w�c===> w?,* +w�c===> w?, gw�===gw? @ ki +w�> ===> w?, > * +w�> ===> w?,l +4176,

zkhuh i +w�c===> w?, lv djdlq fdoohg jhqhudol}hg ixqfwlrq1

Wklv h{whqvlrq zloo ehfrph qrz yhu| xvhixo lq wkh glvfxvvlrq ri pdsslqj ri wkh

vsdfh ri whvw ixqfwlrqv G lqwr wkh vsdfh ri glvwulexwlrqv G� vlqfh zh zloo glvfryhu wkdw

vxfk d pdsslqj lv uhsuhvhqwhg/ xqghu sduwlfxodu k|srwkhvlv/ e| d glvwulexwlrq ri wzr

yduldeohv1
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Gh�qlwlrq ;4 Jlyhq wzr ixqfwlrqv i dqg j ehorqjlqj wr G wkh whqvru surgxfw i  j lv

d ixqfwlrq ri G �LU2
�
gh�qhg dv iroorzv=

i  j +{> |, @ i +{, j +|, +{> |, 5 LU2 +4177,

Ehiruh vwdwlqj dq dpd}lqj wkhruhp fdoohg Nhuqho Wkhruhp gxh wr O1Vfkzduw}/ ohw

zh gh�qh d frqwlqxrxv olqhdu pdsslqj ri G lqwr G�=

Gh�qlwlrq ;5 , = G $ G� lv d frqwlqxrxv olqhdu pdsslqj li=

� , +�*� . �*2, @ �, +*�, . �, +*2,

� *? $ * wkhq , +*?, $ , +*,

Wkhruhp ;6 Li , lv d frqwlqxrxv olqhdu pdsslqj ri G lqwr G�/ wkhq wkhuh h{lvwv d

glvwulexwlrq j 5 G �LU2
�� vxfk wkdw=

;*># 5 G +, +*,,# @ j +* #, / l1h1 ;* 5 G , +*, @ kj +w> �, > * +�,l

+4178,

Jhqhudoo| wkh glvwulexwlrq j lv fdoohg glvwulexwlrqdo Nhuqho dqg wkh vfdodu surgxfw

kj +w> �, > * +�,l ghqrwhg e| j�*1

Wklv wkhruhp hvwdeolvkhv dq lvrprusklvp ehwzhhq wkh vsdfh ri glvwulexwlrqv lq

G �LU2
��
dqg wkh vsdfh ri olqhdu dqg frqwlqxrxv pdsslqj ri G lqwr G�=

Wklv wkhruhp kdv d qxpehu ri dgglwlrqdo yduldwlrqv/ zkhuhlq wkh grpdlq dqg wkh

frgrpdlq iru wkh pdsslqj pd| eh ydulhg> xvxdoo| wkhvh vsdfh duh uhtxluhg wr frqwdlq

G dv d vxevhw dqg eh vxevhw ri G�> iru pruh ghwdlov vhh Wuhyhv +4<9:, ^9`1
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Rqh ri wkh edvlf rshudwlrq ri wkh wkhru| ri glvwulexwlrqv lv wkh whqvru surgxfw/ zklfk

lv wkh qdwxudo h{whqvlrq ri wkh whqvru surgxfw ri �wuxh� ixqfwlrqv1

Doo uhvxowv phqwlrqhg lq zkdw iroorzv derxw whqvru surgxfw dqg frqyroxwlrq ri sdluv

ri glvwulexwlrqv fdq eh irxqg lq Iulhgodqghu +4<<;, ^8` dqg Vfkzduw} +4<:;, ^;`1

Gh�qlwlrq ;7 Jlyhq wzr glvwulexwlrqv j dqg i ehorqjlqj wr G�/ wkhq wkh whqvru surgxfw

ji lv d glvwulexwlrq ri G �LU2
��

vxfk wkdw=

;*># 5 G j i +* #, @ j +*, i +#, +4179,

Wkhruhp ;8 Iru hyhu| sdlu ri glvwulexwlrqv j dqg i lq G�wkhuh h{lvwv d xqltxh whqvru

surgxfw ji1 Lw fdq eh frpsxwhg dv=

;* 5 G �LU2
�

j i +* +w> �,, @ j| +i� +* +w> �,,, +417:,

zkhuh i� phdqv wkdw i rshudwhv rq * dv d ixqfwlrq ri � > zkloh j| phdqv wkdw j rshudwhv

rq i� +* +w> �,, dv d ixqfwlrq ri w= Ixuwkhu=

Vxssj i @ Vxssj� Vxssi +417;,

dqg wkh whqvru surgxfw lv vhsdudwho| frqwlqxrxv elolqhdu irup rq G� �G�=

Qrz zh gljuhvv wr dq dssolfdwlrq wkdw zloo ehfrph yhu| xvhixo lq wkh wkhru| ri

qhwzrunv=

Gh�qlwlrq ;9 Ohw i5 G�> dqg � 5 LU1 Wkh wudqvodwh 9�i ri i lv wkh glvwulexwlrq vxfk

wkdw

;* 5 G 9� +i +* +w,,, @ i| +* +w. �,, +417<,

zkhuh i| phdqv wkdw i rshudwhv rq * dv d ixqfwlrq ri w=
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Uhpdun ;: Qrwh wkdw * +w. �, lv wkh wudqvodwh ixqfwlrq * wudqvodwhg e| d txdqwlw| �� =

Gh�qlwlrq ;; D olqhdu pdsslqj , ri G� lqwr G� lv fdoohg wudqvodwlrq lqyduldqw li=

;i 5 G�> ;� 5 LU , +9� +i,, @ 9� +, +i,, +4183,

Dqrwkhu lpsruwdqw frqfhsw wkdw zh zloo qhhg lq wkh iroorzlqj lv wkh qrwlrq ri frq0

yroxwlrq1

Gh�qlwlrq ;< Ohw j5 H � dqg i5 G�/ wkh frqyroxwlrq j�i lv gh�qhg e|=

;* 5 G j � i +*, @ j i +� +w,* +w. �,, +4184,

zkhuh � 5 G lv d fxw0r� ixqfwlrq vxfk wkdw � @ 4 rq d qhljkerukrrg ri wkh vxssruw ri

j1

Uhpdun <3 +Ohppd ri Xu|vrq, Li N � LU? lv d frpsdfw vhw/ dqg [ lv dq rshq

qhljkerukrrg ri N1 Wkhq wkhuh � 5 G/ vxfk wkdw Vxss� � [/ � 5 ^3> 4` dqg � @ 4 rq d

qhljkerukrrg ri N= Vxfk ixqfwlrq zloo eh fdoohg fxw0r� ixqfwlrq1

Uhpdun <4 Wkh gh�qlwlrq ri frqyroxwlrq lv lqghshqghqw ri wkh fkrlfh ri fxw0r� ixqf0

wlrq1 Iru/ li � 5 G dqg � @ 4 rq d qhljkerukrrg ri wkh vxssruw ri j wkhq=

j i +� +w,* +w. �,,� j i +� +w,* +w. �,, @ j i ++� +w,� � +w,,* +w. �,, @ 3

+4185,

vlqfh

Vxss ++� +w,� � +w,,* +w. �,, � LU� Vxssj +4186,

zklfk lpsolhv wkdw

Vxss ++� +w,� � +w,,* +w. �,, � LU2 � Vxssj� Vxssi +4187,
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Gh�qlwlrq <5 Uhpdun <6 Wkh lqwurgxfwlrq ri wkh fxw0r� ixqfwlrq lv qhfhvvdu| wr

dvvxuh wkdw i� +� +w,* +w. �,, lv d whvw ixqfwlrq1

Wkhruhp <7 Ohw j5 H � dqg i5 G�= Wkhq wkh frqyroxwlrq j�i gh�qhv d glvwulexwlrq

lq G� wkdw fdq eh frpsxwhg dv iroorzv=

;* 5 G j � i +*, @ j| +� +w, i� +* +w. �,,, +4188,

Ixuwkhupruh frqyroxwlrq lv frppxwdwlyh= j�i@i�j1

Frqyroxwlrq lv zhoo gh�qhg iru sdluv ri glvwulexwlrqv j/ i rwkhu wkdq j5 H � dqg

i5 G�1 Lq sduwlfxodu lw fdq eh h{whqghg wr glvwulexwlrqv j/ i5 G�
n= Wklv h{whqvlrq zloo

eh ghdow zlwk wkh iroorzlqj frqvlghudwlrqv/ vlqfh lq wkh wkhru| ri qhwzrunv zh qhhg wr

pdnh wkh frqyroxwlrq ehwzhhq glvwulexwlrqv lq G�
n=

Lq rughu wr hqvxuh wkh h{lvwhqfh ri wkh frqyroxwlrq ri wzr glvwulexwlrqv/ zh fdq

uhtxluh wkhvh glvwulexwlrqv wr ixo�o wkh iroorzlqj frqglwlrq1

Frqglwlrq <8 Ohw j5 G� dqg i5 G�= Wkhq wkh frqglwlrq fdq eh vwdwhg dv iroorzv=

;� A 3

;AA?AA=
+w> � , 5 Vxssj� Vxssi

mw. � m ? �

, <�� A 3 = mwm ? ��> m� m ? �� +4189,

wkdw lv=

;� A 3 +Vxssj� Vxssi, _ �+w> �, 5 LU2 = mw. � m ? �
�

lv d frpsdfw vhw1 +418:,

Wkhruhp <9 Ohw j5 G� dqg i5 G�> dqg ohw wkhlu vxssruwv vdwlvi| frqglwlrq +<8, wkhq

wkh frqyroxwlrq j�i lv wkh glvwulexwlrq gh�qhg e|=

;* 5 G j � i +*, @ j i
�
�) +w> �,* +w. �,

�
+418;,
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zkhuh �) 5 G+LU2, lv d fxw0r� ixqfwlrq vxfk wkdw � @ 4 rq d qhljkerukrrg ri L> gh�qhg

dv=

L @ i+w> �, 5 Vxssj� Vxssi = w. � 5 Vxss*j = +418<,

Uhpdun <: Wkh suhylrxv h{whqvlrq ri wkh frqyroxwlrq lv lqghshqghqw ri wkh fkrlfh ri

fxw0r� ixqfwlrq1

Wkhruhp <; Ohw j5 G� dqg i5 G� vdwlvi|lqj frqglwlrq +<8, wkhq wkh frqyroxwlrq j�i

fdq eh frpsxwhg e|=

;* 5 G j � i +*, @ j|
�
i�
�
�) +w> �,* +w. �,

��
+4193,

zkhuh �) lv gh�qhg dv lq Wkhruhp +<9,1 Ixuwkhu wkh frqyroxwlrq lv frppxwdwlyh dqg

Vxssj � i � Vxssj ^ Vxssi +4194,

Uhpdun << Li j5 G�
n dqg i5 G�

n wkhq wkh| vdwlvi| +<8,1 Iru/ vlqfh Vxssj� LUn>

Vxssi� LUn wkhq=;AA?AA=
+w> �, 5 Vxssj� Vxssi

mw. � m ? �

@,

;AA?AA=
+w> �, 5 Vxssj� Vxssi

w. � ? �

, mwm ? �> m� m ? �=

+4195,

wkhq wkh frqyroxwlrq ri wzr glvwulexwlrqv lq G�
n lv gh�qhg/ dqg vlqfh Vxssj�i� Vxssj^Vxssi

wkhq lw lv d glvwulexwlrq lq G�
n=

Uhpdun 433 Wkh frqyroxwlrq ri d � Gludf zlwk d jhqhulf glvwulexwlrq ohdyhv wklv odvw

xqfkdqjhg=

;i 5 G� � � i @ i +4196,
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Qrz zh duh uhdg| wr lqwurgxfh d yhu| srzhuixo uhvxow gxh wr Vfkzduw}/ zklfk zloo

hqdeoh xv wr fkdudfwhul}h wkh ehkdylru ri d sduwlfxodu fodvv ri qhwzrun e| wkh zhoo nqrzq

lpsxovlyh uhvsrqvh1

Wkhruhp 434 Li , lv d frqwlqxrxv wudqvodwlrq lqyduldqw/ olqhdu pdsslqj ri G lqwr

G�wkhq=

;* 5 G , +*, @ , +�, �* +4197,

Uhpdun 435 Ht1 +4197, lv jhqhudoo| xvhg iru uhsuhvhqwlqj wkh vroxwlrqv ri gl�huhqwldo

htxdwlrqv lq whupv ri jhqhudol}hg �Juhhq� ixqfwlrq1

Fruroodu| 436 Li , lv d frqwlqxrxv wudqvodwlrq lqyduldqw olqhdu pdsslqj ri G�
n lqwr

G�
n wkhq wkhuh h{lvwv d xqltxh glvwulexwlrq j lq G�

n/ vxfk wkdw=

;i 5 G�
n , +i, @ j�i +4198,

Wkh surri ri wklv wkhruhp dqg ri wkh fruroodu| fdq eh irxqg lq Ehowudpl +4<99, ^:`1

Xs wr qrz zh kdyh uhvwulfwhg rxu vwxg| wr uhdo ydoxhg ixqfwlrqv/ dq|zd| wkhvh

uhvxowv fdq eh jhqhudol}hg wr froxpq q�yhfwru ixqfwlrq lq d txlwh vwudljkwiruzdug zd|>

zh zloo xvh wkhvh uhvxowv ghdolqj zlwk q�sruw qhwzrunv1

Zh zloo dovr xvh wkh suhylrxv wkhruhp lq vwxg|lqj phfkdqlfdo v|vwhpv1

Wlph grpdlq uhsuhvhqwdwlrq ri olqhdu/ frpsohwho| vroydeoh dqg

wlph0lqyduldqw qhwzrun1

Lq wklv vhfwlrq zh zloo h{sorlw wkh ixqgdphqwdo uhvxowv ri wkh wkhru| ri glvwulexwlrq

phqwlrqhg ehiruh vr dv wr fkdudfwhul}h d olqhdu/ frpsohwho| vroydeoh dqg wlph0lqyduldqw

q�sruw qhwzrun e| d uhsuhvhqwdwlrq dphqdeoh wr frqyhqlhqw dqg iuxlwixo dqdo|vlv1
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Gh�qlwlrq 437 Vlqfh Q lv vroydeoh wkhq ; h 5G?
n <$ +y> l,5Q vxfk wkdw h @ y. l> ohw

ph fdoo >@ wkh pdsslqj ri G?
n lqwr G?

n vxfk wkdw l @>@ +h,1

Sursrvlwlrq 438 Vlqfh Q lv olqhdu wkhq Q@ lv olqhdu/ dqg >@ lv d olqhdu pdsslqj ri

G?
n lqwr G?

n=

Surri1 Lq idfw/ wkdqnv wr wkh olqhdulw| ri Q@=

;h�> h2 5 G?
n> �> � 5 LU +� +y�.l�, . � +y2.l2, > �l� . �l2, 5 Q@ +4199,

wkxv

>@ +�h� . �h2, @ �l� . �l2 @ �>@ +h�, . �>@ +h2, +419:,

Sursrvlwlrq 439 Ixuwkhu/ vlqfh Q lv frpsohwho| vroydeoh wkhq Q@ lv frpsohwho| vroydeoh

dqg >@ lv frqwlqxrxv1

Surri1 Lq idfw=

h? $ h , +y?.l?> l?, $ +y. l> l, +419;,

wkxv

h? $ h , l? $ l ,>@ +h?, $ >@ +h, +419<,

Wkxv d olqhdu frpsohwho| vroydeoh qhwzrun Q gh�qhv d olqhdu frqwlqxrxv pdsslqj

ri G?
n lqwr G?

n1
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Sursrvlwlrq 43: Ixuwkhu/ vlqfh wkh qhwzrun Q lv wlph0lqyduldqw wkhq Q@ lv wlph0

lqyduldqw dqg >@ lv d wudqvodwlrq lqyduldqw pdsslqj1

Surri1 Lq idfw=

;h 5 G?
n >@ +9A +h,,@9A +>@ +h,, +41:3,

Wkxv >@ lv d olqhdu/ frqwlqxrxv wudqvodwlrq lqyduldqw pdsslqj ri G?
n lqwr G?

n> vlqfh

G?
n lv d vxevhw ri G?�

n zh fdq xvh dq dqdorj ri Fruroodu| +436, h{whqghg wr G?�
n >wr vwdwh

wkdw=

Sursrvlwlrq 43; Iru d olqhdu/ frpsohwho| vroydeoh dqg wlph lqyduldqw q�sruw qhwzrun

wkhuh h{lvwv d xqltxh glvwulexwlrq |@ lq G?�
n / vxfk wkdw=

;h 5 G?
n l @|@ � h +41:4,

dqg vlqfh h @ l. y/ wkhq=

y @ �|@ � h. h @+��|@, � h +41:5,

zkhuh � lv wkh Gludf glvwulexwlrq lq G?�
n =

Gh�qlwlrq 43< |@ zloo eh fdoohg wkh dgplwwdqfh ri wkh dxjphqwhg qhwzrun Q@=

Lq wkh sduwlfxodu fdvh ri d qhwzrun Q olqhdu/ sdvvlyh dqg frpsohwho| vroydeoh wkh

fxuuhqw l ri wkh qhwzrun lv uhodwhg wr wkh yrowdjh vrxufh h e| d frqyroxwlrq ehwzhhq d

glvwulexwlrq |@ /ghshqglqj rq wkh fkdudfwhulvwlfv ri Q / dqg wkh yrowdjh vrxufh h1

Urxjko| vshdnlqj zh fdq kdyh d sk|vlfdo lqwhusuhwdwlrq ri |@ dv wkh pdwul{ q� q

zkrvh jhqhulf hqwu| |@ +w,m�c� lv wkh fxuuhqw uhvsrqvh dw sruw l ri wkh dxjphqwhg qhwzrun
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dw wlph w wr d � yrowdjh dssolhg dw sruw n dw wkh lqvwdqw }hur1 Wklv lqwhusuhwdwlrq lv

fohduo| qrw uljrurxv vlqfh zh kdyh uhvwulfwhg wkh vsdfh ri rxu dgplvvleoh lqsxw dqg rxwsxw

wr G?
n/ dqg � lv fohduo| rxwvlgh wklv vsdfh1

Uhpdun 443 Dv d uhpdun zh fodlp wkdw/ ehfdxvh ri surs1 +43;, dqg Wkhruhp +87,

wkh uhsuhvhqwdwlrq +41:4, krogv dovr iru d olqhdu/ vroydeoh/ sdvvlyh dqg wlph lqyduldqw

qhwzrun ehfdxvh ri Wkhruhp +87,1

Iuhtxhqf| grpdlq uhsuhvhqwdwlrq ri olqhdu/ frpsohwho| vroydeoh/ wlph

lqyduldqw q0sruw qhwzrunv

Iurp qrz rq zh zloo uhvwulfw rxu lqwhuhvw wr wkh sduwlfxodu fodvv ri q�sruw qhwzrunv

olqhdu/ sdvvlyh dqg frpsohwho| vroydeoh1

Lq rughu wr fkdudfwhul}h lq wkh vr fdoohg �iuhtxhqf| grpdlq� wkh uhvsrqvh ri qhw0

zrunv/ zh qhhg wr lqwurgxfh Odsodfh elodwhudo wudqvirup1

Krzhyhu lw lv nqrzq +vhh Ehowudpl +4<99,^:`, wkdw wkh Odsodfh wudqvirup fdqqrw eh

gh�qhg lq doo G�
n= Wkhuhiruh zkhq d Odsodfh wudqvirup zloo eh qhhghg zh zloo uhvwulfw

wkh frqvlghudwlrq wr wkh vljqdov ehorqjlqj wr d vxevhw ri G�
n wr eh vshfl�hg 1

Gh�qlwlrq 444 Ohw V eh wkh vxevhw ri F" ri whpshuhg ixqfwlrqv=

V @

�
i 5 F" = < +�>�, 5 LQ2 , vxs

|MW+

����wkgqigwq

���� 5 LU

�
+41:6,

Gh�qlwlrq 445 Wkh vhtxhqfh ki?l ri hohphqwv lq V lv vdlg wr frqyhujh wr i 5 V li dqg

rqo| li=

; +�> �, 5 LQ2 olp
?<n"

����wkgq +i � i?,

gwq

���� @ 3 +41:7,

67



Gh�qlwlrq 446 Ohw Fr,J�
f eh wkh vhw ri frqwlqxrxv ixqfwlrqv ri sro|qrpldo jurzwk/ l1h1

Fr,J�
f =@

q
� 5 Ff = < +P>F, 5 LUn � LUn , m� +w,m ? F

�
4 . w2

��r
+41:8,

wkhq wkh vhw ri whpshuhg glvwulexwlrqv lv gh�qhg dv=

V � =@
q
i 5 G� = <� 5 Fr,J�

f > o 5 LQ , G,� @ i
r

+41:9,

Uhpdun 447 Wkhuh duh glvwulexwlrqv zklfk gr qrw ehorqj wr V �= Iru lqvwdqfh wkh ixqf0

wlrq h|/ zkhq uhjdughg dv d glvwulexwlrq/ grhv qrw ehorqj wr V �= Lqghhg doo lwv sulplwlyhv

gr qrw ehorqj wr Fr,J�
f =

Wkh iroorzlqj Wkhruhp lv gxh wr Vfkzduw}=

Wkhruhp 448 +Wkhruhp ri Vwuxfwxuh, V � frlqflghv zlwk wkh vhw ri olqhdu frqwlqxrxv

ixqfwlrqdov gh�qhg rq V=

Qrz rq zh zloo olplw rxu dwwhqwlrq wr d sduwlfxodu fodvv ri glvwulexwlrq/ wkrvh iru

zklfk d elodwhudo Odsodfh wudqvirup fdq eh gh�qhg1

Lq zkdw iroorzv zh zloo qhhg wr uhjdug d glvwulexwlrq dv d ixqfwlrqdo gh�qhg rq wkh

vhw ri frpsoh{ ydoxhg whvw ixqfwlrqv GS1

Gh�qlwlrq 449 Ohw i5 G�/ * 5 GS wkhq

i +*, @ i +Uh ^*`, . li +Lp ^*`, +41::,

Gh�qlwlrq 44: Ohw i5 G�/ j 5 F" wkhq i j lv wkh glvwulexwlrq lq G� gh�qhg e|=

;* 5 G i j +*, @ i +j *, +41:;,
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Wkh iroorzlqj frqvlghudwlrqv doorz iru wkh gh�qlwlrq ri Odsodfh wudqvirup=

Gh�qlwlrq 44; Ohw i5 G� dqg ohw v @ � . l$= Zh zloo fdoo gdpslqj uhjlrq/ wkh vhw=

�i =@
�
� 5 LU = i h3j| 5 V �� +41:<,

Ohppd 44< �i lv dq lqwhuydo1 Li i5 G�
n wkhq �i lv d vhpllq�qlwh lqwhuydo lqfoxghg lq

LUn=

Gh�qlwlrq 453 �S
i
@ iv 5 FL = Uh ^v` 5 �ij

Wkhruhp 454 Ohw i5 G�
n/ �i @ +�f>4, dqg � 5 Gn vxfk wkdw � +w, @ 4 li w 5 Vxssi=

Wkhq iru hyhu| v 5 �S
i
/ v @ � . l$=

� <�� 5 LUn/ � A �� A �f , ih3j�| 5 V�/ � +w, h3Er3j��| 5 V

� �ih3j�|� �� +w, h3Er3j��|� @= O ^i` +v, lqghshqghqwo| ri wkh fkrlfh ri �� dqg �=

� Wkh ixqfwlrq gh�qhg lq �S
i
/ v :�$ O ^i` +v, lv krorprusklf dqg lv fdoohg Odsodfh

wudqvirup ri i1

� Iru hyhu| p 5 LU O ^+�w,6 i` @
g6O ^i`
gv6

Qrz zh lqwurgxfh vrph ixqgdphqwdo uhvxowv lq wkh wkhru| ri Odsodfh wudqvirup

glvwulexwlrqv/ iru d ghwdlohg dqdo|vlv ri wkhvh surshuwlhv vhh Vfkzduw} +4<99, ^<`=

Wkhruhp 455 Ohw i dqg j eh wzr glvwulexwlrqv lq G�
n> dqg ohw �i dqg �f eh wkhlu

gdpslqj uhjlrq1 Wkhq i�j kdv d Odsodfh wudqvirup lq �i _ �f dqg=

O ^i � j` @ O ^i`O ^j` +41;3,
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Fruroodu| 456 O �G,i
�
@ v,O ^i`

Ohw xv wxuq djdlq rxu dwwhqwlrq wr wkh olqhdu/ frpsohwho| vroydeoh dqg wlph lqyduldqw

q�sruw qhwzrun frqvlghuhg lq surs1+43;,1

Odsodfh wudqvirup ri ht1+41:4, ohdgv wr=

L +v, @ \@ +v,H +v, +41;4,

zkhuh L +v, @ O ^l` +v,/ \@ +v, @ O ^\@` +v,/ H +v, @ O ^h` +v, =

Uhshdwlqj wkh vdph uhdvrqlqjv dv ht1+41:4,/ zh jhw=

Y +v, @ +4�\@ +v,,H +v, +41;5,

zkhuh Y +v, @ O ^y` +v, =

Uhpdun 457 Lw kdv ehhq ghflghg wr fkdudfwhul}h d qhwzrun Q e| phdqv ri wkh dg0

plwwdqfh ri lwv dxjphqwhg qhwzrun1 Wklv lv grqh wr jxdudqwhh wkh xqlyhuvdo iuhtxhqf|

grpdlq uhsuhvhqwdwlrq ri wkh qhwzrun1 Lqvwhdg wkh dowhuqdwlyh srvvleoh fkrlfhv suhvhqwhg

lq zkdw iroorzv/ l1h1 wr lqwurgxfh iru fkdudfwhul}lqj Q / lwv rzq lpplwwdqfh ru wudqv0

plvvlrq pdwulfhv gr qrw kdyh jhqhudo ydolglw|1 Vrph qhwzrunv zklfk ghvhuyh dwwhqwlrq

frxog eh vlqjxodu/ l1h1 gr qrw dgplw rqh ri wkh diruhphqwlrqhg uhsuhvhqwdwlrqv1

Wkxv lq wkh iuhtxhqf| grpdlq d qhwzrun lv uhsuhvhqwhg e| wkh dgplwwdqfh pdwul{

\@ +v, > lq wkh iroorzlqj zkhq lw zloo eh srvvleoh zlwkrxw plvxqghuvwdqglqjv zh zloo gurs

wkh yduldeohv zkhq lqglfdwlqj L dqg Y/ l1h1 wkh +Odsodfh wudqvirup, fxuuhqw dqg yrowdjh

uhvshfwlyho|1
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Qrz zh duh uhdg| wr lqwurgxfh vrph ri wkh prvw xvhg dqg iuxlwixo pdwul{ ghvfuls0

wlrqv ri Q lq wkh iuhtxhqf| grpdlq1

Gh�qlwlrq 458 Ohw xv vwduw zlwk wkh lpshgdqfh Pdwul{ ] +v, =

Y @ ] +v, L +41;6,

] +v, @ +4�\@ +v,,\@ +v,
3�

Wkh jhqhulf hqwu| ] +v,m�c� uhsuhvhqwv wkh udwlr ehwzhhq wkh yrowdjh dw sruw l dqg wkh fxu0

uhqw dssolhg dw sruw m zkhq doo wkh rwkhu sruwv duh rshq0flufxlwhg= ] +v,m�c� @
Y�
L�

����
U&'fc & �'�

=

Wkh whupv rq wkh gldjrqdo ri ] zloo eh fdoohg gulylqj lpshgdqfhv/ zkloh wkh rwkhuv

zloo eh fdoohg wudqvihu lpshgdqfh1

H{dpsoh 459 Wkh lpshgdqfh ri dq lqgxfwru lv

]u +v, @ vO

H{dpsoh 45: Wkh lpshgdqfh ri d uhvlvwru lv

]- +v, @ U

H{dpsoh 45; Wkh lpshgdqfh ri d fdsdflwru lv

]� +v, @
4

vF

Uhpdun 45< Qrwh wkdw lw lv qrw dozd|v srvvleoh wr ghvfuleh d qhwzrun e| dq lpshgdqfh

pdwul{/ vlqfh \@ +v, fdq eh vlqjxodu1
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Gh�qlwlrq 463 Dqrwkhu frpprq pdwul{ xvhg wr ghvfuleh d qhwzrun lv wkh Dgplwwdqfh

Pdwul{ \ +v, =

L @ \ +v,Y +41;7,

\ +v, @ \@ +v, +4�\@ +v,,
3�

Wkh jhqhulf hqwu| \ +v,m�c� uhsuhvhqwv wkh udwlr ehwzhhq wkh fxuuhqw dw sruw l dqg

wkh yrowdjh dssolhg dw sruw m zkhq doo wkh rwkhu sruwv duh vkruw0flufxlwhg= \ +v,m�c� @

L�
Y�

����
U&'fc & �'�

=

Uhpdun 464 Fohduo| \ lv wkh lqyhuvh ri ]/ dqg lwv h{lvwhqfh lv uhodwhg wr wkh lqyhuw0

lelolw| ri +4�\@ +v,,
3�/ wkxv lw pd| kdsshq wkdw d qhwzrun dgplwv wkh \ uhsuhvhqwdwlrq

zlwkrxw dgplwwlqj wkh ] uhsuhvhqwdwlrq dqg ylfhyhuvd1 Lw fdq kdsshq dovr wkdw qr rqh

ri wkhvh wzr uhsuhvhqwdwlrq lv dgplvvleoh/ wklv ehlqj wkh fdvh ri wkh lghdo wudqviruphu1

Jhqhudoo| \ dqg ] duh erwk fdoohg lpplwdqfh pdwulfhv1

H{dpsoh 465 Wkh dgplwwdqfh ri dq lqgxfwru lv=

\u+v, @
4

vO

H{dpsoh 466 Wkh dgplwwdqfh ri d fdsdflwru lv=

\�+v, @ vF

H{dpsoh 467 Wkh dgplwwdqfh ri d uhvlvwru lv=

\-+v, @
4

U
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Wkh odvw ghvfulswlrq pdwul{ wkdw zloo eh xvhg doo ryhu wklv zrun lv wkh Wudqvplvvlrq

Pdwul{ W1

Wkh xvh ri wklv ghvfulswlrq iru Q zloo ehfrph yhu| xvhixo lq wkh glvfxvvlrq ri wkh

wudqvihu surshuwlhv ri wkh qhwzrun/ dqg lq ghyhorsphqw ri wkh vr fdoohg fdvfdgh frqqhf0

wlrq1

Dvvxph wkdw wkh qhwzrun kdv dq hyhq qxpehu ri sruwv q @ 5p wkhq zh fdq sduwlwlrq

wkh sruwv lqwr wzr vhwv 4 dqg 5 vxfk wkdw 4 frqwdlqv wkh �uvw p sruwv dqg 5 wkh rwkhuv/

dffruglqj wr wklv sduwlwlrq zh fdq zulwh=

Y @

3EEC Y�

Y2

4FFD dqg L @

3EEC L�

L2

4FFD +41;8,

L
+

-

Y 1

+

-

Y

L1

1

2

2m m

Iljxuh 4143= Sduwlwlrqhg qhwzrun

Gh�qlwlrq 468 Wkh wudqvplvvlrq pdwul{ dvvrfldwhv wr wkh �lqsxw� yhfwru wkh �rxwsxw�
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yhfwru/ l1h17= 3EEC Y2

�L2

4FFD@ 


3EEC Y�

L�

4FFD +41;9,

H{dpsoh 469 Wkh +p.p,�sruw wudqviruphu kdv d wudqvplvvlrq pdwul{=


 @

3EEC WA 3

3 W3�

4FFD
Wkh wudqvplvvlrq pdwul{/ vrphwlphv fdoohg Fkdlq Pdwul{/ fdq eh uhodwhg wr \ dqg

]/ zkhqhyhu lw lv srvvleoh/ e| wkh iroorzlqj uhdvrqlqj1

Ohw ph sduwlwlrq wkh lpshgdqfh pdwul{ dqg wkh wudqvplvvlrq pdwul{ lqwr irxu vxe0

pdwulfhv p�p hdfk=


 @

3EEC 
�� 
�2


2� 
22

4FFD ] @

3EEC ]�� ]�2

]2� ]22

4FFD +41;:,

wkhq vxevwlwxwlqj wkhvh wzr h{suhvvlrqv lqwr 458 dqg 468 zh jhw=;AAAAAAAAAA?AAAAAAAAAA=

Y� @ ]��L� .]�2L2

Y2 @ ]2�L� .]22L2

Y2 @ 
��Y� .
�2L�

L2 @ �
2�Y� �
22L�

+41;;,

Wklv v|vwhp |lhogv=


 @

3EEC �]3��2 ]3��2 ]��

]22]
3�
�2 ]�2 �]22]

3�
�2 ]��

4FFD ] @

3EEC �
3�2� 
22 �
3�2�

�
��

3�
2� 
22 .
�2 �
��


3�
2�

4FFD
+41;<,

7Wkh plqxv vljq lq wkh iroorzlqj htxdwlrq lv qhhghg lq rughu wr dffrxqw iru wkh gl�huhqw frqyhqwlrqv
xvhg zkhq lqwurgxflqj lpplwwdqfh dqg wudvplvvlrq pdwulfhv1
Lq wkh �uvw fdvh wkh fxuuhqw lv srvlwlyh zkhq lw hqwhuv wkh qhwzrun/zkloh lq wkh vhfrqg fdvh wkh fxuuhqw

lv srvlwlyh zkhq lw ohdyhv wkh qhwzrun1
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Dqdorjrxv uhodwlrqv fdq eh irxqg ehwzhhq wkh lpshgdqfh pdwul{ dqg wkh wudqvplv0

vlrq pdwulfhv1

Edodqfhg qhwzrunv Zh kdyh ghyhorshg doo wkh suhylrxv pdwul{ whuplqrorj| iru pxo0

wlsruw qhwzrunv/ qhyhuwkhohvv zh fdq h{whqg wkhvh lghdv dovr wr qhwzrunv lq zklfk sdluv

ri whuplqdo fdqqrw eh jurxshg lqwr sruwv1

Frqvlghu d q. 4 whuplqdo qhwzrun Q =

1

2

j

3

n

1

2

j

3

n

i

i

v

v i

v

v

i

v

i

Iljxuh 4144= Q.40whuplqdo qhwzrun

zkhuh wkh +q. 4,wk whuplqdo lv dvvxphg wr dfw dv d uhihuhqfh srlqw iru wkh yrowdjhv

ri wkh rwkhu whuplqdov/ dqg doo wkh fxuuhqwv duh dvvxphg wr hqwhu wkh whuplqdov1

Lq wkh iudphzrun ri olqhdu/wlph lqyduldqw dqg frpsohwho| vroydeoh qhwzrunv zh fdq

jr djdlq wkurxjk doo wkh vwhsv phqwlrqhg ghdolqj zlwk q�sruw qhwzrunv dqg hvwdeolvk

dq lvrprusklvp ehwzhhq +q. 4,�whuplqdo qhwzrunv dqg q�sruw qhwzrunv1

Vrphwlphv lq olwhudwxuh dq +q. 4,�whuplqdo qhwzrun lv fdoohg dq q�sruw edodqfhg

qhwzrun1
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Lqwhufrqqhfwlrq ri qhwzrunv

Xvxdoo| wkh sureohp ri wkh v|qwkhvlv ri d qhwzrunv lv vroyhg uhjduglqj lw dv ghfrp0

srvhg lqwr vhyhudo vxeqhwzrunv/ hdfk ri wkhp shuiruplqj d vshfl�f wdvn1

Wkdw lv/ rqfh zh kdyh irxqg wkh pdwul{ uhsuhvhqwdwlrq ri wkh qhwzrun/ lqvwhdg ri

wu|lqj wkh lpphgldwh v|qwkhvlv ri d fruuhvsrqglqj flufxlw/ zh ghfrpsrvh wkh joredo

pdwul{ lq whupv ri vlpsohu pdwulfhv dqg wkhq zh wxuq wr wkh sureohp ri ghvljqlqj d

flufxlw iru d vhw ri frpsrqhqw vxeqhwzrunv1

Lq wklv vhfwlrq zh zdqw wr h{dplqh wkh prvw frpprq whfkqltxhv ri qhwzrun lq0

whufrqqhfwlrq/ dqg wr xqghuvwdqg wkh uhodwlrqvkls ehwzhhq frqqhfwlrqv dqg pdwul{ gh0

vfulswlrqv1

Vhulhv frqqhfwlrq Ohw xv vwduw zlwk wkh Vhulhv frqqhfwlrq ri wzr q�sruwv Q� dqg

Q2=

N

N

1

2

N

Iljxuh 4145= Vhulhv
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Lq wkh vhulhv frqqhfwlrq wkh whuplqdo W �
� ri Q� lv frqqhfwhg wr W� ri Q2>l1h1 doo wkh

fxuuhqwv ohdylqj wkh �uvw qhwzrunv/ hqwhu wkh rwkhu qhwzrun=

L� @ L2 +41<3,

Fohduo| wkh lpshgdqfh pdwul{ ri wkh vhulhv frqqhfwlrqv lv htxdo wr wkh vxp ri wkh

wzr lpshgdqfhv pdwulfhv=

] @ ]� .]2 +41<4,

H{dpsoh 46: Wkh lpshgdqfh ri wkh vhulhv ehwzhhq dq lqgxfwru dqg d fdsdflwru lv=

] +v, @ vO.
4

vF
@

v2OF . 4

vF

zkloh wkh dgplwwdqfh lv=

\ +v, @ +] +v,,3� @
vF

v2OF . 4

/

&

Iljxuh 4146= Vhulhv ehwzhhq dq lqgxfwru dqg d fdsdflwru
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Sdudooho frqqhfwlrq Lq wkh Sdudooho frqqhfwlrq wkh whuplqdo W� ri Q� lv frqqhfwhg

wr W� ri Q2> l1h1 wkh wzr qhwzrunv kdyh wkh vdph yrowdjhv=

Y� @ Y2 +41<5,

N

N1 N2

Iljxuh 4147= Sdudooho

Reylrxvo| wkh dgplwwdqfh pdwul{ ri wkh sdudooho frqqhfwlrq lv htxdo wr wkh vxp ri

wkh wzr dgplwwdqfh pdwulfhv=

\ @ \� .\2 +41<6,

H{dpsoh 46; Wkh dgplwwdqfh ri wkh sdudooho ehwzhhq dq lqgxfwru dqg d fdsdflwru lv=

\ +v, @ vF .
4

vO
@

v2OF . 4

vO

zkloh wkh lpshgdqfh lv=

]+v, @ +\ +v,,3� @
vO

v2OF . 4
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/

&

Iljxuh 4148= Sdudooho ehwzhhq dq lqgxfwru dqg d fdsdflwru

Fdvfdgh frqqhfwlrq Qrz zh kdyh wr glvfxvv wkhFdvfdgh frqqhfwlrq> wklv frqqhfwlrq

uhsuhvhqwv wkh lqwhudfwlrq ri wzr qhwzrunv zkhuh wkh vhfrqg rqh dffhswv dv �lqsxw� wkh

�rxwsxw� ri wkh �uvw rqh1

Lq idfw/ frqvlghu wzr 5p sruwv Q� dqg Q2/ dqg frqqhfw wkh +p. m,wk sruw ri Q�

wr wkh mwk ri Q2=

Nm mm m

1 2
N

N

Iljxuh 4149= Fdvfdgh

Fohduo| wkh ehvw pdwul{ uhsuhvhqwdwlrq ri wkh fdvfdgh frqqhfwlrq lv wkh wudqvplvvlrq

pdwul{/ dqg wkdw pdwul{ lv htxdo wr wkh surgxfw ri wkh wudqvplvvlrq pdwulfhv ri wkh
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vxeqhwzrunv=


 @ 
2
� +41<7,

Fdvfdgh0ordghg wudqviruphu Ilqdoo| zh kdyh wr glvfxvv wkh fdvfdgh0ordghg wudqv0

iruphu/ wklv frqqhfwlrq zloo ehfrph yhu| xvhixo lq wkh v|qwkhvlv ri �qlwh qhwzrunv zlwk

pruh wkdq 5 sruwv1 Lqghhg lw zloo hqdeohv xv wr v|qwkhvl}h d jlyhq ] xvlqj d vlpsoh flufxlw

+h1j1 zlwk gldjrqdo ru vskhulfdo lpshgdqfh, wr fdvfdgh ordg d pxowlsruw wudqviruphu1

Tl m m

m
N

N

Iljxuh 414:= Fdvfdgh0ordghg wudqviruphu

Lq sduwlfxodu jlyhq dq +o.p,�sruw wudqviruphu rqh fdq whuplqdwh lw zlwk dqp�sruw

qhwzrun ghvfulehg e| dq lpshgdqfh pdwul{ ]61 Wkh wkxv rewdlqhg ordghg wudqviruphu

lv dq o�sruw qhwzrun wkh o � o lpshgdqfh pdwul{ ] ri zklfk lv htxdo wr=

] @ WA]6W +41<8,

Uhdol}delolw| frqvlghudwlrqv

Zh zloo fkdudfwhul}h wkh vhw ri lpshgdqfh dqg dgplwwdqfh pdwulfhv ri olqhdu/ wlph

lqyduldqw/ frpsohwho| vroydeoh dqg sdvvlyh q�sruw qhwzrun1
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Wkhq zh zloo glvfxvv wkh sureohp ri wkh uhdol}delolw| ri d jlyhq qhwzrun/ xqghu

ixuwkhu vshfl�hg frqvwudlqwv vxfk dv uhflsurflw|/ �qlwhqhvv dqg orvvohvvqhvv1

Wkh surriv ri doo wkhruhpv phqwlrqhg lq wklv vxevhfwlrqv fdq eh irxqg lq Qhzfrpe

+4<99,^6`1

Gh�qlwlrq 46< Dq q � q pdwul{ D+v,> v @ � . l$/ lv fdoohg srvlwlyh0uhdo li= +wkh �

ghqrwhv frpsoh{ yduldeoh frqmxjdwlrq,

� D+v, lv krorprusklf lq wkh kdoi sodqh � @ iv 5 LF = � A 3j

� DW+v, @ D+vW, lq �/ wklv lpsolhv wkdw D+� . l3, lv uhdo lq �

� DM+v, @
�
2

�
D+v, .DWA +v,

�
vhplgh�qlwh srvlwlyh lq �/ DM+v, lv fdoohg wkh Khu0

plwldq sduw ri D+v,=

Wkhruhp 473 Wkh lpplwwdqfh pdwulfhv ri d olqhdu vroydeoh/ wlph lqyduldqw/ sdvvlyh

q�sruw qhwzrun duh srvlwlyh uhdo/ zkhqhyhu wkh| h{lvw1

Dv d uhpdun/ zh kdyh wr xqghuolqh wkdw iru d 4�sruw qhwzrun/ xvxdoo| fdoohg elsroh/

wkh wkhruhp fdq eh vwdwhg dv iroorzv=

Fruroodu| 474 Wkh lpplwwdqfh D+v, ri d olqhdu vroydeoh/ wlph lqyduldqw/ sdvvlyh rqh0

sruw qhwzrun lv srvlwlyh uhdo +zkhqhyhu lw h{lvwv,/ wkdw lv=

� D+v, lv krorprusklf lq �

� DW+v, @ D+vW, lq �/ wklv lpsolhv wkdw D+� . l3, lv uhdo lq �

� Uh ^D+v,` A 3/ lq �
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Qrz zh zloo h{klelw dqg glvfxvv vrph h{dpsohv ri lpplwwdqfhv/ zklfk zloo eh xvhg lq

wkh v|qwkhvlv ri wkh qhwzrunv lqyroyhg lq wkh hohfwur0phfkdqlfdo sdudooho zh zloo frqvlghu

odwhu1

H{dpsoh 475 Frqvlghu wkh wudvfhqghqwdo lpplwwdqfh=

D +v, @ Df wdqk�v +41<9,

zkhuh Df dqg � duh srvlwlyh uhdo frqvwdqwv/ lq sduwlfxodu Df kdv wkh glphqvlrq ri d

uhvlvwdqfh li wkh lpplwwdqfh lv dq lpshgdqfh dqg lw kdv wkh glphqvlrq ri wkh lqyhuvh

ri d uhvlvwdqfh li wkh lpplwwdqfh lv dq dgplwwdqfh/ dqg � kdv wkh glphqvlrq ri d wlph1

Qrz ohw xv lqyhvwljdwh wkh frqglwlrqv ri Wkhruhp +474,=

� D +v, @ Df wdqk�v @ Df
vlqk �v

frvk �v
lv vlqjxodu dw wkh srlqwv sk zkhuh frvk�v ydq0

lvkhv/ l1h1=

frvk �sk @ 3 ,

;AA?AA=
frv �$k frvk��k @ 3

vlq�$k vlqk ��k @ 3

, sk @ 3 . l
�

5�
+5n . 4, n 5 ]2

+41<:,

Wkxv D +v, lv krorprusklf lq �> dqg lw lv phurprusklf lq hyhu| erxqghg uhjlrq

ri wkh frpsoh{ sodqh18 Lq wkh iroorzlqj D +v, zloo eh fdoohg phurprusklf1

� DW +v, @ Df +wdqk�v,
W @ Df wdqk �vW @ D +vW,

� Uh ^D+v,` @
D+v, .D +v,W

5
@ Df

vlqk�v +frvk �v,W . frvk �v +vlqk �v,W

5 mfrvk �vm2 @ Df
vlqk 5��

5 mfrvk �vm2 A

3/ lq �1 Zkhuh wkh odvw htxdolw| krogv ehfdxvh ri=

vlqk� frvk� . vlqk� frvk� @ vlqk +�. �,

8D ixqfwlrq ri d frpsoh{ yduldeoh lv vdlg wr eh phurprusklf lq d uhjlrq ri wkh frpsoh{ sodqh/ li lw
lv krorprusklf lq wkh uhjlrq h{hsw dw d �qlwh qxpehu ri srohv1
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Uhpdun 476 Rq wkh lpdjlqdu| d{lv

D +l$, @ lDf wdqk �$ +41<;,

H{dpsoh 477 Frqvlghu wkh wudvfhqghqwdo lpplwwdqfh ixqfwlrq=

D+v, @ v
Df

n�
vlq n frvkn � frv n vlqkn

+4 . frv n frvkn,

zkhuh n @
s
�v h3

�Z
e dqg Df lv uhdo srvlwlyh frqvwdqw= Ohw xv lqyhvwljdwh wkh frqglwlrqv

ri Wkhruhp +474,=

� D+v, lv vlqjxodu dw wkh srlqwv sq/ zkhuh
�
4 . frv

�s
�vh3

�Z
e

�
frvk

�s
�vh3

�Z
e

��
ydqlvkhv/ vlqfh

olp
r<f

D+v, @ 3 +41<<,

Lw lv hdv| wr vkrz wkdw

�
4 . frv

�s
�vh3

�Z
e

�
frvk

�s
�vh3

�Z
e

��
@

frvk
�s

5
s
�v
�
. frv

�s
5
s
�v
�

5
. 4

+41433,

Wkxv wkh srlqwv sq fdq eh irxqg iurp=

frvk
�s

5
s
�v
�
. frv

�s
5
s
�v
�
. 5 @ 3 +41434,

Ohw xv lqwurgxfh wkh dx{loldu| yduldeoh } @
s
5
s
�v =@ d. le/ wkhq=

frvk } . frv } . 5 @ 3 ,

;AA?AA=
frv e frvk d. frv d frvk e @ 5

vlq e vlqk d @ vlq d vlqk e

+41435,

vlqfh=

frvk } @ frv e frvk d. l vlq e vlqk d +41436,

frv } @ frv d frvk e� l vlqd vlqk e
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Wkh v|vwhp +41435, lv lqyduldqw xqghu dq h{fkdqjh ri wkh lpdjlqdu| sduw ri } lqwr

wkh uhdo sduw ri }/ dqg ylfhyhuvd1 Wkxv=

} @ d+4 . l, +41437,

Ilqdoo|=

d+4 . l, @
s
5
s
�sq , Uh ^sq ` @ 3 +41438,

Wkxv D +v, lv krorprusklf lq �> ixuwkhu lw lv phurprusklf1 Wkh srohv duh lq

frpsoh{ frqmxjdwh sdluv dqg rqo| rq wkh lpdjlqdu| d{lv1 Wkh| fdq eh irxqg vroylqj

wkh iroorzlqj wudvfhqghqwdo htxdwlrq=

frv u @
�4

frvk u
+41439,

zlwku @
s
�$1 Wkh �uvw �yh urrwv ri wklv htxdwlrq duh=

u� @
s
�$� * 4=;:8

u2 @
s
�$2 * 7=9<7

u� @
s
�$� * :=;86

ue @
s
�$e * 43=<<9

uD @
s
�$D * 47=46:

Zkhq
s
�$ A

s
�$D ht1+41439, fdq eh zulwwhq lq wkh dssur{lpdwh irup=

frv
s
�$ * 3 +4143:,

vr

s
�$? * +5q� 4,

5
� q A 8 +4143;,
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� Vlqfh=

vlq n frvk n @
vlq

s
5�v

5
.

vlqk
s
5�v

5l

frv n vlqk n @
vlq

s
5�v

5l
.

vlqk
s
5�v

5

Wkhq=

D +v, @ �v Df

+
s
�v,

�
h3

��Z
e

+4 . l,
�
vlqk

s
5
s
+�v,� vlq

s
5
s
+�v,

�
frvk

s
5
s
+�v, . frv

s
5
s
+�v, . 5

@+4143<,

D +v, @ v
Df

s
5

+
s
�v,�

�
vlqk

s
5
s
+�v,� vlq

s
5
s
+�v,

�
frvk

s
5
s
+�v, . frv

s
5
s
+�v, . 5

Fohduo| D +v,W @ D +vW, vlqfh

�s
v
�W

@
s
vW +41443,

� Ixuwkhu lw fdq eh suryhg wkdw=

Uh ^D+v,` @
D+v, .D +v,W

5
A 3> lq �= +41444,

Uhpdun 478 Rq wkh lpdjlqdu| d{lv=

D+l$, @
Df

+
s
�,

�

ls
$

vlq
s
�$ frvk

s
�$ � frv

s
�$ vlqk

s
�$

+4 . frv
s
�$ frvk

s
�$,

+41445,

Uhflsurfdo/ orvvohvv/ �qlwh qhwzrunv1

Lq v|qwkhvlv lw fdq eh qhhghg wr lpsrvh ixuwkhu surshuwlhv/ lq dgglwlrq wr sdvvlylw|/

vxfk dv �qlwhqhvv/ uhflsurflw| dqg orvvohvvqhvv1 Frqvhtxhqwo|/ zh kdyh wr xqghuvwdqg wkh

h�hfwv ri wkhvh dgglwlrqdo dvvxpswlrqv xsrq wkh pdwul{ ghvfulswlrqv ri wkh qhwzrunv1

Uhflsurflw| Ohw xv vwduw rxu dqdo|vlv zlwk wkh dvvxpswlrq ri uhflsurflw|1
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Sursrvlwlrq 479 Wkh lpplwwdqfh pdwulfhv ri d olqhdu vroydeoh/ wlph lqyduldqw/ sdvvlyh

dqg uhflsurfdo q�sruw qhwzrun duh v|pphwulf1

Vrphwlphv wklv vwdwhphqw lv wdnhq dv gh�qlwlrq ri uhflsurflw| iru dq q�sruw qhwzrun1

Zh eholhyh/ krzhyhu/ wkdw wkh uhflsurflw| lv d frqfhsw wkh gh�qlwlrq ri zklfk lv pruh

ixqgdphqwdo wkdq wkh v|pphwu| ri lpplwwdqfh pdwulfhv1

Ilqlwhqhvv Ohw xv ghwdlo qrz wkh dvvxpswlrq ri �qlwhqhvv1 D qhwzrun lv vdlg wr

eh �qlwh li lw lv rewdlqhg e| lqwhufrqqhfwlqj d �qlwh qxpehu ri hohphqwdu| qhwzrunv=

uhvlvwruv/ lqgxfwruv/ fdsdflwruv dqg lghdo wudqviruphuv1

Li wkh qxpehu ri vxeqhwzrun lv lq�qlwh/ wkh qhwzrun lv fdoohg lq�qlwh ru glvwulexwhg1

Uhpdun 47: E| wkh gh�qlwlrq d �qlwh qhwzrun lv uhflsurfdo1 Iru surylqj wklv vlpso|

uhfdoo surs1+95,

Ehiruh zh jr ixuwkhu/ frqvlghu wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 47; Dq q�q pdwul{ D+v, lv fdoohg uhdo0udwlrqdo li doo lwv hqwulhv duh udwlrqdo

ixqfwlrqv zlwk uhdo frh!flhqwv/ l1h1=

D+v,�c� @
d�c�? v? . d�c�?3�v

?3� . ===. d�c�f

e�c�6 v6 . e�c�63�v63� . ===. e�c�f
+41446,

zkhuh doo wkh frh!flhqwv duh uhdo qxpehuv1

Uhpdun 47< Lq wkh h{dpsohv jlyhq ghdolqj zlwk lpplwwdqfh uhsuhvhqwdwlrq/ duh irxqg

wkh lpplwwdqfhv iru hohphqwdu| qhwzrunv1 Wkh| duh doo uhdo0udwlrqdo1 Wkhlu lqwhufrqqhf0

wlrq surgxfhv qhwzrunv zlwk lpplwwdqfh pdwulfhv zklfk duh rewdlqhg e| udwlrqdo rshud0

wlrqv1 Wkhuhiruh �qlwh qhwzrunv kdyh uhdo0udwlrqdo lpplwwdqfhv1
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Wkxv zh fdq vwdwh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 483 Wkh lpplwwdqfh pdwulfhv ri d olqhdu vroydeoh/ �qlwh/ wlph lqyduldqw/

sdvvlyh q�sruw qhwzrun duh srvlwlyh0uhdo/ uhdo0udwlrqdo dqg v|pphwulf/ zkhqhyhu wkh|

h{lvw1

Uhpdun 484 Wkh lpplwwdqfh D+v, ri d olqhdu vroydeoh/ �qlwh/ wlph lqyduldqw/ sdvvlyh

rqh0sruw qhwzrun lv srvlwlyh0uhdo dqg uhdo0udwlrqdo +zkhqhyhu lw h{lvwv,1

H{dpsoh 485 Wkh lpplwwdqfh ri h{dpsohv +475, dqg +477, fdqqrw uhsuhvhqw d �qlwh

rqh0sruw qhwzrun/ l1h1 lw grhv qrw h{lvw d flufxlw uhsuhvhqwhg e| wkdw lpplwwdqfh frqvwl0

wxwhg e| wkh lqwhufrqqhfwlrq ri d �qlwh qxpehu ri uhvlvwruv/ fdsdflwruv/ lqgxfwruv dqg

lghdo wudqviruphuv1

Orvvohvvqhvv Qrz zh duh uhdg| wr xqghuvwdqg zklfk uhvwulfwlrqv rq lpplwwdqfh pd0

wulfhv duh lpsolhg e| wkh dvvxpswlrq ri orvvohvvqhvv/ zklfk zh zloo uhtxluh lq wkh v|qwkhvlv

ri vrph ri rxu hohfwulfdo dqdorjv iru phfkdqlfdo ghylfhv1

Gh�qlwlrq 486 Jlyhq dq q � q pdwul{ D+v,/ wkh Kxuzlw} frqmxjdwh DW+v, lv gh�qhg

dv=

DW+v, @ D+�v, +41447,

Sursrvlwlrq 487 Li wkh lpplwwdqfh pdwul{ ri d orvvohvv/ vroydeoh/ olqhdu/ wlph lqyduldqw

q�sruw qhwzrun lv phurprusklf9 wkhq=

D+v, @ �DA
W +v, +41448,

9D pdwul{ lv phurprusklf li doo lwv hqwu|v duh phurprusklf1
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Uhpdun 488 Dv d uhpdun/ qrwh wkdw d udwlrqdo pdwul{ lv d sduwlfxodu phurprusklf

pdwul{1 Wkhq zh fdq vwdwh= wkh lpplwwdqfhv pdwulfhv ri d olqhdu/ vroydeoh/ orvvohvv/ wlph

lqyduldqw/ �qlwh q�sruw qhwzrun duh srvlwlyh0uhdo/ uhdo0udwlrqdo dqg v|pphwulf dqg

D+v, @ �D+�v, +41449,

zkhqhyhu wkh| h{lvw1

Fruroodu| 489 Li wkh lpplwwdqfh ri d olqhdu orvvohvv/ wlph lqyduldqw rqh0sruw qhwzrun

lv phurprusklf wkhq=

D+v, @ �D+�v, +4144:,

l1h1/ D+v, lv dq rgg ixqfwlrq1

H{dpsoh 48: Frqvlghu djdlq wkh lpplwwdqfh ri h{dpsoh +475,=

D +v, @ Df wdqk�v +4144;,

fohduo| D +v, lv dq rgg ixqfwlrq/ wkhq wklv lpplwwdqfh fdq eh uhdol}hg e| d orvvohvv flufxlw1

H{dpsoh 48; Frqvlghu djdlq wkh lpplwwdqfh ri h{dpsoh +477,=

D +v, @ v
Df

n�
vlqn frvk n � frv n vlqk n

+4 . frv n frvk n,
+4144<,

zkhuh n @
s
�v h3

�Z
e = Fohduo| D +v, lv dq rgg ixqfwlrq/ wkhq wklv lpplwwdqfh fdq eh

uhdol}hg e| d orvvohvv flufxlw1

Ixqgdphqwdo surshuwlhv ri wkh phurprusklf lpplwwdqfh ixqfwlrq iru d

olqhdu/ orvvohvv/ wlph lqyduldqw rqh0sruw qhwzrun1

Wklv vhfwlrq ghdov zlwk wkh dqdo|vlv ri wkh lpplwwdqfh ri d olqhdu/ orvvohvv/ wlph

lqyduldqw rqh0sruw qhwzrun lq wkh sduwlfxodu fdvh lq zklfk lwv lpplwwdqfh lv phurprusklf
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ixqfwlrq/ lq rughu wr dfklhyh d gl�huhqw irup iru wkhp dphqdeoh iru sudfwlfdo v|qwkhvlv1

Uhpdun 48< Dvvxplqj wkdw wkh lpplwwdqfh pdwulfhv duh phurprusklf uhvwulfwv wkh

vxevhtxhqw dqdo|vlv wr sudfwlfdo dssolfdwlrqv zkhuh wkh hyroxwlrqdu| rshudwruv kdyh glv0

fuhwh vshfwuxp1

Dv d suholplqdu|/ ohw xv vxppdul}h wkh surshuwlhv wkdw zh kdyh vr idu irxqg iru wkh

frqvlghuhg sduwlfxodu rqh0sruw qhwzrunv=

Vxppdu| 493 Wkh lpplwwdqfh D +v, ri d olqhdu vroydeoh/ wlph lqyduldqw/ sdvvlyh rqh0

sruw qhwzrun +zkhqhyhu lw h{lvwv, lv

� srvlwlyh uhdo

� li lw lv phurprusklf wkhq lw lv dq rgg ixqfwlrq ri v1

Uhpdun 494 Dw wkh prphqw zh duh qrw irfxvlqj rxu dwwhqwlrq rq wkh sduwlfxodu fdvh

ri �qlwh rqh0sruw qhwzrun1 Wkh uhdvrq iru wklv jhqhudolw| zloo ehfrph fohduhu lq zkdw

iroorzv/ lq sduwlfxodu zkhq zh zloo v|qwkhvl}h rqh0sruw qhwzrunv vlpxodwlqj phfkdqlfdo

lpshgdqfhv ru prelolwlhv1

E| wkh fruroodu| +474, zh nqrz wkdw D+v, lv krorprusklf lq wkh uljkw sodqh/ exw

vlqfh D+v, kdv wr eh dq rgg ixqfwlrq ri v/ wkhq D+v, lv dovr krorprusklf lq wkh ohiw

sodqh1

Wkxv wkh srohv ri D+v, olh rq wkh lpdjlqdu| d{lv> ixuwkhu wkh| duh frpsoh{ frqmxjdwh/

e| yluwxh ri D+v, @ DW+vW,=

Qrz zh zloo suryh wkdw doo wkh srohv ri D+v, duh vlpsoh/ lqfoxglqj wkh sroh v @ 3=
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Lq idfw/ frqvlghu d sroh s� ri rughu p/ uhphpehulqj wkdw D+v, lv phurprusklf wkhq

D+v, lv krorprusklf lq d ulqj0vkdshg qhljkerukrrg ri s�> U0 +s�, ri h{whuqdo udglxv %=

Wkhq lq wkdw uhjlrq lw fdq eh h{sdqghg lq Odxuhqw vhulhv=

D+v, * n�
+v� s�,

6 ;v 5 U0 +s�, +41453,

zkhuh n� lv wkh uhvlgxh ri D+v, dw s�=

Rq wkh h{whuqdo frqwrxu ri U0 +s�,/ l1h1 rq wkh flufxpihuhqfh ri fhqwhu s� dqg udglxv

%=

D+v, * n�%h
�6i +41454,

E| phdqv ri wkh fruroodu| +474, zh uhtxluh dovr Uh ^D+v,` wr eh juhdwhu ru htxdo wr

}hur lq wkh uljkw kdoi sodqh1

Wkhq=

Uh
k
n�%h

�6i
l
A 3 & 5

�
��

5
>
�

5

�
+41455,

Wklv lpsolhv=

Uh ^n�` frv +p&, . Lp ^n�` vlq +p&, A 3 & 5
�
��

5
>
�

5

�
+41456,

Wklv lqhtxdolw| krogv rqo| li p @ 4/ Uh ^n�` A 3 dqg Lp ^n�` @ 3> wkdw lv wkh sroh s�

lv vlpsoh dqg wkh uhvlgxh dw s� lv uhdo srvlwlyh1

Ixuwkhupruh v @ 3 lv d sroh ru d }hur ri D+v,1 Iru/ frqvlghu wkh Odxuhqw vhulhv

h{sdqvlrq lq wkh qhljkerukrrg ri v @ 3 wkhq /e| frqwudglfwlrq/ li v lv qru d sroh qhlwkhu

d }hur wkhq=

D+v, * D+3, ;v 5 U0 +3, +41457,

8:



Wkxv lq U0 +3, D+v, lv qrw dq rgg ixqfwlrq ri v=

Zh kdyh wkxv suryhg wkdw=

Sursrvlwlrq 495 Li wkh lpplwwdqfh D+v, ri d olqhdu orvvohvv/ wlph lqyduldqw rqh0sruw

qhwzrun lv phurprusklf wkhq D+v, kdv vlpsoh frpsoh{ frqmxjdwh srohv rq wkh l$ d{lv

+vr wkh| lqfoxgh wkh sroh dw }hur, dqg wkh uhvlgxhv dw hyhu| sroh duh uhdo srvlwlyh1 Ixuwkhu

v @ 3 lv d hlwkhu d sroh ru d }hur1

Uhpdun 496 Wkh suhylrxv surshuwlhv zklfk zh kdyh suryhq iru wkh qhwzrunv yhuli|lqj

wkh surshuwlhv olvwhg lq surs1+495, lq ]lqq +4<84,^43` duh dvvxphg dv k|srwkhvlv iru

ghyhorslqj �qhwzrun uhsuhvhqwdwlrq ri wudvfhqghqwdo ixqfwlrqv� zkloh lq Gdk0\rx Pdd

+4<76,^44` duh dffhswhg zlwkrxw surri1

H{dpsoh 497 Frqvlghu djdlq wkh lpplwwdqfh ri h{dpsoh +475,=

D +v, @ Df wdqk�v +41458,

Dv zh kdyh vkrzq lq wkh suhylrxv vhfwlrq D +v, lv phurprusklf dqg doo lwv srohv duh

vlpsoh sxuho| lpdjlqdu|=

s& @ l
�

5�
+5n . 4, n 5 ] +41459,

Ehvlghv v @ 3 lv d }hur ri D +v, =

H{dpsoh 498 Frqvlghu djdlq wkh lpplwwdqfh ri h{dpsoh +477,=

D+v, @ v
Df

n�
vlq n frvkn � frv n vlqkn

+4 . frv n frvkn,
+4145:,

zkhuh n @
s
�vh3

�Z
e = Dv zh kdyh vkrzq lq wkh suhylrxv vhfwlrq D+v, lv phurprusklf

dqg doo lwv srohv duh vlpsoh sxuho| lpdjlqdu|1 Ehvlghv v @ 3 lv d }hur ri D +v, =
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Wkh iroorzlqj Wkhruhp surylghv d wrro iru euhdnlqj xs/ xqghu txlwh jhqhudo uhvwulf0

wlrqv/ phurprusklf ixqfwlrqv lqwr dq lq�qlwh vhulhv ri vlpsoh iudfwlrqv1

Wkhruhp 499 +Plwwdj0Oh"hu, Ohw D +v, eh d ixqfwlrq vdwlvi|lqj wkh iroorzlqj k|srwk0

hvlv=

� Ohw s�> s2> === eh wkh vhtxhqfh ri lwv srohv/ zlwk ms�m ? ms�n�m ;l 5 LQ> wkhq

;l 5 LQ 3 ? ms�m ? .4 dqg s� lv d vlpsoh sroh +4145;,

� wkhuh lv d vhtxhqfh ri forvhg frqwrxuv F?/ vxfk wkdw F? hqforvhv s�> s2> ===> s? exw

qr rwkhu srohv1

� wkh plqlpxp glvwdqfh ri F? iurp wkh ruljlq whqgv wr lq�qlw| zlwk q>

� D +v, @ DW +vW,

� D +v, @ r+U?, dv q $ 4> l1h1

olp
?<"

D +v,mrM�?
U?

@ 3 +4145<,

Wkhq=

D +v, @ D +3, .
"[

?'3"
n?

�
4

v� s?
.

4

s?

�
;v 5 LF> v 9@ s? +41463,

zkhuh n�> n2> === duh wkh uhvlgxhv dw wkh srohv s�> s2> === uhvshfwlyho|1 Dqg

s3? @ sW?/ n3? @ nW? +41464,

vlqfh e| yluwxh ri D +v, @ DW +vW, wkh srohv rffxu lq frqmxjdwh frpsoh{ sdluv1

Surri1 Iru d ghwdlohg surri ri wkh wkhruhp vhh Wlwfkpduvk +4<6<,^5`
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Uhpdun 49: Wkh uhvlgxhv duh ghwhuplqhg e|=

n? @ olp
r<R?

+v� s?,D +v, +41465,

Ixuwkhu li D +v, kdv doo wkh srohv rq wkh lpdjlqdu| d{lv dqg wkh uhvlgxhv duh srvlwlyh/

wkhq wkh Plwwodj0Oh"hu*v h{sdqvlrq vwdwhv=

D +v, @ D +3, .
"[
?'�

5n?

�
v

v2 . $2
?

�
+41466,

Uhpdun 49; Jlyhq d phurprusklf lpplwwdqfh ixqfwlrq D +v, ri d olqhdu/ orvvohvv/

wlph lqyduldqw rqh0sruw qhwzrun wkhq wkh rqo| frqglwlrq wkdw zh kdyh wr fkhfn ehiruh

dsso|lqj wkh Plwwdj0Oh"hu*v h{sdqvlrq duh=

� wkhuh lv qrw d sroh dw v @ 31

� wkhuh lv d vhtxhqfh ri forvhg frqwrxuv F?/ vxfk wkdw F? hqforvhv s�> s2> ===> s6 exw

qr rwkhu srohv1

� wkh plqlpxp glvwdqfh U? ri F? iurp wkh ruljlq whqgv wr lq�qlw| zlwk q>

� D +v, @ r+U?, dv q $ 4=

Uhpdun 49< Wkh �uvw frqglwlrq ri wkh suhylrxv uhpdun lv qrw vwulqjhqw/ vlqfh jlyhq

dq lpplwwdqfh ixqfwlrq D +v, kdylqj d sroh dw v @ 3/ lw lv dozd|v srvvleoh wr frqvlghu

wkh lqyhuvh ri D +v, zklfk lv vwloo dq lpplwwdqfh/ exw zlwk d }hur dw v @ 3= Wkh wklug

frqglwlrq lv yhul�hg li iru h{dpsoh D +v, lv erxqghg rq ^?F?1

H{dpsoh 4:3 Frqvlghu wkh lpplwwdqfh ri h{dpsoh +475,

D +v, @ Df wdqk�v +41467,
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Fohduo| zh fdq fkrrvh F? dv wkh vskhuh ri udglxv
+n . 4,

�
�= Ixuwkhu wkh lpplwwdqfh

ixqfwlrq kdv qrw d sroh dw lq�qlw|/ vlqfh=

olp
�r�<n"

Df wdqk�v @ Df +41468,

Wkhq=

D +v, @ r+U?, dv q $ 4= +41469,

Wkh uhvlgxhv ri D +v, duh=

n? @ olpr<R? +v� s?,D +v, @ olpr<R? +v� s?,Df
vlqk �v

frvk �v
@ Df olpr<R?

+v� s?,
ULt��r
t�?��r

@ Df olpr<R?
4

_
_r

�
ULt��r
t�?��r

� @
Df

� �
ULt�2 �r3�

�����
� Z
2�
E2?n��

@ �Df

�
vlqk2

�
l�
�
q. �

2

������
� Z
2�
E2?n��

@

@
Df

�
vlq2

�
�
�
q. �

2

������
� Z
2�

E2?n��

@
Df

�

+4146:,

dqg=

D +3, @ 3 +4146;,

Wkhq=

D +v, @ Df wdqk �v @
5Df

�

"[
?'�

�
v

v2 . $2
?

�
+4146<,

zkhuh $? @
�

5�
+5q. 4, =

H{dpsoh 4:4 Frqvlghu wkh lpplwwdqfh ri h{dpsoh +477,

D +v, @ v
Df

n�
vlqn frvk n � frv n vlqk n

+4 . frv n frvk n,
+41473,
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zkhuh n @
s
�v h3

�Z
e 1 Wkh lpplwwdqfh fdq dovr eh zulwwhq dv iroorzv=

D +v, @ v
Df

s
5

+
s
�v,

�

�
vlqk

s
5
s
+�v,� vlq

s
5
s
+�v,

�
frvk

s
5
s
+�v, . frv

s
5
s
+�v, . 5

+41474,

Fohduo|

D +v, $ 3 dv mvm $ 4 +41475,

dqg lw lv srvvleoh wr fkrrvh d vhtxhqfh ri flufohv F? zkrvh udglxv lv ehwzhhq
s
�$?3�

dqg
s
�$?= Wkh uhvlgxhv ri D +v, duh=

n? @ olp
r<R?

+v� s?,D +v, @ olp
o<�/?

+l$ � l$?,

#
l$

Dfs
�$

�

vlq
s
�$ frvk

s
�$ � frv

s
�$ vlqk

s
�$

+4 . frv
s
�$ frvk

s
�$,

$

+41476,

dqg=

D +3, @ 3 +41477,

Wkhq=

D +v, @
"[
?'�

5v

�
n?

v2 . $2
?

�
+41478,

zkhuh $? duh wkh lpdjlqdu| sduw ri wkh srohv1

Surshuwlhv ri uhdol}deoh pdwulfhv

Iru wkh ydulrxv ghfrpsrvlwlrq qhhghg iru v|qwkhvlv ri qhwzrunv/ lw lv qhfhvvdu| wr

lqwurgxfh wkh dojheudlf surshuwlhv ri uhdo0srvlwlyh/ uhdo0udwlrqdo dqg v|pphwulf pdwulfhv1

Uhpdun 4:5 Qrz zh zloo uhvwulfw wr wkh fdvh ri �qlwh qhwzrunv1

D ixqgdphqwdo qhfhvvdu| dqg vx!flhqw frqglwlrq iru d uhdo0udwlrqdo pdwul{ wr eh

srvlwlyh0uhdo lv hvwdeolvkhg e| wkh iroorzlqj gluhfw whvw=
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Wkhruhp 4:6 Dq q� q uhdo udwlrqdo pdwul{ D+v, lv srvlwlyh0uhdo li dqg rqo| li=

� D+v, kdv qr srohv lq �

� Srohv ri D+v, rq � @ 3 duh vlpsoh

� Iru hdfk sroh rq � @ 3/ wkh uhvlgxh N lv Khuplwldq/ l1h1

N @ NM =@
N.NWA

5
+41479,

/ dqg vhplgh�qlwh srvlwlyh1

Gh�qlwlrq 4:7 � DM+l$, vhplgh�qlwh srvlwlyh zkhqhyhu lw lv gh�qhg1

Surri1 Iru d ghwdlohg surri ri wkh wkhruhp vhh Qhzfrpe+4<99, ^6`1 Wkh surri lv

frqfhswxdoo| lghqwlfdo wr wkh rqh zh kdyh jlyhq ghdolqj zlwk qrq0�qlwh rqh0sruw qhwzrunv1

Fruroodu| 4:8 D uhdo udwlrqdo ixqfwlrq D+v, lv srvlwlyh0uhdo li dqg rqo| li=

� D+v, kdv qr srohv lq �

� Srohv ri D+v, rq � @ 3 duh vlpsoh

� Iru hdfk sroh rq � @ 3/ wkh uhvlgxh N lv uhdo dqg srvlwlyh

� Uh ^D+l$,` A 3 zkhqhyhu lw lv gh�qhg1

Uhpdun 4:9 Wkh deryh uhvxow doorzv xv wr fkhfn wkh srvlwlyh0uhdo fkdudfwhu ri d ixqf0

wlrq e| h{dplqlqj wkh ehkdylru ri lwv uhdo0sduw rq wkh lpdjlqdu| d{lv � @ 3 rqo|/ lqvwhdg

ri ryhu wkh hqwluh uljkw kdoi sodqh1
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Zh uhfdoo wkdw wkh lpplwwdqfh pdwulfhv ri d olqhdu/ vroydeoh/ orvvohvv/ wlph lqyduldqw/

�qlwh q�sruw qhwzrun duh srvlwlyh0uhdo/ uhdo0udwlrqdo dqg v|pphwulf dqg

D+v, @ �D+�v, +4147:,

zkhqhyhu wkh| h{lvw1

Wkhq/ e| wkh krorprusk| ri D+v, lq �/ lw iroorzv wkdw doo wkh srohv duh frpsoh{

frqmxjdwh rq wkh lpdjlqdu| d{lv1 Wr suryh wklv dvvxphv wkdw s� lv d sroh ri D+v,/ wkhq

�s� lv d sroh ri D+�v,> exw dq| sroh ri D+�v, lv dovr d sroh ri D+v,/ vkrzlqj wkdw s�

dqg �s� duh erwk srohv ri D+v,> e| wkh krorprusklf surshuw| lw iroorzv wkdw s� @ l$�=

E| phdqv ri Wkhruhp +4:6, s� lv d vlpsoh sroh dqg wkh uhvlgxh pdwul{ N� lv Khu0

plwldq dqg srvlwlyh vhplgh�qlwh1 Ixuwkhu sW� lv dovr d sroh dqg lwv uhvlgxh lv NW
� zklfk

lv fohduo| Khuplwldq dqg srvlwlyh vhplgh�qlwh1

Vlqfh D+v, lv v|pphwulf/ doo wkh uhvlgxhv duh v|pphwulf pdwulfhv> ixuwkhu zh nqrz

wkdw wkhvh pdwulfhv duh Khuplwldq wkhq=

N� @ NA
� N� @

N�.NWA
�

5
, N� @ NW

� , N� duh pdwulfhv ri uhdo frqvwdqwv

+4147;,

Frpelqlqj wkhvh wzr frqmxjdwhv srohv lq wkh iudfwlrq h{sdqvlrq zh jhw=

N�

v� l$�
.

NW
�

v. l$�
@

l$� +N� �NW
� ,

v2 . $2
�

.
v +N� .NW

� ,

v2 . $2
�

@ 5
v

v2 . $2
�

N� +4147<,

Khqfh wkh sduwldo0iudfwlrq h{sdqvlrq iru D+v, vwdwhv=

D+v, @ vN" .
?[
�'�

5
v

v2 . $2�
N� .

4

v
Nf +41483,
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Xvxdoo| wkhvh h{suhvvlrq lv fdoohg Irvwhu*v irup ri wkh lpplwwdqfh1

Ohw xv uhvxph wkhvh ixqgdphqwdo uhvxowv lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 4:: Wkh lpplwwdqfh pdwulfhv ri d olqhdu/ vroydeoh/ orvvohvv/ wlph lqydul0

dqw/ �qlwh q�sruw qhwzrun duh srvlwlyh0uhdo/ uhdo0udwlrqdo/ v|pphwulf dqg rgg ixqfwlrqv

ri v= Wkh| fdq eh h{suhvvhg lq wkh jhqhudol}hg Irvwhu*v irup/ zkhqhyhu wkh| h{lvw=

D+v, @ vN" .
?[
�'�

5
v

v2 . $2�
N� .

4

v
Nf +41484,

zkhuh wkh uhvlgxhv N� duh uhdo frqvwdqw pdwulfhv/ v|pphwulf dqg srvlwlyh vhplgh�qlwh1

Sursrvlwlrq 4:; Wkh lpplwwdqfhv ri d olqhdu/ vroydeoh/ orvvohvv/ wlph0lqyduldqw/ �qlwh

rqh0sruw qhwzrun duh srvlwlyh0uhdo/ uhdo udwlrqdo dqg rgg ixqfwlrqv ri v= Wkh| fdq eh

h{suhvvhg lq wkh Irvwhu*v irup/ zkhqhyhu wkh| h{lvw=

D+v, @ vn" .
?[
�'�

5
v

v2 . $2�
n� .

4

v
nf +41485,

zkhuh wkh uhvlgxhv n� 5 LUn=

98



Fkdswhu 5

Qhwzrun v|qwkhvlv

Lq wklv fkdswhu zh zloo jlyh dq rxwolqh ri wkh dssurdfkhv xvhg lq wkh v|qwkhvlv ri qhwzrunv/

iru d ghhshu glvfxvvlrq derxw wklv wrslf vhh Edkhu +4<;7,^48`1

V|qwkhvlv ri olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv/ �qlwh rqh0sruw

qhwzrunv1

Iurp Irvwhu*v irup ri wkh lpplwwdqfh/ zh fdq jhw wzr gl�huhqw whfkqltxhv iru ghvljq

ghshqglqj rq wkh nlqg ri lpplwwdqfh zh duh ghdolqj zlwk1 Lq idfw li wkh jlyhq qhwzrun

lv uhsuhvhqwhg dv dq lpshgdqfh ]+v, zh jhw Irvwhu*v �uvw irup=

]+v, @ vn" .
?[
�'�

5
v

v2 . $2
�

n� .
4

v
nf +514,

Lw lv fohdu wkdw ] lv d vhulhv frrqhfwlrq ri q. 5 rqh0sruw vxe0qhwzrunv/ lq sduwlfxodu=

� vN" uhsuhvhqwv dq lqgxfwru/ wkh lqgxfwdqfh ri zklfk lv O" @ n"

� 5
v

v2 . $2�
n� uhsuhvhqwv wkh sdudooho frqqhfwlrq ehwzhhq dq lqgxfwru dqg d fdsdflwru/

zlwk lqgxfwdqfh O� @
5n�
$2�

dqg fdsdflwdqfh F� @
4

5n�
uhvshfwlyho|

� 4

v
nf uhsuhvhqwv d fdsdflwru/ wkh fdsdflwdqfh ri zklfk lv Ff @

4

5nf
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L

C

L

C

L

n

n

0C

1

1

Iljxuh 514= Irvwhu*v �uvw irup

Li wkh rqh0sruw qhwzrun lv jlyhq lq whup ri lwv dgplwwdqfh zh jhw Irvwhu*v vhfrqg

irup=

\ +v, @ vn" .
?[
�'�

5
v

v2 . $2
�

n� .
4

v
nf +515,

Lw lv fohdu wkdw \ lv wkh sdudooho frqqhfwlrq ri q.5 rqh0sruw vxeqhwzrunv/ lq sduwlfxodu=

� vn" uhsuhvhqwv d fdsdflwru/ wkh fdsdflwdqfh ri zklfk lv F" @ n"

� 5
v

v2 . $2�
n� uhsuhvhqwv wkh vhulhv frqqhfwlrq ehwzhhq dq lqgxfwru dqg d fdsdflwru/

zlwk lqgxfwdqfh O� @
4

5n�
dqg fdsdflwdqfh F� @

5n�
$2�

uhvshfwlyho|

� 4

v
nf uhsuhvhqwv dq lqgxfwru/ wkh lqgxfwdqfh ri zklfk lv Of @

4

nf

L

L L

0

1 n

C C

C

1 n

Iljxuh 515= Irvwhu*v vhfrqg irup

9:



V|qwkhvlv ri olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv/ lq�qlwh rqh0sruw

qhwzrunv1

Lq jhqhudo wkh lpplwwdqfh ri d rqh sruw qhwzrun vdwlvi|lqj wkh frqglwlrqv ri wkh

Plwwdj0Oh"hu*v Wkhruhp fdq eh h{sdqghg dv=

D +v, @ D +3, .
"[
?'�

5n?

�
v

v2 . $2
?

�
+516,

Wkhq li D +3, @ 3/ D +v, fdq eh uhsuhvhqwhg e| wkh frqqhfwlrq ri lq�qlwh rqh0sruw

qhwzrunv1

Lqghhg li D +v, lv dq lpshgdqfh/ wkhq lw fdq eh ghvljqhg dv d vhulhv frqqhfwlrq

ri lq�qlwh rqh0sruw qhwzrunv/ hdfk ri wkhp uhsuhvhqwlqj wkh sdudooho frqqhfwlrq ri d

fdsdflwru dqg dq lqgxfwru/ vxfk dv=

O? @
5n?
$2
�

F? @
4

5n?
+517,

Zkloh li D +v, lv dq dgplwwdqfh/ wkhq lw fdq eh ghvljqhg dv wkh sdudooho ri lq�qlwh rqh0

sruw qhwzrunv/ hdfk ri wkhp ehlqj wkh vhulhv ehwzhhq d fdsdflwru dqg dq lqgxfwru/ vxfk

dv=

O? @
4

5n?
F? @

5n?
$2
?

+518,

Uhpdun 4:< Wkh frqglwlrq D +3, @ 3 grhv qrw uhvwulfw wkh �hog ri dssolfdelolw| ri rxu

whfkqltxh/ vlqfh dv zh kdyh suryhq v @ 3 lv hlwkhu d sroh ru d }hur1 Wkxv li D +3, 9@ 3

wkhq D +3, @ 4/ dqg zh fdq frqvlghu wkh v|qwkhvlv ri
4

D +v,
lqvwhdg ri D +v, =

9;



V|qwkhvlv ri olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv/ �qlwh wzr0sruw

qhwzrunv1

Zh kdyh/ vr idu/ hvwdeolvkhg wkdw iru d jlyhq 5 � 5 pdwul{ D +v, wr eh uhdol}deoh

dv wkh lpplwwdqfh pdwul{ ri d olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv dqg uhflsurfdo

wzr0sruw qhwzrun/ lw lv qhfhvvdu| wkdw D +v, eh d jhqhudol}hg Irvwhu*v pdwul{/ l1h1=

D +v, @ vN" .
?[
�3�

5
v

v2 . $2
�

N� .
4

v
Nf +519,

zkhuh wkh uhvlgxh pdwulfhv duh doo uhdo frqvwdqwv/ v|pphwulf dqg srvlwlyh vhplgh�qlwh1

Prphqwdulo| vxssrvh wkdw D +v, uhsuhvhqwv dq lpshgdqfh pdwul{/ wkdw lv ]+v, =@

D +v, =

Ohw N eh rqh ri wkh uhvlgxh pdwulfhv N"> N�> Nf> dovr ohw # +v, eh rqh ri wkh wkuhh

ixqfwlrqv
4

v
> 5

v

v2 . $2
�

> ru v= Dffruglqjo| d w|slfdo whup ri wkh h{sdqvlrq +519, fdq eh

zulwwhq lq wkh irup=

]�+v, @ N# +v, @

3EEC N�c�# +v, N�c2# +v,

N�c2# +v, N2c2# +v,

4FFD +51:,

zkhuh/ lq sduwlfxodu e| yluwxh ri wkh vhplgh�qlwh srvlwlyhqhvv=

ghwN A3

N�c�A3

N2c2A3

+51;,

Zh qrz zdqw wr ghprqvwudwh wkdw wkh deryh w|slfdo whup N# +v,/ fdq eh uhdol}hg e|

wkh iroorzlqj qhwzrun=

9<



1 n
Z

Z

Z
a b

c

Iljxuh 516= D wzr0sruw qhwzrun fdsdeoh ri uhdol}lqj dq| w|slfdo whup lq Irvwhu*v h{sdq0

vlrq1

Wkh lpshgdqfh pdwul{ ri wkh lqwurgxfhg qhwzrun/ vrphwlphv fdoohg d W�qhwzrun

lv +iru wkh phdqlqj ri v|perov vhh wkh suhylrxv �jxuh,=

]A@

3EEC ]@ . ]S q]S

q]S q2 +]K . ]S,

4FFD +51<,

Diwhu wklv ghprqvwudwlrq/ lw ehfrphv reylrxv wkdw wkh hqwluh lpshgdqfh pdwul{ ]+v,

lv uhdol}deoh dv wkh vhulhv frqqhfwlrq ri q. 5 W�qhwzrunv hdfk uhsuhvhqwlqj d whup lq

Irvwhu*v h{sdqvlrq1

Wkxv zh zdqw wr vkrz wkdw lw lv dozd|v srvvleoh wr �qg ]@> ]K> ]S dqg q vxfk wkdw=

]A @ N# +v, +5143,

Ohw xv dvvxph wkdw ]@> ]K> ]S pd| eh h{suhvvhg lq wkh irup=

]@ @ d# +v, ]K @ e# +v, ]S @ f# +v, +5144,

zkhuh d> e> f duh uhdo srvlwlyh frqvwdqwv1

:3



Wkxv iurp ht1+5143,/ zh jhw wkh iroorzlqj uhodwlrqv=

d# +v, . f# +v, @ N�c�# +v,

q +f# +v,, @ N�c2# +v,

q2 +e# +v, . f# +v,, @ N2c2# +v,

+5145,

Khqfh=

d. f @ N�c�

qf @ N�c2

q2 +e. f, @ N2c2

+5146,

Iurp zklfk/ q kdv wkh vdph vljq ri N�c2 wr jxdudqwhh wkdw f 5 LUn/ dqg=

d @ N�c� � N�c2

q
@ N�c� � mN�c2m

mqm
f @

N�c2

q
@

mN�c2m
mqm

e @
N2c2

q2
� N�c2

q
@

N2c2

q2
� mN�c2m

mqm

+5147,

Qrz zh pxvw uhtxluh wkdw erwk d dqg e duh qrq0qhjdwlyh=

N�c� � mN�c2m
mqm A 3

N2c2

q2
� mN�c2m

mqm A 3 +5148,

wkxv=

N�c� A
mN�c2m
mqm N2c2 A mN�c2m mqm +5149,

ru=

mN�c2m
N�c�

9 mqm 9 N2c2

mN�c2m , mqm 5 L =@

�
{ 5 LUn =

mN�c2m
N�c�

9 { 9 N2c2

mN�c2m
�

+514:,

wkh vhw L lv qrw hpsw|/ vlqfh=;AA?AA=
ghwN A 3 , N�c�N2c2 �N2

�c2 A 3

N�c� A 3> N2c2 A 3

, mN�c2m
N�c�

9 N2c2

mN�c2m +514;,

:4



Uhpdun 4;3 Lq jhqhudo wkh v|qwkhvlv ri d orvvohvv uhflsurfdo wzr0sruw qhwzrun uhtxluhv

wkh xvh ri wudqviruphuv/ qhyhuwkhohvv li 4 5 L dqg N�c2 A 3 wkhq lw lv srvvleoh wr fkrrvh

q @ 4 dqg wkh wudqviruphu pd| eh glvshqvhg zlwk1

Uhpdun 4;4 Li # +v, @
4

v
wkhq wkh lpshgdqfhv ri wkh W�qhwzrun duh fdsdflwruv/ li

# +v, @ 5
v

v2 . $2
�

wkhq hdfk ri wkhvh lpshgdqfhv lv wkh sdudooho ri dq lqgxfwru dqg d

fdsdflwru/ zkloh li # +v, @ v doo wkhvh lpshgdqfhv duh lqgxfwruv1

Li wkh dgplwwdqfh D+v, uhsuhvhqwv dq lpplwwdqfh \+v, lw lv hdv| wr vkrz wkdw lw lv

uhdol}deoh dv wkh sdudooho frqqhfwlrq ri q.5 qhwzrunv/ ri wkh irup vkrzhg ehorz/ fdoohg

d ��qhwzrun1

1 n

Y
bY

a

Y
c

Iljxuh 517= D wzr0sruw fdsdeoh ri uhdol}lqj dq| w|slfdo whup lq wkh h{sdqvlrq ri wkh

dgplwwdqfh

Dq dowhuqdwlyh dssurdfk

Li wkh lpshgdqfh pdwul{ lv ri wkh irup=

] +v, @ N# +v, @

3EEC N�c�# +v, N�c2# +v,

N�c2# +v, N�c�# +v,

4FFD +514<,

wkhq lw fdq eh uhdol}hg e| d qhwzrun fdoohg d v|pphwulf odwwlfh=

:5



Z
a

Z
a

Z
b

Z
b

Iljxuh 518= V|pphwulf odwwlfh

Wkh lpshgdqfh pdwul{ ri wklv qhwzrun lv ri wkh irup=

]7 @
4

5

3EEC ]K . ]@ ]K �]@

]K � ]@ ]K .]@

4FFD +5153,

Wkxv zh zdqw wr vkrz wkdw lw lv dozd|v srvvleoh wr �qg ]@> ]K vxfk wkdw=

]7 @ N# +v, +5154,

Ohw xv dvvxph wkdw ]@> ]K pd| eh h{suhvvhg lq wkh irup=

]@ @ d# +v, ]K @ e# +v, +5155,

zkhuh d> e duh uhdo srvlwlyh frqvwdqwv1Wkhq ht1+5154, |lhogv=

�
2 +e# +v, . d# +v,, @ N�c�# +v,

�
2 +e# +v,� d# +v,, @ N�c2# +v,

+5156,

Khqfh=

e @ N�c� �N�c2

d @ N�c� .N�c2

+5157,

Vlqfh ghwN A3 wkhq N�c�A mN�c2m dqg wkh suhylrxv v|vwhp lv vroydeoh zlwk d> e erwk

srvlwlyh uhdo frqvwdqwv1

:6



V|qwkhvlv ri pxowlsruw qhwzrunv

Wkh lpshgdqfh pdwul{ ri d olqhdu/ vroydeoh/ wlph0lqyduldqw/ orvvohvv dqg uhflsurfdo

pxowlsruw qhwzrun +vxssrvh wkdw wkh qhwzrun kdv pruh wkdq wzr sruwv,/ fdq eh h{suhvvhg

lq wkh jhqhudol}hg Irvwhu*v irup dv=

] +v, @ vN" .
?[
�3�

5
v

v2 . $2�
N� .

4

v
Nf +5158,

zkhuh wkh uhvlgxh pdwulfhv duh doo uhdo frqvwdqwv/ v|pphwulf dqg srvlwlyh vhpl0gh�qlwh1

Ohw N eh rqh ri wkh uhvlgxh pdwulfhv N"> N�> Nf> dovr ohw # +v, eh rqh ri wkh wkuhh

ixqfwlrqv
4

v
> 5

v

v2 . $2�
> ru v= Dffruglqjo| d jhqhulf whup ri wklv h{sdqvlrq fdq eh zulwwhq

lq wkh irup=

]�+v, @ N# +v, +5159,

Vlqfh wkh jhqhulf uhvlgxh N lv v|pphwulf dqg vhplgh�qlwh srvlwlyh lw fdq eh gldjr0

qdol}hg dqg doo wkh hljhqydoxhv duh qrqqhjdwlyh1

Wkh hljhqydoxhv fdq eh dvvhpeohg lq dq q� q pdwul{ �=

� @

3EEEEEEC
�� === 3

=== === ===

3 === �?

4FFFFFFD +515:,

Ixuwkhupruh lw lv srvvleoh wr �qg dq ruwkrqrupdo vhw ri hljhqyhfwruv ih�> h2> ===>h?j

iroorzlqj wkh Judp0Vfklpgw surfhgxuh1 Wkhvh hljhqydoxhv fdq eh dvvhpeohg e| urzv lq

dq ruwkrqrupdo pdwul{ H=

H @

3EEEEEEC
h�

===

h?

4FFFFFFD +515;,

:7



vxfk wkdw=

� @ HNHA, N @ HA�H +515<,

Iru d surri ri doo wkh vwdwhphqwv zh duh xvlqj vhh Shdvh +4<98,^47`1

Wkhq d jhqhulf whup ri wkh h{sdqvlrq fdq eh zulwwhq dv=

]�+v, @ N# +v, @ HA +�# +v,,H +5163,

Lqwurgxflqj d pdjql�fdwlrq idfwru � pxowlso|lqj wkh hljhqyhfwruv lw lv srvvleoh wr

h{suhvv ]�+v, e|=

]�+v, @ WA

�
4

�2
�# +v,

�
W +5164,

zkhuh W @�H=

Wkhq wkh jhqhulf whup fdq eh v|qwkhvl}hg dv q xqfrxsohg lpshgdqfhv ri ydoxhv

�
V2
��# +v, whuplqdwlqj d wudqviruphu zlwk wkh q� q wxuqv0udwlr pdwul{ W=

Tn n

Λψ(s)
1

κ 2

Iljxuh 519= Qhwzrun fdsdeoh ri uhdol}lqj d jhqhulf whup lq wkh Irvwhu*v h{sdqvlrq

E| d vhulhv frqqhfwlrq ri wkhvh q.5 fdvfdgh ordghg wudqviruphuv lw lv hdv| wr uhdol}h

wkh jlyhq lpshgdqfh pdwul{1

:8



Uhpdun 4;5 Li # +v, @
4

v
wkhq wkh lpshgdqfhv duh fdsdflwruv> li # +v, @ 5

v

v2 . $2
�

wkhq

wkh| duh wkh sdudooho vqqhfwlrq ri dq lqgxfwru dqg d fdsdflwru> zkloh li # +v, @ v wkh|

duh lqgxfwruv1

:9



Fkdswhu 6

Wlprvkhqnr ehdp

Nlqhpdwlfv

Wkh ehdp wkhru| ri Ehuqrxool0Qdylhu doorzv iru d urxjk ghvfulswlrq ri wkh phfkdq0

lfdo ehkdylru ri dq hodvwlf erg|/ xqghu wkh iroorzlqj k|srwkhvlv=

� wkh uhihuhqfh frq�jxudwlrq lv d f|olqghu

� wkh pd{lpxp gldphwhu ri wkh furvv vhfwlrqv lv pxfk vpdoohu wkdq wkh ohqjwk ri

wkh erg|

� wkh ghirupdwlrq ri wkh vhfwlrqv lv qhjoljleoh/ wkdw lv wkh vhfwlrq fdq eh wuhdwhg dv

uljlg erglhv1

Lq wkh iroorzlqj zh zloo eh lqwhuhvwhg rqo| lq sodqh ehdpv wkh uhihuhqfh frq�jxudwlrq

ri zklfk lv d vwudljkw olqh �/ rq zklfk lv �{hg dq devflvvd v 5 ^3> o`1 Ixuwkhupruh/ zh

zloo dvvrfldwh d vhfwlrq/ uhjdughg dv uljlg/ wr hyhu| srlqw rq wkh d{lv1

Iurp qrz rq zh zloo dozd|v uhihu wr dq revhuyhu R fkdudfwhul}hg e| dq ruljlq Q dqg

d edvlv +h�> h2> h�, ri wkh vsdfh ri wudqvodwlrqv1

Wkh nlqhpdwlfdo ghvfulswruv ri wkh ehdp zloo eh wkh wkuhh vfdodu �hogv z +v> w, >

x +v> w, > & +v> w, ghshqglqj rq wkh devflvvd v dqg wkh wlph w/ ixuwkhupruh zh zloo dvvxph

wkdw wkh| ehorqj wr wkh vsdfh F" +^3> o`� ^3>4,, =

::



Wkh hyroxwlrq ri wkh v|vwhp lq wkh wlph lqwhuydo ^3>4, zloo eh ghvfulehg e| prwlrq/

l1h1 d ixqfwlrq 2 = w :$ +z +v> w, > x +v> w, > & +v> w,, ;v 5 ^3> o` =

Ohw xv h{sodlq hdfk ri wkhvh �hogv= z lv wkh orqjlwxglqdo glvsodfhphqw/ x lv wkh

wudqvyhuvh glvsodfhphqw dqg & lv wkh fkdqjh ri dwwlwxgh ri wkh vhfwlrq zlwk uhvshfw wr

wkh uhihuhqfh frq�jxudwlrq1

s

0

θ

w

u

l

π/2

α

γ

reference

configuration

actual

configuration

Iljxuh 614= Nlqhpdwlfdo ghvfulswruv ri wkh ehdp

Vpdoo ghirupdwlrqv

Ohw xv gh�qh � +v> w, wkh dqjoh ehwzhhq wkh qrupdo wr wkh ehdp lq wkh uhihuhqfh

frq�jxudwlrq dqg wkh qrupdo wr wkh ehdp lq wkh dfwxdo frq�jxudwlrq1

Lw lv wulyldo wr vhh wkdw � +v> w, frlqflghv zlwk wkh dqjoh ehwzhhq wkh fhqwhuolqh ri

wkh ehdp lq wkh uhihuhqfh frq�jxudwlrq dqg wkh wdqjhqw wr wkh fhqwhuolqh lq wkh dfwxdo

frq�jxudwlrq/ l1h1=

wdq� +v> w, @ x�+v> w, +614,

Ghdolqj zlwk vpdoo ghirupdwlrqv/ zh fdq olqhdul}h wkh wdqjhqw lq wkh suhylrxv htxd0

:;



wlrq wr hvwdeolvk wkdw=

� +v> w, * x�+v> w, +615,

Ohw xv qrz lqwurgxfh/ wkh ixqfwlrqv ghvfulelqj wkh vpdoo ghirupdwlrq ri wkh ehdp/

lq wkh vr fdoohg olqhdul}hg nlqhpdwlfv=

41 Wkh vkhdu ghirupdwlrq/ vxssrvlqj wkdw doo ri wkh furvv vhfwlrqv duh ruwkrjrqdo wr

wkh d{lv ri wkh ehdp lq wkh uhihuhqfh frq�jxudwlrq/ lv gh�qhg dv wkh dqjoh ehwzhhq

wkh vhfwlrq lq wkh dfwxdo frq�jxudwlrq dqg wkh qrupdo wr wkh d{lv lq wkh dfwxdo

frq�jxudwlrq=

� +v> w, =@ x�+v> w,� &+v> w, +616,

wkxv � uhsuhvhqwv wkh odfn ri ruwkrjrqdolw| ri wkh furvv vhfwlrqv wr wkh fhqwhuolqh

ri wkh ehdp lq wkh dfwxdo frq�jxudwlrq1

51 Frqvlghu wzr vhfwlrqv dw v dqg +v. gv,/ lq wkh uhihuhqfh frq�jxudwlrq1 Lq wkh df0

wxdo frq�jxudwlrq wkhvh wzr vhfwlrqv zloo xqghujr wzr gl�huhqw d{ldo glvsodfhphqwv

z +v> w, dqg z +v. gv> w,1 Wkh d{ldo ghirupdwlrq lv ghvfulehg e|=

%� +v> w, =@
z +v. gv> w,�z +v> w,

gv
@ z� +v> w, +617,

61 Frqvlghu wzr vhfwlrqv dw v dqg +v. gv,/ lq wkh uhihuhqfh frq�jxudwlrq1 Lq wkh df0

wxdo frq�jxudwlrq wkhvh wzr vhfwlrqv zloo xqghujr wzr gl�huhqw fkdqjh ri dwwlwxgh

& +v> w, dqg & +v. gv> w,1 Wkh ehqglqj ghirupdwlrq lv ghvfulehg e|=

%i +v> w, =@
& +v. gv> w,� & +v> w,

gv
@ &� +v> w, +618,

:<



s s+ds

w(s) w(s+ds)

s s+ds

θ(s) θ(s+ds)

Iljxuh 615= D{ldo dqg ehqglqj ghirupdwlrq

G|qdplfv

Frqvlghu wkh ehdp fkdudfwhul}hg e| wkh lqwhuydo ri wkh devflvvd ^v�> v2` > vxemhfwhg

wr d irufh shu xqlw ohqjwk e+v, @ e� +v,h� . eA +v,h2 dqg d frxsoh shu xqlw ohqjwk

�+v, @ �+v,h� dqg lqwurgxfh wkh srwhqwldov XK� +v,> XKA +v, dqg X>+v, gh�qhg e|=

XK� +z, @ � U r2r� e� +v,z +v> w,gv

XK� +x, @ � U r2r� eA +v,x +v> w,gv

X>+x, @ � U r2r� � +v,& +v> w,gv

+619,

Lq wkh iroorzlqj zh zloo dvvxph wkdw wkh furvv vhfwlrq ri wkh ehdp lv frqvwdqw/ dqg

wkdw wkh ehdp lv krprjhqhrxv1

D{lrp 4;6 Wkh hyroxwlrq ri d g|qdplfdo v|vwhp iurp wlph w @ w� wr d odwhu wlph

w @ w2 lv dozd|v vxfk wkdw wkh dfwlrq lv vwdwlrqdu|1 Wkh dfwlrq lv wkh lqwhjudo ryhu wkh

wlph grpdlq ^w�> w2` ri wkh Odjudqjldq zklfk fdq eh ghwhuplqhg dv wkh gl�huhqfh ehwzhhq

nlqhwlf dqg srwhqwldo hqhuj|1

D{lrp 4;7 Wkh nlqhwlf hqhuj| ri dq hohphqw ri wkh ehdp fkdudfwhul}hg e| wkh lqwhuydo

;3



^v�> v2` lv=

W
�
bz> bx> b&

�
@

] r2

r�

4

5
� bz2 .

4

5
� bx2 .

4

5
L b&

2
gv +61:,

zkhuh � lv wkh ghqvlw| shu xqlw ohqjwk ri wkh ehdp/ dqg L lv wkh prphqw ri lqhuwld ri wkh

vhfwlrq1 Erwk wkhvh txdqwlwlhv duh srvlwlyh1

D{lrp 4;8 Wkh srwhqwldo hodvwlf hqhuj| ri dq hohphqw ri wkh ehdp fkdudfwhul}hg e| wkh

lqwhuydo ^v�> v2` lv=

X
�
&>z�> x�> &�

�
@

] r2

r�

4

5
n�
�
z�
�2

.
4

5
nA
�
x� � &

�2
.

4

5
n�

�
&�
�2
gv +61;,

zkhuh n� lv fdoohg d{ldo vwl�qhvv/ nA vkhdu vwl�qhvv dqg n� urwdwlrqdo vwl�qhvv1 Doo

wkhvh txdqwlwlhv duh srvlwlyh1

Uhpdun 4;9 Vrphwlphv lw lv frqyhqlhqw wr lqwurgxfh d nlqhwlf hqhuj| ghqvlw| dqg d

srwhqwldo hqhuj| ghqvlw|/ gh�qhg e|=

'A

�
bz> bx> b&> v

�
@ �

2� bz2 . �
2� bx

2 . �
2L

b&
2

'L

�
&>z�> x�> &�> v

�
@ �

2n� +z�,2 . �
2nA +x� � &,2 . �

2n�
�
&�
�2 +61<,

Rqfh zh kdyh dvvxphg h{suhvvlrqv +61:, dqg +61;, wr eh wkh nlqhwlf dqg srwhqwldo

hqhuj| ri wkh ehdp/ wkh Odjudqjldq 1 ri wkh ehdp ehfrphv=

O
�
z>x> &>z�> x�> &�> bz> bx> b&> v

�
@ W � X � XK� � XKA � X> +6143,

Dqg wkh dfwlrq ehfrphv=

D +z +�, > x +�, > & +�,, @
] |2

|�

O
�
z> x> &>z�> x�> &�> bz> bx> b&> v

�
gw +6144,

E| yluwxh ri wkh Kdplowrq*v sulqflsoh wkh prwlrq P lv ghwhuplqhg e| lpsrvlqj wkh

vwdwlrqdulw| ri wkh Dfwlrq +6144,1

;4



Lq rughu wr kdyh d zhoo0srvhg yduldwlrqdo sureohp zh kdyh wr dgg d vhw ri erxqgdu|

frqglwlrqv wr wkh ixqfwlrqv z> x> &/ olplwlqj wkh vhw ri dgplvvleoh yduldwlrqv wr d gh�qhg

vhw1

Lqlwldoo| zh zloo qrw vshfli| wkh erxqgdu| frqglwlrqv dw v� dqg v2/ vr dv wr jhw

d jhqhudo h{suhvvlrq iru wkh �uvw yduldwlrq ri wkh Dfwlrq ydolg iru gl�huhqw erxqgdu|

frqglwlrqv> qhyhuwkhohvv/ zh zloo lpphgldwho| lpsrvh wkh erxqgdu| frqglwlrqv dw wkh

wlph w� dqg w2 jlyhq e|=

z +v> w�, @ z� +v> w�, z +v> w2, @ z2 +v> w2,

x +v> w�, @ x� +v> w�, x +v> w2, @ x2 +v> w2,

& +v> w�, @ &� +v> w�, & +v> w2, @ &2 +v> w2,

+6145,

wkhq wkh yduldwlrqv �z> �x> �& ri wkh ixqfwlrqv z> x> & zloo eh vxfk wkdw=

�z +v> w2, @ �z +v> w�, @ 3

�x +v> w2, @ �x +v> w�, @ 3

�& +v> w2, @ �& +v> w�, @ 3

+6146,

wkhvh yduldwlrqv duh fdoohg v|qfkurqrxv1

Frqvlghu wkh dfwlrq fruuhvsrqglqj wr wkh ixqfwlrqv z> x> & yduldwhg e| wkh txdqwlwlhv

�z> �x> �&/ uhvshfwlyho|=

D +z. �z> x. �x> &. �&, @

] |2

|�

] r2

r�

'A

�
Y
Y| +z . �z, > Y

Y| +x. �x, > Y
Y| +&. �&, > v

��
�'L

�
&. �&> +z . �z,� > +x. �x,� > +&. �&,� > v

�
.e� +z . �z, . eA +x. �x, . � +&. �&, gvgw

+6147,

;5



Vlqfh wkh gl�huhqwldwlrq zlwk uhvshfw wr wkh lqghshqghqw yduldeohv w dqg v lv frp0

pxwdwlyh zlwk wkh � rshudwru/ iurp wkh suhylrxv htxdwlrq zh jhw=

D +z . �z> x. �x> &. �&, @

] |2

|�

] r2

r�

'A

�
+ bz. � bz, > + bx. � bx, >

�
b&. � b&

�
> v
�
�

�'L

�
&. �&> +z� . �z�, > +x� . �x�, >

�
&� . �&�

�
> v
�

.e� +z. �z, . eA +x. �x, . � +&. �&, gvgw

+6148,

Frqvlghu qrz wkh �uvw whup lq wkh h{suhvvlrq+6148,=] |2

|�

] r2

r�

'A

�
+ bz . � bz, > + bx. � bx, >

�
b&. � b&

�
> v
�
gvgw +6149,

dqg vxevwlwxwh wkh �uvw ri +61<,=] |2

|�

] r2

r�

4

5
� + bz. � bz,2 .

4

5
� + bx. � bx,2 .

4

5
L
�
b&. � b&

�2
gvgw +614:,

wkdw lv=] |2

|�

] r2

r�

4

5
� bz2 . � bz� bz .

4

5
� bx2 . � bx� bx.

4

5
L b&

2
. L b&� b&gvgw.R+�2, +614;,

frqvlghulqj djdlq +61<,/ zh fdq zulwh wkh suhylrxv h{suhvvlrq dv=] |2

|�

] r2

r�

'A

�
bz> bx> b&> v

�
. � bz� bz. � bx� bx. L b&� b&gvgw.R+�2, +614<,

Frqvlghu qrz wkh vhfrqg whup lq wkh h{suhvvlrq+6148,=

�
] |2

|�

] r2

r�

'L

�
&. �&>

�
z� . �z�

�
>
�
x� . �x�

�
>
�
&� . �&�

�
> v
�
gvgw +6153,

dqg vxevwlwxwh wkh vhfrqg ri +61<,=

�
] |2

|�

] r2

r�

4

5
n�
�
z� . �z�

�2
.

4

5
nA
��
x� . �x�

�� +&. �&,
�2

.
4

5
n�

�
&� . �&�

�2
gvgw

+6154,
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wkdw lv=

�
] |2

|�

] r2

r�

�
2n� +z�,2 . n�z

��z� . �
2nA +x� � &,2 . nA +x� � &, +�x� � �&,

.�
2n�

�
&�
�2

. n�&��&�gvgw.R+�2,

+6155,

frqvlghulqj djdlq +61<,/ zh fdq zulwh wkh suhylrxv htxdwlrq dv=

�
] |2

|�

] r2

r�

'L

�
&>z�> x�> &�> v

�
. n�z

��z� . nA
�
x� � &

� �
�x� � �&

�
. n�&��&�gvgw.R+�2,

+6156,

Ilqdoo| frqvlghu wkh uhpdlqlqj wkuhh whupv lq wkh h{suhvvlrq +6148,=

] |2

|�

] r2

r�

e� +z . �z, . eA +x. �x, . � +&. �&, gvgw +6157,

dqg h{sdqg wkh surgxfwv wr jhw=

] |2

|�

] r2

r�

e�z . eAx. �&. e��z . eA �x. ��& gvgw +6158,

Vxevwlwxwlqj wkhvh uhvxowv lqwr ht1+6148,zh jhw=

D +z . �z> x. �x> &. �&, @ D +z>x> &,] |2

|�

] r2

r�

�
� bz� bz. � bx� bx. L b&� b&

�
� �n�z��z� . nA +x� � &, +�x� � �&, . n�&��&�

�
.

.+e��z. eA �x. ��&, gvgw.R+�2,

+6159,

Khqfh wkh �uvw yduldwlrq ri wkh dfwlrq D lv=

�D @

] |2

|�

] r2

r�

�
� bz� bz. � bx� bx. L b&� b&

�
� �n�z��z� . nA +x� � &, +�x� � �&, . n�&��&�

�
.

.+e��z . eA �x. ��&, gvgw

+615:,
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Frqvlghu wkh �uvw whup lq ht1+615:,=

] |2

|�

] r2

r�

�
� bz� bz . � bx� bx. L b&� b&

�
gvgw +615;,

dqg lqwhjudwh e| sduwv zlwk uhvshfw wr w=

] r2

r�

�
� bz�z. � bx�x. L b&�&

����|'|2
|'|�

gv�
] |2

|�

] r2

r�

�
� �z�z . ��x�x. L�&�&

�
gvgw +615<,

Frqvlghu qrz wkh vhfrqg whup lq ht1+615:,=

�
] |2

|�

] r2

r�

�
n�z

��z� . nA
�
x� � &

� �
�x� � �&

�
. n�&��&�

�
gvgw +6163,

dqg lqwhjudwh e| sduwv zlwk uhvshfw wr v=

�
] |2

|�

�
n�z

��z . nA +x� � &, �x. n�&��&
���r'r2
r'r�

gw.

] |2

|�

] r2

r�

�
n�z

���z . nA
��
x�� � &�

�
�x. +x� � &, �&

�
. n�&���&

�
gvgw

+6164,

Vxevwlwxwlqj wkhvh h{suhvvlrqv lqwr +615:, zh jhw=

�D @

] r2

r�

�
� bz�z . � bx�x. L b&�&

����|'|2
|'|�

gv�
] |2

|�

�
n�z

��z . nA +x� � &, �x. n�&��&
���r'r2
r'r�

gw.

.

] |2

|�

] r2

r�

�
n�z

���z . nA
��
x�� � &�

�
�x. +x� � &, �&

�
. n�&���&

�� �� �z�z . ��x�x. L�&�&
�

.+e��z . eA �x. ��&, gvgw

+6165,

Pdqlsxodwlqj wklv h{suhvvlrq zh jhw=

�D @

] r2

r�

�
� bz�z . � bx�x. L b&�&

����|'|2
|'|�

gv�
] |2

|�

�
n�z

��z . nA +x� � &, �x. n�&��&
���r'r2
r'r�

gw.

.

] |2

|�

] r2

r�

+n�z
�� � � �z . e� , �z .

�
nA +x� � &,� � ��x. eA

�
�x.

�
nA +x� � &, . n�&�� � L�&. �

�
�& gvgw

+6166,
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dqg qrz wkh sureohp lv wr �qg +z>x> &, vxfk wkdw wkh �uvw yduldwlrq ri D lv }hur/ l1h1

wkh vwdwlrqdu| srlqwv ri D =

�D @ 3 +6167,

Wkh �uvw lqwhjudo lq ht1+6166, lpphgldwho| ydqlvkhv vlqfh zh duh frqvlghulqj v|q0

fkurqrxv yduldwlrqv1 Lq rughu wr �qg wkh h{wuhpdov ri wkh dfwlrq/ zh kdyh wr dgg wkh

erxqgdu| frqglwlrq dw wkh hgjhv ri wkh ehdp0hohphqw wr wkh yduldwlrqdo sureohp1

Wkhvh erxqgdu| frqglwlrqv fdqqrw eh fkrvhq duelwudulo|/ exw wkh| kdyh wr ixo�oo wkh

wudqvyhuvdolw| frqglwlrqv=

n�z
� +v2> w, �z +v2> w, @ 3

n�z
� +v�> w, �z +v�> w, @ 3

nA +x� +v2> w,� & +v2> w,, �x +v2> w, @ 3

nA +x� +v�> w,� & +v�> w,, �x +v�> w, @ 3

n�&� +v2> w, �& +v2> w, @ 3

n�&� +v�> w, �& +v�> w, @ 3

+6168,

lq rughu wr pdnh lw srvvleoh wr �qg d vroxwlrq ri wkh yduldwlrqdo sureohp1

H{dpsoh 4;: Rqh ri wkh srvvleoh fkrlfhv ri dgplvvleoh erxqgdu| frqglwlrqv/ zrxog eh=

z +v�> w, @ z�+w, z +v2> w, @ z2+w,

x +v�> w, @ x�+w, x +v2> w, @ x2+w,

& +v�> w, @ &�+w, & +v2> w, @ &2+w,

+6169,

;9



zklfk olplw wkh vhw ri dgplvvleoh yduldwlrqv dv iroorzv=

�z +v�> w, @ 3 �z +v2> w, @ 3

�x +v�> w, @ 3 �x +v2> w, @ 3

�& +v�> w, @ 3 �& +v2> w, @ 3

+616:,

Lqwurgxflqj wkh ixqfwlrqv Q> W> P gh�qhg e|=

Q @ n�z
�

W @ nA +x� � &,

P @ n�&�

+616;,

wkh wudqvyhuvdolw| frqglwlrqv ehfrph=

Q +v2> w, �z +v2> w, @ 3

Q +v�> w, �z +v�> w, @ 3

W�x +v2> w, @ 3

W�x +v�> w, @ 3

P�& +v2> w, @ 3

P�& +v�> w, @ 3

+616<,

Wkh ixqfwlrqv Q> W> P duh fdoohg frqwdfw dfwlrqv/ lq sduwlfxodu Q lv fdoohg wkh

jhqhudol}hg qrupdo irufh/ W wkh jhqhudol}hg vkhdu irufh dqg P wkh ehqglqj prphqw1

Ixuwkhupruh wkh htxdwlrqv lq +616;, duh fdoohg frqvwlwxwlyh htxdwlrqv dqg wkh| hvwdeolvk

d uhodwlrqvkls ehwzhhq wkh ghirupdwlrq sdudphwhuv dqg wkh frqwdfw dfwlrqv1

Lpsrvlqj wkhvh frqglwlrqv rq wkh vhw ri dgplvvleoh yduldwlrqv/ dovr wkh vhfrqg lqwh0

judo ydqlvkhv dqg vlqfh wkh wklug vkrxog eh }hur iru hyhu| dgplvvleoh yduldwlrq/ zh jhw

;:



wkh iroorzlqj Hxohu0Odjudqjh htxdwlrqv=

n�z
�� � � �z . e� @ 3

nA +x� � &,� � ��x. eA @ 3

nA +x� � &, . n�&�� � L�&. � @ 3

+6173,

Wkh htxdwlrqv lq +6173, duh fdoohg wkh htxdwlrqv ri dq hodvwlfd/ ru Qdylhu htxdwlrqv/

iru d Wlprvkhqnr ehdp1

Q � � � �z. e� @ 3

W � � ��x. eA @ 3

W .P � � L�&. � @ 3

+6174,

Wkh sduwldo gl�huhqwldo htxdwlrqv lq +6174, duh fdoohg edodqfh htxdwlrqv1

Vxevwlwxwlqj wkh frqvwlwxwlyh htxdwlrqv +616;, lqwr wkh gh�qlwlrq ri wkh ghqvlw| ri

srwhqwldo hodvwlf hqhuj| +61<, zh rewdlq=

'L

�
&>z�> x�> &�> v

�
@

4

5
Qz� .

4

5
W
�
x� � &

�
.

4

5
P&� +6175,

Hqhuj| ri d Wlprvkhqnr ehdp

Gh�qlwlrq 4;; Wkh Hqhuj| ri dq hohphqw ri wkh ehdp fkdudfwhul}hg e| wkh lqwhuydo

^v�> v2` dqg vxemhfwhg wr wkh h{whuqdo dfwlrqv shu xqlw ohqjwk ghwdlohg lq wkh suhylrxv

vhfwlrq lv=

H
�
z> x> &>z�> x�> &�> bz> bx> b&> v

�
@ W . X . XK� . XKA . X> +6176,

Sursrvlwlrq 4;< Wkh ehdp hohphqw lv frqvhuydwlyh1

Surri1 Wr suryh wkdw wkh ehdp hohphqw lv frqvhuydwlyh/ zh kdyh wr ghprqvwudwh=

g

gw
H @ 3 +6177,

;;



l1h1 wkh hqhuj| lv d �uvw lqwhjudo ri wkh prwlrq1 Khqfh=

g

gw
H @

g

gw

�] r2

r�

+'A .'L , gv. XK� . XKA . X>

�
+6178,

Vxevwlwxwlqj +61<, dqg +619, zh jhw=

g

gw
H @

g

gw

] r2

r�

�
2� bz2 . �

2� bx
2 . �

2L
b&
2
. �

2n� +z�,2 . �
2nA +x� � &,2 . �

2n�
�
&�
�2

�e� +v,z� eA +v,x� � +v,&gv

+6179,

Gl�huhqwldwlqj wkh dujxphqw ri wkh lqwhjudo zlwk uhvshfw wr wlph/ zh rewdlq=

g

gw
H @

] r2

r�

� bz �z . � bx�x. L b&�&. n�z
� bz� . nA

�
x� � &

� �
bx� � b&

�
. n�&� b&� � e� bz � eA bx� � b&gv

+617:,

Lqwhjudwlqj e| sduwv wkh 70wk/ 80wk dqg 90wk whupv ri wkh suhylrxv htxdwlrq zh jhw=

g

gw
H @

] r2

r�

bz +� �z � n�z
�� � e� , . bx

�
��x� eA � nA

�
x�� � &�

��
. b&

�
L�&� nA +x� � &,� �� n�&��

�
gv

. n�z
� bzmr'r2r'r�

. nA +x� � &,�
�
bx� � b&

����r'r2
r'r�

. n�&� b&
���r'r2
r'r�

+617;,

E| yluwxh ri wkh htxdwlrqv ri dq hodvwlfd +6173, dqg wkh wudqvyhuvdolw| frqglwlrqv +6168,/

g

gw
H @ 3=

Hxohu ehdp

Dq Hxohu ehdp lv d Wlprvkhqnr ehdp/ zlwk wkh dgglwlrqdo frqvwlwxwlyh dvvxpswlrq=

x� @ & +617<,

l1h1/ wkh vhfwlrqv lq wkh dfwxdo frq�jxudwlrq duh dozd|v ruwkrjrqdo wr wkh d{lv ri wkh

ehdp1

;<



Wklv dvvxpswlrq lpphgldwho| ohdgv wr=

nA $ 4 +6183,

vlqfh/ hyhq li wkh vhfwlrq lv ruwkrjrqdo wr wkh fhqwhuolqh lq wkh dfwxdo frq�jxudwlrq/ wkh

vkhdu frqwdfw dfwlrq W kdv wr eh �qlwh1

Ixuwkhupruh/ wkh hqhuj| ghqvlwlhv iru dq Hxohu ehdp ehfrph=

'A

�
bz> bx> b&> v

�
@ �

2� bz2 . �
2� bx

2 . �
2L + bx

�,2

'L

�
&>z�> x�> &�> v

�
@ �

2n� +z�,2 . �
2n� +x��,2

+6184,

Wkh htxdwlrqv ri dq hodvwlfd iru dq Hxohu ehdp ehfrph=

n�z
�� � � �z. e� @ 3

n�x���� � L �x�� . ��x @ eA � ��
+6185,

Uhpdun 4<3 Lq wkh dssolfdwlrqv zh duh ghdolqj zlwk wkh nlqhwlf hqhuj| gxh wr wkh

urwdwlrq ri wkh vhfwlrq lv qhjoljleoh zlwk uhvshfw ri wkh nlqhwlf hqhuj| gxh wr wkh prwlrq

ri wkh d{lv ri wkh ehdp/ wkhq=

W @

] r2

r�

4

5
� bz2 .

4

5
� bx2gv +6186,

Ixuwkhupruh zh zloo qhjohfw L �x�� lq wkh suhylrxv htxdwlrqv wr jhw=

n�z
�� � � �z. e� @ 3

n�x���� . ��x @ eA � ��
+6187,
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Fkdswhu 7

Hohfwulfdo dqdorjv iru vlpsoh

phfkdqlfdo vwuxfwxuhv

Fodlp 4<4 �Dq dqdorj| lv d uhfrjql}hg uhodwlrqvkls ri frqvlvwhqw pxwxdo vlplodulw| eh0

wzhhq wkh htxdwlrqv dqg vwuxfwxuhv dsshdulqj zlwklq wzr ru pruh �hogv ri nqrzohgjh/

dqg dq lghqwl�fdwlrq dqg dvvrfldwlrq ri wkh txdqwlwlhv dqg vwuxfwxudo hohphqwv zklfk

sod| pxwxdoo| vlplodu urohv lq wkhvh htxdwlrqv dqg vwuxfwxuhv/ iru wkh sxusrvh ri idflol0

wdwlqj wudqvihu ri nqrzohgjh ri pdwkhpdwlfdo surfhgxuhv ri dqdo|vlv dqg ehkdylru ri wkh

vwuxfwxuhv ehwzhhq wkhvh �hogv1� Ior|g D1 Iluhvwrqh +4<89,^45`

Klvwru| ri wkh phfkdqlfdo lpshgdqfh phwkrgv iru yleudwlrq sureohpv

Lq wkh fodvvlfdo dssurdfk wr yleudwlrq sureohpv/ wkh yleudwlqj vwuxfwxuh lv vwxglhg

dv d xqltxh phfkdqlfdo v|vwhp/ l1h1 wkh jryhuqlqj htxdwlrqv iru wkh hqwluh vwuxfwxuh duh

zulwwhq dqg dq| fkdqjh lq wkh wrsrorj| ri wkh vwuxfwxuh ohdgv gudpdwlfdoo| wr d qhz vhw

ri htxdwlrqv zklfk qhhgv wr eh vroyhg dqhz1

Gxulqj wkh 4<73*v d orw ri h�ruw zdv h{shqghg lq dwwhpswv wr dssurdfk wkh sure0

ohp dv d �eodfn er{�1 Wkdw lv/ udwkhu wkdq ghvfulelqj wkh frpsohwh ehkdylru ri wkh

zkroh vwuxfwxuh dw hyhu| srlqw/ rqo| wkh prwlrq ri d ihz ri lwv srlqwv lv frqvlghuhg/
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uhvxowlqj iurp irufhv dssolhg dw wkhvh dvvljqhg srlqwv1 Wklv surfhgxuh uhfdoov wkdw edvhg

rq wkh lghdv ri Pd{zhoo/ Fdvwljoldqr/ Prku/ dqg wkh phwkrg ri Pxoohu0Euhvodx iru wkh

vwxg| ri lqghwhuplqdwh v|vwhpv1 Ixuwkhupruh/ zlwk wklv surfhgxuh/ lw lv srvvleoh wr

fkdudfwhul}h wkh ehkdylru ri hdfk vwuxfwxudo phpehu dqg wkhq dvvhpeoh wkhp iroorzlqj

zhoo0hvwdeolvkhg frqqhfwlrq uxohv ghulyhg iurp wkh wkhru| ri qhwzrunv1 Wkh �uvw dw0

whpswv zhuh hvvhqwldoo| irfxvhg rq oxpshg sdudphwhu v|vwhpv/ glvuhjduglqj glvwulexwhg

hohphqwv vxfk dv ehdpv dqg sodwhv +vhh Iluhvwrqh +4<89,^46`,1 Odwhu wkh lpshgdqfh

phwkrg zdv dssolhg wr pruh frpsoh{ v|vwhpv/ ohdglqj wr iuxlwixo uhvxowv lq lqgxvwuldo

dqg flylo dssolfdwlrqv vxfk dv wruvlrqdo yleudwlrq ri zlqjv dqg yleudwlrq ri  rruv1

Iroorzlqj wklv eodfn er{ dssurdfk wkh uhvsrqvh ri wkh zkroh v|vwhp pd| eh exlow xs

iurp sduwldo fkdudfwhulvwlfv ri lwv vwuxfwxudo phpehuv/ hdfk ri wkhp prghoohg dv d rqh0

sruw qhwzrun1 Hyhu| rqh sruw qhwzrun hvwdeolvkhv d uhodwlrq ehwzhhq wkh �irufh� dw d

srlqw +fkrvhq dv wkh dfurvv yduldeoh, dqg wkh �yhorflw|� dw wkh vdph srlqw +fkrvhq dv wkh

wkurxjk yduldeoh,1 Ghshqglqj rq wkh sduwlfxodu vwuxfwxudo phpehu wkh �irufh� fdq eh

hlwkhu d vkhdu irufh ru d qrupdo irufh/ dqg wkh �yhorflw|� fdq eh hlwkhu d gh hfwlrq ru dq

horqjdwlrq1 Lq wklv iudphzrun lw lv srvvleoh wr gh�qh d vr fdoohg phfkdqlfdo lpshgdqfh

dqg d prelolw|1 Wkh phfkdqlfdo lpshgdqfh/ iru euhylw| lpshgdqfh/ lv gh�qhg dv wkh

udwlr ri wkh Odsodfh wudqvirup ri irufh wr wkh Odsodfh wudqvirup ri yhorflw|/ zkloh wkh

prelolw| lv gh�qhg dv wkh lqyhuvh ri wkh lpshgdqfh1

Krzhyhu wklv eodfn er{ dssurdfk fdq qrw eh dssolhg wr d jhqhulf vwuxfwxuh/ vlqfh

qrw doo wkh vwuxfwxudo phpehuv fdq eh ixoo| ghvfulehg e| rqh0sruw qhwzrunv1 Lq idfw/

rqo| wkrvh vwuxfwxudo phpehuv prghohg dw wkhlu whuplqdov e| rqh g|qdplf yduldeoh dqg

rqh nlqhpdwlf yduldeoh fdq eh frpsohwho| uhsuhvhqwhg e| rqh sruw qhwzrunv1 Lqghhg/ dv
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zh zloo vhh lq wkh iroorzlqj fkdswhu/ dq| iudph/ frqvwlwxwhg e| dq Hxohu ehdp/ qhhgv wr

eh prghohg dv d 9�sruw qhwzrun/ lq rughu wr frqvlghu doo lwv yleudwlqj surshuwlhv1

Lq zkdw iroorzv zh zdqw wr vkrz wzr sduwlfxodu dssolfdwlrqv ri wkh lpshgdqfh

dqdorj|/ dqg d vlpsoh vwuxfwxuh dqdo|}hg e| yluwxh ri wklv eodfn er{ dssurdfk1

Vlpso| vxssruwhg ehdp ordghg dw wkh hqg e| dq d{ldo irufh

F

l

xA B

Iljxuh 714= Vlpso| vxssruwhg ehdp

Zh dvvxph wkdw wkh frqvwlwxwlyh htxdwlrq iru wkh ehdp lv=

Q @ n�z
�

zkhuh n� lv d srvlwlyh uhdo frqvwdqw1

Iurp wkh edodqfh htxdwlrq iru Q / wdnlqj lqwr dffrxqw wkh lqhuwldo exon irufh/ zh

jhw=

Q � . � �z @ 3 +714,

Wkh slyrw dw D dqg wkh uroohu dw E vhw wkh iroorzlqj erxqgdu| frqglwlrqv=

Q+w> o, @ I +w, , z�+w> o, @
I +w,

n�
z+w> 3, @ 3 +715,

<6



Wkh �uvw vwhs ri rxu vwxg| lv wr qrq0glphqvlrqdol}h wkh htxdwlrqv ri wkh vwuxfwxudo

sureohp1

Ohw xv dvvxph dv fkdudfwhulvwlf ydoxhv=;AA?AA=
o lv wkh ohqjkw ri wkh ehdp

wf @
2Z
/f
/ zkhuh $f lv wkh dqjxodu iuhtxhqf| ri wkh �uvw yleudwlrqdo prgh ri wkh ehdp

+716,

Ohw xv lqwurgxfh wkh iroorzlqj glphqvlrqohvv yduldeohv=

� @
{

o
� @

w

wf
� @

z

o
+717,

Wkhq wkh frqvwlwxwlyh htxdwlrq ehfrphv=

Q @ n��
� +718,

Lqwurgxflqj d glphqvlrqohvv qrupdo dfwlrq I� @
Q

n�
/ zh jhw=

I� @ � �

I +�,

n�
=@ I8 +�,

+719,

Ixuwkhu/ iru wkh edodqfh htxdwlrq zh jhw=

n�
o
I �� � �o

w2f
�� @ 3 +71:,

Vxevwlwxwlqj wkh frqvwlwxwlyh htxdwlrq lqwr wkh suhylrxv htxdwlrq/ zh rewdlq wkh

htxdwlrq ri hyroxwlrq ri wkh vwuxfwxuh=

� �� @
�o2

n� w2f

�� +71;,
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Frqvlghulqj dv nlqhpdwlfdo ghvfulswru ri wkh v|vwhp wkh yhorflw|/ lqvwhdg ri wkh

glvsodfhphqw/ zh jhw lq glphqvlrqohvv yduldeohv=

� �� @
�o2

n� w
2
f

�� +71<,

Wkh erxqgdu| frqglwlrqv duh/ lq whup ri wkh glphqvlrqohvv yhorflw|=

�+� > 3, @ 3 � � +� > 4, @ bI8 +�, +7143,

Wudqviruplqj +7, dqg wkh erxqgdu| frqglwlrqv e| d elodwhudo Odsodfh wudqvirup zh

jhw=

�� +�> �,�� @
�o2

n� w2f
�2�� +�> �, +7144,

��+�> 3, @ 3 �� � +�> 4, @ � �I8 +�,

zkhuh wkh wlogd ghqrwhv wkh Odsodfh wudqvirupdwlrq dqg � lv wkh glphqvlrqohvv Odsodfh

yduldeoh1

Wkh vroxwlrq ri wklv erxqgdu| ydoxh sureohp lv=

��+�> �, @
�I8 +�,

�
wdqk +���,

zkhuh � @
o

wf

u
�

n�
=

Wkh glphqvlrqohvv phfkdqlfdo lpshgdqfh ri wkh vwuxfwxuh lv=

]f+�, =@
�I8 +�,

��+�> 4,
@

�

wdqk��
+7145,

zkloh wkh prelolw| lv=

�f+�, =@
��+�> 4,
�I8 +�,

@
wdqk��

�
+7146,
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Qrz ohw xv �qg wkh phfkdqlfdo lpshgdqfh ]+v, dqg wkh prelolw| �+v,=

]+v, =@
O ^I +w,`

O ^ bz +w> o,`
@

�I +v,

v �z +v> o,

�+v, =@
O ^ bz +w> o,`

O ^I +w,`
@

v �z +v> o,
�I +v,

+7147,

Wkh| duh uhodwhg wr wkh glphqvlrqohvv ydoxhv e|=

]+v, @
�I +v,

v �z +v> o,
@

n� �I8 +�,
,
|f
�� +�> 4,

@
n� wf
o

]f+�, , ]+v, @

s
�n�

wdqk

u
�

n�
=ov

�+v, @
v �z +v> o,
�I +v,

@
�f+�,

n� wf
, �+v, @

wdqk

u
�

n�
ov

s
�n�

+7148,

V|qwkhvlv ri wkh hohfwulf dqdorj

Jlyhq wkh prelolw| �+v, zh fdq lqwurgxfh dq hohfwulfdo dgplwwdqfh \ +v, =

\ +v, @
4

Uf
wdqk

u
�

n�
=ov @

s
�n�
Uf

�+v, +7149,

zkhuh Uf lv d frqvwdqw wkdw kdv wkh glphqvlrq ri d uhvlvwdqfh1

E| yluwxh ri wkh whfkqltxhv ghyhorshg lq fkdswhu +5, zh fdq v|qwkhvl}h d rqh0sruw

qhwzrun/ wkh dgplwwdqfh ri zklfk lv \ +v,1 Wkh udwlr ri fxuuhqw dqg yrowdjh iru wklv rqh

sruw0qhwzrun lv sursruwlrqdo wr wkh udwlr ri yhorflw| dqg irufh e| wkh idfwru

s
�n�
Uf

=

Iurp wkh h{dpsohv jlyhq lq vhfwlrq +4,/ lw lv fohdu wkdw=

D +v, @ Df wdqk �v @
5Df

�

"[
?'�

�
v

v2 . $2
?

�

zkhuh $? @
�

5�
+5q. 4, dqg Df dqg � duh srvlwlyh uhdo frqvwdqwv1

Wkhq=

\ +v, @
4

Uf
wdqk

#u
�

n�
o

$
v @

5

Ufo

u
n�
�

"[
?'�

�
v

v2 . $2
?

�
+714:,
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zkhuh $? @

u
n�
�

�

5o
+5q. 4, =

Wkxv \ +v, fdq eh ghvljqhg dv lq�qlwh rqh0sruw qhwzrunv lq sdudooho/ hdfk ri wkhp

ehlqj d fdsdflwru dqg dq lqgxfwru lq vhulhv/ vxfk dv=

O? @
Ufo

5

u
�

n�
F? @

;o

Uf

u
�

n�

4

+5q. 4,2
+714;,

Zh fdq h{solflwo| zulwh=

\ +v, @
"[
?'�

vF?

v2O?F? . 4
+714<,

L
1

C
1

L
n

Cn

L
2

C 2

+

-

V(s)

I(s)

Iljxuh 715= Flufxlw dqdorj wr wkh vlpso| vxssruwhg ehdp

Fdqwlohyhu ehdp

F

l

x

A B

Iljxuh 716= Fdqwlohyhu ehdp

<:



Wkh frqvwlwxwlyh htxdwlrqv iru wkh Wlprvkhqnr ehdp duh=

P @ n�&� +7153,

W @ nA
�
x� � &

�
zkhuh n� dqg nA duh srvlwlyh uhdo frqvwdqwv1

Wkh edodqfh htxdwlrqv/ qhjohfwlqj wkh urwdwlrqdo lqhuwld/ iru wkh vkhdu dfwlrq dqg

wkh ehqglqj prphqw duh=

P � . W @ 3 +7154,

W � @ � �x

Wkh fodpslqj ghylfh dw D dqg wkh irufh dw E ghwhuplqh wkh iroorzlqj erxqgdu|

frqglwlrqv=

x+w> 3, @ 3 +7155,

&+w> 3, @ 3

P+w> o, @ 3

W +w> o, @ I +w,

Qrz ohw xv uhvwulfw wr wkh Hxohu ehdp/ wkxv vxssrvlqj nA $ 4> wkhq=

x� � & @ 3 +7156,

Wkxv wkh frqvwlwxwlyh htxdwlrq iru wkh ehqglqj prphqw ehfrphv=

P @ n�x�� +7157,

<;



Dqg wkh erxqgdu| frqglwlrqv=

x+w> 3, @ 3 +7158,

x�+w> 3, @ 3

P+w> o, @ 3

W +w> o, @ I +w,

Wkh �uvw vwhs ri rxu vwxg| lv wr qrq0glphqvlrqdol}h wkh htxdwlrqv ri wkh vwuxfwxudo

sureohp1

Ohw xv dvvxph dv fkdudfwhulvwlf ydoxhv=;AAAAAA?AAAAAA=

o lv wkh ohqjkw ri wkh ehdp

wf @
2Z
/f
/ zkhuh $f lv wkh dqjxodu iuhtxhqf| ri wkh �uvw prgh ri wkh ehdp

uf lv wkh udglxv ri j|udwlrq ri wkh vhfwlrq

+7159,

Ohw xv lqwurgxfh wkh iroorzlqj glphqvlrqohvv yduldeohv=

� @
{

o
� @

w

wf
� @

x

uf
+715:,

Wkhq wkh frqvwlwxwlyh htxdwlrq iru wkh ehqglqj prphqw ehfrphv=

P @
n�uf
o2

� �� +715;,

Lqwurgxflqj d glphqvlrqohvv ehqglqj prphqw I� @
o2

+n�uf,
P / zh jhw=

I� @ � �� +715<,

Ixuwkhu/ iru wkh edodqfh htxdwlrq ri ehqglqj prphqw zh jhw=

W .
n�uf
o�

I �� @ 3 +7163,

<<



Lqwurgxflqj d glphqvlrqohvv vkhdu dfwlrq IA @
o�

+n�uf,
W / zh jhw=

IA . I �� @ 3 +7164,

I8 @
o�

+n�uf,
I +7165,

Ixuwkhu iurp wkh edodqfh htxdwlrq iru W zh rewdlq=

I �A @ �2�� +7166,

zkhuh �2 @
�oe

w2fn�
=

Vxevwlwxwlqj +715<, dqg +7166, lqwr +7164, zh jhw=

�UT . �2�� @ 3 +7167,

Frqvlghulqj wkh nlqhpdwlfdo ghvfulswru ri wkh v|vwhp wr eh wkh yhorflw|/ lqvwhdg ri

wkh glvsodfhphqw/ zh jhw lq glphqvlrqohvv yduldeohv=

�UT . �2�� @ 3 +7168,

Wkh erxqgdu| frqglwlrqv duh lq whupv ri wkh glphqvlrqohvv yhorflw|=

�+� > 3, @ 3 +7169,

� �+� > 3, @ 3

� ��+� > 4, @ 3

�� ���+� > 4, @ bI8 +�,

Wudqviruplqj +7168, dqg wkh erxqgdu| frqglwlrqv e| d elodwhudo Odsodfh wudqvirup
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zh jhw=

�� +�> �,UT . �2�2�� +�> �, @ 3

��+�> 3, @ 3

�� � +�> 3, @ 3

�� ��+�> 4, @ 3

�� ���+�> 4, @ �� �I +�,

+716:,

Wkh jhqhudo vroxwlrq ri wkh gl�huhqwldo htxdwlrq lv=

�� +�> �, @ D vlqn� .E frv n� .F vlqkn� .G frvk n�

zkhuh n @
s
��h3�

Z
e =

Lpsrvlqj wkh erxqgdu| frqglwlrqv zh fdq �qg wkh glphqvlrqohvv phfkdqlfdo lpshgdqfh

ri wkh ehdp=

]f+�, =@
�I8 +�,

��+�> 4,
@

n�

�

+4 . frv n frvkn,

vlq n frvk n � frv n vlqk n
+716;,

zkloh wkh prelolw| lv=

�f+�, =@
��+�> 4,
�I8 +�,

@
�

n�
vlqn frvk n � frv n vlqk n

+4 . frv n frvk n,
+716<,

Qrz ohw xv �qg wkh phfkdqlfdo lpshgdqfh ]+v, dqg wkh prelolw| �+v,=

]+v, =@
O ^I +w,`

O ^ bx +w> o,`
@

�I +v,

v �x +v> o,

�+v, =@
O ^ bx +w> o,`

O ^I +w,`
@

v �x +v> o,
�I +v,

+7173,

Wkh| duh uhodwhg wr wkh glphqvlrqohvv ydoxhv e|=

n @
s
��h3�

Z
e @ h3�

Z
e

v
vwf

o2

wf

u
�

n�
@ h3�

Z
e o
s
v e

u
�

n�
=@ h3�

Z
e

s
�v +7174,
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zlwk

�2 @
�oe

n�
n @ n +v, @ h3�

Z
e

s
�v +7175,

wkxv=

]+v, @
�I +v,

v �x +v> o,
@

n�uf
o�

�I8 +�,

uf
wf

�� +�> 4,
@

n� wf
o�

]f+�, , ]+v, @
n�
o�

n�

v

+4 . frv n frvkn,

vlq n frvkn � frv n vlqkn

�+v, @
v �x +v> o,
�I +v,

@
4

]+v,
, �+v, @

o�

n�

v

n�
vlq n frvk n � frv n vlqk n

+4 . frv n frvk n,

+7176,

V|qwkhvlv ri wkh hohfwulf dqdorj1

Jlyhq wkh prelolw| �+v, zh fdq lqwurgxfh dq hohfwulfdo dgplwwdqfh \ +v, =

\ +v, @ Df
v

n�
vlqn frvk n � frv n vlqk n

+4 . frv n frvk n,
@ Df

n�
o�

�+v, +7177,

zkhuh Df lv d srvlwlyh uhdo frqvwdqw1

E| yluwxh ri wkh whfkqltxhv ghyhorshg lq fkdswhu +5, zh fdq v|qwkhvl}h d rqh0sruw

qhwzrun/ wkh dgplwwdqfh ri zklfk lv \ +v,1 Wkh udwlr ri fxuuhqw dqg yrowdjh iru wklv rqh

sruw0qhwzrun lv sursruwlrqdo wr wkh udwlr ri yhorflw| dqg irufh e| wkh idfwru
Df

o�
n� =

Iurp wkh h{dpsohv jlyhq lq vhfwlrq +4,/ lw lv fohdu wkdw=

\ +v, @
"[
?'�

5v

�
n?

v2 . $2
?

�
+7178,

Wkxv \ +v, fdq eh ghvljqhg dv lq�qlwh rqh0sruw qhwzrunv lq sdudooho/ hdfk ri wkhp

ehlqj d fdsdflwru dqg dq lqgxfwru lq vhulhv/ vxfk dv=

O? @
4

5n?
F? @

5n?
$2
?

+7179,
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Zh fdq h{solflwo| zulwh=

\ +v, @
"[
?'�

vF?

v2O?F? . 4
+717:,

L
1

C
1

L
n

Cn

L
2

C 2

+

-

V(s)

I(s)

Iljxuh 717= Flufxlw dqdorj wr fdqwlohyhu ehdp

Uhpdun 4<5 Wkh qdwxudo iuhtxhqflhv ri wklv dgplwwdqfh duh qrw htxdoo| vsdfhg rq wkh

lpdjlqdu| d{lv1
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Fkdswhu 8

D eodfn er{ dssurdfk wr wkh

wkhru| ri yleudwlqj vwuxfwxuhv

Wkh sxusrvh ri wklv fkdswhu lv wr h{whqg wkh eodfn er{ dssurdfk vwxglhg lq wkh wkhru|

ri qhwzrunv wr yleudwlrqv ri sodqh ehdp0vwuxfwxuhv1 +Zkhuh wkhuh zloo qrw eh srvvleoh

plvxqghuvwdqglqjv zh zloo fdoo d sodqh ehdp0vwuxfwxuh/ vlpso| vwuxfwxuh,1

Zh zloo olplw rxu revhuydwlrqv wr wkh phfkdqlfdo ghylfhv zklfk fdq eh prghoohg

dv eodfn er{hv/ frppxqlfdwlqj wr wkh rxwhu zruog e| d �qlwh qxpehu ri dffhvv srlqwv

fdoohg whuplqdov1

Ixuwkhupruh zh zloo vxssrvh wkdw wkh vwdwh ri hdfk whuplqdo W� lv frpsohwho| fkdu0

dfwhul}hg e| d sdlu ri 6�wxsohv +��> � �, @
��
y��> y

�
2> $

�
�
>
�
w��> w

�
2>P

�
��
1

Wkh sdlu
�
y��> y

�
2

�
uhsuhvhqwv wkh yhorflwlhv dqg $� wkh dqjxodu yhorflw|/ dw wkh whuplqdo

W�/ zlwk uhvshfw wr d jlyhq revhuyhu R fkdudfwhul}hg e| dq ruljlq Q dqg d edvlv +h�>h2,

ri wkh vsdfh ri wudqvodwlrqv/ zkloh
�
w��> w

�
2>P

�
�
uhsuhvhqwv wkh frqwdfw dfwlrqv/ irufh dqg

ehqglqj prphqw/ dssolhg dw d Fdxfk| fxw dw wkh whuplqdo W�> zlwk uhvshfw wr R=

Qrwdwlrq 4<6 Iru d q�whuplqdo phfkdqlfdo ghylfh/ zh zloo jurxs wkh vwdwh yduldeohv
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n

S

t

1
t

2
t

j
t

n-1
t

M

M

M

M

M

n

1

2

j

n-1

e

e

1

2

o

Iljxuh 814= Uhsuhvhqwdwlrq ri d vwuxfwxuh

zlwk wkh iroorzlqj frqyhqwlrq=

� = @ +y�>y2>$, =@

3EEEEEEC
y�� y�2 $�

=== === ===

y?� y?2 $?

4FFFFFFD +814,

� = @ +w�> w2>P, =@

3EEEEEEC
w�� w�2 P�

=== === ===

w?� w?2 P?

4FFFFFFD
Dv zh kdyh grqh ghdolqj zlwk qhwzrunv/ zh zloo vxssrvh wkdw wkh Vljqdo Vsdfh lv

vwloo Gn=

Gh�qlwlrq 4<7 Jlyhq d elqdu| uhodwlrq F7 rq G?f�
n �G?f�

n / d ehdp0vwuxfwxuh V lv=

V @
�
++y�>y2>$, > +w�> w2>P,, 5 G?f�

n �G?f�
n > +y�>y2>$, F7 +w�> w2>P,

�
+815,

Fodlp 4<8 Zh kdyh hvwdeolvkhg d sk|vlfdo dqdorj| ehwzhhq wkh prgho ri d qhwzrun dqg

438



wkh prgho ri d vwuxfwxuh1 Lq idfw zh fdq fodlp wkdw dq q � whuplqdo vwuxfwxuh V lv

dqdorjrxv wr d 6q�sruw qhwzrun Q 1

Gh�qlwlrq 4<9 D iudph I lv d vshfl�f lqwhufrqqhfwlrq0wrsrorj| ri vwuxfwxuhv1 Dq|

frqvwlwxhqw ri d jlyhq vwuxfwxuh lv fdoohg d vwuxfwxudo phpehu1

Gh�qlwlrq 4<: Wkh wrwdo lqvwdqwdqhrxv srzhu h{shqghg lqwr V lv=

s +w, @ +w�> w2>P, = +y�>y2>$, +816,

dqg wkh qhw hqhuj| gholyhuhg wr wkh qhwzrun dw wlph �w lv=

H ��w� @ ] �|

3"
s +w,gw +817,

Wkh frqqhfwlrq ri gl�huhqw vwuxfwxudo phpehuv fdq eh pdwkhpdwlfdoo| uhsuhvhqwhg

dv rshudwlrqv rq wkh vwuxfwxudo phpehuv glfwdwhg e| wkh irufh dqg prphqw edodqfh

htxdwlrqv/ dqg wkh frqjuxhqfh uhodwlrq1

Gh�qlwlrq 4<; Jlyhq d iudph/ zh fdoo d qrgh wkh vhw ri whuplqdov ri frqvwlwxwlqj

vwuxfwxuhv lqwhufrqqhfwhg lq wkh jlyhq wrsrorj|1

D{lrp 4<< Jlyhq d iudph I / ohw*v iP�j ghqrwh wkh vhw ri lwv qrghv=

� Wkh vxpv ri irufhv dqg ehqglqj prphqw dw hyhu| qrgh pxvw ydqlvk

� Ohw +Pf>P�> ===> P&> P&n� @ Pf, eh d forvhg orrs ri qrghv lq I=

&[
�'�

�
y�� > y

2
� > $�

�
@ +3> 3> 3, +818,
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Vwuxfwxuh Dqdo|vlv

Exloglqj eorfnv

Lq wklv vhfwlrq zh zloo jlyh d eulhi rxwolqh ri wkh prvw frpprq vwuxfwxudo phpehuv

xvhg lq hqjlqhhulqj dssolfdwlrqv1 Wkhvh zloo eh wkh exloglqj eorfnv ri wkh iudphv zh duh

lqwhuhvwhg lq1

Frqvwudlqwv

Gh�qlwlrq 533 D slyrw V� lv d rqh0whuplqdo vwuxfwxuh gh�qhg e|=

V� @
�
++y�> y2> $, > +w�> w2>P,, 5 G�f�

n �G�f�
n = +y�> y2>P, @ +3> 3> 3,

�
+819,

Gh�qlwlrq 534 D fodpslqj ghylfh V� +ru hqfdvwuh, lv d rqh0whuplqdo vwuxfwxuh gh�qhg

e|=

V� @
�
++y�> y2> $, > +w�> w2>P,, 5 G�f�

n �G�f�
n = +y�> y2> $, @ +3> 3> 3,

�
+81:,

Iljxuh 815= Uhsuhvhqwdwlrq ri wkh slyrw dqg fodpslqj ghylfh

Gh�qlwlrq 535 D uroohu V)
- lv d rqh0whuplqdo vwuxfwxuh gh�qhg e|=

V)
- @

;AA?AA=
++y�> y2> $, > +w�> w2>P,, 5 G�f�

n �G�f�
n = � vlq*y� . frv*y2 @ 3> P @ 3>

frv*w� . vlq*w2 @ 3

<AA@AA>
+81;,

43:



Gh�qlwlrq 536 D olqn0eorfn V)
u3� lv d rqh0whuplqdo vwuxfwxuh gh�qhg e|=

V)
u3� @

;AA?AA=
++y�> y2> $, > +w�> w2>P,, 5 G�f�

n �G�f�
n = � vlq*y� . frv*y2 @ 3> $ @ 3

frv*w� . vlq*w2 @ 3

<AA@AA>
+81<,

e

e

1

2

o

ϕ ϕ

Iljxuh 816= Uhsuhvhqwdwlrq ri d uroohu dqg d olqn0eorfn

Oxpshg hohphqwv

Iru d gluhfw gh�qlwlrq ri oxpshg hohphqwv vhh Proo| +4<8;,^4`1

Gh�qlwlrq 537 D gdpslqj ghylfh V( lv d wzr whuplqdo vwuxfwxuh vxfk wkdw=

V( @

;AA?AA=
++y�>y2>$, > +w�> w2>P,, 5 G2f�

n �G2f�
n =

�
w��> w

�
2>P

�
�
@ � �w2�> w22>P2

�
>�

w��> w
�
2>P

�
�
@ u

�
y2� � y��> y

2
2 � y�2> $

2 � $�
�

<AA@AA>
+8143,

zkhuh u 5 LUn lv wkh gdpslqj udwlr1
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r

Iljxuh 817= Uhsuhvhqwdwlrq ri d gdpslqj ghylfh

Gh�qlwlrq 538 D vsulqj V)
7R lv d wzr whuplqdo vwuxfwxuh vxfk wkdw=

V)
7R @

;AAAAAA?AAAAAA=

��
y�>y2> b&

�
> +w�> w2>P,

�
5 G2f�

n �G2f�
n = P @ 3>

�
w��> w

�
2

�
@ � �w2�> w22� >

�w�� vlq*. w�2 frv* @ 3>�
bw�� frv*. bw�2 vlq*

�
@ �n ��y2� � y��

�
frv*.

�
y22 � y�2

�
vlq*

�

<AAAAAA@AAAAAA>
+8144,

zkhuh n 5 LUn lv wkh vwl�qhvv frqvwdqw ri wkh vsulqj1

e

e

1

2

o

ϕ

k

Iljxuh 818= Uhsuhvhqwdwlrq ri d vsulqj

Gh�qlwlrq 539 D pdvv V6 lv d wzr whuplqdo vwuxfwxuh vxfk wkdw=

V6 @

;AA?AA=
++y�>y2>$, > +w�> w2>P,, 5 G2f�

n �G2f�
n = P @ 3>

�
y��> y

�
2

�
@
�
y2�> y

2
2

�
�
w�� � w2�> w

�
2 � w22

�
@p

�
by�� � by2�> by

�
2 � by22

�
<AA@AA>
+8145,

p 5 LUn lv wkh pdvv ri V)
6=
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m

Iljxuh 819= Uhsuhvhqwdwlrq ri d pdvv

Vrxufhv

Gh�qlwlrq 53: D vkdnhu V7� lv d rqh whuplqdo vwuxfwxuh vxfk wkdw=

V7 @
�
++y�> y2> $, > +w�> w2>P,, 5 G�f�

n �G�f�
n = +y�> y2> $, @ +Y� +w, > Y2 +w, >+w,,

�
+8146,

Gh�qlwlrq 53; D ordg Vu lv d rqh whuplqdo vwuxfwxuh vxfk wkdw=

Vu @
�
++y�> y2> $, > +w�> w2>P,, 5 G�f�

n �G�f�
n = +w�> w2>P, @ +W� +w, > W2 +w, >P +w,,

�
+8147,

V

+

T T M1 2

V1 2Ω

Iljxuh 81:= Uhsuhvhqwdwlrq ri d ordg dqg d vkdnhu
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Frqwlqxrxv hohphqwv

Gh�qlwlrq 53< D ehdp lv d wzr0whuplqdo vwuxfwxuh gh�qhg e|=

V� @
�
++y�>y2>$, > +w�> w2>P,, 5 G2f�

n �G2f�
n = +y�>y2>$,F� +w�> w2>P,

�
+8148,

zkhuh wkh elqdu| uhodwlrq F� rq G2f�
n �G2f�

n vhohfw wkrvh ++y�>y2>$, > +w�> w2>P,, vxfk

wkdw= ;AAAAAAAAAA?AAAAAAAAAA=

+y�>y2>$, @

3EEC z� +3> w, z2 +3> w, z� +3> w,

z� +o> w, z2 +o> w, z� +o> w,

4FFD
+w�> w2>P, @

3EEC �v� +3> w, �v2 +3> w, �f +3> w,

v� +o> w, v2 +o> w, f +o> w,

4FFD
+8149,

zkhuh o lv wkh ohqjwk ri wkh ehdp dqg wkh �hogv z� +{> w, > z2 +{> w, > z� +{> w, > v� +{> w, >

v2 +{> w, > f +{> w, yhuli|=;AAAAAAAAAAAAAAAAAAAAAAA?AAAAAAAAAAAAAAAAAAAAAAA=

v� +{> w, . e +{> w,@ 3

+f� +{> w, . v +{> w,� u� +{, .� +{> w,, � +h� � h2,@33EEEEEEC
bv� +{> w,

bv2 +{> w,

bf +{> w,

4FFFFFFD @ U

3EEEEEEC
z�� +{> w,

z�2 +{> w,

z�� +{> w,

4FFFFFFD
e +{> w, @ �� by +{> w,

� +{> w, @ 3

+814:,

Uhpdun 543 Wkh suhylrxv gh�qlwlrq lv zhoo0srvhg vlqfh/ e| yluwxh ri wkh gh�qlwlrq ri

rxu vljqdo vsdfh Gn> dw w @ 3 wkh ehdp lv dw uhvw1

Uhpdun 544 Wkh �uvw wzr htxdwlrqv ri wkh suhylrxv vhw vwdqg iru wkh edodqfh htxdwlrq

ri irufhv dqg wrutxhv iru d sodqh ehdp ri jhqhulf vkdsh1 Wkh wklug htxdwlrq lv qrw h{dfwo|
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d frqvwlwxwlyh uhodwlrq/ vlqfh wkh yduldeohv rq wkh ohiw kdqg vlgh duh qrw wkh vwudlqv1 Wkh

uhpdlqlqj wzr htxdwlrqv vshfli| wkh exon dfwlrqv/ pdlqwdlqlqj wkh qhjoljlelolw| ri wkh

urwdwlrqdo lqhuwld gxh wr wkh sk|vlfdo dvvxpswlrq ri wklq vhfwlrqv zlwk uhvshfw wr wkh

yhuwlfdo gluhfwlrq h2=

Qrz zh frqvlghu wzr sduwlfxodu nlqgv ri ehdp/ lq sduwlfxodu zh zloo dvvxph wkdw

iru wkhvh ehdpv wkh xqghiruphg vkdsh lv vwudljkw dqg sdudooho wr wkh h� yhfwru1

Gh�qlwlrq 545 D Wlprvkhqnr ehdp VA lv d sduwlfxodu ehdp gh�qhg e|=

VA @
�
++y�>y2>$, > +w�> w2>P,, 5 G2f�

n �G2f�
n = +y�>y2>$,FA +w�> w2>P,

�
+814;,

zkhuh wkh elqdu| uhodwlrq FA rq G2f�
n �G2f�

n vhohfw wkrvh ++y�>y2>$, > +w�> w2>P,, vxfk

wkdw=

;AAAAAAAAAA?AAAAAAAAAA=

+y�>y2>$, @

3EEC bz +3> w, bx +3> w, b& +3> w,

bz +o> w, bx +o> w, b& +o> w,

4FFD
+w�> w2>P, @

3EEC �Q +3> w, �W +3> w, �P +3> w,

Q +o> w, W +o> w, P +o> w,

4FFD
+814<,

zkhuh o lv wkh ohqjwk ri wkh ehdp dqg wkh �hogv bz +{> w, > bx +{> w, > b& +{> w, > Q +{> w, > W +{> w, >

445



P +{> w, yhuli|=

;AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA?AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA=

Q +{> w, . e� +{> w, @ 3

W +{> w, . eA +{> w, @ 3

P +{> w,� . W +{> w, . � +{> w, @ 33EEEEEEC
bQ +{> w,

bW +{> w,

bP +{> w,

4FFFFFFD @

3EEEEEEC
n� 3 3

3 nA 3

3 3 n�

4FFFFFFD

3EEEEEEC
bz� +{> w,

bx� +{> w,� b& +{> w,

b&
�
+{> w,

4FFFFFFD
e� +{> w, @ �� bz +{> w,

eA +{> w, @ �� bx +{> w,

� +v> w, @ 3

+8153,

Gh�qlwlrq 546 Dq Hxohu ehdp V. lv d sduwlfxodu ehdp gh�qhg e|=

V. @
�
++y�>y2>$, > +w�> w2>P,, 5 G2f�

n �G2f�
n = +y�>y2>$,F. +w�> w2>P,

�
+8154,

zkhuh wkh elqdu| uhodwlrq F. rq G2f�
n �G2f�

n vhohfwv wkrvh +y�>y2>$, > +w�> w2>P, vxfk

wkdw=

;AAAAAAAAAA?AAAAAAAAAA=

+y�>y2>$, @

3EEC bz +3> w, bx +3> w, b& +3> w,

bz +o> w, bx +o> w, b& +o> w,

4FFD
+w�> w2>P, @

3EEC �Q +3> w, �W +3> w, �P +3> w,

Q +o> w, W +o> w, P +o> w,

4FFD
+8155,

zkhuh o lv wkh ohqjwk ri wkh ehdp dqg wkh �hogv bz +{> w, > bx +{> w, > b& +{> w, > Q +{> w, > W +{> w, >
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P +{> w, yhuli|= ;AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA?AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA=

Q +{> w, . e� +{> w, @ 3

W +{> w, . eA +{> w, @ 3

P +{> w,� . W +{> w, . � +{> w, @ 33EEC bQ +{> w,

bP +{> w,

4FFD @

3EEC n� 3

3 n�

4FFD
3EEC bz� +{> w,

b&
�
+{> w,

4FFD
bx� +{> w,� b& +{> w, @ 3

e� +{> w, @ �� bz +{> w,

eA +{> w, @ �� bx +{> w,

� +v> w, @ 3

+8156,

wkh dvvxpswlrq bx� +{> w,� b& +{> w, @ 3 fdq eh frqvlghuhg dv d nlqhpdwlfdo frqvwudlqw/ gxh

wr wkh sk|vlfdo k|srwkhvlv ri vkhdu lqghirupdelolw|/ l1h1 nA $ 4=

Ixqgdphqwdo surshuwlhv ri vwuxfwxuhv

Dv zh kdyh grqh ghdolqj zlwk qhwzrunv/ zh zloo lqwurgxfh eulh | wkh prvw ixqgd0

phqwdo surshuwlhv ri dq q�whuplqdo vwuxfwxuh V1

Gh�qlwlrq 547 D vwuxfwxuh V lv olqhdu li V lv d vxevsdfh ri Y =@ G?f�
n �G?f�

n / l1h1=

; +��>� �, > +�2>� 2, 5 V> � 5 LU

;AA?AA=
+�� .�2>� � . � 2, 5 V

+��>�� , 5 V
+8157,

Uhpdun 548 Y lv wulyldoo| d yhfwru vsdfh/ rqfh lw lv hqgrzhg zlwk wkh vlpsoh rshudwlrqv

ri vxp ri wzr yhfwruv +�>� ,/ dqg pxowlsolfdwlrq ri d sdlu e| d uhdo qxpehu1 Ixuwkhupruh

zh lqwurgxfh wkh qrwlrq ri frqyhujhqfh dv zh kdyh grqh ghdolqj zlwk qhwzrunv1
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H{dpsoh 549 Doo wkh lqwurgxfhg frqvwudlqwv duh olqhdu1

H{dpsoh 54: Doo wkh lqwurgxfhg oxpshg hohphqwv duh olqhdu1

H{dpsoh 54; Qrqh ri wkh lqwurgxfhg vrxufhv lv olqhdu1

H{dpsoh 54< Doo wkh lqwurgxfhg frqwlqxrxv hohphqwv duh olqhdu1 Lq sduwlfxodu vlqfh F�

lv gh�qhg e| d vhw ri olqhdu ruglqdu| gl�huhqwldo htxdwlrqv dqg wkh frqvwlwxwlyh htxdwlrqv

duh olqhdu wkhq wkh ehdp lv olqhdu1

Gh�qlwlrq 553 Ohw V eh d vwuxfwxuh/ V@ lv vdlg wr eh wkh dxjphqwhg vwuxfwxuh li=

+�>�, 5 V , +�. � >� , 5 V@ +8158,

Wkh dxjphqwhg vwuxfwxuh fdq eh wkrxjkw dv wkh vwuxfwxuh rewdlqhg e| frqqhfwlqj

rqh xqlw gdpslqj ghylfh wr hdfk ri wkh whuplqdo ri wkh jlyhq vwuxfwxuh V=

Gh�qlwlrq 554 V lv vroydeoh li ; +Y�>Y2>, 5 G?f�
n <$ +�>�, 5 V vxfk wkdw

+Y�>Y2>, @ �. � @ +y�>y2>$,. +w�> w2>P, +8159,

Gh�qlwlrq 555 V lv frpsohwho| vroydeoh li lw lv vroydeoh dqg li

; k+Y�>Y2>,?l = LQ $ G?f�
n frqyhujhqw wr +Y�>Y2>, >

k++y�>y2>$,? > +w�> w2>P,?,l frqyhujhv wr ++y�>y2>$, > +w�> w2>P,,

zlwk +Y�>Y2>,? @ +y�>y2>$,?.+w�> w2>P,? +815:,

H{dpsoh 556 Doo wkh lqwurgxfhg frqvwudlqwv duh frpsohwho| vroydeoh1

H{dpsoh 557 Doo wkh lqwurgxfhg oxpshg hohphqwv duh frpsohwho| vroydeoh1
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H{dpsoh 558 Doo wkh lqwurgxfhg vrxufhv duh frpsohwho| vroydeoh1

H{dpsoh 559 Doo wkh lqwurgxfhg frqwlqxrxv hohphqwv duh frpsohwho| vroydeoh1

Gh�qlwlrq 55: V lv wlph0lqyduldqw li=

; +�> � , 5 V> ;wf 5 LU < +�|f +w, > � |f +w,, @ +� +w. wf, >� +w. wf,, +815;,

Uhpdun 55; Lq phfkdqlfv wkh wlph0lqyduldqfh surshuw| lv fdoohg phpru|ohvv/ dqg lw

hvvhqwldoo| pdlqwdlqv wkdw wkh vwuxfwxuh lv qrw deoh wr vwruh lqirupdwlrq derxw lwv ordg

f|fohv1

H{dpsoh 55< Doo wkh frqvwudlqwv duh wlph0lqyduldqw1

H{dpsoh 563 Doo wkh oxpshg hohphqwv duh wlph0lqyduldqw1

H{dpsoh 564 Qr rqh ri wkh vrxufhv lv lq jhqhudo wlph lqyduldqw vlqfh wkh| �{ rq vhw

ri yduldeoh/ lq d zd| wkdw lv jhqhudoo| ydu|lqj zlwk wlph1

H{dpsoh 565 Doo wkh frqwlqxrxv hohphqwv duh wlph0lqyduldqw/ vlqfh wkh vhw ri gl�hu0

hqwldo htxdwlrqv dqg wkh frqvwlwxwlyh uhodwlrqv duh wlph lqyduldqw1

Gh�qlwlrq 566 V lv sdvvlyh li=

; +�>� , 5 V> ;w 5 LU> H +w, @

] |

3"
� +�, = � +�, g� A 3 +815<,

rwkhuzlvh lw lv dfwlyh1

H{dpsoh 567 Doo wkh frqvwudlqwv duh sdvvlyh/ vlqfh iru doo ri wkhp=

s +w, @ � +w, = � +w, @ 3 , H +w, @ 3 +8163,
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Uhpdun 568 Lq jhqhudo wkhvh frqvwudlqwv duh fdoohg �shuihfw�/ vlqfh wkh| h{shqg }hur

srzhu rq doo wkh srvvleoh glvsodfhphqwv1

H{dpsoh 569 Wkh gdpslqj hohphqw lv sdvvlyh/ vlqfh=

s +w, @ � +w, = � +w, @
2[
�'�

w��y
�
� . w�2y

�
2 .P � b&

�
@ u

k�
w�� +w,

�2
.
�
w�2 +w,

�2
.
�
P� +w,

�2l, H +w, A 3

+8164,

H{dpsoh 56: Wkh vsulqj lv sdvvlyh vlqfh=

H +w, @
4

5
n +�o +w,,2 A 3 +8165,

zkhuh �o +w, @ o +w,� of lv wkh yduldwlrq ri ohqjwk ri wkh vsulqj zlwk uhvshfw wr lwv lqlwldo

ohqjwk1

H{dpsoh 56; Wkh pdvv lv sdvvlyh vlqfh=

H +w, @
4

5
p
��
y�� +w,

�2
.
�
y2� +w,

�2� A 3 +8166,

H{dpsoh 56< Doo wkh vrxufhv duh dfwlyh

Iurp qrz rq iru vlpsolflw|/ zh zloo uhvwulfw wr Wlprvkhqnr dqg Hxohu ehdpv1

H{dpsoh 573 Doo wkh frqwlqxrxv hohphqwv duh sdvvlyh/ vlqfh=

s +w, @ Q bzm,f . W bxm,f . P $m,f +8167,

dqg=

H +w, @

] r2

r�

4

5
� bz2 .

4

5
� bx2 .

4

5
n�
�
z�
�2

.
4

5
nA
�
x� � &

�2
.

4

5
n�

�
&�
�2
gv A 3 +8168,
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Dv d suholplqdu| wr wkh gh�qlwlrq ri d orvvohvv vwuxfwxuh/ zh vwdwh wkh iroorzlqj

ohppd=

Ohppd 574 Li V lv sdvvlyh/ vroydeoh dqg ; +Y�>Y2>, 5 G?f�
n _O?f�2 / wkhq � dqg �

ehorqj wr G?f�
n _ O?f�2 wrr/ dqg H +4, 5 LUn1

Surri1 Vlqfh wkh qhwzrun lv vroydeoh wkhq iru hyhu| +Y�>Y2>, 5 G?f�
n wkhuh lv d

xqltxh sdlu +�>� , 5 V vxfk wkdw +Y�>Y2>,@ �.� > wkxv

U |
3" +Y�>Y2>,

A +�, +Y�>Y2>, +�,g�

@
U |
3"� +�,A � +�,g� .

U |
3" � +�,A � +�, g� . 5

U |
3"�A +�,� +�, g�

+8169,

Vxssrvlqj wkdw +Y�>Y2>, 5 G?f�
n _O?f�2 zh kdyh wkdw n+Y�>Y2>,n 5 LUn/ exw/ vlqfh

V lv sdvvlyh/ wkh suhylrxv htxdolw| lpsolhv wkdw erwk � dqg � ehorqj wr O?f�2 dqg wkdw

H +4, @
U |
3"�A +�, � +�,g� 5 LUn=

Gh�qlwlrq 575 D vwuxfwxuh V lv orvvohvv li=

� V lv sdvvlyh

� V lv vroydeoh

� ; +Y�>Y2>, 5 G?f�
n _ O?f�2 / H +4, @ 3

H{dpsoh 576 Doo wkh lqwurgxfhg frqvwudlqwv duh orvvohvv vlqfh/ lq sduwlfxodu/ s+w, @ 3=

H{dpsoh 577 Wkh lqwurgxfhg pdvv dqg wkh vsulqj duh orvvohvv/ zkloh wkh gdpslqj gh0

ylfh lv qrw orvvohvv1

H{dpsoh 578 Wkh lqwurgxfhg frqwlqxrxv hohphqwv duh orvvohvv1

44;



Qrwdwlrq 579 Lq zkdw iroorzv/ lq rughu wr hpskdvl}h wkh fruuhvsrqghqfh ehwzhhq wkh

prgho ri qhwzrun dqg wkh prgho ri vwuxfwxuh/ dqg wr vlpsoli| wkh pdwkhpdwlfv lqyroyhg

lq wkh gh�qlwlrq ri uhflsurflw| dqg lq wkh wlph grpdlq uhsuhvhqwdwlrq/ zh zloo xvh d

�Yrljw� uhsuhvhqwdwlrq iru wkh vwdwh yduldeoh � dqg � = Wkdw lv/ zh zloo dvvhpeoh wkhvh

wzr q� 6 pdwul{ lq wzr 6q froxpq yhfwruv lq G�?
n =

� @

3EEEEEEEEEEEEEEEEEEEEEEEC

y��

y�2

$�

===

y?�

y?2

$?

4FFFFFFFFFFFFFFFFFFFFFFFD

> � @

3EEEEEEEEEEEEEEEEEEEEEEEC

w��

w�2

P�

===

w?�

w?2

P?

4FFFFFFFFFFFFFFFFFFFFFFFD

+816:,

Gh�qlwlrq 57: V lv uhflsurfdo li=

; +��>� �, > +�2>� 2, 5 V> �A
� � � � @ �A

2 � � � +816;,

H{dpsoh 57; Doo wkh lqwurgxfhg oxpshg vwuxfwxuhv duh uhflsurfdo1

Uhpdun 57< Li +��> � �, dqg +�2>� 2, ehorqj wr
�G�?

n �G�?
n

� _ �V ��? �V��?� wkhq e|

wkh wkhruhp ri frqyroxwlrq/ wkh suhylrxv htxdwlrq vwdwhv=

; +��>� �, > +�2>� 2, 5 V _ �V �?f� �V �?f�� +O ^��`,
A O ^� 2` @ +O ^�2`,

A O ^� �`

+816<,

Sursrvlwlrq 583 +G|qdplfdo Pd{zhoo0Ehwwl uhflsurfdo wkhruhp, Doo wkh lqwurgxfhg frq0

wlqxrxv vwuxfwxuhv duh uhflsurfdo1
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Surri1 Vxssrvh wkdw +��> � �, dqg +�2> � 2, ehorqj wr
�G�?

n �G�?
n

�_ �V ��? �V��?�/
l1h1 hyhu| hqwu| lv d whpshuhg glvwulexwlrq1 Wkhq zh fdq wdnh Odsodfh wudqvirup ri doo

wkh edodqfh htxdwlrqv/ wr jhw=

Q � � � by� @ 3 @, �Q � @ v� �y� +8173,

P � . W @ 3 @, �P � . �W @ 3

W � � � by2 @, �W � @ v� �y2

Zkhuh wkh wlogh ghqrwhv wkh Odsodfh wudqvirup/ l1h1

i 5 �G�?
n �G�?

n

� _ �V ��? �V ��?� > O ^i +{> w,` +v, @= �i +{> v, +8174,

1Ixuwkhupruh zh fdq wdnh Odsodfh wdqvirup ri wkh frqvwlwxwlyh uhodwlrqv=

bQ @ n�y
�
� @, v �Q @ n� �y�� +8175,

bW @ nA y
�
2 @, v �W @ nA �y

�
2

bP @ n�$� @, v �P @ n� �$�

Frqvlghu qrz wkh wzr jlyhq vhw ri htxdwlrqv iru wkh sdlu +��>� �, dqg uhjdug wkh rwkhu

sdlu +�2>� 2, dv d whvw yhfwru/ l1h1 pxowlso| wkh �uvw edodqfh htxdwlrq iru wkh qrupdo

vwuhvvhv e| wkh yhorflw| �y2� +{, dqg lqwhjudwh ryhu wkh grpdlq=] ,

f

�Q �
��y

2
�g{ @

] ,

f
v� �y���y

2
�g{ @, n�

v

] ,

f
�y���� �y2�g{ @

] ,

f
v� �y���y

2
�g{ @, +8176,

Q��y
2
�

��,
f

@

] ,

f
v� �y���y

2
�g{.

n�
v

] ,

f
�y��� �y

2�
� g{

Qrz ohw xv pxowlso| wkh vhfrqg edodqfh htxdwlrq e| wkh dqjxodu yhorflw| �$2 +{, dqg

lqwhjudwh ryhu wkh grpdlq=] ,

f

�
�P �
��$

2 . �W��$
2
�
g{ @ 3 @, �P��$

2
���,
f
�
] ,

f

�P��$
2�g{.

] ,

f

�W��$
2g{ @ 3 +8177,
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Qrz frqvlghu wkh yhorflw| �y22 +{, vxfk wkdw �$2 @ �v
�W2
nA

. �y2�2 =

�P��$
2
���,
f
� n�

] ,

f
�$���$2�g{.

] ,

f

�W�

#
�v

�W2
nA

. �y2�2

$
g{ @ 3 @,

�P��$
2
���,
f
. �W��y

2
2

���,
f
@ n�

] ,

f
�$���$2�g{.

v

nA

] ,

f

�W� �W2g{. v

] ,

f
��y�2�y

2
2g{

Khqfh=

Q��y
2
�

��,
f
. �P��$

2
���,
f
. �W��y

2
2

���,
f
@

@

] ,

f
v� �y���y

2
�g{.

n�
v

] ,

f
�y��� �y

2�
� g{. n�

] ,

f
�$���$2�g{.

v

nA

] ,

f

�W� �W2g{. v

] ,

f
��y�2�y

2
2g{ @

@ Q2�y
�
�

��,
f
. �P2�$

�
���,
f
. �W2�y

�
2

���,
f

Wlph grpdlq uhsuhvhqwdwlrq ri olqhdu/ frpsohwho| vroydeoh dqg

wlph0lqyduldqw vwuxfwxuhv1

Dv zh kdyh vwdwhg lq Fodlp+4<8, dq q�whuplqdo vwuxfwxuh V lv frpsohwho| dqdorj

wr d 6q�sruw qhwzrun Q 1

Khqfh zh fdq h{sorlw doo wkh uhvxowv rewdlqhg lq wkh wlph grpdlq uhsuhvhqwdwlrq iru

qhwzrunv zkhq ghdolqj zlwk vwuxfwxuhv1

Fruroodu| 584 Iru d olqhdu/ frpsohwho| vroydeoh dqg wlph lqyduldqw q�whuplqdo vwuxf0

wxuh V wkhuh h{lvwv d xqltxh glvwulexwlrq |@ lq G�?�
n vxfk wkdw=

;V 5G�?
n � @|@ � V +8178,
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zkhuh

V =@

3EEEEEEEEEEEEEEEEEEEEEEEC

Y �
�

Y �
2

�

===

Y ?
�

Y ?
2

?

4FFFFFFFFFFFFFFFFFFFFFFFD

+8179,

lv wkh jhqhulf Vkdnhu1 Vlqfh V @ � .� wkhq=

� @ �|@ � V. V @+� � |@, � V +817:,

zkhuh � lv wkh Gludf glvwulexwlrq lq G�?
n =

Iuhtxhqf| grpdlq uhsuhvhqwdwlrq ri olqhdu/ frpsohwho| vroydeoh dqg

wlph0lqyduldqw vwuxfwxuhv1

Lq wklv vhfwlrq zh zloo lqwurgxfh wkh prvw xvhixo iuhtxhqf| grpdlq uhsuhvhqwdwlrq

iru olqhdu/ frpsohwho| vroydeoh dqg wlph lqyduldqw q�whuplqdo vwuxfwxuhv1

Khqfh/ iurp ht1+8178, dqg ht1+817:, zh jhw=

�� +v, @ \@ +v, �V +v, +817;,

�� +v, @ +4�\@ +v,, �V +v, +817<,

Gh�qlwlrq 585 Wkh Prelolw| pdwul{ P +v, lv gh�qhg dv=

�� @ P +v, �� +8183,

P +v, @ +4�\@ +v,,\
3�
@ +v, +8184,
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Uhpdun 586 Wkh Prelolw| pdwul{ fdq eh sduwlwlrqhg dv=

P @

3EEEEEEC
��c� === ��c?

=== === ===

�?c� === ��c?

4FFFFFFD +8185,

zkhuh ��c� lv d 6� 6 pdwul{ zklfk qhhgv d sk|vlfdo lqwhusuhwdwlrq=

� ��c�
�c� lv wkh yhorflw| y� dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ m duh

ordg iuhh dqg dw W� d xqlw krul}rqwdo irufh lv dssolhg1

� ��c�
�c2 lv wkh yhorflw| y� dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ m duh

ordg iuhh dqg dw W� d xqlw yhuwlfdo irufh lv dssolhg1

� ��c�
�c� lv wkh yhorflw| y� dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ m duh

ordg iuhh dqg dw W� d xqlw frxsoh lv dssolhg1

� ��c�
2c� lv wkh yhorflw| y2 dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ m duh

ordg iuhh dqg dw W� d xqlw krul}rqwdo irufh lv dssolhg1

� ��c�
2c2 lv wkh yhorflw| y2 dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ m duh

ordg iuhh dqg dw W� d xqlw yhuwlfdo irufh lv dssolhg1

� ��c�
2c� lv wkh yhorflw| y2 dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ m duh

ordg iuhh dqg dw W� d xqlw frxsoh lv dssolhg1

� ��c�
�c� lv wkh dqjxodu yhorflw| $ dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk

n 9@ m duh ordg iuhh dqg dw W� d xqlw krul}rqwdo irufh lv dssolhg1

� ��c�
�c2 lv wkh dqjxodu yhorflw| $ dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk

n 9@ m duh ordg iuhh dqg dw W� d xqlw yhuwlfdo irufh lv dssolhg1
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� ��c�
�c� lv wkh dqjxodu yhorflw| $ dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk

n 9@ m duh ordg iuhh dqg dw W� d xqlw frxsoh lv dssolhg1

Uhpdun 587 Wkh whupv rq wkh gldjrqdo ri P duh fdoohg gulylqj prelolw|=

� ��c�
�c� lv wkh yhorflw| y� dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ l duh

ordg iuhh dqg dw W� d xqlw krul}rqwdo irufh lv dssolhg1

� ��c�
2c2 lv wkh yhorflw| y2 dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ l duh

ordg iuhh dqg dw W� d xqlw yhuwlfdo irufh lv dssolhg1

� ��c�
�c� lv wkh yhorflw| y2 dw wkh whuplqdo W� zkhq doo wkh whuplqdov W& zlwk n 9@ l duh

ordg iuhh dqg dw W� d xqlw frxsoh lv dssolhg1

Gh�qlwlrq 588 Wkh Phfkdqlfdo lpshgdqfh pdwul{ ] +v, lv gh�qhg dv=

�� @ ] +v, �� +8186,

P +v, @ \@ +v, +4�\@ +v,,
3� +8187,

Uhpdun 589 Wkh Phfkdqlfdo lpshgdqfh pdwul{ fdq eh sduwlwlrqhg dv=

] @

3EEEEEEC
��c� === ��c?

=== === ===

�?c� === ��c?

4FFFFFFD +8188,

zkhuh ��c� lv d 6 � 6 pdwul{/ wkh sk|vlfdo lqwhusuhwdwlrq ri hdfk hqwu| fdq eh ghgxfhg

iurp wkh ghwdlohg dqdo|vlv ri wkh prelolw| pdwul{1 Wkh hohphqwv rq wkh gldjrqdo ri ] duh

fdoohg gulylqj lpshgdqfhv1
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Dvvxph wkdw wkh vwuxfwxuh kdv dq hyhq qxpehu ri whuplqdov q @ 5p/ wkhq zh fdq

sduwlwlrq wkh whuplqdov lqwr wzr vhwv 4 dqg 5 vxfk wkdw 4 frqwdlqv wkh �uvw p whuplqdov

dqg 5 wkh rwkhuv1 Dffruglqj wr wklv sduwlwlrq zh fdq zulwh=

�� @

3EEC ���

��2

4FFD dqg �� @

3EEC �� �

�� 2

4FFD +8189,

Gh�qlwlrq 58: Wkh wudqvplvvlrq pdwul{ lv gh�qhg dv=

3EEC ��2

��� 2

4FFD @ 
+v,

3EEC ���

�� �

4FFD +818:,

Vrphwlphv lw lv srvvleoh wr uhodwh wkh wudqvplvvlrq pdwul{ wr wkh prelolw| pdwul{/

e| wkh iroorzlqj irupxodv/ htxlydohqw wr wkrvh vwdwhg ghdolqj zlwk qhwzrunv=


+v, @

3EEC �P3�
�c2 P3�

�c2P�c�

P2c2P
3�
�c2 P�c2�P2c2P

3�
�c2P�c�

4FFD +818;,

P +v, @

3EEC �
3��c2
2c2 �
3�2c�

�
�c�

3�
2c�
2c2 .
�c2 �
�c�


3�
2c�

4FFD +818<,

Iuhtxhqf| grpdlq uhsuhvhqwdwlrq ri dq Hxohu ehdp

D ehdp lv d olqhdu/ frpsohwho| vroydeoh dqg wlph lqyduldqw wzr0whuplqdo vwuxfwxuh/

wkxv zh fdq vwxg| lwv iuhtxhqf| grpdlq uhsuhvhqwdwlrq e| phdqv ri wkh wrrov ghyhorshg

lq wkh suhylrxv vhfwlrq1

Lq rughu wr pdnh xvh ri wklv uhsuhvhqwdwlrq lq wkh v|qwkhvlv ri wkh dqdorj qhwzrun/

lw lv ehwwhu wr zrun zlwk glphqvlrqohvv yduldeohv dqg htxdwlrqv1
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Khqfh ohw xv lqwurgxfh wkh iroorzlqj fkdudfwhulvwlf ydoxhv=

;AAAAAAAAAA?AAAAAAAAAA=

o lv wkh ohqjkw ri wkh ehdp

wf @
2Z
/f
> zkhuh $f lv d w|slfdo dqjxodu iuhtxhqf| wkdw zloo eh gh�qhg

dffruglqj wr wkh dssolfdwlrq zh duh ghdolqj zlwk1

uf lv wkh udglxv ri j|udwlrq ri wkh vhfwlrq

+8193,

dqg wkh iroorzlqj glphqvlrqohvv yduldeohv=

% @
{

o
� @

w

wf
� @

z

o
� @

x

uf
� @

o

uf
& +8194,

Wkxv wkh vhw ri frqvwlwxwlyh htxdwlrqv wkdw vshfli| dq Hxohu ehdp ehfrphv=

Q @ n�
Cz

C{
, Q @ n�

C�

C%
+8195,

Cx

C{
@ & , uf

o

C�

C%
@

uf
o
� , C�

C%
@ � +8196,

P @ n�
C&

C{
, P @

n�uf
o2

C�

C%
+8197,

Lqwurgxflqj wkh glphqvlrqohvv frqwdfw dfwlrqv=

I� @
4

n�
Q IA @

o�

n�uf
W I� @

o2

n�uf
P +8198,

Wkh vhw ri frqvwlwxwlyh uhodwlrqv ehfrphv=

I� @
C�

C%
+8199,

C�

C%
@ � +819:,

I� @
C�

C%
+819;,
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dqg wkh vhw ri edodqfh htxdwlrqv ehfrphv=

CQ

C{
� �

C2z

Cw2
@ 3 , n�

o

CI�
C%

� �
o

w2f

C2�

C�2
@ 3 , CI�

C%
@

�o2

w2fn�

C2�

C�2
+819<,

CW

C{
� �

C2x

Cw2
@ 3 , n�uf

oe
CIA
C%

� �
uf
w2f

C2�

C�2
@ 3 , CIA

C%
@

�oe

w2fn�

C2�

C�2
+81:3,

CP

C{
. W @ 3 , n�uf

o�
CI�
C%

.
n�uf
o�

IA @ 3 , CI�
C%

. IA @ 3 +81:4,

Dv idu dv zh kdyh grqh lq wkh dqdo|vlv ri wkh vwuxfwxuh V. Hxohu ehdp/ ohw xv zulwh doo wkh

frqvwlwxwlyh dqg edodqfh htxdwlrqv lq whupv ri yhorflw| �hogv/ lqvwhdg ri glvsodfhphqw

�hogv1

Khqfh/ ohw xv lqwurgxfh wkh iroorzlqj glphqvlrqohvv yhorflw| �hogv=

y1 @
C�

C�
yl @

C�

C�
yw @

C�

C�
+81:5,

dqg wkh wzr uhdo srvlwlyh frqvwdqwv=

�2 @
�oe

w2fn�
�2 @

�o2

w2fn�
+81:6,

Vxppdu| 58; Wkxv d �glphqvlrqohvv� Hxohu ehdp fdq eh vshfl�hg e| wkh iroorzlqj

uhodwlrqv=

;AAAAAAAAAA?AAAAAAAAAA=

+y�>y2>$, @

3EEC y1 +3> �, yl +3> �, yw +3> �,

y1 +4> �, yl +4> �, yw +4> �,

4FFD
+w�> w2>P, @

3EEC �I� +3> �, �IA +3> �, �I� +3> �,

I� +4> �, IA +4> �, I� +4> �,

4FFD
+81:7,
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zkhuh wkh �hogv vr idu lqwurgxfhg vdwlvi|=

;AAAAAAAAAAAAAA?AAAAAAAAAAAAAA=

CI�
C%

@ �2
Cy1
C�

>
CIA
C%

@ �2
Cyl
C�

CI�
C%

. IA @ 3>
CI�
C�

@
Cy1
C%

Cyl
C%

@ yw>
CI�
C�

@
Cyw
C%

+81:8,

Wudqvplvvlrq pdwul{

Ohw xv �qg dq h{suhvvlrq iru wkh glphqvlrqohvv wudqvplvvlrq pdwul{/ gh�qhg dv=

3EEEEEEEEEEEEEEEEEEEC

�y2�

�y22

�$2

��w2�

��w22

� �P2
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Wr rewdlqhg wkh uhtxhvwhg wudqvplvvlrq pdwul{ 
+�, > ohw xv frqvlghu wkh Odsodfh wudqv0

iruphg vhw ri edodqfh dqg frqvwlwxwlyh htxdwlrqv iru wkh glphqvlrqohvv Hxohu ehdp=;AAAAAAAAAAAAAA?AAAAAAAAAAAAAA=
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Wkh vhw ri htxdwlrqv fdq eh duudqjhg lq wkh iroorzlqj qrupdo irup zklfk lpphgldwho|

vkrzv wkdw ehqglqj dqg d{ldo ghirupdwlrqv duh jryhuqhg e| xqfrxsohg htxdwlrqv=3EEEEEEEEEEEEEEEEEEEC
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zkhuh wkh pdwul{ dqg wkh froxpqv fdq eh sduwlwlrqhg dv iroorzv=
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E lv fdoohg wkh ehqglqj pdwul{/ zkloh F lv fdoohg wkh frpsuhvvlrq pdwul{ vlqfh wkh|

uhodwh uhvshfwlyho| wkh ehqglqj dqg wkh frpsuhvvlrq ri wkh ehdp1

Uhpdun 58< Lq wkh frqvlghuhg prgho ri wkh ehdp vwuxfwxuh lw lv dvvxphg wkdw wkh

qrupdo vwuhvv grhv qrw vshqg dq| srzhu rq wkh yhuwlfdo glvsodfhphqw ri wkh ehdp1 Wklv lv

wuxh ehfdxvh zh olplw rxu vwxg| wr vpdoo ghirupdwlrqv dqg olqhdul}h lq wkh qhljkerukrrg

ri wkh xqghiruphg vwudljkw olqh frq�jxudwlrq1 Wkhq wkh ehqglqj dqg wkh frpsuhvvlrq

prghv duh frpsohwho| xqfrxsohg/ dqg lw zloo eh srvvleoh wr v|qwkhvl}h wkhp e| phdqv ri

wzr gl�huhqw flufxlwv1
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E| yluwxh ri wkh suhylrxv uhpdun lw lv srvvleoh wr vwxg| wkh ehqglqj dqg wkh frpsuhv0

vlrq dv wzr glvwlqfw skhqrphqd/ wkxv lqwurgxflqj wzr gl�huhqw pdwul{ uhsuhvhqwdwlrqv=3EEEEEEEEEEC

�y22

�$2

��w22

� �P2

4FFFFFFFFFFD
@ 
� +�,

3EEEEEEEEEEC

�y�2

�$�

�w�2

�P�

4FFFFFFFFFFD
+81;6,

3EEC �y2�

��w2�

4FFD @ 
� +�,

3EEC �y��

�w��

4FFD +81;7,

zkhuh 
� +�, dqg 
� +�, zloo eh fdoohg uhvshfwlyho| wkh ehqglqj dqg wkh frpsuhvvlrq

wudqvplvvlrq pdwul{1

Wkh vroxwlrq ri +81;4, fdq eh h{suhvvhg lq whupv ri wkh ydoxh ri

3EEC �"�

�"�

4FFD dw % @ 3

lq wkh iroorzlqj irup/ vhh Shdvh +4<98,^47` iru pruh ghwdlov =;AA?AA=
�"� +%> �, @ h�0 �"� +3> �,

�"� +%> �, @ h�0 �"� +3> �,
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zkhuh wkh pdwulfhv h�0 dqg h�0 fdq eh frpsxwhg dv iroorzv1

Ohw xv vwduw zlwk wkh frpsuhvvlrq pdwul{ dqg �qg wkh hljhqyhfwruv dqg hljhqydoxhv
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Dvvhpeolqj wkh hljhqyhfwruv lq d pdwul{ zh jhw=
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dqg wkh pdwul{ h�0 fdq eh hydoxdwhg dv iroorzv=
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Qrz zh kdyh wr hydoxdwh wkh pdwul{ h�0/ iroorzlqj wkh vdph vwhsv dv zh kdyh grqh

lq wkh frpsuhvvlrq dqdo|vlv1 Wkh hljhqyhfwruv dqg hljhqydoxhv ri E duh=

Hljhqyhfwruv

3EEEEEEEEEEEEEEEEEEEC

t
+3q2#2,
q2#

�
e
t
+3q2#2,

��

q2#

� e

t���2�2�
4

4FFFFFFFFFFFFFFFFFFFD

3EEEEEEEEEEEEEEEEEEEC

�
t
+3q2#2,
q2#

�l
�
e
t
+3q2#2,

��

q2#

�l e

t���2�2�
4

4FFFFFFFFFFFFFFFFFFFD

3EEEEEEEEEEEEEEEEEEEC

t
+3q2#2,
q2#

�
�
e
t
+3q2#2,

��

q2#

e

t���2�2�
4

4FFFFFFFFFFFFFFFFFFFD

3EEEEEEEEEEEEEEEEEEEC

�
t
+3q2#2,
q2#

l

�
e
t
+3q2#2,

��

q2#

l e

t���2�2�
4

4FFFFFFFFFFFFFFFFFFFD

Hljhqydoxhv �� @
e

t���2�2� �2 @ l e

t���2�2� �� @ � e

t���2�2� �e @ �l e

t���2�2�
+81<6,

Fkrrvlqj

e

t���2�2� @s�
s
�h�

Z
e @=

s
�n +81<7,

466



zkhuh
s
� lv vxfk wkdw Lp
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Uhpdun 593 Rq wkh lpdjlqdu| d{lv � @ l'> ' 5 LU dqg
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Dqg dvvhpeolqj wkh hljhqydoxhv lq d gldjrqdo pdwul{ zh rewdlq=
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Lw lv zhoo nqrzq wkdw=
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wkh h{sdqghg h{suhvvlrq iru h�0 lv fxpehuvrph/ ehfdxvh ri wkh juhdw dprxqw ri wudvfhq0

ghqwdo ixqfwlrqv lqyroyhg lq hdfk hqwu| ri wkh pdwul{1 Krzhyhu lq wkh vhfwlrqv ehorz zh

zloo qhhg wklv h{suhvvlrq lq whupv ri lwv vxepdwulfhv1 Wkh Ehqglqj Wudqvplvvlrq pdwul{

lv=
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Prelolw| pdwul{
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wkh sureohp lw lv zruwkzkloh wr �qg vhsdudwho| wkh ehqglqj prelolw| pdwul{ P� dqg
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wkh frpsuhvvlrq prelolw| pdwul{ P� gh�qhg e|=3EEEEEEEEEEC
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Uhpdun 594 Wkh frpsuhvvlrq prelolw| pdwul{ lv qrw d udwlrqdo pdwul{/ wkxv lw fdqqrw

eh v|qwkhvl}hg dv d �qlwh qhwzrun1 Lqghhg zh zloo vhh lq fkdswhu+9, wkdw dq lq�qlwh
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qhwzrun lv qhhghg zklfk lv wkh fdvfdgh ri dq lq�qlwh qxpehu ri �qlwh qhwzrunv fdoohg
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Wkh prelolw| pdwul{ P� fdq eh h{suhvvhg lq whupv ri wkh suhylrxv vxepdwulfhv dv

iroorzv=
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Uhpdun 595 Wkh ehqglqj prelolw| pdwul{ lv v|pphwulf/ dqg lw fdq eh zulwwhq dv=
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Uhpdun 596 Wkh ehqglqj prelolw| pdwul{ lv qrw d udwlrqdo pdwul{/ wkxv lw fdqqrw eh

v|qwkhvl}hg dv d �qlwh qhwzrun1 Lqghhg zh zloo vhh lq fkdswhu+9, wkdw dq lq�qlwh qhwzrun

lv qhhghg/ zklfk fdq eh ghvljqhg dv wkh fdvfdgh ri dq lq�qlwh qxpehu ri �qlwh qhwzrunv

fdoohg prgxol1

Rqfh zh kdyh irxqg wkh wzr pdwulfhv P� dqg P� lw lv hdv| wr pdqlsxodwh wkhp

lq rughu wr rewdlq wkh Prelolw| pdwul{ P ri wkh Hxohu ehdp1

Fdqwlohyhu ehdp Lw lv lqwhuhvwlqj wr ghgxfh wkh lpshgdqfh ri d fdqwlohyhu ehdp e|

phdqv ri wklv srzhuixo pdwul{ irupxodwlrq1 Lqghhg zh fdq wklqn ri wkh fdqwlohyhu ehdp

dv d iudph I�3K frqvwlwxwhg e| wzr hohphqwv= d fodpslqj ghylfh V� dqg dq Hxohu ehdp
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Iljxuh 81;= Fdqwlohyhu ehdp

46<



Lq sduwlfxodu I�3K fdq eh wkrxjkw ri dv d uhsuhvhqwdwlyh ri d fodvv ri 4�whuplqdo

vwuxfwxuh gh�qhg e| d 6�6 prelolw| pdwul{ P zklfk fdq eh hydoxdwhg e| wkh iroorzlqj

vwhsv1
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Sursrvlwlrq 597 Wkh prelolw| pdwul{ ri d fdqwlohyhu ehdp lv=
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Iljxuh 81<= Ordghg Fdqwlohyhu ehdp
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+81456,

Uhpdun 598 Doo wkh whupv rq wkh gldjrqdo ri P uhsuhvhqw d gulylqj prelolw|=

� uhsuhvhqwv wkh d{ldo yhorflw| uhvxowlqj iurp d xqlw d{ldo ordg/

� uhsuhvhqwv wkh wudqvyhuvh yhorflw| uhvxowlqj iurp d xqlw vkhdu ordg/

� uhsuhvhqwv wkh dqjxodu yhorflw| uhvxowlqj iurp d xqlw frxsoh1

Uhpdun 599 Doo wkh uhvxowv ghulyhg vr idu djuhh zlwk wkh frqfoxvlrqv ghulyhg lq fkdswhu

+7,/ exw zlwk wkh lqwurgxfhg wkhru| ri vwuxfwxuhv/ zh kdyh vdyhg pdq| vwhsv uhdfklqj pruh

jhqhudo dqg xvhixo jrdov1
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Fkdswhu 9

V|qwkhvlv ri d flufxlw dqdorj wr

wkh Hxohu ehdp

Qrz/ lw lv wlph wr phujh wkh nqrzohgjh zklfk zh kdyh dftxluhg vr idu wr vroyh wkh

sudfwlfdo sureohp ri wkh v|qwkhvlv ri d qhwzrun dqdorj wr wkh Hxohu Ehdp1 Ohw xv ghwdlo

wklv sxusrvh=

Sureohp 59: Jlyhq wkh glphqvlrqohvv prelolw| pdwul{ P iru dq Hxohu ehdp/ zh kdyh

wr �qg d flufxlw ghvfulehg e| d glphqvlrqohvv lpshgdqfh } vxfk wkdw=

} +�, @ P +�, +914,

Vxfk d flufxlw zloo eh vdlg wr eh wkh dqdorj ri wkh Hxohu ehdp1

Wkh lpphgldwh v|qwkhvlv ri wkh qhwzrun lv yhu| gl!fxow/ vlqfh P lv qrw d udwlrqdo

pdwul{1

Lq idfw zh zdqw wr uhdol}h d glvwulexwhg flufxlw jryhuqhg e| wkh vdph vhw ri htxdwlrqv

wkdw gh�qhv dq Hxohu ehdp1 Zh uhtxluh wkh flufxlw wr ehkdyh dv d ehdp dw hyhu| srlqw/

qrw rqo| dw lwv whuplqdov1

Wklv sureohp fdq eh h{solflwo| vwdwhg dv=
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Sureohp 59; V|qwkhvl}h d glvwulexwhg flufxlw F. vxfk wkdw wkh 9�sruw qhwzrun rewdlqhg

frqvlghulqj wkh flufxlw wkdw olhv iurp { @ {� wr { @ {2 lv dqdorj wr wkh 5�whuplqdo

vwuxfwxuh rewdlqhg frqvlghulqj wkh ehdp0hohphqw iurp { @ {� wr { @ {2 iru hyhu| fkrlfh

ri {�dqg {2 iurp 3 wr o1

Wkh zd| zh zloo dssurdfk wklv sureohp zloo eh ghwdlohg e| wkh iroorzlqj vwhsv/ exw

dv dq dqwlflsdwlrq zh vwdwh wkdw lw zloo ehfrph qhfhvvdu| wr sduwlwlrq wkh ehdp lqwr d

fodvv ri ehdp0hohphqwv dqg wkhq v|qwkhvl}h d flufxlw vlpxodwlqj hdfk hohphqw1

l

x

∆

Iljxuh 914= Phvk rq wkh ehdp

41 Frqvlghu wkh Hxohu ehdp V. ri ohqjwk o dv wkh fdvfdgh ri q Hxohu ehdpv ri vl}h

� @
o

q
> wkhq wkh wudqvplvvlrq pdwul{ 
 ri V. zloo eh=


+�,@ +
e +�,,
? +915,

zkhuh 
e lv wkh wudqvplvvlrq pdwul{ ri d jhqhulf vwuxfwxudo phpehu +vlqfh doo wkh

ohqjwk ri wkh ehdp0hohphqwv duh htxdo/ hdfk ri wkhp lv uhsuhvhqwhg e| wkh vdph

wudqvplvvlrq pdwul{ 
e +�,,1

51 Vxssrvlqj� wr eh �vpdoo�/ wkh prelolw| pdwul{Pe ri d jhqhulf vwuxfwxudo phpehu

lv h{sdqghg dv d Odxuhqw vhulhv lq whupv ri � lq wkh qhljkerukrrg ri � @ 3=
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61 Wuxqfdwh wkh h{sdqvlrq dw d vxlwdeoh ghjuhh ri dssur{lpdwlrq1

71 V|qwkhvl}h wkh uhvxowlqj udwlrqdo Prelolw| pdwul{ Pe e| d �qlwh glphqvlrqohvv

vxeqhwzrun1

81 Fdvfdgh frqqhfw wkh vxeqhwzrunv/ rewdlqlqj d �qlwh flufxlw zklfk dssur{lpdwhv

wkh ehdp pruh forvho| dv wkh qxpehu ri vwuxfwxudo phpehuv2vxeqhwzrunv lq0

fuhdvhv1

l

x l
n

Iljxuh 915= Flufxlw

Uhpdun 59< Iru sudfwlfdo sxusrvhv/ � fdqqrw eh dv vpdoo dv zh zdqw/ iru wkhq wkh

flufxlw dqdorj zloo eh zhoo0ehkdyhg rqo| rq d olplwhg udqjh ri iuhtxhqflhv1 Lq idfw dv zh

zloo vhh/ wkh h{sdqvlrq zloo lqyroyh d wudvfhqghqwdo ixqfwlrq zkrvh dujxphqw lv sursru0

wlrqdo wr wkh surgxfw ri iuhtxhqf| dqg vl}h1 Khqfh dv wkh iuhtxhqf| lqfuhdvhv/ wkh vl}h

vkrxog ehfrph vpdoohu dqg vpdoohu lq rughu wr surylgh d jrrg dssur{lpdwlrq1

Lqlwldoo| ohw xv �qg wkh glphqvlrqohvv wudqvplvvlrq pdwul{ ri d ehdp0hohphqw1 Zlwk0

rxw odfn ri jhqhudolw|/ zh fdq frqvlghu wkh �uvw ehdp0hohphqw/ l1h1 wkh rqh zkrvh �uvw

whuplqdo frlqflghv zlwk wkh �uvw whuplqdo ri wkh zkroh ehdp1
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Iljxuh 916= Iluvw ehdp0hohphqw

Wkh glphqvlrqohvv yduldeohv zklfk zloo eh xvhg ehorz duh wkh vdph dv wkh rqhv zh

kdyh lqwurgxfhg lq wkh suhylrxv fkdswhu ghdolqj zlwk wkh iuhtxhqf| grpdlq uhsuhvhqwd0

wlrq ri wkh hqwluh ehdp1

Jrlqj wkurxjk doo wkh vwhsv ghwdlohg lq wkh suhylrxv fkdswhu dqg dvvxplqj � =@
4
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zh jhw=
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Dv zh kdyh qrwhg lq wkh suhylrxv fkdswhu/ lw lv srvvleoh wr frpsohwho| vhsdudwh ehqglqj

iurp frpsuhvvlrq/ dqg wr duudqjh wkh suhylrxv vhw ri htxdwlrqv dv iroorzv=3EEEEEEEEEEC
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Lw lv frqyhqlhqw wr vsolw wkh v|qwkhvlv sureohp ri d flufxlw dqdorj wr wkh Hxohu ehdp

lqwr wzr hdvlhu sureohpv=

� V|qwkhvlv ri d flufxlw dqdorj wr wkh h{whqglqj ehdp

� V|qwkhvlv ri d flufxlw dqdorj wr wkh ehqglqj ehdp

V|qwkhvlv ri d flufxlw dqdorj wr wkh orqjlwxglqdoo| yleudwlqj ehdp

Iurp wkh suhylrxv fkdswhu lw lv hdv| wr �qg wkh wudqvplvvlrq frpsuhvvlrq pdwul{

iru wklv ehdp0hohphqw=


e
� +�, @ h�B @

3EEC frvk +���, �4

�
vlqk +���,
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Ixuwkhupruh lw lv hdv| wr �qg wkh prelolw| frpsuhvvlrq pdwul{ iru wklv ehdp0hohphqw=

P� +�, @

3EEEEC
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� vlqk +���,

4
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4

�
frwk +���,

4FFFFD +91:,

Uhpdun 5:3 Dv h{shfwhg/ P� lv v|pphwulf/ doo lwv srohv duh vlpsoh dqg olh rq wkh

lpdjlqdu| d{lv1 Ixuwkhupruh/ lw lv dq rgg ixqfwlrq ri �= Doo wkhvh uhvxowv duh frqvh0

txhqfhv ri wkh uhflsurflw| dqg orvvohvvqhvv ri wkh Hxohu ehdp1

Qrz ohw xv h{sdqg hdfk hohphqw ri P� dv d Odxuhqw vhulhv lq wkh qhljkerukrrg ri

� @ 3=
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Wkxv wkh dssur{lpdwh prelolw| pdwul{ ri wkh hohphqw lv=
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Uhpdun 5:4 Wkh dssur{lpdwh prelolw| pdwul{ aP� ixo�oov doo wkh uhtxluhphqwv qhhghg

iru lw wr uhsuhvhqw d uhflsurfdo dqg orvvohvv qhwzrun1

Lq idfw lw lv d uhdo0udwlrqdo/ v|pphwulf pdwul{ h{suhvvleoh lq Irvwhu*v fdqrqlf irup

dv=
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zkhuh wkh uhvlgxhv pdwul{ duh erwk v|pphwulf dqg srvlwlyh vhplgh�qlwh=

Nf @

3EEC �
�2
�3� �

�2
�3�

�
�2 �

3� �
�2 �

3�

4FFD N" @

3EEC .�
��

���
S

�
����

S

�
� .�

��

4FFD +9145,

Nf�c� @
�
�2
�3� A 3 N"�c�

@ .�
��

ghwNf @ 3 ghwN" @ �
�2�

2

+9146,

Ohw xv irfxv rxu dwwhqwlrq wr wkh pdwul{ }f +�, gh�qhg e|=
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Xvlqj wkh whfkqltxhv ghyhorshg lq fkdswhu +5,/ lq sduwlfxodu wkh iroorzlqj frqglwlrq

rq wkh wxuqv0udwlr ri wkh wudqviruphu/
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9 mqfm 9
Nf2c2��Nf�c2

�� +9148,

zh �qg

mqfm @ 4 +9149,

Vlqfh Nf�c2 A 3 wkh wudqviruphu pd| eh glvshqvhg zlwk/ dqg }f +�, pd| eh uhdol}hg dv

d vkxqw fdsdflwru f ri fdsdflwdqfh �2�=

Qrz frqvlghu wkh lpshgdqfh pdwul{ }" +�, gh�qhg e|=
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γ  δ2

Iljxuh 917= Uhdol}dwlrq ri wkh �uvw whup lq Irvwhu* h{sdqvlrq

Frqglwlrq +9148, |lhogv=

��N"�c2
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9 mq"m 9 N"2c2��N"�c2

�� , 4

5
9 mq"m 9 5 +914;,

Hyhq li 4 lv d srvvleoh ydoxh iru wkh devroxwh ydoxh ri wkh wxuqlqj udwlr/ khuh wkh wudqv0

iruphu pd| eh qrw glvshqvhg zlwk/ vlqfh=

N"�c2 ? 3= +914<,

Wkxv zh fdq fkrrvh q" @ �4=

Qrz zh kdyh wr ghwhuplqh wkh lqgxfwdqfhv ri wkh wkuhh lqgxfwruv=
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Wkxv wkh wkuhh lqgxfwruv kdyh wkh vdph lqgxfwdqfh/ htxdo wr
�

9
=

Frqqhfwlqj wkh wzr qhwzrunv lq vhulhv/ zh rewdlq wkh uhdol}dwlrq ri wkh hqwluh ds0

sur{lpdwh prelolw| pdwul{ aP� =
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Iljxuh 918= Uhdol}dwlrq ri wkh vhfrqg whup

1 -1
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γ  δ2

Iljxuh 919= Uhdol}dwlrq ri wkh dssur{lpdwh prelolw| pdwul{

Lq wklv sduwlfxodu fdvh lw lv srvvleoh wr glvshqvh zlwk wkh lghdo wudqviruphu/ li zh
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Khqfh }@ lv dq lqgxfwru ri lqgxfwdqfh
4

5
� zkloh }K lv wkh vhulhv frqqhfwlrq ri dq

lqgxfwru ri lqgxfwdqfh
4

9
� dqg d fdsdflwru ri fdsdflwdqfh
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Z
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2γ  δ22γ  δ2

Iljxuh 91:= Uhdol}dwlrq ri wkh dssur{ldpwh prelolw| pdwul{ e| d v|pphwulf odwwlfh

Qrz zh kdyh wr �qg wkh dqdorj glphqvlrqdo flufxlw=
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zkhuh Uf kdv wkh glphqvlrq ri d uhvlvwdqfh1

Wkxv

]+v, @ Ufwf

3EEEEEC
n�
{�o

4

v
.

4

6
v
{

o

n�
{�o

4

v
.

�
�4

9
v

�
{

o

n�
{�o

4

v
.

�
�4

9
v

�
{

o

n�
{�o

4

v
.

4

6
v
{

o

4FFFFFD
Dqg

]+v, @

3EEEC
4

Fv
.

4

6
vO

4

Fv
.

�
�4

9
vO

�
4

Fv
.

�
�4

9
vO

�
4

Fv
.

4

6
vO

4FFFD +9157,

zlwk=

F @
{�o

n�

Uf

wf

UfO @
{

o
wf

+9158,

485



dqg=

FO

{2
@

�

n�
+9159,

Uhpdun 5:5 Lq wkh flufxlw vlpxodwlqj wkh ehdp/ rqfh zh kdyh �{hg wkh vl}h ri wkh

prgxoxv { dqg wkh ydoxh ri wkh fdsdflwdqfh F zh duh frpshoohg wr fkrrvh wkh lqgxfwdqfh

vxfk wkdw wkh suhylrxv htxdwlrq krogv1

V|qwkhvlv ri d flufxlw dqdorj wr wkh wudqvyhuvdoo| yleudwlqj ehdp

Zh zloo iroorz wkh surfhgxuh vnhwfkhg dw wkh ehjlqqlqj ri wkh fkdswhu/ exw dv d

suholplqdu| vwhs zh kdyh wr �qg wkh h{suhvvlrq ri wkh wudqvplvvlrq pdwul{ dqg wkh

ehqglqj prelolw| pdwul{ ri wkh hohphqw1

Wkh wudqvplvvlrq ehqglqj pdwul{ lv jlyhq e|=
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Lw fdq eh hydoxdwhg dv iroorzv=
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Lw lv zhoo0nqrzq wkdw=

N" @ HA
"�"H" @ WA

"

�
4

�2"
�"
�
W" +919;,

dqg=

N" * aHA
"a�"aH" @ aWA

"

�
4

�2"
a�"
�

aW" +919<,

WkxvN" fdq eh uhdol}hg e| d pxowlsruw wudqviruphuQA zkrvh wxuqlqj udwlr pdwul{

lvW" fdvfdgh frqqhfwhg wr d vlpsoh 7�sruw qhwzrun zkrvh lpshgdqfh pdwul{ lv �
V2
"

�"/

l1h1 �frqvwlwxwhg� e| irxu lqgxfwruv zkrvh lqgxfwdqfhv duh htxdo wr wkh hljhqydoxhv ri

N" glylghg e| �2"=

Vxppdu| 5:: Jlyhq wkh prelolw| ehqglqj pdwul{ P� zh kdyh ghfrpsrvhg lw lqwr wkh

vxp ri wzr pdwulfhv/ rqh uhsuhvhqwlqj wkh fdsdflwlyh h�hfw dqg wkh rwkhu uhsuhvhqwlqj

wkh lqgxfwlyh h�hfw1 Zh kdyh uhdol}hg erwk pdwulfhv dv d fdvfdgh ordghg wudqviruphu/

zkhuh wkh ordgv duh vlpsoh gldjrqdo pdwulfhv1 Ehorz lv jlyhq d wdeoh ri wkh dssur{lpdwh

ydoxhv ri wkh wxuqlqj udwlr pdwulfhv ri wkh wzr wudqviruphuv dqg wkh lpshgdqfh pdwulfhv

49:



T
11

T
22

T
14

T
12

T
24

T
21

1

1

T
31

T
42

T
34

T
32

T
44

T
41

1

1

T
23

T
13

T
43

T
33 

l

l

3

4

l
2

l
1

Iljxuh 9143= Uhdol}dwlrq ri wkh uhvlgxh N"

ri wkh ordgv=

pdwul{ Nf N"

wxuqv0udwlr
�f

s
5

7

3EEC 5 3 5 3

�� 5 � 5

4FFD �"
s
5

5

3EEEEEEEEEEC

�
S� �4 �

S� 4

4 �
S� 4 ��

S�

� �
�e� 4 �

�e� 4

4 �
�e� �4 �

�e�

4FFFFFFFFFFD

ordg
4

�2f

3EEC 2
q2B

3

3 2e
q2
�3�

4FFD 4

�2"

3EEEEEEEEEEC

�
2� 3 3 3

3 �
�Sf�

� 3 3

3 3 �.
.f� 3

3 3 3 �
2fef�

�

4FFFFFFFFFFD
+91:3,

49;



lpshgdqfh pdwul{ ri wkh dqdorj flufxlw

Lq wklv vhfwlrq zh zdqw wr �qg wkh qxphulfdo ydoxhv ri wkh lqgxfwdqfhv dqg wkh

fdsdflwdqfhv wkdw frqvwlwxwh wkh fdvfdgh ordg ri wkh vr idu glvfxvvhg wudqviruphuv1

Wkh glphqvlrqohvv lqgxfwdqfhv duh=
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Dqg wkh jryhuqlqj htxdwlrq iru wkh glphqvlrqohvv flufxlw fdq eh zulwwhq dv=
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Wkh jryhuqlqj htxdwlrq iru wkh ehdp hohphqw fdq eh zulwwhq dv iroorzv=
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Uhpdun 5:; Rqfh zh kdyh fkrvhq d sduwlfxodu ydoxh iru F�> iru wkh vl}h ri wkh ehdp0

hohphqw { dqg iru wkh pdjql�fdwlrq frqvwdqwv �f dqg �" doo wkh vxeqhwzrunv frqvwl0

wxwlqj wkh flufxlw dqdorj wr wkh wudqvyhuvdoo| yleudwlqj ehdp hohphqw duh xqhtxlyrfdoo|

ghwhuplqhg1 Ixuwkhupruh wkh uhvlvwdqfh Uf lv xqhtxlyrfdoo| ghwhuplqhg/ vlqfh wf lv �{hg1
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Qxphulfdo h{dpsoh

Lq wklv vxevhfwlrq zh zloo jlyh d eulhi rxwolqh ri wkh surfhgxuh/ zklfk ohdgv wr wkh

hydoxdwlrq ri doo wkh vxeqhwzrunv ri wkh suhylrxvo| ghvfulehg flufxlw1
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Jryhuqlqj htxdwlrqv iru wkh glvwulexwhg flufxlw dqdorj wr wkh

wudqvyhuvdoo| yleudwlqj ehdp

Rqfh zh kdyh irxqg wkh flufxlw vlpxodwlqj wkh wudqvyhuvdoo| yleudwlqj ehdp hohphqw/

zh kdyh wr fdvfdgh frqqhfw d qxpehu ri wkhp wr dssur{lpdwh wkh ehkdylru ri wkh hqwluh

ehdp1

Qhyhuwkhohvv lw vhhpv xvhohvv wr vwxg| wkh uhvxowlqj flufxlw dv wkh �qlwh fdvfdgh ri

d �qlwh flufxlw/ vlqfh lw zrxog eh fkdudfwhul}hg e| d juhdw dprxqw ri vlpsoh htxdwlrqv/

zklfk zrxog qrw ohdg wr wkh sk|vlfdo xqghuvwdqglqj ri wkh sureohp1

Wkxv zh zloo jr edfn wr wkh gl�huhqwldo htxdwlrq/ dgrswlqj d fohyhu surfhgxuh fdoohg

krprjhql}dwlrq/ zklfk urxjko| frqvlvwv ri wkh vxevwlwxwlrq ri pdq| oxpshg flufxlwv e|

d vhw ri fdeohv hdfk ri wkhp fkdudfwhul}hg e| glvwulexwhg sdudphwhuv1

Khqfh d ixuwkhu vwhs ri rxu dqdo|vlv lv wkh krprjhql}dwlrq ri wkh �qlwh flufxlw

dssur{lpdwlqj wkh ehdp/ lq rughu wr jhw d glvwulexwhg flufxlw/ l1h1 dq lq�qlwh flufxlw

jryhuqhg e| wkh vdph vhw ri gl�huhqwldo htxdwlrqv fkdudfwhul}lqj wkh hqwluh ehdp1

Dv d suholplqdu| vwhs zh kdyh wr lqwurgxfh wkh yduldeohv gh�qlqj wkh glvwulexwhg

flufxlw dw hyhu| srlqw {= Wkxv ohw xv fdoo Y� +w> {, wkh yrowdjh gurs dw wkh wlph w dqg

devflvvd { ehwzhhq wkh �uvw sdlu ri fdeohv/ Y2 +w> {, wkh yrowdjh gurs dw wkh wlph w dqg

devflvvd { ehwzhhq wkh vhfrqg sdlu ri fdeohv1 Ixuwkhupruh zh zloo ghqrwh e| L� +w> {,

wkh fxuuhqw  rzlqj lq wkh srvlwlyh { gluhfwlrq lq wkh �uvw fdeoh/ zklfk lv htxdo wr wkh

fxuuhqw  rzlqj lq wkh qhjdwlyh { gluhfwlrq lq wkh vhfrqg fdeoh dqg zh zloo ghqrwh e|

L2 +w> {, wkh fxuuhqw  rzlqj lq wkh srvlwlyh { gluhfwlrq lq wkh wklug fdeoh/ zklfk lv htxdo

wr wkh fxuuhqw  rzlqj lq wkh qhjdwlyh { gluhfwlrq lq wkh irxuwk fdeoh1
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Wkh vhw ri gl�huhqwldo htxdwlrqv zulwwhq/ lq glphqvlrqohvv yduldeohv lv fohduo|=3EEEEEEEEEEC
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zkhuh wkh ghulydwlrq lv zlwk uhvshfw wr wkh glphqvlrqohvv yduldeoh %=

Khuh *� +� > %, lv wkh �uvw glphqvlrqohvv yrowdjh gurs dw %/ *2 +� > %, lv wkh vhfrqg gl0

phqvlrqohvv yrowdjh gurs dw %> dqg l� +� > %, lv wkh �uvw glphqvlrqohvv fxuuhqw dqg l2 +� > %,

lv wkh vhfrqg glphqvlrqohvv fxuuhqw1

Wkh glphqvlrqohvv yduldeohv duh uhodwhg wr wkh glphqvlrqdo rqhv dv iroorzv=

*� +� > %, @
4

Yf
Y� +w> {, , �*� +�> %, @

4

Yfwf
�Y� +v> {,

*2 +� > %, @
4

Yf
Y2 +w> {, , �*2 +�> %, @

4

Yfwf
�Y2 +v> {,

�� +� > %, @
4

Lf
L� +w> {, , ��� +�> %, @

4

Lfwf
�L� +v> {,

�2 +� > %, @
4

Lf
L2 +w> {, , ��2 +�> %, @

4

Lfwf
�L2 +v> {,

Yf
Lf

@ Uf , �*� +�> %, @
4

UfLfwf
�Y� +v> {, > �*2 +�> %, @

4

UfLfwf
�Y2 +v> {,

+91<9,

zkhuh Uf lv wkh uhvlvwdqfh lqwurgxfhg lq wkh suhylrxv vhfwlrq1

Wkh glphqvlrqohvv yduldeohv ri wkh glvwulexwhg flufxlw duh uhodwhg lq wkh uh�qhg

flufxlw e|= 3EEEEEEEEEEC

�*� +�>p�,

�*2 +�>p�,

�*� +�> +p. 4, �,

�*2 +�> +p. 4, �,

4FFFFFFFFFFD
@ P� +�,

3EEEEEEEEEEC

��� +�>p�,

��2 +�>p�,

���� +�> +p. 4, �,

���2 +�> +p. 4, �,

4FFFFFFFFFFD
+91<:,
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zkhuh p lv dq duelwudu| qdwxudo qxpehu/ vshfli|lqj wkh p�wk prgxoxv1

Qrwdwlrq 5:< Ohw xv lqwurgxfh d frpsdfw qrwdwlrq wr ehwwhu kdqgoh wkh iroorzlqj fdo0

fxodwlrqv=

�*6 +�, =@

3EEEEEEEEEEC

�*� +�>p�,

�*2 +�>p�,

�*� +�> +p. 4, �,

�*2 +�> +p. 4, �,

4FFFFFFFFFFD
=@

3EEC �*36 +�,

�*n
6 +�,

4FFD

��6 +�, =@

3EEEEEEEEEEC

��� +�>p�,

��2 +�>p�,

���� +�> +p. 4, �,

���2 +�> +p. 4, �,

4FFFFFFFFFFD
@

3EEC ��36 +�,

��n6 +�,

4FFD

+91<;,

Prgl�fdwlrq ri wkh jryhuqlqj htxdwlrq ri wkh glvwulexwhg flufxlw glfwdwhg

e| wkh lqwurgxfwlrq ri glvwulexwhg fxuuhqw vrxufhv lq sdudooho zlwk wkh

glvwulexwhg fdsdflwruv lq wkh fdvfdgh ordg1

Frqvlghu wkh �qlwh glphqvlrqohvv flufxlw vlpxodwlqj wkh p�wk ehdp0hohphqw/ dqg

lqwurgxfh wzr glphqvlrqohvv fxuuhqw vrxufhv �}� +� >p�, � dqg �}2 +� >p�, �� lq sdudooho

frqqhfwlrq zlwk f� dqg f2 uhvshfwlyho|1

Ohw xv dvvhpeoh wkhvh fxuuhqw vrxufhv lqwr d fxuuhqw vrxufh froxpq yhfwru=

��}6 +�, =@

3EEC ��}� +�>p�, �

��}2 +�>p�, ��

4FFD +91<<,
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E| wkh vxshusrvlwlrq sulqflsoh wkh yrowdjhv dw wkh sruwv ri wkh qhwzrun zloo eh

prgl�hg dv iroorzv=

�*6 +�, @ P���6 +�, . �*}6 +�, +91433,

zkhuh �*}6 lv whpsrudulo| dq xqnqrzq1

Vxssrvlqj wkdw doo wkh sruwv ri wkh qhwzrun duh rshq flufxlwhg/ l1h1 �� +�, @ 3> wkhq=

�*6 +�, @ �*}6 +�, +91434,

Li doo wkh sruwv duh rshq flufxlwhg/ wkhq wkh fxuuhqw wkurxjk doo wkh sruwv ri wkh

wudqviruphu lv }hur dqg wkh yrowdjh dw doo wkh sruwv lv ghwhuplqhg rqo| e| wkh fxuuhqw

vrxufhv e|=

�*6 +�, @ Tf}f��}6 , �*}6 +�, @ Tf}f��}6 @

3EEC Tf�

Tf2

4FFD}f��}6 @

3EEC Tf�}f2c2��}6

Tf2}f2c2��}6

4FFD
+91435,

zlwk=

Tf @ aWA
f @ �f

s
5

7

3EEEEEEEEEEC

5 ��

3 5

5 �

3 5

4FFFFFFFFFFD
+91436,

4::



Qrz ohw xv wxuq rxu dwwhqwlrq edfn wr wkh qrq0krprjhqhrxv vhw ri gl�huhqwldo htxd0

wlrqv gh�qlqj wkh flufxlw zlwk wkh glvwulexwhg vrxufhv=3EEEEEEEEEEC

�*� +�> %,

�*2 +�> %,

��� +�> %,

��2 +�> %,

4FFFFFFFFFFD

�

@ E

3EEEEEEEEEEC

�*� +�> %,

�*2 +�> %,

��� +�> %,

��2 +�> %,

4FFFFFFFFFFD
. e +�> %, +91437,

zkhuh e +�> %, lv d whpsrudulo| xqnqrzq wkdw kdv wr eh ghwhuplqhg1

Wkh vroxwlrq ri wkh qrq0krprjhqhrxv v|vwhp lv jlyhq e|/ vhh Shdvh +4<98,^47`=3EEEEEEEEEEC

�*� +�> %,

�*2 +�> %,

��� +�> %,

��2 +�> %,

4FFFFFFFFFFD
@ h�E030f�

3EEEEEEEEEEC

�*� +�> %f,

�*2 +�> %f,

��� +�> %f,

��2 +�> %f,

4FFFFFFFFFFD
. h�0

] 0

0f

h3�ke +�>�,g� +91438,

Wkhq uhihuulqj ht1+91438, wr wkh p�wk ehdp0hohphqw/ zh fdq vwdwh wkdw wkh jry0

huqlqj htxdwlrq iru wkdw hohphqw lv=3EEC �*n
6 +�,

��n6 +�,

4FFD @ h�B

3EEC �*36 +�,

���36 +�,

4FFD. h�E6n��B

] E6n��B

6B
h3�ke +�>�,g� +91439,

qrz vhwwlqj=

�� =@ ��p� +9143:,

zh rewdlq=

h�E6n��B

] E6n��B

6B
h3�ke +�> �, g� @ h�E6n��B

] B

f
h3�E7kn6B�e +�> ��, g�� @ h�B

] B

f
h3�7ke +�> ��, g��

+9143;,

4:;



Vxevwlwxwlqj wkh suhylrxv htxdwlrq lqwr ht1+91439, zh rewdlq=

] B

f
h3�7ke +�> ��, g�� @ �

3EEC �*36 +�,

���36 +�,

4FFD. h3�B

3EEC �*n
6 +�,

��n6 +�,

4FFD +9143<,

Li � lv vpdoo hqrxjk wkhq=

U B
f h

3�7ke +�> ��, g�� * � e +�> ��,m7k'f @ � e +�>�,mk'6B @ �e +�>p�,

h3�B * +4�E�,

+91443,

dqg ht1+9143<, |lhogv=

�e +�>p�, @ �

3EEC �*36 +�,

���36 +�,

4FFD. +4� �E,

3EEC �*n
6 +�,

��n6 +�,

4FFD +91444,

Dvvxplqj wkdw doo wkh sruwv duh rshq flufxlwhg zh rewdlq=

�e +�>p�, @ �

3EEC �*36 +�,

32f�

4FFD. +4� �E,

3EEC �*n
6 +�,

32f�

4FFD +91445,

wkxv iurp ht1+91435,=

�e +�>p�, @ �

3EEC Tf�}f��}6

32f�

4FFD. +4� �E,

3EEC Tf2}f��}6

32f�

4FFD +91446,

pdqlsxodwlqj wkh suhylrxv htxdwlrq zh jhw=

�e +�>p�, @

3EEC +Tf2 �Tf�, }f��}6

32f�

4FFD� �E

3EEC Tf2}f��}6

32f�

4FFD +91447,

4:<



Qrz ohw xv irfxv rxu dwwhqwlrq rq doo wkh whupv lq ht1+91447,

Tf2 @ �f
I
2
e

3EEC 5 3

3 5

4FFD. ��f
I
2
e

3EEC 3 4

3 3

4FFD =@ Tf
f2

. �T�
f2

Tf� @ �f
I
2
e

3EEC 5 3

3 5

4FFD� ��f
I
2
e

3EEC 3 4

3 3

4FFD =@ Tf
f�

. �T�
f�

}f��}6 @ �
#

3EEC 2
V2
f
q2B

3

3 2e
V2
f
q2B�

4FFD
3EEC ��}� +�>p�, �

��}2 +�>p�, ��

4FFD @
4

�

3EEEEC
5

�2f�
2��}� +�>p�,

57

�2f�
2��}2 +�>p�,

4FFFFD
+91448,

iurp wkh deryh vhw ri h{suhvvlrqv lw lv hdv| wr vhh wkdw=

Tf
f2 @ Tf

f� @ �f

s
5

5
42f2> T�

f2 @ �T�
f� +91449,

Khqfh wkh �uvw whup lq ht1+91447, ehfrphv=3EEC +Tf2 �Tf�,}f��}6

32f�

4FFD @

3EEC �
�
5T�

f2

�
}f��}6

32f�

4FFD @ �

3EEC
4

�

45
s
5

�f�
2 ��}2 +�>p�,

3�f�

4FFD +9144:,

dqg wkh vhfrqg ehfrphv=

�E

3EEC Tf2}f��}6

32f�

4FFD @ �E

3EEC Tf
f2
}f��}6

32f�

4FFD.R+�2, * �E

3EEC Tf2}f2��}6

32f�

4FFD +9144;,

zlwk

E

3EEC Tf
f2
}f��}6

32f�

4FFD @

3EEEEEEEEEEEC

4

�

45
s
5

�f�
2 ��}2 +�>p�,

3

�
s
5

�f
��}� +�>p�,

3

4FFFFFFFFFFFD
+9144<,
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Ilqdoo|/ vxevwlwxwlqj ht1+9144:, dqg ht1+9144<, lqwr wkh h{suhvvlrq iru e +�>p�, +91447,/

zh rewdlq=

e +�>p�, @

3EEEEEEEEEEEC

4

�

45
s
5

�f�
2 ��}2 +�>p�,

3

3

3

4FFFFFFFFFFFD
�

3EEEEEEEEEEEC

4

�

45
s
5

�f�
2 ��}2 +�>p�,

3

�
s
5

�f
��}� +�>p�,

3

4FFFFFFFFFFFD
@

3EEEEEEEEEEC

3

3

.

s
5

�f
��}� +�>p�,

3

4FFFFFFFFFFD
+91453,

Li wkh phvk lv uh�qhg hqrxjk/ wkhq wkh suhylrxv htxdwlrq |lhogv=

e +�> %, @

3EEEEEEEEEEC

3

3

.

s
5

�f
��}� +�> %,

3

4FFFFFFFFFFD
+91454,

zkhuh ��}� +�> %, lv d fxuuhqw vrxufh dfwlqj rq wkh xqlw ri ohqjwk/ zkloh ��}2 +�> %, lv frp0

sohwho| xvhohvv vlqfh lw grhv qrw lq xhqfh wkh qrq krprjhqhrxv whup ri wkh jryhuqlqj

htxdwlrq iru wkh flufxlw1 Wkdw lv iru hyhu| hohphqw ri wkh flufxlw ri glphqvlrqohvv ohqjwk

� d fxuuhqw vrxufh ri wrwdo ydoxh ���}� +�> %, lv dssolhg1

Vxevwlwxwlqj ht1+915;, dqg ht1+91454, lqwr ht1+91438,/ zh rewdlq3EEEEEEEEEEC

�*� +�> %,

�*2 +�> %,

��� +�> %,

��2 +�> %,

4FFFFFFFFFFD

�

@

3EEEEEEEEEEC

3 4 3 3

3 3 3 ��

��2� 3 3 3

3 3 �4 3

4FFFFFFFFFFD

3EEEEEEEEEEC

�*� +�> %,

�*2 +�> %,

��� +�> %,

��2 +�> %,

4FFFFFFFFFFD
.

3EEEEEEEEEEC

3

3
s
5

�f
��}� +�> %,

3

4FFFFFFFFFFD
+91455,
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Wkxv= 3EEEEEEEEEEC

�*� +�> %,

�*2 +�> %,

��� +�> %,

��2 +�> %,

4FFFFFFFFFFD

�

@

3EEEEEEEEEEC

�*2 +�> %,

����2 +�> %,

��2��*� +�> %,

���� +�> %,

4FFFFFFFFFFD
.

3EEEEEEEEEEC

3

3
s
5

�f
��}� +�> %,

3

4FFFFFFFFFFD
+91456,

Dvvhpeolqj wkh htxdwlrqv lq d v|vwhp/ zh jhw=;AAAAAAAAAA?AAAAAAAAAA=

�*�� +�> %, @ �*2 +�> %,

�*�2 +�> %, @ ����2 +�> %,

���� +�> %, @ ��2��*� +�> %, .

s
5

�f
��}� +�> %,

���2 +�> %, @ ���� +�> %,

+91457,

Gl�huhqwldwlqj wkh �uvw htxdwlrq ri1+91457, dqg vxevwlwxwlqj wkh vhfrqg zh jhw=

�*��� +�> %, @ ����2 +�> %, +91458,

Gl�huhqwldwlqj ht1+91458, dqg vxevwlwxwlqj wkh irxuwk htxdwlrq ri +91457,=

�*���� +�> %, @ ���� +�> %, +91459,

Gl�huhqwldwlqj ht1+91459, dqg vxevwlwxwlqj wkh wklug htxdwlrq ri +91457,/ zh �qdoo| re0

wdlq=

�*����� +�> %, @ ��2�2�*� +�> %, . �

s
5

�f
��}� +�> %, +9145:,

Lq wkh wlph grpdlq wklv ehfrphv

*����� +� > %, @ ��2�*� +� > %, .
s
5

�f
b�}� +� > %, +9145;,

4;5



dqg wkh glphqvlrqdo htxdwlrq ehfrphv=

oe

Yf
Y ����
� +w> {, @ � �oe

w2fn�

w2f
Yf

�Y� +w> {, .

s
5wf

�fLf
bL}� +w> {, +9145<,

Y ����
� +w> {, @ � �

n�
�Y� +w> {, .

Ufwf
oe

s
5

�f
bL}� +w> {, +91463,

Khqfh/ �qdoo|=

Y ����
� +w> {, @ � �

n�
�Y� +w> {, .

�f
s
5

5

�

n�

{

F�o
bL}� +w> {, +91464,

H{suhvvlrq ri wkh yrowdjh dfurvv wkh �uvw fdsdflwru dv d ixqfwlrq ri wkh

yrowdjh Y�

Frqvlghu wkh p0wk �qlwh glphqvlrqohvv flufxlw vlpxodwlqj wkh p�wk ehdp hohphqw/

dqg ohw xv fdoo �*� +�>p�, wkh yrowdjh dfurvv wkh �uvw fdsdflwru f�=

Wkh yrowdjh �*� +�>p�, fdq eh h{suhvvhg dv wkh surgxfw ehwzhhq wkh fxuuhqw wkurxjk

wkh fdsdflwru dqg wkh lpshgdqfh ri wkh fdsdflwru=

�*� +�>p�, @ ��� +�>p�,
4

�f�
+91465,

Wkh fxuuhqw ��� +�>p�, fdq eh h{suhvvhg lq whupv ri wkh ordg fxuuhqw ��u +�>p�, dqg

wkh fxuuhqw vrxufh ���}� +�>p�, e|=

��� +�>p�, @ ����}� +�>p�, .��u +�>p�, +91466,

ixuwkhupruh wkh ordg fxuuhqw ��u +�>p�, fdq eh h{suhvvhg lq whupv ri wkh sruw0fxuuhqw

yhfwru ��6 +�, xvlqj wkh uhodwlrq wkdw wkh lghdo wudqviruphu hvwdeolvkhv ehwzhhq wkh fxu0

4;6



uhqwv dw lwv sruwv=

��u +�>p�, @ �

3EEEEEEEEEEC

Wf�c�

Wf�c2

Wf�c�

Wf�ce

4FFFFFFFFFFD

A

��6 +�, +91467,

Vxevwlwxwlqj wkh h{suhvvlrq+9183, iru wkh dssur{lpdwh wxuqv0udwlr pdwul{ ri wkh

wudqviruphu lqwr +91467, zh jhw=

��u +�>p�, @ ��f
s
5

7

3EEEEEEEEEEC

5

3

5

3

4FFFFFFFFFFD

A 3EEEEEEEEEEC

��� +�>p�,

��2 +�>p�,

���� +�> +p. 4, �,

���2 +�> +p. 4, �,

4FFFFFFFFFFD
@� �f

s
5

5
+��� +�>p�,���� +�> +p. 4, �,,

+91468,

Wkxv wkh fxuuhqw wkurxjk wkh fdsdflwru f� fdq eh h{suhvvhg dv=

��� +�>p�, @ ����}� +�>p�,� �f

s
5

5
+��� +�>p�,���� +�> +p. 4, �,, +91469,

dqg wkh yrowdjh ehfrphv=

�*� +�>p�, @ �
#
���}� +�>p�, . �f

s
5

5
+��� +�>p�,���� +�> +p. 4, �,,

$
4

�f�
+9146:,

Qrz zh fdq vxevwlwxwh lq wkh suhylrxv htxdwlrq wkh h{suhvvlrq ri wkh fdsdflwdqfh

f� @ �2f
�2�

5
/ wr rewdlq=

�*� +�>p�, @ �5
��}� +�>p�,

��2�2f
� +��� +�>p�,���� +�> +p. 4, �,,

s
5

��f�
2�

+9146;,

Li � lv vpdoo hqrxjk wkhq=

�*� +�> %, @ �5
��}� +�> %,

��2�2f
.

s
5

��f�
2��
�
� +�> %, +9146<,
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exw iurp wkh v|vwhp+91457,=

���� +�> %, @ ��2��*� +�> %, .
s
5

�f
��}� +�> %, +91473,

wkhq=

�*� +�> %, @ �5
��}� +�> %,

��2�2f
.

s
5

��f�
2

#
��2��*� +�> %, .

s
5

�f
��}� +�> %,

$
@ �

s
5

�f
�*� +�> %,

+91474,

Lq wkh wlph grpdlq wkh yrowdjh *� +� > %, fdq eh hdvlo| vhhq wr eh=

*� +� > %, @ �
s
5

�f
*� +� > %, +91475,

4;8
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l

d

b

Iljxuh 9145= Wkuhh glphqvlrqdo ehdp

x

I (x,t)
1
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-
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1

I (x,t)

I (x,t)
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-

V (x,t)
2

Iljxuh 9146= Lpdjlqdu| fdeohv/ uhsuhvhqwlqj wkh glvwulexlwhg flufxlw
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Iljxuh 9147= Vxe0qhwzrun ri wkh p�wk flufxlw* prgxoxv
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Fkdswhu :

Slh}rhohfwurphfkdqlfdo ehdp

Hohfwur0phfkdqlfdo vwuxfwxuhv

Rqfh zh kdyh lqwurgxfhg wkh pdlq frqfhswv ri wkh wkhru| ri qhwzrunv dqg ri wkh

vwuxfwxudo dqdo|vlv lw lv wlph wr phujh wklv nqrzohgjh lq wkh vwxg| ri wkh slh}rhohfwulf

dfwxdwruv/ zklfk ehorqj wr d zlghu fodvv ri ghylfhv wkdw zh zloo fdoo hohfwur0phfkdqlfdo

ghylfhv1

Dv zh kdyh grqh iru hohfwulf qhwzrunv dqg vwuxfwxuhv/ zh zloo xvh djdlq d eodfn er{

dssurdfk lq wkh ghvfulswlrq ri wkh hohfwur0phfkdqlfdo ghylfhv zh duh lqwhuhvwhg lq1

Zh zloo olplw rxu frqvlghudwlrqv wr wkh hohfwur0phfkdqlfdo ghylfhv zklfk fdq eh

prghoohg dv eodfn er{hv/ frppxqlfdwlqj zlwk wkh rxwhu zruog e| d �qlwh qxpehu ri

whuplqdov W�=

Wkh vwdwh ri hdfk whuplqdo W� lv frpsohwho| fkdudfwhul}hg e| d sdlu ri 7�wxsohv

+��> � �, @
��
y��> y

�
2> $

�> Y�
�
>
�
w��> w

�
2>P

�> L�
��
/ zkhuh wkh sdlu

�
y��> y

�
2

�
uhsuhvhqwv wkh yhorf0

lwlhv dqg $� wkh dqjxodu yhorflw|/ dw wkh whuplqdo W�/ zlwk uhvshfw wr d jlyhq revhuyhu R

fkdudfwhul}hg e| dq ruljlq Q dqg d edvlv +h�>h2, ri wkh vsdfh ri wudqvodwlrqv/ zkloh Y�

uhsuhvhqwv wkh yrowdjh dw wkh whuplqdo W� zlwk uhvshfw wr d jlyhq srwhqwldo uhihuhqfh1

Wkh 6�wxsoh �w��> w�2>P �
�
uhsuhvhqwv wkh frqwdfw dfwlrqv/ irufh dqg ehqglqj prphqw/

dssolhg dw d Fdxfk| fxw dw wkh whuplqdo W�> zlwk uhvshfw wr R> zkloh L� uhsuhvhqwv wkh
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fxuuhqw hqwhulqj wkh whuplqdo W�=

n

S

t

1
t

2
t

j
t

n-1
t

M

M

M

M

M

n

1

2

j

n-1

e

e

1

2

o

0

V

V

V
V

V

I

I

I

I

I

1

1
2

2

j

j

n-1
n-1

n

n

Iljxuh :14= Uhsuhvhqwdwlrq ri dq hohfwurphfkdqlfdo vwuxfwxuh

Qrwdwlrq 5;3 Iru d q�whuplqdo hohfwur0phfkdqlfdo ghylfh/ zh zloo jurxs wkh vwdwh

yduldeohv zlwk wkh iroorzlqj frqyhqwlrq=

� = @ +y�>y2>$>Y, =@

3EEEEEEC
y�� y�2 $� Y�

=== === === ===

y?� y?2 $? Y?

4FFFFFFD +:14,

� = @ +w�> w2>P> L, =@

3EEEEEEC
w�� w�2 P� L�

=== === === ===

w?� w?2 P? L?

4FFFFFFD
Dv zh kdyh vr idu lq grqh ghdolqj zlwk qhwzrunv dqg vwuxfwxuhv/ zh zloo vxssrvh

wkdw wkh vljqdo vsdfh lv vwloo Gn=

Gh�qlwlrq 5;4 Jlyhq d elqdu| uhodwlrq F.� rq G?fe
n �G?fe

n / dq hohfwur0phfkdqlfdo
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vwuxfwxuh HP lv=

HP @
�
++y�>y2>$>Y, > +w�> w2>P> L,, 5 G?fe

n �G?fe
n > +y�>y2>$>Y,F.� +w�> w2>P> L,

�
+:15,

Uhpdun 5;5 Doo wkh ehdp0vwuxfwxuhv dqg wkh qhwzrunv duh hohfwurphfkdqlfdo vwuxf0

wxuhv/ vlqfh erwk F7 dqg F� fdq eh vhhq dv d uhvwulfwlrq ri F.� rq d sduwlfxodu vxevsdfh

ri G?fe
n �G?fe

n = Lq sduwlfxodu F7 fdq eh wkh uhvwulfwlrq ri F.� wr G?
n �G?

n zkloh F�

fdq eh lpdjlqhg dv wkh uhvwulfwlrq ri F.� wr G?f�
n �G?f�

n =

Slh}rhohfwulf dfwxdwruv

Lq zkdw iroorzv zh zloo qrw ghyhors d jhqhudo wkhru| iru wkh hohfwur0phfkdqlfdo

vwuxfwxuhv/ exw zloo olplw rxu revhuydwlrq wr d sduwlfxodu fodvv= wkh slh}rhohfwulf dfwxd0

wruv1

Gh�qlwlrq 5;6 D ehqglqj slh}rhohfwulf dfwxdwru/ ESD iru euhylw|/ lv dq hohfwur0phfkdqlfdo

vwuxfwxuh gh�qhg e|=

F��� @

;AAAAAA?AAAAAA=

+�> � , 5 G2fe
n �G2fe

n = +w�> w2, @ +3>3, > P� @ �P2> L� @ �L23EEC bP2

L2

4FFD @

3EEC N66 N6e

Ne6 Nee

4FFD
3EEC
�
$2 � $�

�
bY2 � bY�

4FFD

<AAAAAA@AAAAAA>
+:16,

zkhuh doo wkh hqwulhv ri wkh pdwul{ duh uhdo qxpehuv/ dqg o� lv wkh ohqjwk ri wkh dfwxdwru1

Uhpdun 5;7 Wkh suhylrxv uhodwlrqv hvwdeolvk wkh frqvwlwxwlyh uhodwlrqv ri wkh dfwxdwruv1

Ixuwkhupruh iru wkh irxuwk pdwul{ htxdwlrq lqwhjudwlqj erwk whupv ri wkh h{suhvvlrq ohdgv
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wr= 3EEC P

T�

4FFD @

3EEC N66 N6e

Ne6 Nee

4FFD
3EEC "

Y�

4FFD +:17,

zkhuh

P =@
U |
f

bP2gw @P2

T� =@
U |
f
L2gw

" =@
U |
f

�
$2 � $�

�
gw

Y� =
U |
f
+Y2 � Y�,gw

+:18,

lq sduwlfxodu revhuyh wkdw T� lv wkh fkdujh hqwudsshg lq wkh dfwxdwru dqg " lv wkh

gl�huhqfh ri dwwlwxgh dw wkh wzr whuplqdov glylghg e| wkh ohqjwk ri wkh dfwxdwru1

l
P

MM

+

-

V
P

Iljxuh :15= Vfkhpdwlf sorw ri d ehqglqj slh}rhohfwulf dfwxdwru

Uhpdun 5;8 Doo wkh hohphqwv ri wkh suhylrxv pdwul{ kdyh d suhflvh sk|vlfdo phdqlqj=

� N66 lv wkh vwl�qhvv uljlglw| ri wkh dfwxdwru li wkh whuplqdov duh vkruw0flufxlwhg1

� Nee lv wkh fdsdflwdqfh ri wkh dfwxdwru li $2 @ $�

� N6e lv wkh ehqglqj prphqw fruuhvsrqglqj wr d xqlw yrowdjh dssolhg li $2 @ $�=
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� Ne6 lv wkh fxuuhqw fruuhvsrqglqj wr $2�$� @ 4 li wkh whuplqdov duh vkruw0flufxlwhg1

D{lrp 5;9 Wkh ehqglqj slh}rhohfwulf dfwxdwru lv frqvhuydwlyh

Sursrvlwlrq 5;: Uhtxlulqj wkh dfwxdwru wr eh frqvhuydwlyh ohdgv wr wkh iroorzlqj uh0

vxowv=

� N66 5 LUn

� Nee 5 LUn

� Ne6 @ �N6e

Surri1 Wkh zrun grqh rq d yluwxdo �glvsodfhphqw� +�"> �T� , lv dvvxphg wr eh=

�Z @P�". Y� �T� +:19,

Zh uhtxluh wkh h{lvwhqfh ri dq hqhuj| H +">T� , vxfk wkdw

gH @�Z +:1:,

wkxv=

CH
C"

@P
CH
CT�

@ Y� +:1;,

Iurp +:17, zh jhw=;AAA?AAA=
P @

�
N66 � Ne6N6e

nee

�
".

N6e

Nee
T�

Y� @
4

Nee
T� � Ne6

Nee
"

+:1<,

Wkxv= ;AAA?AAA=
CH
C"

@

�
N66 � Ne6N6e

Nee

�
".

N6e

Nee
T�

CH
CT�

@
4

Nee
T� � Ne6

Nee
"

+:143,
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Dqg

H @�

2

�
N66 � Ne6N6e

Nee

�
"2 . �

2

4

Nee
T2
� .

N6e

Nee
"T�

N6e @ �Ne6

+:144,

Lpsrvlqj H wr eh srvlwlyh vhplgh�qlwh zh jhw wkh rwkhu wzr uhvxowv1

Uhpdun 5;; Wkh frh!flhqwN��
66 =@

�
N66 � Ne6N6e

Nee

�
lq wkh frqvwlwxwlyh uhodwlrq+:1<,

h{suhvvhv wkh vwl�qhvv uljlglw| ri wkh dfwxdwru zkhq wkh whuplqdov duh rshq0flufxlwhg1

Iurp dq hohfwulfdo srlqw ri ylhz wkh dfwxdwru/ e| phdqv ri +:17, fdq eh frqvlghuhg

dv wkh sdudooho frqqhfwlrq ri d fdsdflwru/ wkh fdsdflwdqfh ri zklfk lv htxdo wr Nee/ dqg

d fxuuhqw vrxufh htxdo wr Ne6

�
$2 � $�

�
@ Ne6 b"=

K
ee

+

-

K   (ω−ω)em

12

V
P

Iljxuh :16= Hohfwulfdo uhsuhvhqwdwlrq ri d ehqglqj slh}rhohfwulf dfwxdwru

Prgho ri wkh slh}rhohfwurphfkdqlf ehdp

Frqvlghu qrz dq Hxohu ehdp/ ri ohqjwk o/ dqg vxssrvh q htxdoo| vsdfhg ehqglqj

dfwxdwruv duh joxhg rq lw> li q lv vx!flhqwo| elj/ zh fdq lpdjlqh wkhvh dfwxdwruv wr irup d

wklq slh}rhohfwulf od|hu rq wkh ehdp1 Ixuwkhupruh frqvlghu wkh hohfwulf flufxlw dqdorj wr

wkh wudqvyhuvdoo| yleudwlqj Hxohu ehdp wkdw zh kdyh vwxglhg lq fkdswhu+9,/ dqg vxssrvh
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wkh p�wk dfwxdwru wr eh frqqhfwhg dv wkh fdsdflwru F� ri wkh p�wk prgxoxv ri wkh

flufxlw1

circuit

cables connecting 

the actuators on 

the beam to the circuit

beam

Iljxuh :17= Slh}rhohfwurphfkdqlfdo ehdp

Wkh frqvwlwxwlyh htxdwlrqv iru wkh slh}rhohfwurphfkdqlf ehdp/ glvuhjduglqj wkh

h{whqvlrq/ ehfrph=

P +{> w, @ +�n66 . n6� ,&� +{> w, . �N6eY� +{> w,

x� +{> w, @ & +{> w,

+:145,

zkhuh n6� lv wkh urwdwlrqdo vwl�qhvv ri wkh ehdp dqg n66 lv wkh urwdwlrqdo vwl�qhvv shu

xqlw ohqjwk ri wkh dfwxdwruv=

n66 =@ N66o� +:146,

dqg � lv gh�qhg dv wkh lq xhqfh idfwru ri hdfk dfwxdwru/ l1h1 wkh udwlr ehwzhhq wkh

ohqjwk ri wkh dfwxdwru o� dqg wkh vl}h ri wkh prgxoxv {/ lq v|perov=

� =@
o�
{

+:147,
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Lqwurgxflqj d prgl�hg urwdwlrqdo vwl�qhvv

n� =@ +�n66 . n6� , +:148,

uhsuhvhqwlqj wkh urwdwlrqdo vwl�qhvv ri wkh slh}rhohfwulf ehdp zkhq doo wkh dfwxdwruv duh

vkruw0flufxlwhg/ zh fdq zulwh wkh frqvwlwxwlyh htxdwlrq dv=

P +{> w, @ n�&� +{> w, . �N6eY� +{> w,

x� +{> w, @ & +{> w,

+:149,

Zkloh wkh edodqfh htxdwlrqv duh=

P � +{> w, . W +{> w, @ 3

W � +{> w, . � �x +{> w, @ 3

+:14:,

Diwhu vlpsoh pdqlsxodwlrqv zh jhw=

n�x���� +{> w, . �N6eY
��
� +{> w, @ �� �x +{> w, +:14;,

Qrz qrq0glphqvlrqdol}lqj wkh suhylrxv htxdwlrq zh rewdlq=

uf
oe
n�� ���� +%> �, . �

Yf
o2
N6e*

��
� +%> �, @ �uf

w2f
� �� +%> �, +:14<,

Lqwurgxflqj djdlq wkh frqvwdqw �2 @
�oe

w2fn�
zh jhw=

� ���� +%> �, .
�Yfo

e

o2ufn�
N6e*

��
� +%> �, @ ��2�� +%> �, +:153,

Frqvlghulqj wkh yhorflw| lqvwhdg ri wkh yhuwlfdo glvsodfhphqw zh jhw=

� ����l +%> �, .
�Yfo

2

ufn�
N6e b*

��
� +%> �, @ ��2��l +%> �, +:154,

Qrz ohw xv wxuq rxu dwwhqwlrq wr wkh flufxlw dqdorj ri wkh Hxohu ehdp/ zkhuh e|

phdqv ri wkh lqwurgxfwlrq ri wkh dfwxdwruv zh kdyh=

F� @ Nee �L}� +{> w, @ ne6 bx�� +{> w, +:155,
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zkhuh ne6 uhsuhvhqwv wkh hohfwurphfkdqlfdo frxsolqj h�hfw shu xqlw ohqjwk=

ne6 @ Ne6o� +:156,

wkhq=

Nee @ �2f
��2

5

wf
Uf

�}� +%> �, @
4

Lf
L}� +{> w, @ ne6

4

Lf

uf
wfo2�

� ��l +%> �, +:157,

Wkh glphqvlrqohvv jryhuqlqj htxdwlrq iru wkh flufxlw ehfrphv=

*����� +%> �,� ne6

s
5

�f

4

Lf

uf
wfo2�

b� ��l +%> �, @ ��2�*� +%> �, +:158,

dqg wkh yrowdjh dfurvv wkh dfwxdwru ehfrphv=

*� +%> �, @ �
s
5

�f
*� +%> �, +:159,

Vxevwlwxwlqj wkh suhylrxv h{suhvvlrq lqwr ht1+:154, zh jhw=

�����l +%> �, .N6e
�Yfo2

ufn�

#
�
s
5

�f
b*��� +%> �,

$
@ ��2��l +%> �, +:15:,

uhphpehulqj wkdw N6e @ �Ne6 zh rewdlq=

ne6 @ �N6eo� +:15;,

dqg=

�����l +%> �, .
ne6
o�

s
5

�f

�Yfo2

ufn�
b*��� +%> �, @ ��2��l +%> �, +:15<,

Jurxslqj wkh wzr jryhuqlqj htxdwlrqv iru wkh hyroxwlrq ri wkh slh}rhohfwurphfkdq0

lfdo ehdp=

*����� +%> �,� ne6

s
5

�f

4

Lf

uf
wfo2�

b� ��l +%> �, @ ��2�*� +%> �,

�����l +%> �, .
ne6
o�

s
5

�f

�Yfo2

ufn�
b*��� +%> �, @ ��2��l +%> �,

+:163,
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Qrz zh zdqw wr fkrrvh Yf vxfk wkdw wkh wzr frxsolqj whupv lq wkh suhylrxv htxdwlrqv

duh htxdo=

ne6

s
5

�f

4

Lf

uf
wfo2�

@
ne6
o�

s
5

�f

�Yfo
2

ufn�
+:164,

wklv |lhogv=

Yf @
�fs
5

uf
wf

v
�o�
�Nee

+:165,

lqwurgxflqj d fdsdflwdqfh shu xqlw ohqjwk nee =@
Nee

o�
wkh suhylrxv htxdwlrq |lhogv=

Yf @
�fs
5

uf
wf

v
�

�nee
+:166,

Vxevwlwxwlqj wklv h{suhvvlrq lqwr wkh frxsohg htxdwlrqv zh kdyh=

*����� +%> �,� ( b���l +%> �, @ ��2�*� +%> �,

�����l +%> � , . ( b*��� +%> �, @ ��2��l +%> �,
+:167,

zlwk

( @
ne6o

2

wfn� o�

u
�

nee

s
� @

Ne6o
2

wfn�

u
�

nee

s
�

�2 @
�oe

w2fn�

+:168,

Frqvlghu wkh udwlr ri wkh wzr suhylrxvo| gh�qhg sdudphwhuv dv dq lqgh{ ri wkh

frxsolqj h�hfw=

� =@
(

�2
@ Ne6

wf
o2

u
�

�nee
+:169,

zklfk dv zh h{shfwhg lqfuhdvhv dv wkh frh!flhqw Ne6 lqfuhdvhv dqg dv wkh ghqvlw| ri

wkh dfwxdwruv ryhu wkh ehdp uhsuhvhqwhg e| � lqfuhdvhv1

Ixuwkhupruh lw lqfuhdvhv dv wkh fdsdflwdqfh shu xqlw ohqjwk nee ghfuhdvhv/ wklv h�hfw

fdq eh xqghuvwrrg wklqnlqj ri wkh wrsrorj| ri wkh flufxlw zh kdyh v|qwkhvl}hg1 Lq idfw dv
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wkh fdsdflwdqfh ghfuhdvhv wkh lpshgdqfh ri wkh fdsdflwru F� /lq wkh flufxlw*v prgxoxv/

lqfuhdvhv> khqfh wkh yrowdjh gurs dfurvv lw lqfuhdvhv vlqfh wkh fxuuhqw vrxufh lv �{hg/

khqfh wkh yrowdjh *� lqfuhdvhv1

Hqhuj| frqvlghudwlrqv

Hqhuj| ri wkh glphqvlrqohvv Hxohu ehdp

Lq vhfwlrq +6, zh kdyh suryhg wkdw wkh hqhuj| ri d iuhh wudqvyhuvdoo| yleudwlqj ehdp

lv=

H �x��> bx� @ ] ,

f

4

5
n�

�
x�� +{> w,

�2
.

4

5
� bx +{> w,2 gv +:16:,

Ohw xv h{suhvv wklv hqhuj| lq whupv ri wkh glphqvlrqohvv yduldeohv xvhg doo ryhu wklv

vhfwlrq=

H
�
� ��> b�

�
@

n�u2f
o�

] �

f

4

5

�
� �� +%> �,

�2
g%.

�u2fo

w2f

] �

f

4

5
b� +%> �,2 g% +:16;,

lqwurgxflqj d fkdudfwhulvwlf hqhuj| Hf @ u2fn�
o�

dqg d glphqvlrqohvv hqhuj| �6
�
� ��> b�

�
@

H
Hf zh jhw=

�6

�
� ��> b�

�
@

4

5

] �

f

�
� �� +%> �,

�2
g%.

4

5
�2
] �

f

b� +%> �,2 g% +:16<,

ru=

�6
�
� ��> b�

�
@

4

5

] �

f

I�� ��g%.
4

5
�2
] �

f

b�
2
g% +:173,

Ixuwkhupruh ohw xv lqwurgxfh wkh glphqvlrqohvv phfkdqlfdo nlqhwlf hqhuj| dqg sr0

whqwldo phfkdqlfdo hqhuj|=

y6 =@
4

5
�2
]

�

f

b� +%> �,2 g%  6 =@
4

5

]
�

f

I�
�
� �� +%> �,

�
g% +:174,
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Hqhuj| ri wkh glphqvlrqohvv flufxlw dqdorj ri wkh Hxohu ehdp

Vlqfh wkh flufxlw zh kdyh v|qwkhvl}hg lv frpsohwho| dqdorj wr wkh Hxohu ehdp/ wkh

glphqvlrqohvv hqhuj| ri wklv flufxlw fdq eh h{suhvvhg e|=

�e
�
#��> b#

�
@

4

5

] �

f

�
#�� +%> �,

�2
g%.

4

5
�2
] �

f

b# +%> �,2 g% +:175,

zkhuh # lv gh�qhg dv wkh lqwhjudo ri wkh yrowdjh *�=

# +%> �, @

] �

f

*� +%> ��,g�� +:176,

Zh qhhg wr lqwurgxfh wkh lqwhjudo ri wkh yrowdjh gurs/ ehfdxvh wkh yrowdjh *� lv dqdo0

rjrxv wr wkh glphqvlrqohvv yhorflw| �l lqvwhdg ri ehlqj dqdorjrxv wr wkh glphqvlrqohvv

glvsodfhphqw �=

Lqwurgxflqj wkh glphqvlrqohvv fxuuhqw �2 dqdorjrxv wr I� ht1+:175, ehfrphv=

�e
�
#��> b#

�
@

4

5

] �

f

�2#
��g%.

4

5
�2
] �

f

b#
2
g% +:177,

Ixuwkhupruh ohw xv lqwurgxfh wkh glphqvlrqohvv nlqhwlf hohfwulfdo hqhuj| dqg srwhq0

wldo hohfwulfdo hqhuj|=

ye =@
4

5
�2
]

�

f

b# +%> �,2 g%  e =@
4

5

]
�

f

�2
�
#�� +%> �,

�
g% +:178,

Hqhuj| ri wkh slh}rhohfwurphfkdqlfdo ehdp

Lq whupv ri wkh glphqvlrqohvv glvsodfhphqw � dqg wkh glphqvlrqohvv lqwhjudo ri wkh

uhsuhvhqwdwlyh yrowdjh # ht1+:167, ehfrphv=

#���� +%> �,� ( b�
��
+%> �, @ ��2�# +%> �,

� ���� +%> �, . ( b#
��
+%> �, @ ��2�� +%> �,

+:179,
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Qrz zh zdqw wr �qg dq h{suhvvlrq iru wkh hqhuj| ri wkh slh}rhohfwurphfkdqlfdo
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�
+:1<4,

fohduo| P � Y> dqg Y lv d forvhg olqhdu pdqlirog ri O2 +^3> 4`, =

Ohw xv lqwurgxfh wkh gl�huhqwldo rshudwru ) gh�qhg rq P vxfk wkdw=

;# 5 P )# @
ge

g{e
# +:1<5,

Sursrvlwlrq 5<3 Wkh gl�huhqwldo rshudwru ) lv vhoi0dgmrlqw1

Surri1 Vlqfh O2 +^3> 4`, lv dq Kloehuw vsdfh/ wkhq ) lv vhoi0dgmrlqw li=

;# 5 P> * 5 P k)#>*l @ k#>)*l +:1<6,

Wkxv/ zh kdyh wr suryh wkdw=

;# 5 P> * 5 P
] �

f

ge#

g{e
*g{ @

] �

f

ge*

g{e
#g{ +:1<7,

lqwhjudwlqj irxu wlphv e| sduwv wkh ohiw kdqg vlgh ri wkh suhylrxv htxdwlrq zh jhw=

]
�

f

ge#

g{e
*g{ @

g�#

g{�
*

�����
f

� g2#

g{2
g*

g{

�����
f

.
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g{
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�����
f
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f

.

]
�

f

#
ge*

g�{
g{ +:1<8,
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Uhphpehulqj wkdw # 5 P> * 5 P wkh suhylrxv htxdwlrq |lhogv=

] �

f

ge#

g{e
*g{ @

] �

f

#
ge*

g�{
g{ +:1<9,

Sursrvlwlrq 5<4 Wkh gl�huhqwldo rshudwru ) lv srvlwlyh0gh�qlwh1

Surri1 ) lv srvlwlyh0gh�qlwh li=

;# 5 P> # 9@ 3 k#>)#l A 3 +:1<:,

Wkxv/ zh kdyh wr suryh wkdw=

;# 5 P> # 9@ 3

]
�

f

ge#

g{e
# A 3 +:1<;,

lqwhjudwlqj wzlfh e| sduwv/ zh jhw=

] �

f

ge#

g{e
#g{ @

g�#

g{�
*

�����
f

� g2#

g{2
g*

g{

�����
f

.

] �

f

�
g2#

g{2

�2
g{ @

] �

f

�
g2#

g{2

�2
g{ A 3 ;# 5 P

+:1<<,

Ixuwkhupruh/ li k#>)#l @ 3 wkhq

] �

f

�
g2#

g{2

�2
g{ @ 3 ,

�
g2#

g{2

�
@ 3 , # @ d{. e d> e 5 LU +:1433,

Vlqfh # 5 P wkhq erwk d dqg e vkrxog eh htxdo wr }hur1

Qrz ohw xv �qg wkh vshfwuxp dqg wkh hljhqixqfwlrqv ri )> vlqfh zh kdyh suryhq

wkdw ) lv srvlwlyh0gh�qlwh dqg vhoi0dgmrlqw/ wkhq doo wkh hljhqydoxhv duh uhdo dqg vwulfwo|

srvlwlyh1

Khqfh/ zh kdyh wr �qg d uhdo qxpehu � 5 LUn dqg d ixqfwlrq # 5 P vxfk wkdw=

)# @ �# , ge#

g{e
@ �# +:1434,
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Wkh vroxwlrq ri wkh suhylrxv gl�huhqwldo htxdwlrq fdq eh zulwwhq lq wkh irup=

# +{, @ D� frvk
e
s
�{.D2 vlqk

e
s
�{.D� frv

e
s
�{.De vlq

e
s
�{ +:1435,

zlwk e
s
� 5 LUn=

Lpsrvlqj wkh erxqgdu| frqglwlrqv/ l1h1 # 5 P/ zh jhw=

#6 +{, @ D6

�
frvk e

s
�6{� frv e

s
�6{.

frvk e
s
�6 � frv e

s
�6

vlqk e
s
�6 � vlq e

s
�6

�
vlq e
s
�6{� vlqk e

s
�6{

��
+:1436,

zlwk �6 jlyhq e| wkh iroorzlqj wudvfhqghqwdo htxdwlrq=

frvk e
s
�6 frv e

s
�6 @ 4 +:1437,

ru

frv u @
4

frvk u
+:1438,

zlwk u @ e
s
�6=

Wkh �uvw irxu vroxwlrqv ri wklv htxdwlrq duh=

u� * 7=:6337 u2 * :=;685 u� * 43=<<89 ue * 47=46:5 +:1439,

Li u A ue wkhq wkh wudvfhqghqwdo htxdwlrq fdq eh dssur{lpdwhg e|=

frv u * 3 +:143:,

jlylqj wkh vroxwlrqv=

u& @
�

5
. n� +:143;,

Iru lqvwdqfh wkh suhylrxv h{suhvvlrq jlyhv=

uD @
�

5
. 8� @ 4:=5:< +:143<,
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zkloh wkh uljkw uhvxow lv dssur{lpdwho|=

uD @ 4:=5:;:9 +:1443,

wklv vkrzv krz jrrg lv wkh dssur{lpdwlrq +:143;,1

Ohw xv olvw wkh dssur{lpdwh ydoxhv ri wkh hljhqydoxhv lq wkh iroorzlqj wdeoh=

�� * 833=89

�2 * 6:9;=;

�� * 4794;

�e * 6<<77=

�& *
��
5
. n�

�e
zlwk n A 7

+:1444,

Vlqfh ) lv d vhoi dgmrlqw olqhdu rshudwru/ wkhq lwv hljhqixqfwlrqv vsdq doo wkh vsdfh

Y/ l1h1 hyhu| ixqfwlrq i +{, 5 Y fdq eh h{sdqghg lq whupv ri wkhvh hljhqixqfwlrqv>

ixuwkhupruh doo wkh hljhqydoxhv duh glvwlqfw/ wkxv wkh vhw V @ i#6j lv ruwkrjrqdo dqg lw

lv srvvleoh wr fkrrvh wkh frqvwdqwv D6 vxfk wkdw V lv ruwkrqrupdo1 Pruh ghwdlov fdq eh

irxqg lq Iulhgpdq +4<99,^4:`1

E| wkh suhylrxv frqvlghudwlrqv zh fdq vwdwh=

;i 5 Y i @
[
6

ki>#6l#6 +:1445,

Vshfwudo dqdo|vlv ri wkh sureohp

Vlqfh erwk wkh ixqfwlrqv # dqg � duh F" zlwk uhvshfw ri wkh yduldeoh % lq wkh

lqwhuydo ^3> 4` dqg ixo�oo wkh jlyhq erxqgdu| frqglwlrqv wkh| ehorqj wrP +zkhq uhjdughg

dv ixqfwlrq ri %,= wkhq erwk ri wkhp fdq eh h{sdqghg lq whupv ri wkh ruwkrqrupdo vhw
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i#6j dv=

# +%> �, @
S

6 s6 +�,#6 +%,

� +%> �, @
S

? t? +�,#? +%,

+:1446,

Wkh vdph uhdvrqlqj vwloo krogv iru wkh lqlwldo frqglwlrqv=

#f +%, @
S

6


*f�> #6

�
#6 +%,

b#
f
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S
6
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�
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S
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�
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S
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b�f> #6

�
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+:1447,

Ixuwkhupruh lqwurgxflqj wkh frxsolqj rshudwru ( +�, =@ g2

g%2
+�, gh�qhg rq P> wkh

vhw ri frxsohg gl�huhqwldo htxdwlrqv+:179, fdq eh zulwwhq lq frpsdfw irup dv=

)# � (( b� @ ��2�#

)� . (( b# @ ��2��
+:1448,

Vxevwlwxwlqj htv1+:1446, lqwr htv1+:1448, zh jhw=

S
6 s6 +�,)#6 +%,� (

S
? bt? +�,(#? +%, @ ��2S6 �s6 +�,#6 +%,S

6? t? +�,)#? +%, . (
S

6 bt6 +�,(#6 +%, @ ��2S? �t? +�,#? +%,

+:1449,

Wdnlqj lqwr dffrxqw wkdw #6 lv dq hljhqixqfwlrqv ri ) zlwk hljhqydoxh �6> zh jhw=

S
6 �6s6 +�,#6 +%,� (

S
? bt? +�,(#? +%, @ ��2S6 �s6 +�,#6 +%,S

? �?t? +�,#? +%, . (
S

6 bt6 +�,(#6 +%, @ ��2S? �t? +�,#? +%,

+:144:,

Wdnlqj wkh lqqhu surgxfw ri wkh wzr suhylrxv htxdwlrqv e| wkh vdph hljhqixqfwlrqv

#& +%, zh jhw=

�&s& +�,� (
S

?F?c& bt? +�, @ ��2�s& +�,

�&t& +�, . (
S

6F6c& bt6 +�, @ ��2�t? +�,
+:144;,
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zlwk=

F�c� =@

(#�> #�

�
+:144<,

Ohw xv lqyhvwljdwh wkh jhqhulf whup F�c� =

F�c� @

(#�> #�

�
@

]
�

f

g2#�
g%2

#�g% +:1453,

lqwhjudwlqj e| sduwv/ zh jhw=
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�����
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f

g#�
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�

f
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g%

g% +:1454,

vlqfh #� dqg #� ehorqj wr P/ wkhq F�c� @ F�c�1

Qrz ohw xv �qg dq dssur{lpdwh vroxwlrq ri wkh sureohp/ surmhfwlqj wkh ixqfwlrqv

*� +%> �, dqg � +%> �, rq d �qlwh glphqvlrqdo vxevsdfh ri P zklfk lv vsdqqhg e| wkh �uvw

P hljhqixqfwlrqv ri )=

a# +%> �, @
S�

6 s6 +� ,#6 +%,

a� +%> �, @
S�

? t? +�,#? +%,

+:1455,

dqg iru wkh lqlwldo frqglwlrqv/ zh jhw=
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Jrlqj wkurxjk doo wkh vwhsv ghwdlohg ehiruh/ zh �qdoo| jhw=

�&s& +�,� (
S�

? F?c& bt? +�, @ ��2�s& +�,

�&t& +�, . (
S�

6 F6c& bt6 +�, @ ��2�t& +�,
+:1457,
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Wklv v|vwhp fdq eh zulwwhq lq pdwul{ irup dv=

�2�s +�,� (Fbt +�, . �s +�, @ 3

�2�t +�, . (Fbs +�, . �t +�, @ 3
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Wkh lqlwldo frqglwlrqv duh/ uhphpehulqj wkdw V lv dq ruwkrqrupdo vhw=
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Wr vroyh wkh v|vwhp ri ruglqdu| htxdwlrqv+:1459, lw lv ehwwhu wr zulwh wkh v|vwhp ri

htxdwlrqv lq wkh vr fdoohg qrupdo irup=

b{ @ D{ +:145<,

zlwk=

{ @
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t
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dqg wkh lqlwldo frqglwlrqv=

{ +3, @
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s +3,

t +3,

bs +3,

bt +3,

4FFFFFFFFFFD
+:1464,

Wkh vroxwlrq ri wkh v|vwhp fdq eh h{suhvvhg e|=

{ +�, @ h��{ +3, +:1465,

zkhuh h�� fdq eh frpsxwhg zlwk wkh whfkqltxhv ghyhorshg lq vhfwlrq+8,1

Hqhuj| frqvlghudwlrqv

Zh kdyh vkrzq wkdw wkh srwhqwldo hodvwlf hqhuj| dqg wkh nlqhwlf hqhuj| iru wkh

glphqvlrqohvv Hxohu ehdp duh=
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f
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zkloh iru wkh flufxlw/ zh kdyh=

 e, =@
4

5

] �

f

�
#�� +%> �,
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g% y6 =@
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5
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] �

f

b# +%> �,2 g% +:1467,

Qrz ohw xv �qg dssur{lpdwh ydoxhv iru wkhvh hqhujlhv/ vxevwlwxwlqj lqwr wkh suhylrxv

htxdwlrqv wkh dssur{lpdwh h{suhvvlrqv +:1455,1

Lw lv hdv| wr vkrz=

a 6 @
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5
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5
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+:1468,

Xqfrxsohg htxdwlrqv

Lq wklv vhfwlrq zh zdqw wr vwxg| wkh vhw ri htxdwlrqv+:179, zkhq ( @ 3/ l1h1 wkh iuhh

yleudwlrqv ri wkh ehdp dqg wkh iuhh yleudwlrqv ri wkh flufxlw/ iru pruh ghwdlov rq wkh

yleudwlrqv ri d ehdp �{hg dw erwk hqgv vhh PfOdfkodq ^4;`1

#���� +%> �, @ ��2�# +%> �,

� ���� +%> �, @ ��2�� +%> �,
+:1469,

Jrlqj wkurxjk doo wkh vwhsv ghwdlohg lq wkh suhylrxv vhfwlrq/ zh jhw e| ht1+:144;,=

�&s& +�, @ ��2�s& +�,

�&t& +�, @ ��2�t& +�,
+:146:,

Vlqfh doo wkhvh htxdwlrqv duh xqfrxsohg wkh jhqhudo vroxwlrq ri wkh suhylrxv vhw ri

htxdwlrq lv=

s& +�, @ DR
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�s
�&
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�
.ER

& vlq

�s
�&
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�
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zkhuh wkh frh!flhqwv duh ghwhuplqhg e| wkh lqlwldo frqglwlrqv +:1447,1
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Wkh glphqvlrqohvv hljhqsxovdwlrqv ri wkh v|vwhp duh=

'& @

s
�&
�

+:146<,

zkloh wkh hljhqiuhtxhqflhv duh=

i& @
4

5�

s
�&
o2

u
n�
�

+:1473,

Iru wkh ehdp vwxglhg lq fkdswhu+9,

n� @ 4=7Qp2

� @ 3=495Njp3�

o @ 4p

+:1474,

wkhq wkh hljhqiuhtxhflhv duh=

i& * 3=79:;;
s
�&K} +:1475,

Ohw xv olvw wkhvh hljhqiuhtxhqflhv lq wkh iroorzlqj wdeoh/ xvlqj wdeoh+:1444,=

i� * 43=79;K}

i2 * 5;=:57K}

i� * 89=89:K}

ie * <6=84K}

i& * 3=79:;;
��
5
. n�

�2
K} zlwk n A 7

+:1476,

Wkhq/ frqvlghulqj wkh uhvwulfwlrq lpsrvhg e| ht1+BB, zh fdq vwdwh wkdw wkh Odxuhqw

h{sdqvlrq lv ydolg xqwlo wkh prgh �n vxfk wkdw=�
3=79:;;

��
5
. �n�

�2�
@ 4366=: +:1477,

wkdw lv=

�n @ 47 +:1478,
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Qxphulfdo H{dpsoh

Frqvlghu wkh ehdp glvfxvvhg lq fkdswhu +9, zklfk kdv wkh iroorzlqj phfkdqlfdo

surshuwlhv=

o @ 4p

uf @ 3=8::69pp

n6� @ 4=7Q p2

� @ 3=495Nj@p

+:1479,

Vxssrvh wr joxh rq wkh ehdp q @ 43 dfwxdwruv/ hdfk ri wkhp kdylqj wkh vdph

frqvwlwxwlyh sdudphwhuv=

Nee @ 3=9�I

Ne6 @ �5Q ppY 3�

N66 @ 53Q p

o� @ 5 fp

+:147:,

wkhq wkh lq xhqfh idfwru � ehfrph=

� @
{

o�
@

o

qo�
@

5 fp

43 fp
@ 3=5 +:147;,

dqg wkh prgl�hg urwdwlrqdo vwl�qhvv n� =

n� @ n6� . �n66 @ n6� . �N66o� @ +4=7 . 3=5� 53� 3=35,Q p2 @ 4=7;Q p2

+:147<,

Ohw xv fkrrvh wkh fkdudfwhulvwlf wlph wf wr eh wkh shulrg ri wkh �uvw prgh=
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wkhq wkh wzr sdudphwhuv ( dqg �2 ehfrph=
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Ne6o

2

wfn�

u
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+:1484,

dqg wkh udwlr � lv=
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+3=495, +3=9 � 433S, @ +3=35, @ �6=:9< ;� 4332

+:1485,

wkhq zh kdyh d frxsolqj h�hfw zklfk fdq eh hvwlpdwhg wr e| pruh ru ohvv htxdo wr 7(1

Ilqdoo| wkh fkdudfwhulvwlf yrowdjh Yf lv/ fkrrvlqj �f @
�I
2
=

Yf @
�fs
5
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wf

v
�

�nee
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v
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+:1486,
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Eleolrjudsk|

^4` Proo| F1W1 +4<8;, Irxu Sroh Sdudphwhuv lq Yleudwlrq Dqdo|vlv lq Phfkdqlfdo
lpshgdqfh Phwkrgv iru Phfkdqlfdo Yleudwlrqv hglwhg e| U1 Soxqnhww1

^5` Wlwfkpduvk H1F1 +4<6<, Wkh Wkhru| ri Ixqfwlrqv +vhfrqg hglwlrq,1

^6` Qhzfrpe Urehuw Z1 +4<99, Olqhdu Pxowlsruw V|qwkhvlv1

^7` Fulvwhvfx U1 ) Pdulqhvfx J1 +4<:6, Dssolfdwlrqv ri wkh wkhru| ri glvwulexwlrqv1

^8` Iulhgodqghu I1J1 +4<<;, Lqwurgxfwlrq wr wkh wkhru| ri glvwulexwlrqv

^9` Wuhyhv I1 +4<9:, Wrsrorjlfdo yhfwru vsdfhv/ glvwulexwlrqv dqg nhuqhov1

^:` Ehowudpl H1M1 ) Zrkohuv P1U1 +4<99, Glvwulexwlrqv dqg wkh Erxqgdu| Ydoxhv ri
Dqdo|wlf Ixqfwlrqv1

^;` Vfkzduw} O1 +4<:;, Wkhrulh ghv glvwulexwlrqv

^<` Vfkzduw} O1 +4<99, Pdwkhpdwlfv iru wkh Sk|vlfdo Vflhqfhv

^43` ]lqq P1N1 +4<84, Qhwzrun Uhsuhvhqwdwlrq ri Wudvfhqghqwdo lpshgdqfh Ixqfwlrqv
lq Wkh Ehoo V|vwhp Whfkqlfdo Mrxuqdo1
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^44` Gdk0\rx Pdd +4<76, D Jhqhudo Uhdfwdqfh Wkhruhp iru Hohfwulfdo/ Phfkdqlfd/ dqg
Dfrxvwlfdo V|vwhpv lq Surfhhglqjv ri wkh L1U1H1

^45` Iluhvwrqh Ior|g D1 Wzl{w Hduwk dqg Vn| zlwk Urg dqg Wxeh> wkh Prelolw| dqg
Fodvvlfdo Lpshgdqfh Dqdorjlhv hglwhg lq Wkh Mrxuqdo ri wkh Dfrxvwlfdo Vrflhw| ri
Dphulfd1

^46` Iluhvwrqh Ior|g D1 Wkh Prelolw| dqg Fodvvlfdo lpshgdqfh Dqdo|vhv hglwhg lq Dphu0
lfdq Lqvwlwxwh ri Sk|vlfv Kdqgerrn1

^47` Shdvh P1F1 LLL +4<98, Phwkrgv ri Pdwul{ Dojheud1

^48` Edkhu K1 +4<;7, V|qwkhvlv ri Hohfwulfdo Qhwzrunv1

^49` Pduwlqhool ) Vdohuqr +4<;9, Irqgdphqwl gl Hohwwurwhfqlfd1

^4:` Iulhgpdq E1 +4<99, Sulqflsohv dqg whfkqltxhv ri dssolhg pdwkhpdwlfv1

^4;` PfOdfkodq Q1Z1 Wkhru| ri Yleudwlrqv1
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YLWD

Pdxul}lr Sru�ul zdv eruq wr Jldqql Sru�ul dqg DqqdPduld Fduxoor rq Qryhpehu 4</

4<:9 lq Urph/ Lwdo|1 Kh judgxdwhg iurp kljk vfkrro lq 4<<8 dw Olfhr Vflhqwl�fr Fdyrxu/

Urph1

Xsrq judgxdwlrq iurp kljk vfkrro/ Pu1 Sru�ul hquroohg dw Xqlyhuvlwd* gl Urpd �Od

Vdslhq}d�/ Urph1 Kh judgxdwhg zlwk d Edfkhoru ghjuhh lq Hohfwulfdo Hqjlqhhulqj lq

4<<;1

Lq wkh idoo 4<<</ Pu1 Sru�ul hquroohg dw Ylujlqld Whfk Sro|whfkqlf Lqvwlwxwh dqg Vwdwh

Xqlyhuvlw| iru pdvwhu zrun lq Hqjlqhhulqj Vflhqfh dqg Phfkdqlfv1
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