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ABSTRACT: New Bayesian parameter estimation methods have @
the capability to enable more physically realistic and reliable -~ e

/ Computational —r
molecular dynamics (MD) simulations by providing accurate ' @ MM
estimates of uncertainties of force-field (FF) parameters and '
associated properties. However, the choice of which Bayesian
parameter estimation algorithm to use has not been widely
investigated, despite its impact on the effective exploration of
parameter space. Here, using a case example of the Embedded
Atom Method (EAM) FF parameters, we investigated the
ramifications of several of the algorithm choices. We found that
Ensemble Slice Sampling (ESS) and Affine-Invariant Ensemble
Sampling (AIES) demonstrate a new level of superior performance,
culminating in more accurate parameter and property estimations
with tighter uncertainty bounds, compared to traditional methods such as Metropolis-Hastings (MH), Gradient Search (GS), and
Uniform Random Sampler (URS). We demonstrate that Bayesian Uncertainty Quantification with ESS and AIES leads to
significantly more accurate and reliable predictions of the FF parameters and properties. The results suggest that ESS and AIES
should be used to obtain more accurate parameter and uncertainty estimations while providing deeper physical insights.
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1. INTRODUCTION space.'’ There are multiple MCMC sampling algorithms that
are available. Metropolis-Hastings (MH) is prevalent due to its
simplicity, historical usage, straight-forward implementation,
and low computational cost."*~"* Ensemble MCMC samplers

The advancements in experimental and computational
methods in materials science and engineering have significantly
improved the generation of accurate and reliable data sets.

While frequentist interpretations have historically dominated like Affine-Invariant Ensemble Sampling (AIES)'*"" and
data set analysis and parameter estimation, there has been a Ensemble Slice Sampling (ESS)'®'” are better suited to
notable shift towards Bayesian methods.' ™ This transition can explore high-dimensional spaces. A direct and systematic
be attributed to rises in computing power, advancements in comparison of their performance in scientific problems is
theoretical understanding, and Bayesian methods’ unique critical for selecting an algorithm for complex parameter
ability to quantify uncertainty during data-driven solution spaces, offering not only improved solutions but also
estimation. Bayesian uncertainty quantification (BUQ) of unraveling important physical insights through a well-explored
integrated model parameters can provide deeper insights into and well-characterized posterior. Here, we test the hypothesis

the reliability and robustness of both experimental and
computational methods.*~°

In BUQ-based parameter estimation, the solution values
comprise a probability distribution, termed the posterior
distribution.” The maximum of the distribution represents
the most probable set of parameters, and in this work, it
corresponds to seeking the most physically correct set of
parameters when all uncertainties are accounted for.® Received:  January 30, 2024 ICIC -

Determining this distribution of parameter values requires Revised:  June 11, 2024
Accepted: June 12, 2024

Published: June 26, 2024

that AIES and ESS will be superior for obtaining physically
meaningful parameter estimates along with narrow uncertain-
ties for molecular dynamics (MD) simulation force-field (FF)
parameters and properties, as they can efliciently explore high-
dimensional spaces.

exploration of the available parameter space. This exploration
is most commonly performed using Markov Chain Monte
Carlo (MCMC) sampling algorithms,”'® which puts greater
emphasis on exploring more probable regions of the parameter
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Figure 1. Flowchart of the Bayesian Uncertainty Quantification (BUQ) framework. This shows the MD model development, data generation for
Gaussian Process Regression (GPR) model training using Sobol sequencing, integration of GPR models with sampling algorithms to perform BUQ
of the EAM potential, and last, the validation of their posterior distribution.

Recognizing the limitations of conventional model param-
eter optimizationzo_24 to account for uncertainties, use of
BUQ_ has been increasing in MD simulations research to
develop FF parameters, and these studies are crucial for
understanding atomic- and molecular-level interactions in
materials.”> > An ideal set of FF parameters would result in
precise MD simulations. There is the potential to achieve these
FF parameters by integrating BUQ with appropriate sampling
algorithms. Most importantly, BUQ_can enable UQ_of both
parameters and predicted properties, ensuring more reliable
and robust models with accurate predictions. To classify the
performance of FF after physically meaningful parameter
estimation, we define the FF produced as “True” if it accurately
predicts the target properties. Additionally, simulations with
the FF also have uncertainties when produced by BUQ, and
these uncertainties can be tightened, unchanged, or loosened
uncertainties with respect to the original uncertainties of any
target physical property. A model is thus True-Tightened with
respect to a particular property if the final property estimate
(the posterior distribution) is consistent with the present-day
beliefs of the ground truth and also achieves a narrower
uncertainty distribution for that property’s output (e.g., at least
>20% tighter than the initial uncertainty for that property). A
model is thus True-Unchanged if the final property estimate
(the posterior distribution) is consistent with the present-day
beliefs of the ground truth, and there is little change in the
uncertainty distribution for that property (e.g., between 20%
narrower and 20% broader). A model is thus True-Loosened if
the final property estimate (the posterior distribution) is
consistent with the present-day beliefs of the ground truth and
moves to a broader uncertainty distribution for that property
(e.g, >20% broader). In the context of MD simulations,
obtaining a model that is a True-Tightened FF is an ideal
outcome: such an FF not only consistently matches physical
predictions but even enhances our precision relative to what
was known from only experiments.

In this work, we employ different samplers for BUQ_ to
estimate the uncertainty of the input parameters for the MD
model and the simulated properties. Specifically, our test case
model is the MD’s Embedded Atom Method (EAM)*"*®
potentials to model all-atom gold systems by accounting for
their pairwise interactions and the electron density from
neighboring atoms in which the atom is embedded. We
highlight that our primary objective was to compare the
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performance of different BUQ_sampling algorithms to explore
the space of the 14 FF parameters with the secondary goal of
obtaining True-Tightened FF models (Section S1. I of the
Supporting Information). One of the major advantages of
employing the Bayesian approach is that it not only provides
uncertainties for the properties but also for the model
parameter values. We examined the three-mentioned MCMC
algorithms: MH, AIES, and ESS; as well as two non-MCMC
sampling algorithms: grid search (GS) and uniform random
sampler (URS). Each sampler was tasked with exploring the
posterior distribution, with the solutions judged on the
structural, mechanical, and thermophysical properties pro-
duced by MD simulations. We found that ESS and AIES were
able to develop accurate and robust True-Tightened FF
models.

2. METHODOLOGY

2.1. Model Development. We first performed a conven-
tional parameter optimization with particle swarm optimization
(PSO)*"**~*" and the LAMMPS MD simulation package to
develop 14 parameters of EAM FF for an all-atom gold model
(Figure 1)."***% The model was optimized toward the
structural, mechanical, and thermophysical properties. Partic-
ularly, we evaluated the 10 properties for FCC gold: (i)
Cohesive energy refers to the amount of energy required to
completely separate the atoms in a solid metal, indicating the
strength of the atomic bonds. (ii) Density is the mass of the
metal per unit volume, often expressed in grams per cubic
centimeter. Elastic constants like (iii) C11, (iv) C12, and (v)
C44 are measures of the stiffness or rigidity of the metal in all
three directions. (vi) The bulk modulus represents the
resistance of a material to compression, indicating its ability
to withstand changes in volume under pressure. (vii) Poisson’s
ratio is a measure of the ratio of lateral contraction to
longitudinal extension when a material is stretched. Surface
tensions at the (viii) 100, (ix) 110, and (x) 111 surfaces refer
to the energy required to increase the surface area of the metal
along their crystallographic directions, indicating the surface
stability of the metal. These properties were selected because
of the availability of the multiple reports on experimental and
Density Functional Theory (DFT) as well as their ease of
calculations in MD simulations.**™>° Experimental/DFT
values for the density and cohesive energy are generally
precise and exhibit little variation. This is followed by simpler
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elastic constants like Cl11 and C12, as well as the bulk
modulus. However, we observed greater variability in
experimental DFT values for the Poisson's ratio and C44.
Surface tension values, on the other hand, show the most
variability, likely due to differing techniques used for
calculating the surface tension and their sensitivity to
surrounding conditions. These multiple sources further
enabled us to calculate their uncertainties, which was used as
experimental uncertainty in our BUQ_ calculations (more
details shown in Section S1. I of the Supporting Informa-
tion).”' ¢

PSO iteratively refined the parameters based on the sum of
squared residuals for the 10 target properties. Note, this
conventional optimization cannot comprehensively account for
the uncertainties of the target properties.”>’ Hence, the BUQ
facilitates the thorough integration of experimental (inherent)
uncertainties into the target values during the model
development process. The next section sheds light on the
implementation of BUQ in this study.

2.2, Bayesian Uncertainty Quantification (BUQ)
Framework. Bayesian parameter estimation enables inclusion
of uncertainties for finding more physically realistic solutions®
and performing BUQ. However, the uncertainty quantification
within BUQ requires large quantities of sampling of parameter
permutations, and thus, the BUQ process can require
significant computational expense. One best practice when
the goal is to characterize the best parameters for complex
systems with BUQ_is to mitigate this computational expense by
starting with a preoptimized initial point, as was done here
using PSO to obtain the initial point. Alternatively, one could
take existing choices of FF parameters of interest (such as from
existing literature) and perform BUQ in the region of the
posterior region around that initial point. An additional
strategy for mitigating the computational expense is to use
intermediate surrogate models for the extensive sampling
required for BUQ, and such intermediate surrogate models
were used here. In this work, we also perform Sobol Sensitivity
analysis around the initial point to gain insights and to ensure
that the surrogate models faithfully capture the training data
distributions. If one includes these additional steps for practical
and accurate BUQ_in computationally intensive applications,
then the BUQ framework encompasses the following three
stages:

2.2.1. Sobol Sensitivity. To further investigate the sensitivity
of these properties, a Sobol sequence is used to perturb the
input parameter set from some perturbation percent to give
evenly distributed parameter sets using the following equation:

0.=0(1 — 5) + (265)SP (1)
where SP; is the i point in the Sobol sequence, 6 is the
parameter set, and 0 is the perturbation percent. In this work, a
perturbation percent of 5% and 5000 samples are used to study
a large local space around the optimized parameter set with
appropriate point density.

Conducting a sensitivity analysis employing Sobol sampling
with data derived from all-atom model simulations and diverse
parameter configurations, the PSO-derived set of FF
parameters was perturbed, using a Sobol sequence (which is
a quasi-random sampling) within 5% bounds, to create S000
sets of parameters to perform MD simulations.”®*” Using these
MD results, we determine the sobol sensitivity indices, given
by eq 2.
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SI = V[E(YIX))1/V(Y) (2)
Sobol sensitivity indices, or Sobol measures, quantify
variance in output properties relative to input parameters.
They reveal higher-order interactions’ impact on property
variances. Using the above formula, the effect of higher-order
interactions can be assessed by comparing first-order and total-
order indices. Sobol sensitivity indices provide a variance-based
analysis, distinguishing changes in parameters’ effects on
properties. First-order indices directly link parameter changes
to property variance, while higher-order indices identify
variance contributions from parameter interactions. Total
variance contributions sum to 1, indicating first-order relations’
dominance. These quantify variance in output properties
concerning input parameters, revealing higher-order interac-
tions’ impact on variances. This approach provides insights
into our model, attributing variance contributions to specific
parameters and their interactions. Therefore, it emphasizes
thefirst-order relations for our system, which are critical.

2.2.2. GPR Modeling. We employ a machine learning
model, Gaussian Process regression (GPR), that is trained on
the Sobol data, which can serve as a surrogate for MD
simulations. GPR is a flexible, nonparametric machine learning
(ML) model and can provide probabilistic predictions and
compatibility with Bayesian inference. This compatibility
allows GPR to naturally incorporate prior knowledge and
provide a full probabilistic description of the uncertainty in the
predictions, making it an ideal candidate for uncertainty
quantification in MD simulation models using Bayesian
approaches. To ensure efficient training and inference without
sacrificing accuracy, the GPR models were trained on a subset
of 4000 data points, while the remaining 1000 points were
employed as testing data. Finally, the best kernel was chosen
and the surrogate model was trained on all 5000 points, to be
employed further in Bayesian analysis. (Details in Section S1.II
of the Supporting Information).>*"

The GPR models were used as surrogates for MD
simulations, which enabled us to extensively sample and
explore the uncertainties of the property predictions using the
BUQ algorithms implemented in the PEUQSE software
package (the software package formerly named CheKi-
PEUQ).””” The purpose of the GPR surrogate models is to
expedite the BUQ_in this framework. In problems we have
worked on, this approach is scalable up to ~10 parameters on a
conventional computer and ~15 parameters on a super-
computer. For computational modeling that is less computa-
tionally expensive than GPR predictions, this surrogate
modeling step may be omitted as it would be unnecessary.
However, nearly all scientific computing that is beyond
algebraic will be outpaced by GPR surrogate models. Thus,
BUQ can likely be accelerated by GPR for the vast majority of
scientific computing applications.

2.2.3. Bayesian Uncertainty Quantification Input. To
develop our understanding of the underlying model dynamics
and intricacies by assessing the dependence of parameters, 6,
relative to the experimental/ DFT observations, Y., we
developed a Bayesian framework.”> Specifically, we created
posterior distributions for individual parameters through Bayes
theorem, which can be written as shown in eq 3.’

p(Yopd0, M)-p(61M)

p(0|Yo s M) =
’ p(Y M)

3)
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Figure 2. Assessment of GPR model performance by comparing GPR predictions with MD predictions based on Sobol Sequence data. (a) Parity
plots demonstrate high accuracy, (b) while violin plots indicate that the property value distributions from MD simulations are effectively captured
by the GPR models. (c) First-order Sobol sensitivity indices indicating variation of properties being correlated with changes in FF parameters.

In eq 3, p(61Y,,, M) is the posterior probability distribution
of the FF parameters given the observed data and a model, M;
p(Yd0, M) is the likelihood function of observing the
experimental data from the given model, p(#IM) is the prior
distribution of the FF parameters given a model, and p(Y,;,|M)
is the evidence, which is assumed to be constant. To mitigate
potential biases in the system, a bound uniform prior
distribution was chosen with the same bounds established
during the Sobol sequence sampling for each parameter. This
approach ensured that the prior distribution was consistent
with the underlying parameter space and avoided an undue
influence on the posterior distribution. We can assume that the
observed data and subsequent model predictions follow the
prediction error equation:

Yobs

= + €, (4)
where Y4 is the predicted value from a model, M. Here, the
error term consists of a summation of possible errors given by
€ €p + €gy, where €p is the measurement error in
experimental data, and €gy; is the modeling error of surrogate
models (i.e, GPR models), which also accounts for the
computational error in MD simulations, €yp. The total error of
the network is often approximated to be Gaussian in nature
(ie, € ~ N(0, 0%.,)), and we did so here, although this
assumption is not necessary for our framework. Here, the
likelihood function served as the measure of fit between the
experimental observations and MD predictions. The explora-
tion of more probable posterior regions is then dependent, in
part, on this likelihood function.

Achieving Bayesian parameter estimation and additional
uncertainty quantification (UQ) for the model through the
integration of the GPR model and PEUQSE, a Bayesian tool
designed for parameter estimation. The BUQ_ likelihood
function was constructed as a multivariate Gaussian distribu-
tion. The errors in experiments/DFT along with the GPR
model errors were incorporated into the BUQ. For BUQ, we
ran appropriate extents of parameter exploration with several
algorithms for comparison. MH was run with a single Markov
chain (walker) for 2 million samples (Section S1. I of the

pred
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Supporting Information). AIES and ESS were run with 56
walkers for 8 and 1.6 million samples, respectively. ESS was
run with differential moves. URS was run for 15 million
samples, and GS was run for ~4.8 million samples. The
differences in sample size and walker counts arise due to each
algorithm’s design and also reflect the sampling used for
exploration of any additional postreriour modes that were
found by the sampler.'”'*™"* For the purposes of comparing
the performance of the samplers, comparable computational
resources were used for each sampler's first exploratory search.

3. RESULTS AND DISCUSSION

3.1. Model Development Using Particle Swarm
Optimization (PSO). Initial PSO-derived 14 EAM parameters
exhibited good agreement between MD properties and with
those obtained from reported experiments and DFT
calculations (Section S1. I and Tables S3 and S4 in the
Supporting Information).53_56 Moreover, the parameters
developed in this study outperform the majority of the
reported all-atom gold models in almost all structural,
mechanical, and thermophysical properties (Table S4 in the
Supporting Information).”*"*® The question then becomes: if
we want to perform uncertainty quantification of the force-field
parameters using a Bayesian approach, which sampling
algorithm would be used to explore such a complex parameter
space?

3.2. Sobol Sensitivity Indices. We first investigated the
starting model which had been optimized by PSO. Within a 5%
perturbation of parameters bounds, the coefficients of variation
for each property were less than ~7.5% (Figure 2 and Section
S1. II of the Supporting Information). The lower accuracy of
the GPR for the (111) surface reflects the inherent challenges
associated with modeling surface properties using EAM.*"~">
Several studies in the literature have reported that most EAM
potential forms for various metals underestimate the surface
energies.37’73‘74 This has been attributed to the surrounding
environment of the surface atoms, which are in low-electron-
density regions, and EAM potential inability to model these
large electron-density gradients at the surfaces. Despite
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Figure 3. Posterior distributions from (a) URS, (b) MH, (c) ESS, and (d) AIES within corner plots and heatmaps of Pearson correlation
coefficients, illustrating the correlation of selected properties and selected input parameters. The depicted parameter space is reduced to show the
impactful parameters and multimodality found during BUQ. The red-colored internal border distinguishes parameters from properties, such that
the upper-left region of each panel (4 x 4 grid) shows correlations among parameters, whereas the bottom-right region of each panel (3 X 3 grid)
shows correlations among properties, and the bottom-left region of each panel (3 x 4 grid) shows property—parameter correlations. The two modes
found by ESS during BUQ are designated when clearly visible within the distribution plots at the diagonal of panel c.

significant efforts to improve the environment of the
surrounding atoms by introduction of new parameters in
EAM potential, predictions of surface energies remain
challenging.”>~"” In the present study, performing Sobol
perturbation within 5% of the original data set further
highlights challenges associated with surface energy calcu-
lations. Additionally, it reveals that even minor variations in FF
parameters can affect surface energy in ways that are
unpredictable and lack discernible patterns. This results in
lower quality data for training GPR models.

Using the GPR models, variance-based sensitivity analysis
was performed, to assess which properties varied as a
parameter was changed and plotted with a Sobol indices
scale (Figure 2c). This analysis shows that parameter B largely
influenced E_, and parameter A was correlated to the Poisson
ratio. Moreover, as anticipated, the equilibrium bond distance
(r.), the electron density at which embedding energy is the
lowest (p,),”® and the proportional coefficient for electron-
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density calculation (fe)76 were each correlated to most
properties.

3.3. Bayesian Uncertainty Quantification Analysis.
Next, BUQ was performed to find more physically realistic
solutions and assess the robustness of the final model
parameters in determining the properties. Multiple BUQ
sampling algorithms, called samplers, were investigated. These
BUQ_samplers were broken into three classes: non-MCMC
(URS, GS), single-walker MCMC (MH), and ensemble
MCMC (ESS and AIES). The ACT graphs and Geweke’s
indices plotted in Figures S4—S21 of the Supporting
Information indicate that all samplers were run for a sufficient
number of samples and have converged. Figure 3 shows
representative corner plot outputs for selected highly
characterized properties and parameters for one sampler of
each class: URS, MH, and ESS. Additionally, we include the
corner plot for AIES to show that the posterior found by AIES
matches ESS very well for thesehighly characterized parame-
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ters. The plots for all parameters and properties are shown in
Figures S22—S31 in Section 2 of the Supporting Information.
Here, circular scatter plots are indicative of low correlation,
while diagonal elliptical graphs suggest a high correlation
between the two variables. In general, the correlations among
the parameters and properties identified by all of the samplers
are in agreement, although some differences exist. The main
source of these differences is that MCMC samplers will better
sample according to the property uncertainties, relative to a
non-MCMC sampler because their sampling is dynamically
influenced by the posterior.

3.3.1. Posterior Distributions. The posterior distributions
represent the solutions for the parameters after BUQ. The goal
is to obtain an accurate representation of the highest posterior
density region, which represents the high probability solutions.
All of the samplers are exploring the same posterior
distribution for the parameter values, and all of the samplers
would return a complete and accurate representation of the
posterior distribution with infinite time. However, with finite
real-world time, their performance can converge to accurate
representations of the highest posterior density region with
very different time performances, with advanced samplers
using superior algorithms that tend to return accurate
representations with orders of time faster performance. The
MH, ESS, AIES, and URS algorithms showed distinct
calculated posterior distributions for most of the parameters.
The GS exploration was not suitable for exploration of this
high-dimensional complex parameter space, providing a vastly
sparse sampling of the highest posterior density region
(Figures S28 and S29 of the Supporting Information). ESS
and AIES produced similar distributions that were nearly
identical for many properties and parameters (Comparison of
Figure 3c,d; Figures S26 and S27 and Figures S30 and S31 of
the Supporting Information). The fact that ESS and AIES
produced distributions that are nearly identical to the eye for
most parameters and properties, despite these samplers using
very different algorithms, is one sign that they have explored
the posterior well and extensively. Finding such a close
solution from two different algorithms is one sign of
convergence. The narrow distributions depicted in the ESS
and AIES samplers demonstrate a better robustness of the
developed FF parameters. Moreover, the parameter space
predicted by posterior distributions obtained with ESS and
AIES was smooth, whereas those derived from MH were
rougher as seen by multiple sharp peaks in the posterior
distributions (Figure 3). Interestingly, both ESS and AIES
found a posterior distribution with two modes (two solutions)
where the second mode (Mode 2) was not detected by MH,
URS, or GS. This suggests that the MH sampler is less adept at
exploring the high-dimensional parameter space. The first
mode (Mode 1) was detected by all samplers. The existence of
two modes also means that there are two separate local
maximum a posteriori probability (MAP) values, which are
highest probability points for the solutions.

3.3.2. Insights into Complex Relationship between EAM
Parameters and Properties. The ESS results in Figure 3 show
that both Mode 1 and Mode 2 have positive correlations
between 1 and E_; and both modes have a negative
correlation between 7 and B. For both modes, there is
essentially no correlation between p, and E ;. For a higher
value of p,, since the embedding energy contours are larger in
size, only a minimal contribution of energy is added by the F,
term, (4th term in Eq. SE4 of the Supporting Information’®) in
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the embedding energy, also denoted by increased by #.
Consequently, the tendency of atoms to move toward lower
electron-density regions results in atoms moving away from
each other, which is supported by the corresponding decrease
in the attraction term B, resulting in an increased lattice
constant and reduced E_y, potentially explaining the
correlation between lower p, and higher B values associated
with lower E_.

For both ESS and AIES, Mode 1 had almost no correlation
between C44 and p,, whereas Mode 2 had a strong correlation
between C44 and p,.. This observation indicates that the two
modes are not simply different local optima that are
qualitatively similar: rather, that the two modes have distinctly
different physical behavior, which explains their ability to each
better reproduce different target properties. Mechanical
properties, including elastic constants, were accurately
predicted by Mode 1 (errors ~S to 15%), while Mode 2
showed only slight deviations from the density and surface
tension target values (errors from 0.3 to 4.8%). This ultimately
underscores the significance of sampling algorithms in
obtaining explorations that are reflective of the true posterior
space and highlights that BUQ in MD simulations should use
samplers capable of exploring complex posteriors that may
comprise complexity greater than that of a single continuous
mode. A description of the physical relationship between
parameters and properties is provided in Section S3 of the
Supporting Information.

3.3.3. Validation of GPR Predictions. Overall, the ESS and
AIES samplers had the most robust posterior distributions,
followed by the MH, with URS and GS samplers being the
least robust. The ESS and AIES posterior distributions were
characterized by well-resolved peaks, lower variance, higher
relative magnitude, and good alignment with experimental
values. To validate GPR prediction values obtained for the
parameters from posterior distributions, we further performed
MD simulations for randomly selected 100 FF parameter sets
from the high posterior density region (Figures S32—S41 of
the Supporting Information). A comparison between the
normal distribution of observed targets (experimental/DFT)
with the MD results and the 95% credible interval around the
mean of all samples (usp) is reported in Figure SS3 of the
Supporting Information. For all properties (except C44 and
Poisson ratio), the posterior distribution is overlaid on the
experimental target distribution for ESS, demonstrating its
capability of finding good solutions in this high-dimensional
space (Figures S42—S52 of the Supporting Information). In
general, the tradeoff between embedding energy and the
pairwise term of EAM benefited either the modeling of
mechanical properties or physical properties like density and
surface tension. We have tabulated a comparison of values that
define the 95% credible intervals (mean and 2 standard
deviations) estimated by all samplers of BUQ_in Tables S6—
S12 of the Supporting Information. Finally, to provide an
estimate of the computational resources utilized in this study,
we have detailed in Table S13 the number of samples
evaluated using PSO with MD simulations and BUQ with this
GPR model, expressed in terms of core-hours.

3.3.4. Posterior Coverage Probabilities. The coverage
probability is the probability of the true value being within a
specific confidence interval. Calculating the coverage proba-
bility relative to the likelihood’s confidence intervals is possible
using the posterior distributions, since the posterior distribu-
tion reflects a probability distribution for the true value.This
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Figure 4. Coverage probability based on posterior presence within likelihood confidence intervals for (a) density, (b) E.yy, (c) bulk modulus, (d)

Cl11, (e) C12, (f) C44, (g) ST100, (h) ST110, and (i) ST111 properties.

calculation provides a check of how well the final models
match the measured observable. For the FF parameters, a
True-Tightened model would be the best case, followed by
True-Unchanged, followed by True-Loosened. Figure 4 shows
confidence interval coverage probability plots that assess the
extent to which the highest density region of the posterior is
aligned with (and contained within) the likelihood. In these
plots, the coverage probability was calculated with the
posteriors approximated as Gaussian distributions centered
around their posterior mean values. These plots illustrate the
(approximated) percent of a property’s posterior distribution
within a given confidence interval from the likelihood. Thus,
values that are above the unity line indicate that the percentage
of the posterior distribution within that confidence interval of
the likelihood is greater than what the confidence value was
prior to the analysis. That is, points above the unity line are
when that amount of posterior distribution is completely
within the estimated uncertainties of the experimental/
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theoretical expectations. When points are greater than or
equal to the unity line in the early portion of the graph (left
portion), this indicates that the means of the posterior
distribution outputs and the likelihood are in agreement.
When the plotted points asymptotically approach 100%, that
means that the posterior distribution outputs are fully
contained within the likelihood distribution (within rounding).
This results when the posterior distribution of the property of
interest has a reduction in the standard deviation, and the
posterior mean is close to the target property value. In
layperson’s terms, if the points reach 100%, then the final
models have outputs within experimental/theoretical error. In
most cases shown in Figure 4, the posterior distribution is
narrower than the likelihood and it is thus possible for the
posterior distribution to be fully contained in the likelihood
distribution—this situation is not unusual in Bayesian
parameter estimation, indicating an addition of information
about the appropriate parameters given the experimental data.
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Accordingly, we do see that many of the coverage probabilities
rise to 100% rapidly, which is effectively an indication that the
posterior distribution is in agreement with the expected value
from the likelihood and also indicates a post-analysis narrowing
of the credible interval to be smaller than the pre-analysis
likelihood. Thus, our understanding of what the true value is
becomes more accurate as a result of considering the joint
probability of the MD simulations and the experimental/
theoretical values. This can be seen, for example, by comparing
Figure 4c and Figure S46 in the Supporting Information. In
Figure 4c, the better samplers of AIES and ESS rapidly rise
toward 100%, indicating a good match with the likelihood and
also a narrower posterior distribution.

Within Figure 4, for any given property panel: if a series rises
rapidly to 100%, then that solution corresponds to a True-
Tightened FF for that property (such as the AIES and ESS
solutions for ST100). If a series falls near the dashed unity line,
it is a True-Unchanged FF for that property (such as all of the
AIES and ESS solutions for density). If a series does not reach
100% within the graph, then it is a True-Loosened FF (or even
False-Loosened FF, which would indicate no match between
the posterior and experimental mean, as well as broader
uncertainty) for that property (such as the URS and GS
solutions for density). In general, the results from the ESS and
AIES samplers were more likely to rise rapidly and to approach
100% coverage probability (for the specific mode that better
predicts that property). This indicated a narrowing of the
posterior relative to the original confidence interval while
staying within it, suggesting an improved precision in the
estimate of the true value. Furthermore, this rise to 100%
shows that the models are robust, as the parameters can be
adjusted within the credible intervals of the posterior
distribution without exiting the confidence intervals obtained
from the target experimental/theoretical values and their
uncertainties for those properties. AIES and ESS outperformed
the other samplers in finding True-Tightened FF for more
properties. MH was the median sampler: it tended to be
between the best samplers and the worst samplers. With all
BUQ _samplers, there is a balance in trading to improve the
performance of predicting some properties at the expense of
other properties. The AIES and ESS samplers were the best
samplers in this study as they provided more True-Tightening
of properties and were the only samplers to find the two modes
of solutions due to their efficient exploration of the high-
dimensional FF parameter space. As further depicted in Figure
S46, the posterior distributions from AIES and ESS are in
agreement with the observed value while also providing a
narrower credible interval. AIES and ESS provide qualitatively
similar posterior distributions considering both modes
separately.

As mentioned previously, there is a tradeoff between the two
modes by the accuracy of density predictions with the elastic
properties, with mode 1 emphasizing elastic property accuracy
and mode 2 emphasizing density property accuracy. For mode
1, AIES shows a quicker convergence to full coverage
probability over ESS as exemplified in all elastic constants
while maintaining a coverage probability close to unity for
density as ESS shows a slow increase in coverage probability
for density. In mode 2, AIES maintains coverage probabilities
above the unity line for density and at the unity line for C44,
while ESS has coverage probabilities at the unity line for
density and significantly below the unity line for C44. The
AIES sampling here performed better for these properties. It is
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important to recognize that this narrower credible interval is
based on the Bayesian parameter estimation considering the
joint probabilities of the MD outputs of all properties. Thus,
the physical basis of MD, and the knowledge that “a
completely physically correct simulation would correctly
produce all properties”, enables the Bayesian parameter
estimation to create a posterior distribution with narrower
credible intervals relative to the experimental observations’
uncertainties. In addition to providing an improved estimate of
the true value, such posterior distributions also enable creation
of more robust MD models: because they indicate that varying
the parameters within the range of the posterior mode will not
exit the confidence intervals obtained from experiment/
theoretical values.

In contrast to the advanced samplers, the URS sampler tends
to more often follow or be below the unity line due to less
refinement of the model than the more advanced samplers,
indicating no additional information about the parameters was
added by Bayesian parameter estimation. In some cases, such
as with the density outputs from URS, the coverage probability
never reaches 100%, as the posterior distribution is not fully
contained in the likelihood distribution. This behavior arises
when the posterior distribution of the property remains
broader than the experimental uncertainty and/or the posterior
mean deviates from the target property value. Another
interesting case in Figure 4 occurs where the coverage
probability shows an “S-shaped” behavior, which results from
a narrowing of the posterior distribution with a posterior mean
that deviates from the target property value. The coverage
probability remains low and then rapidly increases to full
coverage after the experimental confidence interval includes
the posterior mean value. In total, the various coverage
probability graphs show that the advanced samplers create final
outputs that are in better agreement with the experimental
observations. These graphs thus further reinforce the
importance of using advanced samplers. The better perform-
ance of the advanced samplers is due to their ability to find and
hone in on the highest posterior density regions and thus result
in posterior distributions that are more likely to be contained
within the likelihood.

Both AIES and ESS are very effective algorithms for
exploring high-dimensional posteriors. Neither sampler can
be said to be superior for all possible posteriors, particularly
given that both algorithms involve hyperparameters. In the
general case, because AIES involves jumps and ESS involves
slices, we would anticipate that AIES would perform better
than ESS for some cases where the posterior has much more
roughness at the fine scale or has discontinuities. In contrast,
we would anticipate that ESS would perform better than AIES
for cases where there are only a small number of modes and
there is a continuous posterior distribution. One advantage of
ESS is that it is rejection free, which gives it a speed advantage
in exploring smooth posteriors.”® To overcome the difficulty
that ESS is known to have for traversing low or no probability
regions, there is an ESS variation in which global moves (a type
of jump) are introduced into ESS. The global moves option is
available in the ESS package used during this study,”® but was
not used in this study as ESS using global moves is not a good
general choice for an unexplored posterior (based on our own
experience and also the documentation of the software
package). In this study, the performances of AIES and ESS
were similar, with ESS being slightly faster and resulting in a
slightly more converged posterior. This is consistent with the
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expected behavior, as the posterior distributions in this study
are relatively continuous and smooth, such that the perform-
ance gap was not solution-determining between these two
algorithms for this study. It is important to note that, when
there are multiple modes, the shape of the posterior and the
separation between the modes may play a factor in
determining which sampler would find all modes sooner.
Thus, we recommend considering using both samplers if
possible when investigating complex high-dimensional prob-
lems, such as in this study. The solutions provided by each can
then be examined.

4. CONCLUSIONS

In conclusion, the newly developed MCMC algorithms ESS
and AIES are advantageous in achieving True-Tightened FFs
for more robust UQ, when compared to the MH, URS, and GS
algorithms, for high-dimensional and complex parameter
spaces. Notably, for the FF parameter UQ_estimation problem
examined here, both ESS and AIES were capable of detecting
two separate posterior modes of solutions, a nuance that all
other algorithms failed to capture. ESS and AIES thereby not
only found improved solutions that were missed by the
traditionally used samplers, but also sensitivity analyses of
these modes provided additional understanding of the
relationships between parameters and properties. Thus,
applying these newly developed MCMC samplers to complex
model development, with comparison to experimental and
theoretical values, enhances physically realistic models while
also deepening the physical understanding of MD FF
parameters. These results are likely applicable across various
experimental and computational subfields of materials science.
Therefore, our research highlights the critical need and
urgency to evaluate and compare MCMC sampling algorithms
in diverse areas of materials science and engineering, especially
considering the increasing interest in BUQ methods.

The BUQ samplers employed in this study serve as tools for
executing the UQ_of any given system. This framework is not
limited to MD and can be adapted to any computational model
that takes inputs from a parameter space to produce numerical
outputs. The use of GPR surrogates during BUQ was for
acceleration and is not a crucial step in the framework. Other
surrogate types with uncertainty propagation could be used
instead, and computational models that are sufficiently
computationally cheap may be used directly without a
surrogate. The framework used here is general enough to
apply to FFs for all-atom and coarse-grained systems, including
organic molecules, glycomaterials, biomolecules, polymers, and
systems with solvation. When used in concert with
experimental researchers, this framework can enable the
scientific community to make more informed models and
also inform experimental design.

B ASSOCIATED CONTENT

Data Availability Statement

The data sets generated and/or analyzed during the current
study are available on our GitHub:: https://github.com/
Deshmukh-Group/BUQ_ all-atom_ gold.git.

© Supporting Information
The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00130.

Detailed methodology of Particle Swarm Optimization
(PSO) and Embedded Atom Method (EAM) potentials

5740

for modeling metals; results: convergence of Bayesian
samplers and posterior distribution corner plots for all
parameters and properties; and physical insights of
bimodal distribution (PDF)

B AUTHOR INFORMATION

Corresponding Authors

Aditya Savara — Oak Ridge National Laboratory, Oak Ridge,
Tennessee 37830, United States; © orcid.org/0000-0002-
1937-2571; Email: savaraa@ornl.gov

Sanket A. Deshmukh — Department of Chemical Engineering,
Virginia Tech, Blacksburg, Virginia 24060, United States;

orcid.org/0000-0001-7573-0057; Email: sanketad@

vt.edu

Authors

Abhishek T. Sose — Department of Chemical Engineering,
Virginia Tech, Blacksburg, Virginia 24060, United States

Troy Gustke — Department of Chemical Engineering, Virginia
Tech, Blacksburg, Virginia 24060, United States

Fangxi Wang — Department of Chemical Engineering, Virginia
Tech, Blacksburg, Virginia 24060, United States

Gaurav Anand — Department of Chemical Engineering,
Virginia Tech, Blacksburg, Virginia 24060, United States

Sanjana Pasupuleti — Department of Chemical Engineering,
Virginia Tech, Blacksburg, Virginia 24060, United States

Complete contact information is available at:
https://pubs.acs.org/10.1021/acs.jctc.4c00130

Author Contributions
*A.T.S. and T.G. contributed equally.

Notes

The authors declare no competing financial interest.

Sample calculations, analysis codes, and detailed explanations
of the code used in this paper are available on GitHub:
https://github.com/Deshmukh-Group/BUQ_ all-atom_ gold.
git. PEUQSE code is available at https://github.com/
AdityaSavara/PEUQSE.

B ACKNOWLEDGMENTS

The authors would like to acknowledge Advanced Research
Computing (ARC) at Virginia Tech for computational
resources. S. A. D. acknowledges the support from NSF
CAREER Award (Award No.: DMR-CMMT-2047743). This
work was supported by GlycoMIP, a National Science
Foundation Materials Innovation Platform funded through
Cooperative Agreement DMR-1933525. This work was
supported in part by the U.S. Department of Energy, Office
of Science, Office of Workforce Development for Teachers and
Scientists (WDTS) under the Science Undergraduate Labo-
ratory Internships (SULI) program. Work by A.S. for adding
Bayesian parameter estimation sampling enhancements into
PEUQSE was sponsored by the U.S. Department of Energy,
Office of Science, Office of Basic Energy Sciences, Chemical
Sciences, Geosciences, and Biosciences Division, Catalysis
Science Program.

B REFERENCES

(1) King, G. B;; Lovell, A. E; Neufcourt, L.; Nunes, F. M. Direct
Comparison between Bayesian and Frequentist Uncertainty Quanti-
fication for Nuclear Reactions. Phys. Rev. Lett. 2019, 122 (23),
No. 232502.

https://doi.org/10.1021/acs.jctc.4c00130
J. Chem. Theory Comput. 2024, 20, 57325742


https://github.com/Deshmukh-Group/BUQ_all-atom_gold.git
https://github.com/Deshmukh-Group/BUQ_all-atom_gold.git
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00130?goto=supporting-info
https://pubs.acs.org/doi/suppl/10.1021/acs.jctc.4c00130/suppl_file/ct4c00130_si_001.pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Aditya+Savara"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://orcid.org/0000-0002-1937-2571
https://orcid.org/0000-0002-1937-2571
mailto:savaraa@ornl.gov
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sanket+A.+Deshmukh"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://orcid.org/0000-0001-7573-0057
https://orcid.org/0000-0001-7573-0057
mailto:sanketad@vt.edu
mailto:sanketad@vt.edu
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Abhishek+T.+Sose"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Troy+Gustke"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Fangxi+Wang"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Gaurav+Anand"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sanjana+Pasupuleti"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00130?ref=pdf
https://github.com/Deshmukh-Group/BUQ_all-atom_gold.git
https://github.com/Deshmukh-Group/BUQ_all-atom_gold.git
https://github.com/AdityaSavara/PEUQSE
https://github.com/AdityaSavara/PEUQSE
https://doi.org/10.1103/PhysRevLett.122.232502
https://doi.org/10.1103/PhysRevLett.122.232502
https://doi.org/10.1103/PhysRevLett.122.232502
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.4c00130?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

(2) Seide, S. E.; Jensen, K.; Kieser, M. A Comparison of Bayesian
and Frequentist Methods in Random-Effects Network Meta-Analysis
of Binary Data. Res Synth Methods 2020, 11 (3), 363—378.

(3) Stallard, N.; Todd, S.; Ryan, E. G.; Gates, S. Comparison of
Bayesian and Frequentist Group-Sequential Clinical Trial Designs.
BMC Med. Res. Methodol. 2020, 20 (1), 4.

(4) Rizzi, F.; Najm, H. N.; Debusschere, B. J.; Sargsyan, K.; Salloum,
M.; Adalsteinsson, H.; Knio, O. M. Uncertainty Quantification in MD
Simulations. Part I: Forward Propagation. Multiscale Model. Simul.
2012, 10 (4), 1428—1459.

(5) Rizzi, F.; Najm, H. N.; Debusschere, B. J.; Sargsyan, K.; Salloum,
M.; Adalsteinsson, H.; Knio, O. M. Uncertainty Quantification in MD
Simulations. Part II: Bayesian Inference of Force-Field Parameters.
Multiscale Model. Simul. 2012, 10 (4), 1460—1492.

(6) Wu, S.; Angelikopoulos, P.; Papadimitriou, C.; Moser, R;
Koumoutsakos, P. A Hierarchical Bayesian Framework for Force Field
Selection in Molecular Dynamics Simulations. Philos. Trans. R. Soc., A
2016, 374 (2060), No. 20150032.

(7) Savara, A; Walker, E. A. CheKiPEUQ Intro 1: Bayesian
Parameter Estimation Considering Uncertainty or Error from Both
Experiments and Theory**. ChemCatChem 2020, 12 (21), S385—
5400.

(8) Matera, S.; Schneider, W. F.; Heyden, A.; Savara, A. Progress in
Accurate Chemical Kinetic Modeling, Simulations, and Parameter
Estimation for Heterogeneous Catalysis. ACS Catal. 2019, 9 (8),
6624—6647.

(9) Brooks, S. Markov Chain Monte Carlo Method and Its
Application. J Royal Statistical Soc D 1998, 47 (1), 69—100.

(10) Kass, R. E.; Carlin, B. P.; Gelman, A.; Neal, R. M. Markov
Chain Monte Carlo in Practice: A Roundtable Discussion. Am. Stat.
1998, 52 (2), 93—100.

(11) Gal, Y.; Ghahramani, Z. Dropout as a Bayesian Approximation:
Representing Model Uncertainty in Deep Learning. In Proceedings of
The 33rd International Conference on Machine Learning; Balcan, M. F.;
Weinberger, K. Q,, Eds.; Proceedings of Machine Learning Research,
PMLR: New York, USA, 20--22 Jun 2016; Vol. 48, pp 1050—1059.

(12) Metropolis, N.; Rosenbluth, A. W.; Rosenbluth, M. N.; Teller,
A. H,; Teller, E. Equation of State Calculations by Fast Computing
Machines. J. Chem. Phys. 1953, 21 (6), 1087—1092.

(13) Robert, C. P.; Casella, G. Monte Carlo Statistical Methods;
Springer Science & Business Media, 2013.

(14) Chib, S.; Greenberg, E. Understanding the Metropolis-Hastings
Algorithm. Am. Stat. 1995, 49 (4), 327—335.

(15) Hitchcock, D. B. A History of the Metropolis—Hastings
Algorithm. Am. Stat. 2003, 57 (4), 254—257.

(16) Goodman, J; Weare, J. Ensemble Samplers with Affine
Invariance. Communications in Applied Mathematics and Computational
Science 2010, S (1), 65—80.

(17) Foreman-Mackey, D.; Hogg, D. W.; Lang, D.; Goodman, J.
Emcee: The MCMC Hammer. arXiv [astro-ph.IM], 2012. http://
arxiv.org/abs/1202.3665.

(18) Karamanis, M.; Beutler, F. Ensemble slice sampling: Parallel,
black-box and gradient-free inference for correlated & multimodal
distributions. Stat. Comput. 2021, 31 (S), 61.

(19) Karamanis, M.; Beutler, F.; Peacock, J. A. Zeus: A Python
Implementation of Ensemble Slice Sampling for Efficient Bayesian
Parameter Inference. Mon. Not. R. Astron. Soc. 2021, 3589.

(20) Bejagam, K. K; Singh, S.; An, Y.; Deshmukh, S. A. Machine-
Learned Coarse-Grained Models. J. Phys. Chem. Lett. 2018, 9 (16),
4667—4672.

(21) Bejagam, K. K;; Singh, S.; An, Y.; Berry, C.; Deshmukh, S. A.
PSO-Assisted Development of New Transferable Coarse-Grained
Water Models. J. Phys. Chem. B 2018, 122 (6), 1958—1971.

(22) Faller, R; Schmitz, H.; Biermann, O.; Miiller-Plathe, F.
Automatic Parameterization of Force Fields for Liquids by Simplex
Optimization. J. Comput. Chem. 1999, 20 (10), 1009—1017.

(23) Wan, M; Song, J.; Li, W.; Gao, L.; Fang, W. Development of
Coarse-Grained Force Field by Combining Multilinear Interpolation

5741

Technique and Simplex Algorithm. J. Comput. Chem. 2020, 41 (8),
814—829.

(24) Wang, J.; Kollman, P. A. Automatic Parameterization of Force
Field by Systematic Search and Genetic Algorithms. J. Comput. Chem.
2001, 22 (12), 1219—1228.

(25) Dutta, R; Brotzakis, Z. F.; Mira, A. Bayesian Calibration of
Force-Fields from Experimental Data: TIP4P Water. J. Chem. Phys.
2018, 149 (15), No. 154110.

(26) Frederiksen, S. L.; Jacobsen, K. W.; Brown, K. S.; Sethna, J. P.
Bayesian Ensemble Approach to Error Estimation of Interatomic
Potentials. Phys. Rev. Lett. 2004, 93 (16), No. 165501.

(27) Angelikopoulos, P.; Papadimitriou, C.; Koumoutsakos, P.
Bayesian Uncertainty Quantification and Propagation in Molecular
Dynamics Simulations: A High Performance Computing Framework.
J. Chem. Phys. 2012, 137 (14), No. 144103.

(28) Longbottom, S.; Brommer, P. Uncertainty Quantification for
Classical Effective Potentials: An Extension to potfit. Model. Simul.
Mat. Sci. Eng. 2019, 27 (4), No. 044001.

(29) Patrone, P. N; Dienstfrey, A.; Browning, A. R; Tucker, S,
Christensen, S. Uncertainty Quantification in Molecular Dynamics
Studies of the Glass Transition Temperature. Polymer (Guildf.) 2016,
87, 246—259.

(30) Cailliez, F.; Pernot, P.; Rizzi, F.; Jones, R; Knio, O.;
Arampatzis, G.; Koumoutsakos, P. Bayesian Calibration of Force
Fields for Molecular Simulations. Uncertainty Quantif. Multiscale
Mater. Model. 2020, 169—227.

(31) Vassaux, M.; Wan, S.; Edeling, W.; Coveney, P. V. Ensembles
Are Required to Handle Aleatoric and Parametric Uncertainty in
Molecular Dynamics Simulation. J. Chem. Theory Comput. 2021, 17
(8), 5187-5197.

(32) Hegde, A.; Weiss, E.; Windl, W.; Najm, H.; Safta, C. Bayesian
Calibration of Interatomic Potentials for Binary Alloys. Comput.
Mater. Sci. 2022, 214, No. 111660.

(33) Pernot, P.; Cailliez, F. A Critical Review of Statistical
Calibration/prediction Models Handling Data Inconsistency and
Model Inadequacy. AICKE ]. 2017, 63 (10), 4642—4665.

(34) Longbottom, S.; Brommer, P. Uncertainty Quantification for
Classical Effective Potentials: An Extension to Potfit. Modell. Simul.
Mater. Sci. Eng. 2019, 27 (4), No. 044001.

(35) Taylor, P. A.; Stevens, M. J. Explicit Solvent Machine-Learned
Coarse-Grained Model of Sodium Polystyrene Sulfonate to Capture
Polymer Structure and Dynamics. Eur. Phys. J. E: Soft Matter Biol.
Phys. 2023, 46 (10), 97.

(36) Sose, A. T.; Joshi, S. Y.; Kunche, L. K.; Wang, F.; Deshmukh, S.
A. A Review of Recent Advances and Applications of Machine
Learning in Tribology. Phys. Chem. Chem. Phys. 2023, 25 (6), 4408—
4443.

(37) Daw, M. S,; Foiles, S. M.; Baskes, M. 1. The Embedded-Atom
Method: A Review of Theory and Applications. Materials Science
Reports 1993, 9 (7), 251-310.

(38) Johnson, R. A. Alloy Models with the Embedded-Atom
Method. Phys. Rev. B Condens. Matter 1989, 39 (17), 12554—12559.

(39) Joshi, S. Y.; Deshmukh, S. A. A Review of Advancements in
Coarse-Grained Molecular Dynamics Simulations. Mol. Simul. 2021,
47 (10—11), 786—803.

(40) An, Y.; Bejagam, K. K.; Deshmukh, S. A. Development of New
Transferable Coarse-Grained Models of Hydrocarbons. J. Phys. Chem.
B 2018, 122 (28), 7143—7153.

(41) Sose, A. T.; Mohammadi, E.; Achari, P. F.; Deshmukh, S. A.
Determination of Accurate Interaction Parameters between the
Molybdenum Disulfide and Water to Investigate Their Interfacial
Properties. J. Phys. Chem. C 2022, 126 (4), 2013—2022.

(42) Thompson, A. P.; Aktulga, H. M.; Berger, R.; Bolintineanu, D.
S.; Brown, W. M,; Crozier, P. S;; in ‘t Veld, P. J.; Kohlmeyer, A,;
Moore, S. G.; Nguyen, T. D.; Shan, R.; Stevens, M. J; Tranchida, J;
Trott, C.; Plimpton, S. J. LAMMPS - a Flexible Simulation Tool for
Particle-Based Materials Modeling at the Atomic, Meso, and
Continuum Scales. Comput. Phys. Commun. 2022, 271, No. 108171.

https://doi.org/10.1021/acs.jctc.4c00130
J. Chem. Theory Comput. 2024, 20, 57325742


https://doi.org/10.1002/jrsm.1397
https://doi.org/10.1002/jrsm.1397
https://doi.org/10.1002/jrsm.1397
https://doi.org/10.1186/s12874-019-0892-8
https://doi.org/10.1186/s12874-019-0892-8
https://doi.org/10.1137/110853169
https://doi.org/10.1137/110853169
https://doi.org/10.1137/110853170
https://doi.org/10.1137/110853170
https://doi.org/10.1098/rsta.2015.0032
https://doi.org/10.1098/rsta.2015.0032
https://doi.org/10.1002/cctc.202000953
https://doi.org/10.1002/cctc.202000953
https://doi.org/10.1002/cctc.202000953
https://doi.org/10.1021/acscatal.9b01234?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acscatal.9b01234?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acscatal.9b01234?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1111/1467-9884.00117
https://doi.org/10.1111/1467-9884.00117
https://doi.org/10.1080/00031305.1998.10480547
https://doi.org/10.1080/00031305.1998.10480547
https://doi.org/10.1063/1.1699114
https://doi.org/10.1063/1.1699114
https://doi.org/10.1080/00031305.1995.10476177
https://doi.org/10.1080/00031305.1995.10476177
https://doi.org/10.1198/0003130032413
https://doi.org/10.1198/0003130032413
https://doi.org/10.2140/camcos.2010.5.65
https://doi.org/10.2140/camcos.2010.5.65
http://arxiv.org/abs/1202.3665
http://arxiv.org/abs/1202.3665
https://doi.org/10.1007/s11222-021-10038-2
https://doi.org/10.1007/s11222-021-10038-2
https://doi.org/10.1007/s11222-021-10038-2
https://doi.org/10.1093/mnras/stab2867
https://doi.org/10.1093/mnras/stab2867
https://doi.org/10.1093/mnras/stab2867
https://doi.org/10.1021/acs.jpclett.8b01416?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.8b01416?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.7b10542?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.7b10542?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/(SICI)1096-987X(19990730)20:10<1009::AID-JCC3>3.0.CO;2-C
https://doi.org/10.1002/(SICI)1096-987X(19990730)20:10<1009::AID-JCC3>3.0.CO;2-C
https://doi.org/10.1002/jcc.26131
https://doi.org/10.1002/jcc.26131
https://doi.org/10.1002/jcc.26131
https://doi.org/10.1002/jcc.1079
https://doi.org/10.1002/jcc.1079
https://doi.org/10.1063/1.5030950
https://doi.org/10.1063/1.5030950
https://doi.org/10.1103/PhysRevLett.93.165501
https://doi.org/10.1103/PhysRevLett.93.165501
https://doi.org/10.1063/1.4757266
https://doi.org/10.1063/1.4757266
https://doi.org/10.1088/1361-651X/ab0d75
https://doi.org/10.1088/1361-651X/ab0d75
https://doi.org/10.1016/j.polymer.2016.01.074
https://doi.org/10.1016/j.polymer.2016.01.074
https://doi.org/10.1016/B978-0-08-102941-1.00006-7
https://doi.org/10.1016/B978-0-08-102941-1.00006-7
https://doi.org/10.1021/acs.jctc.1c00526?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c00526?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c00526?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/j.commatsci.2022.111660
https://doi.org/10.1016/j.commatsci.2022.111660
https://doi.org/10.1002/aic.15781
https://doi.org/10.1002/aic.15781
https://doi.org/10.1002/aic.15781
https://doi.org/10.1088/1361-651X/ab0d75
https://doi.org/10.1088/1361-651X/ab0d75
https://doi.org/10.1140/epje/s10189-023-00355-x
https://doi.org/10.1140/epje/s10189-023-00355-x
https://doi.org/10.1140/epje/s10189-023-00355-x
https://doi.org/10.1039/D2CP03692D
https://doi.org/10.1039/D2CP03692D
https://doi.org/10.1016/0920-2307(93)90001-U
https://doi.org/10.1016/0920-2307(93)90001-U
https://doi.org/10.1103/PhysRevB.39.12554
https://doi.org/10.1103/PhysRevB.39.12554
https://doi.org/10.1080/08927022.2020.1828583
https://doi.org/10.1080/08927022.2020.1828583
https://doi.org/10.1021/acs.jpcb.8b03822?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.8b03822?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcc.1c07313?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcc.1c07313?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcc.1c07313?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/j.cpc.2021.108171
https://doi.org/10.1016/j.cpc.2021.108171
https://doi.org/10.1016/j.cpc.2021.108171
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.4c00130?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

(43) Wines, D.; Xie, T.; Choudhary, K. Inverse Design of next-
Generation Superconductors Using Data-Driven Deep Generative
Models. J. Phys. Chem. Lett. 2023, 14, 6630—6638.

(44) Kittel, C; Introduction to Solid State Physics; Wiley, 1956.

(45) Yoneda, A.; Fukui, H.; Gomi, H.; Kamada, S.; Xie, L.; Hirao,
N.; Uchiyama, H.; Tsutsui, S.; Baron, A. Q. R. Single Crystal Elasticity
of Gold up to ~ 20 GPa: Bulk Modulus Anomaly and Implication for
a Primary Pressure Scale. Jpn. J. Appl. Phys. 2017, 56 (9), No. 095801.

(46) Brandes, E. A; Brook, G. B.; Paufler, P. Smithells Metals
Reference Book. Butterworth-Heinemann Ltd., Oxford, 1992. 1746
Seiten, Preis 150 £, ISBN 0—7506—1020—4. Cryst. Res. Technol. 1993,
28, 530.

(47) Tyson, W. R; Miller, W. A. Surface Free Energies of Solid
Metals: Estimation from Liquid Surface Tension Measurements. Surf.
Sci. 1977, 62 (1), 267—276.

(48) Brown, T. L.; Lemay, H. E,, Jr; Bursten, B. E; Murphy, C;
Woodward, P. M.; Langford, S.; Sagatys, D.; George, A. Chemistry,
The Central Science: A Broad Perspective; Pearson Australia Group,
2013.

(49) Cutnell, J. D.; Johnson, K. W. Physics, Volume One: Chapters 1—
17; John Wiley & Sons, 2014.

(50) Poisson’s Ratios metals. https://www.engineeringtoolbox.com/
metals-poissons-ratio-d_1268.html.

(51) O'Neil, M. J. The Merck Index: An Encyclopedia of Chemicals,
Drugs, and Biologicals; RSC Publishing, 2013.

(52) Brandes, E. A.; Brook, G. B. Smithells Metals Reference Book;
Elsevier, 2013.

(53) Neighbours, J. R; Alers, G. A. Elastic Constants of Silver and
Gold. Phys. Rev. 1958, 111 (3), 707—712.

(54) Chang, Y. A,; Himmel, L. Temperature Dependence of the
Elastic Constants of Cu, Ag, and Au above Room Temperature. J.
Appl. Phys. 1966, 37 (9), 3567—3572.

(55) Ashcroft, N. W.,; Mermin, N. D. Solid State Physics (holt,
Rinehart and Winston, New York, 1976). 2005 Google Scholar.

(56) Simmons, G.; Wang, H. Single Crystal Elastic Constants and
Calculated Aggregate Properties: A Handbook. The MIT Press (No
Title) 1971.

(57) Walker, E. A.; Ravisankar, K.; Savara, A. CheKiPEUQ Intro 2:
Harnessing Uncertainties from Data Sets, Bayesian Design of
Experiments in Chemical Kinetics. ChemCatChem 2020, 12 (21),
5401-5410.

(58) Navid, A.; Khalilarya, S.; Abbasi, M. Diesel Engine
Optimization with Multi-Objective Performance Characteristics by
Non-Evolutionary Nelder-Mead Algorithm: Sobol Sequence and
Latin Hypercube Sampling Methods Comparison in DoE Process.
Fuel 2018, 228, 349—367.

(59) Bratley, P.; Fox, B. L. Algorithm 659: Implementing Sobol’s
Quasirandom Sequence Generator. ACM Trans. Math. Softw. 1988,
14 (1), 88—100.

(60) Deringer, V. L.; Bartok, A. P.; Bernstein, N.; Wilkins, D. M;
Ceriotti, M.; Csanyi, G. Gaussian Process Regression for Materials
and Molecules. Chem. Rev. 2021, 121 (16), 10073—10141.

(61) Williams, C. K. L; Rasmussen, C. E. Gaussian Processes for
Machine Learning; MIT Press: Cambridge, MA, 2006; Vol. 2.

(62) Dhaliwal, G.; Nair, P. B.; Singh, C. V. Uncertainty Analysis and
Estimation of Robust AIREBO Parameters for Graphene. Carbon N.
Y. 2019, 142, 300-310.

(63) Narayanan, B.; Kinaci, A.; Sen, F. G.; Davis, M. J.; Gray, S. K;
Chan, M. K. Y,; Sankaranarayanan, S. K. R. S. Describing the Diverse
Geometries of Gold from Nanoclusters to Bulk-- a First-Principles
Based Hybrid Bond Order Potential. arXiv [cond-mat.mtrl-sci], 2015.
DOI: 10.1021/acs.jpcc.6b02934.

(64) Foiles, S. M.; Baskes, M. I; Daw, M. S. Embedded-Atom-
Method Functions for the Fcc Metals Cu, Ag, Au, Ni, Pd, Pt, and
Their Alloys. Phys. Rev. B Condens. Matter 1986, 33 (12), 7983—7991.

(65) Alvi, S. M. A. A;; Faiyad, A.; Munshi, M. A. M.; Motalab, M,;
Islam, M. M,; Saha, S. Cyclic and Tensile Deformations of Gold—
Silver Core Shell Systems Using Newly Parameterized MEAM
Potential. Mech. Mater. 2022, 169, No. 104304.

5742

(66) Ackland, G. J,; Tichy, G.; Vitek, V.; Finnis, M. W. Simple N-
Body Potentials for the Noble Metals and Nickel. Philos. Mag. A 1987,
56 (6), 735—756.

(67) Zhou, X. W.; Wadley, H. N. G.; Johnson, R. A; Larson, D. J.;
Tabat, N.; Cerezo, A.; Petford-Long, A. K; Smith, G. D. W,; Clifton,
P. H.; Martens, R. L.; Kelly, T. F. Atomic Scale Structure of Sputtered
Metal Multilayers. Acta Mater. 2001, 49 (19), 4005—4015.

(68) Zhou, X. W.; Johnson, R. A.; Wadley, H. N. G. Misfit-Energy-
Increasing Dislocations in Vapor-Deposited CoFe/NiFe Multilayers.
Phys. Rev. B Condens. Matter 2004, 69 (14), No. 144113.

(69) Heinz, H.; Vaia, R. A,; Farmer, B. L.; Naik, R. R. Accurate
Simulation of Surfaces and Interfaces of Face-Centered Cubic Metals
Using 12—6 and 9—6 Lennard-Jones Potentials. J. Phys. Chem. C
2008, 112 (44), 17281—17290.

(70) Mehl, M. J,; Papaconstantopoulos, D. A. Applications of a
Tight-Binding Total-Energy Method for Transition and Noble
Metals: Elastic Constants, Vacancies, and Surfaces of Monatomic
Metals. Phys. Rev. B Condens. Matter 1996, 54 (7), 4519—4530.

(71) Baskes, M. L; Melius, C. F. Pair Potentials for Fcc Metals. Phys.
Rev. B Condens. Matter 1979, 20 (8), 3197—3204.

(72) Baskes, M. . Many-Body Effects in Fcc Metals: A Lennard-
Jones Embedded-Atom Potential. Phys. Rev. Lett. 1999, 83 (13),
2592-2598S.

(73) Mason, D. R;; Nguyen-Manh, D.; Becquart, C. S. An Empirical
Potential for Simulating Vacancy Clusters in Tungsten. J. Phys.:
Condens. Matter 2017, 29 (50), No. 505501.

(74) Hiremath, P.; Melin, S.; Bitzek, E.; Olsson, P. A. T. Effects of
Interatomic Potential on Fracture Behaviour in Single- and Bicrystal-
line Tungsten. Comput. Mater. Sci. 2022, 207, No. 111283.

(75) Shan, B.; Wang, L.; Yang, S.; Hyun, J.; Kapur, N; Zhao, Y,;
Nicholas, J. B.;; Cho, K. First-Principles-Based Embedded Atom
Method for PdAu Nanoparticles. Phys. Rev. B Condens. Matter 2009,
80 (3), No. 035404.

(76) Marchal, R;; Genest, A.; Kriiger, S.; Résch, N. Structure of Pd/
Au Alloy Nanoparticles from a Density Functional Theory-Based
Embedded-Atom Potential. J. Phys. Chem. C 2013, 117 (42), 21810—
21822.

(77) Mishin, Y.; Farkas, D.; Mehl, M. J.; Papaconstantopoulos, D. A.
Interatomic Potentials for Monoatomic Metals from Experimental
Data Andab Initiocalculations. Phys. Rev. B Condens. Matter 1999, 59
(5), 3393—3407.

(78) Karamanis, M.; Beutler, F.; Peacock, J. A. Zeus: A Python
Implementation of Ensemble Slice Sampling for Efficient Bayesian
Parameter Inference. Mon. Not. R. Astron. Soc. 2021, 508 (3), 3589—
3603.

https://doi.org/10.1021/acs.jctc.4c00130
J. Chem. Theory Comput. 2024, 20, 57325742


https://doi.org/10.1021/acs.jpclett.3c01260?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.3c01260?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.3c01260?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.7567/JJAP.56.095801
https://doi.org/10.7567/JJAP.56.095801
https://doi.org/10.7567/JJAP.56.095801
https://doi.org/10.1002/crat.2170280419
https://doi.org/10.1002/crat.2170280419
https://doi.org/10.1002/crat.2170280419
https://doi.org/10.1016/0039-6028(77)90442-3
https://doi.org/10.1016/0039-6028(77)90442-3
https://www.engineeringtoolbox.com/metals-poissons-ratio-d_1268.html
https://www.engineeringtoolbox.com/metals-poissons-ratio-d_1268.html
https://doi.org/10.1103/PhysRev.111.707
https://doi.org/10.1103/PhysRev.111.707
https://doi.org/10.1063/1.1708903
https://doi.org/10.1063/1.1708903
https://doi.org/10.1002/cctc.202000976
https://doi.org/10.1002/cctc.202000976
https://doi.org/10.1002/cctc.202000976
https://doi.org/10.1016/j.fuel.2018.04.142
https://doi.org/10.1016/j.fuel.2018.04.142
https://doi.org/10.1016/j.fuel.2018.04.142
https://doi.org/10.1016/j.fuel.2018.04.142
https://doi.org/10.1145/42288.214372
https://doi.org/10.1145/42288.214372
https://doi.org/10.1021/acs.chemrev.1c00022?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.1c00022?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/j.carbon.2018.10.020
https://doi.org/10.1016/j.carbon.2018.10.020
https://doi.org/10.1021/acs.jpcc.6b02934?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcc.6b02934?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcc.6b02934?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcc.6b02934?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevB.33.7983
https://doi.org/10.1103/PhysRevB.33.7983
https://doi.org/10.1103/PhysRevB.33.7983
https://doi.org/10.1016/j.mechmat.2022.104304
https://doi.org/10.1016/j.mechmat.2022.104304
https://doi.org/10.1016/j.mechmat.2022.104304
https://doi.org/10.1080/01418618708204485
https://doi.org/10.1080/01418618708204485
https://doi.org/10.1016/S1359-6454(01)00287-7
https://doi.org/10.1016/S1359-6454(01)00287-7
https://doi.org/10.1103/PhysRevB.69.144113
https://doi.org/10.1103/PhysRevB.69.144113
https://doi.org/10.1021/jp801931d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp801931d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp801931d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevB.54.4519
https://doi.org/10.1103/PhysRevB.54.4519
https://doi.org/10.1103/PhysRevB.54.4519
https://doi.org/10.1103/PhysRevB.54.4519
https://doi.org/10.1103/PhysRevB.20.3197
https://doi.org/10.1103/PhysRevLett.83.2592
https://doi.org/10.1103/PhysRevLett.83.2592
https://doi.org/10.1088/1361-648X/aa9776
https://doi.org/10.1088/1361-648X/aa9776
https://doi.org/10.1016/j.commatsci.2022.111283
https://doi.org/10.1016/j.commatsci.2022.111283
https://doi.org/10.1016/j.commatsci.2022.111283
https://doi.org/10.1103/PhysRevB.80.035404
https://doi.org/10.1103/PhysRevB.80.035404
https://doi.org/10.1021/jp4061686?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp4061686?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp4061686?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevB.59.3393
https://doi.org/10.1103/PhysRevB.59.3393
https://doi.org/10.1093/mnras/stab2867
https://doi.org/10.1093/mnras/stab2867
https://doi.org/10.1093/mnras/stab2867
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.4c00130?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

