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Drone Cellular Networks: Fundamentals, Modeling, and Analysis

Morteza Banagar

(ABSTRACT)

With the increasing maturity of unmanned aerial vehicles (UAVs), also known as drones,
wireless ecosystem is experiencing an unprecedented paradigm shift. These aerial platforms
are specifically appealing for a variety of applications due to their rapid and flexible deploy-
ment, cost-effectiveness, and high chance of forming line-of-sight (LoS) links to the ground
nodes. As with any new technology, the benefits of incorporating UAVs in existing cellular
networks cannot be characterized without completely exploring the underlying trade space.
This requires a detailed system-level analysis of drone cellular networks by taking the unique
features of UAVs into account, which is the main objective of this dissertation.

We first focus on a static setup and characterize the performance of a three-dimensional
(3D) two-hop cellular network in which terrestrial base stations (BSs) coexist with UAVs
to serve a set of ground user equipment (UE). In particular, a UE connects either directly
to its serving terrestrial BS by an access link or connects first to its serving UAV which
is then wirelessly backhauled to a terrestrial BS (joint access and backhaul). We consider
realistic antenna radiation patterns for both BSs and UAVs using practical models devel-
oped by the third generation partnership project (3GPP). We assume a probabilistic channel
model for the air-to-ground transmission, which incorporates both LoS and non-LoS links.
Assuming the max-power association policy, we study the performance of the network in
both amplify-and-forward (AF) and decode-and-forward (DF) relaying protocols. Using
tools from stochastic geometry, we analyze the joint distribution of distance and zenith an-
gle of the closest (and serving) UAV to the origin in a 3D setting. Further, we identify
and extensively study key mathematical constructs as the building blocks of characterizing
the received signal-to-interference-plus-noise ratio (SINR) distribution. Using these results,
we obtain exact mathematical expressions for the coverage probability in both AF and DF
relaying protocols. Furthermore, considering the fact that backhaul links could be quite
weak because of the downtilted antennas at the BSs, we propose and analyze the addition
of a directional uptilted antenna at the BS that is solely used for backhaul purposes. The
superiority of having directional antennas with wirelessly backhauled UAVs is further demon-
strated via extensive simulations.

Second, we turn our attention to a mobile setup and characterize the performance of several
canonical mobility models in a drone cellular network in which UAV base stations serve UEs
on the ground. In particular, we consider the following four mobility models: (i) straight
line (SL), (ii) random stop (RS), (iii) random walk (RW), and (iv) random waypoint (RWP),
among which the SL mobility model is inspired by the simulation models used by the 3GPP
for the placement and trajectory of UAVs, while the other three are well-known canonical



models (or their variants) that offer a useful balance between realism and tractability. As-
suming the nearest-neighbor association policy, we consider two service models for the UEs:
(i) UE independent model (UIM), and (ii) UE dependent model (UDM). While the serving
UAV follows the same mobility model as the other UAVs in the UIM, it is assumed to fly
towards the UE of interest in the UDM and hover above its location after reaching there.
We then present a unified approach to characterize the point process of UAVs for all the
mobility and service models. Using this, we provide exact mathematical expressions for the
average received rate and the session rate as seen by the typical UE. Further, using tools
from the calculus of variations, we concretely demonstrate that the simple SL mobility model
provides a lower bound on the performance of other general mobility models (including the
ones in which UAVs follow curved trajectories) as long as the movement of each UAV in
these models is independent and identically distributed (i.i.d.).

Continuing our analysis on mobile setups, we analyze the handover probability in a drone
cellular network, where the initial positions of the UAVs serving the ground UEs are modeled
by a homogeneous Poisson point process (PPP). Inspired by the mobility model considered
in the 3GPP studies, we assume that all the UAVs follow the SL mobility model, i.e., move
along straight lines in random directions. We further consider two different scenarios for the
UAV speeds: (i) same speed model (SSM), and (ii) different speed model (DSM). Assuming
nearest-neighbor association policy, we characterize the handover probability of this network
for both mobility scenarios. For the SSM, we compute the exact handover probability by
establishing equivalence with a single-tier terrestrial cellular network, in which the BSs are
static while the UEs are mobile. We then derive a lower bound for the handover probability
in the DSM by characterizing the evolution of the spatial distribution of the UAVs over time.

After performing these system-level analyses on UAV networks, we focus our attention on
the air-to-ground wireless channel and attempt to understand its unique features. For that,
we first study the impact of UAV wobbling on the coherence time of the wireless channel
between UAVs and a ground UE, using a Rician multi-path channel model. We consider two
different scenarios for the number of UAVs: (i) single UAV scenario (SUS), and (ii) multiple
UAV scenario (MUS). For each scenario, we model UAV wobbling by two random processes,
i.e., the Wiener and sinusoidal processes, and characterize the channel autocorrelation func-
tion (ACF) which is then used to derive the coherence time of the channel. For the MUS, we
further show that the UAV-UE channels for different UAVs are uncorrelated from each other.
One key observation that is revealed from our analysis is that even for small UAV wobbling,
the coherence time of the channel may degrade quickly, which may make it difficult to track
the channel and establish a reliable communication link.

Finally, we develop an impairments-aware air-to-ground unified channel model that incor-
porates the effect of both wobbling and hardware impairments, where the former is caused
by random physical fluctuations of UAVs, and the latter by intrinsic radio frequency (RF)
nonidealities at both the transmitter and receiver, such as phase noise, in-phase/quadrature



(I/Q) imbalance, and power amplifier (PA) nonlinearity. The impact of UAV wobbling
is modeled by two stochastic processes, i.e., the canonical Wiener process and the more
realistic sinusoidal process. On the other hand, the aggregate impact of all hardware im-
pairments is modeled as two multiplicative and additive distortion noise processes, which is
a well-accepted model. For the sake of generality, we consider both wide-sense stationary
(WSS) and nonstationary processes for the distortion noises. We then rigorously charac-
terize the ACF of the wireless channel, using which we provide a comprehensive analysis
of four key channel-related metrics: (i) power delay profile (PDP), (ii) coherence time, (iii)
coherence bandwidth, and (iv) power spectral density (PSD) of the distortion-plus-noise pro-
cess. Furthermore, we evaluate these metrics with reasonable UAV wobbling and hardware
impairment models to obtain useful insights. Similar to our observation above, this work
again demonstrates that the coherence time severely degrades at high frequencies even for
small UAV wobbling, which renders air-to-ground channel estimation very difficult at these
frequencies.



Drone Cellular Networks: Fundamentals, Modeling, and Analysis

Morteza Banagar

(GENERAL AUDIENCE ABSTRACT)

With the increasing maturity of unmanned aerial vehicles (UAVs), also known as drones,
wireless ecosystem is changing dramatically. Owing to their ease of deployment and high
chance of forming direct line-of-sight (LoS) links with the other UAVs and ground users,
they are very appealing for numerous wireless applications. As with any new technology, ex-
ploring the full extent of the benefits of UAVs requires careful exploration of the underlying
trade space. Therefore, in this dissertation, our main focus is on the analysis of such aerial
networks, their interplay with the current terrestrial networks, and the unique features of
UAVs that make them different from conventional ground nodes.

One important aspect of aerial communication systems is their integration into our current
cellular networks. Clearly, the addition of these new aerial components has the potential of
benefiting both the ground users (such as mobile users watching a concert who need cellular
connectivity to share the moments) and the cellular base station (BS). Therefore, careful
analysis of these “aerial-terrestrial” networks is of utmost importance. In the first phase of
this dissertation, we perform this analysis by interpreting the network as a combination of
one-hop (from the BS to the user) and two-hop (from the BS to the UAV and then from
the UAV to the UE) links. Since the locations of BSs, UAVs, and users are irregular in
general, we use tools from stochastic geometry to carry out our analysis, which is a field
of mathematics that studies random shapes and patterns. Also, because existing terrestrial
BSs are primarily designed to serve the “ground”, we propose the addition of a separate set
of antennas at the BS site that is solely used to serve the “air”, i.e., to communicate with
the UAVs, and demonstrate the benefits of this additional infrastructure in detail.

One of our assumptions in the first phase of this dissertation was that the considered network
was static, i.e., the UAVs were hovering in the air and the BSs/users were also not moving.
In the second phase, on the other hand, we explore the benefits and challenges of a mobile
network of UAVs and characterize the performance of several canonical mobility models in
a drone cellular network. In particular, one of the models that we studied extensively is
the so-called straight line (SL) mobility model, which was inspired by the simulation models
used by the third generation partnership project (3GPP) for the placement and trajectory
of UAVs. Since the locations of UAVs could be assumed random in general, we use tools
from stochastic geometry and present a unified approach to characterize the point process
of UAVs, using which we obtained exact mathematical expressions for the average received
rate (i.e., throughput) as seen by the users. Continuing our analysis on mobile setups and
using the SL mobility model, we also analyze the handover probability in a drone cellular



network, which is defined as the event when the serving UAV of a user changes. By estab-
lishing equivalence between our aerial setup with a terrestrial cellular network, we compute
the exact handover probability in drone cellular networks.

In the final phase of this dissertation, we focus our attention on the air-to-ground wireless
channel and attempt to understand its unique features. For that, we propose an impairments-
aware unified channel model for an air-to-ground wireless communication system and exten-
sively analyze the link between a hovering UAV in the air and a static user on the ground.
In particular, we consider two different types of impairments: (i) UAV wobbling, and (ii)
hardware impairments, where the former is caused by random physical fluctuations, and the
latter by intrinsic radio frequency (RF) nonidealities at both the transmitter and receiver.
Using appropriate models for each type of impairment, we rigorously characterize the auto-
correlation function (ACF) of the wireless channel, using which we provide a comprehensive
analysis of key channel-related metrics, such as coherence time and coherence bandwidth.
One key observation that is revealed from our analysis is that even for small UAV wobbling
and low hardware impairment levels, the coherence time of the channel may degrade quickly
at high frequencies, which could make it difficult to track the channel and establish a reliable
communication link at these frequencies.
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Chapter 1

Introduction

1.1 Background and Motivation

With the increasing maturity of unmanned aerial vehicle (UAV) technology, also known as
drone 1, wireless networks are all set to undergo a major transformation from predominantly
terrestrial networks to the ones that will have an elaborate and dynamic aerial component in
the form of drone networks [1]. In principle, a UAV can act either as an aerial user equipment
(UE), or a relay to assist serving the ground UEs, or even a base station (BS), also known
as a drone base station (DBS) [2]. UAVs possess several advantages over their conventional
terrestrial counterparts due to their mobility, ease of deployment, cost-effectiveness, and a
high likelihood of line-of-sight (LoS) link to the ground. In particular, DBSs and UAV-
relays extend the coverage of cellular networks by providing connectivity to locations which
are beyond the service zones of terrestrial cellular BSs. Moreover, DBSs play a crucial role
in providing connectivity in times of natural disasters and emergencies, as the terrestrial
networks may be completely incapacitated [3]. Further, the ease of deployment of DBSs has
made them an effective solution for providing network access in scenarios where there is a
short-term need for network resources, such as sporting events or concerts [4]. Unsurprisingly,
the third generation partnership project (3GPP) has recently included the support for UAV
communications as part of the fifth generation (5G) standard [5, 6]. Despite the numerous
advantages offered by the UAVs, this new technology comes with its own unprecedented
challenges. For instance, one important challenge of incorporating UAVs into our current
cellular networks is the provision of wireless backhaul support for them, as they are supposed
to move/hover freely in the sky. Note that without a reliable backhaul link to the rest
of the network, we may lose many advantages of aerial networks, such as their high LoS
probability to the ground. In addition to providing wireless backhaul for the UAVs, note
that UAVs could be mobile while serving the ground UEs or being served by the terrestrial
BSs. This unique mobility feature, especially when UAVs act as DBSs, adds an entirely
new dimension to the system design which needs to be properly understood. For example,
one of the key consequences of the mobility of DBSs is the occurrence of handovers, even
if the ground UEs are static. Since handovers result in signaling overhead, it is highly
desirable to carefully understand the handover behavior in this new operational regime.
Another important and unique challenge of these aerial components arises from the lack

1We use the terms ‘UAV’ and ‘drone’ interchangeably in this dissertation.

1
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of fixed and stable infrastructure and various environmental issues, such as bad weather
conditions or wind gusts, which make UAVs experience random wobbling while hovering at
a specific location in the air [7]. Although this wobbling is typically small, it could severely
affect the quality of wireless channel because of the large values of the carrier frequencies
(especially in millimeter wave (mmWave) and higher frequencies). The fundamental objective
of this dissertation is to address such challenges and provide useful insights in drone cellular
networks.

1.2 Selected Prior Works

Air-to-Ground Channel Modeling. Since UAVs are typically deployed at much higher alti-
tudes than the terrestrial BSs and UEs, the propagation characteristics of the air-to-ground
links of UAVs differ significantly from those of the terrestrial links [2, 8, 9]. Following the
mathematical model suggested by the international telecommunication union (ITU) [10],
perhaps the first work that established a meaningful yet simple relation between the LoS
probability and the elevation angle in an aerial-terrestrial setup for low altitude platforms
(LAPs) was [11], where the authors fitted a modified Sigmoid function to the LoS probability.
Extensive measurement campaigns have also been conducted to obtain specific air-to-ground
channel models for different environments (over-water [12], hilly and mountainous [13], and
suburban and near-urban [14]). In these papers, the authors characterized different metrics
related to the air-to-ground channels, such as path loss, Ricean K factor of the small-scale
fading, and delay spread of the channel. Another relatively recent measurement campaign
was conducted in [15], where the authors extracted channel impulse responses from the re-
ceived data, using which they obtained key characteristics of the channel, such as path loss
and shadow fading. In [16], the authors proposed an air-to-ground channel model for UAV
base stations flying at high altitudes and moving periodically in circular curves. Consid-
ering ultrawideband signals, the authors in [17] conducted measurements for air-to-ground
wireless channels and developed stochastic path-loss and multi-path channel models for ul-
trawideband propagation channels. Furthermore, the 3GPP has also provided a detailed
channel model, including the LoS probability and path-loss and fading models, in different
environments in its technical report on cellular support for UAVs [5].

Stochastic Geometry. As is the case in any wireless setting, the system-level performance
analysis of drone cellular networks can, in principle, be carried out by simulation-based ap-
proaches. However, since these approaches are often prone to errors and not easily scalable to
larger network sizes, it is important to further develop analytical approaches to complement
the simulations. Given the irregularity in the locations of UAVs and UEs, the use of tools
from stochastic geometry is a natural choice for modeling and analysis of aerial communica-
tion networks. The main idea in this approach is to endow the locations of wireless nodes
with appropriate distributions and then analytically characterize key performance metrics
such as coverage and data rate by leveraging the properties of these distributions [18, 19].
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In [20], the authors considered a finite network of DBSs distributed as a uniform binomial
point process (BPP) [21] and derived the coverage probability of the network. Along similar
lines, the authors of [22] investigated the coexistence of BSs and DBSs using probabilistic
LoS and NLoS propagation models, where the locations of BSs and DBSs are modeled as
a superposition of a Poisson point process (PPP) and a BPP. The work presented in [23]
considered a network of DBSs modeled as a PPP serving ground UEs. In particular, in-
corporating LoS and NLoS propagation models, the authors derived approximations for the
coverage probability and the received rate in the network. In [24], the coexistence between
a single DBS and an underlaid device-to-device (D2D) network has been analyzed in terms
of coverage probability and rate. As UAVs often coexist with terrestrial cellular networks in
practice, the coverage probability has been computed for the typical user in a multi-tier het-
erogeneous network in [25, 26], where the locations of UAVs and terrestrial BSs are modeled
by independent homogeneous PPPs.

Wireless Backhaul for UAVs. Given the growing number of BSs in the forms of terrestrial
(macro or small cell) and aerial units, providing strong fiber backhaul for all of these BSs
is an extremely difficult, if not impossible, task. Therefore, it is inevitable that some of
the BSs in a cellular network are wirelessly backhauled to the core network [27, 28, 29, 30].
This is specifically the case for most UAVs, as they are supposed to hover and move freely
in the sky, unless being tethered to a building rooftop [31]. In [32], the impact of UAV
mmWave backhauling is considered in an aerial-terrestrial cellular network using tools from
stochastic geometry. Along similar lines, the authors in [33] studied the success probability
of establishing a wireless backhaul network using directional antenna patterns for the UAVs.
In [34], the authors used tools from graph theory to solve a three-dimensional (3D) UAV
placement problem, where UAVs serve the ground UEs and are also wirelessly backhauled
to the terrestrial BSs. Optimal 3D path planning problem for a UAV is investigated in
[35] considering both backhaul constraint and realistic antenna patterns. The main idea
was to change the UAV height during the course of its path to improve the backhaul link
quality using dynamic programming. Considering link blockages in mmWave frequencies,
the authors in [36] studied the use of UAVs as relays in a flexible backhaul architecture for
dynamically rerouting to alternative paths. Chapter 2 of this dissertation is devoted to the
coexistence problem of aerial and terrestrial networks, where we conduct a comprehensive
analysis of 3D UAV-assisted backhaul-aware cellular networks using practical antenna and
channel models.

Mobile UAV Networks. In order to design efficient application-oriented protocols, it is im-
perative to understand the performance of drone cellular networks by accounting for the
mobility of UAVs. Two key performance metrics that are directly related to the mobility
of nodes in cellular networks are the handover probability and the handover rate. Further-
more, as the spatial distribution of UAVs is affected by their mobility, it is also of interest
to investigate the temporal evolution of SINR-based performance metrics, such as coverage
probability and achievable data rate. Building further on the finite network model of DBSs
considered in [20], two classes of trajectory processes were proposed in [37] to reduce the
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average fade duration while ensuring the same coverage performance as that of static DBSs.
The performance gains achieved in terms of spectral efficiency by dynamically deploying
DBSs have been demonstrated in [38]. Using the random walk (RW) and random waypoint
(RWP) mobility models for the horizontal and vertical displacements in a finite 3D network
of DBSs, the authors in [39, 40] derived the coverage probability for a reference ground UE.
Using tools from stochastic geometry, we study the performance of several canonical mobility
models in drone cellular networks in Chapter 3. We also analyze the handover probability
in mobile drone cellular networks in Chapter 4.

UAV Wobbling. One unique feature of aerial wireless communications, which can be viewed
as an impairment, is the fact that UAVs may experience wobbling, i.e., typically small and
random fluctuations of the UAV platform due to various reasons, such as wind gusts and
lack of fixed infrastructure [41]. Since this area of research is still at its nascent stage, there
are only a handful of works that incorporate UAV wobbling [42, 43, 44, 45]. For instance,
the authors in [42] provided a stochastic model for the UAV wobbling and then studied
a resource allocation problem in UAV-assisted cellular networks. Considering directional
antennas, the antenna gain mismatch problem due to random UAV wobbling for an air-
to-air network was studied in [44], where the authors also provided closed-form statistical
channel models for the air-to-air links. In [46], the authors proposed a novel aerial network
design of coordinated multipoint (CoMP) which benefits from both interference mitigation
and UAV mobility. Specifically, they considered a Rician fading channel model where the
LoS path has a random phase component due to the random UAV wobbling. Apart from
analytical results, measurement campaigns have also reported the impact of wobbling as
an important source of error in establishing a strong connection in aerial wireless networks
[47, 48]. In particular, in [47], the authors used a channel sounder to investigate an air-
to-ground wireless link, from which they observed that the variations of the received power
from a completely static UAV is much less than that of a hovering UAV. Although these
works address important problems related to UAV wobbling, its impact on the wireless
communication channel still remains an open problem, which is the main focus of Chapter
5.

Hardware Impairments. Apart from wobbling, which is unique to UAV communications,
implementing an actual UAV communication system requires careful consideration of other
types of impairments as well, such as intrinsic hardware impairments. The unfavorable
impact of radio frequency (RF) imperfections, also known as hardware impairments, on
various aspects of communication systems has been studied extensively during the past
decades. Perhaps one of the most comprehensive books on this subject is [49], where the
authors describe in detail three fundamental hardware impairments, i.e., phase noise, I/Q
imbalance, and PA nonlinearity, along with a general error model that characterizes the
effect of all three impairments on the received signal in a wireless channel. This general
error model [49, Ch. 7] motivated many researchers to redefine and solve fundamental
communication-theoretic problems under a more realistic impairment-aware channel model
[50, 51, 52, 53, 54, 55, 56, 57, 58]. For instance, the authors in [50] quantified the aggregate
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effect of hardware impairments on two-hop relaying systems [34, 59, 60] and obtained closed-
form expressions for the outage probability in these networks. In [51], the authors analytically
proved that the capacity of a multiple-input multiple-output (MIMO) channel will be limited
when hardware impairments are assumed, which signifies the fundamental impact of these
impairments on the wireless channel. The problem of MIMO transmission with residual
RF impairments on the transmitter side was studied in [52], where the authors showed
that such hardware impairments substantially degrade the performance of MIMO detection
algorithms. In [53], the authors incorporated hardware impairments in the analysis of massive
MIMO systems, and demonstrated the existence of an upper bound on the capacity of
each UE. Another interesting work that studies the impact of hardware impairments on
massive MIMO systems is [54], where the authors perform various simulations considering
both additive and multiplicative stochastic impairment models, as well as more accurate
deterministic behavioral models. Although sparse, there are a few works that study the
impact of hardware impairments in UAV communications [61, 62]. For example, the authors
in [61] studied a UAV-aided non-orthogonal multiple access (NOMA) relaying network, where
both the UAV-relay and terrestrial UEs suffer from residual hardware impairments. Quite
surprisingly, none of the recent literature consider the impact of hardware impairments along
with UAV wobbling. In Chapter 6, we analyze the joint impact of hardware impairments and
UAV wobbling on the wireless channel and provide a unified impairment-aware air-to-ground
channel model.

1.3 Contributions

The contributions of this dissertation are summarized as follows along with the related
publications. More elaborate technical contributions are provided under the “Contributions”
section of each chapter.

1.3.1 3D Two-Hop Networks with Wireless Backhauled UAVs

In the second chapter of this dissertation, we characterize the performance of a 3D two-
hop cellular network in which terrestrial BSs coexist with UAVs to serve ground UEs. In
particular, a UE connects either directly to its serving terrestrial BS by an access link
or connects first to its serving UAV which is then wirelessly backhauled to a terrestrial
BS (joint access and backhaul). We consider realistic antenna radiation patterns for both
BSs and UAVs using practical models developed by the 3GPP. We assume a probabilistic
channel model for the air-to-ground transmission, which incorporates both LoS and non-
LoS (NLoS) links. Assuming the max-power association policy, we study the performance
of the network in both amplify-and-forward (AF) and decode-and-forward (DF) relaying
protocols. Using tools from stochastic geometry, we analyze the joint distribution of distance
and zenith angle of the closest (and serving) UAV to the origin in a 3D setting. Further,
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we identify and extensively study key mathematical constructs as the building blocks of
characterizing the received signal-to-interference-plus-noise ratio (SINR) distribution. Using
these results, we obtain exact mathematical expressions for the coverage probability in both
AF and DF relaying protocols. Furthermore, considering the fact that backhaul links could
be quite weak because of the downtilted antennas at the BSs, we propose and analyze the
addition of a directional uptilted antenna at the BS that is solely used for backhaul purposes.
The superiority of having directional antennas with wirelessly backhauled UAVs is further
demonstrated via simulation. More details of our contributions in this part of the dissertation
can be found in Section 2.1.2.

1.3.2 Mobility and Handover in Drone Cellular Networks

In Chapter 3, we characterize the performance of several canonical mobility models in a
drone cellular network in which DBSs serve a set of UEs on the ground. In particular, we
consider the following four mobility models: (i) straight line (SL), (ii) random stop (RS),
(iii) RW, and (iv) RWP, among which the SL mobility model is inspired by the simulation
models used by the 3GPP for the placement and trajectory of drones, while the other three
are well-known canonical models (or their variants) that offer a useful balance between
realism and tractability. Assuming the nearest-neighbor association policy, we consider two
service models for the UEs: (i) UE independent model (UIM), and (ii) UE dependent model
(UDM). While the serving DBS follows the same mobility model as the other DBSs in the
UIM, it is assumed to fly towards the UE of interest in the UDM and hover above its
location after reaching there. The main contribution of this chapter is a unified approach to
characterize the point process of DBSs for all the mobility and service models. Using this,
we provide exact mathematical expressions for the average received rate and the session
rate as seen by the typical UE. Further, using tools from the calculus of variations, we
concretely demonstrate that the simple SL mobility model provides a lower bound on the
performance of other general mobility models (including the ones in which drones follow
curved trajectories) as long as the movement of each drone in these models is independent
and identically distributed (i.i.d.).

We analyze the handover probability in a drone cellular network in Chapter 4, where the
initial positions of the DBSs serving the ground UEs are modeled by a homogeneous PPP.
Similar to Chapter 3 and inspired by the mobility model considered in the 3GPP studies,
we assume that all the DBSs move along straight lines in random directions. We further
consider two different scenarios for the DBS speeds: (i) same speed model (SSM), and (ii)
different speed model (DSM). Assuming nearest-neighbor association policy for the UEs on
the ground, we characterize the handover probability of this network for both mobility sce-
narios. For the SSM, we compute the exact handover probability by establishing equivalence
with a single-tier terrestrial cellular network, in which the BSs are static while the UEs are
mobile. We then derive a lower bound for the handover probability in the DSM by charac-
terizing the evolution of the spatial distribution of the DBSs over time. More details of our
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contributions in this part of the dissertation can be found in Sections 3.1.2 and 4.1.

1.3.3 Impairments-Aware Air-to-Ground Wireless Communications

Chapter 5 of this dissertation is dedicated to the impact of random physical fluctuations of
UAVs, also known as UAV wobbling, on the coherence time of the wireless channel between
UAVs and a ground UE, using a Rician multi-path channel model. We consider two different
scenarios for the number of UAVs: (i) single UAV scenario (SUS), and (ii) multiple UAV
scenario (MUS). For each scenario, we model UAV wobbling by two random processes, i.e.,
the Wiener and sinusoidal processes, and characterize the channel autocorrelation function
(ACF) which is then used to derive the coherence time of the channel. For the MUS, we
further show that the UAV-UE channels for different UAVs are uncorrelated from each other.
A key observation in this chapter is that even for small UAV wobbling, the coherence time
of the channel may degrade quickly, which may make it more challenging to estimate the
channel and establish a reliable communication link.

In Chapter 6, we develop an impairments-aware air-to-ground unified channel model that
incorporates the effect of both wobbling and hardware impairments, where the former is
caused by random physical fluctuations of UAVs, and the latter by intrinsic RF nonidealities
at both the transmitter and receiver, such as phase noise, in-phase/quadrature (I/Q) imbal-
ance, and power amplifier (PA) nonlinearity. The impact of UAV wobbling is modeled by
two stochastic processes, i.e., the canonical Wiener process and the more realistic sinusoidal
process. On the other hand, the aggregate impact of all hardware impairments is modeled as
two multiplicative and additive distortion noise processes, which is a well-accepted model.
For the sake of generality, we consider both wide-sense stationary (WSS) and nonstationary
processes for the distortion noises. We then rigorously characterize the ACF of the wireless
channel, using which we provide a comprehensive analysis of four key channel-related met-
rics: (i) power delay profile (PDP), (ii) coherence time, (iii) coherence bandwidth, and (iv)
power spectral density (PSD) of the distortion-plus-noise process. Furthermore, we evaluate
these metrics with reasonable UAV wobbling and hardware impairment models to obtain
useful insights. Similar to our observation in the previous chapter, we demonstrate that the
coherence time severely degrades at high frequencies even for small UAV wobbling, which
renders air-to-ground channel estimation very difficult at these frequencies. More details of
our contributions in this part of the dissertation can be found in Sections 5.1 and 6.1.2.

1.4 Organization

The rest of this dissertation is organized as follows. Considering 3D deployment of UAVs
and following realistic antenna and channel models, we study the coexistence of UAVs with
terrestrial BSs in Chapter 2, where BSs provide wireless backhaul to the UAVs in a two-hop
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setting. In Chapter 3, we study various canonical mobility models in drone cellular networks
and analyze the average received rate at the typical UE. Chapter 4 is devoted to the analysis
of handover probability in drone cellular networks using different scenarios for drone speeds.
Impact of UAV wobbling on the air-to-ground wireless channel is investigated in Chapter 5
and we propose and extensively study an impairment-aware unified channel model for the
air-to-ground wireless communications in Chapter 6. We conclude the dissertation with a
discussion on the potential future works in Chapter 7.
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Chapter 2

3D Two-Hop Cellular Networks with
Wireless Backhauled UAVs: Modeling
and Fundamentals

2.1 Introduction

Owing to their unique deployment advantages, such as agility, cost-effectiveness, and high
probability of LoS, UAVs are widely regarded as an indispensable component of modern
wireless networks [2, 63, 64]. Specifically, UAVs can act as aerial UEs, BSs, or even relays to
expand the coverage or capacity of a terrestrial network or to establish a temporary wireless
network in case of natural disasters. Since most UAV platforms are able to move freely in the
sky and do not have any wired connection to the ground, they will naturally need to establish
wireless backhaul connections with fiber-backhauled BSs on the ground. Since terrestrial BSs
are downtilted, these wireless backhaul connections may be established through BS antenna
sidelobes, which may limit their capacity [65, 66]. Given the 3D nature of this network and
the intricate dependencies of access and backhaul links in this setup, it is not straightforward
to quantify the performance of this network. Tackling this important challenge, this chapter
develops a comprehensive framework with foundations in stochastic geometry to study the
end-to-end performance of this 3D two-hop network in which the UE on the ground may be
served by a UAV, which, in turn, is wirelessly backhauled to a terrestrial BS. Crucially, our
analysis is cognizant of the performance limiting characteristics of the UAV networks, such
as the realistic antenna patterns of BSs. Going further, we also characterize the performance
gains obtained by deploying dedicated uptilted antennas at the terrestrial BSs specifically
for the backhaul purposes.

2.1.1 Related Works

This chapter lies at the intersection of the following three research directions: (i) relaying in
cellular networks, (ii) stochastic geometry for UAV networks, and (iii) wirelessly backhauled
UAVs. We discuss each of the above lines of research next.

10



2.1. INTRODUCTION 11

Relaying in Cellular Networks. The idea of using relays for improving the performance
of cellular networks, such as increasing the coverage area or offering higher throughput
to the UEs, is well-established in wireless communications [67, 68, 69, 70, 71, 72]. Two
major cooperative signaling methods, i.e., AF and DF, have been extensively studied in the
literature [67]. For instance, the authors in [68] studied the information-theoretic aspects
of both AF and DF relaying schemes along with their variants. End-to-end performance of
cooperative relay networks over Rayleigh and Nakagami fading channels has been analyzed in
several works, such as in [69, 70, 72], where the authors obtained mathematical expressions for
the end-to-end signal-to-noise ratio (SNR) of each relaying protocol. Moving forward to the
past decade, interference has become a non-negligible factor in determining the performance
of wireless networks due to a dramatic increase in the number of nodes and bandwidth
scarcity. Taking the impact of interference into account, the authors in [73] studied the
outage performance of a multi-hop AF communication system where the relays were exposed
to a Poisson field of interferes. Using tools from stochastic geometry and optimization theory,
the authors in [74] provided a system-level analysis of two-hop DF networks and showed that
the benefits of relays could be negligible if the system is not appropriately designed. In recent
years and with the emergence of UAVs as potential wireless nodes, there has been a lot of
interest in using UAVs as relays [75, 76, 77, 78]. For example, the authors in [75] considered
the problem of joint power and trajectory optimization for an AF relay network consisting
of a single UAV as a relay. The problem of using either only one UAV or multiple UAVs as
relays is studied in [76], where the placement of UAVs is optimized by maximizing the end-
to-end SNR for both AF and DF relaying protocols. The optimal placement of a UAV-relay
for maximum reliability is considered in [77], where the UAV altitude is also optimized for
both static and mobile UAVs.

Stochastic Geometry for UAV Networks. Given the irregular locations of transmitters and
receivers in modern wireless networks, it is reasonable to consider the random network view-
point for the system-level analysis of such networks using ideas from stochastic geometry
[19, 79, 80]. This is particularly relevant for UAV networks, where the UAVs could act either
as BSs, UEs, or relays with random placements and movements [81, 82, 83, 84, 85, 86]. Con-
sidering a finite network of UAVs distributed as a binomial point process (BPP), the authors
in [20] studied the coverage probability of the network for the cases of with and without
fading. Motivated by this work, the problem of designing stochastic trajectory processes for
mobile UAVs was investigated in [37] and the same coverage trends as in [20] were observed.
Modeling the locations of UAVs as a BPP, the authors in [22] studied the coexistence problem
of UAVs with a network of BSs distributed as a Poisson point process (PPP) on the ground.
They have also considered probabilistic LoS/NLoS channel model to further leverage the
benefits of using UAVs. Along similar lines, the authors in [87] and [88] analyzed the re-
ceived rate for a terrestrial and aerial UE, respectively, in a vertical heterogeneous network,
comprising of terrestrial BSs and UAVs acting as BSs. Using probabilistic channel model
and realistic antenna pattern at the BS site, the problem of finding the optimal spectrum
sharing strategy for UAV-to-UAV communications is studied in [89]. Considering Poisson
cluster processes, the authors in [90] investigated the impact of different UAV placement
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strategies, which could be either independent of or dependent on the UE locations on the
ground.

Wirelessly Backhauled UAVs. Given the growing number of BSs in the forms of terrestrial
(macro or small cell) and aerial units, providing strong fiber backhaul for all of these BSs is
a challenging task. Therefore, it is inevitable that some of the BSs in a cellular network are
wirelessly backhauled to the core network [28, 29, 30]. This is specifically the case for most
UAVs, as they are supposed to hover and move freely in the sky, unless being tethered to
a building rooftop [31]. In [32], the impact of UAV millimeter-wave (mmWave) backhauling
is considered in an aerial-terrestrial cellular network using tools from stochastic geometry.
Along similar lines, the authors in [33] studied the success probability of establishing a wire-
less backhaul network using directional antenna patterns for the UAVs. In [34], the authors
used tools from graph theory to solve a 3D UAV placement problem, where UAVs serve the
ground UEs and are also wirelessly backhauled to the terrestrial BSs. Optimal 3D path
planning problem for a UAV is investigated in [35] considering both backhaul constraint and
realistic antenna patterns. The main idea was to change the UAV height during the course
of its path to improve the backhaul link quality using dynamic programming. Considering
link blockages in mmWave frequencies, the authors in [36] studied the use of UAVs as relays
in a flexible backhaul architecture for dynamically rerouting to alternative paths.

Taking full advantage of UAVs for wireless backhaul support requires considering UAV-
specific criteria, such as 3D deployment [91], realistic antenna patterns (both at the UAV
and BS sites) [66, 92], and a high probability of LoS transmission. In this work, we present
the first stochastic geometry-based analysis of 3D UAV-assisted two-hop cellular networks
using realistic antenna and channel models. Our key contributions are summarized next.

2.1.2 Contributions

This chapter provides a comprehensive analysis of downlink transmission in a two-hop UAV-
assisted 3D communication system using realistic antenna and channel models. In particular,
we model the fiber-backhauled BSs as a two-dimensional (2D) homogeneous PPP at a con-
stant height that serve the ground UEs. UAVs are wirelessly backhauled to the BSs and are
modeled as a 3D homogeneous PPP hovering between two permissible heights. We assume
realistic antenna patterns for the BSs and UAVs based on 3GPP studies [93] and also consider
a probabilistic LoS/NLoS channel model for the air-to-ground communication links. Using
the max-power association policy for selecting the serving BS and UAV, we consider both AF
and DF relaying protocols and adopt a hybrid scheme where a UE is either served directly
by a one-hop access link from the serving terrestrial BS or by a two-hop link consisting of an
access link from the serving UAV to the UE and a backhaul link from the terrestrial BS to
that UAV. Selection between one-hop or two-hop connection is made based on the received
SINR [71]. In both cases, we will term the terrestrial BS as the serving BS, where it serves
the UE directly in the one-hop connection and the serving UAV over the backhual link in
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Figure 2.1: An illustration of the system model. Desired and interfering signals to the typical
UE are denoted by solid green and dotted red lines, and the access and backhaul links to
the typical UE are shown as solid green and blue lines, respectively.

the two-hop connection. For this setup, we highlight our key contributions next.

Mathematical Constructs for 3D Relay-Assisted Communication Networks

We derive the distribution of several random variables that are the building blocks for the
analysis of two-hop AF and DF relaying protocols. Furthermore, considering the 3D PPP of
UAVs and the probabilistic channel model, we obtain the LoS/NLoS association probabilities
and derive the joint distribution of the distance and zenith angle of the serving UAV to the
typical UE. We also provide asymptotic results for these distributions.

Coverage Performance in Backhaul-Aware Communication Networks

We develop a general framework for analyzing the coverage probability in backhaul-aware
two-hop communication networks. For a specific serving UAV channel condition, we de-
rive the conditional Laplace transform of interference for both LoS and NLoS interfering
UAVs. Using this Laplace transform along with the distributional results described above,
we characterize the coverage probability for both AF and DF relaying protocols.

Design Insights with Directional Antenna Models

Inspired by 3GPP documents [6, Section 5.8], we propose a novel method to increase the
coverage probability of the network by adding a dedicated uptilted directional antenna at
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the BS site, which is only used for backhaul purposes. This is the first work that considers
uptilted antennas at the BS sites for improving aerial coverage. As a baseline, we also con-
sider canonical isotropic antennas, which are vastly used in the literature, and demonstrate
the superiority of using directional antennas over them in the simulation results.

2.2 System Model

2.2.1 Spatial Setup

We consider a 3D setting where BSs and UAVs coexist to serve UEs on the ground. We
assume that BSs have a constant height of hB and the projection of BS locations onto the
ground follows a homogeneous PPP ΦB with density λB. Independently from ΦB, UAVs
are distributed based on a 3D homogeneous PPP ΦD with density λD in the space enclosed
between heights hD,m and hD,M, which represent the minimum and maximum allowable UAV
heights, respectively. The ground UEs are distributed as another homogeneous PPP ΦU
independently from ΦB and ΦD. In this setup, we consider the ground to be aligned with
the xy-plane of the 3D coordinate system, and without loss of generality, we perform the
analysis for the typical UE placed at the origin o = (0, 0, 0). As shown in Fig. 2.1, we
represent the 3D distances from a BS and a UAV located at Bx ∈ ΦB and Dx ∈ ΦD to o by
rBx =

√
u2Bx+ h2B and rDx =

√
u2Dx+ h2D, respectively, where uBx and uDx are the 2D (i.e.,

horizontal) distances from Bx and Dx to o, respectively. In this chapter, we use subscript ‘0’
for denoting the serving BS and UAV. Therefore, the locations of the serving BS and UAV
are denoted by B0 and D0, respectively1, and the 3D and 2D distances from B0 (resp. D0) to
o are denoted by rB0 =

√
u2B0

+ h2B and uB0 (resp. rD0 =
√
u2D0

+ h2D0
and uD0), respectively,

where hD0 is the serving UAV height. We represent the 3D distance between B0 and D0 by
rB0D0 . More details on the serving BS and UAV are given in Section 2.2.4.

Remark 2.1. Since the UAVs should be able to hover at any location, we require them to
be rotary-wing drones in this chapter.

2.2.2 Antenna Pattern

We adopt realistic antenna radiation patterns [93] for BSs, UAVs, and UEs, as explained
next.

1With a slight abuse of notation, we represent both the location of the serving BS and the serving BS
itself by B0. The same goes with D0 as well.
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BS

We consider two different antenna models at the BSs: (i) omnidirectional antenna2, and (ii)
a combination of omnidirectional and directional antennas. Although our main focus in this
chapter is on realistic antenna patterns, we will also study the canonical isotropic antenna
pattern, which has the same radiation pattern in all directions, as a baseline for comparison.

Downtilted Omnidirectional In this model proposed by 3GPP, we consider a uniform
linear array (ULA) that is vertically installed at each BS. The ULA has NB elements, equally
separated by λ/2, where λ = c/f is the wavelength of the operating frequency f and c is the
speed of light. The normalized array factor for this ULA can be written as [94, Sec. 8.3.2]

fA(θ, θB) =
sin
(
NB

π
2
[cos(θ)− cos(θB)]

)
NB sin

(
π
2
[cos(θ)− cos(θB)]

) , (2.1)

where θ and θB are, respectively, the zenith angle and the direction of the BS antenna
mainlobe, both measured from the z-axis of the 3D coordinate system. Note that since the
primary objective of terrestrial BSs is to serve the ground UEs, their antenna mainlobes are
tilted downward to the ground, which means that π/2 < θB < π. Each element of the ULA
is an omnidirectional antenna that has a normalized vertical radiation power pattern (in dB)
of

GE,V(θ) = −min
{
12

(
θ − π/2

θ3dB

)2

, SLAV

}
,

where θ3dB = 65◦ is the vertical 3dB beamwidth and SLAV = 30 dB is the sidelobe attenua-
tion limit [93]. Note that this antenna is omnidirectional along the horizontal direction with
a normalized gain of GE,H(ϕ) = 0 dB, where ϕ is the azimuthal angle measured from the
x-axis in the xy-plane. Furthermore, we assume the maximum gain of each antenna element
is Gmax

E = 8 dBi [93]. Therefore, we write the 3D element pattern as

GE,3D(θ, ϕ) = Gmax
E +GE,V(θ) +GE,H(ϕ)

= Gmax
E +GE,V(θ)

:= GE(θ).

The complete gain of the BS antenna array along direction θ for all ϕ can now be written in
dBi as [94, Sec. 8.4]

GOmniD
B (θ, θB) = GE(θ) + 20 log(|fA(θ, θB)|), (2.2)

where the superscript OmniD stands for “downtilted omnidirectional”.
2In antenna theory terminology, “omnidirectional” refers to constant radiation pattern only in the hori-

zontal direction [94].
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Downtilted Omnidirectional and Uptilted Directional Looking closely at the pre-
vious model, we observe that UAVs are mostly served by the BS antenna sidelobes, which
is a major drawback of this model since sidelobe peak gain is usually much lower than the
mainlobe peak gain. For instance, the sidelobe level for a ULA with a large number of
antenna elements is about −13.3 dB [94, Sec. 8.3.1]. Furthermore, UAVs may be in the
null direction of the BS antenna array, which could cause an outage in the UAV-BS link.
As discussed in 3GPP TR 22.829 [6, Section 5.8], one way to combat these effects and im-
prove the backhaul link is to deploy a separate uptilted directional antenna along with the
aforementioned downtilted omnidirectional antenna array at the BS. Note that this newly
added directional antenna is merely used for backhaul purposes, i.e., communicating with
the UAVs. It is worth mentioning that while this work was under review, other researchers
have also used the idea of adding equipment at the BS sites to better accommodate UAVs,
see e.g., [95, 96]. In both these works, the authors try to optimize the tilt angle of the BS
uptilted antenna to avoid aerial coverage holes and guarantee reliable communications.

Similar to the downtilted omnidirectional antenna model, we use the 3GPP-based antenna
pattern here as well, which can be either mechanically or electrically steered toward the
UAV locations. More specifically, when directed toward (θ0, ϕ0), this antenna has normalized
vertical, horizontal, and 3D radiation power patterns (in dB) of

GV(θ, θ0) = −min
{
12

(
θ − θ0
θ3dB

)2

, SLAV

}
,

GH(ϕ, ϕ0) = −min
{
12

(
ϕ− ϕ0

ϕ3dB

)2

, Am

}
,

G3D(θ, ϕ, θ0, ϕ0) = −min {−GV(θ, θ0)−GH(ϕ, ϕ0), Am} ,

respectively, where θ3dB = 10◦ and ϕ3dB = 10◦ are the vertical and horizontal 3dB beamwidths
and Am = 30 dB is the front-back ratio [93]. Note that we used narrower beamwidths than
those in the downtilted omnidirectional antenna to reduce interference. Furthermore, since
this antenna is tilted upward, we require that 0 < θ0 < π/2. Hence, the gain of this antenna
along direction (θ, ϕ) in dBi becomes

GDirU
B (θ, ϕ, θ0, ϕ0) = Gmax +G3D(θ, ϕ, θ0, ϕ0),

where Gmax = 8 dBi is the maximum gain of this antenna and the superscript DirU stands
for “uptilted directional”.

UAV

We assume UAVs are equipped with two sets of antennas, one for the backhaul connection
and the other for the access link (see Fig. 2.1). The backhaul antenna is directional and has
the same pattern as the uptilted directional antenna at the BS described earlier in Section
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2.2.2, with the only difference that its main beam is not necessarily tilted upward. In fact,
since the height of the UAVs are usually higher than that of the BSs, the UAV backhaul
antenna is usually downtilted. Hence, we write the gain of this antenna as

GBH
D (θ, ϕ, θ0, ϕ0) = GDirU

B (θ, ϕ, θ0, ϕ0),

where π/2 < θ0 < π and the superscript BH stands for “backhaul”. On the other hand, the
access antenna is assumed to be downtilted omnidirectional with the following features: (i)
static (non-steerable), so the mainlobe direction cannot change, (ii) tilted completely toward
the ground with θ0 = π, and (iii) has a wider beam than the backhaul antenna to serve the
UEs and we set θ3dB = 120◦. Thus, the UAV access antenna gain can be written in dBi as

GAC
D (θ) = Gmax − min

{
12

(
θ − π

θ3dB

)2

, SLA
}
, (2.3)

where Gmax = 8 dBi, SLA = 30 dB [93], and the superscript AC stands for “access”.

UE

Each UE is equipped with an isotropic antenna with gain GU = 0 dBi in all directions.

Remark 2.2. As mentioned earlier, the antenna mainlobe directions for both the BS omni-
directional and the UAV access antennas are static, while the BS directional antenna (which
is used only for backhaul) and the UAV backhaul antenna have both steerable mainlobe
directions. As for the UAV and the terrestrial BS to which it is backhauled, we assume that
their backhaul antennas are steered exactly toward each other, while the antenna directions
of interfering BSs and UAVs are chosen uniformly at random.

2.2.3 Channel Model

LoS and NLoS Channel Conditions

One of the major advantages of employing UAVs in wireless communications is their superior
channel conditions as compared to their terrestrial counterparts. In fact, since UAVs usually
fly at high altitudes, they are expected to have a high probability of LoS, which results in
low attenuation in the received signal [5]. To capture this unique feature of aerial networks,
we consider a mixture of LoS and NLoS links for the channel model. Specifically, a UAV
establishes an LoS link with the typical UE with probability [11]

pL(θ) =
1

1 + c1e−c2(90−θ−c1)
, (2.4)
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and an NLoS link with probability pN(θ) = 1− pL(θ), where θ is the zenith angle measured
from the z-axis in degrees (90 − θ is the elevation angle), and c1 and c2 are two positive
environment-dependent parameters. From (2.4), we observe that as the UAV height in-
creases, θ decreases, and thus, pL(θ) will increase. Note that we use this model only for the
UAV-UE channels. Since the BS heights are usually comparable to those of buildings in
urban or rural environments, we assume that BS-UAV and BS-UE links are always in LoS
and NLoS conditions, respectively.

Received Powers

We assume that BSs and UAVs transmit with constant powers PB and PD, respectively. For
consistency, we represent the antenna gains of the BSs and UAVs toward the typical UE
(access) by G and toward each other and among themselves (backhaul) by g. Since the
BS-UE link is in an NLoS condition, the received power at the typical UE from the serving
BS can be written as PRx

B0
= PBGB0GUfB0r

−αN
B0

η−1
N , where GB0 is the serving BS antenna

gain along the direction of the typical UE, GU is the typical UE antenna gain, fB0 is the
small-scale fading power between the serving BS and the typical UE, and αN and ηN are the
path-loss exponent and the mean excessive path-loss for NLoS transmission, respectively [11].
On the other hand, the BS-UAV link is in an LoS condition, and thus, we write the received
power at the serving UAV from the serving BS as PRx

B0D0
= PBgB0gD0fB0D0r

−αL
B0D0

η−1
L , where

gB0 is the serving BS antenna gain along the direction of the serving UAV, gD0 is the serving
UAV antenna gain along the direction of the serving BS, fB0D0 is the small-scale fading power
between the serving BS and the serving UAV, and αL and ηL are the path-loss exponent and
the mean excessive path-loss for LoS transmission, respectively. Since the UAV-UE link may
experience both channel conditions, we write the received power at the typical UE from the
serving UAV for the LoS and NLoS conditions, respectively, as PRx

D0,L = PDGD0GUfD0r
−αL
D0,Lη

−1
L

and PRx
D0,N = PDGD0GUfD0r

−αN
D0,Nη

−1
N , where GD0 is the serving UAV antenna gain along the

direction of the typical UE, fD0 is the small-scale fading power between the serving UAV
and the typical UE, and rD0,L and rD0,N are the serving UAV distances to the typical UE in
LoS and NLoS conditions, respectively. Note that we have αL < αN and ηL < ηN.

Let us now define interference at the typical UE and the serving UAV, which are of interest
for the downlink analysis. We represent the set of interfering BSs and UAVs by Φ′

B :=
ΦB\B0 and Φ′

D := ΦD\D0, respectively, and write the received power at the typical UE
and the serving UAV from the interfering BSs (IBU and IBD) and the received power at the
serving UAV from the interfering UAVs (IDD) as IBU =

∑
Bx∈Φ′

B
PBGBxGUfBxr

−αN
Bx η−1

N , IBD =∑
Bx∈Φ′

B
PBgBxgD0fBxD0r

−αL
BxD0

η−1
L , and IDD =

∑
Dx∈Φ′

D
PDgDxgD0fDxD0r

−αL
DxD0

η−1
L , respectively,

where the parameters GBx , fBx , gBx , fBxD0 , gDx , and fDxD0 are defined similarly as in the
serving BS/UAV parameters described earlier. As for the received power at the typical
UE from the interfering UAVs, we first partition the set of all UAVs in two disjoint sets of
LoS (ΦD,L) and NLoS (ΦD,N) UAVs. Using thinning theorem for the PPP ΦD, we observe
that ΦD,L and ΦD,N are two independent inhomogeneous PPPs with densities λDpL(θ) and
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λDpN(θ), respectively [19]. The point process of interfering UAVs in LoS and NLoS conditions
can now be defined as Φ′

D,L := ΦD,L\D0 and Φ′
D,N := ΦD,N\D0. Finally, we define the

received power at the typical UE from each set as IDU,L =
∑

Dx∈Φ′
D,L

PDGDxGUfDxr
−αL
Dx η−1

L

and IDU,N =
∑

Dx∈Φ′
D,N

PDGDxGUfDxr
−αN
Dx η−1

N , where the parameters GDx and fDx are defined
similarly as before. We also represent the total interference from the UAVs at the typical
UE by IDU = IDU,L + IDU,N, and the total interference from both the BSs and UAVs at the
typical UE by IU = IBU + IDU. The received SINR at the typical UE from the serving BS,
the received SINR at the typical UE from the serving UAV, and the received SINR at the
serving UAV from the serving BS are defined, respectively, as

SINRBU,q =
PRx

B0

IU + PRx
D0,q

+N0

, (2.5)

SINRDU,q =
PRx

D0,q

IU + PRx
B0

+N0

, (2.6)

SINRBD =
PRx

B0D0

IBD + IDD +N0

, (2.7)

where q = {L,N} denotes the LoS or NLoS channel conditions and N0 is the noise power.

Assumption 1. For non-isotropic antennas, the total interference at the serving UAV from
other BSs (IBD) and UAVs (IDD) is negligible and assumed to be 0 in this chapter. Therefore,
we have SINRBD ≈ SNRBD =

PRx
B0D0

N0
, where SNRBD is the SNR at the serving UAV from the

serving BS.

Fading

We consider Nakagami-m fading model for both the LoS and NLoS channels since it captures
a wide variety of fading environments3. Hence, the channel fading powers fB0 , fD0 , fB0D0 ,
fBx , fDx , fBxD0 , and fDxD0 are all gamma distributed with probability density function
(pdf) and cumulative distribution function (cdf) of fX(x) = mm

Γ(m)
xm−1e−mx and Fx(x) =

1
Γ(m)

γ(m,mx), respectively, where γ(s, x) =
∫ x

0
ts−1e−t dt is the lower incomplete gamma

function and Γ(s) = γ(s,∞) is the gamma function. For mathematical tractability, we
assume that m is integer and the serving and interfering links have the same m values.

3The most natural choice for modeling small-scale fading in UAV-assisted communications is Rician
fading, which makes a clear distinction between the direct and scattered paths. This is mainly due to the
high probability of LoS in aerial networks [11]. However, the Rician pdf does not lend itself to further
analysis since it entails modified Bessel function. Because of this, we use the Nakagami-m fading model
instead of the Rician model, which is quite common in the literature for system-level analysis thanks to its
mathematical tractability. Furthermore, using the moment matching technique, it is well-known that the
Rician distribution with factor K can be well approximated with the Nakagami-m distribution using the
relation m = (K+1)2

2K+1 .
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2.2.4 Service Model and Association Policy

We assume BSs have strong and reliable fiber backhaul connections to the core network,
while UAVs are wirelessly backhauled to the BSs. To connect UEs to the core network, we
consider the following two service models: (i) access only, where the UEs connect directly
to the BSs via access links, and (ii) joint access and backhaul, where the UEs use UAVs as
relays for connecting to the BSs. In the second service model, UAV-UE and BS-UAV links
are regarded as the access and backhaul links, respectively. In this chapter, we use a hybrid
scheme where the UEs can be served either directly by the BS-UE links or indirectly by a
two-hop connection consisting of the BS-UAV and UAV-UE links. The selection between
the one-hop and two-hop connections is made based on the SINR [71]. Using the maximum
received power association policy, we write the association rules as

B0 = arg max
Bx∈ΦB

PRx
Bx = arg max

Bx∈ΦB

r−αN
Bx = arg min

Bx∈ΦB

rBx , (2.8)

D0 = arg max
q∈{L,N},Dx∈ΦD,q

PRx
Dx,q = arg max

q∈{L,N},Dx∈ΦD,q

r
−αq

Dx η−1
q , (2.9)

where the impact of antenna gains is absorbed into ηq for simplicity. Note that since all the
BSs experience the NLoS channel condition when connecting to the typical UE, the maximum
average received power and the nearest neighbor association policies are equivalent for the
BSs. However, this is not the case for the UAVs, as a farther UAV to the typical UE may
have better channel conditions than a nearer one, and thus, be regarded as the serving UAV.

2.2.5 Relaying Protocols and Metrics

We adopt both AF and DF relaying protocols in this chapter. Considering AF downlink
transmission, the received signal from the source (BS) at the relay (UAV) is multiplied
by a gain G before being forwarded to the destination (UE). Note that the choice of the
relay gain G defines the overall performance of the AF relaying protocol [68, 70]. Assuming
G = 1/(PRx

B0D0
+IBD+IDD+N0), the AF end-to-end SINR for the UAV-UE channel condition

q can be written as

SINRAF
e2e,q =

SINRBDSINRDU,q

SINRBD + SINRDU,q + 1
. (2.10)

In the DF protocol, the received signal is first decoded and then forwarded to the destination.
Since both the relay and destination nodes must decode the source signal without error for
a successful transmission [68], we write the DF end-to-end SINR for channel condition q as

SINRDF
e2e,q = min {SINRBD, SINRDU,q} . (2.11)

We can easily show that the DF protocol always outperforms the AF protocol. In fact, we
have

SINRDF
e2e,q >

(
SINRBD

−1 + SINRDU,q
−1
)−1

> SINRAF
e2e,q.
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We represent the received SINR at the typical UE by SINRAF and SINRDF for the AF and
DF relaying protocols, respectively, and define them for specific channel condition q using
the aforementioned hybrid scheme as

SINRAF
q = max

{
SINRBU,q, SINRAF

e2e,q
}
, (2.12)

SINRDF
q = max

{
SINRBU,q, SINRDF

e2e,q
}
. (2.13)

To evaluate the network performance, we introduce coverage probability as our main metric,
which is defined as the probability that the received SINR at the typical UE exceeds a
predetermined constant threshold τ , i.e., PAF

Cov = P[SINRAF ≥ τ ] and PDF
Cov = P[SINRDF ≥ τ ]

for the AF and DF relaying protocols, respectively.

2.3 Mathematical Constructs

In this section, we provide some important intermediate results that help us analyze the
coverage probability in 3D UAV-assisted communication networks.

2.3.1 Useful Lemmas for the Two-Hop Setting

Conditioned on knowing B0 and D0, one can represent the SINR values given in (2.5)–(2.7)
as

SINRBU,q =
aX

bY + I
, (2.14)

SINRDU,q =
bY

aX + I
, (2.15)

SINRBD =
cZ

N0

, (2.16)

where a = PBGB0r
−αN
B0

η−1
N , b = PDGD0r

−αq

D0,q
η−1
q , c = PBgB0gD0r

−αL
B0D0

η−1
L , I = IU+N0, X = fB0 ,

Y = fD0 , Z = fB0D0 , and we used Assumption 1 in writing SINRBD. Since we assumed the
Nakagami-m fading model, X, Y , and Z are distributed as gamma random variables. In
the next three lemmas, we will characterize the statistics of some functions of these gamma
random variables that are useful for analyzing the performance of UAV-assisted two-hop
relay networks.

Lemma 2.3. Let X and Y be two independent gamma random variables with integer-valued
shape and rate parameters both equal to m, and let a, b, and I be given non-negative constants.
Then the cdf of T1 = aX

bY+I
can be written as

FT1(τ) = 1−
m−1∑
i=0

i∑
k=0

(k +m− 1)!

k!(m− 1)!(i− k)!

am(bτ)k

(a+ bτ)m+k

(mτ
a
I
)i−k

e−mτ
a

I . (2.17)
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Proof. See Appendix A.1.

Lemma 2.4. Let X and Y be two independent gamma random variables with integer-valued
shape and rate parameters both equal to m, and let a, b, and I be given non-negative constants.
Then the cdf of T2 = max{aX,bY }

min{aX,bY }+I
can be written as

FT2(τ) =
m−1∑
i=0

γ
(
m+ i,

(
1
a
+ 1

b

)
mτ

|1−τ |1(τ<1)
I
)

i!(m− 1)!

ambi + aibm

(a+ b)m+i

−
m−1∑
i=0

i∑
k=0

γ
(
m+ k,

(
τ
a
+ 1

b

)
mτ

|1−τ |1(τ<1)
I
)

k!(m− 1)!(i− k)!

am(bτ)k

(a+ bτ)m+k

(mτ
a
I
)i−k

e−mτ
a

I

−
m−1∑
i=0

i∑
k=0

γ
(
m+ k,

(
1
a
+ τ

b

)
mτ

|1−τ |1(τ<1)
I
)

k!(m− 1)!(i− k)!

(aτ)kbm

(aτ + b)k+m

(mτ
b
I
)i−k

e−mτ
b

I , (2.18)

where 1(.) is the indicator function.

Proof. See Appendix A.2.

The following lemma characterizes a joint cdf that will be used in analyzing the coverage
probability in the AF relaying protocol.

Lemma 2.5. Let X and Y be two independent gamma random variables with integer-valued
shape and rate parameters both equal to m, and let a, b, I, and g be given non-negative
constants. Then the joint cdf of T1 = aX

bY+I
and T3 = bY

aX+I+g(aX+bY+I)
when τ < 1

g
can be

written as

FT1,T3(τ, τ ) =
m−1∑
i=0

γ

(
m+ i,

(
1

a(1+g)
+ 1

b

)
mτ(1+g)

|1−τ(1+g)|1(τ< 1
1+g

)
I

)
i!(m− 1)!

(a(1 + g))mbi + (a(1 + g))ibm

(a(1 + g) + b)m+i

−
m−1∑
i=0

i∑
k=0

γ

(
m+ k,

(
τ
a
+ 1

b

) mτ(1+g)

|1−τ(1+g)|1(τ< 1
1+g

)
I

)
k!(m− 1)!(i− k)!

am(bτ)k

(a+ bτ)m+k

(mτ
a
I
)i−k

e−mτ
a

I

−
m−1∑
i=0

i∑
k=0

γ

(
m+ k,

(
1

a(1+g)
+ τ

b(1−τg)

)
mτ(1+g)

|1−τ(1+g)|1(τ< 1
1+g

)
I

)
k!(m− 1)!(i− k)!

× (aτ(1 + g))k(b(1− τg))m

(aτ(1 + g) + b(1− τg))k+m

(
mτ(1 + g)

b(1− τg)
I

)i−k

e−
mτ(1+g)
b(1−τg)

I , (2.19)

and when τ ≥ 1
g
, we have FT1,T3(τ, τ ) = FT1(τ), where FT1(τ) is given in Lemma 2.3.
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Proof. See Appendix A.3.

Remark 2.6. From the previous lemmas, we observe the following special cases:

• τ = 0. All the cdfs tend to 0. For T1, all the terms in the double summation are 0,
except for i = k = 0, which is 1, making FT1(0) = 0. For T2, since γ(s, 0) = 0 for all s,
we have FT2(0) = 0. The same reasoning applies to the joint cdf of T1 and T3, giving
FT1,T3(0, 0) = 0.

• τ → ∞. All the cdfs tend to 1. For T1, the double summation will be 0, making
FT1(∞) = 1. For T2, note that the double summations are both 0, while the single
summation is equal to 1. This can be shown as follows:

m−1∑
i=0

(
m+ i− 1

i

)
ambi + aibm

(a+ b)m+i

=
1

(a+ b)2m−1

m−1∑
i=0

(
m+ i− 1

i

)
(ambi + aibm)(a+ b)m−1−i

=

∑m−1
i=0

∑i
k=0

(
2(m−1)−i

m−1

)(
i
k

)
(am+kbm−1−k + am−1−i+kbm+i−k)∑2m−1

l=0

(
2m−1

l

)
alb2m−1−l

, (2.20)

where in the last equality we expanded (a+ b)m−1−i and used the change of variables
m− 1− i 7→ i in the numerator. To prove the last equation is unity, we need to show
that the coefficients of alb2m−1−l for 0 ≤ l ≤ 2m − 1 are equal in the numerator and
denominator of (2.20), which can be verified using the following binomial identity [97,
Eq. (1.78)]:

n∑
k=0

(
α + k

k

)(
r + n− k

n− k

)
=

(
α + r + n+ 1

n

)
, ∀α, r.

Hence, FT2(∞) = 1. As for the joint cdf of T1 and T3, we have FT1,T3(∞,∞) =
FT1(∞) = 1.

• g = 0. The joint cdf of T1 and T3 is equivalent to the cdf of T2.

• g → ∞. The joint cdf of T1 and T3 is equivalent to the cdf of T1, since T3 → 0.

In case of Rayleigh fading, the fading powers will have exponential distribution, which is
a special case of the gamma distribution. Corollary 2.7 gives the results of the previous
lemmas for Rayleigh fading, which has a straightforward proof by setting m = 1 in (2.17),
(2.18), and (2.19).
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Figure 2.2: The 3D network setting when the closest UAV is at distance r from o for (a)
hD,m ≤ r ≤ hD,M, and (b) r > hD,M.

Corollary 2.7. Let X and Y be two independent exponential random variables with unity
mean, and let a, b, I, and g be given non-negative constants. Then the cdfs of T1 and T2,
and the joint cdf of T1 and T3 are given, respectively, as

FT1(τ) = 1− a

a+ bτ
e− τ

a
I , (2.21)

FT2(τ) = 1− a

a+ bτ
e− τ

a
I − b

b+ aτ
e− τ

b
I +

ab(1+τ)(1−τ)
(a+bτ)(b+aτ)

e−(
1
a
+ 1

b )
τ

|1−τ |1(τ<1)
I , (2.22)

FT1,T3(τ, τ ) = 1− a

a+ bτ
e− τ

a
I − b(1− τg)

b(1− τg) + aτ(1 + g)
e
− τ(1+g)

b|1−τg|1(τ< 1
g )

I

+
ab(1 + τ)(1− τ(1 + g))

(a+ bτ)(b(1− τg) + aτ(1 + g))
e
−( 1

a(1+g)
+ 1

b )
τ(1+g)

|1−τ(1+g)|1(τ< 1
1+g )

I

. (2.23)

2.3.2 Relative Distance and Angle Distributions in the 3D Setting

Let r̃B0 , r̃D0,L, and r̃D0,N be the distances of the closest BS, LoS UAV, and NLoS UAV to the
typical UE, and also let θ̃D0,L and θ̃D0,N be the zenith angles of the closest LoS and NLoS
UAVs to the typical UE, respectively. We start by providing the distance distribution of the
closest BS to the typical UE in the following lemma, where the proof follows directly from
the null probability of a PPP [19] and is omitted here for brevity.

Lemma 2.8. The cdf and pdf of the closest BS distance to the origin, i.e., r̃B0, can be written
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as

Fr̃B0
(r) = 1− e−πλB(r2−h2

B), (2.24)
fr̃B0

(r) = 2πλBre−πλB(r2−h2
B). (2.25)

As mentioned earlier in Section 2.2.4, since all BSs are in the NLoS channel condition and
have the same height, the closest BS to the typical UE is also regarded as its serving BS.
Hence, we have rB0 = r̃B0 , and thus, the serving BS distance distribution to the typical UE
will be frB0

(r) = fr̃B0
(r). We now provide the relative distance and angle distributions in

3D aerial networks in the following lemmas. First, we derive the distance distribution of
the closest UAV to the typical UE for the LoS and NLoS channel conditions in Lemma 2.9.
Using this result, we obtain the joint distance and angle distribution of the closest UAV to
the typical UE in Lemma 2.10. We will then determine the association probabilities for each
channel condition in Lemma 2.11. Finally, we derive the joint distribution of the distance
and angle of the serving UAV to the typical UE for both channel conditions in Lemma 2.12.

Lemma 2.9. The cdf and pdf of the closest UAV distance to the origin for channel condition
q = {L,N}, i.e., r̃D0,q, can be written, respectively, as

Fr̃D0,q
(r) = 1− e−πλDβq(r), (2.26)

fr̃D0,q
(r) = 2πλDr

2

(∫ θD,m(r)

θD,M(r)

sin(ω)pq(ω) dω
)

e−πλDβq(r), (2.27)

where pq(.) is given in (2.4) and

θD,m(r) = cos−1

(
hD,m

r

)
,

θD,M(r) = cos−1

(
min

{
hD,M

r
, 1

})
,

βq(r) =
2

3

∫ θD,m(r)

0

(
min{h3D,M, r

3 cos3(θ1)} − h3D,m
) sin(θ1)

cos3(θ1)
pq(θ1) dθ1.

Proof. Consider the 3D setting in Fig. 2.2, where the typical UE is located at the origin
and the UAVs are distributed as a 3D homogeneous PPP in the region enclosed between
heights hD,m and hD,M. Depending on where the closest UAV resides, an exclusion zone is
formed, where no other UAVs are allowed to enter. This exclusion zone is a spherical cap
when hD,m ≤ r̃D0,q ≤ hD,M (see Fig. 2.2 (a)) and a spherical segment when r̃D0,q > hD,M (see
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Fig. 2.2 (b)). Therefore, we can write the cdf of r̃D0,q as

Fr̃D0,q
(r) = P[r̃D0,q ≤ r] = 1− P[No UAV in A or B]

= 1− e−Λ(A)1(hD,m ≤ r ≤ hD,M)− e−Λ(B)1(r > hD,M)

(a)
= 1−



exp
[
−
∫ 2π

0

∫ cos−1(
hD,m

r
)

0

∫ r
hD,m

cos(θ1)
λDpq(θ1)r

2
1 sin(θ1) dr1 dθ1 dϕ1

]
, r ≤ hD,M

exp
[
−
∫ 2π

0

∫ cos−1(
hD,M

r
)

0

∫ hD,M
cos(θ1)
hD,m

cos(θ1)

λDpq(θ1)r
2
1 sin(θ1) dr1 dθ1 dϕ1

−
∫ 2π

0

∫ cos−1(
hD,m

r
)

cos−1(
hD,M

r
)

∫ r
hD,m

cos(θ1)
λDpq(θ1)r

2
1 sin(θ1) dr1 dθ1 dϕ1

]
, r > hD,M,

where Λ(S) is the intensity measure of set S and (r1, θ1, ϕ1) is the spherical coordinate triplet.
Note that in (a) we derived the null probability of 3D PPP ΦD,q by integrating its density
(i.e., λDpq(θ1)) over the spherical cap A for hD,m ≤ r ≤ hD,M and the spherical segment B
for r > hD,M. Evaluating these integrals and taking their derivatives with respect to r, we
end up with the cdf and pdf of r̃D0,q as given in (2.26) and (2.27), respectively.
Lemma 2.10. The joint pdf of the distance and zenith angle of the closest UAV to the origin
for channel condition q, i.e., r̃D0,q and θ̃D0,q, respectively, can be written as

fr̃D0,q
,θ̃D0,q

(r, θ) = 2πλDr
2

∫ θD,m(r)

θD,M(r)

sin(ω)pq(ω) dω e−πλDβq(r) sin(θ)1(θD,M(r) ≤ θ ≤ θD,m(r))

cos(θD,M(r))− cos(θD,m(r))
,

(2.28)

where θD,m(r), θD,M(r), and βq(r) are as given in Lemma 2.9.

Proof. To obtain the joint pdf of r̃D0,q and θ̃D0,q, we first derive the conditional pdf fθ̃D0,q
|r̃D0,q

(θ|r).
Conditioned on r̃D0,q = r, the closest UAV is distributed uniformly on the surface of the
spherical cap A or the spherical segment B. Since the differential element of solid angle Ω
for a sphere is given by dΩ = r2 sin(θ)drdθdϕ = −r2drd(cos(θ))dϕ, we conclude that cos(θ)
should be uniformly distributed between cos(θD,M(r)) and cos(θD,m(r)). Hence, we have

fθ̃D0,q
|r̃D0,q

(θ|r) = sin(θ)× 1(θD,M(r) ≤ θ ≤ θD,m(r))

cos(θD,M(r))− cos(θD,m(r))
.

Now, using fr̃D0,q
,θ̃D0,q

(r, θ) = fθ̃D0,q
|r̃D0,q

(θ|r)fr̃D0,q
(r) and the previous lemma, we arrive at

(2.28).

The random variables r̃D0,q and θ̃D0,q are clearly dependent. However, this dependency
becomes less significant as hD,m → 0 and hD,M → ∞. In fact, when UAVs are distributed as
a PPP in the half-space z ≥ 0, r̃D0,q and θ̃D0,q are independent from each other and we have

fr̃D0,q
(r) = 2πλDbqr

2 e− 2
3
πλDbqr3 ,

fθ̃D0,q
(θ) = sin(θ)1

(
0 ≤ θ ≤ π

2

)
,
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where bq =
∫ π

2

0
sin(ω)pq(ω) dω.

Lemma 2.11. The probability that the typical UE is associated with an NLoS UAV is given
as

AN =

∫ ∞

hD,m

∫ θD,m(r)

θD,M(r)

2πλDr
2 sin(θ)pN(θ)e

−πλD

(
βN(r)+βL

((
ηN
ηL

) 1
αL r

αN
αL

))
dθ dr (2.29)

where θD,m(r), θD,M(r), βN(r), and βL(r) are as given in Lemma 2.9. Furthermore, the
probability that the typical UE is associated with an LoS UAV is AL = 1− AN.

Proof. See Appendix A.4.

Lemma 2.12. Given that the typical UE is associated with UAV D0 with channel condition
q, the joint pdf of the serving distance and angle between D0 and the typical UE can be written
as

frD0,q ,θD0,q
(r, θ) =

1

Aq

fr̃D0,q ,θ̃D0,q
(r, θ) exp

[
−πλDβq̄

(
max

{
hD,m,

(
ηq
ηq̄

) 1
αq̄

r
αq
αq̄

})]
, (2.30)

where q̄ = {L,N} \ q and fr̃D0,L,θ̃D0,L
(r) and βq(r) are given in Lemmas 2.10 and 2.9, respec-

tively.

Proof. See Appendix A.5.

2.4 Performance Analysis

In this section, we will first derive the conditional Laplace transform of the interference
imposed at the typical UE by both the BSs and the UAVs. Using this result along with the
results of the previous section, we will be ready to analyze the coverage probability.

2.4.1 Conditional Laplace Transform of Interference

The Laplace transform of random variable X at point s is defined as LX(s) = E[e−sX ].
Assuming X = IU, i.e., the total interference at the typical UE, our goal is to derive the
Laplace transform of IU conditioned on knowing the locations of the serving BS and UAV,
i.e., B0 and D0, respectively. Since the channel condition of the serving UAV affects the total
interference, we further condition the Laplace transform on the serving UAV being in LoS
or NLoS conditions. Since IBU, IDU,L, and IDU,N are independent from each other given B0
and D0, we have

LIU|q(s|B0,D0) = LIBU(s|B0)LIDU,L|q(s|D0)LIDU,N|q(s|D0), (2.31)
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Table 2.1: Exclusion zone radius for different interfering and serving UAV channel conditions.

Interfering UAVs Serving UAV Exclusion zone radius
LoS LoS rL|L = r

LoS NLoS rL|N =
(

ηN
ηL

) 1
αL r

αN
αL

NLoS LoS rN|L =
(

ηL
ηN

) 1
αN r

αL
αN

NLoS NLoS rN|N = r

where q = {L,N} represents the serving UAV channel condition.

As mentioned in Section 2.2.3, Φ′
B is an inhomogeneous PPP with density λB for uBx ≥ uB0

and 0 otherwise. Since all BSs experience the NLoS channel condition, there is an exclusion
zone XB = b(o, uB0) for the projection of interfering BSs onto the ground, where b(o, r) is a
disc of radius r centered at o. Next, we derive the conditional Laplace transform of IBU.

Lemma 2.13. The Laplace transform of interference from the BSs at the typical UE condi-
tioned on knowing the location of the serving BS (with 2D distance uB0 to o) can be written
as LIBU(s|B0) =

exp

−2πλB

∫ ∞

uB0

1−
1 +

sPB

mηN

GOmniD
B

(
π − tan−1(

uBx
hB

), θB

)
(
u2Bx + h2B

)αN
2

−m
 uBxduBx

 , (2.32)

where GOmniD
B (θ, θB) is the downtilted BS antenna gain along direction θ given in (2.2).

Proof. See Appendix A.6.

Since UAVs experience both LoS and NLoS channel conditions, the exclusion zone for the
interfering UAVs, i.e., XD, depends on the channel conditions of both the serving UAV and
the interfering UAVs. Assuming that the serving UAV has distance r to the origin, XD will
either be a spherical cap or a spherical segment with radius rq1|q2 , where q1, q2 = {L,N}
denote the channel condition of the interfering UAVs and the serving UAV, respectively.
Note that XD is a spherical cap when hD,m ≤ rq1|q2 ≤ hD,M and a spherical segment when
rq1|q2 > hD,M. The exclusion zone radii for different values of q1 and q2 are given in Table
2.1, using which we derive the conditional Laplace transform of IDU,q1|q2 in the next lemma.

Lemma 2.14. The Laplace transform of interference from the UAVs with channel condition
q1 at the typical UE conditioned on knowing the location and channel condition of the serving
UAV (with 3D distance rD0,q2 to o, where q2 is the serving UAV channel condition) can be
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written as LIDU,q1|q2
(s|D0) =

exp
[
− 2πλD

∫ θD,m

θD,M

∫ hD,M
cos(θ)

rq1|q2

[
1−

(
1 +

sPD

mηq1

GAC
D (π − θ)

rαq1

)−m
]
pq1(θ)r

2 sin(θ)drdθ

− 2πλD

∫ π
2

θD,m

∫ hD,M
cos(θ)

hD,m
cos(θ)

[
1−

(
1 +

sPD

mηq1

GAC
D (π − θ)

rαq1

)−m
]
pq1(θ)r

2 sin(θ)drdθ
]
, (2.33)

where θD,m = cos−1(
hD,m
rq1|q2

), θD,M = cos−1
(

min
{

hD,M
rq1|q2

, 1
})

, and GAC
D (θ) is the UAV access

antenna gain along direction θ given in (2.3).

Proof. See Appendix A.7.

Using the results of Lemmas 2.13 and 2.14, we end up with the conditional Laplace transform
of interference at the typical UE given the serving UAV has channel condition q as in (2.31).

2.4.2 Coverage Probability

In this section, we derive the coverage probability for the typical UE considering both AF
and DF relaying protocols. Since we assumed a hybrid scheme in this chapter, the received
SINR at the typical UE is the maximum of the BS-UE SINR and the relay-aided end-to-end
SINR, as given in (2.12)–(2.13). The following two theorems provide the main results of this
chapter.

Theorem 2.15. The network coverage probability for the AF protocol can be written as
PAF

Cov = ALP
AF
Cov,L + ANP

AF
Cov,N, where Aq is the probability that the typical UE is associated

with a UAV with channel condition q as given in Lemma 2.11, and PAF
Cov,q is the ccdf of

SINRAF
q , given as

PAF
Cov,q =

3∑
i=1

∫
· · ·
∫

R∩R̂i

WifZ(z)frB0
(rB0)frD0,q

,θD0,q
(rD0,q, θD0,q)fϕB0D0

(ϕB0D0)

× dz drB0 dθD0,q drD0,q dϕB0D0 , (2.34)

where Z = fB0D0 ∼ Gamma(m,m), frB0
(r) and frD0,q

,θD0,q
(r, θ) are given in Lemmas 2.8 and

2.12, respectively, ϕB0D0 ∼ U [0, 2π) is the azimuthal angle between B0 and D0, R = {0 ≤
z < ∞, hB ≤ rB0 < ∞, θD,M(r) ≤ θD0,q ≤ θD,m(r), hD,m ≤ rD0,q < ∞, 0 ≤ ϕB0D0 < 2π},
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R̂1 = {1
g
≤ τ}, R̂2 = { 1

1+g
≤ τ < 1

g
}, R̂3 = {τ < 1

1+g
}, and Wi’s are defined as follows:

W1 =
m−1∑
i=0

i∑
k=0

(
k +m− 1

k

)
µ

(
a, bτ
m, k

∣∣∣∣ s1, s1i− k

)
,

W2 = W1 +
m−1∑
i=0

i∑
k=0

(
k +m− 1

k

)
µ

(
aτ(1 + g), b(1− τg)

k,m

∣∣∣∣ s2, s2i− k

)
,

W3 = W2 +
m−1∑
i=0

i+m−1∑
j=0

(
i+m− 1

i

)[
µ

(
a(1 + g), b

m, i

∣∣∣∣ s3, s3j

)
+ µ

(
a(1 + g), b

i,m

∣∣∣∣ s3, s3j

)]

−
m−1∑
i=0

i∑
k=0

k+m−1∑
j=0

(
k +m− 1

k

)(
j + i− k

j

)[(
τ(1 + g)

1− τ(1 + g)

)j

µ

(
a, bτ

m, k − j

∣∣∣∣ s1, s3
j + i− k

)

+

(
τ

1− τ(1 + g)

)j

µ

(
aτ(1 + g), b(1− τg)

k − j,m

∣∣∣∣ s2, s3
j + i− k

)]
,

µ

(
x, y
i, j

∣∣∣∣ r, sk
)

=
xiyj

(x+ y)i+j

(−r)k

k!

∂k

∂sk
e−sN0LIU|q(s|B0,D0),

s1 =
1

a
mτ, s2 =

1 + g

b(1− τg)
mτ, s3 =

a(1 + g) + b

ab(1− τ(1 + g))
mτ, g =

N0

cZ
,

a = PBGB0r
−αN
B0

η−1
N , b = PDGD0r

−αq

D0,q
η−1
q , c = PBgB0gD0r

−αL
B0D0

η−1
L ,

GD0 = GAC
D (π − θD0,q), gD0 = Gmax, GB0 = GOmniD

B (π − cos−1(
hB

rB0

), θB),

gB0 =

{
GOmniD

B (cos−1(
rD0,q cos(θD0,q)−hB

rB0D0
), θB), BS first antenna model

Gmax, BS second antenna model,

r2B0D0
= r2B0

+ r2D0,q − 2hBrD0,q cos(θD0,q)− 2
√
r2B0

− h2B rD0,q sin(θD0,q) cos(ϕB0D0),

Proof. See Appendix A.8.

Theorem 2.16. The network coverage probability for the DF protocol can be written as
PDF

Cov = ALP
DF
Cov,L + ANP

DF
Cov,N, where Aq is given in Lemma 2.11 and PDF

Cov,q is the ccdf of
SINRDF

q , given as

PDF
Cov,q =

∫
· · ·
∫

R

WfZ(z)frB0
(rB0)frD0,q

,θD0,q
(rD0,q, θD0,q)fϕB0D0

(ϕB0D0)

× dz drB0 dθD0,q drD0,q dϕB0D0 , (2.35)

where the region R and the joint distribution of Z, rB0, θD0,q, rD0,q, and ϕB0D0 are the same
as given in Theorem 2.15, and W = V1 + (1− V0)(V2 + V31(τ < 1)), where V0 =

γ(m,
N0
c
mτ)

(m−1)!
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and

V1 =
m−1∑
i=0

i∑
k=0

(
k +m− 1

k

)
µ

(
a, bτ
m, k

∣∣∣∣ s1, s1i− k

)
,

V2 =
m−1∑
i=0

i∑
k=0

(
k +m− 1

k

)
µ

(
aτ, b
k,m

∣∣∣∣ s2, s2i− k

)
,

V3 =
m−1∑
i=0

i+m−1∑
j=0

(
i+m− 1

i

)[
µ

(
a, b
m, i

∣∣∣∣ s3, s3j

)
+ µ

(
a, b
i,m

∣∣∣∣ s3, s3j

)]

−
m−1∑
i=0

i∑
k=0

k+m−1∑
j=0

(
k +m− 1

k

)(
j + i− k

j

)(
τ

1− τ

)j

×
[
µ

(
a, bτ

m, k−j

∣∣∣∣ s1, s3j+i−k

)
+ µ

(
aτ, b

k−j,m

∣∣∣∣ s2, s3j+i−k

)]
,

s1 =
1

a
mτ, s2 =

1

b
mτ, s3 =

a+ b

ab(1− τ)
mτ,

and the function µ and parameters a, b, and c are the same as given in Theorem 2.15.

Proof. See Appendix A.9.

Ignoring noise and using Assumption 1, we have SINRBD → ∞, and thus SINRAF
e2e,q =

SINRDF
e2e,q = SINRDU,q. The following corollary gives the coverage probability in this scenario,

where the proof follows by settingN0 = 0 in Theorems 2.15 and 2.16, giving g = 0 and V0 = 0.

Corollary 2.17. The coverage probability for both the AF and DF protocols in an interference-
limited network can be written as PCov = ALPCov,L + ANPCov,N, where PCov,q is as given in
(2.35) with W = V1 + V2 + V31(τ < 1), where V1, V2, and V3 are given in Theorem 2.16
statement.

2.5 Simulation Results

In this section, we verify our analytical results via numerical simulations and provide several
system-level insights of our 3D setup. We assume that the density of BSs is λB = 10−6

(i.e., 1 BS/km2) and they are located at a constant height of hB = 20 m. The BSs provide
wireless backhaul connections for the UAVs, which are distributed as a 3D PPP with density
λD between heights hD,m and hD,M, where we assume λD ranges from 10−9 to 10−6, and
hD,m and hD,M take values in {50, . . . , 1000} m. Following [11], we consider the following
four urban environments, where the parameters of the LoS probability function (c1 and c2)
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Figure 2.3: Comparison between the cdfs of T1, T2, and the joint cdf of T1 and T3 (a = 1,
b = 4, I = 2, m = 2, and g = 1).

and the mean excessive path-loss (ηL and ηN) for each environment are also provided: (i)
suburban (c1 = 4.88, c2 = 0.43, ηL = 0.1 dB, ηN = 21 dB), (ii) urban (c1 = 9.61, c2 = 0.16,
ηL = 1 dB, ηN = 20 dB), (iii) dense urban (c1 = 12.08, c2 = 0.11, ηL = 1.6 dB, ηN = 23 dB),
and (iv) highrise urban (c1 = 27.23, c2 = 0.08, ηL = 2.3 dB, ηN = 34 dB). Other parameters
are αL = 2.5, αN = 4, m = {1, 2}, PB = 10 dB, PD = 5 dB, N0 = 10−8, NB = 8, and
θB = 100◦ (measured from the z-axis).

2.5.1 Intermediate Results

We begin by focusing on the intermediate results given in Section 2.3. In Fig. 2.3, we compare
the analytical results for the cdf of T1 (Lemma 2.3), T2 (Lemma 2.4), and the joint cdf of
T1 and T3 (Lemma 2.5) with numerical simulations using representative parameters a = 1,
b = 4, I = 2, m = 2, and g = 1. Since the coverage probability in the DF and AF relaying
protocols is proportional to the ccdf of T2 and the joint ccdf of T1 and T3, respectively, we
can clearly observe the performance superiority of the DF over AF in this figure. The joint
pdf of the serving distance (rD0,L) and zenith angle (θD0,L) when the serving UAV is in LoS
is plotted in Fig. 2.4 for a suburban environment with λD = 10−6, hD,m = 100 m, and
hD,M = 300 m. Note that since the excessive path-loss is very high for an NLoS channel
condition [11], the NLoS association probability will be low in such realistic environments
and the closest LoS UAV to the origin almost always provides higher received power at the
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Figure 2.4: The joint pdf of rD0,L and θD0,L (suburban, λD = 10−6, hD,m = 100 m, and
hD,M = 300 m).
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Figure 2.5: Coverage probability as a function of the mean UAV height for both AF and DF
and different τ ’s (urban, λD = 10−8, m = 1, hD,M − hD,m = 100 m).

typical UE than the closest NLoS UAV.
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Figure 2.6: Coverage probability as a function of the maximum UAV height for both AF
and DF and different τ ’s (urban, λD = 10−8, m = 1, hD,m = 50 m).

2.5.2 Impact of Relaying Protocols, UAV Height, and Density

In Figs. 2.5-2.7, we show the coverage probability as a function of UAV height and density
for both AF and DF relaying protocols in an urban environment. In Fig. 2.5, we keep the
difference between the maximum and minimum UAV heights constant (hD,M − hD,m = 100
m) and then increase the mean UAV height from 100 m to 1000 m. On the other hand,
in Fig. 2.6, we keep the minimum UAV height constant (hD,m = 50 m) and increase the
maximum UAV height from 100 m to 1000 m. In both of these figures, we set λD = 10−8 and
m = 1. Let us define the equivalent 2D model of a 3D UAV network as a network with the
following two properties: (i) all the UAVs are at the same height, which is set to be the mean
value of the maximum and minimum UAV heights of the original 3D network, and (ii) the
average number of points in the 2D model is the same as that of the 3D network (with the
interpretation that all the points in the 3D setup are projected onto the 2D plane). Using
this definition, we compare our results for the 3D network with its equivalent 2D model in
Fig. 2.6. As seen from this figure, the two networks behave very similarly for small values of
the height difference. However, as we increase the height difference, the coverage probability
of the equivalent 2D model differs significantly from that of the 3D network. In Fig. 2.7,
we assume m = 1, hD,m = 100 m, hD,M = 300 m, and obtain the coverage probability by
increasing λD from 10−9 to 5 × 10−8. The following observations can be made from these
figures: (i) coverage probability in the DF relaying protocol is higher than that of the AF
protocol, which has been theoretically shown in Section 2.2.5 and further pointed out in
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Figure 2.7: Coverage probability as a function of UAV density for both AF and DF and
different τ ’s (urban, m = 1, hD,m = 100 m, hD,M = 300 m).

Fig. 2.3, (ii) coverage probability decreases as the SINR threshold τ increases, which is also
clear from the definition, (iii) network performance can significantly benefit from limiting
the maximum allowable UAV height, (iv) 3D UAV networks cannot always be accurately
modeled using their equivalent 2D models, and (v) there exist mean UAV height h∗D and UAV
density λ∗D for which the coverage probability is maximized for each SINR threshold τ . Note
that although increasing the average UAV height increases the LoS probability and makes
the overall channel condition better, the increased UAV-UE distance significantly affects
the path-loss and degrades the coverage probability. Furthermore, increasing the average
number of UAVs per unit volume beyond λ∗D increases the overall interference at the typical
UE and the serving UAV, which in turn degrades the coverage probability.

2.5.3 Impact of Environments and Antenna Models

We plot the AF coverage probability versus SINR threshold at different environments in Fig.
2.8, where the parameters are λD = 10−8, m = 2, hD,m = 100 m, and hD,M = 300 m. Due to
high excessive path-loss and low LoS probability, we observe the worst coverage performance
for most SINR thresholds in the highrise urban environment. It is also quite interesting to
note that the suburban environment does not demonstrate the best performance. Although
we have stronger received power at the typical UE in the suburban environment due to
lower path-loss and higher LoS probability, the interference will also be stronger in this
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Figure 2.8: Coverage probability as a function of τ for the AF protocol at different environ-
ments (λD = 10−8, m = 2, hD,m = 100 m, hD,M = 300 m).

case. Therefore, numerical simulations are necessary to compare the coverage performance
in different environments. In Fig. 2.9, we show the DF coverage probability of the network
in an urban environment for three antenna models: (i) isotropic, where we assume all BSs
and UAVs are equipped with isotropic antennas, (ii) omnidirectional, where we assume each
BS is equipped with one downtilted omnidirectional ULA, as described in Section 2.2.2,
and (iii) omnidirectional and directional, where each BS is equipped with one downtilted
omnidirectional ULA and one uptilted directional antenna, as described in Section 2.2.2.
The performance superiority of antenna models (ii) and (iii) over the canonical model in
(i) is completely clear in this figure. We can also observe the benefit of having an uptilted
antenna at the BS site that is solely used for backhaul purposes in this plot. With the antenna
model given in (iii), the serving UAV is no longer served by the BS antenna sidelobes, which
could be very weak. On the contrary, upon proper antenna orientation, the serving UAV will
be served by a strong directional antenna at the serving BS, and thus, the BS-UAV backhaul
link will be strong, which results in a better overall coverage performance.

2.6 Chapter Summary

In this chapter, we studied the performance of two-hop backhaul-aware 3D cellular networks,
where BSs and UAVs coexist to serve the UEs on the ground. Specifically, each UE either
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Figure 2.9: Coverage probability as a function of τ for the DF protocol using different BS
antenna models (urban, λD = 10−8, m = 2, hD,m = 100 m, hD,M = 300 m).

connects directly to a fiber-backhauled terrestrial BS (access link), or connects first to a UAV
which is then wirelessly backhauled to a terrestrial BS (joint access and backhaul). Inspired
by the 3GPP studies, we used realistic antenna patterns for both BSs and UAVs. Due to
the high probability of LoS in air-to-ground wireless communications, we adopted a proba-
bilistic channel model for the UAV-UE links that incorporates both LoS and NLoS channel
conditions. Following the max-power association policy, we characterized the network cover-
age performance for two well-known relaying protocols, i.e., AF and DF, by identifying and
analyzing the building blocks of their SINR expressions. We also provided a comprehensive
analysis of the joint distribution of distance and zenith angle of the closest and serving UAV
to the typical UE in a 3D setting using tools from stochastic geometry. Moreover, since
the UAV backhaul link could be much weaker than its access link due to the BS antenna
sidelobes and nulls, we analyzed the addition of an uptilted directional antenna at the BS
site for improving the UAV backhaul link. To the best of our understanding, this is the
first work that offers a comprehensive analysis of 3D cellular networks where BSs provide
wireless backhaul to the UAVs using a two-hop relaying scheme. While this work provides
insightful results in a two-hop setting, extending its outcomes to a multi-hop scenario would
be valuable, especially when coverage in faraway regions is required. Another possible ex-
tension of this work is the analysis of the two-hop transmission while incorporating spatial
coupling in the placement of UAVs and UEs through the use of Poisson cluster processes
[90, 98]. Furthermore, because we considered the joint transmission of BSs and UAVs to
the UEs in this chapter, studying their coordinated joint transmission [99] is a meaningful
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extension of this work. Since the serving BS and UAV do not interfere with each other’s
transmission in the coordinated scheme, we expect to get better results in terms of average
rate and coverage probability.

The analysis in this chapter was carried out on a static network of UAVs. In the next two
chapters, we will consider a mobile network of UAVs and explore the challenges that come
with this new framework.



Chapter 3

Performance Characterization of
Canonical Mobility Models in Drone
Cellular Networks

3.1 Introduction
Owing to their deployment flexibility, drones are currently being considered for a variety
of use cases, such as acting as mobile relays to expand the coverage of cellular networks,
providing network connectivity for public safety applications, and setting up temporary
networks in the times of natural disasters or large social gatherings. While the flexibility
offered by the mobility of drones is highly appealing to the network designers, it also adds
an entirely new dimension to the system design that was not present in the traditional
terrestrial networks. In particular, while mobility is known to have a fundamental impact on
the system-level performance of wireless networks, e.g., see [100], the research focus in this
direction has traditionally been on the setting in which the UEs are mobile while the BSs
are static [101, 102]. This is clearly not the case in drone-assisted communication networks
where some mobile drones may act as BSs [2]. Not surprisingly, the support of mobile drones,
either as UEs or BSs, has also been recently explored in 3GPP studies [5, 6]. In general,
there has been an increasing interest in the community to characterize the effect of drone
mobility on the design and performance of drone-assisted cellular networks. Due to the
irregularity of the drone placements and their trajectories, it is expected that powerful tools
from stochastic geometry and point process theory could be leveraged for accurate modeling
and tractable analysis of drone networks. Inspired by this, the main focus of this chapter is
to present a unified performance analysis of a DBS network under various mobility models
that involves a novel characterization of the underlying point processes as a function of time.

3.1.1 Related Works
This chapter builds on the following two key lines of research: (i) stochastic geometry for
drone networks, and (ii) mobility models in wireless networks. Although sparse, there are
some works that lie at their intersection and will be discussed below after establishing the
prior art for each research direction separately.

Stochastic Geometry for Drone Networks. Owing to its ability to capture irregularity in the
placement and movement of drones, stochastic geometry has recently found many applica-

39



40
CHAPTER 3. PERFORMANCE CHARACTERIZATION OF CANONICAL MOBILITY MODELS IN DRONE

CELLULAR NETWORKS

tions in the performance analysis of drone networks [20, 22, 23, 24, 83, 103, 104, 105, 106]. In
[20], the authors considered a finite network of DBSs distributed as a uniform BPP [21] and
derived the coverage probability of the network. In [104], the problem of spectrum sharing
for a network of drone small cells as an underlay to a conventional cellular network has
been studied. On the similar lines, the authors of [22] investigated the coexistence of BSs
and DBSs using probabilistic LoS and NLoS propagation models [11], where the locations
of BSs and DBSs are modeled as a superposition of a PPP and a BPP. The work presented
in [23] considered a network of DBSs modeled as a PPP serving ground UEs. In particular,
incorporating LoS and NLoS propagation models, the authors derived approximations for
the coverage probability and the received rate in the network. In [24], the coexistence be-
tween a single DBS and an underlaid D2D network has been analyzed in terms of coverage
probability and rate. Motivated by the requirement to provide coverage in a post-disaster
scenario, the authors in [105] analyzed the performance of a DBS network serving clustered
UEs.

Mobility Models in Wireless Networks. Mobility modeling is a well-established area of
research in wireless networks [107, 108, 109, 110]. Perhaps the simplest mobility model
is the one in which nodes move along straight lines in random directions at a constant
speed. Variants of this simple model have been used extensively in the literature, e.g., see
[5, 109, 111, 112, 113]. Although this model may appear simplistic, it is known to provide
performance bounds and useful insights in wireless networks [111]. In fact, this model has
also been used recently to model drone mobility in 3GPP studies related to drone networks
[5]. Among other mobility models that have been studied in wireless networks (such as RW,
RWP, random direction, Brownian motion, Levy walk, and Gauss-Markov), RW and RWP
mobility models have been more popular because of their tractability [101, 107, 114, 115, 116].
Hence, we also study these two models in this chapter.

In the RW model, the mobile nodes can change their directions [107, 112, 114]. In particular,
each node selects a uniformly random direction and a random speed in each time slot and
moves along a straight line using the selected direction and speed. Upon arrival at the
destination, it repeats this procedure. As a generalization of the RW model, the finite
RWP model was proposed in [117] by adding a random pause time between direction and/or
speed changes in the RW model. Specifically, the mobility process in the finite RWP model
starts with a random pause time at the initial waypoint of a node in a finite region. Then,
a destination waypoint is selected randomly in that region and the node moves to this
destination waypoint along a straight line with a random speed. Upon its arrival, the node
pauses for another random time and repeats this procedure. Due to some major drawbacks
of this model, such as the non-uniform distribution of the nodes [101, 118, 119], the authors
in [102] extended the finite RWP to an infinite RWP model, where the nodes are allowed to
move over the entire plane. In particular, each node first pauses for a random time at its
initial waypoint and determines the next waypoint by choosing a uniformly random direction
and a random transition distance. It then moves towards the chosen waypoint at a random
speed, pauses at this new waypoint for another random time, and repeats this procedure.
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Mobile Drone Networks. Among many works on the analysis of drone networks, only a
handful of them considered mobile drones. Considering a mobile network of DBSs that are
initially modeled as a BPP, the authors in [37] used results from [20] to design stochastic
trajectory processes for the mobility of DBSs that provide the same coverage as given in
[20]. In [39] and [40], the authors modeled the motion of DBSs in a 3D finite network by the
finite RWP and RW models, and using the results of [101], derived the coverage probability
of the network.

3.1.2 Contributions

This chapter develops a unified approach for the performance analysis of drone cellular
networks under several key canonical models. In particular, we model the initial locations of
a mobile network of DBSs as a homogeneous PPP operating at a constant height that serves
UEs on the ground. The serving DBS is selected based on the nearest-neighbor association
policy and all the other DBSs are regarded as interferers. We consider four canonical mobility
models for the interfering DBSs, i.e., SL, RS, RW, and RWP, and two service models for
the serving DBS: (i) UIM, in which the serving DBS follows the same mobility model as
the interfering DBSs, and (ii) UDM, in which the serving DBS moves towards the typical
UE at a constant height and keeps hovering above its location after reaching there until its
transmission is completed. For this setup, our key contributions are described next.

Distributional Properties of Canonical Mobility Models

We derive various distributional properties for all the mobility models. Most notably, for
the RW and RWP, we derive the joint distribution of the net displacement of a DBS and
its total traveled distance at each waypoint. Using this joint distribution, we compute the
distribution of the net displacement of a DBS at any time t. We also provide insightful
asymptotic results for these distributions.

Unified Framework for Characterizing the Point Process of DBSs

We present a novel characterization of the point process of DBSs as seen by the typical
UE at any time t for all the service and mobility models. Since the displacement of each
DBS is independent of the others, we apply displacement theorem from stochastic geometry
along with the net displacement results described above to characterize these point processes.
Using this, we characterize the aggregate interference and key performance metrics, such as
average and session rates, as seen by the typical UE for all the service and mobility models.
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Figure 3.1: (a) An illustration of the system model, and (b) top view of the two service
models. Note the difference between the movement direction of the serving DBS in the
UDM and the UIM.

Establishing Connections among Mobility Models

Borrowing tools from the calculus of variations, we establish meaningful connections among
our mobility models in terms of network performance. Specifically, we prove that the SL
mobility model provides a lower bound on the average received rate over the space of all i.i.d.
mobility models in which the drones can also follow curved trajectories (as long as they are
i.i.d.).

3.2 System Model

3.2.1 Spatial Setup

We consider a network of mobile DBSs serving UEs on the ground. We assume that the
DBSs are located at a constant height h from the ground and the temporal evolution of
the DBS locations is modeled as the sequence of point processes ΦD(t) ⊂ R2, indexed by
t ∈ R+. Further, we assume that the initial locations of the DBSs are distributed as a
homogeneous PPP with density λ0, i.e., ΦD(0) ∼ PPP(λ0). Terrestrial UEs are distributed
as an independent homogeneous PPP ΦU on the ground. We also assume that the origin
o = (0, 0, 0) of the 3D coordinate system is located on the ground, which is assumed to be
aligned with the xy-plane. Throughout the chapter, we refer to the z = h plane as the DBS
plane. In this setup, the projection of o onto the DBS plane is denoted by o′ = (0, 0, h).
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Without loss of generality, the analysis will be performed for the typical UE placed at o. As
shown in Fig. 3.1 (a), the distances of a DBS at time t located at x(t) ∈ ΦD(t) from o′ and
o are denoted by ux(t) = ‖x(t) − o′‖ and rx(t) = ‖x(t) − o‖ =

√
ux(t)2 + h2, respectively.

Moreover, the location of the nearest DBS to o′ and its corresponding distance at time t
are denoted by x0(t) and u0(t), respectively. Thus, the distance of the closest DBS to o at
time t is r0(t) =

√
u0(t)2 + h2. For simplicity, we drop the time index t for u0(t) defined at

t = 0, i.e., u0 ≜ u0(0), and we drop the time index t for ux(t) whenever the time index can
be clearly understood from the context.

3.2.2 Service and Mobility Models

In this chapter, we assume that each UE connects to its nearest DBS. For the typical UE, this
DBS is called the serving DBS while all the other DBSs are regarded as interfering DBSs.
In order to motivate the drone mobility models studied in this chapter, we first take a cue
from the mobility model used in the 3GPP studies related to drone networks [5]. In this
model, drones start their movement at randomly selected locations in the network and then
move at a constant speed and height along straight lines in uniformly random directions,
independently of each other, for the entire duration of the simulation. It turns out that this
simple enough model is already considered sufficient to capture key effects of drone mobility
on the system-level performance. One can, of course, generalize this straight-line mobility
model to arrive at classical canonical models, such as RW and RWP, which offer a useful
balance between realism and tractability. Since all these models are important in their own
right, we will develop a unified approach to analyze their performance jointly. Before that,
we formally define the four mobility models considered in this chapter next.

Definition 3.1. (Mobility Models). We define the mobility models used in this chapter as
follows. Without loss of generality, we choose the x-axis as the reference for measuring all
angles.

1. SL: DBSs move constantly in random directions Θ ∼ U [0, 2π) along straight lines at
a constant speed v, independently of each other.

2. RS: Each DBS moves a random distance R ∼ fR(.) in a random direction Θ ∼ U [0, 2π)
along a straight line at a constant speed v, independently of the other DBSs, and then
stops and hovers over the stopping location.

3. RW: Each DBS selects a random direction Θ∼U [0, 2π), independently of the other
DBSs, and moves a random distance R ∼ fR(.) in this direction at a constant speed
v. Upon its arrival, it selects another random direction Θ and distance R and repeats
this procedure.

4. RWP: In the beginning, each DBS hovers for a random time T ∼ fT (.) at its initial
location. It then selects a random direction Θ∼U [0, 2π), independently of the other
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DBSs, and moves a random distance R ∼ fR(.) in this direction at a constant speed
v. Upon its arrival, it hovers for another random time T , sampled independently from
fT (.), selects another random direction Θ and distance R, and repeats this procedure.

Remark 3.2. All the mobility models considered in this chapter lie in the space of i.i.d.
mobility models, where the drone trajectories are chosen independently of each other from
the same common distribution. As will be clear in the sequel, some of our initial results hold
for all i.i.d. models (including the ones with curved trajectories).

Remark 3.3. In this chapter, we represent DBSs as “points” in the DBS plane. Hence, the
occurrence of a collision, which is defined as the event in which two points arrive at the same
location at the same time, is a zero measure event.

Remark 3.4. As mentioned in Definition 3.1, we require our DBSs to be able to hover at
specific locations. Hence, we assume that DBSs in this chapter are rotary-winged drones.

Definition 3.5. (Flight). In the RW and RWP mobility models, a flight is defined as the
distance traveled by a DBS between two consecutive stop points.

As shown in Fig. 3.1 (b), we consider the following two service models for the serving DBS.

1. UIM: The serving DBS follows the same mobility model as the interfering DBSs, in-
dependent of the typical UE location.

2. UDM: The serving DBS moves towards o′ in the DBS plane and keeps hovering at this
location until its transmission to the typical UE is completed.

The main motivation behind considering the UIM is to have a baseline to evaluate the UDM.
In other words, our intention is to see how much we benefit from designing our trajectories
based on the UE locations (UDM). Note that in all the aforementioned models, the speeds
of the serving and interfering DBSs are assumed to be the same. Moreover, since we are not
considering any dependency across the user locations, DBS trajectories will be independent
of each other in both the UIM and the UDM.

Remark 3.6. In the UIM, since all DBSs move in different directions based on the defined
mobility models, handover may occur [82]. On the other hand, in the UDM, no matter
what the mobility model is for the interfering DBSs, as long as the interfering DBSs move
at the same speed as the serving DBS, the serving DBS will remain the closest DBS to the
typical UE. Hence, based on our association policy, the serving DBS will not change in our
mobility models, and thus, handover will not occur. Furthermore, UDM can be considered
as a best-case model from the perspective of minimizing the distance between the typical
UE and its serving DBS.
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3.2.3 Channel Model

We assume that all DBSs transmit with the same power level P at all times. The re-
ceived power at the typical UE from the serving DBS is assumed to be Ph0(t)r0(t)

−α,
where h0(t) represents the small-scale fading power gain between the typical UE and the
serving DBS and α > 2 is the path loss exponent. Likewise, the interference power is
I(t) =

∑
x(t)∈Φ′

D(t) Phx(t)rx(t)
−α, where Φ′

D(t) ≡ ΦD(t)\x0(t) represents the point process
of interfering DBSs and hx(t) is the small-scale fading power gain between the typical UE
and the interfering DBSs. Since the air-to-ground links may experience various fading sce-
narios, Nakagami-m fading is used here to capture a large class of fading environments.
Thus, the channel fading power gains h0(t) and hx(t) follow gamma distributions with pdf
fH(h) =

mm

Γ(m)
hm−1e−mh, where Γ(x) =

∫∞
0
tx−1e−t dt is the gamma function. For the serving

and interfering links, we assume m = m0 and m = mx, respectively, and we consider integer
values for m0 and mx for mathematical tractability.

3.2.4 Metrics of Interest

The received signal-to-interference ratio (SIR) at the typical UE is defined as

SIR(t) =
Ph0(t)r0(t)

−α

I(t)
. (3.1)

We now define our SIR-based performance metrics as follows.

Average rate: Average received rate is given as R(t) = E[log (1 + SIR(t))], where the expec-
tation is taken over the PPP ΦD(t) and the trajectories. This is essentially the average rate
experienced by the typical UE at time t across different network and trajectory realizations.

Session rate: This metric is defined as the average received rate by the typical UE at each
session of duration T . Mathematically speaking, we have

SR(T ) =
1

T

∫ T

0

R(t) dt. (3.2)

3.2.5 Methodology of Analysis

In this subsection, we briefly describe the methodology of our analysis in this chapter. In
Section III, we will characterize the point process of interferers by deriving the density of the
network of interfering DBSs for all service and mobility models. We will then provide some
intermediate results for the RW and RWP mobility models in Section IV that are useful in
characterizing the distributional properties of these mobility models. Using the results in
these two sections, we will finally derive the average and session rates in Section V for all
service and mobility models.
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3.3 Point Process of Interferers

In this section, we characterize the temporal evolution of the point process of interferers for
all the mobility models described in Section 3.2.2. We start our analysis by first considering
the UIM in the following lemma.

Lemma 3.7. Let Φ be a homogeneous PPP with density λ0. If all the points of Φ are inde-
pendently displaced based on the four mobility models mentioned in 3.2.2, then the displaced
points at every time t form another homogeneous PPP Ψ with the same density λ0.

Proof. Based on the displacement theorem [19], we need to argue that the displaced distances
of DBSs at every time t are i.i.d. and also independent of their original locations in Φ. For the
first two mobility models, this is clear from our model constructions. For the RW and RWP
models, note that different flights are independent of the locations of DBSs and the overall
displaced distance at time t is a function of these flights. Hence, the overall displacement of
DBSs is independent of their locations in the original PPP Φ. Therefore, Ψ is distributed as
a homogeneous PPP with density λ0. This completes the proof.

In the UIM, the serving DBS and all the interfering DBSs are displaced in uniformly random
directions based on our different mobility models. Thus, we can infer from Lemma 3.7 that
the network of all DBSs at any time t will remain a homogeneous PPP with density λ0. As
a result, the network of interfering DBSs will be distributed as an inhomogeneous PPP in
the DBS plane with density

λ(t; ux, u0) =

{
λ0, ux > u0(t)

0, ux ≤ u0(t),
(3.3)

Note that although the serving distance u0(t) varies over time, its distribution does not
change.

Remark 3.8. The rate performance of a mobile drone network where the service model
follows the UIM is equivalent to that of a static drone network since the density of the point
process of interferers in a static setting will be also given by (3.3).

In the UDM, it is clear from our construction that Φ′
D(0) is an inhomogeneous PPP with

density given by (3.3), which introduces an exclusion zone, X = b(o′, u0), for the interfering
DBSs in the DBS plane, where b(o, r) is a disc of radius r centered at o. Using displacement
theorem, we observe that Φ′

D(t) remains an inhomogeneous PPP for the UDM as well. In
the next lemma, we provide a mathematical characterization of Φ′

D(t) in the UDM at every
time t.

Lemma 3.9. (Point Process of Interferers). Consider the UDM with an i.i.d. mobility model.
Let x(0) and x(t) denote the initial location and the location at time t of an interfering DBS,
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respectively. Define L(t) = ‖x(0) − x(t)‖ as the net displacement of this interfering DBS
until time t and denote its cumulative distribution function (cdf) and pdf by FL(l; t) and
fL(l; t), respectively. Then the network of interfering DBSs will be an inhomogeneous PPP
with density

λ(t; ux, u0) = λ0


1, u0 + vt ≤ ux

β(t, ux, u0), |u0 − vt| ≤ ux ≤ u0 + vt

β(t, ux, u0)1
(
t > u0

v

)
, 0 ≤ ux ≤ |u0 − vt|,

(3.4)

where 1(.) is the indicator function and

β(t, ux, u0) = 1− FL(u0 − ux; t)−
∫ min{vt,ux+u0}

|ux−u0|
fL(l; t)

1

π
cos−1

(
l2 + u2x − u20

2lux

)
dl. (3.5)

Proof. See Appendix B.1.

Remark 3.10. We observe the following directly from Lemma 3.9: (i) (3.4) is continuous
at boundaries, i.e., at ux = |u0± vt|, (ii) as u0 → 0, we get β(t, ux, u0) → 1, i.e., the network
of interfering DBSs becomes homogeneous, and (iii) as u0 → 0 or t → 0, (3.3) and (3.4)
become identical.

The density derived in Lemma 3.9 is valid for all i.i.d. mobility models where DBSs move
at the same constant speed. Hence, for mobility models in this chapter, we only need to
characterize the distribution of the net displacement of each DBS at every time t. For the
SL model, we provide this distribution, and thus, the density of the network of interferers,
in the next corollary.

Corollary 3.11. (Point Process of Interferers for the SL Model). When the interferers move
based on the SL mobility model, the network of interferers will be an inhomogeneous PPP
with density

λ(t; ux, u0) = λ0


1, u0 + vt ≤ ux
1
π

cos−1
(

u2
0−u2

x−v2t2

2uxvt

)
, |u0 − vt| ≤ ux ≤ u0 + vt

1
(
t > u0

v

)
, 0 ≤ ux ≤ |u0 − vt|,

(3.6)

Proof. In the SL mobility model, we have L(t) = vt, and thus, fL(l; t) = δ(l − vt) and
FL(l; t) = 1(l− vt), where δ(.) is the Dirac delta function. Hence, β(t, ux, u0) can be written
as

β(t, ux, u0) = 1− 1(u0 − ux − vt)−
∫ min{vt,ux+u0}

|ux−u0|
δ(l − vt)

1

π
cos−1

(
l2 + u2x − u20

2lux

)
dl.

(3.7)

We need to consider two cases:
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Figure 3.2: Network density in different regions for the SL mobility model. Green and black
stars, red circles, and black squares represent serving DBS, displaced serving DBS, interfering
DBSs, and displaced interfering DBSs, respectively. (a) Serving DBS is moving towards o′,
and (b) serving DBS is hovering at o′.

• 0 ≤ ux ≤ |u0 − vt|
In this case, since λ(t; ux, u0) = 0 for u0 ≥ vt, we need to only evaluate β(t, ux, u0) for
u0 < vt. This gives 0 ≤ ux ≤ vt − u0, which makes the integral term in (3.7) zero.
Since u0 − ux ≤ u0 + ux ≤ vt, the term for the indicator function in (3.7) will become
zero as well. Hence, β(t, ux, u0) = 1

(
t > u0

v

)
.

• |u0 − vt| ≤ ux ≤ u0 + vt
In this case, we have the triangle inequality for the triple (ux, u0, vt), which yields
|u0 − ux| ≤ vt ≤ u0 + ux. Hence,

β(t, ux, u0) = 1− 1

π
cos−1

(
v2t2 + u2x − u20

2vtux

)
=

1

π
cos−1

(
u20 − u2x − v2t2

2uxvt

)
.

This completes the proof.

Remark 3.12. We can make sense of (3.6) intuitively by considering the exclusion zone
X and different regions illustrated in Fig. 3.2 as follows: (i) R1 = {ux ≥ u0 + vt}: No
DBS that was initially in R1 can enter X within time t, and thus, λ(t; ux, u0) = λ0, (ii)
R2 = {0 ≤ ux ≤ u0−vt|vt ≤ u0}: The serving DBS is in motion towards o′ and since there is
no interfering DBS in R2, we have λ(t; ux, u0) = 0, and (iii) R3 = {0 ≤ ux ≤ vt−u0|vt > u0}:
In this region, we can use the same method introduced in the proof of Lemma 3.9 as follows.
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We first calculate the density contributed by points that would have originally fallen in X
and then subtract it from λ0 to get the density of the network of interfering DBSs. Since all
the DBSs that are initially inside X will leave R3 after the displacement of vt, the density
contributed by X in R3 is 0, which gives λ(t; ux, u0) = λ0. However, for non-linear i.i.d.
mobility models, such as RW or RWP, where direction changes are allowed during flights,
there is a possibility that some of the DBSs that are initially inside X do not leave R3 after
the displacement of vt. This fact is highlighted in Fig. 3.2 (b), where a DBS that is initially
at x could possibly fall into R3 after a displacement of vt with a non-linear i.i.d. mobility
model. Hence, the impact of X is not zero in this case, which implies that the density of
interfering DBSs is less than λ0 in R3.

It is in fact possible to make a more formal statement about the comparison of SL mobility
model with the other models, which is done next.
Theorem 3.13. The expected number of interferers in the disc B = b(o′, u0 + vt) at any
time t is maximized over the space of i.i.d. mobility models (including the ones where drones
follow curved trajectories) when interferers follow the SL mobility model.

Proof. See Appendix B.2.
Remark 3.14. Theorem 3.13 demonstrates that the average number of interferers in any
neighborhood of the typical UE is higher in the SL mobility model compared to the other
i.i.d. mobility models. Consequently, the average received rate at the typical UE under the
SL mobility model is lower compared to the other i.i.d. mobility models.

In the RS mobility model, the net displacement of DBSs until time t is L(t) = min{vt, R},
where R is a random variable that determines the displaced distances of DBSs. The following
corollary gives the network density for the RS mobility model.
Corollary 3.15. (Point Process of Interferers for the RS Model). When interfering DBSs
move based on the RS mobility model, the network of interfering DBSs will be an inhomoge-
neous PPP with the same density as given in Lemma 3.9. Furthermore, we have

β(t, ux, u0) = FR(ux − u0) + (1− FR(r))
1

π
cos−1

(
u20 − u2x − r2

2uxr

)
+

∫ r

|ux−u0|
fR(l)

1

π
cos−1

(
u20 − u2x − l2

2uxl

)
dl, (3.8)

where r = min{vt, ux + u0}.

Proof. Starting with L(t) = min{vt, R}, we can write the cdf and pdf of L(t) as

FL(l; t) = P[min{vt, R} ≤ l] = 1− P[vt > l, R > l] = FR(l)1(vt− l) + 1(l − vt),

fL(l; t) = (1− FR(vt))δ(vt− l) + fR(l)1(vt− l).

Similar to the proof of Corollary 3.11, we consider two cases to derive β(t, ux, u0) as follows.
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• 0 ≤ ux ≤ |u0 − vt|. We have

β(t, ux, u0) = 1− FR(u0 − ux)−
∫ ux+u0

|ux−u0|
fR(l)

1

π
cos−1

(
l2 + u2x − u20

2lux

)
dl.

• |u0 − vt| ≤ ux ≤ u0 + vt. We have

β(t, ux, u0) = 1− FR(u0 − ux)− (1− FR(vt))
1

π
cos−1

(
v2t2 + u2x − u20

2vtux

)
−
∫ vt

|ux−u0|
fR(l)

1

π
cos−1

(
l2 + u2x − u20

2lux

)
dl.

Combining these equations into a single one, we end up with (3.8) and the proof is complete.

Note that the SL mobility model is a special case of the RS mobility model when R → ∞,
which means that the DBSs never stop. Mathematically speaking, evaluating β(t, ux, u0) in
Corollary 3.15 with FR(l) = 0 and fR(l) = δ(l −∞) = 0 for l <∞, we end up with (3.6).

3.4 RW and RWP Mobility Models

In the previous section, we characterized the point process of interferers for both service
models, which required the distribution of the net displacement of each DBS as a function of
time. As it was shown in Corollaries 3.11 and 3.15, this distribution can be easily derived for
the SL and RS mobility models. However, the characterization of this distribution for the
RW and RWP mobility models is not straightforward and is the main focus of this section.
Note that the distributional results provided here are novel and may be useful in their own
right.

As stated in Definition 3.1, we assume that the direction of the i-th movement of a DBS
is Θi ∼ U [0, 2π), which is selected independently of the other DBSs, and the flights Ri are
i.i.d. with cdf and pdf of FR(.) and fR(.), respectively. Fig. 3.3 shows an example of the
RW mobility model. Let x(0) and x(n− 1) be the initial location of a DBS and its location
after (n − 1) flights, respectively. Define Zn−1 and Ψn−1 as the net displacement of a DBS
between x(0) and x(n−1) and the angle between the x-axis and the line connecting x(0) and
x(n − 1), respectively. Furthermore, we define Sn−1 and L(t) as the total distance traveled
from x(0) to x(n− 1) and the net displacement of a DBS until time t, respectively. In order
to properly find the distribution of L(t), we need the distributional characteristics of Sn−1,
Zn−1, and Ψn−1, which is done next.
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Figure 3.3: A realization of the RW mobility model.

From Fig. 3.3, we can derive the equations for Sn−1, Zn−1, and Ψn−1 as

Sn−1 =
n−1∑
i=1

Ri, (3.9)

Zn−1 =

√√√√(n−1∑
i=1

Ri cos(Θi)

)2

+

(
n−1∑
i=1

Ri sin(Θi)

)2

, (3.10)

Ψn−1 = tan−1

(∑n−1
i=1 Ri sin(Θi)∑n−1
i=1 Ri cos(Θi)

)
. (3.11)

In the next lemma, we derive the distribution of Ψn.
Lemma 3.16. When interfering DBSs move based on the RW mobility model, then irrespec-
tive of the flight distribution R, the random variable Ψn is distributed uniformly in [0, 2π).

Proof. See Appendix B.3.

Using the same methodology as in the proof of Lemma 3.16, one can also find the distribution
of Zn. However, it turns out that the (n − 1)-fold integral that arises in the derivation of
the pdf of Zn does not have a closed-form solution in general. Nevertheless, when the flights
are i.i.d. Rayleigh random variables, we can derive the distribution of Zn in closed form.
Lemma 3.17. When interfering DBSs move based on the RW mobility model and the flights
are Rayleigh distributed with parameter σ, then Zn is also Rayleigh distributed with parameter
σ
√
n.
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Proof. See Appendix B.4.

Lemma 3.17 establishes a useful result for the distribution of Zn when the flights are Rayleigh
distributed. On the other hand, if the flights have a general non-Rayleigh distribution, we
can find an asymptotic distribution for Zn as n → ∞. We present this result in the next
lemma.

Lemma 3.18. When interfering DBSs move based on the RW mobility model and the flights
have general non-Rayleigh but i.i.d. distributions with a mean and variance of µR and σ2

R,
respectively, then Zn√

n
will have a Rayleigh distribution with parameter

√
µ2
R+σ2

R

2
as n→ ∞.

Proof. Define X =
∑n

i=1
1√
n
Ri cos(Θi) and Y =

∑n
i=1

1√
n
Ri sin(Θi). Since Θi’s are i.i.d. with

uniform distribution in [0, 2π), the central limit theorem (CLT) asserts that as n → ∞, X
and Y will have Gaussian distributions. Since Ri and Θi are independent of each other,
the moments of X can be computed as follows: E[X] =

∑n
i=1

1√
n
E[Ri]E[cos(Θi)] = 0 and

E[X2] = E
[∑n

i=1

∑n
j=1

1
n
RiRj cos(Θi) cos(Θj)

]
= E

[∑n
i=1

1
n
R2

i cos2(Θi)
]
=

µ2
R+σ2

R

2
. Note

that the same is also true for Y . Hence, X ∼ N (0,
µ2
R+σ2

R

2
) and Y ∼ N (0,

µ2
R+σ2

R

2
). Now since

E[XY ] = 0, X and Y are uncorrelated, and thus, independent. Therefore, Zn√
n
=

√
X2 + Y 2

is Rayleigh distributed with parameter
√

µ2
R+σ2

R

2
as n→ ∞. This completes the proof.

After characterizing Zn and Ψn, we need to find the distribution of Sn as well. Recall
that Sn is the sum of n i.i.d. random variables and for a general distribution of Ri, the
distribution of Sn is not known. There have been some works that establish the distribution
of Sn for different distributions of Ri (see [120] for a comprehensive review). When Ri’s
are exponentially distributed, the distribution of Sn is known to be Erlang. However, the
exact distribution of Zn is not known for exponentially distributed flights. When Ri’s are
Rayleigh, the distribution of Sn has been investigated in the literature [121] and the result
is given here without proof.

Lemma 3.19. The pdf of the sum of n i.i.d. Rayleigh random variables with parameter σ
can be approximated as

fSn(s) ≈
( s√

n
)2n−1e− s2

2nb

2n−1bn(n− 1)!
−

( s√
n
− a2)

2n−2e−
a1(

s√
n
−a2)

2

2b

2n−1b( b
a1
)n(n− 1)!

× a0

[
b(2s

√
n− a2)− a1

s√
n
(
s√
n
− a2)

2

]
, (3.12)

where b = σ2
n
√

(2n−1)!!

n
and the constants a0, a1, and a2 are derived numerically using a

nonlinear curve-fitting least square method based on the trust region reflective algorithm
[122].
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In order to better understand the distributional properties of the RW mobility model, we also
need to find the joint distribution of Sn and Zn for a given number of flights n. Given Sn, the
range of the values for Zn is upper bounded by the value of Sn, which suggests a dependency
between Sn and Zn. In the next proposition, we characterize this joint distribution.

Proposition 3.20. The joint pdf of Sn and Zn for a given number of flights n ≥ 2 can be
written as a 2(n− 1)-fold integral given as

fSn,Zn(s, z) =
4z

(2π)n

∫
· · ·
∫

R

fR(s− Jn)
∏n−1

i=1 fR(xi)√
(z2 − (s− Jn −Kn)2) ((s− Jn +Kn)2 − z2)

dx dξ, (3.13)

where Jn =
∑n−1

i=1 xi, Kn =
√∑n−1

i,j=1 xixj cos(ξi − ξj), and R is defined as the region where
0 ≤ xi <∞, 0 ≤ ξi < 2π for 1 ≤ i ≤ n− 1, and |s− Jn −Kn| ≤ z ≤ s− Jn +Kn.

Proof. See Appendix B.5.

Note that for n = 1, the random variables Sn and Zn will become identical and equal to R1,
and thus, their joint distribution will be the same as the distribution of R1, i.e., fR(.). For
n = 2, the result of Proposition 3.20 can be further simplified, which is given in the next
corollary.

Corollary 3.21. The joint pdf between S2 and Z2 can be written as

fS2,Z2(s, z) =
2z

π
√
s2 − z2

∫ s+z
2

s−z
2

fR(x)fR(s− x)√
z2 − (2x− s)2

dx, (3.14)

for s > z and zero otherwise.

Remark 3.22. As n gets larger, the dependency between Sn and Zn will become less
significant, and thus, we can ignore it for large enough n. Hence, we approximate the
joint pdf of Sn and Zn by assuming them to be independent for n ≥ 3, thus giving
fSn,Zn(s, z) ≈ fSn(s)fZn(z). Note that n ≥ 3 is large enough for this result to be reasonably
accurate.

Using the results that we have derived for the RW mobility model so far, we can now compute
the distribution of L(t), i.e., the distance between the location of a DBS at time t and its
original location at time t = 0. Fig. 3.3 shows a DBS that is flying in its n-th flight. Note
that the distance traveled by the DBS until time t is vt, and thus, the residual distance in
the n-th flight will be vt− Sn−1. We now state the main result in the next proposition.

Proposition 3.23. When interfering DBSs move based on the RW mobility model, the cdf
and pdf of L(t) are given as (3.15) and (3.16) below, respectively, for l ≤ vt. Otherwise, we
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have FL(l; t) = 1 and fL(l; t) = 0.

FL(l; t) = (1− FR(vt))1(l − vt)

+
∞∑
n=2

∫ vt

vt−l

∫ l−(vt−s)

0

fSn−1,Zn−1(s, z)(1− FR(vt− s)) dz ds

+
∞∑
n=2

∫ vt

vt−l
2

∫ min{s, l+(vt−s)}

|l−(vt−s)|
fSn−1,Zn−1(s, z)(1− FR(vt− s))

× 1

π
cos−1

(
z2 + (vt− s)2 − l2

2z(vt− s)

)
dz ds, (3.15)

fL(l; t) = (1− FR(vt))δ(l − vt)

+
2l

π

∞∑
n=2

∫ vt

vt−l
2

∫ min{s, l+(vt−s)}

|l−(vt−s)|

fSn−1,Zn−1(s, z)(1− FR(vt− s))√
[l2 − (z − (vt− s))2] [(z + (vt− s))2 − l2]

dz ds,

(3.16)

Proof. See Appendix B.6.

For n = 2, the double integrals in (3.15) and (3.16) can be written as single integrals since
S1 = Z1 = R1. Mathematically speaking, for l < vt we have

FL(l; t|n = 2) =

∫ vt+l
2

vt−l
2

fR(r)(1− FR(vt− r))
1

π
cos−1

(
r2 + (vt− r)2 − l2

2r(vt− r)

)
dr, (3.17)

fL(l; t|n = 2) =
2l

π
√
v2t2 − l2

∫ vt+l
2

vt−l
2

fR(r)(1− FR(vt− r))√
l2 − (2r − vt)2

dr. (3.18)

This result will be useful for our further approximations on the distribution of L(t). Applying
the results of Proposition 3.23 to Lemma 3.9, we can compute β(t, ux, u0) in (3.5) and get
the density of the network of interfering DBSs for the RW mobility model.

Building on the RW mobility model, we now derive the distribution of L(t) for the RWP
mobility model as well. The RWP mobility model is defined by a sequence of quadruples at
the i-th flight period: two waypoints pi−1 and pi as the starting and destination waypoints,
respectively, one transition length Ri, and one waiting time Ti at the destination waypoint.
In an infinite network, we can observe that the only difference between the RWP and the
RW mobility models is the inclusion of the random variable Ti as the waiting time at the end
of each flight. Assuming that the random variables {Ti} are i.i.d. with cdf and pdf of FT (.)
and fT (.), respectively, and also independent of Ri, the following proposition extends the
results of Proposition 3.23 to the RWP mobility model. Before stating the main result, we
define Wn as the aggregate waiting time until the end of the n-th flight, i.e., Wn =

∑n
i=0 Ti.

Note that Wn will be independent of Sn and Zn. Moreover, we assume that W0 = T0 6= 0,
which implies that there is an initial random waiting time before the DBSs start to move.
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Proposition 3.24. When interfering DBSs move based on the RWP mobility model, the cdf
and pdf of L(t) are given as (3.19) and (3.20) below, respectively, for l ≤ vt. Otherwise, we
have FL(l; t) = 1 and fL(l; t) = 0.

FL(l; t) =

∫ ∞

t− l
v

(1− FR(vt− vw)) fT (w) dw

+
∞∑
n=2

∫ vt

0

∫ min{s,l}

0

fSn−1,Zn−1(s, z)
(
FWn−2(t−

s

v
)− FWn−1(t−

s

v
)
)

dz ds

+
∞∑
n=2

∫ vt

vt−l

∫ l−(vt−y)

0

∫ y
v

0

fWn−1(w)fSn−1,Zn−1(y − vw, z)(1− FR(vt− y)) dw dz dy

+
∞∑
n=2

∫ vt

vt−l
2

∫ min{y, l+(vt−y)}

|l−(vt−y)|

∫ y
v

0

fWn−1(w)fSn−1,Zn−1(y − vw, z)(1− FR(vt− y))

× 1

π
cos−1

(
z2 + (vt− y)2 − l2

2z(vt− y)

)
dw dz dy, (3.19)

fL(l; t) =
1

v
(1− FR(l)) fT

(
t− l

v

)
+

∞∑
n=2

∫ vt

l

fSn−1,Zn−1(s, l)
(
FWn−2(t−

s

v
)− FWn−1(t−

s

v
)
)

ds

+
2l

π

∞∑
n=2

∫ vt

vt−l
2

∫ min{y, l+(vt−y)}

|l−(vt−y)|

∫ y
v

0

fWn−1(w)fSn−1,Zn−1(y − vw, z)(1− FR(vt− y))

× 1√
[l2 − (z − (vt− y))2] [(z + (vt− y))2 − l2]

dw dz dy, (3.20)

Proof. See Appendix B.7.

As in the RW mobility model, the results can be further simplified for n = 2 and l < vt as

FL(l; t|n = 2) =

∫ l

0

fR(r)
(
FT (t−

r

v
)− FW1(t−

r

v
)
)

dr

+

∫ t

t− l
v

∫ vt−vw

0

fR(r)fW1(w)(1− FR(vt− vw − r)) dr dw

+

∫ t− l
v

0

∫ vt−vw+l
2

vt−vw−l
2

fR(r)fW1(w)(1− FR(vt− vw − r))

× 1

π
cos−1

(
r2 + (vt− vw − r)2 − l2

2r(vt− vw − r)

)
dr dw, (3.21)



56
CHAPTER 3. PERFORMANCE CHARACTERIZATION OF CANONICAL MOBILITY MODELS IN DRONE

CELLULAR NETWORKS

fL(l; t|n = 2) = fR(l)

(
FT (t−

l

v
)− FW1(t−

l

v
)

)
+

2l

π

∫ t− l
v

0

∫ vt−vw+l
2

vt−vw−l
2

fR(r)fW1(w)(1− FR(vt− vw − r))√
[(vt− vw)2 − l2] [l2 − (2r − (vt− vw))2]

dr dw.

(3.22)

Similar to the RW scenario, we can apply the distribution of L(t) derived in Proposition 3.24
to Lemma 3.9 and compute the density of the network of interferers for the RWP mobility
model.

3.5 Average and Session Rates

In this section, we compute the SIR-based metrics defined in Section 3.2.4 for the typical
UE in the network. Equipped with the density of the network of interfering DBSs for each
mobility model under both the UIM and the UDM, we first derive the average received rate
by the typical UE in the UDM. The following theorem provides this result.

Theorem 3.25. In the UDM and using any i.i.d. mobility model described in the previous
sections, the average received rate by the typical UE at time t is given as

R(t) =

∫ ∞

0

∫ ∞

0

2πλ0u0e−πλ0u2
0

1 + γ
×

m0−1∑
k=0

(−s)k

k!

∂k

∂sk
LI(t)(s

∣∣x0(t))

∣∣∣∣
s=m0γrα0 (t)

du0 dγ, (3.23)

where LI(t)(s
∣∣x0(t)) is the conditional Laplace transform of interference given as

LI(t)(s
∣∣x0(t)) = exp

[
−2π

∫ ∞

0

ux(t)λ(t; ux, u0)
(
1−

(
1 +

s (u2x(t) + h2)
−α/2

m

)−m
)

dux(t)

]
.

(3.24)

Proof. We start by writing the complementary cumulative distribution function (ccdf) of
SIR(t) conditioned on x0(t) as

P
[
SIR(t) ≥ γ

∣∣x0(t)
]
= E [P [h0(t) ≥ γrα0 (t)I(t)|x0(t), I(t)]]

(a)
= E

[
Γ(m0,m0γr

α
0 (t)I(t))

Γ(m0)

∣∣∣∣x0(t)

]
(b)
= E

[
m0−1∑
k=0

(m0γr
α
0 (t)I(t))

k

k!
e−m0γrα0 (t)I(t)

∣∣∣∣∣x0(t)

]

=

m0−1∑
k=0

(−s)k

k!

∂k

∂sk
LI(t)(s

∣∣x0(t))

∣∣∣∣
s=m0γrα0 (t)

,
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where in (a) the Nakagami-m fading assumption is used and in (b) we used the definition of
the incomplete gamma function for integer values of m0. The conditional Laplace transform
of interference at time t can be computed as

LI(t)(s
∣∣x0(t)) = E

[
e−sI(t)

∣∣x0(t)
]

= E

exp

−s ∑
x(t)∈Φ′

D(t)

hx(t)rx(t)
−α

∣∣∣∣∣∣u0(t)


(a)
= E

 ∏
x(t)∈Φ′

D(t)

(
1 +

srx(t)
−α

m

)−m

∣∣∣∣∣∣u0(t)


(b)
= exp

[
−2π

∫ ∞

0

ux(t)λ(t; ux, u0)

(
1−

(
1 +

srx(t)
−α

m

)−m
)

dux(t)

]
,

where (a) results from the moment generating function (mgf) of the gamma distribution
and (b) follows from the probability generating functional (pgfl) of a general PPP. Now, the
average rate at time t can be written as

R(t) = E [log (1 + SIR(t))]

=

∫ ∞

0

log(1 + γ)fΓ(γ; t) dγ

=

∫ ∞

0

∫ ∞

0

2πλ0u0e−πλ0u2
0

1 + γ
P
[
SIR(t) ≥ γ

∣∣x0(t)
]

du0 dγ,

where fΓ(γ; t) is the pdf of SIR(t) and in the last equation, we used integration by parts and
deconditioned the result on u0(t). Note that in the UDM, we have u0(t) = [u0 − vt]+, where
[x]+ = x if x ≥ 0 and [x]+ = 0 otherwise. This completes the proof.

For the UIM, since the density of the network of interfering DBSs is given in (3.3), the
received rate by the typical UE will be given as in (3.23) evaluated at t = 0. Finally, the
session rate at time T is derived by integrating over the average rate w.r.t. t as in (3.2).

3.6 Simulation Results

In this section, we provide numerical simulations to verify our analytical results and provide
several useful insights about the system-level performance of the network. We assume that
the network density is λ0 = 1 DBS/km2 and DBSs move with a constant speed v = 45 km/h
using one of the four mobility models defined in Section 3.2. We consider the low altitude
platform (LAP) for the flight of DBSs and assume h ∈ {100, 200} m as typical values for the
height of drones in the LAP. Furthermore, we assume the path loss exponent is α = 3. For
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Figure 3.4: Distribution of L(t) in the RW and RWP mobility models for t ∈ {50, 100, 300} s.
As t increases, the pdf of L(t) in both the RW and RWP models converges to the Rayleigh
distribution.

the RS, RW, and RWP mobility models, we assume that the flight distances are distributed
as i.i.d. Rayleigh random variables with mean 500 m. Moreover, in the RWP mobility model,
we assume the hovering times follow i.i.d. exponential random variables with mean 5 s. Note
that the evaluations of the multiple integrals that occur in the analyses of the RW and RWP
mobility models are carried out using the Monte Carlo (MC) integration method.

3.6.1 Distribution of L(t) in RW and RWP

Characterizing the distribution of L(t) for a given time t is essential for the analysis of the
RW and RWP mobility models. We derived the exact cdf and pdf of L(t) for the RW and
RWP mobility models in Propositions 3.23 and 3.24, respectively. Fig. 3.4 shows the pdf
of L(t) for both the RW and RWP mobility models at t ∈ {50, 100, 300} s. Note that as
t → ∞, the distance traveled during the n-th flight will be much smaller than Zn−1, and
thus, we have L(t) ≈ Zn−1. Now, according to Lemma 3.18, as t → ∞, the distribution
of Zn−1 converges to a Rayleigh distribution. Hence, L(t) is also Rayleigh distributed as
t→ ∞. This trend can also be noticed in Fig. 3.4.

3.6.2 Point Process of Interferers

In Figs. 3.5 and 3.6, we plot the density of the network of interfering DBSs for all the mobility
models considered in this chapter at t ∈ {20, 40, 50, 200} s. We assume that the serving DBS
follows the UDM and the exclusion zone radius is u0 = 500 m. In the SL mobility model, as
also highlighted in Remark 3.12, the density will be divided into two homogeneous parts and
one bowl-shaped inhomogeneous part after t = u0

v
. Furthermore, the inhomogeneous part

will become homogeneous as t→ ∞, which ultimately makes the point process of interferers
homogeneous. This fact can also be directly inferred from Corollary 3.11 by taking the limit
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Figure 3.5: Density of the network of interfering DBSs for the UDM with the SL and
RS mobility models. Serving distance is u0 = 500 m and the density is given at
t ∈ {20, 40, 50, 200} s.
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Figure 3.6: Density of the network of interfering DBSs for the UDM with the RW and RWP
mobility models. Serving distance is u0 = 500 m and the flights are Rayleigh distributed
with mean 500 m.
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Figure 3.7: Comparison of the average rate for the UDM with the SL mobility model for
different Nakagami-m parameters with α = 3 and h = 100 m.

of (3.6) as t → ∞ and ux → vt. According to Fig. 3.6, this homogenization happens for
the RW and RWP mobility models as well. However, this is not the case in the RS mobility
model, since the DBSs “stop” moving after a period of time. Hence, the point process of
interferers does not evolve with time, making it inhomogeneous for all time t. In Fig. 3.6,
based on Remark 3.22, we also plot the density of the network of interfering DBSs for the
RW and RWP mobility models by assuming that Sn and Zn are independent for n ≥ 3.
Clearly, this approximation is fairly accurate.

3.6.3 Impact of Fading and Height

In order to show the effect of the Nakagami-m fading parameter on the performance of the
network, we plot the average rate in the UDM under the SL mobility model for m0 = mx ∈
{1, 2} in Fig. 3.7. Since increasingm0 andmx decreases the severity of the fading, the average
rate will increase as well. Fig. 3.8 depicts the impact of DBS heights on the performance
of the network for both service models under the SL mobility model. As is clear in this
figure, the average rate increases as height decreases, which can also be observed directly
from (3.23) and (3.24).
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Figure 3.8: Comparison of the average rate for both the UIM and the UDM with the SL
mobility model at different heights with α = 3 and m0 = mx = 1.
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Figure 3.9: Comparison of the average rate for the UDM with different mobility models.
Other parameters are α = 3, h = 100 m, and m0 = mx = 1.
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Figure 3.10: Comparison of the session rate for the UDM with different mobility models.
Other parameters are α = 3, h = 100 m, and m0 = mx = 1.

3.6.4 Impact of Mobility Models

Under the UDM, we compare different mobility models studied in this chapter in terms of
the average and session rates in Figs. 3.9 and 3.10, respectively. As can be seen in these
figures, the SL mobility model acts as a lower bound on the performance of these models.
This result is essentially the one that we proved in Theorem 3.13 by demonstrating that the
average number of interferers in the vicinity of the typical UE is higher in the SL mobility
model than the other i.i.d. mobility models. Hence, the performance of the network under
the SL mobility model will be worse than the other mobility models. In Table 3.1, we provide
a brief comparison between the four mobility models studied in this chapter.

Table 3.1: A comparison between different mobility models.

Model Advantage Disadvantage

SL tractable and closed-form solu-
tions simplistic for some applications

RS captures limited battery capacity
of drones

DBSs do not change their loca-
tions after stopping in order to
serve other UEs

RW/RWP more general less tractable
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3.7 Chapter Summary

In this chapter, we presented an in-depth and unified analysis of a mobile drone cellular
network operating at a constant height to serve the UEs on the ground. Specifically, we
considered four mobility models for the DBSs, i.e., (i) SL, (ii) RS, (iii) RW, and (iv) RWP,
and provided several fundamental distributional properties of these models. The use of
the SL mobility model for drone networks was inspired by the simulation models used in
the 3GPP studies of drone networks, while the others are useful canonical models (or their
variants) that have been used extensively in wireless networks and provide a reasonable
balance between realism and tractability. The serving DBS is selected based on the nearest-
neighbor association policy and moves according to two service models: (i) based on the
same mobility model as the interfering DBSs (UIM), and (ii) towards the typical UE at
a constant height and keeps hovering above the location of the typical UE (UDM). We
proposed a novel characterization of the point process of DBSs for both the UIM and the
UDM, using which we analyzed the average received rate and the session rate at the typical
UE. Borrowing tools from the calculus of variations, we mathematically showed that the SL
mobility model acts as a lower bound on the system-level performance of our mobile drone
network over the space of all i.i.d. mobility models. To the best of our understanding, this is
the first work that offers a unified analysis of canonical mobility models for a drone cellular
network in an infinite plane and establishes meaningful connections between them. While
this work offers many useful insights in the canonical settings, it will be useful to extend
some of these results to more realistic mobility models, including the ones developed from
actual mobility traces of drones (as and when they become available). Another direction of
future research could be the use of advanced mathematical techniques, such as the stochastic
differential equation and the Ornstein-Uhlenbeck process [123], to design more sophisticated
drone trajectories. Furthermore, extending the results of this chapter to more general 3D
models, such as multi-tier drone cellular networks [124], is a promising future work.

In the next chapter, we will study another important problem in mobile drone cellular
networks, which is the occurrence of handover probability.



Chapter 4

Handover Probability in Drone
Cellular Networks

4.1 Introduction

One of the key consequences of the mobility of DBSs is the occurrence of handovers, even if
the UEs are static on the ground. Since handovers result in signaling overhead, it is highly
desirable to carefully understand the handover behavior in this new operational regime. In
addition, since handovers have traditionally been studied by assuming mobile UEs and static
BSs, it is also natural to wonder whether there is some underlying connection between the
statistics of the handovers observed in these two fundamentally different regimes. Inspired
by such questions, we present a rigorous analysis of the handover probability in drone cellular
networks using tools from stochastic geometry [19].

Prior Art. The handover probability is a well-investigated metric in terrestrial cellular
networks with static BSs and mobile UEs [125, 126, 127, 128]. Modeling the locations of BSs
as a 2D homogeneous PPP, the authors in [125] derived the probability of the occurrence
of the first handover for a reference UE that moves at a constant speed along a straight
line. The authors of [126] have also derived this result in the analysis of the joint coverage
probability of cellular networks. In [127], the authors analyzed the horizontal and vertical
handoff rates in multi-tier heterogeneous networks for arbitrary trajectories of UEs. While
these works are useful for designing and optimizing terrestrial networks, they are not directly
applicable to drone cellular networks due to the mobility of DBSs. Although several works
in the literature were motivated by the mobility of DBSs [37, 39, 84, 85, 129], there have only
been a few works that have accounted for handover in drone networks [130, 131]. The authors
of [130] proposed an optimal coverage decision algorithm for seamless handover of a 3D drone
network. Using the results of [127], the trade-off between average throughput and handover
rate in a multi-tier network has been studied in [131]. While these works provide useful
insights, the analytical characterization of handover probability in drone networks is still an
open problem, which is the main focus of this chapter. More details of our contribution are
provided next.

Contributions. We model the initial positions of the DBSs by a homogeneous 2D PPP and
assume that they move based on the SL mobility model introduced in the previous chapter.
Assuming that the typical UE is served by its closest DBS, we propose two scenarios for the
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speed of DBSs, i.e., (i) SSM, where all DBSs move with the same speed, and (ii) DSM, where
DBSs move with different speeds. We then analytically characterize the handover probability
for both the SSM and the DSM. Specifically, in the SSM, we establish equivalence in the
spatial distributions of the mobile DBSs as seen by a static ground UE and of the static
terrestrial BSs as seen by a mobile UE. Using this equivalence, we rigorously show that the
handover probability in the SSM is the same as that of a mobile UE in a single-tier cellular
network studied in [125, 126]. In the DSM, we first characterize the point process of the
non-serving DBSs as a function of time and then derive a lower bound on the handover
probability. To the best of our knowledge, this is the first work that provides a concrete
mathematical treatment of the handover probability in drone cellular networks.

4.2 System Model

We consider a network of mobile DBSs deployed at a constant height h that serves the UEs
on the ground. We assume that the ground is aligned with the xy-plane of the Cartesian
coordinate system and the DBSs are located in the z = h plane, which will be referred
to as the DBS plane in this chapter. We assume that DBSs are initially distributed as a
homogeneous PPP ΦD(0) with density λ0 in the DBS plane. UEs are distributed as an
independent homogeneous PPP ΦU on the ground. We denote the origin and its projection
onto the DBS plane by o = (0, 0, 0) and o′ = (0, 0, h), respectively. The analysis will be
performed for a typical UE placed at o. The distance of a DBS located at x(t) ∈ ΦD(t) at
time t from o′ is denoted by ux(t) = ‖x(t) − o′‖. Moreover, we denote the location of the
closest DBS to the origin and its corresponding distance to o′ at time t by x∗(t) and u∗(t),
respectively. For simplicity, we assume u∗ ≜ u∗(0), and we drop t for ux(t) whenever the
time index can be understood from the context.

Following the SL mobility model described in Chapter 3, we assume that each DBS moves
along a straight line and in a uniformly random direction, independently of the other DBSs,
in the DBS plane. In this chapter, we consider two mobility scenarios for the DBSs, namely
(i) SSM, where all DBSs have the same constant speed, and (ii) DSM, where DBSs have
different constant speeds. Note that the SSM closely emulates the mobility model used by
the 3GPP, where drones are initially placed at uniformly random locations at a constant
height and then move in uniformly random directions along straight lines with the same
constant speed [5, 84]. These simple enough random straight-line mobility scenarios can be
regarded as benchmarks for evaluating more sophisticated models. We assume a nearest-
neighbor association policy, in which at any time t, the closest DBS to the typical UE is
assumed to be the serving DBS and all the other DBSs are regarded as non-serving DBSs.
Furthermore, the point process of the non-serving DBSs is denoted by Φ′

D(t) ≡ ΦD(t)\x∗(t).

A handover is said to occur when the serving DBS of the typical UE changes. The event of
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the occurrence of at least one handover until time t can be mathematically expressed as

H(t) :=

{
∃s < t : arg min

i∈N
‖xi(s)‖ 6= arg min

i∈N
‖xi(t)‖

}
, (4.1)

where i ∈ N is an arbitrarily assigned index to each DBS. We now define the handover
probability P[H(t)] at time t as the probability that the first handover occurs at or before
time t.

4.3 Handover Probability

In this section, we derive the handover probability for both mobility scenarios. To do so, we
need to first characterize the point process of the DBSs for both mobility scenarios at any
time t. The following lemma is the direct consequence of displacement theorem for a PPP,
and thus, we state it here without a proof [19].

Lemma 4.1. Let Φ be a homogeneous PPP with density λ0. If all the points of Φ are
displaced independently of each other with identically distributed displacements, then the
displaced points also form a homogeneous PPP with density λ0.

4.3.1 Handover Analysis in the SSM

We begin our analysis with the following lemma which is the consequence of having the same
speed for all DBSs in the SSM.

Lemma 4.2. In the SSM, let D0 be the serving DBS at time t = t0 and a handover occurs
at time t = t1, where t1 > t0, and D1 becomes the serving DBS. Then, D0 cannot become the
serving DBS again at any time t > t1.

Proof. See Appendix C.1.

Once a handover occurs, a DBS that was acting as the serving DBS will be regarded as a
non-serving DBS. Lemma 4.2 states that this non-serving DBS cannot become the serving
DBS again under the SSM. This fact is also in accordance with single-tier terrestrial cellular
networks, where the BSs are static and a reference UE is moving with a constant speed
along a straight line in a uniformly random direction. In terrestrial cellular networks, the
coverage footprints are characterized by Voronoi cells when the nearest-neighbor association
policy is used [79]. Hence, handover occurs when a mobile UE crosses the boundary of a
Voronoi cell. Since the Voronoi cells in single-tier terrestrial cellular networks are convex
polygons, a reference UE moving along a straight line enters a Voronoi cell only once. An
interesting duality between the aerial and terrestrial setups mentioned above is established
in the following theorem.
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Theorem 4.3. The handover probabilities of the following two networks are equivalent:

1. Terrestrial model: A network of static BSs distributed as a homogeneous PPP ΦB
with density λ0. The reference UE moves along a straight line with speed v.

2. Aerial model: A network of mobile DBSs initially distributed as a homogeneous PPP
ΦD(0) with density λ0, in which DBSs follow the SSM with speed v. The typical UE is
static.

Proof. Let us assume that the reference UE in the terrestrial model moves in a direction
θ ∼ U [0, 2π) w.r.t. the positive x-axis along a straight line and denote its trajectory by x(t).
Then, the point process of BSs w.r.t. the reference UE can be written as ΦB − x(t). Now,
observe that the performance of the reference UE in this terrestrial network is equivalent
to that of a static typical UE in an aerial network where all the DBSs move along straight
lines and in the same direction π + θ. Denoting this point process by Φ̃D(t), we have
Φ̃D(t) ≡ ΦB − x(t). Since ΦB is a homogeneous PPP, it is translation invariant, which
gives Φ̃D(t) ≡ PPP(λ0). Furthermore, Lemma 4.1 states that the DBS locations in our
aerial model are distributed as a homogeneous PPP with density λ0. Hence, as seen from
the UE of interest at any time t, the BSs and DBSs in both terrestrial and aerial models
follow a homogeneous PPP with density λ0. Consequently, the two models are equivalent in
distribution at any time t. Note that without loss of generality, one can define the handover
event “completely” in the DBS plane, and thus, the effect of height is immaterial for the
handover calculation.

Now, assume that the serving DBS in the aerial model is initially located at x∗(0) and
moves to x∗(t) at time t. From Lemma 4.2 and the definition of the handover event in (4.1),
we observe that a handover does not occur until time t in the SSM if there is no DBS in
b(o′,x∗(t)), where b(o, r) is a disc of radius r centered at o. Since the probability of this
event depends only on the characteristics of the point process of DBSs at time t (and not on
its evolution over time), we conclude that the handover probability is the same for both the
terrestrial and aerial models.

From the duality established in Theorem 4.3, it is clear that the handover probability in
the SSM is the same as that of a single-tier terrestrial cellular network. Although handover
probability for single-tier terrestrial cellular networks has been derived in [125], it is not
accurate and a correction has recently been proposed as a part of a tutorial on mobility-
aware performance characterization of cellular networks in [110]. In what follows, we state
this result and propose a slightly simpler proof.

Theorem 4.4. In a single-tier terrestrial cellular network, let the BSs be distributed as
PPP(λ0) and consider a reference UE that moves along a straight line in a uniformly random
direction at a constant speed v. Assuming a nearest-neighbor association policy, the handover
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probability as seen by the reference UE at time t can be written as

P[H(t)] = 1− 1

2π

∫ ∞

0

∫ 2π

0

2πλ0re
−λ0

[
r2
(
π−φ1+

1
2

sin(2φ1)
)
+R2
(
π−φ2+

1
2

sin(2φ2)

)]
dθ dr, (4.2)

where φ1 = cos−1
(

v2t2+r2−R2

2vtr

)
, φ2 = cos−1

(
v2t2+R2−r2

2vtR

)
, and R =

√
r2 + v2t2 − 2rvt cos(θ).

Proof. See Appendix C.2.

Remark 4.5. To the best of our understanding, this is the first work that establishes the
fact that the handover probability in a drone cellular network with mobile DBSs and static
UEs is equivalent to that of a terrestrial network with static BSs and mobile UEs. From
Theorems 4.3 and 4.4, we conclude that the handover probability for the SSM is as given in
(4.2).

4.3.2 Handover Analysis in the DSM

In this subsection, we first characterize the point process of the non-serving DBSs in the
DSM. From our construction, it is clear that Φ′

D(0) is an inhomogeneous PPP with density

λ(ux, u
∗) =

{
λ0, ux > u∗

0, ux ≤ u∗,
(4.3)

Note that the nearest-neighbor association policy introduces an exclusion zone, X = b(o′, u∗),
for the non-serving DBSs. Using displacement theorem, we argue that Φ′

D(t) remains an
inhomogeneous PPP and characterize its density in the following lemma.

Lemma 4.6. In the DSM, let V be a non-negative random variable representing the speed
of different DBSs, with the cdf and pdf of FV (v) and fV (v), respectively. Then Φ′

D(t) will be
an inhomogeneous PPP with density

λ(t; ux, u
∗) = λ0

[
1− FV

(
u∗ − ux

t

)
−
∫ u∗+ux

t

|u∗−ux|
t

fV (v)
1

π
cos−1

(
v2t2 + u2x − u∗2

2vtux

)
dv
]
. (4.4)

Proof. See Appendix C.3.

It is clear from our setup that the locations of a DBS at two different times t1 and t2 are not
independent of each other. Therefore, the motion of DBSs will be correlated in time, because
of which the exact analysis of the handover probability in the DSM is quite hard. Hence, we
provide a lower bound on the handover probability for the DSM using the marginal spatial
distribution of non-serving DBSs in the following theorem.
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Theorem 4.7. In the DSM, the handover probability can be lower-bounded as

P[H(t)] ≥ 1− 1

2π

∫ ∞

0

∫ ∞

0

∫ 2π

0

2πλ0u
∗e−λ0πu∗2

fV (v) e−
∫R
0 2πuxλ(t;ux,u∗) dux dθ du∗ dv, (4.5)

where R =
√
u∗2 + v2t2 − 2u∗vt cos(θ) and λ(t; ux, u

∗) is given by (4.4).

Proof. See Appendix C.4.

Note that the SSM is a special case of the DSM, and thus, we can also derive a lower bound
on the handover probability in the SSM using Theorem 4.7. However, as shown in the next
corollary, the lower bound given by (4.5) is exact for the SSM.
Corollary 4.8. The handover probability in the SSM is given by

P[H(t)] = 1− 1

2π

∫ ∞

vt

∫ 2π

0

2πλ0u
∗e−λ0[πu∗2+Q] dθ du∗

− 1

2π

∫ vt

0

∫ 2π

0

2πλ0u
∗e−λ0[πu∗2+π(vt−u∗)2+Q] dθ du∗, (4.6)

where Q =
∫ R

|vt−u∗| 2πux
1
π

cos−1
(

u∗2−u2
x−v2t2

2uxvt

)
dux and R =

√
u∗2 + v2t2 − 2u∗vt cos(θ).

Proof. See Appendix C.5.

Note that although the integrands of (4.2) and (4.6) are different, the result of the integrals
is the same for all t.

4.4 Simulation Results

In this section, we verify the accuracy of our exact results and the proposed lower bound
using Monte Carlo simulations. We assume λ0 = 1 DBS/km2, v = 45 km/h, and that
the speed in the DSM has Rayleigh or uniform distributions with mean v. In Fig. 4.1,
we plot the density of non-serving DBSs for t ∈ {10, 20, 40, 100} s and u∗ = 500 m in the
DSM using Lemma 4.6. Clearly, as t→ ∞, the point process of non-serving DBSs becomes
homogeneous.

The handover probabilities for both the SSM and the DSM are shown in Fig. 4.2. As evident
from this figure, at small values of time, the handover probability is almost the same for both
the mobility scenarios and the derived lower bound is tight. As the network evolves with
time, we observe that the handover probability in the DSM is smaller than that of the SSM.
Note that since we have defined the handover probability in Section 4.2 as the probability of
the occurrence of the first handover, this result does not necessarily mean that the handover
rate, defined as the average number of handovers per unit time, in the DSM will be smaller
than that of the SSM.
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Figure 4.1: Density of non-serving DBSs for the DSM with Rayleigh distributed speed.

0 50 100 150 200 250 300

0

0.2

0.4

0.6

0.8

1

Figure 4.2: Handover probability for both mobility scenarios.



72 CHAPTER 4. HANDOVER PROBABILITY IN DRONE CELLULAR NETWORKS

4.5 Chapter Summary

In this chapter, we provided a concrete mathematical treatment of the handover probability
in drone cellular networks. Assuming that DBSs move along straight lines and in uniformly
random directions, we considered two mobility scenarios for the DBSs: (i) SSM, where all
DBSs move with the same speed, and (ii) DSM, where DBSs have different speeds. We then
established a duality in terms of the handover probability between the SSM and a terrestrial
network where all the BSs are static and a reference UE moves along a straight line. For
the DSM, we characterized the point process of non-serving DBSs, using which we derived
a lower bound for the handover probability of the network. A meaningful extension of this
work could be to characterize the handover rate and other metrics directly affected by the
mobility of DBSs. Another direction of research is to consider more sophisticated mobility
models, e.g., where the DBSs follow a random waypoint mobility model [64] or a simple
cyclical mobility pattern [129].

Up until now, we performed multiple system-level analyses regarding drone cellular networks.
In the next two chapters, we will study the air-to-ground channel in more detail and explore
the impact of various impairments on the channel.



Chapter 5

Impact of UAV Wobbling on the
Air-to-Ground Wireless Channel

5.1 Introduction

After discussing several fundamental system design problems for both static and mobile
setups in the previous chapters, we focus on a fundamental question that is specific to air-
to-ground wireless links involving UAVs. Due to the lack of fixed and stable infrastructure
and various environmental issues, such as bad weather conditions or wind gusts, UAVs may
experience random wobbling (also termed fluctuations [44] and jittering [42, 43, 132] in
the relevant literature) while hovering at a specific location [7]. Although this wobbling is
typically small (less than 10◦ [41]), it could severely affect the quality of the wireless channel
because of the large values of the carrier frequencies (any frequency of the order of or above
1 GHz can be considered “large” in the context of UAV wobbling). Quite remarkably, the
impact of UAV wobbling on the properties of the air-to-ground wireless channel, such as its
coherence time, has not been quantified yet in the literature, and is the main focus of this
chapter.

Prior Art. There has been a lot of recent interest in the analysis and design of UAV-assisted
communication networks [20, 64, 82, 83, 84, 85, 133]. However, only a handful of them con-
sidered the impact of random wobbling of UAVs on the performance of the UEs. In [44], the
authors studied the transmitter-receiver antenna mismatch caused by the random wobbling
of hovering UAVs in mmWave wireless communications. The problem of resource allocation
in a drone cellular network when the UAVs are equipped with uniform linear antenna arrays
and are also wobbling is studied in [132] and further extended to planar antenna arrays in
[42]. In these works, the authors designed algorithms to minimize total power consumption
in a MISO system by jointly optimizing the UAV trajectory and transmit beamforming vec-
tor. Taking UAV wobbling into account, the authors in [43] investigated a wiretap aerial
system where the problem of secure and energy-efficient communication between a UAV and
a ground UE is analyzed. In [46], the authors proposed a novel aerial network design of
CoMP which benefits from both interference mitigation and UAV mobility [64, 83, 84, 85].
Specifically, they considered a Rician fading channel model where the LoS path has a ran-
dom phase component due to the random UAV wobbling. Although these works address
important problems related to UAV wobbling, its impact on the wireless communication

73



74 CHAPTER 5. IMPACT OF UAV WOBBLING ON THE AIR-TO-GROUND WIRELESS CHANNEL

channel still remains an open problem, which is the main focus of this chapter.

Contributions. In this chapter, we assume a Rician multi-path channel model and consider
two scenarios for the number of UAVs: (i) SUS, where a single UAV communicates with the
UE, and (ii) MUS, where multiple UAVs form a distributed MIMO transceiver to communi-
cate with the ground UE. We then model the wobbling behavior of the UAVs by two random
processes, i.e., the Wiener and sinusoidal processes. For the SUS, we rigorously character-
ize the channel ACF for both random processes and determine the coherence time of the
channel. We further derive the channel autocorrelation matrix in the MUS and demonstrate
that the channels of different UAVs to the UE are uncorrelated from each other and the
coherence time of these channels is the same as that of the SUS. Our analysis demonstrates
that the choice of any realistic random process that captures the oscillatory nature of wob-
bling will result in a non-stationary received signal because of which the notion of channel
coherence time needs to be defined carefully for this setting. A key design insight obtained
from our analysis is that the coherence time of the channel is highly sensitive to UAV wob-
bling. Specifically, even for small wobbling of the UAV (w.r.t. the signal wavelength), we
observe that the coherence time is not very large, which in turn makes the channel tracking
and symbol detection difficult. To the best of our knowledge, this is the first work that
characterizes the impact of UAV wobbling on the coherence time of the channel.

5.2 System Model

We use the Cartesian coordinate system to represent the locations of the UAVs, the UE,
and scatterers. For the number of UAVs, we consider two different scenarios: (i) SUS, where
a single UAV is deployed at some arbitrary location to communicate with the UE, and (ii)
MUS, where multiple UAVs are deployed at arbitrary locations to jointly communicate with
the UE in a distributed-MIMO fashion. To isolate the effect of the UAV wobbling, the UE is
assumed to be static. The UAVs are assumed to be rotary-winged drones that are hovering
at their locations. As shown in Fig. 5.1 for the SUS, the UAV is equipped with a single
antenna (transceiver) which is located under the UAV platform with an offset of aD meters
from its centroid. We assume that the ground is aligned with the xy-plane while the UAV
platform is located in the yz-plane and is initially parallel to the xy-plane at height h = zD.
The initial location of the transceiver is assumed to be PD(0) = (0, 0, zD) and the locations
of the UE and the n-th scatterer are denoted by PU = (xU, yU, 0) and PSn = (xSn , ySn , zSn),
respectively (with the convention that PS0 ≡ PU). We represent the UAV-UE, UAV-scatterer,
and scatterer-UE distances at time t by d0(t), dn(t), and dSn,U, respectively. The angle-of-
departure (AoD) from the UAV to the UE and from the UAV to the n-th scatterer (measured
w.r.t. the z-axis) are denoted by φ0 and φn, respectively. Furthermore, the angle between
the x-axis and the line connecting the origin to the projection of PSn onto the ground is
denoted by ωn.

We assume that the UAV may experience wobbling due to the lack of robust and fixed
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Figure 5.1: An illustration of the system model. The green solid lines represent the LoS
links from the UAV transceiver to the UE at times 0 and t and the red dotted lines represent
the MPCs from the scatterers.
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infrastructure, wind gusts, and the high vibration frequency of its propellers and rotors [7],
thus making it wobble. We model this wobbling by random processes and study their impact
on the received signal at the UE. Note that because of this wobbling, the UAV platform may
rotate in any of its three dimensions: roll, pitch, and yaw. In this chapter, however, we only
consider the pitch angle for simplicity as in [42, 132]. This pitch angle is denoted by θ(t) at
time t.

In this chapter, we assume a multi-path channel model where there is one LoS link between
the UAV and the UE (the green solid lines in Fig. 5.1) and N multi-path components
(MPCs) from scatterers (the red dotted lines for the n-th MPC in Fig. 5.1). In the SUS, we
represent the received signal r(t) at time t in the baseband (using the convention dS0,U = 0)
as [134]

r(t) =
N∑

n=0

αne−j 2π
λ
(dn(t)+dSn,U), (5.1)

where λ = c
fc

is the wavelength of the received signal, c is the speed of light, fc is the carrier
frequency, and α0 and αn are the amplitudes of the LoS link and the n-th MPC, respectively.
Note that αn and dn(t) may not be independent from each other in general. Similarly in the
MUS, the received signal from the i-th UAV can be written as

ri(t) =
N∑

n=0

αi,ne−j 2π
λ
(di,n(t)+dSn,U), (5.2)

where αi,n and di,n(t) are the amplitude and distance from the i-th UAV to the n-th scatterer.
The AoD from the i-th UAV to the n-th scatterer is denoted by φi,n.
Remark 5.1. For notational ease, we assume that the antenna gain is constant within the
range of interest for the angles of the MPCs. For a reasonably smooth amplitude antenna
pattern G(φ) and assuming small pitch angle, a nonuniform antenna pattern would only
require multiplication of αn with G(φn).
Remark 5.2. Due to the high carrier frequency of the received signal (fc = 1 ∼ 6 GHz),
the wavelength will be in the order of centimeters (λ = 5 ∼ 30 cm). Hence, a small variation
in the UAV-UE distance may cause a large phase offset. Note that this effect is even more
pronounced at mmWave frequencies.

We now introduce the coherence time (TC) of the channel as the main metric of interest in
this chapter. Coherence time is defined as the time duration over which the impulse response
of the channel is almost constant. Writing the channel ACF for the stationary received signal
r(t) as R(τ) = E[r(t)r∗(t+τ)], a common way to define the channel coherence time is the first
time instant when the normalized ACF (R(τ)/maxR(τ)) drops below a certain threshold γ
[135], i.e.,

TC = min
{
τ :

R(τ)

maxR(τ) ≤ γ

}
. (5.3)
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Remark 5.3. When the received signal is non-stationary, the channel ACF becomes a
function of both t and τ and will be denoted as R(t, t + τ). We can define the coherence
time in this case by first obtaining TC(t) from (5.3) using R(t, t+ τ) instead of R(τ) for all
t and then determining TC = mint TC(t).

5.3 Channel Autocorrelation Function

In this section, we present a comprehensive analysis of the channel ACF for both the SUS
and the MUS. We begin our analysis by deriving the relation between the pitch angles at time
instants t and t + τ and the difference between the UAV-scatterer (or UAV-UE) distances
at these times in the following lemma.
Lemma 5.4. For a wobbling UAV, reasonably assuming aD � dn(t) and θ(t) � 1 rad, we
have

dD,n(t, t+ τ) := dn(t+ τ)− dn(t) ≈ aD cos(φn)[θ(t+ τ)− θ(t)]. (5.4)

Proof. As shown in Fig. 5.1, when the UAV wobbles, the location of the transceiver changes
from PD(0) = (0, 0, zD) to PD(t) = (0, aD(1− cos(θ(t))), zD +aD sin(θ(t))). We now write the
equations for dn(0) and dn(t) as follows:

dn(0) =
√
x2Sn

+ y2Sn
+ (zSn − zD)2,

dn(t) =
√
x2Sn

+ [ySn − aD(1− cos θ(t))]2 + [zSn − zD − aD sin θ(t)]2

(a)
≈
√
x2Sn

+ y2Sn
+ (zSn − zD)2 − 2aD[ySn(1− cos θ(t)) + (zSn − zD) sin θ(t)]

(b)
≈ dn(0)−

aD[ySn(1− cos θ(t)) + (zSn − zD) sin θ(t)]
dn(0)

,

where in (a) we used aD � ySn and in (b) we used the approximation
√
1− β ≈ 1 − β

2
for

small β. Using dn(0) = (zD − zSn)/ cos(φn), we have

dn(t)− dn(0) ≈
aD cos(φn)

zD − zSn

[(zD − zSn) sin θ(t)− ySn(1− cos θ(t))]

(a)
= aD cos(φn) sin θ(t)− aD sin(ωn) sin(φn)(1− cos θ(t))

≈ aD cos(φn)θ(t)− aD sin(ωn) sin(φn)
θ2(t)

2
≈ aD cos(φn)θ(t), (5.5)

where in (a) we used ySn/(zD − zSn) = tan(φn) sin(ωn) and the last two steps result from
the small-angle approximation of the pitch angle (θ(t) � 1 rad). The same approximation
is also true for time instant t + τ , i.e., dn(t + τ) − dn(0) ≈ aD cos(φn)θ(t + τ). Using this
result and that in (5.5), the lemma is proved.
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Corollary 5.5. Assuming θ(t) to be a random process with stationary increments, i.e.,
θ(t + τ)− θ(t) has the same distribution as θ(τ), the result of Lemma 5.4 can be simplified
as dD,n(τ) := dD,n(t, t+ τ) ≈ aD cos(φn)θ(τ).

5.3.1 ACF Analysis in the SUS

We present the main result of this chapter in the following theorem.

Theorem 5.6. The channel ACF for a wobbling UAV in a multi-path channel is given as

R(t, t+ τ) =
N∑

n=0

E
[
|αn|2ej

2π
λ
aD cos(φn)[θ(t+τ)−θ(t)]

]
, (5.6)

which is a function of both t and τ (non-stationary ACF). However, if θ(t) has stationary
increments, then the channel ACF becomes only a function of τ (stationary ACF):

R(τ) =
N∑

n=0

E
[
|αn|2ej

2π
λ
aD cos(φn)θ(τ)

]
. (5.7)

Proof. We can write the channel ACF using (5.1) as

R(t, t+ τ) = E[r(t)r∗(t+ τ)]

= E

[
N∑

m=0

N∑
n=0

αmα
∗
nej 2π

λ
(dn(t+τ)−dm(t))ej

2π
λ (dSn,U−dSm,U)

]

=
N∑

m=0

N∑
n=0
n ̸=m

E
[
αmα

∗
nej 2π

λ
(dn(t+τ)−dm(t))

]
E
[
ej

2π
λ (dSn,U−dSm,U)

]

+
N∑

n=0

E
[
|αn|2ej

2π
λ
dD,n(t,t+τ)

]
, (5.8)

where the double summation in the last equality is zero since the random variable defined
as
[dSn,U−dSm,U

λ
mod 1

]
is uniformly distributed from 0 to 1 [28, Lemma 4]. Hence, using

Lemma 5.4 and Corollary 5.5, we obtain (5.6) and (5.7), respectively.

One can compute (5.6) and (5.7) by first conditioning on φn, evaluating the resulting expec-
tation, and then deconditioning for a given distribution of φn. While the result in (5.6) holds
for any angular power spectrum model, it would be instructive to simplify it for a specific
model to obtain further insights. For that, we will use the well-accepted Laplacian model
for the power of the n-th MPC [134, 136], which is given as |αn|2 = 1

2σ
e−

|φn−φ0|
σ , 1 ≤ n ≤ N ,

where σ is the scale parameter of the Laplacian model. In this chapter, we use the Rician
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multi-path fading model with factor K to capture the higher probability of LoS in aerial
networks. The following corollary simplifies the result of Theorem 5.6 when θ(t) is a random
process with stationary increments (so that ACF is stationary) and |αn|2 follows a Laplacian
model.

Corollary 5.7. Assuming the Laplacian angular power spectrum with |α0|2=K
∑N

n=1 |αn|2=
K
∑N

n=1
1
2σ

e−
|φn−φ0|

σ and that θ(t) has stationary increments, the channel ACF can be sim-
plified as

R(t, t+ τ) =R(τ) = E
[
|α0|2ej

2π
λ
aD cos(φ0)θ(τ)

]
+

N∑
n=1

E
[
1

2σ
e−

|φn−φ0|
σ ej 2π

λ
aD cos(φn)θ(τ)

]
. (5.9)

As mentioned in the previous section, due to the UAV wobbling, we model the variations
in the pitch angle by random processes. Assuming the wobbling of the pitch angle has
stationary increments, i.e., the resulting ACF is a function of the time difference τ only, this
wobbling imposes an effective Doppler shift of fD = aD cos(φ0)θ(τ)

λτ
on the wireless channel. In

this chapter, we use two different random processes for this purpose: (i) the Wiener process,
and (ii) the sinusoidal process. Note that one can also consider more complex random
processes, such as the periodic Brownian bridge or constrained Wiener processes to analyze
the coherence time of the channel, however, the coherence time analysis may not even be
tractable in the resulting non-stationary settings for these processes.

Remark 5.8. (No wobbling). In an ideal setting where the UAV platform is “completely”
stable without any wobbling or angular deviations, we have θ(t) = 0 which results in a
constant value for R(t, t+ τ) for all t and τ . As expected, the coherence time will be infinity
in this ideal case.

Wiener Process

The fundamental properties of a Wiener process W (t) can be summarized as follows: (i)
W (0) = 0, (ii) W (t) has independent, stationary, and Gaussian increments, (iii) W (t) is
continuous in t. Assuming θ(t) to be a Wiener process, one can show that it is scale-invariant
and its probability density function (pdf) follows a Gaussian distribution with mean zero
and variance bt, where b rad2/s is a proportionality constant which can also be used as a
tuning parameter. Hence, following Theorem 5.6, we have

R(t, t+ τ) = R(τ) =
N∑

n=0

E
[
|αn|2E

[
ej 2π

λ
aD cos(φn)W (τ)

]]
=

N∑
n=0

E
[
|αn|2e−

(
2π2

λ2
a2D cos2(φn)

)
bτ

]
,

(5.10)

where the last equality results from the characteristic function (cf) of a Gaussian random
variable. Note that since the Wiener process has stationary increments, we were able to
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use (5.7) in Theorem 5.6 and the ACF is only a function of the time difference τ . This
result shows that the channel ACF becomes an exponentially decaying function of τ when
the pitch angle is modeled as a Wiener process, which severely affects the coherence time of
the channel.

Sinusoidal Process

In this case, we assume that the pitch angle is given by θ(t) = A sin(2πFt), where A and F
are independent random variables representing the amplitude and the frequency of the pitch
angle variations, respectively. In this chapter, we assume A ∼ U [−θm, θm) and F ∼ pF (f),
where θm is the maximum pitch angle and pF (.) is some given pdf. Note that the sinusoidal
random process does not have the stationary increment property. Hence, we obtain the
channel ACF using Theorem 5.6 as

R(t, t+ τ) =
N∑

n=0

E
[
|αn|2ej

2π
λ
aD cos(φn)A[sin(2πF (t+τ))−sin(2πFt)]

]
=

N∑
n=0

E
[
|αn|2

∫ ∞

−∞
sinc

(
2

λ
aD cos(φn)θm

[
sin(2πF (t+ τ))− sin(2πFt)

])
pF (f)df

]
,

(5.11)

where sinc(x) = sin(πx)
πx

and in the last equality, we used the cf of the uniform random variable
and then took the expectation w.r.t. F . As we will see in Section 5.4, the special case of
t = 0 gives the lowest coherence time among different values of t. The channel ACF for t = 0
is further simplified as

R(0, τ) =
N∑

n=0

E
[
|αn|2

∫ ∞

−∞
sinc

(
2

λ
aD cos(φn)θm sin(2πfτ)

)
pF (f)df

]
. (5.12)

Note that the channel ACF is not a periodic function of τ due to the random frequency of
the pitch angle. However, if we assume a constant F , then the channel ACF will be periodic
in τ even with a random pitch angle amplitude A.

Using (5.3), (5.10), and (5.11), one can now derive the coherence time of the channel for
each random process. Explicitly for the Wiener process in an LoS channel (N = 0) with an
arbitrary non-random AoD, the channel ACF is given as

R(τ) = E
[
|α0|2e−

(
2π2

λ2
a2D cos2(φ0)

)
bτ

]
= |α0|2e−

(
2π2

λ2
a2D cos2(φ0)

)
bτ
. (5.13)

Now since (5.13) is a monotonically decreasing function of τ with its peak at τ = 0, solving
R(τ)

maxR(τ)
= γ gives the coherence time of the channel in closed-form as

TC =
λ2

2bπ2a2D cos2(φ0)
log
(
1

γ

)
. (5.14)
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For the sinusoidal process, on the other hand, the closed-form solution is not available and
we need to numerically solve (5.12) to obtain the coherence time of the channel.

Remark 5.9. (Impact of the Rician K-factor). Using the assumptions and result of Corol-
lary 5.7, we can write the channel ACF as a function of K as

R(τ ;K) = K
N∑

n=1

E
[
1

2σ
e−

|φn−φ0|
σ ej 2π

λ
aD cos(φ0)θ(τ)

]
+

N∑
n=1

E
[
1

2σ
e−

|φn−φ0|
σ ej 2π

λ
aD cos(φn)θ(τ)

]
.

Assuming θ(τ) follows the Wiener process, we have

R(τ ;K)

R(0;K)
=

K

K + 1
e−
(

2π2

λ2
a2D cos2(φ0)

)
bτ
+

N∑
n=1

E
[
e−

|φn−φ0|
σ e−

(
2π2

λ2
a2D cos2(φn)

)
bτ

]
(K + 1)

N∑
n=1

E
[
e−

|φn−φ0|
σ

] . (5.15)

Taking the derivative of (5.15) w.r.t. K, we end up with an expression which could be either
negative or positive depending on the value of φ0. Hence, the coherence time of the channel
is a function of both K and φ0, which is neither increasing nor decreasing w.r.t. K.

5.3.2 ACF Analysis in the MUS

In this model, we assume that M UAVs form a distributed MIMO transceiver to jointly
communicate with the UE. The channel autocorrelation matrix can be written as

R(t, t+ τ) = [Rik(t, t+ τ)]1≤i,k≤M = E [r(t)r∗(t+ τ)] ,

where r(t) = [r1(t), r2(t), . . . , rM(t)]T is the received signal vector, and Rik(t, t + τ) is the
(i, k)-th element of R(t, t+ τ).

Theorem 5.10. The channel autocorrelation matrix for M wobbling UAVs that form a
distributed MIMO transceiver in an environment with one LoS link for each UAV and N
MPCs can be written as

R(t, t+ τ) = diag
{

N∑
n=0

E
[
|αi,n|2ej

2π
λ
aD cos(φi,n)[θ(t+τ)−θ(t)]

]}
. (5.16)

Proof. For the diagonal elements of R(t, t+ τ), Theorem 5.6 is directly applied and we have

Rii(t, t+ τ) = E [ri(t)r
∗
i (t+ τ)] =

N∑
n=0

E
[
|αi,n|2ej

2π
λ
aD cos(φi,n)[θ(t+τ)−θ(t)]

]
.
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On the other hand, for the off-diagonal elements, we can write

Rik(t, t+ τ) = E [ri(t)r
∗
k(t+ τ)]

= E

[
N∑

m=0

N∑
n=0

αi,mα
∗
k,nej

2π
λ (dk,n(t+τ)−di,m(t))ej

2π
λ (dSn,U−dSm,U)

]

=
N∑

n=0

E
[
αi,nα

∗
k,nej

2π
λ (dk,n(t+τ)−dk,n(t))

]
E
[
ej

2π
λ (dk,n(t)−di,n(t))

]
+

N∑
m=0

N∑
n=0
n ̸=m

E
[
αi,mα

∗
k,nej

2π
λ (dk,n(t+τ)−di,m(t))

]
E
[
ej

2π
λ (dSn,U−dSm,U)

]
,

where in the first summation of the last equality we used the fact that the pitch angle
wobbling in the location of UAVs is independent of the distances between the UAVs and the
scatterers (or the UE). Hence, since the random variable

[dk,n(t)−di,n(t)

λ
mod 1

]
is uniformly

distributed from 0 to 1 [28, Lemma 4], we conclude that this summation is zero. The second
summation is also zero using a similar reasoning as in the proof of Theorem 5.6.

Corollary 5.11. Assuming the Laplacian angular power spectrum with Rician fading model,
and that θ(t) has stationary increments, the channel autocorrelation matrix is simplified as

R(t, t+ τ) = R(τ) = diag
{
E
[
|αi,0|2ej

2π
λ
aD cos(φi,0)θ(τ)

]}
+

N∑
n=1

diag
{
E
[
1

2σ
e−

|φi,n−φi,0|
σ ej 2π

λ
aD cos(φi,n)θ(τ)

]}
. (5.17)

Similar to the SUS, one can model the random process θ(t) using the Wiener or sinusoidal
processes to obtain the channel autocorrelation matrix. The fundamental observation in the
MUS is that when multiple UAVs are hovering at some locations to communicate with the
UE in a distributed-MIMO fashion, then the channels will be uncorrelated from each other.
Using (5.3), (5.6), and (5.16), we conclude that the coherence time of the channel in the
MUS is the same as that of the SUS.

5.4 Simulation Results

In this section, we present numerical results to demonstrate the impact of UAV pitch wob-
bling on the coherence time of the channel. We assume that a single rotary-winged UAV
hovers at some arbitrary location and wobbles based on either the Wiener or sinusoidal pro-
cesses. For the number of scatterers, we assume N = 20 and N = 10 in the sub-6 GHz
and mmWave frequencies, respectively [134]. Following Corollary 5.7, we assume a Lapla-
cian angular power spectrum with K = 11.5 [137, Table 1], φ0 = 20◦ and σ = 1. For the
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Figure 5.2: The channel ACF for different random processes. The parameters are fc = 6
GHz and θm = 5◦.

Wiener process, we assume the proportionality constant is b = 1 rad2/s and for the sinu-
soidal process, we assume that the amplitude and frequency of the pitch angle both follow
the uniform distribution, i.e., A ∼ U [−θm, θm) and F ∼ U [5, 25) Hz. Other parameters are
aD = 40 cm, θm = {5, 7, 10}◦ (the maximum pitch angle of 10◦ is selected based on [41]),
and fc = {2.4, 6, 30} GHz (equivalently, λ = {12.5, 5, 1} cm). Note that the derived val-
ues for the channel coherence time should be treated as useful ballpark figures, since they
are dependent on the physical characteristics of the UAVs and may vary from one UAV to
another.

In Fig. 5.2, we show the impact of UAV pitch angle wobbling on the channel ACF for both
random processes where fc = 6 GHz and θm = 5◦. Note that since the channel ACF is non-
stationary in the sinusoidal process, we plotted the ACF at different values of t to understand
its behavior. As seen in this figure, the sinusoidal process represents its lowest coherence time
at t = 0 s. Thus, in the remainder of this section, we use this time instant to calculate the
coherence time of the channel for the sinusoidal process. Assuming a normalized threshold
of γ = 0.5, the coherence time of the channel is 642 µs and 5.18 ms for the Wiener and
sinusoidal processes, respectively. Note that the observed behavior for the Wiener process is
intuitive since the variations in the pitch rotation angle can grow without bounds, and thus,
the channel decorrelates with itself rapidly, yielding a very low coherence time. Nevertheless,
it is interesting to note that the coherence time for the sinusoidal model is not too high either.
Hence, channel tracking and phase estimation for the proper symbol detection become very
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Figure 5.3: The channel ACF when θ(t) follows the sinusoidal process with varying carrier
frequencies and θm = 5◦.

difficult in both models [138]. Comparing these two random processes, we observe that the
Wiener process is tractable and has stationary increments, but suffers from unbounded and
non-smooth angular variations. On the other hand, the sinusoidal process is reasonably
realistic and has bounded and smoother angular variations at the cost of being relatively
less tractable and not having stationary increments. In fact, any reasonably realistic model
that captures the oscillatory behavior of the wobbling motion of UAVs is unlikely to possess
stationary increments.

In Figs. 5.3 and 5.4, we examine the sinusoidal model more carefully and demonstrate
the impact of the carrier frequency and the maximum pitch angle on the channel ACF
and the coherence time. From a physical standpoint, since the impulse response of the
channel depends on the ratio of the transmitter-receiver distance d and the signal wavelength
λ, a higher d/λ translates to a higher channel variation, which in turn results in a lower
coherence time. Thus, increasing θm (higher d) or increasing fc (lower λ), gives a lower
channel coherence time. Note that increasing the UAV antenna offset aD would have the
same impact on the coherence time of the channel. Furthermore, increasing the range of the
UAV pitch wobbling frequency F makes the channel to decorrelate with itself more rapidly,
which also yields a lower coherence time. Note that the limiting value of the stationary ACF
(R(τ) as τ → ∞) also decreases with increasing θm or fc. Assuming a normalized threshold
of γ = 0.5 and θm = 5◦, we observe from Fig. 5.3 that TC = {∞, 5.18, 0.97} ms for fc =
{2.4, 6, 30} GHz, respectively. As it can be seen in this figure, with the physical parameters
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Figure 5.4: The channel ACF when θ(t) follows the sinusoidal process with varying maximum
pitch angles and fc = 2.4 GHz.

[41, 137] mentioned in the beginning of this section, the coherence time of the channel will
be in the order of microseconds for mmWave frequencies. Hence, channel tracking and,
in turn, communication is very challenging at the mmWave frequencies. From Fig. 5.4,
we have TC = {∞, 12.26, 6.74} ms for θm = {5, 7, 10}◦, respectively, when fc = 2.4 GHz.
Consequently, when working in higher frequencies or in inclement weather, we require UAVs
with robuster stabilizers that guarantee very low angular deviations.

5.5 Chapter Summary

In this chapter, we provided a rigorous mathematical analysis for the coherence time of
the channel when UAVs experience random pitch wobbling. Assuming a Rician multi-path
channel model, we considered two different scenarios for the number of UAVs communicating
with the UE, i.e., SUS and MUS, and modeled the UAV pitch wobbling by random processes.
For both the SUS and MUS, we formulated the channel ACF and derived the coherence time
of the channel. Specifically in the MUS, we showed that the channels between the UAVs
and the UE are uncorrelated from each other and the channel autocorrelation matrix is only
determined by its diagonal elements. Our analysis demonstrated that even for small UAV
pitch wobbling, the coherence time of the channel could be severely affected, thus making
channel tracking and symbol detection difficult. A meaningful extension of this work is to
study the impact of UAV wobbling on the fundamental characteristics of the channel when
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the UAVs are mobile. Another direction for future work is to derive the coherence time of
the channel in a centralized MIMO scenario, i.e., having an antenna array instead of a single
antenna in the UAV structure [42, 132].

In the next chapter, we continue with the same general theme of understanding the funda-
mental properties of air-to-ground wireless channels, where we will also incorporate hardware
impairments in addition to UAV wobbling. This will result in a unified air-to-ground chan-
nel model that is cognizant of both wobbling and hardware impairments and is hence in the
general interest of the community.



Chapter 6

Fundamentals of Wobbling and
Hardware Impairments-Aware
Air-to-Ground Channel Model

6.1 Introduction

Continuing with the same general theme as the previous chapter, this chapter aims to develop
a new air-to-ground wireless channel that will incorporate the effect of hardware impairment
in addition to wobbling, which was discussed extensively in the previous chapter. In order
to make this discussion self-contained, we remind the reader that UAVs may experience
physical vibrations due to inclement weather conditions or high vibration frequency of their
propellers [7, 86]. These physical vibrations (also known as wobbling [86], jittering [42, 43],
and fluctuations [44]) could adversely affect the wireless channel especially at high carrier
frequencies. Further, all digital transceivers suffer from RF nonidealities (also known as
hardware impairments) that degrade or even severely limit their performance [49, 53]. While
the hardware impairments are well-understood in the literature, their interplay with the
unique UAV impairments, such as wobbling, has not been studied yet. Motivated by this
observation, we consider an aerial-terrestrial setup, where the terrestrial node suffers from
hardware impairments, while the aerial node suffers from both hardware impairments and
wobbling. For this setup, we develop a unified air-to-ground channel model in this chapter
that is cognizant of these impairments and provide a comprehensive analysis of key channel-
related metrics. We also discuss the implications of our analysis on operating UAVs at high
frequencies.

6.1.1 Related Works

This chapter builds on the following general lines of research: (i) air-to-ground channel model,
(ii) UAV wobbling, and (iii) hardware impairments. We explain each research direction next.

Air-to-Ground Channel Model. There have been numerous works that focus on modeling
and/or measurement of air-to-ground wireless channels [5, 9, 11, 12, 13, 14, 15, 16, 17,
91]. Air-to-air and air-to-ground channels are inherently different from ground-to-ground
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channels due to many reasons, such as the higher probability of LoS in the aerial channels
and the mobility of UAVs [2, 8, 9]. Following the mathematical model suggested by the
international telecommunication union (ITU) [10], perhaps the first work that established
a meaningful yet simple relation between the LoS probability and the elevation angle in an
aerial-terrestrial setup for low altitude platforms (LAPs) was [11], where the authors fitted
a modified Sigmoid function to the LoS probability. Extensive measurement campaigns
were conducted in [12, 13, 14] to obtain specific air-to-ground channel models for different
environments (over-water [12], hilly and mountainous [13], and suburban and near-urban
[14]). In these papers, the authors characterized different metrics related to the air-to-ground
channels, such as path loss, Ricean K factor of the small-scale fading, and delay spread of
the channel. Another relatively recent measurement campaign was conducted in [15], where
the authors extracted channel impulse responses from the received data, using which they
obtained key characteristics of the channel, such as path loss and shadow fading. In [16],
the authors proposed an air-to-ground channel model for UAV base stations flying at high
altitudes and moving periodically in circular curves. Considering ultrawideband signals, the
authors in [17] conducted measurements for air-to-ground wireless channels and developed
stochastic path-loss and multi-path channel models for ultrawideband propagation channels.
Last but not the least, the third generation partnership project (3GPP) has also provided a
detailed channel model, including the LoS probability and path-loss and fading models, in
different environments in its technical report on cellular support for UAVs [5].

UAV Wobbling. One unique feature of aerial wireless communications, which can be viewed
as an impairment, is the fact that UAVs may experience wobbling, i.e., typically small and
random fluctuations of the UAV platform due to various reasons, such as wind gusts and lack
of fixed infrastructure [41]. Since this area of research is still at its nascent stage, there are
only a handful of works that incorporate UAV wobbling [42, 43, 44, 45, 78, 86]. For instance,
the authors in [42] provided a stochastic model for UAV wobbling and then studied a resource
allocation problem in UAV-assisted cellular networks. Considering directional antennas, the
antenna gain mismatch problem due to random UAV wobbling for an air-to-air network was
studied in [44], where the authors also provided closed-form statistical channel models for
the air-to-air links. In [86], the authors studied the impact of random UAV wobbling on
the air-to-ground wireless channel and obtained the coherence time of the channel under
different stochastic wobbling models. Following [86], the authors in [45] studied the Doppler
effect at millimeter-wave (mmWave) frequencies for an air-to-ground channel under random
UAV wobbling. Apart from analytical results, measurement campaigns have also reported
the impact of wobbling as an important source of error in establishing a strong connection
in aerial wireless networks [47, 48]. In particular, in [47], the authors used a channel sounder
to investigate an air-to-ground wireless link, from which they observed that the variations
of the received power from a completely static UAV are much less than that of a hovering
UAV. These studies highlight the importance of considering UAV wobbling in aerial wireless
communications.

Hardware Impairments. The unfavorable impact of RF imperfections on various aspects of
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communication systems has been studied extensively during the past decades. Perhaps one
of the most comprehensive books on this subject is [49], where the authors describe in detail
three fundamental hardware impairments, i.e., phase noise, I/Q imbalance, and PA nonlin-
earity, along with a general error model that characterizes the effect of all three impairments
on the received signal in a wireless channel. This general error model [49, Ch. 7] motivated
many researchers to redefine and solve fundamental communication-theoretic problems un-
der a more realistic impairments-aware channel model [50, 51, 52, 53, 54, 55, 56, 57, 58].
For instance, the authors in [50] quantified the aggregate effect of hardware impairments on
two-hop relaying systems [34, 59, 60] and obtained closed-form expressions for the outage
probability in these networks. In [51], the authors analytically proved that the capacity of
a multiple-input multiple-output (MIMO) channel will be limited when hardware impair-
ments are assumed, which signifies the fundamental impact of these impairments on the
wireless channel. The problem of MIMO transmission with residual RF impairments on
the transmitter side was studied in [52], where the authors showed that such hardware im-
pairments substantially degrade the performance of MIMO detection algorithms. In [53],
the authors incorporated hardware impairments in the analysis of massive MIMO systems,
and demonstrated the existence of an upper bound on the capacity of each user equipment
(UE). Another interesting work that studied the impact of hardware impairments on massive
MIMO systems is [54], where the authors perform two types of simulations considering addi-
tive and multiplicative stochastic impairment models, as well as more accurate deterministic
behavioral models.

Although sparse, there are a few works that study the impact of hardware impairments
in UAV communications [61, 62]. For example, the authors in [61] studied a UAV-aided
non-orthogonal multiple access (NOMA) relaying network, where both the UAV-relay and
terrestrial UEs suffer from residual hardware impairments. Quite surprisingly, none of the
recent works consider the impact of UAV wobbling along with other impairments. In this
chapter, we analyze the joint impact of hardware impairments and UAV wobbling on the
wireless channel and provide a unified impairments-aware air-to-ground channel model. We
summarize our contributions next.

6.1.2 Contributions

This chapter provides a unified model for the air-to-ground wireless channel that suffers
from both UAV wobbling and hardware impairments. In particular, we assume that a hov-
ering UAV (transmitter) communicates with a UE on the ground (receiver) in a multi-path
environment with Rician fading. Both the UAV and the UE suffer from various hardware
impairments, such as phase noise, I/Q imbalance, and PA nonlinearity. Apart from these
hardware impairments, we assume that the UAV also suffers from random wobbling, i.e., un-
predictable physical fluctuations due to not having a fixed aerial infrastructure. We model
UAV wobbling using two different random processes, i.e., the Wiener process and the sinu-
soidal process, and characterize the properties of each process separately. As for the hardware
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impairments, we model the aggregate effect of all of them as two multiplicative and additive
distortion processes and study them in both nonstationary and stationary scenarios. Al-
though modeling these hardware impairments is known and well-accepted in the literature,
the interplay between hardware impairments and UAV wobbling has not been studied yet.
For this setup, our contributions are highlighted next.

Unified Impairments-Aware Wireless Channel Model

We present a unified channel model in a multi-path Rician fading environment that accounts
for both UAV wobbling and hardware impairments. Our proposed model consists of a
modified channel impulse response and a distortion-plus-noise process, where the former
is affected by UAV wobbling and only the multiplicative distortion part of the hardware
impairments, while the latter is affected by UAV wobbling and both the multiplicative and
additive distortion parts of the hardware impairments.

Derivation and Evaluation of Key Channel Metrics

We rigorously derive channel ACFs for both nonstationary and stationary impairments.
Using these results, we extensively study four key metrics that are used to characterize a
wireless channel, i.e., (i) PDP, (ii) coherence time, (iii) coherence bandwidth, and (iv) PSD
of the distortion-plus-noise process.

Design Insights and Implications on Higher Frequencies

We demonstrate that even with stationary hardware impairments, the received signal could
be nonstationary due to the oscillatory nature of UAV wobbling, a phenomenon that could
only be observed in air-to-ground wireless communications. The analysis presented in this
chapter suggests a high sensitivity of key channel metrics to both UAV wobbling and hard-
ware impairments, especially at higher carrier frequencies. A particularly noteworthy impli-
cation of our results is the degradation of channel coherence time at higher carrier frequencies
because of these effects. To the best of our knowledge, this is the first work that proposes
an impairments-aware unified channel model for UAV communications and characterizes the
key metrics associated with the channel.
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Figure 6.1: Spatial setup where the UAV platform wobbles and the UAV transceiver suffers
from various hardware impairments.



92
CHAPTER 6. FUNDAMENTALS OF WOBBLING AND HARDWARE IMPAIRMENTS-AWARE

AIR-TO-GROUND CHANNEL MODEL

6.2 System Model

6.2.1 Spatial Setup

We consider a rotary-winged UAV that is hovering in the air and communicating with a
ground UE. We assume that there are N multi-path components (MPCs) from scatterers
which contribute to the total received signal at the ground UE. To represent our system
model, we use Cartesian coordinate system, where the ground is aligned with the xy-plane
and the UAV platform centroid, ground UE, and the i-th scatterer (i.e., the i-th MPC) are
located at PD = (0, yD, zD), PU = (xU, yU, 0), and PSi

= (xSi
, ySi

, zSi
), respectively. As seen

from Fig. 6.1, we assume that the UAV is equipped with an antenna that is located at a
distance of yD from the centroid of the UAV platform, so that the initial location of the
antenna is (0, 0, zD). Furthermore, for the ease of notation, we use the convention that the
UE is the zeroth MPC. The UAV-UE, UAV-MPC, and MPC-UE distances are represented by
d0(t), di(t), and dSi,U for the i-th MPC at time t, respectively. Also, the angle-of-departure
(AoD) from the UAV to the i-th MPC (measured with respect to the z-axis) is denoted by
ωi.

6.2.2 Impairments

We categorize the nonidealities that degrade reliable aerial-terrestrial communications as
UAV wobbling and hardware impairments, which are introduced next.

UAV Wobbling: The agility of UAVs comes at the price of not having a fixed infrastructure,
which could even lead to instability because of wind gusts or bad weather conditions [44].
Considering these natural phenomena and the high vibration frequency of UAVs’ propellers,
UAVs may experience small random physical vibrations, which are referred to as wobbling
in this chapter. Although this wobbling is typically small [41], its impact on the received
signals could be non-negligible especially at high carrier frequencies. Furthermore, this
impact could be even more severe if the UAV is equipped with a directional antenna instead
of an omnidirectional antenna. As shown in Fig. 6.1, we represent the wobbling pitch
angle at time t by θ(t), which shows the deviation of the UAV platform from its initial
state. In this chapter, we model θ(t) using stochastic processes [86] and study the impact of
UAV wobbling on different aspects of the wireless channel. More technical discussions are
presented in Section 6.3.4.

Hardware Impairments: Because of their inherent physical characteristics, RF transceivers
are known to suffer from hardware impairments, such as PA nonlinearity, I/Q imbalance,
and phase noise [49, 52]. Although various models for each hardware impairment can be
found in the literature [139, 140, 141], we intend to consider the aggregate effect of all such
impairments in this work for the sake of generality. The fundamental impact of each of
these impairments on the transmitted and received signals usually includes an attenuation
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and phase rotation of the original signal (i.e., multiplicative effect) along with a leakage
of different carriers or symbols into each other (i.e., additive effect). Due to these factors,
the influence of each hardware impairment can be modeled as an affine linear function.
Therefore, the combined effect of these hardware impairments can be modeled as two multi-
plicative and additive distortion noise processes at both the transmitter and receiver [49, Sec.
7.2.2]. Mathematically speaking, the impaired transmitted and received signals in complex
baseband can be written as

s(t) = χT(t)s̃(t) + ηT(t), r(t) = χR(t)r̃(t) + ηR(t), (6.1)
where s̃(t) and r̃(t) are the unimpaired transmitted and received signals, s(t) and r(t) are their
impaired counterparts, and χT(t) and ηT(t) (resp. χR(t) and ηR(t)) are the multiplicative
and additive distortion noise processes at the transmitter (resp. receiver), respectively. Note
that these RF impairments are nonstationary in nature, and thus, these distortion noises are
assumed to be time-dependent in general [49, Sec. 7.2.3]. These four noise processes are char-
acterized by their ACFs, i.e., AχT(t1, t2) = E [χ∗

T(t1)χT(t2)], AχR(t1, t2) = E [χ∗
R(t1)χR(t2)],

AηT(t1, t2) = E [η∗T(t1)ηT(t2)], and AηR(t1, t2) = E [η∗R(t1)ηR(t2)]. Furthermore, we assume
that these four processes are independent from each other and the additive distortions have
zero means [49, 50], i.e., E [ηT(t)] = E [ηR(t)] = 0. Since WSS processes are an important
class of random processes, we will also study our channel metrics (described next) when
hardware impairments are assumed to be WSS. In that case, the above-mentioned ACFs will
only be functions of t2 − t1.

6.2.3 Metrics

We consider multiple key channel-related metrics in this chapter, which are described next.
We represent the channel impulse response by c(τ ; t), where τ is the delay variable and t is
the observation time, and define its ACF as Ac(τ ; t,∆t) = E [c∗(τ ; t)c(τ ; t+∆t)]. Note that
since the channel is assumed to be nonstationary, we present our definitions/results in their
general form. Throughout the chapter, we assume that the channel undergoes uncorrelated
scattering (US).

PDP

We define PDP in a nonstationary multi-path channel as the average received power at
a given multi-path delay τ and a specific observation time t [134, 142]. One way to ob-
tain the PDP is to evaluate the ACF of the channel impulse response at ∆t = 0, i.e.,
Pc(τ ; t) = Ac(τ ; t,∆t = 0) = E [|c(τ ; t)|2]. However, as we will see in the next section,
the channel impulse response entails a sum of Dirac delta functions (see (6.6) and (6.13)),
which introduces a singularity problem (delta squared) into this definition. One way to
avoid this issue is to isolate one of the delta functions by writing the channel ACF as
Ac(τ ; t,∆t) = Pc(τ ; t)δ(∆t), and redefining the PDP with only one delta function as Pc(τ ; t)
[143].
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Coherence Time

Coherence time is defined as the period of time over which the channel remains almost
constant, calculated as follows: First, we evaluate the ACF of the channel impulse response,
i.e., Ac(τ ; t,∆t). Note that for a nonstationary channel, this ACF is a function of τ , t, and
∆t. Then, we take the Fourier transform of this ACF with respect to the delay variable
τ and represent the new frequency variable by ∆f , i.e., AC(∆f ; t,∆t) = Fτ{Ac(τ ; t,∆t)}.
Now, setting ∆f = 0 and normalizing this ACF, we define coherence time as

TCoh(t) := min
{
∆t :

|AC(t,∆t)|
max |AC(t,∆t)|

≤ γT

}
, (6.2)

where AC(t,∆t) = AC(∆f = 0; t,∆t) and γT is a predefined threshold [86, 135].

Coherence Bandwidth

Coherence bandwidth is defined as the range of frequencies over which the channel remains
almost constant, calculated as follows: We first obtain the Fourier transform of the channel
ACF as we did in the definition of coherence time, i.e., AC(∆f ; t,∆t). Then, setting ∆t = 0
and normalizing this ACF, we define coherence bandwidth as

BCoh(t) := min
{
∆f :

|AC(∆f ; t)|
max |AC(∆f ; t)|

≤ γB

}
, (6.3)

where AC(∆f ; t) = AC(∆f ; t,∆t = 0) and γB is a predefined threshold.

PSD of Distortion-Plus-Noise

As seen already, UAV wobbling and hardware impairments will cause both multiplicative and
additive distortions to the received signal. In this chapter, we treat the additive distortion
as noise, and together with additive white Gaussian noise (AWGN), study their PSDs as
our last metric of interest. The PSD of nonstationary signal x(t) is defined as the Fourier
transform of its time-averaged ACF, i.e., Sx(f) = Fτ{〈E[x∗(t)x(t+∆t)]〉t}, where 〈y(t)〉t =
limT→∞

1
2T

∫ T

−T
y(t) dt represents averaging y(t) over time [144, Sec. 7.2].

6.3 Impairments-Aware Unified Channel Model

6.3.1 Preliminaries

Before presenting our channel model, we establish a connection between UAV-MPC distances
at different times and the wobbling pitch angle, presented next (see Lemma 5.4 from the
previous chapter for the proof).
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Lemma 6.1. Assuming that yD � di(t) and θ(t) � 1 rad for a wobbling UAV, we have

di(t+∆t)− di(t) ≈ yD cos(ωi)[θ(t+∆t)− θ(t)]. (6.4)

Corollary 6.2. If θ(t) is a random process with stationary increments, i.e., θ(t+∆t)− θ(t)
and θ(∆t) have the same distribution, we have di(t+∆t)− di(t) ≈ yD cos(ωi)θ(∆t).

Since the distance between the transmitter and receiver changes with time due to UAV
wobbling, we observe a Doppler shift in the channel. Specifically, the Doppler phase shift
for the i-th MPC can be written using (6.4) as

φDi
(t,∆t) =

2π

λ
yD cos(ωi)[θ(t+∆t)− θ(t)], (6.5)

where λ = c
fc

is the signal wavelength, c is the speed of light, and fc is the carrier frequency.

We consider a multi-path channel with one LoS and N non-line-of-sight (NLoS) links. In
Fig. 6.1, the LoS path from the UAV to the ground UE is represented by a green dashed
line and the NLoS path from the UAV to the i-th MPC and then to the ground UE is
represented by red dotted lines. Without hardware impairments, the received signal in the
complex baseband and the channel impulse response can be written, respectively, as

r̃(t) =
N∑
i=0

αi(t)e−jφi(t)s̃(t− τi(t)) + ñ(t), c̃(τ ; t) =
N∑
i=0

αi(t)e−jφi(t)δ(τ − τi(t)), (6.6)

where αi(t), φi(t), and τi(t) are the amplitude, phase, and delay of the i-th MPC, respectively,
ñ(t) is the AWGN, c̃(τ ; t) is the unimpaired channel impulse response, and δ(.) is the Dirac
delta function. From (6.6), one can easily verify the following convolution integral for the
channel, which is considered as a linear time-variant (LTV) system:

r̃(t) =

∫ ∞

−∞
c̃(τ ; t)s̃(t− τ) dτ + ñ(t). (6.7)

We assume that αi(t) does not change considerably over the time period of interest, and
thus, drop its t argument henceforth. We also consider the well-accepted Laplacian model
for |αi|2 as

|αi|2 =
1

2β
e−

|ωi−ω0|
β , 1 ≤ i ≤ N, (6.8)

where β > 0 is a scaling parameter [134, 136] and for the AoD we assume that ωi ∼ U [0, π
2
).

Therefore, the power of the i-th MPC is derived as Pαi
:= E [|αi|2] = 1

2π

(
2− e−

ω0
β − e−

π/2−ω0
β

)
.

Furthermore, assuming Rician fading model with factorK, we can write |α0|2 = K
∑N

i=1 |αi|2 =
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K
∑N

i=1
1
2β

e−
|ωi−ω0|

β , which gives the power of the LoS component as Pα0
:= E [|α0|2] =

NKPαi
.

The delay of the i-th MPC can be written as τi(t) ≈ τi(0) =
di(0)+dSi,U

c
, where we assumed

that the delay also does not change significantly over time. In fact, since the UAV-UE
distance is in the order of hundreds of meters or even kilometers, the delay will be in the
order of microseconds. However, using (6.4), it is clear that the added distance due to UAV
wobbling is in the order of centimeters, which makes the corresponding residual delay to be
in the order of nanoseconds. Hence, our approximation is valid and we also define τi := τi(0)
for simplicity. Assuming that the location of the UE (PU) is known and the MPCs are
distributed randomly on the ground, the propagation delay of the i-th MPC can be written
as τi = τ0 + τ∆i, where τ0 = d0

c is the UAV-UE delay and τ∆i is the excess delay of the i-th
MPC. We assume that τ∆i is distributed exponentially with parameter ρi, which depends on
the propagation environment [134, 145]. Therefore, the probability density functions (pdfs)
of τ0 and τi can be written as

fτ0(τ) = δ(τ − τ0), fτi(τ) = ρie−ρi(τ−τ0)1(τ − τ0), (6.9)

where 1(.) is the indicator function.

As for the phase of the i-th MPC, on the other hand, the small distance variations described
earlier become more important since they will be multiplied by the carrier frequency, causing
Doppler phase shift. We write the phase of the i-th MPC as

φi(t) =
2π

λ
(di(0) + dSi,U) +

2π

λ
yD cos(ωi)[θ(t)− θ(0)]

= 2πfcτi + φDi
(t), (6.10)

where φDi
(t) := φDi

(0, t) is the Doppler phase shift at time t given in (6.5).

6.3.2 Unified Channel Model

Now, let us revisit (6.6) when there exist hardware impairments. Using (6.1), we can write
the received signal in complex baseband as

r(t) = χR(t)

[
N∑
i=0

αi(t)e−jφi(t)s(t− τi(t))

]
+ ηR(t) + ñ(t)

= χR(t)

[
N∑
i=0

αi(t)e−jφi(t)
(
χT(t− τi(t))s̃(t− τi(t)) + ηT(t− τi(t))

)]
+ ηR(t) + ñ(t)

=
N∑
i=0

αi(t)e−jφi(t)χR(t)χT(t− τi(t))s̃(t− τi(t)) + n(t), (6.11)
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where n(t) is the combined effect of AWGN, wobbling, and hardware impairments, given as

n(t) =
N∑
i=0

αi(t)e−jφi(t)χR(t)ηT(t− τi(t)) + ηR(t) + ñ(t). (6.12)

From (6.11), we obtain the channel impulse response as

c(τ ; t) =
N∑
i=0

αi(t)e−jφi(t)χR(t)χT(t− τi(t))δ(τ − τi(t)), (6.13)

where the impact of UAV wobbling is hidden in the phase term, i.e., φi(t) (see (6.10)), while
hardware impairments manifest their effect as multiplicative distortion noises, i.e., χR(t)
and χT(t − τi(t)). This modified channel impulse response together with the new noise
term in (6.12), also referred to as the distortion-plus-noise process in this chapter, construct
our impairments-aware unified channel model for air-to-ground wireless communications.
Completely analogous to the convolution integral for the without-impairment scenario in
(6.7), we can write the input-output relation of the new channel (which is also an LTV
system) as r(t) =

∫∞
−∞ c(τ ; t)s̃(t− τ) dτ + n(t). Note that the input to the channel will still

be the unimpaired signal s̃(t).

6.3.3 Metrics: General Results

In order to further characterize this unified channel model, we obtain the metrics defined
in Section 6.2.3 next. The following lemma provides the channel ACF in the time-delay
domain.

Lemma 6.3. For a nonstationary air-to-ground wireless channel with physical nonidealities
(due to UAV wobbling) and hardware impairments (due to intrinsic RF components), where
the channel impulse response is given by (6.13), the channel ACF can be written as

ANonSt
c (τ ; t,∆t) =

N∑
i=0

AχR(t, t+∆t)AχT(t− τ, t− τ +∆t)

× E
[
|αi|2 exp

{
−j2π

λ
yD cos(ωi) [θ(t+∆t)− θ(t)]

}]
fτi(τ), (6.14)

where the superscript NonSt stands for “Non-Stationary” and fτi(τ) represents the pdf of τi.
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Proof. We write the channel ACF as

ANonSt
c (τ ; t,∆t) = E [c∗(τ ; t)c(τ ; t+∆t)]

= E

[
N∑
i=0

N∑
k=0

α∗
iαke−j(φk(t+∆t)−φi(t))

× χ∗
R(t)χR(t+∆t)χ∗

T(t− τi)χT(t− τk +∆t)δ(τ − τi)δ(τ − τk)

]

=
N∑
i=0

N∑
k=0
k ̸=i

E
[
α∗
iαke−j 2π

λ (dk(0)+dSk,U−di(0)−dSi,U)e−j(φDk
(t+∆t)−φDi

(t))

× χ∗
R(t)χR(t+∆t)χ∗

T(t− τi)χT(t− τk +∆t)δ(τ − τi)δ(τ − τk)
]

+
N∑
i=0

E
[
|αi|2e−j(φDi

(t+∆t)−φDi
(t))

× χ∗
R(t)χR(t+∆t)χ∗

T(t− τi)χT(t− τi +∆t)δ(τ − τi)δ(τ − τi)
]
.

Since dSk,U − dSi,U � λ, we observe that Zk,i =
[
2π
λ
(dSk,U − dSi,U)mod 2π

]
is a uniformly

distributed random variable from 0 to 2π [28, Lemma 4]. Therefore, E
[
e−jZk,i

]
= 0 because

of which the double-summation in the last equality is zero. As for the single summation
term, we encounter the singularity issue (delta squared) discussed earlier in Sec. 6.2.3. To
avoid this singularity problem, we isolate one of the delta functions [143] and rewrite the
channel ACF with only one delta function as

ANonSt
c (τ ; t,∆t) =

N∑
i=0

E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

× χ∗
R(t)χR(t+∆t)χ∗

T(t− τi)χT(t− τi +∆t)δ(τ − τi)
]

=
N∑
i=0

∫ ∞

−∞
E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
× AχR(t, t+∆t)AχT(t− τi, t− τi +∆t)δ(τ − τi)fτi(τi) dτi,

which gives the result in (6.14) by applying the sifting property of the delta function.

The following corollary simplifies (6.14) further by considering WSS hardware impairments.
Corollary 6.4. Assuming WSS hardware impairments, the channel ACF can be simplified
as

AWSS
c (τ ; t,∆t) =

N∑
i=0

AχR(∆t)AχT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
fτi(τ). (6.15)
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Note that the superscript WSS only pertains to “hardware” impairments, not UAV wobbling.
In addition, assuming that θ(t) is a random process with stationary increments, we have

AWSS−SI
c (τ ; ∆t) =

N∑
i=0

AχR(∆t)AχT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)θ(∆t)

]
fτi(τ), (6.16)

which will not be a function of t anymore. Thus, the channel in this special case becomes
stationary. The abbreviation SI in the superscript stands for “Stationary-Increments”.

The following theorem gives the channel PDP for both nonstationary and WSS impairments.

Theorem 6.5. The PDP of the air-to-ground wireless channel for the nonstationary and
WSS hardware impairments can be formulated, respectively, as

PNonSt
c (τ ; t) =

N∑
i=0

Pαi
PχR(t)PχT(t−τ)fτi(τ), PWSS

c (τ) =
N∑
i=0

Pαi
PχRPχTfτi(τ), (6.17)

where PχR(t) := AχR(t, t) = E [|χR(t)|2] and PχT(t−τ) := AχT(t−τ, t−τ) = E [|χT(t− τ)|2] are
the powers of the multiplicative distortion noises at the receiver and transmitter at times t and
t−τ , respectively. The definitions of their WSS counterparts are similar, i.e., PχR := E [|χR|2]
and PχT := E [|χT|2]. Clearly, we also have PWSS−SI

c (τ) = PWSS
c (τ).

Proof. Setting ∆t = 0 in (6.14) and (6.15), we get (6.17).

Note that UAV wobbling does not play any role in determining the PDP. Further, from
(6.17), we observe that the PDP will be proportional to the pdfs of the propagation delays
of different MPCs [146, p. 348]. Using Theorem 6.5, we can also determine the average and
root-mean-square (rms) delay spreads for nonstationary and WSS hardware impairments,
respectively, as

µNonSt(t) =

∫∞
0
τPc(τ ; t) dτ∫∞

0
Pc(τ ; t) dτ

=

∑N
i=0 Pαi

∫∞
0
τPχT(t−τ)fτi(τ) dτ∑N

i=0 Pαi

∫∞
0
PχT(t−τ)fτi(τ) dτ

, (6.18)

σNonSt(t) =

√∫∞
0
(τ − µ(t))2Pc(τ ; t) dτ∫∞

0
Pc(τ ; t) dτ

=

√√√√∑N
i=0 Pαi

∫∞
0
(τ − µ(t))2PχT(t−τ)fτi(τ) dτ∑N

i=0 Pαi

∫∞
0
PχT(t−τ)fτi(τ) dτ

,

(6.19)

µWSS =

∫∞
0
τPWSS

c (τ) dτ∫∞
0
PWSS

c (τ) dτ
=

∑N
i=0 Pαi

∫∞
0
τfτi(τ) dτ∑N

i=0 Pαi

, (6.20)

σWSS =

√∫∞
0
(τ − µWSS)2PWSS

c (τ) dτ∫∞
0
PWSS

c (τ) dτ
=

√∑N
i=0 Pαi

∫∞
0
(τ − µWSS)2fτi(τ) dτ∑N

i=0 Pαi

. (6.21)
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As for the coherence time/bandwidth, we need to first derive the Fourier transform of the
channel ACF with respect to the delay variable τ . For nonstationary impairments, we have

ANonSt
C (∆f ; t,∆t) = Fτ{ANonSt

c (τ ; t,∆t)}

=
N∑
i=0

AχR(t, t+∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
×
∫ ∞

0

AχT(t− τ, t− τ +∆t)fτi(τ)e−j2π∆fτ dτ, (6.22)

while for the WSS hardware impairments, (6.22) can be simplified as

AWSS
C (∆f ; t,∆t) =

N∑
i=0

AχR(∆t)AχT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
×
∫ ∞

0

fτi(τ)e−j2π∆fτ dτ. (6.23)

Note that when θ(t) has the stationary-increments property, (6.23) is further simplified as

AWSS−SI
C (∆f ; ∆t) =

N∑
i=0

AχR(∆t)AχT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)θ(∆t)

] ∫ ∞

0

fτi(τ)e−j2π∆fτ dτ,

(6.24)

which is not a function of t anymore. The following two theorems give the coherence time
and coherence bandwidth of the channel, respectively.

Theorem 6.6. The coherence time of the air-to-ground channel can be formulated as in
(6.2), where the ACFs for nonstationary and WSS hardware impairments can be written,
respectively, as

ANonSt
C (t,∆t) =

N∑
i=0

AχR(t, t+∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
×
∫ ∞

0

AχT(t− τ, t− τ +∆t)fτi(τ) dτ, (6.25)

AWSS
C (t,∆t) =

N∑
i=0

AχR(∆t)AχT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
. (6.26)

Furthermore, when θ(t) is a random process with stationary increments, we have

AWSS−SI
C (∆t) =

N∑
i=0

AχR(∆t)AχT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)θ(∆t)

]
. (6.27)
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Proof. Setting ∆f = 0 in (6.22), (6.23), and (6.24), we end up with the final results.

Theorem 6.7. The coherence bandwidth of the air-to-ground channel can be formulated as
in (6.3), where the ACFs for nonstationary and WSS hardware impairments can be written,
respectively, as

ANonSt
C (∆f ; t) =

N∑
i=0

Pαi
PχR(t)

∫ ∞

0

PχT(t−τ)fτi(τ)e−j2π∆fτ dτ, (6.28)

AWSS
C (∆f) =

N∑
i=0

Pαi
PχRPχT

∫ ∞

0

fτi(τ)e−j2π∆fτ dτ. (6.29)

Clearly, we also have AWSS−SI
C (∆f) = AWSS

C (∆f).

Proof. Setting ∆t = 0 in (6.22) and (6.23), we end up with the final results.

Remark 6.8. Since only the normalized values of the ACFs matter for the sake of evaluating
the coherence bandwidth, we can ignore PχR(t) and PχRPχT in (6.28) and (6.29), respectively,
as they are not functions of ∆f or the summation dummy variable i.

Remark 6.9. It is interesting to note that hardware impairments, when assumed to be WSS,
as well as UAV wobbling do not have any impact on the channel coherence bandwidth.

Up until now, our focus was mainly on the characteristics of the channel, where using the
channel impulse response c(τ ; t), we studied the PDP, coherence time, and coherence band-
width. Note that one can easily obtain other channel-related metrics, such as delay spread
and Doppler spread by using the metrics derived in this section. Let us now study the behav-
ior of the effective received noise at the ground UE by analyzing the PSD of the aggregate
distortion caused by UAV wobbling and hardware impairments at both the transmitter and
receiver plus the AWGN at the receiver, i.e., n(t) defined in (6.12). The following theorem
establishes this result.

Theorem 6.10. The PSD of the distortion-plus-noise process n(t) can be written as

SNonSt
n (f) =

N0

2
+ F∆t{〈AηR(t, t+∆t)〉t}+

N∑
i=0

F∆t

{〈
AχR(t, t+∆t)

× E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

] ∫ ∞

0

AηT(t− τi, t− τi +∆t)fτi(τi) dτi
〉
t

}
,

(6.30)

where N0

2
is the AWGN power and 〈.〉t denotes averaging over time.
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Proof. We start by writing the ACF of n(t) as

ANonSt
n (t, t+∆t) = E [n∗(t)n(t+∆t)]

(a)
= E [ñ∗(t)ñ(t+∆t)] + E [η∗R(t)ηR(t+∆t)]

+ E

[( N∑
i=0

α∗
i ejφi(t)χ∗

R(t)η
∗
T(t− τi(t))

)

×
( N∑

i=0

αie−jφi(t+∆t)χR(t+∆t)ηT(t+∆t− τi(t+∆t))

)]
(b)
= Añ(∆t) + AηR(t, t+∆t) + E

[ N∑
i=0

|αi|2e−j(φi(t+∆t)−φi(t))

× χ∗
R(t)χR(t+∆t)η∗T(t− τi)ηT(t− τi +∆t)

]
= Añ(∆t) + AηR(t, t+∆t) +

N∑
i=0

AχR(t, t+∆t)

× E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

] ∫ ∞

0

AηT(t− τi, t− τi +∆t)fτi(τi) dτi,

where in (a) we used the independence between distortion noises and AWGN and the as-
sumption that ηR(t) and ñ(t) have zero means, and in (b) we used the same reasoning as
in the proof of Lemma 6.3 to demonstrate that the cross terms in the double-summation
are zero, and we also used the approximation τi(t) ≈ τi(0) = τi. Note that ñ(t) is a white
process, and thus, we have Añ(∆t) =

N0

2
δ(∆t), where N0

2
is the noise power. To obtain the

PSD of any nonstationary random process, we need to first average its ACF over time t, and
then take its Fourier transform with respect to ∆t [144, Sec. 7.2]. Therefore, the PSD of
n(t) can be written as in (6.30).
Corollary 6.11. The PSD of the distortion-plus-noise process n(t) when hardware impair-
ments are WSS can be written as

SWSS
n (f) =

N0

2
+ F∆t{AηR(∆t)}

+
N∑
i=0

F∆t

{
AχR(∆t)AηT(∆t)

〈
E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

] 〉
t

}
. (6.31)

Also, assuming that θ(t) is a random process with stationary increments, this result is further
simplified as

SWSS−SI
n (f) =

N0

2
+ F∆t{AηR(∆t)}

+
N∑
i=0

F∆t

{
AχR(∆t)AηT(∆t)E

[
|αi|2e−j 2π

λ
yD cos(ωi)θ(∆t)

]}
. (6.32)
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Proof. Following the proof of Theorem 6.10 and assuming WSS hardware impairments, the
ACF of n(t) can be simplified as

AWSS
n (t, t+∆t) = Añ(∆t) + AηR(∆t)

+
N∑
i=0

AχR(∆t)AηT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]
,

which results in (6.31) after averaging over t and taking the Fourier transform with respect
to ∆t. Moreover, if we assume that θ(t) is a random process with stationary increments, the
process n(t) becomes stationary and we have

AWSS−SI
n (∆t) = Añ(∆t) + AηR(∆t) +

N∑
i=0

AχR(∆t)AηT(∆t)E
[
|αi|2e−j 2π

λ
yD cos(ωi)θ(∆t)

]
,

which gives (6.32) after taking its Fourier transform.

6.3.4 Metrics: Evaluations for Some Case Studies

The results we have derived so far are general and hold for any UAV wobbling model and
any distribution of delay and distortion noise processes. However, to gain useful insights, it
is instructive to simplify these results for specific case studies. We consider some reasonable
models in this section and evaluate the metrics derived in the previous section accordingly.

UAV Wobbling

We consider two different random processes for modeling the UAV pitch angle θ(t): (i)
Wiener process, and (ii) sinusoidal process. Let us review the properties of each process
first.

• Stationary-Increments – Wiener Process: This canonical model is defined as a
process with independent, stationary, and Gaussian increments that is continuous in
time t. Furthermore, its value at t = 0 is assumed to be zero. Therefore, we have
θ(t + ∆t) − θ(t)

dist.
== θ(∆t) ∼ N (0,∆t), where dist.

== stands for equality in distribution.
Since Wiener processes are scale-invariant, we can make the variance of θ(∆t) dimen-
sionless by multiplying it with the proportionality constant b = 1 s−1. Following the
characteristic function (cf) of Gaussian random variables, we have

E
[
ejω(θ(t+∆t)−θ(t))

]
= E

[
ejωθ(∆t)

]
= e−ω2

2
∆t. (6.33)

• Non-Stationary-Increments – Sinusoidal Process: This model is motivated by
the random oscillatory behavior of wobbling. We assume that θ(t) = L sin(2πQt),
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where L ∼ U [−θm, θm) and Q ∼ fQ(q) are the amplitude and frequency of the vari-
ations of the UAV pitch angle, respectively, with θm and fQ(.) being the maximum
UAV pitch angle and some given pdf, respectively. We also assume that L and Q are
independent. Clearly, the independent and stationary-increments property does not
hold for this process. Following the cf of uniform random variables, we have

E
[
ejω(θ(t+∆t)−θ(t))

]
=

∫ ∞

−∞
sinc

(ω
π
θm (sin(2πq(t+∆t))− sin(2πqt))

)
fQ(q) dq, (6.34)

where sinc(x) = sin(πx)
πx

.

Using (6.8), (6.33), and (6.34), we introduce and evaluate the following relations which will
be used extensively in our derivations:

GSI
i (∆t) = E

[
|αi|2e−j 2π

λ
yD cos(ωi)θ(∆t)

]
=


∫ π/2

0
1
πβ

e−
|ωi−ω0|

β e−
2π2

λ2
y2D cos2(ωi)∆t dωi, i 6= 0

2NKPα1e−
2π2

λ2
y2D cos2(ω0)∆t, i = 0,

(6.35)

GNonSI
i (t,∆t) = E

[
|αi|2e−j 2π

λ
yD cos(ωi)[θ(t+∆t)−θ(t)]

]

=



∫ π/2

0

∫∞
−∞

1
πβ

e−
|ωi−ω0|

β fQ(q)

× sinc
(
2
λ
θmyD cos(ωi) (sin(2πq(t+∆t))− sin(2πqt))

)
dq dωi, i 6= 0

2NKPα1

∫∞
−∞ fQ(q)

× sinc
(
2
λ
θmyD cos(ω0) (sin(2πq(t+∆t))− sin(2πqt))

)
dq, i = 0,

(6.36)

where the superscript NonSI stands for “Non-Stationary-Increments”. Note that the func-
tions GNonSI

i (t,∆t), 1 ≤ i ≤ N are all equal to each other. The same is also true for the
functions GSI

i (∆t), 1 ≤ i ≤ N .

Distortion Noises

As for the additive distortion noise, we assume WSS Gaussian processes both at the trans-
mitter and receiver, which is backed by measurements and theoretical studies [49, 50]. Al-
though various models are available for the covariance function of Gaussian processes [147],
we consider the squared exponential model in this chapter. Hence, the ACFs for the additive
distortion noises can be written as

AηT(∆t) = κ2ηTe
− (∆t)2

2l2ηT , AηR(∆t) = κ2ηR
e
− (∆t)2

2l2ηR , (6.37)

where κ2ηT (κ2ηR
) and lηT (lηR) are design parameters, which represent the maximum power

and the characteristic length-scale of the additive distortion noise process at the transmitter
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(receiver), respectively. On the other hand, the research on representative models for the
multiplicative distortion noise processes is scarce. As also pointed out in [49, p. 261],
researchers usually ignore the time-dependence and randomness of these distortion processes
and assume deterministic multiplicative errors. In this chapter, we study two representative
models based on random processes (WSS and nonstationary) for these multiplicative errors
listed below:

• WSS – Gaussian Process: Similar to the additive distortion noise, we assume the
canonical Gaussian process for the WSS multiplicative distortion noises. The ACFs in
this case can be written as

AχT(∆t) = κ2χTe
− (∆t)2

2l2χT , AχR(∆t) = κ2χR
e
− (∆t)2

2l2χR , (6.38)

where κ2χT , κ2χR
, lχT , and lχR are defined similar as before.

• Nonstationary – Sinusoidal Process: As a canonical nonstationary model, we
again use the sinusoidal process in this case that was also used to model UAV wobbling
above. In particular, we define χT(t) = LT sin(2πQTt) and χR(t) = LR sin(2πQRt),
where LT (LR) and QT (QR) are the amplitude and frequency of variations of χT(t)
(χR(t)), respectively. Therefore, we can write their ACFs as

AχT(t, t+∆t) = PLT

∫ ∞

−∞
sin(2πqt) sin(2πq(t+∆t))fQT(q) dq, (6.39)

AχR(t, t+∆t) = PLR

∫ ∞

−∞
sin(2πqt) sin(2πq(t+∆t))fQR(q) dq, , (6.40)

where PLT = E [|LT|2], PLR = E [|LR|2], and fQT(.) and fQR(.) are the pdfs of QT and
QR, respectively. Further discussion about the choice of different parameters for this
model will be provided in Section 6.4.

Remark 6.12. In the nonstationary setup, one could also assume a Wiener process for the
multiplicative distortion noise processes. However, since the ACF of the Wiener process
W (t) is simply the minimum value of its observation times, i.e., AW (t, t +∆t) = t for non-
negative ∆t, all of our metrics will quickly diverge using this model. Hence, the Wiener
process is not a suitable model for the multiplicative distortion noise.

Using these models for UAV wobbling and distortion noise processes, we will now evaluate
the metrics derived in Section 6.3.3.

PDP: Using Theorem 6.5, we obtain the PDP for nonstationary and WSS hardware im-
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pairments, respectively, as

PNonSt
c (τ ; t) = Pα1PLRPLT

∫ ∞

−∞
sin2(2πqt)fQR(q) dq

∫ ∞

−∞
sin2(2πq(t− τ))fQT(q) dq

×

(
NKδ(τ − τ0) +

N∑
i=1

ρie−ρi(τ−τ0)1(τ − τ0)

)
, (6.41)

PWSS
c (τ) = Pα1κ

2
χR
κ2χT

(
NKδ(τ − τ0) +

N∑
i=1

ρie−ρi(τ−τ0)1(τ − τ0)

)
, (6.42)

where we used the relations Pαi
= Pα1 = 1

2π

(
2− e−

ω0
β − e−

π/2−ω0
β

)
, 1 ≤ i ≤ N , and

Pα0 = NKPα1 . From (6.20) and (6.21), we obtain the average and rms delay spreads for
WSS hardware impairments, respectively, as

µWSS = τ0 +
1

N(K + 1)

N∑
i=1

1

ρi
, (6.43)

σWSS =

√√√√ 2

N(K + 1)

N∑
i=1

1

ρ2i
− 1

N2(K + 1)2

(
N∑
i=1

1

ρi

)2

. (6.44)

Coherence Time: From Theorem 6.6, (6.35), and (6.36), one can obtain the coherence
time of the channel for different impairment scenarios. Since the equations become quite
intricate in all cases, we need to perform numerical integration to calculate the coherence
time. However, when hardware impairments are WSS, the final equations could be simplified
further. Using the predefined functions GNonSI

i (t,∆t) and GSI
i (∆t), we can simplify the ACFs

as

AWSS
C (t,∆t) = κ2χR

κ2χTe
−
(

1

2l2χR
+ 1

2l2χT

)
(∆t)2 (

GNonSI
0 (t,∆t) +NGNonSI

1 (t,∆t)
)
,

AWSS−SI
C (∆t) = κ2χR

κ2χTe
−
(

1

2l2χR
+ 1

2l2χT

)
(∆t)2 (

GSI
0 (∆t) +NGSI

1 (∆t)
)
,

where we used the fact that GNonSI
i (t,∆t) = GNonSI

1 (t,∆t), 1 ≤ i ≤ N , and GSI
i (∆t) =

GSI
1 (∆t), 1 ≤ i ≤ N . Note that the maximum value for both ACFs is 2κ2χR

κ2χTN(K +1)Pα1 ,
which occurs at ∆t = 0. Therefore, the coherence time for WSS hardware impairments when
θ(t) does not and does have the stationary-increments property can be written, respectively,
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as

TWSS
Coh (t) = min

∆t :
e
−
(

1

2l2χR
+ 1

2l2χT

)
(∆t)2 ∣∣GNonSI

0 (t,∆t) +NGNonSI
1 (t,∆t)

∣∣
2N(K + 1)Pα1

≤ γT

 , (6.45)

TWSS−SI
Coh = min

∆t :
e
−
(

1

2l2χR
+ 1

2l2χT

)
(∆t)2 ∣∣GSI

0 (∆t) +NGSI
1 (∆t)

∣∣
2N(K + 1)Pα1

≤ γT

 , (6.46)

which needs to be solved numerically for ∆t.

Coherence Bandwidth: We use Theorem 6.7 along with (6.38), (6.39), and (6.40) to
derive the coherence bandwidth of the channel. Following Remark 6.8, we do not need to
evaluate PχR(t) and PχRPχT in (6.28) and (6.29), respectively, as they will be canceled out
when normalizing the ACF. Let us start with simplifying the channel ACF when hardware
impairments are nonstationary. Setting ∆t = 0 and t 7→ t − τ in (6.39), and swapping the
integrals in (6.28), we can write

ANonSt
C (∆f ; t) = Pα1PχR(t)PLT

[
NK

∫ ∞

−∞
fQT(q)

∫ ∞

0

sin2(2πq(t− τ))δ(τ − τ0)e−j2π∆fτ dτ dq

+
N∑
i=1

∫ ∞

−∞
fQT(q)

∫ ∞

τ0

sin2(2πq(t− τ))ρie−ρi(τ−τ0)e−j2π∆fτ dτ dq
]

= Pα1PχR(t)PLTe−j2π∆fτ0

[
H0(t) +

N∑
i=1

Hi(∆f ; t)

]
,

where

H0(t) = NK

∫ ∞

−∞
fQT(q) sin2(2πq(t− τ0)) dq,

Hi(∆f ; t) =
ρi

2(ρi+j2π∆f)
−
∫ ∞

−∞
fQT(q)

(
ρiej4πq(t−τ0)

4(ρi+j2π∆f+j4πq) +
ρie−j4πq(t−τ0)

4(ρi+j2π∆f−j4πq)

)
dq.

Taking the absolute value of ANonSt
C (∆f ; t), we can write the coherence bandwidth as

BNonSt
Coh (t) = min

∆f :

∣∣∣H0(t) +
∑N

i=1Hi(∆f ; t)
∣∣∣

max
∣∣∣H0(t) +

∑N
i=1Hi(∆f ; t)

∣∣∣ ≤ γB

 , (6.47)

which needs to be solved numerically for ∆f . On the other hand, for WSS hardware impair-
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ments, the channel ACF can be further simplified as

AWSS
C (∆f) = Pα1PχRPχT

[
NK

∫ ∞

0

δ(τ − τ0)e−j2π∆fτ dτ +
N∑
i=1

∫ ∞

τ0

ρie−ρi(τ−τ0)e−j2π∆fτ dτ
]

= Pα1PχRPχTe−j2π∆fτ0

[
NK +

N∑
i=1

ρi
ρi + j2π∆f

]
,

which gives the coherence bandwidth as

BWSS
Coh = min

∆f :

∣∣∣K + 1
N

∑N
i=1

ρi
ρi+j2π∆f

∣∣∣
K + 1

≤ γB

 . (6.48)

Observe that the coherence bandwidth is not a function of UAV wobbling or hardware
impairments in this case (see Remark 6.9).

PSD of Distortion-Plus-Noise: Theorem 6.10 gives the PSD of the distortion-plus-noise
process n(t) for the general case where hardware impairments are nonstationary and UAV
wobbling does not necessarily have the stationary-increments property. One could use (6.34),
(6.37), and (6.40) to obtain an equation for the PSD of n(t), but as is clear from the form
of these equations, this derivation quickly becomes intractable. Therefore, for the sake of
simplicity, we only analytically evaluate the PSD of the distortion-plus-noise process when
hardware impairments are WSS. Let us first analyze the PSD of n(t) when UAV wobbling
has the stationary-increments property. Following (6.32) in Corollary 6.11, we have

SWSS−SI
n (f) =

N0

2
+ F∆t

{
κ2ηR

e
− (∆t)2

2l2ηR

}
+

N∑
i=0

F∆t

{
κ2χR

e
− (∆t)2

2l2χR κ2ηTe
− (∆t)2

2l2ηT GSI
i (∆t)

}

=
N0

2
+ F∆t

{
κ2ηR

e
− (∆t)2

2l2ηR

}
+ F∆t

{
κ2e−

(∆t)2

2l2 2NKPα1e−u2 cos2(ω0)∆t

}

+NF∆t

{
κ2e−

(∆t)2

2l2

∫ π/2

0

1

πβ
e−

|ωi−ω0|
β e−u2 cos2(ωi)∆t dωi

}

=
N0

2
+ κ2ηR

√
2πl2ηR

e−2π2l2ηRf2

+ κ2
√
2πl2e−2π2l2f2

(
2Pα0e

1
2
l2u4 cos4(ω0)ej2πl2u2 cos2(ω0)f

+N

∫ π/2

0

1

πβ
e−

|ωi−ω0|
β e 1

2
l2u4 cos4(ωi)ej2πl2u2 cos2(ωi)f dωi

)
, (6.49)

where we defined the parameters κ2 = κ2χR
κ2ηT , l−2 = l−2

χR
+l−2

ηT , and u2 = 2π2

λ2 y
2
D to simplify the

equations, and in the last equality we used the Fourier transform of a Gaussian function, i.e.,
Fx

{
e−ax2

}
=
√

π
a
e−π2

a
f2 . As for the case where UAV wobbling does not have the stationary-

increments property (see (6.31) in Corollary 6.11), we need to first average GNonSI
i (t,∆t) over
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time t. Following the same procedure as above, we can write the PSD of n(t) as

SWSS
n (f) =

N0

2
+ F∆t

{
κ2ηR

e
− (∆t)2

2l2ηR

}
+

N∑
i=0

F∆t

{
κ2χR

e
− (∆t)2

2l2χR κ2ηTe
− (∆t)2

2l2ηT
〈
GNonSI

i (t,∆t)
〉
t

}

=
N0

2
+ κ2ηR

√
2πl2ηR

e−2π2l2ηRf2

+ 2Pα0 lim
T→∞

1

T

∫ T

0

∫ ∞

−∞

∫ ∞

−∞
κ2e−

(∆t)2

2l2 fQ(q)

× sinc
(
2

λ
θmyD cos(ω0) (sin(2πq(t+∆t))−sin(2πqt))

)
e−j2πf∆t dq d∆t dt

+N lim
T→∞

1

T

∫ T

0

∫ ∞

−∞

∫ π
2

0

∫ ∞

−∞
κ2e−

(∆t)2

2l2
1

πβ
e−

|ωi−ω0|
β fQ(q)

× sinc
(
2

λ
θmyD cos(ωi) (sin(2πq(t+∆t))−sin(2πqt))

)
e−j2πf∆t dq dωi d∆t dt,

(6.50)

where in the last equality we used the definition of Fourier transform and swapped the order
of limit and integral.

6.4 Simulation Results

In this section, we provide numerical results to obtain further insights on the impact of UAV
wobbling and hardware impairments on the key performance metrics of wireless channels.
We assume that a rotary-winged UAV hovers in the air and communicates with a UE on
the ground in a multi-path channel. The parameters of the channel used in this chapter
are as follows: Number of MPCs N ∈ {20, 10} for sub-6 GHz and mmWave frequencies,
respectively, carrier frequency fc ∈ {2.4, 6, 30} GHz (thus, signal wavelength λ ∈ {12.5, 5, 1}
cm), UAV-UE distance d0 = 300 m (thus, UAV-UE delay τ0 = 1 µs), UAV-UE AoD ω0 = 20◦,
reciprocal of the mean excess delay of the i-th MPC ρi ∼ U [107, 108) s−1, Rician K factor
K ∈ {0, 1, 5, 11.5} [137, Table 1] (note that K = 0 represents the Rayleigh channel), scaling
parameter of the Laplacian angular power spectrum β = 1, and noise power N0

2
= 5 ×

10−9 W. The UAV antenna is placed at a distance of yD = 40 cm from the UAV platform
centroid. Due to many reasons discussed earlier, the UAV may wobble, which is modeled
using two random processes, i.e., the Wiener and sinusoidal processes. The UAV pitch
angle in the latter case is bounded to θm ∈ {5, 7, 10}◦ [41] with a frequency of variations
that is uniformly distributed between 5 and 25 Hz. Both the UAV and the UE suffer from
hardware impairments as well, and the parameters defined in this chapter for modeling the
hardware impairments are as follows: Maximum power and the characteristic length-scale
of the WSS additive/multiplicative distortion noise processes at the transmitter/receiver are
{κ2ηT , κ

2
ηR
, κ2χT , κ

2
χR
} ∈ {0.1, 0.5, 1} W and {lηT , lηR , lχT , lχR} ∈ {0.01, 0.05, 0.1} s, respectively,

and power of amplitude and frequency of variations of nonstationary multiplicative distortion
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Figure 6.2: PDP for ideal and impaired hardware scenarios. Assumptions: N = 20, K =
11.5, and κ2χT = κ2χR

= 0.5 W. HI stands for hardware impairment.

noise process at the transmitter/receiver are PLT = PLR = 0.5 W and {QT, QR} ∼ U [5, 15)
Hz, respectively.

6.4.1 PDP

In Fig. 6.2, we plot the PDP for different scenarios. In particular, we highlight the impact of
hardware impairments on the PDP by comparing the ideal case (no hardware impairment)
with those of impaired scenarios. The gap in the power of the received signal between the
ideal and impaired cases is clear in this figure, which is around 6 dB for WSS hardware
impairments with κ2χT = κ2χR

= 0.5 W. As shown before, note that UAV wobbling has
no impact on the PDP. It can also be observed that the difference between the WSS and
nonstationary hardware impairments in terms of their respective PDPs is not very high. This
observation further motivates the use of WSS processes for modeling hardware impairments
as they are more tractable than nonstationary models, which are otherwise more realistic
[49, Sec. 7.2.3].

6.4.2 Coherence Time

We show the impact of UAV wobbling and hardware impairments on the channel coherence
time in Figs. 6.3-6.6. The general trends of the normalized channel ACF for the Wiener
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Figure 6.3: Coherence time: Normalized channel ACF for different random processes. As-
sumptions: N = 20, K = 11.5, fc = 6 GHz, θm = 5◦, and lχT = lχR = 0.05 s.
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Figure 6.4: Coherence time: Normalized channel ACF for different random processes and
impairment levels. Assumptions: N = 20, K = 11.5, fc = 6 GHz, and θm = 5◦.
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Figure 6.5: Coherence time: Normalized channel ACF for different fc. Assumptions: K =
11.5, θm = 5◦, and lχT = lχR = 0.05 s.
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Figure 6.6: Coherence time: Normalized channel ACF for different θm. Assumptions: K =
11.5, fc = 2.4 GHz, and lχT = lχR = 0.05 s.
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and sinusoidal processes are depicted in Fig. 6.3. Note that we used the WSS hardware
impairment model to obtain these figures. Since the channel ACF becomes nonstationary
for the sinusoidal process, we plotted it at different time instants to show its progression over
time. Also, from this figure, we observe that channel coherence time is minimized at t = 0 s,
and thus, we use this time instant as a representative one to determine the channel coherence
time. Assuming that γT = 0.5, we find that TWSS

Coh (0) = 5.13 ms and TWSS−SI
Coh = 643 µs,

which makes sense intuitively, as the variations in θ(t) for the Wiener process can grow
without bounds. In Fig. 6.4, we compare the normalized channel ACF for different random
processes and impairment levels. As seen in this figure, hardware impairments do not have
any noticeable effect on the channel ACF when θ(t) follows the Wiener process. Although
this was expected, we observe that hardware impairments do not severely degrade coherence
time for the sinusoidal process either. In particular, we have TWSS−SI

Coh = {639, 643} µs and
TWSS

Coh (0) = {4.36, 5.16} ms for lχT = lχR = {0.01, 0.1} s. The impact of carrier frequency
and maximum UAV pitch angle on the coherence time for the sinusoidal process is depicted
in Figs. 6.5 and 6.6. From (6.10) and (6.11), we observe that the channel phase directly
depends on the UAV-UE distance and the carrier frequency. Therefore, increasing θm (thus,
the UAV-UE distance) or fc results in higher channel variations, which, in turn, decreases the
channel coherence time. Numerically speaking, we have TWSS

Coh (0) = {32.52, 5.13, 0.98} ms for
fc = {2.4, 6, 30} GHz and θm = 5◦ and TWSS

Coh (0) = {32.52, 11.13, 6.63} ms for θm = {5, 7, 10}◦
and fc = 2.4 GHz. As is clear from these numbers, channel coherence time is heavily
degraded at high frequencies due to UAV wobbling and hardware impairments (less than 1
ms at fc = 30 GHz), which renders channel estimation and tracking very challenging.

6.4.3 Coherence Bandwidth

In Figs. 6.7 and 6.8, we plot the normalized channel ACF as a function of ∆f to investigate
the impact of different impairments on the channel coherence bandwidth. From (6.48), we
observe for WSS hardware impairments that the normalized ACF monotonically goes from
1 to K

K+1
as ∆f goes from 0 to ∞. Interestingly, Fig. 6.7 shows that this is also the case for

nonstationary hardware impairments as long as t > τ0. Assuming that γB = 0.95, we have
BWSS

Coh = 10.75 MHz and BNonSt
Coh (t) = {0.51, 12.21, 11.21} MHz at t = {τ0, 2τ0, 4τ0}. Note

that the behavior of the nonstationary hardware impairments quickly converges to that of
the WSS one. In Fig. 6.8, we show the channel ACF at time instant t = 0 s for different
Rician K factors. As the power of the LoS link increases with respect to the powers of other
MPCs, we expect to have lower delay spreads, and thus, higher coherence bandwidths.

6.4.4 PSD of Distortion-Plus-Noise

We provide numerical results for the PSD of n(t) in Figs. 6.9-6.11. Assuming both Wiener
and sinusoidal models for UAV wobbling, we plot the PSD of n(t) for different hardware
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Figure 6.7: Coherence bandwidth: Normalized channel ACF for different impairment models
and times t. Assumptions: N = 20 and K = 11.5.
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Figure 6.8: Coherence bandwidth: Normalized channel ACF for different Rician K factors.
Assumptions: WSS hardware impairments and N = 20.
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Figure 6.9: PSD of n(t) for different impairment levels. Assumptions: Wiener wobbling,
WSS hardware impairments, N = 20, K = 11.5, fc = 2.4 GHz, and θm = 5◦.

impairment levels in Figs. 6.9 and 6.10, respectively. We observe that increasing the maxi-
mum power of the WSS hardware impairment model (κ2 parameters, e.g., κ2ηT) while keeping
the characteristic length-scale of this model (l parameters, e.g., lηT) constant simply shifts
the PSD upward (in dB), which means that the total power of n(t) (integral of its PSD)
increases. On the other hand, increasing the l parameters while keeping the κ2 parameters
constant squeezes the PSD curve toward the 0 Hz frequency, which could either increase or
decrease the total distortion-plus-noise power depending on the specific values of the l and
κ2 parameters and the wobbling model. In Fig. 6.11, we assume that UAV wobbling follows
a sinusoidal model and compare the PSD of n(t) for different values of the maximum UAV
pitch angle. As is clear in this figure and assuming realistic values for θm, the PSD of n(t) is
resilient to this impairment and does not degrade noticeably with increasing the maximum
UAV pitch angle.

6.5 Chapter Summary

In this chapter, we developed a unified air-to-ground channel model that accounts for mul-
tiple impairment types. Specifically, we considered a multi-path Rician channel, where
a ground UE receives data from a hovering UAV via one LoS and multiple NLoS paths.
Two fundamentally different impairment types have been considered in this chapter, i.e.,
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Figure 6.10: PSD of n(t) for different impairment levels. Assumptions: Sinusoidal wobbling,
WSS hardware impairments, N = 20, K = 11.5, fc = 2.4 GHz, and θm = 5◦.
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Figure 6.11: PSD of n(t) for different θm. Assumptions: WSS hardware impairments, N =
20, K = 11.5, fc = 2.4 GHz, κ2ηT = κ2ηR

= κ2χR
= 1 W, and lηT = lηR = lχR = 0.01 s.
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UAV wobbling and hardware impairments (RF nonidealities at both the UAV and the UE).
We modeled the UAV pitch angle wobbling by two different stochastic processes, one with
independent and stationary increments (the Wiener process) and another with bounded fluc-
tuations to represent the oscillatory nature of wobbling (the sinusoidal process). As for the
RF nonidealities, we modeled the combined effect of all hardware impairments as two multi-
plicative and additive distortion noise processes. Using these models, we concretely analyzed
the channel ACF and provided easy-to-use equations for four key channel-related metrics,
i.e., PDP, coherence time, coherence bandwidth, and PSD of the distortion-plus-noise pro-
cess. Our results demonstrated a heavy degradation of the channel coherence time at high
carrier frequencies due to UAV wobbling and hardware impairments, which effectively makes
channel estimation more challenging at mmWave and higher frequencies. To the best of our
knowledge, this is the first work that provides a comprehensive analysis of the joint effect of
UAV wobbling and hardware impairments on the air-to-ground wireless channel. One mean-
ingful extension of this work is to provide the same analysis when the UAV is mobile, which
makes the effective Doppler phase shift even more complicated. Also, analyzing the air-to-
ground impairments-aware wireless channel when centralized or distributed MIMO setups
are considered (instead of single-antenna transceivers) is another future line of research.



Chapter 7

Conclusion and Future Works

In this dissertation, we studied various fundamental problems related to the idea of UAV-
assisted wireless networks. While the mathematical tools and results developed throughout
the dissertation are obviously of interest to wireless and stochastic geometry communities
in academia, several of our ideas and results are also of current interest to wireless commu-
nications industry. For instance, we explored the idea of installing an additional uptilted
antenna at the BS site and evaluated its advantages over the conventional downtilted anten-
nas in Chapter 2. This addition is not too costly and increases the coverage probability of
the network significantly. We examined the SL mobility model in Chapters 3 and 4, which
was inspired by the 3GPP and is used as a baseline for measuring the impact of mobility in
UAV networks, and also for comparison with other more advanced mobility models (and we
showed it acts as a lower bound in terms of performance). Another important aspect of UAV
communications is the fact that UAVs, unlike terrestrial BSs, may wobble randomly, which
could have detrimental effects on the received signal. This phenomenon, which is of interest
to industrial implementation of the UAVs as well, has been explored in detail in Chapters
5 and 6, and industry researchers and practitioners should be cognizant of this behaviour.
In particular, a key implication of our results is the degradation of channel coherence time
due to random UAV wobbling, especially at high carrier frequencies, which makes channel
tracking very challenging.

In this chapter, we summarize the main contributions of this dissertation and briefly discuss
the potential future problems and research directions of drone cellular networks.

7.1 Conclusion

In this dissertation, we have studied various aspects of wireless communications involving
UAVs. In particular, wireless backhaul using UAVs in 3D aerial-terrestrial cellular networks
was studied in Chapter 2, where the works of this chapter have been published in IEEE
journals and conferences [59, 60]. Moving forward to the case of mobile UAVs, we analyzed
canonical mobility models and handover probability in drone cellular networks in Chapters 3
and 4, respectively. The results of these chapters have also been published in IEEE journals
and conferences [64, 81, 82, 84, 85]. After that, we focused on the wireless channel in
Chapters 5 and 6 and studied the impact of UAV wobbling and hardware impairments on

118
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the air-to-ground wireless channel. Some of the works in these chapters have been published
and some have been submitted for possible publications in IEEE journals and conferences
[86, 148, 149]. More details are provided next.

In Chapter 2, we studied the performance of two-hop backhaul-aware 3D cellular networks,
where BSs and UAVs coexist to serve the UEs on the ground. Specifically, each UE either
connects directly to a fiber-backhauled terrestrial BS (access link), or connects first to a UAV
which is then wirelessly backhauled to a terrestrial BS (joint access and backhaul). Inspired
by the 3GPP studies, we used realistic antenna patterns for both BSs and UAVs. Due to
the high probability of LoS in air-to-ground wireless communications, we adopted a proba-
bilistic channel model for the UAV-UE links that incorporates both LoS and NLoS channel
conditions. Following the max-power association policy, we characterized the network cover-
age performance for two well-known relaying protocols, i.e., AF and DF, by identifying and
analyzing the building blocks of their SINR expressions. We also provided a comprehensive
analysis of the joint distribution of distance and zenith angle of the closest and serving UAV
to the typical UE in a 3D setting using tools from stochastic geometry. Moreover, since
the UAV backhaul link could be much weaker than its access link due to the BS antenna
sidelobes and nulls, we analyzed the addition of an uptilted directional antenna at the BS
site for improving the UAV backhaul link.

In Chapter 3, we presented an in-depth and unified analysis of a mobile drone cellular network
operating at a constant height to serve the UEs on the ground. Specifically, we considered
four mobility models for the DBSs, i.e., (i) SL, (ii) RS, (iii) RW, and (iv) RWP, and provided
several fundamental distributional properties of these models. The use of the SL mobility
model for drone networks was inspired by the simulation models used in the 3GPP studies
of drone networks, while the others are useful canonical models (or their variants) that have
been used extensively in wireless networks and provide a reasonable balance between realism
and tractability. The serving DBS is selected based on the nearest-neighbor association
policy and moves according to two service models: (i) based on the same mobility model as
the interfering DBSs (UIM), and (ii) towards the typical UE at a constant height and keeps
hovering above the location of the typical UE (UDM). We proposed a novel characterization
of the point process of DBSs for both the UIM and the UDM, using which we analyzed
the average received rate and the session rate at the typical UE. Borrowing tools from the
calculus of variations, we mathematically showed that the SL mobility model acts as a lower
bound on the system-level performance of our mobile drone network over the space of all
i.i.d. mobility models.

In Chapter 4, we provided a concrete mathematical treatment of the handover probability
in drone cellular networks. Assuming that DBSs move along straight lines and in uniformly
random directions, we considered two mobility scenarios for the DBSs: (i) SSM, where all
DBSs move with the same speed, and (ii) DSM, where DBSs have different speeds. We then
established a duality in terms of the handover probability between the SSM and a terrestrial
network where all the BSs are static and a reference UE moves along a straight line. For
the DSM, we characterized the point process of non-serving DBSs, using which we derived
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a lower bound for the handover probability of the network.

In Chapter 5, we provided a rigorous mathematical analysis for the coherence time of the
channel when UAVs experience random pitch wobbling. Assuming a Rician multi-path chan-
nel model, we considered two different scenarios for the number of UAVs communicating with
the UE, i.e., SUS and MUS, and modeled the UAV pitch wobbling by random processes. For
both the SUS and MUS, we formulated the channel ACF and derived the coherence time
of the channel. Specifically in the MUS, we showed that the channels between the UAVs
and the UE are uncorrelated from each other and the channel autocorrelation matrix is only
determined by its diagonal elements. Our analysis demonstrated that even for small UAV
pitch wobbling, the coherence time of the channel could be severely affected, thus making
channel estimation and symbol detection difficult.

In Chapter 6, we developed a unified air-to-ground channel model that accounts for multiple
physical and hardware impairments. Specifically, we considered a multi-path Rician channel,
where a ground UE receives data from a hovering UAV via one LoS and multiple NLoS
paths. Two fundamentally different impairment types have been considered in this chapter,
i.e., physical impairments (UAV wobbling) and hardware impairments (RF nonidealities at
both the UAV and the UE). We modeled the UAV pitch angle wobbling by two different
stochastic processes, one with independent and stationary increments (the Wiener process)
and another with bounded fluctuations to represent the oscillatory nature of the wobbling
(the sinusoidal process). As for the RF nonidealities, we modeled the combined effect of all
hardware impairments as two multiplicative and additive distortion noise processes. Using
these models, we concretely analyzed the channel ACF and provided easy-to-use equations
for four key channel-related metrics, i.e., PDP, coherence time, coherence bandwidth, and
PSD of the distortion-plus-noise process. One important observation from our analysis was
the high sensitivity of coherence time to both UAV wobbling and hardware impairments,
especially at high frequencies, which renders channel tracking very difficult.

7.2 Future Works

We will now discuss some open problems inspired by this dissertation research.

Multi-Hop Aerial-Terrestrial Cellular Networks. We have already studied UAV-
assisted aerial-terrestrial wireless backhaul networks in a two-hop setting in Chapter 2.
Extending the current two-hop analysis to a multi-hop setting using the nearest neighbor
routing policy is an interesting future work. Note that the nearest neighbor routing strategy
may not be optimal as it does not solve an optimization problem in essence. Therefore,
another future direction in this line of research could be to find the optimal routing strategy
in a multi-hop aerial-terrestrial setting using 3GPP-based practical antenna and channel
models for both the AF and DF relaying schemes.

Advanced Mobility Models for Drone Cellular Networks. In Chapters 3 and 4,
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we extensively studied the performance of drone cellular networks under various canonical
mobility models. One promising future direction could be the use of advanced mathematical
techniques, such as stochastic differential equations, to design more sophisticated drone
trajectories that are fitted to more realistic mobility models. Another interesting future
work is to use our insights from Chapter 2 to extend the results of these chapters to more
general 3D networks.

Impairment-Aware Channel Model for Mobile Drone Cellular Networks. One
of the fundamental assumptions in Chapters 5 and 6 was that both the UAV and the UE
were static (albeit the UAV was wobbling at it hovering location). As we have seen in
the previous chapters, mobility adds a new dimension to the system design, and thus, one
meaningful extension of these works is to provide the same analysis when the UAV is mobile,
which makes the effective Doppler phase shift even more complicated. Also, analyzing the
air-to-ground impairment-aware wireless channel under centralized or distributed MIMO
setups (instead of single-antenna transceivers) is another interesting line of future research.
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Appendix A

Proofs of Lemmas and Theorems of
Chapter 2

A.1 Proof of Lemma 2.3

By definition, we have

FT1(τ) = P
[

aX

bY + I
≤ τ

]
= P [aX ≤ τbY + τI]

(a)
=

∫ ∞

0

fY (y)FX

(
τby + τI

a

)
dy

(b)
= 1−

m−1∑
i=0

mm

i!(m− 1)!

(
mτb

a

)i

e−mτI
a

∫ ∞

0

ym−1

(
y +

I

b

)i

e−(m+mτb
a )y dy

(c)
= 1−

m−1∑
i=0

i∑
k=0

mm(k +m− 1)!

i!(m− 1)!

(
i

k

)(
mτb

a

)i(
I

b

)i−k (
m+

mτb

a

)−m−k

e−mτI
a ,

where in (a) we used the independence of X and Y , in (b) we wrote the cdf of X as the series
expansion FX(x) = γ(m,mx)

(m−1)!
= 1 −

∑m−1
i=0

(mx)i

i!
e−mx for integer m, and in (c) we used the

binomial expansion and simplified the resulting integral using the definition of the gamma
function. By further mathematical manipulations, we obtain the final result as given in
(2.17). □
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A.2 Proof of Lemma 2.4

Similar to the proof of Lemma 2.3, we can write

FT2(τ) = P
[

max{aX, bY }
min{aX, bY }+ I

≤ τ

]
= P

[
aX

bY + I
≤ τ, aX ≥ bY

]
+ P

[
bY

aX + I
≤ τ, aX < bY

]

=
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+
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0
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b

ax
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fX,Y (x, y) dy dx, τ ≥ 1.

We now focus our attention to region τ < 1 and denote its first double integral as L1. We
have
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where in (a) we used the independence between X and Y and the series expansion of the
cdf of gamma random variables (as given in the proof of Lemma 2.3), in (b) we switched the
order of summation and integration, and in (c) we derived the integrals and simplified the
resulting expressions using the binomial expansion and the definition of the lower incomplete
gamma function. Note that the second double integral is nothing but L1 with a and b being
switched with each other. As for region τ ≥ 1, the proof follows the same steps as above,
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with the only difference that the upper limits of the outer integrals are ∞ and we end up
with gamma functions instead of incomplete gamma functions in the last step. Noting that
γ(s,∞) = Γ(s), we obtain the final result as given in (2.18). □

A.3 Proof of Lemma 2.5

We start by writing the joint cdf of interest as

FT1,T3(τ, τ ) = P
[

aX

bY + I
≤ τ,

bY

aX + I + g(aX + bY + I)
≤ τ

]
= P

[
bY ≥ a

τ
X − I, (1− τg)bY ≤ τ(1 + g)aX + τ(1 + g)I

]
. (A.1)

When τ ≥ 1
g
, the second condition in (A.1) always holds since all the constants and

random variables on its right-hand side are non-negative. Hence, we have FT1,T3(τ, τ ) =
P
[

aX
bY+I

≤ τ
]
= FT1(τ) for τ ≥ 1

g
. When τ < 1

g
, we first find the intersection point of lines

Y = a
bτ
X − 1

b
I and Y = aτ(1+g)

b(1−τg)
X + τ(1+g)

b(1−τg)
I as x0 = τI

a(1−τ(1+g))
, y0 = τ(1+g)I

b(1−τ(1+g))
. Note also

that by0 = (1 + g)ax0. We can now derive FT1,T3(τ, τ ) by integrating over the region defined
in (A.1) as follows:

FT1,T3(τ, τ ) =
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1
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g
.

This equation can be simplified similarly as in the proof of Lemma 2.4 to obtain (2.19).
These steps are skipped here for brevity. This completes the proof. □

A.4 Proof of Lemma 2.11

From (2.9) and for a specific channel condition, we observe that among all the UAVs, the
closest one to the typical UE provides the highest averaged received power. Hence, the
serving UAV will be either the closest LoS UAV or the closest NLoS UAV to the typical UE.
We can now write the probability that an NLoS UAV serves the typical UE as

AN = P
[
PRx

D0,N ≥ PRx
D0,L
]
= P

[
r̃−αN

D0,Nη
−1
N ≥ r̃−αL

D0,Lη
−1
L
]

(a)
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P

[
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ηN

ηL

) 1
αL
r

αN
αL

]
fr̃D0,N

(r) dr,
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where in (a) we used the law of total probability by conditioning on r̃D0,N. The final result
in (2.29) is derived by applying the complementary cdf (ccdf) and pdf of r̃D0,L and r̃D0,N,
respectively, from (2.26) and (2.27) to the last integral above. Since the typical UE associates
with either an LoS UAV or an NLoS UAV, we have AL = 1− AN. □

A.5 Proof of Lemma 2.12

Considering the LoS case, we write the joint cdf of rD0,L and θD0,L as

FrD0,L,θD0,L
(r, θ) = P

[
r̃D0,L ≤ r, θ̃D0,L ≤ θ |D0 is an LoS UAV

]
(a)
=

1

AL
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(b)
=

1
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1
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where r0 = (ηN/ηL)
1/αLh

αN/αL
D,m , in (a) we used the fact that AL = P [D0 is an LoS UAV], and

in (b) we used αL < αN, ηL < ηN, and the ccdf of r̃D0,N from (2.26). Taking the derivative of
FrD0,L,θD0,L

(r, θ) with respect to both r and θ, we obtain the final result as given in (2.30).□

A.6 Proof of Lemma 2.13

By definition, we have

LIBU(s|B0) = E
[
e−s

∑
Bx∈Φ′

B
PBη−1

N GBxr
−αN
Bx fBx
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]
(a)
= E

 ∏
Bx∈Φ′

B

(
1 +

sPB

mηN

GBx

rαN
Bx

)−m

∣∣∣∣∣∣B0


(b)
= exp
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(
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)−m
]
uBxduBx

]
,

where in (a) we took the moment generating function (mgf) of the gamma-distributed fBx ,
and in (b) we used the probability generating functional (pgfl) of the PPP Φ′

B. Noting that
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rBx =
√
u2Bx + h2B and GBx = GOmniD

B (π − θBx , θB), where θBx = tan−1(
uBx
hB

) is the zenith
angle of the BS located at Bx, the final result in (2.32) is obtained. □

A.7 Proof of Lemma 2.14

Similar to the proof of Lemma 2.13, we have

LIDU,q1|q2
(s|D0) = E
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e
−s
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= E
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= exp
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−
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Dx sin(θDx)drDxdθDxdϕDx

]
,

where

θD,m = cos−1

(
hD,m

rq1|q2

)
, θD,M = cos−1

(
min

{
hD,M

rq1|q2
, 1

})
,

and we used the pgfl of the PPP Φ′
D,q1

in the last equation. Note that the triple integration
is carried out over the region enclosed between the planes z = hD,m and z = hD,M minus
the exclusion zone XD of the interfering UAVs, as explained earlier with details in Table 2.1.
Observing that GDx = GAC

D (π − θDx), where θDx is the zenith angle of the UAV located at
Dx, we obtain the final result as given in (2.33). □

A.8 Proof of Theorem 2.15

We start by writing the definition of the coverage probability as
PAF

Cov = P
[
SINRAF ≥ τ

]
= P

[
SINRAF ≥ τ

∣∣EL
]
P [EL] + P

[
SINRAF ≥ τ

∣∣EN
]
P [EN]

= P
[
SINRAF

L ≥ τ
]
AL + P

[
SINRAF

N ≥ τ
]
AN,
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where EL and EN represent the events that the typical UE is associated with an LoS and
NLoS UAV, respectively, with probabilities of AL and AN. We now write the ccdf of SINRAF

q

as

PAF
Cov,q ≜ P

[
SINRAF

q ≥ τ
]

= 1− P
[
SINRBU,q < τ,

SINRBDSINRDU,q

SINRBD + SINRDU,q + 1
< τ

]
. (A.2)

Recall that conditioned on knowing the locations of the serving BS and UAV, the SINR
values in (A.2) can be represented in simpler forms as given in (2.14)–(2.16). Using this
representation and by further conditioning on I and Z, we have

PAF
Cov,q = 1− E

[
P
[

aX

bY + I
< τ,

bY

aX + I + g(aX + bY + I)
< τ

∣∣∣∣B0,D0, I, Z

]]
= E

[
F̄T1,T3 (τ, τ )

]
,

where g = N0

cZ
and we used Lemma 2.5 in the last equation. Note that F̄T1,T3 (τ, τ ) =

1 − FT1,T3 (τ, τ ) is the joint ccdf of T1 and T3 conditioned on knowing a, b, g, and I,
which entails the incomplete gamma function, and thus, the series expansion γ(s, x) =

(s−1)!
[
1−

∑s−1
j=0

xj

j!
e−x
]

can be used to obtain PAF
Cov,q. Taking the expectation of F̄T1,T3 (τ, τ )

over I = IU + N0, we end up with the derivatives of the Laplace transform of I, where
LI(s|B0,D0) = E

[
e−s(IU+N0)

∣∣B0,D0
]
= e−sN0LIU|q(s|B0,D0). Following Remark 2.6, Lemma

2.5, and Lemma 2.3, we denote EI

[
F̄T1,T3 (τ, τ )

]
by Wi for region R̂i, i ∈ {1, 2, 3}, as given

in the theorem statement. Since R̂i partitions the whole space, we obtain the final result as
given in (2.34) by taking the expectation of each Wi over the joint distribution of Z, rB0 ,
θD0,q, rD0,q, and ϕB0D0 . □

A.9 Proof of Theorem 2.16

Similar to the proof of Theorem 2.15, we only need to derive PDF
Cov,q. We have

PDF
Cov,q ≜ P
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SINRDF

q ≥ τ
]

= 1− P [SINRBU,q < τ,min {SINRBD, SINRDU,q} < τ ]

= 1− P [SINRBU,q < τ ] + P [SINRBU,q < τ, SINRBD ≥ τ, SINRDU,q ≥ τ ]

(a)
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[
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]
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]
(b)
= 1− E

[
P
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P
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] ]
,
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where in (a) we conditioned the probabilities on knowing B0, D0, and I = IU + N0, and in
(b) we wrote the SINR values in their simpler forms as in (2.14)–(2.16) and also used the
relation P [E ∩ F ] + P

[
E ∩ F̄

]
= P [E], where E = SINRBU,q and F = SINRDU,q, to further

simplify the result. Now, using Lemmas 2.3 and 2.4 and deconditioning similar to the proof
of Theorem 2.15, we obtain the final result as given in (2.35). □



Appendix B

Proofs of Lemmas and Theorems of
Chapter 3

B.1 Proof of Lemma 3.9

Since we have started with an inhomogeneous PPP with the density given as (3.3) for t = 0
in the UDM and the displacements are independent of each other, the network of interfering
DBSs will also be an inhomogeneous PPP at every time t due to displacement theorem [19].
According to Lemma 3.7 and defining X = b(o′, u0) as the exclusion zone, if there was no
X and DBSs moved independently of each other, as in our mobility models, the network
of all DBSs (including the serving DBS) would have remained a homogeneous PPP with
density λ0. Taking X into account, the resulting density of the network can be partitioned
into two sets: (i) density contributed by X (denoted as λ1(t; ux, u0)), i.e., due to the points
that are initially inside X , and (ii) density of interferers (denoted as λ(t; ux, u0)), i.e., due
to the points that are initially outside X . Since the resulting network density is λ0, we
have λ(t; ux, u0) = λ0 − λ1(t; ux, u0). Define N(t) as the average number of points that are
initially inside X and after a displacement of L(t) land on an infinitesimal annulus A with
an inner and outer radii of ux and ux + dux, respectively. Since the density in this case is
rotation-invariant, it is sufficient to consider an annulus centered at o′ for our analysis. By
definition, we can write

λ1(t; ux, u0) = lim
dux→0

N(t)

2πuxdux
, (B.1)

where the denominator denotes the area of A. As shown in Fig. B.1, let x, y1, and y2 denote
a randomly selected point inside X with distance r from o′ and two intersection points of
b(x, L(t)) with A, respectively. Writing the cosine law in triangles o′xy1 and o′xy2, we have

u2x = L(t)2 + r2 − 2rL(t) cos(θ),
(ux + dux)

2 = L(t)2 + r2 − 2rL(t) cos(θ + φ),

where θ = ∠o′xy1 and φ = ∠y1xy2. Eliminating θ in both of these equations gives

cos(φ) = 1

b2

a2 − a

(
dux +

(dux)
2

2ux

)
+ c

√
c2 + 2a

(
dux +

(dux)2

2ux

)
−
(

dux +
(dux)2

2ux

)2
 ,
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Figure B.1: An illustration for the proof of Lemma 3.9. The red circle and the green dotted
circles indicate X and A, respectively.

where a = L(t)2+r2−u2
x

2ux
, b = 2rL(t)

2ux
, c =

√
b2 − a2. Note that the probability that a DBS at x

lands on A after a displacement of L(t) is 2φ
2π

. Hence, we write N(t) by considering all such
points x in X as N(t) = E

[∫ u0

0
φ
π
2πrλ0 dr

]
, where the expectation is taken over L(t). This

gives

λ1(t; ux, u0) =
λ0
π
E
[∫ u0

0

r

ux
lim

dux→0

φ

dux
dr
]
, (B.2)

where we have changed the order of limit with the expectation and the integration due to the
continuity of the integrand. Representing dux with x for simplicity, we compute the limit as

lim
x→0

φ

x
= lim

x→0

1

x
cos−1

1− 1

a2+ c2

c2+ ax+
a

2ux
x2− c

√
c2+ 2ax+

a

ux
x2−

(
x+

x2

2ux

)2


(∗)
=

√
2

a2 + c2
lim
x→0

√√√√(a2 + c2)
(
x2 + 1

ux
x3 + 1

4u2x
x4
)

2c2x2

=
1

c
=

2ux√
(u2x − (L(t)− r)2)((L(t) + r)2 − u2x)

, (B.3)

where in (∗) we used the Taylor series expansion cos−1(1 − x) =
√
2x + Θ(x3/2) as x → 0,

where f(x) = Θ(g(x)) implies that f(x) is asymptotically bounded by g(x) both from above
and below. Note that since the triangle inequality holds for the triple (ux, r, L(t)), the result
in (B.3) is real and positive, as expected. Plugging (B.3) into (B.2), we have

λ1(t; ux, u0) =
λ0
π

∫ ∞

0

∫
I1

2rfL(l; t)√
(u2x − (l − r)2)((l + r)2 − u2x)

dr dl, (B.4)
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where I1 = {|l − ux| ≤ r ≤ l + ux}
⋂

{0 ≤ r ≤ u0}. Since the net displacement of a DBS at
time t cannot exceed its aggregate traveled distance vt, we have L(t) ≤ vt. Hence, (B.4)
simplifies to

λ1(t; ux, u0) =
λ0
π

∫ vt

0

∫
I1
fL(l; t)

2r√
(u2x − (l − r)2)((l + r)2 − u2x)

dr dl

+
λ0
π
(1− FL(vt; t))

∫
I2

2r√
(u2x − (vt− r)2)((vt+ r)2 − u2x)

dr,

where I2 = {|vt− ux| ≤ r ≤ vt+ ux}
⋂
{0 ≤ r ≤ u0}. Simplifying the last step requires

tedious integrations and the details are skipped to maintain brevity. Finally, the density of
the network of interfering DBSs is summarized as (3.4) and (3.5) in the lemma statement.
□

B.2 Proof of Theorem 3.13

The intensity measure or the expected number of interfering DBSs in the Borel set B =
b(o′, u0 + vt) is given as Λ(B) = 2π

∫ u0+vt

0
uxλ(t; ux, u0) dux. Defining Λ1(B) and Λ2(B)

as the intensity measures for the SL mobility model and a general i.i.d. mobility model,
respectively, we need to show that Λ1(B) ≥ Λ2(B). Note that we only prove this for t ≤ u0

v

and the proof for t > u0

v
follows on the similar lines. Using (3.4) and (3.5), we have

Λ1(B)− Λ2(B) = 2πλ0

∫ u0+vt

u0−vt

ux

[
−g(vt, ux)+FL(u0−ux; t) +

∫ vt

|ux−u0|
fL(l; t)g(l, ux) dl

]
dux,

(B.5)

where g(l, ux) =
1
π

cos−1
(

l2+u2
x−u2

0

2lux

)
. Denote the integrand in (B.5) by L(ux, FL(ux), fL(ux)),

which is a functional with ux being the independent variable. Note that we also have
FL(0) = 0 and FL(vt) = 1 by definition. Using the Euler-Lagrange equation, we show
that Λ1(B) − Λ2(B) attains its minimum at zero. From the calculus of variations, we know
that FL is a critical (extremum) function for the functional L if it satisfies the Euler-Lagrange
equation: ∂L

∂FL
− d

dux

(
∂L
∂fL

)
= 0. We compute the first term as ∂L

∂FL
= ux1(u0 − ux) and the

second term as
d

dux

(
∂L

∂fL

)
=

d
dux

(∫ vt

|ux−u0|
uxg(l, ux) dl

)
(a)
= ux1(u0 − ux) +

∫ vt

|ux−u0|

∂

∂ux
(uxg(l, ux)) dl,

where in (a) we used the Leibniz integral rule along with g(|ux−u0|, ux) = 1(u0−ux). Apply-
ing these derivatives to the Euler-Lagrange equation, we get

∫ vt

|ux−u0|
∂

∂ux
(uxg(l, ux)) dl = 0,
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Figure B.2: An illustration for the proof of Lemma 3.16 showing the geometrical interpre-
tations of ∆ and ∆′ in an RW.

which does not include either FL or fL. This means that the original function in (B.5) attains
its extremum at the boundaries. We now evaluate L(ux, FL(ux), fL(ux)) at ux = u0 ± vt as

ux = u0 − vt→ L = −uxg(vt, u0 − vt) + uxFL(+vt) + 0 = 0

ux = u0 + vt→ L = −uxg(vt, u0 + vt) + uxFL(−vt) + 0 = 0.

Since both of the boundary values are 0, we conclude that the minimum value in (B.5) is 0.
□

B.3 Proof of Lemma 3.16

In order to derive the distribution of Ψn, we introduce (n − 1) auxiliary random variables
Ξi = Θi, 1 ≤ i ≤ n−1, and find the joint pdf of n random variables Ψn and Ξi, 1 ≤ i ≤ n−1.
We then integrate out these auxiliary random variables to find the pdf of Ψn. We start by
solving the system of n equations (one equation in (3.11) for the definition of Ψn and (n−1)
equations introduced by the auxiliary random variables) to derive Θi’s in terms of Ψn and
Ξi’s. The result can be written as the following two sets of solutions:

Set 1 :

{
Θi = Ξi, i = 1, 2, . . . , n− 1

Θn = Ξn1 = tan−1
(

−∆ cos(Ψn)+∆′ sin(Ψn)
∆ sin(Ψn)+∆′ cos(Ψn)

)
,

Set 2 :

{
Θi = Ξi, i = 1, 2, . . . , n− 1

Θn = Ξn2 = tan−1
(

−∆ cos(Ψn)−∆′ sin(Ψn)
∆ sin(Ψn)−∆′ cos(Ψn)

)
,

where ∆ =
∑n−1

i=1 Ri sin(Ξi−Ψn) and ∆′ =
√
R2

n −∆2. In Fig. B.2, we show the geometrical
interpretations of ∆ and ∆′. Note also that Ψn =

Ξn1+Ξn2

2
. Computing the determinant of



146 APPENDIX B. PROOFS OF LEMMAS AND THEOREMS OF CHAPTER 3

the Jacobian matrix J , we get |J | = |∂Θn

∂Ψn
| for both solution sets. Hence,

|J | =
∑n

i=1

∑n
j=1RiRj cos(Θi −Θj)∑n

i=1RiRn cos(Θi −Θn)

= 1 +

∑n
i=1

∑n−1
j=1 RiRj cos(Θi −Θj)∑n

i=1RiRn cos(Θi −Θn)
.

By some algebraic manipulations, we find that |J |
∣∣
Θn=Ξn1

+ |J |
∣∣
Θn=Ξn2

= 2. Now, since
Θi ∼ U [0, 2π), the joint distribution of Ψn and Ξi’s can be written as

fΨn,Ξ(ψn, ξ) = fΘ(θ)|J |
∣∣
Θn=Ξn1

+ fΘ(θ)|J |
∣∣
Θn=Ξn2

= 2

(
1

2π

)n

,

where the boldface letters represent vector random variables. Integrating out Ξi, 1 ≤ i ≤
n − 1, the distribution of Ψn is derived as fΨn(ψn) =

1
π

for ψn ∈ [−π
2
, π
2
), due to the range

of the tan−1 function. Finally, since the actual range of Ψn is [−π, π), we conclude that
fΨn(ψn) =

1
2π

for ψn ∈ [−π, π), and the proof is complete. □

B.4 Proof of Lemma 3.17

We consider an RW of two flights F1 and F2, where F1 and F2 are two independent Rayleigh
random variables with parameters σ1 and σ2, respectively. Let F be the distance from the
start of the first flight to the end of the second flight. We show that F is Rayleigh distributed
with parameter σ =

√
σ2
1 + σ2

2, which proves the lemma by induction. Since F1 and F2 are
Rayleigh distributed, they can be written as F1 =

√
X2

1 + Y 2
1 and F2 =

√
X2

2 + Y 2
2 , where

X1, Y1 ∼ N (0, σ2
1) are X2, Y2 ∼ N (0, σ2

2) are independent Gaussian random variables. Note
that due to the independence of X1 and X2, their sum will also be a Gaussian random
variable. Therefore, X = X1 +X2 ∼ N (0, σ2

1 + σ2
2). Likewise, Y = Y1 + Y2 ∼ N (0, σ2

1 + σ2
2).

We can now represent F1 and F2 in the abscissa and ordinate axes as [X1, Y1] and [X2, Y2],
respectively. Hence, F =

√
X2 + Y 2 will have a Rayleigh distribution with parameter σ =√

σ2
1 + σ2

2. This completes the proof. □

B.5 Proof of Proposition 3.20

Similar to the proof of Lemma 3.16, we define 2(n− 1) auxiliary random variables Xi = Ri

and Ξi = Θi, 1 ≤ i ≤ n− 1 and find the joint pdf of these 2n random variables. Solving this
system of 2n equations, we can write Ri and Θi, 1 ≤ i ≤ n in terms of Sn, Zn, Xi, and Ξi,
1 ≤ i ≤ n− 1. Note that (2n− 1) of these equations have trivial solutions, i.e., Ri = Xi and



B.6. PROOF OF PROPOSITION 3.23 147

Θi = Ξi for 1 ≤ i ≤ n− 1 and Rn = Sn−
∑n−1

i=1 Xi. For Θn, we write the governing equation
as

n−1∑
i=1

Xi cos(Θn − Ξi) =
Z2

n −R2
n −

∑n−1
i,j=1XiXj cos(Ξi − Ξj)

2Rn

. (B.6)

Note that the exact expression for Θn will not be required for the derivation of the joint pdf
of interest. We then derive the determinant of the Jacobian matrix as

|J | =
∣∣∣∣∂Θn

∂Zn

∣∣∣∣ = Zn

Rn

∣∣∑n−1
i=1 Xi sin(Θn − Ξi)

∣∣ . (B.7)

Solving (B.6) and (B.7), we can eliminate Rn and Θn to get |J | only in terms of Sn, Zn,
Xi, and Ξi, 1 ≤ i ≤ n − 1. Hence, we can write the joint distribution of these 2n random
variables as

fSn,Zn,X,Ξ(s, z,x, ξ) =
4z

(2π)n
fR(s− Jn)

∏n−1
i=1 fR(xi)√

(z2 − (s− Jn −Kn)2) ((s− Jn +Kn)2 − z2)
,

where Jn =
∑n−1

i=1 xi, Kn =
√∑n−1

i,j=1 xixj cos(ξi − ξj). Integrating this pdf 2(n − 1) times
w.r.t. xi and ξi, 1 ≤ i ≤ n− 1, we end up with (3.13) and the proof is complete. □

B.6 Proof of Proposition 3.23

Considering the RW mobility model at time t, a DBS is either in its first flight, or in its
second flight, etc. Hence, initializing S0 = 0, the event Ω =

⋃∞
n=1 (Sn−1 ≤ vt < Sn) has unit

probability. Thus, we can write the cdf of L(t) as

FL(l; t) = P[L(t) ≤ l] = P[L(t) ≤ l,Ω]

=
∞∑
n=1

P [L(t) ≤ l, Sn−1 ≤ vt < Sn]

(a)
=

∞∑
n=1

P
[
Z2

n−1 − 2Zn−1(vt− Sn−1) cos(Φn) + (vt− Sn−1)
2 ≤ l2, Sn−1 ≤ vt < Sn

]
(b)
=

∞∑
n=1

∫ vt

0

∫ s

0

fSn−1,Zn−1(s, z)(1− FR(vt− s))

× P
[
z2 + (vt− s)2 − 2z(vt− s) cos(Φn) ≤ l2

]
dz ds, (B.8)

where in (a) we used the cosine law and in (b) we conditioned the probability on knowing Sn−1

and Zn−1. Note that Φn = π−Θn+Ψn−1 is the angle between the direction of Zn−1 and the
direction of the n-th flight. We now rewrite the probability in (B.8) as P [cos(Φn) ≥ x], where
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x = z2+(vt−s)2−l2

2z(vt−s)
. In order for this probability to be non-zero, we have two cases: (i) x ≤ −1

which gives z+(vt− s) ≤ l, and (ii) −1 < x ≤ 1 which gives |z− (vt− s)| ≤ l < z+(vt− s),
which is the triangle inequality. Note also that it is clear from our setup that z ≤ s ≤ vt.
For l ≥ vt, only the first case will hold and we can write the cdf as

FL(l; t) =
∞∑
n=1

∫ vt

0

∫ s

0

fSn−1,Zn−1(s, z)(1− FR(vt− s)) dz ds

=
∞∑
n=1

∫ vt

0

fSn−1(s)(1− FR(vt− s)) ds

=
∞∑
n=1

FSn−1(vt)− FSn(vt) = 1,

where in the last equality we used the convolution integral that arises in the derivation of
the cdf of Sn = Sn−1 + Rn. Hence, FL(l; t) = 1 for l ≥ vt, as expected. On the other
hand, both cases can occur for l < vt. For the first case, we have 0 ≤ z ≤ l − (vt − s) and
vt− l ≤ s ≤ vt. Similarly, for the second case we have |l−(vt−s)| ≤ z ≤ min{s, l+(vt−s)}
and vt−l

2
≤ s ≤ vt based on the triangle inequality. Now, according to Lemma 3.16, Ψn−1

is uniformly distributed in [0, 2π), and since Θn ∼ U [0, 2π) is independent of Ψn−1, the
random variable Φn will have a symmetric triangular distribution. However, since the range
of values of Φn is between 0 and 2π, we have Φn ∼ U [0, 2π). Hence, the cdf of L(t) for l < vt
can be written as in (3.15). Note that for n = 1, we have L(t) = vt and the cdf becomes
P[vt ≤ l, vt < R1] = (1 − FR(vt))1(l − vt). Differentiating the derived cdf w.r.t. l using
the Leibniz integral rule for two-dimensional integrals, we end up with the pdf of L(t) as in
(3.16). □

B.7 Proof of Proposition 3.24

Define Mn = Sn + vWn−1 and Yn = Sn + vWn. Considering the RWP mobility model at
time t, a DBS is either in one of its flight states, or in one of its waiting time states. Hence,
initializing S0 = 0 and W−1 = 0, the event Ω′ =

⋃∞
n=1 (Vn−1 ∪ Fn) has unit probability, where

Vn = {Mn ≤ vt < Yn} and Fn = {Yn−1 ≤ vt < Mn} are the n-th waiting and flight periods,
respectively. Thus, we can write the cdf of L(t) as follows.

FL(l; t) = P[L(t) ≤ l] = P[L(t) ≤ l,Ω′] =
∞∑
n=1

P [L(t) ≤ l, Vn−1] +
∞∑
n=1

P [L(t) ≤ l, Fn]

(a)
=

∞∑
n=1

P [Zn−1 ≤ l, Vn−1]

+
∞∑
n=1

P[Z2
n−1 + (vt− Yn−1)

2 − 2Zn−1(vt− Yn−1) cos(Φn) ≤ l2, Fn]
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=
∞∑
n=1

∫ vt

0

∫ min{s,l}

0

fSn−1,Zn−1(s, z)P [s+ vWn−2 ≤ vt < s+ vWn−2 + vTn−1] dz ds

+
∞∑
n=1

∫ vt

0

∫ y

0

fYn−1,Zn−1(y, z)(1− FR(vt− y))

× P
[
z2 + (vt− y)2 − 2z(vt− y) cos(Φn) ≤ l2

]
dz dy

(b)
=

∞∑
n=1

∫ vt

0

∫ min{s,l}

0

fSn−1,Zn−1(s, z)
(
FWn−2(t−

s

v
)− FWn−1(t−

s

v
)
)

dz ds

+
∞∑
n=1

∫ vt

0

∫ y

0

∫ y
v

0

fWn−1(w)fSn−1,Zn−1(y − vw, z)(1− FR(vt− y))

× P
[
z2 + (vt− y)2 − 2z(vt− y) cos(Φn) ≤ l2

]
dw dz dy,

where in (a) we used the fact that L(t) = Zn−1 when a DBS is in its (n− 1)-th waiting state
and L(t) follows the cosine rule when a DBS is in its n-th flight state. In the first summation
of (b), we first conditioned the probability in the integrand on knowing Tn−1 and then used
the identity Wn−1 = Wn−2 + Tn−1 to simplify the result. In the second summation of (b), we
used the definition of Yn−1 to write the joint pdf of Yn−1 and Zn−1 in terms of the joint pdf
of Sn−1 and Zn−1. Now, with the same reasoning as in the proof of Proposition 3.23, we get
the cdf and pdf of L(t) for l ≤ vt as in (3.19) and (3.20), respectively. Note that for n = 1,
we have

FL(l; t|n = 1) = P[vt ≤ vW0] + P[vt− vW0 ≤ l, vW0 ≤ vt < R1 + vW0]

= P
[
W0 ≥ t− min{R1, l}

v

]
=

∫ ∞

0

P[min{R1, l} ≥ vt− vw]fT (w) dw

=

∫ ∞

t− l
v

(1− FR(vt− vw)) fT (w) dw.

For l > vt, we can write the cdf as

FL(l; t) =
∞∑
n=1

∫ vt

0

fSn−1(s)
(
FWn−2(t−

s

v
)− FWn−1(t−

s

v
)
)

ds

+
∞∑
n=1

∫ vt

0

fYn−1(y)(1− FR(vt− y)) dy

(a)
=

∞∑
n=1

∫ vt

0

fSn−1(s)FWn−2(t−
s

v
) ds−

∫ vt

0

fYn−1(y)FR(vt− y) dy

(b)
=

∞∑
n=1

FMn−1(vt)− FMn(vt) = 1,
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where in (a) we used the definition of Yn−1 to get FYn−1(vt) =
∫ vt

0
fSn−1(s)FWn−1(t − s

v
) ds

and in (b) we used the definition of Mn−1 and the identity Mn = Yn−1+Rn to get the result.
□



Appendix C

Proofs of Lemmas and Theorems of
Chapter 4

C.1 Proof of Lemma 4.2

In Fig. C.1, we represent two DBSs D0 and D1 and their trajectories in the time interval
[t0, t2]. We denote the location of D0 (D1) at times t0, t1, and t2 by A0 (B0), A1 (B1), and
A2 (B2), respectively, and its corresponding distance from o′ by a0 (b0), a1 (b1), and a2 (b2),
respectively, where we assume that a handover occurs at time t = t1, where t0 < t1 < t2. Now,
we need to show a2 > b2 given a0 < b0 and a1 > b1. Define θA = ∠o′A0A2, φA = ∠o′A1A2,
θB = ∠o′B0B2, and φB = ∠o′B1B2. Without loss of generality, we assume that π > θA > θB.
We now consider two cases:

Case 1: θB > π
2
. We first show that φA > φB > π

2
. From 4o′B0B1, it is clear that

φB > θB > π
2
. Applying the sine law in 4o′A0A1 and 4o′B0B1, we have

a0
sin(π − φA)

=
a1

sin(θA)
,

b0
sin(π − φB)

=
b1

sin(θB)
.

Since by assumption sin(θA) < sin(θB) and a0
a1
< b0

b1
, we conclude that sin(π−φA) < sin(π−

φB) which gives φA > φB > π
2
. Now writing the cosine law in 4o′A1A2 and 4o′B1B2,

we get a22 = a21 + d21 − 2a1d1 cos(φA) and b22 = b21 + d21 − 2b1d1 cos(φB). Since a1 > b1 and
cos(φA) < cos(φB) < 0, we end up with a2 > b2.

Case 2: θB < π
2
. Writing the cosine law in 4o′A0A1, 4o′B0B1, 4o′A0A2, and 4o′B0B2,

we have

a21 = a20 + d20 − 2a0d0 cos(θA),
b21 = b20 + d20 − 2b0d0 cos(θB),
a22 = a20 + (d0 + d1)

2 − 2a0(d0 + d1) cos(θA),
b22 = b20 + (d0 + d1)

2 − 2b0(d0 + d1) cos(θB).

151
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Figure C.1: Trajectories of D0 and D1. Arrows denote the direction of movements of DBSs.

Now, to show the inequality a2 > b2, we can write

a22 > b22 ⇐⇒ a20 − 2a0(d0 + d1) cos(θA) > b20 − 2b0(d0 + d1) cos(θB)
⇐⇒ a21 − 2a0d1 cos(θA) > b21 − 2b0d1 cos(θB)
⇐⇒ (a21 − b21) + 2d1(b0 cos(θB)− a0 cos(θA)) > 0.

The last inequality is valid since cos(θB) > max{0, cos(θA)} and b0 > a0, which gives
b0 cos(θB) > a0 cos(θA). □

C.2 Proof of Theorem 4.4

Consider the set of BSs and the reference UE in Fig. C.2, where the serving BS is located
at o and the reference UE moves a distance of vt in a uniformly random direction θ from
x1 to x2. The distance of the reference UE from o before and after its movement is r and
R, respectively. Defining C1 = b(x1, r) and C2 = b(x2, R) as two open balls, handover will
not occur if there is no BS in C2. Since C1 is empty by definition, handover will not occur if
there is no BS in C2\C1 (shaded region in Fig. C.2). Hence, the handover probability can be
written by conditioning on r and θ as

P[H(t)|r, θ] = 1− P [N(C2\C1) = 0] (C.1)
= 1− P [N(C2\(C1 ∩ C2)) = 0]

(∗)
= 1− e−λ0|C2\(C1∩C2)| (C.2)
= 1− e−λ0(πR2−S), (C.3)
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Figure C.2: Movement of the reference UE. Triangles and squares denote BSs and the
reference UE, respectively.

where N(B) denotes the number of points in set B, step (∗) follows from the null probability
of PPP(λ0), and S is the intersection area between C1 and C2, which can be written from
plane geometry as

S = r2
(
φ1 −

1

2
sin(2φ1)

)
+R2

(
φ2 −

1

2
sin(2φ2)

)
, (C.4)

where R, φ1, and φ2 are as given in the theorem statement. Substituting (C.4) into (C.1)
and deconditioning on r and θ gives the final result for the handover probability as in (4.2).
□

C.3 Proof of Lemma 4.6

The non-serving DBSs are initially distributed as an inhomogeneous PPP with density given
in (4.3). Since the displacements are independent of each other in the DSM, the resulting
network at time t will also be an inhomogeneous PPP because of displacement theorem [19].
Lemma 4.1 asserts that without the exclusion zone X , DBSs will be distributed as PPP(λ0)
at any time t. However, in the presence of X , we can partition the set of non-serving DBSs
into two sets: (i) non-serving DBSs initially inside X , and (ii) non-serving DBSs initially
outside X . We denote the density due to the former and latter by λ1(t; ux, u

∗) and λ(t; ux, u
∗),

respectively. Note that λ(t; ux, u
∗) is the density of the network of non-serving DBSs and we

have λ(t; ux, u
∗) = λ0 − λ1(t; ux, u

∗). Using the same treatment as in the proof of Lemma 2
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Figure C.3: Movement of the DBSs. Triangles and the square denote DBSs and the typical
UE, respectively.

in [64], we get

λ1(t; ux, u
∗) =

λ0
π

∫ ∞

0

∫
R1

2rfV (v)√
(u2x − (vt− r)2)((vt+ r)2 − u2x)

dr dv, (C.5)

where R1 = {|vt− ux| ≤ r ≤ vt+ ux}
⋂
{0 ≤ r ≤ u∗}. Note that R1 can be simplified fur-

ther by considering the relations between u∗, |vt− ux|, and vt+ ux. We skip further details
for brevity. We finally get

λ1(t; ux, u
∗) = λ0

[
FV

(
u∗ − ux

t

)
+

∫ u∗+ux
t

|u∗−ux|
t

fV (v)
1

π
cos−1

(
v2t2 + u2x − u∗2

2vtux

)
dv
]
, (C.6)

which gives the density of non-serving DBSs as in (4.4). □

C.4 Proof of Theorem 4.7

According to Fig. C.3, let x1 be the initial location of the serving DBS with distance u∗
from o′. Assume that the serving DBS moves to a new location x2 by time t with speed v in
direction θ. Let R = ‖o′x2‖, C1 = b(o′, u∗), and C2 = b(o′, R). Defining G as the event that
there is no DBS in C2 and H̄(t) as the event that handover has not been occurred until time
t, we have H̄(t) ⊂ G. This is due to different speeds of DBSs and the probable event that a
DBS can enter and exit C2 before time t (see the movement of a non-serving DBS from y1
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to y2 in Fig. C.3). Hence, P[H̄(t)] ≤ P[G], which gives

P[H(t)] = 1− P[H̄(t)]

≥ 1− P[G]
= 1− P[N(C2) = 0]

= 1− exp
[
−
∫ R

0

2πuxλ(t; ux, u
∗) dux

]
.

Deconditioning w.r.t. θ, u∗, and v, we end up with (4.5). □

C.5 Proof of Corollary 4.8

In the SSM, since we assume all DBSs have the same speed v, we have fV (v′) = δ(v′ −
v). Substituting this equation into (4.5), we end up with (4.6) with some mathematical
manipulations. Now based on Lemma 4.2, events G and H̄(t) (defined in Appendix C.4) will
become equivalent, i.e., the occurrence of a handover before time t necessitates the existence
of a point in C2. Hence, the derived lower bound in (4.5) becomes exact in (4.6) and the
proof is complete. □
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